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. * OPTIMUM FILTERING IN mE PRESENCE OF OOMINANT l/f NOISE 

Jorge Llacer 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 U. S .A . 

ABSTRACT 

Optimum step response waveshapes for filtering in high resolution opto

feedback X-ray spectrometer systems in which l/f noise is dominant are cal

culated. The resulting cusps are shown to reduce the electronic noise line 

width of very good spectrometer systems by approximately 10% at long peaking 

times. Implementation of such filters by transversal or by time variant 

methods is discussed and, as an example, it is shown theoretically that for 

ra system with 90.5 eV ~ electronic noise as filtered with a 7th order 

pseudo gaussian waveshape at T = 35 ~s, the corresponding noise line widths o I 

for the optimal cusp and for a particular time variant filter would be 82.5 

and 75 eV FWHM respectively. 

* This work was performed under the auspi~es of the United States Energy 

Research and Development Administration. 
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INTRODUCTION 

OPTIMUM FI LTERING IN THE PRESENCE OF OOMINANT 1/ f NOI SE 

Jorge Llacer 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 U.S.A . 

In recent years, it has become evident that high-resolution pUlse-light 

feedback X-ray spectrometer systems that generally operate at long measure

ment times are limited in electronic noise performance by l/f noisel -3). The 
. , 

ideal solution to the problem of better resolution would be to reduce the 

generation of this type of noise at the source, which resides, without doubt, 

in theFET itselfl ). This pursuit may prove to be very hard, so it is worth

while to see whether better filtering could be devised to reduce the dominant 

l/f noise. 

Integration of noise whose power varies as l/f over a frequency band f~ 

to fh produces a total noise power proportional to In (fh/f~)4). This logarith

mic dependence makes the filtering of l/f noise quite insensitive to the shape 

of the filter response. In fact, if one represents the contribution to noise 

line width due to customary sourcesl ) as 

NLW(FWHM) = 

2 
it can be shown that the factor <Nl/f~ which determines the performance of 

a filter for series l/f noise, changes only from 7.54 to 6.43 in going 

from a simple RC-CR filter to a 7th order pseudo-gaussianl ). Koeman has 

(1) 
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calculated the variation in l/f noise contributions for two types of idealized 

filters with different parameters and his results also show only a small effect 

on l/f 'noise from changes in filtering2). 

The purpose of this paper is to present calculations of optimal filter 

shaping for the case of donlinant l/f noise, to show calculated quantitative 

comparisons with the case of pseudo-gaussian filters and to suggest ways of 

realizing such optimum filtering. 

OPTIMUM FILTER SHAPES 

An optimal filter is defined as the one that maximizes the ratio of 

signal power to noise power at the output of the filter at an appropriate 

measurement time to on the signal. Radeka's description of the 'matched 

filter' concept is very clearS). It is shown that the signal-to-noise ratio 

is maximum when the transfer function of the filter H(w) is given by 

H(w) = (2) 

* where k is a constant, S (w) is the complex conjugate of the Fourier Trans-

form of the signal waveshape and Wn(w) is the power spectral density of the 

noise. 

For the simple case of only series and parallel noise components, evalua-

tion of H(w) leads to a filter with a step response given by an exponential 

cusp. It is well known that pseudo-gaussian, triangular or trapezoidal step 

-. 
• 
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responses approximate the optimum noise performance ofa cusp within a few 

percent and are much easier to implement. 

In the presence of strong l/f noise, evaltlation of Eq. (2) can best be 

carried out by numerical methods using a Fast Fourier Transform (FFT) 

-at algoritlun. For a signal of the form s (tl = e for t > 0, in the limit of 

very small a (approCj.ching a pure step function), S(w)· approaches l/jw. The 

power spectral density of the noise is givenl ) by 

. I I 
q L 

="--
(21ff)2 

+ 
A a 

/f/ 
+ 

I 2 
2 kTr C. , -00 < f < 00 s 1n 

and the transfer function 0'£ the optimum filter becomes, from Eq. (2) 

H(w) = 
j _jWT _-,-__ ..,..;-__________ e 0 

(

q I' 
21ff . L 

(21ff) 2 

+ 
A a 

If/ 
+ 

The inverse Fourier Transform of H (w) can be obtained from Eq. ( 4) by 

FFT without difficul typrovided that enough points are used (2048 for the 

results reported here) extending high enough in frequency.' The impulse 

response function thus obtained is found to contain 'a residual imaginary 

part which is 10 2 to 10 3 times smaller than the real part at any point in 

the calculation. The integral of the impulse response furiction always 

(3) 

(4) 

. yields a cusp-like step response function--the exact shape depending on the 

relative magnitude of the three noise components. Figure la) shows the step 

response of a filter calculated to match the noise spectrum of aX -ray 

(') 0--
" 



-4- LBL -42S1 

spectrometer system with noise source parameters as low as we have seen in 

our laboratoryl), along with the step response of a pseudo-gaussian filter 

of order n = 7 for which f(t) = (t/T )n exp[n(l-t/T )]. A measurement (i.e. o 0 

peaking) time TO =64 ~s was chosen for both waveforms. Figure lb) shows 

the corresponding impulse responses. Figure 1 and all subsequent graphs are 

normalized to unity step response at t = T . o 

The effect of varying the l/f noise component on the shape of the opti-

mum cusp is shown in Fig. 2. The l/f source parameter A ranges from 1 x 10- 40 

a 

(negligible l/f) to 2 x lO~37 dominant at TO = 64 ~s) in these curves. 

NOISE PERFORMANCE 

2 2 
The evaluation of the factors <Ns> and <N

t
/ has already been discussed 

in the literaturel ,6) and need not be repeated here. The evaluation of 
2 

<N1/ f > can be carried out in frequency domain with suitable cutoff frequen-

cies. For a step response normalized to tnlity height at t = TO (its maximum), 

it is found thatl ,2) 

00 

where H(w) is the transfer ftnlction of the filter. 

The evaluation of Eq. (S) for cusp-like step responses presents no 

serious problems but care. must be exercised at low frequencies where the 

integral changes rapidly. Enough points must be taken and df should be 

small enough to ensure good accuracy in the integration. Figure 3a) shows 

/H(w) 12 for a pseudo-gaussian, n = 7, and for the matched filter for the 

( S) 

- . 
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conditions of Fig. 1, TO = 64 ~s. The conditions of the calculation were 

6t = 2.5 X 10- 6 sec, 2048 points, and a resulting 6f = 1. 563 X 10 3 Hz. The 

complete integrand of Eq. (5) is plotted in Fig. 3b) and the areas obtained 

by integration using a four-point routine are also shown. These areas are 
2 

the corresponding values of <Nl/~' from Eq. (5). 

It is quite evident from Fig. 3 that the matched cusp is a superior 

shape for filtering l/f dominant noise, compared to a pseudo-gaussian. This 

is due to the fact that the cusp has a bandpass that extends to higher fre

quency at the expense of low frequency response, Where, of course, there is 

IOOre l/f noise. 

The expected improvement in noise line width by the use ofa matched 

cusp, taking into consideration the other two noise sources, can be investi

gated by evaluating Eq. (1) for a pseudo-gaussian, n= 7, at different peak-

ing t:illies TO lmder a significant set of noise conditions, and comparing it 

to the cusp optimized for those noise conditions and peaking time. 

Figure 4 shows noise line width (NLW) vs measurement time TO for the 

parameters oftheopto-feedback system already used in Fig. 1. The noise 

filter factors of Eq. (1) are also shown in the figure. It is interesting 

to note that as the measurement time TO is increased the optimum cusp adjusts 
2 

itself to a shape such that the parallel noise factor <N > and the l/f factor s 
2 . 

<Nl / f > decrease in magnitude, while the series factor <N~> increases. 

For the conditions described, it becomes clear that at long T the per-
.. 0 

centage improvement in NLW by using a matched cusp is quite significant. At 

TO = 64 ~s, for example, IOOre than a 10% benefit is obtained. 

9 
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SUGGESTED REALI ZATI ONS 

The implementation of a cusp as a filter response has not been very 

appealing in the past because of the difficulty encolIDtered in the filter 

design. Recently Koeman 2) , using digital techniques, has succeeded in 

realizing a transversal filter with response quite close to a cusp which he 

calculates should give him a substantial improvement in l/f performance. 

The published tests of his system were unfortlIDately carried out using a 

detector-preamplifier combination of rather poor qUality. His results are 

therefore not as convincing as might be hoped. 

More recently, Miller and Robinson7) have discussed the realization of 

a transversal filter using either capacitively tapped delay lines or charge 

transfer devices and have demonstrated the use of the former to create a 

trapezoidal response although the base width was limited to a few micro-

seconds by the characteristics of commercially available delay . lines . Trans

versal filter methods can be expected to provide a basic tool for the imple-

mentation of analog filtering with arbitrary response waveforms, although 

research will be needed to develop those ideas particularly for long measure-

ment times T • 
o 

The fact that a cusp has a sharp point makes its practical realization 

impossible; furthermore, it is desirable to have a somewhat flat top to allow 

for possible differences in detector charge collecting times 8). In order to 

study the effect of a flat top on noise parameters, the optimum cusp for the 

system of Fig. I has been convolved with rectangles of approximately 1, 2 

and S ~s and the noise parameters for the resulting combinations have been 

recalculated. Table 1 shows the results, taking the noise source rar~lll\ctcrs 

-. 
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of Fig. 1 for theNLW calculations. It is apparent that broadening the top 

by a few microseconds does not significantly affect filter noise characteris-

tics at long T • o 

~o ··OONVOLUfION , 
RECTANGLE 

WI urn 

32 11S o 11S 

1.10 

2.03 

5.15 

64 11S o 11S 

1. 25 

2.18 

5.31 

12811S o 11s 

1. 25 

2.50 

5.62 

TABLE 1 

2 . 2 
<N> <Nfl> s 

.451 2.428 

.460 2.361 

.475 2.335 

.523 2.275 

.379 2.864 

.380 2.753 

.390 2.723 

.412 2.625 

.308 3.671 

.302 3.502 

.309 3.424 

.328 3.285 

2 
<N1/ f > NLW(FWHM) 

4.519 82.5 eV 

4.598 82.2 

4.721 82.4 

5.086 83.1 

4.208 70.7 eV 

4.212 70.15 

4.310 70.4 

4.556· 70.9 

3.903 63.3 eV 

3.824 62.4 

3.910 62.5 

4.098 63.1 

A third alternative for the implementation of a filter with good l/f 

characteristics is strongly suggested by observing the step response of the 

time vatiantfilter used by Kandiah, Smith and White in their pulse processor 

for X-ray spectrometty3). From the point of view of response to a signal, 

the filter con5;ists of a simple integrating time constant 1"1 followed by a 

II 
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gated integrator with high input impedance which is active for a measurement 

time L .. Switch S, Fig. 5, is opened at the beginning of measurement time, o 

t = 0, and closed again at t = L. The step response of the filter is then o 

of the form 

t 

Vet) = f l-exp(-t'/Ll) dt' = t-L
l 

[l-exp(-t/Ll)] for O~t~Lo (6) 

0' 

Figure 5 shows Vet) for LO = 32 ~s, Lohl =1. 33, as used in Ref. 3). 

The optimum cusp for'L = 32 ~s and for the noise parameters of the system o 

of Fig. 1 is also shown for comparison. The similarity of the two waveforms 

for t < L is quite evident. o 

From the point of view of noise performance, with switch S normally 

closed before the arrival of a recognized signal, capacitor C2 forms a dif-

ferentiator of essentially zero time constant. When switch S opens at signal 

arrival time, t = 0, the input of the high input impedance gated integrator 

will follow the residual effects of noise disturbances which occurred at 

t < 0 only to the extent that they change with time after t = O. This 1S 

treated in detail in Appendix 1. The calculation of noise penormance of 
2 

such a filter can then be carried out in time domain for <N > s 
2 . 

the methods described in Ref. 6), and for <Nl / f > by following 

2 
and <NL\> by 

the method 

indicated by Koeman in Ref. 2). Appendix 1 shows the procedures followed 

to obtain the values of the above noise filter factors. 

The results for LO = 32 ~s, Ll = Lo/l.33 are shown in Fig. 5. Although 
2 

the noise filter factor for parallel noise, <N >, is larger than that of the . s 

optimum cusp, that source of noise is usually not a limiting factor in high-

-. 
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.2 

quality opto-feedback systems for X-ray spectrometry. The improved <NlI> and 
2 

<Nl / f > over the cusp values are, however,quite important. in determining the 

operation of a system. At T = 32 lJS, the expected NLW from the noise source o 

parameters of Fig. 1, calculated from Eq. (I) is 75 eVFWHM, compared with 

82.5 for the optimum cusp and with 90.5 for the 7th order gaussian. The con

tributions to NLW from l/f noise are 50.3, 53.0 and 63.3 eV FWHM respectively. 

ffiNCLUSION 

It has been shown theoretically that the electronic noise performance of 

excellent opto-fe~dbackX-ray fluorescence systems can be further improved 

by 8-10 eV FWHMby tailoring a cusp to the specific noise parameters of the 

system .. Transversal filtering, digital or analog, can provide the tools for 

filter realization. In addition, it has been shown that suitable gated· 

integration filters can provide even better filtering than time invariant 

cusps for high quality spectrOOleters. 
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APPENDIX 1 

CALCULATIONS OF NOISE FILTER FACTORS FOR GATED INTEGRATOR CASE 

222 
The calculations of <Ns >' <N~> and <Nl / f > for the gated llltegration 

circuit of Ref. 3) have been carried out in time domain following the 

methods indicated in Refs. 6) and 2). The calculations for each parameter 

are divided into two parts: 1) contributions from noise disturbances 

which occurred before the opening of switch S, Fig. 5, i. e., for tl < 0, 

and 2) for disturbances which occurred at 0:$ tl :$ TO' 

In all cases, functions r(t l ) are defined which give the residual 

effect at t = TO from noise disturbances which ~ccurred at t = t l . Then, 
2 

the contributions to. a noise filter factor <N > are obtained by 

( 7) 

with suitable limits of integration depending on which range of tl is con

sidered. The normalizing function f(TO) is obtainable from Eq. (6) and 

corresponds to the filter response at T for a signal step at t = O. o 

Parallel Factor 

For a noise step occurring at -00:$ t 1:$ 0 the filter response at t = TO 

is given by 

TO 

r(tl )=! dt {(l-exp[-(t-tl)/TlD - vo } 

o 
(8) 
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where Vo is the voltage at which capacitor C2 is charged at t = 0 from the 

•. noise step at t l , which is Vo = l-exp(tr!Tl ), with tl < O. Integration of 

Eq. (8) leads to 

(9) 

Substitution into Eq. (7) and integration between tl -00 to 0 results in 

a noise factor contribution of Tl/2. 

For a noise step occurring at 0 < tl 5 TO' the filter response at 

t = T is given by o 

T 

r(tl ) = f dt (l-exp[-(t-tl)!Tl]) 

tl 

Substitution into Eq. (7) and integration between tl = 

tribution of 

o to T gives a cono 

[f(TO)]2. For Toltl = 1.333 and TO' = 32 ~s, we obtain from the two contribu

tions, respectively, <N2> = 1.2 X 10- 5 + 0.728 X 10- 5 = 1.928 X 10- 5 and 
s 

2 
therefore, <Ns> ITo = 0.602. 

6 0 ~ 0 ~ ~ n 0 0 0 
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Series Noise Factor 

For a noise impulse generated at-co < tl ~ O. The response of the filter 

at time T is given by o 

TO 

r(t l ) = T~ J dt{exp[-ct-tl)/Tl] - Vol 

o 

where V is the voltage at which capacitor C2 is charged at t = 0 for an o 

Cll) 

impulse which occurred at t = t l , and is given by exp (tl/Tl)' Integrating 

and substituting into Eq. (7) gives a contribution of 1/2T l . 

For annoise impulse generated at 0 ~ tl ~ TO' the filter response at TO IS 

TO 

= _1-/ dt exp[-Ct-tl)/Tl] = l-exp[-To-tl)/Tl] 
Tl 0 

(12) 

Substitution into Eq. (7) gives a contribution of TO + Tl { 2 exp(-To/Tl ) 
2 

-0.5 exp(-2 TO/Tl) - 3/2 }/[f(To)] . For T /Tl = 1.333 and T = 32 ~s, we o . 0 

obtain from the two contributions <N~> = 2.083 x 104 + 3.81 X 104 = 5.89 X 10 4 

l/f Parameter 

Impulses generated at tl are assumed passed through a filter with fre

quency response H(w) = Ow) -1/2 , -co<w<co, which transforms white noise into 

l/f noise. The impulse response of such a filter, for double sided frequency 

-a 
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_ 11 
spectnun is 12 t 2, obtained from the results shown by Radeka for single 

sided spectrum4) . 

Then, for an impulse generated at -00 < tl $. 0, the output of the gated 

integrator at t = TO is given by 

[exp( -T/T ) (t-t -T) -1/2] I - V 
1 1 ~ 0 

where the voltage across C2 at t = TO is given by Vo = 
- 1/2 

exp(-T/Tl ) (-tl-T) . 

For an impulse generated at 0 ~ tl < TO' the response is 

TO t-t1 

= 12 f dt f dt [exp(-T/T1) (t-t1-T) -1/2] 

T1 . 
t1 0 

2 

(13) 

(14) 

Substitution into Eq. (7) yie1~ the two contributions to <N1/~' Although 

the integrand has a singularity at T = t-t1 the integral does exist and the 

calculations can be carried out numerically with good convergence. The 

obtained results are, respectively, 0.58 and 3.47, with an estimated error 

of less than 1% iIi each figure. We have then, <N~/f> =4.05 ± 0.04. 

[1 o. i:~ ('" \7 .~ I • > 
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FIGURE CAPI'IONS 

Fig. 1. a) Step response of an optimal matched filter for the noise 

parameters of an excellent X-ray spectrometer front end, 

compared to a pseudo-gaussian of the 7th order. Measure

ment time T chosen arbitrarily to be 64 ~s. o 

b) Corresponding impulse responses. 

Fig. 2. Matched filter step responses showing effect of l/f noise on 

optimum waveshapes. 

Fig. 3. a) Magnitude squared of transfer functions of the two filters 

Fig. 4. 

of Fig. 1. 

b) Same as a) but weighted by noise power spectrum l/f. 

Calculated noise line widths vs measurement time T for noise o 

source parameters of Fig. 1 for optimal cusps and pseudo-gaussian 

n = 7. Noise filter factors are also shown. 

Fig. 5. Cbmparison of the performance of a gated integrator by Kandiah, 

Smith and White, (Ref. 3) with that of an optimum cusp . 
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.--_______ LEGAL NOTICE---------...... 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Energy Research and Development Administration, nor any of 
their employees, nor any of their contractors, subcontractors, or 
their employees, makes any warranty, express or implied, or assumes 
any legal liability or responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, product or process 
disclosed, or represents that its use would not infringe privately 
owned rights. 
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