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ABSTRACT OF THE THESIS

Transferable Emulation of Expensive Computer Simulations
By
Robert Planas
Master of Science in Mechanical and Aerospace Engineering
University of California, Irvine, 2021

Professor Ramin Bostanabad, Chair

Emulation or surrogate modeling is an indispensable part of many scientific and engineering
disciplines. However, most emulators such as Gaussian processes (GPs) or deep neural
networks (DNNs) are exclusively developed for interpolation/regression and have limited
generalization power. In this thesis we present two approaches for improved and scalable

emulation of physical systems.

In the context of finding governing dynamics for a physical system, we introduce evolutionary
Gaussian processes (EGPs). EGPs are a systematic integration of GPs and evolutionary
programming (EP) that boost the performance of GPs by the automatic discovery of free-
form symbolic bases that regress the data. As we demonstrate via examples that include a
host of analytical functions as well as an engineering problem on materials modeling, EGP
can improve the performance of ordinary GPs in terms of not only extrapolation, but also

interpolation/regression and numerical stability.

In the context of surrogating solvers for PDEs, we introduce a transferable framework for
solving intial conditions and boundary value problems (IBVPs) via DNNs which can be
trained once and used forever for various domains of unseen sizes, shapes, and boundary
conditions. We present the genomic flow network (GFNet), a neural network that can

infer the solution of an IBVP subject to arbitrary initial and boundary conditions on a

X



square domain called genome. Furthermore, we propose mosaic flow (MF) predictor, a
novel iterative algorithm that assembles the GFNet’s inferences for IBVPs on large domains

with unseen sizes and shapes while preserving the spatial regularity of the solution.



Chapter 1

Introduction

Emulation or surrogate modeling has become an indispensable part of many scientific and
engineering disciplines. Over the past few decades, many emulation methods have been
developed. Some prominent examples include deep neural networks (DNNs) [1, 2, 3, 4, 1, 5,
6, 7, 8,9, 10, 11, 12], Gaussian processes (GPs [13, 14, 15, 16], which are closely related to
Kriging models [17, 18, 19, 20]), radial basis functions (RBF) [21], support vector regressors
(SVR) [22], boosted trees [23], random forests [24], and evolutionary programming (EP)
25, 26, 27]. Among these methods, GPs and DNNs have played a pivotal role in engineering
design. GPs standout as they are easy to train and interpret, can reasonably quantify
prediction uncertainty [28, 29|, have tractable conditional distributions, can emulate various
function forms (e.g., smooth, fluctuating, rough, ... ), and can handle qualitative inputs [30].
Furthermore, GPs, unlike DNNs,; are also highly effective in interpolation/regression when
the training data are sparse and noisy. On the other side, DNNs have extremely high latent
representation power which enables them to distill highly nonlinear and hidden features and
relations from a training dataset without explicit instructions. In addition, DNNs are highly
scalable and versatile. For instance, while DNNs can naturally build regressors/interpolators

from large and high-dimensional data, GPs rely on numerical methods such as low-rank



matrix approximation [31] to handle datasets with more than ~ 5000 samples [15, 32].

When emulating physical systems, surrogates should be generalizable and provide reliable
predictions under unseen conditions, e.g., in extrapolation. However, similar to most em-
ulators, the predictive power of both the ordinary GPs and DNNs drastically deteriorates
when they are used in extrapolation. In this work, we address this limitation in two different
contexts: (1) inferring the governing equations of a physical system using limited training
data while building a GP, and (2) solving partial differential equations (PDEs) via DNNs

that are trained a priori on smaller spatiotemporal domains.

Finding the exact governing equation of a system can be an extremely difficult task, if not
unfeasible. However, if this equation is known or can be estimated via some data, it can
be used to predict the system’s state at any given configuration. We use this argument in
Chapter 2 to build evolutionary Gaussian processes (EGPs) that can enhance the predictive
power and numerical stability of ordinary GPs by estimating the governing dynamics of
the system during their training. Through a wide range of analytical case studies and an

engineering example we demonstrate the potential benefits of EGPs over ordinary GPs.

DNNs are increasingly used to emulate expensive numerical solvers that estimate the solution
of complex PDEs. However, these DNNs are not scalable and have very limited generalization
power in that they cannot predict the PDE solution in unseen domains and under unseen
initial and boundary conditions. We address this limitation in Chapter 3 by introducing
(1) genomic flow network (GFNet), a neural network that can infer the solution of a IBVP
across arbitrary initial and boundary conditions on a square domain called genome, and (2)
mosaic flow prediction (MF Predictor) which is a novel iterative algorithm that assembles
the GFNet’s inferences to estimate the PDE solution on large domains with unseen sizes
and shapes while considering regularity conditions. We develop, study, and evaluate this
approach in three notable PDEs: Laplace, Navier-Stokes, and wave equations and compare

our results to the state-of-the-art.



The key contributions of this work are summarized in Chapter 4 and detailed in the con-
clusion sections of Chapters 2 and 3. Our contributions address a key limitation that most
physical system surrogates face: extrapolation. We believe our results are promising and

open the doors for many future research directions.



Chapter 2

Evolutionary Gaussian Processes

GPs have played a pivotal role in engineering design because they are easy to train and
interpret, can reasonably quantify prediction uncertainty [28, 29], have tractable conditional
distributions, can emulate various function forms (e.g., smooth, fluctuating, rough, ...), and
can handle qualitative inputs [30]. GPs, unlike deep learning models or any big data based
emulator, are also highly effective in interpolation/regression when the training data are
sparse and noisy. However, similar to many other emulation methods, their performance

deteriorates in extrapolation, see Figure 2.1.

To address this limitation, we build evolutionary Gaussian processes (EGPs) via a novel
framework that systematically integrates GP modeling with EP, singular value decomposition
(SVD), maximum likelihood estimation (MLE), and bootstrap sampling. Our results of
comparing EGPs with ordinary GPs indicate that (i) EGPs generally outperform GPs in
extrapolation, regression, and interpolation (see Figure 2.1(b) for a simple example), and

(77) EGPs are numerically more stable than GPs.

As detailed in Section 2.1.1, the predictive power of ordinary GPs significantly decreases in

extrapolation. This behavior is known as reversion to the mean and is a by-product of the
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Figure 2.1 (a) Extrapolation errors of various emulators: F(x) = x + 2cos(3z) is learned
over the interval [—4, 3] and extrapolated over [—6.5,6]. In the top panel, SVR (with two different
kernels) and RBF are trained with 100 noiseless samples. In the bottom panel, 5000 noiseless
samples are used to train two NNs with either ReLLU or sin(-) activations (both NNs have 7 hidden
layers and 15 neurons per layer). (b) GP vs. EGP: GP and EGP both learn F(x) = x +
2 cos(3x) using some noisy training data (noise variance is 0.25). EGP outperforms ordinary GP
not only in extrapolation but also in interpolation. The prediction interval (PI) provided by EGP
in extrapolation is also more accurate than the interval obtained via GP.

additive nature of a GP predictor which has two parts. The first part consists of a set of
parametric mean functions while the second part relies on correlations between the query
point and the training data. In extrapolation, these correlations become extremely weak,
so the GP predictor relies primarily on the predictions provided by the parametric mean

functions (hence the term reversion to the mean). In ordinary GPs, no parametric functions

are used and hence their extrapolation capabilities are minimal.

Reversion to the mean in GPs has been studied previously and prior works can be divided

into two primary categories. In the first approach, new covariance functions or kernels are



designed to either discover and preserve patterns [33] or decay slower as the distance between
a query point and the training data increases [34, 35, 36]. Pattern preserving kernels are built
by modeling the spectral density -the Fourier transform of a kernel- by a parametric model
(e.g., a Gaussian mixture) whose Fourier transform can be obtained analytically. While these
kernels are powerful and provide insights into the data trends, their applications are limited
to low dimensional problems whose the patterns rely on trigonometric functions. GPs with
slow decaying kernels break down in extrapolation if the distance between the query point

and the training data is large.

In the second category, a set of parametric basis functions such as polynomials and trigono-
metric functions are employed in training to build the so-called universal GPs [37, 19]. Each
function’s significance is then determined by their coefficients which are often estimated via
MLE. A large (small) coefficient indicates the importance (irrelevance) of the corresponding
function in explaining the relations between the inputs and outputs in the training data. If
many basis functions are used, regularization must be exercised to avoid overfitting [24]. The
primary limitation of addressing reversion to the mean with this approach is that the basis
functions are designed by humans who generally include simple and application-dependent

functions. This limitation also applies to methods that combine sparse regression with GPs.

Our approach for training GPs with extrapolation capabilities is similar to the second cat-
egory but unlike prior research we automatically discover the parametric mean functions
that must be used in GP modeling. Figure 2.2 demonstrates the simplified flowchart of our
framework. We start by fitting an ordinary GP model to the original training data which can
be sparse and/or noisy. We then use this GP model to generate training data for EP which
discovers some bases (i.e., symbolic functions) that regress the new data. Next, we examine
the bases found by EP based on a statistical measure that uses SVD, MLE, and bootstrap
sampling. We select the bases with the best measure, include them in the discovered bases

(DBs) repository, and repeat the preceding steps while adapting some of them to consider



the most updated version of the DBs repository. Once the convergence criterion is met, we
stop the iterations. The output of the framework is a GP model whose mean function is the
DBs repository which improves not only the predictive power of GP (in both interpolation
and extrapolation) but also its numerical stability. The rationales behind each step of our

framework are detailed in Section 2.2.

Parametric bases Training data
EP GP

[

GP generated
training dataset

YES

EXIT

Figure 2.2 Simplified flowchart of our approach: We begin by learning an ordinary GP, i.e.,
one without any parametric bases. A large dataset is then generated with this GP and used in EP
to find some bases. We analyze these bases and select the most fitting ones. Afterwards, we retrain
the GP while using the selected bases. This iterative process is continued until the convergence
criterion is met.

Our efforts towards building emulators with extrapolation capabilities have some connections
with (inverse) system identification and symbolic regression. The goal of system identifica-
tion is to discover the underlying governing dynamics of a system using some observed data
[26, 38, 39, 40]. The objective of symbolic regression is to discover a set of symbolic func-
tions that regress the training data well [27, 41, 42, 43, 44, 45]. With either of these two
methodologies, the trained model provides extrapolation capabilities as long as the underly-
ing physics of the data source (i) is effectively learned over the support of the training data,

and (7i) does not change outside of the training domain.

Different techniques such as EP, sparse regression [41, 38, 42], and NNs [43, 44] can be
used for system identification or symbolic regression but none is free from limitations. For

instance, EP is very sensitive to noise and tends to output local optima that poorly extrap-



olate. Sparse regression requires a priori specification of the bases or symbolic functions.
Hence, it is limited to simple and low dimensional problems. NNs with symbolic activation
functions provide limited representation power because with non-trivial activation functions
the gradients quickly vanish/explode or the stochastic gradient descent fails to converge to
sufficiently good local optima [1, 46]. Among these methods, some of the limitations of EP
can be methodically addressed by our framework and, hence, we employ EP to discover

parametric bases in our approach.

The rest of the paper is Chapter 2 is organized as follows. In Section 2.1 we provide some
technical background on GP modeling and EP. We elaborate on the algorithmic details of
our approach in Section 2.2 and compare its performance with ordinary GPs and EP on a
set of analytical functions and an engineering problem in Section 2.3. We summarize our

contributions, discuss limitations, and provide future research directions in Section 2.4.

2.1 Technical Background

In this section, we review GP modeling and EP since they are the backbones of our approach.

We also discuss some of their limitations that our approach aims to address.

2.1.1 Emulation with Gaussian Processes

Let us denote the output and inputs in the training data by y and £ = [z, 2o, ... ,xd]T,

respectively, where y € R and £ € R? For GP modeling, we assume that the input(s)-

output relation is a single realization of the random process, n(x), given by:

n(x) = f@)B + £(x) (2.1)



where f(z) = [fi(x), ..., fn(z)] are some pre-determined set of bases (e.g., sin(z1), log(z; +
22),(22 + 3), ...), B=[B1,..., 5] are unknown coefficients, and &(x) is a zero-mean GP.

&(z) is completely characterized by its co-variance function, cov(-,-), defined as:

cov(&(x), E(x")) = c(z,2') = o?r(z, 2" (2.2)

where o2

is the process variance and r(-,-) is the correlation function. Many parametric
correlation functions have been developed for GPs [14, 15, 36, 47, 48, 17, 19, 49] with the

Gaussian correlation function being the most commonly used one:
r(z,x') = exp(— Z 10% (z; — 25)?) (2.3)

where w = [wy, ... ,wd]T,—oo < w; < oo are the roughness or scale parameters (in practice
the ranges are limited to —10 < w; < 6 to avoid numerical errors). The collection of o2
and w are called the hyper-parameters of {(z). Following the assumption in Equation (2.1)
and given the n training pairs of (z(;),yq)), GP emulation requires finding a point estimate
for B, w, and o? via either MLE or cross-validation (CV). Alternatively, Bayes’ rule can be
employed to find the posterior distributions if some prior knowledge on these parameters
is available. In this paper, the MLE approach is employed as it provides a high predictive

power while minimizing the computational costs [36, 47, 50, 51, 52, 53].

The MLE estimates of B8, w, and o2 maximize the likelihood of the n training data being

generated by n(z), that is:

[ﬁ,&\?,(ﬁ} = arg max | 270°R |77 X exp

ﬁ’o-2 7“

(%y—FﬂV@;

R)l(y—Fﬁ))



which can also be written as:

S 1 1
B.0%| = arg min " log(0?) + S log(| R|) + 5 5(y— FB)'R 'y~ FB),  (2.4)
ot 2 2 20
where log(+) is the natural logarithm, | - | indicates the determinant operator, y = [y(l), o ,y(n)]T

is the n x 1 vector of outputs in the training data, R is the n x n correlation matrix with
(i,7)™ element R;; = r(z(), ;) for i, =1,...,n, and F is the n X h matrix with (k, )"
element Iy = fi(zy) for k=1,...,nand [ =1,...,h. The point estimates of 8 and o* can

be represented as a function of w by setting the partial derivative of Equation (2.4) to zero:

8= [FTR™'F] " [FTRy] (2.5)
5 = Ly~ FB)'R (y - FP) (2.6

Plugging these estimates in Equation (2.4) and eliminating the constants results in:

w = arg min nlog(c?) + log(| R |) = arg min L (2.7)

w

By numerically minimizing L in Equation (2.7) one can find @ and, subsequently, obtain B
and 02 using Equations (2.5) and (2.6). Many heuristic global optimization methods such
as genetic algorithms [54], pattern searches [55, 56], and particle swarm optimization [57]
have been previously employed to solve Equation (2.7). However, gradient-based optimiza-
tion techniques are commonly preferred due to their ease of implementation and superior
computational efficiency [13, 47, 58]. To guarantee global optimality in this case, the opti-
mization is done numerous times with different initial guesses. Upon completion of MLE,

the following closed-form formula can be used to predict the response at any x*:
E(y") = f(z")B+g" (" )V '(y — FB), (2.8)

10



where E denotes expectation, f(z*) = [fi(z*), ..., fn(x*)] are the parametric bases functions
evaluated at z*, g(z*) is an n x 1 vector where the i’ element is c(z;),z*) = o%r(z @), z*),
and V is the covariance matrix where the (i, )™ element is o2r(z(;,2(;)). The posterior

covariance between the responses at the two inputs z* and z’ reads:
cov(y™,y) = c(z*,z') — g" (&")V 'g(z’) + h(z")" (F'V'F)"'h(z'), (2.9)

where h(z) = fT(x) — FTV~'g(z). Equation (2.8) clearly demonstrates the reversion to
the mean property of GPs in extrapolation: As the Euclidean distance between z* and the
training data increases, the elements of g(x*) approach zero. When g(z*) =~ 0 , the posterior
mean only depends on f (m*)ﬁ Thus, if an incorrect or incomplete set of bases is used in
training, a GP returns inaccurate predictions when extrapolating. Finally, we note that GPs
can address noise and smooth the data (i.e., avoid over-fitting) via the so-called nugget or

jitter parameter, . To this end, R is replaced with:
Rs; =R+ 61, «,. (2.10)

If § is used, the estimated (stationary) noise variance in the data is 652

2.1.2 Evolutionary Programming

Biological structures that are more successful in grappling with their environment (i.e., they
are fitter) survive and reproduce at a higher rate. In other words, over time the fitness
of a living individual begets its structure through natural selection, genetic crossover, and
mutation. Realizing computer models as complex structures, many scholars have applied the
notion of evolution to programming. This perspective on computer modeling has fathered
an active field of research known as EP. The terms genetic programming [59, 60|, inverse

system identification [25], grammatical evolution [27] , symbolic regression [45], and structure

11
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Figure 2.3 Symbolic regression via evolutionary programming: A pool of functions and
operators is preinitialized. Then, random combinations of these functions are used to initiate a
population of individuals. At each iteration, these individuals undergo mutation and crossover
operations to produce individuals with higher fitness over the next generations. This evolutionary
process is continued until convergence where a Pareto frontier of fitness vs. complexity is obtained.

learning [61] embody similar lines of research.

Since the early 1990s, EP and its many variants have been exercised to find a symbolic
relation between the input(s) and output of a training dataset. As illustrated in Figure 3,
the essential idea behind EP is to first build from a selected pool of functions and oper-
ators an initial population of simple solutions known as individuals or candidates. Then,
these solutions are iteratively evolved by mutation and crossover operations to create more
complex individuals that hopefully better relate the inputs and output based on some pre-
defined criterion. This process is continued until convergence when the desired individuals
are returned. EP usually optimizes the fitness of the individuals but multiple criteria can be

optimized at the same time by means of a Pareto frontier (see Section 2.2.2).

Koza provided the first systematic approach for using EP in symbolic regression and robot
planning. In his book [26], Koza models potential solutions to these problems as trees where
nodes host primitive operations and functions while leaves store variables. In his approach,
new solutions are found by combining these trees together and randomly changing parts of

them until at least one of them can faithfully learn the data. Since Koza’s seminal work, EP

12



and its many variants have been successfully used in many complex problems. A particularly
active application has been symbolic regression where EP is used to automatically find the

governing equations of simple mechanical systems [25, 45, 26, 62, 39, 42, 63, 40].

We conclude this subsection with two important notes. First, EP is fundamentally different
than sparse regression [24, 38, 42, 41, 64, 65]. While in EP the input-output relation is
discovered, in sparse regression a specific functional form is assumed and the data is used
to estimate the parameters of that functional form. Second, applications of EP have been
primarily limited to problems of low dimensionality /complexity since EP tends to overfit the
data by generating extremely complicated expressions. Although regularization alleviates

this issue, the proposed penalty functions have been mostly ad hoc.

2.2 Evolutionary Gaussian Processes

The algorithmic principles behind EGP are motivated by the posterior mean in Equation
(2.8): To improve the predictive power of this posterior (especially in extrapolation) a set
of free-form parametric mean functions, f(x), can be learned. Hence, we design a data-
driven framework to train a GP while simultaneously searching for some f(z) that capture
the trend of the data over the training domain reasonably well. To find these f(x), we use
EP to search the space of parametric functions spanned by polynomials of arbitrary degree,

trigonometric functions, exp(x), log(x), ..., and combinations thereof.

Figure 2.4 illustrates the mechanics of EGP which, in essence, is a systematic integration of
GP and EP. Our framework is iterative (reasons to be discussed) and includes data-driven

measures (inspired by the MLE and bootstrap sampling) that vet the bases found by EP.

Given a noisy and/or sparse dataset, we start the first iteration by fitting an ordinary GP,

and computing and storing the iteration’s convergence parameter (a'). The computation
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Figure 2.4 Detailed flow chart of EGP. We use the initial training data to fit a GP whose mean
function is composed of the parametric functions stored in the discovered bases (DBs) repository.
We then generate training data for EP via this GP such that the effect of DBs is excluded. We
decompose the candidate solutions discovered by EP into their primitive bases, remove linear
dependencies, and analyze their robustness via several trainings on bootstrapped sets. We select
the best candidate and append its linearly independent bases to the DBs. We retrain the GP with
the updated DBs and check for convergence.

procedures and motivations for the convergence parameter o are detailed in Section 2.2.1).
Then, we use this GP to generate a new training dataset for EP. This new data have |u x n|
samples (1 € R and p > 1) and are generated via Sobol sequence [66, 67] over the same
domain as the original data. They are better suited for EP since GP reduces noise and can

generate as many data points as EP needs.

We then use EP for multi-objective symbolic regression to find a Pareto frontier of can-
didate solutions (G'(x)) that optimizes for both fitness (mean absolute error, MAE) and
complexity (for more details see Section 2.2.2). Next, we decompose each G'(z) into its
components or bases [g}(x), ..., g;(x)] which are defined as its individual additive terms (ex-
cluding the coefficients). For instance, the bases in the candidate G'(x) = z; + xa(x3 + 2)
are [t (z), ¢5(x), gi(x)] = [x1, 22, Tox3]). As explained below, this decomposition strategy is

adopted to allow for not only removing redundant bases (that EP overfits to the data) but

also refining the coefficient of the informative bases that capture the trend of the data.
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To remove redundant bases in G'(z), we use SVD to eliminate the linearly dependent ones
since they adversely affect the numerical stability of the ensuing steps that involve GP (if
a set of linearly dependent bases are used in GP modeling, the FTR™'F term in Equation
(2.5) will not be invertible). Our SVD analysis is performed iteratively on the F matrix,
which we build using the original training data and the bases. If dependencies are detected
(i.e., the minimum singular value is below a threshold T), the most complex component is
removed. This process is repeated until the set of bases is free from linear dependencies.
Once the linearly independent bases of G*(z) are determined, we use them to calculate the
global coefficient of variation (GCoV, detailed in Section 2.2.3) of G'(z). The candidate
with the smallest GCoV is then selected and its linearly independent bases are temporarily
included in the repository of discovered bases (DBs). Finally, we use the stored basis in the

2 is compared to o'

DBs and the original training data to train a GP and calculate o?. «
and the result used as the convergence criterion (detailed in Section 2.2.1). If o* < ya!,
with v € (0, 1), the bases are appended to the DBs repository and the algorithm progresses
to the next iterations and continues until this convergence criterion is met. If a? >= yal,

the iteration is repeated and if the convergence parameter does not improve in this second

trial, the algorithm is terminated.

Iterations two, three, ... differ from the first one in two major aspects. First, the following

equation is used to generate training data for EP:
y (&%) = yop(a”) — fa7)B.

where f and ,B are, respectively, all the bases from the DBs repository and its corresponding
coefficients estimated via MLE. This strategy greatly helps EGP in that the evolutionary
process no longer needs to discover what is learned in the previous iterations. The second
major difference is that all the bases in the DBs repository are also included in the SVD

analyses to prevent the addition of bases to the repository that are linearly dependent with
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the available ones. It is noted that to prevent forgetting what the algorithm has already
learned, the SVD analyses of iteration ¢ never eliminate the bases discovered in the previous

iterations.

2.2.1 Convergence Criterion

The convergence parameter of, for a particular iteration 7, ensures that the updates on the
DBs after the iteration increase the predictive power of EGP (especially in extrapolation).
to do that, using only the data available on the training set o' is defined as follows. Let
D € R" be the training domain. Let H C D be an hypercube inside the training domain
such that V(H), volume of H, is the 80% of the V(D). Then, o’ is the mean-squared error
of a GP trained over H with the bases from the DBs repository (if any) when evaluated on
D\H. We refer to H as the interpolation set and to D\ H the extrapolation set and they

are, by definition, mutually exclusive parts of D.

The value of o across two consecutive iterations governs convergence. In particular, EGP
converges in iteration ¢ > 1 if o™ > ya' with v € (0, 1), i.e., if the updates of the DBs in

iteration 7 4+ 1 incorrectly model the data or do not sufficiently increase the accuracy.

2.2.2 Historical Pareto Frontier

EP optimizes for both complexity and fitness, quantified via MAE, which are generally
opposing objectives. That is, complex candidate solutions or individuals are unfavorable
but they tend to have better fitness values (i.e. lower MAE). As a result, EP builds a
Pareto frontier of individuals that indicate the fittest candidate for any complexity, see
Figure 2.5. The complexity of a candidate solution is calculated by summing the complexity

numbers assigned to its entailed operations: Simple operations (+, —, x) have complexity
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Historical Pareto Frontier

ID | Equation 0.7
L 0611234
2 | 0.17+4x e o o
-
3 | 0.14+1.07x 2 05¢
4 | x+0062 M
= 0.4+
5 | x+cos(3.00x) =
72]
6 | 1.03x+0.94cos(3.00x) — 0.02 = 031
7| 1.05x+092¢05(2.99x) — 0.06x cos(2.98 +x) g 0
8 | 1.05x+0.92c0s(2.98x) —0.04 — 0.07x cos(2.54+x) -
9 | 1.07x+0.95¢05(2.93x) — 0.11 - 0.16x cos(2.03+ 1.26x) 0.1 5 - |
(1.06x+0.9605(2.91x) — 0.12 0.18x cos(1.93 + 1.27x) Tl e, Y 10
10 0 . \ Le .
—0.01x? cos(1.93 +1.27x) 0 10 20 30 40
Complexity

Figure 2.5 Example of historical Pareto frontier: EGP emulates the function F(z) = x +
2 cos(3z) using some noisy training data. The individual candidates comprising this historical
Pareto frontier are obtained by EP in the first iteration of EGP.

1, division has complexity 2, and functions (e.g., trigonometric, exponential, logarithm, ...)

have complexity 3.

The Pareto frontier is usually built with the individuals of the last generation. However, our
studies on EP indicate that these individuals do not necessarily provide the optimum com-
promise between fitness and complexity. This is because EP either achieves local optimality
or overfits the noise that GP has failed to filter out. To address this issue, we track all the
individuals generated during the entire evolution process (regardless of the population or

generation number) and build the historical Pareto frontier.

2.2.3 Global Coefficient of Variation

The candidates obtained via EP generally overfit the data even though we use the historical
Pareto frontier, filter out noise with GP, and learn them iteratively. Not all of the bases in
one candidate correctly model the underlying physics of the problem, so we desing a metric
to filter those candidates that contain unlikely bases: the global coefficient of variannce,

GCoV. The GCoV is inspired by MLE and bootstrap sampling and measures the robustness
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of the coefficients of a candidate’s bases to variations in the training data. The candidate
whose linearly independent bases are more robust has a smaller GCoV and is selected over
other candidates as it is understood that it better represents the underlying behavior of the

data.

To obtain GCoV for the candidate solutions, we first bootstrap the initial data to generate b
datasets of size n’ < n where n is the size of the initial data. Then, for G*(z) with [ linearly
independent bases, we use the following equation to calculate the CoVs for the coefficients

of its bases:

std(B),..., %)

mean(f3], ..., 32)

CoV; = Jg=1,...,L

Where Bf is the coefficient of basis 7 when the set k is used in MLE. The MLE process
involves fitting a GP using the [ linearly independent bases (in addition to the bases in
the DBs repository) as parametric mean functions. Once these CoVs are calculated, we
determine the GCoV of the corresponding candidate via penalized weighted averaging, i.e.,:

Zé’:l (COVJ)p

la

GCoV =

)

where p and [? penalize (i.e., increase) the GCoV of a candidate if it has unstable coefficients

or too many bases, respectively.

2.2.4 Discussions

The underlying assumption behind EGP is that there are some free-form parametric bases
that can model the data source reasonably well. As a result, if we can discover these bases
via some training data and use them in GP modeling, we can build GPs that outperform
ordinary GPs in extrapolation, interpolation, and regression. If this assumption is incorrect
(or EGP fails to find bases that explain the data well), the output of our algorithm would

be an ordinary GP.
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As we show in Section 2.3.1, another potential advantage of EGP over other GP modeling
approaches is increased numerical stability. We can quantify this advantage by analyzing
the smallest eigenvalue of R, = Rs(w = w). In the extreme case where f ((l:)B completely
explains the data, £(z) in Equation (2.1) models either the noise (i.e., the data is noisy and
f (:L‘),/B\ regresses the data) or a random process that is zero everywhere (i.e., the data does
not have noise and f (x)B interpolates the data). In either of these scenarios, w; < 0 (if the

nugget is used correctly in the optimization [47]) and hence Rs = R+ 0l,,xn = Lxn + 0Lxn

which is well-conditioned as the smallest eigenvalue is 1 + 9.

In most problems, the extreme case considered above is not observed and hence R # 1,,..,.
Since R is positive-definite, the smallest eigenvalue of R,,; = Rs(w = @) = R(w = @)+ 0L,xp,
is close to ¢ and thus R, is again well-conditioned. It is also noted that our SVD analyses

ensure that the term FTR™1F is of full rank and hence invertible.

Lastly, we point out that while the goal of EGP is not symbolic regression, it can be used

for that purpose. We demonstrate this capability of EGP in Section 2.3.3.

2.2.5 Selection of the EGP Parameters

The performance of EGP depends on p, v, n/, T, b, p, and ¢. In this section, we specify the
parameter choice used for all the examples in Section 2.3 and discuss the rationales behind

them so any user can adjust them to specific problems.

We use 1 = 1.5 to generate a denser dataset for EP which helps it in finding informative bases.
We discourage the use of p > 1 as computational costs would increase, and the symbolic
regression could overfit. v = 0.9 is used to account for a minimum amount of improvement
in terms of extrapolation after each iteration. With a v too close to one, highly complex

bases will be accepted in the DBs repository. With v < 0.9, it will be difficult to regress the
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least relevant terms correctly. Taking this into account, we recommend selecting v based on
the data configuration. In a low noise and dense dataset, where overfitting is not an issue
as the noise will be properly filtered by the GP, we advise using a ~ closer to 1. Otherwise,

the user should be conservative on the selection of ~.

The choice for n’ and T is related. We use n’ = = x n while bootstrapping to allow for

1
3
variations to be developed while having a decent number of samples. With very small
bootstrapped sets, high variations will be observed across the sets but robustness (numerical
stability) decreases. So, we select T'= 10~* to avoid any numerical issues while training the
GPs. Significantly denser (sparser) datasets than those used in the examples would require

a lower (higher) value of n’ while T can remain the same. In highly complex data, where

linear dependencies between the bases are unlikely, a smaller value for T can be selected.

We use b = 10 to assess the sensitivity of the individual CoVs robustly. A higher value of
b will be computationally expensive, but we encourage the user to increase it if the time
and the computational power are not a constraint. We select p = 3 to penalize candidates
with unstable bases whose CoV is high. When using a larger value of p, no improvements
are usually observed. Finally, with ¢ = 0.7 we penalize large, overfitting candidates. On
the examples studied with ¢ > 1, the linear independent bases of the overfitting candidates
were usually accepted while with ¢ < 0.5 single base candidates, which were not part of the
true expression, were accepted. We recommend the inexperienced user to use the suggested

defaults.

2.3 Results

In this section, we compare the performance of EGP in interpolation and extrapolation

against ordinary GP and EP. In Section 2.3.1, we compare them using eight analytical
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ID Analytical Function Min(z) for xz € D Max(z) for z € D Mean Range (y)
y(x) = 943.61(zy — 2.8)% + 409.40(zxy — 2.0941)2
1 o [2.12,0.85,0,2] [4.32,3.35,3.14,7] 2602
+4.15(1 — cos(2z3)) + 3.28 ((%y3 - (%)2)
y(x) = 22 — x5 + 0.2070521 + 426 — Toxs + T1 — 2
g | V@) =T T T T T 5, 26,1, -3, -3, 2.5, -3.5] | [3.5,2,6,4,2,3.5,4.5] 188
+15sin(2z1) — 10 cos(xs) — 5
3 y(z) = 2sin(x1) — 3cos(xa) + 21 + 23 [-3,-5] 2,2] 36
4 | y(@) =23+ 5225 + V(Qzswa + 237 + /(32) [—3,0.54, -2, —3, —4.5] [3.5,4.54,3,1,0.5] 219.97
5 y(r) = (4 —2.12% + ?)1% + zy29 + 4oy — 4dad [—2,—1] 2,1] 5.58
6 y(z) = log(|z3|)z1 + 3.2tan(z1) + /|22 + 3] [-1.2,-2,0.7] [1.2,+4,5] 19.6
34 0Q =4 <3 =4
. o) = bon(ramss) [63070, 990, 700, 100, 0.05, [115600, 1110, 820, 50000, 993
(1"%(%2) (“7&1(,)“8)> 63.1,1120, 9855 0.15, 116, 1680, 12045]
y(@) = (exp(— (22 = 1) + exp(—0.8(zz + 1)?)
8 —0.05 sin(8(ws + 0.1))) (exp(—(x1 —1?) [-3,-3] [3,3] 111
+exp(—0.8(z; + 1)2) — 0.05 sin(8(z; + 0.1)))

Table 2.1 Analytical examples: The functions posses different dimensionality, complexity, and
ranges. The average range of each function is calculated using multiple training sets that are
generated over the input space.

examples that include different dimensions and noise levels. We also use these examples to
demonstrate the superior numerical stability of EGP over ordinary GP. In Section 2.3.2, we
apply these three emulation techniques to an engineering problem where very limited prior
knowledge on the functional form of the response is available. Finally, in Section 2.3.3 we

briefly discuss the results of using EGP as a symbolic regression tool.

In all examples, the following parameters are selected for EGP: = 1.5, v = 0.9, T = 1074,
n = % xn,b=10, p =3, and ¢ = 0.7, whose rationales have been introduced in Section

2.2.5.

We use the algorithm described in [47] for GP modeling which employs an adaptive mecha-
nism to estimate the nugget variance. For symbolic regression, we use Eureqa [45] which is a
highly sophisticated implementation of EP. In all of our studies, the convergence criterion of
Eureqa is based on the stagnation of MAE across the candidates. We note that many aspects
of EP (e.g., population size, crossover rate, and mutation rate) are internally determined in

Eureqa and cannot be manually tuned.
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ID1|ID2 |[ID3 ID4 IDS5|ID6 (ID7 1IDS

Small Noise Variance | 0.752 12 0.82 12 0.042 | 0.12 12 0.012

Large Noise Variance | 2.52 32 32 3.5% | 042 12 32 0.05%

Table 2.2 Noise variance in analytical examples: Normal noise is added to the training data.
For each example, two noise levels are considered (one small and one large). The range of the
function (see last column of Table 2.1) is used to determine the magnitude of the noise variances.

2.3.1 Analytical Functions

The analytical functions we study are shown in Table 2.1. Many of them are relatively
high dimensional functions and include terms that possess asymptotic behavior, have a
high-frequency, or contain nested functions. Each function is emulated under two different
scenarios where the training data are corrupted by a Gaussian noise with either a small or
large noise variance, see Table 2.2. The noise variances are selected based on the function
range (see the last column in Table 2.1) where a small (large) noise variance corrupts the

response by up to 1% (10%).

Sobol sequence [66, 67] is used to generate the training and validation data. The size of
the training dataset is 50 x Dim where Dim indicates the dimensionality of the underlying
function. The validation dataset for each case is corrupted by noise as well and comprises two
mutually exclusive parts designed to assess the interpolation and extrapolation capabilities
of GP, EP, and EGP. The interpolation error of each emulator is calculated over the training
domain. However, the extrapolation error is measured over a domain that excludes the
training region and its bounds are obtained by expanding min(z) and max(z) in Table 2.1
by 40%. For instance, if the training range is [0, 1], the interpolation and extrapolation
errors are calculated over, respectively, [0, 1] and [—0.2, 1.2] ranges. Errors are quantified via
normalized root mean squared error (NRMSE) using 500 x Dim samples. To account for
sample-to-sample variations, the training-validation process is repeated five times. Lastly,
in example 3, trigonometric functions are intentionally excluded from the primitive function

set of EP.
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Results

Figure 2.6 summarizes the results for the cases where the noise variance is small. Interpolation-
wise (see box plots in light pink), EGP outperforms EP across all our cases except for example
6 where EP results in slightly less variations across the repetitions. When comparing EGP to
ordinary GP, two trends are observed. In examples where some bases are discovered by our
algorithm (IDs 1,2,4,5,6), EGP achieves smaller interpolation errors than GP. In examples

where no bases are discovered (IDs 3,7,8), the performance of EGP and GP is identical.

The primary advantage of EGP is observed in extrapolation (see box plots in light purple
in Figure 2.6). In examples 1, 2, 5, and 6 where some adequate bases are discovered, the
extrapolation capability of EGP is more than EP and ordinary GP. This higher accuracy
is because EGP (i) does not suffer from reversion to the mean as much as ordinary GP
does, and (i7) has multiple mechanisms (unlike a standalone EP software such as Eureqa)
that exclude bases which incorrectly capture the trend of the data. In example 4, although

some adequate bases are discovered, the extrapolation performance is not improved. This

Z1
2x0—1"

is because the base which has a large asymptotic behavior on the training domain,
is not properly learned. In examples 3, 7, and 8 where no bases are included in EGP, the
performance is still better than EP (by avoiding overfitting) but similar to ordinary GP. We
note that in one of the repetitions of example 7 (which is highly complex) an incorrect basis

is accepted and hence the performance variability of EGP is more than GP (compare the

height of the corresponding box plots). 2.2.4

Figure 2.7 summarizes the results for the cases where the noise variance is large. The
observations are largely consistent with those reported in Figure 2.6 with the exception of
example 7. In this example, EP discovers some bases that capture part of the trend of
the data in extrapolation and hence achieves smaller errors than EGP which excludes these

bases as they insufficiently decrease the convergence parameter, o. Although tuning « in
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our algorithm can increase the performance of EGP in this example, we avoid tailoring EGP

to specific problems.

With either large or small noise variance, two interesting observations are made. Firstly, in
example 3 where trigonometric functions are intentionally excluded from the evolutionary
search process. This example is designed to not only resemble applications (such as the one
in Section 2.3.2) where the underlying data source does not have a closed-form functional
form, but also applications where the underlying physics is not effectively learned (e.g., due
to the failure of the evolutionary search process). In this case, unlike EP, EGP avoids fitting
high-degree polynomials to the data and hence achieves much better extrapolation accuracy.
The second observation is on the numerical stability of EGP and how it compares to ordinary
GP. Figure 2.8 quantifies the variations of smallest eigenvalue of R, in all of our studies
and indicates that whenever some bases are discovered by EGP (examples 1, 2, 4, 5, and 6),

this measure and thus the numerical stability are higher.
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Figure 2.8 Numerical stability of EGP vs. ordinary GP: The left (right) panel indicates
the distribution of the smallest eigenvalue of R,,; across the eight examples when training data are
corrupted by a Gaussian noise with small (large) variance.
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Figure 2.9 Materials modeling with GP, EGP, and EP: ¢, ¢, and €3 are Green strains and
¢ is the stored potential in the composite microstructure. The prediction domain is larger than the
training domain which is {(e1, €2, €3) € R? | —0.085 < €7, €2 < 1.275; —0.34 < e3 < 0.34}.
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2.3.2 Extrapolation for Material modeling

In most real-world applications, the symbolic relation between the independent and depen-
dent variables in a dataset is unknown. To study how our algorithm performs in these
scenarios, we use EGP to learn the constitutive law of a 2D heterogeneous composite. The
matrix material of the composite is a soft compressible elastomer modeled by the Arruda
Boyce [68] hyperelastic constitutive model. The composite reinforcements are randomly dis-
tributed elliptical particles that are modeled as compressible Neo-Hookean elastomers (see
more details in [69, 70]). The constitutive law of our composite microstructure is unknown
and, thus, numerical methods such as the finite element method (FEM) are required to find
its response (i.e., the stored potential) to any applied strains. The high computational costs
of FEM hinder multiscale simulations where the fine-scale behavior is governed by this mi-
crostructure. One solution for decreasing the costs is to replace FEM with a surrogate as
follows. A training dataset is first built by computing (via FEM) the stored potential in the
microstructure under various strain states. Then, an emulator is fitted to this dataset to

serve as the constitutive law of the microstructure.

Our dataset has 1000 samples and its inputs and output are, respectively, Green strains
(€1, €2, €3),and the stored deformation potential (¢) [m.J/mm?]. The data has a small amount
of noise which is primarily due to numerical instabilities, excessive mesh distortion, and round
off errors experienced in FEM (see [70] for more technical details). It is important to note
that in this problem, obtaining samples that entail large deformations (i.e., large strains)
takes much longer than samples that undergo small deformations. Hence, we are particularly
interested in building an emulator that can predict the stored potential at large deformations

using training data on small deformations.

We divide our dataset into three mutually exclusive and collectively exhaustive sets for

training, interpolation testing, and extrapolation testing. The original domain sampled
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Training Error | Interpolation Error Extrapolation Error
EP 27.08 48.66 169.18
GP 1.69e-05 0.185 92.73
EGP 1.28e-05 0.139 56.08

Table 2.3 Performance of GP, EGP, and EP in the engineering example: MSE results
of EP, GP and EGP on the different sets. The response range in the original training domain is
383.74.

with FEM is {(e1,€2,63) € R3 | —0.1 < €1, < 1.5;-04 < €3 < 0.4}. For training
and interpolation test sets, we select 85% of the original domain, i.e., {(e,€,€3) € R? |
—0.085 < €1,€9 < 1.275; —0.34 < €3 < 0.34}. This domain contains 616 data points. 75% of
these data points (i.e., 462 samples) are randomly selected and used for training while the
remaining 25% (i.e., 154 samples) are employed to obtain the interpolation accuracy. Data
points that lay outside of this new domain (i.e., 1000 — 616 = 384 samples) comprise the

extrapolation set.

We fit three emulators to the training set via ordinary GP, EP and EGP and predict the
stored potential in the other two sets. As there is no prior knowledge on the underlying
expression, we select the following primitive functions for symbolic regression in both EP

and EGP: simple operations (+, —, x), division, and exponential function.

To compare the three emulators we use (i) MSE associated with interpolation and extrap-
olation test sets, and (iz) the physical constraints that the emulators should satisfy: since
they predict a stored potential, the emulators should be convex and also satisfy ¢(0,0,0) =0
[71].

Table 2.3 summarizes the MSE results and indicates that EGP outperforms ordinary GP
and EP in all cases. As for the physical constraints, the predicted stored potential at zero-
deformation are ¢(0,0,0)gp = 6.71, ¢(0,0,0)gp = 0.0027, and ¢(0,0,0)ggp = 0.0021 which
show that EGP is more accurate. The constraint on convexity is evaluated by visually

comparing the response surface of each emulator over the region {(ej, ez, €3) € R3 | —1 <
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1,60 < 3;—0.5 < €3 < 0.5} which is much larger than the original domain. The response
surfaces are plotted in Figure 2.9 and demonstrate that EGP neither fluctuates (unlike EP)

nor regresses to the mean (unlike ordinary GP).

2.3.3 Symbolic Regression with EGP

While the goal of EGP is not symbolic regression, it can be used for that purpose. We
illustrate this by comparing the discovered symbolic regressions from EGP (final components

of the DBs repository) with the bases that Eureqa finds in examples 1, 3, and 7.

In example 1, the EP emulator (from Eureqa) includes a wide variety of incorrect bases (z3,
x4, x4) while EGP does not. EGP generally includes the term I—14 which, while not part of
the underlying expression, better captures the trend than x; (term usually included by EP).

Similar results are observed in examples 2, 4, 5, and 6.

In example 3 the trigonometric functions are intentionally excluded from the primitive pool
of functions when the evolutionary search process is conducted. As a result, EP tries to in-
terpolate these trigonometric functions with high degree polynomial terms, which adversely
affect extrapolation. EGP, however, detects that these terms are not part of the true under-

lying analytical function and discards them.

In example 7, the underlying expression is highly complex and the evolutionary search incor-
rectly finds simple terms. Most of these simple terms are excluded in the results of EGP as
they cannot extrapolate. However, EP generally includes many incorrect bases in the final

results. Similar results are observed in example 8.
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Terms 2 2 2 1 False Terms
i T i Ty cos(2z3) -5 -5
Method *a 1 (Percentage of Appearance %)
EGP Small Noise | 100% | 100% | 100% | 100% | 100% | 40% | 0% 74 (20%), L = (60%)
EGP Large Noise | 100% | 100% | 100% | 100% 80% 40% | 0% x4 (20%), x (20%)
EP Small Noise 100% | 100% | 100% | 100% 40% 40% | 0% x3( 40%) 22 (40%) z4 (80%)
EP Large Noise 100% | 100% | 100% | 100% 40% 40 % | 0% z3( 40%), x2 (40%) x4 (80%)
Terms | . 2 False Terms
sin(zy) | cos(xq) | 1 x5
Method (Percentage of Appearance %)

EGP Small Noise 0% 0% 0% 0% -
EGP Large Noise 0% 0% 0% 0% -

25(20%), x3(60%), 23(100%), zz(20%) 23(40%),
T3(40%), 22(60%), 22(20%), 222%(20%), w21 (40%)
23(40%), 22(40%), 23(40%), 23(20%) L (20%), 22(20%), 23(40%),
EP High Noise 0% | 0% | 100% | 100% .;/1.L2(20%) 23(20%), 3(20%), 212:3(20%),
20%), 1122(20%), 2223 (20%)

EP Small Noise 0% 0% 100% | 100%

1. 90111 —0. 280(

Terms b False Terms
a
Method (Percentage of Appearance %)
EGP Small Noise | 0% | 0% 22x2(20%), £322(20%), 722(20%), zs22(20%)

EGP Large Noise | 0% | 0% -

212 (40%), w32322(20%), 252322(20%), 272322(40%), 2ow528(40% ), 2322(40%),
2322(40%), x3(40%) x5 x7£5(40%) 24(20%), sin(12624)(20%), Toz32522(20%), x126(20%)
li:il (20%), 2= (20%), xow528(20%), 2322(20%), 25(20%), w52722(20%),

EP Large Noise 0% | 0% | 25(20%), wsx322(20%), 2375(20%), 2202(40%), x3r72822(20%), 2522(40%), v703(20%),

z322(40%), 13—1%(20%)7 z322(20%)

EP Small Noise 0% | 0%

7wy

Table 2.4 Regressed terms with EGP for the analytical examples. From top to bottom,
the tables show the symbolic regression results for examples 1, 3, and 7. For each true term the
tables include the percentage of appearance of it across the 5 different fits. The last column
shows the regressed terms that are not part of the true underlying function and its percentage of

appearance.
-1 -1

a = ziz3 | log (i—;‘) 14+ 2+ 23”(117> r3xd ,b=z123 | log (i—;‘) 14+ 2+ 23”(””7> r3xd

5 @5

2.4 Conclusions

In Chapter 2, we introduced EGP which leverages EP to build a GP model with auto-
matically discovered symbolic bases. We tested the performance of EGP against ordinary
GP and EP using some analytical functions as well as an engineering problem on learning

the constitutive law of a heterogeneous microstructure. The analytical examples showed
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Figure 2.10 Over confident extrapolations with EGP: The monthly mean C'O, concentration
of Mauna Loa, Hawal, is learned and extrapolated. The uncertainties in extrapolation are smaller
that 1074,

that, when our algorithm discovers bases that can explain the data reasonably well, EGP
achieves lower extrapolation errors, is more numerically robust, and performs better in in-

terpolation /regression. In the engineering example on materials modeling, EGP produced

an emulator that better satisfies the physical constraints.

While we believe the primary advantages of EGP are realized in engineering problems where
the underlying relation between the inputs and outputs are unknown, our studies on the
analytical examples indicated the following three limitations. Firstly, the computational
cost of training an EGP is higher than that of an ordinary GP. The additional cost is
unfavorable if our algorithm results in an ordinary GP which happens when the underlying
assumptions do not hold or when EP does not discover any informative bases. In this case,
the output of EGP is an ordinary GP, but several expensive computations are performed
that add no performance improvement compared to an ordinary GP. The second limitation
is on interfacing with Eureqa which we use for symbolic regression. Eureqa is not open-
source and hence each iteration of our algorithm involves (i) manual copy-pasting of the
GP-generated data set into Eureqa, and (i¢) writing sub-routines that automatically convert
the results of Eureqa into Python-readable objects. While EGP generally converges in a
few iterations, the manual data transfer is tedious and prone to error. We have tried open-
source symbolic regression packages such as DEAP [60] which can be easily integrated with

our codes. However, the symbolic regression power of Eureqa far exceeds other available
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packages and thus we used Eureqa in our approach. The third limitation arises when the
discovered bases regress the data very well which results in over confident extrapolation, see

Figure 2.10.

Future research directions include extension to mixed-variable problems that include qualita-
tive and quantitative inputs, improving interpolation /regression capabilities of GPs without
the need for improving their extrapolation power, implementing an in-house symbolic re-
gression package that can effectively interface with the rest of our algorithm in Python, and

extensions to handle very large [72, 73] or high dimensional [74] datasets.
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Chapter 3

Transferable Deep Learning
Framework for solving PDEs in

Arbitrary Domains

Partial differential equations (PDEs) are ubiquitously used in sciences and engineering to
model physical phenomena. Three notable PDEs that have far-reaching applications are
the Navier-Stokes (NS) equations which model the motion of viscous fluids [75] and Laplace
equation which extensively appears in fluid dynamics, electrostatics, and steady-state heat
transfer [76], and the wave equation present in many fields of the acoustics, electromagnetics
and fluid dynamics. Solving such PDEs on large domains with arbitrary initial and boundary
conditions (ICs and BCs) relies on numerical methods such as finite element (FE) [77] and
finite difference (FD) [78]. While these methods are extremely powerful, they are compu-
tationally expensive. Because of these high costs, researchers face the challenge of drawing
conclusions using a limited number of time-consuming studies. For instance, NASA’s CFD
vision 2030 [79] estimates that achieving a 24-hour turnaround time on a wall-modeled large

eddy simulation of a full-wing at Reynolds Re = 107 requires 180 PFlops/s which is only
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achievable on the most powerful supercomputer today. Such high costs make it infeasible to
conduct compute-intensive studies such as uncertainty quantification (UQ) or airfoil shape
optimization. To address this challenge, particularly in large-scale and inverse problems,

simulations are augmented with inexpensive surrogates.

Although a wide range of surrogates such as Gaussian processes (GPs) [80, 81, 31] and trees
[82, 83| are available, most recent applications of surrogate modeling employ deep neural
networks (DNNs) [3, 4, 1, 5, 6, 7, 8, 9, 10, 11, 12]. The increasing use of DNNs in emulation
is largely because they have extremely high latent representation power which enables them
to distill highly nonlinear and hidden features and relations from a training dataset without
explicit instructions. In addition, DNNs are highly scalable and versatile. For instance,
while DNNs can naturally build regressors/interpolators from large and high-dimensional
data, GPs rely on numerical methods such as low-rank matrix approximation [31] to handle
datasets with more than ~ 5000 samples [15, 32]. Or, unlike trees, DNNs can easily handle

both classification and regression/interpolation problems with high accuracy [1].

A major driver in using DNNs for surrogating PDE-governed systems that it allows to sys-
tematically and easily embed a system’s governing equations in a network’s training stage
to build physics informed neural networks (PINNs) [84]. This inductive bias not only re-
duces the reliance on training data obtained from traditional solvers, but also increases the
adherence of the DNN to the physics of the problem. The equation can be embeded using
ED, but, more interestingly, they can be embedded using automatic differentiation (AD) [85]
which dispenses with discretization errors (since AD is exact [86]). To demonstrate such a

physics-informed training process, consider the 2D boundary value problem (BVP):

V2u(z) = 0, z e
(3.1)
u(x) =g(x), =€)

where £ = [z,y|, V? is the Laplacian operator (9?/0x? + 9?/0y?*), 2 denotes the domain,
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and g(z) is the boundary value function. When training a DNN that surrogates u(z), the

loss function can be designed as:

L(6) = L1(6) + aLy(0) + SLs3(0),

L.(6) = Ni S (ulw) — N (@:[6)),

f@ (3.2)
L) = - > (VN (l6)’.
L,(6) = (6]

where @ are the parameters of the network (weights and biases), A/ is the DNN surrogate,
L,(0) is the network’s error in predicting the available data on the solution (these data
can be on 99 or in ), Ly() is the residual error which enforces N to satisfy the Laplace
equation on some randomly selected points (aka collocation points) in €2, L3(@) denotes
Tikhonov regularization that prevents overfitting, and o« and (8 are constants that control
the contributions of, respectively, Lo(@) and L3(6) to L(@). Lo(@) in Equation 3.2 involves

partial derivatives which can be analytically calculated via AD or approximated via FD.

Training a DNN that surrogates the solution of PDEs can be a time-consuming and chal-

Solution via MF predictor
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Figure 3.1 Transferable learning of a PDE: We train our network in a small domain of size
1 x 1 and use it to solve the Laplace equation in a domain that is 1200x larger. Prediction time is
about 20 minutes on a single NVIDIA V100 GPU.

35



lenging task primarily because (1) obtaining training data via high-fidelity simulations is
expensive, (2) designing an efficient network architecture is an iterative process, (3) optimiz-
ing the network’s parameters (such as weights and biases) is demanding, (4) calculating the
residual loss is computationally costly because each time a differential operator is applied to
the network, it almost doubles the number of computations associated with backpropagation
[1, 87], and (5) choosing the optimizer’s parameters (such as batch size and learning rate)
as well as balancing the contributions of different loss components to the overall loss (e.g.,
a and f in Equation 3.2) are iterative processes. These challenges are exacerbated when
training DNNs that need many parameters to accurately surrogate the solution of complex

PDEs (such as the NS equations) in large domains.

We argue that the benefits of DNNs that surrogate PDE-governed systems outweigh the
high costs and challenges associated with their training if the DNNs are transferable, in
other words, if they can extrapolate. Unfortunately, existing methods [88, 89, 90, 91, 92]
fail in this regard, i.e., there is currently no mechanism for estimating the solution of PDEs
with a pre-trained DNN. For example, a PINN that surrogates u(z) in Equation 3.1 would

be largely useless if Q2 and g(z) change.

To bridge this gap, we develop a novel framework that builds a transferable DNN surrogate
that solves time dependent PDEs in unseen domains with arbitrary BCs and 1Cs (see Figure
3.1). We present our idea in the context of steady flow prediction (i.e., surrogating the
solution of the NS equations for steady flow) but note that the framework is readily applicable
to both time and non-time dependent PDEs types such as the wave equation and Laplace

equations.

For on-the-fly prediction of the flow in an unseen large domain with unseen ICs and/or BCs,
we first decompose the domain into small subdomains called genomes. Then, we predict the
flow in each genome with a pre-trained DNN, called genomic flow network (GFNet), such

that the iterative assembly of these genome-wise predictions surrogates the flow in the large
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domain. We denote this assembled flow as a mosaic. In essence, in the following section we

make the following contributions:

e We introduce GFNet which can solve any Initial Conditions and Boundary Conditions
Boundary Problem (IBVP) or any BVP with arbitrary conditions on a square domain
called genome. We design GFNet’s architecture based on the characteristics of the
PDE and show that such a design significantly improves accuracy. For instance, GFNet
outperforms the state-of-the-art in surrogating the solution of the Laplace equation by

2x (Section 3.2.2).

e We develop mosaic flow (MF) predictor, a novel algorithm that iteratively assembles
GFNet’s inferences to predict the solution of the PDE system for domains with unseen
sizes, shapes, and BCs. We show that MF predictor can scale up GFNet’s inferences
by ~1200x, 12x and 9x in the case of, respectively, Laplace, NS equations and the

wave equation (Section 3.2.3).

e With GFNet and MF predictor, we eliminate the need to re-train a DNN for unseen
domains or BCs. This transferability delivers 3-5 orders of magnitude speedup com-
pared to the start-of-the-art PINN for solving the Laplace and NS equations while

achieving comparable or better accuracy (Section 3.3).

e Our GFNets are not tailored to specific applications and hence can be used by others.

This reusability saves energy and benefits researchers with limited access to GPUs.

3.1 Related Work

Existing approaches for building DNNs that solve PDEs employ a wide range of training

mechanisms and network architectures. These choices largely depend on the application and
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the characteristics of the PDEs. The architectures are typically built with fully connected
(FC), convolutional, or recurrent [93, 94, 95] layers. In many works a combination of these
layers, with or without residual connections [96], are employed as well. For instance, networks
similar to Resnet [96] and UNet [97], whose building blocks are convolutional neural networks
(CNNs), are generally the backbone of super-resolution frameworks that aim to reconstruct
a high-resolution solution from a coarse solution [89, 98]. Such networks have also been
trained in the Fourier space to learn a PDE operator using the modal space [91, 99]. CNNs,
which may also include FC layers, are extensively used as surrogates for predicting steady
laminar flows around 2D and 3D objects [100], estimating 2D flows around specific airfoils

[101, 102], flow visualization [103], and many other applications [104, 105, 106, 107].

Solving PDEs via CNN-based networks is data-efficient (due to parameter sharing and learn-
ing spatially invariant kernels [3, 108, 109, 110]), but it requires developing a mechanism for
interpolating the solution (and its gradients) on non-grid points [111]. One strategy to avoid
such interpolation errors is to only employ FC layers. This strategy has been used for inverse
estimation of PDE coefficients [84], inverse estimation of flow fields given observations on
a passive scalar [87], predicting the Reynolds stress in Reynolds-averaged NS simulations
[112, 113], and solving Poisson equation and eigenvalue problems [114]. Networks based on
FC layers have also been reformulated for variational learning (to improve predictions on
the boundaries) [115, 57], surrogating fractional PDEs (where AD cannot calculate residual
errors) [116], emulating long time-dependent PDEs (where long temporal features render
the training very difficult) [92], and learning operators that map functions to functions

(117, 118, 119].

Regardless of the architecture, existing works lack transferability, i.e., they build models that
are largely useless if the domain, the BCs or the ICs associated with the PDE system are
modified. This important issue has been rarely addressed. DNNs that learn a PDE operator

[120, 119], can in theory handle varying BCs and ICs but they are not domain-agnostic and
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their applications thus far have been limited to simple PDEs over small, fixed domains. In
[121], CNNs are used to solve the 2D Poisson equation on rectangular domains with different
aspect ratios. In [122], the DNN is trained to solve the NS equations over backward-facing
steps with varying heights. In [123], the DL model infers the lift and drag of various elliptic
objects with different aspect ratios. In all these works, the geometry type (e.g., rectangle,
ellipse) is fixed and only varies within a very limited range with one parameter. A few
studies [124, 107, 101, 103, 102] have proposed more general techniques to embed geometry
information into the training stage of a DNN such that it can predict the quantities of
interests in unseen domains. However, the overall domain size is still fixed, grid data are

required, and the variability of the objects is limited to specific applications.

Since the training costs of a PDE-solving DNN are generally high, parallel and distributed
computations have been explored in their training [88]. However, the overall training costs
are still high given the iterative and combinatorial process of tuning the architecture, opti-
mization parameters, and loss components. To justify these high training costs, a DNN is

expected to be transferable across multiple applications.

3.2 Transferable Learning of PDEs

Our goal is to surrogate the solution to the IBVP of the following homogeneous PDE in an

arbitrary domain €2 given any BCs g(z,t) and ICs f(z):

H(u(z,t)) =0, z€Q, t>0,
u(x,t) = glx,t), £ed t>0 (3.3)

Fu(z,t=0)) = f(z), z€,
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where H(-) denotes a partial differential operator composed of spatial and time derivatives.
Note that this problem formulation encloses non time dependent PDEs, yielding to the well

known BVP problem:

H(u(z)) =0, zeq,
(3.4)
u(z,t) =g(x), z€ I,

where H (-), here, denotes a partial differential operator composed only of spatial derivatives.
For notational convenience, we drop the dependence of u to x and ¢ and we highlight that
while Equation 3.3 is scalar, our approach is directly applicable to PDE systems such as the

NS equations, see Section 3.3.2.

Building a single DNN that solves the IBVP of Equation 3.3 in any domain and under any
BCs and ICs is an extremely difficult (if not infeasible) learning task because considering
arbitrarily large variations in domains, BCs and ICs in training drastically amplifies the
challenges described in the introduction of the chapter. In our framework, we solve this
difficult task by decomposing it into two simpler (but highly coupled) tasks that correspond
to (1) training a GFNet that solves 3.3 and 3.4 in a genome (i.e., a small square) given
any f and/or g, and (2) building MF predictorthat surrogates the solution in any given
large domain by stitching the genome-wise predictions made by the pre-trained GFNet. The
advantage of our approach is that predicting the solution of the PDE in any new, unseen

domain only relies on task 2, i.e., there is no need to train or re-train a DNN anymore.

Our task decomposition strategy is motivated by curriculum learning [125] which was origi-
nally developed for animal training [126] where difficult tasks are divided into simpler tasks
which are easier to learn and collectively make up the original task. In Section 3.2.1 we
demonstrate that this approach is applicable to solving BVPs, and extend this results to
time dependent PDEs and IBVP. Then, we elaborate on how to build a GFNet and an MF

predictorin Sections 3.2.2 and 3.2.3, respectively.
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3.2.1 BVP and IBVP Decomposition: Why Mosaic Works?

The IBVP in Equation 3.3 is well-posed if the solution, u, is unique. For such a configuration,
u on any arbitrary sub-domain inside 2, inheriting the corresponding ICs and BCs, also forms

a well-posed IBVP.

To illustrate this, let us drop the time dependence and consider the simpler BVP. As shown
in Figure 3.2a for the Laplace equation, the domain 2 is split into two genomes, namely, €2,
and {25. The boundaries of these genomes are denoted by 9€2; and 0€); and they verify that
0 € Qs and 082y € €1, so the domains meet in the middle of 2 (marked blue in the figure).
Once the Laplace equation is solved in €2, u will be available on 9€); and 0€2;. We can now
solve two BVPs: one in 2; and the other in 25 to get the solutions u; and us, respectively.

The above well-posedness relation indicates u; = ulg, and uy = ulq,.

Conversely, if we can find u; and uy while ensuring that the PDE is satisfied on the shared
region, i.e., V2u = 0 on §; Ny, then we will have « since u = u; U uy. Indeed, to find u;
and us we need to solve two BVPs (one in €; and the other in €2y) both of which require
u on J€); and 0€),. Since w is unknown, we propose an iterative strategy to find it on the
shared region: we first randomly assign values to v on 9€2; and 92, and solve two BVPs in
Q1 and 25 to find uy and us, respectively. Then, we use u; and us to update our initial guess
on the opposite borders and repeat this process until a convergence criterion is met (e.g.,
until values on 9€2; and 95 negligibly change across consecutive iterations). Our framework
is similar to this approach except that in all iterations we use a pre-trained GFNet to (1)
quickly find the solution in each genome (i.e., u; and usy), and (2) update the solution on the

inner borders.

The rationale behind using GF'Net for updating the shared values is that it greatly accelerates
convergence by increasing the pace of information propagation from 92 to €2. We illustrate

this property by solving the BVP in Equation 3.1 in a domain of size 2 x 1 (i.e., =
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Figure 3.2 Decomposition of a BVP: The Laplace equation is solved in = [0, 2] x [0, 1] with
three methods: a direct and two iterative approaches. The iterative approach that leverages an
auxiliary genome converges to the direct solution 12x faster.

0,2] x [0,1]) subject to the boundary condition g(z) = 2% — y? + xy. We first use algebraic
multi-grid (AMG) [127] to directly find u in €, see Figure 3.2b. Then, we use AMG within

our iterative approach in two strategies and show that, while both strategies converge to the

true solution obtained by the direct approach, one is significantly faster.

Since 2 is of size 2 x 1, we decompose the domain into two basic genomes of size 1 +§ x 1
that share an infinitesimal non empty region defined by § > 0, see Figure 3.2¢c. In the first
iterative strategy, we initialize the inner borders with zero values for u, solve for u; and wus
using AMG, and exchange data across the borders. This iterative process converges in 300

iterations when the mean absolute error (MAE) compared to the direct solution drops below
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le-14.

The second iterative strategy differs from the former in the update step: after finding
and ug, we update u on the shared border by solving the Laplace equation in an auziliary
genome whose BCs on its two vertical borders are inside €2; and €2y, see Figure 3.2c. Note
that we do not need 6 > 0 in these scenarios. This approach introduces a stronger and more
effective coupling across the basic genomes which, in turn, accelerates the rate of information
propagation from 0f) to the shared border. The higher rate of information propagation
increases the convergence rate by almost 12 times compared to the first iterative strategy,

see Figure 3.2d.

Our framework is akin to the second iterative strategy, except that we always use a single

GFNet to predict the solution in either the basic genomesor the auxiliary genomes.

We demonstrated that this strategy can successfully by applied to solve BVP problems, but
the same approach can used to solve IBVP. In this case, the updates need to be on the shared

border of the basic genomes for any time ¢t. To showcase that the same principles apply, let

| Basic genomel
100.
Auxiliary genome
Basic genome( 103
T L
< 19-6/
s 10
1079.
1 5 10 15
t lterations
(a) Domain decomposition (b) Convergence history in log scale

Figure 3.3 Decomposition of a time dependent PDEs: The Wave equation is solved in
Q2 =10,2] x [0,1] and t € [0, 2] using basic and auxiliary genomes solved with finite differences.
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us consider a particular IBVP for the wave equation

u(x,t)y —c- Vu(z,t) =0, e, t>0,
u(z,t) = g(xz,t) x €N, t>0
u(x,t) = filxz), x€Qt=0 (3.5)

ulz,t=0)=folr) xze€Qt=0

with ¢ =1, fi(z) =0, fi(z) =0, g(z,t) = 2*+y*+z-y-sin(5t), and fo(z) = 2% +y*. We use
the same two strategies to solve it in the domain © = [0, 2] x[0, 1] for time in T’ = {t|t € [0, 2]}.
First, we decompose the larger domain into subdomains, €y x 7' = [0,1 4 §] x [0, 1] x [0, 2]
and Qy x T = [1 —6,2] x [0,1] x [0,2] (see Figure 3.3a). Then, we solve each Q; for t € [0, 2]
and iteratively update the values of g(z,t) for all t € T at 9€; and 0€s, like in the Laplace
example. As shown in Figure 3.3b, and as we are solving two well posed problems, this will
converge to the actual solution when for any t the values of u on 02y and 02y negligibly
change across consecutive iterations. Like its analogous BVP, if this strategy is used with
auxiliary genomes, it further increases the convergence speed, see Figure 3.3a for the domain

decomposition and 3.3b for the speed convergence comparison.
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3.2.2 Genomic Flow Network (GFNet)

The iterative nature of MF predictor requires a GFNet to be able to estimate the PDE
solution inside a genome for a wide range of BCs and ICs. Thus, the inputs must present

the following configuration:

g(xlic7t1)7 g(mgca tl)v RS g(xl])\?bc7t1)7 s 79(1’.1{67 tn)ﬂ g(zgc’ tn)’ o g(x?\?bc7tn)j
g of size Nvarvx Nye X Niime

\(.Tﬁnt,t—O) cey (I’N IC) fl( Zntl), ,f1< %Ltllcl,t:(])/, “eny

u of size Nout X Nic f1 of size Nout X Nic,

fk(lentk)v 7fk(xZ]<[1tkICk)a xr t
- ~ N
fk of size Nout X NICk Ndim

where Ny, Nyars Niime, Naim, Nic, Nic, and Ny, denote the number of points on the
genome boundary for a fixed time, the number of points on the boundary for a fixed spatial
coordinate, the number of variables, the spatial dimensions, the number of the interior points
for the initial conditions and for its ith time derivative, and the number of outputs variables.

z and t indicate the coordinates and time where GFNet predicts the solution.

The above inputs include discretized versions of g(z,t), u(z,t = 0), and fi(z) both in
the spatial and time dimensions. For the discretization of g(z,t), note that ty,....t, =T

discretizes the interval (0,77 and the predicted time ¢ must verify that ¢ < 7.

For the BVP problem on non time dependent PDEs, the inputs can be simplified as follows,

if the time dependence is dropped,

g<xli6)’ g(xgc)a T g(xl])\‘;bc)7 x
g of size vaar X Npe Niim
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In both problems, the necessity of discretizing the borders comes with the possibility of
discretizing the whole domain, using the sampled points of the input to build a gird. Hence,
we can solve the PDE and obtain a discrete output on all the grid points inside the domain,
getting rid of the inputs z, ¢. This is discussed in Section 3.3 as it simplifies the training and

favors the model performance.

The loss function of GFNet is adopted from Equation 3.2 where the size of the training data
(e.g., Ny and N,) and coefficients (e.g., @ and () are chosen based on the PDE and the
GFNet architecture. For instance, our studies indicate that while residual loss improves the
accuracy of some GFNets when learning the Laplace equation, it always reduces the accuracy
in the case of the NS equations, see Section 3.3 for the details and our reasoning. When
residual errors improve the accuracy of GFNet, we introduce a mechanism to adaptively

(instead of randomly) choose the location of collocation points in the genome.

We will discuss and study different architectures in order to refine the GFNet because the

subsequent steps are greatly conditioned by its accuracy.

Since a GFNet takes f1,..., fr and g as an inputs, a wide range of well-posed (and ideally
negligibly correlated) ICs and BCs must be used in training. For linear PDEs such as the
Laplace equation and the wave equation, the PDE has a unique solution as long as the
boundary function g(z) and the initial conditions f;(z) are smooth, i.e., its derivatives in
H(-) exist. Hence, for the Laplace equation we use GPs to generate a smooth function in
1D and then wrap that function around the perimeter of the genome, see Figure 3.4a. For
the wave equation we use GPs to generate a 3D smooth function where we sample the ICs
and BCs for any time ¢t. GPs, widely discussed in Chapter 2, are stochastic processes that
place a prior distribution on functions. By judiciously selecting the hyperparameters of their
kernel, we can generate a wide range of smooth functions that are minimally correlated. For
highly nonlinear PDEs such as the NS equations, the BCs must satisfy mass, momentum,

and energy conservation laws which makes it highly challenging to create well-posed BCs
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via a GP. Hence, we first solve the PDEs with realistic BCs on a large domain and then
extract solutions for small genomes embedded in the domain. This strategy is demonstrated
in Figure 3.4a where the flow in a lid-driven cavity is swept by a genome while recording the
flow on the boundary as well as inside the genome (the cavity’s domain spans [0, 1] x [0, 1]
while the genome has a size of 0.5 x0.5). As argued in Section 3.2.1, this procedure generates
valid data since the flow on each genome’s boundary constitutes the BCs for the BVP on

that genome.

Note that the genomes in training and prediction have the same shape because GFNet does
not learn the effect of the genome’s shape. We can address this limitation by including the

boundary’s geometrical information as input but this is beyond the scope of this work.

3.2.3 Mosaic Flow Predictor

As detailed in Section 3.2.1 we can (1) convert a IBVP in a large domain to multiple IB-
VPs in genomes that cover that domain and then solve these IBVPs iteratively, and (2)
employ auxiliary genomes to significantly accelerate the convergence. Based on the above
two attributes, MF predictor decomposes an unseen domain into two sets of genomes, see
Figure 3.4b. The first set consists of basic genomes that cover the entire domain and can
overlap with each other. The BCs on the borders of basic genomes are either known (if
the borders lie on the large domain’s boundary) or must be inferred via MF predictor. The
second set consists of auxiliary genomes that overlap with the basic genomes to accelerate
the propagation of boundary information into the domain, i.e., to speed up the iterative
process of estimating the unknown BCs of the basic genomes. We distribute these two sets
of genomes based on the following general guidelines. First, we arrange the basic genomes
to cover the entire domain with as little overlap as possible (g1 through g4 in Figure 3.4b).

Then, we place auxiliary genomes on the vertical and horizontal shared borders of the basic
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(b) Step 3: Iterative nature of MF predictor

Figure 3.4 Primary steps of our framework for transferable PDE learning: Steps 1 and
2 are done only once and their cost is fully amortized in step 3 which can be applied to unseen
domains. (@) Training data are generated by either solving a BVP whose BCs are sampled from a
GP, or by sweeping the solution of the BVP in a large domain with a genome (the plot in method
2 corresponds to the velocity magnitude in a lid-driven cavity simulation). (b) Mosaic flow (MF)
predictor estimates the solution in an unseen domain by systematically coupling the predictions of
a GFNet on basic and auxiliary genomes. Note that basic genomescan overlap with each other and
auxiliary genomescan be placed anywhere inside the domain (we have avoided these scenarios to
improve clarity).
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genomes (g5 through ¢9 in Figure 3.4b). Finally, we place an additional auxiliary genome
on every corner/region where four basic genomes connect/overlap (g9 in Figure 3.4b). We
have developed this spatial genome distribution to balance the pace of information transfer
(which directly affects convergence speed) and implementation efforts. As we demonstrate in
Section 3.3.2, for highly nonlinear PDEs such as the NS equations, more auxiliary genomes
can facilitate information propagation when the GFNet fails to do so. In such cases, follow-
ing the above procedure, we place additional overlapping auxiliary genomes on the shared

borders of other auxiliary genomes.

To solve an arbitrary IBVP, MF predictor finds the solution in the genomes set by set
using a pre-trained GFNet and iterates until convergence. The basic genomes’ borders are
initialized with some fixed ICs either with the domain’s BCs if they lie on the domain’s
boundary or with 0 if they lie between basic genomes. The predictions in basic genomes
provide the BCs for auxiliary genomes and then the predictions in auxiliary genomes update
the unknown BCs of the basic genomes. In other words, one iteration of MF predictor is
completed when GFNet is applied to all the genomes exactly once. For non-time dependent
PDEs the iterations stop when the change in the inferred BCs of basic genomes is smaller
than a user-defined tolerance e. For time dependent PDEs, MF predictor only solves for a
given time window 7', dependent on the training and the inputs. Hence, once the solution
for the first time window 7' converges, the MF predictor uses it as ICs for the next time

window, inferring for any time ¢ > T

Figure 3.4b illustrates the spatial distribution of basic and auxiliary genomes and the iterative
nature of MF predictor for solving the Laplace equation in © = [0, 2] x [0, 2] with genomes of
size 1 x 1. In this figure, there are 4 basic genomes that, without any overlap, cover 2. The
BCs are only known on two sides of the basic genomes and hence the MF predictor aims to
predict the unknown BCs on the other two sides. There are also 5 auxiliary genomes that

accelerate the pace of inferring the unknown BCs of the basic genomes. In this example, MF
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predictor converges to the exact solution in 18 iterations.

3.3 Solving PDEs with MF predictor

We showcase both of our approaches, GFNet and MF predictor, by solving the linear Laplace
equation, the non-linear incompressible NS equations and the wave equation in Sections 3.3.1,
3.3.2, and 3.3.3, respectively. In each section, we present the details on data generation, the
different GFNet architectures considered and its accuracy, and the accuracy and performance
(used to refer to computational costs) when the designed GFNets are used in MF predictor.
For the Laplace and NS equation, we compare our approach against the state-of-the-art
PINNs. Finally, we introduce three extra procedures to update the values on the shared

borders.

We use Tensorflow [128] and ADAM [129] optimizer. We implement GFNet with TensorFlow
2 (2.4.0) whereas the PINN related sources [84, 130] used for comparison are built with

TensorFlow 1 (1.8.0).

3.3.1 Laplace Equation

Laplace equation is a BVP that ubiquitously appears in fluid dynamics and heat transfer
[76], see Equation 3.1. In this section, we learn the 2D Laplacian operator via a GFNet in
a unit square domain, i.e., the genome covers [0, 1] x [0,1]. Then, we use MF predictorto
solve the Laplace equation in domains that are up to 1200 times larger and we compare the
accuracy and performance of GFNet and MF predictoragainst PINN [84] and XPINN [88].

Finally, we introduce an optimization variant of MF predictor
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Training Data.

As described in Section 3.2.2, we use GPs to generate BCs. In particular, we use Sobol
sequence [67] to sample the hyperparameters of the Gaussian kernel of a 1D GP. Then, we
draw a sample function (i.e., a 1D curve) from each GP and wrap it around the genome, see
Figure 3.6a. Finally, for each BC, we numerically solve the Laplace equation via PyAMG
[127] which relies on FD to provide the solution on two different settings. First, a uniform
grid that consists of 32 x 32 cells and 128 boundary points (dataset 1), see Figure 3.5a,
and second, a uniform grid of 31 x 31 cells sampled at the corner of the cells (dataset 2),
see Figure 3.5d. In models trained with dataset 2, we do not include the coordinates as
inputs and we enforce the Laplacian via FD. In models trained with dataset 1, we include

the coordinates as inputs and AD is used to enforce the PDE.

Architecture and Training of GFNet.

For the GFNet, we consider a total of 4 different architectures that we group in two
categories depending on the inputs of the network. For the first category (category I),

trained with dataset 1, the GFNet’s inputs include z and the discretized boundary value
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Figure 3.5 Distribution of training data: (a-b-c) Data distribution for dataset 1. There are
128 boundary points, 400 data points, and 400 collocation points. The locations of boundary and
data points are fixed during training while those of the collocation points can adaptively change
based on |[VN/|. (d) Data distribution for dataset 2. There are 124 boundary points, 900 data
points, and 900 collocation points.
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Figure 3.6 Different architectures studied for the Laplace Equation: Architectures (a)
and (b) fall into category I, specifying the coordinates for the output. Architectures (¢) and (d) fall
into category II, providing the output for the whole domain. Architecture (d) is a fixed architecture
based on the U-Net convolutions architecture. Every convolution doubles the number of filters and
every de-convolution reduces them by half. The pooling layer uses average pooling of size 2 and

the upsampling uses bilinear sampling.

function g which in this case has N,. = 128 points. Since Laplace equation has one scalar
variable (i.e., Ny = 1), GFNet has a total of Ny X Nygr + Ngim, = 130 inputs. The output
of GFNet is a single value N(g,z|@) that approximates u(z). This architectures have the

advantage that they can solve for any point inside the domain and that AD can be used to

enforce the PDE.

In category I, we study the following architectures:

e Fully Connected (FC) architecture where g and = are concatenated into one input
vector and passed through all the FC hidden layers, see Figure 3.6a. We describe the

structure of the network as k* ® I/, which denotes i FC layers of size k followed by j

FC layers of size [.
e Linearity-preserving fully connected(LPFC) architecture, a novel architecture that pre-
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serves the linearity of the Laplace equation. In LPFC, we pass the coordinates of the
input point £ through multiple fully connected hidden layers and set the last hidden
layer’s outputs, h, to have the same size as g. The output of GFNet is a linear combina-
tion of g with h, i.e., g - h. With this configuration, h leverages the spatial correlations

in Q and g - h enforces it to conform to the linearity of the PDE. See Figure 3.6a.

We choose tanh as the activation function for both FC and LPFC architectures. The loss
function of GFNet is defined in Equation 3.2 and uses # = 0 and o =1e-3. When minimizing
this loss, three data types are used in each epoch: 128 boundary points, 400 data points
(to reduce training costs, we do not use all the 32 x 32 points where PyAMG provides the

solution), and 400 collocation points.

While the location of boundary and data points are determined by the dataset 1 (and hence
fixed), we adaptively choose the location of collocation points during training based on the
spatial gradients that GFNet estimates inside the genome. These gradients are estimated via
AD and their magnitude, VN, controls the spatial distribution of the collocation points by
increasing the point density in regions where |[VN| is large. Figure 3.5b demonstrates the
spatial distribution of these three data types in one randomly selected epoch during training.
In this figure, boundary and data points are on a grid (since PyAGM generates them based
on FD) while collocation points concentrate near the genome’s border where the solution

tends to change sharply.

For the second category of models (category II), trained with dataset 2, the GFNets’ inputs
include only the discretized boundary value function g which in this case has N,. = 124

points. The outputs of GFNet are the approximations of u( for all 4,5 € Z and

30 1)
0 < 1,7 < 31. The main advantages of category II architectures can be found on its training
simplicity, as we can easily include multiple solutions in a single batch. The training of

category I architectures is limited because to include a single solution we need to include
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all the 400 used data points. For example, for a batch size of 10 solutions, category I
architectures needs 4000 different training samples while categroy I1 only requires 10 samples.
This improved training provides better accuracy and increased performance in prediction.
As AD can not be used in this coordinate-less architectures, the PDE is enforced by FD

approximations of the spatial derivatives. In category II, we study the following architectures:

e Fully Connected (FC) architecture where g is passed through all the FC hidden layers,

see Figure 3.6c.

e U-Net convolutional (UNC) architecture inspired in the U-Net architecture [131]. In
this architecture, the inputs g are considered as an image, padding with zeros all the
values inside of the domain. The inputs are passed through a series of convolutions and
max pooling layers to extract features. This features are then passed through several
FC hidden layers that preserve dimensionality. Finally, the domain is reconstructed by

a series of de-convolutions and upsampling layers. See Figure 3.6d.

We choose swish as the activation function for both FC category II and UNC architectures.
The loss function of GFNet is defined in Equation 3.2 and uses § = le — 15 and a =1e-6 or
a =0 . When minimizing this loss, we use all the data points in the grid. This corresponds

to 124 boundary points, 900 data points and 900 collocation points evaluated using FD.

Accuracy for Unseen BCs.

Both categories of architectures are trained with 8000 Laplace solutions of the corresponding
dataset. For each, we test several combinations of hyper-parameters and fine tune the
individual models. The best architectures found are the following. For the FC category I,
the best architecture consists of 14 hidden layers of sizes 322 ® 642 ® 96° ® 128 which make

a cone as shown in Figure 3.6a. The inverse the order of these hidden layers is used to get
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the best architecture for LPFC. For the FC category II, the best architecture consists of 5
hidden layers of sizes 100° ® 1024, which greatly reduces the number of parameters needed to
learn the operator. Regarding the UNC architectures, the best model follows the structure
shown in 3.6d. The initial number of filters for the convolutions is 16, which is doubled after
every two convolutions, and the kernel size used is 3. The FC structure of the UNC consists
of 4 hidden layers of sizes 100® ® 64. The FC output is later de-convoluted to its original
shape using transpose convolutions of kernel size 3 that reduces the number of filters by half

every two de-convolutinos.

The resulting GFNets are tested on 900 unseen Laplace solutions generated by PyAMG
where the MAE, MAR or the MSR (mean squared error for the residual) are evaluated at

all the 32 x 32 grid points that compose the grid of dataset 2.

From Table 3.1 we observe some interesting conclusions. First, the more samples used
in training, the more accuracy the model presents. However, this behavior is not linear
and increasing the number of samples further than 8000 produces from few to non gain.
Second, category II architectures present a more favorable training. Not only we can use a
bigger batch size with the same computing resources but this models can be trained using
residual loss only, which eliminates the need for data generation. We were unsuccessful
when trying to train category I architectures with only residual loss. However, only when
data points are used in training we reach the best accuracy. Third, and regarding category
I architectures only, we observe that LPFC learns the Laplacian operator more accurately
than FC category I by one order of magnitude. This superior accuracy is because FC applies
a non-linear activation function (tanh) to g which conflicts with the linearity of the Laplace
equation. On the contrary, LPFC applies the non-linear activation function only to z and
retains the linearity of the Laplacian operator. Fourth, the overall best model by half an
order of magnitude, is the UNC architecture. Therefore, we select UNC architecture trained

without collocation points as the GFNet for the final model in MF predictor.
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Training Test on unseen BCs

Arch. Samples Points MAE MAR MSR

Network Precision

FC Cat. I Single A 2000  100\400 | 2.64e-3  1.72e-1 -
FC Cat. 1 Single B 4000  400\400 | 1.30e-3  7.12e-2 -
FC Cat. I Single B 8000  400\400 | 8.79e-3  4.17e-2 -
FC Cat. I | Double B 8000  400\400 | 8.12e-4  3.84e-2 -
LPFC Single A 2000  100\400 | 5.42e-4  2.33e-2 -
LPFC Single B 4000  400\400 | 4.33e-4  2.05e-2 -
LPFC Single B 8000  400\400 | 4.10e-4  1.30e-2 -
LPFC Double B 8000  400\400 | 4.07e-4  1.5le-2 -
LPFC Single B 18000  400\400 | 4.10e-4  1.46e-2 -
LPFC Double B 18000  400\400 | 4.10e-4  1.46e-2 -
FC Cat. II | Single C 8000  900\900 | 3.48e-4 - 1.94e-6
FC Cat. II | Single D 8000 900\0 | 3.06e-4 - 2.43e-1
FC Cat. II | Single E 8000 900\0 | 4.28e-4 - 8.19e-1
FC Cat. IT | Single F 8000 0\900 | 4.49e-2 - 1.99e+1
UNC Single G 8000  900\900 | 1.29e-3 - 1.80e-2
UNC Single H 8000 0\900 2.06e-3 - 3.32e+0
UNC Single G 8000 900\0 | 8.28e-5 - 6.27e-2

Table 3.1 Accuracy of different GFNets on learning the Laplacian operator: For Category
I architectures, LPFC architecture learns the Laplacian operator more accurately than FC. For
the Category II, overall more accurate than Category I, UNC outperforms FC. Different models
configurations were tested, but only the best results are reported. The training column includes
the number of samples used, data/collocation points, and the alpha value used in the loss. The
test column reports the MAE and the mean absolute residual (MAR) or the mean squared residual
(MSR) which are calculated by evaluating GFNet’s predictions against PyAMG [127]. A = 32? ®
642 ® 962 ® 1282, B = 322 ®64%2 ® 96° ® 128°, C' = 100° ® 1024, D = 200° ® 1024, E = 150* ® 1024,
F =128% ® 1024, G = U-Net with 1003, H = U-Net with 100"

For all the architectures, further increasing the number of hidden layers or units did not

noticeably affect accuracy.

We also test single and double-precision computations but no significant difference in accu-
racy is observed for GFNet (see Table 3.1). Since the former is 17% faster when used with

MF predictor(see Figure 3.7), we choose the model trained with single-precision.
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Accuracy on Unseen Domains Subject to Unseen BCs.

We first evaluate MF predictor on square domains of area A > 1 with two boundary
functions ¢;(s) = sin(2rs/v/A) and gy(s) = sin(27s) where s parameterizes the boundary.
We gradually increase A and execute MF predictor using the best GFNets for each category.
The accuracy of MF predictor is measured by the MAE between the converged solution and

the ground truth generated with PyAMG. Figure 3.7 summarizes the results.

At A = 1, the error is solely due to GFNet (i.e., inferring the solution for an unseen BC).
For both gi(s) and go(s), the MAE spikes at A = 2 x 2 as it starts to include additional
error accumulated during the iterative process in MF predictor. However, as A increases, the
influence of BC on the inner region of the domain reduces, and therefore MF predictor can

more accurately predict the solution. As a result, MAE decays and plateaus once A > 4 x 4.

The converged MAEs for g;(s) and go(s) are different. For g¢;(s), the boundary function
oscillates less across the domain boundary as A increases which simplifies the genome-wise
BVP compared to A = 1. Therefore, at A = 8 x 8, even with the additional accumulated
error due to MF predictor, the MAE is less than that at A = 1. However, for gs(s) the

oscillation frequency does not depend on A and hence the MAE at A =8 x 8.

We also demonstrate the transferability and scalability of MF predictorby solving the Laplace
equation in a domain that resembles “Mosaic Flow” and is 1222.5x larger than the training
domain (i.e., a genome), see Figure 3.1. The prescribed BC is g(z) = sin(27(z/6+y/5)) and
2020 genomes (basic and auxiliary) are used. MF predictor with LPFC converges in 9821
seconds with an MAE of 2.61e-3 and MF predictor with UNC converges in 1370 seconds

with an MAE of 2.12e-3, evidencing the increased performance of category II architectures.

With these results, we evidence yet another the benefit of using category II architectures over

category I ones as for larger domains we see several orders of magnitude of improvement in
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Figure 3.7 Accuracy and performance of MF predictorand PINN for the Laplace equa-
tion with two different BCs: For the boundary condition g;(s) = sin(2ms/v/A), PINN achieves
better accuracy than MF predictor. However, for the more complex BC g5(s) = sin(27s), the accu-
racy of PINN drops, especially in larger domains. Note that while PINN is re-trained for every new
BC, MF predictor has never seen these BCs. In terms of computational costs (sum of training and
inference times), PINN is several orders of magnitude slower than MF predictor (we were unable
to train PINN on the 8 x 8 domain due to very high costs). In addition, MF predictor with single
(SP) and double-precision (DP) yields near identical results. The best results are obtained by MF
predictor with optimzation, see Section 3.3.1

the performance. This is because, for updating the shared borders, category I architectures
need to call the model up to 128 different times for each genome while category II models

require a single call per genome. Although both categories’ performance can benefit from

the use of batched inputs, category II models are still more desirable.

Comparison with PINN and XPINN.

We compare the accuracy and computational costs of GFNet and MF predictor against
a state-of-the-art PINN which has the feed-forward architecture of 60 ® 60 ® 60 ® 60. To
maximize the accuracy of this PINN, we train it with a two-stage optimization process
[132] that starts with 40000 iterations using ADAM [129] and is followed by a second-order
optimization method based on L-BFGS [133]. We use 20000 x A collocation points and
32 x 4 x /A boundary points to consider the effect of A. Contrary to PINN, L-BFGS is not

used in fine-tuning GFNet.

58



The evaluation results are illustrated in Figure 3.7. PINN and GFNet achieve a similar
accuracy for a single genome, unless the UNC architecture is used. For the simpler BC,
g1(s) = sin(2rz/+/A), PINN achieves smaller MAEs compared to MF predictor for A > 1.
This higher accuracy is because (1) the parameters of PINN are fine-tuned with L-BFGS
while GFNet is trained via Adam (GFNet cannot be trained via L-BFGS since it has too
many parameters), and (2) PINN is specifically trained on this BC (and cannot be used for
any other BC) while MF predictor assembles the predictions from a GFNet that has never
seen this BC. For the more complex BC, gy(s) = sin(27z), PINN fails to scale up to large
A; indicating that its architecture is domain-specific and must be optimized anew. Unlike
PINN, MF predictor scales up quite robustly to large domains with unseen BCs without the
need to re-train or fine-tune its GFNet. Remarkably, MF predictor is between 3-5 orders-of-
magnitude faster than PINN depending on the domain size when category II architectures are
used which underscores its potential for scalable inference, especially on large and complex
domains (for instance, we were unable to train a PINN on an 8 x 8 domain due to the

extremely high training costs).

Finally, we test MF predictor against XPINN [88] which is an extension of PINN that
aims to address PINN’s scalability issues. XPINN divides a domain into some sub-domains
and trains a PINN on each one while ensuring continuity across the sub-domains. In our
comparison, we choose a square domain of size 2 x 2 subject to the BC: g;(s) = sin(27z/v/A)
and divide it into 4 square sub-domains of equal sizes. The 4 PINNs used in XPINN have
an architecture of 20 ® 20 ® 20 ® 20 and are trained using Adam for 5000 epochs with 16000
collocation points and 128 boundary points. Table 3.2 enumerates the accuracy of XPINN

and MF predictor and shows that our approach is two orders of magnitudes more accurate.
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Method MAE
MF predictor 4.84e-04
XPINN 2.12e-2

Table 3.2 XPINN vs. MF predictor with UNC: Both methods surrogate the Laplace operator
in a square domain of size 4 x 4.

MF predictor with optimization

In the previous results, MF predictor updates the unknown border values iteratively, merging
the predictions of the basic and the auxiliary genomes. We refer to it as iterative iterative MF
predictor. Although the approach converges for all the studied domains, there is no strong
guarantee that the iterative MF predictor will converge in for any scenario, specially if the
GFNet used presents a low accuracy. To bypass this problem, we can substitute the iterative

updates of the unknown border values for an optimization problem with the following loss:

Loss= Y (N(@il8)ng® —zng*)’+ Y. W(gle)ngi—zng)’
vie{l,..N} vie{l,..N}
vje{l,..M} vje{l,..M}

where z is the set of shared borders, g® represents the set of border values for the N basic

genomes, and g® represents the set of border values for the M auxiliary genomes.

As shown in Figure 3.7 the accuracy for the MF predictor with optimization is greater than
the iterative approach, but, as it requires more computational cost, the performance sharply

decreases.
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3.3.2 Navier-Stokes Equations

The 2D incompressible NS equations are:

Hy : Ou+ 0yv = 0,
Hy : ud,u + vdyu + 0,p — vV?u/p = 0, (3.6)

Hj : ud,v + vd,v + dyp — vV?v/p = 0,

where u(z), v(z), and p(z) denote velocity components and pressure, respectively. We solve
Equation 3.6 in a lid-driven cavity problem where the top lid moves with an arbitrary
horizontal velocity, i.e., u = g(z),v = 0, and the remaining boundaries are treated as static
viscous walls where u = v = 0. We fix p = 1.0 and v = 0.002 and aim to predict u(z), v(z),
and p(z) in unseen domains that have unseen BCs on the top lid and are larger than a
genome. Our imposed lid velocity profiles can be highly nonlinear functions and collectively
generate Reynolds numbers in the (0,500) range. The corresponding flow fields are also more

complex than cases where the top lid moves with an uniform velocity.

Training Data.

To generate the training data we solve the NS equations with OpenFOAM [134] for two
types of flows: cavity flow and channel flow. The velocity profile for the top moving lid and
the inlet are sampled via GPs. For each solution field, we obtain the solution on a uniform
grid with cells of size of h = 1/64. We sweep this grid with a genome of size 0.5 x 0.5 and
record the values on the boundary and inside the genome, see Figure 3.4a. To generate a
wide variety of data we sample the flow for different square cavities of size 2 x 2, 1 x 2,
1.5 x 1,2 x 1, 3 x 1, for a step-shaped cavity of size 2 x 2, and for a channel of developed

flow of width 1.
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ID | Flow Type | Shape Size Sampling Scheme | Samples
1 Cavity square | 2 x 1 and 1 x 2 I 2634
2 Cavity square | 2 X 1 and 1 x 2 17 6000
3 Cavity square 2 %2 117 900
4 Cavity step 2x2 117 900
5 Cavity square 1.5 x1 117 900
6 Cavity square 3x1 117 1800
7 Channel - - I 877

Table 3.3 Data sets for the NS equations: By solving different NS problems we can obtain data
from several sources. The flow fields can be sampled using different schemes to prevent correlation
on the training samples, understanding that, with more correlation, more samples are available.

Including any genome inside those domains in the training data can lead to highly correlated
training samples which would adversely affect GFNet’s training. Hence, to get rid of possible
correlations we sample the solution field in three ways. By randomly sampling the solutions
and discarding a sample if the Euclidean distance of its BC to another sample’s BC, i.e.,
lg; — g;], is small (I), by sampling every solution with basic genomes of size 0.5 x 0.5 that
covers the domain (/7), and by space filling sampling of the domain (//7). With the different

flows available we generate a total of 7 data sets to train the GFNet’s.

Architecture and Training of GFNet.

Following the same procedure as for the Laplace operator, we also design two categories
of architectures (I and II). For category I architectures, the GFNet’s inputs include the
velocities (u,v), extracted at the 128 boundary points located at the grid vertices located on
the boundary, and z, i.e., a total of N,q X Ny + Ngim = 128 x 2+ 2 = 258 inputs. Following
[132], we exclude the BC on p from the inputs to simplify the learning task. Category I
architecture’s outputs N (g,z|0) = (u,0,p) are 3D and approximate the solution (u,v,p)
at . For category II architectures, the GFNet’s inputs include (u,v,p), extracted at the
same grid vertices, so a total of Ny, X Np. = 128 x 3 = 384 inputs. Due to the increased

training advantages of category II architectures, we do not need to simplify the learning task
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and can include p as an input, which actually provides more accurate models. The outputs
N(g|0) = (4,0,p) are 3D and approximate the solution (u,v,p) at all the grid vertices of

the domain.

The loss function of GFNet is adopted from Equation 3.2 as follows:

No
1 X ) )
L) = 57 22 (1l =)+ %2(0 —0)* + 730~ p)’)
(3.7)
Ny
1
+ Fl Z (ClelQ + CK2H22 + 043H32) + ﬁ]0]2

where the first summation minimizes the error on predictions, the second summation penal-
izes the residuals, and the last term represents the Tikhonov regularization. vy = [y1, ¥z, 73],
a = [a1, a9, a3, and f balance the contributions to the overall loss. In case of category
I architectures Hy, H,, and H3 are obtained using AD on the inputs, while in category II

architectures they are approximated via FD.

In category I, due to the non-linear nature of NS equations, we only study the FC architecture
which uses tanh activation function in all the layers but the last, which uses linear. In
category II, we study both the FC architecture and three modified versions of the UNC.
UNC with global convolution and global de-convolutions (UNC-GC-GD), which recreates the
exact same configuration UNC but the inputs and outputs have 3 channels corresponding
to (u,v,p). UNC with global convolution and particular de-convolutions (UNC-GC-PD),
where after the FC layers, each channel has its own de-convolution process. And UNC with
particular convolutions and particular de-convolutions (UNC-PC-PD), where each input is
treated independently both in the convolution and the de-convolution processes, and the FC
layers are used to relate the three different parts. For all the category II architectures we
use swish activation functions in all the layers but the last, which uses linear activation

functions.

The depth and size of our GFNet are considerably larger than the networks in related works
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[84, 130, 132, 135] because we (1) use BCs (which are high-dimensional) as inputs, and
(2) find that a deep network with Tikhonov regularization generalizes better than shallow
networks that exclude regularization. To find the optimal values of 4, a, and 3, we set
Y1 = Y2 and a3 = ag = a3 = « since u and v are equally important and the three equations
are highly coupled, i.e., no reason to penalize one equation’s residual more than the others.
We alter 3 between le-25 and 1le-9 and for each value of (3, test a few combinations of ~v;, 3

and a.

For data-only category I GFNets, i.e., @ = 0, reducing pressure’s contribution to gradient
descent improves the overall accuracy. We use 73 = 0.5 since further decreasing it to v3 =
0.2 negligibly improves the predictions for velocities while increasing the error on pressure
by 27%. Following these principles, 73 = 0.5 was adopted by all the category 1T GFNet

architectures.

While using collocation points in category I architectures reduces the accuracy by more
than 50%, category II architectures do not suffer from this pathology. Like in the Laplace

example, category II GFNets can be trained using collocation points only. The main reason

Network Arch. | Points Y1, V3 ! Ié] Validation MAE Validation PDE loss
FC Cat. 1 A 961/- 1.0 10| O le-11 | 1.02e-3  1.0le-3  6.49e-4 - - -
FC Cat. I A 961/- 1.0 0.5 0 le-10 | 6.8le-4  6.43e-4  b5.5le-4 - - -
FC Cat. I A 961/- 1.0 02| 0 |1le-10| 6.42e-4 6.30e-4  7.05e-4 - - -
FC Cat. 1 A | 576/1200 | 1.0 0.5 | 1e-3 0 1.48¢-3 1.24e-3  8.79¢e-4 | 8.30e-4 2.58e-3 4.5le-4
FC Cat. I A 576/1200 | 1.0 0.5 | 1le-2 | 1e-10 | 1.88e-3  1.56e-3  9.84e-4 | 3.20e-4 4.57e-4 1.94e-4
FC Cat. II B 961/- 1.0 05| 0 | le-15| 5.05e-4 4.80e-4  3.09e-4 - - -
FC Cat. I B 961/961 | 1.0 0.5 | le-4 | 1le-15 | 5.13e-04 5.13e-04 3.20e-04 | 1.11e-4 9.32e-5 8.48e-5
FC Cat. II B -/961 1.0 0.5 1 le-15 | 7.05e-3  6.79e-3  6.82e-3 | 4.94e-4 8.49e-4 6.39e-4

UNC-GC-GC | C 961/- 1.0 05| 0 | le25| 1.06e-3 9.94e-4  5.05e-4 - - -
UNC-GC-PC D 961/- 1.0 0.5 0 le-25 | 1.18e-3  1.04e-4  4.47e-4 - - -
UNC-PC-PC D 961/- 1.0 0.5 0 le-25 | 6.72e-04 8.76e-04 2.81e-04 - - -

Table 3.4 GFNet’s accuracy in learning the NS equations with dataset ID 1: The first
column indicates the network used and the second the structure of the corresponding FC layer
in that architecture. The first and second values in column three indicate the number of data
and collocation points, respectively. 1, 3, «, and 8 are the coefficients in Equation 3.8. The
three validation error and loss values correspond to u(x),v(z), and p(z) which denote the velocity
components and pressure, respectively. A = 2563 ® 1283 ® 96 ® 643 ® 322 ® 3, B = 350° ® 3267,
C = 1003, D = 200?
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why category I architectures cannot be successfully trained with PDE loss is the following.
In the training, AD is used to compute the derivatives analytically and regularizes the
differential form of the NS equations while OpenFOAM solves the integral form of the NS
equation. Note that the velocity and pressure from OpenFOAM are accurate but their
derivatives differ from the ones obtained by analytical differentiation and dissatisfy the PDE
residual in Equation 3.8. For instance, OpenFOAM reports an average residual of 9e-10
for Hy using the velocities shown in Figure 3.10b. However, the same velocities result in an
average residual of 3e-4 if FD is used to calculate the derivatives in Equation 3.6. As a result,
the data loss and PDE residual contradict each other during gradient descent and decrease
the overall accuracy of GFNet. In category II architectures, as FD is used to approximate
the derivatives, this differences are reduced and the undesirable effect of it to the PDE loss

mitigates, specially when models are trained with a low a.

In Table 3.4, we find the best architectures trained using dataset ID 1 only. As for the lid-
driven cavity problem, we are interested in inferring the velocity accurately across unseen
BCs and unseen domains, we choose as GFNet the model with the lowest MAE in velocity
which is obtained for the category II FC architecture of size 350° ® 3267. The subsequent

results will be provided using this architecture.

Increasing the accuracy of GFNet.

In the previous section, we selected category II FC as the best architecture that has been
studied. However, the MAEs reported at 3.4 were achieved by only considering dataset 1D
1. We can further increase the accuracy of GFNet by repeating the training with other

combinations of datasets.

The results for these trainings, displayed in Table 3.5, demonstrate that the use of more

boundary conditions and flow solutions benefits the accuracy of the GFNet. By comparing
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Model ID Datasets Test on unseen BCs

112134 |5|6|7| MAEu | MAEv | MAE p
ID1 Y| NIN|N|N|N|N| 5054 | 4.80e-4 | 3.09¢e-4
ID 2 Y I NIY|Y|Y|Y|N]| 249e4 | 2.36e-4 | 1.49¢-4
1D 3 Y| NIN|N|N|N|Y| 520e4 | 4.03¢-4 | 3.39¢-4
1D 4 Y N|IY|Y | N|N|Y| 490e4 | 4.11e-4 | 3.26e-4
ID 5 Y I NIY|[Y|Y|Y|Y]| 528e4 | 4.14e-4 | 3.31e-4
ID 6 NIY| N|N|N|N|N| 2124 | 2.10e-4 | 1.41e-4
ID 7 NIY|Y|Y|N|N|N| 215e4 | 2.11e-4 | 1.37e-4
ID 8 NIY|Y|Y|Y|Y|N|183e4 | 1.74e-4 | 1.16e-4
ID 9 NIY|Y|Y| Y |Y|Y| 3994 | 3.28e-4 | 2.55¢-4

Table 3.5 Improving the accuracy of the GFNet: Category II FC architectures of size
350° ® 2883 trained using different datasets. Y (yes) indicates that a dataset is used while N (no)
indicate that it is not. For each sample in the data set, 951 data points are used in training but
no collocation points are present. Each resulting training set is randomly divided three minor sets
of proportions 8:1:1. The first and second sets are used as training and validation data while the
third set is used after the training to test the GFNet. The MAEs are reported using the data on
the test set.

the accuracy of model ID 1 against the one for model ID 6, we observe that variety of flows
is more important than the variety of BCs when learning of the NS operator. In dataset 1D
1, the data is selected to avoid correlations between BC which penalizes the low magnitude
flows. However they are as important as the others in terms of learning the NS operator.

For the same reason, the more datasets used in the training the more accurate the model

becomes.

We note that the pressure and velocity scales of the channel data are different from the
ones in the cavity flows. Thus, when models are trained with dataset 8, the test accuracy
is reduced. Sampling more data from this kind of flow fields would not only reduce the
negative effects of including it but would also increase the accuracy of the model, as we see
when we add other cavity flows. After this extended training, the best GFNet for solving

NS equation is considered to be model ID 8.
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Accuracy for Unseen Domains subject to Unseen BCs and Comparison with

PINN.

We evaluate the accuracy of MF predictor in three different cavities where the unseen BC

is again generated via a GP and determines the velocity profile of the top lid:

e A square cavity of size [0,1] x [0, 1] which is four times larger than the genome used

in training the GFNet.

e An step cavity domain of size ([0,2] % [0,2])\([0, 1] x [1,2]) which is twelve times larger

than the genome used in training the GFNet.

e A long cavity of size [0, 3] x [0, 1] which is twelve times larger than the genome used

in training the GFNet.

To cover the domain, we use MF predictor with basic and auxiliary genomes arranged as
shown in Figure 3.4b, the same distribution as the one used throughout Section 3.3.1. How-
ever, the highly non-linear nature of the NS equations complicates the propagation of the
boundary information. During our preliminary studies, we observed that only using basic
and auxiliary genomes does not always provide sufficient accuracy if the GFNet itself is not
accurate enough to propagate the boundary conditions. Figure 3.8b exemplifies this pathol-
ogy when the best category I FC architecture is used in solving the square cavity unseen
domain. Using only 9 genomes does not provide sufficient accuracy and the MAE for ve-
locity components u and v are 7.15e-2 and 6.82e-2, respectively. To address this issue, we
place another layer of overlapping auxiliary genomes that facilitates the information prop-
agation, see Figure 3.8d. As shown in Figure 3.8¢, using 19 genomes significantly improves
the accuracy and reduces the MAE of velocity components v and v to 5.68e-3 and 4.96e-3,
respectively. However, more accurate GFNets, model ID 8 for instance, successfully propa-

gate the boundary conditions and do not benefit for the use these extra overlapping genomes.
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When only basic and auxiliary genomes are used, the MAE for velocity components u and
v are 2.28e-4 and 2.29e-4, respectively. If the extra genomes are used, the accuracies are
2.45e-4 and 1.99e-4. In Table 3.6, we show how in some problems using overlapping genomes
negatively affects the accuracy of the models as we are introducing more GFNet errors in
the predictions and the BCs are already successfully propagated. In terms of performance,
the solving time present the same order of magnitude because although the performance of

single iterations decreases using overlapping genomes, less iterations are needed to converge.

To compare accuracy and performance with the state-of-the-art models, we construct the
PINN designed in [130] to solve the lid-driven cavity problem with u = 1,v = 0 on the
top lid (we were able to reproduce the accurate results reported in [130]). We re-train the

model for 40000 epochs with Adam using the architecture 50 ® 50 ® 50 ® 50 ® 50, 4 x 129
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Figure 3.9 Velocity magnitudes vu? + v? for flow in a square lid-driven cavity with
unseen BC: (a) The ground truth is simulated by OpenFOAM [134]. (b) MF predictor, with cat-
egory I FC architecture, fails to accurately predict the velocities with 9 genomes. (¢) MF predictor,
with category I FC architecture, accurately predicts the unseen conditions with 19 genomes and
achieves an MAEs of 5.68e-3 and 4.96e-3 for velocities (u,v), respectively. (()d) In addition to the
9 genomes (g1_9) arranged as shown in Figure 3.4b, we add 10 more auxiliary genomes (gio—19) to
improve MF predictor’s accuracy in resolving the unseen flow.
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boundary points, and 10000 collocation points. However, as shown in Figure 3.10c, PINN is
unable to resolve the flow field and the MAE for velocities (u,v) are as large as 1.52e-1 and
1.39e-1. This indicates that the architecture of PINN only applies to the specific BC used
in [130], i.e., changing the BC requires not only re-training the PINN but also re-designing

its architecture. Regarding computational costs, MF predictor with 9 genomes converges to

) i MAEs )
Approach | GFNet | Cavity | Overlapping Genomes MAE «  MAE o Time [
No 2.98c-4 229c-4 | 48
sduare Yes 92.450-4  2.03e-4 | 7.5
. No 3.71e-3  3.91e-3 20
Tterative | A step Yes 6.83¢-3  6.65¢-3 18
long No 1.64e-3  1.29e-3 15
Yes 2.15e-3  2.28e-3 17
No 2.38¢-3  1.61e-3 14
Suare Yes 1.639¢-3 1.25e-3 | 37
) No 2.24e-3  2.63e-3 62
Adaptive | B step Yes 3.07¢-3 3773 | 51
No 2.37¢-3  1.64e-3 23
long
Yes 3.060-3  2.59¢-3 53
No 1.94e-4  2.09e-4 42
Sauare Yes 1.86e-4  1.67c-4 73
No 2.79¢-3  3.09¢-3 | 182
Ensemble | C step Yes 496e-3 5.12-3 | 170
No 1.40e-3 6.4e-4 63
long
Yes 2.06e-3 1.63e-3 | 200

Table 3.6 Iterative MF predictor, adaptive MF predictor, and MF predictor ensemble
applied in different cavities: Three different updating schemes for MF predictor are evaluated
in three different domains: square cavity, step cavity, and long cavity. Y (yes) in the overlapping
genomes column indicates that MF predictor uses an extra layer of auxiliary genomes to favor the
boundary condition propagation while N (no) indicates that only the regular basic and auxiliary
genomes are being used. As convergence criteria, we use the stagnation of the solved flows in terms
of MSE. The time to solve each domain is displayed in the last column. A represents a single
GFNet of size 350° ® 3267. B represents a combination of 5 GFNets of sizes 350° ® 3267. In the
selected five GFNets we find one original GFNet, two I-GFNets and two B-GFNets. C' represents
a combination of 11 GFNets of sizes 350° ® 3267. Multiple GFNets, I-GFNets and B-GFNets are
used.
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Figure 3.10 Velocity magnitudes vu? + v? for flow in a square lid-driven cavity with
unseen BC: (a) The ground truth is simulated by OpenFOAM [134]. (b) MF predictor, model ID
8, accurately predict the velocities with 9 genomes. (¢) PINN fails to resolve the flow and achieves
MAEs 1.52e-1 and 1.39e-1 for velocities (u,v).

an accurate solution in 4.8 seconds while the PINN’s training takes 8846 seconds.

We further evaluate MF predictor by predicting the flow in a step-shaped lid-driven cavity
that has an unseen velocity profile set to the top lid, see Figure 3.11. This unseen cavity is
12 times larger than our genomes and is decomposed into 12 basic and 21 auxiliary genomes
(or in 12 basic and 42 auxiliary genomes, if overlapping genomes are used ). The accuracy
and performance results can be found at Table 3.6. Figure 3.11 compares the results from
MF predictor and the ground truth simulated by OpenFOAM [134] using the same grid
resolution as in data generation. MF predictor converges in 20 seconds which is almost
4 times more than the cost of solving the square cavity with MF predictor in 3.10c. This
increase in inference time relates with the 3:1 area ratio between the two domains. The MAE
for velocities (u,v) are 3.71e-3 and 3.91e-3, respectively, which are larger than the MAE for
the square cavity by 1 order of magnitude. As shown in Figure 3.11c and 3.11d, the increased
error primarily comes from complex flow patterns. During training, GFnet only captures the
flow on a local scale and does never see the intricate interactions that the flow over the step
corner creates. Nonetheless, MF predictor still captures all three vortex structures in the
cavity as shown by the streamlines in Figure 3.12c. We also observe some nonphysical flows

in the near-wall regions where the streamlines should be parallel to the wall. This error is
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Figure 3.11 Velocity magnitude v/u? + v? and streamlines for the flow in a step-shaped
lid-driven cavity and the long lid driven cavity:. (a,b,c,d,e) For the step-shaped cavity, MF
predictor, model ID 8, achieves MAEs of 3.71e-3 and 3.91e-3 for velocity components u and v,
respectively, compared to the ground truth simulated by OpenFOAM [134]. The streamline plots
(colored by velocity magnitude) reveal that the step induces a complex flow pattern that consists of
three inter-related vortices and MF predictor successfully captures all these vortex structures while
the GFNet has never seen such scenarios during training. (f,g,h) For the long cavity, MF predictor,
model ID 8, achieves MAEs of 1.64e-3 and 1.29e-3 for velocity components u and v, respectively.
The streamline plots (colored by velocity magnitude) reveal that MF predictor successfully captures
the two inter-related vortices that the long cavity shape produces.
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caused by the inaccuracies of GFNet in predicting the flow on the boundaries.

Lastly, we evaluate the flow generated in a long cavity as shown in Figure 3.11. Again, MF
predictor can successfully predict the intricate flow behavior that arises with this cavity,
extrapolating form a local scale to a global one. The MAEs for the u and v velocities are
1.64e-3 and 1.29e-3, respectively and the solving time is 15 seconds. Three times more than
the time needed to solve predict the smaller square cavity. Again, this evidences that the

approach scales almost linearly with the domain.

Adaptive MF predictor

By inspection on the streamlines of the three predicted flows, we observe that MF predictor
fails to produce physical feasible solutions near the boundaries of the domain. See in Figure
3.12d how at the bottom of the step cavity the predicted streamlines end into the walls,
which creates an unfeasible flow. To address this issue, we would like to use specifically
trained GFNets in those regions, adaptively solving the flow and improving the accuracy of
MF predictor, in physical terms, near the borders. To do so, we design the adaptive MF
predictor, a novel upgrade for MF predictor that automatically selects, out of N specifically
trained GFNets, the one that can better solve the flow at each different location on the
domain. The selection is automated using a classifier DNN, trained to learn which of the N

GFNets provides the smallest MAE given the current u, v, p in the genome.

We obtain the specifically trained GFNets in two steps. First, we expand the number of
available training datasets with two new sampling schemes: (IV) by randomly sampling
genomes laying in the borders only and (V') by randomly sampling genomes laying in the
interior of the domain only. We extract these genomes from the current solved square cavities
of size 2 x 1, 1 x 2 and 2 x 2 1.5 x 1 and 3 x 1, from the solved step cavities, and from

the solved channel flows. In total, this generates 14 new datasets, 7 with interior genomes,
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GFNet type Datasets Test on unseen BCs
112134 |5]6| 7| MAEu | MAEv | MAE p
GFNet NIY|Y|Y|Y|Y|N|183e4 | 1.74e-4 | 1.16e-4
I-GFNet Y| Y| Y| Y| Y|Y|N]|145ee4 | 1.39e-4 | 880e-5
I-GFNet Y Y| Y| Y| Y|Y|Y]| 5274 | 3.51le-4 | 3.48¢e-4
B-GFNet | Y| Y| Y|Y|Y|Y|N| 1684 | 1.65e-4 | 1.10e-4
B-GFNet | Y| Y| Y|Y|Y|Y|Y | 496e4 | 3.43e-4 | 3.37e-4

Table 3.7 Training accuracy of the top 5 more representative specifically trained
GFNets: Category II FC architecture of size 350° ® 2883 trained using different datasets. I-
GFNet indicates that only interior genomes are used in training while B-GFNet indicates that
only border genomes are used. We represent with Y (yes) that a dataset is used while N (no)
indicates that it is not. For each sample in the data set, 951 data points are used in training but
no collocation points are present. Each resulting training set is randomly divided three minor sets
of proportions 8:1:1. The first and second sets are used as training and validation data while the
third set is used after the training to test the GFNet. The MAEs are reported using the data on
the test set.

and 7 with border genomes. Second, we retrain the best GFNet architecture, category II FC
with size 350° x 3267, using different combinations of these new datasets and old ones. This
leads to three groups of specifically trained GFNets ready to be used in prediction: border

GFNets (B-GFNet), trained with border genomes only; interior GFNet (I-GFNet), trained

with interior genomes only; the original GFNets, trained with the original datasets.

Once we have the specifically trained GFNets, we can obtain the classifier trained to adap-
tively select one of these GFNets when solving each genome. As the number M of trained
models can be large, we ease the learning task of the classifier by only selecting the top N
most representative models. To find out how representative a model is, we record how many
times a model k presents the best MAE out of all the M trained networks when evaluated in
the all of the available data samples (original and expanded datasets). The more times the
model has the best MAE, the more representative it is. Note that this selection is based on
the relative performance of the M models, and other selection procedures will be evaluated

in the future.

To test the adaptive MF predictor we reproduce the steps above with N = 5 and with
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Figure 3.12 Streamlines for the predicted solutions with MF predictor, adaptive MF
predictor, and ensemble MF predictor: (a,b,c) For the step cavity, adaptive MF predictor
mitigates the unfeasible flow pathology, observed at the bottom of the domain, while the usual
approach and the ensemble MF predictor do not. (d,e,f) For the long cavity, adaptive MF predictor,
although it produces a more feasible flow than its counterparts fails to properly capture the left
vortex. Note that although the MAE of the ensemble approach is the lowest, see Table 3.6 it also
fails to properly capture this flow.

M = 21. We display the specifically trained GFNets selected and their test accuracy dur-
ing training in Table 3.7. As a classifier, we use a FC architecture of size 100° ® 5 with
swish activation functions. The model is trained with itercalated dropout layers with a
probability of drop out equal to 0.2 to avoid overfitting. We terminate the training of the
classifier when the validation accuracy no longer decreases and the validation loss starts to

increase. The trained classifier presents a validation accuracy of 0.9004 when selecting the

most representative model in the test data.
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We evaluate adaptive MF predictor accuracy and performance in the three testing domains,
see the results at Table 3.6. For the square cavity, the benefits of using adaptive MF predictor
over the iterative approach are minimal and only occur if the extra layer of overlapping
genomes is used. Note that the single cavity is the wider domain out of all the testing ones
so it will benefit the most from a better propagation of the boundary conditions. The single

cavity solution was already physically feasible when using the usual MF predictor.

For the step cavity we see a clear improvement on both the accuracy and the physical
meaning of the streamlines, specially at the bottom right cavity, see Figure ?7?7. However,
when adaptive MF predictor is applied to the long cavity, it fails to properly learn the left
bottom vortex. By analyzing the predictions at the converged solution, we identify that the
error is caused by a poor selection of the GFNet done by the classifier. A perfect adaptive
MF predictor model should use only B-GFNets for the basic genomes as they are all laying in
the boundaries. However, in the used trained version of adaptive MF predictor, the genomes
placed at the bottom of the domain are inferred using I-GFNets. In future works, we plan to
enforce the classifier to select feasible GFNets only at each particular location in the domain

(i.e. do not use a I-GFNet to predict for a genome laying at the border).

Ensemble MF predictor

Motivated by the amount of trained models and to further extend the accuracy of the pre-
dictions, we design yet another updating approach for MF predictor, ensemble MF predictor.
The principle behind this approach is to reduce the error of the GFNet predictions by en-
sembling the predictions of N GFNets via the point-wise median. To do so, first we select
the top N most representative GFNets out of all the M available, and then, we use the

combined predictions to perform the updates on the iterative MF predictor.

We test the ensemble MF predictor with N = 12 and with M = 21. The 21 GFNets are
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a combination of 7 original GFNets, 7 I-GFNets, and 7 B-GFNets. Table 3.6 shows the

accuracy and performances of this approach.

By using ensemble MF predictor, we notice an approximate improvement of 20% of accuracy,
on average, with respect to the iterative MF predictor. However, this improvement is not
reflected in the streamlines of the solved flows, see Figure 3.12. We argue that this approach
can be refined by restricting the models used at each genome depending if it lays in the border
or in the inner domain and we will explore in these directions in future works. However,
this approach has two major disadvantages. First, we need perform N predictions for each
genome and, second, we need compute the point-wise median of these predictions. An
operation that can become prohibiting for larger domains. For the tested domains we already

see this effect, making it up to 10 times slower than the simpler approach.

We note that we also tested other ensembling procedures but the median was the one that

produced best results in terms of accuracy.

3.3.3 Wave equation

In order to show that MF predictor can be used in time dependent PDEs and solve the
IBVP of Equation 3.3, we consider the 2D homogeneous wave equation with with ¢ = 1, see
Equation 3.5. We aim to solve it for ¢ > 0 given arbitrary BCs g(z,t) for x € 0Q2 and ¢t > 0,

and given arbitrary ICs fi(z) = u(z,t = 0) and fa(x) = w(z,t = 0) for z € Q.

The results showed in this section are still in a preliminary stage of research.
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Figure 3.13 Sample of the training data for the wave equation: Wave equation solved
for t € [0,1]s. The intial conditions are generated using GP and the u; is assumed to be zero.
At t > 0.5 we observe how the initial wave propagates to the center of the domain and interferes
with the waves created by the other borders, generating interferences of both constructive and
destructive nature. To be able to solve for any time ¢, the model must be trained to handle this
situations.

Ulz,y)

Training Data.

As described in Section 3.2.2, we use GPs to generate the ICs and the BCs. In particular,
we use Sobol sequence [67] to sample the hyperparameters of the Gaussian kernel of a 3D
GP, where we interpret the dimensions as z, y and ¢, respectively. Using this GP, we draw
the initial conditions at the vertices of a uniform grid composed of 31 x 31 cells that covers
the domain [0,1] x [0,1] at ¢ = 0, and we draw the boundary conditions at the borders of
this gird for every At = 0.005s until ¢ = 2s. For each set of ICs and BCs, we numerically
solve the homogeneous wave equation, with ¢ = 1, using FD under the assumption that
ui(z,t = 0) = 0. This provides us with the solution for any time ¢ such that t = k x At with
k € Z" and At = 0.005 s. We repeat this process to generate 5000 different solution under
different BCs and ICs.

Given that the domain size is [0, 1] x [0, 1] and that the wave velocity ¢ = 1, we make sure
that the data introduces wave interference at the center of the domain, see Figure 3.13, by
solving for all ¢ < 2. This is a necessary condition to be able to extrapolate for any time

t > 0 given any BC and ICs.

Note that all of 5000 different solutions assume that w;(z,t = 0) = 0. For this reason,
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from these 5000 solutions we randomly sample, with an space filling design [136], at total
of 100000 different time windows at different times. each time window is composed of 11
solutions evenly distributed in time. For every sample, we also include a FD approximate

version of u; at the initial time.

We generate two datasets by choosing two different time windows, 0.055 and 0.22 seconds.
The first one covers short term predictions where the distance between solutions is At = 0.005
seconds (short term predictions dataset, STPD ). The second covers long term predictions
where the distance between solutions is 4 x At = 0.02 s (long term predictions dataset,

LTPD ).

Architecture and Training of GFNet.

Solving the IBVP for wave equation, unlike the Laplace and NS equations, involves making
future predictions given present and past information. A group of architectures specially de-
sirable in predicting for future times are recurrent neural networks, RNN [137], in particular

long-short term memory cells, LSTM [138] and gated recurrent units, GRU [139].

We design the architectures such that we can take advantage of these properties. Thus, the
units of the FC architectures for the wave equation are GRU cells. Thus, if we buld a FC
of size L hidden layers, the units for the first L — 1 are GRU cells with swish activation
functions and sigmoid as the recurrent activation functions. The Lth layer is fully connected

linear layer that maps to the domain. We name this structure FC-GRU.

The GFNet’s inputs include the boundary conditions and the initial conditions, i.e., a total
of Niime X Nyar X Nioe 4+ Nyar X N1+ Nyar X Nroy = 10x 1 x 128 +1 x 1024 + 1 x 1024 inputs,
where N represents the number of solution in a time window. Given the available datasets,
Niime = 10, so in total the FC-GRU handles » = 10 recursions in the network. For each

recursion, the FC-GRU takes one input, g(t = r * At), and one hidden input, h,_;, encoding
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information about the past states and predicts one output, h, = N(g(t = r x At), h,_1|6).
However, while h,_; is available for all » > 1, it is unknown for » = 1. In most GRU models,
it is usually assumed to be hg = 0, but this would imply that the ICs for the model are
always the same, which is not the case when solving the wave equation with arbitrary ICs.

To bypass this issue, we encode the initial conditions using a FC model and use the output

of this encoder as hg, i.e. hg = N(f1, f2|6).

As a result, the GFNet architecture, for which we show a detailed representation in Figure
3.14, is the composition of two different architectures: a FC-GRU and a FC encoder. We
denote it by first indicating the FC-GRU structure followed by the FC encoder structure
(i.e. 100® ® 1024/100%, where the GRU structure is 3 hidden layers of size 100 followed by a
fully connected layer with linear activation of size 1024 and the FC encoder architecture is

2 hidden layers of size 100).

Due to the complexity and the size of the training data, only category II architectures are
considered. Note that both the FC encoder and the FC-GRU are trained at the same time

and the loss function used in training is adopted from Equation 3.2 as follows:

LO) = 3 3 (=)

1 2 2
o 2 (@) + B0,
Based on previous results, 8 = le — 15 and a = 0 are selected when training the models.

During the early stages of our studies, we noticed that using fi(z) = u(z,t = 0) and
fa(x) = w(z,t = 0) leads to models with poor accuracy. Between the values of u(z,t = 0)
and uy(z,t = 0) there is a big range difference which negatively affects the learning. By
substituting the value of u.(x,t = 0) by u(z,t = —At), which we approximate by u(z,t =
—At) = u(z,t = 0) — At - w(z,t = 0), we observe an average of an order of magnitude of

improvement in the accuracy of the models tested.
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Figure 3.14 FC-GRU /FC encoder architecture: Architecture used in the GFNet to solve time
dependent PDEs. The architecture is composed by two different architectures. An FC architecture
which encodes the ICs and inputs them as the hidden state hg in the GRU (FC encoder) and a
FC-GRU, which is a fully connected architecture where its units for the first L — 1 layers are all
GRU cells with swish activation functions and with sigmoid recurrent activation functions.

Using these initial conditions, we manage to design the best models. For the STPD, the best
achieved accuracy in terms of MAE is 2.61e-4 given by an architecture of size 200* ® 1024/
1503. For the LTPD, the best accuracy is 5.71e-3 given by an architecture of size 150°®1024/
1503 . We adopt these two architectures as the short term predictions GFNet (ST-GFNet)

and as the long term predictions GFNet (LT-GFNet). A deeper study in the architecture is

still necessary to conclude the optimally of these configurations and these hyper-parameters.

Accuracy for Unseen Domains subject to Unseen BCs.

We evaluate the accuracy of the MF predictor in three domains of sizes [0,1] x [0, 1],

[0,2] x [0,2] and [0, 3] x [0, 3], by solving the wave equation for ¢t € (0,2] at ¢t = k x At where
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k € ZT and At = 0.005 seconds.

As our goal is to make successful long term predictions, we aim to use MF predictor with
the LT-GFNet. However, this model only provides solutions at t = k x 4At. To predict for
any t = k x At, we first need to use the MF predictor with ST-GFNet and extract extra
ICs for all ¢t = [ x At with | = {0,1,2,3}. With now four ICs available, we can use MF
predictor with LT-GFNet to solve for all ¢t € (1,10 x 4 x At + 1) for each [ and then couple
the predictions. However, as the LT-GFNet only solves for a time window of 10 x 4 x At,
we need to iterate until we solve for all t < 2 s (see Section 3.2.3 for a deeper development

on how the updates are made).

Time [s]

Figure 3.15 MAE evolution with respect to the predicted time for the MF predictor:
We use MF predictor to approximate the wave solution for the domain of sizes [0, 1] x [0, 1], [0, 2] X
[0,2], and [0,3] x [0,3] and compare the predicted solution with the solution provided by finite
differences. We observe that there are two main sources of error, one caused by the errors of the
GFNet and another one caused by the errors generated when solving for the mosaic.

Figure 3.15 shows the evolution of the MAFE against the predicted time when the MF pre-
dictor solution is compared to the FD solution. By inspecting these scenarios, we argue that
MF predictor faces mainly two sources of error. First, the accumulated error when predicting
for future steps, which can be clearly observed when MF predictor is used to solve for the
[0,1] x [0, 1] domain as all the BCs are known. We expected this error to have a continuous
increase across time, but the results show that it increases in a step fashion every time the

LT-GFNet is used on a new set of 10 time steps. We attribute this to a poor encoding of the
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hg inputs. Second, the error caused by the iterative MF predictor approach, observed when
MF predictor is used to solve for the [0,2] x [0,2] and [0,3] x [0,3]. In these scenarios the
error drastically propagates and accumulates in time reaching an MAFE of 0.12 at times close
to t = 2s. Figure 3.16 shows a detailed the evolution of the predicted wave for the domain

0,2] % [0,2].

Performance wise, MF predictor needs 4, 228 and 489 seconds to solve for the [0, 1] x [0, 1],
[0,2] x [0,2], and [0, 3] x [0, 3], respectively. This apparent decrease in performance when
compared to the NS and Laplace equations is due to the fact that we need to solve several
IBVP with MF predictor to solve for times bigger than the window covered by LT-GFNet.
In fact, a single solution for MF predictor converges within approximately 22s when used in
the domain [0, 2] x [0,2] which is comparable to the time needed to solve the NS equations

for the square cavity.

3.4 Conclusions

This chapter has demonstrated that a well-designed and well-trained deep neural network
that takes BCs as inputs (GFNet), coupled with a novel iterative algorithm for assembling its
predictions (MF predictor) can result in a transferable deep learning framework for operator
learning. To the best of our knowledge, such a framework is the first of its kind. The main
advantage of this framework is that the model, GFNet, needs to be trained only once and can
then be used forever without re-training to solve any IBVP or BVP in larger and complex

domains with unseen sizes, shapes, and BCs.

Our framework demonstrates the capability to infer the solution of Laplace, Navier-Stokes
and wave equations on domains that are 1200x, 12x, and 9x times larger that the training

domains, respectively. Such scalable predictions are achieved without any re-training.
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Figure 3.16 MF predictor and the wave equation: MF predictor solution for the wave
equation. We use MF predictor to approximate the wave solution for a domain of size [0, 2] x [0, 2]
for all t < 0. The predictions are compared with the exact solution solved using finite differences.
At time t = 0.5s the MAE is 2.2e-2, at time t = 1s is 4.8e-2, at time ¢t = 1.5s is 7.8e-2 and at time
t = 2s it is 1.0e-1.
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When compared with the state-of-the-art PINN, only for the Laplace and the NS PDEs, we
demonstrate a remarkable 3-5 orders of magnitude speedups while achieving comparable or
better accuracy across a range of BCs and domains unseen during training. We anticipate this
research will open new directions for physics-informed surrogate modeling in computational

sciences and engineering.

More work remains to be done for GFNet and MF predictor to be widely used for a larger
class of problems in engineering. Some points to consider for future research lines that were

not successfully solved in this chapter follow.

e Although we have introduced some innovative updating schemes to solve the complex

problem of NS (adaptive MF predictor and ensemble MF predictor), they still require
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fine tuning and research to significantly surpass the original MF predictor.

e The results on the wave equation can be considered preliminary and they generated
some obvious questions still to be answered: Which is the best GFNet architecture for
the wave equation? Why does the error present an step-like behavior and how can we

solve it? How can we determine when the MF predictor is not reliable anymore?

e Our studies employed square genomes which cannot accurately represent curved objects
such as airfoils. Category II GFNets and its better training performance open a lot of

possibilities in this line of research.

e We only considered steady flows and boundary value problems whose right-hand-side
function can be either zero or a periodic function whose period in each direction equals
the size of the genome. The latter choice implies that the BVP solution on one genome
is invariant to the genome’s position in a large domain which is not a valid assumption

for PDEs with space-dependent forcing terms.

e For category I GFNets, the training is a compromise between accuracy and limited time
and GPU resources we can access. However, they provide the solution at any point x

in the domain. Is there a way to combine both architectures, having the advantages of

both?

Addressing all these questions is an important future exploration that can lead to some novel

and groundbreaking results.

84



Chapter 4

Concluding remarks

This thesis presents different surrogate models for physical systems, based on GPs and DNNs,

that are designed to provide enhanced inferences during extrapolation.

In Chapter 2, we focused on finding the governing dynamics for a physical system. We
introduced evolutionary Gaussian processes (EGPs), a systematic integration of GPs and
evolutionary programming (EP) that boost the performance of GPs by the automatic dis-
covery of free-form symbolic bases that regress the data. We demonstrated this improved
performance via examples that include a host of analytical functions as well as an engineering

problem on materials modeling. The main contributions are threefold:

e We designed EGP as the systematic integration of GPs and EP. We showed that EGP
can improve the performance of ordinary GPs in terms of not only extrapolation, but

also interpolation/regression and numerical stability.

e By solving a real world engineering problem, we showed that EGP is a reliable surrogate

for physical modelling that preserves the underlying physics where other emulators fail.

e We demonstrate, using a thought analysis on analytical functions, that EGP can pro-
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vide accurate symbolic regressions that can give an extra insight on the governing

dynamics of the problem.

In Chapter 3, we focused on surrogating the solution of a wide raneg of PDEs. We intro-
duced a transferable framework for solving initial and boundary value problems (IBVPs)
via deep neural networks which can be trained once and used forever for various domains of
unseen sizes, shapes, and conditions. We tested our framework on three different well-known
PDEs and showed that it outperforms the state-of-the-art approaches. There are three main

contributions made in this chapter:

e We introduced genomic flow network (GFNet), a neural network that can infer the
solution of an IBVP across arbitrary initial and boundary conditions on a square
domain. For BVPs, we showed that GFNet excels in both performance and accuracy

when compared with state-of-the-art approaches.

e We proposed mosaic flow (MF) predictor, a novel iterative algorithm that assembles
the GFNet’s inferences for IBVPs on large domains with unseen sizes and shapes while

considering regularity of the solution.

e We improved the presented MF predictor using different updating schemes that include
the MF predictor with optimization, the adaptive MF predictor, and the ensemble MF

predictor.

We believe our contributions have promising future directions which are discussed in 2.4 and

3.4.
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