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Structured Models for Sample-Efficient Learning and Control in Energy Systems

by
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Doctor of Philosophy in Electrical and Computer Engineering (Intelligent Systems, Robotics &
Control)
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Professor Yuanyuan Shi, Chair

Modern energy systems are increasingly shaped by flexible demand, distributed storage,
and building infrastructure. These systems generate rich data and require fast, adaptive decisions,
but they are also governed by physical laws, safety constraints, and strategic behavior that are
difficult to capture with generic black-box learning. This creates a disconnect between the
structure-rich models used in classical energy systems analysis and the flexible learning pipelines
favored in modern data-driven control. Methods that ignore known structure often suffer from
poor sample efficiency, weak interpretability, and unreliable constraint handling, while purely

model-based approaches struggle with hidden objectives and computational scale.
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The goal of this thesis is to bridge this disconnect by developing structured learning and
control methods that integrate optimization, physics, and control-theoretic structure directly into
trainable decision-making architectures.

First, the dissertation develops differentiable optimization models for forecasting strategic
demand response behavior from historical observations, allowing latent agent objectives and
constraints to be learned from price-responsive actions. Second, it develops a PDE-constrained
framework for building ventilation and temperature control based on the Navier—Stokes and
convection—diffusion equations, enabling energy-efficient control while explicitly enforcing
air-quality and thermal constraints under the modeled dynamics. Third, it addresses the computa-
tional burden of PDE-based control by introducing an ensemble neural operator surrogate trained
on CFD simulations of a real classroom, yielding over five orders-of-magnitude speedup while
preserving the spatial structure needed for closed-loop optimization. Fourth, it extends structured
modeling to reinforcement learning through DiffOP, in which the policy is defined by a parame-
terized optimal control problem and trained end-to-end from reward feedback. Finally, it shows
that structure can also enter through policy representation, where discretized categorical actors
with regularized networks improve stability and performance in on-policy continuous control.

Taken together, these results show that structured learning offers a systematic way to
combine model-based rigor with learning-based adaptability, yielding methods that are more

sample-efficient, interpretable, and reliable for modern energy and control systems.
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Chapter 1

Introduction

1.1 Background

The global transition toward a sustainable and decarbonized energy future is reshaping
how energy systems are operated, controlled, and designed. Buildings consume nearly 40% of
global energy [3], with heating, ventilation, and air conditioning (HVAC) systems accounting
for roughly half of that use [4]. At the same time, the rapid growth of distributed energy
resources, behind-the-meter storage, and price-responsive loads [5, 6, 7] is transforming the grid
edge from a relatively passive layer into a large-scale network of heterogeneous, strategic, and
dynamically coupled decision-makers. These developments create substantial opportunities.
Flexible demand, distributed storage, and responsive buildings can absorb renewable variability,
reduce peak demand, relieve congestion, and defer costly infrastructure expansion. They also
create equally substantial operational challenges. System operators, market designers, and
building managers must increasingly coordinate assets whose behavior depends not only on
physical dynamics, but also on hidden objectives, economic incentives, occupancy patterns, and
exogenous uncertainty. In such settings, effective decision-making requires algorithms that are
simultaneously high-performing, sample-efficient, interpretable, and safe.

The energy applications considered in this dissertation sit at the intersection of several
difficulties that rarely occur in isolation. First, they are cyber-physical: control actions propagate

through real physical systems whose dynamics are constrained by conservation laws, actuator



limitations, and safety requirements. Second, they are increasingly data-rich: high-frequency
sensors, market records, building telemetry, and simulation pipelines provide much more infor-
mation than classical control pipelines were originally designed to exploit. Third, they are often
partially observed and strategic: system operators must act without direct access to all relevant
states, and many participants, such as storage owners or flexible loads, respond according to
internal objectives that are not fully known. Finally, they are high stakes: failures in modeling or
control can manifest as wasted energy, loss of comfort, unsafe air quality, equipment stress, or
grid instability. These characteristics make energy systems an especially demanding domain for
modern learning and control.

Historically, two broad paradigms have been used to address such problems. The first is
the model-based paradigm, which includes optimization-based control, model predictive control
(MPC) [8, 9], inverse optimization, and physics-based simulation [10]. These methods leverage
prior knowledge of system dynamics, physical laws, and operational constraints. Their appeal
lies in their transparency and rigor: the designer can specify an explicit objective, encode hard
state and action constraints, analyze stability and feasibility using control-theoretic tools, and
often achieve strong sample efficiency because much of the problem structure is supplied by the
model rather than inferred from data. For this reason, model-based methods remain the dominant
paradigm in many safety-critical infrastructure settings, including building HVAC control and
power-system operation. Yet their limitations are increasingly evident as modern energy systems
become larger, more heterogeneous, and more data-rich. Accurate first-principles models are
expensive to build and frequently misspecified in practice [11]; high-fidelity spatiotemporal
models such as computational fluid dynamics or detailed network dynamics are often too
expensive to deploy inside real-time control loops [12]; and purely structural models are poorly
suited to representing partially observed human or market behavior.

The second is the learning-based paradigm, including deep neural networks and deep
reinforcement learning (RL) [13, 14]. These methods offer a different set of advantages: they

can approximate highly nonlinear mappings, scale to high-dimensional observations and action



spaces, and adapt directly from data or interaction without requiring a complete hand-crafted
model. Recent successes in robotics, games, and language model post-training suggest that
sufficiently expressive learning systems can discover effective decision rules in domains pre-
viously thought to require extensive manual structure. Yet energy systems also expose several
weaknesses of purely black-box learning. Training data-hungry policies through real-world
interaction is often infeasible; for example, an RL controller may require years of equivalent
interaction to match the performance of relatively simple engineered controllers [15]. Black-box
policies also struggle to satisfy hard physical and safety constraints, which is unacceptable in
infrastructure settings where violations may lead to equipment damage, blackouts, occupant
discomfort, or health hazards. Their opacity complicates verification, regulatory approval, and
operator trust [16]. Finally, their performance often depends strongly on choices of architecture,
parameterization, and optimization procedure that remain insufficiently understood.

These competing strengths and weaknesses are especially pronounced in the applications
studied in this dissertation. A building controller must reason about thermodynamics, airflow,
air quality, and actuator limits while accounting for uncertain occupancy and disturbances. A
market-facing storage resource must respond to prices while respecting private constraints and
degradation costs that are not directly visible to the system operator. A grid controller must
optimize network performance under safety requirements, nonlinear dynamics, and incomplete
information. In each case, the decision-maker faces a problem that is richly structured, yet
only partially modeled and only partially observed. This combination motivates the central
perspective of this dissertation: learning algorithms for energy systems should exploit structure

not as an afterthought, but as a core ingredient of representation, training, and control.

1.2 Motivation

The central motivation of this dissertation is that the properties required in real-world

energy applications, including sample efficiency, interpretability, constraint satisfaction, and



strong closed-loop performance, are difficult to achieve with either paradigm in isolation. Purely
data-driven methods ignore important prior structure that practitioners already possess: physical
conservation laws, optimization-based decision rules of strategic agents [17], and the inherently
constraint-aware nature of infrastructure operation. This omission wastes information, inflates
sample complexity, and often produces models that generalize poorly outside the range of ob-
served training data. Conversely, purely model-based methods struggle to absorb the uncertainty,
heterogeneity, and scale of contemporary energy systems [18], and they often fail to exploit the
large volumes of high-resolution data that are now routinely available from sensors, markets, and
building management systems. The resulting gap is therefore not simply a gap in performance,
but a gap in representation: classical models often encode the right structure but lack adaptability,
whereas modern learners adapt readily but too often fail to encode the structure that matters.

This dissertation is motivated by the view that the most promising path forward is not to
choose between model-based and learning-based paradigms, but to integrate them in a principled
manner. Recent advances in differentiable optimization layers [19] and neural operators [20, 21]
suggest that structural knowledge can be preserved inside a trainable pipeline rather than imposed
only before or after learning. In this formulation, optimization problems, physical simulators, and
structured control laws are not merely external tools used to generate data, labels, or constraints.
They become differentiable components of the decision-making architecture itself. This shift
in viewpoint is subtle but important. Once structure is embedded in the learning pipeline, it
can shape the hypothesis class, regularize the search space, improve data efficiency, and expose
quantities that remain meaningful to human operators and domain experts.

The notion of “structure” in this dissertation is intentionally broad. In Chapter 2, the
relevant structure is the latent optimization problem solved by a strategic energy resource. In
Chapters 3 and 4, the relevant structure is the spatiotemporal physics governing indoor airflow,
temperature, and CO; transport. In Chapter 5, the structure appears in the control policy itself,
which is defined implicitly as the solution to an optimal control problem and trained through

reinforcement learning. In Chapter 6, the emphasis shifts again: rather than embedding external



physics or optimization into the policy, the work studies how the representation of the policy can
itself impose useful structure on the learning problem. Across these settings, the technical forms
differ, but the underlying design principle is shared: choose a representation that reflects what is
already known about the system, and then learn within that structured space.

This perspective raises a sequence of research questions that motivate the chapters of the
dissertation. How can one recover the hidden optimization logic of strategic agents from observed
market behavior alone? How can high-fidelity PDE models of building physics be incorporated
into control without sacrificing tractability? If direct PDE-based control is too expensive for
real-time deployment, how can one learn surrogates that preserve the relevant physical structure
rather than collapse the problem to low-dimensional averages? Can optimization-based policies
be trained directly from environmental feedback through reinforcement learning while retaining
interpretability and theoretical guarantees? More broadly, what kinds of policy representations
produce optimization landscapes that are better matched to stable, sample-efficient RL? Each
chapter addresses one part of this broader agenda.

The central thesis of this dissertation is that embedding structured models derived from
optimization, physics, and control directly into learning pipelines can substantially improve
sample efficiency, interpretability, and closed-loop performance in energy systems. Structure is
treated here not as an auxiliary regularizer or a post hoc correction, but as a first-class design
principle that shapes the model class, the training objective, and the resulting controller. Taken
together, the chapters argue that when the relevant domain knowledge is incorporated into the
learning architecture itself, one can obtain algorithms that are not only more accurate, but also

more reliable, more data-efficient, and more suitable for deployment in real energy systems.

1.3 Research Questions and Thesis-Level Contributions

The dissertation can be read as addressing five linked research questions, each corre-

sponding to a different manifestation of structure in learning and control.



First, when an energy resource behaves strategically by solving an internal optimization
problem, can that hidden decision model be inferred directly from observations? This question
motivates Chapter 2, which develops differentiable optimization layers for strategic behavior
prediction and agent model identification. The key contribution is to show that a private
optimization problem can be embedded inside a gradient-based learning loop, allowing cost
parameters and constraints to be identified directly from behavior data while preserving
interpretability.

Second, when the true dynamics of a control problem are governed by spatially distributed
physics, can these dynamics be used directly for control rather than replaced by coarse aggregated
surrogates? This question motivates Chapter 3, which formulates building HVAC learning and
control through PDE-constrained optimization. The contribution here is both methodological
and conceptual: it shows that explicitly modeling airflow and contaminant transport at the
PDE level can produce materially better control decisions than low-dimensional approaches
that ignore spatial structure.

Third, if high-fidelity physics is valuable but too expensive for real-time decision-making,
can one learn surrogates that preserve the right structure rather than discarding it? This question
motivates Chapter 4, where neural operators are trained on CFD data to approximate high-
dimensional spatiotemporal dynamics. The contribution is to bridge physical fidelity and
computational tractability: the surrogate remains compatible with optimization-based control and
preserves the spatial structure needed for air-quality-aware decisions, while reducing computation
by several orders of magnitude.

Fourth, can the idea of structured modeling be pushed beyond supervised identification
and open-loop control into reinforcement learning itself? This question motivates Chapter 5,
which introduces DiffOP, a framework in which the control policy is defined as the solution of a
parameterized optimal control problem and trained end-to-end from environmental feedback.

The contribution is twofold: an optimization-based policy class that remains interpretable and



constraint-aware, and a theoretical analysis establishing a non-asymptotic convergence guarantee
for policy-gradient learning in this setting.

Fifth, even when the learning algorithm is fixed, how much can be gained by re-
thinking the structure of the policy representation itself? This question motivates Chapter 6,
which studies discretized categorical actors and regularized actor architectures for on-policy
reinforcement learning. The contribution is to show that representation is not a minor imple-
mentation detail, but a central determinant of optimization behavior, gradient variance, and
ultimately downstream control performance.

At the thesis level, these chapters contribute a broader methodological viewpoint. They
demonstrate that structure can enter the learning pipeline through multiple routes: through the
latent model of a strategic agent, through the governing equations of a physical system, through
a learned surrogate that preserves operator structure, or through the parameterization of the
policy itself. The broader research direction of this dissertation is therefore not limited to any
single algorithmic family. Instead, it advocates a general program of structure-aware learning
for control, in which the right inductive bias is chosen to reflect the semantics, geometry, and

constraints of the underlying decision problem.

1.4 Dissertation Overview

The chapters follow a deliberate progression from identifying hidden structure in ob-
served behavior, to controlling through high-fidelity physical structure, to scaling those struc-
tured methods, and finally to embedding structure directly in policies and policy representa-
tions for reinforcement learning. This progression is summarized in Figure 1.1, which serves as
a roadmap for the dissertation and highlights how the individual chapters connect through the
common theme of structure-aware learning and control.

Chapter 2 studies strategic demand response behavior forecasting in electricity markets,

where flexible loads, aggregators, and storage resources respond to prices according to private
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Figure 1.1. Dissertation roadmap. The five chapters address complementary manifestations
of structure in learning and control, progressing from optimization-guided behavior prediction
(Chapter 2), through physics-based and surrogate-based building control (Chapters 3—4), to
structured policy learning via reinforcement learning (Chapters 5-6).

decision rules that are not directly observed by the system operator [22, 23]. Rather than treating
forecasting and model identification as separate tasks, the chapter formulates prediction as
learning from observed decisions generated by a latent optimization problem. It develops
differentiable optimization layers [24, 25] that embed an agent’s private optimization model
inside a gradient-based training loop, so that unknown cost parameters and operational constraints
can be inferred in a way that directly supports behavior forecasting. The framework extends from
quadratic agent models with exact implicit gradients to more general convex formulations via
sequential convex programming, and it also handles partially observed settings such as aggregate
load forecasting. Across synthetic and real-world price-responsive behavior data, the resulting
approach achieves strong forecasting accuracy with high sample efficiency. Conceptually, this
chapter establishes the first pillar of the thesis: optimization structure can serve as a powerful
inductive bias for forecasting and learning strategic behavior.

Chapter 3 turns to building HVAC and ventilation control, where the central challenge is to
simultaneously maintain indoor air quality and thermal safety while minimizing energy consump-
tion. Existing approaches based on ordinary differential equation (ODE) models [26, 27] often ig-
nore the spatial structure of airflow and contaminant transport, which can lead to over-ventilation

or undetected dead zones. To address this limitation, Chapter 3 develops a PDE-constrained



framework based on the Navier—Stokes and convection—diffusion equations [28], and uses adjoint-
based optimization to learn and control the resulting spatiotemporal dynamics. The contribution
of this chapter is not only a new control framework, but also a broader methodological point:
when the quantities of interest are fundamentally spatial, aggregated models can obscure the very
phenomena the controller must regulate. This chapter thus establishes the second pillar of the
thesis: physical structure matters, and it can be exploited directly through differentiable physics.

Chapter 4 addresses the computational bottleneck of the PDE-based approach by re-
placing the expensive online PDE solve with a learned surrogate. Using computational fluid
dynamics (CFD) simulations of a real-world classroom as training data, the chapter develops
an ensemble of neural operator transformers [29, 20, 21] that learn the mapping from control
inputs and historical CO; fields to future CO; fields. The learned operator preserves the spatial
structure that makes PDE-based control valuable, while providing over five orders-of-magnitude
speedup relative to the underlying CFD solver. Embedded in closed-loop optimization and
validated against CFD, the resulting controller achieves substantial energy savings while con-
sistently satisfying air-quality requirements [30]. Read together, Chapters 3 and 4 illustrate a
recurring theme of the dissertation: when exact structure is too expensive to use online, one
should approximate it in a way that preserves its essential semantics rather than replacing it with
an unrelated black-box proxy.

Chapter 5 considers the broader problem of learning optimization-based control poli-
cies directly from interaction with the environment. Whereas Chapter 2 used differentiable
optimization for supervised identification, and Chapters 3 and 4 used structured models inside
open-loop or receding-horizon control, Chapter 5 closes the loop by training an optimization-
defined policy directly from closed-loop rewards. The chapter introduces DiffOP [31], a
reinforcement learning framework in which the policy is defined implicitly as the solution
to a parameterized optimal control problem. By combining implicit differentiation through
Pontryagin’s Maximum Principle [2, 32] with standard policy-gradient methods [33], DiffOP

jointly learns cost and dynamics models end-to-end from environmental rewards. The chapter



further establishes, to the best of our knowledge, the first non-asymptotic &'(€~!) convergence
guarantee for policy-gradient learning of this form, and validates the framework on nonlinear
control benchmarks and a constrained voltage regulation task. This chapter extends the thesis
narrative from “learning through structure” to “learning as structured control.”

Chapter 6 revisits policy representation itself as a first-class design choice in on-policy
reinforcement learning for continuous control. Modern algorithms such as PPO are highly
sensitive to policy parameterization and typically rely on diagonal Gaussian actors, which often
lead to fragile optimization dynamics. Motivated by the success of classification-style objectives
in value learning [34, 35] and language model post-training [36], the chapter studies factorized
discretized categorical actors [37, 38] together with regularized actor networks. This structured
change to the policy class reduces gradient variance, stabilizes on-policy learning, and yields
substantial improvements over standard PPO across a range of continuous-control benchmarks,
including locomotion and both state- and vision-based manipulation tasks. Within the broader
narrative of the dissertation, this chapter shows that even when one does not explicitly encode
physics or optimization constraints, learning can still benefit greatly from well-chosen structure
at the representational level.

Chapter 7 concludes the dissertation by synthesizing the common themes across these
contributions and outlining several directions for future work, including robustness under un-
certainty, broader theoretical guarantees for structured learning architectures, and real-world

deployment in large-scale cyber-physical energy systems.
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Chapter 2

Optimization-Guided Models for Learning
Strategic Behavior in Energy Systems

This chapter develops the first technical component of the dissertation’s structure-aware learning
agenda by studying strategic demand response behavior forecasting in electricity markets. The
central premise is that price-responsive actions should not be modeled as arbitrary black-box
outputs, but as decisions generated by latent optimization problems with private objectives and
operational constraints. Building on this view, the chapter shows how differentiable optimization
can be used to learn forecasting models directly from observed responses, thereby connecting

behavior prediction and model identification within a unified framework.

2.1 Introduction

The rapid expansion of demand-side flexibility resources — price-arbitrage energy storage,
thermostatically controlled buildings, and aggregated responsive loads — is reshaping modern
power systems. U.S. utility-scale storage capacity tripled in 2021, reached 7.8 GW by October
2022, and is projected to exceed 30 GW by 2025 [5]; behind-the-meter (BTM) storage is growing
even faster, increasing 67% year-over-year in 2022. FERC Orders 841 [6] and 2222 [7] require
system operators to allow storage and distributed energy resource portfolios to participate in
all market services. Across all these resources, price arbitrage is becoming a primary revenue

mechanism.
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These resources are operated by private entities whose decision logic is unknown to
system operators: a storage operator solves a private look-ahead optimization weighing prices
against degradation costs and SoC constraints; a building operator optimizes HVAC consumption
subject to thermal dynamics and comfort bounds; a load aggregator schedules heterogeneous
loads while the operator sees only the aggregate. In all cases, the operator’s cost parameters,
physical constraints, and efficiency are private. This opacity creates a significant challenge for
clearing markets efficiently, designing tariffs that align private incentives with social objectives,
and monitoring for strategic market power abuse [22, 23].

Two broad families of methods have been applied. Model-free approaches (feed-forward
and recurrent neural networks) treat prediction as a black-box sequence task; they capture non-
linear patterns but need large datasets and generalize poorly off-distribution because they do not
encode the underlying optimization structure. Model-based inverse optimization [17] casts iden-
tification as a bi-level problem solved with successive linear programming or nonlinear solvers;
it incorporates structural knowledge but struggles with scale, noise, and partial observability.

This chapter presents a unified gradient-based framework for strategic demand response
behavior forecasting that bridges these two families. The core idea is to treat the agent’s optimal
response to a price signal as a differentiable function of unknown model parameters, thereby
enabling end-to-end training of a forecasting model through the agent’s private optimization
problem. Rather than viewing forecasting and model identification as separate tasks, we cast
them as a single learning problem: learn the latent optimization model that best predicts future
price-responsive behavior. For agents with quadratic objective functions, which cover common
cases such as quadratic storage degradation cost and building temperature violation penalties,
we derive closed-form gradients via implicit differentiation of the KKT conditions and establish
convergence for the class of equality-constrained quadratic agent models. For agents with general,
possibly non-quadratic objective functions, we extend the framework using sequential convex
programming (SCP) paired with input convex neural networks (ICNNs) to model the unknown

disutility function. Critically, the framework also handles partially observable forecasting settings
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by propagating gradients through any known observation function, such as summing individual

schedules into an aggregate load.

2.1.1 Contributions
The main contributions of this chapter are as follows:

* We propose a unified gradient-based framework that jointly identifies agent model pa-
rameters and forecasts price-responsive behavior for a broad class of demand response
resources, including energy storage systems, thermostatically controlled buildings, and
load aggregators, by embedding each agent’s private optimization as a differentiable layer

and training end-to-end via gradient descent.

* We establish a formal convergence guarantee for the gradient descent algorithm on
equality-constrained quadratic agent models, and characterize the existence of local min-

ima for the inequality-constrained case.

* We conduct comprehensive experiments across three application domains, namely
energy storage (synthetic and real-world), building demand response, and load ag-
gregation, demonstrating consistent improvements over black-box neural networks

and inverse optimization baselines.

The remainder of this chapter is organized as follows. Section 2.2 reviews related work.
Section 2.3 presents the demand response agent models and problem formulation. Section 2.4
develops the gradient-based algorithms for both quadratic and generic agent models. Section 2.5

describes the experimental results. Section 2.6 summarizes the chapter.

2.2 Related Work

Energy storage market participation.
Under FERC Order 841 [6], energy storage participates via either self-scheduling or

economic bids; the latter offers greater efficiency under price uncertainty [39, 40]. Behind-the-
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meter (BTM) storage on the customer side instead makes charge/discharge decisions in response
to real-time price signals [41, 42, 43]. We model both wholesale and BTM storage as price-takers

and seek to capture their strategic price-responsive behavior from data.

Market power mitigation.

With surging storage capacity, market power mitigation extends classical generator-
side analysis [44, 45] to storage, where opportunity costs replace fuel costs and the operator’s
degradation parameters are typically private [46, 47]. By identifying these latent parameters
from historical participation data, the framework developed here can support market behavior
monitoring; [23] demonstrates an application to marginal offer price recovery for conventional

generation.

Demand response behavior forecasting.

Prior work falls into two camps. Model-free approaches use Gaussian models [48]
or neural networks [49] to predict price-responsive behavior, but require large datasets and
generalize poorly off-distribution. Model-based inverse optimization [50, 17, 51] formulates
identification as a bi-level optimization, exploiting agent structure but struggling with large or
noisy data. This chapter combines the two, using gradient-based learning through a structured

optimization layer for strategic demand response behavior prediction.

2.3 Problem Formulation

We consider a general setting in which a demand response agent responds to a time-
varying price signal by solving a private optimization problem. The agent’s decision model,
including its cost parameters and physical constraints, is unknown to the system operator. The
system operator observes historical price signals and the corresponding agent responses (possibly
partial), and seeks to learn a forecasting model that can accurately predict future behavior under
unseen price scenarios. In our framework, this forecasting model is parameterized implicitly

through the agent’s latent optimization problem.
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We model the agent’s decision-making as a parametric convex optimization problem:

min  f(y; 4,0) (2.1a)

y
subjectto Ay =0>, (2.1b)
Gy<h, (2.1c)

where y is the agent’s decision variable (e.g., charging/discharging power, building HVAC load,
or scheduled load quantities), A € R7 is the observed price signal, @ parameterizes the agent’s
private cost function f(-), and matrices A, G with right-hand sides b, h encode the equality and
inequality constraints. The full parameter set is ® = {0,A,b,G,h}. In general, the system
operator may not observe the decision variable y directly but instead observes z = ¢(y) for some
known function ¢; for example, ¢ is the identity for energy storage and building loads, but is a
summation operator when only the aggregate of multiple loads is observable.

Figure 2.1 illustrates the proposed framework using energy storage as a representative
example. We use storage as a concrete running example because its strategic response to
prices is easy to visualize, but the same forecasting architecture applies to all agent types

considered in this chapter.

2.3.1 Demand Response Agent Models

We present four concrete instantiations of (2.1) across different demand response appli-
cations. These examples are not separate methods; rather, they are different forecasting settings
that share the same optimization-guided learning framework. We begin with energy storage,
where the decision variable is the charging and discharging power schedule, and then extend to

building thermal control and load aggregation.
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Figure 2.1. Illustration of the proposed demand response behavior forecasting framework, shown
here for energy storage. The agent’s private optimization is embedded as a differentiable layer,
and the unknown model parameters are trained by minimizing the forecasting error between
predicted and observed responses on historical price-response data. The same framework
generalizes to building demand response and load aggregation.

Energy Storage

We start by considering a price-responsive energy storage agent subject to a time-varying

electricity price A € R” and a disutility cost function:

T
min Y. M(pi—di)+ue(p.d) (2.2a)
) t=1
subjectto P <d;,p; <P, (2.2b)
1 d’L‘
e =eg+ Y, pelle — —, (2.2¢)
=1 Nd
En<e <Ep, (2.2d)

where decision variables p;,d; > 0 are the energy storage charging and discharging power at
time ¢, eq is the initial state of charge level, ¢, is the SoC at operating time ¢, and ug (-) models
the storage disutility cost, which is a generic function of the storage charging/discharging power.
Here E,ﬁ,@ ,E,, are the maximum and minimum storage power and energy constraints, and
N, My are the charging and discharging efficiencies. The expression Y. _, pcn. — % represents

d

the accumulated relative state of charge level from time 1 to time . We assume e is known.
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The full parameter set of each energy storage agent is ® = {O,B,I_),%,E_m, Ne,Na }» Where 0
parameterizes the disutility function ug(-).

We re-write (2.2¢) and (2.2d) as:

1
ExNag < eoNy + Z PeNeNa —de < EyNg, (2.3)

=1

which makes the storage constraints affine in the decision variables. The new parameters are
{NeNa, (Em — €0)Na, (Em — €0)Na }- When charging and discharging efficiencies are symmetric
(Ne = Nag = 1N), the round-trip efficiency 7.1, can be parameterized as a single scalar.

We consider two concrete instantiations of the disutility function:
Example 1: Price Arbitrage with Quadratic Storage Degradation Cost. Here we consider ug to

be a parametric quadratic function:

T
min Y M(pi—di)+c1ds +cod] (2.4a)
P, =1
subject to  (2.2b), (2.3) (2.4b)

where c,c> > 0 are the linear and quadratic degradation cost coefficients.

Example 2: Price Arbitrage with SoC-Dependent Storage Degradation Cost. Here we consider
up to be an SoC-related storage degradation cost, which includes a quadratic degradation cost
with respect to charging power and an SoC-cost related to the SoC level. The SoC-cost is lower

when operating around 50% SoC and higher when SoC approaches 0% or 100%:

T
min Y A(pi—di)+ci(e —0.5)* +cod} (2.52)
P, =1
subject to  (2.2b), (2.3) (2.5b)
Both examples are special cases of the general formulation (2.1), with y = [py,...,pr,
di,...,dr]" and affine constraints encoding power and energy limits.
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Building Demand Response

Example 3: Building Demand Response with Thermal Dynamics. We consider a price-responsive

building demand response model [50] subject to a linear thermal dynamics model:

min g(&pt +p¥7) (2.6a)
subjectto  0; = 0101 + (1 — oy ) [62™ — aa py] (2.6b)
-wt+to<o,<0+y, (2.6¢)

0<p <P, »>0, t=1,...T, (2.6d)

where p; is the power consumption, y; is a slack variable penalizing temperature constraint viola-

tions, p is the penalty coefficient, o; is the indoor temperature, is the ambient temperature,

Gtamb
and 0, G are the thermal comfort bounds. To maintain linear constraints with respect to the pa-
rameters, we define 03 = (1 — @) 0, so that (2.6b) becomes 6; = 0o 0;_ 1 + (1 — & )62™ — 03 ;.

The parameters to be identified are {p,7,0,p, a1, 3}.
Load Aggregation

Example 4: Aggregator with Multiple Responsive Loads. We consider a load aggregator
model [17] with K types of price-responsive loads. The system operator observes only the

aggregate load z; = ZkK:1 Yk, rather than individual schedules:

K T
min Y Y Ayies — Oy (2.7a)
Y k=11=1
subjectto 0<yx; <P, k=1,....K,t=1,....T, (2.7b)
T
Y vk =M, k=1,... K, (2.7¢)
t=1

where yy ; is the scheduled load for type k at time 7, 0y ; is the utility coefficient capturing the

economic value of scheduling load type k into period 7, P, is the per-period power limit, and
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M is the total consumption requirement for load type k. Since only the aggregate z; = )  y s 18
observed, the identification loss is evaluated on the aggregated prediction rather than individual
schedules. The parameters to be identified are { Py ;, My, 0 ; }.

Remark 1. The four examples above illustrate the breadth of the proposed framework.
Examples 1 and 2 target energy storage price arbitrage with quadratic and SoC-dependent
degradation costs, respectively. Examples 3 and 4 demonstrate that the same gradient-based
identification approach generalizes naturally to building demand response with thermal dynamics
and to load aggregators where only aggregate consumption is observable. The key structural
requirements are: (i) the agent’s decision problem is a convex optimization with affine constraints
and a convex (possibly non-quadratic) cost function; and (ii) the observation is a known function
of the decision variable (identity for storage and buildings; summation for the aggregator). These

requirements are satisfied across a broad class of price-responsive demand response models.

2.3.2 Agent Model Identification Problem

The system operator has access to a dataset of N historical price signals and the cor-
responding agent responses: {(A;,z;)}Y_;, where z; = ¢(;) is the observed response (possibly
a partial observation of the true decision y;). The true agent parameters ® are unknown. The
forecasting problem is to learn parameters ® such that the induced optimization model accurately

predicts the observed price-response behavior:

. [
min L=+ Y 1007) ~ 000
i=1
(2.8)
where y; € argmin f(y; 4;,0) s.t. (2.1b), (2.1¢),
y

in which the training inputs include
* A;: the price signal for scenario i;

* z; = @(y;): the observed agent response (full or aggregate);
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and the problem variables are
* ® ={0,A,b,G,h}: learnable parameters of the agent model;
* y;: the predicted agent decision under estimated parameters ©.

This is a bi-level optimization problem: the outer problem minimizes forecast er-
ror over the unknown parameters ®, while the inner problem represents the agent’s private
optimization (2.1). The key technical challenge is computing g—é, which requires differentiating

through the solution of the agent’s optimization problem.

2.4 Algorithm Design

We propose a gradient-descent approach to solve the demand response behavior
forecasting problem (2.8). The key idea is to train the forecasting model by differentiating
through the agent’s optimization layer. We first present the generic gradient-based training
perspective, then derive the required gradients for quadratic agent models via implicit
differentiation of the KKT conditions, and finally extend the method to generic convex agent
models via sequential convex programming. We conclude with a convergence analysis for

the equality-constrained quadratic case.

2.4.1 Gradient-Based Training for Behavior Forecasting

To explain the algorithmic development concretely, we use the storage model as a running
example. This choice is purely expository: the same training logic applies to any agent model in

Section 2.3 once it is expressed in the generic form (2.1). Without loss of generality, the storage
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model with a generic convex objective and affine constraints can be written as:

min  c(y,A):=ATy+ug(y) (2.9a)
y
subjectto Ay =1>, (2.9b)
Gy<h, (2.9¢)
where A = [A,...,Ar,—A1,...,—A7]" € R?*T encodes the price signal, y = [py,...,pr,
di,...,dr]" € R?T stacks the charging and discharging schedules, and matrices A € R"*?T,

b eR™ G e RP*?T 1 e RP encode the equality and inequality constraints. The full parameter
setis @ = {0,A,b,G,h}. In forecasting terms, solving (2.9) produces the predicted response y*
under a given price input A.

At iteration ¢, parameters are updated via:

N oL dy*
(t+1) ) oL oYy;
o' e ni;ayi*a@,

(2.10)

where 1 is the learning rate, g—yﬁ is the gradient of the forecast loss with respect to the predicted

response, and g—g is the sensitivity of the optimal solution to the model parameters. Computing
g—y]} is straightforward once the observation function ¢ is specified. The main technical challenge
is computing % efficiently and robustly, which is the focus of the following subsections.
Remark 2. We use a gradient descent approach over other descent-based techniques,
such as Newton or Quasi-Newton methods, primarily because deriving the first-order gradi-
ent involves differentiating KKT conditions, which requires solving a costly Jacobian-based
equation. Computing the Hessian matrix and its inverse needed for second-order methods is

more expensive. Investigating the use of second-order optimization methods is an interesting

direction for future work.

21



2.4.2 Special Case: Differentiating Quadratic Agent Models

We first consider the important special case in which the agent objective is quadratic. This
class covers common forecasting models for storage arbitrage and building demand response,
and it admits efficient closed-form differentiation. Using the storage model for concreteness, let

ug(y) = q'y+y'Qy, so that the parameters to be identified are ® = {¢,0,A,b,G,h}:

min c(»A):=21"y+q y+y Qy (2.11a)

y
subjectto Ay =0>, (2.11b)
Gy<h. @.11¢)

The agent model (2.11) is convex since it has a convex objective and affine constraints.
For the running storage example, it is reasonable to assume strict feasibility, i.e., there exists
y € R?T such that Ay = b, Gy < h. Then strong duality holds for (2.11) since Slater’s condition

holds. The KKT conditions, which are both necessary and sufficient for optimality, are:

A4+g+0y+A"V +G Tu*=0 (2.12a)
Ay —b=0 (2.12b)
D(pu*)(Gy* —h) =0, (2.12¢)

where D(-) creates a diagonal matrix from a vector, and v*, u* are the optimal dual variables for
equality and inequality constraints, respectively.

Taking total differentials of these conditions and collecting terms yields the linear system:

Q G' AT |dy dQy* +dg+dGTu*+dATv*
D(u*)G D(Gy*—h) 0| |du|=—| Du*)dGy*—D(u*)dh |- (2.13)
A 0 0| |dv dAy* —db
- ,
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Algorithm 1. Quadratic Demand Response Forecast Training

Require: Dataset D = {(A;,z)},i=1,...,N, initial parameters @)
for ite =0,1,...,Thax — 1 do
Sample batch B C D .
Forward: Solve y; = argmin, c(y; A;, 0()) for each i € B
Evaluate: L = Yicp |0 (}) — 2|
Backward: Compute % via (2.13)—(2.14)

Update: @("+1) < @) —ny, p g_y%%

end for

Solving for different right-hand sides gives all required partial derivatives:

) - ] .
ay*  Ju* * o -1

% 95 95| =K | o O} : (2.14a)
_ o - T

" dw vt | — _g-1

B0 90 ) Ko 0} , (2.14b)
- - . .

dy*  du*  Jv* _ 1

_8yh oh avh_ =K 0 —D(w’) 0] ) (2.14¢)
- 1 L .

ay*  du*  gv* 1

% 95 95| — K00 —1} , (2.14d)
- - . .

AN o - —1 T

oSr %% =K [Yevr oo %y*] : (2.14e)
¥ S - .

Jdy*  Jdu* * o -1 T

% 95 95| =K |4 yTebw) o} : (2.14f)

do c R2T><2T><2T><2T

da’ 2T xmx2Txm dA mx2Txmx2T dG' 2T x px px2T
WheredQ dAG]R ,dAE]R ,dGGR .

b

The derivative of a parameter with respect to itself (e.g., g—g) is an identity matrix while
the cross-parameter derivative (e.g., g—Z) is zero. Each gradient requires solving one linear
system with the same coefficient matrix K, making the backward pass computationally
efficient through LU factorization.

The full training procedure for the quadratic forecasting model is summarized in

Algorithm 1.
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Convergence Analysis.
We provide a formal convergence guarantee for the equality-constrained quadratic case.

Consider the simplified problem with only equality constraints and scalar parameters (¢, b):
o
Vi = argmin )Ll-Ty+ EyTy st.Ay=>. (2.15)
y
Using the block-matrix inversion lemma, the optimal solution has the closed form:

fi=— (AT(AAT) A= 1) A+AT (A7), (2.16)

1
o
Defining ki; = (AT(AAT)™'A —1)A; and k» = AT(AAT)~!, the loss becomes L(a,b) =

r il 2k + kab — yi|%.

Theorem 2.1 (Convergence for equality-constrained quadratic forecast training). Consider the
quadratic agent model with only equality constraints. Let & > 6 > 0. The loss function L(o.,b)
satisfies a gradient dominance property (also known as the Polyak-Lojasiewicz condition) on any
compact sublevel set 9,51 = {(a,b) : L(0t,b) — L(a*,b*) < 101 Ay}, where Ay is the initial
optimality gap. Furthermore, VL is Lipschitz continuous on 9,y.-1. Consequently, gradient

descent with step size N1 < 1/Lo (where Ly is the Lipschitz constant) converges linearly:
i t
L(o™ p0y — L(a*,b*) < (1 — f) Ao, (2.17)

and 1im,_ye 00\ — a*, 1limy_y00 b¥) — b*, where (a*,b*) are the true parameters generating the

training data.

Proof sketch. Let h(a) =1/ and g(x,b) = ]%,):i ||xk1; + kob — yi||>. Since g is strongly convex

in (x,b) with constant u > 0, strong convexity implies 2u(g(q) — g(¢*)) < ||Vg(g)|? for all q.
Applying the chain rule through & and bounding the Jacobian _#;, on the compact sublevel set es-

tablishes the gradient dominance inequality pe (L(ct,b) — L(o*,b*)) < ||VL(a,b)||>. Combined
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with Lipschitz continuity of VL, this yields the claimed linear convergence rate by standard

gradient dominance arguments [33]. ]

For the inequality-constrained case (identifying 4 in addition to o), the loss function
admits multiple local minima, and global convergence guarantees do not hold in general. In
practice, good initialization heuristics (e.g., /1 <— max;(Gy;)) and random restarts are effective

at finding solutions with low prediction error.

2.4.3 Differentiating Generic Agent Models

While the quadratic case is important, real-world demand response agents may exhibit
more complex costs, and a system operator may not know the parametric form of the disutility
function in advance. We therefore extend the forecasting framework to accommodate a generic
convex disutility ug(-) by combining sequential convex programming (SCP) with input convex
neural networks (ICNNs). We again use the storage formulation as the running example, but the
same idea applies to other convex agent models in this chapter.

A common approach to solve problem (2.9) when ug is non-quadratic is sequential
convex programming [52]. The basic idea is to iteratively form a convex quadratic approximation

problem and optimize over it:

k1) — argmin A Ty + ﬁgc) ), (2.18a)
y

s.t. Ay=>b, Gy < h, (2.18b)

y

until convergence, where the cost function ug(-) is approximated via a second-order Taylor

expansion around the k-th solution Y.
-
iy () =ue (™) +4% =y + =) TeW (y—y ), (2.19)

where ¢ = V,ug |y<k> € R and QW) = VZug }y(k) c R2Tx2T
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(k)

To guarantee that the approximation i, is always convex (i.e., 0%) = 0), we model
the unknown disutility function ug using an input convex neural network (ICNN) [19]. ICNNs
are neural network architectures whose output is provably convex in the input, achieved by
constraining intermediate weight matrices to be non-negative and using non-decreasing con-
vex activations. This ensures that the Hessian Q) is always positive semi-definite, so the
approximated subproblem (2.18) is always a well-posed convex quadratic program.

Once the SCP iterations converge to a fixed point y* = y®), we differentiate through
the converged quadratic approximation using the same implicit differentiation approach as in
Section 2.4.2. The gradient of the predicted response y* with respect to parameters A, b, G, h
in affine constraints follows directly from (2.14). To obtain the gradient with respect to the

unknown parameters in the objective function, %—yg, we apply the chain rule:

A
SO Bk SRR 4 (2.20)

where § = Vysug € R2T and O = Vi*ug € R?T>2T are the gradient and Hessian of the ICNN
evaluated at the fixed point. The terms % and g—g are computed via automatic differentiation
through the ICNN.

The complete training procedure for generic agent models is summarized in Algorithm 2.
In practice, directly solving the approximate convex problem has been found to work well and
is computationally efficient [52]. In the experimental section, we demonstrate that sequential

convex approximation consistently converges within 20 iterations and yields accurate demand

response forecasts across multiple applications.

2.5 Experimental Results

We evaluate the proposed forecasting framework on five strategic demand response
settings: (1) storage behavior forecasting with a quadratic degradation cost function, (2) storage

behavior forecasting with an SoC-dependent degradation cost function, (3) forecasting on
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Algorithm 2. Generic Demand Response Forecast Training

Require: Dataset D = {(A;,z)},i=1,...,N, initial parameters @)
for ite =0,1,...,Thax — 1 do
Sample batch B C D

Initialize ygl) foreachi € B

for k =1,2,... until convergence do

Approximate ﬁg() around y(k) for each i € B via (2.19)

Obtain y* "
end for
Set y; < yfk) (fixed point)
Evaluate: L= 7 Yicp |0 (v}) — 2l
Backward: Compute % via (2.14) and (2.20)
Update: @1 « @) —ny, p g_yz%%
end for

by solving approximated QP (2.18) for each i € B

a real-world price-arbitrage storage dataset, (4) forecasting of a building demand response
agent with linear thermal dynamics, and (5) forecasting of a load aggregator with multiple
responsive load types. We compare our approach with existing data-driven approaches including
feedforward neural networks (MLP) and recurrent neural networks (RNN), as well as inverse
optimization [17], and demonstrate that the proposed framework consistently outperforms these

baselines across all five settings.

2.5.1 Quadratic Energy Storage Model

Experiment setting. We start with storage arbitrage with a quadratic disutility function
following model (2.4). We consider a storage model with power rating P = 0.5 MW and
P =0 MW, starting with 50% SoC, and vary the energy storage duration H from { 1h,2h,3h,4h}
to calculate {E,,, En,e0}. We conduct 10 experiments with different true parameter sets, sampled

independently from uniform distributions:

¢ ~U[0,20], ¢ ~U[0,20], n~U[0.8,1.0]. (2.21)
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For each true parameter set, we take 7' = 24 with training data N = 20 and test data N = 10
using hourly averaged real-time price data randomly selected from 2019 New York City (Zone-J
of New York Independent System Operator) real-time price data [53]. We report the average
performance across the 10 experiments.

For the proposed gradient-based forecast training, we consider two scenarios: (i) the
system operator has knowledge that the objective function is quadratic, thus using Algorithm 1
(Ours: quadratic); (ii) the system operator does not know the cost function form, thus using the
generic training Algorithm 2 with ICNN (Ours: generic). Baseline methods include a four-layer
multi-layer perceptron with ReLU activations (MLP) and a recurrent neural network (RNN),
trained with 10x more data (N = 200).

Forecast results. The average mean absolute error (MAE) for parameter identification
across 10 experiments is shown in Table 2.1. The power limits P,P can be inferred from
dispatch data by finding the maximum/minimum values of d;, p;. For the quadratic identification
algorithm, all parameters are directly identified using Algorithm 1. For the generic identification
algorithm, we use ICNN uy (d;) to model the disutility function and estimate ¢y, c; via the first-

and second-order Taylor approximations around the solution d:

1 1
Ccl1 = ?Zvdtue(d,), C) = TZVfltue(d,).
t t

The average test MSE across 10 experiments is 8.74 x 10~ for Ours (quadratic),
7.37 x 10~4 for Ours (generic), 0.018 for MLP, and 0.017 for RNN. The quadratic forecast
model recovers the exact parameters of the ground-truth storage model and predicts unseen
price-response sequences nearly perfectly (Figure 2.2). The generic approach has higher error
than the quadratic approach but still significantly outperforms the neural network baselines
using one-tenth the training data, highlighting the value of incorporating agent structure into

data-driven models for strategic demand response forecasting.
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Figure 2.2. Comparison of energy storage dispatch using our methods and baselines (MLP
and RNN). Our methods use 20 samples for training while MLP and RNN use 200. Ours
(quadratic) identifies the true model and predicts behavior exactly, so the green line overlaps
with the true response (blue).

Table 2.1. Average MAE of parameters identified compared to true parameters across
10 experiments.

ci ¢ E, Eu n

Ours (quadratic) 0.39 0.20 0.007 0.004 0.007
Ours (generic) 325 3.770 0.021 0.037 0.022

2.5.2 SoC-Dependent Energy Storage Model

Experiment setting. Next, we consider storage arbitrage with the SoC-dependent
degradation model in (2.5). We conduct 10 experiments with different true parameter sets, using
the same physical parameters and sampling distributions as the quadratic case. We compare
Algorithm 1 (Ours: quadratic), Algorithm 2 (Ours: generic), MLP, and RNN, using N = 40
training samples for our methods and N = 200 for the baselines.

Forecast results. The average test MSE loss across 10 experiments is 0.032 for Ours

(quadratic), 0.016 for Ours (generic), 0.039 for MLP, and 0.039 for RNN. The generic model
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accurately captures the non-quadratic SoC dependence and achieves the lowest test error. The
quadratic identification method incurs a model-mismatch penalty since the true storage model is
non-quadratic, yet still beats the data-driven baselines. Both of our methods correctly reproduce
the charge-idle-discharge patterns driven by price arbitrage, whereas MLP and RNN fail to

recover the structured behavior.

2.5.3 Real-World Dataset: Queensland Battery Project

Experiment setting. We evaluate the framework on a real-world storage arbitrage
dataset from the University of Queensland (UQ), which operates a 1.1 MW/2.22 MWh Tesla
Powerpack 2.5 for price arbitrage and operating reserves [54]. Real-time charge/discharge
behavior is dominated by arbitrage rather than rare contingency events. Using January—June
2020 data downsampled to half-hourly resolution, we form 42 sequences of length 7 = 80 (40
hours each, matching UQ’s MPC look-ahead), excluding dates with regulation events or manual
intervention; 22 samples are used for training and 20 for testing. We compare against MLP,
RNN, and a threshold-based baseline that triggers charge/discharge when prices fall outside the
training-median ratio relative to the per-sample mean.

Forecast results. Table 2.2 reports training MSE, test MSE, and test correlation. Both
proposed methods outperform the baselines in test MSE and correlation. Figure 2.3 shows that
MLP and RNN fail to capture optimization-driven dispatch behavior, and the threshold method
only partially does. The quadratic model achieves better test accuracy than the generic model,
consistent with UQ’s own use of a sequential quadratic programming dispatch algorithm [54].
Despite acknowledged mismatches in the UQ report between actual and simulated battery

responses, our data-driven approach forecasts the observed behavior accurately.

2.5.4 Building Demand Response

We evaluate the framework on the building demand response model from Example 3 (2.6),

which captures price-responsive HVAC control subject to linear thermal dynamics.
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Figure 2.3. Comparison of energy storage dispatch using our methods and baselines (RNN, MLP,
Threshold-based) on a 40-hour test example. Positive values represent charging and negative
values represent discharging.

Table 2.2. Mean square error (MSE) and correlation score.

Training MSE  Test MSE  Test Correlation

Ours (quadratic) 0.044 0.042 0.74
Ours (generic) 0.054 0.053 0.68
Threshold-based 0.088 0.070 0.57
MLP 0.047 0.096 0.34
RNN 0.092 0.109 0.27

Experiment setting. The building is characterized by thermal resistance R = 2°C/kW,
thermal capacitance C = 10kWh/°C, set-point o, = 20°C, deadband half-width A = 1°C, co-
efficient of performance 7 = 2.5, and rated power P = 5.4 kW. Following [50], we perturb all
physical parameters by a multiplicative uniform factor U(1 — h, 1+ h) with 2 = 0.1 to generate

per-building variation. The identification parameters Q> = {p,&,0,p, o, 03} are computed as:
o=0,—A, G=0,+A, p=P a=1-4-, o3=(1—a)1R, (2.22)

with temperature violation penalty p = 0.02. We use European electricity price data from

ENTSO-E and ambient temperature traces to generate price-demand pairs by solving (2.6).
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The dataset covers 20 days; we use 10 days for training and 10 for testing. We consider two
observation scenarios: OptNet!, where both power usage p; and indoor temperature o; are
observed; and OptNet?, where only power usage p; is observed.

Identification results. Across 10 independent experiments, the six identified building
parameters are recovered with low median MAPE: p at 0.32%, & at 0.001%, o at 0.008%, o
at 0.04%, and p at 0.009%. The single exception is the lower temperature bound o (median
MAPE 3.7%), which is expected: the experiments use summer data, so the indoor temperature
never reaches the lower comfort bound, leaving that constraint non-binding and its parameter
unidentifiable from the data alone.

Forecast results. The average test MSE across 10 experiments for power prediction
is 0.538 for MLP, 0.535 for RNN, 0.016 for OptNet?, and 0.004 for OptNet!. The proposed
method achieves the lowest forecast error in all experiments. Neural networks perform somewhat
better on this application than on the storage task because building power consumption has
strong correlation with outdoor temperature (correlation 0.77 in the dataset), and neural networks
can partially capture this pattern when temperature is provided as an input. However, the
optimization-guided approach still outperforms the baselines by a large margin by exploiting the
thermal dynamics structure. When only power usage is observed (OptNet?), accuracy degrades

modestly but remains far superior to the neural network baselines.

2.5.5 Aggregator with Multiple Responsive Loads

We evaluate the framework on the aggregator model from Example 4 (2.7), where K types
of price-responsive loads are coordinated and only the aggregate load z; = } ¢ yx ; is observable.
Experiment setting. We follow the experimental setup of [17] with K = 3 load types and
T = 12 time steps. We generate N = 50 training price-demand pairs by solving (2.7) with known
true parameters { &t ;, M, Py, }. To test robustness to measurement noise, the observed aggregate
consumption is perturbed as 7\ = U(1—7x, 1+7) Zky};J with noise levels = € {0,0.1,0.2}. We

compare against inverse optimization (IO) [17], MLP, and RNN. To assess the full potential
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Table 2.3. RSE comparison for different training data sizes on the aggregator model (K = 3,
noise level & = 0.2).

Training samples Ours MLP RNN

50 0.078 0.705 0.904
100 0.083 0.616 0.851
1000 — 0324 0.201
2000 — 0316 0.108
3000 — 0311 0.104

of neural network baselines, MLP and RNN are given up to 3000 training samples, while our
approach uses only 50.

Forecast accuracy is measured by the relative squared error (RSE):

Lii(a=2)
T

RSE = ,
Yo (z— Z)z

(2.23)

where Z; is the predicted aggregate load and Z is the mean of the true aggregate load
over the test set.

Results. Table 2.3 summarizes RSE as a function of training data size. With only 50
samples, our approach achieves RSE of 0.078, while MLP and RNN require 3000 samples to
reach their best RSE of 0.311 and 0.104, respectively. As the noise level 7 increases, the RSE
of all baselines degrades substantially, whereas our framework maintains low error with small
variance, demonstrating its robustness to noisy aggregate observations.

An important distinction for the aggregator case is that exact parameter recovery is not
possible: because only the aggregate z; is observed and the objective is linear in the loads,
multiple parameter combinations can produce the same aggregate behavior. Nevertheless, the
gradient-based approach finds a set of parameters that minimize aggregate prediction loss,

yielding accurate forecasts even when individual schedules cannot be identified.
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2.6 Chapter Summary

This chapter developed an optimization-guided framework for forecasting price-
responsive demand response behavior from historical observations. The framework is grounded
in a key structural observation: real-world demand response agents, such as energy storage
systems, HVAC-controlled buildings, and responsive load aggregators, make decisions by
solving structured optimization problems rather than by following arbitrary black-box mappings.
For storage and building demand response, degradation, comfort, or temperature-violation
penalties are naturally modeled as quadratic or smooth convex costs. In these settings, the
optimal response is uniquely determined and varies smoothly with the cost parameters. This
smoothness is precisely what enables the implicit-differentiation approach: the KKT-based
Jacobian in (2.13) is well-defined, non-degenerate, and admits efficient computation via a single
LU factorization. Thus, the method succeeds here not despite the optimization layer, but because
of the convex structure that these energy-system agents naturally possess. For load aggregators
and other demand response agents whose objectives are closer to linear programs, the role
of the framework is more limited. It remains useful for forecast-oriented identification: by
embedding known energy, power, and aggregation constraints, the learned model can reproduce
aggregate responses from few samples even when the underlying private parameters are not
uniquely recoverable. However, the resulting parameters should be interpreted as predictive

latent parameters, not necessarily as the true economic coefficients of the agent.

Boundaries of the approach.

The framework has two principal limitations that demarcate the class of agents to which
it applies.

Pure linear-program agents. The most fundamental boundary arises when the agent’s
objective is linear in the decision variables, i.e., f(y;A,8) = c(1,0) Ty with affine constraints. In
this case the optimal solution sits at a vertex of the feasibility polytope and is piecewise constant

as a function of the objective coefficients. When the objective coefficients vary without changing
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the optimal basis, the optimizer remains locally constant, leading to zero gradients almost
everywhere with respect to the objective parameters. Consequently, gradient descent receives
no informative signal for identifying those parameters, even though the forward optimization
problem itself may still produce accurate forecasts. The KKT matrix K in (2.13) can also become
singular at degenerate vertices, breaking the implicit-differentiation formula. This is the core
reason the chapter’s strongest identification claims apply to agents with quadratic or strictly
convex disutility costs: strict convexity regularizes the solution map and yields informative,
well-conditioned gradients. Demand response agents with purely linear costs — for example,
a price-taking load that simply maximizes net revenue with no degradation, utility curvature,
or comfort penalty — fall outside the regime where objective coefficients are identifiable by
this gradient signal. For such agents, our approach should be used primarily for response
prediction under the embedded operational constraints, or augmented with surrogate smoothing,
regularization, perturbation-based gradient estimation, or additional observations that reveal
basis changes.

Non-convex agent objectives. The second boundary is non-convexity. The framework
requires the agent’s forward problem to be convex so that KKT conditions are both necessary
and sufficient for optimality and so that the SCP approximation converges reliably. Agents with
non-convex costs (e.g., unit-commitment-style fixed charges, combinatorial on/off decisions,
or battery aging models with non-convex cycle-depth terms) violate this requirement. In such
cases the implicit-differentiation step may correspond to a local rather than global optimum, and
multiple KKT points may coexist, making the gradient signal ambiguous.

These boundaries suggest natural directions for future work, including surrogate-
smoothing techniques for LP-structured agents and mixed-integer extensions for combinatorial

demand response resources.
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Chapter 3

Dynamics-Guided Models for Energy-
Efficient Building Control I: PDE-based
Identification and Control

This chapter develops a physics-informed learning and control framework for building
HVAC systems. The spatiotemporal dynamics of airflow, temperature, and CO, concentration
are modeled using partial differential equations (PDEs), specifically the Navier-Stokes and
convection-diffusion equations. Both system identification and optimal control are formulated
as PDE-constrained optimization problems and solved via gradient descent using the adjoint
method. On a representative case study, the framework reduces energy consumption by 52.6%,
36.4%, and 7.9% relative to a maximum airflow policy, reinforcement learning, and MPC with
ODE models, respectively, while satisfying all modeled safety-critical air quality and thermal

comfort constraints in the reported experiments.

3.1 Introduction

Buildings account for over 40% of global energy consumption [55], with HVAC systems
responsible for up to 50% of a building’s usage [4]. Because occupants spend roughly 90%
of their lives indoors [56], control strategies must balance energy efficiency against thermal
comfort and air quality [57, 58]. Post-COVID guidelines amplified this tension: high airflow

reduces pathogen exposure [59, 60], but operating HVAC at maximum airflow [61, 62] drives
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energy consumption 2-2.5x above nominal. We use CO; as a tractable proxy for indoor air
quality [63, 64, 26, 65], since direct viral concentration is rarely measurable.

Existing HVAC control methods fall broadly into rule-based control [66, 67, 68],
optimization-based control such as Model Predictive Control (MPC) [69, 26, 65, 70], and
learning-based control via reinforcement learning (RL) [71, 72, 59, 73, 74, 27]. RL is appealing
for hard-to-model dynamics but is sample-hungry — as much as 47.5 simulated years to match a
traditional controller [15] — and lacks hard-constraint guarantees. We take an optimization-based
approach in which HVAC dynamics are modeled as partial differential equations with data-fitted
parameters, and control actions are derived by solving a PDE-constrained optimization. This
reduces data requirements while enabling explicit enforcement of hard health/safety constraints

under the modeled dynamics.

3.1.1 Contributions

To the best of our knowledge, this is the first PDE-based learning and control framework
for buildings that simultaneously optimizes energy consumption while explicitly enforcing air-
quality and thermal constraints. Compared to ODE-based work [26, 65, 27, 74], the PDE formu-
lation captures spatial-temporal airflow. Compared to existing PDE/CFD work [75, 76, 1, 59, 77],
which focuses on prediction, occupancy detection, or building design, we focus on real-time
optimal control with accurate airflow modeling. The closest prior work [59] minimizes infection
risk under simplified uniform flow and optimizes the velocity field directly, which is impractical
for real buildings.

The proposed framework is illustrated in Figure 3.1: the system state (V,C,T,)! is
governed by the Navier—Stokes equations for airflow and convection—diffusion PDEs for CO,
and temperature. The system-learning task estimates unknown building parameters; the control
task minimizes energy consumption while ensuring thermal comfort and air quality. We solve

both tasks with a gradient-descent approach based on the adjoint method, achieving a 52.6%

"We use CO» as an air-quality proxy; the framework extends to PM2.5, PM10, and airborne pathogens [78].
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Figure 3.1. Schematic of the proposed PDE-based learning and control framework for healthy
and energy-efficient buildings. Left: we model the airflow, CO,, and temperature dynamics with
PDEs, including Navier-Stokes and convection-diffusion PDEs, with unknown model parameters
denoted by ®. HVAC control and external disturbances are represented as u; and d;, respectively.
Right: we present the formulation of the learning and control problems as PDE-constrained
optimization. The proposed framework models spatiotemporal dynamics with PDEs, leading to
improved energy efficiency, ensured thermal comfort, and a healthy indoor environment.

energy reduction relative to the maximum-airflow policy and 36.4%/7.9% over RL and MPC
with ODE models, while RL and MPC-ODE occasionally violate safety constraints and our
approach does not.

We organize the remainder of this chapter as follows. Section 3.2 surveys related work.
Section 3.3 describes the building PDE models. Section 3.4 presents the problem formulation.
Section 3.5 provides the solution method. Section 3.6 presents case studies. Section 3.7 concludes

this chapter.

3.2 Related Work

While HVAC control research has overwhelmingly focused on thermal comfort and
energy efficiency, only a small fraction of studies addresses indoor air quality [57]. Post-COVID
work has begun to close this gap, primarily through ODE-based models of CO; or particulate
concentrations. Li et al. [26] modeled CO, dynamics with ODEs and applied MPC to optimize
the supply airflow for energy efficiency under air-quality constraints. Zhang et al. [65] similarly

combined ODE-based CO, modeling with MPC solved via a genetic algorithm. Shang et al. [27]
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used an ODE model for PM2.5 concentrations and applied RL to control the air purifier exchange
rate. Heo [74] proposed an RL-based smart ventilation system with PM10 modeled by an ODE.
However, ODE models cannot represent the spatial structure of airflow and can mask localized
high-concentration zones [59, 79].

To capture spatial dynamics, prior work has used PDE-based models, including the
Navier—Stokes and convection—diffusion equations and full computational fluid dynamics (CFD)
simulations. Lau et al. [75] used advection—diffusion-reaction equations to predict spatiotemporal
infection risk. Narayanan et al. [76] employed CFD to model airborne pathogen concentration
in a classroom and inform air purifier placement. He et al. [77] integrated CFD to investigate
the effect of room geometry on ventilation performance. Jin et al. [1] applied a convection PDE
to model CO; for occupancy detection at a fixed airflow rate. Koga et al. [80] employed the
Navier—Stokes and convection—diffusion equations for spatiotemporal airflow and temperature
modeling, though their study focused solely on parameter identification. Hosseinloo et al. [59]
modeled pathogen concentration with convection—diffusion equations and optimized the velocity
field via RL; however, optimizing the entire velocity field is impractical for real buildings, where
control is limited to the boundary airflow velocity at the supply air vents. These PDE/CFD studies
focus on pathogen prediction, occupancy detection, or building design rather than real-time

optimal control.

3.3 Building PDE Models

In this section, we describe the building dynamic models that characterize the airflow
velocity, temperature field, and CO, concentration field, which are modeled by PDEs. The

notations are summarized in Table 3.1.

3.3.1 Models for Airflow, Temperature, and CO,

Let us consider a typical office environment where the temperature and CO, levels

dynamically evolve due to a set of contributing factors including the physical layout of the
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Table 3.1. Notation used for PDE models.

Notation Description
Z domain of PDEs
z2=(x,y) spatial coordinate
0% boundary of the field
Zsupply air supply vent positions
Zeturn air return vent positions
Zoutside wall adjacent to the exterior
T =[0,T), ¢ the time set and time index
V(z,1) airflow velocity field

(z t) pressure field

z,t),dr,(z,t) temperature field and heat source

(Z 1),dc(z,1) CO;, field and CO; source

g(z,t) the number of people in a room
4 system state ¢, = [V(z,1),C(z,t), T.(z,1)]
Tambient(?) ambient temperature
p fluid density
Ctresh CO,, level for fresh air in (3.6a)
Model parameters
\Y kinematic viscosity
kr, diffusion coefficient of temperature
ke diffusion coefficient of CO,
o the re-circulation rate in (3.6a)
or, heat source coefficient in (3.3)
O¢c CO, source coefficient in (3.3)
Control variables
u; €R supply airflow rate
u; € R supply air temperature

space, HVAC control actions (supply airflow rate and temperature), human occupancy, and
external weather conditions. The physical representation of the considered room is illustrated in
Figure 3.2. This room bears close resemblance to other typical indoor spaces, with a ventilation
system including air supply and air return vents on the ceiling.

We employ PDEs to model the spatiotemporal dynamics of the airflow velocity field, and
the resulting temperature and CO, fields. We denote the domain of the PDE by 2 C R? (or R?),
which represents a confined region, e.g., a meeting room. The time domain is .7 = [0,T] C R™.

Spatial coordinate and time are denoted by z € 2 and ¢ € .7. We denote the airflow velocity
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Equation (3b)(4c)(5¢) Equation (3a)(4a)(5a)

Zoutside

Equation (4b)

(a) Physic representation (b) Airflow velocity and boundary conditions

Figure 3.2. (a) The physical representation of the simulation testbed: a typical room with a
ventilation system including air supply and air return vents on the ceiling. All the walls are
insulated, and the right side features a glass window wall. (b) We define a 2D region and model
it using 2D PDEs. The figure visualizes the airflow velocity, governed by the Navier-Stokes
equations. All boundary conditions are highlighted in blue text.

field ¥(z,t) : 2 x .7 — R?, the temperature field T,(z,7) : 2 x .7 — R and the CO; field
C(z,t): ' xT =R

The airflow velocity field is modeled by the Navier-Stokes equations,

V.y=0, Continuity equation (3.1a)
av 1 e o .
o +v-Vi= —EVp +VvV+g, Momentum equation (3.1b)

where V is the velocity vector, V is the kinematic viscosity of the airflow, p is the fluid density, p
is the pressure field, and g = [0, —9.8]" is the gravitational force.

The thermal and CO, dynamics are modeled by the convection-diffusion equations,

aT,

BR +V.-VT, = kTeVZTe +dr,(z,1), Temperature (3.2a)
J2C ’
a7 +V-VC =kcVC+de(z,t), CO, (3.2b)

where kr7,,kc are the diffusion coefficients for the temperature and CO, fields, and

dr,(z,t),dc(z,t) are the heating source and CO; source, respectively. We employ proportional
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models to represent both the heat and CO; sources in a room [59, 81, 24],

dr,(z,t) = or,8(z,1), dc(z,t) = acg(z,1), (3.3)

where g(z,¢) denotes the number of people at position z at time step ¢ and ar,, ¢ are the
respective coefficients for heat and CO, source per occupant. Our framework can also take more

sophisticated models of occupants’ effects, such as polynomial models [71].

3.3.2 Boundary Conditions

In this work, we consider HVAC control as boundary control [59, 79], with the specific
boundary conditions detailed in Figure 3.2(b). The boundary of the field is denoted by d.%,
which represents the walls, the ceiling, and the ground of the room. Within this boundary, the
positions of the air supply vent and air return vent are specified as ffsupply and Zetun. We
denote the control variable 1, € R?, where uy, € R represents the airflow rate at the supply vent
(pointing in a downward direction), and u;; € R represents the supply air temperature at the

supply vent.

Boundary conditions for airflow velocity field.

V(z,1) = —ui, - ey,Y2 € Zupply, (3.4a)
1i-VV=0,Vz € Ziewum, (3.4b)
V=0,Vz € 0.2\ (Zupply U Zretum)- (3.4¢)

Constraint (3.4a) specifies that the airflow velocity at the supply vent Z5,,p1y is controlled by
uy; (m/s), where e, = [0, 1]T is the unit vector in the y-upward direction. Constraint (3.4b) sets
the Neumann boundary conditions at the return vent, and constraint (3.4c) applies Dirichlet

conditions to all other boundaries by setting the airflow velocity as zero [79].

43



Boundary conditions for temperature field.

Te(ZJ) = u27t,VZ S stupply» (3.5a)
Te(zat) = Tambient(t);vz S %utsidea (3.5b)
i VTe = O,VZ S af&?\ (fggupply U %utside)~ (3.5¢)

Constraint (3.5a) states that the temperature at the supply air vent is controlled as u;; (°C).
Constraint (3.5b) represents the temperature of the right window wall Z;;siqe influenced by the
ambient temperature Tympient(f). Constraint (3.5¢) sets the Neumann boundary conditions for

solid walls as insulated surfaces [82].

Boundary conditions for CO; field.

1
Clart) = - e+ (1 - @)+ /f C(2,1)d2,Y2 € Znppy. (3.6a)

ii-VC=0,Y2€ 02\ Zupply- (3.6b)

Constraint (3.6a) dictates that the CO, concentration at the supply air vent is a mixture of the
CO; concentration of fresh air Cyeq, and the CO, concentration of recirculated air within the
building % J#C(z,t)dz. The parameter & represents the re-circulation rate that can vary among
different buildings. In this work, Cg.esn = 400 ppm [26] and « is a parameter to be identified
from data. Constraint (3.6b) establishes the Neumann boundary conditions for all boundaries

except the supply vent [59].
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3.4 Problem Formulation

Given the PDE model knowledge described in Section 3.3, we formulate the system
learning and control problems as PDE-constrained optimization problems. The goal is to learn
the unknown parameters in the PDE system and develop control algorithms to optimize energy

efficiency, thermal comfort, and indoor air quality.

3.4.1 Learning the System Model

A fundamental challenge in controlling building systems is that the relationship between
airflow, temperature, and CO, concentration and the HVAC control actions is governed by a
set of nonlinear PDEs whose parameters depend on detailed building characteristics that are
difficult to measure in practice. We consider the set of system model parameters to be identified:
® = {V,kr,,kc,a,ar,,0¢c}. It is important to note that for incompressible flow, the fluid density
p in (3.1b) is considered constant, thus it has no impact on the velocity, temperature, and CO;
concentration values.

Given historical temperature and CO; records obtained from sensors placed at specific

locations, our goal is to learn the unknown system parameters ® that minimize the difference
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between actual historical records and predicted values based on estimated parameters,

Hgn Z (HTe(Zsensoral) - ﬁz(zsensorat) ||2 (3.7a)
t
+||C(Zsensorat) (ZSEHSOI’7 )H > (3.7b)
s.t. @ ={V, kg, ke, 0, ar,, 0¢}, (3.7¢)
V.i=0, (3.7d)
W o~ o~ 1 ~
a—:w-wz —EVﬁ-l-vVZV-i—g, (3.7¢)
o7, . .
= o =k, V2T, + ag,g(z.1), (3.76)
aC =S 2/\
5 VC = keVAC + acg(z,1), (3.7g)
1 .
Clz,1) = & - Cpresn + (1 — 1) - 7 /ff C(z,1)dz,Vz € Zupply; (3.7h)
(3.4)(3.5)(3.6b) (other boundary conditions)

where Zgensor C Z represents the set of sensor positions. The predicted temperature and CO,
fe(zmsor, t),é (Zsensor»t) are driven by the PDEs with estimated parameters ®, and T (Zsensor, 1),

C(Zsensor»t) are the ground-truth measurements recorded by sensors.

3.4.2 Control Problem Formulation

Now we are able to formulate the HVAC control problem. The airflow dynamics (3.1),

temperature and CO, dynamics (3.2), and equation (3.6a) are driven under the estimated param-
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eters obtained by solving the system learning problem (3.7).

rrblgn /[ _T Leontrol (2) dt (3.8a)
s.t.  (3.1) (Airflow dynamics)
(3.2) (Temperature and CO; dynamics)

(3.4) (3.5) (3.6) (Boundary conditions)

wy <wuyy <up,up <upy <up, Vi, (3.8b)
C(z,t) < Cmax,Vz€ Xt € T, (3.8¢)

Tnin < %/ZTe(z,t)dz < Thax, Vt € . (3.8d)

We define the loss objective as an integral of leono1(f) over time . Leonyolr(f) can include costs
such as energy consumption, comfort score reflecting indoor air quality and temperature, and
operational expenses. Constraint (3.8b) specifies control action bounds. Constraints (3.8c) and
(3.8d) ensure that CO, concentration levels do not exceed healthy limits at all locations and
that the average room temperature remains within occupants’ thermal comfort range. Average
temperature is a practical measure for occupant comfort since people are less sensitive to minor
temperature variations. However, CO; is strictly controlled everywhere due to higher sensitivity
and infection risks associated with poor air quality [64].

To handle the control constraint (3.8b), we use a projected gradient method. To deal with

the state constraints (3.8c)(3.8d), we utilize log barrier functions for the inequality constraints,

T
Leontrol = / [lcontrol(t) —oq log (Cmax - m%%IX(C(Z, t)))
=

1
—mplog (Tmax ¥ /ZTe(z,t)dz> (3.9

1
—oplog (? /Te(z,t)dz — Tmin)} dr
Z
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where p, @, are the weight factors. In this study, we define l¢ono1(£) to account for both energy

consumption and deviations in control variables:

Leontrol () = Energy(t) + aauy (3.10)

where a3 is the weight factor. For energy consumption, we use the L1 norm of the airflow rate
u1; and the difference between the supply air temperature u; ; and the default air temperature

U3 default s proxies for energy consumption [83, 84, 67]:

Energy(t) = willui |1 +walluz s — u2 defaut |1 (3.11)

where wi,w; are weight factors that vary with building types, and we set u3 gefauir = 14.4°C
according to [67]. Other objective functions (e.g., time-of-use electricity price, peak de-
mand charge) can also be flexibly included in the control problem based on the building sys-

tem operation criteria.

3.5 Solution Approach

We propose a gradient descent method for solving the system learning problem (3.7)
and HVAC control problem (3.8), based on the adjoint method [85]. An overview of the overall

solution algorithm is illustrated in Figure 3.3.

3.5.1 Adjoint Method for PDE-Constrained Optimization

We consider the HVAC control problem in (3.8) as an illustrative example for explaining

the proposed solution method. Let us introduce a short-hand notation to represent the PDE

2

dynamics in (3.1)—(3.2),

at qtaa_zaa_zzvula
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Figure 3.3. Algorithm for the PDE-based learning and control framework. For the “diffPDE”
block, “diff” signifies “differentiable”, denoting that it allows the computation of gradients. Left:
we first solve the PDEs in a forward pass, then solve the adjoint variables A;, =0,...,T in a
backward pass with (3.17). The gradient of model learning loss w.r.t. system parameters, and the
gradient of control loss w.r.t. control actions are computed using (3.21a) and (3.18) using the
adjoint variables. Right: updates of the model parameters and control via the obtained gradients.

where u; specifies the control action at time ¢, g; = [V(z,1),C(z,t), T,(z,t)] denotes the system state

at time 7, d; = [g(z,1), Tambient (7)] represents the disturbance including occupancy and ambient
temperature, and & models the physical behavior of the PDE system defined in (3.1)—(3.2) for a
given set of system parameters ©.

We consider a temporal discretization interval Az, with the total number of discretization

stepsas T = g, and denote the initial system state as giyit = ¢—1. The discrete-time version of

optimal control problem (3.8) with the log barrier functions for the state constraints is

T
Leontrol := Z l(%aut)

min (3.12a)
U] v UT =
St gr=q+A @<qt l,acgzl,aaq’zl u,,dt;G)), (3.12b)
(3.4) (3.5) (3.6) (Boundary conditions)
u<u <u, t=0,...,T, (3.12¢)
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where [(q;,u;) := [(q;,u;)At, with [(g;,u,) as the integral term in (3.9). Equation (3.12b) de-
scribes the discrete-time system evolution using the first-order Euler method. For further

simplicity, we define the right hand side of (3.12b) as f;:
ar = fi(qi-1,u,d;59). (3.13)

We use a projected gradient descent method to solve the constrained optimization
in (3.12). The critical challenge is computing V,, Leoniol , V¢ since all state and control vari-
ables are constrained by the system dynamics (3.13). We leverage the adjoint method [85, 86],
which uses adjoint variables to enforce the dynamics constraints and then applies a projection
operator to enforce the control constraints (3.12c).

Taking the total derivatives of both sides of (3.12a),

Layarl| ol
OLcontrol = t;() (a_qtfs% + 8_ut5ut) . (3.14)

By taking the total derivative of equation (3.13) and re-arranging,

df, df; e o\
Sqr — aqt_l‘sq"l _a_u,S”f_a_d,Sdf = 0. (3.15)
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The left side of equation (3.15) is always zero. The adjoint method multiplies the adjoint

variables A; by the left side of equation (3.15) and adds to equation (3.14). As a result,

0l 0l
5Lcontrol = Z (a 56[[ + 8_5141)
l

df, af; df
T t
tz,lt (5% 8 41 5% 1— ) t6 t adt(Sdt)

adl al d
:(W”T)SWZ( AT )

Uy

ol o,
+ Z <aqt AT AtTJ_rla;—H) 0q;

T
_ %T%Sq_l _y 275,
-1 =0

Dividing both sides by Ouy,

5Lcontrol _ < dl A'T) SCIT +Z (ﬂ_A’TafI) 61/51

8l/lt aqT ou l‘ au; g a 61/![
dl T T afH—l 56]:
" Z (3% A RN, Ju, (3-16)

T dfo 6q-1 Z Taft 8d,
dg_1 5ut ' adt 5ut

The five underbraced terms correspond to gradients relevant to our system analysis. We
have Ou; /ou; =1, g—Zﬁ =0, and 55‘]—; = 0, as the initial system state and disturbance are not
affected by control actions.

To eliminate the terms g—Zj fort =0,...,T, the adjoint method sets the adjoint variables

A, backwards as follows,

.
)LT:—i , (3.17a)
dqr
T T
)@:(af’“) Ml—(ﬁ) . t=0,....T—1. (3.17b)
aCIt 8q,
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By plugging in the adjoint variable values satisfying (3.17), and setting ‘Sd’ = %1

and g—Zj = 1, the desired gradient of the control loss L¢oniro) W-I.t. the control variables u; is

o 8Lcontrol dl T 8ft
VmLcontrol - 5ut Z (8u, 8u, . (3-18)

We optimize the control variables with projected gradient descent:

U <— U — T - Vu,Lcontrob (3.19a)

uy < Proj(ur, u, ), (3.19b)

with the projection operator Proj(x,a,b) defined as,

a, ifx<a

Proj(x,a,b) == ¢ b, ifx>b (3.20)

x, else

where 7 represents the learning rate.
For the learning task, the decision variable changes to the system parameter ©® =

{v,kr,,kc, 0, ar,, 0c}. The system parameter estimates are updated as follows,

O+ 0- n- V@)Llearninga (3.21a)
L d
V@LIearning = Z )LtT ag (321b)
t=0

where the adjoint variable is computed using (3.17). When the PDE operations are implemented
in a differentiable manner, automatic differentiation tools [87, 88] can chain the derivatives of
these operations to compute gf’ , gf’ , and af’ g accordingly. In our implementation, we built our

differentiable solver based on the PhiFlow framework [87].
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3.5.2 Learning and Control Algorithms

The system learning procedure and control procedure are summarized in Algorithm 3
and Algorithm 4, respectively.

For the learning phase (Algorithm 3), we require the offline dataset with recordings
g(z,1), Tambient (1), the history control sequences u;, and measured CO, concentrations and temper-
atures C(Zsensorst), Te (Zsensor, ). At each iteration k, we solve the PDEs based on estimated build-
ing parameter ®X) and update it following the update law in (3.21) to minimize the learning loss.

Once Algorithm 3 has estimated the system parameters ®, we are then able to optimize
the control variables using these estimated parameters. For the control phase (Algorithm 4), we
require the initial system state g;,; = q—1, predicted disturbance g(z,7), Tampient (?), and estimated
system parameters ®. We first initialize the control action sequence u®). At each iteration k,
we solve the PDEs based on control actions [uék), . ,u¥( )] and update the actions following the

update law in (3.19) to minimize the control loss.

Algorithm 3. Algorithm for Learning System Phase

Require: Dataset D = {g(z,1), Tambient(?), Uss C(Zsensorst)s Te(Zsensorst)s t = 0,..., T }.

Ensure: 00 = {v(o),k(TS),k(Co), a®, (xg)), Otéo)} >> initial parameters
1. fork=0,1,...,K do

2: sample data B = {(C(zsensorst), Te(Zsensorst)),t =0,..., T} from D

3: compute %(z,t) forr =0,...,T using (3.1) with v(K)

4: compute YA;(z,t) and a(z,t) fort =0,...,T using (3.2) with k(TI:),k(Ck), a®), ocg), aék)
5: evaluate the learning loss via (3.7a)(3.7b)

6: update: ®(k+1) — G)(k) —-n: V@(k)Llearning

7: end for

8: Return ®

3.6 Numerical Experiments

In this section, we present the capabilities of the proposed framework in system learning
and optimal HVAC control. We illustrate how our framework accurately learns unknown system

parameters using historical data and demonstrate significant outperformance over existing control
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Algorithm 4. Algorithm for Control Phase

Require: Initial state g;,; = g—1, predicted disturbance g(z,?), Tampient(t),t = 0,...,T, and
learned parameters ®
Ensure: u(0) = [uéo), .. .,u(TO)]
fork=0,1,...,K do
compute V(z,7),t =0,...,T using (3.1) with u®)
compute YAL(z,t) and 6(z,t) forr =0,...,T using (3.2) with u*
evaluate the control loss via (3.9)
update: k1) 4 ®) _p -V &) Leontrol, then u D) Proj(u® V) u, )
end for
Return u

> initial control variables

methods including maximum airflow policy, reinforcement learning [14], and optimization-based
control with ODE models [26, 65, 67, 81].

We build the testbed shown in Figure 3.2. For all simulations unless otherwise specified,
we consider a room with length z, = 4.2m and height z, = 2.7m, which has dimensions
identical to the conference room discussed in [1]. The computational mesh is defined by
(ny,ny) = (42,27) with PDE discretization time step Az = 1 minute. The occupancy positions
are {z=(x,y) | 2.5 <x<3.1,0.7 <y < 0.9}, and the supply, return, and exterior wall regions

follow Figure 3.2. The airflow rate is bounded by u#; = 0.12m/s and u; = 1.2 m/s.

3.6.1 System Model Learning
Case 1: Joint temperature and CO; field learning.

Here, the model parameters are @ = {v,kc,kr,, &, 0¢, ar, }. We have chosen specific
values as presented in Table 3.2, following works [82, 89, 90]. The fan speed is set to be
consistent during the simulation, V(z,t) = —u -ey,Vz € Zgypply- The simulation runs for a
duration of T = 60 minutes. Sensors are placed at the ground, supply vent, return vent, wall, and
table; specific coordinates follow the geometry in Figure 3.2.

The training process is conducted over 60 epochs. Both the learning loss

Zr HTe(Zsensorvt) - 'fe(zsensor:t)Hz + HC(Zsensorat) - C(Zsensorat)Hz and the parameter esti-
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Table 3.2. Model parameter learning for the joint temperature and CO; field learning.

Parameter True value Estimated value

v 0.00108 _ 0.00106
ke 0.00108  0.00106
kz, 0.002 0.002

o 0.65 0.048
oc 0.83 0.83

o, 0.00500  0.00496

mation loss ||® — ©||? decrease monotonically with epochs. True and estimated parameters are

listed in Table 3.2, indicating that the system model can be learned precisely with low error.

Case 2: A real-world dataset for CO; field learning.

We now test the performance of the proposed approach using a real-world dataset in [1].
The dataset is collected in a conference room on the UC Berkeley campus, which shares the
same dimensions and ventilation system as depicted in Figure 3.2. The sensors are placed
on both vents and near the blackboard on the sidewall to sense CO, concentrations. The
sensor locations for the return vent are set as {(x = Im,y =2.7m), (x = 0.9m,y = 2.7m)}, the
supply vent sensor is at (x = 3.0m,y = 2.7m), and the blackboard area is defined by points
{(x=0.1m,y =0.7m), (x = 0.2m,y = 0.8m) }.

Occupancy was simulated via a CO, pump, operated periodically (on for 30 minutes, off
for 30 minutes). The simulation runs for a duration of 7' = 480 minutes. Figure 3.4 (bottom)
shows the pump status: when the pump is open (value of 1), g(z,7) = 1, and when closed (value
of 0), g(z,t) =0.

Figure 3.4(top, solid line) illustrates the CO, measurements at the supply vent, return
vent, and blackboard. We observe that the measurements exhibit periodic patterns driven by the
on/off status of the CO, pump, and the concentration varies both spatially and temporally. For
instance, the CO, concentration at the blackboard will increase before the CO, concentration
at the return vent increases. Additionally, the air supply vent has a smaller magnitude of CO,

concentration compared to the blackboard and the air return vent.
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Figure 3.4. Comparison of measured CO; concentrations from a real-world dataset [1] and
estimated CO; concentrations based on the learned PDE model (top). The open status of the
CO; pump in the real-world experiment (bottom). An open CO, pump (indicated by a value of
1) corresponds to g(z,¢) = 1, while a closed CO, pump (indicated by a value of 0) corresponds
to g(z,1) =0.

For this real-world dataset, the learning parameter is a subset of ® as {V, k¢, o, o¢} since
there is no temperature measurement available for estimating {kr,, o, }. The loss function is
the mean-squared error between actual CO, measurements and predicted values at the sensor
locations: L<®) = ZtT:O ||C<Zsens0r,t) - C(Zsensora t) ||2

The estimated CO; concentrations are shown in Figure 3.4 (top, dashed line). The
experiment demonstrates that the proposed method can capture CO; concentration patterns. The
mean absolute percentage error (MAPE) between the measured and estimated CO, concentrations
is 5.4%. 1t is important to highlight the complexity of this task: sensor recordings may contain
noise, and we may not have precise information regarding sensor locations and CO; sources.
Importantly, our method requires only the initial condition C(z,# = 0) and the disturbance
information g(z,7) for all times, allowing us to solve the PDEs and retrieve the forecast CO, data

for all subsequent time steps.
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3.6.2 Building Control

Experiment setting.

We assume that the building management system has learned the building model from
historical data and is now focused on solving the control problem (3.8). The model parameters
are established as described in Section 3.6.1. The management system determines the control
action {(u1,u2,),t € [0,...,T]}, where u;, is the supply airflow rate (m/s) and u,; indicates
the supply air temperature (°C).

The CO; limit is Cpax = 1200 ppm, Vz, ¢, recommended by [91] as the maximum CO,
level for human health. The temperature limits are 7i,;, = 21.0°C and Ty = 22.0°C, chosen
based on the existing building controller range in [84]. The simulation runs for a duration of
T = 360 minutes using San Francisco’s temperature data on July 1, 2023 (12pm to 6pm). We
assume the building occupancy schedule and ambient temperature profiles are known. The

control cost function parameters are set as & = 0.1,00 = 0.2, 3 = 0.5, w; = 30,wr = 3.

Baselines.

We compare the proposed algorithm against a set of baselines including both traditional
control methods and state-of-the-art control strategies: maximum airflow policy (Maxflow
control) [67], minimum airflow policy (Minflow control), MPC with ODE models (MPC-
ODE), and reinforcement learning (RL). The comparison with MPC-ODE is motivated by its
widespread use in the literature [26, 65, 67, 81] using ODE models such as RC models, which
often overlook spatial interrelationships.

The baselines are: Maxflow (maximum supply airflow at uy ; = Tiin = 21°C), Minflow
(minimum supply airflow at the same temperature), MPC-ODE (ODE models for averaged CO,
and temperature, solved with MPC and deployed in the PDE environment), and RL (a policy

trained against the PDE environment that maps the current 7,(z,7) and C(z,¢) fields to actions

I/lt).
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Figure 3.5. Comparison of building control performance using the proposed approach and
baselines, including Maxflow control, Minflow control, MPC with ODE models (MPC-ODE),
and reinforcement learning (RL). The figure shows one example of control actions and indoor
temperature and CO, dynamics. In the top two figures, the black dashed line represents the
occupancy and the grey area denotes the unhealthy region. In the bottom figure, the grey line
represents the ambient temperature.

Control results.

Figure 3.5 illustrates an example of control actions along with the dynamics
of indoor temperature and CO,. Table 3.3 presents the performance of our proposed
approach and baseline methods.

Notably, the Minflow control results in significant violations of CO, and indoor tem-
perature constraints. During periods of high occupancy, inadequate ventilation rates fail to
introduce sufficient fresh air, leading to an inability to effectively reduce CO, concentrations
and control temperature. In contrast, our approach adapts to changes in occupancy and external

temperature conditions by increasing the airflow rate when effective ventilation control is needed,
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Table 3.3. HVAC control: performance of the proposed approach in comparison with Maxflow
control, Minflow control, MPC with ODE models (MPC-ODE), and reinforcement learning
(RL).

Method Energy Consumption (kWh) Temperature violation (°C) CO; violation (ppm)
average maximum average maximum

Maxflow control 334.1 0 0 0 0

Minflow control 139.7 0.16 0.54 377.1 1164.2

MPC-ODE 172.0 0.0 0.0 57.0 800.0

RL 249.1 0.001 0.04 0.35 65.6

Ours 158.4 0 0 0 0

t=20 t=30 t=120 1600
25 25 25

20 20 20
15 15 1518

10 10 10

Figure 3.6. The distribution of CO; levels for different # (minute) with the maximum CO,
concentration marked by red dashed boxes. The locations of the maximum CO; concentra-
tions vary over time.

ensuring that state constraints are satisfied while maintaining low energy costs. The Maxflow
control ensures a healthy environment but leads to high energy consumption. Our proposed
approach demonstrates a 52.6% reduction in energy costs compared to the Maxflow policy. The
RL approach manages to save energy but fails to meet temperature and CO, constraints.

MPC with ODE dynamic models performs better than RL in terms of energy usage.
However, it neglects spatial variations of CO; distribution and leads to constraint violations:
while the ODE-averaged CO; stays within healthy limits, the actual maximum CO, concentration
in the room occasionally exceeds these limits.

Figure 3.6 illustrates how CO; distributions change over time under MPC-ODE. The
maximum CQO, levels are shown in the red dashed boxes, and we observe that the locations of
maximum CO; can differ at different times. The results demonstrate that the ODE approach fails
to capture the rich spatial-temporal dynamics of airflow velocity fields and “dead zones” of high
CO,/aerosol concentrations, thus leading to violations of health constraints. ODE modeling is

insufficient for effective building ventilation design. In contrast, our approach not only adheres
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to all constraints but also shows a 7.9% and 36.4% energy consumption reduction compared to

MPC-ODE and RL, respectively.

3.7 Chapter Summary

This chapter introduced a PDE-based framework for building HVAC control that solves
the Navier—Stokes and convection—diffusion equations for airflow, temperature, and CO,. System
learning was validated by a synthetic joint-field study with precise parameter recovery and a real-
world CO; application with 5.4% MAPE. For control, the approach delivers 52.6%/36.4%/7.9%
energy savings over Maxflow, RL, and MPC-ODE, respectively, while satisfying all modeled
air-quality and control constraints. Unlike MPC-ODE and RL, which average over the room
and miss localized CO, dead zones, the PDE formulation captures spatial dynamics directly and
combines data-driven parameter learning with physically grounded control.

Several limitations merit attention. First, the current implementation considers only a
2D field and ignores common room objects such as furniture. Second, the framework relies
on known disturbance factors (occupancy schedules and outdoor temperatures) and may be
less effective under unpredictable conditions. Third, the same PDE dynamics that provide the
main advantage of the approach also introduce a clear computational cost: resolving spatial
airflow, temperature, and CO, fields enables the controller to capture localized dead zones and
enforce modeled safety constraints more faithfully than simple ODE-based approaches, but each
control update requires forward and adjoint PDE solves, which increases runtime relative to
low-dimensional ODE models. Follow-up work leverages neural operator learning to retain
the spatial-temporal modeling benefits of PDE dynamics while replacing repeated PDE solves
with a faster learned surrogate. Future work will also extend the PDE solve to 3D with realistic

geometries and integrate predictive models for disturbance variables.
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Chapter 4

Dynamics-Guided Models for Energy-
Efficient Building Control II: Operator
Learning for Control

Chapter 3 demonstrated that partial differential equations coupled with adjoint-based
optimization can deliver energy-efficient building ventilation control that is grounded in physical
laws and can explicitly enforce air quality constraints under the modeled dynamics. That frame-
work, however, pays a steep computational price. Each control update requires a full forward
solve of the Navier—Stokes and convection-diffusion equations followed by a backward solve
of the adjoint system, which confines the approach in practice to two-dimensional geometries
with simplified room layouts. Real classrooms and offices are three-dimensional, have multiple
ceiling vents with controllable airflow angles, and exhibit airflow patterns that cannot be faithfully
reproduced by a 2D reduction.

This chapter develops a complementary approach in which the high-fidelity fluid
dynamics model is retained but the expensive PDE solve is replaced by a learned neural
surrogate. Specifically, we train an ensemble of neural operator transformers to approximate
the mapping from ventilation control actions and historical CO; fields to future CO; fields,
using high-resolution computational fluid dynamics (CFD) simulations of a real classroom as
the source of ground truth. Once trained, the neural operator can evaluate a 3-minute future

CO; rollout in a few milliseconds, roughly 2.5 x 10° times faster than the corresponding
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CFD simulation, and it is differentiable by construction, so it can be embedded in the same
optimization-based control loop that Chapter 3 used for the PDE dynamics. On a real-world
classroom testbed with 18 inlet vents, the proposed approach achieves significant energy savings
compared to maximum airflow control, rule-based control, and data-driven control methods
using spatially averaged CO; prediction and deep learning-based reduced-order models, while

consistently maintaining safe indoor air quality.

4.1 Introduction

Buildings account for nearly 40% of global energy consumption [3], with HVAC systems
among the primary contributors. Effective ventilation is critical for both reducing energy use
and maintaining indoor air quality [92], a tension amplified by post-COVID public health guid-
ance [59]. Most deployed HVAC systems still rely on fixed or rule-based strategies [93, 62, 67]:
maximum-fresh-air policies implemented at UC San Diego, for example, raised energy usage
2-2.5x [67].

Recent data-driven approaches, including MPC [70, 69, 94, 95] and reinforcement
learning [96, 97, 98, 27, 99], have improved on rule-based methods. However, most represent
indoor air states using spatially aggregated variables — typically a point measurement or zone
average — modeling CO; via ODEs [27, 26] or neural networks [70, 69, 99] that predict mean
values. These representations ignore spatial variations in airflow and pollutant distribution,
leading controllers to either over-ventilate the entire space to satisfy a single sensor or miss
under-ventilated regions. This motivates spatiotemporal airflow modeling for energy-efficient
HVAC operation that respects local air-quality constraints.

Solving the governing PDEs with finite element or finite volume methods is computation-
ally expensive [12], which makes embedding CFD solvers in real-time control loops impractical

and confines most CFD-based studies [100, 101, 102] to offline analysis. The PDE-constrained
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Figure 4.1. Schematic of the proposed data-driven operator learning framework for energy-
efficient ventilation control. Computational fluid dynamics (CFD) simulations are used to
model complex 3D airflow and CO, spatiotemporal dynamics. An ensemble of neural operator
transformer models is trained to learn the mapping between ventilation control actions and
airflow field evolution. Leveraging high-fidelity simulation data, the approach enables real-time
optimization of ventilation strategies to minimize energy consumption while maintaining indoor
air quality.
framework of Chapter 3 bridges this gap via adjoint differentiation, but still requires a full PDE
solve per control iteration and was demonstrated only on a 2D setting with simplified geometry.
To address these limitations, this chapter proposes a data-driven operator learning frame-
work that approximates the input—output behavior of CFD simulations. Neural operators learn
mappings between infinite-dimensional function spaces, approximating the solution operator of
a PDE across a family of initial and boundary conditions [20, 21]. Unlike conventional neural
networks [103, 104], which operate in finite-dimensional spaces and typically require fixed
spatial grids, neural operators allow predictions to be queried at arbitrary locations within the
room and capture how ventilation control shapes the entire airflow and air quality distribution.
We build on the general neural operator transformer (GNOT) [29], which extends these ideas

to irregular spatial domains and multiple input functions, making it well suited for modeling

building airflow with complex geometries and diverse inputs.

4.1.1 Contributions

This chapter develops a data-driven operator learning framework for energy-efficient

building ventilation control, validated on a real-world classroom using CFD simulations (Fig-
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ure 4.1). While prior studies [105, 106] apply neural operators for airflow prediction, we advance
the line by integrating operator learning into closed-loop control — a substantially harder problem
since performance depends on both predictive accuracy and reliable closed-loop behavior under

energy and air-quality constraints. The key contributions are:

» Ensemble neural operator transformer: an ensemble model that predicts building airflow
velocity and CO; fields under varying HVAC control and occupancy. It improves prediction

accuracy over single-model baselines and achieves a 250,000 x speed-up over CFD.

* Building control with operator learning: we embed the learned operator in an optimization
framework for energy-efficient ventilation under air-quality constraints. Compared to
maximum airflow, rule-based control, and data-driven control using averaged prediction,

the proposed approach achieves lower energy use and significantly fewer CO; violations.

* Open-source CFD dataset: we release a high-fidelity dataset derived from CFD simulations
of a real-world classroom, together with the 3D room model and reproduction files,

providing a reproducible benchmark for ML-based building ventilation research.

The remainder of this chapter is organized as follows. Section 4.2 surveys related
work. Section 4.3 introduces the governing dynamics and formulates the operator learning and
control problems. Section 4.4 describes the CFD simulation setup and the BEAR-CFD dataset.
Section 4.5 presents the ensemble neural operator transformer and the gradient-based control
algorithm. Section 4.6 reports the learning and control experiments. Section 4.7 concludes the

chapter.

4.2 Related Work

CFD-based building ventilation research.
Computational fluid dynamics simulations are widely adopted in building ventilation

research to accurately capture spatiotemporal airflow and pollutant dynamics [10]. Bianco et
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al. [107] employed CFD to assist in the design of ventilation units for buildings, while Gao et
al. [105] used CFD to analyze airflow fields in an isothermal chamber under fixed ventilation
rates. Bulinska et al. [108] modeled CO; distribution in a bedroom to inform optimal sensor
placement, while Mou et al. [100] simulated airflow and CO; concentration in a seminar room,
capturing complex 3D ventilation patterns. Ning et al. [101] evaluated the influence of supply
outlet height on indoor air distribution in a bedroom, and Mahmoud [102] applied CFD to
analyze the dispersion of human-generated aerosols and CO, in classrooms. These studies focus

on offline analysis and system design rather than real-time control.

Neural operator methods.

Neural operators learn mappings between infinite-dimensional function spaces, enabling
approximation of PDE solution operators across families of initial and boundary conditions.
Deep Operator Networks (DeepONets) [21] and Fourier Neural Operators (FNOs) [20] have
demonstrated strong performance on turbulent flow prediction [109], vehicle aerodynamics [110],
and indoor airflow modeling [105]. The General Neural Operator Transformer (GNOT) [29]
extended these capabilities to irregular spatial domains and multiple input functions, making
it particularly well suited for building airflow with complex geometries and diverse control
inputs. Prior studies [105, 106] have applied neural operators for airflow prediction; this chapter
advances the line by integrating operator learning into closed-loop control for building energy

management.

4.3 Problem Formulation

In this section, we introduce the governing dynamics of indoor airflow and CO; transport,
and formulate the learning and control problems. The CFD simulation setup and dataset

description are provided in Section 4.4.
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4.3.1 Governing Equations for CO, Dynamics

Let Q C R3 be the spatial domain of interest, and let t € R™ denote time. We denote by
C(x,t) the CO, concentration at spatial location x € Q and time z. Let m(t) = {m’(t) ma(t)} €
R12 collect the control actions (airflow rates m” € R® and airflow angles m® € R%) for the six
groups of supply vents, and let n,,(¢) € R denote the occupancy number.

The distribution of CO; in an indoor environment follows the advection-diffusion equa-

tion [28, 111],
dC(x,1)
ot

+u(x,t) - VC(x,1) = DegtV>C(x,1) + S(x,1), 4.1)

where C(x,t) is the CO, concentration (ppm) at location x and time ¢; u(x,¢) is the airflow
velocity field obtained by solving the incompressible Navier-Stokes equations, whose boundary
conditions at the supply vents depend on the ventilation control m(¢) and thus allow the control
action to influence u(x,#) throughout the domain; D, is the effective diffusion coefficient for
CO; in air; and S(x,) represents the CO, source term, which models occupant-generated CO,
on the designated occupancy surface. The source depends on the occupancy level n,(¢), and we
assume an exhaled air rate of 6 L/min per person following [77].

The governing equations for the airflow velocity field u(x,) follow the incompressible
Navier—Stokes equations introduced in Chapter 3, augmented in the present 3D setting with
species transport for Oy, CO,, H0, and N, an energy equation for temperature, and a k—@ SST
turbulence closure. The full set of equations and boundary conditions used in the CFD solver is

detailed in Section 4.4.

4.3.2 Data-Driven Modeling with a Neural Operator

Solving PDEs numerically is computationally expensive, making traditional CFD models
impractical for real-time building control applications. As discussed above, the adjoint-based
PDE optimization of Chapter 3 inherits this cost: each control iteration requires a full forward

and backward PDE solve on the simulation mesh. To overcome this limitation, we aim to learn
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a neural operator ¥ that efficiently maps historical CO; concentrations, control actions, and
occupancy levels to future CO, concentration distributions. Formally, the neural operator learns
the mapping

Yy (C(X, T)TE[I—HJ]? m, np) = C(x7 T)TE(I‘J—i—T]a 4.2)

where C(x, T)¢c[—p ) are the historical CO; fields over the window [t — H, ] and C(x, T) e (1 1+ 7]
are the predicted future CO, fields over (¢,7 + T|. Incorporating historical CO; concentrations
accounts for temporal dependencies inherent to the system’s physics, such as diffusion and
advection dynamics. We assume that the control m and occupancy 7, remain fixed over (¢, +T|.
In building control applications, the transient dynamics of airflow and CO; transport evolve
rapidly over a short horizon, typically within a few minutes, while control settings and occupancy
levels generally remain constant during these intervals (for example, a fixed HVAC setpoint over
a 5-minute or 15-minute interval [67]). This assumption thus maintains consistency between the
physical model and practical control timescales.

In practice, we rarely have continuous access to the CO, distribution over space and time,
and instead rely on a discretized approximation of the underlying functions. For simplicity we
reuse the symbols 7, H, T as discrete time indices. Let {x;}<;<x, denote a spatial grid and let
C! € R denote the CO, concentration at spatial grid point x; and time step ¢. Collecting the recent
history of CO fields over the last H time steps together with the fixed parameters m and n,, we

define the discrete input set

Although &7 is finite-dimensional, it represents the sampled version of the underlying function

C(x, T) over the history window [r — H,¢]. From this discrete representation, the neural operator

“p produces predicted future concentrations 6’125(,3 (abbreviated 6), which approximate the
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continuous output function C(x, 7) for 7 € (r,¢ +T:

~

CiL T =% (). 4.4)

4.3.3 Ventilation Control Optimization

The learned neural operator ¢y can be integrated into the building ventilation control

optimization problem. The resulting formulation is given in (4.5).

min i [|C = Cargetl 3 + w2 [lm —m @3 w3 |1, (4.52)
m:[mr7m(t]

st CGo({CT 2 Yu{myU{ny}), (4.5b)

m <m"<m’, m?<m’<md (4.5¢)

In the objective (4.5a), the first term quantifies the deviation between the predicted CO; con-
centrations C and the desired CO, level Cigrger over the prediction horizon 7', a formulation
commonly used in indoor air quality ventilation control studies [26, 112]. The second term
penalizes deviations of the optimized control actions from the previous control action m(?). This
is important for real-world building management, where large deviations in control actions are
typically avoided to maintain system stability and operational safety [28, 65]. Encouraging
control actions to remain close to m(?) also reduces the risk of extrapolating beyond the model’s
training domain, thereby increasing the reliability of the predictions. The third term represents
energy consumption, measured through the /; norm of the ventilation rate [28]. The coefficients
wi,wp, w3 balance the relative importance of these objectives. Constraint (4.5b) states that the
predicted CO, concentrations are obtained via the trained neural operator model in (4.4), while
constraint (4.5¢) ensures that both mechanical ventilation rates m" and vent angles m“ remain

within their physical limits.
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Remark 4.1. In this chapter, we do not explicitly model or control indoor temperature in the
problem formulation. This choice is motivated by the fact that CO, concentration responds on a
much faster time scale than temperature, which evolves more slowly because of the building’s
thermal inertia. By focusing on the faster dynamics of airflow and CO, transport, we are able
to evaluate the proposed control strategy in a more responsive setting. Thermal effects are still
captured, as the CFD simulations described in Section 4.4 solve the full energy equation for the
transport of thermal energy within the airflow and include occupant heat sources and boundary
temperature conditions. Extending the formulation to include indoor temperature modeling and
thermal control is a valuable direction for future work, and the framework is compatible with

such multi-objective settings.

4.4 The BEAR-CFD Data

The CFD simulation is developed based on a real-world classroom located at the Uni-
versity of California, San Diego. The classroom is equipped with a ceiling-mounted ventilation
system that includes 2 outlet vents and 18 inlet vents grouped into six zones, each allowing
independent control of airflow rates and supply airflow angles to optimize energy efficiency
while maintaining high indoor air quality. Figure 4.2(a) illustrates the physical classroom and its
corresponding 3D computer-aided design (CAD) representation, and Figure 4.2(b) presents an
example of the CO, concentration and velocity fields. This section provides a detailed description

of the simulation setup and the open-source dataset.

4.4.1 CFD Simulation Setup
Geometry.

The simulated domain represents a mechanically ventilated classroom with dimensions
of 19m x 13m x 3.5m; see Figure 4.2(a). The ventilation system consists of 18 rectangular inlet

vents, each measuring 0.1349m in width and 0.3048 m in height, and 2 ceiling-mounted outlet
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(b) Visualization of CO, field and airflow velocity field.

Figure 4.2. (a) A picture of the studied classroom and the geometry of the CFD model: a room
with a ventilation system including 18 inlet vents and 2 outlet vents on the ceiling. Occupants
are modeled as a single rectangular cuboid with a prescribed CO; mass flux to represent the
CO, effects of varying occupancy levels. (b) Visualization of the CFD simulation results of CO,
concentration and airflow velocity fields, one example from the developed CFD dataset.

vents. Fresh air is supplied through the inlets at prescribed velocity and angle conditions, and

exhausted through the outlets, forming a displacement ventilation flow pattern.

Occupant modeling.

Occupants are collectively represented by a single, centrally positioned rectangular
cuboid, visualized in Figure 4.2(a, right). This abstraction aggregates the influence of mul-
tiple seated individuals into a compact volume that approximates their combined occupied
zone [113, 114]. CO, emissions from occupants are represented as a surface mass flux boundary
condition and are modeled using the species transport equation [108, 102]. To simulate vary-
ing occupancy levels (ranging from 10 to 80 people), we prescribe a total CO;, mass flux of

np, X 0.00012 kg/s on the cuboid surface, where n,, is the number of occupants. This corresponds
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to a constant breathing rate of 6 L/min per person, following the simplified exhalation model

in [108]. A constant surface temperature is applied to the cuboid.

Mesh.

The fluid domain is discretized into approximately 0.245 million tetrahedral elements
to resolve airflow and CO; transport dynamics. Local mesh refinement is applied near critical
regions, including the occupant cuboid, inlet and outlet vents, and wall boundaries, to capture
steep gradients in velocity and scalar fields. Mesh quality is assessed using standard metrics:
the minimum orthogonal quality is 0.172, and the maximum aspect ratio is 43.33, indicating an

acceptable mesh for transient indoor airflow simulations.

Numerical models and boundary conditions.

Airflow and CO; dynamics within the classroom are simulated using the commercial
CFD software ANSYS Fluent [115]. The incompressible Navier-Stokes equations are solved to
capture airflow behavior, coupled with species transport equations for CO,, O,, H,O, and N».
Turbulence is modeled using the k-@ SST (shear stress transport) model, which is well suited for
predicting indoor near-wall flow behavior [116]. The governing equations are discretized using
the finite volume method, with second-order schemes for both momentum and species transport.
The energy equation is also activated to solve for temperature.

The boundary surfaces include walls, inlet and outlet vents, and the occupant surface. A
summary of the boundary conditions is provided in Table 4.1. Inlets are modeled as velocity
boundaries with prescribed temperature (7j,e¢), CO> concentration (Cipyet), velocity magnitude
(m"), and velocity angle (m®) [108, 102]. To introduce airflow variability, the inlet velocities
and angles for vent groups are randomly sampled from uniform distributions. A maximum
velocity of 3.24 m/s corresponds to 10 air changes per hour (ACH), based on operational data.
Outlets are modeled as pressure boundaries, and all walls are treated as no-slip, adiabatic

surfaces with fixed temperature.
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Table 4.1. Boundary conditions for the CFD simulation.

Boundary surface Boundary conditions

Inlet vents velocity inlet, Cipjer = 400 ppm, Tiper = 20°C,
m" ~ U[0.324,3.24] m/s, m* ~ U[45,135]°

Outlet vents pressure outlet

Walls no-slip and adiabatic walls, Ty, = 21°C

Occupant surface mass flow inlet, Coccupant = 40,000 ppm,
Toccupant =25°C [108]

Remark 4.2. The CFD simulations follow standard modeling practices for indoor air-
flow [114, 108, 117] and are designed to provide consistent and reproducible training data
for future research. The simulation setup assumes constant air density (incompressible
flow), omitting buoyancy effects. This simplification is reasonable in mechanically ventilated
classrooms where forced ventilation dominates airflow. Nevertheless, we acknowledge that
in densely occupied spaces, buoyancy forces may contribute to airflow patterns. Extending
the CFD setup to incorporate buoyancy remains an important direction for future work, and
the framework is readily adaptable to such enhanced simulations as well as to other CFD

configurations and building control systems.

4.4.2 BEAR-CFD Dataset

The BEAR-CFD dataset is generated through a structured CFD simulation workflow
designed to capture the spatiotemporal dynamics of indoor CO; levels under varying ventilation
and occupancy conditions. The dataset is publicly available at https://ucsdsmartbuilding.github.
10/CFD-DATA .html.

The simulations include both steady-state and transient flow cases. Specifically, we
run 10 steady-state simulations under different boundary conditions. These steady-state results
are then used as initial conditions for 300 transient simulations, each lasting 30 minutes of
physical time and resolved at 10-second time steps. This initialization strategy ensures that each
transient simulation begins from a realistic state shaped by prior control conditions. Without this

step, starting from uniform or arbitrary states (for example, the same CO, everywhere) could
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introduce artificial transients unrelated to the actual control inputs. Simulation outputs are saved
every 30 seconds, resulting in 60 time steps per transient case. Transient simulations capture
the temporal evolution of airflow dynamics, reflecting unsteady effects influenced by varying
boundary conditions. This transient data is used to train our neural operators.

For each simulation, key control parameters, including supply airflow rates (m;) and
airflow angles (m{') for the i-th group of inlet vents (i = 1,...,6), as well as the occupant count

(np), are independently sampled from uniform distributions:

m; ~ Ul m7), mf~U[45°,135°], ie{l,...,6},
(4.6)

n, ~ U[10,80],

where m] is the airflow rate for the i-th group of vents, bounded between m” = 0.324 m/s (10%
of maximum) and m” = 3.24 m/s; m¢ is the airflow angle of the i-th group of vents, spanning 45°
to 135°; and n,, is the number of occupants in the classroom. Each transient simulation follows
this two-phase procedure: (1) steady-state initialization, in which a random initial condition
is selected from the 10 steady-state simulations; and (2) transient simulation, in which control
parameters (m;,m{) and occupancy n, are sampled, and the simulation runs for 30 minutes with
CO; and airflow fields recorded at 30-second intervals over T = 60 time steps.

CO; concentrations are monitored at two critical planes:

* HVAC surface: a horizontal plane at 2.9-meter height near the ventilation inlets, capturing

the supply and returning air quality.

* People surface: a horizontal plane at 1.6-meter height (the average breathing height for

standing adults), representing air quality at occupant exposure levels [118].

In our CFD simulation, the sitting surface is near the occupancy boundary, leading to potential
inaccuracies from numerical artifacts and boundary effects. We therefore focus on heights where

airflow and CO; dispersion are more reliably captured.
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Table 4.2. Data fields in the BEAR-CFD dataset (pickle format).

Field Description

HVAC surface ndarray (Nhyac,3), spatial coordinates of grid
points on HVAC surfaces

CO,-HVAC ndarray (Nyyac,T ), CO; concentration time se-
ries at HVAC surface

People surface  ndarray (Npeople,3), spatial coordinates of grid
points on people surfaces

CO;-People ndarray (Npeople; I’ ), CO, concentration time se-
ries at people surface

steady case int, identifier for the initial steady-state condition
used in the simulation

np int, number of occupants

m; float, airflow rate (m/s) for i-th group of vents

m{ float, angle (°) for i-th group of vents

The dataset is distributed in both ANSYS Fluent’s native format (. cas and .dat files)
and Python pickle (. pkl) format. The Fluent files preserve the complete simulation environment
and solution data, while the pickle format enables efficient programmatic access to the numerical
results through standard Python libraries. The dataset includes spatiotemporal fields of CO,

concentrations, airflow rates, vent angles, and occupancy, as detailed in Table 4.2.

4.5 Methodology

This chapter proposes a data-driven operator learning framework to model indoor air
quality and optimize ventilation control for energy efficiency. The core component is an ensemble
neural operator transformer ¢y that processes query points, supply airflow rates, airflow angles,
and historical CO, concentrations to predict future CO, fields, which are then used to determine

optimal ventilation parameters by solving (4.5).
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4.5.1 Ensemble Neural Operator Transformer

To address the limited-data regime, we enhance the general neural operator transformer
(GNQOT) [29] with ensemble learning [119]. We describe the input encoding and the ensemble of
GNOTs.

Input encoding.

The model takes as input the spatial mesh, historical CO; concentrations, and control
parameters (ventilation actions and occupancy). Three MLPs f,,1, fi2, fw3 map these heteroge-
neous inputs into a shared embedding space of dimension 7,: Yiesh = (fio1 (x,))f\i | encodes mesh
points, Yo = ( fu2 (x;, C1HH ))5\21 encodes past CO; at each location, and Yparam = fu3([m,np))

encodes the 13-dimensional control parameters.
Ensemble of GNOTs.

GNOT updates these features using a heterogeneous normalized cross-attention layer
followed by a normalized self-attention layer, with a geometric gating mechanism that combines
expert feed-forward networks based on query coordinates [29]; N such blocks are stacked.

While GNOT is originally designed to output only the mean of the prediction, we
enhance its robustness by introducing an ensemble-based extension. Instead of training GNOT to
minimize mean squared error or relative error, we modify it to predict a probability distribution
for future CO; concentrations, characterized by the mean (L) and variance (Gg). Specifically,

the model predicts

lic, 0% =Y (), (4.7a)
uc=E [6@;;{} ., Of=Var [éflggj} , (4.7b)
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where [uc]! and [02]t denote the mean and variance at location i and time step 7. The model is

trained using the negative log-likelihood (NLL) loss,

(4.8)

1 ML (log(2afagtth) (i~ [uc)ith)?
“URT Zl( T A

i

where C;*k € R is the true value at x; and time ¢ 4+ k. By minimizing the NLL loss, the model
learns to jointly optimize the mean and variance predictions, effectively mitigating overfit-
ting [119].
We then train an ensemble of neural operator transformers, with the final prediction
(n)

obtained by averaging outputs from multiple independently trained models. Let 1.~ denote the

mean prediction of the n-th model. The ensemble prediction is

1 N, ensemble

ensemble (n)
= , 4.9a
He Nensemble n=1 He ( )
u (6 =G (), (4.9b)

where Nepsemble 18 the number of models in the ensemble and 6, are the parameters of the n-th
trained neural operator. This ensemble approach not only improves prediction accuracy but also

enhances the reliability of ventilation control, as demonstrated in the experiments.

4.5.2 Control Algorithm

With the learned ensemble neural operator transformer in hand, we are ready to solve the

building control problem in (4.5). Recall that the control objective is

£(m) =w1|C — Cuarger|[3 + w2 [m — m |3+ w3 T[|m" |1, (4.10)
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Algorithm 5. Gradient-based algorithm for solving (4.5)

Require: Trained neural operator transformers %,; control inputs C} <?<’N M

Ensure: Initial control actions m(?)

1: forite =0,1,...,Maxlte do

2: obtain future CO, predictions C via 4.9-4.11)
3: evaluate the loss .2 (m) via (4.10)

4: compute the gradient V,,.%Z (m)

5 update the control vector with step size 1:

ite+1) <_ m(ite) —n Vm.,%(m)

m!
6:  project m{tet!)
7: end for
8: Return m

to satisfy the box constraints (4.5¢)

where the first term is

-~ 2
HC - CtargetH% - Ct+ Ctarget] +k) 9

Z

T
kzl

ﬂMz

and wi,wy, w3 are weighting coefficients. The predicted CO, concentrations C are generated by

the ensemble neural operator (4.9):
6 _ 'ugnsemble. 4.11)

To solve (4.5), we leverage the differentiability of the neural operator ¢y and propose a
gradient-based method to update the control actions. This mirrors the gradient-descent philosophy
of Chapter 3, but the expensive adjoint solve is now replaced by standard backpropagation through
the trained neural operator, which runs in milliseconds on a GPU. To ensure that the control
vector m remains within feasible bounds (4.5c), we use a projected gradient descent method:
after computing the gradient of the objective with respect to m, the control vector is updated
and then clipped to satisfy the predefined bounds. The optimization procedure is summarized in

Algorithm 5.
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Table 4.3. The ¢, error for five independently trained neural operator transformer models (Model
1 to Model 5) and their ensemble.

Model1l Model2 Model3 Model4 ModelS5 Ensemble
{5 error (Train) 6.35% 6.33% 6.33% 6.35% 6.33% 5.9%
ly error (Test) 12.09% 11.83% 11.82% 12.74% 13.01% 10.90%

4.6 Numerical Experiments

In this section, we evaluate the performance of the proposed framework through two
sets of experiments: (1) learning experiments to assess the accuracy of the ensemble neural
operator, and (2) control experiments to evaluate the effectiveness of the data-driven ventilation
control framework. The source code, input data, and trained models are available on GitHub.!

All experiments are conducted on NVIDIA GeForce RTX 2080 Ti GPUs.

4.6.1 Learning Results

We train the ensemble neural operator transformer to predict CO; levels on the people
surface. The number of query points is N, = 7462, and we select H = 12 and T = 6, meaning
that the model uses data from the past 12 time steps (equivalent to 6 minutes) to forecast CO,
levels over the next 6 time steps (3 minutes). The dataset is divided into an 80% training set and
a 20% testing set to evaluate model performance. We train Nepgemple = 5 independent models
and use the mean of their predictions as the final output. We use the AdamW optimizer with a
cyclical learning rate schedule, and each model is trained for 200 epochs.

To evaluate model performance, we use the average /5 relative error as the primary metric.

Let C(4),C(d) ¢ RM*T denote the ground truth and the predicted mean future CO, concentrations

for the d-th sample, respectively, and let D denote the total dataset size. The error is defined as

(6@ — @],
5L e, 12

Thttps://github.com/alwaysbyx/BuildingControl CFD
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Figure 4.3. Operator learning: visualization of the ground truth, predictions from the ensem-
ble model and Model 3, and the relative errors between the ground truth and predictions at
the final time step.

Table 4.3 lists the ¢, error metrics for the five trained models (Model 1 to Model 5) and the
ensemble model on both the training and testing datasets. Notably, the ensemble model achieves
the lowest errors, with a training ¢, error of 5.9% and a testing ¢, error of 10.90%. The ensemble
consistently outperforms the individual models, leading to more robust and accurate predictions.
The performance improvement can be attributed to the ensemble’s ability to mitigate potential
overfitting of individual models by averaging out their prediction errors.

Figure 4.3 shows the ground truth CO; concentration fields along with predictions from
the ensemble model and Model 3 (the best-performing individual model), together with their
relative errors for three test cases. Overall, the neural operator framework shows strong capability
in predicting complex spatial CO, distributions under varying control parameters. The ensemble
model achieves lower relative errors and more accurately captures spatial patterns compared to
Model 3. In Section 4.6.4, we further demonstrate its effectiveness in activating control actions

and optimizing air quality.
4.6.2 Ventilation Control Results

We evaluate control performance under three occupancy scenarios: high (n, = 75),
medium (n, = 45), and low (n, = 15). Following ASHRAE Standard 62.1 [120] (4-6 air

changes per hour for classrooms), all scenarios initialize at 5 ACH with inlet angles fixed at
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90° downward. We compare six control strategies: Max (maximum airflow at 90°); Baseline
(ASHRAE 5 ACH at 90°); Rule-based (airflow proportional to occupancy, 90°); DL-Avg, a
neural network predicting average CO; used inside (4.5); DL-ROM, the deep learning-based
reduced-order surrogate of [121] integrated into (4.5); and Ours, where the ensemble neural
operator transformer is embedded in (4.5) to optimize control actions.

For the optimization solver, we choose Ciarger = 400 ppm to ensure that the CO, con-
centration loss is more broadly activated across the spatial domain, enabling more effective
optimization of the control actions. We set w; = 1, wp = 0.4, w3 = 0.12 through empirical tuning
to balance air quality, energy consumption, and control smoothness. These weights are used
consistently across all control experiments.

We validate the control strategies using CFD simulations. Performance is measured
using three CO; metrics: mean CO; (ppm), peak CO; (ppm), and CO; violation (%), defined
as (Peak CO, — 1200)/1200. As suggested by [91], 1200 ppm is the maximum acceptable CO,
level for human health. For each metric, we record both the temporal average over the simulation
period and the value at the final time step. Energy consumption is modeled as the percentage
of the maximum power required to operate the ventilation system at its maximum airflow rate,

providing a normalized measure relative to the system’s peak capacity:

6mr

E(m) = é;ﬁ x 100%, (4.13)
where m! is the ventilation rate for the i-th group of vents and m” = 3.24 m/s is the maxi-
mum ventilation rate.

The results are summarized in Table 4.4. The experimental results demonstrate the
effectiveness of the proposed control strategy in balancing air quality and energy consumption
for the first two cases. In Case 3, under low occupancy, the optimization favors maintaining

higher air quality, leading to slightly higher energy consumption than the baseline control.

Compared to the Max control strategy, our method achieves comparable air quality performance
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Table 4.4. Comparison of CO, metrics (mean, peak, and violation percentages) and energy
consumption across different control strategies. “Average” refers to the temporal mean over the
simulation period, while “Final Step” refers to the CO, level at the end of the simulation. The
proposed approach achieves significant ventilation energy savings compared to the other control
strategies while maintaining acceptable CO; violation levels.

Case Control Strategy Mean CO; (ppm) Peak CO, (ppm) CO; > 1200 ppm (%) Energy
Average Final Average Final Average Final (%)

Max Control 565.6 5340 8957 8542  0.00 0.00 100.0
Baseline Control 616.1 6123 1203.0 1143.6 1.32 0.00 50.0
1 Rule-based Control 567.4 5335 8981 8079  0.00 0.00 93.8
Data-driven (DL-Avg) 6044 5952 1021.6 971.6  0.00 0.00 83.3
Data-driven (DL-ROM) 626.2  635.8 1300.1 1326.7 8.34 10.56 44.6
Ours 600.7 587.9 1060.2 1004.0 0.00 0.00 65.8

Max Control 546.7 5122 800.0 7413  0.00 0.00 100.0
Baseline Control 599.9 5959 1097.3 1108.4  0.00 0.00 50.0
’ Rule-based Control 5937 584.6 1057.6 1059.3  0.00 0.00 56.2
Data-driven (DL-Avg) 5847 562.1 9127 914.6 0.00 0.00 83.0
Data-driven (DL-ROM) 602.7  600.1 1062.2 1066.2 0.00 0.00 50.8
Ours 605.0 600.0 1044.1 8814  0.00 0.00 43.8

Max Control 5323 497.6 7540 692.0 0.00 0.00 100.0
Baseline Control 5852 578.0 10342 10139 0.00 0.00 50.0
3 Rule-based Control 650.7 7127 13614 1623.1 15.67 35.26 18.8
Data-driven (DL-Avg) 5769 566.0 946.1 9783  0.00 0.00 66.1
Data-driven (DL-ROM) 590.3  590.2 1121.6 12084 0.13 0.70 49.4
Ours 589.4 5854 9844 9498  0.00 0.00 55.2

while reducing energy usage by 34-56%. Compared to the baseline control, it effectively lowers
CO, levels and adheres to air quality constraints with a slight increase in energy use. Rule-based
control suffers from CO; violations (for example, a 35.2% final-step violation in Case 3) due
to its reliance on well-chosen static operation schedules. Unlike rule-based systems, which
require manual fine-tuning of thresholds for different room layouts and occupancy levels, the
proposed method autonomously adapts to operating conditions and reduces energy consumption
by 12-28% in Cases 1-2 while maintaining safe CO; levels.

In addition, the proposed method outperforms the data-driven baselines (DL-Avg and
DL-ROM) by maintaining good energy efficiency without incurring any air-quality violations.
DL-Avg is limited by predicting only average CO, concentration, which fails to capture spatial

variations or map control actions to zone-level distributions. DL-ROM captures spatiotemporal
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airflow but is less effective at modeling the relationship between control inputs and the resulting

CO;, distributions, leading to occasional violations.

4.6.3 Multi-Step Ventilation Control Results

To assess the proposed operator learning model in a more realistic control scenario, we
extend the single-step optimization of Section 4.6.2 to a multi-step planning horizon. Specif-
ically, a 30-minute ventilation horizon is considered with 10 planning steps, each optimizing
control over the next 6 time steps (3 minutes), yielding 60 control steps in total. The initial
step (t = 0) is initialized using historical CO, data from Scenario 1 in Section 4.6.2, and sub-
sequent steps use CO» levels predicted by recursively rolling out the learned operator with
the previously optimized controls.

Figure 4.4 illustrates the performance of the proposed control strategy compared to the
other control methods. The occupancy profile (top) shows significant variations over time, and the
proposed strategy dynamically adjusts ventilation in response: it increases airflow during high-
occupancy periods to mitigate CO, accumulation, maintains moderate ventilation afterwards
to clear residual CO,, and reduces airflow during low-occupancy intervals for greater energy
savings.

Over the control period, the total energy consumption for Max, Baseline, Rule-based, DL-
Avg, DL-ROM, and our method is 100%, 50%, 63.1%, 55.3%, 57.6%, and 50.6%, respectively.
CO; violations are 0, 17, 10, 37, 7, and 1 for Max, Baseline, Rule-based, DL-Avg, DL-ROM,
and ours, respectively. The relatively poor performance of DL-Avg stems from its reliance on
predicting only the average CO, concentration, without capturing the dynamic spatial shifts
of peak concentrations over time, leading to both higher energy consumption and more CO;
violations. The controller also exhibits sensible spatial behavior, consistently routing the highest

airflow through the most effective vent group while throttling others.
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Figure 4.4. Comparison of occupancy profile, energy consumption, and peak CO, concentration
over a 60-step period. The top panel illustrates dynamic occupancy changes, the middle panel
shows corresponding energy consumption as a percentage of the maximum, and the bottom
panel depicts CO, concentration levels. The dashed line in the bottom panel indicates the
1200 ppm threshold.

4.6.4 Ensemble Effectiveness and Runtime

Setting w3 = 0 in (4.5) (controller prioritizes air quality), the ensemble consistently
saturates the airflow rate at every inlet vent — the optimal action in this regime — whereas
individual models occasionally fail to saturate all vents, confirming that aggregating predictions
across independently trained operators reduces both predictive and optimization noise.

In terms of runtime, the neural operator completes a 3-minute (six-step) transient
prediction in under 0.005 seconds, versus 1253.7 seconds for the equivalent ANSYS Fluent CFD

solve on 6 CPU cores — a ~ 250,000 speed-up. Training the five-model ensemble takes 16

84



GPU hours on 2 RTX 2080 Ti GPUs, and CFD data generation totals ~1100 CPU hours; this

one-time cost amortizes across all subsequent real-time closed-loop control.

4.7 Chapter Summary

This chapter developed an operator learning framework for energy-efficient ventilation
control that preserves CFD fidelity while enabling real-time optimization. An ensemble of
neural operator transformers maps past CO, fields, occupancy, and control actions to future
CO;, fields. The learned operator is embedded in an optimization-based control framework that
parallels Chapter 3’s PDE-constrained optimization, but replaces the expensive adjoint solve with
millisecond-scale backpropagation. Using CFD of a real-world classroom as ground truth, the
approach achieves substantial energy savings over maximum-airflow, rule-based, and data-driven
baselines while reducing CO, violations. The CFD dataset is released publicly.

Together, Chapters 3 and 4 illustrate a common design pattern: encode the governing
physics, differentiate through the dynamics, and embed the resulting differentiable model in a
gradient-based control loop. Chapter 3 showed that this pattern enforces constraint satisfaction
when the PDE solver is used verbatim, but is limited to low-dimensional geometries. Chapter 4
showed that replacing the solver with a neural surrogate preserves the spatial structure while
scaling to realistic 3D classrooms.

A remaining limitation is that the control design in this chapter is still based on an open-
loop prediction-and-optimization pipeline. The neural operator captures detailed spatio-temporal
indoor dynamics, but it is learned by minimizing prediction error on CFD-generated trajectories
rather than by directly optimizing the closed-loop control objective. As a result, when occupancy
patterns, boundary conditions, actuator settings, room layouts, or CO; distributions move outside
the training domain, prediction errors can accumulate during rollout and may lead to suboptimal
ventilation decisions or missed localized air-quality violations. This motivates the following

work, which shifts the emphasis from learning a structured prediction model for control to
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learning a structured control policy itself. Future directions also include extending to multi-zone
systems with thermal comfort alongside air quality, and real-world experiments under dynamic

occupancy.
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Chapter 5

Optimization-Guided Reinforcement
Learning for Energy System Control

Chapter 2 differentiated through an agent’s private optimization problem to jointly identify
its cost parameters and physical constraints from observed price-responsive behavior. Chapters 3
and 4 differentiated through the governing PDE dynamics, directly via the adjoint method and
indirectly via a learned neural operator, to optimize building HVAC control end-to-end. In
each case, the structure of an optimization-based or physics-based model was preserved as a
differentiable layer inside a larger learning pipeline, buying sample efficiency and interpretability
that black-box learners do not provide. These frameworks, however, all operate in open-loop or
supervised regimes: parameters are fit to historical trajectories, and the resulting policy is then
deployed as a fixed optimization problem. What remains missing is a closed-loop counterpart in
which the optimization-based policy is refined directly from the cost signal it induces in the real
environment, without relying on value-function approximation or expert demonstrations.

In this chapter, we study how to train an optimization-based control policy end-to-end
using reinforcement learning (RL), where the policy is implicitly defined as the solution to a
parametric optimal control problem with learnable cost and dynamics models, and its parameters
are updated from actual closed-loop cost feedback rather than imitation data. The resulting
framework, which we call DiffOP, derives analytical policy gradients by applying implicit

differentiation to the underlying optimization problem and integrating the result with the standard
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policy-gradient estimator. Under mild regularity conditions, we prove that DiffOP converges
to an g-stationary point within &'(¢~1) iterations, and we validate its performance on nonlinear
benchmark control tasks and a constrained voltage regulation problem on the IEEE 13-bus

distribution system.

5.1 Introduction

Operating complex physical systems in an effective manner is of critical importance
to society. Power grids [122], commercial and industrial infrastructures [123], transportation
networks [124], and robotic systems [125] all require control policies that are not only high-
performing but also interpretable, with reliability and safety guarantees. To this end, optimization-
based policies such as model predictive control (MPC) have been studied with known [8, 9] or
learned system dynamics [126], offering a principled framework for performance optimization,
constraint satisfaction, and transparent decision-making.

Optimization-based policies formulate control as a mathematical optimization problem
whose objective minimizes a system cost subject to dynamic equations and state-action con-
straints. Prior work in this area often learns system dynamics and cost functions separately from
historical data to improve predictive accuracy [126, 127, 128]. However, this decoupled learning
procedure leads to the objective mismatch problem [129, 11]: the learned models perform well in
isolation (for example, they produce accurate state predictions) but fail to guide optimal control
decisions, because the training objectives do not reflect closed-loop control performance.

To enable end-to-end learning of optimization-based policies, recent works
[130, 19, 2, 32] have made the optimization layer differentiable, allowing the dynamics
and cost functions to be jointly trained by gradient descent. These approaches primarily
target supervised imitation-learning settings, where the optimization policy is trained to
mimic expert demonstrations. More recently, research has moved beyond imitation learning

to explore reinforcement learning-based training of optimization-based policies, aiming to
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improve closed-loop performance through direct interaction with the environment. In particular,
existing works have integrated MPC with RL [131, 132, 133, 134], leveraging the fact that
MPC naturally defines a state-action value function Q, which can be updated via Q-learning to
enhance closed-loop performance.

Building on this line of work, the approach developed in this chapter departs from
value-function approximation and instead treats the optimization-based policy as a fully
differentiable control module. We introduce DiffOP, a novel optimal control framework based
on a Differentiable Optimization-based Policy. DiffOP computes analytical policy gradients by
integrating trajectory derivatives derived from Pontryagin’s Maximum Principle (PMP) [2, 32]
with the standard policy-gradient algorithm [13], enabling end-to-end learning in model-free RL

settings.

5.1.1 Contributions

The main contributions of this chapter are as follows:

* We propose DiffOP, which learns optimization-based control policies via policy gra-
dients. A key technical innovation is the joint learning of both the cost function and
system dynamics using environmental rewards, combining implicit differentiation with

the standard REINFORCE update.

* We provide, to the best of our knowledge, the first non-asymptotic convergence guarantee
for learning optimization-based policies via policy gradients. Specifically, we show that

DiffOP converges to an €-stationary point within ¢’(£~!) iterations.

* We validate DiffOP on a set of nonlinear control tasks and a real-world voltage control
problem with safety constraints, demonstrating its ability to learn cost and dynamics
models with superior control performance compared to existing RL-based MPC methods

and differentiable optimization approaches in supervised settings.
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The remainder of the chapter is organized as follows. Section 5.2 reviews related work.
Section 5.3 formalizes the optimization-based policy and the policy-learning problem as a bi-
level optimization. Section 5.4 develops the policy-gradient algorithm, including the analytical
gradient of the optimization-based policy and its use inside REINFORCE. Section 5.5 establishes
the non-asymptotic convergence guarantee. Section 5.6 reports experimental results. Section 5.7

concludes the chapter.

5.2 Related Work

Differentiable optimization for control.

Recent advances have enabled end-to-end learning of model-based control policies (for
example, MPC) by making the underlying optimization differentiable, so that gradients with
respect to optimization parameters can be propagated to downstream losses. One approach is to
unroll the optimization steps within the computational graph and apply automatic differentia-
tion [130, 135]. This is memory-intensive and may yield inaccurate gradients due to truncation.
To address these limitations, Amos et al. [19] proposed differentiable MPC by approximating
the original problem with iterative LQR and differentiating through its KKT conditions, though
this does not support state constraints. Subsequently, Jin et al. [2] derived exact analytical
gradients by differentiating through Pontryagin’s Maximum Principle (PMP), enabling support
for state-action constraints and improving computational efficiency. More recently, Xu et al. [32]
introduced IDOC, which applies variable elimination to the KKT system to directly compute
trajectory derivatives. While these methods have primarily been applied to imitation learning, the
work in this chapter builds on [32] to enable gradient computation for direct policy optimization

in an RL setting.

Synthesis of MPC and RL.
Supervised learning of MPC policies often relies on minimizing proxy losses (for exam-

ple, prediction error), which may not align with the true control objectives. To overcome this,
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Figure 5.1. Overview of the DiffOP framework. An optimization-based control policy generates
an action sequence by solving a parameterized optimal control problem with learnable dynamics
and cost models. The environment executes the action sequence and returns cost feedback, which
is used to compute policy gradients for updating the parameters.

there is increasing interest in integrating RL with MPC to enhance closed-loop performance. For
example, Chen et al. [84] leverage Proximal Policy Optimization (PPO) to adapt linear dynamics
models within the differentiable-MPC framework of [19], relying on LQR approximations. Be-
cause MPC naturally defines a state-action value function, several works [136, 137, 134] employ
Q-learning with temporal-difference updates to learn improved MPC policies. Seel et al. [138]
combine Q-learning with deterministic policy gradients to improve convergence. Our work
builds on this direction but differs in that, instead of relying on value-function approximation or
LQR-based structure, we formulate the control policy as the solution to a parameterized nonlinear
optimization problem and derive exact analytical gradients via implicit differentiation. Beyond
algorithmic design, we contribute theoretical convergence results, building on policy-gradient

theory [139] and recent work in bi-level optimization [140, 141].

5.3 DiffOP: A Differentiable Optimization Policy

This section introduces DiffOP, the optimization-based control policy, and formalizes
its learning process as a bi-level optimization problem. Throughout the chapter, we use i to
denote the planning step within the optimization horizon and ¢ to denote the actual time step

in the control system.
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5.3.1 Optimization-Based Control Policy
The optimization-based control policy is defined as

H—1
”6:H—1 (xinit; 9) = aI'gl’l’}Ain Z C(xi>ui; QC) +CH(XH; eH)
i=0

subject to xg = Xjnit, (5.1)

Xip1 = f(xi,ui; 05),

g(xiyu;) <0, i=0,....,H—1,

where H is the planning horizon, x;,;; € R” is the initial state, and x; € R", u; € R are the system
state and control action at the i-th planning step. The terms c(x;, u;; 6,) and cy (xg; 6) model the
instantaneous and terminal costs with learnable parameters 6, and 6y, f(x;,u;; Gf) models the
system dynamics with learnable parameters 6y, and g(-) represents state and control constraints,
which are known to the control agent. In summary, the policy (5.1) is a parametric representation
of the unknown cost and dynamics functions with parameters 6 = (6., 6y, 0y) € R?.

Given a state x, DiffOP generates a sequence of control actions by solving (5.1). The
policy output is

7o (x) = {u(x:0), ... 15, (x: )}, (5.2)

where u denotes the i-th action from the optimized sequence and 1 < i < H specifies how man
i P q P y

actions are executed before the next observation is received.

Remark 5.1. Although our policy optimizes over a finite horizon, we do not label it “MPC”
because it is not restricted to receding-horizon execution. DiffOP allows the execution of multiple
actions per optimization step (h > 1). As shown in both the algorithm and experiments, DiffOP
naturally accommodates arbitrary h through its policy-gradient formulation, supporting both
step-wise (when h =1, as in standard MPC) and trajectory-level control (when h > 1). Moreover,

any standard optimization solver [142, 143] can be used to solve the policy.
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5.3.2 Policy Learning as a Bi-Level Optimization

We are interested in learning the parameters 6 = (6.,0y,60;) € R? to minimize the

overall control cost in the real environment. The policy optimization problem is formulated as

T
min C(0):=E Zc(x,,ut;q)c)] (5.3a)

t=0
subject to  x; 1 = f(x;,u:;95), VI, (5.3b)
{th,...,l/lt+h71} ~ 71?9()6,). (530)

Upper level: unknown system (5.3a)—(5.3b).

Equation (5.3a) describes the ground-truth system cost model with parameters ¢,
and (5.3b) describes the ground-truth system dynamics parameterized by ¢y. Both are un-
known to the agent. The decision maker seeks an optimization-based policy of the form (5.1)

with parameters 6 = (6., 6y, 0y) that minimize the expected accumulated cost in the real system.

Lower level: stochastic optimization-based policy (5.3c).

The lower-level optimization solves the policy (5.1) to determine the control action
at each time step. To enable exploration during policy learning, we introduce stochasticity
by reparameterizing {u;,...,u; 1 p—1} ~ 7Tg(x;) as a truncated Gaussian distribution. At each
decision point 7, the policy generates a sequence of / actions by solving the optimization problem,

and each action is sampled according to

w; ~ A (uf,6*I), clipped to [uf = Bc>1], (5.4)

fori=t,...,t +h— 1. Here u} is the deterministic action obtained by solving the optimization-
based policy (5.2), 61 is the covariance matrix with 2 > 0 controlling the exploration noise, and
B > 0 is a hyperparameter regulating the truncation range. This independent Gaussian sampling

is used for simplicity and analytical tractability in the convergence analysis. In practice, DiffOP

93



Algorithm 6. DiffOP

Input: 6(©) = (OC(O), 9;10), 6}0)), learning rate 1
fork=0,1,....K—1do
forn=1,...,Ndo
Sample the action as in (5.2)—(5.4), V¢
Collect trajectory data (xt(") , ut(n) , ut*(”)),‘v’t
Compute the gradient Vg u?(”) as in Proposition 5.2
end for R
Estimate policy gradient VoC(6X)) as in Proposition 5.3
Update policy 6+ « §(*) — nvoc(6®)
end for

can be extended to sample the action sequence jointly from a multivariate Gaussian, allowing
for correlated noise across the planning horizon. The expectation E in (5.3a) is taken over the
initial state distribution xo ~ & and the trajectory (xo,uo, ..., xr,ur) induced by the stochastic
policy (5.3¢c). By choosing a truncated Gaussian rather than a standard Gaussian distribution, we
explicitly bound the deviation of sampled actions from their optimal counterparts. This bounded
exploration controls the variance of the policy gradients and will be used to establish gradient
boundedness and convergence.

Crucially, we view problem (5.3) as a policy optimization task in which the policy is
implicitly defined through an optimization problem. This formulation enables the adoption of

policy-gradient methods for end-to-end training.

5.4 Proposed Algorithm

The proposed algorithm is summarized in Algorithm 6. It builds on the classic policy-
gradient framework [13] and incorporates trajectory derivatives derived from Pontryagin’s
Maximum Principle [2, 32] to compute gradients of the actual cost with respect to the policy
parameters 0 := {6, 6y, 0;}.

At each training iteration k, the algorithm collects a batch of N trajectories by sampling

actions from the current optimization-based policy. For each trajectory, it computes the gradients
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Vou* of the optimal actions with respect to the policy parameters. These gradients are then
combined into an estimate of the overall policy gradient §9C (), which drives the parameter
update via standard gradient descent. To derive these gradients, we first present Proposition 5.2,
which characterizes the differentiability of the optimization-based policy with respect to its

parameters using first-order optimality conditions and the implicit function theorem.

5.4.1 Gradient of the Optimization-Based Policy

Let x7,u; be the optimal state and action obtained by solving the optimization policy (5.1),
where i =0,...,H — 1 indexes the planning step, and let {* = (x§j, ug, x7,u}, . . ., us;_,X};) denote
the optimal trajectory over the horizon H. Stacking all constraints into a single vector-valued

constraint k := (k_1,Ko, ..., ky) € R with n, = (H +1)n+ ¢, we set k_; = x{; (the input to

the policy) and

. 55)
g(x3p), i=H,

where g(x7,u7) is the subset of active inequality constraints at the i-th step and g is the total
number of active inequality constraints. Problem (5.1) can be solved with general-purpose

solvers [144, 145] to determine both the optimal solution {* and its active constraint set K.

Proposition 5.2 (Gradient of the optimization-based policy). Suppose u* is the solution of the

optimization-based policy (5.1) and {* is the resulting trajectory. Assume c(-),cpu(-), f(+),g()
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are twice differentiable in a neighborhood of (0,8*). Let

A=Vk(C0),
B—V3,J(5":6) ilzz [ (E6)];
Cn = Vok (£ 0),

D=V3J(L0) l_fu"(z"z,,vgg (L0

Ifrank(A) = ny and D is non-singular, the gradient V gu takes the form

V@M [VGC ] n-+m)i+n:(n+m)(i+1)s (5.6)
with
Vol*=D'AT(AD'AT) " '(aD"'B-C,) —D !B,
where n,m are the state and action dimensions, and the Lagrange multiplier A € R"* satisfies
ATA =V J(£*:0).

Here A; ; is the dual variable corresponding to the j-th element of ;({*;0). Propo-
sition 5.2 is a direct application of constrained optimization differentiation [32]; a detailed

derivation is reported in [31].

5.4.2 Policy Gradient Estimation

We now turn to the estimation of the policy gradient. Let T = (xo, ug, X1, 41, ..,Ur—1,XT)
be the trajectory induced by the policy. The analytical policy-gradient update rule

takes the following form.
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Proposition 5.3 (Policy gradient update). Consider the policy learning problem (5.3). The policy

gradient admits the closed-form expression

VoC(0) =E

() (2 Vo] u;>>] , 57)

where u; and u; are the actual control action and the corresponding optimal solution produced

by the policy at time t, and L(t) = Y.y c(x;,u;; @) is the total trajectory cost.

Proof. The result follows from the REINFORCE gradient estimator [13] applied to a stochas-
tic policy modeled as a Gaussian centered at the optimization-based solution u;. A detailed

derivation is provided in [31]. O

By establishing differentiability of u; with respect to 6 through the implicit function
theorem (Proposition 5.2), we estimate the policy gradient in practice by Monte Carlo sampling

over N trajectories:

S oy — L0 |7y y Lo T () s
VoC(0 ):NZ L(t )Zg[veu, 1" (" —u™Y | (5.8)
n=1 t=0

Although Algorithm 6 uses the plain REINFORCE estimator [13], any of the standard variance-

reduction techniques [146] can be incorporated without changing the core analysis.

5.5 Non-Asymptotic Convergence Analysis

We present the main theoretical result of this chapter, which establishes the convergence
properties of DiffOP when trained with Algorithm 6. Because the policy is implicitly defined
through an optimization problem, the sensitivity of its solution with respect to the policy

parameters plays a central role in the analysis.
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5.5.1 Convergence Under Bounded Sensitivity

We begin by stating a sufficient condition for convergence: bounded first- and second-

order sensitivity of the optimization-defined policy with respect to its parameters.

Assumption 5.4 (Bounded first- and second-order sensitivity). There exist constants M,; > 0
and My, > 0 such that for all planning steps i, the solution u} (x; 0) to the optimization-defined
policy satisfies

IVou:(x;0)|| <My, HV%M?(X;G)H <M,y.

This assumption ensures that the policy responds smoothly to changes in the parameters 6.
Next, we assume standard regularity conditions on the initial state distribution and the trajectory

cost [139].

Assumption 5.5. The initial state distribution 9 is supported in a region with a finite radius
Dy. For any initial state xy ~ 9, the trajectory cost L(7) is bounded, i.e., there exists a positive

constant My, > 0 such that L(t) < M.

We can now characterize the convergence of the proposed algorithm.
Theorem 5.6 (Convergence of DiffOP with policy gradient). Suppose Assumptions 5.4 and 5.5
hold. For any € > 0 and v € (0,1), define the smoothness constant

Le=MT (VmBMo + M3+ TmB2M2, ).

(o

choose step size 1 = ﬁ, the number of policy iterations K, and the number of sampled

202712242
trajectories per policy-gradient step N = % log @. Then, with probability at least
I—v,

+ 3¢, (5.9)

O _c(0
k=0,....K—1 X

where 0 is the global optimum of (5.3).
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Proof. The detailed proof builds on standard stochastic approximation techniques [139], adapted
to the implicit policy structure induced by optimization-based control. The argument proceeds
in three steps: (i) bounded sensitivity (Assumption 5.4) combined with the truncated Gaussian
sampling (5.4) implies that the score function Vg log g (#;]x;) and its Hessian are bounded; (ii)
these bounds imply L¢c-smoothness of C(0); and (iii) a Hoeffding concentration bound on the
REINFORCE estimator yields the stated sample complexity. The full derivation is provided
in [31]. [

5.5.2 Sufficient Conditions for Bounded Sensitivity

We now describe a common class of optimization-based policies that satisfy the sensitivity
bounds in Assumption 5.4. Specifically, we consider the unconstrained, strongly convex version
of (5.1), for which concrete sufficient conditions can be established.

Let xo = xjni; denote the initial state, and let u = [ug,...,ug_1] € R™ pe the control
sequence generated by the optimization-based policy with parameters 6. The unrolled cost

function can be written as

H-1

J (Xinit, 1, 0) = Y ¢(xi, 55 0c) + e (X3 Om), (5.10)
i=0

subject to the dynamics xo = Xinit, Xi+-1 = f(x;,u;;0f) fori=0,...,H — 1.
Assumption 5.7. The function J(Xinir,u, 0) is L-strongly convex with respect to u.

Strong convexity ensures the uniqueness of the optimal solution and the stability of the
mapping from 6 to the control sequence u*(x; 0). This injectivity yields well-defined gradients

and underpins the convergence guarantees.

Assumption 5.8. Let z = (Xjyir,u,0) and let & C R™ be a compact set. The unrolled cost

function J(z) satisfies:
» V.J(z) is Li-Lipschitz: |V,J(z) =V J(Z)|| < Li||z—Z || for all z,7 € Z.
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* VoV.J(2) is Lo-Lipschitz: ||VgV.uJ(z) —VeVuJ ()| < La|lz—7Z|| for all 7,7 € Z.
» V2J(z) is Ly-Lipschitz: ||V2J(z) — V2J(Z)| < Ls||z — || for all 2,7 € Z.

Assumption 5.8 captures the smoothness of the unrolled cost function and its partial
derivatives with respect to the optimization variables and policy parameters. These conditions
ensure that the gradients and Hessians involved in the policy-sensitivity analysis are well behaved.

Under Assumptions 5.7 and 5.8, bounded sensitivity follows.

Proposition 5.9. Under Assumptions 5.7 and 5.8, the optimization-defined policy Ttg satisfies

the bounded-sensitivity condition in Assumption 5.4. In particular, there exist constants

Ly L, Lil,+11l3 L2L3
My =—, Myp=—+ 2 + 13 ’
M M u u

such that for all planning steps i,
[Voui (:0) < Mar. V3t (e0)]| <Moo,

Proof sketch. Applying the implicit function theorem [147] to the first-order optimality condition
V. (Xinie, u*(0),8) = 0 gives Vou*(0) = —[V2J(z*)] 7' VoV, J(z*), and the first bound follows
by strong convexity (||[V2J]~!|| < 1/u) together with L;-Lipschitzness of V,J. The second
bound follows by expanding |Veu*(0) — Vgu*(0')|| via the chain rule and bounding each factor

using Assumption 5.8. The full derivation is provided in [31]. [

Discussion.

The analysis above establishes the first non-asymptotic convergence guarantee for
learning optimization-based policies via policy gradients: DiffOP converges to an €-stationary
point within &'(1/¢) iterations under mild smoothness and strong convexity assumptions. No-
tably, this matches the standard convergence rate of first-order policy-gradient methods, despite

the added complexity of differentiating through an implicit optimization-based policy. The
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Table 5.1. Nonlinear experimental settings, adapted from [2].

Systems Objective parameters 6., Oy Dynamic parameters 07
Cartpole 5 length and mass for each link
Two-link robot arm length and mass for each link
6-DoF quadrotor maneuvering mass, wing length, inertia matrix

C(xbui) = ||96T<xi_xnom)H2+ HulH
CH(xH) = Hel-Ir(xH _xnom)”

central technical challenge lies in bounding the sensitivity of the optimization solution with
respect to the policy parameters, which we address by introducing structural assumptions on
the inner optimization problem and leveraging analytical tools from bi-level optimization the-
ory [140, 141]. In more general settings (non-convex or constrained optimization), the solution
mapping can become non-smooth or even discontinuous, especially near constraint boundaries
or saddle points, potentially leading to unbounded gradients and unstable updates; for instance,
small parameter changes can trigger abrupt changes in the active constraint set, breaking the
smoothness assumptions required for implicit differentiation. Extending the convergence analysis
to such cases is an important direction for future work. In practice, however, many smooth
non-convex constrained problems exhibit locally bounded sensitivities [148] and satisfy Assump-
tion 5.4 empirically; the experiments that follow include constrained control tasks to illustrate

this.

5.6 Experiments

This section evaluates DiffOP on nonlinear control tasks and a constrained voltage

regulation problem on the IEEE 13-bus distribution system.

5.6.1 Nonlinear Control Tasks

We follow the experimental setup of [2] and summarize the environment details in
Table 5.1. All dynamical systems are discretized with the Euler scheme x,41 = x; + Az - f(x;, uy)
with At € {0.05,0.1} s.

We compare DiffOP against the following optimization-based control baselines. In all

methods, the forward pass is solved with the CasADi optimization solver [142]:
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(a) Cartpole Control (b) Robot arm Control (c) Quadrotor Control
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Figure 5.2. Control cost versus training iteration on the nonlinear control tasks. Solid lines
indicate the mean cost over 5 runs, and shaded regions denote the 20th—80th percentile range.

* PDP (offline) [2]: learns the optimization parameters via Pontryagin Differentiable Pro-
gramming from expert trajectories. As a purely offline method, it does not adapt online;

reported performance is taken directly from the original paper.

e RLMPC-TD [136]: a model-free RL approach that updates a short-horizon MPC policy

using temporal-difference (TD) Q-learning.

* RLMPC-DPG [138]: a variant of RLMPC-TD that also uses a deterministic policy

gradient (DPG) to update the MPC parameters.
DiffOP is evaluated under two deployment modes to highlight its flexibility:

» DIiffOP (Step): at each time step, apply only the first action of the optimized trajectory,

mirroring the receding-horizon scheme of RLMPC-TD and RLMPC-DPG.

* DiffOP (Traj): generate the entire optimized control sequence once at the start of the
episode and execute it open loop. This trajectory-optimization setting boosts temporal

consistency at the cost of robustness.

For a fair comparison, the planning horizon is set to 6 for Cartpole and 12 for the Robot
Arm and Quadrotor across RLMPC-TD, RLMPC-DPG, and DiffOP (Step). DiffOP (Traj) sets
H =T (the full episode length). For all DiffOP experiments we use 8 = 0.01, n = 0.1, and

N = 10. The RL-based MPC baselines are implemented with the MPC4RL framework [149].
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Results are reported in Figure 5.2. Compared to the RL-based MPC baselines, DiffOP
(Step) achieves faster convergence and a lower final control cost across all nonlinear tasks;
RLMPC-TD and RLMPC-DPG often converge to suboptimal solutions and may fail to con-
sistently reduce the control cost. Compared to PDP (offline), DiffOP (Traj) achieves lower
cost on the Robot Arm and Quadrotor tasks, showing the benefit of policy refinement through
online interaction: PDP relies solely on supervised expert data, whereas DiffOP (Traj) fine-tunes
the policy via RL and adapts better to the true system dynamics. These results highlight the
effectiveness of DiffOP under both receding-horizon and open-loop settings, and its robustness

across control tasks with different levels of nonlinearity and complexity.

5.6.2 Voltage Control with Power Injection Constraints

We further evaluate DiffOP on a practical voltage control scenario involving reactive
power constraints, using the IEEE 13-bus radial distribution benchmark. Following the setup
of [150], we use the Pandapower toolbox [151] to simulate the power network under two voltage-
disturbance scenarios: (1) high voltage due to excess PV generation under strong sunlight;
and (2) low voltage caused by peak loads with insufficient generation. For each scenario, load
profiles are varied to induce deviations of 5%—15% from the nominal voltage v*°™. The goal
of voltage control is fast voltage restoration to within a 5% acceptable range with minimal
control effort. The nominal bus voltage is 4.16 kV with an acceptable operating range of £5%,
i.e., [3.952kV,4.368 kV]. State constraints are explicitly enforced inside the optimization-
based policy.

Let v; € R3 denote the squared voltage magnitudes, ¢; € R3 the reactive power injections,

and u; € R3 the control inputs at planning step i. The optimization-based control policy for
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voltage regulation is

H-1
argmin Z (M?CMMH— (v; —Vnom)TCv(vi —v“om)>
“oi20
+ (vg ="M T C, (vy —vOm) (5.11a)
St Vgl =Agi +V, giv1 = qit+u, (5.11b)
1=49i=9 (5.110)

The objective (5.11a) penalizes both voltage deviation from v"°™ and control effort, where C,, is a
fixed parameter reflecting actuation cost. Equation (5.11b) models the voltage and reactive-power

“IV is the initial voltage determined by load profiles and is considered static due

dynamics, where v
to time-scale separation between load change and the voltage control process. Constraint (5.11c)
ensures that reactive-power injections remain within operational limits. The policy parameters
are 0 = {C,,A}, which are learned to optimize both transient and steady-state performance.

DiffOP is evaluated against all prior baselines as well as two state-of-the-art algorithms

designed for voltage control:

» Stable-DDPG [152]: an RL-trained monotone neural policy for voltage control with

theoretical voltage-restoration guarantees.

* TASRL [150]: an RL policy that combines Stable-DDPG with a safe gradient
flow to achieve fast voltage restoration while guaranteeing steady-state optimality

under limited reactive-power capacity.

All optimization-based policies are trained on 10,000 trajectories of length 7" = 30 sec-
onds. The planning horizon is set to H = 6 for RLMPC-TD, RLMPC-DPG, and DiffOP (Step);
DiffOP (Traj) and PDP (offline) use H = 30 with open-loop execution. The overall performance

is summarized in Table 5.2. Stable-DDPG and TASRL numbers are reported from [150].
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Table 5.2. Voltage control performance on 500 scenarios of the IEEE 13-bus system. Lower
cost indicates better performance. DiffOP (Traj) and PDP use horizon H = 30 with open-loop
execution; DiffOP (Step), RLMPC-DPG, and RLMPC-TD use H = 6 with first-action execution.

Transient cost Steady-state cost

DiffOP (Step) -6.81 -0.11
RLMPC-DPG -6.11 -0.10
RLMPC-TD -4.62 -0.07
DiffOP (Traj) -6.80 -0.11
PDP (offline) -5.86 -0.09
Stable-DDPG -5.61 -0.09
TASRL -6.76 -0.11
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Figure 5.3. Voltage and reactive-power trajectories under DiffOP. Solid lines show post-
training responses; dashed lines show pre-training performance. Gray shaded areas denote
the safe operating bounds.

DiffOP consistently achieves the lowest transient and steady-state costs across all base-
lines. Compared to the MPC-based approaches, it effectively learns both cost and dynamics
parameters and achieves the best transient and steady-state performance simultaneously. No-
tably, DiffOP also outperforms RL-based neural-network policies on transient cost and matches
TASRL’s steady-state cost. Figure 5.3 visualizes voltage and reactive-power trajectories before
and after training: after policy optimization, both variants exhibit significantly improved voltage
regulation and faster convergence, with all voltage trajectories stabilized inside the safe operating

bounds, in contrast to the untrained policy. Although DiffOP (Step) and DiffOP (Traj) use

105



different planning configurations, both variants consistently learn effective control policies, high-

lighting that the framework naturally supports both receding-horizon and open-loop execution.

5.6.3 Implementation Details
Initialization.

For the nonlinear control tasks, all optimization-based policies are initialized
following [2]. For the voltage control task, all approaches are initialized with A = 0.5/ and
C, = I; under this initialization the resulting policy does not drive the voltage into the acceptable

5% deviation range, so all improvement must come from learning.

DiffOP hyperparameters.

For both task families we use N = 10 trajectory samples per gradient estimate, exploration
parameter 3 = 0.01, and learning rate 1 = 0.1. DiffOP (Step) uses H = 6 for Cartpole and
voltage control, and H = 12 for the Robot Arm and Quadrotor; DiffOP (Traj) uses H = T equal

to the full episode length.

RLMPC-TD and RLMPC-DPG.
Both are implemented using the MPC4RL framework [149]. For each control task, a
grid search is performed over learning rates {10*1, 1072,..., 10’8} and (for RLMPC-DPG)

exploration rates {10_1 ..., 1073 } to select the best-performing setting.

PDP (offline).
We follow [2] and use the authors’ published code. For the voltage control task, 10,000
trajectories are generated using expert demonstrations from TASRL [150] and used to train a

PDP policy with H = T, matching DiffOP (Traj).

Runtime.
Table 5.3 reports average runtimes for the voltage control task. All experiments run on
a single thread of an Intel Core 17-11700K CPU. DiffOP (Step) uses a shorter horizon than

DiffOP (Traj), so each forward/backward pass is cheaper; however, DiffOP (Step) performs both
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Table 5.3. Average runtime on the voltage control task.

DiffOP
Traj Step
Forward (solving the policy) [s] 0.026 0.011 0.026 - -
Backward (computing gradients) [s] 0.010 0.002 0.010 - -
Total training time [hours] 037 1.36 1.94 0.86 0.72

PDP (offline) RLMPC-DPG RLMPC-TD

operations at every time step in a trajectory, while DiffOP (Traj) performs them only once per
trajectory, so DiffOP (Traj) has the shorter total training time. Compared to PDP (offline), the
policy-gradient computation in DiffOP does not significantly increase the backward-pass time.
PDP (offline) is trained entirely on offline data with a training time determined by the number of
iterations (10,000 iterations in this setup, with 10 trajectories per iteration). RLMPC-TD and
RLMPC-DPG are implemented through the MPC4RL framework [149]; we report their total

runtime without separating forward and backward passes.

5.7 Chapter Summary

This chapter developed DiffOP, a framework for learning optimization-based control
policies via analytical implicit policy gradients. The policy is defined as the solution to a parame-
terized optimal control problem with learnable cost and dynamics models, and its parameters are
updated directly from closed-loop cost feedback using a REINFORCE-style estimator combined
with trajectory derivatives obtained by implicit differentiation of the inner optimization. Under
bounded sensitivity of the optimization-defined policy (Assumption 5.4) and standard regularity
conditions on the trajectory cost, we established the first non-asymptotic convergence guarantee
for policy-gradient learning of optimization-based policies: DiffOP converges to an €-stationary
point within &’(&~!) iterations. We further showed that strong convexity and Lipschitz smooth-
ness of the unrolled cost function are sufficient conditions for bounded sensitivity. Experiments
on nonlinear benchmark control tasks and a constrained voltage regulation problem on the IEEE
13-bus system demonstrated that DiffOP consistently outperforms both RL-based MPC methods

and differentiable optimization approaches trained in supervised settings.
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Viewed in the context of this dissertation, DiffOP closes a loop that has been forming
across the preceding chapters. Chapter 2 used differentiable optimization for identification
of price-responsive demand response agents from observed behavior. Chapters 3 and 4 used
differentiable physical models for open-loop design of energy-efficient HVAC control actions.
DiffOP uses differentiable optimization as the policy itself, trained end-to-end from closed-loop
environmental feedback. The same structural idea, preserving the optimization (or physics)
inside the learning pipeline, is instantiated across all three settings.

Several directions remain open. First, improving sample complexity, either through
variance-reduced gradient estimators or by exploiting structure in the dual variables, would
make policy-gradient training of optimization-based policies more practical for high-dimensional
energy systems. Second, extending the convergence analysis beyond the strongly convex case, to
weakly convex or smooth non-convex inner problems and to constrained settings with active-set
changes, remains an important theoretical challenge. Third, it would be of significant interest to
further investigate the robustness of DiffOP in comparison to model-free RL approaches, and to
extend the experimental results to a wider range of real-world deployments, including real-time
grid operation and cyber-physical infrastructure.

The main boundary of DiffOP lies in the structure of the inner optimization problem.
The framework is most appropriate for energy-system control problems whose inner policy
layer is a continuous optimization problem and whose optimal solution varies smoothly with
the learnable parameters over the region visited during training. This includes many convex or
locally regular nonlinear programs, such as economic dispatch with smooth generation costs,
storage arbitrage with convex degradation models, HVAC control with continuous actuator limits,
optimal power-flow approximations with fixed network topology, and voltage or reactive-power
control problems with continuously varying injections and box constraints. In these settings,
even when constraints are present, DiffOP can be applied when the active set remains locally
stable, constraint qualifications hold, second-order sufficient conditions are satisfied, and the

solver returns a consistent local optimizer.
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By contrast, DiffOP is not a general-purpose differentiable layer for all energy-system
optimization problems. It is not designed to directly differentiate through inherently discrete or
combinatorial inner problems, such as unit commitment with binary on/off variables, discrete
tap-changing transformers, capacitor-bank switching, or market-clearing rules with block bids
and nonconvex acceptance constraints. These problems typically produce piecewise-constant or
discontinuous decision maps, so small changes in learned parameters may cause abrupt changes
in the optimal action rather than smooth policy variations. Similarly, inner problems with
multiple equally optimal solutions, degenerate binding constraints, complementarity conditions,
nonsmooth penalty functions, or abrupt protection/control logic fall outside the clean differen-
tiability regime unless they are relaxed, smoothed, regularized, or replaced by a differentiable
surrogate. Thus, the present form of DiffOP should be viewed as a policy-learning method for
smooth continuous optimal-control layers in energy systems, rather than as a differentiable solver

for arbitrary mixed-integer, nonsmooth, or discontinuous operational problems.
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Chapter 6

Structured Policy Representations for On-
Policy Reinforcement Learning

Chapter 5 showed that when the policy is defined implicitly as the solution of a para-
metric optimal control problem, it can be trained end-to-end through reinforcement learning
with provable convergence guarantees. In this setting, the embedded optimization structure
serves as a powerful source of inductive bias by incorporating domain knowledge directly
into the policy class.

In this chapter, rather than further enriching the internal structure of the policy, we
change only the actor representation and evaluate it within modern state-of-the-art on-policy
methods, including PPO [14], TRPO [153], and SPO [154]. This shift still fits the broader
thesis agenda: for energy systems and other high-stakes control problems alike, the choice
of policy representation is itself a structural design decision that can materially affect sample
efficiency, stability, and deployability. From the perspective of policy gradient variance, we
study which policy representations and actor architectures are most effective for stable and
efficient on-policy reinforcement learning.

We show that discrete categorical policies, which cast the policy update as a cross-
entropy-like objective over discretized action bins, can substantially reduce gradient variance and
improve optimization stability relative to continuous Gaussian policies (Figure 6.1). Building on

this insight, we further propose a regularized actor architecture, RN-D, that improves training
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Figure 6.1. Two perspectives on continuous Gaussian and discrete categorical actor policies:
gradient variance (left) and optimization loss structure (right).

stability and scalability for discretized actors. Across standard locomotion benchmarks and
ManiSkill, spanning both state-based and vision-based tasks, our approach consistently improves
control performance and accelerates convergence. Additional experiments under PPO, TRPO,

and SPO show that these gains are not tied to a single on-policy surrogate objective.

6.1 Introduction

On-policy reinforcement learning (RL) is a central paradigm for sequential decision-
making, underpinning widely used algorithms such as policy-gradient methods and their modern
variants [155, 156, 157, 14]. Despite their favorable theoretical properties and widespread
adoption, these methods remain notoriously difficult to optimize in practice. For example,
Proximal Policy Optimization (PPO) is often reported to exhibit unstable training dynamics,
pronounced sensitivity to hyperparameters, and strong dependence on policy parameterization
choices [16]. Even on standard continuous-control benchmarks, reliable performance typically
requires careful “code-level” optimization [158]. These observations suggest that the primary
challenges of on-policy RL are not solely due to insufficient data or model capacity, but are

closely tied to the optimization behavior induced by architectural and parameterization choices.
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Figure 6.2. Comparison of RN-D with the standard continuous MLP actor under PPO, TRPO,
and SPO on Gym locomotion and ManiSkill manipulation benchmarks.

Considerable effort has gone into understanding and improving the training performance
of on-policy RL, including improved advantage estimators [159], analyses highlighting the role of
value estimation [160], and the design of constrained policy update mechanisms [156, 14, 154].
In contrast, the parameterization of the policy itself is often treated as a secondary design choice;
continuous control tasks typically adopt Gaussian policies with diagonal covariance as a default
following [161], largely due to their analytical and computational convenience.

Recent work challenges this convention from two complementary directions. First, earlier
on-policy studies show that discretizing continuous actions and optimizing categorical policies
can yield substantial gains over Gaussian actors [37, 162]. Second, value-function learning has
increasingly embraced classification-style objectives: distributional RL trains categorical return
distributions with a cross-entropy loss [34], and recent work shows that replacing mean squared
error with cross-entropy can improve robustness to noisy bootstrapped targets and support
scaling to higher-capacity networks [35, 163]. These advances are particularly pronounced in
off-policy RL, where the value function is the primary object being optimized and directly
shapes the policy update. A symmetric perspective applies to on-policy RL: the actor is the

object being optimized, and discretized categorical actors turn the policy update into a cross-
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entropy-like objective over action bins, making architectural and optimization choices that benefit
classification especially relevant. A closely related phenomenon appears in on-policy RL for
language models, where the policy is categorical over tokens and PPO-style optimization is
widely used for RLHF [164, 36, 165, 166]. On the theoretical side, Agarwal et al. [167] show
that policy-gradient methods admit global convergence guarantees with the softmax policy
parameterization under exact gradients and adequate exploration.

Motivated by this connection, we revisit actor design in on-policy RL for continuous
control tasks through the lens of classification-style objectives. We make a simple drop-in change
to the policy parameterization: instead of a Gaussian policy with continuous action outputs, we
use a factorized categorical policy, which turns the on-policy policy loss into a cross-entropy-like
objective over selected bins. We then pair this parameterization with a regularized actor network

that promotes more stable training.

6.1.1 Contributions

The contributions of this chapter can be summarized as follows:

* We revisit actor parameterization and architecture as underexplored levers for improv-
ing on-policy continuous control, and study discretized categorical policies whose

optimization resembles cross-entropy loss.

* We propose a regularized actor network design (RN-D: Regularized Network for Discrete
action policies) for discretized on-policy learning that improves optimization stability and

reduces gradient variance during training.

* We demonstrate that our approach consistently improves control performance and acceler-
ates convergence across standard locomotion benchmarks and ManiSkill, covering both
state-based and vision-based tasks, and that the same trend holds across PPO, TRPO, and

SPO.
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The remainder of the chapter is organized as follows. Section 6.2 reviews related work.
Section 6.3 introduces preliminaries on on-policy actor optimization and the two actor families
considered in this chapter. Section 6.4 revisits discretized categorical policies through a policy-
gradient variance analysis and an optimization-view comparison between cross-entropy and
squared-error objectives. Section 6.5 presents the RN-D actor network architecture. Section 6.6
reports the main experimental results, and Section 6.7 presents extended ablations. Section 6.8

concludes the chapter.

6.2 Related Work

On-policy reinforcement learning.

On-policy policy-gradient methods optimize the expected return by differentiating
through a stochastic policy, dating back to REINFORCE [161] and the policy-gradient the-
orem with function approximation [33]. Modern deep actor-critic systems improved stability and
throughput via parallel data collection and actor-critic updates [168]. A central challenge in on-
policy learning is balancing stability and sample reuse. Natural-gradient and trust-region perspec-
tives [169, 170] motivated algorithms that constrain policy updates, most notably TRPO [153].
PPO [14] popularized a simpler clipped surrogate objective that supports multiple epochs of
minibatch updates, and generalized advantage estimation (GAE) further improved the variance—
bias tradeoff in advantage computation [159]. In parallel, several large-scale empirical studies
have shown that the performance of on-policy methods depends strongly on “implementation
ingredients” beyond the high-level objective, including normalization, clipping, network design,
and optimization details [16, 171]. Motivated by these findings, the work in this chapter targets
a complementary axis: we study how the policy representation itself, specifically categorical
parameterizations combined with the actor network architecture, affects optimization behavior

under standard on-policy training.
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Actor policy parameterization for continuous control.

Most continuous-control actor-critic implementations parameterize the policy with a
diagonal Gaussian distribution [16] due to its simplicity and reparameterization-friendly sam-
pling; however, this choice can interact poorly with exploration and gradient variance. To
address the limitations of Gaussian policies with bounded action spaces, prior work replaces
them with finite-support Beta distributions [172], yielding a bias-free, lower-variance policy that
performs well empirically. By considering the extremes along each action dimension, Bernoulli
distributions have also been used to replace the Gaussian parameterization of continuous control
and show improved performance on several continuous-control benchmarks [38]. Within PPO-
style training, PPO-CMA adapts the exploration covariance inspired by CMA-ES to mitigate
premature variance collapse in Gaussian policies [173].

An orthogonal line of work replaces continuous distributions with discretized categorical
policies over per-dimension action bins. Tang and Agrawal [37] showed that factorized categori-
cal policies can scale to high-dimensional control and often improve on-policy optimization, and
further proposed ordinal parameterizations to explicitly encode the natural ordering of action
bins. More recently, unimodal discrete parameterizations (for example, Poisson-based) were
introduced to enforce ordering structure and reduce undesirable multimodality and gradient

variance in discretized actors [162].

Network architectures.

Recent advances in computer vision and natural language processing have been largely
driven by scaling model capacity [174]. In supervised learning, architectural choices, includ-
ing skip connections, normalization, and depth/width scaling, are known to strongly influence
optimization. Residual networks [175] improve the trainability of deep models via identity path-
ways, while batch normalization [176] and layer normalization [177] help stabilize activations

and gradients. In contrast, network design and systematic scaling have been comparatively less
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explored in deep RL, where many standard benchmarks and implementations [178, 16] still rely
on relatively shallow MLP backbones (e.g., 2-3 layers) for both the actor and the critic.
Several recent works revisit careful network designs for deep RL, often highlighting
how network capacity can substantially influence performance [174, 179, 180]. SimBa [174]
and its follow-up SimBa-v2 [181] propose scalable MLP backbones for deep RL, showing that
residual pathways and improved normalization can unlock consistent performance gains as
model capacity increases. BroNet provides an extensive study of critic scaling and introduces
a regularized residual MLP architecture to unlock performance gains when increasing critic
capacity [182]. While these works primarily improve performance by scaling backbones and
strengthening value learning (often in off-policy settings), a systematic understanding of how ac-
tor network architecture influences on-policy optimization remains less mature. We complement
this line of research by studying actor network design principles under on-policy training, and
by considering discretized categorical actors whose policy objective resembles a cross-entropy

loss over action bins.

6.3 Preliminaries

We consider standard episodic RL in continuous-control Markov decision processes
(MDPs) with state space .#, action space &/ C R™, transition dynamics P(- | s,a), reward
function r(s,a), and discount factor y € (0, 1). A stochastic actor policy 7y (a | s) is parameterized

by 6 and induces the discounted return

(o)

J(0) 2 Erop, [Z)/r(st,at)], 6.1)

t=0

where T = (s9,a0,51,a1,-..) is a trajectory generated by interacting with the environment under

Tlg.
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6.3.1 On-Policy Actor Optimization

On-policy methods such as Proximal Policy Optimization (PPO) [14] update the actor
using data collected from the current policy. Let g, denote the behavior policy used to sample a
batch of trajectories. PPO maximizes a clipped surrogate objective that stabilizes policy updates

by constraining the change in action probabilities:
£™0(6) = E| min (ri(0)Ar, clip(r(6),1~&,1+€)d,)|. 6.2)

where 7;(0) £ % is the importance ratio, € > 0 is the clipping threshold, and A, is an
old

advantage estimate computed from a learned value function Vj (s) (for example, via generalized

advantage estimation). Unless stated otherwise, we consider the standard actor-critic setup

where ¢ is updated by minimizing a squared-error value loss and the actor is updated by

maximizing (6.2).

6.3.2 Policy Parameterizations for Continuous Control

We consider two common stochastic actor families for continuous control: a continuous
Gaussian policy and a discrete categorical policy constructed via action discretization. Without

loss of generality, we assume the action space o/ = [—1,1]™.

Continuous Gaussian actor.

The continuous actor models 7g(a | s) as a multivariate Gaussian distribution
m(als) =N (1o(s), Zo(s)), (6.3)

where a € R™. The mean pg(s) € R™ is produced by a neural network, and the covariance is
typically diagonal, Zg(s) = Diag(cj(s)) € R™*™, with og(s) € R” either state-dependent or

state-independent.
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Discrete categorical actor via uniform discretization.
In contrast, a discrete actor represents the policy as a categorical distribution over a
finite set of discretized actions. For each action dimension i € {1,...,m}, we define a uniform

discretization of [—1, 1] into K bins:
Mz{%—l‘ij,L...,K—l}. 6.4)

The policy over these K discrete choices is parameterized by logits zg(s); ; and a softmax:

i | ) €Xp (Ze(s)i,j)

5) = . j=1,...K. (6.5)
Yr exp(zo(s)ik)

We assume conditional independence across action dimensions, yielding the factorized joint

policy
d A d i
ni(als) =[x} |s), (6.6)
i=1
where a = (a}1 Yoo ,aTm) corresponds to selecting one bin index j; per dimension. The resulting

action lies in the original range [—1,1]" by construction. Beyond the plain softmax over
per-bin logits, some works [37, 162] explore structured discrete actor parameterizations that
exploit the ordinal structure of discretized action bins to improve optimization stability. In
this chapter we focus on the simplest baseline, uniform discretization with an independent
softmax categorical policy per action dimension, to isolate the effect of discretizing the actor

without additional architectural constraints.

Training with PPO.

Both the continuous Gaussian actor and the discretized categorical actor can be trained
under the same on-policy optimization framework. The only policy-specific ingredient is the
log-likelihood log 7y (a; | s¢) used to form the importance ratio in the PPO surrogate objective: it

is evaluated under a Gaussian density for ¢ and under a categorical probability mass function
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for 7. All other components of the training pipeline, including on-policy rollout collection,

advantage estimation, and clipped surrogate maximization, are identical.

6.4 Revisiting Discrete Categorical Policies

This section revisits discretized categorical policies for continuous control from two
complementary viewpoints (illustrated in Figure 6.1). First, we analyze how the policy-gradient
estimator behaves under a factorized categorical policy and how its variance depends on the
discretization. Second, we provide an optimization perspective that connects PPO actor updates
to standard supervised losses: cross-entropy for categorical actors and squared-error (under
Gaussian likelihood) for continuous actors. These perspectives motivate the empirical and

algorithmic choices studied later in the chapter.

6.4.1 Policy-Gradient Estimator and Variance
On-policy policy gradient.
To analyze the stochastic gradient structure underlying PPO, we consider the policy-

gradient term obtained by differentiating the loss in (6.2) with respect to 6:

8(0) 2 E(S”"’)N”%ld [Wt(e)Al Velogmg(a | s1) |, (6.7)
where w;(0) denotes the effective PPO importance weight induced by clipping,

r:(0), if unclipped,
wi () = (6.8)

0, if clipped,

r;(0) is the importance ratio, and A, is an advantage estimator. In practice, (6.7) is estimated
from finite on-policy rollouts, so its optimization behavior is strongly influenced by the variance

of the random vector w;(0)A, Vg log 7t (a; | 5;).
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A vanilla policy-gradient toy setting.

To isolate the intrinsic stochasticity of the score function, consider a simplified one-step
on-policy setting with a fixed state s and the vanilla REINFORCE estimator (i.e., w,(0) = 1).
Assume further that the return is a constant R; = R, independent of the sampled action [162].

The stochastic gradient estimator becomes
8(0) =RVglogmg(al|s), a~mg(-|s). (6.9)

Although the true gradient is zero in this setting (since R does not depend on a), the estimator (6.9)
generally has nonzero variance; this is precisely the variance that baselines and advantages are

designed to reduce in practice.

Proposition 6.1 (Gradient variance for Gaussian vs. categorical policies). Fix a state s and
consider the one-step REINFORCE estimator §(0) = RVglogmg(a | s) witha ~ mg(- | s) and

constant return R. The conditional covariances for the two policy families are as follows.
[1] Gaussian (gradient w.r.t. mean). Let n°(a | s) = A (u,X) with diagonal ¥. = Diag(c?)
and treat L € R™ as the parameter (with ¥ fixed). Then

E[lgull3 |s] = R*Te(z™) = ) —. (6.10)

[2] Categorical (gradient w.r.t. logits). Let the factorized categorical policy be n%(a | s) =
i ﬂd(ai.i | 5), where p;(s) € AK~1 is the per-dimension softmax probability vector over
K bins and j; ~ Cat(p;(s)). Treating the per-dimension logits z;(s) € RX as parameters

and stacking z(s) = [z1(5);...:2m(s)] € R™K,

B[143 1] =R L (1= In(0lB) < me*(1- ). 6.11)

Moreover, the inequality is tight if and only if p;(s) is uniform over the K bins for all i.

120



Proof. Fix a state s and write §(0) = RVglogmy(a | s) with a ~ my(- | s) and constant R. We

use the standard identity
E[Vologms(a|s) |s] = Vg/ﬂg(a | s)da =Vl =0, 6.12)

so E[¢ | s] = 0 and therefore the conditional covariance satisfies Cov(g | s) = E[g¢ ' | 5] and, in
particular, E[||]|3 | s] = Tr(Cov(g | 5)).
[1] Gaussian policy (gradient w.r.t. mean). Let n¢(a | s) = A4 (u,X) with fixed diagonal

¥ = Diag(0?) and parameter u € R™. The log-density is
logn‘(als)=—5(a—pu) =" (a—p)+C,
so Vylogn(a|s) =% '(a— ). Therefore §, = RE ! (a— ) and

E[|l2ul3 | s] = RE[(a—p) = 2(a—u) | s]
—RTe(22E[a—p)a—u)" |s))

=R*Tr(Z728) =R°Tr(Z V).

For diagonal ¥ = Diag(c?), Tr(Z~!) = Y, 0, %, yielding (6.10).

[2] Categorical policy (gradient w.r.t. logits). Consider one action dimension i with
logits z; € RX and softmax probabilities p; = softmax(z;) € AK~!. Let j; ~ Cat(p;) and denote
the sampled one-hot vector by e;, € RX. For the log-probability log 7¢ (a?i | 5) = logp; j,. the
softmax score w.r.t. logits is

V. logpij =ej,— pi.
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Hence the per-dimension REINFORCE gradient is §;, = R (e, — p;), and its conditional second

moment is

E[14:112 | 5] = R*E[llej, — pill3 | 5]
= R*E[||e; |3+ ||pill3 —2¢j,pi | ]

— R? (1 +|pill3 —2E[pi; !S])

K
=R (1+pl3—2 Y p}) =R (1= IpilB).
k=1

Assuming the m action dimensions factorize, 7%(a | s) = [T, nd(a"i’, | 5), so the full log-

probability is the sum across i and the full gradient w.r.t. z = [z1;.. . ;2] is the concatenation of
per-dimension gradients: g, = [&,,;...;&,]- Therefore ||g.[|3 = Y™, ||, ]|3, and
m m
E[Ig:13 1] = Y E[lI&:1Z | 5] Z 1= lpi(s)13), (6.13)

i—1 i=1

~.

which proves the first equality in (6.11).
For the upper bound, for any p € AK~1, Cauchy-Schwarz gives ||p|3 > (||pll1)? = %,

hence 1 — ||p||3 < 1 — %. Applying this to each p;(s) yields

Bl 1] < R Y (1- ) =me(1- ).

if and only if p is uniform over the K bins, so the inequality is

tight if and only if p;(s) is uniform for all i. O

Insight.

For continuous Gaussian actors, gradient variance can grow sharply as the policy standard
deviation decreases, a behavior that commonly occurs in practice as exploration is reduced over
the course of training. Even at early training stages where the standard deviation remains

relatively large (e.g., 0 = 1), the per-dimension gradient-variance gap between Gaussian and
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categorical policies is lower-bounded by 1/K, so the total gap scales linearly with the action

dimension m.

6.4.2 Optimization View: Cross-Entropy vs. Squared Error
Gaussian actor: (weighted) squared error.
For a diagonal Gaussian with (state-dependent or state-independent) variance, the nega-

tive log-likelihood is
~logm(als) = ha— o(s) "o(s) " (a—pe(s)) + Slog|Ze(s)| +const.  (6.14)

If Xg(s) = 61 is fixed, minimizing (6.14) with respect to g (s) is equivalent to minimizing a
mean squared error:

~logmg(a|s) o |la— po(s)|3. (6.15)

Combined with (6.7), the Gaussian actor update admits an interpretation as a weighted mean

squared error regression, with weights determined by the advantage and the importance ratio.

Categorical actor: (weighted) cross-entropy.
For a discretized categorical policy, a sampled action corresponds to a bin index j; per

dimension. The negative log-likelihood for each dimension is
—logmy(d' | 5) = —logpi(ji| 5), (6.16)

which is exactly the cross-entropy between a one-hot target ¢, and the predicted distribution
pi(s). Under (6.7), the objective reduces to a weighted cross-entropy loss, where the weights are
given by the advantage-modulated importance ratio (with clipping). Accordingly, the categorical

actor update corresponds to minimizing this weighted cross-entropy over the sampled action bins.
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Insight.

On-policy RL training differs across policy families primarily through the likelihood
model that defines log g (a | s): categorical policies induce (weighted) cross-entropy objectives
over bins, while Gaussian policies induce (weighted) quadratic objectives over continuous
actions. Although prior work provides strong empirical evidence that cross-entropy can replace
the mean squared error regression loss for value-function learning in deep RL [35, 181], the
consequences of analogous loss choices for actor-network learning remain largely unexplored.
Motivated by viewing the policy objective through this loss-based lens (weighted MSE for
Gaussian actors vs. weighted cross-entropy for categorical actors), we hypothesize that the
classification-style structure of the categorical update can better exploit neural-network capacity.
This perspective motivates the use of discrete categorical actors as a scalable design choice for

training large RL policies.

6.5 Actor Network Architecture

We adopt a unified actor network architecture for discrete categorical policies that
emphasizes optimization stability and scalability across high-dimensional action spaces. The
architecture is composed of a feature-extraction stage, a stack of residual feedforward blocks,

and a final output projection to categorical action logits.

Feature extraction.

The actor first maps raw observations to a latent feature representation using a task-
dependent encoder. For low-dimensional state inputs, we employ a multi-layer perceptron (MLP)
encoder composed of linear layers and nonlinear activations. For high-dimensional observations
(e.g., images), a convolutional neural network (CNN) encoder is used instead. The encoder

produces a shared latent representation that is consumed by subsequent feedforward blocks.
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Figure 6.3. Proposed Regularized Network for Discrete action policies (RN-D). The actor
consists of a feature extractor (MLP or CNN) followed by pre-LayerNorm residual MLP blocks,
enabling stable optimization and improved scalability. The output layer produces categorical
logits over K bins for each action dimension.

Residual feedforward blocks.

Following feature extraction, the actor applies a stack of N residual feedforward blocks.

Each block is equipped with a residual connection,

h/ 1 =hy+FFN(LN(hy)),

where LN(+) denotes layer normalization. We employ pre-layer normalization by applying
LayerNorm before each feedforward block, a design that improves optimization stability in deep
architectures, including Transformer models [183]. Following [184], the feedforward network
adopts an inverted-bottleneck structure: the hidden dimension is first expanded from dj, to 4d,,
and passed through a ReLLU activation, and a second linear layer projects the representation back

to d,.
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Output layer.

The final hidden representation is passed through a linear projection that outputs logits
for a discrete categorical distribution. Specifically, for an action space with d dimensions and
K bins per dimension, the output layer produces d x K logits, which parameterize independent

categorical distributions over each action dimension.

Relation to prior architectures.

The proposed actor architecture shares structural similarities with several existing de-
signs. Residual MLPs with normalization have been explored in prior RL works such as
SimBa [174, 181] and BroNet [185], as well as in the feedforward sublayers of Transformer
models [184]. The contribution of this chapter does not lie in introducing a novel network
module, but rather in demonstrating that this architectural choice is particularly well-suited
for discrete categorical actor policies. As shown in the experiments, combining this network
with categorical action parameterization leads to improved optimization behavior compared to

conventional shallow MLP actors commonly used in on-policy RL.

6.6 Experiments

We evaluate the proposed discrete policy with regularized network (RN-D) across a
diverse set of locomotion and manipulation benchmarks. The main experiments use PPO, and
we further test the same actor design under TRPO and SPO to assess whether the improvement

is algorithm-specific.

Experimental setup.

We evaluate the method on three environment families: Gym locomotion [186], Man-
1Skill [187] with state-based observations, and ManiSkill with RGB-based observations. These
tasks cover a range of control challenges, including locomotion and dexterous manipulation,
varying embodiments, and different observation modalities. Specifically, we consider 5 standard

Gym MuJoCo locomotion tasks (HalfCheetah-v4, Ant-v4, Hopper-v4, Humanoid-v4, and
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Walker2d-v4), 10 ManiSkill manipulation tasks with low-dimensional state observations, and
5 ManiSkill tasks with image-based observations, where policies operate on raw RGB inputs
via a convolutional encoder. The implementation is based on the CleanRL PPO codebase [178]
and the ManiSkill benchmark suite [187], and unless otherwise specified we adopt the default
hyperparameters from these codebases without task-specific retuning. Gymnasium/MuJoCo
experiments are run on an NVIDIA H800, while ManiSkill experiments are run on 2x NVIDIA

GeForce RTX 5090 GPUs; all results are averaged over 5 random seeds.

Baselines.
The main experiments are conducted with PPO [14], using implementations adapted from
the CleanRL [178] and ManiSkill codebases [187]. We compare RN-D, our regularized-network

discrete (categorical) actor, against three baselines:

* RN-C: a continuous policy parameterized by a factorized Gaussian with the same

regularized network.

* MLP-C: a continuous factorized-Gaussian policy with a standard MLP actor (the widely

adopted PPO actor in standard implementations).

* MLP-D: a discrete categorical policy with a standard MLP actor.

Across all four settings, the critic (value network) architecture is kept identical to ensure a
fair comparison. For discrete actors, we use K = 41 bins throughout. To evaluate algorithmic
robustness, we also compare RN-D with the standard continuous MLP actor (MLP-C) under

PPO, TRPO [153], and SPO [154] on Gym locomotion and ManiSkill manipulation benchmarks.

Metrics.

To aggregate performance across benchmarks, we use task-standard metrics and normal-
ize returns when needed. For Gym MuJoCo locomotion, we report TD3-normalized return [188],
defined as

TD3-Normalized(x) := M, (6.17)
XTD3 — Xrandom
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Figure 6.4. Aggregate learning curves across benchmarks. Each subplot reports the mean
performance over tasks within a benchmark (MuJoCo locomotion: normalized return; ManiSkill:
success rate) as a function of environment steps. Curves are averaged over 5 random seeds;
shaded regions denote 95% stratified bootstrap confidence intervals. The red annotations indi-
cate a sample-efficiency speedup.

where x is the raw episodic return and (X;andom,XTD3) are the random-policy and TD3 reference
scores of each task. For ManiSkill benchmarks, we report success rate, i.e., the fraction of

evaluation episodes that achieve the task goal.

Overall performance.

Figure 6.4 shows that RN-D (ours) consistently achieves the best performance across
both locomotion and ManiSkill. On Gym locomotion, RN-D attains higher normalized returns
than the Gaussian baselines, with particularly clear improvements on harder tasks such as Ant
and Humanoid. On ManiSkill, RN-D yields the highest average success on the 10 state-based
tasks and is the only variant that reliably solves the challenging StackCube task, where other

methods remain near zero success for most of training. The same trend holds for vision-based
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ManiSkill tasks: RN-D maintains its advantage when paired with CNN encoders and reaches
near-saturated success more reliably than the baselines.

Beyond final performance, RN-D reaches strong performance with fewer environment
steps. The red annotations in Figure 6.4 indicate a sample-efficiency speedup: RN-D matches
the best baseline’s performance using roughly 1.3x—1.9x fewer interaction steps. Comparing
ablations reveals complementary effects. For state-based settings (locomotion and ManiSkill-
State), RN-C versus MLP-C (blue vs. orange) shows that the regularized backbone improves
performance even with Gaussian actors, while MLP-D versus MLP-C (green vs. orange) indicates
that discretization alone can also be beneficial. For vision-based tasks, the CNN encoder
provides a strong representation and narrows the gap among actor variants; in some cases
MLP-C is already competitive. Nevertheless, RN-D still achieves the best final performance and
consistently improves sample efficiency.

The multi-algorithm results in Figure 6.2 exhibit the same qualitative pattern. Under
PPO, TRPO, and SPO, RN-D achieves faster convergence and higher final performance than the
standard continuous MLP actor, indicating that the benefit of discretized categorical actors with

regularized networks is not specific to PPO’s clipped surrogate.

Gradient variance.

We plot the policy-gradient variance (log scale) on five MuJoCo tasks as a representative
illustration in Figure 6.5. Across training, the Gaussian policy (RN-C/MLP-C) exhibits consis-
tently larger variance, often by orders of magnitude, than its discrete categorical counterpart
(RN-D/MLP-D). This disparity is most pronounced for the standard MLP actor: MLP-C (orange)
stays far above MLP-D (green) and increases steadily with environment steps, consistent with the
Gaussian actor’s standard deviation shrinking over training and amplifying gradient variability.
Replacing the MLP with a regularized network reduces variance for both policy classes. Overall,
the discrete categorical policy with a regularized network (RN-D, purple) achieves the lowest

policy-gradient variance throughout training.
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Figure 6.5. Evolution of the policy-gradient variance over training (log scale).
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Figure 6.6. Component analysis. (a) Gradient signal-to-noise ratio (SNR) on Gym locomo-
tion tasks. Bars show the mean and error bars denote one standard deviation across tasks. (b)
Average normalized return. Higher SNR correlates with higher returns, with RN-D achiev-
ing the best performance.

Component analysis.

We visualize the gradient signal-to-noise ratio (SNR) and normalized return on Gym
locomotion tasks, where SNR is computed as the squared norm of the mean policy gradient
divided by its variance across mini-batches during training. Following [16], we report the 95th-
percentile performance over training and summarize gradient signal quality using the mean SNR.
Figure 6.6(a) shows that residual connections and layer normalization each improve SNR relative
to a plain MLP actor. Figure 6.6(b) shows a consistent trend in performance, suggesting a strong

correlation between gradient signal quality (SNR) and normalized return across architectures.

6.7 Extended Studies
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Figure 6.7. Extended studies on sample efficiency, optimization objective, and scaling.

6.7.1 Additional Comparisons with State-of-the-Art Methods

Figure 6.7(a) compares RN-D with TD3 [188] and TD-MPC2 [179] on Humanoid-v4
and StackCube-v1 using wall-clock time. RN-D remains competitive on Humanoid-v4 and is
substantially more effective on StackCube-v1, where it reaches high success while TD3 fails
to learn and TD-MPC2 improves only later in training. These results suggest that the proposed
on-policy discretized actor is especially useful in manipulation settings where exploration and

policy optimization are difficult.

6.7.2 Role of Cross-Entropy-Like Optimization

To isolate the role of the optimization objective, we introduce a loss-swap ablation that
keeps the discretized action representation but replaces the categorical likelihood with a Gaussian

likelihood. The actor still outputs logits over K bins, but the action mean is computed as

K
oi(s) =Y poilk|s)ck, (6.18)
k=1

where pg ;(k | 5) = softmax(zg ;(s))x and ¢y is the kth bin center. We then use

my P(a|s) =N (a; no(s),X). (6.19)
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Figure 6.7(b) shows that replacing the categorical likelihood with this Gaussian likelihood causes
a substantial performance drop, with the loss-swapped variant closely matching the continuous
Gaussian baseline. Thus, discretization alone is not sufficient; the cross-entropy-like categorical

objective is central to the observed gains.

6.7.3 Scaling the Actor Network

We next scale the actor width dj, € {64, 128,256,512} while keeping the PPO objective,
critic, and other hyperparameters fixed. Figure 6.7(c) shows that wider actors generally learn
faster on Humanoid-v4 and StackCube-v1, although the final return can be non-monotonic. Actor
capacity is therefore an effective lever for accelerating on-policy learning, but larger networks do

not always improve asymptotic performance.

6.7.4 Scaling the Discrete Bins

Finally, we vary the number of action bins from 21 to 1001, with 41 bins used in the main
experiments. Figure 6.7(d) shows that discrete policies perform best with a small to moderate
number of bins, while very fine discretization can degrade performance. This suggests a tradeoft:
coarse discretization preserves the optimization advantages of categorical policies, whereas too
many bins make the actor predict overly fine-grained action distributions. More efficient action
tokenization is a promising way to retain precision without losing the optimization benefits of

discreteness.

6.8 Chapter Summary

This chapter revisited actor design for on-policy reinforcement learning in continuous
control and showed that policy parameterization and architecture provide a strong, underexplored
lever for improving on-policy training. The proposed RN-D approach replaces the standard
diagonal-Gaussian actor with a discretized categorical policy over action bins and pairs it with

a regularized residual actor network, while keeping the critic and the underlying on-policy
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objective fixed. Across locomotion benchmarks and ManiSkill (state- and vision-based) tasks,
this simple actor-side change consistently improves final performance, accelerates convergence,
and yields more stable learning. Results under PPO, TRPO, and SPO further show that the
improvement is not tied to one particular on-policy algorithm. The loss-swap ablation shows that
the gains are not merely due to discretizing the action space but arise from the cross-entropy-like
optimization objective induced by the categorical likelihood.

Placed alongside the preceding chapters, this chapter completes the thesis’s broader
program of using structured models for sample-efficient learning and control. Chapters 2—4
installed structure inside the model itself—embedding optimization, physics-based PDEs, and
neural operators directly into the function class—to improve data efficiency and generalization
for energy-system applications. Chapter 5 pushed that structure into the policy representation and
trained it end-to-end via reinforcement learning. This chapter adopts a complementary posture:
rather than enriching the internal structure of the policy or the model, it holds the RL algorithm
fixed and asks what choice of policy representation and network architecture best matches
the optimization geometry of on-policy RL. The answer, consistently across benchmarks and
modalities, is that a discretized categorical actor combined with a regularized residual network
delivers lower gradient variance, higher gradient signal-to-noise ratio, and stronger downstream
performance than the Gaussian/MLP defaults that dominate the literature. From the thesis
perspective, this result reinforces a unifying theme: imposing the right structural prior—whether
in the model, the policy, or the actor parameterization—is a principled and broadly effective
strategy for improving sample efficiency and learning stability.

The findings carry particular relevance for energy systems and other high-stakes control
settings, where data collection is expensive, training must be reliable, and policies may need to
be deployed under stringent operational constraints. In such domains, reducing gradient variance
and accelerating convergence through better policy structure directly translates into lower data
requirements and more predictable training behavior, complementing the model-level structural

choices studied in the earlier chapters.

133



Several directions appear promising. While this chapter isolates actor-side effects by
holding the critic fixed, understanding actor-critic interactions remains an important direction:
jointly scaling or regularizing the critic and actor may reveal more symmetric design principles
for on-policy optimization. Extending RN-D to energy control tasks—where action spaces
are often bounded, piecewise, or low-dimensional but optimization is challenging due to long
horizons and sparse reward signals—is a natural next step that directly connects this chapter’s
contributions to the energy-systems setting motivating the thesis. In addition, we envision
applying the approach to more complex embodied settings, including long-horizon manipulation,
contact-rich control, and multi-object tasks, to better characterize its benefits and limitations in

challenging real-world regimes.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

This dissertation studied how structured models can improve sample-efficient learning
and control in energy systems by embedding optimization, physics, and policy structure directly
into trainable decision-making pipelines. Across the thesis, the central argument has been
that energy applications are neither well served by purely black-box learning nor by purely
hand-crafted models alone. Instead, the most effective approaches are those that preserve the
right problem structure inside the learning architecture itself, so that data-driven adaptation and
model-based rigor reinforce rather than oppose one another.

The main contributions of the thesis can be summarized in three parts:

* Optimization-guided models for strategic behavior learning and control. Chapters 2
and 5 show how optimization structure can be embedded directly into learning: first for
forecasting strategic demand response behavior from observed price-responsive actions,
and then for reinforcement learning with policies defined implicitly by parametric optimal

control problems.

* Dynamics-guided models for high-fidelity and scalable building control. Chapters 3
and 4 develop structured models for healthy and energy-efficient building operation,

first through PDE-constrained learning and control based on airflow, temperature, and
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contaminant dynamics, and then through neural operator surrogates that retain the relevant

spatial structure while making real-time optimization practical.

* Structured policy representations for stable reinforcement learning. Chapter 6 shows
that even when the outer learning algorithm is fixed, the structure of the policy class itself
remains a powerful design lever, and that carefully chosen actor parameterizations can

improve gradient variance, training stability, and downstream control performance.

Taken together, these contributions support a unifying thesis-level perspective: structured
learning is most valuable when the chosen structure matches the semantics of the decision
problem. In the settings studied here, this meant preserving latent optimization models for
strategic agents, preserving governing dynamics for cyber-physical control, or preserving fa-
vorable optimization geometry through policy representation. The resulting methods improve
not only prediction and control performance, but also sample efficiency, interpretability, and

operational reliability.

7.2 Lessons and Reflections

One central lesson from the experimental results is that structure helps most when it
captures the dominant mechanism that actually generates the data or governs the control problem.
In Chapter 2, optimization-guided forecasting performs well because price-responsive behavior
is not arbitrary: it is induced by hidden objectives and operational constraints. In Chapters 3
and 4, dynamics-guided control improves performance because indoor air quality and thermal
behavior are fundamentally spatiotemporal phenomena that cannot be fully understood through
low-dimensional averages alone. In Chapter 5, optimization-defined policies provide a useful
inductive bias because many control problems are naturally expressed through constrained
objectives. In Chapter 6, the same principle appears at a different level: even when the envi-
ronment dynamics are unchanged, the structure of the policy representation can strongly shape

optimization behavior.

136



A second lesson is that the benefits of structure depend critically on the quality and scope
of the modeling assumptions. When the assumed structure is well aligned with the problem,
it can reduce sample complexity dramatically and improve generalization beyond the training
distribution. At the same time, stronger modeling assumptions also create clearer failure modes.
Exact PDE-based control offers strong physical fidelity, but it incurs a large computational
burden. Neural operator surrogates improve tractability, but they inherit limitations from the data
used to train them and may degrade under distribution shift. Optimization-based forecasting can
recover meaningful latent parameters under favorable assumptions, yet partial observability may
make full identification impossible even when accurate forecasting remains achievable. These
results suggest that structure should not be viewed as universally beneficial in the abstract; its
value depends on how well it matches the governing geometry of the task.

A third lesson concerns the trade-offs among accuracy, efficiency, robustness, and deploy-
ability. Richer structure often improves data efficiency and interpretability, but it can increase
modeling effort and computational cost. More approximate models or surrogates improve speed
and scalability, but they may weaken theoretical guarantees or introduce new sources of mismatch.
The practical question is therefore not whether one should always use the most detailed possible
model, but what level of structure is sufficient to preserve the aspects of the problem that matter
for decision-making. Across the thesis, the most successful methods were those that retained the
essential semantics of the system while remaining simple enough to train, optimize, and deploy.

A more personal reflection emerging from this dissertation is that research progress is
fundamentally iterative. At the completion of a project, there is often a brief sense of arrival:
a method works, the theoretical picture becomes clearer, or the empirical results move beyond
the current baselines. Yet that moment is never the end of the story. With time and distance, the
same work begins to look different. Its enabling assumptions become more visible, alternative
formulations begin to seem plausible, and limitations that once appeared secondary start to define

the next set of questions.
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This pattern recurred repeatedly in my own work. In DiffOP, I was initially excited by the
idea that reinforcement learning could be used to tune an MPC policy whose structure was itself
defined by an optimization problem. It seemed to offer a compelling way to combine model-
based control with data-driven adaptation. As the work progressed toward higher-dimensional
control tasks, however, the limitations became more apparent: obtaining a sufficiently good
initial policy was already difficult, and reliable training became harder still. A similar experience
arose in the work on residual regularized categorical actors for on-policy reinforcement learning.
The method showed surprisingly strong improvements even without hyperparameter tuning,
which made the early results especially encouraging. But after that initial excitement, a different
question became more important: does the current formulation truly capture the structure of
continuous action? Human reasoning may often proceed through discrete abstractions, but many
physical actions, such as reaching or grasping, are inherently continuous. This suggests that an
important next step is not merely to choose between discrete and continuous structure, but to
understand how the two can be combined more faithfully.

In this sense, the value of research lies not only in building a method that works, but
also in learning how to question it, reinterpret it, and move beyond it. The cycle of proposing,
validating, revisiting, and rethinking has been one of the most important lessons of this thesis,

and it is also part of what makes research intellectually durable.

7.3 Future Work

Several research directions follow naturally from this dissertation, as summarized in Fig-
ure 7.1. For optimization-guided models, an important next step is to broaden the class of latent
decision models that can be learned from data. This includes richer strategic interactions among
multiple agents, stochastic and dynamic market settings, online adaptation under nonstationary
behavior, and partial-observation settings in which only aggregate actions or delayed outcomes

are available. Another promising direction is to strengthen the theory for optimization-guided
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Figure 7.1. Prospective research directions extending the contributions of this dissertation, span-
ning richer agent modeling, integrated cyber-physical building control, structured reinforcement
learning, and foundation-model-grounded decision-making.

learning beyond strongly convex or smooth settings, especially when active sets change, objec-
tives are weakly convex, or the learned optimization layer is embedded inside larger closed-loop
systems.

For dynamics-guided models, future work should move toward more realistic and inte-
grated cyber-physical building control. This includes three-dimensional multi-zone environments,
tighter coupling between airflow, temperature, humidity, and occupancy uncertainty, and the
use of adaptive sensing and estimation together with control. For operator learning, a major
opportunity is to develop surrogates that are not only fast and accurate, but also uncertainty-aware,
robust to distribution shift, and reliable when embedded in receding-horizon optimization. More
broadly, the interaction between physical simulators, operator surrogates, and control design
remains a rich area for both methodological and application-driven advances.

For reinforcement learning and optimization-based policy learning, an important future
direction is to deepen the study of structured policy and value-function representations. This

dissertation has shown that incorporating optimization structure and improved policy represen-
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tations can substantially improve sample efficiency and control performance. However, many
open questions remain in how to design the critic, how to regularize value learning, and how to
improve the interaction between actor and critic during training. In actor-critic reinforcement
learning, the critic not only evaluates the current policy but also shapes the policy improvement
direction. Poorly designed critics can introduce bias, instability, or overfitting to bootstrapped
targets, while better critic architectures and regularization mechanisms may provide more reliable
learning signals. Future work could therefore investigate structure-aware critic design, low-rank
or modular value-function parameterizations, uncertainty-aware critics, and principled actor-
critic coupling mechanisms that improve stability, robustness, and performance in continuous
control. Another important direction is to move beyond single-task control toward multi-task and
generalizable control. Most methods studied in this dissertation focus on learning one controller
for one task or one system configuration. In real energy systems, however, controllers must often
operate across different buildings, operating conditions, occupant behaviors, weather patterns,
market environments, and device constraints. This motivates the development of structured
reinforcement learning methods that can transfer across tasks while preserving domain-specific
inductive biases. Future work could explore multi-task policy training, task-conditioned value
functions, modular control architectures, and representation learning methods that separate
general control knowledge from system-specific parameters. Such methods may help bridge the
gap between high-performing controllers in simulation and broadly deployable controllers for
real-world energy systems.

Finally, a particularly exciting direction is to leverage foundation models as another
form of structure for sample-efficient learning and control in energy systems. The structured
models developed in this dissertation incorporate explicit prior knowledge through optimization
layers, physical dynamics, and control-theoretic representations. Foundation models, including
large language models and vision-language models, offer a complementary source of structure:
they are pretrained on massive amounts of text, code, visual data, and domain knowledge, and

can therefore distill useful information about energy systems, physical constraints, operational
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objectives, and control workflows. When appropriately grounded, these models may reduce the
amount of task-specific data and expert effort required to design learning-based controllers. For
example, language and vision-language models could help interpret building layouts, equipment
descriptions, sensor streams, weather forecasts, or market signals; translate high-level operational
goals into optimization or reinforcement learning objectives; suggest model structures and
constraints; diagnose failure modes; and coordinate simulation, learning, and deployment
pipelines. In this sense, foundation models can serve not only as automation tools, but also
as knowledge-rich priors that complement optimization, physics, and reinforcement learning
structures. Carefully integrating them with verifiable optimization, physical simulators, and
closed-loop control algorithms could open a path toward more autonomous, generalizable, and
sample-efficient control for energy systems and beyond.

Overall, these directions point toward a broader vision of structured learning and
control for energy systems and beyond. The central message of this dissertation is that
carefully designed structure—whether from optimization, physics, policy and value-function
representations, or pretrained foundation models—can reduce the effective complexity of learning
and make data-driven control more sample-efficient, interpretable, and reliable. Future progress
will require moving from individual structured components toward integrated learning-and-
control systems that can reason about strategic behavior, model complex physical dynamics,
optimize policies in closed loop, generalize across tasks, and adapt to new environments with
limited data. By combining domain knowledge with scalable learning architectures, structured
models provide a promising foundation for building intelligent decision-making systems that
are not only effective in simulation, but also robust, transferable, and deployable in real-world

energy systems.
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