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ABSTRACT OF THE DISSERTATION

Active Learning and Hypothesis Testing

by

Mohammad Naghshvar

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California, San Diego, 2013

Professor Tara Javidi, Chair

This dissertation considers a generalization of the classical hypothesis test-

ing problem. Suppose there are M hypotheses of interest among which only one

is true. A Bayesian decision maker is responsible to collect observation samples

so as to enhance his information about the true hypothesis in a speedy manner

while accounting for the penalty of wrong declaration. In contrast to the classical

hypothesis testing problem, at any given time, the decision maker can choose one

of the available sensing actions and hence, exert some control over the collected

samples’ “information content.” This generalization, referred to as the active hy-

pothesis testing, naturally arises in a broad spectrum of applications such as med-

ical diagnosis, cognition, communication, sensor management, image inspection,
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generalized search, and group testing.

The first part of the dissertation provides a theoretical analysis of the prob-

lem of active hypothesis testing. Using results in sequential analysis and dynamic

programming, lower bounds for the optimal performance are established. The lower

bounds are complementary for various values of the parameters of the problem,

and characterize the fundamental limits on the maximum achievable information

acquisition rate and the optimal reliability. Moreover, upper bounds are obtained

via an analysis of the proposed heuristic policies for dynamic selection of actions.

From the obtained bounds, sufficient conditions are provided under which the

maximum information acquisition rate and reliability are achieved, establishing

the asymptotic optimality of the proposed heuristics.

The second part of the dissertation investigates the applications of the first

part for three important special cases of the active hypothesis testing. Chapter 5

considers the problem of conveying a message over discrete memoryless channels

with noiseless feedback. Chapter 6 studies the problem of two-dimensional search

to locate a target in an image against a background of distractors. Finally, in

Chapter 7, the problem of active learning for multiclass classification is investigated

where the outcomes of label queries are corrupted by noise. In each of these

chapters, the results in the first part of the dissertation are specialized, new results

are obtained, and many of the known results are recovered with concise proofs.
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Chapter 1

Introduction

This dissertation considers a generalization of the classical hypothesis test-

ing problem due to Wald [1]. Suppose there are M hypotheses among which only

one is true. A Bayesian decision maker is responsible to enhance his information

about the true hypothesis in a speedy manner with a small number of samples

while accounting for the penalty of wrong declaration. In contrast to the classical

M-ary hypothesis testing problem [2–4], at any given time, our decision maker can

choose one of K available actions and hence, exert some control over the collected

samples’ “information content.” We refer to this generalization, originally tackled

by Chernoff [5], as the active hypothesis testing problem. The active hypothesis

testing problem naturally arises in a broad spectrum of applications such as med-

ical diagnosis [6], cognition [7], sensor management [8], underwater inspection [9],

generalized search [10], group testing [11], and channel coding with feedback [12].

The most well known instance of our problem is the case of binary hypoth-

esis testing with passive sensing (M = 2, K = 1), first studied by Wald [1]. In

this instance of the problem, the optimal action at any given time is provided by a

sequential probability ratio test (SPRT). There are numerous studies on the gen-

eralizations toM > 2 (K = 1) and the performance of known simple and practical

heuristic tests such as MSPRT [2–4]. The generalization to the active testing case

was considered by Chernoff in [5] where a heuristic randomized policy was pro-

posed and whose asymptotic performance was analyzed. More specifically, under

a certain technical assumption on uniformly distinguishable hypotheses, the pro-

1



2

posed heuristic policy is shown to achieve asymptotic optimality; where the notion

of asymptotic optimality [5] implies that the relative difference between the total

cost associated with the proposed policy and the optimal total cost approaches

zero as the penalty of wrong declaration (hence the number of collected samples)

increases.

The policies under which the decision maker selects sensing actions can be

categorized based on the following two factors: i) sequential vs. non-sequential;

ii) adaptive vs. non-adaptive. Non-sequential policies collect a fixed number of

observation samples and make the final decision afterwards; while under sequential

policies, the sample size is not fixed a priori and is determined by the observation

outcomes. Under adaptive policies, the decision maker relies on the previous col-

lected samples to select the next sensing action; while under non-adaptive policies,

the actions are selected independent of the past observation outcomes. In Chap-

ter 2, following Chernoff’s approach and his notion of asymptotic optimality, we

provide performance bounds for the policies in each category in terms of the penalty

of wrong declaration. Using these bounds, sequentiality gain and adaptivity gain,

i.e., the gains of sequential and adaptive selection of actions are characterized. In

particular, these findings show a logarithmic sequentiality gain in all cases and an

additional logarithmic adaptivity gain in a large class of practically relevant cases.

The problem of active hypothesis testing also generalizes another clas-

sic problem in the literature: the comparison of experiments first introduced

by Blackwell [13]. This is a single-shot version of the active hypothesis testing

problem in which the decision maker can choose one of several (usually two) ac-

tions/experiments to collect a single observation sample before making the final

decision. There have been extensive studies [13–19] on comparing the actions and

identifying conditions under which one action is “sufficient” for others, i.e., by

using the observations from a particular sensing action, the decision maker can do

at least as well as by using the observations from other actions.

The problem above becomes more challenging when the decision maker has

to select a sequence of actions and make the final decision afterwards. In this case,

each sensing action has a dual role: 1) it immediately reduces the uncertainty



3

in the decision maker’s belief; and 2) it shapes the future belief via Bayes’ rule.

To achieve the best performance, it is essential that the decision maker, in each

step, selects an action that provides the “highest amount of information,” where

an appropriate notion of information must capture the influence that every action

has over the entire decision making horizon. Inspired by this view of the problem

which coincides with that promoted by DeGroot [20], in Chapter 3, we derive the

optimal notion of information in the context of active hypothesis testing based on

the optimal value function of the corresponding dynamic programming. Although

this result provides a general and structural characterization of the (Markov and

deterministic) optimal policy, in the absence of a closed-form for the optimal value

function, it is of little use in identifying achievable schemes. To address this issue,

we consider alternative notions of information namely Jensen-Shannon (JS) diver-

gence and Extrinsic Jensen-Shannon (EJS) divergence, and propose two heuristic

policies πJS and πEJS based on greedy maximization of these divergences. Via

numerical and theoretical analysis, the performance of the proposed policies and

the relevance of these alternative notions of information in the context of active

hypothesis testing are investigated.

Chapter 4 provides a detailed analysis of the schemes proposed in Chapter 3

and discusses their advantage and disadvantage compared to those of Chapter 2.

Unlike the schemes proposed in Chapter 2, policy πEJS is shown to achieve asymp-

totic optimality (as the penalty of wrong declaration increases) only in a limited

setting. However, this policy has a provable advantage for large number of hy-

potheses, M , over those proposed in Chapter 2 as well as other solutions in the

literature. More specifically, this policy can provide, under a technical condition,

reliability and speedy declaration simultaneously. In information theoretic terms,

this policy can be shown to achieve non-zero information acquisition rate and error

exponent simultaneously.

The second part of the dissertation investigates the applications of the re-

sults obtained in the first part. In particular, the second part of the dissertation

consists of three chapters focusing on three important special cases of the active

hypothesis testing.
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Chapter 5 considers the problem of variable-length coding over a discrete

memoryless channel (DMC) with noiseless feedback. It is shown that this problem

is a special case of the active hypothesis testing and using the results of Chapter 4,

a rate–reliability test is provided. Any variable-length coding scheme that satisfies

the conditions of the test is guaranteed to achieve the capacity and optimal error

exponent. Furthermore, it is shown that policy πEJS, when specialized to channel

coding with feedback, provides a sequential deterministic coding scheme that satis-

fies the conditions of the rate–reliability test and hence, achieves the capacity and

optimal error exponent of any DMC. This scheme has only one phase, in contrast

to all previous coding schemes in the literature which required two different phases

of operation to achieve the capacity and optimal error exponent. In Chapter 5, we

also prove that variable-length posterior matching achieves the capacity. In case

of a class of symmetric channels with binary inputs, we generalize the schemes of

Horstein [21] and Burnashev–Zigangirov [22], and we propose simple deterministic

one-phase schemes to achieve the capacity and optimal error exponent.

Chapter 6 considers the problem of sequentially searching for a single target

in an image where the goal is to find the target quickly and accurately. In each

step, the player can visually inspect an allowable combination of the segments,

and the outcome of the inspection is noisy. This problem is closely related to the

problems of fault detection, whereabouts search, and group testing. One possible

search strategy for these problems is the maximum likelihood policy which inspects

a segment with the highest probability of having the target. However, as the

number of segments increases, the scheme becomes inefficient. In such a case, it

is more intuitive to initially inspect larger areas and narrow down the search to

single segments only after we have collected sufficient information supporting the

presence of the target in those segments. Following this intuition, policy πEJS is

considered as a candidate search strategy and its performance is compared against

that of the maximum likelihood policy via numerical and asymptotic analysis.

In Chapter 7, we consider the problem of noisy Bayesian active learning

given a sample space, a finite label set, and a finite set of label generating functions

from the sample space to the label set, also known as the function class. The
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objective is to identify the function in the function class that generates the labels

using as few label queries as possible and with low probability of error despite

possible corruption by independent noise. The key to achieving this objective

relies on the selection of queries in a strategic and adaptive manner. The problem

generalizes the problem of noisy generalized binary search [10]. We explore the

connection between the above Bayesian active learning problem and the problem

of active hypothesis testing. This view of the problem allows for developing a

general lower bound on the expected number of queries needed to identify the

function that generates the labels in terms of the observation noise statistics, the

desired probability of error, and the cardinality of the function class. Furthermore,

we compare the performance of πEJS with the state of the art strategies for noisy

generalized binary search and for different function classes. In the case where the

function class is sample-rich, it is shown that πEJS is better than existing results

in the literature and, in particular, matches the earlier proposed lower bound

asymptotically.

Notations: Let [x]+ = max{x, 0}. The indicator function 1{A} takes the

value 1 whenever event A occurs, and 0 otherwise. The ith element of vector

v is denoted by vi. For any set S, |S| denotes the cardinality of S. For a set

A, P(A) denotes the collection of all probability distributions on elements of A,

i.e., P(A) = {λ ∈ [0, 1]|A| :
∑

a∈A λa = 1}. Little-o notation o(f(x)) represents

positive terms such that o(f(x))
f(x)

→ 0 as x→ ∞. Big-O notation O(f(x)) represents

positive terms such that O(f(x)) ≤ cf(x), ∀x > x0, for some constants c and x0.

All logarithms are in base 2. The Kullback-Leibler (KL) divergence between two

probability density functions q(·) and q′(·) on space Z is defined as D(q‖q′) =
∫

Z
q(z) log q(z)

q′(z)
dz, with the convention 0 log a

0
= 0 and b log b

0
= ∞ for a, b ∈

[0, 1] with b 6= 0. The Rényi divergence of order α, α ∈ [0, 1], between two

probability density functions q(·) and q′(·) on space Z is denoted byDα(q‖q′) where
Dα(q‖q′) = −1

1−α
log
∫

Z
qα(z)q′1−α(z)dz for α ∈ [0, 1), and Dα(q‖q′) = D(q‖q′) for

α = 1. Finally, let N(m, σ2) denote a normal distribution with mean m and

variance σ2.



Chapter 2

Sequentiality and Adaptivity

Gains

Consider the problem of active hypothesis testing introduced in Chapter 1

where a decision maker is responsible to collect observations so as to enhance his

information about an underlying phenomena of interest in a speedy manner. The

policies under which the decision maker selects sensing actions can be categorized

based on the following two factors: i) sequential vs. non-sequential; ii) adaptive vs.

non-adaptive. Non-sequential policies collect a fixed number of observation samples

and make the final decision afterwards; while under sequential policies, the sample

size is not known initially and is determined by the observation outcomes. Under

adaptive policies, the decision maker relies on the previous collected samples to

select the next sensing action; while under non-adaptive policies, the actions are

selected independent of the past observation outcomes.

In this chapter, performance bounds are provided for the policies in each

category. Using these bounds, sequentiality gain and adaptivity gain, i.e., the gains

of sequential and adaptive selection of actions are characterized.

6
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2.1 Introduction

Consider the problem of active hypothesis testing introduced in Chapter 1

where a decision maker is responsible to collect observations so as to enhance his

information in a speedy manner about an underlying phenomena of interest. The

sample size and the sensing actions can be selected either based on the past ob-

servation outcomes (on-line or closed loop) or independent from them (off-line or

open loop). According to this fact, the solutions are divided into four categories

based on the following two factors: i) sequential vs. non-sequential; ii) adaptive

vs. non-adaptive. Non-sequential schemes collect a fixed number of observation

samples and make the final decision afterwards; while under sequential schemes,

the sample size is not set in advance and instead is determined by the specific

observations made. Under adaptive policies, the decision maker relies on the pre-

vious collected samples to select the next sensing action; while under non-adaptive

policies, the actions are selected independent of the past observation outcomes. A

question of both theoretical and practical significance is the characterization of the

benefits of making sequential and adaptive decisions relative to the non-sequential

and non-adaptive solutions.

Due to the importance of the question, such gains have been character-

ized for many special cases of the active hypothesis testing problem [9, 23, 24].

For instance, in [23] and [24], simple sequential and adaptive high dimensional

reconstruction and sparse recovery are shown to significantly outperform the best

non-sequential non-adaptive solutions. In contrast, [9] identifies scenarios where

the gain in practice is insignificant. In this chapter, we consider the problem of ac-

tive hypothesis testing in its full generality and provide upper and lower bounds on

the expected cost of the optimal sensing selection strategies in sequential and non-

sequential as well as adaptive and non-adaptive classes of policies. Furthermore,

the bounds are shown to be asymptotically tight and logarithmically increasing in

the penalty of wrong declaration (or equivalently logarithmically decreasing in the

error probability).

As simple corollaries, we provide a full characterization of the sequentiality

and adaptivity gains in the general active hypothesis testing framework. These
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findings generalize and extend those of [23] and [24] by showing a logarithmic se-

quentiality gain in all cases and an additional logarithmic adaptivity gain in a large

class of practically relevant cases. Furthermore, the results prove, as a corollary,

the conjecture given in [9] on the insignificance of adaptivity gain when there exists

a “most informative” sensing action which is independent of the Bayesian prior.

Finally, we specialize our results in the active binary hypothesis testing case and

state a simple necessary and sufficient condition for a logarithmic adaptivity gain.

This work and analysis is closely related and complimentary to a growing

body of literature on hypothesis testing [1–3, 5, 25–30]. We discuss the specific

contributions and connections in Section 2.2.4.

The remainder of this chapter is organized as follows. In Section 2.2, we

formulate the problem and define various types of policies for selecting actions.

Section 2.3 provides the main results of this chapter which are upper and lower

bounds on the optimal expected cost under sequential and non-sequential as well

as adaptive and non-adaptive classes of policies. Section 2.4 discusses the advan-

tages of sequential and adaptive selection of actions. In Section 2.5, active binary

hypothesis testing is investigated as a special case, and a necessary and sufficient

condition for a logarithmic adaptivity gain is provided.

2.2 Problem Setup

In Section 2.2.1, we formulate the problem of active hypothesis testing.

Section 2.2.2 discusses different types of policies for selecting actions. Section 2.2.3

explains why active hypothesis testing is a partially observable Markov decision

problem (POMDP) and provides the sufficient statistic for this problem. Finally,

in Section 2.2.4, we state our main contributions and provide a summary of related

works.

2.2.1 Problem Formulation

Here, we provide a precise formulation for the active M-ary hypothesis

testing problem.
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Let Ω = {1, 2, . . . ,M}. Let Hi, i ∈ Ω, denote M hypotheses of interest

among which only one holds true. Let θ be the random variable that takes the

value θ = i on the event that Hi is true for i ∈ Ω. We consider a Bayesian

scenario with a given prior (belief) about θ, i.e., initially P (θ = i) = ρi(0) > 0

for all i ∈ Ω. A is the set of all sensing actions and is assumed to be finite with

|A| = K < ∞. Z is the observation space. For all a ∈ A, the observation kernel

qai (·) (on Z) is the probability density function for observation Z when action a

has been taken and Hi is true. We assume that observation kernels {qai (·)}i∈Ω,a∈A
are known, and the observations are conditionally independent over time. Let L,

L > 1, denote the penalty for a wrong declaration, i.e., the penalty of selecting Hj,

j 6= i, when Hi is true.
1 Let τ be the (stopping) time at which the decision maker

retires. The objective is to find a stopping time τ , a sequence of sensing actions

A(0), A(1), . . . , A(τ − 1), and a declaration rule d : Aτ ×Zτ → Ω that collectively

minimize the expected total cost

E
[

τ + L1{d(Aτ−1,Zτ−1)6=θ}

]

, (2.1)

where Aτ−1 = [A(0), . . . , A(τ−1)], Zτ−1 = [Z(0), . . . , Z(τ−1)], and the expectation

is taken with respect to the initial belief on θ as well as the distributions of action

sequence, observation sequence, and the stopping time.

Note that in the above problem, the cost of a test is stated in terms of min-

imizing the expected sample size plus the expected penalty of wrong declaration.

We are interested in the characterization of this cost as a function of penalty L.

It is easy to show that under the optimal selection rule, the probability of error

approaches zero as L approaches infinity. In particular, it can be shown that the

above problem is (asymptotically) equivalent to the problem of minimizing the

(expected) number of samples subject to a constraint ǫ = (L logL)−1 on the prob-

ability of error. This connection will be discussed in more detail in Section 4.5.3.

1In general, we can define a loss matrix [Lij ]i,j∈Ω, where Lij denotes the penalty (loss) of
selecting Hj when Hi is true.
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2.2.2 Types of Policies

A policy is a rule based on which stopping time τ and sensing actions A(t),

t = 0, 1, . . . , τ − 1 are selected. We assume that sensing actions are selected ac-

cording to a randomized rule λ ∈ P(A) whose element λa indicates the probability

of selecting sensing action a and in general might change with time. The sensing

actions and the stopping time can be selected either based on the past observation

outcomes or independent from them. According to this fact, policies are divided

into four categories based on the following two factors: i) sequential vs. non-

sequential; ii) adaptive vs. non-adaptive. Non-sequential policies collect a fixed

number of observation samples and make the final decision afterwards; while under

sequential policies, the sample size is not known initially and is determined by the

observation outcomes. More precisely, under non-sequential policies, τ = N for

some N ∈ N; while for sequential policies, τ is a random stopping time. Under

adaptive policies, the decision maker relies on the previous collected samples to

select the next sensing action; while under non-adaptive policies, the actions are

selected independent of the past observation outcomes and according to a fixed

randomized rule.

2.2.3 Information State as Sufficient Statistic

The problem of active M-ary hypothesis testing is a partially observable

Markov decision problem (POMDP) where the state is static and observations are

noisy. It is known that any POMDP is equivalent to an MDP with a compact

yet uncountable state space, for which the belief of the decision maker about

the underlying state becomes an information state [31]. In our setup, thus, the

information state at time t is a belief vector specified by the conditional probability

of hypotheses H1, H2, . . . , HM to be true given the initial belief and all the previous

actions and observations. Let ρ(t) := [ρ1(t), ρ2(t), . . . , ρM(t)] denote the posterior

belief after t observations where ρi(t) := P ({θ = i}|At−1, Zt−1). Accordingly, the

information state space is defined as P(Ω) =
{

ρ ∈ [0, 1]M :
∑M

i=1 ρi = 1
}

. In one

sensing step, the evolution of the belief vector follows Bayes’ rule and the expected
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total cost (2.1) can be rewritten as2

E [τ ] + LPe, (2.2)

where Pe = E[1 − maxi∈Ω ρi(τ)] is the probability of wrong declaration, and the

expectations are taken with respect to the initial prior distribution on θ as well as

the distributions of action sequence, observation sequence, and the stopping time.

Let VNN(ρ), VSN(ρ), VSA(ρ), and VNA(ρ) denote the minimum expected

total cost (2.2) for prior belief ρ under non-sequential non-adaptive, sequential non-

adaptive, sequential adaptive, and non-sequential adaptive policies, respectively.

2.2.4 Overview of the Results and Literature Survey

Active hypothesis testing generalizes the passive (classical) hypothesis test-

ing problem where the number of sensing actions is limited to one, both in the

non-sequential (fixed sample size) case [26, 27] and the sequential (variable sam-

ple size) one [1–3]. While the fixed sample size studies have primarily focused on

the asymptotic analysis in form of identifying error exponents for various error

types [26,27], the study of sequential hypothesis testing has come in form of iden-

tifying the expected optimal sample size to achieve a given error probability [1–3].

The generalization to the active testing case was considered by Chernoff

in [5] in which a decision maker controls sensing actions to optimize the expected

total cost (2.2) in a sequential (variable sample size) setting. In particular, in [5]

and its extensions [25, 32–38], heuristic sequential adaptive randomized policies

were proposed and were shown to be asymptotically optimal as L → ∞ where

the notion of asymptotic optimality [5] denotes the relative tightness of the per-

formance upper bound associated with the proposed policy and the lower bound

associated with the optimal policy.3

2The probability of error is minimized under the maximum a posteriori (MAP) declaration.
3In [5], the objective was to minimize cE[τ ] + Pe and the proposed policy was shown to be

asymptotically optimal as c → 0. It is straightforward to show that for L = 1
c
, this problem

coincides with the active hypothesis testing problem defined here. However, we have chosen
E[τ ]+LPe as an objective function here because of its interpretation as the Lagrangian relaxation
of an information acquisition problem in which the objective is to minimize E[τ ] subject to Pe ≤ ǫ
where ǫ > 0 denotes the desired probability of error.
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The general active binary hypothesis testing problem was recently studied

in [28, 29] where full characterization of the error exponent corresponding to the

class of non-sequential adaptive and non-sequential non-adaptive policies was pro-

vided. In particular, the error exponent corresponding to these two classes was

shown to be equal, hence establishing zero adaptivity gain among non-sequential

policies. The generalization to M > 2 was considered in [30]. Note that while

[30] fully characterizes the error exponent corresponding to non-sequential non-

adaptive policies; it provides only a partial characterization of (i.e., loose upper

and lower bounds on) the error exponent corresponding to non-sequential adaptive

policies.

Table 2.1 provides a visual summary of the literature on hypothesis testing.

Table 2.1: Hypothesis Testing Literature

Type M = 2 M > 2

Sequential Passive (K = 1) [1] [2, 3]

Sequential Non-adaptive [29, 37] see below4

Sequential Adaptive [5, 29, 37] [5, 25, 38]

Non-sequential Passive (K = 1) [26] [27]

Non-sequential Non-adaptive [28, 29] [30]

Non-sequential Adaptive [28, 29] [30]

We close our literature survey with an overview of the main contributions:

• We provide asymptotically tight lower and upper bounds on VNN(ρ), VSN(ρ),

and VSA(ρ) which hold uniformly for all prior ρ ∈ P(Ω).

– The asymptotic tight bounds on VNN(ρ) relies on the analysis of [26,27],

and the realization that in order to minimize the total cost, we have to

decrease the error probabilities of various types with the same exponent

4The class of sequential non-adaptive policies studied here has received little attention in the
literature. To the best of our knowledge, the result on sequential non-adaptive policies is new
and has not been established before.
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among the worst pair of hypotheses. Since unlike the passive case stud-

ied in [26, 27], the non-adaptive policies produce non-i.i.d. observation

samples, the final step is to characterize the relationship between the

error exponent of a fixed block length and one-step error exponent.

– The asymptotic tight bounds on VSN(ρ) extend the results obtained by

[3] to the Bayesian context while allowing for randomized non-adaptive

policies. More specifically, the result of [3] is obtained via the law of

large numbers and only holds if the observations are i.i.d. Since obser-

vations are not identical (although they are independent), a different

proof technique is required (note that unlike the non-sequential case of

extending the work of [26, 27], the random nature of sample size in the

sequential case does not allow for a predetermined relationship between

the error exponent of a fixed block and the one-step error exponent).

– The asymptotic tight bounds on VSA(ρ) extend those obtained by [5,25]

to the Bayesian context while relaxing the assumption on uniform dis-

crimination of hypotheses or the need for the infinitely often reliance

on a randomized action to ensure sufficient discrimination among hy-

potheses. We will study the class of sequential adaptive policies in more

details in the next chapters. In particular, we will discuss the drawbacks

of Chernoff’s notion of asymptotic optimality in L, and characterize the

expected total cost under sequential adaptive policies in terms of L and

M simultaneously.

• In addition, we partially characterize a lower bound for VNA(ρ). This is, in

the Bayesian context, similar to the partial characterization of error exponent

of [30].

• As corollaries to the above performance bounds, we characterize the sequen-

tiality gain and the adaptivity gain in terms of L. In particular, it is shown

that the sequentiality gain grows logarithmically as the penalty L increases.

We also state a simple necessary and sufficient condition ensuring a logarith-

mic adaptivity gain in L for the active binary hypothesis testing case.
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• Furthermore, primarily as a sanity check, in Section 2.4.2 we derive the max-

imum achievable error exponents ENN , ESN , and ESA in the Bayesian con-

text. In particular, our result regarding ENN coincides with that of [28–30];

while the result regarding ESA coincides with that of [5, 25] in the Bayesian

context. To the best of our knowledge, the result on ESN is new and has not

been established before; while our upper bound on ENA is subsumed by the

analysis in [30].

2.3 Analytic Results

In this section, we provide our main results regarding the asymptotic char-

acterization (in L) of VNN(ρ), VSN(ρ), VSA(ρ), and VNA(ρ).

2.3.1 Assumptions and Basic Definitions

We have the following technical Assumptions.

Assumption 2.3.1. For any two hypotheses i, j ∈ Ω, i 6= j, there exists an action

a, a ∈ A, such that D(qai ‖qaj ) > 0.

Assumption 2.3.2. There exists ξ <∞ such that

max
i,j∈Ω

max
a∈A

sup
z∈Z

log
qai (z)

qaj (z)
≤ ξ.

Assumption 2.3.1 ensures the possibility of discrimination between any two

hypotheses. Assumption 2.3.2 implies that no two hypotheses are fully distinguish-

able using a single observation sample.

To continue with our analysis, we need the following definitions and nota-

tions.

Definition 2.3.1. For all i ∈ Ω and λ ∈ P(A), the optimized discrimination of

hypothesis i under randomized rule λ is defined as

Dα∗(i,λ) := min
j 6=i

max
α∈[0,1]

(1− α)
∑

a∈A

λaDα(q
a
i ‖qaj ).
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Definition 2.3.2. For all i ∈ Ω and λ ∈ P(A), the reliability function of hypoth-

esis i with regard to randomized rule λ is defined as

R(i,λ) := min
j 6=i

∑

a∈A

λaD(qai ‖qaj ),

and the maximal randomized rule for hypothesis i is denoted by

λ∗
i := argmax

λ∈P(A)

R(i,λ).

For λ ∈ P(A), let R̄(λ) denote the harmonic mean of {R(i,λ)}i∈Ω, i.e.,

R̄(λ) :=
M

∑M
i=1

1
R(i,λ)

,

and let R̄∗ denote the harmonic mean of {R(i,λ∗
i )}i∈Ω, i.e.,

R̄∗ :=
M

∑M
i=1

1
R(i,λ∗

i )

.

These notions of discrimination and reliability, as we will see, are natural

(and Bayesian) extensions of reliability in classical detection [39] where the relia-

bility function for hypothesis i is related to type i error probability. The following

lemma enables a concrete relationship between these notions.

Lemma 2.3.1. For two probability density functions q(·) and q′(·) with the same

support and for all α ∈ [0, 1] we have

(1− α)Dα(q‖q′) ≤ min {(1− α)D(q‖q′), αD(q′‖q)} .

Proof. For probability distributions defined over a finite alphabet, Lemma 2.3.1

is a consequence of Theorem 1 in [40]; while for general distributions, it is a

consequence of Theorem 27 in [41]. Here we provide a simple proof.

Let q(·) and q′(·) be two probability density functions on space Z with the

same support. The inequality holds trivially for α = 1. For α ∈ [0, 1), we have

Dα(q‖q′) =
−1

1− α
log

∫

Z

q(z)
(q′(z)

q(z)

)1−α

dz

(a)

≤ −1

1− α

∫

Z

q(z) log
(q′(z)

q(z)

)1−α

dz

=

∫

Z

q(z) log
q(z)

q′(z)
dz = D(q‖q′), (2.3)
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where (a) follows from the Jensen’s inequality. Similarly, we can show that

Dα(q‖q′) =
−1

1− α
log

∫

Z

( q(z)

q′(z)

)α

q′(z)dz

≤ −1

1− α

∫

Z

q′(z) log
( q(z)

q′(z)

)α

dz

=
α

1− α

∫

Z

q′(z) log
q′(z)

q(z)
dz =

α

1− α
D(q′‖q). (2.4)

Combining (2.3) and (2.4), we have the assertion of the Lemma.

2.3.2 Main Theorems

In this section, we provide upper and lower bounds on the minimum ex-

pected total cost (2.2) under different types of policies defined in Section 2.2.2.

These bounds will then be used in Section 2.4 to characterize the gains of sequen-

tial and adaptive selection of actions.

Theorem 2.3.1 (Non-sequential non-adaptive policy). Under Assumptions 2.3.1

and 2.3.2,

VNN(ρ) ≤
logL

D̂
+ o(logL), (2.5)

VNN(ρ) ≥
logL

D̂
− o(logL), (2.6)

where

D̂ := max
λ∈P(A)

min
i∈Ω

Dα∗(i,λ). (2.7)

Proof. The detailed proof is provided in Section 2.7.1. Here we provide an overview.

The proof of the lower bound relies on a generalization of Theorem 10

in [26]; while the upper bound is achieved via πNN , a randomized, non-sequential,

and non-adaptive policy which deterministically collects n̂ = (logL+ o(logL))/D̂

samples and selects sensing actions according to the randomized rule λ̂ ∈ P(A)

that achieves the maximum in (2.7).
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Theorem 2.3.2 (Sequential non-adaptive policy). Under Assumptions 2.3.1 and

2.3.2,

VSN(ρ) ≤ min
λ∈P(A)

M
∑

i=1

ρi
logL

R(i,λ)
+ o(logL), (2.8)

VSN(ρ) ≥ min
λ∈P(A)

M
∑

i=1

ρi
logL

R(i,λ)
− o(logL). (2.9)

Proof. The detailed proof is provided in Section 2.7.2. Here we provide an overview.

Suppose λ̂ ∈ P(A) achieves the minimum in (2.8). The upper bound (2.8)

is achieved by policy πSN that selects sensing actions according to λ̂ and stops

sampling at

τ := min{n : max
i∈Ω

ρi(n) ≥ 1− L−1}.

From upper bound (2.8) we know that the total cost under the optimal

policy is O(logL). This implies that the error probability Pe of the optimal policy

is O( logL
L

). Hence, without loss of generality in our proof of the lower bound,

we can restrict the set of sequential and non-adaptive policies to those whose

probability of making an error is O( logL
L

). Conditioning on the true hypothesis and

considering the dynamic of pairwise likelihoods, we then compute the minimum

expected number of samples necessary to achieve this target error probability.

Theorem 2.3.3 (Sequential adaptive policy). Under Assumptions 2.3.1 and 2.3.2,

VSA(ρ) ≤
M
∑

i=1

ρi
logL

R(i,λ∗
i )

+ o(logL), (2.10)

VSA(ρ) ≥
M
∑

i=1

ρi
logL

R(i,λ∗
i )

− o(logL). (2.11)

Proof. The detailed proof is provided in Section 2.7.3. Here we provide an overview.

The proof of the lower bound relies on a generalization of Theorem 2 in [5].

The upper bound is achieved via πSA, a heuristic two-phase policy which in its first

phase, selects actions in a way that all pairs of hypotheses can be distinguished

from each other; while its second phase coincides with Chernoff’s scheme [5] where

only the pairs including the most likely hypothesis are considered. The second

phase of πSA ensures its asymptotic optimality in L; while its first phase in a
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very natural manner relaxes the technical assumption in [5] where all actions are

assumed to discriminate between all hypotheses pairs or the need for the infinitely

often reliance on a suboptimal randomized action in order to ensure sufficient

discrimination among hypotheses.

We close this section by a note on the class of non-sequential adaptive

policies even though they seem rather unnatural to us (since it is more reasonable

to control the sample size using the observation outcomes if they are already being

used to select sensing actions). The next proposition provides a lower bound on

the minimum expected total cost under non-sequential adaptive policies, denoted

by VNA.

Proposition 2.3.1 (Non-sequential adaptive policy). Under Assumptions 2.3.1

and 2.3.2,

VNA(ρ) ≥
logL

min
i∈Ω

R(i,λ∗
i )

− o(logL). (2.12)

Next we state and discuss the consequences of the bounds proposed above.

In Section 2.4.1, we focus on the advantages of causally selecting the retire-declare

time as well as the adaptive selecting of sensing actions. In Section 2.4.2, we derive

the error exponent corresponding to different types of policies.

2.4 Consequences of the Bounds

In this section, we first specialize and simplify the results provided in Sec-

tion 2.3 for uniform prior. In particular, assume that the hypotheses, initially,

are equally likely, i.e., ρi(0) = 1
M

for all i ∈ Ω. Let VNN , VSN , and VSA, respec-

tively, denote the minimum expected total cost under non-sequential non-adaptive,

sequential non-adaptive, and sequential adaptive policies for uniform prior, i.e.,

Vx := Vx([
1
M
, 1
M
, . . . , 1

M
]) where x denotes the class of policies NN , SN , and SA.

From Fact 2.3.1, we know that

D̂ ≤ 0.5 max
λ∈P(A)

min
i∈Ω

min
j 6=i

∑

a∈A

λaD(qai ‖qaj ). (2.13)

Theorem 2.3.1 together with (2.13) implies that:
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Corollary 2.4.1 (Non-sequential non-adaptive policy). Under Assumptions 2.3.1

and 2.3.2,

VNN =
logL

D̂
± o(logL)

≥ 2 logL

max
λ∈P(A)

min
i∈Ω

R(i,λ)
− o(logL). (2.14)

Corollary 2.4.2 (Sequential non-adaptive policy). Under Assumptions 2.3.1 and

2.3.2,

VSN =
logL

max
λ∈P(A)

R̄(λ)
± o(logL). (2.15)

Corollary 2.4.3 (Sequential adaptive policy). Under Assumptions 2.3.1 and 2.3.2,

VSA =
logL

R̄∗
± o(logL). (2.16)

From the results above, it is evident that the minimum expected total cost

under all classes of policies grows logarithmically in L. However, the coefficient of

the logL term is not the same in general and we have

R̄∗ ≥ max
λ∈P(A)

R̄(λ) ≥ max
λ∈P(A)

min
i∈Ω

R(i,λ) ≥ D̂. (2.17)

2.4.1 Sequentiality and Adaptivity Gains

In this section, we discuss the advantage of causally selecting the retire-

declare time, i.e., τ as well as the sensing actions.

First, we show that the performance gap between the sequential and non-

sequential policy, VNN − VSN , grows logarithmically as the penalty L increases.

We refer to this performance gap as the sequentiality gain.

Corollary 2.4.4. Under Assumptions 2.3.1 and 2.3.2, the sequentiality gain is

characterized as

VNN − VSN ≥ logL





2

max
λ∈P(A)

min
i∈Ω

R(i,λ)
− 1

max
λ∈P(A)

R̄(λ)



− o(logL).
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Remark 2.4.1. The sequentiality gain grows logarithmically in L and from (2.17),

VNN − VSN ≥ logL

max
λ∈P(A)

R̄(λ)
− o(logL).

Next, the advantage of adaptively selecting the sensing actions is discussed.

In particular, it is shown that the performance gap between the adaptive and non-

adaptive policy, VSN − VSA, grows logarithmically as the penalty L increases. We

refer to this performance gap as the adaptivity gain.

Corollary 2.4.5. Under Assumptions 2.3.1 and 2.3.2, the adaptivity gain is char-

acterized as

VSN − VSA = logL





1

max
λ∈P(A)

R̄(λ)
− 1

R̄∗



± o(logL).

Remark 2.4.2. Note that the simple two phase structure of πSA, the policy that

achieves the upper bound in (2.10), implies that the adaptivity gain can be obtained

via coarse level adaptation.

Remark 2.4.3. Unless there exists a fixed randomized rule λ̃ ∈ P(A) such that,

R(i, λ̃) = R(i,λ∗
i ) for all i ∈ Ω,

the adaptivity gain grows logarithmically with L.

A sufficient condition under which there is no adaptivity gain is that of

stochastic dominance/degradation [13], i.e., if there exists a stochastic transfor-

mation W from Z to Z and5 a sensing action a∗ such that for all other sensing

actions a ∈ A,

qai (z) =

∫

qa∗i (y)W (y; z)dy, ∀i ∈ Ω. (2.18)

As shown by Sakaguchi [42], (2.18) implies that

D(qai ‖qaj ) ≤ D(qa
∗

i ‖qa∗j ), ∀a ∈ A, ∀i, j ∈ Ω,

hence, ensuring zero adaptivity gain when observations obtained by all actions are

stochastically degraded versions of the observation under sensing action a∗. This

formalizes the notion of informativeness and confirms the conjecture provided in [9].

5Function W : Z × Z → R+ is called a stochastic transformation from Z to Z if it satisfies
∫

Z
W (y; z)dz = 1 for all y ∈ Z and

∫

Z
W (y; z)dy < ∞ for all z ∈ Z.
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2.4.2 Reliability and Error Exponent

Let Eπ[τ ] denote the expected stopping time (or equivalently the expected

number of collected samples) under policy π. Policy π is said to achieve error

exponent E > 0 if

lim
t→∞

−1

t
log Peπ(t,M) = E, (2.19)

where Peπ(t,M) is the minimum probability of error that policy π can guarantee

for M hypotheses with the constraint Eπ[τ ] ≤ t (Note that τ is deterministic for

non-sequential policies).

Next we use the bounds obtained in Section 2.3 to characterize the maxi-

mum achievable error exponent for different types of policies. Let ENN , ESN , ESA,

and ENA denote the maximum achievable error exponent under non-sequential non-

adaptive, sequential non-adaptive, sequential adaptive, and non-sequential adap-

tive policies.

Corollary 2.4.6. Under Assumptions 2.3.1 and 2.3.2, we have

ENN = D̂,

ESN = max
λ∈P(A)

R̄(λ),

ESA = R̄∗.

Remark 2.4.4. The above characterizations of maximum achievable error expo-

nent are nothing but the Bayesian andM-ary version of the results in the literature

(see Table 2.1). In fact, as discussed in Section 2.2.4, these results provide a sanity

check viz a viz the prior work: ENN coincides with that of [28–30]; while ESA

coincides with that of [5, 25]. To the best of our knowledge, the result on ESN is

new and has not been established before.

Remark 2.4.5. The above corollary provides alternative means to underline and

characterize the sequentiality and adaptivity gains. In particular, sequentiality

always results in an improvement in the maximum achievable error exponent since

ENN ≤ 0.5 max
λ∈P(A)

min
i∈Ω

R(i,λ) < ESN . In contrast, adaptive selection of actions
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results in an improvement in the maximum achievable error exponent only if

max
λ∈P(A)

R̄(λ) 6= R̄∗.

We can also find an upper bound on the maximum achievable error exponent

of any non-sequential yet adaptive policy (tight lower bounds are necessary for full

characterization, however).

Corollary 2.4.7. Under Assumptions 2.3.1 and 2.3.2, we have

ENA ≤ min
i∈Ω

R(i,λ∗
i ).

Remark 2.4.6. Our upper bound on ENA is subsumed by [30, Theorem 2].

2.5 Special Case: Binary Hypothesis Testing

In this section, we consider active binary hypothesis testing (M = 2) as a

special case.

2.5.1 Analytical Results

The performance bounds provided in Section 2.3 are simplified by substi-

tuting the following equations into the denominators of the bounds.

Dα∗(1,λ) = max
α∈[0,1]

(1− α)
∑

a∈A

λaDα(q
a
1‖qa2) = Dα∗(2,λ),

D̂ = max
a∈A

max
α∈[0,1]

(1− α)Dα(q
a
1‖qa2),

R(1,λ) =
∑

a∈A

λaD(qa1‖qa2), R(2,λ) =
∑

a∈A

λaD(qa2‖qa1),

R(1,λ∗
1) = max

a∈A
D(qa1‖qa2), R(2,λ∗

2) = max
a∈A

D(qa2‖qa1),

R̄(λ) =

(

0.5
∑

a∈A

λaD(qa1‖qa2)
+

0.5
∑

a∈A

λaD(qa2‖qa1)

)−1

,

R̄∗ =





0.5

max
a∈A

D(qa1‖qa2)
+

0.5

max
a∈A

D(qa2‖qa1)





−1

.
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Next we state a simple necessary and sufficient condition for a logarithmic

adaptivity gain in the active binary hypothesis testing case.

Corollary 2.5.1. In the active binary hypothesis testing case, the adaptivity gain

grows logarithmically in L if and only if

argmax
a∈A

D(qa1‖qa2) 6= argmax
a∈A

D(qa2‖qa1).

The problem of passive binary hypothesis testing (K = 1, M = 2) with

fixed-length (non-sequential) as well as variable-length (sequential) sample size

has been studied by [1, 26, 39, 43]. Our sequentiality gain, in this case, is the

manifestation of the fact that sequential tests are superior in ensuring that both

error probabilities decrease at the best possible exponential rates [43].

Recently, the authors in [28] and [29] have studied the problem of active

binary hypothesis testing for fixed-length and variable-length sample size, respec-

tively. Our work complements the findings in [29] by providing an asymptotic

optimal solution in a total cost (and Bayesian) sense as well as establishing a

non-zero sequentiality and potentially non-zero adaptivity gain. In [28], the error

exponent corresponding to the class of NN and NA policies were fully character-

ized for the problem of active binary hypothesis testing with fixed sample size. In

the Bayesian context, the result of [28] regarding the error exponent of the class of

NN policies coincides with our Corollary 2.4.6, while the full characterization of

the error exponent corresponding to the class of NA policies in [28], strengthens

Corollary 2.4.7 in the binary case. In particular, it is shown that in the binary hy-

pothesis testing setup ENN = ENA, hence, establishing zero adaptivity gain among

non-sequential policies. For the special case of channel coding with feedback6 with

two messages, the above result, i.e., the zero adaptivity gain among non-sequential

policies, was established in [44, 45].

6The problem of channel coding with feedback can be interpreted as a special case of active
hypothesis testing (see Chapter 5 for more details).
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2.5.2 Numerical Example

Consider the active binary hypothesis testing problem with additive Gaus-

sian noisy observations under two actions a and b shown in Fig. 2.1. In this

example, the observation noise associated with actions a and b is such that it adds

unequal noise to the hypotheses. In the remainder of this section, we compare the

performance of all considered policies for this example.

1

2

Sensing action a

1

2

Sensing action b

Z

+

+

N(0,1)

N(1,3)

Z

+

+

N(0,4)

N(1,2)

θ

θ

Figure 2.1: Active binary hypothesis testing with additive Gaussian noise.

The KL and Rényi divergences between two normal distributions q =

N(m1, σ
2
1) and q′ = N(m2, σ

2
2) can be computed using the following closed-form

expressions [46]:

D(q‖q′) = (m2 −m1)
2 + σ2

1 − σ2
2

2σ2
2

log e+ log
σ2
σ1
, (2.20)

Dα(q‖q′) =
1
2
α(m2 −m1)

2

(1− α)σ2
1 + ασ2

2

log e− 1

1− α
log

σ1−α
1 σα2

√

(1− α)σ2
1 + ασ2

2

. (2.21)

Table 2.2 compares the performance bounds of the considered policies for the

example of Fig. 2.1.

Remark 2.5.1. In practice, non-sequential and non-adaptive policies are simpler

to implement compared to sequential and adaptive policies. To select the most
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Table 2.2: Comparison of performance bounds for the example of Fig. 2.1.

Sequential Non-sequential

Adaptive logL/2.26 & logL/1.66

Non-adaptive logL/1.87 logL/0.49

appropriate policy, one needs to trade off between the computational complexity

and the performance. The results of this chapter can be applied to measure and

compare the performance of different types of policies. For instance, in the numer-

ical example given above and for large values of L, sequential selection of actions

reduces the expected total cost by 73.7%, and adaptivity reduces the expected

total cost by an additional 17.2%. In light of the complexity of Bayesian updates

associated with tracking the posterior, this will provide the system designer with

an (asymptotic) computation–sampling complexity tradeoff.

2.6 Discussion

In this chapter, we considered the problem of active hypothesis testing

and we analyzed the gain of sequential and adaptive selection of actions. In our

analysis, however, we only investigated asymptotic performance in L, and the

complementary role of asymptotic analysis in M was neglected. In particular, we

have only identified the zero-rate characterization of error exponent; while for a full

characterization in which error exponent is traded off with information acquisition

rate, we would need an asymptotic characterization of the problem both in L and

M . We will address this issue for the class of sequential policies in Chapter 4.

2.7 Proofs

In this section, we provide the proof of the main results of this chapter,

i.e., Theorems 2.3.1, 2.3.2, 2.3.3, and Proposition 2.3.1. Before we get into de-

tails, we give a high-level explanation on how being sequential/non-sequential and

adaptive/non-adaptive changes the analysis and the proofs.
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To analyze the performance of non-sequential policies, we derive upper and

lower bounds on the probability of error Pe in terms of the number of collected

observation samples n. However, for sequential policies, we find bounds on the

expected number of collected samples E[τ ] in terms of the target probability of

error ǫ.

The class of adaptive policies provides the opportunity to select the sensing

actions in favor of the most likely hypothesis, i.e., the actions that discriminate

this hypothesis the best from each and every element in the set of alternative

hypotheses. However, non-adaptive policies use a fixed randomized rule and hence,

have to take into account the worst case scenario.

2.7.1 Proof of Theorem 2.3.1

In this section, we show that

VNN(ρ) ≤
logL

D̂
+ o(logL), (2.22)

VNN(ρ) ≥
logL

D̂
− o(logL), (2.23)

where

D̂ = max
λ∈P(A)

min
i∈Ω

min
j 6=i

max
α∈[0,1]

∑

a∈A

λa(1− α)Dα(q
a
i ‖qaj ). (2.24)

Suppose λ̂ ∈ P(A) achieves the maximum in (2.24). Let πNN be a non-

sequential non-adaptive policy that collects n̂ observation samples, and selects

sensing actions according to the randomized rule λ̂. The expected total cost under

this policy is n̂ + LPe. Next we find an upper bound for Pe as a function of n̂.

Let Zi(n) := ∩j 6=i {ρi(n) ≥ ρj(n)}, Zc
i (n) := ∪j 6=i {ρi(n) < ρj(n)}, and eij(n) :=

P ({ρi(n) < ρj(n)}|θ = i).

Pe = E[1 −max
i∈Ω

ρi(n̂)] =

M
∑

i=1

ρiP (Zc
i (n̂)|θ = i)

≤
M
∑

i=1

ρi
∑

j 6=i

eij(n̂) ≤ (M − 1)max
i,j∈Ω

eij(n̂). (2.25)
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From (2.25) and Lemma 2.7.1 in Section 2.7.5, we obtain

Pe ≤ (M − 1) 2

(

−n̂ min
i,j∈Ω

max
α∈[0,1]

(1−α)
∑

a∈A
λ̂aDα(qai ‖q

a
j )+o(n̂)

)

.

We can select n̂ as

n̂ = (logL+ o(logL)) /D̂

such that Pe = O( 1
L
), and hence,

VNN ≤ n̂+ LPe ≤ n̂+O(1) =
logL

D̂
+ o(logL).

This completes the proof of upper bound. Next the proof of lower bound is given.

Consider a non-sequential non-adaptive policy πn,λ that collects n observa-

tion samples according to the randomized rule λ ∈ P(A). We have

Pe =
M
∑

i=1

ρiP (∪j 6=i{ρi(n) < ρj(n)}|θ = i)

≥ ρieij(n) + ρjeji(n) for any i, j ∈ Ω, i 6= j. (2.26)

From (2.26) and Lemma 2.7.1 in Section 2.7.5, a lower bound is obtained for the

expected total cost under policy πn,λ. The lower bound for VNN is obtained by

minimizing over the choices of n and λ.

2.7.2 Proof of Theorem 2.3.2

In this section, we show that

VSN(ρ) ≤ min
λ∈P(A)

M
∑

i=1

ρi
logL

R(i,λ)
+ o(logL), (2.27)

VSN(ρ) ≥ min
λ∈P(A)

M
∑

i=1

ρi
logL

R(i,λ)
− o(logL). (2.28)

In contrast to the passive case, the observations in the active case (either

adaptive or non-adaptive) are not necessarily identical over time. Therefore, the

analysis of [3] for sequential passive hypothesis testing (which is based on the law
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of large numbers and results for random walks) is not applicable to the problem

of sequential non-adaptive hypothesis testing.

Suppose λ̂ ∈ P(A) achieves the minimum in (2.27). The upper bound

(2.27) is achieved by policy πSN that selects sensing actions according to λ̂ and

stops sampling at

τ := min{n : max
i∈Ω

ρi(n) ≥ 1− L−1}. (2.29)

Let τi, i ∈ Ω, be Markov stopping times defined as follows:

τi := min

{

n : min
j 6=i

ρi(n)

ρj(n)
≥ 1− L−1

L−1/(M − 1)

}

. (2.30)

Note that by construction (2.30),

ρi(τi) ≥
1

M − 1

∑

j 6=i

ρj(τi)
1− L−1

L−1/(M − 1)

= (1− ρi(τi))
1− L−1

L−1
.

This implies that ρi(τi) ≥ 1−L−1 and hence, τ ≤ τi for all i ∈ Ω. From (2.2), the

total cost under πSN can be written as

V (ρ) = E[τ ] + LE[1−max
i∈Ω

ρi(τ)]

(a)

≤ E[τ ] + 1

(b)
=

M
∑

i=1

ρiE[τ |θ = i] + 1

(c)

≤
M
∑

i=1

ρiE[τi|θ = i] + 1, (2.31)

where (a) follows from construction (2.29); (b) holds since given the prior belief

ρ = [ρ1, ρ2, . . . , ρM ], P ({θ = i}) = ρi for all i ∈ Ω; and (c) follows from the fact

that τ ≤ τi for all i ∈ Ω.

Next we find an upper bound for E[τi|θ = i], i ∈ Ω. Before we proceed, we

introduce the following notation to facilitate the proof:

T (i,λ) :=

[

log 1−L−1

L−1/(M−1)
−min

k 6=i
log ρi

ρk

]+

R(i,λ)
. (2.32)
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Let ι := (logL)−
1
3 . We have

E[τi|θ = i] =
∞
∑

n=0

P ({τi > n}|θ = i)

≤ 1 + (1 + ι)T (i, λ̂) +
∑

n:n>(1+ι)T (i,λ̂)

P ({τi > n}|θ = i)

(a)

≤ 1 + (1 + ι)T (i, λ̂) +M
e−b(ι)T (i,λ̂)

1− e−b(ι)

(b)

≤ 1 + (1 + ι)T (i, λ̂) +M
1 + max{1, 1

b(ι)
}

eb(ι)T (i,λ̂)

(c)
=

logL

R(i, λ̂)
+ o(logL), (2.33)

where (a) follows by Lemma 2.7.2 in Section 2.7.5, and b(ι) is given in (2.49); (b)

follows from the fact that 1
1−e−x ≤ 1 + max{1, 1/x} for x > 0; and (c) holds since

ι = (logL)−
1
3 . Now from (2.31) and (2.33), we have the assertion of the theorem.

Next we provide the proof of lower bound (2.28) which follows closely the

proof of Theorem 2 in [5].

From upper bound (2.27) we know that the total cost under the optimal

policy is O(logL). This implies that the probability of error corresponding to the

optimal policy is O( logL
L

). Hence, without loss of generality in our computation of

the lower bound, we can restrict the set of policies to those whose probability of

making an error is O( logL
L

).

Let πǫ,λ denote a sequential non-adaptive policy that collects samples ac-

cording to the randomized rule λ ∈ P(A) and selects the stopping time τ such

that Pe ≤ ǫ. For all i ∈ Ω and arbitrary δ ∈ (0, 1), let

T (i,λ) :=

[

(1− δ) log 1
ǫ
−max

k 6=i
log ρi

ρk

]+

R(i,λ) + δ
. (2.34)

Under policy πǫ,λ,

P ({τ < T (i,λ)} |θ = i) = P

(

{τ < T (i,λ)} ∩
⋂

j 6=i

{

ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)

+ P

(

{τ < T (i,λ)} ∩
⋃

j 6=i

{

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)
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(a)

≤ ξ2

T (i,λ)δ2
+
∑

j 6=i

P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

(b)

≤ ξ2

T (i,λ)δ2
+ (M − 1)

2ǫδ

ρi
, (2.35)

where (a) follows from Lemma 2.7.4 in Section 2.7.5 and the union bound; and (b)

follows from Lemma 2.7.3 in Section 2.7.5.

From (2.35), the expected total cost under policy πǫ,λ is lower bounded as

E[τ ] + LPe ≥
M
∑

i=1

ρiE[τ |θ = i]

=

M
∑

i=1

ρiE[τ1{τ≥T (i,λ)} + τ1{τ<T (i,λ)}|θ = i]

≥
M
∑

i=1

ρiT (i,λ)P ({τ ≥ T (i,λ)}|θ = i)

≥
M
∑

i=1

ρiT (i,λ)
(

1− ξ2

T (i,λ)δ2
− 2ǫδM

ρi

)

.

For δ = (log 1
ǫ
)−

1
3 , the lower bound simplifies to

E[τ ] + LPe ≥
M
∑

i=1

ρiT (i,λ)− ξ2(log
1

ǫ
)
2
3 − o(1)

≥
M
∑

i=1

ρi
logL

R(i,λ)
− o(logL),

where o(1) → 0 as ǫ → 0 (L → ∞), and the last inequality follows from the fact

that for an optimal policy, ǫ = O( logL
L

). The lower bound for VSN is obtained by

minimizing over λ.

2.7.3 Proof of Theorem 2.3.3

In this section, we show that

VSA(ρ) ≤
M
∑

i=1

ρi
logL

R(i,λ∗
i )

+ o(logL), (2.36)

VSA(ρ) ≥
M
∑

i=1

ρi
logL

R(i,λ∗
i )

− o(logL). (2.37)
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The upper bound is achieved via πSA, a heuristic two-phase policy which is de-

scribed next. Consider a threshold ρ̌, ρ̌ > 1
2
. The two-phase policy πSA is defined

as follows. The policy stops sampling at

τ := min{n : max
i∈Ω

ρi(n) ≥ 1− L−1}.

For any time t < τ , sensing actions are selected according to the randomized rule

λ∗
i if ρi(t) ≥ ρ̌, i ∈ Ω; otherwise, the actions are selected according to λ∗

0 where

λ∗
0 := argmax

λ∈P(A)

min
i∈Ω

min
j 6=i

∑

a∈A

λaD(qai ‖qaj ). (2.38)

In other words, policy πSA, in its first phase, selects actions in a way that

all pairs of hypotheses can be distinguished from each other; while in its second

phase, i.e., when the belief about one of the hypotheses becomes larger than ρ̌, only

the pairs including the most likely hypothesis are considered. The second phase

of πSA coincides with Chernoff’s scheme [5]; while its first phase in a very natural

manner weakens the technical assumption in [5] in which all actions are assumed

to discriminate between all hypotheses pairs, i.e., D(qai ‖qaj ) > 0, ∀i, j ∈ Ω, i 6= j,

∀a ∈ A (which is very restrictive and does not hold in many problems of interest).

Similar to Lemma 2.7.2, we can show that under the policy πSA and for

n > T (i,λ∗
i )(1 + o(1)), P ({τi > n}|θ = i) is exponentially decaying in n (see

Section 4.7.7 for details). Following similar lines as those in (2.31) and (2.33), we

obtain the bound (2.36).

The proof of the lower bound relies on a generalization of Theorem 2 in [5]

and is provided next.

From upper bound (2.36) we know that the total cost under the optimal

policy is O(logL). This implies that the error probability corresponding to the

optimal policy is O( logL
L

). Hence, without loss of generality in our computation of

the lower bound, we can restrict the set of policies to those whose probability of

making an error is O( logL
L

).

Let πǫ denote a sequential policy that selects the stopping time τ such that

Pe ≤ ǫ. Under policy πǫ,

P ({τ < T (i,λ∗
i )} |θ = i) = P

(

{τ < T (i,λ∗
i )} ∩

⋂

j 6=i

{

ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)
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+ P

(

{τ < T (i,λ∗
i )} ∩

⋃

j 6=i

{

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

(a)

≤ Mξ2

T (i,λ∗
i )δ

2
+
∑

j 6=i

P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

(b)

≤ Mξ2

T (i,λ∗
i )δ

2
+ (M − 1)

2ǫδ

ρi
, (2.39)

where (a) follows from Lemma 2.7.5 in Section 2.7.5 and the union bound; and (b)

follows from Lemma 2.7.3 in Section 2.7.5.

From (2.39), the expected total cost under policy πǫ is lower bounded as

E[τ ] + LPe ≥
M
∑

i=1

ρiE[τ |θ = i]

=
M
∑

i=1

ρiE[τ1{τ≥T (i,λ∗
i )}

+ τ1{τ<T (i,λ∗
i )}

|θ = i]

≥
M
∑

i=1

ρiT (i,λ
∗
i )P ({τ ≥ T (i,λ∗

i )}|θ = i)

≥
M
∑

i=1

ρiT (i,λ
∗
i )
(

1− Mξ2

T (i,λ∗
i )δ

2
− 2ǫδM

ρi

)

.

For δ = (log 1
ǫ
)−

1
3 , the lower bound simplifies to

E[τ ] + LPe ≥
M
∑

i=1

ρiT (i,λ
∗
i )−Mξ2(log

1

ǫ
)
2
3 − o(1)

≥
M
∑

i=1

ρi
logL

R(i,λ∗
i )

− o(logL),

where o(1) → 0 as ǫ → 0 (L → ∞), and the last inequality follows from the fact

that for an optimal policy, ǫ = O( logL
L

).

2.7.4 Proof of Proposition 2.3.1

In this section, we show that

VNA(ρ) ≥
logL

min
i∈Ω

R(i,λ∗
i )

− o(logL).
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Proof. We first consider the set of all non-sequential adaptive policies that collect

n observation samples, and find a lower bound on the expected total cost under

these policies. The lower bound for VNA is obtained by minimizing over n.

Consider an arbitrary δ > 0 and define

n′ := max
{

n,
2ξ2

δ2
logM

}

, (2.40)

ǫi :=
1

2

(

n′(R(i,λ∗
i )+δ)+max

k,l∈Ω
log

ρk
ρl

)

+ 1

, ∀i ∈ Ω. (2.41)

The error probability can be bounded as

Pe =

M
∑

i=1

ρiE[1−max
k∈Ω

ρk(n)|θ = i]

≥
M
∑

i=1

ρiE[(1 −max
k∈Ω

ρk(n))1{max
k∈Ω

ρk(n)≤1−ǫi}|θ = i]

≥
M
∑

i=1

ρiǫiP ({max
k∈Ω

ρk(n) ≤ 1− ǫi}|θ = i). (2.42)

Next we find a lower bound for the right-hand side of (2.42). Note that

P ({max
k∈Ω

ρk(n) > 1− ǫi}|θ = i)

≤
M
∑

k=1

P ({ρk(n) > 1− ǫi} |θ = i)

=

M
∑

k=1

P

({

log
ρk(n)

1− ρk(n)
> log

1− ǫi
ǫi

}

|θ = i

)

≤
M
∑

k=1

P

(

∩j 6=k
{

log
ρk(n)

ρj(n)
> log

1− ǫi
ǫi

}

|θ = i

)

. (2.43)

To find an upper bound for the right-hand side of (2.43), we consider the

following two cases:

Case I. k 6= i. Given {θ = i} and for any sequence of actions {A(t)}n−1
t=0 ,

E[log
ρk(n)

ρi(n)
] = log

ρk
ρi

+
n−1
∑

t=0

E[log
ρk(t+ 1)

ρi(t + 1)
− log

ρk(t)

ρi(t)
]

= log
ρk
ρi

+
n−1
∑

t=0

E[log
q
A(t)
k (Z)

q
A(t)
i (Z)

]
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= log
ρk
ρi

−
n−1
∑

t=0

∑

a∈A

P (A(t) = a)D(qai ‖qak)

≤ log
ρk
ρi
. (2.44)

From (2.44) and for any k 6= i,

P

(

∩j 6=k
{

log
ρk(n)

ρj(n)
> log

1− ǫi
ǫi

}

|θ = i

)

≤ P

({

log
ρk(n)

ρi(n)
− E[log

ρk(n)

ρi(n)
] > log

1− ǫi
ǫi

− log
ρk
ρi

}

|θ = i

)

(a)

≤ P

({

log
ρk(n)

ρi(n)
− E[log

ρk(n)

ρi(n)
] > n′δ

}

|θ = i

)

(b)

≤ exp(−n′δ2/2ξ2), (2.45)

where (a) follows from (2.41); and (b) follows from Fact 2.7.2 in Section 2.7.5 and

since n ≤ n′.

Case II. k = i. Consider a sequence of actions {A(t)}n−1
t=0 . Given {θ = i}

and for ĵ = argmin
j 6=i

∑n−1
t=0 E[log

q
A(t)
i (Z)

q
A(t)
j (Z)

],

E[log
ρi(n)

ρĵ(n)
] = log

ρi
ρĵ

+

n−1
∑

t=0

E[log
q
A(t)
i (Z)

q
A(t)

ĵ
(Z)

]

≤ log
ρi
ρĵ

+ nmin
j 6=i

∑

a∈A

λ∗iaD(qai ‖qaj )

≤ max
j 6=i

log
ρi
ρj

+ nR(i,λ∗
i ). (2.46)

Using (2.46) and for k = i,

P

(

∩j 6=k
{

log
ρk(n)

ρj(n)
> log

1− ǫi
ǫi

}

|θ = i

)

≤ P

({

log
ρi(n)

ρĵ(n)
− E[log

ρi(n)

ρĵ(n)
] > log

1− ǫi
ǫi

−max
j 6=i

log
ρi
ρj

− nR(i,λ∗
i )

}

|θ = i

)

(a)

≤ P

({

log
ρi(n)

ρĵ(n)
− E[log

ρi(n)

ρĵ(n)
] > n′δ

}

|θ = i

)

(b)

≤ exp(−n′δ2/2ξ2), (2.47)

where (a) follows from (2.40) and (2.41); and (b) follows from Fact 2.7.2 in Sec-

tion 2.7.5.
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Combining (2.43), (2.45), and (2.47),

P ({max
k∈Ω

ρk(n) > 1− ǫi}|θ = i) ≤M exp(−n′δ2/2ξ2) < 1,

which together with (2.42) establishes the following lower bound on the expected

total cost,

n+ LPe ≥ n+ L

M
∑

i=1

ρiǫi(1−M exp(−n′δ2/2ξ2)). (2.48)

Setting δ = (logL)−
1
3 and minimizing the bound over n, we have the asser-

tion of the proposition.

2.7.5 Technical Background

In this section, we provide some preliminary facts and lemmas which are

technical and helpful in proving the main results.

Fact 2.7.1 (Kolmogorov’s Maximal Inequality [47]). Suppose Xt for t = 1, 2, . . .,

be independent random variables with E[Xt] = 0 and V ar(Xt) < ∞. Let Sn =
∑n

t=1Xt. Then

P

(

max
0≤n≤N

|Sn| > x

)

≤ V ar(SN)

x2
=

∑N
t=1 V ar(Xt)

x2
.

Fact 2.7.2 (McDiarmid’s Inequality [48]). Let X = (X1, . . . , Xn) be a family of

independent random variables with Xk taking values in a set Xk for each k. Suppose

a real-valued function f defined on Πn
k=1Xk satisfies |f(x)− f(x′)| ≤ ck, whenever

the vectors x and x′ only differ in the k-th coordinate. Then for any ν ≥ 0,

P (f(X)− E[f(X)] ≥ ν) ≤ e−2ν2/
∑n

k=1 c
2
k ,

P (f(X)− E[f(X)] ≤ −ν) ≤ e−2ν2/
∑n

k=1 c
2
k .

Lemma 2.7.1. Consider a policy that collects observation samples according to a

randomized rule λ ∈ P(A). Under this policy and for all i, j ∈ Ω, and α ∈ [0, 1],

max {eij(n), eji(n)} ≤ 2

(

−n(1−α)
∑

a∈A
λaDα(qai ‖q

a
j )+o(n)

)

,

max {eij(n), eji(n)} ≥ 2

(

−n(1−α)
∑

a∈A
λaDα(qai ‖q

a
j )−o(n)

)

.
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The proof of Lemma 2.7.1 follows closely the proof of Theorems 9 and 10

in [26].

Lemma 2.7.2. Consider a sequential non-adaptive policy that selects sensing ac-

tions according to the randomized rule λ̂. Under this policy and for any ι > 0 and

n > (1 + ι)T (i, λ̂), we have P ({τi > n}|θ = i) ≤ (M − 1)e−b(ι)n where

b(ι) =
2ι2

(1 + ι)2

(

R(i, λ̂)

2ξ

)2

. (2.49)

Proof of Lemma 2.7.2. Let Bij(n) be an event in the probability space defined as

follows:

Bij(n) :=

{

log
ρi(n)

ρj(n)
< log

1− L−1

L−1/(M − 1)

}

.

By construction (2.30),

P ({τi > n}|θ = i) ≤ P (∪j 6=iBij(n)|θ = i) ≤
∑

j 6=i

P (Bij(n)|θ = i). (2.50)

Furthermore, we have

P (Bij(n)|θ = i)

= P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < log

1− L−1

L−1/(M − 1)
− E

[

log
ρi(n)

ρj(n)

]

}

∣

∣θ = i
)

= P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < log

1− L−1

L−1/(M − 1)
− E

[

log
ρi
ρj

+

n−1
∑

t=0

log
q
A(t)
i

q
A(t)
j

]

}

∣

∣θ = i
)

≤ P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < log

1− L−1

L−1/(M − 1)
−min

k 6=i
log

ρi
ρk

− nR(i, λ̂)
}

∣

∣θ = i
)

≤ P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < (T (i, λ̂)− n)R(i, λ̂)

}

∣

∣θ = i
)

. (2.51)

For any a, â ∈ A and i, j ∈ Ω, we have
∣

∣

∣
log

qai
qaj

− log
qâi
qâj

∣

∣

∣
≤ 2ξ. For k =

1, 2, . . . , n, let Xk = log
q
A(k−1)
i

q
A(k−1)
j

and X = [X1, X2, . . . , Xn]. Define the function

f(X) = log ρi
ρj

+
∑n

k=1Xk = log ρi(n)
ρj(n)

. From (2.50), (2.51), and Fact 2.7.2, and for

n > (1 + ι)T (i, λ̂), we have

P ({τi > n}|θ = i) ≤ (M − 1) exp

(

−2n

(

R(i, λ̂)

2ξ

)2(

1− 1

n
T (i, λ̂)

)2
)
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≤ (M − 1) exp

(

−n 2ι2

(1 + ι)2

(

R(i, λ̂)

2ξ

)2
)

.

Lemma 2.7.3. Consider a sequential policy π that selects the stopping time τ such

that Pe ≤ ǫ. For any i, j ∈ Ω and δ ∈ [0, 1], we have

P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

≤ 2ǫδ

ρi
.

Proof. The proof follows closely the proof of Lemma 4 in [5]. Let θ̂ = d(Aτ , Zτ )

denote the final declaration under policy π. We have

P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

= P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

∩
{

θ̂ = i
}

|θ = i

)

+ P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

∩
{

θ̂ 6= i
}

|θ = i

)

(a)

≤ (
1

ǫ
)1−δ

ρj
ρi
P
({

θ̂ = i
}

|θ = j
)

+ P
({

θ̂ 6= i
}

|θ = i
)

≤ (
1

ǫ
)1−δ

ρj
ρi
P
({

θ̂ 6= j
}

|θ = j
)

+ P
({

θ̂ 6= i
}

|θ = i
)

(b)

≤ (
1

ǫ
)1−δ

ρj
ρi

ǫ

ρj
+

ǫ

ρi
≤ 2ǫδ

ρi
,

where (a) holds since under the event
{

ρi(τ)
ρj(τ)

< (1
ǫ
)1−δ

}

, we have

ρi

τ−1
∏

t=0

q
A(t)
i (Z(t)) ≤ (

1

ǫ
)1−δρj

τ−1
∏

t=0

q
A(t)
j (Z(t)),

hence, the ratio between the probability of the event conditioned on θ = i and the

probability conditioned on θ = j is bounded by (1
ǫ
)1−δ

ρj
ρi
; and (b) follows from the

fact that under policy π and for all i ∈ Ω,

P
({

θ̂ 6= i
}

|θ = i
)

≤ 1

ρi

M
∑

k=1

ρkP
({

θ̂ 6= k
}

|θ = k
)

=
1

ρi
Pe ≤ ǫ

ρi
.
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Lemma 2.7.4. Consider a sequential non-adaptive policy πǫ,λ that selects actions

according to λ ∈ P(A) and selects the stopping time τ such that Pe ≤ ǫ. We have

P

(

{τ < T (i,λ)} ∩
⋂

j 6=i

{

ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)

≤ ξ2

T (i,λ)δ2
.

Proof. Let ĵ = argmin
j 6=i

∑

a∈A λaD(qai ‖qaj ). We have

P

(

{

τ < T (i,λ)
}

∩
⋂

j 6=i

{ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)

≤ P
({

min
n

: log
ρi(n)

ρj(n)
> (1− δ) log

1

ǫ
, ∀j 6= i

}

< T (i,λ)|θ = i
)

= P
({

∃n, 0 ≤ n < T (i,λ) s.t. log
ρi(n)

ρj(n)
> (1− δ) log

1

ǫ
, ∀j 6= i

}

|θ = i
)

(a)

≤ P
({

∃n, 0 ≤ n < T (i,λ) s.t. log
ρi(n)

ρĵ(n)
− E[log

ρi(n)

ρĵ(n)
]

> (1− δ) log
1

ǫ
−max

k 6=i
log

ρi
ρk

− nR(i, λ)
}

|θ = i
)

(b)

≤ P
({

∃n, 0 ≤ n < T (i,λ) s.t. log
ρi(n)

ρĵ(n)
− E[log

ρi(n)

ρĵ(n)
] > T (i,λ)δ

}

|θ = i
)

≤ P
(

max
0≤n<T (i,λ)

{

log
ρi(n)

ρĵ(n)
− E[log

ρi(n)

ρĵ(n)
]
}

> T (i,λ)δ|θ = i
)

(c)

≤ T (i,λ)ξ2

(T (i,λ)δ)2
,

where (a) follows from the fact that given {θ = i},

E[log
ρi(n)

ρĵ(n)
] = log

ρi
ρĵ

+

n−1
∑

t=0

E[log
ρi(t+ 1)

ρĵ(t+ 1)
− log

ρi(t)

ρĵ(t)
]

= log
ρi
ρĵ

+

n−1
∑

t=0

∑

a∈A

E[log
qai (Z)

qa
ĵ
(Z)

]P (A(t) = a)

≤ max
k 6=i

log
ρi
ρk

+ nmin
j 6=i

∑

a∈A

λaD(qai ‖qaj );

inequality (b) follows from the definition of T (i,λ) in (2.34) and the fact that

0 ≤ n < T (i,λ); and (c) follows from Fact 2.7.1.
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Lemma 2.7.5. Consider a sequential policy πǫ that selects the stopping time τ

such that Pe ≤ ǫ. We have

P

(

{τ < T (i,λ∗
i )} ∩

⋂

j 6=i

{

ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)

≤ (M − 1)ξ2

T (i,λ∗
i )δ

2
.

Proof. The proof follows closely the proof of Lemma 5 in [5]. We have

P

(

{

τ < T (i,λ∗
i )
}

∩
⋂

j 6=i

{ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)

≤ P
({

min
n

: log
ρi(n)

ρj(n)
> (1− δ) log

1

ǫ
, ∀j 6= i

}

< T (i,λ∗
i )|θ = i

)

= P
({

∃n, 0 ≤ n < T (i,λ∗
i ) s.t. log

ρi(n)

ρj(n)
> (1− δ) log

1

ǫ
, ∀j 6= i

}

|θ = i
)

(a)

≤ P
(

⋃

j 6=i

{

∃n, 0 ≤ n < T (i,λ∗
i ) s.t. log

ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
]

> (1− δ) log
1

ǫ
−max

k 6=i
log

ρi
ρk

− nR(i, λ∗i )
}

|θ = i
)

(b)

≤ P
(

⋃

j 6=i

{

∃n, 0 ≤ n < T (i,λ∗
i ) s.t. log

ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] > T (i,λ∗

i )δ
}

|θ = i
)

≤
∑

j 6=i

P
(

max
0≤n<T (i,λ∗

i )

{

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
]
}

> T (i,λ∗
i )δ|θ = i

)

(c)

≤ (M − 1)
T (i,λ∗

i )ξ
2

(T (i,λ∗
i )δ)

2
,

where (a) holds since

E[log
ρi(n)

ρj(n)
] = log

ρi
ρj

+
n−1
∑

t=0

E[log
q
A(t)
i (Z)

q
A(t)
j (Z)

]

= log
ρi
ρj

+ n
∑

a∈A

n−1
∑

t=0

P (A(t) = a)

n
D(qai ‖qaj ),

and hence there exists j ∈ Ω for which

E[log
ρi(n)

ρj(n)
] ≤ max

k 6=i
log

ρi
ρk

+ nR(i, λ∗i );

inequality (b) follows from the definition of T (i,λ∗
i ) and the fact that 0 ≤ n <

T (i,λ∗
i ); and (c) follows from Fact 2.7.1.
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Chapter 2, in full, is a reprint of the material as it is scheduled to appear in

M. Naghshvar and T. Javidi, “Sequentiality and adaptivity gains in active hypoth-

esis testing,” IEEE Journal of Selected Topics in Signal Processing, October 2013,

available on arXiv:1211.2291. The dissertation author was the primary investigator

and author of this paper.



Chapter 3

Dynamic Programming and

Optimal Notion of Information

In Chapter 2, the expected total cost of various classes of policies were

characterized in terms of the penalty of wrong declaration L. It was shown that

sequential (variable sample size) policies are superior to non-sequential (fixed sam-

ple size) ones, and the gain of selecting actions in a sequential manner is logarithmic

in L. The class of sequential policies will be the focus of the rest of this dissertation.

This chapter studies the problem of active sequential hypothesis testing

from a different point of view. Suppose there exists an optimal notion of infor-

mation that captures the influence of every action over the entire decision mak-

ing horizon. In this case, the active hypothesis testing reduces to a sequence of

one-shot problems in each of which an optimal action is the one that provides

the highest amount of information. In this chapter, it is shown that this optimal

notion of information exists for the active sequential hypothesis testing and can be

derived from the solution to the corresponding dynamic programming (DP) equa-

tion. However, finding the closed-form solution to the DP equation is not feasible

in general. In lieu of numerically solving the DP equation, alternative notions of

information are considered and heuristic policies are proposed based on greedy

maximization of these notions. Via numerical and theoretical analysis, the perfor-

mance of the proposed policies and the relevance of the corresponding notions of

information in the context of active hypothesis testing are investigated.

41
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3.1 Introduction

Following Chernoff’s approach [5], we analyzed the classes of sequential

non-adaptive and sequential adaptive policies in Chapter 2. We proposed two

policies πSN and πSA which were shown to achieve asymptotic optimality in L;

where the notion of asymptotic optimality in L, due to Chernoff [5], denotes the

relative tightness of the performance upper bound associated with the proposed

policy and the lower bound associated with the optimal policy.

In this chapter, we tackle the problem of active sequential hypothesis testing

from a different point of view which coincides with that promoted by DeGroot [20].

Suppose the decision maker’s amount of uncertainty about the true hypothesis at

any belief state can be characterized using an uncertainty function. In [20], the

information of a sensing action is defined as the expected difference between the

uncertainty of the prior belief and the uncertainty of the posterior belief. To achieve

the best performance, it is essential that the decision maker, in each step, selects an

action that provides the highest amount of information. This raises the question

as what information and uncertainty function are appropriate in the context of

active hypothesis testing. It is intuitive that an optimal notion of information

should capture the influence that every action has over the entire decision making

horizon. In Section 3.2, the optimal notion of information is derived based on

the optimal value function of the corresponding dynamic programming. Although

this result provides a general and structural characterization of the (Markov and

deterministic) optimal policy, in the absence of a closed-form for the optimal value

function, it has no practical use. To address this issue, in Section 3.3, we introduce

alternative notions of information namely Jensen-Shannon (JS) divergence and

Extrinsic Jensen-Shannon (EJS) divergence, and propose two heuristic policies πJS

and πEJS based on greedy maximization of these divergences. The performance

of these policies as well as that of the optimal policy are compared in a numerical

example in Section 3.4. Theoretical analysis of these policies are given in Chapter 4

where we discuss in detail the advantage and disadvantage of the new approach

applied in the current chapter with that of Chernoff and the results obtained in

Chapter 2.
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3.2 Characterization of an Optimal Policy

Recall from Section 2.2.3 that active M-ary hypothesis testing is equivalent

to an MDP with state space P(Ω) =
{

ρ ∈ [0, 1]M :
∑M

i=1 ρi = 1
}

. The belief

state at time t is given by the vector ρ(t) := [ρ1(t), ρ2(t), . . . , ρM(t)] where ρi(t) :=

P ({θ = i}|At−1, Zt−1). The objective is to find a stopping time τ and a sequence

of sensing actions A(0), A(1), . . . , A(τ − 1) that collectively minimize the expected

total cost

E [τ ] + LPe, (3.1)

where Pe = E[1 − maxi∈Ω ρi(τ)] is the probability of wrong declaration, and the

expectations are taken with respect to the initial prior distribution on θ as well as

the distributions of action sequence, observation sequence, and the stopping time.

Definition 3.2.1. For all ρ ∈ P(Ω), let functional V ∗(ρ), hereafter referred to

as the optimal value function, denote the optimal expected total cost (3.1) of the

active hypothesis testing problem given the Bayesian prior ρ. In other words,

V ∗(ρ) := min {E [τ ] + LPe} given the initial belief ρ, where the minimization is

taken over the stopping time τ and the sequence of actions.

A general approach to solving the active hypothesis testing problem is to

provide a functional characterization of V ∗: given V ∗ in its functional form, the

optimal expected total cost for the active hypothesis testing problem can be ob-

tained by a simple evaluation of V ∗ at the initial belief ρ(0). Next we state a

dynamic programming equation which characterizes V ∗.

To obtain the dynamic programming equation, consider a single step of the

problem. In one sensing step, the evolution of the belief vector follows Bayes’ rule

and is given by Φa, a measurable function from P(Ω)× Z to P(Ω) for all a ∈ A:

Φa(ρ, z) :=

[

ρ1
qa1(z)

qaρ(z)
, ρ2

qa2(z)

qaρ(z)
, . . . , ρM

qaM(z)

qaρ(z)

]

, (3.2)

where qaρ(z) =
∑M

i=1 ρiq
a
i (z), and Φa(ρ, z) = ρ if qaρ(z) = 0. In other words, if

ρ ∈ P(Ω) is an apriori distribution, Φa(ρ, z) gives the posteriori distribution when

sensing action a has been taken and z has been observed.
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We define Markov operator Ta, a ∈ A, such that for any measurable func-

tion g : P(Ω) → R,

(Tag)(ρ) :=

∫

g(Φa(ρ, z))qaρ(z)dz. (3.3)

Note that at any given information state ρ, taking sensing action a ∈ A
followed by the optimal policy results in expected total cost 1 + (TaV ∗)(ρ) where

1 denotes the one unit of time spent to take the sensing action and collect the

corresponding observation sample, and (TaV ∗)(ρ) is the expected value of V ∗ on

the space of posterior beliefs; while declaration j results in expected cost (1−ρj)L
where (1−ρj) is the probability that hypothesis Hj is not true, and L is the penalty

of making a wrong declaration. This intuition, while relying on the compactness

of P(Ω) to treat various measurability issues, can be formalized in the following

dynamic programming equation.

Theorem 3.2.1. The optimal value function V ∗ : P(Ω) → R+ is the unique

solution to the following fixed point DP equation:

V ∗(ρ) = min
{

1 + min
a∈A

(TaV ∗)(ρ),min
j∈Ω

(1− ρj)L
}

. (3.4)

Proof. From [49, Proposition 9.8], we know that value function V ∗ satisfies the DP

equation (3.4). We prove that V ∗ is the unique solution to (3.4) by showing that

any functional V that satisfies (3.4) with ≤ (≥) is a lower (upper) bound for the

optimal value function V ∗. The detailed proof is provided in Section 3.5.1.

Definition 3.2.2. A Markov stationary policy is a stochastic kernel from the

information state space P(Ω) to A ∪ {d} describing the conditional distribution

on sensing actions A(t), t = 0, 1, . . . , τ − 1 and stopping time τ (the choice of

declaration d marks the stopping time τ). In other words, under policy π, the

probability that action a is selected at belief state ρ is given by π(a|ρ).

Equation (3.4) provides a characterization of an optimal Markov stationary

deterministic policy π∗ for the active hypothesis testing problem as follows: Sensing

action a∗ = argmina∈A(T
aV ∗)(ρ) is the least costly sensing action, resulting in

1+mina∈A(T
aV ∗)(ρ), hence is the optimal action to take unless wrongly declaring
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Hi∗ , where i
∗ = argminj∈Ω(1− ρj)L, is even less costly in which case it is optimal

to retire and declare Hi∗ as the true hypothesis.

Remark 3.2.1. It follows from (3.4) that if minj∈Ω(1− ρj)L ≤ 1, then we have a

full characterization of V ∗(ρ) = minj∈Ω(1−ρj)L and the optimal policy. Therefore,

the region of interest in our analysis is restricted to L > 1 and PL(Ω) := {ρ ∈
P(Ω) : minj∈Ω(1− ρj)L > 1}.

In [20], DeGroot defined the information of an action a as the difference

between the uncertainty prior to observing its corresponding outcome and the

expected uncertainty after having observed the outcome. More precisely:

Definition 3.2.3. The information of action a at belief state ρ relative to the

(uncertainty) function V : P(Ω) → R is defined as

I(ρ, a, V ) := V (ρ)− (TaV )(ρ). (3.5)

Policy π∗ can also be interpreted from DeGroot’s point of view as the one

that greedily maximizes the information relative to V ∗.

Although optimal policy π∗ can be characterized using the optimal value

function V ∗, finding a closed-form formulation for V ∗, in general, might not be fea-

sible. A possible solution is to compute V ∗ numerically using the value iteration

technique [49, Chapter 9.5] or to estimate it using basis functions. The former guar-

antees convergence to V ∗ [49, Proposition 9.17] but it becomes intractable as the

number of hypotheses grows; while the latter is easier to implement but provides

no convergence guarantee. In lieu of numerical approximation of or derivation of a

closed-form for V ∗, we introduce alternative notions of information in Section 3.3

maximizing which gives rise to simple deterministic and Markov heuristic policies.

Next we discuss a sufficient condition which reduces the active hypothesis test to

a passive one.

3.2.1 Reduction to Passive Sensing

In this section, we provide a sufficient condition under which there exists an

action whose performance is superior to all other actions and hence, the problem
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of active hypothesis testing reduces to passive testing. Before we proceed, we need

the following definition:

Definition 3.2.4 (Blackwell Ordering [13]). Given two groups of conditional prob-

ability densities qa = {qai }i∈Ω and qb = {qbi}i∈Ω (on space Z), we say that qb is less

informative than qa (qb ≤B q
a) if there exists a stochastic transformation W from

Z to Z such that1

qbi (z) =

∫

qai (y)W (y; z)dy ∀i ∈ Ω. (3.6)

The following fact is an important outcome of Blackwell ordering.

Fact 3.2.1 (see [16] ch. 14.17). Let qa = {qai }i∈Ω and qb = {qbi}i∈Ω be two groups

of observation kernels. If qb ≤B qa, then (Tag)(ρ) ≤ (Tbg)(ρ) for all ρ ∈ P(Ω)

and for any concave function g : P(Ω) → R.

Theorem 3.2.2. The value function V ∗(·) is concave.

The proof of Theorem 3.2.2 is provided in Section 3.5.2.

Combining Theorem 3.2.2 and Fact 3.2.1, the following result is obtained:

Corollary 3.2.1. Consider the problem of active hypothesis testing such that there

exists a sensing action a∗ satisfying qa ≤B qa
∗
for all a ∈ A. It is always optimal

to take sensing action a∗ (independently of belief vector) up to the stopping time.

Corollary 3.2.1 provides a sufficient condition to reduce the active hypoth-

esis test to a passive test. In other words, under the condition of Corollary 3.2.1,

the optimal solution to the active hypothesis testing problem remains the same for

any A′ ⊆ A such that a∗ ∈ A′.

It is also interesting to analyze the behavior of greedy policies when the suf-

ficient condition provided by Corollary 3.2.1 holds. The next corollary of Fact 3.2.1

shows that in this case, any policy π that greedily maximizes the information rel-

ative to a concave uncertainty function always selects sensing action a∗.

1Function W : Z × Z → R+ is called a stochastic transformation from Z to Z if it satisfies
∫

Z
W (y; z)dz = 1 for all y ∈ Z and

∫

Z
W (y; z)dy < ∞ for all z ∈ Z.
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Corollary 3.2.2. Consider the problem of active hypothesis testing such that there

exists a sensing action a∗ satisfying qa ≤B qa
∗
for all a ∈ A. Let π be a policy

that maximizes in each step the information relative to a concave (uncertainty)

function. Policy π always selects sensing action a∗ independently from the belief

state prior to its retire-declare decision.

3.3 Heuristic Markov Policies

In this section, we consider heuristic Markov policies based on the following

two principles:

1. If ρi(t) ≥ 1− L−1, retire and declare Hi as the true hypothesis;

2. At each time t prior to the stopping time, select action argmax
a∈A

I(ρ(t), a, V )
where V : P(Ω) → R is a concave uncertainty function.2

The first principle follows from the fact that when L(1 − ρi(t)) ≤ 1, then

LPe ≤ 1 and further reduction in Pe is not worth taking one more sensing action

and hence increasing the stopping time τ by 1. The intuition behind the second

principle is that, by choosing an appropriate notion of information, the problem

of active sequential hypothesis testing can be reduced to a sequence of one-shot

problems in each of which an optimal sensing action is selected deterministically

so as to provide the highest amount of information.

In Section 3.3.1, we give the definition of Jensen–Shannon (JS) divergence,

and we introduce Extrinsic Jensen–Shannon (EJS) divergence. In Section 3.3.2, we

show that JS and EJS divergences are equal to information relative to the Shannon

entropy and average log-likelihood function, respectively. Furthermore, we propose

two heuristic policies based on greedy maximization of these divergences.

2Intuitively, information of a sensing action should always be non-negative, i.e., an action can,
at worst, contain no information. It is known that I(ρ, a, V ) ≥ 0 for all ρ ∈ P(Ω) and all a ∈ A
if and only if V is concave [20, Theorem 2.1].
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3.3.1 Symmetric Divergences

We first recall some well known divergences. The Kullback–Leibler (KL)

divergence between two probability distributions PZ and P ′
Z over a finite set Z is

defined as D(PZ‖P ′
Z) :=

∑

z∈Z PZ(z) log
PZ(z)
P ′
Z(z)

with the convention 0 log a
0
= 0 and

b log b
0
= ∞ for a, b ∈ [0, 1] with b 6= 0. The KL divergence satisfies the following

lemma.

Lemma 3.3.1. For any two distributions P and Q on a set Z and α ∈ [0, 1],

D(P‖αP + (1− α)Q) is decreasing in α.

Proof. Let β ∈ [0, 1] satisfy β ≤ α. Then,

αP + (1− α)Q = γ (βP + (1− β)Q) + (1− γ)P,

where γ = 1−α
1−β

≤ 1. By Jensen’s inequality and the convexity of the KL divergence:

D
(

P‖αP + (1− α)Q
)

≤ γD
(

P‖βP + (1− β)Q
)

+ (1− γ)D
(

P‖P
)

≤ D
(

P‖βP + (1− β)Q
)

, (3.7)

where the last inequality follows because D
(

P‖P
)

= 0 and γ ≤ 1.

The KL divergence is not symmetric, i.e., in general

D(PZ‖P ′
Z) 6= D(P ′

Z‖PZ).

The J divergence [50] and L divergence [51] symmetrize the KL divergence:

J(P1, P2) := D(P1‖P2) +D(P2‖P1), (3.8)

L(P1, P2) := D
(

P1‖
1

2
P1 +

1

2
P2

)

+D
(

P2‖
1

2
P1 +

1

2
P2

)

. (3.9)

The L divergence can be related to the Jensen difference with respect to the

Shannon entropy function [52]:

1

2
L(P1, P2) = H

(

1

2
P1 +

1

2
P2

)

−
(

1

2
H(P1) +

1

2
H(P2)

)

. (3.10)

The Jensen–Shannon (JS) divergence [51,52] is defined as anM-dimensional

generalization of the L divergence. Given M distributions P1, P2 . . . , PM over a set
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Z and a vector of a priori weights ρ = [ρ1, ρ2, . . . , ρM ], where ρ ∈ [0, 1]M and
∑M

i=1 ρi = 1, the JS divergence is defined as [51, 52]:

JS(ρ;P1, . . . , PM) :=
M
∑

i=1

ρiD

(

Pi‖
M
∑

j=1

ρjPj

)

= H

( M
∑

i=1

ρiPi

)

−
M
∑

i=1

ρiH(Pi). (3.11)

Let θ be a random variable that takes values in {1, 2, . . . ,M} and has probability

mass function ρ and Z ∼ Pθ (which implies that P (Z = z) =
∑M

i=1 ρiPi(z)).

From (3.11),

JS(ρ;P1, . . . , PM) = H(Z)−H(Z|θ) = I(θ;Z), (3.12)

where I(θ;Z) is the mutual information between θ and Z.

From (3.12) and the fact that I(θ;Z) = H(θ)−H(θ|Z), the JS divergence

can also be expressed as:

JS(ρ;P1, . . . , PM) = H(ρ)−
∑

z∈Z

Pρ(z)H
([ρ1P1(z)

Pρ(z)
, . . . ,

ρMPM(z)

Pρ(z)

])

, (3.13)

where Pρ =
∑M

i=1 ρiPi.

A New Divergence: Extrinsic Jensen–Shannon (EJS) Divergence

We introduce the Extrinsic Jensen–Shannon (EJS) divergence as an M-

dimensional generalization of J divergence as

EJS(ρ;P1, . . . , PM) :=

M
∑

i=1

ρiD

(

Pi‖
∑

j 6=i

ρj
1− ρi

Pj

)

, (3.14a)

when ρi < 1 for all i ∈ {1, . . . ,M}, and as

EJS(ρ;P1, . . . , PM) := max
j 6=i

D(Pi‖Pj) (3.14b)

when ρi = 1 for some i ∈ {1, . . . ,M}.
Let U(·) denote the average log-likelihood function:

U(ρ) :=
M
∑

i=1

ρi log
1− ρi
ρi

. (3.15)
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Lemma 3.3.2 (Properties of EJS Divergence). The EJS divergence defined in

(3.14) satisfies the following three properties.

1. It is lower bounded by the JS divergence:

EJS(ρ;P1, . . . , PM) ≥ JS(ρ;P1, . . . , PM). (3.16)

2. It can be expressed as

EJS(ρ;P1, . . . , PM) = U(ρ)−
∑

z∈Z

Pρ(z)U
([ρ1P1(z)

Pρ(z)
, . . . ,

ρMPM(z)

Pρ(z)

])

.

(3.17)

3. It is convex in the distributions P1, . . . , PM .

Proof of Lemma 3.3.2. Property 1 is proved as follows:

JS(ρ;P1, . . . , PM) =

M
∑

i=1

ρiD

(

Pi‖
M
∑

j=1

ρjPj

)

=

M
∑

i=1

ρiD

(

Pi‖ρiPi + (1− ρi)
∑

j 6=i

ρj
1− ρi

Pj

)

(a)

≤
M
∑

i=1

[

ρ2iD(Pi‖Pi) + ρi(1− ρi)D

(

Pi‖
∑

j 6=i

ρj
1− ρi

Pj

)]

= EJS(ρ;P1, . . . , PM)−
M
∑

i=1

ρ2iD

(

Pi‖
∑

j 6=i

ρj
1− ρi

Pj

)

(b)

≤ EJS(ρ;P1, . . . , PM),

where (a) and (b) follow respectively because KL divergence is convex (in both

arguments) and nonnegative.

The proof of property 2 is provided next.

EJS(ρ;P1, . . . , PM) =

M
∑

i=1

ρiD

(

Pi‖
∑

j 6=i

ρj
1− ρi

Pj

)

=
M
∑

i=1

ρi
∑

z∈Z

Pi(z) log
Pi(z)

∑

j 6=i
ρj

1−ρi
Pj(z)



51

=
M
∑

i=1

ρi log
1− ρi
ρi

+
M
∑

i=1

∑

z∈Z

ρiPi(z) log
ρiPi(z)

∑

j 6=i ρjPj(z)

= U(ρ) +
∑

z∈Z

Pρ(z)

M
∑

i=1

ρiPi(z)

Pρ(z)
log

ρiPi(z)
Pρ(z)

1− ρiPi(z)
Pρ(z)

= U(ρ)−
∑

z∈Z

Pρ(z)U
([ρ1P1(z)

Pρ(z)
, . . . ,

ρMPM(z)

Pρ(z)

])

.

Property 3 is proved as follows:

Let P1, P2, . . . , PM and Q1, Q2, . . . , QM be two sets of distributions. For any

λ ∈ [0, 1] and λ̄ = 1− λ,

EJS(ρ;λP1 + λ̄Q1, . . . , λPM + λ̄QM)

=

M
∑

i=1

ρiD
(

λPi + λ̄Qi‖
∑

j 6=i

ρj
1− ρi

λPj +
∑

j 6=i

ρj
1− ρi

λ̄Qj

)

(a)

≤
M
∑

i=1

ρi

[

λD
(

Pi‖
∑

j 6=i

ρj
1− ρi

Pj

)

+ λ̄D
(

Qi‖
∑

j 6=i

ρj
1− ρi

Qj

)]

= λEJS(ρ;P1, . . . , PM) + λ̄EJS(ρ;Q1, . . . , QM)

where (a) follows because KL divergence is convex in both arguments.

Remark 3.3.1. The EJS divergence defined in this section is not the unique gen-

eralization of the J divergence. There exist other M-dimensional generalizations

of the J divergence such as
∑M

i=1 ρi
∑M

j=1 ρjJ(Pi, Pj) which was studied in [53].

However, as will be discussed in details later, properties of EJS such as the one

provided by (3.17) above makes it a proper notion of information for our applica-

tions of interest.

Remark 3.3.2. The EJS divergence is equivalent to the full anthropic correction

proposed in the context of mutual information estimation [54]. In particular, the

authors in [54] used the notion of anthropic correction as an estimator of the mutual

information between signals acquired in neurophysiological experiments where only

a small number of stimuli can be tested.



52

3.3.2 Heuristic Policies: Maximizing Divergence

In this section, we show that JS and EJS divergences are proper notions

of information, and propose deterministic Markov policies based on greedy maxi-

mization of these divergences.

Given a belief vector ρ ∈ P(Ω) and a sensing action a ∈ A, we use the

notations

JS(ρ, a) := JS(ρ; qa1 , q
a
2 , . . . , q

a
M), (3.18)

EJS(ρ, a) := EJS(ρ; qa1 , q
a
2 , . . . , q

a
M). (3.19)

Definition 3.2.3 together with properties (3.11) and (3.17) shows that the

JS and EJS divergences are nothing but the information relative to the entropy

and average log-likelihood functions, respectively, i.e.,

JS(ρ, a) = I(ρ, a,H), (3.20)

EJS(ρ, a) = I(ρ, a, U). (3.21)

We also use the following notations to denote the amount of information a

Markov stationary policy π obtains in a single step:

JS(ρ, π) :=
∑

a∈A

π(a|ρ)JS(ρ, a), (3.22)

EJS(ρ, π) :=
∑

a∈A

π(a|ρ)EJS(ρ, a). (3.23)

We are now ready to introduce our heuristic policies.

Policy πJS is defined as follows:

• if ρi(t) ≥ 1− L−1, retire and declare Hi as the true hypothesis;

• otherwise, select argmax
a∈A

JS(ρ(t), a).

Similarly, policy πEJS is defined as follows:

• if ρi(t) ≥ 1− L−1, retire and declare Hi as the true hypothesis;

• otherwise, select argmax
a∈A

EJS(ρ(t), a).
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Remark 3.3.3. Note that as the belief about one of the hypotheses, say ρi, ap-

proaches 1, D(qai ‖
∑M

j=1 ρjq
a
j ) converges to D(qai ‖qai ) = 0 for any action a ∈ A; and

consequently, independently of the observation kernels qa1 , q
a
2 , . . . , q

a
M , divergence

JS(ρ, a) approaches 0. In contrast, as ρi becomes large, EJS(ρ, a) approaches

D(qai ‖
∑

j 6=i
ρj

1−ρi
qaj ) and hence, πEJS selects action a such that D(qai ‖

∑

j 6=i
ρj

1−ρi
qaj )

is maximized, i.e., it selects an action that distinguishes Hi from the collection of

alternate hypotheses the most. As we will see in the next section, these different

philosophies result in significant performance difference.

3.4 Numerical Example

Consider the active binary hypothesis testing problem with additive Gaus-

sian noisy observations under two actions a and b shown in Fig. 3.1. In this

example, the observation noise associated with actions a and b is such that it

adds unequal noise to the hypotheses. In the remainder of this section, we com-

pare the performance of policies π∗, πJS, and πEJS for this example. In our per-

formance comparisons, we also consider the sequential non-adaptive policy πSN

which prior to its stopping time selects actions a and b uniformly at random, i.e.,

πSN(a|ρ) = πSN(b|ρ) = 0.5 for any ρ ∈ PL(Ω).

1

2

Sensing action a

1

2

Sensing action b

Z

)5.0,0(N

)25.0,0(N

+

+

Z

)25.0,0(N

)5.0,0(N

+

+

θ

θ

Figure 3.1: Active binary hypothesis testing with additive Gaussian noise.
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Figures 3.2 and 3.3 show respectively the JS and EJS divergence for all

ρ ∈ P(Ω) and for sensing actions a and b. It is clear from these figures that πJS

selects action a when ρ1 ≥ 0.5 and selects action b otherwise; while πEJS does

exactly the opposite. These figures illustrate the fact mentioned in Remark 3.3.3.
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Figure 3.2: JS divergence for sensing actions a and b.
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Figure 3.3: EJS divergence for sensing actions a and b.

Figure 3.4 plots the expected total cost of policies π∗, πJS, πEJS, and πSN

for different values of L. Figure 3.4 shows that πEJS performs the best among the

heuristic policies under investigation; while πJS is the farthest from the optimal

performance. Even more significant is the growth in performance gap between the

optimal policy π∗ and policies πJS and πSN as L increases. In particular, the growth

in the performance gap between π∗ and πSN is an illustration of the adaptivity gain

in active binary hypothesis testing and is consistent with Corollary 2.5.1.
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Figure 3.4: Expected total cost of the proposed policies for different values of L.
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Analytic results regarding the performance of the proposed heuristics are

provided in the next chapter.

3.5 Proofs

3.5.1 Proof of Theorem 3.2.1

The proof follows by combining Fact 3.5.1, Lemma 3.5.1, and Lemma 3.5.2

as given below.

Fact 3.5.1 (Proposition 9.8 in [49]). The optimal value function V ∗ : P(Ω) → R+

satisfies the following fixed point equation:

V ∗(ρ) = min
{

1 + min
a∈A

(TaV ∗)(ρ),min
j∈Ω

(1− ρj)L
}

. (3.24)

Lemma 3.5.1. Suppose there exist β > 0 and a functional V : P(Ω) → R+ such

that for all belief vectors ρ ∈ P(Ω),

V (ρ) ≤ min{β +min
a∈A

(TaV )(ρ),min
j∈Ω

(1− ρj)βL}. (3.25)

Then V ∗(ρ) ≥ 1
β
V (ρ) for all ρ ∈ P(Ω).

Proof of Lemma 3.5.1. To prove Lemma 3.5.1, we have to slightly modify the state

space and introduce new notations. We assume that after taking the retire-declare

action, the system goes to the termination state, denoted by F , and remains in

that state for the rest of the time. The state space is modified to S = P(Ω)∪ {F}
to include the termination state. For a ∈ A ∪ {d}, s ∈ S, let

ca(s) =















1 if s = ρ ∈ P(Ω), a ∈ A
minj∈Ω(1− ρj)L if s = ρ ∈ P(Ω), a = d

0 if s = F

.

The Bayes operator is modified as follows:

Φa(s, z) =















Φa(ρ, z) if s = ρ ∈ P(Ω), a ∈ A
F if s = ρ ∈ P(Ω), a = d

F if s = F

.
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Using the notations above, condition (3.25) is rewritten as

V (F ) = 0,

V (s) ≤ min
a∈A∪{d}

{βca(s) + E[V (Φa(s, Z))]} , ∀s ∈ S − {F}. (3.26)

Let S0, S1, S2, . . . be a sequence of random variables denoting the belief

states at times t = 0, 1, 2, . . . starting from belief state s, i.e.,

S0 = s,

Sn = ΦA(n−1)(Sn−1, Z), ∀n, n > 0.

Using (3.26) iteratively for N times, we obtain

V (s) ≤ βEπ∗ [cA(0)(s)] + Eπ∗ [V (ΦA(0)(s, Z))]

= βEπ∗ [cA(0)(S0)] + Eπ∗ [V (S1)]

≤ βEπ∗ [
1
∑

n=0

cA(n)(Sn)] + Eπ∗ [V (S2)]

≤ βEπ∗ [
N−1
∑

n=0

cA(n)(Sn)] + Eπ∗ [V (SN)],

where subscript π∗ implies that actions are selected according to an optimal policy

π∗.3 Taking the limit as N → ∞, we obtain

V (s)
(a)

≤ βEπ∗ [
∞
∑

n=0

cA(n)(Sn)] + lim
N→∞

Eπ∗ [V (SN)]

(b)
= βV ∗(s) + lim

N→∞
Eπ∗ [V (SN)]

= βV ∗(s) + lim
N→∞

Eπ∗ [V (F )1{SN=F} + V (SN)1{SN 6=F}]

= βV ∗(s) + lim
N→∞

Eπ∗ [V (SN)1{SN 6=F}]

(c)

≤ βV ∗(s) + L lim
N→∞

Pπ∗(SN 6= F )

(d)
= βV ∗(s),

where (a) follows from the monotone convergence theorem, (b) follows from the

definition of V ∗, (c) follows from the fact that V (ρ) ≤ min
j∈Ω

(1 − ρj)L ≤ L for

3The existence of an optimal policy follows from [49, Corollary 9.12.1] and since |A| < ∞.
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any ρ ∈ P(Ω), and (d) holds since L ≥ V ∗(s) ≥ Eπ∗ [τ ] =
∑∞

n=0 Pπ∗(τ > n) =
∑∞

n=0 Pπ∗(Sn 6= F ).

Lemma 3.5.2. Suppose there exist β > 0 and a functional V : P(Ω) → R+ such

that for all belief vectors ρ ∈ P(Ω),

V (ρ) ≥ min{β +min
a∈A

(TaV )(ρ),min
j∈Ω

(1− ρj)βL}. (3.27)

Then V ∗(ρ) ≤ 1
β
V (ρ) for all ρ ∈ P(Ω).

Proof of Lemma 3.5.2. Following similar lines as those in the proof of Lemma 3.5.1,

we get

V (s) ≥ βEπ∗ [

N−1
∑

n=0

cA(n)(Sn)] + Eπ∗ [V (SN )].

Taking the limit as N → ∞, we obtain

V (s) ≥ βEπ∗ [
∞
∑

n=0

cA(n)(Sn)] + lim
N→∞

Eπ∗ [V (SN)]

(a)

≥ βV ∗(s),

where (a) follows from the fact that V (·) is non-negative.

3.5.2 Proof of Theorem 3.2.2

We first consider the finite horizon scenario for which the decision maker

has to take a retire-declare action by time N . For each belief vector ρ, the expected

total cost from time n onward, denoted by V N
n (ρ), solves the following iterative

system of equations:

V N
N (ρ) = min

j∈Ω
(1− ρj)L, (3.28)

V N
n (ρ) = min

{

1 + min
a∈A

(TaV N
n+1)(ρ), V

N
N (ρ)

}

for n = 1, 2, . . . , N − 1. (3.29)

It will be shown that for any N and n, 0 ≤ n ≤ N , the value function V N
n (·)

is concave. Then using the fact that V ∗(ρ) = limN→∞ V N
0 (ρ) (Proposition 1.5

in [55]), we have the assertion of the theorem.
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We prove the concavity of V N
n (·) by induction. From (3.28), it is clear that

V N
N (·) is a concave function. Now suppose V N

n+1(·) is concave. In order to prove the

concavity of V N
n (·), it suffices to show that for every a ∈ A, (TaV N

n+1)(·) is concave:
Let ρ,µ ∈ P(Ω). For any α, 0 ≤ α ≤ 1, and ᾱ = 1− α we have,

α(TaV N
n+1)(ρ) + ᾱ(TaV N

n+1)(µ)

=

∫

αV N
n+1 (Φ

a(ρ, z)) qaρ(z)dz +

∫

ᾱV N
n+1 (Φ

a(µ, z)) qaµ(z)dz

=

∫

(

αqaρ(z) + ᾱqaµ(z)
)

×
{

αqaρ(z)

αqaρ(z) + ᾱqaµ(z)
V N
n+1 (Φ

a(ρ, z)) +
ᾱqaµ(z)

αqaρ(z) + ᾱqaµ(z)
V N
n+1 (Φ

a(µ, z))

}

dz

≤
∫

(

αqaρ(z) + ᾱqaµ(z)
)

V N
n+1

(

αqaρ(z)Φ
a(ρ, z) + ᾱqaµ(z)Φ

a(µ, z)

αqaρ(z) + ᾱqaµ(z)

)

dz

=

∫

V N
n+1 (Φ

a(αρ+ ᾱµ, z)) qaαρ+ᾱµ(z)dz

= (TaV N
n+1)(αρ+ ᾱµ).

Therefore, (TaV N
n+1)(·), ∀a ∈ A, are concave. From (3.29), V N

n (·) is the minimum

of concave functions and hence, it is concave.

Chapter 3, in part, has been submitted for publication as M. Naghshvar and

T. Javidi, “Active sequential hypothesis testing,” available on arXiv:1203.4626.

The dissertation author was the primary investigator and author of this paper.



Chapter 4

Non-asymptotic and Asymptotic

Analysis of Active Sequential

Hypothesis Testing

This chapter provides a detailed analysis of the schemes proposed in Chap-

ter 3, in particular πEJS, and discusses their advantage and disadvantage compared

to those of Chapter 2. Unlike the schemes proposed in Chapter 2, policy πEJS is

shown to achieve asymptotic optimality (as the penalty of wrong declaration, L,

increases) only in a limited setting. However, this policy has a provable advantage

for large number of hypotheses, M , over those proposed in Chapter 2 as well as

other solutions in the literature. More specifically, this policy can provide, under

a technical condition, reliability and speedy declaration simultaneously. In infor-

mation theoretic terms, this policy can be shown to achieve non-zero information

acquisition rate and error exponent simultaneously.

Using dynamic programming techniques, three lower bounds are derived for

the optimal performance, V ∗. Unlike the lower bounds provided in Chapter 2, these

new lower bounds, in general, are not asymptotically tight in L. However, they

are non-asymptotic and complementary for various values of L and M . From the

proposed upper and lower bounds, sufficient conditions to achieve the maximum

information rate and reliability are obtained. Special cases of active hypothesis

testing that satisfy these conditions will be provided in the subsequent chapters.
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4.1 Introduction

One of the main drawbacks of Chernoff’s asymptotic optimality notion was

his neglecting the complementary role of asymptotic analysis in M . In particular,

the notion of asymptotic optimality in L falls short in showing the tension be-

tween using an (asymptotically) large number of samples to discriminate among a

few hypotheses with (asymptotically) high accuracy or an (asymptotically) large

number of hypotheses with a lower degree of accuracy. As a result, although the

scheme proposed in [5] and its extensions [25,30,32–36] as well as two-phase policy

πSA introduced in Chapter 2 are asymptotically optimal in L, their provable in-

formation acquisition rate is restricted to zero. Intuitively, the rate of information

acquisition under any heuristic policy relates to the ratio between logM and the

expected number of samples: the larger this ratio the faster information is acquired.

In Section 4.2, we analyze the performance of the proposed heuristics, and

provide upper bounds on the expected total cost achieved by these policies in terms

of both L andM . To compare the performance of the proposed heuristics with that

of the optimal policy π∗, in Section 4.3, we use dynamic programming techniques,

in particular Lemma 3.5.1, to find lower bounds for the optimal performance, V ∗.

Using the lower bounds obtained in Section 4.3, we propose a new stopping rule in

Section 4.4 whose improvement over the one proposed in Chapter 3 is illustrated in

a numerical example. Section 4.5 states the asymptotic consequence of the bounds

obtained in Sections 4.2 and 4.3. In particular, the obtained bounds are used to

1) establish notions of order and asymptotic optimality for the proposed policies

(generalizing that of [5]); and 2) characterize lower and upper bounds on the

maximum achievable information acquisition rate and the optimal reliability. In

Section 4.6, we discuss the technical assumptions made in our work and contrast

them with the assumptions in the literature. More specifically, we show that

our first technical assumption weakens significantly one of the assumptions made

in [5]. On the other hand, our second technical assumption is significantly stronger

than the corresponding assumptions in the literature. We show that while this

assumption is critical in obtaining the non-asymptotic upper and lower bounds of

Sections 4.2 and 4.3, it has no bearing on our asymptotic results in Section 4.5.
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Throughout this chapter, for clarification and to emphasize the dependence

of the parameters of the problem on the hypotheses set, hence the number of

hypotheses, we stop suppressing the variable M : we denote the hypotheses set by

ΩM := {1, 2, . . . ,M}, and the action space by AM where AM may depend on M

and is assumed to be finite with |AM | <∞.

Similar to the analysis in Chapter 2, we have the following Assumptions.

Assumption 4.1.1. For any two hypotheses i, j ∈ ΩM , i 6= j, there exists an

action a, a ∈ AM , such that D(qai ‖qaj ) > 0.

Assumption 4.1.2. There exists ξM <∞ such that

max
i,j∈ΩM

max
a∈AM

sup
z∈Z

log
qai (z)

qaj (z)
≤ ξM .

Assumption 4.1.1 ensures the possibility of discrimination between any two

hypotheses, hence ensuring that the problem of active hypothesis testing has a

meaningful solution. Assumption 4.1.2 implies that no two hypotheses are fully

distinguishable using a single observation. Assumption 4.1.2 is a technical one

which enables our non-asymptotic characterizations of the upper and lower bounds.

In Section 4.6, we discuss the consequence of weakening this assumption in detail.

4.2 Upper Bounds and Achievability Analysis

In this section, we analyze the performance of the proposed heuristics, and

provide upper bounds on the expected total cost achieved by these policies. Let

Vπ(ρ) := Eπ[τ ] + LPeπ denote the expected total cost (3.1) achieved by policy π

given that the initial belief is ρ.

Theorem 4.2.1. Consider a policy π that selects the retire-declare action at

τ̃1/L = min{t : max
i∈ΩM

ρi(t) ≥ 1− L−1}. (4.1)

Suppose policy π at each time t = 0, . . . , τ̃1/L−1 and given the posterior vector ρ(t),

selects sensing actions in a way that EJS(ρ(t), π) ≥ α for some α > 0. Under
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Assumptions 4.1.1 and 4.1.2, and for L > 1 and ρ ∈ PL(ΩM ),

Vπ(ρ) ≤ V α(ρ) :=
H(ρ) + max{log logM, logL} + 2ξM+2

α
+ 1. (4.2)

Furthermore, if there exist positive values α and β such that at each time t < τ̃1/L

and given the posterior vector ρ(t),

EJS(ρ(t), π) ≥







α if maxi∈ΩM
ρi(t) < ρ̃

β otherwise
, (4.3)

where

ρ̃ := 1− 1

1 + max{logM, logL} , (4.4)

then the following bound is obtained

Vπ(ρ) ≤ V αβ(ρ) :=
H(ρ) + max{log logM, log logL}

α
+

logL

β
+

3× 22ξM+4

αβ
+ 1.

(4.5)

The proof of Theorem 4.2.1 is provided in Section 4.7.2.

Recall from Section 3.3.2 that policy πEJS selects the retire-declare action

at τ̃1/L and selects sensing actions in a way to maximize the EJS divergence, i.e.,

EJS(ρ, πEJS) = max
a∈AM

EJS(ρ, a). (4.6)

Theorem 4.2.1 together with (4.6) yields the following:

Corollary 4.2.1. Suppose there exist positive values α and β such that

max
a∈AM

EJS(ρ, a) ≥







α if maxi∈ΩM
ρi < ρ̃

β otherwise
, ∀ρ ∈ PL(ΩM). (4.7)

Under Assumptions 4.1.1 and 4.1.2, and for L > 1 and ρ ∈ PL(ΩM),

VπEJS
(ρ) ≤ H(ρ) + max{log logM, log logL}

α
+

logL

β
+

3× 22ξM+4

αβ
+ 1. (4.8)

In Chapters 5–7, we will extensively use Theorem 4.2.1 and Corollary 4.2.1

to analyze the performance of πEJS and other simple heuristics for important

special cases of the active hypothesis testing problem.
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Next we provide an upper bound for VπEJS
for the general active hypothesis

testing problem by characterizing α and β in (4.7) and using Corollary 4.2.1. For

notational simplicity, let

I0(M) := max
λ∈P(AM )

min
i∈ΩM

min
ρ̂∈PL(ΩM )

∑

a∈AM

λaD(qai ‖
∑

j 6=i

ρ̂j
1− ρ̂i

qaj ), (4.9)

Di(M) := max
λ∈P(AM )

min
ρ̂∈PL(ΩM )

∑

a∈AM

λaD(qai ‖
∑

j 6=i

ρ̂j
1− ρ̂i

qaj ), ∀i ∈ ΩM . (4.10)

Note that for any λ ∈ P(AM) and ρ ∈ PL(ΩM ),

max
a∈AM

EJS(ρ, a) ≥
∑

a∈AM

λaEJS(ρ, a) ≥ min
ρ̂∈PL(ΩM )

∑

a∈AM

λaEJS(ρ̂, a),

which implies that

max
a∈AM

EJS(ρ, a) ≥ I0(M). (4.11)

Similarly, we can show that for any λ ∈ P(AM) and ρ ∈ PL(ΩM) such that ρi ≥ ρ̃,

max
a∈AM

EJS(ρ, a) ≥
∑

a∈AM

λaEJS(ρ, a) ≥ min
ρ̂∈PL(ΩM )

∑

a∈AM

λaρ̃D(qai ‖
∑

j 6=i

ρ̂j
1− ρ̂i

qaj ),

which implies that

max
a∈AM

EJS(ρ, a) ≥ ρ̃Di(M) if ρi ≥ ρ̃. (4.12)

Corollary 4.2.1 together with (4.11) and (4.12) provides the following upper

bound on the expected total cost of policy πEJS,

VπEJS
(ρ) ≤ H(ρ) + max{log logM, log logL}

I0(M)
+

logL

ρ̃ min
i∈ΩM

Di(M)

+
3× 22ξM+4

ρ̃ min
i∈ΩM

Di(M)I0(M)
+ 1. (4.13)

Next we consider policy π2, a two-phase policy which was introduced and

analyzed in [38]. Let η0 and ηi, i ∈ ΩM , be vectors in P(AM) that achieve the

maximum in (4.9) and (4.10), respectively, i.e.,

η0 := argmax
λ∈P(AM )

min
i∈ΩM

min
ρ̂∈PL(ΩM )

∑

a∈AM

λaD(qai ‖
∑

j 6=i

ρ̂j
1− ρ̂i

qaj ), (4.14)

ηi := argmax
λ∈P(AM )

min
ρ̂∈PL(ΩM )

∑

a∈AM

λaD(qai ‖
∑

j 6=i

ρ̂j
1− ρ̂i

qaj ), ∀i ∈ ΩM . (4.15)
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Moreover, let η0a and ηia denote elements of η0 and ηi corresponding to a ∈ AM ,

respectively. Consider a threshold ρ̌, ρ̌ > 1
2
. Markov (randomized) policy π2 is

defined as follows:

• If ρi ≥ 1− L−1, retire and select Hi as the true hypothesis;

• If ρi ∈ [ρ̌, 1− L−1), then π2(a|ρ) = ηia, ∀a ∈ AM ;

• If ρi < min{ρ̌, 1− L−1}, for all i ∈ ΩM , then π2(a|ρ) = η0a, ∀a ∈ AM .

Next theorem provides an upper bound on the expected total cost of π2:

Theorem 4.2.2 (see [38]). Under Assumptions 4.1.1 and 4.1.2, and for L > 1

and any ρ ∈ PL(ΩM),

Vπ2(ρ) ≤
H(ρ) + ξM +K ′′

2

I0(M)
+

M
∑

i=1

ρi
logL

Di(M)
+ 1,

where K ′′
2 is a constant independent of L and M .

The proof of Theorem 4.2.2 relies on the (non-Bayesian) analysis of the

conditional expected cost. Following a similar approach and for large values of L

and M , the upper bound (4.13) for πEJS can be tightened as follows:

Proposition 4.2.1. Under Assumptions 4.1.1 and 4.1.2, and for L > 1 and ρ ∈
PL(ΩM),

VπEJS
(ρ) ≤ H(ρ) + max{log logM, log logL}

I0(M)
+

M
∑

i=1

ρi
logL+

K ′′
EJS×22ξM

I0(M)

Di(M)
+ 1,

where K ′′
EJS is a constant independent of L and M .

Recall that in Theorem 2.3.3, an upper bound was provided for the class of

sequential adaptive policies by analyzing the performance of a heuristic two-phase

policy πSA which can be described as follows:

• If ρi ≥ 1− L−1, retire and select Hi as the true hypothesis;

• If ρi ∈ [ρ̌, 1− L−1), then πSA(a|ρ) = µia, ∀a ∈ AM ;

• If ρi < min{ρ̌, 1− L−1}, for all i ∈ ΩM , then πSA(a|ρ) = µ0a, ∀a ∈ AM ;
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where µ0 and µi, i ∈ ΩM , are vectors in P(AM) that achieve the maximum in

(4.16) and (4.17), respectively:

Ĩ0(M) := max
λ∈P(AM )

min
i∈ΩM

min
j 6=i

∑

a∈AM

λaD(qai ‖qaj ), (4.16)

D̃i(M) := max
λ∈P(AM )

min
j 6=i

∑

a∈AM

λaD(qai ‖qaj ), ∀i ∈ ΩM . (4.17)

The next proposition generalizes the upper bound in Theorem 2.3.3 and is

provided as a benchmark for comparison with πEJS.

Proposition 4.2.2. Under Assumptions 4.1.1 and 4.1.2, and for L > 1, ρ ∈
PL(ΩM), and arbitrary ι ∈ (0, 1),

VπSA
(ρ) ≤ H(ρ) + logM +K ′′

Ĩ0(M)
(1 + ι) +

M
∑

i=1

ρi
logL

D̃i(M)
(1 + ι)

+M

(

6 +
1

( ι/2
1+ι

)5( Ĩ0(M)
2ξM

)4

)(

L(1− max
j∈ΩM

ρj)

)− ι3

(1+ι)2
Ĩ20 (M)

4ξ3
M

+ 2,

where K ′′ is a constant independent of L and M .

The proof of Proposition 4.2.2 is provided in Section 4.7.7.

To compare the performance of the proposed heuristics with that of the

optimal policy π∗, we require knowledge of the optimal value function V ∗. In lieu

of numerical approximation of or derivation of a closed-form for V ∗, in the next

section, we use Lemma 3.5.1 to find lower bounds for V ∗.

4.3 Lower Bounds for the Optimal Performance

From Lemma 3.5.1, we know that if there exists a functional V : P(ΩM ) →
R+ such that for all belief vectors ρ ∈ P(ΩM ),

V (ρ) ≤ min{1 + min
a∈AM

(TaV )(ρ), min
j∈ΩM

(1− ρj)L},

then V ∗(ρ) ≥ V (ρ) for all ρ ∈ P(ΩM ). In this section, we use the above fact

to find three lower bounds for V ∗. These lower bounds are non-asymptotic and

complementary for various values of the parameters of the problem.
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Theorem 4.3.1. Under Assumption 4.1.1 and for L > 1 and ρ ∈ PL(ΩM),

V ∗(ρ) ≥ V1(ρ) :=





M
∑

i=1

ρimax
j 6=i

log 1−L−1

L−1 − log ρi
ρj

max
a∈AM

D(qai ‖qaj )
−K ′

1





+

,

where K ′
1 is a constant independent of L whose closed-form is given by (4.74).

The proof of Theorem 4.3.1 is provided in Section 4.7.3.

Let define

Dmax(M) := max
i,j∈ΩM

max
a∈AM

D(qai ‖qaj ), (4.18)

Imax(M) := max
a∈AM

max
ρ̂∈P(ΩM )

JS(ρ̂, a). (4.19)

Next we provide another lower bound which is more appropriate for large values

of M or small values of Imax(M).

Theorem 4.3.2. Under Assumption 4.1.1 and for L > 1 and ρ ∈ PL(ΩM),

V ∗(ρ) ≥ V2(ρ) :=
[

H(ρ)−H([α(L,M), 1− α(L,M)])− α(L,M) log(M − 1)

Imax(M)
+ α(L,M)L

]+

,

where α(L,M) := M−1
M−1+2LImax(M) .

The proof of Theorem 4.3.2 is provided in Section 4.7.4.

Remark 4.3.1. The lower bounds in Theorems 4.3.1 and 4.3.2 can be explained by

the following intuition: For any uncertainty function V : P(ΩM) → R, the number

of samples required to reduce the uncertainty down to a target level Vtarget has to

be at least V (ρ(0))−Vtarget
∆max(V )

, where ∆max(V ) is the maximum amount of reduction in V

associated with a single sample, i.e., ∆max(V ) = max
a∈AM

max
ρ∈P(ΩM )

I(ρ, a, V ). The lower
bound in Theorem 4.3.1 is associated with such a lower bound when taking V to be

the log-likelihood function, while the lower bound in Theorem 4.3.2 is associated

with setting V to be the Shannon entropy.

Theorem 4.3.2 can be used to show that when L < logM
Imax(M)

, the problem

of active hypothesis testing will have a trivial solution. The precise statement is

given by the following corollary.
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Corollary 4.3.1. Let L < logM
Imax(M)

, and suppose the decision maker has a uniform

prior belief about the hypotheses. For sufficiently large M , the optimal policy ran-

domly guesses the true hypothesis without collecting any observation, hence, Pe,

the probability of making a wrong declaration, approaches 1− 1
M
.

The proof of Corollary 4.3.1 is provided in Section 4.7.6.

Next theorem combines the above lower bounds and is appropriate when L

and M are both large.

Theorem 4.3.3. Under Assumptions 4.1.1 and 4.1.2, and for L > max{1, logM
Imax(M)

}
and arbitrary δ ∈ (0, 0.5],

V ∗(ρ) ≥ V3(ρ) :=

[

H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)

+
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

,

whereK ′
3 is a constant independent of δ and L whose closed-form is given by (4.92).1

The proof of Theorem 4.3.3 is provided in Section 4.7.5.

Recall that in Theorem 2.3.3, following Chernoff’s approach [5, Theorem 2],

we provided a lower bound for the class of sequential adaptive policies. The next

proposition generalizes this lower bound and is provided as a benchmark for com-

parison with the lower bounds derived using dynamic programming techniques.

Proposition 4.3.1. Under Assumptions 4.1.1 and 4.1.2, and for L > 1, ρ ∈
PL(ΩM), and arbitrary δ ∈ (0, 1),

V ∗(ρ) ≥






M
∑

i=1

ρi

[

(1− δ) log L
K ′ log 2L

−max
j 6=i

log ρi
ρj

]+

D̃i(M) + δ

(

1− 2M(K
′ log 2L
L

)δ

ρi

)

− Mξ2M
δ2







+

,

whereK ′ is a constant independent of δ and L whose closed-form is given by (4.107).

The proof of Proposition 4.3.1 is provided in Section 4.7.8.

1As it will be discussed in Section 4.5.2, K ′
3 can be selected independent of M as well if

supM ξM < ∞.
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4.4 Improved Stopping Rule: Numerical Exam-

ple

All the policies proposed so far apply the same stopping rule τ̃1/L, i.e.,

they all stop sampling as soon as the belief about one of the hypotheses passes the

threshold 1−L−1. One shortcoming of this rule is that it does not take into account

the amount of information that samples provide. In this section, we address this

insensitivity to the choice of the observation kernels, and we propose a modified

threshold for stopping. For simplicity of exposition, we consider the case of active

binary hypothesis testing; however, the results can be extended to M > 2.

As shown in the proofs of Theorem 4.3.2 and Corollary 4.3.1, at belief vector

ν = [1− α(L, 2), α(L, 2)] where α(L, 2) = 1
1+2LImax(2)

, we have

V2(ν) = V ∗(ν) = Lmin{α(L, 2), 1− α(L, 2)} = Lα(L, 2),

and hence the optimal action is to retire and declareH1 as the true hypothesis. This

together with the facts that V ∗ is concave (see Theorem 3.2.2) and V ∗([1, 0]) = 0

implies that at any belief vector ρ ∈ P(Ω2) such that ρ1 ≥ 1−α(L, 2), it is optimal

to retire and declare H1 as the true hypothesis. Similar stopping threshold can

be obtained for H2. This shows that in scenarios where α(L, 2) >> L−1 (or

equivalently Imax(2) <<
log(L−1)

L
), the stopping rule τ̃1/L is not a reasonable one.

Similarly, we can use lower bound V1 to find another stopping threshold. Let π̂EJS

denote a modified version of πEJS that selects the best stopping rule among the

above candidates. Next we will compare the performance of π̂EJS against πEJS as

well as the optimal policy in a numerical example.

Consider the active binary hypothesis testing problem with additive Gaus-

sian noise shown in Fig. 4.1. We have modified the variance of the noise to reduce

Imax(2) and Dmax(2), hence the information that samples can provide.

Figure 4.2 plots the expected total cost of policies π∗, πEJS and π̂EJS for

different values of L. Additionally, Fig. 4.2 illustrates lower bounds V1 and V2 as

benchmark. Table 4.1 compares the proposed stopping thresholds and the optimal

one. The results confirm that τ̃1/L is a reasonable stopping rule when L is large;

but it might be far from the optimal one if L is small.
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Figure 4.1: Active binary hypothesis testing with additive Gaussian noise.

Table 4.1: Different stopping thresholds for the example of Fig. 4.1.

L−1 using V1 using V2 optimal (using V ∗)

L = 10 0.1000 0.1930 0.2175 0.3304

L = 100 0.0100 0.0164 ≈ 0 0.0338

L = 1000 0.0010 0.0015 ≈ 0 0.0031
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Figure 4.2: Expected total cost of the proposed policies for different values of L.
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Table 4.2: Summary of Notations

Notation Description

Imax(M) max
a∈AM

max
ρ̂∈P(ΩM )

JS(ρ̂, a)

Dmax(M) max
i,j∈ΩM

max
a∈AM

D(qai ‖qaj )

I0(M) max
λ∈P(AM )

min
i∈ΩM

min
ρ̂∈PL(ΩM )

∑

a∈AM

λaD(qai ‖
∑

j 6=i
ρ̂j

1−ρ̂i
qaj )

Di(M) max
λ∈P(AM )

min
ρ̂∈PL(ΩM )

∑

a∈AM

λaD(qai ‖
∑

j 6=i
ρ̂j

1−ρ̂i
qaj )

Ĩ0(M) max
λ∈P(AM )

min
i∈ΩM

min
j 6=i

∑

a∈AM

λaD(qai ‖qaj )

D̃i(M) max
λ∈P(AM )

min
j 6=i

∑

a∈AM

λaD(qai ‖qaj )

4.5 Asymptotic Analysis and Consequences

In this section, we state and discuss the consequence of the bounds obtained

in Sections 4.2 and 4.3 in asymptotically large L and M . Note that Table 4.2

provides a list of the notations introduced in Sections 4.2 and 4.3.

4.5.1 Order and Asymptotic Optimality in L

The lower and upper bounds provided in Sections 4.2 and 4.3 can be applied

to establish the order optimality and asymptotic optimality of the proposed policies

as defined below.

Definition 4.5.1. For fixed M, policy π is referred to as order optimal in L if for

all ρ ∈ P(ΩM),

lim
L→∞

Vπ(ρ)− V ∗(ρ)

Vπ(ρ)
< 1.

Definition 4.5.2. For fixed M, policy π is referred to as asymptotically optimal

in L if for all ρ ∈ P(ΩM ),

lim
L→∞

Vπ(ρ)− V ∗(ρ)

Vπ(ρ)
= 0.
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Remark 4.5.1. It is clear from the above definitions that order optimality is

weaker than asymptotic optimality. If policy π is asymptotically optimal in L,

then Vπ and V ∗ will have the same dominating terms in L; while order optimality

of policy π only implies that dominating terms in Vπ and V ∗ are the same up to a

constant factor.

The following theorems establish order and asymptotic optimality of our

proposed policies.

Corollary 4.5.1. Under Assumptions 4.1.1 and 4.1.2, policy πSA is asymptotically

optimal in L. Furthermore, policy πEJS attains asymptotic optimality in L if

Di(M) = D̃i(M), ∀i ∈ ΩM . (4.20)

Proof. Using Proposition 4.3.1 and by setting δ = (logL)−
1
3 , we obtain

V ∗(ρ) ≥
M
∑

i=1

ρi
logL

D̃i(M)
+O

(

(logL)
2
3

)

. (4.21)

On the other hand, from Proposition 4.2.2 and by setting ι = (logL)−
1
4 , we find

VπSA
(ρ) ≤

M
∑

i=1

ρi
logL

D̃i(M)
+O

(

(logL)
3
4

)

. (4.22)

The proof of the first part of the corollary simply follows from Definition 4.5.2,

inequality (4.21), and (4.22).

Similarly, the proof of the second part of the corollary follows from Defini-

tion 4.5.2, inequality (4.21), and Proposition 4.2.1.

4.5.2 Order and Asymptotic Optimality in L and M

As mentioned in Section 4.1, one of the main drawbacks of Chernoff’s

asymptotic optimality notion was his neglecting the complementary role of the

parameter M . In particular, the notion of asymptotic optimality in L falls short

in showing the tension between using an (asymptotically) large number of samples

to discriminate among a few hypotheses with (asymptotically) high accuracy or
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an (asymptotically) large number of hypotheses with a lower degree of accuracy.

In this section, we address this issue by analyzing the bounds when L and M are

both asymptotically large. More specifically, we consider a sequence of problems

indexed by the parameter M in which the set of actions and observation kernels

grow monotonically as M increases, i.e., for all M < M ′,

AM ⊆ AM ′, and {qai (·)}i∈ΩM ,a∈AM
⊆ {qai (·)}i∈ΩM′ ,a∈AM′ . (4.23)

Recall the notations listed in Table 4.2. Also let D0(M) and D̃0(M) denote

respectively the harmonic mean of {Di(M)}i∈ΩM
and {D̃i(M)}i∈ΩM

, i.e.,

D0(M) =M

(

M
∑

i=1

1

Di(M)

)−1

, D̃0(M) =M

(

M
∑

i=1

1

D̃i(M)

)−1

. (4.24)

Moreover, let

Imax := sup
M

Imax(M), Dmax := sup
M

Dmax(M), (4.25)

Imax := inf
M
Imax(M), Dmax := inf

M
Dmax(M), (4.26)

I0 := inf
M
I0(M), D0 := inf

M
D0(M). (4.27)

By the definition and from (4.23),Dmax(M) and Imax(M) are non-decreasing

in M . Furthermore, from (4.19), (3.18), and Jensen’s inequality,

Imax(M) = max
a∈AM

max
ρ̂∈P(ΩM )

M
∑

i=1

ρ̂iD(qai ‖
M
∑

j=1

ρ̂jq
a
j )

≤ max
a∈AM

max
ρ̂∈P(ΩM )

M
∑

i=1

ρ̂i

M
∑

j=1

ρ̂jD(qai ‖qaj )

≤ max
a∈AM

max
i,j∈ΩM

D(qai ‖qaj ) = Dmax(M); (4.28)

and by Assumption 4.1.2, we have

Dmax(M) ≤ max
i,j∈ΩM

max
a∈AM

log
qai
qaj

≤ ξM . (4.29)

Similarly, I0(M) ≤ Di(M) ≤ D̃i(M) ≤ Dmax(M) ≤ ξM , ∀i ∈ ΩM , for all M .

Since Dmax(M) and Imax(M) are non-decreasing in M , we have Dmax = Dmax(2),

Dmax = lim
M→∞

Dmax(M), Imax = Imax(2), and Imax = lim
M→∞

Imax(M).
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Furthermore, to ensure that the distance between the observation kernels

remains bounded as M increases (and Dmax < ∞), we consider the following

assumption:

Assumption 4.5.1. There exists ξ <∞ such that

sup
M

ξM ≤ ξ.

This assumption allows us to specialize Theorem 4.3.3 as follows.

Corollary 4.5.2. Let ρu,M denote a uniform prior on the set of hypotheses ΩM .

Under Assumptions 4.1.1, 4.1.2, and 4.5.1, and for L > max{2, logM
Imax(M)

},

V3(ρu,M) ≥
[

logM − 2

Imax

+
log 1−L−1

L−1

Dmax

− log logLM + ξ

Dmax

−K ′
3

]+

,

where K ′
3 is a positive constant independent of L and M .

The proof of Corollary 4.5.2 is provided in Section 4.7.6.

The next definition extends the notions of order and asymptotic optimality

defined in Section 4.5.1 to the case where M increases as well.

Definition 4.5.3. Policy π is referred to as order optimal and asymptotically

optimal in L and M if respectively,2

lim
L,M→∞

Vπ(ρu,M)− V ∗(ρu,M)

Vπ(ρu,M)
< 1, lim

L,M→∞

Vπ(ρu,M)− V ∗(ρu,M)

Vπ(ρu,M)
= 0.

Corollary 4.5.3. Under Assumptions 4.1.1, 4.1.2, and 4.5.1, for L > logM
Imax(M)

,

and if I0 > 0, policy πEJS is order optimal in L and M . Furthermore, if Imax = I0

and Dmax = D0, policy πEJS is asymptotically optimal in L and M .

Proof. The proof simply follows from Definition 4.5.3, Proposition 4.2.1, and Corol-

lary 4.5.2.

2Note that unlike Definitions 4.5.1 and 4.5.2 where we considered the performance gap between
policy π and the optimal policy π∗ for all values of ρ ∈ P(ΩM ), here we consider the performance
gap specifically at the uniform vector in the information state space.
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4.5.3 Information Acquisition Rate and Reliability

In this section, we explain the primal (constrained) version of the problem

of active hypothesis testing, referred to as the information acquisition problem,

and use the obtained bounds in Sections 4.2 and 4.3 to extend the (information

theoretic) notions of achievable communication rate and error exponent to the

context of active sequential hypothesis testing.

Information Acquisition Problem:

Consider a sequence of active hypothesis testing problems indexed by M hy-

potheses of interest, action spaceAM , and observation kernels {qai }i∈ΩM ,a∈AM
:

A Bayesian decision maker with uniform prior belief ρ(0) = ρu,M is respon-

sible to find the true hypothesis with the objective to

minimize E [τ ] subject to Pe ≤ ǫ, (4.30)

where τ is the stopping time at which the decision maker retires, Pe is the

probability of making a wrong declaration, and ǫ > 0 denotes the desired

probability of error. Furthermore, let the set of actions and observation

kernels grow monotonically as M increases, i.e., for all M < M ′

AM ⊆ AM ′, and {qai (·)}i∈ΩM ,a∈AM
⊆ {qai (·)}i∈ΩM′ ,a∈AM′ . (4.31)

Let Eπ[τ ] and Peπ denote respectively the expected stopping time (or equiv-

alently the expected number of collected samples) and the probability of error un-

der policy π. Following the notations in [56], we define Mπ(t, ǫ) as the maximum

number of hypotheses among which policy π can find the true hypothesis with

Eπ[τ ] ≤ t and Peπ ≤ ǫ. Policy π is said to achieve information acquisition rate

R > 0 with reliability (also known as error exponent) E > 0 if

lim
t→∞

1

t
logMπ(t, 2

−Et) = R. (4.32)

As mentioned in Section 2.4.2, for fixed number of hypotheses M , hence at in-

formation acquisition rate R = 0, policy π is said to achieve reliability E > 0
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if

lim
t→∞

−1

t
log Peπ(t,M) = E, (4.33)

where Peπ(t,M) is the minimum probability of error that policy π can guarantee

for M hypotheses with the constraint Eπ[τ ] ≤ t.

The reliability function E(R) is defined as the maximum achievable error

exponent at information acquisition rate R.

Before we proceed with the upper and lower bounds on the maximum

achievable information acquisition rate and the optimal reliability function, we

refer the reader to Table 4.2 for the list of notations introduced in Sections 4.2 and

4.3. Also recall that D0(M) and D̃0(M) denote respectively the harmonic mean

of {Di(M)}i∈ΩM
and {D̃i(M)}i∈ΩM

.

Corollary 4.5.4. For any given fixed M (rate R = 0), no policy can achieve

reliability higher than D̃0(M). Also, no policy can achieve positive reliability E > 0

at rates higher than Imax. Furthermore,

E(R) ≤ Dmax

(

1− R

Imax

)

, R ∈ (0, Imax). (4.34)

Remark 4.5.2. Corollary 4.5.4 establishes an upper bound, Imax, on maximum

achievable information acquisition rate. As shown in Section 4.7.9, this result can

be strengthened to show that no policy can achieve diminishing error probability

at rates higher than Imax.

Corollary 4.5.5. For fixed M , hence at rate R = 0, a policy π can achieve the

maximum reliability, i.e., E = D̃0(M), if and only if it is asymptotically optimal

in L. Furthermore, a policy π can achieve a non-zero rate R > 0 with non-zero

reliability E > 0 only if it is order optimal in L and M .

Corollary 4.5.5 implies that for fixed M , hence at R = 0, policies πSA

and π∗ achieve the optimal error exponent; while policy πEJS might or might not

(depending on condition (4.20)). Furthermore, Corollary 4.5.5, in effect, underlines

the deficiency of characterizing the solution to the problem of active hypothesis

testing in terms of L in isolation from M , i.e., Chernoff’s notion of asymptotic
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optimality (solely in L). In particular, an order optimal policy can achieve non-

zero rate and reliability simultaneously, which is an improvement over πSA (and

all extensions of [5]).

Corollary 4.5.6. Policy πEJS achieves rate R ∈ [0, I0] with reliability E if

E ≤ D0

(

1− R

I0

)

. (4.35)

Fig. 4.3 summarizes the above results. The upper bound on the reliability

function is shown in red. Policy πSA achieves the optimal reliability D̃0(M) for

fixed M (at R = 0) with no provable guarantee for R > 0 (this point is shown in

green); while policy πEJS ensures an exponentially decaying error probability (the

error exponent is shown in blue) for R ∈ [0, I0).
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Figure 4.3: Lower and upper bounds on the optimal reliability function E(R).

Remark 4.5.3. It can be shown that optimal policy π∗ for the problem of active

hypothesis testing also achieves any rate R ∈ [0, I0] with reliability E satisfy-

ing (4.35) for the information acquisition problem. Moreover, any policy π that

satisfies (4.3) can achieve rate R ∈ [0, α] with reliability E if E ≤ β
(

1− R
α

)

.3

3In case parameters α and β are dependent on M , they are replaced by α := lim inf
M→∞

α and

β := lim inf
M→∞

β, respectively.
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The proofs of all the results in this section are provided in Section 4.7.9 and

are based on the fact that active hypothesis testing can be viewed as a Lagrangian

relaxation of the information acquisition problem. It is somewhat intuitive that

as L → ∞ the solution of active hypothesis testing is closely related to that of

information acquisition problem when ǫ → 0. The following lemma makes this

intuition precise.

Lemma 4.5.1. Let E[τ ∗ǫ ] denote the minimum expected number of samples required

to achieve Pe ≤ ǫ. We have

E[τ ∗ǫ ] ≥ (1− ǫL) (V ∗(ρ(0))− 1), (4.36)

where V ∗ is the optimal value function of the problem of active hypothesis testing

with penalty of wrong declaration L.

Given the above connection, Corollary 4.5.4 follows readily from the lower

bounds obtained in Proposition 4.3.1 and Theorem 4.3.3 (in particular its Corol-

lary 4.5.2); and Corollaries 4.5.5 and 4.5.6 follow from the upper bounds given by

Propositions 4.2.1 and 4.2.2.

4.6 Discussion: Technical Assumptions

In this section we provide a discussion on our technical assumptions. In

particular, we discuss the necessity of Assumptions 4.1.1 and 4.1.2, and compare

them with the common assumptions in the literature. In contrast to Assump-

tion 4.1.1, which is shown to be necessary for the problem of active hypothesis

testing to have a meaningful solution, Assumption 4.1.2 can be relaxed to more

general assumptions without affecting the asymptotic results.

4.6.1 Assumption 4.1.1

We first discuss the necessity of Assumption 4.1.1. If Assumption 4.1.1

does not hold, then there exist two hypotheses i, j ∈ ΩM , i 6= j, such that for all

a ∈ AM , D(qai ‖qaj ) = 0. In other words, qai (·) = qaj (·) for all a ∈ AM , and hence
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the decision maker is not capable of distinguishing these two hypotheses. In this

sense, Assumption 4.1.1 is necessary for the problem of active hypothesis testing

to be meaningful.

Next we compare Assumption 4.1.1 to its counterpart in [5]:

Assumption 4.6.1. D(qai ‖qaj ) > 0, ∀i, j ∈ ΩM , i 6= j, ∀a ∈ AM .

This assumption assures consistency [5, Lemma 1], i.e., argmaxi∈ΩM
ρi(t)

converges exponentially fast to the true hypothesis regardless of the way the sens-

ing actions are selected. However, this assumption is very restrictive and does not

hold in many problems of interest such as channel coding with feedback [12]. It

was remarked in [5, Section 7] that the above restrictive assumption can be relaxed

if the proposed scheme is modified to take a (possibly randomized) action capa-

ble of discriminating between all hypotheses pairs infinitely often (for example at

any time t when t is a perfect square). In this dissertation, however, we took a

different approach and constructed policy πSA, a simple two-phase modification of

Chernoff’s original scheme in which testing for the maximum likely hypothesis is

delayed and contingent on obtaining a certain level of confidence.

4.6.2 Assumption 4.1.2

We first discuss the necessity of Assumption 4.1.2. For observation ker-

nels with bounded support, Assumption 4.1.2 is a necessary condition to ensure

that the observation kernels are absolutely continuous with respect to each other

and hence no observation is noise-free. Although this assumption might hold in

many settings, it does not hold in general for observation kernels with unbounded

support. Next we replace Assumption 4.1.2 by more general assumptions on the

observation kernels, and discuss the consequences.

To the best of our knowledge, Assumption 4.6.2 below, given first by [5], is

the weakest condition in the literature of hypothesis testing and sequential analysis,

and is often interpreted to an assumption which limits the excess over the boundary

at the stopping time [57].
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Assumption 4.6.2. There exists ξM <∞ such that

max
i,j∈ΩM

max
a∈AM

∫

Z

qai (z)

∣

∣

∣

∣

log
qai (z)

qaj (z)

∣

∣

∣

∣

2

dz ≤ ξM . (4.37)

The proof of Proposition 4.2.2 relies on Chernoff’s approach [5], and the

asymptotic behavior of the bound remains intact if Assumption 4.1.2 is replaced

with Assumption 4.6.2. However, as shown in the proof of this proposition in

Section 4.7.7, Assumption 4.1.2 allows us to give a precise non-asymptotic char-

acterization of the bound by applying the method of bounded differences and in

particular the McDiarmid’s inequality [48]. Furthermore, Proposition 4.3.1 re-

mains valid even if Assumption 4.1.2 is replaced with Assumption 4.6.2 (with the

only minor change that ξ2M is replaced with ξM in the bound).

Next we consider the consequence of weakening Assumption 4.1.2 on The-

orems 4.2.1 and 4.3.3. To do so, we consider an even weaker assumption than

Assumption 4.6.2 as given below:

Assumption 4.6.3. There exists ξM <∞ and γ > 0 such that

max
i,j∈ΩM

max
a∈AM

∫

Z

qai (z)

∣

∣

∣

∣

log
qai (z)

qaj (z)

∣

∣

∣

∣

1+γ

dz ≤ ξM .

Define function ψM : R+ → R+ as follows

ψM (b) := max
i,j∈ΩM

max
a∈AM

∫

Z

qai (z)

[

log
qai (z)

qaj (z)

]

b

dz,

where [g]b = g1{g>b}. Note that ψM (b) is in general non-increasing in b, and if

Assumption 4.6.3 holds, ψM(b) ≤ b−γξM . Under the weaker Assumption 4.6.3

(and naturally Assumption 4.6.2), Theorem 4.3.3 can be replaced by:

Proposition 4.6.1. Under Assumptions 4.1.1 and 4.6.3 and for L > logM
Imax(M)

,

ρ ∈ PL(ΩM), δ ∈ (0, 0.5], and b > 0,

V ∗(ρ) ≥ V ′
3(ρ) :=

1

1 + ψM (b)
Dmax(M)

[

H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)

+
log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

,

where K ′
3 is a positive constant independent of L. In addition, if Assumption 4.5.1

holds as well, then K ′
3 can be selected independent of M as well.
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The proof of Proposition 4.6.1 is provided in Section 4.7.10.

We can also obtain the following upper bound:

Proposition 4.6.2. Consider a policy π with stopping rule τ̃1/L. Suppose policy π

at each time t = 0, . . . , τ̃1/L − 1 and given the posterior vector ρ(t), selects sensing

actions in a way that EJS(ρ(t), π) ≥ α for some α > 0. Under Assumptions 4.1.1

and 4.6.3, and for L > 1 and ρ ∈ PL(ΩM), there exists b′ ∈ (0,∞) such that

b
b−3

ψM (b− 3) < α for all b ≥ b′ and

Vπ(ρ) ≤ V
′

α(ρ) :=
H(ρ) + max{log logM, logL} + b

α− b
b−3

ψM(b− 3)
+ 1. (4.38)

The proof of Proposition 4.6.2 is provided in Section 4.7.11. Following a

similar approach, we can also generalize V αβ given in (4.5).

As we discussed, ψM (b) ≤ b−γξM under Assumption 4.6.3. Furthermore, if

Assumption 4.5.1 holds, then supM ψM (b) ≤ b−γξ. In other words, we can select b

as a function of L and M (for instance b = log logLM) such that V ′
3 and V

′

α have

the same dominating terms (in L and M) as V3 and V α, respectively.

In summary, the asymptotic results of this dissertation hold under the

weaker Assumptions 4.6.2 and 4.6.3 replacing Assumption 4.1.2. Our choice to

present the work under Assumption 4.1.2, however, significantly simplifies the pre-

sentation, and also enables a precise non-asymptotic characterization of the lower

and upper bounds.

4.7 Proofs

4.7.1 Preliminary Lemmas

In this section, we provide some preliminary lemmas. These lemmas are

technical and only helpful in proving the main results.

Lemma 4.7.1. Under Assumption 4.1.2 and for any i ∈ ΩM ,
∣

∣

∣

∣

log
ρi(t+ 1)

1− ρi(t+ 1)
− log

ρi(t)

1− ρi(t)

∣

∣

∣

∣

≤ ξM .
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Proof.
∣

∣

∣

∣

log
ρi(t + 1)

1− ρi(t+ 1)
− log

ρi(t)

1− ρi(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

log
ρi(t)q

A(t)
i (Z(t))

∑

j 6=i

ρj(t)q
A(t)
j (Z(t))

− log
ρi(t)

1− ρi(t)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

log
q
A(t)
i (Z(t))

∑

j 6=i

ρj(t)

1−ρi(t)
q
A(t)
j (Z(t))

∣

∣

∣

∣

∣

≤ max
a∈AM

sup
z∈Z

log
qai (z)

min
j 6=i

qaj (z)
≤ ξM .

Lemma 4.7.2. Under Assumption 4.1.2 and for any i ∈ ΩM ,

|ρi(t+ 1)− ρi(t)| ≤ min {ρi(t)(1− ρi(t)), ρi(t+ 1)(1− ρi(t+ 1))} 2ξM .

Proof.

|ρi(t+ 1)− ρi(t)| = ρi(t)

∣

∣

∣

∣

∣

∣

∣

∣

∣

q
A(t)
i (Z(t))

M
∑

j=1

ρj(t)q
A(t)
j (Z(t))

− 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

= ρi(t)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(1− ρi(t))q
A(t)
i (Z(t))−∑

j 6=i

ρj(t)q
A(t)
j (Z(t))

M
∑

j=1

ρj(t)q
A(t)
j (Z(t))

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ ρi(t)(1− ρi(t))

(

max
k,j∈ΩM

max
a∈AM

sup
z∈Z

qak(z)

qaj (z)

)

≤ ρi(t)(1− ρi(t))2
ξM .

Similarly, we can show that

|ρi(t + 1)− ρi(t)|

= ρi(t+ 1)

∣

∣

∣

∣

∣

∣

∣

1− ρi(t)−

∑

j 6=i

ρj(t)q
A(t)
j (Z(t))

q
A(t)
i (Z(t))

∣

∣

∣

∣

∣

∣

∣

= ρi(t+ 1)(1− ρi(t+ 1))

∣

∣

∣

∣

∣

∣

∣

1− ρi(t)

1− ρi(t+ 1)
−

∑

j 6=i

ρj(t)q
A(t)
j (Z(t))

(1− ρi(t + 1))q
A(t)
i (Z(t))

∣

∣

∣

∣

∣

∣

∣
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= ρi(t+ 1)(1− ρi(t+ 1))

∣

∣

∣

∣

∣

∣

∣

∣

∣

M
∑

j=1

ρj(t)q
A(t)
j (Z(t))

∑

j 6=i

ρj(t)

1−ρi(t)
q
A(t)
j (Z(t))

−

M
∑

j=1

ρj(t)q
A(t)
j (Z(t))

q
A(t)
i (Z(t))

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ ρi(t+ 1)(1− ρi(t+ 1))

(

max
k,j∈ΩM

max
a∈AM

sup
z∈Z

qak(z)

qaj (z)

)

≤ ρi(t+ 1)(1− ρi(t+ 1))2ξM .

Lemma 4.7.3. Under Assumption 4.1.2 and for any δ ∈ (0, 1), if

max
i∈ΩM

max {ρi(t), ρi(t+ 1)} ≥ 1− δ,

then

|U(ρ(t+ 1))− U(ρ(t))| ≤ 2ξM (3 + δ log(M − 1)) .

Proof. We first consider the case maxi∈ΩM
ρi(t) ≥ 1−δ. Without loss of generality

assume î = argmaxi∈ΩM
ρi(t) and ρî(t) ≥ 1− δ. We obtain

|U(ρ(t+ 1))− U(ρ(t))|

=

∣

∣

∣

∣

∣

M
∑

i=1

ρi(t+ 1) log
ρi(t+ 1)

1− ρi(t+ 1)
−

M
∑

i=1

ρi(t) log
ρi(t)

1− ρi(t)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

M
∑

i=1

ρi(t+ 1)

(

log
ρi(t+ 1)

1− ρi(t + 1)
− log

ρi(t)

1− ρi(t)

)

+
M
∑

i=1

(ρi(t + 1)− ρi(t)) log
ρi(t)

1− ρi(t)

∣

∣

∣

∣

∣

≤ max
i∈ΩM

∣

∣

∣

∣

log
ρi(t+ 1)

1− ρi(t+ 1)
− log

ρi(t)

1− ρi(t)

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

M
∑

i=1

(ρi(t+ 1)− ρi(t)) log
ρi(t)

1− ρi(t)

∣

∣

∣

∣

∣

(a)

≤ ξM +

M
∑

i=1

|ρi(t + 1)− ρi(t)| ·
∣

∣

∣

∣

log
ρi(t)

1− ρi(t)

∣

∣

∣

∣

(b)

≤ ξM + 2ξM
M
∑

i=1

ρi(t)(1− ρi(t))

∣

∣

∣

∣

log
ρi(t)

1− ρi(t)

∣

∣

∣

∣

≤ ξM + 2ξMρî(t)(1− ρî(t))

∣

∣

∣

∣

log
ρî(t)

1− ρî(t)

∣

∣

∣

∣

+ 2ξM
∑

i 6=î

ρi(t) log
1

ρi(t)
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(c)

≤ ξM + 2ξM + 2ξM
(

∑

i 6=î

ρi(t)

)

log
M − 1
∑

i 6=î

ρi(t)

≤ ξM + 2ξM + 2ξM (δ log(M − 1) + 1)

(d)

≤ 2ξM (3 + δ log(M − 1)) ,

where (a) and (b) follow respectively from Lemmas 4.7.1 and 4.7.2; (c) follows from

Jensen’s inequality and the fact that

x(1 − x)

∣

∣

∣

∣

log
x

1− x

∣

∣

∣

∣

≤ 1, x ∈ [0, 1];

and (d) holds since ξM ≤ 2ξM .

This completes the proof for the case maxi∈ΩM
ρi(t) ≥ 1 − δ. The proof

for the case maxi∈ΩM
ρi(t + 1) ≥ 1 − δ is done by following the similar lines and

interchanging time indices (t) and (t+ 1).

Lemma 4.7.4. Assume that the sequence {ζ(t)}, t = 0, 1, 2, . . . forms a submartin-

gale with respect to a filtration {F(t)}. Furthermore, assume there exist positive

constants K1, K2, and K3 such that4

E[ζ(t+ 1)|F(t)] ≥ ζ(t) +K1 if ζ(t) < 0, (4.39a)

E[ζ(t+ 1)|F(t)] ≥ ζ(t) +K2 if ζ(t) ≥ 0, (4.39b)

|ζ(t+ 1)− ζ(t)| ≤ K3 if max{ζ(t+ 1), ζ(t)} ≥ 0. (4.39c)

Consider the stopping time υ = min{t : ζ(t) ≥ B}, B > 0. Then we have

E[υ] ≤ B − ζ(0)

K2

+ ζ(0)1{ζ(0)<0}

(

1

K2

− 1

K1

)

+
3K2

3

K1K2

. (4.40)

Furthermore, if K1 ≥ K2, and there exists K4 ≤ K3 such that

|ζ(t+ 1)− ζ(t)| ≤ K4 if max{ζ(t+ 1), ζ(t)} ≥ B, (4.41)

the bound is tightened as

E[υ] ≤ B − ζ(0)

K2
+ ζ(0)1{ζ(0)<0}

(

1

K2
− 1

K1

)

+
K4

K2
. (4.42)

4It is implied from (4.39) that K1,K2 ≤ K3.
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Proof. This lemma is a generalization of Lemma 1 in [58]. The proof is provided

below.

Consider the sequence {η(t)} defined as follows

η(t) =







−A + ζ(t)
K1

− t if ζ(t) < 0

−Ae−αζ(t) + ζ(t)
K2

− t if ζ(t) ≥ 0
,

where A =
[

3K2
3

K2

(

1
K1

− 1
K2

)]+

and α = 0.5K2

K2
3
.

Claim 4.7.1. The sequence {η(t)} forms a submartingale with respect to the

filtration {F(t)}.

By Doob’s Stopping Theorem,

η(0) ≤ E[η(υ)]

≤ E

[

ζ(υ)

K2
− υ

]

=
E [ζ(υ − 1)] + E [ζ(υ)− ζ(υ − 1)]

K2
− E[υ]

(a)
<
B +K3

K2
− E[υ], (4.43)

where (a) follows from (4.39c) and the facts that ζ(υ− 1) < B and ζ(υ) ≥ B > 0.

On the other hand, we have

η(0) =

(

−A +
ζ(0)

K1

)

1{ζ(0)<0} +

(

−Ae−αζ(0) + ζ(0)

K2

)

1{ζ(0)≥0}

≥ −A +
ζ(0)

K2
− ζ(0)1{ζ(0)<0}

(

1

K2
− 1

K1

)

. (4.44)

Combining inequalities (4.43) and (4.44), we obtain

E[υ] ≤ B +K3

K2

− η(0)

≤ B +K3

K2

+ A− ζ(0)

K2

+ ζ(0)1{ζ(0)<0}

(

1

K2

− 1

K1

)

≤ B − ζ(0)

K2

+ ζ(0)1{ζ(0)<0}

(

1

K2

− 1

K1

)

+

[

3K2
3

K2

(

1

K1

− 1

K2

)]+

+
K3

K2

(a)

≤ B − ζ(0)

K2
+ ζ(0)1{ζ(0)<0}

(

1

K2
− 1

K1

)

+
3K2

3

K1K2
, (4.45)
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where (a) holds since by definition K1, K2 ≤ K3 and hence, K3

K2
≤ min

{ 3K2
3

K1K2
,
3K2

3

K2
2

}

.

Moreover, if K1 ≥ K2 and (4.41) holds, then A =
[3K2

3

K2

(

1
K1

− 1
K2

)]+
= 0 and (4.43)

is tightened as

η(0) <
B +K4

K2
− E[υ]. (4.46)

This together with (4.44) yields the following bound

E[υ] ≤ B − ζ(0)

K2
+ ζ(0)1{ζ(0)<0}

(

1

K2
− 1

K1

)

+
K4

K2
. (4.47)

Proof of Claim 4.7.1. We will show that E[η(t + 1)|F(t)] ≥ η(t). There are two

cases:

Case I. ζ(t) < 0:

If ζ(t+ 1) < 0, then

η(t+ 1) = −A+
ζ(t+ 1)

K1

− (t + 1). (4.48)

On the other hand, if ζ(t + 1) ≥ 0, then by the assumption of Lemma 4.7.4,

ζ(t+ 1) ≤ K3, and we have

η(t+ 1) = −Ae−αζ(t+1) +
ζ(t+ 1)

K2
− (t+ 1)

(a)

≥ −A +
ζ(t+ 1)

K1
− (t + 1), (4.49)

where (a) follows from the fact that 1) if K1 ≥ K2, then by definition A = 0,

and x
K2

≥ x
K1

for x ≥ 0; and 2) if K1 < K2, then −Ae−αx + x
K2

is concave in x,

−Ae−αx + x
K2

= −A + x
K1

for x = 0, and for x = K3

−Ae−αK3 +
K3

K2
≥ −A(1− αK3 +

1

2
(αK3)

2) +
K3

K2

= −A + AαK3(1−
1

4

K2

K3
) +

K3

K2

≥ −A +
9

8
K3

(

1

K1
− 1

K2

)

+
K3

K2

≥ −A +
K3

K1

.
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Combining (4.48) and (4.49), we obtain

E[η(t+ 1)|F(t)] ≥ E[−A +
ζ(t+ 1)

K1
− (t+ 1)|F(t)]

≥ −A +
ζ(t) +K1

K1

− (t + 1)

= −A +
ζ(t)

K1
− t = η(t). (4.50)

Case II. ζ(t) ≥ 0:

If ζ(t+ 1) ≥ 0, then

η(t+ 1) = −Ae−αζ(t+1) +
ζ(t+ 1)

K2

− (t+ 1). (4.51)

On the other hand, if ζ(t+ 1) < 0, then we have

η(t+ 1) = −A+
ζ(t+ 1)

K1
− (t+ 1)

(a)

≥ −Ae−αζ(t+1) +
ζ(t+ 1)

K2

− (t + 1), (4.52)

where (a) follows from the fact that 1) if K1 ≥ K2, then by definition A = 0,

and x
K1

≥ x
K2

for x < 0; and 2) if K1 < K2, then −Ae−αx + x
K2

is concave in x,

−Ae−αx + x
K2

= −A + x
K1

for x = 0, and −Ae−αK3 + K3

K2
≥ −A+ K3

K1
.

Combining (4.51) and (4.52), we obtain

E[η(t + 1)|F(t)]

≥ E[−Ae−αζ(t+1) +
ζ(t+ 1)

K2
− (t+ 1)|F(t)]

≥ E[−Ae−αζ(t+1)|F(t)] +
ζ(t) +K2

K2

− (t+ 1)

= E[−Ae−αζ(t+1)|F(t)] + Ae−αζ(t) + η(t)

= η(t)−Ae−αζ(t)E[e−α(ζ(t+1)−ζ(t)) − 1|F(t)]

(a)

≥ η(t)− Ae−αζ(t)E[−α(ζ(t+ 1)− ζ(t)) +
1

2
α2(ζ(t+ 1)− ζ(t))2eαK3 |F(t)]

≥ η(t) + Aαe−αζ(t)[K2 −
1

2
αK2

3e
αK3 ]

(b)

≥ η(t), (4.53)
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where (a) follows from the fact that for |x| ≤ K,

ex = 1 +

∞
∑

n=1

xn

n!

≤ 1 + x+
x2

2

(

1 +
K

3
+
K2

12
+ . . .

)

≤ 1 + x+
x2

2
eK ;

and (b) holds since 1
2
αK2

3e
αK3 = 1

4
K2e

0.5K2
K3 ≤ e0.5

4
K2 ≤ K2.

4.7.2 Proof of Theorem 4.2.1

We first prove inequality (4.2). From (3.1), the expected total cost under

policy π can be written as

Vπ(ρ) = Eπ[τ̃1/L] + LEπ[1− max
i∈ΩM

ρi(τ̃1/L)]

(a)

≤ Eπ[τ̃1/L] + 1, (4.54)

where (a) follows by construction (4.1). Next we find an upper bound for Eπ[τ̃1/L].

Notice that for all i ∈ ΩM , upon selecting A(t) = a and observing Z(t) = z,

the belief state evolves as

ρi(t+ 1) =
ρi(t)q

a
i (z)

∑M
j=1 ρj(t)q

a
j (z)

.

Recall that U(·) denotes the average log-likelihood function defined as

U(ρ) =

M
∑

i=1

ρi log
1− ρi
ρi

, (4.55)

and let F(t) = σ{A(0), Z(0), . . . , A(t− 1), Z(t− 1)} denote the history of sensing

actions and observations up to time t. We have

Eπ [U(ρ(t+ 1))|F(t)]

=
∑

a∈AM

Pπ(A(t) = a)Eπ

[

M
∑

i=1

ρi(t+ 1) log
1− ρi(t+ 1)

ρi(t+ 1)
|F(t), A(t) = a

]
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=
∑

a∈AM

π(a|ρ(t))
∫

Z

M
∑

i=1

ρi(t)q
a
i (z) log

∑

j 6=i ρj(t)q
a
j (z)

ρi(t)qai (z)
dz

=

M
∑

i=1

ρi(t) log
1− ρi(t)

ρi(t)
+
∑

a∈AM

π(a|ρ(t))
M
∑

i=1

∫

Z

ρi(t)q
a
i (z) log

∑

j 6=i
ρj(t)

1−ρi(t)
qaj (z)

qai (z)
dz

= U(ρ(t))−
∑

a∈AM

π(a|ρ(t))
M
∑

i=1

ρi(t)D(qai ‖
∑

j 6=i

ρj(t)

1− ρi(t)
qaj )

= U(ρ(t))−
∑

a∈AM

π(a|ρ(t))EJS(ρ(t), a)

= U(ρ(t))−EJS(ρ(t), π)

(a)

≤ U(ρ(t))− α, (4.56)

where (a) follows from the assumption of Theorem 4.2.1.

Thus, the sequence {−U(ρ(t))
α

− t} forms a submartingale with respect to

the filtration {F(t)}. Let define a stopping time5

υ := min

{

t : max
i∈ΩM

ρi(t) ≥ 1−min
{ 1

log 2M
,L−1

}

}

. (4.57)

It is clear from (4.1) and (4.57) that τ̃1/L ≤ υ and hence, Eπ[τ̃1/L] ≤ Eπ[υ]. Next

we find an upper bound on Eπ[υ]. By Doob’s Stopping Theorem,

−U(ρ(0))
α

≤ Eπ

[−U(ρ(υ))
α

− υ

]

.

Rearranging the terms, we obtain

Eπ[υ] ≤
U(ρ(0))

α
+ Eπ

[−U(ρ(υ))
α

]

≤ U(ρ(0)) + Eπ [−U(ρ(υ − 1)) + U(ρ(υ − 1))− U(ρ(υ))]

α
(a)

≤ U(ρ(0)) + max{log logM, logL} + Eπ [U(ρ(υ − 1))− U(ρ(υ))]

α

(b)

≤
U(ρ(0)) + max{log logM, logL}+ 2ξM

(

3 + 1
log 2M

log(M − 1)
)

α

≤ U(ρ(0)) + max{log logM, logL} + 4× 2ξM

α

5For this definition to make sense (and which we only need in the analysis) we assume that
the decision maker continues sampling even after time τ̃1/L using the same rule as before.
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≤ H(ρ(0)) + max{log logM, logL} + 4× 2ξM

α
, (4.58)

where (a) holds since ρi(υ − 1) < 1−min
{

1
log 2M

, L−1
}

for all i ∈ ΩM and hence,

−U(ρ(υ − 1)) =
M
∑

i=1

ρi(υ − 1) log
ρi(υ − 1)

1− ρi(υ − 1)

< log
1−min{ 1

log 2M
, L−1}

min{ 1
log 2M

, L−1}

< max{log logM, logL};

and (b) follows from Lemma 4.7.3.

Inequality (4.58) together with (4.54) completes the proof of (4.2). Next

we prove (4.5).

Recall that ρ̃ = 1− 1
1+max{logM,logL}

. Notice that if ρi(t) < ρ̃ for all i ∈ ΩM ,

U(ρ(t)) =

M
∑

i=1

ρi(t) log
1− ρi(t)

ρi(t)
>

M
∑

i=1

ρi(t) log
1− ρ̃

ρ̃
= log

1− ρ̃

ρ̃
; (4.59)

which implies that if U(ρ(t)) ≤ log 1−ρ̃
ρ̃
, there exists i ∈ ΩM such that ρi(t) ≥ ρ̃.

On the other hand, if ρi(t) ≥ ρ̃ for any i ∈ ΩM , then

U(ρ(t)) = ρi(t) log
1− ρi(t)

ρi(t)
+
∑

j 6=i

ρj(t) log
1− ρj(t)

ρj(t)

≤ ρi(t) log
1− ρi(t)

ρi(t)
+ (1− ρi(t)) log

∑

j 6=i

(1− ρj(t))

1− ρi(t)

≤ ρ̃ log
1− ρ̃

ρ̃
+ 1 + (1− ρ̃) logM

≤ log
1− ρ̃

ρ̃
+ 3; (4.60)

which implies that if U(ρ(t)) > log 1−ρ̃
ρ̃

+ 3, then ρi(t) < ρ̃ for all i ∈ ΩM .

Following similar lines as those in (4.56) and by (4.3), (4.59), and (4.60),

Eπ [U(ρ(t+ 1))|F(t)] ≤







U(ρ(t))− α if U(ρ(t)) > log 1−ρ̃
ρ̃

+ 3 1{α>β}

U(ρ(t))− β if U(ρ(t)) ≤ log 1−ρ̃
ρ̃

+ 3 1{α>β}

. (4.61)

The rest of the proof is divided into two cases:
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• Case 1: L ≤ log 2M .

In this case, logL ≤ log log 2M ≤ logM and hence, ρ̃ = 1− 1
log 2M

≥ 1−L−1.

Following similar lines as those in the proof of inequality (4.2), we obtain

Eπ[τ̃1/L] ≤
H(ρ(0)) + log logM + 4× 2ξM

α
. (4.62)

• Case 2: L > log 2M .

Define the sequence {Ũ(ρ(t))}t as

Ũ(ρ(t)) := −U(ρ(t)) + log
1− ρ̃

ρ̃
+ 3 1{α>β}. (4.63)

Notice that if max{Ũ(ρ(t)), Ũ(ρ(t+ 1))} ≥ 3 1{α>β}, then

max
i∈Ω

max{ρi(t), ρi(t + 1)} ≥ ρ̃ = 1− 1

1 + max{logM, logL} .

By Lemma 4.7.3 and from (4.61), the sequence {Ũ(ρ(t))}t forms a submartin-

gale with the following properties:

Eπ[Ũ(ρ(t+ 1))|F(t)] ≥ Ũ(ρ(t)) + α if Ũ(ρ(t)) < 0,

Eπ[Ũ(ρ(t+ 1))|F(t)] ≥ Ũ(ρ(t)) + β if Ũ(ρ(t)) ≥ 0,
∣

∣

∣
Ũ(ρ(t + 1))− Ũ(ρ(t))

∣

∣

∣
≤ 2ξM+2 if max{Ũ(ρ(t+ 1)), Ũ(ρ(t))} ≥ 3 1{α>β}.

Let υ := min{t : Ũ(ρ(t)) ≥ logL + 3 1{α>β}}. Note that by construction,

τ̃1/L ≤ υ. Appealing to Lemma 4.7.4 and for α ≤ β,

Eπ[τ̃1/L] ≤ Eπ[υ]

≤ logL− Ũ(ρ(0))

β
+ Ũ(ρ(0))1{Ũ(ρ(0))<0}

(

1

β
− 1

α

)

+
3(4× 2ξM )2

αβ

≤ logL

β
+
U(ρ(0))− log 1−ρ̃

ρ̃

α
1{Ũ(ρ(0))<0} +

3(4× 2ξM )2

αβ

≤ logL

β
+
H(ρ(0)) + log ρ̃

1−ρ̃

α
+

3(4× 2ξM )2

αβ
(a)

≤ H(ρ(0)) + max{log logM, log logL}
α

+
logL

β
+

3(4× 2ξM )2

αβ
,

(4.64)
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where (a) holds since log ρ̃
1−ρ̃

= max{log logM, log logL}.

Similarly, from Lemma 4.7.4 and for α > β,

Eπ[τ̃1/L] ≤
H(ρ(0)) + max{log logM, log logL}

α
+

logL+ 3

β
+

4× 2ξM

β
.

(4.65)

Combining (4.62), (4.64), and (4.65) and from the fact that max{α, β} ≤
ξM ≤ 4× 2ξM , we get

Eπ[τ̃1/L] ≤
H(ρ) + max{log logM, log logL}

α
+

logL

β
+

3(4× 2ξM )2

αβ
,

which together with (4.54) completes the proof of (4.5).

4.7.3 Proof of Theorem 4.3.1

Let Γ be the set of all mappings γ : ΩM → ΩM such that γ(i) 6= i for

i ∈ ΩM . Now associated with any γ ∈ Γ define

V1
γ(ρ) =





M
∑

i=1

ρi
log 1−L−1

L−1 − log ρi
ργ(i)

max
â∈AM

D(qâi ‖qâγ(i))
−K ′

1





+

.

Next we use Lemma 3.5.1 to show that V ∗ ≥ V1
γ for all γ ∈ Γ. In partic-

ular, we show that for all γ ∈ Γ and for all ρ ∈ P(ΩM), V1
γ(ρ) ≤ min{1 +

min
a∈AM

(TaV1
γ)(ρ), min

j∈ΩM

(1 − ρj)L}. For any ρ such that V1
γ(ρ) = 0, the inequality

holds trivially. For V1
γ(ρ) > 0 and for any action a ∈ AM we have

(TaV1
γ)(ρ) ≥

M
∑

i=1

∫

ρiq
a
i (z)

log 1−L−1

L−1 − log
ρiq

a
i (z)

ργ(i)q
a
γ(i)

(z)

max
â∈AM

D(qâi ‖qâγ(i))
dz −K ′

1

= V1
γ(ρ)−

M
∑

i=1

ρi
D(qai ‖qaγ(i))

max
â∈AM

D(qâi ‖qâγ(i))

≥ V1
γ(ρ)− 1. (4.66)

From (4.66), we have V1
γ(ρ) ≤ 1 + min

a∈AM

(TaV1
γ)(ρ). What remains is to

select K ′
1 sufficiently large such that V1

γ(ρ) ≤ min
j∈ΩM

(1− ρj)L for all γ ∈ Γ and for
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all ρ ∈ P(ΩM ). It is trivial that the desired result is obtained for any choice of K ′
1

satisfying

K ′
1 ≥ max

γ∈Γ
max

ρ∈P(ΩM )

{

M
∑

i=1

ρi
log 1−L−1

L−1 − log ρi
ργ(i)

max
â∈AM

D(qâi ‖qâγ(i))
− min

j∈ΩM

(1− ρj)L

}

. (4.67)

Using Claim 4.7.2 below and letting V1(·) = maxγ∈Γ V1
γ(·), we have the assertion

of the theorem.

Claim 4.7.2. The constant K ′
1 can be selected independent of L such that the

inequality V1
γ(ρ) ≤ min

j∈ΩM

(1− ρj)L is satisfied for all γ ∈ Γ.

Proof of Claim 4.7.2. Let Dmin(M) = min
i,j∈ΩM

max
a∈AM

D(qai ‖qaj ). First we notice that,

if ρ /∈ PL(ΩM ), then V1 is bounded as:

V1(ρ) ≤





M
∑

i=1

ρimax
j 6=i

log 1−L−1

L−1 − log ρi
1−ρi

max
a∈AM

D(qai ‖qaj )
−K ′

1





+

≤





∑

{i∈ΩM :ρi<1−L−1}

ρi
logL+ log 1

ρi

Dmin(M)
−K ′

1





+

(a)

≤









∑

{i∈ΩM :ρi<1−L−1}

ρi





logL+ log |{i∈ΩM :ρi<1−L−1}|
∑

{i∈ΩM :ρi<1−L−1} ρi

Dmin(M)
−K ′

1





+

(b)

≤
[

2 + L−1 log(M − 1)

Dmin(M)
−K ′

1

]+

, (4.68)

where (a) follows by Jensen’s inequality; and (b) holds since
∑

{i∈ΩM :ρi<1−L−1} ρi <

L−1 < 1 for any ρ /∈ PL(ΩM), and x log 1
x
≤ 1 for x ∈ [0, 1]. In other words, for

K ′
1 ≥ 2+L−1 log(M−1)

Dmin(M)
,

V1(ρ) = 0 ≤ min
j∈ΩM

(1− ρj)L ∀ρ /∈ PL(ΩM).

On the other hand, for all ρ ∈ PL(ΩM), we have

V1(ρ) ≤
[

M
∑

i=1

ρi
log 1−L−1

L−1 − log ρi
1−ρi

Dmin(M)
−K ′

1

]+

=

[

log(L− 1)

Dmin(M)
+

∑M
i=1 ρi log

1−ρi
ρi

Dmin(M)
−K ′

1

]+

. (4.69)
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Now let

f1(L,ρ) :=
log(L− 1)

Dmin(M)
+

∑M
i=1 ρi log

1−ρi
ρi

Dmin(M)

(a)
=

log(L− 1)

Dmin(M)
+

∑M−1
i=1 ρi log

1−ρi
ρi

+ (1−∑M−1
i=1 ρi) log

(
∑M−1

i=1 ρi)

(1−
∑M−1

i=1 ρi)

Dmin(M)
,

(4.70)

where (a) holds since
∑M

i=1 ρi = 1. Furthermore, let α = max{1, 2
Dmin(M)

}, β =

1
3

(

Dmin(M)− log e
α

)

, and L∗ = max{2α, 4
β
, 1
β2 ,

log(M−1)
β

}. Next we show that for all

L ≥ L∗ and at belief vector ρ = [ α
(M−1)L

, . . . , α
(M−1)L

, 1 − α
L
], function f1(L, ·) has

an upper bound independent of L while its partial derivatives with respect to ρi,

i = 1, 2, . . . ,M − 1 are less than L:

f1(L,ρ)
∣

∣

ρ=[ α
(M−1)L

,..., α
(M−1)L

,1−α
L
]

=
log(L− 1)

Dmin(M)
+

∑M−1
i=1

α
(M−1)L

log
1− α

(M−1)L
α

(M−1)L
+ (1− α

L
) log

α
L

1−α
L

Dmin(M)

=
log α(L−1)

L−α

Dmin(M)
+
α

L

log
1− α

(M−1)L
α

(M−1)L
+ log

1−α
L

α
L

Dmin(M)

=
log α(L−1)

L−α

Dmin(M)
+
α

L

log(M − 1) + 2 log α
L

Dmin(M)

(a)

≤
log α(L−1)

L−α

Dmin(M)
+

αβ + 2

Dmin(M)

=
log α

1−α−1
L−1

Dmin(M)
+

αβ + 2

Dmin(M)
(b)

≤ log(2α− 1) + αβ + 2

Dmin(M)
, (4.71)

where (a) follows from the fact that x log 1
x
≤ 1 for x ∈ [0, 1] and L ≥ log(M−1)

β
;

and (b) holds since L ≥ 2α, and

∂f1
∂ρi

(L,ρ)
∣

∣

ρ=[ α
(M−1)L

,..., α
(M−1)L

,1−α
L
]

=

(

log
1− ρi
ρi

− log e

1− ρi
− log

1− ρM
ρM

+
log e

1− ρM

)

1

Dmin(M)

∣

∣

ρ=[ α
(M−1)L

,..., α
(M−1)L

,1−α
L
]

=

(

log
(M − 1)L− α

α
− log e

1− α
(M−1)L

− log
α

L− α
+

log e
α
L

)

1

Dmin(M)
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≤
(

log(M − 1) + 2 logL+
log e

α
L

)

1

Dmin(M)

= L+

(

log(M − 1) + 2 logL−
(

Dmin(M)− log e

α

)

L

)

1

Dmin(M)

≤ L+ (log(M − 1) + 2 logL− 3βL)
1

Dmin(M)

≤ L+ (logL− βL)
2

Dmin(M)
(a)

≤ L+
(

logL− log(βL)2
) 2

Dmin(M)

≤ L, (4.72)

where (a) follows from the fact that log x2 ≤ x for x ≥ 4.

From symmetry and concavity of f1(L, ·) and inequalities (4.71) and (4.72),

it is clear that for L ≥ L∗, and for all ρ ∈ PL(ΩM),

[

f1(L,ρ)−
log(2α− 1) + αβ + 2

Dmin(M)

]+

≤ min
j∈ΩM

(1− ρj)L. (4.73)

Fig. 4.4 shows this for M = 2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

 

 

ρ1

min{ρ1, 1− ρ1}L

f1(L,ρ)

f1(L,ρ)− 0.56

Figure 4.4: Computing K ′
1 for M = 2, L = 5, and Dmin(M) = 0.75. In this

example, the derivative of f1 with respect to ρ1 is equal to L at ρ1 = 0.35 and
K ′

1 ≥ 0.56 ensures that f1(L,ρ) − K ′
1 ≤ min{ρ1, 1 − ρ1}L. We have α = 2.67,

β = 0.07, L∗ = 206.06, and K ′
1 = 13.16.
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Furthermore, for all L < L∗,

f1(L,ρ) ≤ f1(L
∗,ρ) ≤ max

ρ̂
f1(L

∗, ρ̂) ≤ logL∗ + logM

Dmin(M)
.

This together with (4.68), (4.69), and (4.73) implies the assertion of the

claim for

K ′
1 =

1 + αβ + logL∗ + logM

Dmin(M)
(4.74)

≥ max{2 + L−1 log(M − 1), logL∗ + logM, log(2α− 1) + αβ + 2}
Dmin(M)

.

4.7.4 Proof of Theorem 4.3.2

We show that for all ρ ∈ P(ΩM ),

V ∗(ρ) ≥
[

H(ρ)−H([α(L,M), 1− α(L,M)])− α(L,M) log(M − 1)

Imax(M)
(4.75)

+ α(L,M)L

]+

.

Note that the right-hand side of (4.75) can be written as

G(ρ) :=

[

H(ρ)−H(ν)

Imax(M)
+ α(L,M)L

]+

, (4.76)

where

ν =

[

α(L,M)

M − 1
, . . . ,

α(L,M)

M − 1
, 1− α(L,M)

]

. (4.77)

Next we show that G(ρ) ≤ min{1 + min
a∈AM

(TaG)(ρ), min
j∈ΩM

(1 − ρj)L} for all ρ ∈
P(ΩM). For any ρ such that G(ρ) = 0, the inequality holds trivially. For G(ρ) > 0

and for any action a ∈ AM we have

(TaG)(ρ) =

∫

H(Φa(ρ, z))qaρ(z)dz −H(ν)

Imax(M)
+ α(L,M)L

=
H(ρ)− I(ρ; qaρ)−H(ν)

Imax(M)
+ α(L,M)L
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= G(ρ)− I(ρ; qaρ)

Imax(M)

≥ G(ρ)− 1, (4.78)

where the last inequality follows from the fact that

I(ρ; qaρ) ≤ max
â∈AM

max
ρ̂∈P(ΩM )

I(ρ̂; qâρ̂) = Imax(M).

Therefore,

G(ρ) ≤ 1 + min
a∈AM

(TaG)(ρ).

What remains is to show that G(ρ) ≤ min
j∈ΩM

(1− ρj)L. Rewriting G as

G(ρ) =





∑M−1
i=1 ρi log

1
ρi
+ (1−∑M−1

i=1 ρi) log
1

1−
∑M−1

i=1 ρi
−H(ν)

Imax(M)
+ α(L,M)L





+

,

we can compute the gradient at ν. For all i = 1, 2, . . . ,M − 1,

∂G

∂ρi
(ν) =

(

log
1

ρi
− log e− log

1

1−∑M−1
i=1 ρi

+ log e

)

/Imax(M)
∣

∣

∣

ρ=ν

=

(

log
ρM
ρi

)

/Imax(M)
∣

∣

∣

ρ=ν
=

(

log
1− α(L,M)

α(L,M)
M−1

)

/Imax(M) = L.

Furthermore, G(ν) = α(L,M)L = (1−νM)L. Without loss of generality and since

both functions G(ρ) and min
j∈ΩM

(1−ρj)L are symmetric, let us focus on PM(ΩM) :=

{ρ ∈ P(ΩM) : ρM ≥ ρi, ∀i ∈ ΩM − {M}}. In this case, min
j∈ΩM

(1 − ρj)L = (1 −
ρM)L =

∑M−1
i=1 ρiL and hence min

j∈ΩM

(1− ρj)L is the tangent hyperplane to G(ρ) at

ν. This along with concavity of function G implies G(ρ) ≤ min
j∈ΩM

(1 − ρj)L. Using

Lemma 3.5.1, we have the assertion of the theorem.

4.7.5 Proof of Theorem 4.3.3

We need to show that

V ∗(ρ) ≥ V3(ρ) =

[

H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)
(4.79)

+
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

.
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We show this in two steps. First we consider the following function:

J ′(ρ) :=

[

M
∑

i=1

ρi
log 1−L−1

L−1 − log ρi
1−ρi

Dmax(M)
−K ′

3

]+

. (4.80)

We use Jensen’s inequality to show that

Claim 4.7.3. For all ρ ∈ P(ΩM ), J ′(ρ) ≤ 1 + min
a∈AM

(TaJ ′)(ρ).

Proof of Claim 4.7.3. For any ρ such that J ′(ρ) = 0, the inequality holds trivially.

For any ρ such that J ′(ρ) > 0 and for any a ∈ AM we have

(TaJ ′)(ρ) ≥
M
∑

i=1

∫

ρiq
a
i (z)

log 1−L−1

L−1 − log
ρiq

a
i (z)

∑

k 6=i ρkq
a
k(z)

Dmax(M)
dz −K ′

3

= J ′(ρ)−
M
∑

i=1

ρi

∫

qai (z) log
qai (z)

∑

k 6=i
ρk

1−ρi
qak(z)

dz

Dmax(M)

(a)

≥ J ′(ρ)−
M
∑

i=1

ρi

∑

k 6=i
ρk

1−ρi
D(qai ‖qak)

Dmax(M)

≥ J ′(ρ)− 1,

where (a) follows from Jensen’s inequality.

Next we define J(ρ) = max{J ′(ρ), J ′′(ρ)} where J ′′(ρ) is the right-hand

side of (4.79), i.e.,

J ′′(ρ) =

[

H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)
(4.81)

+
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

.

• Case 1: For all ρ such that J(ρ) = 0 or J(ρ) = J ′(ρ), it is trivial from

Claim 4.7.3 that

J(ρ) = J ′(ρ) ≤ 1 + min
a∈AM

(TaJ ′)(ρ) ≤ 1 + min
a∈AM

(TaJ)(ρ). (4.82)
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• Case 2: For all ρ such that J(ρ) = J ′′(ρ) > 0, and for any action a ∈ AM ,

(TaJ)(ρ) =

∫

J(Φa(ρ, z))qaρ(z)dz

(a)

≥
∫

H(Φa(ρ, z))qaρ(z)dz −H([δ, 1− δ])− δ log(M − 1)

Imax(M)

+
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

= J ′′(ρ)− I(ρ; qaρ)

Imax(M)

≥ J ′′(ρ)− 1

(b)
= J(ρ)− 1, (4.83)

where (a) follows from Claim 4.7.4 below and (b) holds since ρ is such that

J(ρ) = J ′′(ρ).

Claim 4.7.4. Let ρ be such that J(ρ) = J ′′(ρ) > 0. If Assumption 4.1.2 holds,

then for all actions a ∈ AM and observations z ∈ Z,

J(Φa(ρ, z)) ≥H(Φa(ρ, z))−H([δ, 1− δ])− δ log(M − 1)

Imax(M)
(4.84)

+
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3.

Proof of Claim 4.7.4. For all ρ satisfying max
i∈ΩM

ρi > 1− δ,

H(ρ) < (1− δ) log
1

1− δ
+ (M − 1)× δ

M − 1
log

1

δ/(M − 1)

= H([δ, 1− δ]) + δ log(M − 1),

hence, J ′′ < 0. In other words, J(ρ) = J ′′(ρ) > 0 implies that max
i∈ΩM

ρi ≤ 1− δ.

Let ρ̂ = Φa(ρ, z). Inequality (4.84) holds trivially if max
i∈ΩM

ρ̂i ≤ 1 − δ since

J(ρ̂) ≥ J ′′(ρ̂) and J ′′(ρ̂) is greater than or equal to the right-hand side of (4.84).

If max
i∈ΩM

ρ̂i > 1− δ, we get

J(ρ̂) = J ′(ρ̂)

=

[

M
∑

i=1

ρ̂i
log 1−L−1

L−1 − log ρ̂i
1−ρ̂i

Dmax(M)
−K ′

3

]+
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(a)

≥
[

M
∑

i=1

ρ̂i
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
−K ′

3

]+

≥ log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
−K ′

3,

where (a) follows from the fact that under Assumption 4.1.2 and for all i ∈ ΩM ,

log
ρ̂i

1− ρ̂i
≤
∣

∣

∣

∣

log
ρ̂i

1− ρ̂i
− log

ρi
1− ρi

∣

∣

∣

∣

+

∣

∣

∣

∣

log
ρi

1− ρi

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

log
ρiq

a
i (z)

∑

j 6=i ρjq
a
j (z)

− log
ρi

1− ρi

∣

∣

∣

∣

∣

+ log
1− δ

δ

=

∣

∣

∣

∣

∣

log
qai (z)

∑

j 6=i
ρj

1−ρj
qaj (z)

∣

∣

∣

∣

∣

+ log
1− δ

δ

≤ ξM + log
1− δ

δ
.

Combining (4.82) and (4.83), we have that

J(ρ) ≤ 1 + min
a∈AM

(TaJ)(ρ). (4.85)

Lemma 3.5.1, together with (4.85) and Claim 4.7.5 below, implies that

V ∗ ≥ J = max{J ′, J ′′} ≥ J ′′ = V3. This is a slightly stronger result than (4.79).

Claim 4.7.5. For L > logM
Imax(M)

, constant K ′
3 can be selected independent of δ and

L such that J(ρ) ≤ min
j∈ΩM

(1 − ρj)L. Furthermore, if supM ξM < ∞, then K ′
3 can

be selected independent of M as well.

Proof of Claim 4.7.5. Following similar lines as the proof of Claim 4.7.2, we can

select K ′
3 sufficiently large such that J ′(ρ) ≤ minj∈ΩM

(1 − ρj)L. Recall that

J ′(ρ) = [f2(L,ρ)−K ′
3]
+, where

f2(L,ρ) :=
log(L− 1)

Dmax(M)
+

∑M
i=1 ρi log

1−ρi
ρi

Dmax(M)
. (4.86)

By the assumption of Claim 4.7.5, there exists κ > 0 such that logM ≤
(Imax(M) − κ)L for all M . Set α = max{1, 2

κ
}, β = 1

2

(

κ− log e
α

)

, and let L′
2 =

max{2α, 4
β
, 1
β2}. For L ≥ L′

2 and for all i = 1, 2, . . . ,M − 1, we obtain
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f2(L,ρ)
∣

∣

ρ=[ α
(M−1)L

,..., α
(M−1)L

,1−α
L
]
=

log α(L−1)
L−α

Dmax(M)
+
α

L

log(M − 1) + 2 log α
L

Dmax(M)

≤
log α(L−1)

L−α

Dmax(M)
+
α(Imax(M)− κ) + 2

Dmax(M)

≤ log(2α− 1) + α(Imax(M)− κ) + 2

Dmax(M)
, (4.87)

and,

∂f2
∂ρi

(L,ρ)
∣

∣

ρ=[ α
(M−1)L

,..., α
(M−1)L

,1−α
L
]
≤
(

log(M − 1) + 2 logL+
log e

α
L

)

1

Dmax(M)

≤
(

2 logL+ (Imax(M)− κ +
log e

α
)L

)

1

Dmax(M)

≤ L+ (logL− βL)
2

Dmax(M)

≤ L. (4.88)

From symmetry and concavity of f2(L, ·), (4.87), (4.88), it is clear that for
L ≥ L′

2, and for all ρ ∈ PL(ΩM),

[

f2(L,ρ)−
log(2α− 1) + α(Imax(M)− κ) + 2

Dmax(M)

]+

≤ min
j∈ΩM

(1− ρj)L. (4.89)

Furthermore, for L < L′
2, we have

f2(L,ρ) ≤ f2(L
′
2,ρ) ≤ max

ρ̂
f2(L

′
2, ρ̂)

≤ logL′
2 + logM

Dmax(M)
≤ logL′

2 + L′
2(Imax(M)− κ)

Dmax(M)
.

In other words, selecting

K ′
3 ≥

max{logL′
2 + L′

2(Imax(M)− κ), log(2α− 1) + α(Imax(M)− κ) + 2}
Dmax(M)

,

(4.90)

satisfies J ′(ρ) ≤ minj∈ΩM
(1− ρj)L.

Next we discuss on the selection of K ′
3 such that J ′′(ρ) ≤ minj∈ΩM

(1−ρj)L
is also satisfied. Let

f3(L,ρ) :=
H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)
,
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and rewrite,

J ′′(ρ) =

[

f3(L,ρ) +
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

.

We show that at belief vector ρ = [ 0.5
(M−1)L

, . . . , 0.5
(M−1)L

, 1 − 0.5
L
], and for

L ≥ L′′
2 := max{4Imax(M)

κ
, I

2
max(M)
κ2

}, f3(L,ρ) has an upper bound independent of L

and its partial derivatives with respect to ρi, i = 1, 2, . . . ,M − 1 are less than L.

In other words,

f3(L,ρ)
∣

∣

ρ=[ 0.5
(M−1)L

,..., 0.5
(M−1)L

,1− 0.5
L

]

=
H([ 1

2L
, 1− 1

2L
]) + 1

2L
log(M − 1)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)

≤ 1 + 1
2
(Imax(M)− κ)

Imax(M)
,

and,

∂f3
∂ρi

(L,ρ)
∣

∣

ρ=[ 0.5
(M−1)L

,..., 0.5
(M−1)L

,1− 0.5
L

]
=

1

Imax(M)
log

ρM
ρi

∣

∣

ρ=[ 0.5
(M−1)L

,..., 0.5
(M−1)L

,1− 0.5
L

]

=
1

Imax(M)
log

1− 0.5
L

0.5
(M−1)L

≤ 1

Imax(M)
(log(M − 1) + logL)

≤ 1

Imax(M)
(L(Imax(M)− κ) + logL)

= L− (
κ

Imax(M)
L− logL)

≤ L.

Furthermore, for L < L′′
2, we have

f3(L,ρ) ≤ f3(L
′′
2,ρ) ≤ max

ρ̂
f3(L

′′
2,ρ) ≤

logM

Imax(M)
≤ L′′

2(Imax(M)− κ)

Imax(M)
.

We also note that for all K ′
3 satisfying (4.90),

log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3 ≤ J ′(ρ) ≤ min
j∈ΩM

(1− ρj)L.
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Thus, if K ′
3 satisfies (4.90) as well as the following condition,

K ′
3 ≥

max{L′′
2(Imax(M)− κ), 1 + 1

2
(Imax(M)− κ)}

Imax(M)
, (4.91)

we have
[

f3(L,ρ) +
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

≤ min
j∈ΩM

(1− ρj)L.

By selecting K ′
3 to be independent from δ and L and larger than (4.90)

and (4.91), we have the assertion of the claim. The following selection of K ′
3

satisfies the above conditions:

K ′
3 = max

{

logL′
2 + L′

2(Imax(M)− κ) + 2

Dmax(M)
,
4Imax(M)

κ
+
I2max(M)

κ2
+

1

Imax(M)

}

.

(4.92)

If supM ξM < ∞, then Imax(M) ≤ Imax < ∞ for all M , and we can select

K ′
3 to be independent from M as well:

K ′
3 = max

{

logL′
2 + L′

2(Imax − κ) + 2

Dmax

,
4Imax

κ
+
I
2

max

κ2
+

1

Imax

}

. (4.93)

4.7.6 Proof of Corollaries 4.3.1 and 4.5.2

Proof of Corollary 4.3.1. We first show that for all belief vectors ν ∈ P(ΩM) for

which νi = 1 − α(L,M) for an i ∈ ΩM and νj = α(L,M)
M−1

for all j ∈ ΩM − {i},
the optimal action is to retire and declare Hi as the true hypothesis, i.e., V

∗(ν) =

L(1− νi). Without loss of generality, consider i =M , hence

ν =

[

α(L,M)

M − 1
, . . . ,

α(L,M)

M − 1
, 1− α(L,M)

]

.

In the proof of Theorem 4.3.2, we have seen that V ∗(ν) ≥ G(ν) = α(L,M)L =

(1−νM)L. Furthermore, DP equation (3.4) implies that V ∗(ν) ≤ min
j∈ΩM

(1−νj)L =

(1− νM )L. Therefore, V ∗(ν) = (1− νM)L and the proof is complete.
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Proof of Corollary 4.5.2. From Theorem 4.3.3 and by setting δ = 1
log 2ML

, we ob-

tain

V3(ρ) =

[

H(ρ)−H([ 1
log 2ML

, 1− 1
log 2ML

])− log(M−1)
log 2ML

Imax(M)
(4.94)

+
log 1−L−1

L−1 − log logML− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1− 1

log 2ML
} −K ′

3

]+

,

where K ′
3 is a positive constant independent of L andM whose closed-form is given

in (4.93).

Note that for M ≥ 2 and L > 1 which is the region of interest for these

parameters, log 2ML ≥ 2 and 1 − 1
log 2ML

≥ 1
2
. Thus, for the uniform prior ρ =

ρu,M , we have

max
i∈ΩM

ρi =
1

M
≤ 1

2
≤ 1− 1

log 2ML
.

Thus, under the uniform prior, (4.94) simplifies to

V3(ρu,M) =

[

logM −H([ 1
log 2ML

, 1− 1
log 2ML

])− log(M−1)
log 2ML

Imax(M)

+
log 1−L−1

L−1

Dmax(M)
− log logML + ξM

Dmax(M)
−K ′

3

]+

≥
[

logM − 2

Imax

+
log 1−L−1

L−1

Dmax

− log logLM + ξ

Dmax

−K ′
3

]+

.

4.7.7 Proof of Proposition 4.2.2

Recall that ρi(n) denotes the posterior belief about hypothesis Hi after n

observations. Let τ , τi, i ∈ ΩM , be Markov stopping times defined as follows:

τ := min

{

n : min
j∈ΩM

{1− ρj(n)} ≤ L−1

}

, (4.95)

τi := min

{

n : min
j 6=i

ρi(n)

ρj(n)
≥ 1− L−1

L−1/(M − 1)

}

. (4.96)
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From (3.1), total cost under policy πSA can be written as

VπSA
(ρ) = EπSA

[τ + min
j∈ΩM

(1− ρj(τ))L]

≤ EπSA
[τ ] + 1

≤
M
∑

i=1

ρiEπSA
[τi|θ = i] + 1, (4.97)

where the last inequality follows from the fact that τ ≤ τi, ∀i ∈ ΩM . For notational

simplicity, subscript πSA is dropped for the rest of the proof.

Next we find an upper bound for E[τi|θ = i], i ∈ ΩM . Before we proceed,

however, we introduce the following notations to facilitate the proof. Let

T ∗ := logL− log
ρ̌

1− ρ̌
,

T̃i(ρ) :=

[

log
ρ̌

(1− ρ̌)/(M − 1)
−min

k 6=i
log

ρi
ρk

]+

.

For arbitrary ι ∈ (0, 1), we have

E[τi|θ = i]

=

∞
∑

n=0

P ({τi > n}|θ = i)

≤ 1 +

(

T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)

)

(1 + ι) +
∑

n:n>
(

T̃i(ρ)

Ĩ0(M)
+ T∗

D̃i(M)

)

(1+ι)

P ({τi > n}|θ = i)

(a)

≤ 1 +

(

T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)

)

(1 + ι) +
MB(ι)e

−b(ι)

(

T̃i(ρ)

Ĩ0(M)
+ T∗

D̃i(M)

)

(1+ι)

1− e−b(ι)

(b)

≤ 1 +

(

T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)

)

(1 + ι)

+MB(ι)
(

1 + max
{

1,
1

b(ι)

})

e

−b(ι)







logL− max
j∈ΩM

log
ρj

1−ρj

max
j∈ΩM

Dµj (M)






(1+ι)

≤ 1 +

(

T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)

)

(1 + ι)

+M






6 +

4

ι2

2(1+ι)2

(

Ĩ0(M)
2ξM

)2

b(ι)







(

L(1 − max
j∈ΩM

ρj)

)−b(ι) 1+ι
ξM
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≤
(

logM + log 1
ρi
+K ′′

1

Ĩ0(M)
+

logL

D̃i(M)

)

(1 + ι) (4.98)

+M

(

6 +
1

( ι/2
1+ι

)5( Ĩ0(M)
2ξM

)4

)(

L(1− max
j∈ΩM

ρj)

)− ι3

(1+ι)2
I21 (M)

4ξ3
M

+ 1,

where K ′′
1 := log ρ̌

1−ρ̌
is independent of L and M ; inequality (a) follows from

Lemma 4.7.5 below, and B(ι) and b(ι) are given in (4.99); and (b) holds since

1
1−e−x ≤ 1 + max{1, 1/x} for x > 0, and

T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)
≥

[

log ρ̌
1−ρ̌

− log ρi
1−ρi

]+

Ĩ0(M)
+

T ∗

D̃i(M)
≥

logL− log ρi
1−ρi

D̃i(M)
.

Now from (4.97), (4.98), and the fact that
∑M

i=1 ρi log
1
ρi

= H(ρ), we have the

assertion of the proposition.

Lemma 4.7.5. Given any ι ∈ (0, 1) and for n >
(

T̃i(ρ)

Ĩ0(M)
+ T ∗

D̃i(M)

)

(1 + ι), we have

P ({τi > n}|θ = i) ≤MB(ι)e−b(ι)n where

B(ι) = 2 + max











1,
1

ι2

2(1+ι)2

(

Ĩ0(M)
2ξM

)2











, b(ι) =
ι3

4(1 + ι)3

(

Ĩ0(M)

2ξM

)2

. (4.99)

Proof of Lemma 4.7.5. Let Bij(n) and B̃ij(n) be events in the probability space

defined as follows:

Bij(n) :=

{

log
ρi(n)

ρj(n)
< log

1− L−1

L−1/(M − 1)

}

,

B̃ij(n) :=

{

log
ρi(n)

ρj(n)
< log

ρ̌

(1− ρ̌)/(M − 1)

}

.

We have,

P (B̃ij(n)|θ = i)

= P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < log

ρ̌

(1− ρ̌)/(M − 1)
− E

[

log
ρi(n)

ρj(n)

]

}

∣

∣θ = i
)

= P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] <

log
ρ̌

(1− ρ̌)/(M − 1)
− E

[

log
ρi
ρj

+

n−1
∑

t=0

log
q
A(t)
i

q
A(t)
j

]

}

∣

∣θ = i
)
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≤ P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] <

log
ρ̌

(1− ρ̌)/(M − 1)
−min

k 6=i
log

ρi
ρk

− nĨ0(M)
}

∣

∣θ = i
)

= P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < T̃i(ρ)− nĨ0(M)

}

∣

∣θ = i
)

. (4.100)

Similarly, we can show that

P (Bij(n)|θ = i) ≤ P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < T ∗ − (n− τ̌i)D̃i(M)

}

∣

∣θ = i
)

,

(4.101)

where

τ̌i = min

{

n : min
j 6=i

ρi(n
′)

ρj(n′)
≥ ρ̌

(1− ρ̌)/(M − 1)
∀n′ ≥ n

}

.

By construction (4.96),

P ({τi > n}|θ = i)

≤ P (∪j 6=iBij(n)|θ = i)

≤ P

(

∪j 6=i Bij(n) ∩
{

τ̌i ≤
T̃i(ρ)

Ĩ0(M)
+ n

ι/2

1 + ι

}

∣

∣θ = i

)

+ P

({

τ̌i >
T̃i(ρ)

Ĩ0(M)
+ n

ι/2

1 + ι

}

∣

∣θ = i

)

≤
∑

j 6=i

(

P

(

Bij(n) ∩
{

τ̌i ≤
T̃i(ρ)

Ĩ0(M)
+ n

ι/2

1 + ι

}

∣

∣θ = i

)

+
∑

m:m>
T̃i(ρ)

Ĩ0(M)
+n ι/2

1+ι

P (B̃ij(m)|θ = i)

)

=
∑

j 6=i

(

P
({

log
ρi(n)

ρj(n)
− E[log

ρi(n)

ρj(n)
] < D̃i(M)

( T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)
− n

1 + ι/2

1 + ι

)}

∣

∣θ = i
)

+
∑

m:m>
T̃i(ρ)

Ĩ0(M)
+n ι/2

1+ι

P
({

log
ρi(m)

ρj(m)
− E[log

ρi(m)

ρj(m)
] < T̃i(ρ)−mĨ0(M)

}

∣

∣θ = i
)

)

. (4.102)

For any a, â ∈ AM and i, j ∈ ΩM , we have
∣

∣

∣
log

qai
qaj

− log
qâi
qâj

∣

∣

∣
≤ 2ξM . For

k = 1, 2, . . . , n, let Xk = log
q
A(k−1)
i

q
A(k−1)
j

and X = [X1, X2, . . . , Xn]. Define the function

f(X) = log ρi
ρj

+
∑n

k=1Xk = log ρi(n)
ρj(n)

. From (4.102) and Fact 2.7.2, and for n >
(

T̃i(ρ)

Ĩ0(M)
+ T ∗

D̃i(M)

)

(1 + ι), we have
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P ({τi > n}|θ = i)

≤ M

[

exp

(

− 2n

(

D̃i(M)/(1 + ι)

2ξM

)2(

1 + ι/2 − 1

n

(

T̃i(ρ)

Ĩ0(M)
+

T ∗

D̃i(M)

)

(1 + ι)

)2
)

+
∑

m:m>
T̃i(ρ)

Ĩ0(M)
+n ι/2

1+ι

exp

(

− 2m

(

Ĩ0(M)/(1 + ι/2)

2ξM

)2(

1 + ι/2 − 1

m

T̃i(ρ)

Ĩ0(M)
(1 + ι/2)

)2
)]

≤ M

[

exp

(

− n
ι2

2

(

D̃i(M)/(1 + ι)

2ξM

)2
)

+
∑

m:m>
T̃i(ρ)

Ĩ0(M)
+n

ι/2
1+ι

exp

(

−m
ι2

2

(

Ĩ0(M)/(1 + ι/2)

2ξM

)2
)]

≤ M






exp

(

− n
ι2

2

(

D̃i(M)/(1 + ι)

2ξM

)2
)

+
exp

(

− n ι3

4(1+ι)

(

Ĩ0(M)/(1+ι/2)
2ξM

)2)

1− exp
(

− ι2

2

(

Ĩ0(M)/(1+ι/2)
2ξM

)2)







≤ M






1 +

1

1− exp
(

− ι2

2

(

Ĩ0(M)/(1+ι/2)
2ξM

)2)






exp

(

− n
ι3

4(1 + ι)3

(

Ĩ0(M)

2ξM

)2
)

(a)

≤ M






2 + max











1,
1

ι2

2(1+ι)2

(

Ĩ0(M)
2ξM

)2
















exp

(

− n
ι3

4(1 + ι)3

(

Ĩ0(M)

2ξM

)2
)

,

where (a) follows from the fact that 1
1−e−x ≤ 1 + max{1, 1/x} for x > 0.

4.7.8 Proof of Proposition 4.3.1

Consider a parameter ǫ > 0 (whose exact value will be determined later).

To prove this proposition, we divide the policies into two classes: 1) the ones that

achieve Pe > ǫ; and 2) the ones that achieve Pe ≤ ǫ. We find a lower bound on

the expected total cost for the policies in these two classes. The optimal expected

total cost is greater than the minimum of the obtained lower bounds.

Class 1. Consider a policy π that selects the stopping time τ such that

Peπ > ǫ. The expected total cost under policy π is lower bounded as

Vπ(ρ) = Eπ[τ ] + LPeπ > Lǫ. (4.103)
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Class 2. Consider a policy π that selects τ such that Peπ ≤ ǫ. Next we find

a lower bound for Eπ[τ ]. For all i ∈ ΩM and arbitrary δ ∈ (0, 1), let

T ∗
i (ρ) :=

[

(1− δ) log 1
ǫ
−max

k 6=i
log ρi

ρk

]+

D̃i(M) + δ
, (4.104)

where

D̃i(M) = max
λ∈P(AM )

min
j 6=i

∑

a∈AM

λaD(qai ‖qaj ).

Under policy π,

P ({τ < T ∗
i (ρ)} |θ = i) = P

(

{τ < T ∗
i (ρ)} ∩

⋂

j 6=i

{

ρi(τ)

ρj(τ)
≥ (

1

ǫ
)1−δ

}

|θ = i

)

+ P

(

{τ < T ∗
i (ρ)} ∩

⋃

j 6=i

{

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

(a)

≤ Mξ2M
T ∗
i (ρ)δ

2
+
∑

j 6=i

P

({

ρi(τ)

ρj(τ)
< (

1

ǫ
)1−δ

}

|θ = i

)

(b)

≤ Mξ2M
T ∗
i (ρ)δ

2
+ (M − 1)

2ǫδ

ρi
, (4.105)

where (a) follows from Lemma 2.7.5 and the union bound; and (b) follows

from Lemma 2.7.3.

The expected total cost under policy π is lower bounded as

Vπ(ρ) = Eπ[τ ] + LPeπ

≥
M
∑

i=1

ρiEπ[τ |θ = i]

=
M
∑

i=1

ρiEπ[τ1{τ≥T ∗
i (ρ)}

+ τ1{τ<T ∗
i (ρ)}

|θ = i]

≥
M
∑

i=1

ρiT
∗
i (ρ)P ({τ ≥ T ∗

i (ρ)}|θ = i)

=
M
∑

i=1

ρiT
∗
i (ρ) (1− P ({τ < T ∗

i (ρ)}|θ = i))

(a)

≥
M
∑

i=1

ρiT
∗
i (ρ)

(

1− Mξ2M
T ∗
i (ρ)δ

2
− 2Mǫδ

ρi

)
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=
M
∑

i=1

ρiT
∗
i (ρ)

(

1− 2Mǫδ

ρi

)

− Mξ2M
δ2

=
M
∑

i=1

ρi

[

(1− δ) log 1
ǫ
−max

j 6=i
log ρi

ρj

]+

D̃i(M) + δ

(

1− 2Mǫδ

ρi

)

− Mξ2M
δ2

, (4.106)

where (a) follows from (4.105).

It is trivial that V ∗(ρ) is lower bounded by the minimum of (4.103) and

(4.106). Let ǫ = K ′ log 2L
L

where

K ′ := max

{

1,
logM

mini∈ΩM
D̃i(M)

}

. (4.107)

For this value of ǫ, the minimum of (4.103) and (4.106) is achieved by (4.106), i.e.,

M
∑

i=1

ρi

[

(1− δ) log 1
ǫ
−max

j 6=i
log ρi

ρj

]+

D̃i(M) + δ

(

1− 2Mǫδ

ρi

)

− Mξ2M
δ2

≤
M
∑

i=1

ρi

[

(1− δ) log L
K ′ log 2L

−max
j 6=i

log ρi
ρj

]+

D̃i(M) + δ

≤
M
∑

i=1

ρi
logL+ log 1

ρi

D̃i(M) + δ
≤

logL+
∑M

i=1 ρi log
1
ρi

mini∈ΩM
D̃i(M)

≤ logL+ logM

mini∈ΩM
D̃i(M)

≤ logM(logL+ 1)

mini∈ΩM
D̃i(M)

≤ K ′ log 2L = Lǫ, (4.108)

and hence,

V ∗(ρ) ≥










M
∑

i=1

ρi

[

(1− δ) log L
K ′ log 2L

−max
j 6=i

log ρi
ρj

]+

max
λ∈P(AM )

min
j 6=i

∑

a∈AM

λaD(qai ‖qaj ) + δ

(

1− 2M(K
′ log 2L
L

)δ

ρi

)

− Mξ2M
δ2











+

.

4.7.9 Proof of Lemma 4.5.1 and Corollaries 4.5.4–4.5.6

Proof of Lemma 4.5.1. Recall that τ̃1/L = min{n : max
j∈ΩM

ρj(n) ≥ 1 − L−1}, and let

E[τ̃ ∗1/L] be the minimum expected sample size that can be achieved by policies with
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the stopping rule τ̃1/L. We have

E[τ ∗ǫ ] ≥ E[τ ∗ǫ | max
j∈ΩM

ρj(τ
∗
ǫ ) ≥ 1− L−1] P ({max

j∈ΩM

ρj(τ
∗
ǫ ) ≥ 1− L−1})

(a)

≥ E[τ ∗ǫ | max
j∈ΩM

ρj(τ
∗
ǫ ) ≥ 1− L−1] (1− E[1− max

j∈ΩM

ρj(τ
∗
ǫ )]L)

(b)

≥ E[τ ∗ǫ | max
j∈ΩM

ρj(τ
∗
ǫ ) ≥ 1− L−1] (1− ǫL)

≥ E[τ̃ ∗1/L] (1− ǫL), (4.109)

where (a) follows from Markov inequality and (b) follows from the definition of τ ∗ǫ

which implies that Pe = E[1− max
j∈ΩM

ρj(τ
∗
ǫ )] ≤ ǫ.

Let VL : P(ΩM) → R+ be the minimal solution to the following fixed point

equation:

VL(ρ) = min

{

1 + min
a∈AM

{(TaVL)(ρ)} ,L(ρ)
}

, (4.110)

where

L(ρ) =







0 if min
j∈ΩM

(1− ρj) ≤ L−1

∞ otherwise
. (4.111)

It can easily be shown that

E[τ̃ ∗
1/L

] = VL(ρ(0)) ≥ V ∗(ρ(0))− 1. (4.112)

Combining (4.109) and (4.112) completes the proof.

Proof of Corollary 4.5.4. Set ǫ = 2−Et, L = 1
ǫ log 1

ǫ

, and δ = 1
log 1

ǫ

. For L > logM
Imax(M)

and t > 4
E
, we can use Lemma 4.5.1 and Theorem 4.3.3 to obtain the following

lower bound

E[τ ∗ǫ ] ≥ (1− 1

Et
)

[

H(ρ(0))− 1
Et

logM

Imax(M)

+
log 2Et

Et
− logEt

Dmax(M)
1{ max

i∈ΩM
ρi(0)<1− 1

Et
} − O(1)

]+

.
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For uniform prior ρ(0) = [1/M, . . . , 1/M ], the lower bound simplifies to

E[τ ∗ǫ ] ≥
[

(1− 1
Et
)2 logM

Imax(M)
+ (1− 1

Et
)
Et− 2 logEt

Dmax(M)
− O(1)

]+

.

Therefore, for any policy π,

(1− 1
Et
)2 logMπ(t, 2

−Et)

Imax

+ (1− 1

Et
)
Et− 2 logEt

Dmax

− O(1) ≤ t,

and hence,

lim
t→∞

1

t
logMπ(t, 2

−Et) ≤ lim
t→∞

1

t

t− (1− 1
Et
)Et−2 logEt

Dmax
+O(1)

(1− 1
Et
)2

Imax

= lim
t→∞

1− E
Dmax

+
2(1− 1

Et
) logEt+1

tDmax
+O(1

t
)

(1− 1
Et
)2

Imax

= Imax

(

1− E

Dmax

)

(4.113)

< Imax. (4.114)

Inequality (4.114) implies that for E > 0, no policy can achieve rates greater than

Imax. Furthermore, using (4.113), the reliability function can be bounded as

E(R) ≤ Dmax

(

1− R

Imax

)

.

Next we show that for fixed M , hence at R = 0, no policy can achieve

reliability higher than D̃0(M). From Lemma 4.5.1 and Proposition 4.3.1, and for

uniform prior ρ(0) = [1/M, . . . , 1/M ], we obtain the following lower bound

E[τ ∗ǫ ] ≥ (1− ǫL)

(

logL

D̃0(M)
− o(logL)

)

.

Using the above inequality, we can find a lower bound on ǫ such that E[τ ∗ǫ ] ≤ t is

satisfied. More precisely, for any policy π we obtain

Peπ(t,M) ≥ L−1

(

1− t
logL

D̃0(M)
− o(logL)

)

.

We can select L = 2D̃0(M)t+o(t) such that it satisfies

1

Peπ(t,M)
≤ 2D̃0(M)t+o(t)O(t), (4.115)
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and hence,

lim
t→∞

−1

t
log Peπ(t,M) ≤ lim

t→∞

1

t
log
(

2D̃0(M)t+o(t)O(t)
)

= lim
t→∞

(

D̃0(M) +
o(t)

t
+O(

log t

t
)

)

= D̃0(M). (4.116)

The result of Corollary 4.5.4 can be strengthened to show that no policy can

achieve diminishing error probability at rates higher than Imax. Here we provide

the sketch of the proof.

From (4.110) and a slight modification of Lemma 3.5.1 in which minj∈ΩM
(1−

ρj)L is replaced by L(ρ) (as defined in (4.111)), we can find the following lower

bound for VL(ρ):

VL(ρ) :=

[

H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)
(4.117)

+
log 1−L−1

L−1 − log 1−δ
δ

− ξM

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} − K̂

]+

,

where

K̂ = max

{

L−1 log(M − 1) + L−1 logL

Imax(M)
,
L−1 log(M − 1) + L−1 logL+ 1

Dmax(M)

}

≤ L−1 log(M − 1) +H([L−1, 1− L−1])

Imax(M)
+

1

Dmax(M)
.

Combining (4.109), (4.112), and (4.117), we get

E[τ ∗ǫ ] ≥ (1− ǫL)VL(ρ(0)).

Let u(t) be a function such that u(t) → 0 as t → ∞ but for any E > 0,

u(t)2Et → ∞. In other words,
log 1

u(t)

t
→ 0 as t→ ∞. Set ǫ = u(t), L = 1√

u(t)
, and

δ =
√

u(t). We obtain the following lower bound

E[τ ∗ǫ ] ≥ (1−
√

u(t))

[

logM − 2
√

u(t) logM

Imax(M)
−O(1)

]+

. (4.118)

Therefore, for any policy π,

(1− 3
√

u(t) + 2u(t)) logMπ(t, u(t))

Imax

− O(1) ≤ t,
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and hence,

lim
t→∞

1

t
logMπ(t, u(t)) ≤ lim

t→∞

1

t

t +O(1)

1− 3
√

u(t) + 2u(t)
Imax = Imax. (4.119)

Proof of Corollary 4.5.5. By Definition 4.5.2 and Propositions 4.3.1 and 4.2.2, if

policy π is asymptotically optimal in L, Vπ(ρ) = Eπ[τ ] +LPeπ ≤ logL

D̃0(M)
+ o(logL).

This implies that policy π achieves Peπ ≤ L−1
(

logL

D̃0(M)
+ o(logL)

)

with Eπ[τ ] ≤
logL

D̃0(M)
+ o(logL). To satisfy Eπ[τ ] ≤ t, L can be selected as L = 2D̃0(M)t(1−o(1))

where o(1) → 0 as t→ ∞. For this selection of L, Peπ(t,M) is bounded as

Peπ(t,M) ≤ 2−D̃0(M)t(1−o(1))t,

and by definition, the error exponent of policy π is

lim
t→∞

−1

t
log Peπ(t,M) ≥ lim

t→∞

−1

t

(

log 2−D̃0(M)t(1−o(1)) + log t
)

= lim
t→∞

(

D̃0(M)(1− o(1))− log t

t

)

= D̃0(M). (4.120)

Let Eπ[τǫ] denote the expected number of samples that policy π requires to

achieve Peπ ≤ ǫ. If policy π is not asymptotically optimal in L, then there exists

δ > 0 such that

Eπ[τǫ] > (1 + δ)
log 1

ǫ

D̃0(M)
+ o(log

1

ǫ
). (4.121)

Proof is done by contradiction. Suppose Eπ[τǫ] ≤ (1 + δ)
log 1

ǫ

D̃0(M)
+ o(log 1

ǫ
) for all

δ > 0. Then

Vπ(ρ) = Eπ[τ ] + LPeπ ≤ Eπ[τǫ] + Lǫ|ǫ=L−1

≤ inf
δ>0

(1 + δ)
logL

D̃0(M)
+ o(logL) =

logL

D̃0(M)
+ o(logL), (4.122)

which is an asymptotically optimal solution to the problem of active hypothesis

testing.
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Using (4.121) we can find a lower bound on ǫ such that Eπ[τǫ] ≤ t is satisfied.

More precisely, we obtain

Peπ(t,M) > 2−
D̃0(M)
1+δ

t−o(t),

and by definition, the error exponent of policy π is

lim
t→∞

−1

t
log Peπ(t,M) < lim

t→∞

−1

t
log 2−

D̃0(M)
1+δ

t−o(t)

= lim
t→∞

(

D̃0(M)

1 + δ
− o(t)

t

)

< D̃0(M). (4.123)

Next we provide the proof of the second part of the corollary. We show that

if policy π is not an order optimal solution to the problem of active hypothesis

testing, then it cannot achieve non-zero rate with non-zero reliability.

Recall that Eπ[τǫ] is the expected number of samples that policy π requires

to achieve Peπ ≤ ǫ. If policy π is not order optimal in L andM , then Eπ[τǫ] is either

1) ω(logM) + O(log 1
ǫ
) where ω(logM)

logM
→ ∞ as M → ∞; 2) O(logM) + ω(log 1

ǫ
);

or 3) ω(logM) + ω(log 1
ǫ
). Proof is done by contradiction. Suppose Eπ[τǫ] =

O(logM) +O(log 1
ǫ
). Then

Vπ(ρ) = Eπ[τ ] + LPeπ ≤ Eπ[τǫ] + Lǫ|ǫ=L−1 = O(logM) +O(logL),

which is an order optimal solution to the problem of active hypothesis testing.

• Case 1: Eπ[τǫ] = ω(logM) +O(log 1
ǫ
).

Setting ǫ = 2−Et for some E > 0, we obtain from the above condition that

logMπ(t, 2
−Et) = o(t). By definition,

R = lim
t→∞

1

t
logMπ(t, 2

−Et) = lim
t→∞

o(t)

t
= 0.

• Case 2: Eπ[τǫ] = O(logM) + ω(log 1
ǫ
).

Setting M = 2Rt for some R > 0, we obtain from the above condition that

− log Peπ(t, 2
Rt) = o(t). By definition,

E = lim
t→∞

−1

t
log Peπ(t, 2

Rt) = lim
t→∞

o(t)

t
= 0.
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• Case 3: Eπ[τǫ] = ω(logM) + ω(log 1
ǫ
).

Proof follows similar lines as the proof of Case 1 and 2.

Proof of Corollary 4.5.6. From Proposition 4.2.1 and for the uniform prior ρu,M ,

VπEJS
(ρu,M) ≤

(

logM
I0(M)

+ logL
D0(M)

)

(1 + o(1)). This implies that πEJS can achieve

PeπEJS
≤ L−1

(

logM
I0(M)

+ logL
D0(M)

)

(1 + o(1)) with EπEJS
[τ ] ≤

(

logM
I0(M)

+ logL
D0(M)

)

(1 + o(1)).

Let L = t2Et. We obtain

lim
t→∞

1

t
logMπEJS

(t, 2−Et) ≥ lim
t→∞

t(1− o(1))− log t2Et

D0

t
I0

= I0

(

1− E

D0

)

. (4.124)

Therefore, for any rate R ∈ [0, I2], there exists a reliability E, E ≥ D2

(

1− R
I2

)

,

such that π∗ can achieve rate R with reliability E.

4.7.10 Proof of Proposition 4.6.1

The proof follows closely the proof of Theorem 4.3.3. We define Jb(ρ) =

max{J ′(ρ), J ′′
b (ρ)} where as in (4.80),

J ′(ρ) :=

[

M
∑

i=1

ρi
log 1−L−1

L−1 − log ρi
1−ρi

Dmax(M)
−K ′

3

]+

, (4.125)

and J ′′
b is a slightly modified version of (4.81):

J ′′
b (ρ) =

[

H(ρ)−H([δ, 1− δ])− δ log(M − 1)

Imax(M)
(4.126)

+
log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
1{ max

i∈ΩM
ρi≤1−δ} −K ′

3

]+

.

From (4.82), for all ρ such that Jb(ρ) = 0 or Jb(ρ) = J ′(ρ), we have that

Jb(ρ) = J ′(ρ) ≤ 1 + min
a∈AM

(TaJ ′)(ρ) ≤ 1 + min
a∈AM

(TaJb)(ρ). (4.127)
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On the other hand, for all ρ such that Jb(ρ) = J ′′
b (ρ) > 0, and for any

action a ∈ AM , we have

(TaJb)(ρ) =

∫

Z

Jb(Φ
a(ρ, z))qaρ(z)dz

≥
∫

Z(ρ,a,δ)

J ′′
b (Φ

a(ρ, z))qaρ(z)dz +

∫

Zc(ρ,a,δ)

J ′(Φa(ρ, z))qaρ(z)dz,

(4.128)

where Z(ρ, a, δ) := {z ∈ Z : maxi∈ΩM
ρi
qai (z)

qa
ρ
(z)

≤ 1 − δ} and Zc(ρ, a, δ) = Z −
Z(ρ, a, δ). Note that J ′′

b (ρ) > 0 implies that maxi∈ΩM
ρi ≤ 1− δ.

Next we find lower bounds for the terms on the right-hand side of (4.128).

For notational simplicity, let ρ̂(z) = Φa(ρ, z). By definition, maxi∈ΩM
ρ̂i(z) ≤ 1−δ

for all z ∈ Z(ρ, a, δ), and maxi∈ΩM
ρ̂i(z) > 1 − δ for all z ∈ Zc(ρ, a, δ). For the

first term on the right-hand side of (4.128), we have

∫

Z(ρ,a,δ)

J ′′
b (ρ̂(z))q

a
ρ(z)dz ≥

∫

Z(ρ,a,δ)

[

H(ρ̂(z))−H([δ, 1− δ])− δ log(M − 1)

Imax(M)

+
log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
−K ′

3

]

qaρ(z)dz.

(4.129)

The second term on the right-hand side of (4.128) is lower bounded as
∫

Zc(ρ,a,δ)

J ′(ρ̂(z))qaρ(z)dz

≥
∫

Zc(ρ,a,δ)

[ M
∑

i=1

ρ̂i(z)
log 1−L−1

L−1 − log ρ̂i(z)
1−ρ̂i(z)

Dmax(M)
−K ′

3

]

qaρ(z)dz

=

∫

Zc(ρ,a,δ)

[ M
∑

i=1

ρ̂i(z)
log 1−L−1

L−1 − log ρi
1−ρi

− b

Dmax(M)
−K ′

3

]

qaρ(z)dz

−
∫

Zc(ρ,a,δ)

[ M
∑

i=1

ρ̂i(z)
log ρ̂i(z)

1−ρ̂i(z)
− log ρi

1−ρi
− b

Dmax(M)

]

qaρ(z)dz

(a)

≥
∫

Zc(ρ,a,δ)

[

log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
−K ′

3

]

qaρ(z)dz

−
M
∑

i=1

ρi

∫

Zc(ρ,a,δ)

qai (z)

log
qai (z)

∑

j 6=i

ρj
1−ρi

qaj (z)
− b

Dmax(M)
dz
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(b)

≥
∫

Zc(ρ,a,δ)

[

log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
−K ′

3

]

qaρ(z)dz −
ψM(b)

Dmax(M)
, (4.130)

where (a) follows from the fact that max
i∈ΩM

ρi ≤ 1 − δ and hence, log ρi
1−ρi

≤ log 1−δ
δ

for all i ∈ ΩM ; and (b) holds since for all i ∈ ΩM and a ∈ AM ,

∫

Zc(ρ,a,δ)

qai (z)

(

log
qai (z)

∑

j 6=i

ρj
1−ρi

qaj (z)
− b

)

dz

≤
∫

Zc(ρ,a,δ)

qai (z)

[

log
qai (z)

∑

j 6=i

ρj
1−ρi

qaj (z)

]

b

dz

≤
∫

Z

qai (z)

[

log
qai (z)

∑

j 6=i

ρj
1−ρi

qaj (z)

]

b

dz

(a)

≤ ψM (b),

where (a) follows from Lemma 5 in [59].

From (4.130), and noting that H(ρ̂(z)) ≤ H([δ, 1 − δ]) + δ log(M − 1) for

all z ∈ Z(ρ, a, δ), we get

∫

Zc(ρ,a,δ)

J ′(ρ̂(z))qaρ(z)dz ≥
∫

Zc(ρ,a,δ)

[

H(ρ̂(z))−H([δ, 1− δ])− δ log(M − 1)

Imax(M)

+
log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
−K ′

3

]

qaρ(z)dz −
ψM(b)

Dmax(M)
.

(4.131)

Inequality (4.128), together with (4.129) and (4.131), implies that

(TaJb)(ρ) ≥
∫

Z
H(Φa(ρ, z))qaρ(z)dz −H([δ, 1− δ])− δ log(M − 1)

Imax(M)

+
log 1−L−1

L−1 − log 1−δ
δ

− b

Dmax(M)
−K ′

2 −
ψM(b)

Dmax(M)

= J ′′
b (ρ)−

I(ρ; qaρ)

Imax(M)
− ψM(b)

Dmax(M)

≥ J ′′
b (ρ)− 1− ψM(b)

Dmax(M)
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(a)
= Jb(ρ)− 1− ψM (b)

Dmax(M)
, (4.132)

where (a) holds since ρ is such that Jb(ρ) = J ′′
b (ρ).

Combining (4.127) and (4.132), we have that

Jb(ρ) ≤ 1 +
ψM (b)

Dmax(M)
+ min

a∈AM

(TaJb)(ρ). (4.133)

Moreover, selecting K ′
3 as suggested in (4.92) in the proof of Claim 4.7.5, we obtain

Jb(ρ) ≤ min
j∈ΩM

(1− ρj)L. (4.134)

Lemma 3.5.1, together with (4.133) and (4.134), implies that

(1 +
ψM (b)

Dmax(M)
)V ∗ ≥ Jb = max{J ′, J ′′

b } ≥ J ′′
b .

4.7.11 Proof of Proposition 4.6.2

The proof follows closely the proof of Theorem 4.2.1. However, the challenge

here is that when Assumption 4.1.2 is weakened, we cannot apply Lemma 4.7.3

to obtain (4.58). To resolve this issue, we start with a modification of {U(ρ(t))}
with bounded jumps. In particular, let b > 0 be a scaler. Define U ′(ρ(0)) =

U(ρ(0))− log 1−ρ̃′

ρ̃′
, where ρ̃′ = 1− 1

1+max{logM,L}
, and for all t ≥ 0:

U ′(ρ(t + 1)) =



























U ′(ρ(t)) + U(ρ(t+ 1))− U(ρ(t))

if U(ρ(t+ 1))− U(ρ(t)) > −b− U ′(ρ(t))1{U ′(ρ(t))>0}

U ′(ρ(t))1{U ′(ρ(t))≤0} − b

if U(ρ(t+ 1))− U(ρ(t)) ≤ −b− U ′(ρ(t))1{U ′(ρ(t))>0}

.

(4.135)

By construction,

U ′(ρ(t)) ≥ U(ρ(t))− log
1− ρ̃′

ρ̃′
. (4.136)

Let Umin(t) := min
{

U(ρ(t)), log 1−ρ̃′

ρ̃′

}

≤ 0. From (4.136),

−U ′(ρ(t))1{U ′(ρ(t))>0} + U(ρ(t)) ≤ Umin(t). (4.137)
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We have

Eπ[U
′(ρ(t+ 1))|F(t)]− U ′(ρ(t))

= Eπ[U(ρ(t+ 1))|F(t)]− U(ρ(t))

+ Eπ

[

[

−b− U ′(ρ(t))1{U ′(ρ(t))>0} − U(ρ(t+ 1)) + U(ρ(t))
]+ |F(t)

]

(a)

≤ −α + Eπ [[−U(ρ(t+ 1)) + Umin(t)]b |F(t)]

= −α +
∑

a∈AM

π(a|ρ(t))
∫

Z

qaρ(t)(z)

[

M
∑

i=1

ρi(t)q
a
i (z)

qa
ρ(t)(z)

log
ρi(t)q

a
i (z)

∑

j 6=i

ρj(t)qaj (z)
+ Umin(t)

]

b

dz

(b)

≤ −α +
∑

a∈AM

π(a|ρ(t))
∫

Z

M
∑

i=1

ρi(t)q
a
i (z)

[

log
ρi(t)q

a
i (z)

∑

j 6=i

ρj(t)qaj (z)
+ Umin(t)

]

b

dz

≤ −α +
∑

a∈AM

π(a|ρ(t))
M
∑

i=1

ρi(t)×

∫

Z

qai (z)

[

log
qai (z)

∑

j 6=i

ρj(t)

1−ρi(t)
qaj (z)

+ log
ρi(t)

1− ρi(t)
+ Umin(t)

]

b

dz, (4.138)

where (a) follows from (4.56) and (4.137), and (b) follows since if log
ρi(t)q

a
i (z)

∑

j 6=i
ρj(t)qaj (z)

≥ 0

for any i ∈ ΩM , then log
ρk(t)q

a
k(z)

∑

j 6=k

ρj(t)qaj (z)
for all k 6= i.

Next we find an upper bound for the right-hand side of (4.138). Note that

if there exists i ∈ ΩM such that ρi(t) ≥ ρ̃′, then

log
ρi(t)

1− ρi(t)
+ U(ρ(t)) = (1− ρi(t)) log

ρi(t)

1− ρi(t)
+
∑

j 6=i

ρj(t) log
1− ρj(t)

ρj(t)

≤ 1 + (1− ρi(t)) log

∑

j 6=i(1− ρj(t))

1− ρi(t)

≤ 2 + (1− ρ̃′) logM

≤ 3.

On the other hand, if ρi(t) < ρ̃′ for all i ∈ ΩM ,

log
ρi(t)

1− ρi(t)
+ log

1− ρ̃′

ρ̃′
≤ 0.

Therefore,

max
i∈ΩM

log
ρi(t)

1− ρi(t)
+ Umin(t) ≤ 3, (4.139)
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which together with (4.138) implies that

Eπ[U
′(ρ(t+ 1))|F(t)]− U ′(ρ(t))

≤ −α +
∑

a∈AM

π(a|ρ(t))
M
∑

i=1

ρi(t)

∫

Z

qai (z)

[

log
qai (z)

∑

j 6=i

ρj(t)

1−ρi(t)
qaj (z)

+ 3

]

b

dz

≤ −α +
b

b− 3
ψM (b− 3). (4.140)

Recall that ψM (b) is decreasing in b and by Assumption 4.6.3, ψM (b) → 0

as b → ∞. Therefore, there exists b′ ∈ (0,∞) such that for all b ≥ b′, we have

b
b−3

ψM (b− 3) < α.

Let υ′ be a Markov stopping time defined as follows:

υ′ := min {t : U ′(ρ(t)) ≤ 0} . (4.141)

By construction (4.141) and from (4.136),

Eπ[τ ] ≤ Eπ[υ
′]. (4.142)

To obtain an upper bound on Eπ[υ
′] we follow steps similar to those in

(4.58). For all b ≥ b′,

Eπ[υ
′] ≤ U ′(ρ(0)) + Eπ [−U ′(ρ(υ′))]

α− b
b−3

ψM (b− 3)

(a)

≤
U(ρ(0))− log 1−ρ̃′

ρ̃′
+ b

α− b
b−3

ψM(b− 3)

≤ H(ρ(0)) + max{log logM, logL}+ b

α− b
b−3

ψM(b− 3)
, (4.143)

where (a) follows from (4.135) and (4.141).

Inequality (4.143) together with (4.54) completes the proof of (4.38).

Chapter 4, in part, has been submitted for publication as M. Naghshvar and

T. Javidi, “Active sequential hypothesis testing,” available on arXiv:1203.4626.

The dissertation author was the primary investigator and author of this paper.



Chapter 5

Channel Coding with Feedback

This chapter considers the problem of variable-length coding over a discrete

memoryless channel (DMC) with noiseless feedback. It is shown that the problem

of channel coding with feedback is a special case of the active hypothesis testing.

Using the results of Chapter 4, a rate–reliability test is provided which imposes

some conditions on the EJS divergence between the conditional channel output

distributions. Any variable-length coding scheme that satisfies the conditions of

the test is guaranteed to achieve the capacity and optimal error exponent. Fur-

thermore, it is shown that policy πEJS, when specialized to channel coding with

feedback, provides a sequential deterministic coding scheme that satisfies the con-

ditions of the rate–reliability test and hence, achieves the capacity and optimal

error exponent of any DMC. This scheme has only one phase, in contrast to all

previous coding schemes in the literature which require two different phases of

operation to achieve the capacity and optimal error exponent. Additionally, in

this chapter, it is proved that variable-length posterior matching achieves the ca-

pacity. Furthermore, in case of a class of symmetric channels with binary inputs,

the schemes of Horstein [21] and Burnashev–Zigangirov [22] are generalized, and

simple deterministic one-phase schemes are proposed to achieve the capacity and

optimal error exponent.

123
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5.1 Introduction

In his seminal paper [12], Burnashev provided upper and lower bounds on

the minimum expected number of channel uses E[τ ∗ǫ ] that are needed to convey

a message (from a fixed message set of size M) with average probability of error

smaller than some ǫ over a discrete memoryless channel (DMC) with feedback.

For all code rates below the capacity of the DMC, the ratio between the upper

and lower bounds approaches 1 as ǫ→ 0. Therefore, the bounds yield the optimal

reliability function

E(R) := lim
ǫ→0

− log ǫ

E[τ ∗ǫ ]
= C1

(

1− R

C

)

, (5.1)

where C denotes the capacity of the channel, R ∈ [0, C] is the expected rate of

the code, and C1 is the maximum Kullback–Leibler (KL) divergence between the

conditional output distributions given any two inputs.

Burnashev proved the upper bound using a two-phase coding scheme. In

the first phase, referred to as the communication phase, the transmitter tries to

increase the decoder’s belief about the true message using a randomized coding

scheme. At the end of this phase, the message with the highest posterior probability

is selected as a candidate. The second phase, referred to as the confirmation phase,

serves to verify the correctness of the output of phase one. Subsequently, in [60,61]

alternative two-phase coding schemes attaining the optimal reliability function

were provided, while it was shown in [62] that Burnashev’s communication phase

can be replaced with any capacity achieving block code. In [63], Burnashev’s

reliability function was shown to be attainable using a two-phase scheme for a

binary symmetric channel (BSC) with an unknown crossover probability.

In [21, 22], see also [64], a sequential, one-phase scheme for transmission

over a BSC with noiseless feedback was proposed. This scheme, first proposed

in [21], is briefly explained next. Each message is represented as a subinterval of

size 1
M

of the unit interval. After each transmission and given the channel output,

the posterior probability of all subintervals are updated. In the next time slot,

the transmitter sends 0 if the true message’s corresponding subinterval is below

the current median, or 1 if it is above. If the current median lies within the true
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message’s subinterval, then the transmitter sends 0 and 1 randomly according to

weights determined by the length of the portions of the subinterval above and below

the median. As the rounds of transmission proceed, the posterior probability of

the true message’s subinterval most likely grows larger than 1
2
, which pushes the

median within the message’s subinterval and thus leads to a randomized encoding.

This simple one-phase scheme is known to achieve the capacity of a BSC [22], and

its posterior matching extension has recently been shown to achieve the capacity

of general DMCs [64].

These previous results raise the question whether having two phases of

operation and randomized encoding are necessary to achieve the optimal reliability

function or not. To address this question, in this chapter, the problem of channel

coding with feedback is considered from a control theoretic point of view and is

modeled as a special case of active hypothesis testing. Having established this

connection, the results obtained in the earlier chapters are specialized to channel

coding with feedback. The main contributions of this chapter are:

• The EJS divergence between the conditional output distributions with re-

spect to the receiver’s posterior probability is considered as the key perfor-

mance measure of any given coding scheme. It is shown that strictly positive

lower bounds on the EJS divergence provide a non-asymptotic upper bound

on the expected number of channel uses necessary for a coding scheme to

obtain a given (arbitrarily small) error probability.

• As a corollary, a rate–reliability test for variable-length coding schemes is

proposed. Any variable-length coding scheme that satisfies the conditions

of the test is guaranteed to achieve Burnashev’s optimal asymptotic perfor-

mance, hence, the capacity and optimal error exponent of the channel.

• A deterministic one-phase coding scheme is proposed (by specializing policy

πEJS to the problem of channel coding with feedback) and it is proved that

this scheme achieves the optimal reliability function. This, for the first time,

shows that neither having two separate phases of operation nor randomized

encoding are necessary to achieve the optimal reliability function.
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The remainder of this chapter is organized as follows. In Section 5.2, we

formulate the problem of channel coding with noiseless feedback. Section 5.3 pro-

vides the main results of the chapter for general DMCs: i) an EJS divergence

based analysis of variable-length coding, ii) a specialization of this analysis to

variable-length posterior matching, and iii) a specialization to a new determin-

istic one-phase coding scheme that is based on greedy maximization of the EJS

divergence. In Section 5.4, we consider the special case of symmetric binary-input

channels and propose simple deterministic schemes.

5.2 Coding over DMC with Noiseless Feedback

5.2.1 Problem Setup

Consider the problem of coding over a discrete memoryless channel (DMC)

with noiseless feedback as depicted in Fig. 5.1. The DMC is described by finite in-

put and output sets X and Y , and a collection of conditional probabilities P (Y |X).

To simplify notation, and without loss of generality, we assume that

X = {0, 1, . . . , |X | − 1}, (5.2)

Y = {0, 1, . . . , |Y| − 1}. (5.3)

Encoder DecoderChannel
θ Xt Yt

Y t−1

θ̂

Figure 5.1: A noisy memoryless channel with a noiseless causal feedback link.

Let C denote the Shannon capacity of the DMC P (Y |X) [65, p. 184]:

C = max
PX

I(X ; Y ), (5.4)

with capacity-achieving input distribution π⋆0 , π
⋆
1, . . . , π

⋆
|X |−1. The operational mea-

ning of the Shannon capacity is discussed in Section 5.2.2.
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Let C1 be the KL divergence between the two most distinguishable inputs

of the DMC:

C1 = max
x,x′∈X

D(P (Y |X = x)‖P (Y |X = x′)). (5.5)

We also denote

C2 = max
y∈Y

maxx∈X P (Y = y|X = x)

minx∈X P (Y = y|X = x)
. (5.6)

In this chapter, we assume C, C1, C2 are positive and finite.1

Let τ denote the total transmission time (or equivalently the total length

of the code). The transmitter wishes to communicate a message θ to the receiver,

where the message is uniformly distributed over a message set

Ω := {1, 2, . . . ,M}. (5.7)

To this end, it produces channel inputs Xt for t = 0, 1, . . . , τ − 1, which it can

compute as a function of the message θ and (thanks to the feedback) also of the

past channel outputs Y t−1 := [Y0, Y1, . . . , Yt−1]:

Xt = et(θ, Y
t−1), t = 0, 1, . . . , τ − 1, (5.8)

for some encoding function et : Ω×Y t → X .

After observing the τ channel outputs Y0, Y1, . . . , Yτ−1, the receiver guesses

the message θ as

θ̂ = d
(

Y τ−1
)

, (5.9)

for some decoding function d : Yτ → Ω. The probability of error of the scheme is

thus

Pe := Pr(θ̂ 6= θ).

In contrast to fixed-length coding where the total transmission time τ is

deterministic and known before the transmission starts, in this chapter, the focus

is on variable-length coding, i.e., the case where τ is a random stopping time

1It can be shown that C ≤ C1 ≤ C2. Furthermore, if C1 < ∞, then the transition probability
P (Y = y|X = x) is positive for all x ∈ X and y ∈ Y, which implies that C2 < ∞ as well.
Therefore, C > 0 and C1 < ∞ are sufficient to ensure that C, C1, C2 are positive and finite.
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decided at the receiver as a function of the observed channel outputs. Thanks to

the noiseless feedback, the transmitter is also informed of the channel outputs and

hence of the stopping time.

For a fixed DMC and for a given ǫ > 0, the goal is to find encoding and

decoding rules as in (5.8) and (5.9), and a stopping time τǫ such that the probability

of error satisfies Pe ≤ ǫ and the expected number of channel uses E[τǫ] is minimized.

Let E[τ ∗ǫ ] be the minimum expected number of channel uses that can be achieved

by coding schemes with the stopping rule τǫ.

We shall often use the functions {γyt−1} for yt−1 ∈ Y t, t ∈ {0, . . . , τ − 1},
where

γyt−1 : Ω → X (5.10a)

i 7→ et(i, y
t−1) (5.10b)

to describe the encoding process. To simplify notation and where it is clear from

the context, we shall often omit the subscript yt−1 and simply write γ.

In some examples we also allow for randomized encoding rules. In this

case the encoding is described by the random encoding functions {Γyt−1} whose

realizations γyt−1 are of the form in (5.10). Again, for notational convenience we

shall omit the subscript yt−1 where it is clear from the context.

Note that a variable-length code is more than a single encoding function

but instead is an adaptive and sequential rule that dictates the choice of (possibly

random) encoding functions depending on the past channel observations and past

selected encoding functions prior to the stopping time. In this paper, we refer to

this adaptive and sequential rule as an encoding scheme, c, which together with

the particular realization of channel outputs y0, y1, . . . , yτ−2, dictates the encoding

functions Γc

y0 ,Γ
c

y1, . . . ,Γ
c

yτ−2.

5.2.2 Asymptotic Bounds on Minimum Expected Length

In [12], Burnashev provided the following lower and upper bounds on the

minimum expected number of channel uses E[τ ∗ǫ ] for a large class of DMCs and

arbitrary ǫ > 0.
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Fact 5.2.1 (Theorems 1 and 2 of [12]). For any DMC with C > 0 and C1 <∞:

E[τ ∗ǫ ] ≥
(

logM

C
+

log 1
ǫ

C1

)

(1− o(1)), (5.11)

and

E[τ ∗ǫ ] ≤
(

logM

C
+

log 1
ǫ

C1

)

(1 + o(1)), (5.12)

where o(1) → 0 as ǫ→ 0.2

Inequality (5.11) was proved in [12] using a lengthy Martingale argument,

and it was reproved in alternative ways in [56,66]. In Section 5.2.3, we provide yet

another alternative proof for Burnashev’s lower bound utilizing dynamic program-

ming techniques.

Burnashev proved the upper bound (5.12) using the following two-phase

scheme [12]. While in the first phase (communication phase) the transmitter it-

eratively refines the receiver’s belief about the true message, in the second phase

(confirmation phase) it simply confirms whether the receiver’s highest belief after

the first phase corresponds to the true message. As shown in [60, 62], the specific

sequential scheme in the first phase can be exchanged by any capacity-achieving

block coding schemes.

Let Ec[τǫ] denote the expected number of channel uses under coding scheme c

to achieve Pec ≤ ǫ. Similar to Section 4.5.3, we define Mc(t, ǫ) as the maximum

number of messages among which coding scheme c can convey the true message

with Ec[τǫ] ≤ t. Coding scheme c is said to achieve (information) rate R > 0 if

there exists a function u(t) such that

lim
t→∞

u(t) = 0 and lim
t→∞

1

t
logMc(t, u(t)) = R. (5.13)

Furthermore, we say that coding scheme c achieves error exponent E > 0 at rate

R > 0 if

lim
t→∞

1

t
logMc(t, 2

−Et) = R. (5.14)

2If ǫ → 0, then o(1) → 0 regardless of whether M is fixed or M → ∞. However, for fixed ǫ,

E[τ∗ǫ ] ≈ (1−ǫ) logM

C
and hence, o(1) 6→ 0 even if M → ∞ (see [56] for more details).
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The capacity of a DMC is defined as the largest rate R that is achievable

over this channel. For a given rate R below capacity, the reliability function E(R) is

defined as the maximum achievable error exponent at rate R. By (5.11) and (5.12),

the capacity of a DMC is equal to the Shannon capacity C as defined in (5.4).

Furthermore, the reliability function is given by

E(R) = C1

(

1− R

C

)

, R ∈ (0, C). (5.15)

5.2.3 Stochastic Control View

DecoderChannel

Agent 1 Agent 2

Fictitious 

Agent

γ

Xt = γ(θ)
θ Xt Yt

Y t−1

θ̂

Figure 5.2: Two-agent problem with common and private observations from the
point of view of the fictitious agent.

The problem of variable-length coding with noiseless feedback is a decentral-

ized team problem with two agents (the encoder and the decoder) and non-classical

information structure [67]. Appealing to [68], the problem can be interpreted to

be a special case of active hypothesis testing in which a (fictitious) Bayesian de-

cision maker is responsible to enhance his information about the correct message

in a speedy manner by sequentially sampling from conditionally independent ob-

servations at the output of the channel (given the input). Here the (fictitious)

decision maker has access to the channel output symbols causally (common obser-

vations) and is responsible to control the conditional distribution of the observa-

tions given the true message (private observation) by selecting encoding functions

for the encoder which map the message θ to the input symbols of the channel. Let

E := {γ(·) : Ω → X} be the set of all encoding functions from Ω to X . From the

discussion above, the problem of channel coding with feedback can be viewed as
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an active hypothesis testing with hypotheses set Ω, action space E , observation
space Y , and observation kernels {qγi }i∈Ω,γ∈E where qγi (y) = P (Y = y|X = γ(i))

for all y ∈ Y .

Let the decision maker’s belief about each possible message i ∈ Ω, updated

after each channel use (observation) for t = 0, 1, . . . , τ − 1, be

ρi(t) := Pr(θ = i|Y t−1). (5.16)

The decision maker’s posteriors about the messages collectively,

ρ(t) := [ρ1(t), ρ2(t), . . . , ρM(t)], (5.17)

form a sufficient statistics for our (fictitious) Bayesian decision maker. Further-

more, this (fictitious) decision maker’s posterior at any time t coincides with the

receiver’s posterior and, thanks to the perfect feedback, is available to the trans-

mitter. (Notice that ρi(0) = Pr(θ = i) = 1
M

denotes the receiver’s initial belief of

θ = i before the transmission starts.) In other words, the selection of encoding and

decoding rules as a function of belief vector ρ(t) := [ρ1(t), ρ2(t), . . . , ρM(t)] does

not incur any loss of optimality [69]. In particular, the optimal receiver produces

as its guess the message with the highest posterior at time τ , i.e.,

θ̂ = argmax
i∈Ω

ρi(τ). (5.18)

In this chapter we focus on the following (possibly suboptimal) stopping

rule. For any given coding scheme c, the transmission is only stopped when one of

the posteriors becomes larger than 1− ǫ, where ǫ > 0 is the desired probability of

error:

τ̃ǫ := min{t : max
i∈Ω

ρi(t) ≥ 1− ǫ}. (5.19)

Let E[τ̃ ∗ǫ ] denote the optimal expected length of the code with the stopping

rule as given in (5.19). From the described optimal decoding rule of (5.18), the

constraint on the probability of error is satisfied by any coding scheme with the

stopping rule (5.19):

Pe = E[1 −max
i∈Ω

ρi(τ̃ǫ)] ≤ ǫ,
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hence, by construction,

E[τ ∗ǫ ] ≤ E[τ̃ ∗ǫ ]. (5.20)

Furthermore, from (4.109) and for any scalars ι ≥ ǫ > 0, we have

E[τ̃ ∗ι ] (1−
ǫ

ι
) ≤ E[τ ∗ǫ ]. (5.21)

Note that combining (5.21) with the following lemma when ι = ǫ
2
log 4

ǫ
and

δ = 1
log 4

ǫ

provides an alternative proof for Burnashev’s converse (5.11).

Lemma 5.2.1. For any ι ∈ (0, 1), and for any δ ∈ (0, 1/2),

E[τ̃ ∗ι ] ≥
[

logM − FM(δ)− FM(ι)

C
+

log 1−ι
ι

− log 1−δ
δ

− logC2 − 1

C1

]+

where FM(z) := H([z, 1− z]) + z log(M − 1) for 0 ≤ z ≤ 1.

Proof of Lemma 5.2.1. The proof simply follows from (4.112), (4.117), and the fact

that Imax(M) = C, Dmax(M) = C1, and ξM = logC2 for the problem of channel

coding with feedback.

5.3 Main Result and Applications

In this section, we provide the main results of the chapter. Before we

proceed, we define the following notations.

We denote the conditional probability P (Y |X = x) by Px, for x ∈ X .

Similar to (3.19) and (3.23), given a DMC P (Y |X) and a sequence of channel

outputs yt−1 and posteriors ρ(t), we denote the EJS divergence associated with an

encoding function γ and a (possibly) randomized encoding function Γ by

EJS(ρ(t), γ) := EJS
(

ρ(t);Pγ(1), . . . , Pγ(M)

)

, (5.22)

EJS(ρ(t),Γ) :=
∑

γ∈E

Pr({Γ = γ}|Y t−1 = yt−1)EJS(ρ(t), γ), (5.23)

where recall that E denotes the set of all possible encoding functions.

We first specialize Theorem 4.2.1 to the problem of channel coding with

feedback.
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Theorem 5.3.1. Let

ρ̃ := 1− 1

1 + max{logM, log 1
ǫ
} . (5.24)

Consider a (possibly randomized) encoding scheme c under which at each time

t = 0, . . . , τ̃ǫ − 1 and for each yt−1 the encoding function Γc satisfies

EJS(ρ(t),Γc) ≥







Rmin if maxi∈Ω ρi(t) < ρ̃

ρ̃Emin otherwise
, (5.25)

for some Rmin, Emin > 0. Then,

Ec[τ̃ǫ] ≤
(

logM

Rmin
+

log 1
ǫ

Emin

)

(1 + o(1)), (5.26)

where o(1) → 0 as ǫ→ 0 or M → ∞.

Consider a coding scheme c under which Ec[τǫ] ≤
(

logM
Rmin

+
log 1

ǫ

Emin

)

(1 + o(1))

where 0 < Rmin ≤ C and 0 < Emin ≤ C1. Coding scheme c can achieve any error

exponent E at rate R ∈ (0, Rmin) if

E ≤ Emin

(

1− R

Rmin

)

. (5.27)

The above fact together with Theorem 5.3.1 provides the following rate–reliability

test:

Corollary 5.3.1. Consider a DMC with C > 0 and C1 <∞. Any variable-length

coding scheme c that at each time t prior to the stopping time selects a (possibly

randomized) encoding function Γc such that

EJS(ρ(t),Γc) ≥ C (5.28)

achieves the capacity of the channel. Furthermore, if the scheme is such that

EJS(ρ(t),Γc) ≥







C if maxi∈Ω ρi(t) < ρ̃

ρ̃C1 otherwise
, (5.29)

then it also achieves the optimal reliability function of the channel.
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5.3.1 Variable-Length Posterior Matching

We consider a variable-length version of the coding schemes in [21, 22, 64].

At each time t = 0, . . . , τ̃ǫ−1, if θ = i and given the posterior vector ρ(t) the input

X(t) takes value in the set

Xi(t) :=

{

x ∈ X :
i−1
∑

i′=1

ρi′(t) <
∑

x′≤x

π⋆x′ and
∑

x′<x

π⋆x′ ≤
i
∑

i′=1

ρi′(t)

}

where each value x ∈ Xi(t) is taken with probability

Pr
(

{X(t) = x}|θ = i, Y t−1 = yt−1
)

=

min

{

i
∑

i′=1

ρi′(t),
∑

x′≤x

π⋆x′

}

−max

{

i−1
∑

i′=1

ρi′(t),
∑

x′<x

π⋆x′

}

ρi(t)
. (5.30)

Proposition 5.3.1. Under the above variable-length posterior matching encoding,

for each t = 0, . . . , τ̃ǫ − 1 and all possible output sequences yt−1:

EJS(ρ(t),ΓPM) ≥ C.

The proof of Proposition 5.3.1 is provided in Section 5.5.1.

Remark 5.3.1. By Theorem 5.3.1 and Proposition 5.3.1, under the variable-length

posterior matching encoding

EΓPM [τ̃ǫ] ≤
(

logM + log 1
ǫ

C

)

(1 + o(1)). (5.31)

5.3.2 MaxEJS Coding

In this section, we specialize πEJS to the problem of channel coding with

feedback. This results in a new sequential deterministic coding scheme which we

refer to as MaxEJS. At each time t = 0, . . . , τ̃ǫ − 1 and given the posterior vector

ρ(t), MaxEJS chooses the γ∗ that maximizes the EJS divergence:

γ∗ := argmax
γ∈E

EJS(ρ(t), γ). (5.32)
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Proposition 5.3.2. For every t = 0, . . . , τ̃ǫ − 1 and all possible output sequences

yt−1, MaxEJS encoding satisfies

EJS(ρ(t), γ∗) ≥







C if maxi∈Ω ρi(t) < ρ̃

ρ̃C1 otherwise
. (5.33)

The proof of this proposition is given in Section 5.5.2.

Remark 5.3.2. By Theorem 5.3.1 and Proposition 5.3.2, MaxEJS encoding to-

gether with the decoding and stopping rules described in (5.18) and (5.19) achieves

Burnashev’s optimal asymptotic performance in (5.12).

Remark 5.3.3. The presented deterministic one-phase sequential scheme differs

from the previous schemes achieving Burnashev’s optimal asymptotic performance

which are randomized and have two phases [12, 60–62].

The computational complexity of the MaxEJS coding scheme could be pro-

hibitive. In Section 5.4.2, we propose simpler coding schemes for a class of binary-

input channels that achieve Burnashev’s optimal asymptotic performance in (5.12).

5.4 Coding for Binary-Input Channels

In this section, we focus on channels with binary inputs X = {0, 1} and

with the following property

P (Y = y|X = 0) = P (Y = z − y|X = 1), ∀y ∈ Y (5.34)

for some z ∈ R.

The first attempt to address the problem of coding over a symmetric binary-

input channel goes back to Horstein’s coding scheme [21] over a binary symmetric

channel (BSC) with crossover probability p ∈ (0, 1/2). Horstein considered the

message to be a point in the interval [0, 1] and suggested that to achieve the

capacity of the channel, at any given time, the transmitter selects the channel

input such that it informs the receiver whether the message is smaller than the

median of the posterior or larger. Later, Burnashev and Zigangirov [22] presented
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a similar (randomized) coding scheme for discrete message sets as in (5.7) and

proved that this scheme achieves capacity.

In Section 5.4.1, we generalize the schemes of Horstein [21] and Burnashev-

Zigangirov [22] for discrete message sets and arbitrary symmetric binary-input

channels satisfying (5.34). In Section 5.4.2, we then improve our scheme so that it

achieves Burnashev’s optimal asymptotic performance in (5.12) over this class of

symmetric binary-input channels.

5.4.1 Generalized Horstein-Burnashev-Zigangirov Scheme

We propose a simple deterministic scheme as a counterpart to Horstein’s

scheme for discrete message sets. For each time t = 0, . . . , τ̃ǫ − 1 and given the

posterior vector ρ(t), we choose the encoding function:

γGHBZ(i) =







0 1 ≤ i ≤ k∗

1 k∗ < i ≤M
(5.35)

where

k∗ := argmin
k∈Ω

∣

∣

∣

k
∑

i=1

ρi(t)−
1

2

∣

∣

∣
. (5.36)

Proposition 5.4.1. Consider the deterministic scheme proposed above over a

binary-input DMC that satisfies (5.34). For every t = 0, . . . , τ̃ǫ−1 and all possible

output sequences yt−1,

EJS(ρ(t), γGHBZ) ≥ C. (5.37)

The proof is given in Section 5.5.3.

Remark 5.4.1. By Theorem 5.3.1 and Proposition 5.4.1, the described encoding

satisfies

E[τ̃ǫ] ≤
(

logM + log 1
ǫ

C

)

(1 + o(1)). (5.38)

Note that, when specialized to binary-input channels with uniform capacity-

achieving input distribution, the variable-length posterior matching scheme of Sec-

tion 5.3.1, at each time t = 0, . . . , τ̃ǫ−1 and given the posterior vector ρ(t), chooses
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encoding function γGHBZ with probability

λγGHBZ =
δ2(t)

δ1(t) + δ2(t)
(5.39)

where

δ1(t) :=

∣

∣

∣

∣

k∗
∑

i=1

ρi(t)−
1

2

∣

∣

∣

∣

, δ2(t) :=

∣

∣

∣

∣

k∗2
∑

i=1

ρi(t)−
1

2

∣

∣

∣

∣

, (5.40)

and

k∗2 := k∗ − sign

( k∗
∑

i=1

ρi(t)−
1

2

)

; (5.41)

and it chooses the encoding function

γ̄GHBZ(i) =







0 1 ≤ i ≤ k∗2

1 k∗2 < i ≤M
(5.42)

with probability λ̄γGHBZ = 1− λγGHBZ .

Combining Proposition 5.4.1 and Proposition 5.3.1, we have that there ex-

ists a class (a continuum) of randomized schemes that satisfy (5.37):

Corollary 5.4.1. Every (randomized) encoding function Γ that selects γGHBZ with

probability λ ≥ δ2(t)
δ1(t)+δ2(t)

and selects γ̄GHBZ with probability λ̄ = 1 − λ, satisfies

(5.25) with Rmin = Emin = C.

This corollary provides an alternative proof that the variable-length cod-

ing scheme of Burnashev and Zigangirov [22] satisfies (5.38) over the BSC with

crossover probability p ∈ (0, 1/2). In fact, their scheme selects γGHBZ and γ̄GHBZ

with probabilities λ = ν(δ2(t))
ν(δ1(t))+ν(δ2(t))

and λ̄ = 1 − λ, respectively, where ν(x) =

log 0.5+(1−2p)x
0.5−(1−2p)x

. We next prove that ν(δ2(t))
ν(δ1(t))+ν(δ2(t))

≥ δ2(t)
δ1(t)+δ2(t)

, which by Corol-

lary 5.4.1 establishes that the Burnashev-Zigangirov scheme indeed satisfies (5.38).

Notice that ν(x) = log
(

− 1 + 1
0.5−(1−2p)x

)

is convex for all x because p ∈
(0, 1/2). Since also f : x 7→ ν(x)

ν(δ2(t))
is convex and since f(0) = 0 and f(δ2(t)) = 1,

we conclude that ν(x)
ν(δ2(t))

≤ x
δ2(t)

, for all x ∈ [0, δ2(t)]. By (5.40) and (5.41), 0 ≤
δ1(t) ≤ δ2(t) and hence ν(δ1(t))

ν(δ2(t))
≤ δ1(t)

δ2(t)
. This immediately establishes the desired

inequality ν(δ2(t))
ν(δ1(t))+ν(δ2(t))

≥ δ2(t)
δ1(t)+δ2(t)

.
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5.4.2 Optimal Binary Variable-Length Codes

Motivated by the analysis above, we strive to simplify our deterministic

one-phase MaxEJS scheme for the simpler symmetric binary-input channels. We

propose the following encoding scheme. At each time t = 0, . . . , τ̃ǫ − 1 and given

the posterior vector ρ(t), we choose the encoding function γ in a way that

0 ≤
∑

j∈Ω: γ(j)=0

ρj(t)−
∑

j∈Ω: γ(j)=1

ρj(t) ≤ ρi(t), ∀i ∈ {j ∈ Ω: γ(j) = 0}. (5.43)

By condition (5.43), at each t, the probabilities of sending a 0 or a 1 are

approximately (1/2, 1/2) when all posteriors {ρi(t)}i∈Ω are small, and they are

(maxi∈Ω ρi(t), 1−maxi∈Ω ρi(t)) when maxi∈Ω ρi(t) is larger than 1/2.

Proposition 5.4.2. If for every t = 0, . . . , τ̃ǫ−1 and all possible output sequences

yt−1 the encoding function γ satisfies (5.43), then

EJS(ρ(t), γ) ≥







C if maxi∈Ω ρi(t) < ρ̃

ρ̃C1 otherwise
. (5.44)

The proof is provided in Section 5.5.4.

Remark 5.4.2. Applying the encoding rule described above and the decoding

and stopping rules in (5.18) and (5.19) achieves Burnashev’s optimal asymptotic

performance in (5.12).

Next we present two algorithms that at each time t = 0, . . . , τ̃ǫ − 1 and for

a given posterior vector ρ(t) implement encoding functions γ satisfying (5.43).

Proposition 5.4.3. Both Algorithms 1 and 2 satisfy condition (5.43). Algorithm 1

has computational complexity of order O(2M) for each encoding step while Algo-

rithm 2 has complexity of order O(M2).3

The proof is given in Appendix 5.5.5.

3The computational complexity of Algorithm 1 is of the same order as that of MaxEJS which
in each step requires to find an encoding function (among 2M choices) that maximizes the EJS di-
vergence between the conditional output distributions. However, implementation of Algorithm 1
is simpler since it only requires linear operations instead of computing the EJS divergence (which
can be computationally intensive, especially for channels with large output alphabet set).
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Algorithm 1:

1 δ = 1.

2 for n = 1, 2, . . . , 2M do

3 v = dec2bin(n,M) % binary representation of n with M digits.

4 z = (2v − 1)× [ρ1(t), ρ2(t), . . . , ρM(t)]⊺.

5 if z > 0 && z < δ then

6 δ = z.

7 v̂ = v.

8 end

9 end

10 for i = 1, 2, . . . ,M do

11 γ(i) = v̂i % v̂i denotes i
th bit of v̂.

12 end

Algorithm 2:

1 S0 = {1, 2, ...,M}, S1 = ∅, r0 = 1, r1 = 0, ρmin = 0, and δ = 1.

2 while ρmin < δ do

3 k = argmini∈S0
ρi(t).

4 S0 = S0 − {k} and S1 = S1 ∪ {k}.
5 r0 = r0 − ρk(t) and r1 = r1 + ρk(t).

6 if r0 < r1 then

7 Swap S0 and S1.

8 Swap r0 and r1.

9 end

10 δ = r0 − r1.

11 ρmin = mini∈S0 ρi(t).

12 end

13 for i = 1, 2, . . . ,M do

14 γ(i) = 0 if i ∈ S0, and γ(i) = 1 if i ∈ S1.

15 end
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Remark 5.4.3. In contrast to the previous one-phase sequential schemes in [21,

22, 64], the encoding processes described by Algorithms 1 and 2 here are com-

pletely deterministic. By insisting on a deterministic encoding, we can match our

scheme’s inputs only approximately to the capacity-achieving input distribution of

(1/2, 1/2). On the other hand, the proposed deterministic schemes are such that

once a particular message’s posterior passes a certain threshold, the transmitter

assigns this message exclusively to one of the two inputs. This is critical to achieve

the optimal Emin = C1.

Remark 5.4.4. The proofs of Propositions 5.4.2 and 5.4.3 continue to hold for

those binary-input channels with uniform capacity-achieving input distribution

π⋆0 = π⋆1 = 1/2 where for ease of notation we assume that C1 = D(P0‖P1). This

class of channels includes the class of channels for which (5.34) holds, for example

the binary symmetric channel (BSC) with crossover probability p ∈ (0, 1/2), as

well as the non-symmetric channel in Fig. 5.3 for η ∈ (0, 1/2).

Figure 5.3: Binary-input ternary-output channel with capacity-achieving input
distribution π⋆0 = π⋆1 = 1/2.

Remark 5.4.5. The results in Proposition 5.4.2 and Remark 5.4.2 can also be

extended to the case of K-ary symmetric channel with alphabet sets X = Y =

{0, 1, . . . , K − 1} and transition probabilities of the form

P (Y = y|X = x) =







1− p if x = y

p
K−1

if x 6= y
,
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where p ∈ (0, K−1
K

). Consider a coding scheme that at each time t prior to the

stopping time chooses the encoding function γ in a way that if

∑

j∈Ω: γ(j)=x

ρj(t) ≥ max

{

1

K
,

∑

j∈Ω: γ(j)=x′

ρj(t)

}

for any x, x′ ∈ X ,

then

∑

j∈Ω: γ(j)=x

ρj(t)−
∑

j∈Ω: γ(j)=x′

ρj(t) ≤ ρi(t), ∀i ∈ {j ∈ Ω: γ(j) = x}.

This coding scheme under the decoding and stopping rules described in (5.18)

and (5.19), achieves Burnashev’s optimal asymptotic performance in (5.12) for the

K-ary symmetric channel.

5.5 Proofs

The following result will be used in our proofs.

Fact 5.5.1 (Theorem 4.5.1 in [70]). Consider a DMC with capacity-achieving input

distribution π⋆0, π
⋆
1, . . . , π

⋆
|X |−1. If π

⋆
k > 0,

D

(

P (Y |X = k)
∥

∥

∥

|X |−1
∑

l=0

π⋆l P (Y |X = l)

)

= C.

5.5.1 Proof of Proposition 5.3.1

Fix a time instant t and assume that Y t−1 = yt−1. Let

λγ := Pr({ΓPM = γ}|Y t−1 = yt−1).

Define for each i ∈ Ω and x ∈ X :

Λi,x :=
∑

γ : γ(i)=x

λγ = Pr({X = x}|θ = i, Y t−1 = yt−1) (5.45)

and

ρ̂i,x(t) := ρi(t)Λi,x = Pr({X = x, θ = i}|Y t−1 = yt−1). (5.46)
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Notice that for each i, j ∈ Ω, x, x′ ∈ X , and for a fixed posterior distribution,

the various messages are mapped into inputs of the channel independently of each

other and hence,

∑

γ :
γ(i)=x
γ(j)=x′

λγ = Λi,xΛj,x′. (5.47)

Rearranging terms and using Jensen’s inequality, we obtain

EJS(ρ(t),ΓPM) =
∑

γ∈E

λγ

M
∑

i=1

ρi(t)D

(

Pγ(i)

∥

∥

∥

∑

j 6=i

ρj(t)

1− ρi(t)
Pγ(j)

)

=
M
∑

i=1

ρi(t)
∑

x∈X

∑

γ : γ(i)=x

λγD

(

Px

∥

∥

∥

∑

j 6=i

ρj(t)

1− ρi(t)
Pγ(j)

)

≥
M
∑

i=1

∑

x∈X

ρi(t)Λi,xD

(

Px

∥

∥

∥

∑

j 6=i

ρj(t)

1− ρi(t)

∑

γ : γ(i)=x

λγ
Λi,x

Pγ(j)

)

=
M
∑

i=1

∑

x∈X

ρ̂i,x(t)D

(

Px

∥

∥

∥

∑

j 6=i

ρj(t)

1− ρi(t)

∑

x′∈X

∑

γ :
γ(i)=x
γ(j)=x′

λγ
Λi,x

Px′

)

(a)
=

M
∑

i=1

∑

x∈X

ρ̂i,x(t)D

(

Px

∥

∥

∥

∑

j 6=i

∑

x′∈X ρj(t)Λj,x′Px′

1− ρi(t)

)

=

M
∑

i=1

∑

x∈X

ρ̂i,x(t)D

(

Px

∥

∥

∥

∑

x′∈X (π
⋆
x′Px′ − ρ̂i,x′(t)Px′)

1− ρi(t)

)

=

M
∑

i=1

∑

x∈X

ρ̂i,x(t)D

(

Px

∥

∥

∥

∑

x′∈X (π
⋆
x′Px′ − ρ̂i,x′(t)Px′)

1− ρi(t)

)

+

M
∑

i=1

∑

x∈X

ρ̂i,x(t)
ρi(t)

1− ρi(t)
D

(

Px

∥

∥

∥

∑

x′ ρ̂i,x′(t)Px′

ρi(t)

)

−
M
∑

i=1

∑

x∈X

ρ̂i,x(t)
ρi(t)

1− ρi(t)
D

(

Px

∥

∥

∥

∑

x′ ρ̂i,x′(t)Px′

ρi(t)

)

≥
M
∑

i=1

∑

x∈X

ρ̂i,x(t)

1− ρi(t)
D

(

Px

∥

∥

∥

∑

x′∈X

π⋆x′Px′

)

−
M
∑

i=1

(ρi(t))
2

1− ρi(t)

∑

x∈X

Λi,xD

(

Px

∥

∥

∥

∑

x′∈X

Λi,x′Px′

)
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(b)

≥
M
∑

i=1

∑

x∈X

ρ̂i,x(t)

1− ρi(t)
C −

M
∑

i=1

(ρi(t))
2

1− ρi(t)
C

=
M
∑

i=1

ρi(t)

1− ρi(t)
C −

M
∑

i=1

(ρi(t))
2

1− ρi(t)
C

= C, (5.48)

where (a) follows from (5.47); and inequality (b) follows from Fact 5.5.1 and that
∑

x∈X Λi,xD
(

Px
∥

∥

∑

x′∈X Λi,x′Px′
)

is the mutual information I(X ; Y ) between an

input X with probability mass function {Λi,x}x∈X and the output produced by the

channel (see property (3.12) of the JS divergence), and thus is smaller than the

capacity C.

5.5.2 Proof of Proposition 5.3.2

Fix a time t and assume that Y t−1 = yt−1. Recall that ΓPM denotes the

random encoding function of the variable-length posterior matching scheme in

Section 5.3.1. By definition (5.32) and by Proposition 5.3.1,

EJS(ρ(t), γ∗) ≥ EJS(ρ(t),ΓPM) ≥ C. (5.49)

Now, assume that maxi∈Ω ρi(t) ≥ ρ̃ and define

î := argmax
i∈Ω

ρi(t). (5.50)

Then,

ρî(t) ≥ ρ̃. (5.51)

Let x, x′ ∈ X be two inputs of the channel satisfying D(Px‖Px′) = C1. Also, define

the encoding function

γ̂(i) :=







x if i = î

x′ otherwise.
. (5.52)

By definition (5.32), from (5.51), and by the selection of x, x′:

EJS(ρ(t), γ∗) ≥ EJS(ρ(t), γ̂) ≥ ρî(t)D(Px‖Px′) ≥ ρ̃C1.
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5.5.3 Proof of Proposition 5.4.1

Let

πx(t) :=
∑

i∈Ω: γGHBZ(i)=x

ρi(t), x ∈ {0, 1}. (5.53)

Let

k∗2 := k∗ − sign

( k∗
∑

i=1

ρi(t)−
1

2

)

,

and define

δ1(t) :=

∣

∣

∣

∣

k∗
∑

i=1

ρi(t)−
1

2

∣

∣

∣

∣

, δ2(t) :=

∣

∣

∣

∣

k∗2
∑

i=1

ρi(t)−
1

2

∣

∣

∣

∣

.

Suppose
∑k∗

i=1 ρi(t)− 1
2
< 0 which implies that k∗2 = k∗+1. Note that by definition,

π0(t) = 1
2
− δ1(t), ρk∗2 (t) = δ1(t) + δ2(t), and π1(t) = 1

2
+ δ1(t). In this case, the

EJS divergence is bounded as

EJS(ρ(t), γGHBZ) =
k∗
∑

i=1

ρi(t)D

(

P0

∥

∥

∥

π0(t)− ρi(t)

1− ρi(t)
P0 +

π1(t)

1− ρi(t)
P1

)

+ ρk∗2 (t)D

(

P1

∥

∥

∥

π0(t)

1− ρk∗2 (t)
P0 +

π1(t)− ρk∗2 (t)

1− ρk∗2 (t)
P1

)

+

M
∑

i=k∗2+1

ρi(t)D

(

P1

∥

∥

∥

π0(t)

1− ρi(t)
P0 +

π1(t)− ρi(t)

1− ρi(t)
P1

)

(a)

≥ π0(t)D

(

P0

∥

∥

∥
π0(t)P0 + π1(t)P1

)

+ ρk∗2 (t)D

(

P1

∥

∥

∥

1

2
P0 +

1

2
P1

)

+ (π1(t)− ρk∗2 (t))D

(

P1

∥

∥

∥
π0(t)P0 + π1(t)P1

)

(b)
= π0(t)D

(

P0

∥

∥

∥
π0(t)P0 + π1(t)P1

)

+ ρk∗2 (t)D

(

P0

∥

∥

∥

1

2
P0 +

1

2
P1

)

+ (π1(t)− ρk∗2 (t))D

(

P0

∥

∥

∥
π1(t)P0 + π0(t)P1

)

(c)

≥ D

(

P0

∥

∥

∥

1

2
P0 +

1

2
P1

)

= C,
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where (a) follows from the facts that π0(t)−ρi(t)
1−ρi(t)

≤ π0(t),
π1(t)−ρk∗

2
(t)

1−ρk∗2
(t)

≤ 1
2
, π1(t)−ρi(t)

1−ρi(t)
≤

π1(t), and by Lemma 3.3.1; (b) holds because of condition (5.34); and (c) fol-

lows from the facts that KL divergence is convex, (π0(t))
2 + 1

2
ρk∗2 (t) + (π1(t) −

ρk∗2 (t))π1(t) =
1
2
+ δ1(t)(δ1(t)− δ2(t)) ≤ 1

2
, and by Lemma 3.3.1.

The proof for the case
∑k∗

i=1 ρi(t)− 1
2
≥ 0 follows similarly.

5.5.4 Proof of Proposition 5.4.2

Suppose γ is an encoding function that satisfies (5.43). Let

πx(t) =
∑

i∈Ω: γ(i)=x

ρi(t) for x ∈ {0, 1},

and define δ(t) = π0(t)− π1(t). From (5.43),

0 ≤ δ(t) ≤ ρi(t), ∀i ∈ {j ∈ Ω: γ(j) = 0}. (5.54)

We have

EJS(ρ(t), γ) =

M
∑

i=1

ρi(t)D

(

Pγ(i)

∥

∥

∥

∑

j 6=i

ρj(t)

1− ρi(t)
Pγ(j)

)

=
∑

i∈Ω: γ(i)=0

ρi(t)D

(

P0

∥

∥

∥

π0(t)− ρi(t)

1− ρi(t)
P0 +

π1(t)

1− ρi(t)
P1

)

+
∑

i∈Ω: γ(i)=1

ρi(t)D

(

P1

∥

∥

∥

π0(t)

1− ρi(t)
P0 +

π1(t)− ρi(t)

1− ρi(t)
P1

)

(a)

≥
∑

i∈Ω: γ(i)=0

ρi(t)D

(

P0

∥

∥

∥

1

2
P0 +

1

2
P1

)

+
∑

i∈Ω: γ(i)=1

ρi(t)D

(

P1

∥

∥

∥

1

2
P0 +

1

2
P1

)

(b)
= C,

where (a) follows from the facts that π0(t)− ρi(t) ≤ π1(t) for any i with γ(i) = 0,

π1(t) ≤ π0(t), and since for two distributions P and Q and α ∈ [0, 1], D(P‖αP +

(1−α)Q) is decreasing in α (see Lemma 3.3.1); and (b) follows from Fact 5.5.1 and

since the capacity of the channel is achieved by the uniform input distribution.
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On the other hand, if ρî(t) ≥ 1
2
, then condition (5.43) is only satisfied by

the encoding function γ̂ under which γ̂ (̂i) = 0 and γ̂(j) = 1 for all j 6= î. Therefore,

if ρî(t) ≥ ρ̃ we obtain

EJS(ρ(t), γ̂) ≥ ρî(t)D(P0‖P1) ≥ ρ̃C1.

5.5.5 Proof of Proposition 5.4.3

For any encoding function γ ∈ E , let

δγ(t) =
∑

i∈Ω: γ(i)=0

ρi(t)−
∑

i∈Ω: γ(i)=1

ρi(t). (5.55)

Algorithm 1 computes δγ(t) for all 2
M encoding functions γ ∈ E and selects

γAlg1 such that

γAlg1 := argmin
γ∈E : δγ(t)≥0

δγ(t). (5.56)

Next we prove by contradiction that γAlg1 satisfies (5.43), i.e.,

δγAlg1(t) ≤ ρi(t), ∀i ∈ {j ∈ Ω: γAlg1(j) = 0}. (5.57)

Suppose there exists k ∈ Ω such that γAlg1(k) = 0 and ρk(t) < δγAlg1(t). We

consider two cases:

Case I. 0 < ρk(t) ≤ 1
2
δγAlg1(t):

Define the encoding function γ̂1 as follows

γ̂1(i) =







1 if i = k

γAlg1(i) otherwise
. (5.58)

We have

0 ≤ δγ̂1(t) = δγAlg1(t)− 2ρk(t) < δγAlg1(t),

which contradicts (5.56).

Case II. 1
2
δγAlg1(t) < ρk(t) < δγAlg1(t):

Define the encoding function γ̂2 as follows

γ̂2(i) = 1− γ̂1(i), ∀i ∈ Ω. (5.59)
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We have

0 < δγ̂2(t) = 2ρk(t)− δγAlg1(t) < δγAlg1(t),

which again contradicts (5.56).

Algorithm 2 constructs an encoding function that satisfies (5.43). Algo-

rithm 2 terminates in at most M(M − 1)/2 rounds of operations, where in each

round the main computational burden is to find an element of S0 with the lowest

belief. Note that we do not have to search for the element with the lowest belief in

each round if we sort all the beliefs once in the beginning, which has complexity

order O(M logM).

Chapter 5, in full, is currently being prepared for submission for publication

as M. Naghshvar, T. Javidi, and M.Wigger, “Extrinsic Jensen-Shannon divergence:

applications to variable-length coding.” The dissertation author was the primary

investigator and author of this material.



Chapter 6

Two-Dimensional Visual Search

Consider the problem of sequentially searching for one and only target in an

image. Let the image be divided into M ×M equal sized segments where M de-

termines the resolution of the search. The goal is to find the segment that contains

the target quickly and accurately. In each step, the player can visually inspect an

allowable combination of the segments, and the outcome of the inspection is noisy.

The visual search defined above is closely related to the problems of fault

detection and whereabouts search. One possible search strategy for these problems

is the maximum likelihood policy which inspects a segment with the highest prob-

ability of having the target. However, as the number of segments increases, the

scheme becomes inefficient. In such a case, it is more intuitive to initially inspect

larger areas and narrow down the search to single segments only after we have

collected sufficient information supporting the presence of the target in those seg-

ments. Following this intuition, policy πEJS is considered as a candidate search

strategy and its performance is compared against that of the maximum likelihood

policy via numerical and asymptotic analysis.

148
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6.1 Introduction

This chapter considers the problem of sequentially looking for a target in an

image, where the image is divided into M ×M equal sized segments and the goal

is to find the segment that contains the target in a speedy manner while accounting

for the penalty of wrong declarations.

The visual search defined above is closely related to the problems of fault

detection, whereabouts search, and group testing. In fault detection, the objec-

tive is to determine the faulty component in a system known to have one failed

component [71, 72]. In whereabouts search, the goal is to find an object which is

hidden in one of N boxes; where it is usually assumed that there is no false alarm

(also known as false negative), i.e., the outcome of inspecting box i is always 0 if

no object is present, and is a Bernoulli random variable with a known parameter

otherwise [73, 74]. In group testing, the goal is to locate the non-zero element1

of a vector in R
N with a possible noisy linear measurement of the vector [11, 75].

One possible search strategy for these problems is the maximum likelihood pol-

icy. In case of fault detection/whereabouts search, this policy is equivalent to one

that inspects a segment with the highest probability of having the faulty compo-

nent/hidden object; while in case of group testing, it is equivalent of measuring

the most likely non-zero element of the vector. However, as the number of seg-

ments or the dimension of vectors, N , increases, the scheme becomes inefficient. In

such a case, it is more intuitive to initially inspect larger areas and narrow down

the search to single segments only after we have collected sufficient information

supporting the presence of the target in those segments [76, 77]. Following this

intuition and using the results of Chapters 3 and 4, policy πEJS is considered as

a candidate search strategy and its performance is compared against that of the

maximum likelihood policy via numerical and asymptotic analysis.

The remainder of this chapter is organized as follows. In Section 6.2, we

formulate the two-dimensional visual search problem. Section 6.3 provides heuris-

tic policies whose performance will be investigated analytically and numerically

1Group testing with d > 1 non-zero elements is also a special case of active hypothesis testing
with

(

N
d

)

hypotheses (possible configurations).
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in the subsequent sections. In particular, we analyze the performance of the pro-

posed policies in Section 6.4.1, and discuss their complexity in Section 6.4.2. In

Section 6.5, we compare the performance of the proposed heuristics in a numerical

example.

6.2 Problem Formulation

In this section, we formulate the two-dimensional visual search problem.

Let the image be divided into M ×M equal sized segments where M determines

the resolution of the search. In other words, the location of the target is quantized

to the index of the segment containing it (hence, we use the phrases “location of

the target” and “the segment containing the target” interchangeably). We can

think of this segmentation in a matrix form. In particular, let Gij denote the

segment in the ith row and jth column of the matrix, and Ω :=
⋃M
i=1

⋃M
j=1{Gij} be

the set of all segments. The goal is to locate the target quickly and accurately via

sequentially inspecting the image.

Figure 6.1: Two-dimensional visual search under different resolutions.

Let a ⊂ Ω be a subset of locations that can be simultaneously inspected,

referred to as the inspection region hereafter, and let A = 2Ω be the collection of

all allowable inspection regions. Generalizing the model in [76], we assume that

the outcome of an inspection only depends on the size of the inspection region

and the resolution of the search, i.e., the outcome of inspecting region a, where

|a| = n, 1 ≤ n ≤ M2, is a Z-valued random variable with probability density

function fn,M if the target location is included in the inspection region; otherwise,
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it is distributed as f̄n,M . We assume that observation densities are known and the

observations are conditionally independent over time. Let θ be the location of the

target, i.e., θ is the random variable that takes the value θ = Gij on the event that

Gij contains the target. Let τ be the stopping time at which the player retires and

declares its estimated location θ̂ with the probability of error as

Pe := P (θ̂ 6= θ).

The objective is to find a sequence of inspection regions A(0), A(1), . . . , A(τ − 1)

and a stopping time τ that collectively minimize the expected total cost

E [τ ] + LPe, (6.1)

where L, L > 1, denotes the penalty of making a wrong declaration. Here we

consider a uniform prior, i.e., initially P (θ = ω) = 1/M2 for all ω ∈ Ω, and hence

the expectation is always taken with respect to this uniform prior on θ as well as

the distributions of the sequence of inspection regions and outcomes. It is clear

that in this setting, the optimum declaration is the maximum a posteriori (MAP)

estimate, i.e.,

θ̂ := argmax
ω∈Ω

P ({θ = ω}|Aτ−1, Zτ−1),

where Aτ−1 := [A(0), A(1), . . . , A(τ − 1)] and Zτ−1 := [Z(0), Z(1), . . . , Z(τ − 1)]

represent respectively the vector of selected inspection regions and observation

outcomes up to time τ .

Remark 6.2.1. It is clear from Fig. 6.1 that a reasonable observation model

should account for the equivalence between inspecting one of the segments in (a)

and inspecting the 4 corner segments in (c) simultaneously. In other words, a

reasonable assumption is one under which the outcome of inspecting region a,

|a| = n, depends on the ratio between the size of the inspection region, n, and the

total number of segments, i.e., fn,M = h n
M2

and f̄n,M = h̄ n
M2

where {hr|r ∈ [0, 1]}
and {h̄r|r ∈ [0, 1]} are parametric families of distributions.
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6.3 Heuristics

In this section, we introduce heuristic policies for selecting inspection re-

gions. Note that the two-dimensional visual search defined above is a special case

of active hypothesis testing whose observation kernels are of the following form:

qaij(·) =
{

fn,M(·) if Gij ∈ a, and |a| = n

f̄n,M(·) if Gij /∈ a, and |a| = n
, 1 ≤ i, j ≤M, ∀a ∈ A. (6.2)

The information state at time t is the belief vector ρ(t) = [ρ11(t), ρ12(t), . . . , ρMM(t)]

where ρij(t) := P ({θ = Gij}|At−1, Zt−1). Accordingly, the information state space

is P(Ω) := {ρ ∈ [0, 1]M
2
:
∑M

i=1

∑M
j=1 ρij = 1}.

We consider policy πEJS proposed in Section 3.3.2 as a candidate search

strategy. From (3.19) and (6.2), the EJS divergence corresponding to inspection

region a ∈ A at belief vector ρ can be written as:

EJS(ρ, a) :=
M
∑

i=1

M
∑

j=1

ρij

[

D(f|a|,M‖η
a − ρij
1− ρij

f|a|,M +
η̄a

1− ρij
f̄|a|,M)1{Gij∈a}

+D(f̄|a|,M‖ η̄
a − ρij
1− ρij

f̄|a|,M +
ηa

1− ρij
f|a|,M)1{Gij /∈a}

]

, (6.3)

where ηa =
∑M

k=1

∑M
l=1 ρkl1{Gkl∈a}, and η̄

a = 1− ηa.

Policy πEJS is a stationary deterministic Markov policy defined as:

• if ρij(t) ≥ 1− L−1, retire and declare that Gij contains the target;

• otherwise, select inspection region argmax
a∈A

EJS(ρ(t), a).

Next we define the maximum likelihood policy πML. This policy, at each

step, visually inspects a segment with the highest belief. Policy πML is a stationary

deterministic Markov policy defined as:

• if ρij(t) ≥ 1− L−1, retire and declare Gij contains the target;

• otherwise, select inspection region {Gij} if ρij(t) ≥ ρkl(t), 1 ≤ k, l ≤M .

The performance of policies πML and πEJS will be investigated analytically

and numerically in Sections 6.4 and 6.5.
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6.4 Main Results

In this section, we analyze the performance of the proposed heuristics and

provide the main results of the chapter. We have the following assumptions:

Assumption 6.4.1. For all M , n ≤M2, and z ∈ Z,

fn,M(z) = f̄n,M(b− z) for some b ∈ R.

Assumption 6.4.1 implies that given a fixed inspection region, the visual

samples provide identical information regarding the presence or the absence of

the target. This assumption is satisfied if, for instance, observation outcomes are

modeled as a signal plus noise, where the signal component appears only if the

target is included in the inspection region, and the noise distribution is symmetric

with respect to its mean value.

Assumption 6.4.2. For all M , n < M2, α ∈ [0, 1], and ᾱ = 1− α,

D(fn,M‖αfn,M + ᾱf̄n,M) ≥ D(fn+1,M‖αfn+1,M + ᾱf̄n+1,M).

Assumption 6.4.2 implies that the visual samples do not become more in-

formative if the size of the inspection region increases.

Assumption 6.4.3. For some γ > 1,

sup
M

sup
n≤M2

∫

Z

fn,M(z)

∣

∣

∣

∣

log
fn,M(z)

f̄n,M(z)

∣

∣

∣

∣

γ

dz <∞.

Assumption 6.4.3 restricts the amount of information corresponding to each

inspection region, and implies that no observation is noise-free. This assumption is

important in our asymptotic analysis, and ensures that Assumptions 4.6.3 and 4.5.1

hold.

6.4.1 Lower and Upper Bounds

In this section, we specialize the results obtained in Chapter 4 to the prob-

lem of two-dimensional visual search, and derive a lower bound on the optimal

expected total cost as well as upper bounds on the expected total cost associated

with the candidate policies.
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Theorem 6.4.1 (Lower Bound). Suppose Assumptions 6.4.1, 6.4.2, and 6.4.3

hold. Then the optimal expected total cost, V ∗, is lower bounded as

V ∗ ≥
(

logM2

Cmax
+

logL

Emax

)

(1− o(1)), (6.4)

where o(1) → 0 as LM → ∞, and

Cmax := lim
M→∞

D(f1,M‖1
2
f1,M +

1

2
f̄1,M),

Emax := lim
M→∞

D(f1,M‖f̄1,M).

The proof of Theorem 6.4.1 is provided in Section 6.6.1.

Theorem 6.4.2 (Upper Bound). Under Assumptions 6.4.1, 6.4.2, and 6.4.3, the

expected total cost under policies πML and πEJS are upper bounded as

VπML
≤
(

logM2

1
M2Emax

+
logL

Emax

)

(1 + o(1)), (6.5)

VπEJS
≤
(

logM2

Cmin

+
logL

Emax

)

(1 + o(1)), (6.6)

where o(1) → 0 as LM → ∞, and

Cmin := lim
M→∞

D(f⌊M2/2⌋,M‖1
2
f⌊M2/2⌋,M +

1

2
f̄⌊M2/2⌋,M).

The proof of Theorem 6.4.2 is provided in Section 6.6.2.

Next we provide examples for which Assumptions 6.4.1, 6.4.2, 6.4.3 hold.

Example 6.4.1. Consider the case where the observation densities are indepen-

dent of the resolution and the size of the inspection region, i.e., for all M and

n ≤ M2, fn,M = f and f̄n,M = f̄ where f(z) = f̄(b − z) for some b ∈ R and
∫

Z
f(z)| log f(z)

f̄(z)
|γdz < ∞ for some γ > 1. Then Assumptions 6.4.1, 6.4.2, 6.4.3

hold and Cmin = Cmax = D(f‖1
2
f + 1

2
f̄) and Emax = D(f‖f̄). In this case, the

upper bound associated with πEJS matches the lower bound obtained asymptoti-

cally.

Example 6.4.2. Let {pr}r∈[0,1] be an index family satisfying 0 < p0 ≤ pr ≤ pr′ ≤
p1 <

1
2
for any r ≤ r′. Consider the case of Bernoulli noise where for all M and

n ≤M2, we have fn,M = B(1−p n
M2

) and f̄n,M = B(p n
M2

). Then Assumptions 6.4.1,

6.4.2, 6.4.3 hold and Cmin = 1 − H([p 1
2
, 1 − p 1

2
]), Cmax = 1 −H([p0, 1 − p0]), and

Emax = (1− 2p0) log
1−p0
p0

.
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Example 6.4.3. Let {σ2
r}r∈[0,1] be an index family satisfying 0 < σ2

0 ≤ σ2
r ≤

σ2
r′ ≤ σ2

1 < ∞ for any r ≤ r′. Consider the case of Gaussian noise where for

all M and n ≤ M2, fn,M = N(1, σ2
n

M2
) and f̄n,M = N(0, σ2

n
M2

). Then Assump-

tions 6.4.1, 6.4.2, 6.4.3 hold and Cmin = D(N(1, σ2
1
2

)‖1
2
N(1, σ2

1
2

) + 1
2
N(0, σ2

1
2

)),

Cmax = D(N(1, σ2
0)‖1

2
N(1, σ2

0) +
1
2
N(0, σ2

0)), and Emax =
log e
2σ20

.

It is straightforward to show that all assumptions hold in Example 6.4.1.

Next we provide the proof of Example 6.4.2. The proof of Example 6.4.3 follows a

similar approach and is omitted.

Proof of Example 6.4.2. Assumption 6.4.1 holds trivially since f̄n,M(z) = prδ(z −
1) + (1 − pr)δ(z) and fn,M(z) = f̄n,M(1 − z), where r = n

M2 and δ(·) denotes the

Dirac delta function.

Next we show that Assumption 6.4.2 holds. The proof is divided into two

cases. Let r = n
M2 and r′ = n+1

M2 .

• Case 1: α = 0. We have

D(fn,M‖f̄n,M) = pr log
pr

1− pr
+ (1− pr) log

1− pr
pr

= (1− 2pr) log
1− pr
pr

(a)

≥ (1− 2pr′) log
1− pr′

pr′

= D(fn+1,M‖f̄n+1,M),

where inequality (a) holds since pr ≤ pr′.

• Case 2: α > 0. We have

D(fn,M‖αfn,M + ᾱf̄n,M)

= pr log
pr

αpr + ᾱ(1− pr)
+ (1− pr) log

1− pr
α(1− pr) + ᾱpr

= −pr log
(

α + ᾱ
1− pr
pr

)

− (1− pr) log
(

α + ᾱ
pr

1− pr

)

= − logα−Hα(pr)

(a)

≥ − logα−Hα(pr′)

= D(fn+1,M‖αfn+1,M + ᾱf̄n+1,M),
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where

Hα(p) := p log
(

1 +
ᾱ

α

1− p

p

)

+ (1− p) log
(

1 +
ᾱ

α

p

1− p

)

,

and inequality (a) holds since pr ≤ pr′ and Hα(p) is concave and symmetric

in p for any α ∈ (0, 1]. Note that H 1
2
is equal to the entropy function.

Finally, Assumption 6.4.3 holds since for any γ > 1,

sup
M

max
n≤M2

∫

Z

fn,M(z)
∣

∣

∣
log

fn,M(z)

f̄n,M(z)

∣

∣

∣

γ

dz ≤
∣

∣

∣
log

1− p0
p0

∣

∣

∣

γ

.

6.4.2 Inspection Constraints and Computational Complex-

ity

In this section, we discuss the computational complexity of πML and πEJS.

Policy πML has complexity of order O(M2) in each step since its main computa-

tional burden is to find a segment of the M ×M grid with the highest probability

of containing the target. The main computational burden in πEJS is the action se-

lection step which requires maximizing the EJS divergence over the entire space of

inspection regions A. This means that at each step the computational complexity

of πEJS is of order O(|A|) where |A| is the number of allowable inspection regions.

Table 6.1: Computational Complexity of πEJS

A |A| Complexity

all combinations 2M
2

O(2M
2
)

rectangles M2(M+1)2

4
O(M4)

squares M(M+1)(2M+1)
6

O(M3)

thresholds 2M2 O(M2)

This provides a recipe for trading off performance for complexity by only

considering a smaller number of inspection regions. Table 6.1 shows the com-

plexity of πEJS when the inspection regions are constrained. In particular, if the
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inspection regions are always chosen to be contiguous and of certain shape, such

as rectangles, etc., the resulting heuristic necessarily has complexity comparable

with that of πML. Constraining the allowable set of inspection regions not only

results in a reduction in computational complexity, it also captures realistic limi-

tations in humans’ visual abilities. However, a potential drawback of constraining

the allowable inspection region is whether similar performance bounds as (6.6)

can be obtained. The proof of Theorem 6.4.2 shows that πEJS can achieve upper

bound (6.6) so long as A contains the single segments and the 2-D threshold-like

regions (see Section 6.6.2 for the definition of the latter). It is also conjectured

that constraining the inspection region to that of rectangles or squares is of no

consequence to upper bound (6.6).

6.5 Numerical Example

In this section, we compare the performance of πML and πEJS numerically.

We consider the case where the inspection space A is constrained to squares in the

M ×M grid. The observation kernels are of the form fn,M = N(1, 0.4 + 0.1n−1
M2 )

and f̄n,M = N(0, 0.4 + 0.1n−1
M2 ).

Figure 6.2: 3× 3 Grid. The inspection space of all squares in this grid contains
9 single segments, 4 squares of size 2× 2 (one of which is shown in the figure), and
one square of size 3× 3.

Figure 6.3 shows that when M = 2, the performance of the candidate

policies is quite similar. This is intuitive since in this case the inspection space

contains only the single segments (note that the inspection space contains also
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the combination of all 4 segments which does not provide any information and

whose EJS is restricted to 0, hence can be ignored). However, for larger M , the

performance gap of the two policies increases which signifies the superiority of πEJS

over πML. Note that the expected total cost corresponding to both policies has

the same slope in L, which verifies the results of Section 6.4.
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Figure 6.3: Expected total cost for different values of L and M .

6.6 Proofs

6.6.1 Proof of Theorem 6.4.1

In this section, we show that

lim
M→∞

Imax(M
2) ≤ Cmax and lim

M→∞
Dmax(M

2) = Emax.

The proof then simply follows from the above fact and by Proposition 4.6.1.

Remember that ηa =
∑M

k=1

∑M
l=1 ρkl1{Gkl∈a}, and η̄

a = 1 − ηa. From (6.2)

and for any a ∈ A and ρ ∈ P(Ω),

JS(ρ, a) =
M
∑

i=1

M
∑

j=1

ρij

[

1{Gij∈a}D(f|a|,M‖ηaf|a|,M + η̄af̄|a|,M)

+ 1{Gij /∈a}D(f̄|a|,M‖ηaf|a|,M + η̄af̄|a|,M)

]

= ηaD(f|a|,M‖ηaf|a|,M + η̄af̄|a|,M) + η̄aD(f̄|a|,M‖ηaf|a|,M + η̄af̄|a|,M)
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(a)

≤ ηaD(f1,M‖ηaf1,M + η̄af̄1,M) + η̄aD(f̄1,M‖ηaf1,M + η̄af̄1,M)

(b)

≤ D(f1,M‖1
2
f1,M +

1

2
f̄1,M),

where (a) follows from Assumption 6.4.2 and (b) follows from Assumption 6.4.1.

Therefore, by definition (4.19)

Imax(M
2) = max

a∈A
max
ρ∈P(Ω)

JS(ρ, a) ≤ D(f1,M‖1
2
f1,M +

1

2
f̄1,M),

and hence,

lim
M→∞

Imax(M
2) ≤ Cmax.

On the other hand, by definition (4.18) and from (6.2)

Dmax(M
2) = max

a∈A
max

1≤i,j,k,l≤M
D(qaij‖qakl) = D(f1,M‖f̄1,M),

which implies that

lim
M→∞

Dmax(M
2) = Emax.

6.6.2 Proof of Theorem 6.4.2

In this section, we show that

EJS(ρ, πML) ≥







1
M2D(f1,M‖f̄1,M) if maxi,j ρij < ρ̃

ρ̃D(f1,M‖f̄1,M) otherwise
, (6.7)

and

EJS(ρ, πEJS) ≥







D(f⌊M2/2⌋,M‖1
2
f⌊M2/2⌋,M + 1

2
f̄⌊M2/2⌋,M ) if maxi,j ρij < ρ̃

ρ̃D(f1,M‖f̄1,M) otherwise
,

(6.8)

where ρ̃ := 1− 1
1+max{logM2,logL}

.

The proof then follows from (6.7) and (6.8), and by Theorem 4.2.1 and

Proposition 4.6.2.
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Under Assumption 6.4.1, we can rewrite (6.3) as

EJS(ρ, a) =

M
∑

i=1

M
∑

j=1

ρijD(f|a|,M‖
ηaij − ρij

1− ρij
f|a|,M +

η̄aij
1− ρij

f̄|a|,M),

where

ηaij =

M
∑

k=1

M
∑

l=1

ρkl[1{Gkl,Gij∈a} + 1{Gkl,Gij /∈a}],

and η̄aij = 1− ηaij .

Consider a belief vector ρ at which ρij ≥ ρkl for all 1 ≤ k, l ≤ M . By

definition of the maximum likelihood policy, πML({Gij}|ρ) = 1. We have,

EJS(ρ, πML) = EJS(ρ, {Gij}) ≥ ρijD(f1,M‖f̄1,M),

and hence,

EJS(ρ, πML) ≥







ρ̃D(f1,M‖f̄1,M) if ρij ≥ ρ̃

1
M2D(f1,M‖f̄1,M) otherwise

. (6.9)

Let As denote the collection of all single segments, and let Ath be the col-

lection of all 2-D threshold-like regions, i.e., for all 1 ≤ i, j ≤M ,
⋃i−1
k=1

⋃M
l=1{Gkl}∪

⋃j−1
l=1{Gil} ∈ Ath and

⋃M
l=j{Gil} ∪

⋃M
k=i+1

⋃M
l=1{Gkl} ∈ Ath. Let

a∗ := argmin
a∈Ath:|a|≤⌊M2/2⌋

|1− 2ηa|.

Next we show that

EJS(ρ, a∗) ≥ D(f⌊M2/2⌋,M‖1
2
f⌊M2/2⌋,M +

1

2
f̄⌊M2/2⌋,M ),

which together with (6.9) and the fact that

EJS(ρ, πEJS) = max
a∈A

EJS(ρ, a) ≥ max{EJS(ρ, πML), EJS(ρ, a
∗)}

proves (6.8) and completes the proof (which holds so long as As ∪Ath ⊆ A).

We write the proof for the case a∗ =
⋃i−1
k=1

⋃M
l=1{Gkl} ∪ ⋃j−1

l=1{Gil} and

ηa
∗ ≤ 1

2
which implies that 1− 2ηa

∗ ≤ ρij . Other (three) cases can be proved in a

similar way.
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EJS(ρ, a∗) =

M
∑

k=1

M
∑

l=1

ρklD(f|a∗|,M‖η
a∗

kl − ρkl
1− ρkl

f|a∗|,M +
η̄a

∗

kl

1− ρkl
f̄|a∗|,M)

(a)

≥ ηa
∗

D(f|a∗|,M‖ηa∗f|a∗|,M + η̄a
∗

f̄|a∗|,M)

+ ρijD(f|a∗|,M‖1
2
f|a∗|,M +

1

2
f̄|a∗|,M)

+ (η̄a
∗ − ρij)D(f|a∗|,M‖η̄a∗f|a∗|,M + ηa

∗

f̄|a∗|,M)

(b)

≥ D(f|a∗|,M‖1
2
f|a∗|,M +

1

2
f̄|a∗|,M)

(c)

≥ D(f⌊M2/2⌋,M‖1
2
f⌊M2/2⌋,M +

1

2
f̄⌊M2/2⌋,M),

where (a) follows from the fact that ηa
∗

kl = ηa
∗
1{Gkl∈a∗}+ η̄

a∗1{Gkl /∈a∗},
ηa

∗

kl −ρkl
1−ρkl

≤ ηa
∗

kl ,

and
ηa

∗

ij −ρij

1−ρij
≤ 1

2
; (b) follows from Jensen’s inequality and since (ηa

∗
)2+ 1

2
ρij+(η̄a

∗−
ρij)η̄

a∗ ≤ 1
2
; and (c) follows from Assumption 6.4.2.



Chapter 7

Noisy Bayesian Active Learning

This chapter considers the problem of noisy Bayesian active learning given

a sample space, a finite label set, and a finite set of label generating functions

from the sample space to the label set, also known as the function class. The

objective is to identify the function in the function class that generates the labels

using as few label queries as possible and with low probability of error despite

possible corruption by independent noise. The key to achieving this objective

relies on the selection of queries in a strategic and adaptive manner. The problem

generalizes the problem of noisy generalized binary search [10]. We explore the

connection between the above Bayesian active learning problem and the problem

of active hypothesis testing. This view of the problem allows for developing a

general lower bound on the expected number of queries needed to identify the

function that generates the labels in terms of the observation noise statistics, the

desired probability of error, and the cardinality of the function class. Furthermore,

we compare the performance of πEJS, which in each step queries the label of a

sample that maximizes the Extrinsic Jensen–Shannon divergence, with the state

of the art strategies for noisy generalized binary search and for different function

classes. In the case where the function class is sample-rich, it is shown that πEJS is

better than previous results in the literature and, in particular, matches the earlier

proposed lower bound asymptotically.

162



163

7.1 Introduction

We consider the problem of Bayesian active learning. We are given a finite

set of functions H, and a sample space X . Each function in H assigns a label

to a sample in X , and the result of a label query on a sample is corrupted by

independent noise whose distribution is known. Our goal is to identify the function

in H that generates the labels with high confidence using as few label queries as

possible, by selecting the queries adaptively in a strategic manner.

A special case of the problem, first considered by [78], arises when the

label set is binary and the natural sampling strategy for Bayesian active learning

becomes closely related to Generalized Binary Search (GBS). In the binary label

setting, GBS queries the label of a sample x for which the size of the subsets of

functions that label x as +1 and −1, respectively, are as balanced as possible. A

variant of GBS is Modified Soft-Decision Generalized Binary Search (MSGBS),

which was introduced by [78] to address the case when the observed labels may

be noisy. [78] analyzes the performance of MSGBS, under a symmetric and non-

persistent noise model which flips the labels randomly, and shows that the (fixed)

number of samples required to identify the correct function with probability of

error satisfying Pe ≤ ǫ is O
(

logM+log 1
ǫ

λ

)

, where M is the number of functions in

the class H, and λ is a parameter which depends on the structure of the function

class and the noise rate. The main contribution of this chapter is to generalize the

above problem to the case of general multiclass (non-binary) label set with general

(and potentially non-symmetric) non-persistent observation noise.

We observe that Bayesian active learning is a special case of active hypoth-

esis testing, where the hypotheses map to functions, actions map to samples, and

the outcomes map to noisy observation of labels. This view of the problem allows

for a natural extension of the model of [78] to the non-binary Bayesian active learn-

ing setting, where the noise might be label dependent and asymmetric. Relying on

this connection and applying the results of Chapter 4, we derive a universal lower

bound on the expected number of samples required to identify the true hypothesis

among M with error probability Pe ≤ ǫ as a function of noise model parame-

ters. This lower bound, when specialized for the noisy generalized binary search



164

suggests that the proposed schemes of [78], in general, are suboptimal. The next

contribution of this work is, thus, to propose and analyze an alternative strategy

for sample collection.

To find an alternative strategy, we, again, take advantage of the connection

between Bayesian learning and active sequential hypothesis testing. In Chapter 3,

we introduced the notion of Extrinsic Jensen–Shannon (EJS) divergence, and pro-

posed πEJS, an active sequential hypothesis test that, at each step, selects the

action that maximizes the EJS divergence. In this chapter, we apply the cor-

responding sampling strategy to Bayesian active learning, and characterize the

performance of this strategy. Our bounds show that the number of label queries

required by our algorithm is O
(

logM
α

+
log 1

ǫ

β

)

, where M is the number of func-

tions and α and β are terms, different from λ, that depend on the structure of the

function class, the sample space, and the noise model.

To illustrate our bounds, in Section 7.4, we focus on the generalized binary

search studied in [78] and consider the class of locally identifiable functions and

its three specific subclasses: intervals on the line, thresholds on the line, and a set

of sample-rich function classes. We show that the upper bounds on the number

of labels required by the EJS policy are superior to those of [78] for all three

subclasses for the asymptotic values of M and ǫ. In addition, we show through

numerical simulations that our policy has better performance than the algorithms

of [78] also in non-asymptotic regimes of practical interest.

The remainder of this chapter is organized as follows. In Section 7.2, we

formulate the problem of Bayesian active learning and provide a summary of related

works. In Section 7.3, we propose our heuristic policy for selecting samples, and

provide the main results of the chapter. As a special case, noisy generalized binary

search is discussed in Section 7.4 and a comparison to some of the known results

is provided.
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7.2 Problem Formulation

Let Ω = {1, 2, . . . ,M}. Let H = {h1, h2, . . . , hM} denote a collection of M

unique functions defined on the sample space X that take values in a finite label

set L, i.e., hi : X → L, i ∈ Ω. Assume that one of the functions in H is the true

function, i.e., it produces the correct labeling on X . However, the observation of

the labels is subject to noise, i.e., if the true function is hi and the decision maker

selects sample x from X , the observation of label l = hi(x) is a Y-valued random

variable with the probability density function fl(·). We assume the observation

densities {fl(·)}l∈L are fixed and known, and the observations are conditionally

independent over time. The goal is to determine the true function with a small

number of samples and acceptable accuracy in face of noisy observation by making

adaptive queries. More formally, if τ is the total number of label queries made by

our algorithm, then, we would like to find the true function in H with the objective

of:

minimize E [τ ] subject to Pe ≤ ǫ, (7.1)

where Pe is the probability of error.

Let θ be the index of the true function, i.e., θ is the random variable that

takes the value θ = i on the event that hi is the true function for i ∈ Ω. Let τ be

the stopping time at which the decision maker retires and guesses the true index θ

as the maximum a posteriori (MAP) declaration1, i.e.,

θ̂ = argmax
i∈Ω

P (θ = i|Xτ−1, Y τ−1),

where Xτ−1 := [X(0), X(1), . . . , X(τ − 1)] and Y τ−1 := [Y (0), Y (1), . . . , Y (τ − 1)]

represent respectively the vector of selected samples and observed labels up to

time τ . The probability of error is

Pe := P (θ̂ 6= θ).

For a given ǫ > 0, the goal is to find a stopping time τ and a sequence of samples

X(0), X(1), . . . , X(τ − 1) such that the probability of error satisfies Pe ≤ ǫ and

1The probability of error is minimized under MAP declaration.
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the expected number of samples E[τ ] is small. Here we consider a uniform prior,

i.e., initially P (θ = i) = 1/M for all i ∈ Ω, and hence the expectation is always

taken with respect to this uniform prior as well as the distribution of the sequence

of selected samples and observations.

7.2.1 Related Work

Our work naturally builds on and extends on the model proposed in [78].

In the introduction, we detailed the connection between our work and [78].

In recent years, extensive studies have been conducted on the theory of

active learning [79–86]. The various studies incorporate a broad range of models

and assumptions which, at times, end up in contradictory conclusions. Here we

make an attempt to detail the specific attributes of these papers and the connec-

tion/disconnect between our work and this literature. The earlier work on active

learning [79–81] considered the realizable case where the binary labels are pro-

duced by a function in a given function class and are observed noise-free. Here, in

contrast to our setting, the function class is either finite, or infinite but equipped

with a fixed structure, such as the class of thresholds on a line, or the class of lin-

ear classifiers. Another point of difference with our work, the learner here is only

allowed to query the labels of samples among an unlabeled set of points which are

drawn from the unlabeled data distribution. The goal is to find a function which

has low prediction error with respect to the data distribution. Here the challenge is

to identify a function in the function class where the disagreements with the true

labeling function is less than the required accuracy, and the prediction error occurs

due to infiniteness of the function class or due to the indistinguishability of the

functions with respect to the data distribution as opposed to noisy observations of

the labels.

Since the realizability assumption can hardly ever be justified in practice,

more recent literature [82–86] has considered active learning in the agnostic setting,

where the goal is to find a function in a function class which has low prediction error

with respect to the data distribution; however the binary labels are not necessarily

generated by a function in the given function class. Perhaps, the most relevant
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special case is the bounded rate class noise of [82] in which labels are produced by

a member of a given function class but are subjected to an exogenous (and non-

persistent) observation noise. In such a setting, repeat queries can be effectively

utilized to mitigate the effect of noise [82, 87]. Furthermore, instead of analyzing

a specific query strategy, we are interested in obtaining universal lower bounds

on the query complexity which are related to the information theoretic analysis

of [86].

In summary, our study differs from the above work in three important

ways. Firstly, we are interested in a generalized learning setup where labels can

be non-binary and observation noise can have a general non-symmetric and non-

discrete nature. Secondly, we are interested in a sequential learning setting where

the learner is allowed not only to query individual examples (hence, rendering the

data distribution irrelevant), but also to determine the number of queries in an

online fashion as a function of observations so far. Thirdly, by considering the

simpler setup of a finite function class as well as an exogenous and non-persistent

observation noise, we provide sharp lower and upper bounds on the query com-

plexity.

7.3 Main Results

In this section, we provide the main results of the chapter. Many of the

results here are a consequence of a connection between Bayesian active learning

and the active sequential hypothesis testing.

7.3.1 Preliminaries

The problem of noisy Bayesian active learning defined above is a special

case of active sequential hypothesis testing with hypotheses set Ω, action space X ,

observation space Y , and observation kernels {qxi }i∈Ω,x∈X where qxi = fhi(x).

Let ρ(t) = [ρ1(t), ρ2(t), . . . , ρM(t)] denote the information state at time t

where ρi(t) := P ({θ = i}|X t−1, Y t−1). Accordingly, the information state space is

P(Ω) := {ρ ∈ [0, 1]M :
∑M

i=1 ρi = 1}.
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Heuristic Policy

We consider policy πEJS proposed in Section 3.3.2 as a candidate sampling

strategy. From (3.19), we can compute the EJS divergence associated with query-

ing sample x at belief vector ρ as

EJS(ρ, x) =

M
∑

i=1

ρiD(fhi(x)‖
∑

j 6=i

ρj
1− ρi

fhj(x)). (7.2)

Policy πEJS is a stationary deterministic Markov policy defined as:

• if ρi(t) ≥ 1− ǫ, retire and declare hi as the true function;

• otherwise, select sample argmax
x∈X

EJS(ρ, x).

Assumptions

We have the following technical assumptions:

Assumption 7.3.1. C := min
g

max
l∈L

D(fl‖g) > 0, where g is a convex combination

of fl, l ∈ L.

Assumption 7.3.2. C1 := max
k,l∈L

D(fk‖fl) <∞.

Assumption 7.3.3. C2 := max
k,l∈L

sup
y∈Y

fk(y)
fl(y)

<∞.

The formulation C above is equal to the capacity of a communication chan-

nel with input alphabet set L, output alphabet set Y , and transition probabilities

fl(·), l ∈ L. We also denote the capacity of a channel with two inputs k, l ∈ L by

Ckl, i.e.,

Ckl := min
g

max{D(fk‖g), D(fl‖g)}, where g is a pdf on Y . (7.3)

If Assumption 7.3.1 does not hold, that is if C = 0, the label queries will

be completely noisy and no information can be retrieved from the label queries

regarding the true function. In this sense, Assumption 7.3.1 is a necessary condi-

tion that ensures that the problem of active learning has a meaningful solution.

For observation kernels with bounded support, Assumption 7.3.3 is a necessary

condition to ensure that no observation is noise-free and is sufficient to ensure

Assumption 7.3.2 since C1 ≤ logC2.
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7.3.2 Lower and Upper Bounds

We have the following lower bound on the minimum expected number of

samples required to achieve Pe ≤ ǫ.

Theorem 7.3.1. Under Assumptions 7.3.1, 7.3.2, and 7.3.3,

E[τ ∗ǫ ] ≥
[

(1− 3
log 4

ǫ

− ǫ
2
log 1

ǫ
) logM − 2

C
+

log 1−ǫ
ǫ

− 2 log log 4
ǫ
− logC2 − 4

C1

]+

.

Proof. The proof follows by combining (4.109) with (4.112) and (4.117) for values

L = 2
ǫ log 4

ǫ

and δ = 1
log 4

ǫ

, and the fact that Imax(M) ≤ C, Dmax(M) ≤ C1, and

ξM = logC2 for the problem of noisy Bayesian active learning.

Next we specialize Theorem 4.2.1 and Corollary 4.2.1 to the problem of noisy

Bayesian active learning and we provide an upper bound on the expected number

of samples required by πEJS to achieve a desired probability of error Pe ≤ ǫ. The

upper bounds depend on two quantities α and β, which depend on the function

class H and sample space X .

Theorem 7.3.2. If there exists α > 0 such that at any given belief vector ρ ∈ P(Ω),

it is possible to find a sample x ∈ X satisfying EJS(ρ, x) ≥ α, then

EπEJS
[τ̃ǫ] ≤

logM +max{log logM, log 1
ǫ
}+ 4C2

α
. (7.4)

Furthermore, if there exist positive values α and β such that for all ρ ∈ P(Ω),

max
x∈X

EJS(ρ, x) ≥







α if maxi∈Ω ρi < ρ̃

β otherwise
, (7.5)

where

ρ̃ := 1− 1

1 + max{logM, log 1
ǫ
} , (7.6)

then the following bound is obtained

EπEJS
[τ̃ǫ] ≤

logM +max{log logM, log log 1
ǫ
}

α
+

log 1
ǫ

β
+

3(4C2)
2

αβ
. (7.7)
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We now instantiate these upper bounds for some learning problems of in-

terest. For a broad class of learning problems, where the function class in question

is a locally identifiable class, we can show a general result.

Definition 7.3.1. A class of functions H is referred to as locally identifiable if for

any hi ∈ H, there exist samples x, x′ ∈ X and labels l, l′ ∈ L such that either

[hi(x), hi(x
′)] = [l, l′], and [hj(x), hj(x

′)] ∈
⋃

k∈L

{[k, k]} ∪ {[l′, l]}, ∀j 6= i;

or

[hi(x), hi(x
′)] = [l, l], and [hj(x), hj(x

′)] ∈ {[l, l′], [l′, l], [l′, l′]}, ∀j 6= i.

In essence, the locally identifiable condition implies that for any function

hi ∈ H, there are (at least) two samples in X using which hi can be distinguished

from all other functions.

Proposition 7.3.1. When function class H is locally identifiable, α = 1
M
Cmin and

β = ρ̃Cmin, where Cmin = min
k,l∈L,k 6=l

min
{

Ckl, D
(

fk
∥

∥

1
2
fk +

1
2
fl
)}

, i.e.,

max
x∈X

EJS(ρ, x) ≥







1
M
Cmin if maxi∈Ω ρi < ρ̃

ρ̃Cmin otherwise
. (7.8)

The proof of Proposition 7.3.1 is provided in Section 7.5.1.

For certain subclasses of the locally identifiable functions, one might get

substantially tighter bounds. In particular, in Section 7.4, we do this for certain

subclasses of binary-valued locally identifiable functions. Here, however, to illus-

trate how tight these bounds can be, we define an L-ary-valued function class

for which the upper bound on πEJS matches the lower bound of Theorem 7.3.1

asymptotically.

Definition 7.3.2. A class of functions H is called sample-rich if for any vec-

tor v ∈ LM , there exists a sample x ∈ X such that h(x) = v, where h(x) :=

[h1(x), h2(x), . . . , hM(x)]. In other words, ∪x∈X{h(x)} = LM .
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Proposition 7.3.2. When function class H is sample-rich, α = C and β = ρ̃C1,

i.e.,

max
x∈X

EJS(ρ, x) ≥







C if maxi∈Ω ρi < ρ̃

ρ̃C1 otherwise
(7.9)

The proof of Proposition 7.3.2 is provided in Section 7.5.2.

In the following section, we characterize the performance of πEJS for a

special case and compare its performance with the state of the art strategies.

7.4 Special Case: Noisy Generalized Binary Se-

arch

Noisy generalized binary search, first introduced in [78], is a special case of

our problem where functions are binary-valued, i.e., L = {−1,+1}, and observa-

tions have probability densities of the following form:

fl(y) =

{

1− p if y = l

p if y = −l
,

for some p ∈ (0, 1/2). In other words, label l is observed through a binary sym-

metric channel with crossover probability p.

Lemma 7.4.1. For the case of noisy generalized binary search, C, C1, and C2

defined in Section 7.3 can be further simplified to

C := 1 + p log p+ (1− p) log(1− p),

C1 := p log
p

1− p
+ (1− p) log

1− p

p
,

C2 :=
1− p

p
.

In order to emphasize the dependence of C, C1, and C2 on the Bernoulli

parameter p (corresponding to the observation noise), we denote them by C(p),

C1(p), and C2(p), respectively. Note that from Jensen’s inequality, C1(p) ≥ 2C(p).
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Corollary 7.4.1. For the special case of noisy generalized binary search, when

function class H is locally identifiable, we have α = C(p)
M

and β = ρ̃C(p).

Next we define three important subclasses of binary-valued locally identi-

fiable functions: 1) class of disjoint interval functions HD; 2) class of threshold

functions HT ; and 3) class of sample-rich functions HR. We analyze the per-

formance of πEJS on these three classes by using Theorem 7.3.2 and finding the

corresponding α and β.

Definition 7.4.1. Let ei, i ∈ Ω, represent a vector of size M whose ith element

is +1 and all other elements are −1. A collection of functions H is referred to

as disjoint interval functions if ∪x∈X{h(x)} = ∪i∈Ω{ei} ⊂ {−1,+1}M , where

h(x) := [h1(x), h2(x), . . . , hM(x)]. In other words, for any sample x ∈ X , only one

function in H takes value +1 and all other functions take value −1.

Definition 7.4.2. Let ui, i ∈ Ω, represent a vector of sizeM whose first i elements

are −1 and all other elements are +1. A collection of functions H is referred to as

threshold functions if ∪x∈X{h(x)} = ∪i∈Ω{ui} ⊂ {−1,+1}M .

Definition 7.4.3. A collection of functions H is referred to as sample-rich func-

tions if for any vector v ∈ {−1,+1}M , there exists a sample x ∈ X such that

h(x) = v. In other words, ∪x∈X{h(x)} = {−1,+1}M .

Table 7.1 shows the values of α and β for the above classes where recall

that ρ̃ = 1− 1
1+max{logM,log 1

ǫ
}
(see Section 7.5.3 for the proofs).

Table 7.1: α and β for different function classes.

Function class α β

Disjoint intervals HD
C1(p)
M

ρ̃C1(p)

Thresholds HT C(p) C(p)

Sample-rich HR C(p) ρ̃C1(p)
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For class of disjoint interval functions HD and from Theorem 7.3.2 and

Table 7.1,

EπEJS
[τ̃ǫ] ≤

logM +max{log logM, log log 1
ǫ
}

1
M
C1(p)

+
log 1

ǫ

ρ̃C1(p)
+

3(4C2(p))
2

1
M
C1(p)ρ̃C1(p)

(a)

≤ M logM +M log log M
ǫ

C1(p)
+

log 1
ǫ
+ 1

C1(p)
+

6M(4C2(p))
2

(C1(p))2

≤
(

M logM

C1(p)
+

log 1
ǫ

C1(p)

)(

1 +
M log log M

ǫ
+ 1 + 6M(4C2(p))

2/C1(p)

M logM + log 1
ǫ

)

=

(

M logM

C1(p)
+

log 1
ǫ

C1(p)

)

(1 + o(1)), (7.10)

where o(1) → 0 as ǫ→ 0 orM → ∞ and (a) holds since 1
ρ̃
= 1+ 1

max{logM,log 1
ǫ
}
≤ 2.

For class of threshold functions HT and from Theorem 7.3.2 and Table 7.1,

EπEJS
[τ̃ǫ] ≤

logM +max{log logM, log 1
ǫ
}+ 4C2(p)

C(p)

≤
(

logM

C(p)
+

log 1
ǫ

C(p)

)(

1 +
log logM + 4C2(p)

log M
ǫ

)

=

(

logM

C(p)
+

log 1
ǫ

C(p)

)

(1 + o(1)), (7.11)

where o(1) → 0 as ǫ→ 0 or M → ∞.

For class of sample-rich functionsHR and from Theorem 7.3.2 and Table 7.1,

EπEJS
[τ̃ǫ] ≤

logM +max{log logM, log log 1
ǫ
}

C(p)
+

log 1
ǫ

ρ̃C1(p)
+

3(4C2(p))
2

C(p)ρ̃C1(p)

(a)

≤ logM + log log M
ǫ

C(p)
+

log 1
ǫ
+ 1

C1(p)
+

6(4C2(p))
2

C(p)C1(p)

≤
(

logM

C(p)
+

log 1
ǫ

C1(p)

)(

1 +
C1(p) log log

M
ǫ
+ C(p) + 6(4C2(p))

2

C(p) log M
ǫ

)

=

(

logM

C(p)
+

log 1
ǫ

C1(p)

)

(1 + o(1)), (7.12)

where o(1) → 0 as ǫ→ 0 orM → ∞ and (a) holds since 1
ρ̃
= 1+ 1

max{logM,log 1
ǫ
}
≤ 2.

Furthermore, it follows from Theorem 7.3.1 that

E[τ ∗ǫ ] ≥
(

logM

C(p)
+

log 1
ǫ

C1(p)

)

(1− o(1)), (7.13)

where o(1) → 0 as ǫ→ 0.
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7.4.1 Comparison to Known Results

In this section, we compare the performance of πEJS to that of NGBS

and MSGBS policies proposed in [10]. The performance of NGBS and MSGBS

was analyzed in [10] for the 1-neighborly function class and its subclasses. It can

be shown that the 1-neighborly class is a subclass of the binary-valued locally

identifiable functions. Furthermore, function classes HD, HT , and HR are also

1-neighborly and hence, we can compare the performance of πEJS to that of NGBS

and MSGBS over these function classes.

Table 7.2 shows the number of samples required by the policies NGBS,

MSGBS, and πEJS to attain Pe ≤ ǫ, where λ(p) = max
p′∈(p,1/2)

1
4

(

1− p′(1−p)
1−p′

− (1−p′)p
p′

)

.

Policies NGBS and MSGBS are non-sequential and the numbers shown in Table 7.2

are the actual number of samples that these policies require to achieve Pe ≤ ǫ; while

policy πEJS is sequential and Table 7.2 shows the expected number of samples

required by this policy to achieve Pe ≤ ǫ.

Table 7.2: Performance comparison of NGBS, MSGBS, and πEJS for different
function classes.

Function class NGBS MSGBS πEJS

HD
M(logM+log 1

ǫ
)

( 1
2
−p)2

M(logM+log 1
ǫ
)

4λ(p)

(

M logM
C1(p)

+
log 1

ǫ

C1(p)

)

(1 + o(1))

HT
logM(log logM+log 1

ǫ
)

( 1
2
−p)2

logM+log 1
ǫ

λ(p)

(

logM
C(p)

+
log 1

ǫ

C(p)

)

(1 + o(1))

HR
logM(log logM+log 1

ǫ
)

( 1
2
−p)2

logM+log 1
ǫ

λ(p)

(

logM
C(p)

+
log 1

ǫ

C1(p)

)

(1 + o(1))

Figure 7.1 compares the denominators of the upper bounds given in Ta-

ble 7.2. Note that our upper bound provides improvement over those corresponding

to NGBS and MSGBS. Particularly, the gap between the bounds is very signifi-

cant for small values of the Bernoulli parameter p and for large values of 1
ǫ
andM .

However, with no tight lower bound on the performance of NGBS and MSGBS,

the analysis is inconclusive as to the actual performance of πEJS in comparison

with NGBS and MSGBS.
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Figure 7.1: Comparison of C(p), C1(p), (
1
2
− p)2, and λ(p), for p ∈ (0, 1/2).

In the next section, we provide a numerical example and compare the per-

formance of πEJS and MSGBS (we do not consider NGBS since it is outperformed

by MSGBS).

7.4.2 Numerical Example

In this section, policies πEJS and MSGBS are compared numerically for the

problem of noisy generalized binary search with parameter p and a sample-rich

function class of size M . In order to have a fair comparison, the candidate policies

are compared in both sequential and non-sequential scenarios. In the sequential

scenario, the policies stop as soon as the belief about one of the functions passes

a threshold 1 − ǫ, and the expected number of queries is considered as a measure

of performance; while in the non-sequential scenario, the policies are compared

based on their average probability of making a wrong declaration after N number

of label queries.

Figures 7.2 and 7.3 show the performance of πEJS and MSGBS for the

sequential scenario while Figs. 7.4 and 7.5 compare their performance for the

non-sequential scenario. The figures show the superior performance of πEJS over

MSGBS in both scenarios and for different values of ǫ, N , and M .
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Figure 7.2: Expected number of samples as ǫ varies for M = 5 and p = 0.2.

2 3 4 5 6 7 8 9 10
6

8

10

12

14

16

18

20

22

24

26

 

 

M

E
x
p
ec
te
d
n
u
m
b
er

o
f
sa
m
p
le
s

MSGBS

πEJS

Figure 7.3: Expected number of samples as M varies for ǫ = 0.01 and p = 0.2.
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7.5 Proofs

7.5.1 Proof of Proposition 7.3.1

To prove Proposition 7.3.1, it suffices to show that

max
x∈X

EJS(ρ, x) ≥ max
i∈Ω

ρiCmin.

Let î = argmax
i∈Ω

ρi. By definition of the locally identifiable class, there exist

xî, x
′
î
∈ X and l, l′ ∈ L such that one of the following conditions holds

[hî(xî), hî(x
′
î
)] = [l, l′] and [hj(xî), hj(x

′
î
)] ∈

⋃

k∈L

{[k, k]} ∪ {[l′, l]} ∀j 6= î, (7.14)

[hî(xî), hî(x
′
î
)] = [l, l] and [hj(xî), hj(x

′
î
)] ∈ {[l, l′], [l′, l], [l′, l′]} ∀j 6= î. (7.15)

For any k, k′ ∈ L, let

πkk′ :=
∑

j∈Ω: [hj(xî),hj(x
′
î
)]=[k,k′]

ρj
1− ρî

.

Suppose (7.14) holds. Then

max
x∈X

EJS(ρ, x)

≥ max
{

EJS(ρ, xî), EJS(ρ, x
′
î
)
}

≥ ρîmax

{

D

(

fhî(xî)‖
∑

j 6=î

ρj
1− ρî

fhj(xî)

)

, D

(

fhî(x′î)
‖
∑

j 6=î

ρj
1− ρî

fhj(x′
î
)

)

}

= ρîmax

{

D

(

fl‖
∑

k∈L

πkkfk + πl′lfl′

)

, D

(

fl′‖
∑

k∈L

πkkfk + πl′lfl

)

}

(a)

≥ ρîmax

{

D

(

fl‖

∑

k∈L

πkkfk + πl′lfl′ + πl′lfl

1 + πl′l

)

, D

(

fl′‖

∑

k∈L

πkkfk + πl′lfl + πl′lfl′

1 + πl′l

)

}

≥ ρîmin
g

max{D(fl‖g), D(fl′‖g)}

= ρîCll′

≥ max
i∈Ω

ρiCmin, (7.16)

where (a) follows by Lemma 3.3.1.
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On the other hand, if (7.15) holds, then

max
x∈X

EJS(ρ, x)

≥ ρîmax
{

D
(

fl‖πll′fl + (πl′l + πl′l′)fl′
)

, D
(

fl‖πl′lfl + (πll′ + πl′l′)fl′
)

}

(a)

≥ ρîD
(

fl‖
1

2
fl +

1

2
fl′
)

≥ max
i∈Ω

ρiCmin, (7.17)

where (a) follows by Lemma 3.3.1 and the fact that min{πll′ , πl′l} ≤ 1
2
.

Combining (7.16) and (7.17), we have the assertion of the proposition.

7.5.2 Proof of Proposition 7.3.2

To prove Proposition 7.3.2, we will show that

max
x∈X

EJS(ρ, x) ≥ C,

and furthermore,

max
x∈X

EJS(ρ, x) ≥ max
i∈Ω

ρiC1.

Recall from Section 7.3.1 that

C = min
g

max
l∈L

D(fl‖g) (7.18)

where g is a convex combination of fl, l ∈ L. Let g⋆ =∑l∈L π
⋆
l fl be the distribution

that achieves the minimum in (7.18). From Fact 5.5.1,

D

(

fk
∥

∥

∑

l∈L

π⋆l fl

)

= C for any k ∈ L such that π⋆k > 0. (7.19)

By definition of the sample-rich function class, for each v ∈ LM , there exists

a sample in X , say xv, that satisfies h(xv) = v. Let

λv =

M
∏

i=1

π⋆vi .

Note that
∑

v∈LM λv = 1. Moreover, for any i, j ∈ Ω, i 6= j,

∑

v∈LM : vi=k

λv = π⋆k,
∑

v∈LM : vi=k,vj=l

λv = π⋆kπ
⋆
l .
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Using weights {λv}v∈LM and taking average over all v ∈ LM , we obtain

max
x∈X

EJS(ρ, x) ≥
∑

v

λvEJS(ρ, xv)

=
∑

v

λv

M
∑

i=1

ρiD

(

fhi(xv)
∥

∥

∑

j 6=i

ρj
1− ρi

fhj(xv)

)

=

M
∑

i=1

ρi
∑

k∈L

π⋆k
∑

v : vi=k

λv
π⋆k
D

(

fk
∥

∥

∑

j 6=i

ρj
1− ρi

fvj

)

(a)

≥
M
∑

i=1

ρi
∑

k∈L

π⋆kD

(

fk
∥

∥

∑

j 6=i

ρj
1− ρi

∑

v : vi=k

λv
π⋆k
fvj

)

=

M
∑

i=1

ρi
∑

k∈L

π⋆kD

(

fk
∥

∥

∑

j 6=i

ρj
1− ρi

∑

l∈L

∑

v : vi=k,vj=l

λv
π⋆k
fl

)

=

M
∑

i=1

ρi
∑

k∈L

π⋆kD

(

fk
∥

∥

∑

l∈L

π⋆l fl

)

(b)
=

M
∑

i=1

ρiC

= C,

where (a) follows from Jensen’s inequality and (b) follows from (7.19).

Let î = argmax
i∈Ω

ρi. Let k, l ∈ L be the labels satisfying D(fk‖fl) = C1.

By definition of the sample-rich function class, there exists a sample xî ∈ X that

satisfies hî(xî) = k and hj(xî) = l for all j 6= i. We have

max
x∈X

EJS(ρ, x) ≥ EJS(ρ, xî) ≥ ρîD

(

fhî(xî)‖
∑

j 6=î

ρj
1− ρî

fhj(xî)

)

= max
i∈Ω

ρiC1.

7.5.3 Finding α and β for Different Function Classes

Let gp(·) and ḡp(·) be probability density functions on Y defined as follows:

gp(y) =

{

p if y = −1

1− p if y = +1
, ḡp(y) = gp(−y). (7.20)

It can be easily shown that:

C(p) = D(gp‖
gp + ḡp

2
) = D(ḡp‖

gp + ḡp
2

) and C1(p) = D(gp‖ḡp) = D(ḡp‖gp).



181

The result for the sample-rich class follows from Proposition 7.3.2. Next we

provide the proof for the class of disjoint interval functions and threshold functions.

Class of disjoint interval functions:

To prove this case, we will show that

max
x∈X

EJS(ρ, x) ≥ max
i∈Ω

ρiC1(p).

Let î = argmax
i∈Ω

ρi. By definition of the class of disjoint interval functions,

there exists a sample xî ∈ X that satisfies h(xî) = eî. We have

EJS(ρ, xî) ≥ ρîD

(

fhî(xî)‖
∑

j 6=î

ρj
1− ρî

fhj(xî)

)

= ρîD(gp‖ḡp) = ρîC1(p).

Class of threshold functions:

We will prove that

max
x∈X

EJS(ρ, x) ≥ C(p).

At any belief vector ρ ∈ P(Ω), there exists k, k ∈ Ω, such that
∑k

j=1 ρj ≤ 1
2

and
∑k+1

j=1 ρj >
1
2
. Let xk and xk+1 be samples in X that satisfy h(xk) = uk and

h(xk+1) = uk+1 respectively. Let δ1 =
1
2
−∑k

j=1 ρj and δ2 =
∑k+1

j=1 ρj − 1
2
. Notice

that ρk+1 = δ1 + δ2. There are two cases:

• Case 1: δ1 ≤ δ2. We have

EJS(ρ, xk) =

M
∑

i=1

ρiD

(

fhi(xk)‖
∑

j 6=i

ρj
1− ρi

fhj(xk)

)

=
k
∑

i=1

ρiD

(

ḡp‖
1/2− δ1 − ρi

1− ρi
ḡp +

1/2 + δ1
1− ρi

gp

)

+ ρk+1D

(

gp‖
1/2− δ1
1− ρk+1

ḡp +
1/2− δ2
1− ρk+1

gp

)

+

M
∑

i=k+2

ρiD

(

gp‖
1/2− δ1
1− ρi

ḡp +
1/2 + δ1 − ρi

1− ρi
gp

)
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(a)

≥ (1/2− δ1)D
(

gp‖(1/2 + δ1)ḡp + (1/2− δ1)gp

)

+ (δ1 + δ2)D
(

gp‖
1

2
ḡp +

1

2
gp

)

+ (1/2− δ2)D
(

gp‖(1/2− δ1)ḡp + (1/2 + δ1)gp

)

(b)

≥ D
(

gp‖(1− γ)ḡp + γgp

)

(c)

≥ D
(

gp‖
1

2
ḡp +

1

2
gp

)

= C(p),

where

γ = (1/2− δ1)
2 +

1

2
(δ1 + δ2) + (1/2− δ2)(1/2 + δ1),

inequality (a) follows from Lemma 3.3.1 and (7.20), (b) follows since KL

divergence is convex, and (c) follows from the fact that γ = 1
2
+δ1(δ1−δ2) ≤ 1

2

and by Lemma 3.3.1.

• Case 2: δ1 > δ2. We have

EJS(ρ, xk+1) =
k
∑

i=1

ρiD

(

ḡp‖
1/2 + δ2 − ρi

1− ρi
ḡp +

1/2− δ2
1− ρi

gp

)

+ ρk+1D

(

ḡp‖
1/2− δ1
1− ρk+1

ḡp +
1/2− δ2
1− ρk+1

gp

)

+
M
∑

i=k+2

ρiD

(

gp‖
1/2 + δ2
1− ρi

ḡp +
1/2− δ2 − ρi

1− ρi
gp

)

(a)

≥ (1/2− δ1)D
(

gp‖(1/2− δ2)ḡp + (1/2 + δ2)gp

)

+ (δ1 + δ2)D
(

gp‖
1

2
ḡp +

1

2
gp

)

+ (1/2− δ2)D
(

gp‖(1/2 + δ2)ḡp + (1/2− δ2)gp

)

(b)

≥ D
(

gp‖(1− γ′)ḡp + γ′gp

)

(c)

≥ D
(

gp‖
1

2
ḡp +

1

2
gp

)

= C(p),

where

γ′ = (1/2− δ1)(1/2 + δ2) +
1

2
(δ1 + δ2) + (1/2− δ2)

2,
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inequality (a) follows from Lemma 3.3.1 and (7.20), (b) follows since KL

divergence is convex, and (c) follows from the fact that γ′ = 1
2
+δ2(δ2−δ1) < 1

2

and by Lemma 3.3.1.

Therefore,

max
x∈X

EJS(ρ, x) ≥ max {EJS(ρ, xk), EJS(ρ, xk+1} ≥ C(p).

Chapter 7, in full, is currently being prepared for submission for publication

as M. Naghshvar, T. Javidi, and K. Chaudhuri, “Noisy Bayesian active learning.”

The dissertation author was the primary investigator and author of this paper.
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[40] O. Shayevitz. On Rényi measures and hypothesis testing. In IEEE Interna-
tional Symposium on Information Theory (ISIT), pages 894–898, 2011.



187
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