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ABSTRACT OF THE DISSERTATION

Active Learning and Hypothesis Testing

by

Mohammad Naghshvar

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California, San Diego, 2013

Professor Tara Javidi, Chair

This dissertation considers a generalization of the classical hypothesis test-
ing problem. Suppose there are M hypotheses of interest among which only one
is true. A Bayesian decision maker is responsible to collect observation samples
so as to enhance his information about the true hypothesis in a speedy manner
while accounting for the penalty of wrong declaration. In contrast to the classical
hypothesis testing problem, at any given time, the decision maker can choose one
of the available sensing actions and hence, exert some control over the collected
samples’ “information content.” This generalization, referred to as the active hy-
pothesis testing, naturally arises in a broad spectrum of applications such as med-

ical diagnosis, cognition, communication, sensor management, image inspection,
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generalized search, and group testing.

The first part of the dissertation provides a theoretical analysis of the prob-
lem of active hypothesis testing. Using results in sequential analysis and dynamic
programming, lower bounds for the optimal performance are established. The lower
bounds are complementary for various values of the parameters of the problem,
and characterize the fundamental limits on the maximum achievable information
acquisition rate and the optimal reliability. Moreover, upper bounds are obtained
via an analysis of the proposed heuristic policies for dynamic selection of actions.
From the obtained bounds, sufficient conditions are provided under which the
maximum information acquisition rate and reliability are achieved, establishing
the asymptotic optimality of the proposed heuristics.

The second part of the dissertation investigates the applications of the first
part for three important special cases of the active hypothesis testing. Chapter 5
considers the problem of conveying a message over discrete memoryless channels
with noiseless feedback. Chapter 6 studies the problem of two-dimensional search
to locate a target in an image against a background of distractors. Finally, in
Chapter 7, the problem of active learning for multiclass classification is investigated
where the outcomes of label queries are corrupted by mnoise. In each of these
chapters, the results in the first part of the dissertation are specialized, new results

are obtained, and many of the known results are recovered with concise proofs.
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Chapter 1
Introduction

This dissertation considers a generalization of the classical hypothesis test-
ing problem due to Wald [1]. Suppose there are M hypotheses among which only
one is true. A Bayesian decision maker is responsible to enhance his information
about the true hypothesis in a speedy manner with a small number of samples
while accounting for the penalty of wrong declaration. In contrast to the classical
M-ary hypothesis testing problem [2-4], at any given time, our decision maker can
choose one of K available actions and hence, exert some control over the collected
samples’ “information content.” We refer to this generalization, originally tackled
by Chernoff [5], as the active hypothesis testing problem. The active hypothesis
testing problem naturally arises in a broad spectrum of applications such as med-
ical diagnosis [6], cognition [7], sensor management [8], underwater inspection [9],
generalized search [10], group testing [11], and channel coding with feedback [12].

The most well known instance of our problem is the case of binary hypoth-
esis testing with passive sensing (M = 2, K = 1), first studied by Wald [1]. In
this instance of the problem, the optimal action at any given time is provided by a
sequential probability ratio test (SPRT). There are numerous studies on the gen-
eralizations to M > 2 (K = 1) and the performance of known simple and practical
heuristic tests such as MSPRT [2-4]. The generalization to the active testing case
was considered by Chernoff in [5] where a heuristic randomized policy was pro-
posed and whose asymptotic performance was analyzed. More specifically, under

a certain technical assumption on uniformly distinguishable hypotheses, the pro-



posed heuristic policy is shown to achieve asymptotic optimality; where the notion
of asymptotic optimality [5] implies that the relative difference between the total
cost associated with the proposed policy and the optimal total cost approaches
zero as the penalty of wrong declaration (hence the number of collected samples)
increases.

The policies under which the decision maker selects sensing actions can be
categorized based on the following two factors: i) sequential vs. non-sequential;
ii) adaptive vs. non-adaptive. Non-sequential policies collect a fixed number of
observation samples and make the final decision afterwards; while under sequential
policies, the sample size is not fixed a priori and is determined by the observation
outcomes. Under adaptive policies, the decision maker relies on the previous col-
lected samples to select the next sensing action; while under non-adaptive policies,
the actions are selected independent of the past observation outcomes. In Chap-
ter 2, following Chernoff’s approach and his notion of asymptotic optimality, we
provide performance bounds for the policies in each category in terms of the penalty
of wrong declaration. Using these bounds, sequentiality gain and adaptivity gain,
i.e., the gains of sequential and adaptive selection of actions are characterized. In
particular, these findings show a logarithmic sequentiality gain in all cases and an
additional logarithmic adaptivity gain in a large class of practically relevant cases.

The problem of active hypothesis testing also generalizes another clas-
sic problem in the literature: the comparison of experiments first introduced
by Blackwell [13]. This is a single-shot version of the active hypothesis testing
problem in which the decision maker can choose one of several (usually two) ac-
tions/experiments to collect a single observation sample before making the final
decision. There have been extensive studies [13-19] on comparing the actions and
identifying conditions under which one action is “sufficient” for others, i.e., by
using the observations from a particular sensing action, the decision maker can do
at least as well as by using the observations from other actions.

The problem above becomes more challenging when the decision maker has
to select a sequence of actions and make the final decision afterwards. In this case,

each sensing action has a dual role: 1) it immediately reduces the uncertainty



in the decision maker’s belief; and 2) it shapes the future belief via Bayes’ rule.
To achieve the best performance, it is essential that the decision maker, in each
step, selects an action that provides the “highest amount of information,” where
an appropriate notion of information must capture the influence that every action
has over the entire decision making horizon. Inspired by this view of the problem
which coincides with that promoted by DeGroot [20], in Chapter 3, we derive the
optimal notion of information in the context of active hypothesis testing based on
the optimal value function of the corresponding dynamic programming. Although
this result provides a general and structural characterization of the (Markov and
deterministic) optimal policy, in the absence of a closed-form for the optimal value
function, it is of little use in identifying achievable schemes. To address this issue,
we consider alternative notions of information namely Jensen-Shannon (JS) diver-
gence and Extrinsic Jensen-Shannon (EJS) divergence, and propose two heuristic
policies 7,5 and mg s based on greedy maximization of these divergences. Via
numerical and theoretical analysis, the performance of the proposed policies and
the relevance of these alternative notions of information in the context of active
hypothesis testing are investigated.

Chapter 4 provides a detailed analysis of the schemes proposed in Chapter 3
and discusses their advantage and disadvantage compared to those of Chapter 2.
Unlike the schemes proposed in Chapter 2, policy 7g g is shown to achieve asymp-
totic optimality (as the penalty of wrong declaration increases) only in a limited
setting. However, this policy has a provable advantage for large number of hy-
potheses, M, over those proposed in Chapter 2 as well as other solutions in the
literature. More specifically, this policy can provide, under a technical condition,
reliability and speedy declaration simultaneously. In information theoretic terms,
this policy can be shown to achieve non-zero information acquisition rate and error
exponent simultaneously.

The second part of the dissertation investigates the applications of the re-
sults obtained in the first part. In particular, the second part of the dissertation
consists of three chapters focusing on three important special cases of the active

hypothesis testing.



Chapter 5 considers the problem of variable-length coding over a discrete
memoryless channel (DMC) with noiseless feedback. It is shown that this problem
is a special case of the active hypothesis testing and using the results of Chapter 4,
a rate-reliability test is provided. Any variable-length coding scheme that satisfies
the conditions of the test is guaranteed to achieve the capacity and optimal error
exponent. Furthermore, it is shown that policy 7z ;g, when specialized to channel
coding with feedback, provides a sequential deterministic coding scheme that satis-
fies the conditions of the rate-reliability test and hence, achieves the capacity and
optimal error exponent of any DMC. This scheme has only one phase, in contrast
to all previous coding schemes in the literature which required two different phases
of operation to achieve the capacity and optimal error exponent. In Chapter 5, we
also prove that variable-length posterior matching achieves the capacity. In case
of a class of symmetric channels with binary inputs, we generalize the schemes of
Horstein [21] and Burnashev—Zigangirov [22], and we propose simple deterministic
one-phase schemes to achieve the capacity and optimal error exponent.

Chapter 6 considers the problem of sequentially searching for a single target
in an image where the goal is to find the target quickly and accurately. In each
step, the player can visually inspect an allowable combination of the segments,
and the outcome of the inspection is noisy. This problem is closely related to the
problems of fault detection, whereabouts search, and group testing. One possible
search strategy for these problems is the maximum likelihood policy which inspects
a segment with the highest probability of having the target. However, as the
number of segments increases, the scheme becomes inefficient. In such a case, it
is more intuitive to initially inspect larger areas and narrow down the search to
single segments only after we have collected sufficient information supporting the
presence of the target in those segments. Following this intuition, policy 7g g is
considered as a candidate search strategy and its performance is compared against
that of the maximum likelihood policy via numerical and asymptotic analysis.

In Chapter 7, we consider the problem of noisy Bayesian active learning
given a sample space, a finite label set, and a finite set of label generating functions

from the sample space to the label set, also known as the function class. The



objective is to identify the function in the function class that generates the labels
using as few label queries as possible and with low probability of error despite
possible corruption by independent noise. The key to achieving this objective
relies on the selection of queries in a strategic and adaptive manner. The problem
generalizes the problem of noisy generalized binary search [10]. We explore the
connection between the above Bayesian active learning problem and the problem
of active hypothesis testing. This view of the problem allows for developing a
general lower bound on the expected number of queries needed to identify the
function that generates the labels in terms of the observation noise statistics, the
desired probability of error, and the cardinality of the function class. Furthermore,
we compare the performance of mg ;¢ with the state of the art strategies for noisy
generalized binary search and for different function classes. In the case where the
function class is sample-rich, it is shown that 7g ;s is better than existing results
in the literature and, in particular, matches the earlier proposed lower bound
asymptotically.

Notations: Let [z]" = max{z,0}. The indicator function 14} takes the
value 1 whenever event A occurs, and 0 otherwise. The " element of vector
v is denoted by v;. For any set S, |S| denotes the cardinality of S. For a set
A, P(A) denotes the collection of all probability distributions on elements of A,
ie, P(A) = {x € [0, 1] : >, A, = 1}. Little-o notation o(f(z)) represents
positive terms such that % — 0 as & — oo. Big-O notation O(f(x)) represents
positive terms such that O(f(z)) < c¢f(z), Vo > xg, for some constants ¢ and zg.

All logarithms are in base 2. The Kullback-Leibler (KL) divergence between two
probability density functions ¢(-) and ¢(-) on space Z is defined as D(q||¢') =

[5a(z)log [f,((zz))dz, with the convention Olog% = 0 and blog2 = oo for a,b €

[0,1] with b # 0. The Rényi divergence of order a, o € [0, 1], between two
probability density functions ¢(-) and ¢'(-) on space Z is denoted by D, (¢||¢’) where
Dalglle’) = 2 log [, ¢*(2)¢""~*(2)dz for a € [0,1), and Dagllg) = Digllg) for
a = 1. Finally, let N(m,o?) denote a normal distribution with mean m and

variance o2.



Chapter 2

Sequentiality and Adaptivity

Gains

Consider the problem of active hypothesis testing introduced in Chapter 1
where a decision maker is responsible to collect observations so as to enhance his
information about an underlying phenomena of interest in a speedy manner. The
policies under which the decision maker selects sensing actions can be categorized
based on the following two factors: i) sequential vs. non-sequential; ii) adaptive vs.
non-adaptive. Non-sequential policies collect a fixed number of observation samples
and make the final decision afterwards; while under sequential policies, the sample
size is not known initially and is determined by the observation outcomes. Under
adaptive policies, the decision maker relies on the previous collected samples to
select the next sensing action; while under non-adaptive policies, the actions are
selected independent of the past observation outcomes.

In this chapter, performance bounds are provided for the policies in each
category. Using these bounds, sequentiality gain and adaptivity gain, i.e., the gains

of sequential and adaptive selection of actions are characterized.



2.1 Introduction

Consider the problem of active hypothesis testing introduced in Chapter 1
where a decision maker is responsible to collect observations so as to enhance his
information in a speedy manner about an underlying phenomena of interest. The
sample size and the sensing actions can be selected either based on the past ob-
servation outcomes (on-line or closed loop) or independent from them (off-line or
open loop). According to this fact, the solutions are divided into four categories
based on the following two factors: i) sequential vs. non-sequential; ii) adaptive
vs. non-adaptive. Non-sequential schemes collect a fixed number of observation
samples and make the final decision afterwards; while under sequential schemes,
the sample size is not set in advance and instead is determined by the specific
observations made. Under adaptive policies, the decision maker relies on the pre-
vious collected samples to select the next sensing action; while under non-adaptive
policies, the actions are selected independent of the past observation outcomes. A
question of both theoretical and practical significance is the characterization of the
benefits of making sequential and adaptive decisions relative to the non-sequential
and non-adaptive solutions.

Due to the importance of the question, such gains have been character-
ized for many special cases of the active hypothesis testing problem [9, 23, 24].
For instance, in [23] and [24], simple sequential and adaptive high dimensional
reconstruction and sparse recovery are shown to significantly outperform the best
non-sequential non-adaptive solutions. In contrast, [9] identifies scenarios where
the gain in practice is insignificant. In this chapter, we consider the problem of ac-
tive hypothesis testing in its full generality and provide upper and lower bounds on
the expected cost of the optimal sensing selection strategies in sequential and non-
sequential as well as adaptive and non-adaptive classes of policies. Furthermore,
the bounds are shown to be asymptotically tight and logarithmically increasing in
the penalty of wrong declaration (or equivalently logarithmically decreasing in the
error probability).

As simple corollaries, we provide a full characterization of the sequentiality

and adaptivity gains in the general active hypothesis testing framework. These



findings generalize and extend those of [23] and [24] by showing a logarithmic se-
quentiality gain in all cases and an additional logarithmic adaptivity gain in a large
class of practically relevant cases. Furthermore, the results prove, as a corollary,
the conjecture given in [9] on the insignificance of adaptivity gain when there exists
a “most informative” sensing action which is independent of the Bayesian prior.
Finally, we specialize our results in the active binary hypothesis testing case and
state a simple necessary and sufficient condition for a logarithmic adaptivity gain.

This work and analysis is closely related and complimentary to a growing
body of literature on hypothesis testing [1-3,5,25-30]. We discuss the specific
contributions and connections in Section 2.2.4.

The remainder of this chapter is organized as follows. In Section 2.2, we
formulate the problem and define various types of policies for selecting actions.
Section 2.3 provides the main results of this chapter which are upper and lower
bounds on the optimal expected cost under sequential and non-sequential as well
as adaptive and non-adaptive classes of policies. Section 2.4 discusses the advan-
tages of sequential and adaptive selection of actions. In Section 2.5, active binary
hypothesis testing is investigated as a special case, and a necessary and sufficient

condition for a logarithmic adaptivity gain is provided.

2.2 Problem Setup

In Section 2.2.1, we formulate the problem of active hypothesis testing.
Section 2.2.2 discusses different types of policies for selecting actions. Section 2.2.3
explains why active hypothesis testing is a partially observable Markov decision
problem (POMDP) and provides the sufficient statistic for this problem. Finally,
in Section 2.2.4, we state our main contributions and provide a summary of related

works.

2.2.1 Problem Formulation

Here, we provide a precise formulation for the active M-ary hypothesis

testing problem.



Let Q = {1,2,...,M}. Let H;, i € Q, denote M hypotheses of interest
among which only one holds true. Let 6 be the random variable that takes the
value # = i on the event that H; is true for i € ). We consider a Bayesian
scenario with a given prior (belief) about 6, i.e., initially P(6 = i) = p;(0) > 0
for all © € €. A is the set of all sensing actions and is assumed to be finite with
|A| = K < co. Z is the observation space. For all a € A, the observation kernel
q%(-) (on Z) is the probability density function for observation Z when action a
has been taken and H; is true. We assume that observation kernels {¢?(-) }ica.aca
are known, and the observations are conditionally independent over time. Let L,
L > 1, denote the penalty for a wrong declaration, i.e., the penalty of selecting H;,
j # i, when Hj; is true.! Let 7 be the (stopping) time at which the decision maker
retires. The objective is to find a stopping time 7, a sequence of sensing actions
A(0), A(1),..., A(T — 1), and a declaration rule d : A” x Z7 — () that collectively

minimize the expected total cost

E [T + Ll{d(A-rfl’ZTfl)?gg}} , (2.1)

where A7~ = [A(0),..., A(7—1)], Z7' = [Z(0), ..., Z(7—1)], and the expectation
is taken with respect to the initial belief on # as well as the distributions of action
sequence, observation sequence, and the stopping time.

Note that in the above problem, the cost of a test is stated in terms of min-
imizing the expected sample size plus the expected penalty of wrong declaration.
We are interested in the characterization of this cost as a function of penalty L.
It is easy to show that under the optimal selection rule, the probability of error
approaches zero as L approaches infinity. In particular, it can be shown that the
above problem is (asymptotically) equivalent to the problem of minimizing the
(expected) number of samples subject to a constraint e = (Llog L)~ on the prob-

ability of error. This connection will be discussed in more detail in Section 4.5.3.

In general, we can define a loss matrix [L;;]; jeq, where L;; denotes the penalty (loss) of
selecting H; when H; is true.
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2.2.2 Types of Policies

A policy is a rule based on which stopping time 7 and sensing actions A(t),
t=0,1,...,7 — 1 are selected. We assume that sensing actions are selected ac-
cording to a randomized rule XA € P(A) whose element ), indicates the probability
of selecting sensing action a and in general might change with time. The sensing
actions and the stopping time can be selected either based on the past observation
outcomes or independent from them. According to this fact, policies are divided
into four categories based on the following two factors: i) sequential vs. non-
sequential; ii) adaptive vs. non-adaptive. Non-sequential policies collect a fixed
number of observation samples and make the final decision afterwards; while under
sequential policies, the sample size is not known initially and is determined by the
observation outcomes. More precisely, under non-sequential policies, 7 = N for
some N € N; while for sequential policies, 7 is a random stopping time. Under
adaptive policies, the decision maker relies on the previous collected samples to
select the next sensing action; while under non-adaptive policies, the actions are
selected independent of the past observation outcomes and according to a fixed

randomized rule.

2.2.3 Information State as Sufficient Statistic

The problem of active M-ary hypothesis testing is a partially observable
Markov decision problem (POMDP) where the state is static and observations are
noisy. It is known that any POMDP is equivalent to an MDP with a compact
yet uncountable state space, for which the belief of the decision maker about
the underlying state becomes an information state [31]. In our setup, thus, the
information state at time ¢ is a belief vector specified by the conditional probability
of hypotheses Hy, Hs, ..., Hys to be true given the initial belief and all the previous
actions and observations. Let p(t) := [p1(t), p2(t), ..., pam(t)] denote the posterior
belief after ¢ observations where p;(t) := P({6 = i}|A""!, Z*=1). Accordingly, the
information state space is defined as P(Q) = {p € [0,1]" : Zf‘il p; = 1}. In one

sensing step, the evolution of the belief vector follows Bayes’ rule and the expected
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total cost (2.1) can be rewritten as?

E [7] + LPe, (2.2)

where Pe = E[1 — max;cq p;(7)] is the probability of wrong declaration, and the
expectations are taken with respect to the initial prior distribution on 6 as well as
the distributions of action sequence, observation sequence, and the stopping time.

Let Van(p), Vsn(p), Vsa(p), and Va(p) denote the minimum expected
total cost (2.2) for prior belief p under non-sequential non-adaptive, sequential non-

adaptive, sequential adaptive, and non-sequential adaptive policies, respectively.

2.2.4 Overview of the Results and Literature Survey

Active hypothesis testing generalizes the passive (classical) hypothesis test-
ing problem where the number of sensing actions is limited to one, both in the
non-sequential (fixed sample size) case [26,27] and the sequential (variable sam-
ple size) one [1-3]. While the fixed sample size studies have primarily focused on
the asymptotic analysis in form of identifying error exponents for various error
types [26,27], the study of sequential hypothesis testing has come in form of iden-
tifying the expected optimal sample size to achieve a given error probability [1-3].

The generalization to the active testing case was considered by Chernoff
in [5] in which a decision maker controls sensing actions to optimize the expected
total cost (2.2) in a sequential (variable sample size) setting. In particular, in [5]
and its extensions [25,32-38], heuristic sequential adaptive randomized policies
were proposed and were shown to be asymptotically optimal as L. — oo where
the notion of asymptotic optimality [5] denotes the relative tightness of the per-
formance upper bound associated with the proposed policy and the lower bound

associated with the optimal policy.?

2The probability of error is minimized under the maximum a posteriori (MAP) declaration.

3In [5], the objective was to minimize cE[r] + Pe and the proposed policy was shown to be
asymptotically optimal as ¢ — 0. It is straightforward to show that for L = %, this problem
coincides with the active hypothesis testing problem defined here. However, we have chosen
E[r]+ LPe as an objective function here because of its interpretation as the Lagrangian relaxation
of an information acquisition problem in which the objective is to minimize E[7] subject to Pe < e

where € > 0 denotes the desired probability of error.
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The general active binary hypothesis testing problem was recently studied
in [28,29] where full characterization of the error exponent corresponding to the
class of non-sequential adaptive and non-sequential non-adaptive policies was pro-
vided. In particular, the error exponent corresponding to these two classes was
shown to be equal, hence establishing zero adaptivity gain among non-sequential
policies. The generalization to M > 2 was considered in [30]. Note that while
[30] fully characterizes the error exponent corresponding to non-sequential non-
adaptive policies; it provides only a partial characterization of (i.e., loose upper
and lower bounds on) the error exponent corresponding to non-sequential adaptive
policies.

Table 2.1 provides a visual summary of the literature on hypothesis testing.

Table 2.1: Hypothesis Testing Literature

Type M =2 M > 2
Sequential Passive (K = 1) 1] 2,3]
Sequential Non-adaptive [29,37]  see below*
Sequential Adaptive [5,29,37]  [5,25,38]
Non-sequential Passive (K = 1) 26] [27]
Non-sequential Non-adaptive [28,29] [30]
Non-sequential Adaptive [28,29] [30]

We close our literature survey with an overview of the main contributions:

e We provide asymptotically tight lower and upper bounds on Vyn(p), Vsn(p),
and Vs4(p) which hold uniformly for all prior p € P(Q).

— The asymptotic tight bounds on Vyx(p) relies on the analysis of [26,27],
and the realization that in order to minimize the total cost, we have to

decrease the error probabilities of various types with the same exponent

4The class of sequential non-adaptive policies studied here has received little attention in the
literature. To the best of our knowledge, the result on sequential non-adaptive policies is new
and has not been established before.
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among the worst pair of hypotheses. Since unlike the passive case stud-
ied in [26,27], the non-adaptive policies produce non-i.i.d. observation
samples, the final step is to characterize the relationship between the

error exponent of a fixed block length and one-step error exponent.

— The asymptotic tight bounds on Vgx(p) extend the results obtained by
[3] to the Bayesian context while allowing for randomized non-adaptive
policies. More specifically, the result of [3] is obtained via the law of
large numbers and only holds if the observations are i.i.d. Since obser-
vations are not identical (although they are independent), a different
proof technique is required (note that unlike the non-sequential case of
extending the work of [26,27], the random nature of sample size in the
sequential case does not allow for a predetermined relationship between

the error exponent of a fixed block and the one-step error exponent).

— The asymptotic tight bounds on Vga(p) extend those obtained by [5,25]
to the Bayesian context while relaxing the assumption on uniform dis-
crimination of hypotheses or the need for the infinitely often reliance
on a randomized action to ensure sufficient discrimination among hy-
potheses. We will study the class of sequential adaptive policies in more
details in the next chapters. In particular, we will discuss the drawbacks
of Chernoft’s notion of asymptotic optimality in L, and characterize the
expected total cost under sequential adaptive policies in terms of L and

M simultaneously.

e In addition, we partially characterize a lower bound for Viy4(p). This is, in
the Bayesian context, similar to the partial characterization of error exponent

of [30].

e As corollaries to the above performance bounds, we characterize the sequen-
tiality gain and the adaptivity gain in terms of L. In particular, it is shown
that the sequentiality gain grows logarithmically as the penalty L increases.
We also state a simple necessary and sufficient condition ensuring a logarith-

mic adaptivity gain in L for the active binary hypothesis testing case.
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e Furthermore, primarily as a sanity check, in Section 2.4.2 we derive the max-
imum achievable error exponents Fyy, Fsy, and Egsy in the Bayesian con-
text. In particular, our result regarding Eyy coincides with that of [28-30];
while the result regarding Esa coincides with that of [5,25] in the Bayesian
context. To the best of our knowledge, the result on Egy is new and has not
been established before; while our upper bound on Ey 4 is subsumed by the

analysis in [30].

2.3 Analytic Results

In this section, we provide our main results regarding the asymptotic char-

acterization (in L) of Vyn(p), Vsn(p), Vsa(p), and Vya(p).

2.3.1 Assumptions and Basic Definitions

We have the following technical Assumptions.

Assumption 2.3.1. For any two hypotheses i, € ), i # j, there exists an action
a, a € A, such that D(qf||qf) > 0.

Assumption 2.3.2. There exists £ < oo such that

~—

4z
max max sup log a:( <¢&.

1€ a€A ez q}(2)

Assumption 2.3.1 ensures the possibility of discrimination between any two
hypotheses. Assumption 2.3.2 implies that no two hypotheses are fully distinguish-
able using a single observation sample.

To continue with our analysis, we need the following definitions and nota-

tions.

Definition 2.3.1. For all i € Q and A € P(A), the optimized discrimination of

hypothesis ¢ under randomized rule A is defined as

Do (i, A) := min max (1 — a) Z AaDa(qi ||q5)-

J#i a€gl0,1] ey
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Definition 2.3.2. For all i € Q and X € P(A), the reliability function of hypoth-
esis ¢ with regard to randomized rule A is defined as

R(i,A) :==min > A,D(qf|lq}),
i acA

and the maximal randomized rule for hypothesis ¢ is denoted by

A] = argmax R(i, A).

2

AEP(A)
For A € P(A), let R(X\) denote the harmonic mean of {R(i, ) }icq, i.e.,
_ M
R(A) = Mil’

Zi:l R(i,N)
and let R* denote the harmonic mean of {R(i, A})}icq, i.e.,
R =
Zi:l R
These notions of discrimination and reliability, as we will see, are natural
(and Bayesian) extensions of reliability in classical detection [39] where the relia-
bility function for hypothesis i is related to type ¢ error probability. The following

lemma enables a concrete relationship between these notions.

Lemma 2.3.1. For two probability density functions q(-) and ¢'(-) with the same
support and for all o € [0, 1] we have

(1 =a)Da(qlld) <min{(1 —a)D(qll¢),«D(q'llq)} -

Proof. For probability distributions defined over a finite alphabet, Lemma 2.3.1
is a consequence of Theorem 1 in [40]; while for general distributions, it is a
consequence of Theorem 27 in [41]. Here we provide a simple proof.
Let ¢(-) and ¢'(-) be two probability density functions on space Z with the
same support. The inequality holds trivially for o = 1. For a € [0, 1), we have
Dal(qlle’) = 1_1 log/ q(Z)(q,(Z))l_adz
- z q(2)

< % | al(z)log (gg)lﬂ@

= [ atey0g 22 az = Do), (23)
z q (Z)
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where (a) follows from the Jensen’s inequality. Similarly, we can show that
—1 q(2)
1-—a / ( (2 ) (2)dz

)
< =1 [ i()log ( ql(Z) )a
q

Da(qlld) =

S .
a '(z a

1 d D(d||q). 24

1_aé O e (2.4

Combining (2.3) and (2.4), we have the assertion of the Lemma. O

2.3.2 Main Theorems

In this section, we provide upper and lower bounds on the minimum ex-
pected total cost (2.2) under different types of policies defined in Section 2.2.2.
These bounds will then be used in Section 2.4 to characterize the gains of sequen-

tial and adaptive selection of actions.

Theorem 2.3.1 (Non-sequential non-adaptive policy). Under Assumptions 2.3.1

and 2.3.2,
Vinlp) < 255 4 oflog L), (25
Vin(p) > 2~ oflog 1), (2.
where
D = Algp%fx) rlrélél Do (i, N). (2.7)

Proof. The detailed proof is provided in Section 2.7.1. Here we provide an overview.

The proof of the lower bound relies on a generalization of Theorem 10
in [26]; while the upper bound is achieved via 7wy, a randomized, non-sequential,
and non-adaptive policy which deterministically collects 7 = (log L 4 o(log L)) /D
samples and selects sensing actions according to the randomized rule A € P(A)

that achieves the maximum in (2.7). O
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Theorem 2.3.2 (Sequential non-adaptive policy). Under Assumptions 2.53.1 and

M
log L
V. < mi 085 o(log L), 2.8
SN(p)_Agl(g);pR(l’)\)+O( og L) (2.8)
M
log L
V. > mi 8L g L), 2.9
szv(p)_;er;;&);pR(i’)\) o(log L) (2.9)

Proof. The detailed proof is provided in Section 2.7.2. Here we provide an overview.
Suppose A € P(A) achieves the minimum in (2.8). The upper bound (2.8)
is achieved by policy msy that selects sensing actions according to A and stops
sampling at
7 :=min{n : Izne%szi(n) >1-L7'}.
From upper bound (2.8) we know that the total cost under the optimal
policy is O(log L). This implies that the error probability Pe of the optimal policy

is O(%). Hence, without loss of generality in our proof of the lower bound,

we can restrict the set of sequential and non-adaptive policies to those whose

log L
L

probability of making an error is O(=2=). Conditioning on the true hypothesis and
considering the dynamic of pairwise likelihoods, we then compute the minimum

expected number of samples necessary to achieve this target error probability. [

Theorem 2.3.3 (Sequential adaptive policy). Under Assumptions 2.3.1 and 2.3.2,

M
log L
Vsa(p) < Z Piﬁ + o(log L), (2.10)
i=1 P
M
log L
Vsal(p) > Zpiﬁ —o(log L). (2.11)
i=1 1o

Proof. The detailed proof is provided in Section 2.7.3. Here we provide an overview.

The proof of the lower bound relies on a generalization of Theorem 2 in [5].
The upper bound is achieved via g4, a heuristic two-phase policy which in its first
phase, selects actions in a way that all pairs of hypotheses can be distinguished
from each other; while its second phase coincides with Chernoff’s scheme [5] where
only the pairs including the most likely hypothesis are considered. The second

phase of mg ensures its asymptotic optimality in L; while its first phase in a
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very natural manner relaxes the technical assumption in [5] where all actions are
assumed to discriminate between all hypotheses pairs or the need for the infinitely
often reliance on a suboptimal randomized action in order to ensure sufficient

discrimination among hypotheses. O

We close this section by a note on the class of non-sequential adaptive
policies even though they seem rather unnatural to us (since it is more reasonable
to control the sample size using the observation outcomes if they are already being
used to select sensing actions). The next proposition provides a lower bound on

the minimum expected total cost under non-sequential adaptive policies, denoted
by VN A-

Proposition 2.3.1 (Non-sequential adaptive policy). Under Assumptions 2.3.1
and 2.3.2,

log L
min R(i, )

1€

Vna(p) > (log L). (2.12)

Next we state and discuss the consequences of the bounds proposed above.
In Section 2.4.1, we focus on the advantages of causally selecting the retire-declare
time as well as the adaptive selecting of sensing actions. In Section 2.4.2, we derive

the error exponent corresponding to different types of policies.

2.4 Consequences of the Bounds

In this section, we first specialize and simplify the results provided in Sec-
tion 2.3 for uniform prior. In particular, assume that the hypotheses, initially,
are equally likely, i.e., p;(0) = ﬁ for all © € Q. Let Vyn, Vsn, and Vgyu, respec-
tively, denote the minimum expected total cost under non-sequential non-adaptive,
sequential non-adaptive, and sequential adaptive policies for uniform prior, i.e.,
V, = V;([ﬁ, ﬁ, ce ﬁ]) where x denotes the class of policies NN, SN, and SA.

From Fact 2.3.1, we know that

D<05 inmin Y~ A.D(q!q)- 2.13
<05 2 g i 2 Dl ) o

Theorem 2.3.1 together with (2.13) implies that:
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Corollary 2.4.1 (Non-sequential non-adaptive policy). Under Assumptions 2.3.1
and 2.3.2,

log L
VNN: OlgA) :i:o(logL)

2log L

~ max min R(i, )
AEP(A) i€

—o(log L). (2.14)

Corollary 2.4.2 (Sequential non-adaptive policy). Under Assumptions 2.53.1 and
2.3.2,

log L

max R(X)
AeP(A)

Von = + o(log L). (2.15)

Corollary 2.4.3 (Sequential adaptive policy). Under Assumptions 2.3.1 and 2.3.2,
log L
Vea = ORi* + o(log L). (2.16)
From the results above, it is evident that the minimum expected total cost
under all classes of policies grows logarithmically in L. However, the coefficient of
the log L term is not the same in general and we have

R*> max R(A) > max minR(i,\) > D. (2.17)
AeP(A) AEP(A) i€

2.4.1 Sequentiality and Adaptivity Gains

In this section, we discuss the advantage of causally selecting the retire-
declare time, i.e., 7 as well as the sensing actions.

First, we show that the performance gap between the sequential and non-
sequential policy, Vyny — Vgn, grows logarithmically as the penalty L increases.

We refer to this performance gap as the sequentiality gain.

Corollary 2.4.4. Under Assumptions 2.5.1 and 2.3.2, the sequentiality gain is

characterized as

2 1
— Vsy > log L — — —o(log L).
Viw = Vs 2 log max min R(i,A)  max R(X) o(log L)
AEP(A) i€Q AEP(A)
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Remark 2.4.1. The sequentiality gain grows logarithmically in L and from (2.17),
log L

max R(A)
AeP(A)

Vn —Ven > —o(log L).

Next, the advantage of adaptively selecting the sensing actions is discussed.
In particular, it is shown that the performance gap between the adaptive and non-
adaptive policy, Vsn — Vga, grows logarithmically as the penalty L increases. We

refer to this performance gap as the adaptivity gain.

Corollary 2.4.5. Under Assumptions 2.5.1 and 2.3.2, the adaptivity gain is char-

acterized as

1 1
Vesvn —Vsa=logL | —————— — | £o(logL).
SN SA 0g max R(A) R* O( 0g )
AeP(A)
Remark 2.4.2. Note that the simple two phase structure of g4, the policy that
achieves the upper bound in (2.10), implies that the adaptivity gain can be obtained

via coarse level adaptation.

Remark 2.4.3. Unless there exists a fixed randomized rule A € P(A) such that,

R(i,X) = R(i, X)) for all i € €,
the adaptivity gain grows logarithmically with L.

A sufficient condition under which there is no adaptivity gain is that of
stochastic dominance/degradation [13], i.e., if there exists a stochastic transfor-
mation W from Z to Z and® a sensing action a* such that for all other sensing

actions a € A,
2 = [ @ W)Wy, vien (2.15)
As shown by Sakaguchi [42], (2.18) implies that
D(¢fllg}) < D(¢ g ), Va € A, Vi, jeQ,

hence, ensuring zero adaptivity gain when observations obtained by all actions are
stochastically degraded versions of the observation under sensing action a*. This

formalizes the notion of informativeness and confirms the conjecture provided in [9].

SFunction W : Z x Z — R, is called a stochastic transformation from Z to Z if it satisfies
JzW(y:z)dz=1for all y € Z and [, W(y; z)dy < oo for all z € Z.
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2.4.2 Reliability and Error Exponent

Let E.[7] denote the expected stopping time (or equivalently the expected
number of collected samples) under policy 7. Policy 7 is said to achieve error

exponent £ > 0 if
.o —1
lim — log Pe,(t, M) = E, (2.19)
t—oo

where Pe,(t, M) is the minimum probability of error that policy 7 can guarantee
for M hypotheses with the constraint E.[7] < ¢ (Note that 7 is deterministic for
non-sequential policies).

Next we use the bounds obtained in Section 2.3 to characterize the maxi-
mum achievable error exponent for different types of policies. Let Eny, Fsn, Esa,
and Fy 4 denote the maximum achievable error exponent under non-sequential non-
adaptive, sequential non-adaptive, sequential adaptive, and non-sequential adap-

tive policies.
Corollary 2.4.6. Under Assumptions 2.3.1 and 2.3.2, we have

ENN:lA)a

Esy = 2
N = 08 )

Egs = R*.

Remark 2.4.4. The above characterizations of maximum achievable error expo-
nent are nothing but the Bayesian and M-ary version of the results in the literature
(see Table 2.1). In fact, as discussed in Section 2.2.4, these results provide a sanity
check viz a viz the prior work: FEyy coincides with that of [28-30]; while Fgy4
coincides with that of [5,25]. To the best of our knowledge, the result on Egy is

new and has not been established before.

Remark 2.4.5. The above corollary provides alternative means to underline and
characterize the sequentiality and adaptivity gains. In particular, sequentiality
always results in an improvement in the maximum achievable error exponent since

Eny < 0.5 max min R(i,A\) < Egy. In contrast, adaptive selection of actions
AEP(A) i€Q
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results in an improvement in the maximum achievable error exponent only if

R(\) # R*.
e R(A) #

We can also find an upper bound on the maximum achievable error exponent
of any non-sequential yet adaptive policy (tight lower bounds are necessary for full

characterization, however).

Corollary 2.4.7. Under Assumptions 2.3.1 and 2.3.2, we have
< mi AL
Ena < min R(i, A})

Remark 2.4.6. Our upper bound on Ey 4 is subsumed by [30, Theorem 2.

2.5 Special Case: Binary Hypothesis Testing

In this section, we consider active binary hypothesis testing (M = 2) as a

special case.

2.5.1 Analytical Results

The performance bounds provided in Section 2.3 are simplified by substi-

tuting the following equations into the denominators of the bounds.

Do+ (1,A) = (?61[%%(1 — ) Z AaDa(qi]|43) = Dar (2, ),
' acA

A

D = max max (1 - a)Da(Qqug)’

acA «€l0,1]
R(1,A)=> AD(qfllg5), R(2,N) =Y AD(gslla),
ac A ac A

1,AH) = D(d%llg® 2.\ = D(a%llg®
R(1, ) I{%’% (qflle2), R(2,A3) Iggi( (a2 llq?),

_ 0.5 0.5 -
R(\) = 4 ,
) (Z MaD(gtlles) X0 AaD(qé’llq‘f)>
acA acA
—1

_ 0.5 0.5
B =\ D)+ max Digglar)
a9 ax PGl
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Next we state a simple necessary and sufficient condition for a logarithmic

adaptivity gain in the active binary hypothesis testing case.

Corollary 2.5.1. In the active binary hypothesis testing case, the adaptivity gain
grows logarithmically in L if and only if

arg max D(qy(|qy) # arg max D(gs]|qY).
acA acA

The problem of passive binary hypothesis testing (K = 1, M = 2) with
fixed-length (non-sequential) as well as variable-length (sequential) sample size
has been studied by [1,26,39,43]. Our sequentiality gain, in this case, is the
manifestation of the fact that sequential tests are superior in ensuring that both
error probabilities decrease at the best possible exponential rates [43].

Recently, the authors in [28] and [29] have studied the problem of active
binary hypothesis testing for fixed-length and variable-length sample size, respec-
tively. Our work complements the findings in [29] by providing an asymptotic
optimal solution in a total cost (and Bayesian) sense as well as establishing a
non-zero sequentiality and potentially non-zero adaptivity gain. In [28], the error
exponent corresponding to the class of NN and N A policies were fully character-
ized for the problem of active binary hypothesis testing with fixed sample size. In
the Bayesian context, the result of [28] regarding the error exponent of the class of
NN policies coincides with our Corollary 2.4.6, while the full characterization of
the error exponent corresponding to the class of NA policies in [28], strengthens
Corollary 2.4.7 in the binary case. In particular, it is shown that in the binary hy-
pothesis testing setup Fnyy = Ena, hence, establishing zero adaptivity gain among
non-sequential policies. For the special case of channel coding with feedback® with
two messages, the above result, i.e., the zero adaptivity gain among non-sequential

policies, was established in [44,45].

6The problem of channel coding with feedback can be interpreted as a special case of active
hypothesis testing (see Chapter 5 for more details).
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2.5.2 Numerical Example

Consider the active binary hypothesis testing problem with additive Gaus-
sian noisy observations under two actions a and b shown in Fig. 2.1. In this
example, the observation noise associated with actions a and b is such that it adds
unequal noise to the hypotheses. In the remainder of this section, we compare the

performance of all considered policies for this example.

Sensing action a

N(1,3)
Sensing action b N(©O.4)
0 \ 7
2 ,@ 7
N(1,2)

Figure 2.1: Active binary hypothesis testing with additive Gaussian noise.

The KL and Rényi divergences between two normal distributions ¢ =
N(my,0?) and ¢ = N(ma,0?) can be computed using the following closed-form

expressions [46]:

_ 2 2 _ 2
D(qll¢") = (ma — mi) ;L R loge + logﬂ, (2.20)
205 01
1 2 -«
—Oé(mg - ml) 01 0(21
D.(q||¢) = -2 loge — lo . 2.21
(all) (1 —a)of + ao3 SR g\/(l—a)afjtaa% (2.21)

Table 2.2 compares the performance bounds of the considered policies for the

example of Fig. 2.1.

Remark 2.5.1. In practice, non-sequential and non-adaptive policies are simpler

to implement compared to sequential and adaptive policies. To select the most
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Table 2.2: Comparison of performance bounds for the example of Fig. 2.1.

Sequential Non-sequential

Adaptive logL/2.26 = log L/1.66

Non-adaptive log L/1.87 log L/0.49

appropriate policy, one needs to trade off between the computational complexity
and the performance. The results of this chapter can be applied to measure and
compare the performance of different types of policies. For instance, in the numer-
ical example given above and for large values of L, sequential selection of actions
reduces the expected total cost by 73.7%, and adaptivity reduces the expected
total cost by an additional 17.2%. In light of the complexity of Bayesian updates
associated with tracking the posterior, this will provide the system designer with

an (asymptotic) computation—sampling complexity tradeoff.

2.6 Discussion

In this chapter, we considered the problem of active hypothesis testing
and we analyzed the gain of sequential and adaptive selection of actions. In our
analysis, however, we only investigated asymptotic performance in L, and the
complementary role of asymptotic analysis in M was neglected. In particular, we
have only identified the zero-rate characterization of error exponent; while for a full
characterization in which error exponent is traded off with information acquisition
rate, we would need an asymptotic characterization of the problem both in L and

M. We will address this issue for the class of sequential policies in Chapter 4.

2.7 Proofs

In this section, we provide the proof of the main results of this chapter,
i.e., Theorems 2.3.1, 2.3.2, 2.3.3, and Proposition 2.3.1. Before we get into de-
tails, we give a high-level explanation on how being sequential /non-sequential and

adaptive/non-adaptive changes the analysis and the proofs.
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To analyze the performance of non-sequential policies, we derive upper and
lower bounds on the probability of error Pe in terms of the number of collected
observation samples n. However, for sequential policies, we find bounds on the
expected number of collected samples E[7] in terms of the target probability of
error €.

The class of adaptive policies provides the opportunity to select the sensing
actions in favor of the most likely hypothesis, i.e., the actions that discriminate
this hypothesis the best from each and every element in the set of alternative
hypotheses. However, non-adaptive policies use a fixed randomized rule and hence,

have to take into account the worst case scenario.

2.7.1 Proof of Theorem 2.3.1

In this section, we show that

Vn(p) < log L oog 1), (2.22)
Vin(p) = “2X —o(log L) (223)

where
D = max minmin max Aa(1 = ) Da(q}'l1q5)- (2.24)

AEP(A) i€Q j#i a€l0,1] ey

Suppose A € P(A) achieves the maximum in (2.24). Let myy be a non-
sequential non-adaptive policy that collects n observation samples, and selects
sensing actions according to the randomized rule . The expected total cost under
this policy is n + LPe. Next we find an upper bound for Pe as a function of n.
Let Z,(n) = Ny {pi(n) > py(m)}, Z(n) == Up {piln) < py(m)}, and es5(n) =
P({pi(n) < p;j(n)}0 =1).

M

Pe = E[1 — maxp,(d)] = 3 p,P(25(0)[6 = i)

1€Q
i=1

< Zpi Zeij(ﬁ) < (M —1)maxe;;(n). (2.25)

, i,jEQ
i=1 i
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From (2.25) and Lemma 2.7.1 in Section 2.7.5, we obtain

_f mi 1— XaDa(¢%|g® Z
( nif?gsliarg[%ﬁ]( a)a%:A aDald] ||q2)+0(”))

Pe< (M —-1)2
We can select 1 as
it = (log L + o(log L)) / D

such that Pe = O(7), and hence,

log L

Van <f+ LPe <n+O(1) = +o(log L).

This completes the proof of upper bound. Next the proof of lower bound is given.
Consider a non-sequential non-adaptive policy 7, x that collects n observa-

tion samples according to the randomized rule A € P(A). We have

Pe = sz Ui pi(n) < py(m)}o = )
> pieij(n) + pjeji(n) for any i,5 € Q, i # j. (2.26)

From (2.26) and Lemma 2.7.1 in Section 2.7.5, a lower bound is obtained for the
expected total cost under policy 7, x. The lower bound for Viyy is obtained by

minimizing over the choices of n and A.

2.7.2 Proof of Theorem 2.3.2

In this section, we show that

M
log L
Ven(p) < mi =B | log L), 2,27
SN(P)_AE}PI&);PR(Z’A)+O( og L) (2.27)
M
log L
Ven(p) > mi =B (log L) 2.8
szv(p)_;er;;&);pR(i’)\) o(log L) (2.28)

In contrast to the passive case, the observations in the active case (either
adaptive or non-adaptive) are not necessarily identical over time. Therefore, the

analysis of [3] for sequential passive hypothesis testing (which is based on the law
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of large numbers and results for random walks) is not applicable to the problem
of sequential non-adaptive hypothesis testing.

Suppose A € P(A) achieves the minimum in (2.27). The upper bound
(2.27) is achieved by policy mgy that selects sensing actions according to A and

stops sampling at
T :=min{n : m%xpi(n) >1- L'} (2.29)
1€

Let 7;, 7 € ), be Markov stopping times defined as follows:

ooy 200> )

(2.30)

Note that by construction (2.30),

1 1—- L7t
pi(T;) > =1 ;/]y’(n)m

1— L7t
=(1- Pi(Ti))T-
This implies that p;(7;) > 1 — L™ and hence, 7 < 7; for all i € Q. From (2.2), the

total cost under mgy can be written as

V(p) = E[r] + LE[1 — max p;(7)]

M
< pElnI0 =]+ 1. (2.31)

where (a) follows from construction (2.29); (b) holds since given the prior belief
P =1[p1,p2, -, pm)s P{O = i}) = p; for all i € ; and (c) follows from the fact
that 7 < 7; for all 7 € Q.

Next we find an upper bound for E[r;|0 = i], i € Q. Before we proceed, we

introduce the following notation to facilitate the proof:

1 1-L71 inlog 2 +
I
T, A) = RGN . (2.32)
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Let ¢ := (log L)"3. We have

E[n|0 =i] = ZP {r; > n}|0 =)

<1+ (1+0T6EN + Y P{m>n}o =)
n:n>(14+0)T(i,A)
e~ bWT(EN)

—
S
=

<1+ A +0)T0EA) + M—o—
1 — e
(b) . 1+ max{1, ;1 }
<1+ (1 +0)T6E N+ M 0]
T (N)

o logL
© 98~ 4 o(log L), (2.33)

R(i, A)

where (a) follows by Lemma 2.7.2 in Section 2.7.5, and b(¢) is given in (2.49); (b)
follows from the fact that —— < 1+ max{1,1/z} for 2 > 0; and (c) holds since
v = (log L)~3. Now from (2.31) and (2.33), we have the assertion of the theorem.

Next we provide the proof of lower bound (2.28) which follows closely the
proof of Theorem 2 in [5].
From upper bound (2.27) we know that the total cost under the optimal

policy is O(log L). This implies that the probability of error corresponding to the
log L

optimal policy is O(%=). Hence, without loss of generality in our computation of

the lower bound, we can restrict the set of policies to those whose probability of

making an error is O('%%).

Let m. x denote a sequential non-adaptive policy that collects samples ac-
cording to the randomized rule A € P(A) and selects the stopping time 7 such
that Pe < e. For all i € Q and arbitrary ¢ € (0,1), let

(1—8)log — maxlog 2|
T(i % kizxog”’f
TG, A) = RGN 10
Under policy 7 x,

Pl <26 M0 =) = P( (<2 ({25 > o= i)

JF#i (7)

({7<T }mgl{pl(: 1—5}|9:z')




@ & pi(T)
S 2 (e
(b g2 2€°
< 7 T M-

30

(2.35)

where (a) follows from Lemma 2.7.4 in Section 2.7.5 and the union bound; and (b)

follows from Lemma 2.7.3 in Section 2.7.5.

From (2.35), the expected total cost under policy 7. » is lower bounded as

M

E[r] + LPe > Y pE[r|0 = i]
=1
M

= PE[r L) + T1i<rianlf = i

=1

v
(]
S

52

L (i, N P({1 > T(i,A)}|0 = i)

29 M

i=1

For § = (log %)_%, the lower bound simplifies to

Pi

)

where o(1) — 0 as € - 0 (L — 00), and the last inequality follows from the fact

that for an optimal policy, € = O(%). The lower bound for Vgy is obtained by

minimizing over A.

2.7.3 Proof of Theorem 2.3.3

In this section, we show that

M log L
< i—2— 1 o(log L),
Vsa(p) < 2 PRGN + o(log L)
M log L

Vsa(p) = szm —o(log L).

(2.36)

(2.37)
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The upper bound is achieved via mg4, a heuristic two-phase policy which is de-
scribed next. Consider a threshold p, p > % The two-phase policy mg4 is defined

as follows. The policy stops sampling at

7 :=min{n : mz}lxpi(n) >1-L'}.
e

For any time ¢t < 7, sensing actions are selected according to the randomized rule

AL if pi(t) > p, i € §; otherwise, the actions are selected according to Ay where

Ao = argmaxminmin » A, D(q;||qj). (2.38)
AEP(A) TE€R A S

In other words, policy g4, in its first phase, selects actions in a way that
all pairs of hypotheses can be distinguished from each other; while in its second
phase, i.e., when the belief about one of the hypotheses becomes larger than p, only
the pairs including the most likely hypothesis are considered. The second phase
of mga coincides with Chernoff’s scheme [5]; while its first phase in a very natural
manner weakens the technical assumption in [5] in which all actions are assumed
to discriminate between all hypotheses pairs, i.e., D(qf|lqf) > 0, Vi, j € Q, i # j,
Va € A (which is very restrictive and does not hold in many problems of interest).

Similar to Lemma 2.7.2, we can show that under the policy mg4 and for
n > T(i,A])(1 4+ o(1)), P({r; > n}|0 = i) is exponentially decaying in n (see
Section 4.7.7 for details). Following similar lines as those in (2.31) and (2.33), we
obtain the bound (2.36).

The proof of the lower bound relies on a generalization of Theorem 2 in [5]
and is provided next.

From upper bound (2.36) we know that the total cost under the optimal
policy is O(log L). This implies that the error probability corresponding to the
optimal policy is O(lo%L). Hence, without loss of generality in our computation of
the lower bound, we can restrict the set of policies to those whose probability of
making an error is O(lo%L).

Let 7. denote a sequential policy that selects the stopping time 7 such that
Pe < e. Under policy m,

Pl < 2D} =) = P {7 <2 A) 025 = (o =i)

i Lp(7)




wr(fr <z U2 <o)

ot Pij
@ e it sl
[ P _ =
S Toae o (Lo <=
® Mg 260
. — M -1 2.
= e T MU (2:39)

where (a) follows from Lemma 2.7.5 in Section 2.7.5 and the union bound; and (b)
follows from Lemma 2.7.3 in Section 2.7.5.

From (2.39), the expected total cost under policy 7. is lower bounded as

M
E[r] + LPe > )~ pE[r|0 = i]
=1
M
=Y pBlr L srean) + Tlreraanl0 = i
i=1

> Zpiz(z', X)P({r > T(i,X})}|0 = i)

M . M 2 2 5M
> Zpil(%)\i)(l - T(i }i)(gz - €p' )
i=1 o '

For § = (log %)_%, the lower bound simplifies to

where o(1) — 0 as ¢ - 0 (L — 00), and the last inequality follows from the fact

that for an optimal policy, € = O(l"%L ).

2.7.4 Proof of Proposition 2.3.1

In this section, we show that

log L

min R(i, A7)

Va(p) > —o(log L).
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Proof. We first consider the set of all non-sequential adaptive policies that collect
n observation samples, and find a lower bound on the expected total cost under
these policies. The lower bound for Vi 4 is obtained by minimizing over n.
Consider an arbitrary 6 > 0 and define
, 25—522 log M}, (2.40)
€ = ! , Ve (2.41)
2(m(3(¢,x;)+5)+$g>§ log ’;_f;) o

n' := max {n

The error probability can be bounded as

Pe = piE[l - max py(n)]0 = i

ke
i=1
M
> ;sz[(l = 18X P (1)) L pe (<1} |0 = 1]
M
> ;pzezP({rgggpk(n) <1-e}lo=1i) (2.42)

Next we find a lower bound for the right-hand side of (2.42). Note that

P({maé(pk(n) >1—¢€}0=1)

3 (fioe 20t

! ;6} = z) . (2.43)

To find an upper bound for the right-hand side of (2.43), we consider the

following two cases:

Case I. k # i. Given {f =i} and for any sequence of actions {A(t)}/,,

pr(n) pr(t+1) pi(t)
Ellog o)) = fZE P ETI0)

t Z)
=1lo E[lo
g + E g (Z)]
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~log 2 - Z >~ P = DGt
Pk
< log — P (2.44)
From (2.44) and for any k # 1,
(v { s ey > 0w o =)
ouln) pln), . 1-

: P<{log pi(n) 08 () > loa o —lee }'9 )
@) Pe) o Py sl
=" ({ ‘o8 utmy ~ B8 ) ‘5}'9 )
(2 exp(—n'6?/2€%), (2.45)

where (a) follows from (2.41); and (b) follows from Fact 2.7.2 in Section 2.7.5 and

since n < n/.

Case II. k = i. Consider a sequence of actions {A(t)};=,. Given {0 = i}
D)
and for j = argmin 31— ' E[log A(t)(z)]
i 2)
A0
pz(n (Z)
Ellog + Eflog %
| P ) =%, Z "z )
<log——|—nm1nZ)\ (qi'llq5)
Pj acA
< max log B nR(i, AD). (2.46)
I Pj

Using (2.46) and for k = 1,

(e oy = =)

— % maxlog 2 — nR(i, A*)}|9 z)

p;(n) p;(n) € A
D ol o) )
§P<{1gp;<n> Ello !~ 5}'9 )
g exp(—n'6?/2¢%), (2.47)

where (a) follows from (2.40) and (2.41); and (b) follows from Fact 2.7.2 in Sec-
tion 2.7.5.
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Combining (2.43), (2.45), and (2.47),
P({maxpi(n) > 1 — e;}|0 = i) < M exp(—n'6"/2¢%) < 1,
S

which together with (2.42) establishes the following lower bound on the expected

total cost,

M
n+LPe>n+ LY pie(l—Mexp(—n'6*/26%)). (2.48)

i=1
Setting § = (log L)_% and minimizing the bound over n, we have the asser-

tion of the proposition. O

2.7.5 Technical Background

In this section, we provide some preliminary facts and lemmas which are

technical and helpful in proving the main results.

Fact 2.7.1 (Kolmogorov’s Maximal Inequality [47]). Suppose X; fort =1,2,...,
be independent random variables with E[X;] = 0 and Var(X;) < oco. Let S, =
S Xi. Then

N
P ( max |S,| > x) < Var(Sy) _ > iy Var(Xy)

0<n<N

x? x?
Fact 2.7.2 (McDiarmid’s Inequality [48]). Let X = (X1,...,X,) be a family of
independent random variables with Xy taking values in a set Xy, for each k. Suppose
a real-valued function f defined on II}_, X, satisfies |f(x) — f(X')| < ¢, whenever

the vectors x and x' only differ in the k-th coordinate. Then for any v > 0,

P(f(X) - E[f(X)] > v)
P(f(X) —E[f(X)] < —v) < e/ Eimrci,

6—2112/22:1 ci
)

v
IN

Lemma 2.7.1. Consider a policy that collects observation samples according to a

randomized rule X € P(A). Under this policy and for all i,j € 2, and o € [0, 1],

—n(l-a) 3 XaDa(qfllgf)+o(n)
max {€;;(n), e;i(n)} < 2( acA J ) ’

—n(1—a) 32 AaDa(qf|lqf)—o(n)
max {e;;(n), eji(n)} > 2( acA ’ )



36

The proof of Lemma 2.7.1 follows closely the proof of Theorems 9 and 10
in [26].

Lemma 2.7.2. Consider a sequential non-adaptive policy that selects sensing ac-
tions according to the randomized rule X. Under this policy and for any ¢ > 0 and
> (14 0)T(i,N), we have P({r; > n}|0 = i) < (M — 1)e=?O" where

b(1) = (12; = (R(;’;‘)) | (2.49)

Proof of Lemma 2.7.2. Let B;;(n) be an event in the probability space defined as

) =10 pi(n) o 1-L7!
Bijln) {1 8 ) = gL—1/<M—1>}'

follows:

By construction (2.30),

P({r; > n}|0 = i) < P(UjuBy(n)|0 = i) < > P(By(n)|6 = i). (2.50)
J#i

Furthermore, we have

P(Bij(n)|0 = i)
e I e [
({0 2483 — o 240 <o e 24 S jﬁf o =)
< P({log 2]8 — E[log 2]8] < log % min log % —nR( }|9 - )

< P({log 2]8 — E[log 2]8] < (T(i,A) — n)R(, A)} 0 = z> (2.51)

For any a,a € A and i,j € Q, we have ‘logg—g —logg—g
j i

A(k—1)

1,2,...,n, let X, = log D and X = [X1,Xs,...,X,]. Define the function

f(X) = log £ -+ Y opey Xi = log £ pj(n). From (2.50), (2.51), and Fact 2.7.2, and for
> (1+ L)T( . A), we have

P >n}0 =i) < (M — 1) exp ( Qn(R(zi;\)f(l — lT(z’,X)f)




37

<01 e (n s (AY).

O

Lemma 2.7.3. Consider a sequential policy m that selects the stopping time T such

that Pe < €. For anyi,j € Q and ¢ € [0,1], we have

({5 o) <3

Proof. The proof follows closely the proof of Lemma 4 in [5]. Let 6 = d(AT, Z7)

denote the final declaration under policy 7. We have

P <)

{
< (%)1‘5ZZP ({o=ifo=7)+P({oil=1)
< e({o43)0 =) r ({040
(2(})1—5P3£ e _2
T pipg P pi

where (a) holds since under the event { Z ((:)) < (%)1—5}7 we have
J

T7—1 7—1

pi[1a"zw) < 0 [[ 4" (2.

t=0 t=0

—_

hence, the ratio between the probability of the event conditioned on 6 = i and the
probability conditioned on 6 = j is bounded by (%)1_5%; and (b) follows from the
fact that under policy 7 and for all 7 € €2,

P({o#itie=i) s%ipﬁ({é#k}lezk):ipwi

i pi P
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Lemma 2.7.4. Consider a sequential non-adaptive policy m. x that selects actions

according to A € P(A) and selects the stopping time T such that Pe < e. We have

(im0 o) s

Proof. Let j =argminy_,_, AaD(q}lq}). We have
J#

P({T <T@} N ﬂ{pi(ﬂ > (%)1—5}|9 - z)

i 0i(T)

IN

P({ min : log % > (1-0) log%,‘v’j ] z} < T3, \)|0 = z)

P({EIn,O <n<T(iA) st log piln) > (1—-9) logl,Vj # z}\@ = z)
€

i(n)
(n)

—

% P({Eln,() <n<T(i,A) s.t. log Z’(Z) —Ello Zzig]

1 i : .
> (1—9) logz - rggclog% — nR(z,)\)}w = z)

=

< P({EIn,O <n<T0A) st. Tog 2 _Efiog 20V 5 1(;. A)(S}\G - z)

(n) p;(n)
< P( max {1og ZJEZ; — E[log zjgg]} > T(i, A)6|0 = z)

J

sl o) = s+ 2 s ) e )

= log 2 ¢ z_: Y Elog ;1 EQ]P(A(t) = a)

P 20 aeA J

Pi .
< maxlog — +nmin » A, D(q}||¢7);
< maxlog - +nmir ; (4llg;)

inequality (b) follows from the definition of 7'(¢,A) in (2.34) and the fact that
0 <n<T(i,A); and (c) follows from Fact 2.7.1.
U
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Lemma 2.7.5. Consider a sequential policy w. that selects the stopping time T

such that Pe < e. We have

P <zaanN{2D = dreho-i) < S

Proof. The proof follows closely the proof of Lemma 5 in [5]. We have

P({T < T} N ﬂ{;g; > (%)1—5}|9 - z)

1 piln) I e
< P({ min : log o (%) > (1 —5)logg,w # z} <T(i,X])|0 = Z)
_ * pi(n) L
—P<{E|n0<n<T( A]) s.t. logpj(n)>(1—5)logE,Vj7éz}|9—z>
(a) . pi(n) pi(n)
< P(jU# {Eln,O < n < TGN st log 2205 — Bllog 250

1 Di N iy
> (1—-9) log— - I%;Zf(logﬁ — nR(i, )\i)}|9 = z)
)

: pi(n) pi(n) s
<U{E|n 00 <TG st log 20 E[logpj(n)]>z(z,)\i)5}|9

|/\§

iz (n)
< P( max ){logzi(n) — Eflog pl((”;]}>z(z',>\;)5|9=¢)

0<n<T(iA] i(n) pi(n

© (i, X))
= VTR

where (a) holds since

i(n) A0 (2)
Fllog Zj )=, o Z Fliog qf@(Z)]
S P(A() = a)
log—+ > D(qfllq}),
ac A

and hence there exists 5 € ) for which

pi(n) *
Ellog <maxlog—+nRz A7 );
| Pj(n)] kA Pk 2

inequality (b) follows from the definition of 7'(¢, A]) and the fact that 0 < n <
T(i,A;); and (c) follows from Fact 2.7.1. O
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Chapter 2, in full, is a reprint of the material as it is scheduled to appear in
M. Naghshvar and T. Javidi, “Sequentiality and adaptivity gains in active hypoth-
esis testing,” IEEE Journal of Selected Topics in Signal Processing, October 2013,
available on arXiv:1211.2291. The dissertation author was the primary investigator

and author of this paper.



Chapter 3

Dynamic Programming and

Optimal Notion of Information

In Chapter 2, the expected total cost of various classes of policies were
characterized in terms of the penalty of wrong declaration L. It was shown that
sequential (variable sample size) policies are superior to non-sequential (fixed sam-
ple size) ones, and the gain of selecting actions in a sequential manner is logarithmic
in L. The class of sequential policies will be the focus of the rest of this dissertation.

This chapter studies the problem of active sequential hypothesis testing
from a different point of view. Suppose there exists an optimal notion of infor-
mation that captures the influence of every action over the entire decision mak-
ing horizon. In this case, the active hypothesis testing reduces to a sequence of
one-shot problems in each of which an optimal action is the one that provides
the highest amount of information. In this chapter, it is shown that this optimal
notion of information exists for the active sequential hypothesis testing and can be
derived from the solution to the corresponding dynamic programming (DP) equa-
tion. However, finding the closed-form solution to the DP equation is not feasible
in general. In lieu of numerically solving the DP equation, alternative notions of
information are considered and heuristic policies are proposed based on greedy
maximization of these notions. Via numerical and theoretical analysis, the perfor-
mance of the proposed policies and the relevance of the corresponding notions of

information in the context of active hypothesis testing are investigated.

41
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3.1 Introduction

Following Chernoft’s approach [5], we analyzed the classes of sequential
non-adaptive and sequential adaptive policies in Chapter 2. We proposed two
policies mgy and mg4 which were shown to achieve asymptotic optimality in L;
where the notion of asymptotic optimality in L, due to Chernoff [5], denotes the
relative tightness of the performance upper bound associated with the proposed
policy and the lower bound associated with the optimal policy.

In this chapter, we tackle the problem of active sequential hypothesis testing
from a different point of view which coincides with that promoted by DeGroot [20].
Suppose the decision maker’s amount of uncertainty about the true hypothesis at
any belief state can be characterized using an uncertainty function. In [20], the
information of a sensing action is defined as the expected difference between the
uncertainty of the prior belief and the uncertainty of the posterior belief. To achieve
the best performance, it is essential that the decision maker, in each step, selects an
action that provides the highest amount of information. This raises the question
as what information and uncertainty function are appropriate in the context of
active hypothesis testing. It is intuitive that an optimal notion of information
should capture the influence that every action has over the entire decision making
horizon. In Section 3.2, the optimal notion of information is derived based on
the optimal value function of the corresponding dynamic programming. Although
this result provides a general and structural characterization of the (Markov and
deterministic) optimal policy, in the absence of a closed-form for the optimal value
function, it has no practical use. To address this issue, in Section 3.3, we introduce
alternative notions of information namely Jensen-Shannon (JS) divergence and
Extrinsic Jensen-Shannon (EJS) divergence, and propose two heuristic policies 75
and 7y based on greedy maximization of these divergences. The performance
of these policies as well as that of the optimal policy are compared in a numerical
example in Section 3.4. Theoretical analysis of these policies are given in Chapter 4
where we discuss in detail the advantage and disadvantage of the new approach
applied in the current chapter with that of Chernoff and the results obtained in
Chapter 2.
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3.2 Characterization of an Optimal Policy

Recall from Section 2.2.3 that active M-ary hypothesis testing is equivalent
to an MDP with state space P(Q) = {p € [0,1]" : SM o= 1}. The belief
state at time ¢ is given by the vector p(t) := [p1(t), p2(t), . .., pam(t)] where p;(t) :=
P({0 = i}|At=1, Zt=1). The objective is to find a stopping time 7 and a sequence
of sensing actions A(0), A(1),..., A(7 — 1) that collectively minimize the expected

total cost
E [7] + LPe, (3.1)

where Pe = E[1 — max;cq p;(7)] is the probability of wrong declaration, and the
expectations are taken with respect to the initial prior distribution on 0 as well as

the distributions of action sequence, observation sequence, and the stopping time.

Definition 3.2.1. For all p € P(Q), let functional V*(p), hereafter referred to
as the optimal value function, denote the optimal expected total cost (3.1) of the
active hypothesis testing problem given the Bayesian prior p. In other words,
V*(p) := min{E [r] + LPe} given the initial belief p, where the minimization is

taken over the stopping time 7 and the sequence of actions.

A general approach to solving the active hypothesis testing problem is to
provide a functional characterization of V*: given V* in its functional form, the
optimal expected total cost for the active hypothesis testing problem can be ob-
tained by a simple evaluation of V* at the initial belief p(0). Next we state a
dynamic programming equation which characterizes V*.

To obtain the dynamic programming equation, consider a single step of the
problem. In one sensing step, the evolution of the belief vector follows Bayes’ rule
and is given by ®“, a measurable function from P(Q2) x Z to P(Q2) for all a € A:

@z g(z) ¢ (2)
Paz) Pz M) )

D(p, 2) = (3.2)

where ¢5(2) = SV pigt(z), and ®%(p,2) = p if ¢p(z) = 0. In other words, if
p € P(Q) is an apriori distribution, ®%(p, z) gives the posteriori distribution when

sensing action a has been taken and z has been observed.
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We define Markov operator T%, a € A, such that for any measurable func-
tion g : P(Q2) — R,

() (p) := / 9(8%(p, ))q2(2)dz. (3.3)

Note that at any given information state p, taking sensing action a € A
followed by the optimal policy results in expected total cost 1+ (T*V*)(p) where
1 denotes the one unit of time spent to take the sensing action and collect the
corresponding observation sample, and (T*V*)(p) is the expected value of V* on
the space of posterior beliefs; while declaration j results in expected cost (1 —p;)L
where (1—p;) is the probability that hypothesis H; is not true, and L is the penalty
of making a wrong declaration. This intuition, while relying on the compactness
of P(Q2) to treat various measurability issues, can be formalized in the following

dynamic programming equation.

Theorem 3.2.1. The optimal value function V* : P(Q) — R, is the unique
solution to the following fized point DP equation:

V*(p) = min {1 + min(T*V*)(p), min(1 ~ pj)L}. (3.4)

aceA s

Proof. From [49, Proposition 9.8], we know that value function V* satisfies the DP
equation (3.4). We prove that V* is the unique solution to (3.4) by showing that
any functional V' that satisfies (3.4) with < (>) is a lower (upper) bound for the
optimal value function V*. The detailed proof is provided in Section 3.5.1. O

Definition 3.2.2. A Markov stationary policy is a stochastic kernel from the
information state space P(Q2) to A U {d} describing the conditional distribution
on sensing actions A(t), t = 0,1,...,7 — 1 and stopping time 7 (the choice of
declaration d marks the stopping time 7). In other words, under policy 7, the

probability that action a is selected at belief state p is given by m(alp).

Equation (3.4) provides a characterization of an optimal Markov stationary
deterministic policy 7* for the active hypothesis testing problem as follows: Sensing
action a* = argmin . 4(T*V*)(p) is the least costly sensing action, resulting in

14+ minge4(T*V*)(p), hence is the optimal action to take unless wrongly declaring
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H;-, where i* = argmin; (1 — p;) L, is even less costly in which case it is optimal

to retire and declare H;+ as the true hypothesis.

Remark 3.2.1. It follows from (3.4) that if min;cq(1 — p;)L < 1, then we have a
full characterization of V*(p) = minjeqn(1—p;)L and the optimal policy. Therefore,

the region of interest in our analysis is restricted to L > 1 and P.(Q) := {p €
P(€2) : minjeq(l — p;)L > 1}.

In [20], DeGroot defined the information of an action a as the difference
between the uncertainty prior to observing its corresponding outcome and the

expected uncertainty after having observed the outcome. More precisely:

Definition 3.2.3. The information of action a at belief state p relative to the

(uncertainty) function V' : P(2) — R is defined as
Z(p,a,V) :=V(p) = (T*V)(p). (3.5)

Policy 7* can also be interpreted from DeGroot’s point of view as the one
that greedily maximizes the information relative to V*.

Although optimal policy 7* can be characterized using the optimal value
function V*, finding a closed-form formulation for V*, in general, might not be fea-
sible. A possible solution is to compute V* numerically using the value iteration
technique [49, Chapter 9.5] or to estimate it using basis functions. The former guar-
antees convergence to V* [49, Proposition 9.17] but it becomes intractable as the
number of hypotheses grows; while the latter is easier to implement but provides
no convergence guarantee. In lieu of numerical approximation of or derivation of a
closed-form for V*, we introduce alternative notions of information in Section 3.3
maximizing which gives rise to simple deterministic and Markov heuristic policies.
Next we discuss a sufficient condition which reduces the active hypothesis test to

a passive one.

3.2.1 Reduction to Passive Sensing

In this section, we provide a sufficient condition under which there exists an

action whose performance is superior to all other actions and hence, the problem
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of active hypothesis testing reduces to passive testing. Before we proceed, we need

the following definition:

Definition 3.2.4 (Blackwell Ordering [13]). Given two groups of conditional prob-
ability densities ¢ = {¢%}icq and ¢® = {¢*}icq (on space Z), we say that ¢° is less
informative than q* (¢° <p q%) if there exists a stochastic transformation W from
Z to Z such that!

) = [@wWdy vieo (36)
The following fact is an important outcome of Blackwell ordering.

Fact 3.2.1 (see [16] ch. 14.17). Let ¢® = {q?}ica and ¢® = {q*}ica be two groups
of observation kernels. If ¢° <p q*, then (T%)(p) < (T°g)(p) for all p € P(Q)

and for any concave function g : P(Q) — R.
Theorem 3.2.2. The value function V*(-) is concave.

The proof of Theorem 3.2.2 is provided in Section 3.5.2.
Combining Theorem 3.2.2 and Fact 3.2.1, the following result is obtained:

Corollary 3.2.1. Consider the problem of active hypothesis testing such that there
exists a sensing action a* satisfying ¢ < q* for all a € A. It is always optimal

to take sensing action a* (independently of belief vector) up to the stopping time.

Corollary 3.2.1 provides a sufficient condition to reduce the active hypoth-
esis test to a passive test. In other words, under the condition of Corollary 3.2.1,
the optimal solution to the active hypothesis testing problem remains the same for
any A’ C A such that a* € A'.

It is also interesting to analyze the behavior of greedy policies when the suf-
ficient condition provided by Corollary 3.2.1 holds. The next corollary of Fact 3.2.1
shows that in this case, any policy 7 that greedily maximizes the information rel-

ative to a concave uncertainty function always selects sensing action a*.

Function W : Z x Z — R, is called a stochastic transformation from Z to Z if it satisfies
J=W(y;z)dz=1forally € Z and [, W(y;z)dy < oo for all z € Z.
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Corollary 3.2.2. Consider the problem of active hypothesis testing such that there
exists a sensing action a* satisfying ¢ <p q* for all a € A. Let 7 be a policy
that mazimizes in each step the information relative to a concave (uncertainty)
function. Policy m always selects sensing action a* independently from the belief

state prior to its retire-declare decision.

3.3 Heuristic Markov Policies

In this section, we consider heuristic Markov policies based on the following

two principles:
1. If p;(t) > 1 — L7!, retire and declare H; as the true hypothesis;

2. At each time ¢ prior to the stopping time, select action arg maxZ(p(t),a, V)
acA

where V : P(Q) — R is a concave uncertainty function.?

The first principle follows from the fact that when L(1 — p;(¢)) < 1, then
LPe < 1 and further reduction in Pe is not worth taking one more sensing action
and hence increasing the stopping time 7 by 1. The intuition behind the second
principle is that, by choosing an appropriate notion of information, the problem
of active sequential hypothesis testing can be reduced to a sequence of one-shot
problems in each of which an optimal sensing action is selected deterministically
so as to provide the highest amount of information.

In Section 3.3.1, we give the definition of Jensen—Shannon (JS) divergence,
and we introduce Extrinsic Jensen—Shannon (EJS) divergence. In Section 3.3.2, we
show that JS and EJS divergences are equal to information relative to the Shannon
entropy and average log-likelihood function, respectively. Furthermore, we propose

two heuristic policies based on greedy maximization of these divergences.

2Intuitively, information of a sensing action should always be non-negative, i.e., an action can,
at worst, contain no information. It is known that Z(p,a,V) > 0 for all p € P(Q2) and all a € A
if and only if V' is concave [20, Theorem 2.1].
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3.3.1 Symmetric Divergences

We first recall some well known divergences. The Kullback—Leibler (KL)
divergence between two probability distributions P, and P}, over a finite set Z is

defined as D(Pz||Py) := >, .z Pz(2)log %8 with the convention 0log § = 0 and

blog % = oo for a,b € [0,1] with b # 0. The KL divergence satisfies the following

lemma.

Lemma 3.3.1. For any two distributions P and Q on a set Z and o € [0,1],
D(P||laP + (1 — a)Q) is decreasing in c.

Proof. Let 5 € [0, 1] satisfy 8 < . Then,

aP+(1-a)Q=~BP+(1-5)Q)+ (1 —-7)P,

where v = }:—g < 1. By Jensen’s inequality and the convexity of the KL divergence:

D(PllaP+ (1 - a)Q) < AD(PIIBP + (1 - B)Q) + (1 — 1)D(P|P)
< D(P|BP+ (1 - B)Q). (3.7)

where the last inequality follows because D(P||P) =0 and v < 1. O

The KL divergence is not symmetric, i.e., in general
D(Pg||Py) # D(Py|| Pz).

The J divergence [50] and L divergence [51] symmetrize the KL divergence:

J(Pr, Po) := D(P||P2) + D(P2| ), (3.8)
1 1 1 1
L(P, Py) = D<P1||§P1 i §P2> i D<P2||§P1 i 5Pz). (3.9)

The L divergence can be related to the Jensen difference with respect to the

Shannon entropy function [52]:

%L(Pl, P)=H (%Pl + %Pg) — (%H(Pl) + %H(Pz)) : (3.10)

The Jensen—Shannon (JS) divergence [51,52] is defined as an M-dimensional

generalization of the L divergence. Given M distributions Pi, P, ..., Py; over a set
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Z and a vector of a priori weights p = [py1, pa2, ..., pu], where p € [0,1]¥ and
SM. pi =1, the JS divergence is defined as [51,52]:

M M
i1 =1

—H ( é piPi) - épiH(Pi). (3.11)

Let 0 be a random variable that takes values in {1,2,..., M} and has probability
mass function p and Z ~ P, (which implies that P(Z = z) = Zf‘il piPi(2)).
From (3.11),

JS(p; Py,....Py) = H(Z) — H(Z|0) = 1(0; Z), (3.12)

where I(0; Z) is the mutual information between 6 and Z.
From (3.12) and the fact that I(0; Z) = H(6) — H(0|Z), the JS divergence

can also be expressed as:

JS(p; Py,.... Py) = H(p) — ZPp(z)qu;j:zg),. . pf‘;ff(‘igz)}), (3.13)

zEZ

where P, = Zf\il piP;.

A New Divergence: Extrinsic Jensen—Shannon (EJS) Divergence

We introduce the Ezxtrinsic Jensen—Shannon (EJS) divergence as an M-

dimensional generalization of J divergence as

M
EJS(p; P1, ..., Pu) ::ZpiD<Pi”Zlfjp'Pj)a (3.14a)
i=1 G#i ¢

when p; < 1forallie {1,..., M}, and as

EJS(p; i, Pyy) = max D(Fi|| Fy) (3.14b)
jF#i
when p; = 1 for some i € {1,..., M}.
Let U(-) denote the average log-likelihood function:

M

1—p

Ulp) =Y pilog p"’. (3.15)
i=1 v
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Lemma 3.3.2 (Properties of EJS Divergence). The EJS divergence defined in
(3.14) satisfies the following three properties.

1. It is lower bounded by the JS divergence:

2. It can be expressed as

p1P1 () py P (2)
EJS(p; Pr,..., Py Py( ey .
! ; ([ P,(2) P,(2) ])
(3.17)
3. It is convex in the distributions Py, ..., Py.

Proof of Lemma 3.5.2. Property 1 is proved as follows:

JS(p; Py, Pu ):i <P||ij )

p.
pz-D(PZ-HpiHHl—pi)Z . Pj)

tnﬁs

i=1 #il_pi
(a) & Pi
SZ{ D(P[|P) + pi(1 = pi)D (PHZ : )}
i=1 7
M
= EJS(p; Py, ..., Py Zp3D<PHZ - )
J#i

(b)
< EJS(p; P,...,Py),

where (a) and (b) follow respectively because KL divergence is convex (in both

arguments) and nonnegative.

The proof of property 2 is provided next.

EJS(p;Pl,...,PM):ipi (PHZ Pi )

J#i

£i(2)
_ZPZZP lOgZ Iz (Z)

i=1 z€Z JF 1—p; I
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i Pi(2
- Z Z pifi(z) log Z]iz PJ'(Pz(z)

i=1 zeZ

M
= Z Pi log
i=1
pilsi(z)

piPi(2) Pp(2)
p) + ZPP(Z) Z 2) log . _”pipi(z)

2€Z i=1 Pp(2)
a0 )

Property 3 is proved as follows:
Let Py, P, ..., Py and Q1, Qo, . .., Qs be two sets of distributions. For any
Ae0,1]and A =1 — ),

EJS(p; AP+ AQ1, .., APy + AQwr)

—Zpl (AP+>\Q||Z P AP+Z

JF#i JF#i

—

a

<Zpl[)\D<P||Z p’ )+AD(QZIIZ b QJ)}

J#i j#

=

where (a) follows because KL divergence is convex in both arguments. O

Remark 3.3.1. The EJS divergence defined in this section is not the unique gen-
eralization of the J divergence. There exist other M-dimensional generalizations
of the J divergence such as 3., p; Z]Ail p;jJ (P;, P;) which was studied in [53].
However, as will be discussed in details later, properties of EJS such as the one
provided by (3.17) above makes it a proper notion of information for our applica-

tions of interest.

Remark 3.3.2. The EJS divergence is equivalent to the full anthropic correction
proposed in the context of mutual information estimation [54]. In particular, the
authors in [54] used the notion of anthropic correction as an estimator of the mutual
information between signals acquired in neurophysiological experiments where only

a small number of stimuli can be tested.
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3.3.2 Heuristic Policies: Maximizing Divergence

In this section, we show that JS and EJS divergences are proper notions
of information, and propose deterministic Markov policies based on greedy maxi-
mization of these divergences.

Given a belief vector p € P(2) and a sensing action a € A, we use the

notations

JS(p,a) == JS(pyati. 43, - - - dir), (3.18)
EJS(p,a) == EJS(p;d},d5,- - - dir)- (3.19)

Definition 3.2.3 together with properties (3.11) and (3.17) shows that the
JS and EJS divergences are nothing but the information relative to the entropy

and average log-likelihood functions, respectively, i.e.,

JS(p,a) =Z(p,a, H), (3.20)
EJS(p,a) =Z(p,a,U). (3.21)

We also use the following notations to denote the amount of information a

Markov stationary policy m obtains in a single step:

JS(p.m) =Y _w(alp)JS(p.a), (3.22)
acA

EJS(p,m):= Y _w(alp)EJS(p,a). (3.23)
acA

We are now ready to introduce our heuristic policies.

Policy 7 ;¢ is defined as follows:

o if p;(t) > 1 — L7! retire and declare H; as the true hypothesis;

otherwise, select arg max JS(p(t), a).
acA

Similarly, policy mg g is defined as follows:

if p;i(t) > 1— L' retire and declare H; as the true hypothesis;

otherwise, select arg max EJS(p(t),a).
acA
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Remark 3.3.3. Note that as the belief about one of the hypotheses, say p;, ap-
proaches 1, D(q?|| Zj\il p;q;) converges to D(qf|lgf') = 0 for any action a € A; and
consequently, independently of the observation kernels ¢f,q9,...,q%,, divergence
JS(p,a) approaches 0. In contrast, as p; becomes large, E.JS(p,a) approaches
D(gf|| 32,4 155-45) and hence, 75 selects action a such that D(qf|| 32,4 725.45)
is maximized, i.e., it selects an action that distinguishes H; from the collection of

alternate hypotheses the most. As we will see in the next section, these different

philosophies result in significant performance difference.

3.4 Numerical Example

Consider the active binary hypothesis testing problem with additive Gaus-
sian noisy observations under two actions a and b shown in Fig. 3.1. In this
example, the observation noise associated with actions a and b is such that it
adds unequal noise to the hypotheses. In the remainder of this section, we com-
pare the performance of policies 7, 7 ;g, and 7w g for this example. In our per-
formance comparisons, we also consider the sequential non-adaptive policy mgn

which prior to its stopping time selects actions a and b uniformly at random, i.e.,

Tsn(alp) = msn(blp) = 0.5 for any p € PL(Q2).

=
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Figure 3.1: Active binary hypothesis testing with additive Gaussian noise.
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Figures 3.2 and 3.3 show respectively the JS and EJS divergence for all
p € P(Q) and for sensing actions a and b. It is clear from these figures that g
selects action a when p; > 0.5 and selects action b otherwise; while 7z ;¢ does

exactly the opposite. These figures illustrate the fact mentioned in Remark 3.3.3.

0.4 | ‘ ‘
035} - —JS(p,a) |
0.3F —JS(p,b) |
025 .
02 i
0.15F i
0.1 , i
0.05- 1
o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
o 0l 02 03 04 05 06 07 08 09 1

P1

Figure 3.2: JS divergence for sensing actions a and b.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

P1

Figure 3.3: EJS divergence for sensing actions a and b.

Figure 3.4 plots the expected total cost of policies 7%, 75, Tgss, and Tsy
for different values of L. Figure 3.4 shows that ng s performs the best among the
heuristic policies under investigation; while 7,5 is the farthest from the optimal
performance. Even more significant is the growth in performance gap between the
optimal policy 7* and policies 7 ;5 and wgx as L increases. In particular, the growth
in the performance gap between 7* and 7gy is an illustration of the adaptivity gain

in active binary hypothesis testing and is consistent with Corollary 2.5.1.
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Expected Total Cost
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Figure 3.4: Expected total cost of the proposed policies for different values of L.
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Analytic results regarding the performance of the proposed heuristics are

provided in the next chapter.

3.5 Proofs

3.5.1 Proof of Theorem 3.2.1

The proof follows by combining Fact 3.5.1, Lemma 3.5.1, and Lemma 3.5.2

as given below.

Fact 3.5.1 (Proposition 9.8 in [49]). The optimal value function V* : P(Q2) — R
satisfies the following fized point equation:

V*(p) = min {1 + E%%(Tav*)(p)’ Ijréiél(l - ,oj)L}. (3.24)
Lemma 3.5.1. Suppose there exist 5 > 0 and a functional V : P(Q) — R, such
that for all belief vectors p € P(Q),

V(p) < min{$ + min(T*V)(p), min(1 — p;)AL}. (3.25)
Then V*(p) > 1V (p) for all p € P(9).

Proof of Lemma 3.5.1. To prove Lemma 3.5.1, we have to slightly modify the state
space and introduce new notations. We assume that after taking the retire-declare
action, the system goes to the termination state, denoted by F', and remains in
that state for the rest of the time. The state space is modified to S = P(Q2) U{F'}
to include the termination state. For a € AU {d}, s € S, let

1 if s=peP(Q),ae A
c(s) = § minjeq(l —p;)L if s=peP(Q),a=d
0 if s=F

The Bayes operator is modified as follows:
®p,z) ifs=pecP(),ac A

®(s,2) =4 F ifs=peP(Q),a=d
F if s=F
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Using the notations above, condition (3.25) is rewritten as

V(F) =0,
V(s) < ILliI{ld} {Bc(s) + E[V(®%(s, 2))]}, VseS—{F}. (3.26)
ac AU
Let Sy, S1,52,... be a sequence of random variables denoting the belief
states at times t = 0,1, 2, ... starting from belief state s, i.e.,

S(] =S,
S, =@ "=V(s, . Z), Vn,n>0.

Using (3.26) iteratively for N times, we obtain

V(s) < BEq[c"O(5)] + Ene [V(21O(5, 2))]

= BEq " (S0)] + En[V(S1)]

< BB cA(S,)] + Ere [V(S2)]

< BE[Y A (S,)] + Ene [V(Sw)],

n=0
where subscript 7* implies that actions are selected according to an optimal policy

7*.3 Taking the limit as N — oo, we obtain

V(s) (g) BE - [i AM(S )]+ lim E.[V(Sy)]

N—o0

® 3v*(s) + lim E,.[V(Sy)]
N—o00

= BV7(s) + lim Er[V(F)Lisy=ry + V(n)1isyzr)]
= BV*(s) + lim B[V (Sn)1isyzry]
(©)
< BV*(s)+ L lim Pr(Sy # F)
d *
9 gve(s),

where (a) follows from the monotone convergence theorem, (b) follows from the

definition of V*, (¢) follows from the fact that V(p) < mi{rzl(l — p;)L < L for
J€

3The existence of an optimal policy follows from [49, Corollary 9.12.1] and since |A| < oo.
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any p € P(Q), and (d) holds since L > V*(s) > Ep[1] = > 0% Pee(T > n) =
Yo o P (S # F). O

Lemma 3.5.2. Suppose there ezist 5 > 0 and a functional V : P(2) — R, such
that for all belief vectors p € P(Q),
V(p) > min{3 + min(T°V) (o). min(L — p;) 5L}, (3.27)
a j

Then V*(p) < %V(p) for all p € P(Q).

Proof of Lemma 3.5.2. Following similar lines as those in the proof of Lemma 3.5.1,

we get

V(s) > BE[3 M0(S,)] + Ene [V(Sw)].

Taking the limit as N — oo, we obtain

V(s) > BEq- [; (8] + lim Er[V(Sy)]
S v ().

where (a) follows from the fact that V(+) is non-negative. O

3.5.2 Proof of Theorem 3.2.2

We first consider the finite horizon scenario for which the decision maker
has to take a retire-declare action by time N. For each belief vector p, the expected
total cost from time n onward, denoted by VN (p), solves the following iterative

system of equations:

V¥ (p) = min(1 — p))L, (3.28)
Sy
VN (p) = min {1 + min(T°V,Y,)(p), v;vv(p)} forn=1,2,...,N—1 (3.29)

It will be shown that for any N and n, 0 < n < N, the value function V. (-)
is concave. Then using the fact that V*(p) = limy_ Vi (p) (Proposition 1.5

in [55]), we have the assertion of the theorem.
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We prove the concavity of V.V (-) by induction. From (3.28), it is clear that
V¥ (+) is a concave function. Now suppose V.Y, (-) is concave. In order to prove the
concavity of V,V(-), it suffices to show that for every a € A, (T*V,,)(-) is concave:

Let p,p € P(Q2). For any o, 0 < a <1, and @ = 1 — a we have,
a(TV,Y ) (p) + a(T V) ()
— [V @ o)+ [avi, @ 2) s
= / (ozqf,(z) + &qﬁ(z)) X
QQZ(Z> N a . O_‘QZ('Z) N a . .
Vo o o @) + o SR (@
aqy(2)®%(p, z) + aq,(2) P (u, 2
< / (aql(z) + agl(2)) Vi, ( () a(q;(Z; i aZZEz; ( >) dz
— [V @ (ap+ a2 )

— (T°VY,)(ap + ap).

Therefore, (T*V,Y,)(+), Va € A, are concave. From (3.29), V,V(-) is the minimum

of concave functions and hence, it is concave.

Chapter 3, in part, has been submitted for publication as M. Naghshvar and
T. Javidi, “Active sequential hypothesis testing,” available on arXiv:1203.4626.

The dissertation author was the primary investigator and author of this paper.



Chapter 4

Non-asymptotic and Asymptotic
Analysis of Active Sequential

Hypothesis Testing

This chapter provides a detailed analysis of the schemes proposed in Chap-
ter 3, in particular 7g g, and discusses their advantage and disadvantage compared
to those of Chapter 2. Unlike the schemes proposed in Chapter 2, policy mg g is
shown to achieve asymptotic optimality (as the penalty of wrong declaration, L,
increases) only in a limited setting. However, this policy has a provable advantage
for large number of hypotheses, M, over those proposed in Chapter 2 as well as
other solutions in the literature. More specifically, this policy can provide, under
a technical condition, reliability and speedy declaration simultaneously. In infor-
mation theoretic terms, this policy can be shown to achieve non-zero information
acquisition rate and error exponent simultaneously.

Using dynamic programming techniques, three lower bounds are derived for
the optimal performance, V*. Unlike the lower bounds provided in Chapter 2, these
new lower bounds, in general, are not asymptotically tight in L. However, they
are non-asymptotic and complementary for various values of L and M. From the
proposed upper and lower bounds, sufficient conditions to achieve the maximum
information rate and reliability are obtained. Special cases of active hypothesis

testing that satisfy these conditions will be provided in the subsequent chapters.

60
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4.1 Introduction

One of the main drawbacks of Chernoft’s asymptotic optimality notion was
his neglecting the complementary role of asymptotic analysis in M. In particular,
the notion of asymptotic optimality in L falls short in showing the tension be-
tween using an (asymptotically) large number of samples to discriminate among a
few hypotheses with (asymptotically) high accuracy or an (asymptotically) large
number of hypotheses with a lower degree of accuracy. As a result, although the
scheme proposed in [5] and its extensions [25,30,32-36] as well as two-phase policy
mg4 introduced in Chapter 2 are asymptotically optimal in L, their provable in-
formation acquisition rate is restricted to zero. Intuitively, the rate of information
acquisition under any heuristic policy relates to the ratio between log M and the
expected number of samples: the larger this ratio the faster information is acquired.

In Section 4.2, we analyze the performance of the proposed heuristics, and
provide upper bounds on the expected total cost achieved by these policies in terms
of both L and M. To compare the performance of the proposed heuristics with that
of the optimal policy 7*, in Section 4.3, we use dynamic programming techniques,
in particular Lemma 3.5.1, to find lower bounds for the optimal performance, V*.
Using the lower bounds obtained in Section 4.3, we propose a new stopping rule in
Section 4.4 whose improvement over the one proposed in Chapter 3 is illustrated in
a numerical example. Section 4.5 states the asymptotic consequence of the bounds
obtained in Sections 4.2 and 4.3. In particular, the obtained bounds are used to
1) establish notions of order and asymptotic optimality for the proposed policies
(generalizing that of [5]); and 2) characterize lower and upper bounds on the
maximum achievable information acquisition rate and the optimal reliability. In
Section 4.6, we discuss the technical assumptions made in our work and contrast
them with the assumptions in the literature. More specifically, we show that
our first technical assumption weakens significantly one of the assumptions made
in [5]. On the other hand, our second technical assumption is significantly stronger
than the corresponding assumptions in the literature. We show that while this
assumption is critical in obtaining the non-asymptotic upper and lower bounds of

Sections 4.2 and 4.3, it has no bearing on our asymptotic results in Section 4.5.
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Throughout this chapter, for clarification and to emphasize the dependence
of the parameters of the problem on the hypotheses set, hence the number of
hypotheses, we stop suppressing the variable M: we denote the hypotheses set by
Qpn =A{1,2,..., M}, and the action space by Ay, where A); may depend on M
and is assumed to be finite with |Ay,/| < occ.

Similar to the analysis in Chapter 2, we have the following Assumptions.

Assumption 4.1.1. For any two hypotheses i,5 € Qu, © # j, there exists an
action a, a € Apr, such that D(qf|qf) > 0.

Assumption 4.1.2. There exists £y < 0o such that

4 (2)
max max sup log
6,JEQM a€EANM Lz q?(z>

Assumption 4.1.1 ensures the possibility of discrimination between any two
hypotheses, hence ensuring that the problem of active hypothesis testing has a
meaningful solution. Assumption 4.1.2 implies that no two hypotheses are fully
distinguishable using a single observation. Assumption 4.1.2 is a technical one
which enables our non-asymptotic characterizations of the upper and lower bounds.

In Section 4.6, we discuss the consequence of weakening this assumption in detail.

4.2 Upper Bounds and Achievability Analysis

In this section, we analyze the performance of the proposed heuristics, and
provide upper bounds on the expected total cost achieved by these policies. Let
Vi(p) := E,[r] + LPe, denote the expected total cost (3.1) achieved by policy 7
given that the initial belief is p.

Theorem 4.2.1. Consider a policy  that selects the retire-declare action at

7,0 = min{t : max p;(t) > 1 — L'} (4.1)
SV
Suppose policy  at each timet =0,...,7,,,—1 and given the posterior vector p(t),

selects sensing actions in a way that EJS(p(t), 7) > « for some o > 0. Under
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Assumptions 4.1.1 and 4.1.2, and for L > 1 and p € Pr(Qu),

H(p) + max{loglog M,log L} + 25 +2

Vﬂ(p) < Va(p) = o

+1. (42

Furthermore, if there exist positive values ov and B such that at each time t < 7y,

and given the posterior vector p(t),

EJS(p(T,), 7'(') > a if maX;eq, p,(t) <p 7 <43>

B otherwise

where
1

p:i=1-— 4.4
P 1 4+ max{log M,log L}’ (44)

then the following bound is obtained

H(p) + max{loglog M, loglog L} L logL 3 926ar+4

o 3 B + 1.

Ve(p) < Vas(p) =
(4.5)

The proof of Theorem 4.2.1 is provided in Section 4.7.2.
Recall from Section 3.3.2 that policy 7g g selects the retire-declare action

at 7,,, and selects sensing actions in a way to maximize the EJS divergence, i.e.,
EJS(p,mgss) = max EJS(p,a). (4.6)
a€Apnr
Theorem 4.2.1 together with (4.6) yields the following:

Corollary 4.2.1. Suppose there exist positive values o and 3 such that

o if max; i < D
max EJS(p, a) > [N <P b ). (4)

€A .
o= B otherwise

Under Assumptions 4.1.1 and 4.1.2, and for L > 1 and p € Pr(Qy),

H(p) + max{loglog M,loglog L} logL 3 x 2%u+4
+ o2y
(6] ﬁ Ozﬁ

In Chapters 5-7, we will extensively use Theorem 4.2.1 and Corollary 4.2.1

Vapss(p) < +1. (48

to analyze the performance of mg;s and other simple heuristics for important

special cases of the active hypothesis testing problem.
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Next we provide an upper bound for V.. for the general active hypothesis

EJS
testing problem by characterizing o and 3 in (4.7) and using Corollary 4.2.1. For
notational simplicity, let

Iy(M) := max min min Z XD (| Z i p q] (4.9)

AEP(Apy) 1€ PEPL(Q
(Anr) PLMeAM Ior

b
D;(M) := E Ao D( E Q 4.1
(M) Aerﬁr’}%f pelfr"rLugM = (g7 c1- B q] Vi € Q. (4.10)
M ?

Note that for any A € P(Ay,) and p € P (Qu),

max EJS(p,a) Z MNEJS(p,a) > min Z MNEJS(p

a€Apns PEPL(Q
ac Ay L M a€An

which implies that
max EJS(p,a) > 1y(M). (4.11)
a€Apnr
Similarly, we can show that for any A € P(Ay) and p € P1 () such that p; > p,
max EJS(p,a) Z MNEJS(p,a) > min Z AapD (g}l Z p]A q]

a€Apns ePr (22
acAn PEPL () a€Ap J#i

which implies that

max EJS(p,a) > pD;(M) if p; > p. (4.12)

a€An
Corollary 4.2.1 together with (4.11) and (4.12) provides the following upper
bound on the expected total cost of policy 7g;g,

H(p) + max{loglog M, loglog L} L log L

<
Vars(P) < To(M) 5 min D;(M)
ZEQ]\/[
3 x 2%m+4
1. 4.1
* p min D;(M)1y(M) * (4.13)
SV

Next we consider policy ms, a two-phase policy which was introduced and
analyzed in [38]. Let m, and m,, i € Qy, be vectors in P(A,,) that achieve the

maximum in (4.9) and (4.10), respectively, i.e.,

Pj
7, = argmax min  min Ao D(4; P q 4.14
0 AEP(-A]\/I) 1€Q N pEPL(Q]\/[ ;Iw || ; J ( )
7, *= argmax min Z AaD (G| Z i qj Vi € Q. (4.15)

ePL(Q
AEP(Ayn) PEPL(Qr) e o
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Moreover, let 1y, and n;, denote elements of 1, and m),; corresponding to a € Ay,

respectively. Consider a threshold p, p > % Markov (randomized) policy my is

defined as follows:
o If p; > 1 — L7}, retire and select H; as the true hypothesis;
o If p; € [p,1 — L), then my(alp) = nia, Ya € Ayr;
o If p; <min{p,1 — L'}, for all i € Qyy, then m(alp) = noa, Va € Ay
Next theorem provides an upper bound on the expected total cost of my:

Theorem 4.2.2 (see [38]). Under Assumptions 4.1.1 and 4.1.2, and for L > 1
and any p € Pr(Qy),

H(p) + & + KY i logL

VulP) < =000 "D,

+1,

where KY is a constant independent of L and M.

The proof of Theorem 4.2.2 relies on the (non-Bayesian) analysis of the
conditional expected cost. Following a similar approach and for large values of L

and M, the upper bound (4.13) for 75 can be tightened as follows:

Proposition 4.2.1. Under Assumptions 4.1.1 and 4.1.2, and for L > 1 and p €

PL(QM)z
K 22§
H(p) + max{loglog M, loglog L} M log L+ E}f(jd) -
Vipss(p) < T,() +D_p D;(M) +1,
i=1 v

where K7 . is a constant independent of L and M.
Recall that in Theorem 2.3.3, an upper bound was provided for the class of
sequential adaptive policies by analyzing the performance of a heuristic two-phase

policy mg4 which can be described as follows:
o If p; > 1 — L', retire and select H; as the true hypothesis;
o If p; € [p,1 — LY, then wga(alp) = pia, Ya € Apr;

o If p; <min{p, 1 — L7}, for all i € Qyy, then 7wg4(alp) = poa, Ya € Apr;
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where p, and p,;, i € €y, are vectors in P(A,,) that achieve the maximum in

(4.16) and (4.17), respectively:

Io(M) = in mi AaD(q?1g%), 4.16

o(M) := max  min min (all45) (4.16)
acA)p,

D;(M):= max min AaD(qlq%), Vi € Qur. 4.17

(M) AEP(Apr) J# eyl (g qu) M ( )

The next proposition generalizes the upper bound in Theorem 2.3.3 and is

provided as a benchmark for comparison with 7p;g.

Proposition 4.2.2. Under Assumptions 4.1.1 and 4.1.2, and for L > 1, p €
P (), and arbitrary ¢ € (0,1),

H(p) +log M + K" Y logL
|74 < _ 1+44)+ = (1+1
p) AT A M5 viv )
3 B
1 (102 ag3,
M _— L(1— ; 2
- <6+ (L/_2)5<10(M))4) < ( jrélgﬁp])) T
1+ 280

where K" is a constant independent of L and M.

The proof of Proposition 4.2.2 is provided in Section 4.7.7.

To compare the performance of the proposed heuristics with that of the
optimal policy 7*, we require knowledge of the optimal value function V*. In lieu
of numerical approximation of or derivation of a closed-form for V*, in the next

section, we use Lemma 3.5.1 to find lower bounds for V*.

4.3 Lower Bounds for the Optimal Performance

From Lemma 3.5.1, we know that if there exists a functional V : P(Qy) —
R, such that for all belief vectors p € P(Qy),
V(p) < min{l + min (T*V)(p), min (1 — p;)L},
then V*(p) > V(p) for all p € P(2y). In this section, we use the above fact
to find three lower bounds for V*. These lower bounds are non-asymptotic and

complementary for various values of the parameters of the problem.
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Theorem 4.3.1. Under Assumption 4.1.1 and for L > 1 and p € Pr(Qy),

_l’_

log 757 — log o

M
Vi(p) = Vi(p) = pi max Sk
(p) > Vi(p) Z e D)

where K| is a constant independent of L whose closed-form is given by (4.74).

The proof of Theorem 4.3.1 is provided in Section 4.7.3.

Let define
D M) := D(ql|q? 4.1
max(M) = max max D(q/|q}), (4.18)
Inax(M) := max max JS(p,a). (4.19)

ac€An peP(Qn)

Next we provide another lower bound which is more appropriate for large values
of M or small values of I (M).

Theorem 4.3.2. Under Assumption 4.1.1 and for L > 1 and p € Pr(Qyy),

Vi(p) = Va(p) :=

H(p) — H([a(L, M), 1 — a(L, M)]) — a(L, M) log(M — 1 '
(p) = H(la(L, M), 1 = a(L, M)]) — (L, M)logM =1) o 1"
[max(M)
where a(L, M) = 575t -

The proof of Theorem 4.3.2 is provided in Section 4.7.4.

Remark 4.3.1. The lower bounds in Theorems 4.3.1 and 4.3.2 can be explained by
the following intuition: For any uncertainty function V : P(€,,) — R, the number

of samples required to reduce the uncertainty down to a target level Viaget has to

be at least %

associated with a single sample, i.e.;, A (V) = max max Z(p,a, V). The lower
ac€ A pEP(Qj\/j)

bound in Theorem 4.3.1 is associated with such a lower bound when taking V' to be

, where Ap .« (V) is the maximum amount of reduction in V/

the log-likelihood function, while the lower bound in Theorem 4.3.2 is associated

with setting V' to be the Shannon entropy.

log M
Imax (M) )

of active hypothesis testing will have a trivial solution. The precise statement is

Theorem 4.3.2 can be used to show that when L < the problem

given by the following corollary.
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Corollary 4.3.1. Let L < Iiii(]\i/\[/l)’ and suppose the decision maker has a uniform
prior belief about the hypotheses. For sufficiently large M, the optimal policy ran-
domly guesses the true hypothesis without collecting any observation, hence, Pe,

the probability of making a wrong declaration, approaches 1 — ﬁ

The proof of Corollary 4.3.1 is provided in Section 4.7.6.
Next theorem combines the above lower bounds and is appropriate when L

and M are both large.

Theorem 4.3.3. Under Assumptions 4.1.1 and 4.1.2, and for L > max{1, Ii::i(ﬂl/\[/l)}
and arbitrary 6 € (0,0.5],
H(p) ~ H(51 - 8)) ~ slog(M ~ 1)

Tnax (M)

1-L—1
L—l

V*(p) = Vi(p) =

log

—log =2 — ¢y
1 max p; — - K/ )
DmaX(M) {ieQM pis1=0} 3

where K} is a constant independent of § and L whose closed-form is given by (4.92).!

The proof of Theorem 4.3.3 is provided in Section 4.7.5.

Recall that in Theorem 2.3.3, following Chernoff’s approach [5, Theorem 2],
we provided a lower bound for the class of sequential adaptive policies. The next
proposition generalizes this lower bound and is provided as a benchmark for com-

parison with the lower bounds derived using dynamic programming techniques.

Proposition 4.3.1. Under Assumptions 4.1.1 and 4.1.2, and for L > 1, p €
P (), and arbitrary § € (0,1),

Vi(p) >

+
M 1 —6)log —L£— —maxlo &] "o
[( ) log % log2L — 7 &, (1 B 2M(M)6> B ME2,
Pi

20 Di(M) +6 ] |
i=1 i(M) +

where K" is a constant independent of § and L whose closed-form is given by (4.107).

The proof of Proposition 4.3.1 is provided in Section 4.7.8.

LAs it will be discussed in Section 4.5.2, K} can be selected independent of M as well if
supys Ep < 0.
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4.4 Improved Stopping Rule: Numerical Exam-
ple

All the policies proposed so far apply the same stopping rule 7,,,, i.e.,
they all stop sampling as soon as the belief about one of the hypotheses passes the
threshold 1—L~!. One shortcoming of this rule is that it does not take into account
the amount of information that samples provide. In this section, we address this
insensitivity to the choice of the observation kernels, and we propose a modified
threshold for stopping. For simplicity of exposition, we consider the case of active
binary hypothesis testing; however, the results can be extended to M > 2.

As shown in the proofs of Theorem 4.3.2 and Corollary 4.3.1, at belief vector
v=|[1-aL,2),a(L,2)] where a(L,2) =

1
T We have

Va(v) =V*(v) = Lmin{a(L,2),1 — a(L,2)} = La(L,2),

and hence the optimal action is to retire and declare H; as the true hypothesis. This
together with the facts that V* is concave (see Theorem 3.2.2) and V*([1,0]) = 0
implies that at any belief vector p € P(€)s) such that p; > 1—«(L,2), it is optimal
to retire and declare H; as the true hypothesis. Similar stopping threshold can
be obtained for H,. This shows that in scenarios where a(L,2) >> L™ (or

equivalently Ir.(2) << W)

, the stopping rule 7,,, is not a reasonable one.
Similarly, we can use lower bound V; to find another stopping threshold. Let 7z g
denote a modified version of wg ;¢ that selects the best stopping rule among the
above candidates. Next we will compare the performance of 7z ;g against g s as
well as the optimal policy in a numerical example.

Consider the active binary hypothesis testing problem with additive Gaus-
sian noise shown in Fig. 4.1. We have modified the variance of the noise to reduce
Iax(2) and Dyyax(2), hence the information that samples can provide.

Figure 4.2 plots the expected total cost of policies 7, mg s and g for
different values of L. Additionally, Fig. 4.2 illustrates lower bounds V; and V; as
benchmark. Table 4.1 compares the proposed stopping thresholds and the optimal

one. The results confirm that 7,,, is a reasonable stopping rule when L is large;

but it might be far from the optimal one if L is small.
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Figure 4.1: Active binary hypothesis testing with additive Gaussian noise.

Table 4.1: Different stopping thresholds for the example of Fig. 4.1.

L~'  using Vi using V5 optimal (using V*)

L =10 0.1000  0.1930 0.2175 0.3304

L =100 0.0100 0.0164 ~0 0.0338

L =1000 0.0010 0.0015 ~0 0.0031

70
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Expected Total Cost

Expected Total Cost

Expected Total Cost

O 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

P1
(¢c) L = 1000.

Figure 4.2: Expected total cost of the proposed policies for different values of L.
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Table 4.2: Summary of Notations

Notation Description

Inax(M)  max max JS(p,a)

acAn i)EP(QA{)

Diax (M D(qi|lqj
(M) max max D(g}|q)

Io(M) max min  min > AD(¢? ., 2 q5)

AGP(AIVI) 1€QM ﬁGPL(QIW) acAN .]7&74 1—p;

D;(M max  min AaD (g o Piga
(M) A€P(Anr) pEPL(Qnr) agM (el Z]# e q])

Io(M) max min min Y A, D(qflqf)

XEP(An) €02 JFE oE Ay,

D;(M max min AaD(q g8
(M) \apax it GGZAIM (g7lq5)

4.5 Asymptotic Analysis and Consequences

In this section, we state and discuss the consequence of the bounds obtained
in Sections 4.2 and 4.3 in asymptotically large L and M. Note that Table 4.2

provides a list of the notations introduced in Sections 4.2 and 4.3.

4.5.1 Order and Asymptotic Optimality in L

The lower and upper bounds provided in Sections 4.2 and 4.3 can be applied
to establish the order optimality and asymptotic optimality of the proposed policies

as defined below.

Definition 4.5.1. For fixed M, policy 7 is referred to as order optimal in L if for
all p € P(Qyy),

lim Vz(p) —V*(p)

<1
L=o0 Vz(p)

Definition 4.5.2. For fixed M, policy 7 is referred to as asymptotically optimal
in L if for all p € P(Qy),

i Va(P) —V*(p)

=0.
L—o0 Vﬂ_(p)
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Remark 4.5.1. It is clear from the above definitions that order optimality is
weaker than asymptotic optimality. If policy 7 is asymptotically optimal in L,
then V; and V* will have the same dominating terms in L; while order optimality
of policy 7 only implies that dominating terms in V, and V* are the same up to a

constant factor.

The following theorems establish order and asymptotic optimality of our

proposed policies.

Corollary 4.5.1. Under Assumptions 4.1.1 and 4.1.2, policy ws4 is asymptotically

optimal in L. Furthermore, policy wgss attains asymptotic optimality in L if
D;(M) = D;(M), Vie Q. (4.20)
Proof. Using Proposition 4.3.1 and by setting § = (log L)_i, we obtain
M 10gL 2
V*(p) > i~7—|—0<10L§>. 421
() ;pmm (log L) (4.21)

On the other hand, from Proposition 4.2.2 and by setting ¢ = (log L)~ 1, we find

BROES 3 ;(g]\j) +0 ((10g L)?). (1.22)

The proof of the first part of the corollary simply follows from Definition 4.5.2,
inequality (4.21), and (4.22).
Similarly, the proof of the second part of the corollary follows from Defini-
tion 4.5.2, inequality (4.21), and Proposition 4.2.1.
]

4.5.2 Order and Asymptotic Optimality in L and M

As mentioned in Section 4.1, one of the main drawbacks of Chernoff’s
asymptotic optimality notion was his neglecting the complementary role of the
parameter M. In particular, the notion of asymptotic optimality in L falls short
in showing the tension between using an (asymptotically) large number of samples

to discriminate among a few hypotheses with (asymptotically) high accuracy or
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an (asymptotically) large number of hypotheses with a lower degree of accuracy.
In this section, we address this issue by analyzing the bounds when L and M are
both asymptotically large. More specifically, we consider a sequence of problems
indexed by the parameter M in which the set of actions and observation kernels

grow monotonically as M increases, i.e., for all M < M’,

AM C AM” and {qg(.)}iEQJ\/LGEAM C {qg(')}iEQM/ﬂEAM/' (423)

Recall the notations listed in Table 4.2. Also let Do(M) and Do(M) denote
respectively the harmonic mean of {D;(M)}icq,, and {D;(M)}icq,,, i-€.,

=M (Z - 1M)> . Do(M)=M (Z Di(lM)> : (4.24)

_ i=1

Moreover, let

Tinax = SUpP Loy (M), Diax = SUp Dyax (M), (4.25)
M M

L = 111\}[f Lnax (M), D, = 1Ar}[f Diax (M), (4.26)

1, := 1Zr\14f Iy(M), D, = 1J‘r}[f Dqo(M). (4.27)

By the definition and from (4.23), Dyax(M) and Iyax (M) are non-decreasing
in M. Furthermore, from (4.19), (3.18), and Jensen’s inequality,

Inax(M) = max max sz qzllngqj

a€Ays pE]P Q]u

<
max max ZmZm (g'llq9)
< max max D(q;||qj) = Dmax(M); (4.28)

a€ApN 1,EQ N

and by Assumption 4.1.2, we have

a

Diax(M) < max max logq— <&y (4.29)

1,J€Qpr a€A s qj
Similarly, Io(M) < Dy(M) < Dy(M) < Dpa(M) < &y, Vi € Qyy, for all M.

Since Dyax(M) and I, (M) are non-decreasing in M, we have D . = Dyax(2),
Diax = lim Do (M), I = Inax(2), and Tpay = lim Lya (M),
M—o0 M— o0
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Furthermore, to ensure that the distance between the observation kernels
remains bounded as M increases (and Diax < 00), we consider the following

assumption:
Assumption 4.5.1. There exists £ < oo such that
sup & < €.
M
This assumption allows us to specialize Theorem 4.3.3 as follows.

Corollary 4.5.2. Let p, ) denote a uniform prior on the set of hypotheses Qyy.

Under Assumptions 4.1.1, 4.1.2, and 4.5.1, and for L > max{2, I;‘f{(]‘f@},

- +
logM —2 log7E"  loglog LM +¢
T Dun D —hs)

where KY is a positive constant independent of L and M.

The proof of Corollary 4.5.2 is provided in Section 4.7.6.
The next definition extends the notions of order and asymptotic optimality

defined in Section 4.5.1 to the case where M increases as well.

Definition 4.5.3. Policy 7 is referred to as order optimal and asymptotically

optimal in L and M if respectively,?

. Vn(Pu,M) - V*(Pu,M) . Vn(Pu,M) - V*(Pu,M)
lim <1, lim
L,M—o0 Va(Pur) L,M—c0 Ve(Puynr)

=0.

Corollary 4.5.3. Under Assumptions 4.1.1, 4.1.2, and 4.5.1, for L > 71;%((]\1\4/1)’
and if I, > 0, policy mp s is order optimal in L and M. Furthermore, if I nayx = L,

and Dyax = Dy, policy Tpys is asymptotically optimal in L and M.

Proof. The proof simply follows from Definition 4.5.3, Proposition 4.2.1, and Corol-
lary 4.5.2. O

2Note that unlike Definitions 4.5.1 and 4.5.2 where we considered the performance gap between
policy 7 and the optimal policy 7* for all values of p € P(25s), here we consider the performance
gap specifically at the uniform vector in the information state space.
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4.5.3 Information Acquisition Rate and Reliability

In this section, we explain the primal (constrained) version of the problem
of active hypothesis testing, referred to as the information acquisition problem,
and use the obtained bounds in Sections 4.2 and 4.3 to extend the (information
theoretic) notions of achievable communication rate and error exponent to the

context of active sequential hypothesis testing.

Information Acquisition Problem:

Consider a sequence of active hypothesis testing problems indexed by M hy-
potheses of interest, action space Ay, and observation kernels {¢! }icq,, ae Ay
A Bayesian decision maker with uniform prior belief p(0) = p,, 5, is respon-

sible to find the true hypothesis with the objective to
minimize E [7] subject to Pe <, (4.30)

where 7 is the stopping time at which the decision maker retires, Pe is the
probability of making a wrong declaration, and € > 0 denotes the desired
probability of error. Furthermore, let the set of actions and observation

kernels grow monotonically as M increases, i.e., for all M < M’
'AM C AM’? and {qg(.)}iEQJ\/LGE-AI\/I C {qg(')}iEQM/,GEAM/' (431)

Let E,[7] and Pe, denote respectively the expected stopping time (or equiv-
alently the expected number of collected samples) and the probability of error un-
der policy 7. Following the notations in [56], we define M, (¢,¢€) as the maximum
number of hypotheses among which policy 7 can find the true hypothesis with
E.[r] <t and Pe, < e. Policy 7 is said to achieve information acquisition rate
R > 0 with reliability (also known as error exponent) £ > 0 if

1
lim — log M (t, 275 = R. (4.32)

t—00

As mentioned in Section 2.4.2, for fixed number of hypotheses M, hence at in-

formation acquisition rate R = 0, policy 7 is said to achieve reliability £ > 0
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if
li _11 Pe (t, M) =E 4.33
tLH;DTOg eﬂ'(7 )_ 9 ( )

where Pe,(t, M) is the minimum probability of error that policy 7 can guarantee
for M hypotheses with the constraint E,[7] < t.

The reliability function E(R) is defined as the maximum achievable error
exponent at information acquisition rate R.

Before we proceed with the upper and lower bounds on the maximum
achievable information acquisition rate and the optimal reliability function, we
refer the reader to Table 4.2 for the list of notations introduced in Sections 4.2 and

4.3. Also recall that Do(M) and Do(M) denote respectively the harmonic mean
of {D;(M)}ieq,, and {D;(M)}ico,,-

Corollary 4.5.4. For any given fized M (rate R = 0), no policy can achieve
reliability higher than Do(M). Also, no policy can achieve positive reliability E > 0

at rates higher than I .. Furthermore,

E(R) < Dpax (1 — i) ;R € (0, Tnax)- (4.34)

]max

Remark 4.5.2. Corollary 4.5.4 establishes an upper bound, I, on maximum
achievable information acquisition rate. As shown in Section 4.7.9, this result can
be strengthened to show that no policy can achieve diminishing error probability

at rates higher than I,,.y.

Corollary 4.5.5. For fired M, hence at rate R = 0, a policy ™ can achieve the
mazimum reliability, i.e., £ = [)O(M), if and only if it is asymptotically optimal
in L. Furthermore, a policy m can achieve a mon-zero rate R > 0 with non-zero

reliability B2 > 0 only if it is order optimal in L and M.

Corollary 4.5.5 implies that for fixed M, hence at R = 0, policies mga
and 7" achieve the optimal error exponent; while policy 7g ;s might or might not
(depending on condition (4.20)). Furthermore, Corollary 4.5.5, in effect, underlines
the deficiency of characterizing the solution to the problem of active hypothesis

testing in terms of L in isolation from M, i.e., Chernoff’s notion of asymptotic
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optimality (solely in L). In particular, an order optimal policy can achieve non-
zero rate and reliability simultaneously, which is an improvement over mg4 (and

all extensions of [5]).

Corollary 4.5.6. Policy s achieves rate R € [0, 1] with reliability E if

E < D, (1 - IE) . (4.35)

Ly
Fig. 4.3 summarizes the above results. The upper bound on the reliability

function is shown in red. Policy mg4 achieves the optimal reliability Do(M) for
fixed M (at R = 0) with no provable guarantee for R > 0 (this point is shown in
green); while policy mg g ensures an exponentially decaying error probability (the

error exponent is shown in blue) for R € [0, 1,).

D —— Upper bound on E(R)

—— Lower bound on E(R)

Reliability

lo Imax
Rate

Figure 4.3: Lower and upper bounds on the optimal reliability function E(R).

Remark 4.5.3. It can be shown that optimal policy 7* for the problem of active
hypothesis testing also achieves any rate R € [0,/)] with reliability F satisfy-
ing (4.35) for the information acquisition problem. Moreover, any policy 7 that

satisfies (4.3) can achieve rate R € [0, ] with reliability £ if £ < 3 (1 — £).3

3In case parameters o and § are dependent on M, they are replaced by « := ljié[n inf @ and
— 00

8 := liminf 3, respectively.
M — o0
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The proofs of all the results in this section are provided in Section 4.7.9 and
are based on the fact that active hypothesis testing can be viewed as a Lagrangian
relaxation of the information acquisition problem. It is somewhat intuitive that
as L — oo the solution of active hypothesis testing is closely related to that of
information acquisition problem when ¢ — 0. The following lemma makes this

intuition precise.

Lemma 4.5.1. Let E[7*] denote the minimum expected number of samples required

to achieve Pe < e. We have
E[r] > (1 —€L) (V*(p(0)) — 1), (4.36)

where V* is the optimal value function of the problem of active hypothesis testing

with penalty of wrong declaration L.

Given the above connection, Corollary 4.5.4 follows readily from the lower
bounds obtained in Proposition 4.3.1 and Theorem 4.3.3 (in particular its Corol-
lary 4.5.2); and Corollaries 4.5.5 and 4.5.6 follow from the upper bounds given by
Propositions 4.2.1 and 4.2.2.

4.6 Discussion: Technical Assumptions

In this section we provide a discussion on our technical assumptions. In
particular, we discuss the necessity of Assumptions 4.1.1 and 4.1.2, and compare
them with the common assumptions in the literature. In contrast to Assump-
tion 4.1.1, which is shown to be necessary for the problem of active hypothesis
testing to have a meaningful solution, Assumption 4.1.2 can be relaxed to more

general assumptions without affecting the asymptotic results.

4.6.1 Assumption 4.1.1

We first discuss the necessity of Assumption 4.1.1. If Assumption 4.1.1
does not hold, then there exist two hypotheses i, 7 € Q,s, i # j, such that for all
a € Ay, D(qflqf) = 0. In other words, ¢f(-) = ¢j(-) for all a € Ay, and hence



80

the decision maker is not capable of distinguishing these two hypotheses. In this
sense, Assumption 4.1.1 is necessary for the problem of active hypothesis testing
to be meaningful.

Next we compare Assumption 4.1.1 to its counterpart in [5]:
Assumption 4.6.1. D(q|qj) > 0, Vi, j € Qur, i # j, Va € Apr.

This assumption assures consistency [5, Lemma 1], i.e., arg max;cq  pi(t)
converges exponentially fast to the true hypothesis regardless of the way the sens-
ing actions are selected. However, this assumption is very restrictive and does not
hold in many problems of interest such as channel coding with feedback [12]. It
was remarked in [5, Section 7] that the above restrictive assumption can be relaxed
if the proposed scheme is modified to take a (possibly randomized) action capa-
ble of discriminating between all hypotheses pairs infinitely often (for example at
any time ¢ when t is a perfect square). In this dissertation, however, we took a
different approach and constructed policy 7g4, a simple two-phase modification of
Chernoft’s original scheme in which testing for the maximum likely hypothesis is

delayed and contingent on obtaining a certain level of confidence.

4.6.2 Assumption 4.1.2

We first discuss the necessity of Assumption 4.1.2. For observation ker-
nels with bounded support, Assumption 4.1.2 is a necessary condition to ensure
that the observation kernels are absolutely continuous with respect to each other
and hence no observation is noise-free. Although this assumption might hold in
many settings, it does not hold in general for observation kernels with unbounded
support. Next we replace Assumption 4.1.2 by more general assumptions on the
observation kernels, and discuss the consequences.

To the best of our knowledge, Assumption 4.6.2 below, given first by [5], is
the weakest condition in the literature of hypothesis testing and sequential analysis,
and is often interpreted to an assumption which limits the excess over the boundary

at the stopping time [57].
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Assumption 4.6.2. There exists £y < 0o such that

log 42) r dz < Ear. (4.37)
¢ (2)

The proof of Proposition 4.2.2 relies on Chernoff’s approach [5], and the

max max/qf(z)
z

1,JEQnr aEAN

asymptotic behavior of the bound remains intact if Assumption 4.1.2 is replaced
with Assumption 4.6.2. However, as shown in the proof of this proposition in
Section 4.7.7, Assumption 4.1.2 allows us to give a precise non-asymptotic char-
acterization of the bound by applying the method of bounded differences and in
particular the McDiarmid’s inequality [48]. Furthermore, Proposition 4.3.1 re-
mains valid even if Assumption 4.1.2 is replaced with Assumption 4.6.2 (with the
only minor change that &2, is replaced with &, in the bound).

Next we consider the consequence of weakening Assumption 4.1.2 on The-
orems 4.2.1 and 4.3.3. To do so, we consider an even weaker assumption than

Assumption 4.6.2 as given below:

Assumption 4.6.3. There exists £y < 0o and v > 0 such that

g (2)
g (2)
Define function ¢y, : R, — R, as follows
g ()
b) := ¢ log = d
¢M( ) ZJI%%}L ggifl/zqz (Z)|: 0g q?(z):|b <y
where [g]y, = gl{g>py. Note that ¢p(b) is in general non-increasing in b, and if

Assumption 4.6.3 holds, (b)) < b77&y. Under the weaker Assumption 4.6.3

1+~

log dz < &y

max max/qf(z)
z

1,7EQM a€ Ay

(and naturally Assumption 4.6.2), Theorem 4.3.3 can be replaced by:

Proposition 4.6.1. Under Assumptions 4.1.1 and 4.6.3 and for L > I{i‘ﬁ(]\ﬁ),
p e PL(Qy), 6 € (0,0.5], and b > 0,

1 H(p) — H([5,1—6]) — §log(M — 1)

73 1+ Dﬁl:i((l}\)/l) Lo (M)
log 24" —log 55 — b B
Dmax(M) {22’1{?])& pi<l—d8} — 3 ;

where K is a positive constant independent of L. In addition, if Assumption 4.5.1

holds as well, then K% can be selected independent of M as well.
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The proof of Proposition 4.6.1 is provided in Section 4.7.10.

We can also obtain the following upper bound:

Proposition 4.6.2. Consider a policy m with stopping rule 7,,,. Suppose policy ™
at each time t = 0,...,7,,, — 1 and given the posterior vector p(t), selects sensing
actions in a way that EJS(p(t), ) > a for some a > 0. Under Assumptions 4.1.1
and 4.6.3, and for L > 1 and p € Pr(Qy), there exists i € (0,00) such that
ety (b—3) <« for allb> b and

H(p) + max{loglog M,log L} + b
o — %QﬁM(b —3)

Va(p) < Vio(p) = +1. (4.38)

The proof of Proposition 4.6.2 is provided in Section 4.7.11. Following a
similar approach, we can also generalize V 5 given in (4.5).

As we discussed, ¥ (b) < b77&y under Assumption 4.6.3. Furthermore, if
Assumption 4.5.1 holds, then sup,, ¥ (b) < b~7¢. In other words, we can select b
as a function of L and M (for instance b = loglog LM) such that V5 and V; have
the same dominating terms (in L and M) as V3 and V., respectively.

In summary, the asymptotic results of this dissertation hold under the
weaker Assumptions 4.6.2 and 4.6.3 replacing Assumption 4.1.2. Our choice to
present the work under Assumption 4.1.2, however, significantly simplifies the pre-
sentation, and also enables a precise non-asymptotic characterization of the lower

and upper bounds.

4.7 Proofs

4.7.1 Preliminary Lemmas

In this section, we provide some preliminary lemmas. These lemmas are

technical and only helpful in proving the main results.

Lemma 4.7.1. Under Assumption 4.1.2 and for any i € Qyy,

pi(t+ 1) pi(t)
L—pi(t+1) ~log 1 — pi(t) < Su
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Proof.
plt+D) e || e OE®) el
L—pi(t+1) 1 —pi(t) > it (Z (1)) 1 — pi(t)
J#i
A(t)

_ g, (Z(t))
ey

< max suplog& <&

a€hu ez mingf(2)
JFi

Lemma 4.7.2. Under Assumption 4.1.2 and for any i € Qyy,

it +1) = pilt)] < min {p;()(1 — pi(1)), pilt + 1)(1 — pi(t + 1))} 2.,

Proof.

¢"(Z(t))

> pi(0)a (2()

1

—1

lpi(t +1) — ps(t)] = pi(t)

(1 - pi()g" (Z(t) - > it (Z(1))

> gyt (2(0)

= pi(t)

< pi(H)(1 = pi(0)) ( mex mex sup q§<z>)

kjeQn a€An ez qj (Z)
< pi(t)(1 — pi(t))25.

Similarly, we can show that

lpi(t + 1) — pi(t)]

; pit)g " (Z(1))
= pi(t+1) |1 — pi(t) — Q?(t)(Z(t))
(1) AW
1— pi(t) 2. pila; (2 (1)

— it +1)(1— pilt+ 1))

L=pi(t+1) (1= p(t+ 1) (2(1))
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S 06 20) 3 ) (2(0)

= pi(t+ 1)1 — pi(t + 1)) ; lfj,,(f()ﬂqf(t)(z(t)) - vA)

qi(2)
<pi(t+1)(1=pi(t+1)) (J?&XM aCdns oD q“(Z))
z J

< pi(t+1)(1 — pi(t +1))25.

Lemma 4.7.3. Under Assumption 4.1.2 and for any § € (0, 1), if
max max {pi(t), pi(t +1)} 219,
then
U(p(t+1)) = Ulp(t)| < 2% (3 + dlog(M — 1)).

Proof. We first consider the case max;eq,, pi(t) > 1—9. Without loss of generality

assume 1 = arg max,cq,, pi(t) and p;(t) > 1 — 6. We obtain

|U(p(t +1)) = Ulp(t))]

(t+1)
= szt‘l'l Jz:+1 sz lOgl—()()
) Cplt+1) pi(t)
= szt‘f‘l (10 1—pi(t+1) logl—Pi(t))

+Z pi(t+1) — pi(t))log pit)

1 —pi(t)
< max log%_bglf(p%‘ X -y <>>1og1f<;>(t)
(%)gM+§;|pit+1) pilt)| loglf"ﬁff(t)
< ey + 26 épi(t)(l — pilt)) |log § fifo?(t) '
<+ 29 (01 — pr (1)) 1og1f5(p?(t)‘ +2€M§m(t) log pit)
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M—1
> pi(t)

i#i
< Epp 25 4 25 (Slog(M — 1) + 1)

(c)
< Ear + 25 4 28 (Z pi(t)) log
i1

(d)
< 2% (3 4 §log(M — 1)),

where (a) and () follow respectively from Lemmas 4.7.1 and 4.7.2; (¢) follows from

Jensen’s inequality and the fact that

(1 —x)

loglx 'gl, x € 0,1];

and (d) holds since &)y < 25,
This completes the proof for the case max;ecq,, pi(t) > 1 — 0. The proof
for the case max;eq,, pi(t + 1) > 1 — ¢ is done by following the similar lines and

interchanging time indices (¢) and (¢ + 1). O

Lemma 4.7.4. Assume that the sequence {((t)},t =0,1,2,... forms a submartin-
gale with respect to a filtration {F(t)}. Furthermore, assume there exist positive

constants K, K, and K3 such that*

E[C(t+ DIF®)] = Ct) + K1 if () <0, (4.392)
EIC(t+ DIF®)] = C(t) + Ky i () =0, (4.30b)
Clt+1) = ¢ < Ky if max{C(t+1),¢(1)} > 0. (4.39)

Consider the stopping time v = min{t : ((t) > B}, B > 0. Then we have

B —((0) 1 1 3K?2
Ev] < — >~ 1 — — . 4.4
< D Ot (5 ) T @A)
Furthermore, if K1 > Ky, and there exists Ky < K3 such that
[C(t+1) —¢()] < Ky if max{¢(t+1),¢(H)} > B, (4.41)
the bound is tightened as
B —((0) 1 1 Ky
<= > S .
Elv] < 5, + ¢(0)1c(0)<0} (K2 K1) - e (4.42)

41t is implied from (4.39) that K1, Ko < K3.
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Proof. This lemma is a generalization of Lemma 1 in [58]. The proof is provided
below.

Consider the sequence {n(t)} defined as follows
—A+ S ¢ if ((t) < 0

n(t) = . )
—Ae=x® + S0 ¢ if (1) >0

where A = [3K (i—i>]+ and o = 2382

Ko K1 Ko K2

Claim 4.7.1. The sequence {n(t)} forms a submartingale with respect to the
filtration {F(t)}.

By Doob’s Stopping Theorem,

1(0) < Efn(v)]
<E %%—v]
_El¢v-1)] +EK[§(U) Co=1] _ Efv]
] (4.43)

where (a) follows from (4.39c) and the facts that ((v—1) < B and ((v) > B > 0.
On the other hand, we have

0 0
n(0) = ( 3((1)) Licoy<0y + ( Aem O 4 %) Lic0)>01

¢(0) L1
—A+ == - 1 4.44
5~ COlco<o | 7~ 5 (4.44)
Combining inequalities (4.43) and (4.44), we obtain
B+ Kj
Elv] < —n(0
o< 280

11
< A-—>2Y 1 -
=" r, K, + 0 Lco<0) (K Kl)

B—¢(0) LN [BER 11N K,
< - > 0)1 A K,
= e +¢(0) {¢(0) <0}(K K1)+{K2 K, K, +K2

0) 11 3K3
25\ 1 — =
e + ¢(0)1¢(0)<o0 <K2 Kl) KKy’

(4.45)
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2 2
where (a) holds since by definition K, Ky < K3 and hence, % < min { ;lKI?Q, ?’KLQS}
2

Moreover, if K; > K5 and (4.41) holds, then A = [%(L — i)r =0 and (4.43)

K2 \K1 K
is tightened as

— E[v]. (4.46)

This together with (4.44) yields the following bound

B — (0 1 1 K
ebl < 20 oo (- 5 )+ @

0

Proof of Claim 4.7.1. We will show that E[n(t + 1)|F(¢)] > n(t). There are two
cases:

Case I. ((t) < 0:

If ((t+1) <0, then

(e +1)
K

nit+1)=—-A+ —(t+1). (4.48)

On the other hand, if ((t + 1) > 0, then by the assumption of Lemma 4.7.4,
((t+1) < K3, and we have

C(t+1)

nt+1) = —Ae >t ¢ — (t+1)
K,
(@ t+1
> —A+ C(; ) _ (t+1), (4.49)
1

where (a) follows from the fact that 1) if K3 > K, then by definition A = 0,
and KLQ > Kil for x > 0; and 2) if K7 < K, then —Ae™** + Kiz is concave in x,

—Ae_ax—l—%:—A—l-KllfOl"fE:Oa and for x = K3

K3 1
CAeKs 123 5 A — Ky 4 = (aKy)?) + =2
e +K2_ (11—« 3+2(a 3))+K2
1 K,

9 11\ K
S RTIS  (E B
= +83(1(1 K2)+

K

> —A+—.
= +K1



Combining (4.48) and (4.49), we obtain

Blo(e-+ DIF) 2 Bl-a -+ D o niFe
¢(t) + K,
> —A+ A (t+1)
B ¢t) .
_—A—i-?l—t—n(t).
Case II. ((t) > 0:
If ((t+ 1) > 0, then
n(t+1) = —Ae D ¢ ctrl) _ (t+1).
2
On the other hand, if {(t+ 1) < 0, then we have
n(t+1) = —A+M—(t+1)
1
@ e+ 1)
_ ad(t+1) 4 >\ T 2
> —Ae Ut @ (t+1),

88

(4.50)

(4.51)

(4.52)

where (a) follows from the fact that 1) if K; > Kj, then by definition A = 0,

and Kil > K% for x < 0; and 2) if K; < Ky, then —Ae " + KLQ is concave in zx,

—Aem ™ + & =—-A+ & forz =0, and —Ae‘aK3+% > —A—i—%.

Combining (4.51) and (4.52), we obtain

Eln(t + DIF(@)]

> E[—Ae~o¢tHD) 4 w — (t+ 1)|F(t)]

[—Ae D | F ()] + L); Ky (t+1)

E
E[—Ae™ DI ()] + AeO 4 (1)
(t) — Ae—aC(t)E[e—a(C(tH)—C(t)) — 1| F ()]

I vV

=
S

a

Ve

2
1
> n(t) + Aae S O[K, — §aK§e°‘K3]

> n(t),

1(t) — A COB[—a(C(t + 1) — (1)) + 2a3(C(t + 1) — ()% | F (1)

(4.53)
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where (a) follows from the fact that for |z| < K,

0.5K9o 5
and (b) holds since JaKZe*s = 1iye K5 < 2K, < K. O

4.7.2 Proof of Theorem 4.2.1

We first prove inequality (4.2). From (3.1), the expected total cost under
policy 7 can be written as

Vi(p) = Ex[7i)n] + LE-[1 — max p;(7y/.)]

1€Qns
(a)

< Ex[fi] + 1, (4.54)

where (a) follows by construction (4.1). Next we find an upper bound for E.[7,,,].

Notice that for all i € ), upon selecting A(t) = a and observing Z(t) = z,
the belief state evolves as

pi(t)q (2
T
Zj:l pj(t)% (2)
Recall that U(-) denotes the average log-likelihood function defined as
M 1= ),
Ulp) =Y _pilog P (4.55)
i=1 !

and let F(t) = o{A(0),Z(0),..., A(t — 1), Z(t — 1)} denote the history of sensing
actions and observations up to time t. We have

E- [U(p(t+ 1)) F ()]

= Z P.(A(t) = a)E, Zpi(t+ l)loglgpi—wu-_(t),fl(t)

a€Apr
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_ - SO
= 2 et /ZZ“ HE = Dy

i
=U<p<t>>—a§ m(alp(t) sz qz@ 2Oy

= U(p(t) - ; m(alp(t) EJS(p(t), a) |

= U(p(t) - EJZ<p<t>,w>

< Ulp(t)) — a, (4.56)

where (a) follows from the assumption of Theorem 4.2.1.

Ulp(®))

Thus, the sequence {— — t} forms a submartingale with respect to

the filtration {F(¢)}. Let define a stopping time®

1
v = min {t max p;(t) > 1 — min{log e L‘l}} _ (4.57)

ZEQ]\/[

It is clear from (4.1) and (4.57) that 7,,, < v and hence, E,[7,,,] < E;[v]. Next
we find an upper bound on E.[v]. By Doob’s Stopping Theorem,
Vo) g [ZVel) ]
o) o)

Rearranging the terms, we obtain

£t < L0, [=Viote)

< U(j(o)) +Er [—U(pozv — 1))+ Ulp(v—1)) — Ulp(v))]

@%) U(p(0)) + max{loglog M, lcég LY+E, [Up(v—1)) —U(p(v))]
o U(p(0)) + max{loglog M, log LO}i + 2tm (3 + g7 log(M — 1))
; U(p(0)) + max{loglog M, log LC}Y + 4 x 2

°For this definition to make sense (and which we only need in the analysis) we assume that
the decision maker continues sampling even after time 7,,, using the same rule as before.
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< H(p(0)) + max{loglog M, log L} +4 x 2% (4.58)

(%

where (a) holds since p;(v — 1) < 1 — min {mﬁ’ L7} for all i € Q) and hence,

M

_ S = ST o — Doe LD
i=1
< log 1-— min{—loggM, L=

min{—lOgEM , L1}

< max{loglog M, log L};

and (b) follows from Lemma 4.7.3.

Inequality (4.58) together with (4.54) completes the proof of (4.2). Next
we prove (4.5).

Recall that p =1 — 1+max{10{ngog 7 Notice that if p;(t) < p for all i € Qyy,

15
Zp, log >Zp, log = log p,O (4.59)

which implies that if U(p(t)) < log %, there exists i € Q2 such that p;(t) > p.
On the other hand, if p;(t) > p for any i € Q;, then

Ulp(t) = pit)tog =08 4 5 1 10g 2220

z(t) i pj(t)
Z(l — p;(t))
(1o 1= pi(t) _ o
< pi(t) log 0 + (1= pi(t)) log - 1_pz(t)
<plog =P 114 (1—p)log M

]_ _
<log—" 13 (4.60)
p

which implies that if U(p(t)) > log % + 3, then p;(t) < p for all 7 € Q.
Following similar lines as those in (4.56) and by (4.3), (4.59), and (4.60),

‘br

Ulp(t)) —a it U(p(t)) > lo

> g + 3 1{a>5}
Ulp(t)) =5 if U(p(t)) < log*

. (4.61)
+3 Lia>py

E- [U(p(t+1)IF ()] <

bz‘ | ™
Y

The rest of the proof is divided into two cases:
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e Case 1: L <log2M.

In this case, log L < loglog2M < log M and hence, p = 1— mﬁ >1-Lt

Following similar lines as those in the proof of inequality (4.2), we obtain

H(p(0)) + loglog M + 4 x 2%m

Er[7c] < - (4.62)
e Case 2: L >log2M.
Define the sequence {U(p(t))}; as
- 1-5
U(p(t)) = ~U(p(1)) +log — L 43 10n). (4.63)

Notice that if max{U(p(t)),U(p(t+1))} >3 1¢0>4), then

1
1+ max{log M,log L}

maxmax{p;(t), pi(t + 1)} = p =1
1€

By Lemma 4.7.3 and from (4.61), the sequence {U(p(t))}, forms a submartin-

gale with the following properties:
U(p(t+))|IF®)] = Ulp(t)) + o if U(p(t)) <0,
U(p(t+1)|F(6)] = Ulp(t)) + 5 if U(p(t)) >0,
U(p(t+1)) — Ulp(t)| < 2% i max{T(p(t + 1)), U(p()} = 3 1(any.

Let v := min{t : U(p(t)) > log L + 3 1gs~p}. Note that by construction,
7., < v. Appealing to Lemma 4.7.4 and for a < 3,

E, [%1/L] < Eqlv]

log L — U(p(0)) - 1 1Y\ 3(4 x 26m)?
<% 3 P2+ U(p(0) 1 g 0y (g‘a)+ af

U(p(0)) —log =
<logL+ (p(0)) —log

br‘
Y

3(4 x 28)2

=75 - Lowon<n ¥ =3

JlogL H(p(0)) + log 12 ECES05

- B o ap

@ H(p(0)) + max{loglog M,loglog L} logL  3(4 x 2%)2
< 5 + 3 + B )

(4.64)
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where (a) holds since log % = max{log log M, loglog L}.
Similarly, from Lemma 4.7.4 and for a > 3,

H(p(0)) + max{loglog M,loglog L} logL +3 4 x 2%
+ + .
a g g
(4.65)

ETK'I:%l/L:I S

Combining (4.62), (4.64), and (4.65) and from the fact that max{«, 5} <
v <4 x 28 we get

H(p) + max{loglog M,loglog L} log L = 3(4 x 2%v)?2
+ 2y ,
a 5 af

which together with (4.54) completes the proof of (4.5).

EW[%I/L:I S

4.7.3 Proof of Theorem 4.3.1

Let T" be the set of all mappings v : Qy — Qs such that (i) # ¢ for
1 € Q. Now associated with any v € I' define

_l’_
M log — log £
Z o ho gt
—1 max D(Qi ||qm,(i))

Next we use Lemma 3.5.1 to show that V* > Vi for all v € I'. In partic-

ular, we show that for all v € I' and for all p € P(Qu), Vi7(p) < min{l +

min (T*V17)(p), ms%n(l — pj)L}. For any p such that V;7(p) = 0, the inequality
JE8M —

a€An
holds trivially. For V17(p) > 0 and for any action a € Ay, we have

1-L~! pig; (2)
o —log s

(T*17)(p) > Z / pig; ( log lULOII R
119 D {1 a ' 1
5236; (qz quy(z))

M D(q*||q“
qz ||q (2 )
=W (p) - ]
V' (p) ;p max D(g? a7,
s (4.66)

From (4.66), we have Vi7(p) < 1+ min ("JI‘“VIV)(p). What remains is to

select K| sufficiently large such that Vi7(p) < mglln (1 —p,)L for all v € I" and for
A&l ie
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all p € P(Qy). It is trivial that the desired result is obtained for any choice of K}
satisfying

M log — log -2
K] > max max E i ) — min (1 —p;)L 7. (4.67)
V€l peB(Qu) | = max D(qz qu(z ) JEQM

Using Claim 4.7.2 below and letting Vi(-) = max,cr V47(-), we have the assertion

of the theorem.

Claim 4.7.2. The constant K| can be selected independent of L such that the
inequality V17(p) < mgiln (1 — p;)L is satisfied for all v € T'.
_ JELM

Proof of Claim 4.7.2. Let Dpin(M) = min max D(qf|lq}). First we notice that,

7 jEQ]M aE.A]\/[

if p & Pr(Qar), then Vi is bounded as:

q+
log log 72
Vilp) < ; max K
Vilp) < (D i#  max D(q%q}) 1
og L + log —
< s on
= ' Z p Dmln(M) '
| {i€Qr:pi<i—L~1}
|{2€QM pi<1-L~'}| ’
@ log L -+ 10g Z{zEQM py<l—L—13 Pi K
< >, Diin (M) !
{i€Qnpi<1l—L~1}
®) [2+ L~ log(M — 1) i
o e 4.68
- |: Dmln(M) : 7 ( )

where (a) follows by Jensen’s inequality; and (b) holds since > qcq 0 1 -1y pi <

L™' < 1 for any p ¢ Pr(Q), and zlog = < 1 for z € [0,1]. In other words, for
/'~ 2+L"'log(M—1)
K > mln(M) )

Vi(p) =0 < min (1= p)L Vo & Pu(Shu),

On the other hand, for all p € P1(€2,,), we have

J’_
log :=£— — log 2
Vi(p) < Z = 0 K 1]

M 1—p; +
log(L — 1 i1 Pilog —E
_ [ losl )+Z O T | (4.69)
Dmin(M) Dmin(M)
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Now let
(L. p) = log(L — 1) Ziﬂilpilog%
R DmiH(M) Dmin(M)
_ . M-1
(@) log(L — 1) >y pilog T2 (1 —Efwllpz)log%
a Dmin<M) Dmln(M) 7
(4.70)
where (a) holds since Y, p; = 1. Furthermore, let a = = max{l, 5 } g =

L (D (M) — 2¢) and L* = max{2a, 4, 4, & M U1 Next we show that for all

75 ﬁ27
L > L* and at belief vector p = [(M_l)L, ce (M—l)L’ 1 — %], function fi(L,-) has

an upper bound independent of L while its partial derivatives with respect to p;,

1=1,2,...,M — 1 are less than L:

fl(Lap)‘

p:[(Mgl)L vvvv (anul_%]

M-1 4 -85t o a
_ log(L —1) D im1 e Cat 4 (1 — %) log ﬁ

_ (M DL
Dmin(M) ( )
1-
all—1 (M 1)L —¢
log o(L-1) ) ) glog —— +log =
mln( ) L Dmln<M)
Clog D g log(M 1) +2log @

B Dmln(M) Z Dmin(M)
@ log = af+2
o Dm1n<M) Dmln(M)
BT ap+2
Dmin<M) Dmln(M)
®) log(2a — 1) + aff + 2
< 4.71
o Dmln(M) ’ ( )

where (a) follows from the fact that xlog% <1 forz € [0,1] and L > %;
and (b) holds since L > 2«, and

a L a a a
api ( 7p)‘i":[(Mﬂ)L 7777 (I\/I—l)L’l_f}
1—p; loge 1—pm loge 1
( o pi L—p; o8 Py - prr ) Diin(M) }”:[m """ oozl

:<10g(M—1)L—a_ loge ~log ! _I_loge)Dl
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1
min(M)

loge 1
= — — | Dyin (M) — L
L+<log(M 1)+ 2log L < min (M) a) )Dmin(M)
1

Dmin(M)

loge
< (log(M —1 2log L L
_<og( )+ 2log L + . )D

<L+ (log(M —1)+2logL —35L)

2
2

Dmin(M>
<L, (4.72)

(a)
< L+ (log L —log(BL)?)

where (a) follows from the fact that logz? < x for x > 4.
From symmetry and concavity of f;(L, ) and inequalities (4.71) and (4.72),
it is clear that for L > L*, and for all p € P1(Qy),

_ +
log(2a — 1) + aff + 2 < min (1 - p;)L. (4.73)

fl(L?p)_ D (M) f=o

Fig. 4.4 shows this for M = 2.

4 T

35- min{p1,1— p1}L R
Ll == f1(L, p) |
--- fi(L, p) —0.56

\
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.4: Computing K| for M = 2, L = 5, and Dy,(M) = 0.75. In this
example, the derivative of f; with respect to p; is equal to L at p; = 0.35 and
K{ > 0.56 ensures that fi(L,p) — K{ < min{p;,1 — p1}L. We have a = 2.67,
8 =0.07, L* = 206.06, and K| = 13.16.
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Furthermore, for all L < L*,

log L* + log M
Dmin(M)

fl(L?p) < fl(L*ap) < mgxfl(L*,ﬁ) <

This together with (4.68), (4.69), and (4.73) implies the assertion of the

claim for
,  1+ap+logl" +log M
K| = B (4.74)
o max{2+ L~ log(M — 1),log L* + log M,log(2a — 1) + a3 + 2}
o Dmin(M) .
U
4.7.4 Proof of Theorem 4.3.2
We show that for all p € P(2y),
H(p)— H(la(L,M),1 — (L, M)|) — (L, M)log(M — 1
Vo) o [H0) = H(LM).1 = alL M) — a(L Mo = 1),
ImaX(M)
+
+a(L, M)L} .
Note that the right-hand side of (4.75) can be written as
_ |Hp) - H(v) '
G(p) = {m + Oé(L, M)L s (476)
where
_ L, M) (L, M)
V—[M—l"“’M—l’l al(L,M)| . (4.77)

Next we show that G(p) < min{l + Ienfi‘n (T*G)(p), Igg‘lln(l — p;)L} for all p €
a M J M
P(Qys). For any p such that G(p) = 0, the inequality holds trivially. For G(p) > 0

and for any action a € A,; we have

JH® (p,2)g3(2)dz ~ H(v)
[max(M)

H(p) —1(p;q2) — H(v)
— 00 +a(L, M)L

(T*G)(p) + oL, M)L
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1(p;qy)
- G(p) a ]maX(M)
> G(p) -1, (4.78)

where the last inequality follows from the fact that

I 7 < [ ) - ]max M N
(prgp) < max max 1(73q5) = Tnax(M)

Therefore,
G(p) <1+ min (TG)(p).

a€Anr
What remains is to show that G(p) < ms%n (1 — p;)L. Rewriting G as
JE€8M

. S pilog e+ (1= 3 i) log e, — H(v) o :
(p) - Imax(M) + Oé( ) ) )
we can compute the gradient at v. Foralli=1,2,..., M — 1,
1
gi(v) = <logE — loge — log Z— + log e) [ Inax (M) -
1 L, M
= (10g ) /(M) = ( log # T (M) = L.
7 p=v (
M—1

Furthermore, G(v) = a(L, M)L = (1 —vy) L. Without loss of generality and since
both functions G(p) and jrélflg\ll(l — p;j)L are symmetric, let us focus on Py (Qyy) :=
{p € P(Qu) : par = pi, Vi€ Qpp — {M}}. In this case, ]I&lll;vlj(l —pj))L = (1 —
pa)L =M1 pi L and hence jrélén (1 — p;)L is the tangent hyperplane to G(p) at
v. This along with concavity of function G implies G(p) < grgéfvlf(l — pj)L. Using

Lemma 3.5.1, we have the assertion of the theorem.

4.7.5 Proof of Theorem 4.3.3

We need to show that

V() 2 Va(p) = | PR S s (4.79)

—IOg——fM

log 1
Dmax(M) {igg]t! pi<1—6}

_Ké
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We show this in two steps. First we consider the following function:

M log — log 7 i
i KL 4.
Zp max(M) 3 ( 80)

We use Jensen’s inequality to show that

Claim 4.7.3. For all p € P(Qy), J'(p) <14 min (T*J')(p).

aE.A]u

Proof of Claim 4.7.3. For any p such that J'(p) = 0, the inequality holds trivially.
For any p such that J'(p) > 0 and for any a € A, we have

piqs(2)

M log 1L _ og e
TS o Y ke = P

95 (2)
/ M [q(z)log S T (Z)dz
=J <p> - sz
i—1

Dmax(M)

() X ks 2D lay)
> J0) = 2=

1=1

> J/(p) -1,

where (a) follows from Jensen’s inequality.

0

Next we define J(p) = max{J'(p), J"(p)} where J"(p) is the right-hand
side of (4.79), i.e

H(p) — H([5,1 - 6]) — dlog(M — 1)

ey 4.81
J(p) ]max( ) (4.81)
+
log log =2 —&u n K
Do) g, =

e Case 1: For all p such that J(p) = 0 or J(p) = J'(p), it is trivial from
Claim 4.7.3 that

J(p) = J'(p) <1+ min (T°J')(p) < 1+ min (TJ)(p). (4.82)

a€Apnr acAy,
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e Case 2: For all p such that J(p) = J"(p) > 0, and for any action a € Ay,

(T°J)(p) = / J(@%(p, 2))q’(2)d
@ [ H(®"(p.2))gp(2)dz — H([5.1 — 8]) — slog(M — 1)

Tax (M)
log =L —log =8 — &y |
Dinax (M) 1{;33;[ pi<i—sy — K3
I(p;q5)
— Jl/ S\ lp)
2 Lnax (M)
> J"(p) — 1
2 J(p)— 1. -

where (a) follows from Claim 4.7.4 below and (b) holds since p is such that

J(p) = J"(p).

Claim 4.7.4. Let p be such that J(p) = J"(p) > 0. If Assumption 4.1.2 holds,

then for all actions a € Ay, and observations z € Z,

H(®"(p, =) — H(5,1— ]) — §log(M — 1)

J(@%(p, 2)) = (4.84)

max( )
log L ; logl e
PR
Dppax (M) {mex pi<1-6} 5
Proof of Claim 4.7.4. For all p satisfying ma p; > 4.
(ASI93 Vs
H(p) < (1—06)log —— + (M — 1) x 1 ,
— 5o B )

= H([0,1 —4]) + dlog(M — 1),

hence, J” < 0. In other words, J(p) = J"(p) > 0 implies that max p; <1 — §.

1€€2 M
Let p = ®%(p, z). Inequality (4.84) holds trivially if max pi < 1—0 since
1€82 0
J(p) > J"(p) and J"(p) is greater than or equal to the right-hand side of (4.84).

If max p; > 1— 0, we get
SV

J(p) = J(p)

B iAlog = log1 5 K
| & DaM)

i=1
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M ! -5 +
(2) Zﬁilog L —log 52 — & K
— Do (M)

_ log 7t —log 15° — &
- Dmax(M)

/
— K?ﬂ

where (a) follows from the fact that under Assumption 4.1.2 and for all i € Q,,,

~ ~

Pi Pi Pi Pi
1 <11 —1 1
Ogl—ﬁi_ Ogl—ﬁz’ Og1—0i+ Ogl—Pi
pidi (2) pi 1-4
< |log =——— —log + log
> i P0G (2) L—pi 0
a 1—-9
o 0|10
Zj;ﬁi 1-p; 9 (2) 0
1-0
U
Combining (4.82) and (4.83), we have that
J(p) <1+ min (T*J)(p). (4.85)

a€Apnr

Lemma 3.5.1, together with (4.85) and Claim 4.7.5 below, implies that
V* > J =max{J', J"} > J" = Vi. This is a slightly stronger result than (4.79).

Claim 4.7.5. For L > I:fc (]‘J/{J), constant K7 can be selected independent of ¢ and

L such that J(p) < mén(l — pj)L. Furthermore, if sup,; £y < oo, then K can
JENM
be selected independent of M as well.

Proof of Claim 4.7.5. Following similar lines as the proof of Claim 4.7.2, we can
select K7 sufficiently large such that J'(p) < minjeq,, (1 — p;j)L. Recall that
J'(p) = [fo(L, p) — K4, where

log(L —1) YLy pilog %

foL, p) = Do (00 Do) (4.86)

By the assumption of Claim 4.7.5, there exists £ > 0 such that log M <
(Imax(M) — &)L for all M. Set a = max{1,2}, 8 = § (k—'2¢), and let L} =
max{2a, %, %} For L > L), and for all i = 1,2,..., M — 1, we obtain
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hL) ~ log 22U alog(M — 1) +2log §
2 ’p P:[ﬁ """ (Mgl)L’l_L] N Dmax(M> L Dmax<M)
log % A(Ipax (M) — K) + 2
= Dinax (M) Dhinax(M)
log(2a - 1) + a(ImaX(M) — K’) +2
- 4,
< Do) , (4.87)
and,
of, loge 1
< —
dp; (L, )‘P=[(Mf1)L """ ar-nrol-zl — <log(M D)+ 2loglL+ o . Diax (M)
loge 1
< | 2log L + (Imax (M) — L
< (21082 + (M)~ + 1) L
2
<L+ (logL—pBL) ——
s brllosl =P 5 )
<L (4.88)

From symmetry and concavity of fo(L,-), (4.87), (4.88), it is clear that for
L > L, and for all p € P(Q),

folL, p) — 082 = 1) Ej(I?MgM =R 2 =)L (4.89)

JEQNM

Furthermore, for L < L}, we have

fo(L, p) < fo(Lsy, p) < mgxfz(L/mﬁ)

- log L}, 4+ log M - log Ly + Lb(Imax (M) — k)
o Dmax(M) Dmax(M)
In other words, selecting

K> max{log L} + Ly(Inax (M) — k), log(2a — 1) + a(Iyax (M) — k)
° T D (M)

+ 2}

(4.90)
satisfies J'(p) < minjeq,, (1 — p;)L.

Next we discuss on the selection of KJ such that J”(p) < minjeq,, (1—p;)L
is also satisfied. Let

oL, p) = OIS L‘f% Post =D,
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and rewrite,

—1 —+
log =5 —log 52 — &y,
J"(p) = | f3(L L 2 L{ max pi<i-sy — K5
(p) f3( ap) + Dmax<M) {z‘eQMpZSI o} 3
We show that at belief vector p = [ﬁ, o ﬁ,l — %], and for
L > LY = max{ 4Ima;‘(M), I’%‘a;‘Q(M)}, f3(L, p) has an upper bound independent of L
and its partial derivatives with respect to p;, + = 1,2,..., M — 1 are less than L.
In other words,
L ; 5 ;
f?’( ’p)}p:[(MO:)l)L ----- (Moédl)Lvl_OTd}
_ H([gp 1= 5p)) + 5plog(M — 1) — H([6,1 — 0]) — dlog(M — 1)
Imax(M)
- 1+ %(Imax(M) —R)
o [max(M) ’
and,
E 1 Y
8—pi(L’ )‘P:[ﬁ ~~~~~ o= Lo (M) logﬁ p=lat=hr e 1)
1 _ 05
= log L
Lnax(M) ™7 7557
1
< ——+—(log(M — 1) + log L
S o) (log( ) +log L)
1
< L(ILyax (M) — log L
< 7 (s (00) =) + 102 1)
K
=L—(——L—1logL
( T.an” )

Furthermore, for L < L}, we have

log M Ly Imax M) —
fS(L,P) < f3(L/2,?p) < mSng(Lg’p) = Imoaf(M) = 2( ]maf(]\}) K>.

We also note that for all K7 satisfying (4.90),

log 7L~ —log 158 — ¢y
Dmax(M)

1{1.2}?;& pi<1-8} — Ky < J'(p) < min (1 - p;)L.

JEQM
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Thus, if K satisfies (4.90) as well as the following condition,
max{Lj(Imax(M) — K), 1 + %([maX(M) —K)}

K> 4.91
L> ) , (4.91)
we have
—1 +
log =5 —log 152 — &y
L L 0 1 s — K| < min (1 — p.)L.
o+ B 0 15 <

By selecting K% to be independent from § and L and larger than (4.90)
and (4.91), we have the assertion of the claim. The following selection of K}

satisfies the above conditions:

I / o 2
K7 — max {log Ly + Ly(Inax (M) = ) +2 s (M) I3, (M) 1 }

Do (M) ’ K K2 Tax (M)

If sup,, Ear < 00, then Iy (M) < I < oo for all M, and we can select

K to be independent from M as well:

- - =2
log Ly + L(Imax — £) + 2 4l max  1ax 1
K, = max { D y + 2 + T ( (4.93)
U

4.7.6 Proof of Corollaries 4.3.1 and 4.5.2

Proof of Corollary 4.3.1. We first show that for all belief vectors v € P(€Q,) for

which v; = 1 — (L, M) for an i € Qy and v; = % for all j € Qu — {i},

the optimal action is to retire and declare H; as the true hypothesis, i.e., V*(v) =

L(1 — v;). Without loss of generality, consider i = M, hence
a(L, M) a(L, M)

M-1"7"""7"M-1
In the proof of Theorem 4.3.2, we have seen that V*(v) > G(v) = a(L, M)L
(1 —wvp)L. Furthermore, DP equation (3.4) implies that V*(v) < min (1 —v;)L

JEQM
(1 — vpr)L. Therefore, V*(v) = (1 — vpy) L and the proof is complete.

1 —a(L,M)| .

O
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Proof of Corollary 4.5.2. From Theorem 4.3.3 and by setting 6 = m, we ob-
tain
H(p) - H([log21ML’ 1 - log21ML]) - l?fg%v_[i)
- +
loglzﬂ1 —loglog ML — &)y g
Dmax(M) {Zren(z;;& piﬁl—m} ’ ’

where K7 is a positive constant independent of L and M whose closed-form is given
in (4.93).

Note that for M > 2 and L > 1 which is the region of interest for these

1

parameters, log2ML > 2 and 1 — Tog 2ML

1 : : _
> 5. Thus, for the uniform prior p =

P We have

Thus, under the uniform prior, (4.94) simplifies to

log2ML’> >~ log2ML log 2M L

]max(M)

log M — H([tor s 1 — g )) — 20D

- +
log S5 loglog ML + &y K,]
- - 3

" Dpe(M) D)

logM —2 log 1;%{1 loglog LM + & , ’
“ 177 TP D — 5

4.7.7 Proof of Proposition 4.2.2

Recall that p;(n) denotes the posterior belief about hypothesis H; after n

observations. Let 7, 7;, @ € Q),, be Markov stopping times defined as follows:

T := min {n - min {1 - p;(n)} < L‘l} : (4.95)
7= min{n min ;EZ; > L_}/_(]\j__l 1)}. (4.96)
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From (3.1), total cost under policy mg4 can be written as

VWSA(p) = EWSA [T + min (1 - pj(T))L]

JEQNM

S Erg,lr] +1

M
< g, [nil0 =] + 1, (4.97)
i=1

where the last inequality follows from the fact that 7 < 7;, Vi € Q,,. For notational
simplicity, subscript mg4 is dropped for the rest of the proof.
Next we find an upper bound for E[7;|0 = i, i € Qp;. Before we proceed,

however, we introduce the following notations to facilitate the proof. Let

T :=log L — log

~ )

. +
~ P . Pi
Ti(p) == {log - — min log —
=g R,
For arbitrary ¢ € (0, 1), we have
E[r;|0 = 1]

Il
=
—
2
V
S
-
>
Il
=

M)) (14+1)+ > P{{m>n}o=1i)

n:n>(Ti(p)+ ha )(1+L)

Io(M) " D;(M)

T (p) *
MBe ™ (£ 4525 ) as

= ([o(M) ’ Di(M)> Lo+ 1 — e

T, T*
14 (Lo, (1+0)
o(M)  Di(M)
log L— max log f]
1 e jéns%’e‘gg{uj(lv? ) (1+2)
+MB(L)<1+maX{1,m}>e M
L
<iq (LBl T )y
Io(M)  Di(M)
4 “bgy
+M |6+ - 5 L(1 — max p;)
12 (Io(M)) b(L) JEQM
2(1+¢)? \ 26m
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logM +log Lt + K/ oo L
< ( _ e L 08 )(1 +1) (4.98)
Io(M) Di(M)
B3 I3
1 (1+0% 463,
+M<6+—(L) (~(M))4) (L(l—jrggﬁp])) +1,
1+ 28m
where Ki := log%p is independent of L and M; inequality (a) follows from

Lemma 4.7.5 below, and B(¢) and b(¢) are given in (4.99); and (b) holds since

—— < 1+max{1,1/z} for z > 0, and

T , 1 [osilet] p skt
oD T BOn S Lo bOn > D)

Now from (4.97), (4.98), and the fact that S, p; logé = H(p), we have the

assertion of the proposition.

Lemma 4.7.5. Given any ¢ € (0,1) and for n > (~T}(p) +

T () ) (1+41¢), we have
P({r; > n}|0 = i) < MB(1)e *™" where

D(M)

~ 2
1 L3 IQ(M)
B(t) =2 1 b(t) = . (4.99
<L) max ’ 12 (fO(M))2 ’ (L) 4(1 + L)3 ( 2§M ( )
2(140)? \ 26m

Proof of Lemma 4.7.5. Let Byj(n) and Bjj(n) be events in the probability space

defined as follows:

Byj(n) := {log Zl(z) < log %} ;

_ o pi(n) pi(n) o p _ pi(n) ;
= P({os 5y ~ Blos o) < o8 o5 ra =y~ Ellom 1410 =)
_ o pi(n) o pi(n)
= P({ e i ~ Bllos 505 <

o n—1 A(t)
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< P({bg pi(n) _ Eflog pi(n)] _

pi(n) pi(n) )
p pi .
log(l_ﬁ)/(M_l)—r]il;nlogﬁ—nlo )}‘9-@)
pi(n) pi(n) 7 i —
- P({ log 5105 ~ Bllog 22041 < Ti(p) - nIO(M)} 0= z). (4.100)

Similarly, we can show that

P10 = i) < P({108 2%~ Bog 25y <7+ 2y b, (1) Yo = ).

pi(n) pj(n)
(4.101)
where ) )
= min 4 n : min 22" P n>ny.
- { i#i pi(n') - (1—p)/(M—1) e }

By construction (4.96),

P({r > n}0 =)
< P(UjiBij(n)|0 = i)

< P(u#i Bij(tb) N {ﬁ' < j?((]@)) +”1LfL}‘9 :i>

+ P<{7‘,~ > Noi((Mp) +n1Li2L}|9 - z)

)
< Z <P<BZ](’I’L) N {7‘@- < [Nj(}((]pw)) —I—nlbfb}‘e = Z) + Z P(Bw(m)w = Z))

pi(m) p,(m) ~ _ »
+ TE(;) ) L/f<{ log oy ~ Ellos Zes] < Tile) - mIo(M) }[0 = z)) (4.102)
To() T

mim> -

For any a,a € Ay and i,5 € Qyy, we have ’logZ—Z —logg—g
Ak—1) ’
k=1,2,...,n,let X =log% T and X = [X;, Xy,..., X,]. Define the function

f(X) = log v S Xy = log p’("). From (4.102) and Fact 2.7.2, and for n >

- M ) (14 ), we have
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P({r; > n}|0 =)

oo (P (T )
+ >,§;ﬁ)+ f/gm(2m<fo<zw>2/§]1w+L/2>> 1402 _ijTM>)(1+ /2)>2>]

<t o o'y (2L20L022)')

2 (To(M)/(1+¢/2)\?
+ Z L/2exp<—m§<0 % ))]

T;(p)
mim> i an T

) it (T 0ty
e o g () )
1—exp(——<7) )

26m

B (To(M)?
<M 1+1_exp(_ ( 1+L/2)2 p<—”4(1+L)3<g£M>>

L 28m
(a) 3 jO(M) 2
< M |2 1,
< + max E IO(M TIEME < %ns > ,
2(1+L 2§A{
where (a) follows from the fact that ——— < 1+ max{1,1/z} for z > 0. O

4.7.8 Proof of Proposition 4.3.1

Consider a parameter € > 0 (whose exact value will be determined later).
To prove this proposition, we divide the policies into two classes: 1) the ones that
achieve Pe > ¢; and 2) the ones that achieve Pe < e. We find a lower bound on
the expected total cost for the policies in these two classes. The optimal expected

total cost is greater than the minimum of the obtained lower bounds.

Class 1. Consider a policy 7 that selects the stopping time 7 such that

Pe, > €. The expected total cost under policy 7 is lower bounded as

Va(p) = E[7] + LPe, > Le. (4.103)
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Class 2. Consider a policy 7 that selects 7 such that Pe, < e. Next we find

a lower bound for E,[7]. For all i € Q,; and arbitrary ¢ € (0,1), let

+
[(1 —0)log * — rggclog %}

T (p) = XTI , (4.104)

where

DiM = max min Ao D
(M) AR T 2 (q7llg5)-

Under policy 7,

Plr <T@} =0 = P <o 0 {25 = b 1o = i)

G () T
P<{7'<T* }mg{p’g 15}|9:z)
Lre R ({BG <0 =)
(2 T?f%&? + (M — 1)25, (4.105)

where (a) follows from Lemma 2.7.5 and the union bound; and (b) follows

from Lemma 2.7.3.

The expected total cost under policy 7 is lower bounded as

M

= BTl o (o)) + TLirers (o0 = 1]
M

> T (p)P({r =T (p)}|0 = i)

= ZpiTi*(p) (1= P({7 <T(p)}|0 =)

Moo Me,  2Me
- ;piTi o)1~ T/ (p)3>  p )
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M
. M\ ME2,
=2 eTie)(1-=5) -
M [(1 — §)log t — maxlog ﬁ]Jr
€ A Pi 2M el Mg,
=> pi _ 1— — —M . (4.106)
— Di(M)+46 pi 0

where (a) follows from (4.105).

It is trivial that V*(p) is lower bounded by the minimum of (4.103) and
K'log2L
(4.106). Let € = === where
log M
K = max{l, 08 } . (4.107)
mMiN;eQ,, DZ(M)
For this value of €, the minimum of (4.103) and (4.106) is achieved by (4.106), i.e.,

+

— 1_ pi

> Lo-owst om0 ey g
i=1 " DZ(M) +9 pi 02

K'log2L

JFi J
< ; _
_ZP D;(M)+$¢

_ ZM: ‘logL+logi _ log L + Zﬁlpilogi

= P Di(M)+¢6 minecq,, D;(M)
log L +l(~)gM - logM(log~L +1)

-~ mineq,, Di(M) — mineq,, Di(M)

< K'log2L = Le, (4.108)

+
M [(1 — 6)log wrisr — mgxlog %}

and hence,

Vi(p) >

| L
sz max min Y, A.D(qfqf) + 0 62

+

. _ L b !

M [(1 5) ]-Og K'log 2L 11]’123( log Pj:| (1 B QM(M)6> - M£J2W
i=1 XEP(An) J7#t qc Ay, :

4.7.9 Proof of Lemma 4.5.1 and Corollaries 4.5.4-4.5.6

Proof of Lemma 4.5.1. Recall that 7,,, = min{n : max pj(n) >1— L'} and let
JEN M

E[7,] be the minimum expected sample size that can be achieved by policies with



112

the stopping rule 7,,,. We have

E[r] > E[r/| max p;(77) > 1 — L™ P({max pi(tI)>1— L))

JEQNM JEQM

(a)
> E[7}| max p;(77) > 1 — L7 (1 = E[1 — max p;()|L)
JEQN JEQM

(b)
> E[r}| max p;(17) > 1 — L_l] (1 —€L)

JEQM

> E[7,] (1- L), (4.109)

where (a) follows from Markov inequality and (b) follows from the definition of 7*
which implies that Pe = E[1 — max p;i ()] <e.
J M
Let VI, : P(Qy) — Ry be the minimal solution to the following fixed point

equation:

aE.A]\/[

Vi(p) = min {1 + min {(T*V,)(p)} ,£(p)} , (4.110)

where

0 if min(1—p;) <L7!
L(p) = J€82m ) (4.111)
oo otherwise

It can easily be shown that
E[7),] = Vi(p(0)) > V*(p(0)) — 1. (4.112)

Combining (4.109) and (4.112) completes the proof.
]

Proof of Corollary 4.5.4. Set e =27F [ = L1+ and § = —1+. For L > Iii(ﬂl/\[ﬂ)

elog % ) log
4

and t > &, we can use Lemma 4.5.1 and Theorem 4.3.3 to obtain the following

lower bound

1 [H(p(0))— élogM

Elr]2(1-+) T (M)

log %E: — log E't

Duax(M) im0t 2

- O(1)
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For uniform prior p(0) = [1/M, ..., 1/M], the lower bound simplifies to

(1—24)log M 1 Et—2log Et !
E|r} i l——)———-0(1
(7] > T O) +(1-5) Do (M) (1)
Therefore, for any policy 7,
(1 — L)%log M,(t,27 %) 1 Et—2logEt
T T, oSt
and hence,
lim = log M, (t,27%") < lim - ( r) Dl“‘a’; @ max
t—oo t t—oo t (1 — E)
2(1— ) log Bt+1
im . o T OG-
= l1m 1 \2 Imax
- E
= lax (1 -5 ) (4.113)
< Tax. (4.114)

Inequality (4.114) implies that for £ > 0, no policy can achieve rates greater than

I ax. Furthermore, using (4.113), the reliability function can be bounded as

E(R) < Dnax (1 _ M ) :

]max
Next we show that for fixed M, hence at R = 0, no policy can achieve
reliability higher than Dy(M). From Lemma 4.5.1 and Proposition 4.3.1, and for
uniform prior p(0) = [1/M,...,1/M], we obtain the following lower bound

Using the above inequality, we can find a lower bound on € such that E[7}] <t is

satisfied. More precisely, for any policy © we obtain

t )
~logL . !
Bothd) o(log L)

We can select L = 2Do(M)t+o(t) qyich that it satisfies

Pe.(t,M) > L™* (1 —

< 9Dttt 4 4115
Peﬂ(t, M) — ( )? ( )
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and hence,

-1 1 .
lim — log Pe,(t, M) < lim - log (QDO(M)HO(“O(t))
t—oo t—oo ¢

t—o00

~ lim ([DO(M) + @ + 0(107%)
= Dy(M). (4.116)

The result of Corollary 4.5.4 can be strengthened to show that no policy can
achieve diminishing error probability at rates higher than I,,,.. Here we provide
the sketch of the proof.

From (4.110) and a slight modification of Lemma 3.5.1 in which min;eq,, (1—
p;)L is replaced by £(p) (as defined in (4.111)), we can find the following lower
bound for Vi (p):

H(p) — H([6,1— 8]) — dlog(M — 1)
! 4.11
Vi(p) [ Tnax (M) (4117)
log 17 —log 558 — &y, e
Dmax(M) {Zglf?])\({ pi<l—6} — ,
where
. L log(M — 1)+ LYlog L. L™ log(M — 1)+ L~'log L + 1
K = max |
Lnax (M) Sl
oL og(M 1)+ H(L 1L
— ImaX(M) DmaX(M)

Combining (4.109), (4.112), and (4.117), we get
E[r] = (1= eL)Vi(p(0)).

Let u(t) be a function such that u(t) — 0 as ¢ — oo but for any £ > 0,

u(t)2Pt — oco. In other words, —logt“T) —0ast— o0. Set e =u(t), L= —L(t), and
d = y/u(t). We obtain the following lower bound
+
log M — 2 t)log M
Efr] > (1 - /u(D) | BY = 2vulbloaM ) (4118)

Tnax (M)
Therefore, for any policy 7,

(1= 3v/ult) + 2ut)log Melts ul®) )

[max
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and hence,
1 1 1 _ _
lim log M. (¢ u(t) < tim + — OO0 7 7 (4119)
t—oo ¢ t=oo t 1 — 3y /u(t) + 2u(t)

O

Proof of Corollary 4.5.5. By Definition 4.5.2 and Propositions 4.3.1 and 4.2.2, if

policy 7 is asymptotically optimal in L, V,(p) = E;[7] + LPe, < 52?1@) + o(log L).

This implies that policy 7 achieves Pe, < L1 (fiﬁ?}@) + o(log L)) with E.[7] <

5‘;%1@) + o(log L). To satisfy E;[r] < t, L can be selected as L = 2P0()t1—o(1))

where o(1) — 0 as t — oo. For this selection of L, Pe,(t, M) is bounded as

Pe.(t, M) < 2_DO(M)t(1_O(1))t’
and by definition, the error exponent of policy 7 is

] _1 ~
tll)rgo e log Pe,(t, M) > lim - (log 9~ DoDH1=o()) 1 1og t)

= tin (D)1~ (1) - E)
= Dy(M). (4.120)

Let E,[7] denote the expected number of samples that policy 7 requires to
achieve Pe, < e. If policy 7 is not asymptotically optimal in L, then there exists

6 > 0 such that

E.[r] > (1 +5)5O = +0(log%). (4.121)

log %
Do (M)

Proof is done by contradiction. Suppose E,[7.] < (1 + 9) + o(log 1) for all

6 > 0. Then

Vi(p) = Ex[7] + LPe, < E;[7] + Le| _;
log L log L
< inf(1+6) =2+ o(logL) = —2~ + o(log L), (4.122)
>0 Dy(M) Dy(M)

which is an asymptotically optimal solution to the problem of active hypothesis

testing.
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Using (4.121) we can find a lower bound on € such that E,[7.] <t is satisfied.
More precisely, we obtain

Dq (M)

Pe,(t, M) > 2~ 1ts =0

and by definition, the error exponent of policy 7 is

Do)y (1)

—1 —1
lim — log Pe, (¢, M) < lim — log 2™ 143
t—oo t—oo {

. <D0<M> ) o<t>>

< Do(M). (4.123)

Next we provide the proof of the second part of the corollary. We show that
if policy 7 is not an order optimal solution to the problem of active hypothesis
testing, then it cannot achieve non-zero rate with non-zero reliability.

Recall that E,[7] is the expected number of samples that policy 7 requires
to achieve Pe, < e. If policy 7 is not order optimal in L and M, then E[r,] is either
1) w(log M) + O(log ) where % — 00 as M — o0; 2) O(log M) + w(log1);

or 3) w(log M) + w(log?). Proof is done by contradiction. Suppose E[r.] =
O(log M) + O(log 2). Then

Vi(p) = Ex[7] + LPe, < Ex[7] + Le| _;-» = O(log M) + O(log L),
which is an order optimal solution to the problem of active hypothesis testing.

e Case 1: E.[r.] = w(log M) + O(log 3).

Setting € = 27F* for some E > 0, we obtain from the above condition that

log M, (t,27F%) = o(t). By definition,

1
R = lim - log M, (t,27"") = lim olt) _ 0.
t—oo ¢

t—oco ¢
e Case 2: E.[r.] = O(log M) + w(log 3).
Setting M = 2 for some R > 0, we obtain from the above condition that
—log Pe,(t,2%) = o(t). By definition,

—1 t
E = lim — log Pe,(t,2™) = lim olt) = 0.
t—oo

t—oo
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e Case 3: E.[r] = w(log M) + w(log ).

Proof follows similar lines as the proof of Case 1 and 2.

O

Proof of Corollary 4.5.6. From Proposition 4.2.1 and for the uniform prior p, ,/,

Vipss(Punrr) < (}g%]% + 1:13%1\]2))(1 + 0(1)). This implies that 7z can achieve

Per,,s < L7 (3255 + 52iy) (14 0(1)) with B[] < (3255 + 5257) (1 +0(1)).
Let L = t2F*. We obtain

t(1 — o(1)) — le2™

.1 —FEt : Dy
tlirg n log My, ;6 (t,27%) > tliglo ; 1y
E
=I,(1—— . 4.124
n(1-4) (4.124)

Therefore, for any rate R € [0, [,], there exists a reliability £, F > D, (1 — %),
such that 7 can achieve rate R with reliability E.
U

4.7.10 Proof of Proposition 4.6.1

The proof follows closely the proof of Theorem 4.3.3. We define J,(p) =
max{J'(p), J/'(p)} where as in (4.80),

M Jog L Jog o +
/ L-1 1—p; /
=1 p ~ K| 4.12

and J; is a slightly modified version of (4.81):

H(p) — H([3,1 - 3]) — dlog(M — 1)

Jy (p) = l Linac (M) (4.126)
log 12511 —log =2 — bl p N
Dmax(M) {Zglﬂa])\({ pi<l—6} — 3 .

From (4.82), for all p such that J,(p) = 0 or J,(p) = J'(p), we have that

Jy(p) = J'(p) <1+ min (T*J")(p) < 1+ min (T*J)(p). (4.127)

a€An ac Ay



118

On the other hand, for all p such that J,(p) = J'(p) > 0, and for any
action a € Ay, we have

(T*J3) (p) = / (@ (p, 2))q2(2)dz

Z
> [ e [ @)
Z(p,a,5) Z<(p,a,0)

(4.128)

where Z(p,a,0) := {z € Z : max;eq,, Pl < 0} and Z¢(p,a,d) = Z —

q4(2)

Z(p,a,d). Note that J;'(p) > 0 implies that max;eq,, pi < 1 — 0.
Next we find lower bounds for the terms on the right-hand side of (4.128).

For notational simplicity, let p(z) = ®(p, z). By definition, max;cq,, pi(z) < 1—0
for all z € Z(p,a,0), and max;cq,, pi(z) > 1 — 6 for all z € Z%p,a,d). For the
first term on the right-hand side of (4.128), we have

[ neengee> [
Z(p,a,d) Z(p,a,9)

[H(ﬁ(Z)) — H([5,1— 6]) — dlog(M — 1)

Tmax (M)
log 1251 —log 2 —b Y
Do) — K3 | g (2)dz.

(4.129)

The second term on the right-hand side of (4.128) is lower bounded as

Il —log lﬁi(z)

M -
A L —pi(2) 1 a
> pi(z - K } qi(z)dz
/ZC(p,a,cS) {Z ( ) DmaX(M) ’ p( )

L71

T IOg 15201 —b
Dmax(M)

- Ké} qp(2)dz

1
(@) log =L —log =0 —
> L—1 i) — K'| 0%(2)d
N /Zc(p,a,é) [ Dmax(M) ’ qp(Z) :

qf(z) —b

lo
Suf g temil
- ! Zc(p,aﬁ) ‘ Dmax(M)
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® log 75— —log 152 — b Yar(b)
> T — Ki| ¢%(2)dz — ——F—, 4.130
/ZC(F’aé) [ DmaX(M) 3] p( ) DmaX(M) ( )

where (a) follows from the fact that max p; < 1 — ¢ and hence, log lpl < log 52

ZEQ]\/[

for all i € Q; and (b) holds since for all i € Qy; and a € Ay,

/Zc(p,a,é)ql( )<log21qu( CI)J( ) _b)dz
SL%M%”P%Z?(&JfZ

< /Z q?(z){log ;fﬁ—p%} S

< P (b),

where (a) follows from Lemma 5 in [59].
From (4.130), and noting that H(p(z)) < H([6,1 — 0]) + 0 log(M — 1) for
all z € Z(p,a,d), we get

s H(p(2)) = H([5,1— ) — dlog(M — 1)
/Zc(pa;])(p( )) p( )d = /Zc(paé) [ [max(M)
— log —b

Dmax(M)

108; Yar(b)
DmaX(M) '

(4.131)

- Ké} qp(2)dz —

Inequality (4.128), together with (4.129) and (4.131), implies that

Jz H(®(p, 2))qp(2)dz — H([0,1 — d]) — dlog(M — 1)
[max(M)

log 7L~ —log 152 — b

DmaX(M)
" I(piqy)  dm(D)

= P) = T 0 Do)

NQ
DmaX(M)

(T 1) (p) =

Q)

_ K’ N7
2 Dmax( )

> Jy(p) —1—
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(a) 1 Y (b)
= e 1= 5 (4.132)
where (a) holds since p is such that Jy,(p) = J/(p).
Combining (4.127) and (4.132), we have that
b
Jy(p) <1+ L2TIC B (T*J,)(p). (4.133)

Dmax (M) ac€Anr

Moreover, selecting K} as suggested in (4.92) in the proof of Claim 4.7.5, we obtain
Jp(p) < min (1 — p;)L. (4.134)
JEQM

Lemma 3.5.1, together with (4.133) and (4.134), implies that

——— WV > Jy=max{J', J} > J .

4.7.11 Proof of Proposition 4.6.2

The proof follows closely the proof of Theorem 4.2.1. However, the challenge
here is that when Assumption 4.1.2 is weakened, we cannot apply Lemma 4.7.3
to obtain (4.58). To resolve this issue, we start with a modification of {U(p(t))}
with bounded jumps. In particular, let b > 0 be a scaler. Define U'(p(0)) =

U(p(0)) — log 1;,’3,, where p' =1 — and for all £ > 0:

1
1+max{log M,L}"’

;

U'p(t)) + U(p(t+1)) = U(p(t))
if U(p(t+1))—U(p(t)) > —b—U"(p®t)) L (p(e)>0)
U'(p() 1w (pwy<oy — b

if Ulp(t+1)) = U(p(t)) < =b=U'(p(t) L1 (pw)>0y
(4.135)

U'(p(t + 1)) =

By construction,

U (plt) = Ulp(e)) ~ log * 7 (4.136)

Let Upin(t) := min {U(p(t)),log 1_’7} < 0. From (4.136),

Pl

—U'(p(t)) Liv(pp>0y + U(p(t)) < Unin(2). (4.137)
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We have

E-[U'(p(t + 1))|F ()] = U'(p(1))
E-[U(p (t+1))|f(t)] U(p(t))

Ex [ [=b = U'(p(t) L op-0y — Ulp(t + 1) + Ulp()] 1 ()]
(%— FE[U(p(t + 1)) + Unia (8], [F(0)]
_ . " N RSO C RO E) ol
— +anAM ( |p(t))/qu(t>( )[; e lg%;pj(t)q?(z) + Unpin (1) bd
©_ i v [1op D8 .
= +G§M ( |p(t))/zi;pz(t)qz( )[1 g;pj(t)q;(z) + Upin(t) bd
<—a+ Y wlalp(t)D pilt)x
ac€ Ay =1
a qi(2) o pi(t) . s
/zqi (2) [log —1i];t2t)Q?(2) +1 &1 ey + Upin(2) bd , (4.138)

where (a) follows from (4.56) and (4.137), and (b) follows since if log % >0
i !

for any i € Q, then log% for all k # 1.

Next we find an upper bound for the right-hand side of (4.138). Note that
if there exists ¢ € Q such that p;(t) > g, then

(1~ pu(t) og 20 R )log L=20)

tog 204 v(p(t))

1—pit) —pilt) ](t)
> i1 —pi(1))
<1+ (1—pi(t))log ="
) loe =)
<2+(1-7)logM
<3
On the other hand, if p;(t) < g for all i € Qyy,
; 1-—
log L(t) + log p <0.
1= p(t)
Therefore,
i (T
max log pit) + Unin(t) < 3, (4.139)

€ 1 — pi(t)
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which together with (4.138) implies that

E-[U'(p(t+1))|F(t)] - U/( (4))

z()
< —a+ (a i [ a +3| dz
2z et Zp ) e CEICAN!

Recall that 1y, (b) is decreasing in b and by Assumption 4.6.3, ¥y (b) — 0
as b — oo. Therefore, there exists b € (0,00) such that for all b > ¥/, we have
%’lz} M(b — 3) < .

Let v be a Markov stopping time defined as follows:

v :=min{t: U'(p(t)) <0}. (4.141)
By construction (4.141) and from (4.136),
E,[r] < E.[v']. (4.142)

To obtain an upper bound on E,[v'] we follow steps similar to those in
(4.58). For all b > ¥/,

U'(p(0)) + Er [=U'(p(v'))]
R — st (0 = 3)
@ Ulp(0)) — log =2 + b
S a- b—3¢M(b_ 3)
- H(p(0)) + max{loglog M,log L} + b
B o — %’lz}M(b — 3) ’

where (a) follows from (4.135) and (4.141).
Inequality (4.143) together with (4.54) completes the proof of (4.38).

(4.143)

Chapter 4, in part, has been submitted for publication as M. Naghshvar and
T. Javidi, “Active sequential hypothesis testing,” available on arXiv:1203.4626.

The dissertation author was the primary investigator and author of this paper.



Chapter 5

Channel Coding with Feedback

This chapter considers the problem of variable-length coding over a discrete
memoryless channel (DMC) with noiseless feedback. It is shown that the problem
of channel coding with feedback is a special case of the active hypothesis testing.
Using the results of Chapter 4, a rate-reliability test is provided which imposes
some conditions on the EJS divergence between the conditional channel output
distributions. Any variable-length coding scheme that satisfies the conditions of
the test is guaranteed to achieve the capacity and optimal error exponent. Fur-
thermore, it is shown that policy 7g;5, when specialized to channel coding with
feedback, provides a sequential deterministic coding scheme that satisfies the con-
ditions of the rate-reliability test and hence, achieves the capacity and optimal
error exponent of any DMC. This scheme has only one phase, in contrast to all
previous coding schemes in the literature which require two different phases of
operation to achieve the capacity and optimal error exponent. Additionally, in
this chapter, it is proved that variable-length posterior matching achieves the ca-
pacity. Furthermore, in case of a class of symmetric channels with binary inputs,
the schemes of Horstein [21] and Burnashev—Zigangirov [22] are generalized, and
simple deterministic one-phase schemes are proposed to achieve the capacity and

optimal error exponent.

123
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5.1 Introduction

In his seminal paper [12], Burnashev provided upper and lower bounds on
the minimum expected number of channel uses E[7*] that are needed to convey
a message (from a fixed message set of size M) with average probability of error
smaller than some € over a discrete memoryless channel (DMC) with feedback.
For all code rates below the capacity of the DMC, the ratio between the upper
and lower bounds approaches 1 as € — 0. Therefore, the bounds yield the optimal

reliability function

. —loge R
E(R) := 11_1)% Er] Ch <1 — 5) , (5.1)

where C' denotes the capacity of the channel, R € [0,C] is the expected rate of
the code, and C is the maximum Kullback-Leibler (KL) divergence between the
conditional output distributions given any two inputs.

Burnashev proved the upper bound using a two-phase coding scheme. In
the first phase, referred to as the communication phase, the transmitter tries to
increase the decoder’s belief about the true message using a randomized coding
scheme. At the end of this phase, the message with the highest posterior probability
is selected as a candidate. The second phase, referred to as the confirmation phase,
serves to verify the correctness of the output of phase one. Subsequently, in [60,61]
alternative two-phase coding schemes attaining the optimal reliability function
were provided, while it was shown in [62] that Burnashev’s communication phase
can be replaced with any capacity achieving block code. In [63], Burnashev’s
reliability function was shown to be attainable using a two-phase scheme for a
binary symmetric channel (BSC) with an unknown crossover probability.

In [21,22], see also [64], a sequential, one-phase scheme for transmission
over a BSC with noiseless feedback was proposed. This scheme, first proposed

in [21], is briefly explained next. Each message is represented as a subinterval of

1

57 of the unit interval. After each transmission and given the channel output,

size
the posterior probability of all subintervals are updated. In the next time slot,
the transmitter sends 0 if the true message’s corresponding subinterval is below

the current median, or 1 if it is above. If the current median lies within the true
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message’s subinterval, then the transmitter sends 0 and 1 randomly according to
weights determined by the length of the portions of the subinterval above and below
the median. As the rounds of transmission proceed, the posterior probability of
the true message’s subinterval most likely grows larger than %, which pushes the
median within the message’s subinterval and thus leads to a randomized encoding.
This simple one-phase scheme is known to achieve the capacity of a BSC [22], and
its posterior matching extension has recently been shown to achieve the capacity
of general DMCs [64].

These previous results raise the question whether having two phases of
operation and randomized encoding are necessary to achieve the optimal reliability
function or not. To address this question, in this chapter, the problem of channel
coding with feedback is considered from a control theoretic point of view and is
modeled as a special case of active hypothesis testing. Having established this
connection, the results obtained in the earlier chapters are specialized to channel

coding with feedback. The main contributions of this chapter are:

e The EJS divergence between the conditional output distributions with re-
spect to the receiver’s posterior probability is considered as the key perfor-
mance measure of any given coding scheme. It is shown that strictly positive
lower bounds on the EJS divergence provide a non-asymptotic upper bound
on the expected number of channel uses necessary for a coding scheme to

obtain a given (arbitrarily small) error probability.

e As a corollary, a rate-reliability test for variable-length coding schemes is
proposed. Any variable-length coding scheme that satisfies the conditions
of the test is guaranteed to achieve Burnashev’s optimal asymptotic perfor-

mance, hence, the capacity and optimal error exponent of the channel.

e A deterministic one-phase coding scheme is proposed (by specializing policy
TEss to the problem of channel coding with feedback) and it is proved that
this scheme achieves the optimal reliability function. This, for the first time,
shows that neither having two separate phases of operation nor randomized

encoding are necessary to achieve the optimal reliability function.
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The remainder of this chapter is organized as follows. In Section 5.2, we
formulate the problem of channel coding with noiseless feedback. Section 5.3 pro-
vides the main results of the chapter for general DMCs: i) an EJS divergence
based analysis of variable-length coding, ii) a specialization of this analysis to
variable-length posterior matching, and iii) a specialization to a new determin-
istic one-phase coding scheme that is based on greedy maximization of the EJS
divergence. In Section 5.4, we consider the special case of symmetric binary-input

channels and propose simple deterministic schemes.

5.2 Coding over DMC with Noiseless Feedback

5.2.1 Problem Setup

Consider the problem of coding over a discrete memoryless channel (DMC)
with noiseless feedback as depicted in Fig. 5.1. The DMC is described by finite in-
put and output sets X and ), and a collection of conditional probabilities P(Y | X).

To simplify notation, and without loss of generality, we assume that
X ={0,1,...,]xX| -1}, (5.2)
y={0,1,...,|Y| -1} (5.3)

0 X Y, 0
Encoder Channel Decoder

Yt—l

Figure 5.1: A noisy memoryless channel with a noiseless causal feedback link.

Let C denote the Shannon capacity of the DMC P(Y'|X) [65, p. 184]:
C =max[(X;Y), (5.4)
Px

with capacity-achieving input distribution 75, 77, . . ., 7T|*X|_1. The operational mea-

ning of the Shannon capacity is discussed in Section 5.2.2.
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Let C} be the KL divergence between the two most distinguishable inputs
of the DMC:

O, = max D(P(Y]X = 2)|P(Y]X = 2')). (5.5)

z,x'eX

We also denote

C, = max maxex P(Y = y|X = x)

. 5.6
yey mingex P(Y = y|X = 2) (5.6)

In this chapter, we assume C, C,, C; are positive and finite.!
Let 7 denote the total transmission time (or equivalently the total length
of the code). The transmitter wishes to communicate a message 6 to the receiver,

where the message is uniformly distributed over a message set
Q:={1,2,...,M}. (5.7)

To this end, it produces channel inputs X; for ¢ = 0,1,...,7 — 1, which it can
compute as a function of the message ¢ and (thanks to the feedback) also of the

past channel outputs Y71 := [V, V7,..., Y, 4]:
X, =e0,Y"Y), t=0,1,...,7—1, (5.8)

for some encoding function e;: Q x V! — X.
After observing the 7 channel outputs Yy, Y7, ..., Y, 1, the receiver guesses

the message 6 as
0=d(y 1), (5.9)

for some decoding function d: Y7 — €. The probability of error of the scheme is
thus
Pe := Pr(f # 0).

In contrast to fixed-length coding where the total transmission time 7 is
deterministic and known before the transmission starts, in this chapter, the focus

is on variable-length coding, i.e., the case where 7 is a random stopping time

Tt can be shown that C < C; < Cy. Furthermore, if C; < 0o, then the transition probability
P(Y = y|X = z) is positive for all z € X and y € Y, which implies that Cy < oo as well.
Therefore, C' > 0 and C < oo are sufficient to ensure that C, Cy, Cy are positive and finite.
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decided at the receiver as a function of the observed channel outputs. Thanks to
the noiseless feedback, the transmitter is also informed of the channel outputs and
hence of the stopping time.

For a fixed DMC and for a given ¢ > 0, the goal is to find encoding and
decoding rules as in (5.8) and (5.9), and a stopping time 7, such that the probability
of error satisfies Pe < € and the expected number of channel uses E[7,] is minimized.
Let E[7}] be the minimum expected number of channel uses that can be achieved
by coding schemes with the stopping rule 7.

We shall often use the functions {1} for y*~' € V', t € {0,...,7 — 1},

where

Yyt-1: 8 = X (5.10a)
i oe(i,yth (5.10b)

to describe the encoding process. To simplify notation and where it is clear from
the context, we shall often omit the subscript y*~! and simply write .

In some examples we also allow for randomized encoding rules. In this
case the encoding is described by the random encoding functions {I',.-1} whose
realizations 7,:-1 are of the form in (5.10). Again, for notational convenience we
shall omit the subscript y*~! where it is clear from the context.

Note that a variable-length code is more than a single encoding function
but instead is an adaptive and sequential rule that dictates the choice of (possibly
random) encoding functions depending on the past channel observations and past
selected encoding functions prior to the stopping time. In this paper, we refer to

this adaptive and sequential rule as an encoding scheme, ¢, which together with

the particular realization of channel outputs yo, y1, - . ., y-—2, dictates the encoding
functions Do T, oo T

5.2.2 Asymptotic Bounds on Minimum Expected Length

In [12], Burnashev provided the following lower and upper bounds on the
minimum expected number of channel uses E[7] for a large class of DMCs and

arbitrary € > 0.
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Fact 5.2.1 (Theorems 1 and 2 of [12]). For any DMC with C > 0 and C} < co:

E[7] > (IO%M n loc%f) (1—o(1)), (5.11)
and
E[*] < <1°ch + loogf) (14 o(1)), (5.12)

where o(1) — 0 as € — 0.2

Inequality (5.11) was proved in [12] using a lengthy Martingale argument,
and it was reproved in alternative ways in [56,66]. In Section 5.2.3, we provide yet
another alternative proof for Burnashev’s lower bound utilizing dynamic program-
ming techniques.

Burnashev proved the upper bound (5.12) using the following two-phase
scheme [12]. While in the first phase (communication phase) the transmitter it-
eratively refines the receiver’s belief about the true message, in the second phase
(confirmation phase) it simply confirms whether the receiver’s highest belief after
the first phase corresponds to the true message. As shown in [60,62], the specific
sequential scheme in the first phase can be exchanged by any capacity-achieving
block coding schemes.

Let E,[7.] denote the expected number of channel uses under coding scheme ¢
to achieve Pe, < e. Similar to Section 4.5.3, we define M,(¢,¢) as the maximum
number of messages among which coding scheme ¢ can convey the true message
with E.[7.] < t. Coding scheme ¢ is said to achieve (information) rate R > 0 if
there exists a function u(t) such that

1
lim u(t) =0 and tlim i log M. (t,u(t)) = R. (5.13)
—00

t—o0

Furthermore, we say that coding scheme ¢ achieves error exponent £ > 0 at rate

R>0if

1
lim —log M(t,275") = R. (5.14)

t—o00

2If € — 0, then o(1) — 0 regardless of whether M is fixed or M — co. However, for fixed e,
E[r}] = (1_6)# and hence, o(1) /4 0 even if M — oo (see [56] for more details).
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The capacity of a DMC is defined as the largest rate R that is achievable
over this channel. For a given rate R below capacity, the reliability function E(R) is
defined as the maximum achievable error exponent at rate R. By (5.11) and (5.12),
the capacity of a DMC is equal to the Shannon capacity C' as defined in (5.4).

Furthermore, the reliability function is given by

B(R) = (1 - g) Re(0,0). (5.15)

5.2.3 Stochastic Control View

Agent 1 Agent 2
0 X Y, )
—
Y
VR
Fictitious yt-1
Agent

Figure 5.2: Two-agent problem with common and private observations from the
point of view of the fictitious agent.

The problem of variable-length coding with noiseless feedback is a decentral-
ized team problem with two agents (the encoder and the decoder) and non-classical
information structure [67]. Appealing to [68], the problem can be interpreted to
be a special case of active hypothesis testing in which a (fictitious) Bayesian de-
cision maker is responsible to enhance his information about the correct message
in a speedy manner by sequentially sampling from conditionally independent ob-
servations at the output of the channel (given the input). Here the (fictitious)
decision maker has access to the channel output symbols causally (common obser-
vations) and is responsible to control the conditional distribution of the observa-
tions given the true message (private observation) by selecting encoding functions
for the encoder which map the message 6 to the input symbols of the channel. Let
E:= {7(:): Q2 — X} be the set of all encoding functions from 2 to X'. From the

discussion above, the problem of channel coding with feedback can be viewed as
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an active hypothesis testing with hypotheses set €2, action space &, observation

space ), and observation kernels {¢; }ica~ee where ¢/(y) = P(Y = y|X = ~(i))

for all y € V.
Let the decision maker’s belief about each possible message ¢ € €2, updated
after each channel use (observation) for t =0,1,...,7 — 1, be
pi(t) == Pr(f =4|Y'™1). (5.16)

The decision maker’s posteriors about the messages collectively,

p(t) = [pr(t), p2(t), - - paa (D)), (5.17)

form a sufficient statistics for our (fictitious) Bayesian decision maker. Further-
more, this (fictitious) decision maker’s posterior at any time ¢ coincides with the
receiver’s posterior and, thanks to the perfect feedback, is available to the trans-
mitter. (Notice that p;(0) = Pr(f = i) = - denotes the receiver’s initial belief of
0 = i before the transmission starts.) In other words, the selection of encoding and
decoding rules as a function of belief vector p(t) := [p1(t), p2(t), ..., par(t)] does
not incur any loss of optimality [69]. In particular, the optimal receiver produces

as its guess the message with the highest posterior at time 7, i.e.,
0 = arg max p; (7). (5.18)

i€Q

In this chapter we focus on the following (possibly suboptimal) stopping
rule. For any given coding scheme ¢, the transmission is only stopped when one of
the posteriors becomes larger than 1 — e, where € > 0 is the desired probability of

error:
Te := min{t : mz}lxpi(t) >1—¢€}. (5.19)
e

Let E[77] denote the optimal expected length of the code with the stopping
rule as given in (5.19). From the described optimal decoding rule of (5.18), the
constraint on the probability of error is satisfied by any coding scheme with the

stopping rule (5.19):

=K1 - (7)) <
Pe = E[1 Izneaéxpl(n)]_e,
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hence, by construction,
E[77] < E[77]. (5.20)
Furthermore, from (4.109) and for any scalars ¢ > ¢ > 0, we have

E[7] (1 - S) <E[r]. (5.21)

L

Note that combining (5.21) with the following lemma when ¢ = § log% and

5= 1og1 T provides an alternative proof for Burnashev’s converse (5.11).

Lemma 5.2.1. For any ¢ € (0,1), and for any ¢ € (0,1/2),

log M — Fu(3) = Fay(r)  log7* —log 552 ~log Gy — 1 ’
C Cy

E[7'] >

where Fiy(z) == H([z,1 — 2]) + zlog(M — 1) for 0 < z < 1.

Proof of Lemma 5.2.1. The proof simply follows from (4.112), (4.117), and the fact
that Inax (M) = C, Dpax(M) = C1, and &y = log Cy for the problem of channel
coding with feedback. O

5.3 Main Result and Applications

In this section, we provide the main results of the chapter. Before we
proceed, we define the following notations.

We denote the conditional probability P(Y|X = z) by F,, for x € X.
Similar to (3.19) and (3.23), given a DMC P(Y|X) and a sequence of channel
outputs y*~! and posteriors p(t), we denote the EJS divergence associated with an

encoding function v and a (possibly) randomized encoding function I" by

EJS(p(t), ’y) = EJS(p(t), P,Y(l), RN P’Y(M))’ (5.22)
EJS(p(t).T) =) Pr({l' =}y =y HEJS(p(t),7). (5.23)
ye€

where recall that £ denotes the set of all possible encoding functions.
We first specialize Theorem 4.2.1 to the problem of channel coding with
feedback.



133

Theorem 5.3.1. Let

1
p:=1-— . 5.24
P 1 + max{log M,log 1} (5.24)

Consider a (possibly randomized) encoding scheme ¢ under which at each time

t=0,...,7 — 1 and for each y*=* the encoding function I'® satisfies

Rmin 1 max; it <D
EJS(p(t),T) > f maxica pilt) <P (5.25)

pEnin  otherwise

for some Ruyin, Fmin > 0. Then,

N log M log?
< —c .
E[7] < ( T (1+0(1)), (5.26)

where o(1) — 0 as e = 0 or M — oc.

. . . o log 4
Consider a coding scheme ¢ under which E,[r] < <1Ri, Af + Eii;) (1+0(1))

where 0 < Ryin < C and 0 < E;, < C). Coding scheme ¢ can achieve any error
exponent F at rate R € (0, Ryy) if

R
E<E,nl|ll- . 5.27
o ( Rmin) ( )

The above fact together with Theorem 5.3.1 provides the following rate-reliability
test:

Corollary 5.3.1. Consider a DMC with C' > 0 and Cy < co. Any variable-length
coding scheme ¢ that at each time t prior to the stopping time selects a (possibly

randomized) encoding function I'¢ such that
EJS(p(t),T%) >C (5.28)
achieves the capacity of the channel. Furthermore, if the scheme is such that

EJS(p(t),T) > ¢ if maxeq pi(t) < ﬁ’ (5.29)

pCy  otherwise

then it also achieves the optimal reliability function of the channel.
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5.3.1 Variable-Length Posterior Matching

We consider a variable-length version of the coding schemes in [21,22, 64].
At each timet = 0,...,7.—1, if § = i and given the posterior vector p(t) the input
X (t) takes value in the set

i—1
Xi(t)::{xe)ﬁ Zpl Zw,and Zw <Zp2 }
= ' <z r'<xz

where each value = € X(t) is taken with probability
Pr({X(t) =2}0 =i Y = yt_l)

min{ = pu(0), T 2} o { 5 0, T 7}

' <z <z
= ) 5.30
pi(t) (530)

Proposition 5.3.1. Under the above variable-length posterior matching encoding,

for eacht =0,...,7. — 1 and all possible output sequences y'—*
EJS(p(t), ") > C.
The proof of Proposition 5.3.1 is provided in Section 5.5.1.

Remark 5.3.1. By Theorem 5.3.1 and Proposition 5.3.1, under the variable-length

posterior matching encoding

Epeu[7] < (w) (14 o(1)). (5.31)

5.3.2 MaxEJS Coding

In this section, we specialize 7 to the problem of channel coding with
feedback. This results in a new sequential deterministic coding scheme which we
refer to as MaxEJS. At each time ¢t = 0,...,7. — 1 and given the posterior vector
p(t), MaxEJS chooses the v* that maximizes the EJS divergence:

7" = argmax EJS(p(t), ). (5.32)

ye€
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Proposition 5.3.2. For everyt =0,...,7. — 1 and all possible output sequences
y'=t, MazEJS encoding satisfies

EJS(p(t).1") > C if maxieq pi(t) < ﬁ. (5.33)

pCy  otherwise
The proof of this proposition is given in Section 5.5.2.

Remark 5.3.2. By Theorem 5.3.1 and Proposition 5.3.2, MaxEJS encoding to-
gether with the decoding and stopping rules described in (5.18) and (5.19) achieves

Burnashev’s optimal asymptotic performance in (5.12).

Remark 5.3.3. The presented deterministic one-phase sequential scheme differs
from the previous schemes achieving Burnashev’s optimal asymptotic performance

which are randomized and have two phases [12,60-62].

The computational complexity of the MaxEJS coding scheme could be pro-
hibitive. In Section 5.4.2, we propose simpler coding schemes for a class of binary-

input channels that achieve Burnashev’s optimal asymptotic performance in (5.12).

5.4 Coding for Binary-Input Channels

In this section, we focus on channels with binary inputs X = {0,1} and

with the following property
PY=ylX=0=PY=z—ylX=1), Yyey (5.34)

for some z € R.

The first attempt to address the problem of coding over a symmetric binary-
input channel goes back to Horstein’s coding scheme [21] over a binary symmetric
channel (BSC) with crossover probability p € (0,1/2). Horstein considered the
message to be a point in the interval [0,1] and suggested that to achieve the
capacity of the channel, at any given time, the transmitter selects the channel
input such that it informs the receiver whether the message is smaller than the

median of the posterior or larger. Later, Burnashev and Zigangirov [22] presented
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a similar (randomized) coding scheme for discrete message sets as in (5.7) and
proved that this scheme achieves capacity.

In Section 5.4.1, we generalize the schemes of Horstein [21] and Burnashev-
Zigangirov [22] for discrete message sets and arbitrary symmetric binary-input
channels satisfying (5.34). In Section 5.4.2, we then improve our scheme so that it
achieves Burnashev’s optimal asymptotic performance in (5.12) over this class of

symmetric binary-input channels.

5.4.1 Generalized Horstein-Burnashev-Zigangirov Scheme

We propose a simple deterministic scheme as a counterpart to Horstein’s
scheme for discrete message sets. For each time t = 0,...,7. — 1 and given the

posterior vector p(t), we choose the encoding function:

0 1<i<k”
YA (D) = (5.35)
I BFF<i<M
where
= arg min ‘ Z pi(t . (5.36)

keQ

Proposition 5.4.1. Consider the deterministic scheme proposed above over a
binary-input DMC that satisfies (5.34). For everyt =0,...,7.—1 and all possible
output sequences y'=!,

EJS(p(t),v"8%) > C. (5.37)

The proof is given in Section 5.5.3.

Remark 5.4.1. By Theorem 5.3.1 and Proposition 5.4.1, the described encoding
satisfies Lo 1 4 log 1
0 +log =

E[7] < (%) (14 o(1)). (5.38)

Note that, when specialized to binary-input channels with uniform capacity-

achieving input distribution, the variable-length posterior matching scheme of Sec-

tion 5.3.1, at each time ¢t = 0, ..., 7.—1 and given the posterior vector p(t), chooses
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encoding function v“HB% with probability
da(t)
A = — .

where

k* ks 1

)= [t 3, 0= | Lo 5 (5.40)

i—1 i—1

and

K b — sign(i pilt) — %) (5.41)

and it chooses the encoding function

, 0 1<i<k;
FEHE (D) = (5.42)
1 ks<i<M

with probability S\.YGHBZ =1- )\.YGHBZ.
Combining Proposition 5.4.1 and Proposition 5.3.1, we have that there ex-

ists a class (a continuum) of randomized schemes that satisfy (5.37):

Corollary 5.4.1. Every (randomized) encoding function I' that selects v“1BZ with

probability \ > #(?2@ and selects 3UBZ with probability A\ = 1 — X, satisfies

(525) with Rmin = Emin =C.

This corollary provides an alternative proof that the variable-length cod-

ing scheme of Burnashev and Zigangirov [22] satisfies (5.38) over the BSC with

GHBZ ~GHBZ

crossover probability p € (0,1/2). In fact, their scheme selects ~y and ¥

. 1oy . o y(52(t))
with probabilities A = OO
0.5+(1—2p)z

Dol mp)T v(02(1)) d2(t) :
05— (1op)r" We next prove that e (t))iu 5@ > 61(t)2+62(t)’ which by Corol-

lary 5.4.1 establishes that the Burnashev-Zigangirov scheme indeed satisfies (5.38).

and A = 1 — ), respectively, where v(z) =

log

Notice that v(z) = log (— 1+ M) is convex for all x because p €

(0,1/2). Since also f: z V(’;(;g)) is convex and since f(0) = 0 and f(d2(t)) = 1,

we conclude that V(';(;Z)) < 5 for all z € [0,6:(¢)]. By (5.40) and (5.41), 0 <

91(t) < do(t) and hence 5828) < g;gg This immediately establishes the desired
v(d2(t)) d2(t)
v(81(t)+v(d2(t)) = 81(t)+d2(t) "

inequality
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5.4.2 Optimal Binary Variable-Length Codes

Motivated by the analysis above, we strive to simplify our deterministic
one-phase MaxEJS scheme for the simpler symmetric binary-input channels. We
propose the following encoding scheme. At each time t = 0,...,7. — 1 and given

the posterior vector p(t), we choose the encoding function « in a way that

0< > pt)— D pt)<pt), Vie{jeQq() =0} (543)

7€ 7(5)=0 JEQ: y(j)=1
By condition (5.43), at each ¢, the probabilities of sending a 0 or a 1 are
approximately (1/2,1/2) when all posteriors {p;(t)};cq are small, and they are

(max;eq pi(t), 1 — max;eq p;(t)) when max;ecq p;(t) is larger than 1/2.
Proposition 5.4.2. If for everyt =0,...,7.— 1 and all possible output sequences
y'=1 the encoding function v satisfies (5.43), then

BIS(p(ty) > 1€ masean() <7 (5.44)

pCy  otherwise

The proof is provided in Section 5.5.4.

Remark 5.4.2. Applying the encoding rule described above and the decoding
and stopping rules in (5.18) and (5.19) achieves Burnashev’s optimal asymptotic

performance in (5.12).

Next we present two algorithms that at each time t =0,...,7. — 1 and for

a given posterior vector p(t) implement encoding functions 7 satisfying (5.43).

Proposition 5.4.3. Both Algorithms 1 and 2 satisfy condition (5.43). Algorithm 1
has computational complexity of order O(2™) for each encoding step while Algo-

rithm 2 has complezity of order O(M?).3

The proof is given in Appendix 5.5.5.

3The computational complexity of Algorithm 1 is of the same order as that of MaxEJS which
in each step requires to find an encoding function (among 2 choices) that maximizes the EJS di-
vergence between the conditional output distributions. However, implementation of Algorithm 1
is simpler since it only requires linear operations instead of computing the EJS divergence (which
can be computationally intensive, especially for channels with large output alphabet set).
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Algorithm 1:

10=1

2 forn=1,2,...,2" do

3 v = dec2bin(n, M) % binary representation of n with M digits.
4 | z=(2v=1)x [pu(t), p2(t), -, pu (V)]

5 if 2 >0 && 2 <6 then
6

7

0=z
U =.
8 end
9 end

10 for:=1,2,..., M do
11 ‘ (i) =9; % ¥; denotes i bit of .

12 end

Algorithm 2:

1 So={1,2,.., M}, S1=0,r9=1,711 =0, ppin =0, and 6 = 1.
2 while py;, < 6 do

3 k = argmin,cg, p;(t).

4 So = So — {k} and S; = S; U {k}.
5 ro =10 — pr(t) and r1 =11 + pg(t).
6 if ry < ry then

7 Swap Sy and Sj.

8 Swap ro and 7.

9 end

10 0=1ryg—r1.

11 | pmin = Miles, pi(t).

12 end

13 for:=1,2,..., M do

14 | () =0ifi €Sy, and (i) =1ifi€ 5.
15 end
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Remark 5.4.3. In contrast to the previous one-phase sequential schemes in [21,
22,64], the encoding processes described by Algorithms 1 and 2 here are com-
pletely deterministic. By insisting on a deterministic encoding, we can match our
scheme’s inputs only approximately to the capacity-achieving input distribution of
(1/2,1/2). On the other hand, the proposed deterministic schemes are such that
once a particular message’s posterior passes a certain threshold, the transmitter
assigns this message exclusively to one of the two inputs. This is critical to achieve

the optimal E,;, = C;.

Remark 5.4.4. The proofs of Propositions 5.4.2 and 5.4.3 continue to hold for
those binary-input channels with uniform capacity-achieving input distribution
w5 = 77 = 1/2 where for ease of notation we assume that C; = D(F||P). This
class of channels includes the class of channels for which (5.34) holds, for example
the binary symmetric channel (BSC) with crossover probability p € (0,1/2), as
well as the non-symmetric channel in Fig. 5.3 for n € (0,1/2).

Figure 5.3: Binary-input ternary-output channel with capacity-achieving input
distribution 7§ = 7} = 1/2.

Remark 5.4.5. The results in Proposition 5.4.2 and Remark 5.4.2 can also be
extended to the case of K-ary symmetric channel with alphabet sets X = ) =
{0,1,..., K — 1} and transition probabilities of the form
1l—p ifz=y
P =yl X =) =

w5 ifr#y
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where p € (0, £=1). Consider a coding scheme that at each time t prior to the
K g

stopping time chooses the encoding function ~ in a way that if
1
| Z pj(t)zmax{g, | Z pj(t)} for any z, 2" € X,
JEQ: Y(j)=z JEQ: v(j)=1’
then
St — > pit) <pilt), Vie {j Q) =a}.
JEQ: Y(j)=x JEQ: y(j)=a

This coding scheme under the decoding and stopping rules described in (5.18)
and (5.19), achieves Burnashev’s optimal asymptotic performance in (5.12) for the

K-ary symmetric channel.

5.5 Proofs

The following result will be used in our proofs.

Fact 5.5.1 (Theorem 4.5.1 in [70]). Consider a DMC with capacity-achieving input

. : . * * * *
distribution w5, 73, . .. ) |1 If mp >0,

D(P(Y\X - k;)H Iil T P(Y]X = 1)) e

5.5.1 Proof of Proposition 5.3.1

Fix a time instant ¢ and assume that Y1 = ¢'~!. Let
Ay = Pr({T = 4}y = ).
Define for each ¢ € Q and =z € A":

Nigi= Y A =Pr({X =z}l =i,V =y (5.45)

v y(i)==
and

Pin(t) = pi(t)Ni, = Pr({X = 2,0 = i}|Y'" ' =47 1). (5.46)
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Notice that for each i,j € Q, x,2/ € X, and for a fixed posterior distribution,
the various messages are mapped into inputs of the channel independently of each

other and hence,

Z )\7 - Ai,xAj,x’- (547)
@)=z

T ()=

Rearranging terms and using Jensen’s inequality, we obtain

BIS(e0.T™) = A YD (P > 20 r)

veE i=1
_ p;(t)
—Zpl()z Z MD( Py 1—p4(t)PPY(j)
i=1 zeX v: y(1)=x 1 ¢
M
pi(t) Ay
> (N D Py P
- Z p( ) s ( - 1_pi(t) . Azm v(5)
i=1 zeX J#i viy()=z 7
. p;(t) A
= 0;,2(1)D | Py ! Py
DWW DI i)
i=1 zeX J#i 'eX ()= ’
T y()=a’
M
(@) . > ipi Dwex Pi() Ao Por
2,2 0l 1= nl0
M ~
’ */Pm’_ im’tpm’
= ﬁi,x(tw(Pz 2 GX(W“"‘l b (1) ))
i=1 zeX o pl(t)
M ~
’ */Pm’_ im’tpm’
i=1 zeX o pl(t)
M ~
) pi(t) ( > Pigr (t) P
+ Pix t)——=D Pm = :
2.2 Pl 5 o)
M
7 t ’ Ai x! t PLE’
2. 2 he T2 o)
N Pi(t)
> D pp| ST x ey
XY S )
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=C, (5.48)

where (a) follows from (5.47); and inequality (b) follows from Fact 5.5.1 and that
Y ovex NiaD (PIH Yovex Ai,x/Px/> is the mutual information /(X;Y’) between an
input X with probability mass function {A; . }.ex and the output produced by the
channel (see property (3.12) of the JS divergence), and thus is smaller than the
capacity C.

5.5.2 Proof of Proposition 5.3.2

Fix a time ¢ and assume that Y*=! = y'=!. Recall that '™ denotes the
random encoding function of the variable-length posterior matching scheme in

Section 5.3.1. By definition (5.32) and by Proposition 5.3.1,
EJS(p(t),y*) > EJS(p(t), ™) > C. (5.49)

Now, assume that max;cq p;(t) > p and define

i := arg max p;(t). (5.50)
ieQ
Then,
oilt) > 7. (5.51)

Let z, 2" € X be two inputs of the channel satisfying D(P,||P,/) = Cy. Also, define
the encoding function

» x ifi=1

A(3) = . (5.52)

7' otherwise.

By definition (5.32), from (5.51), and by the selection of x, 2"

EJS(p(t),7") = EJS(p(t),7) = p;(1) D(Pe| Per) = pCh.
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5.5.3 Proof of Proposition 5.4.1

Let
To(t) == Y pt),  wefo1} (5.53)
e ,YGHBZ (i)=x
Let
k* 1
ky =k — Slgn(;m(t) - §)>
and define

Y

- 1 - 1

> ot~ 3 VG

: 2 ; 2

i=1 1=1

Suppose S pi(t) — 5 < 0 which implies that k3 = k*+1. Note that by definition,

mo(t) = 5 — 01(t), pry(t) = 61(t) + a(t), and my(t) = 5 + 61(¢). In this case, the

EJS divergence is bounded as

EJS(p! GHBZ Zp’ ( Hﬂoli—p-fti)(t)Po + - Tg)(t)Pl)

oD (B 2

M
To 1\t) — Pi
+ 3 noD( P20
i=ki+1 1= pi(t) 1 —pi(t)
2

o)

+ (mi(t) — prs (£)) D <p1 Hwo(t)Po o (t)P1>

(a)
Z?T()(t D PH?TO P(]"—ﬂ'l

A

O () D <P0H7r0(t)P0 + wl(t)Pl)
+ piz (1) D ( H2PO + ;R)
#(m) = @)D Rm1 P+ ml))

O, R
= Hz ot gh
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ro(t)—ps 1 (£) iy (1) O
where (a) follows from the facts that % < mo(t), 1—pk;(2t) 1 11(t_)p£ )(t) <
m(t), and by Lemma 3.3.1; (b) holds because of condition (5.34); and (c) fol-
lows from the facts that KL divergence is convex, (m(t))? + 3pps(t) + (mi(t) —
prs (1)1 (t) = 5 + 61(£)(61(t) — 62(t)) < 5, and by Lemma 3.3.1.

The proof for the case S5 pi(t) — > 0 follows similarly.

<

5.5.4 Proof of Proposition 5.4.2

Suppose 7 is an encoding function that satisfies (5.43). Let

(1) = Z pi(t) for x € {0,1},

1€Q: y(i)=x

and define §(t) = mo(t) — m1(¢t). From (5.43),
0<d(t) <pi(t), Vie{je: ~()=0} (5.54)

We have

BIS(p().7) = it (

zpﬂ )

B ieQ;(i):op ( ( Z?;)(t) + 1 i Z)(t) Pl)
* Zeg;@_lp i(t) (P | pl(t) 1@1 pl@(t) )
2 Zeﬂ;@_o pilt) ( o570+ ;Pl)
+ ZEQ%HP i(t)D < HQPO + ;Pl)

where (a) follows from the facts that m(t) — p;(t) < m(¢) for any i with (i) = 0,
m1(t) < mo(t), and since for two distributions P and @ and « € [0, 1], D(P||aP +
(1—)Q) is decreasing in « (see Lemma 3.3.1); and (b) follows from Fact 5.5.1 and

since the capacity of the channel is achieved by the uniform input distribution.
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On the other hand, if p;(¢) > %, then condition (5.43) is only satisfied by
the encoding function 4 under which 4(z) = 0 and 4(j) = 1 for all j # 7. Therefore,
if p:(t) > p we obtain

EJS(p(t),7) = p;(t) D(Fol| ) = pCh.

5.5.5 Proof of Proposition 5.4.3

For any encoding function v € &, let
L= > plt)= D pilt) (5.55)
1€Q: y(4)=0 1€Q: y(i)=1

Algorithm 1 computes 4, (¢) for all 2 encoding functions v € € and selects
A8l such that

M= argmin 4, (¢). (5.56)

~EE: 54 (t)>0

Next we prove by contradiction that yA8! satisfies (5.43), i.e.,
S (t) < pi(t), Vie {jeQ:yM(j) = 0}. (5.57)

Suppose there exists k € Q such that ¥*8'(k) = 0 and pg(t) < d,a(t). We
consider two cases:
Case I. 0 < py(t) < 36, a1 (£):
Define the encoding function 4, as follows
1 ifi=k

Y (i) = : (5.58)
A8l (7)  otherwise

We have
0< 5,% (t) = 6,\/A1g1 (t) — 2Pk (t) < 57A1g1 (t),

which contradicts (5.56).
Case II. %CiyAlgl (t) < pe(t) < 5.yAlg1 (t):

Define the encoding function 4, as follows

Fo(i) =1 =41 (i), Viel (5.59)
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We have
0 < 05, (t) = 2pi(t) — 57A1g1 (t) < 57A1g1 (1),

which again contradicts (5.56).

Algorithm 2 constructs an encoding function that satisfies (5.43). Algo-
rithm 2 terminates in at most M (M — 1)/2 rounds of operations, where in each
round the main computational burden is to find an element of Sy with the lowest
belief. Note that we do not have to search for the element with the lowest belief in

each round if we sort all the beliefs once in the beginning, which has complexity
order O(M log M).

Chapter 5, in full, is currently being prepared for submission for publication
as M. Naghshvar, T. Javidi, and M. Wigger, “Extrinsic Jensen-Shannon divergence:
applications to variable-length coding.” The dissertation author was the primary

investigator and author of this material.



Chapter 6
Two-Dimensional Visual Search

Consider the problem of sequentially searching for one and only target in an
image. Let the image be divided into M x M equal sized segments where M de-
termines the resolution of the search. The goal is to find the segment that contains
the target quickly and accurately. In each step, the player can visually inspect an
allowable combination of the segments, and the outcome of the inspection is noisy.

The visual search defined above is closely related to the problems of fault
detection and whereabouts search. One possible search strategy for these problems
is the maximum likelihood policy which inspects a segment with the highest prob-
ability of having the target. However, as the number of segments increases, the
scheme becomes inefficient. In such a case, it is more intuitive to initially inspect
larger areas and narrow down the search to single segments only after we have
collected sufficient information supporting the presence of the target in those seg-
ments. Following this intuition, policy mg; s is considered as a candidate search
strategy and its performance is compared against that of the maximum likelihood

policy via numerical and asymptotic analysis.

148
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6.1 Introduction

This chapter considers the problem of sequentially looking for a target in an
image, where the image is divided into M x M equal sized segments and the goal
is to find the segment that contains the target in a speedy manner while accounting
for the penalty of wrong declarations.

The visual search defined above is closely related to the problems of fault
detection, whereabouts search, and group testing. In fault detection, the objec-
tive is to determine the faulty component in a system known to have one failed
component [71,72]. In whereabouts search, the goal is to find an object which is
hidden in one of N boxes; where it is usually assumed that there is no false alarm
(also known as false negative), i.e., the outcome of inspecting box i is always 0 if
no object is present, and is a Bernoulli random variable with a known parameter
otherwise [73,74]. In group testing, the goal is to locate the non-zero element’
of a vector in RY with a possible noisy linear measurement of the vector [11,75].
One possible search strategy for these problems is the maximum likelihood pol-
icy. In case of fault detection/whereabouts search, this policy is equivalent to one
that inspects a segment with the highest probability of having the faulty compo-
nent/hidden object; while in case of group testing, it is equivalent of measuring
the most likely non-zero element of the vector. However, as the number of seg-
ments or the dimension of vectors, IV, increases, the scheme becomes inefficient. In
such a case, it is more intuitive to initially inspect larger areas and narrow down
the search to single segments only after we have collected sufficient information
supporting the presence of the target in those segments [76, 77]. Following this
intuition and using the results of Chapters 3 and 4, policy 7mgsg is considered as
a candidate search strategy and its performance is compared against that of the
maximum likelihood policy via numerical and asymptotic analysis.

The remainder of this chapter is organized as follows. In Section 6.2, we
formulate the two-dimensional visual search problem. Section 6.3 provides heuris-

tic policies whose performance will be investigated analytically and numerically

LGroup testing with d > 1 non-zero elements is also a special case of active hypothesis testing
with (]C\l] ) hypotheses (possible configurations).
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in the subsequent sections. In particular, we analyze the performance of the pro-
posed policies in Section 6.4.1, and discuss their complexity in Section 6.4.2. In
Section 6.5, we compare the performance of the proposed heuristics in a numerical

example.

6.2 Problem Formulation

In this section, we formulate the two-dimensional visual search problem.
Let the image be divided into M x M equal sized segments where M determines
the resolution of the search. In other words, the location of the target is quantized
to the index of the segment containing it (hence, we use the phrases “location of
the target” and “the segment containing the target” interchangeably). We can
think of this segmentation in a matrix form. In particular, let G;; denote the
segment in the i™ row and j™ column of the matrix, and Q := [J, Ujj‘il{Gij} be
the set of all segments. The goal is to locate the target quickly and accurately via

sequentially inspecting the image.

(@ (b) ©

Figure 6.1: Two-dimensional visual search under different resolutions.

Let a C ) be a subset of locations that can be simultaneously inspected,
referred to as the inspection region hereafter, and let A = 2 be the collection of
all allowable inspection regions. Generalizing the model in [76], we assume that
the outcome of an inspection only depends on the size of the inspection region
and the resolution of the search, i.e., the outcome of inspecting region a, where
la| = n, 1 < n < M?, is a Z-valued random variable with probability density

function f,, as if the target location is included in the inspection region; otherwise,
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it is distributed as fn m- We assume that observation densities are known and the
observations are conditionally independent over time. Let 6 be the location of the
target, i.e.,  is the random variable that takes the value § = G; on the event that
G;; contains the target. Let 7 be the stopping time at which the player retires and

declares its estimated location 6 with the probability of error as
Pe := P( # 0).

The objective is to find a sequence of inspection regions A(0), A(1),..., A(t — 1)

and a stopping time 7 that collectively minimize the expected total cost
E [7] + LPe, (6.1)

where L, L > 1, denotes the penalty of making a wrong declaration. Here we
consider a uniform prior, i.e., initially P(f = w) = 1/M? for all w € 2, and hence
the expectation is always taken with respect to this uniform prior on 6 as well as
the distributions of the sequence of inspection regions and outcomes. It is clear
that in this setting, the optimum declaration is the maximum a posteriori (MAP)
estimate, i.e.,

0 := argmax P({0 = w}|A™"", Z771),

we

where A77! := [A(0), A(1),..., A(t — 1)] and Z7°! := [Z(0),Z(1),..., Z(T — 1)]
represent respectively the vector of selected inspection regions and observation

outcomes up to time 7.

Remark 6.2.1. It is clear from Fig. 6.1 that a reasonable observation model
should account for the equivalence between inspecting one of the segments in (a)
and inspecting the 4 corner segments in (c¢) simultaneously. In other words, a
reasonable assumption is one under which the outcome of inspecting region a,
la| = n, depends on the ratio between the size of the inspection region, n, and the
total number of segments, i.e., f, y = hﬁg and fn,M = BV% where {h,|r € [0, 1]}

and {h,|r € [0,1]} are parametric families of distributions.



152

6.3 Heuristics

In this section, we introduce heuristic policies for selecting inspection re-
gions. Note that the two-dimensional visual search defined above is a special case

of active hypothesis testing whose observation kernels are of the following form:

n if G;; € a, d = o
q;(-) = {fM()l € a and o Tol<ij<MYacA  (6.2)

fam(r) if Gy € a, and |a] =n

The information state at time ¢ is the belief vector p(t) = [p11(t), p12(t), - - -, prrar ()]
where p;;(t) := P({0 = G;;} A", Z'71). Accordingly, the information state space
is P(2) :={p € [0, 1" : 11, ij‘ilpij =1}

We consider policy mgjs proposed in Section 3.3.2 as a candidate search
strategy. From (3.19) and (6.2), the EJS divergence corresponding to inspection

region a € A at belief vector p can be written as:

EJS p, : ZZP@][ f\a|M||

=1 j=1

‘]f|a\,M + 1_ ”f\a|,M)1{Gij€a}
ij

a ﬁa—Pz’j— 7
D(.fa,MH fa,M‘l' .fa,M)]- Gii¢al | (63)
1=, ol + 7= flaan) 160

where n¢ = Zkle le\il pril{c,ea), and ¢ =1 —n*

Policy mgys is a stationary deterministic Markov policy defined as:
e if p;;(t) >1— L7 retire and declare that G;; contains the target;
e otherwise, select inspection region arg IiaX EJS(p(t),a).
ac
Next we define the maximum likelihood policy ;. This policy, at each

step, visually inspects a segment with the highest belief. Policy 7,7, is a stationary

deterministic Markov policy defined as:
e if p;;(t) >1— L7 retire and declare G;; contains the target;
e otherwise, select inspection region {Gy;} if p;;(t) > pri(t), 1 <k, < M.

The performance of policies 7y, and 7g ;s will be investigated analytically

and numerically in Sections 6.4 and 6.5.
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6.4 Main Results

In this section, we analyze the performance of the proposed heuristics and

provide the main results of the chapter. We have the following assumptions:

Assumption 6.4.1. For all M, n < M?, and z € Z,

fori(2) = far(b—2) for some b€ R.

Assumption 6.4.1 implies that given a fixed inspection region, the visual
samples provide identical information regarding the presence or the absence of
the target. This assumption is satisfied if, for instance, observation outcomes are
modeled as a signal plus noise, where the signal component appears only if the
target is included in the inspection region, and the noise distribution is symmetric

with respect to its mean value.

Assumption 6.4.2. For all M, n < M? a € [0,1], anda=1— a,

D(forillfors + afant) = D(foirmllafusinr + afoiinm)-

Assumption 6.4.2 implies that the visual samples do not become more in-

formative if the size of the inspection region increases.

Assumption 6.4.3. For some vy > 1,

N
dz < 00.

log {"M(Z)

fn,M(z>

Assumption 6.4.3 restricts the amount of information corresponding to each

sup sup /an,M(z)

M n<M?

inspection region, and implies that no observation is noise-free. This assumption is
important in our asymptotic analysis, and ensures that Assumptions 4.6.3 and 4.5.1
hold.

6.4.1 Lower and Upper Bounds

In this section, we specialize the results obtained in Chapter 4 to the prob-
lem of two-dimensional visual search, and derive a lower bound on the optimal
expected total cost as well as upper bounds on the expected total cost associated

with the candidate policies.
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Theorem 6.4.1 (Lower Bound). Suppose Assumptions 6.4.1, 6.4.2, and 6.4.3
hold. Then the optimal expected total cost, V*, is lower bounded as

log M? logL
> 1—o(1 A4
V> ( 2 +Emax)< o(1). (6.4)

where o(1) — 0 as LM — oo, and

. 1 1-
Cmax = J‘/l[gnooD(fl,M||§fl,M + §fl,M)>
Emax = lim D(fymll fr.m)-
M—o0
The proof of Theorem 6.4.1 is provided in Section 6.6.1.

Theorem 6.4.2 (Upper Bound). Under Assumptions 6.4.1, 6.4.2, and 6.4.3, the

expected total cost under policies myr, and Tgys are upper bounded as

log M? log L

Ve < (ﬁEmax + Emax) (1+0(1)), (6.5)
log M? logL

Vipss < (M + ZEE ) (14 of1), (6.6)

where o(1) — 0 as LM — oo, and

. 1 1-
Chin := Jvljl_rflooD(f[M2/2J,M||§fLM2/2J,M + §fLM2/2J,M)-

The proof of Theorem 6.4.2 is provided in Section 6.6.2.
Next we provide examples for which Assumptions 6.4.1, 6.4.2, 6.4.3 hold.

Example 6.4.1. Consider the case where the observation densities are indepen-
dent of the resolution and the size of the inspection region, i.e., for all M and
n < M? fou = fand f, = f where f(2) = f(b— 2) for some b € R and
[ f(2)]log ﬁgﬁdz < oo for some v > 1. Then Assumptions 6.4.1, 6.4.2, 6.4.3
hold and Chin = Chax = D(f||%f + %f) and En.c = D(f||f). In this case, the

upper bound associated with 7 ;s matches the lower bound obtained asymptoti-

cally.

Example 6.4.2. Let {p,},c0,1) be an index family satisfying 0 < py < p, < pp <

p < % for any r < r’. Consider the case of Bernoulli noise where for all M and

n < M?, we have f, »y = B(l—pﬁg) and f, = B(p#). Then Assumptions 6.4.1,

6.4.2, 6.4.3 hold and C;, = 1 — H([p%,l —p%]), Chax = 1 — H([po, 1 — po]), and
_ 1—

Enax = (1 - 2p0) lOg p_OPO.
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Example 6.4.3. Let {02},cj01 be an index family satisfying 0 < 0§ < 02 <
0% < 0} < oo for any r < r/. Consider the case of Gaussian noise where for
all M and n < M2 f,u = N(l,a%) and fou = N(O,ai%). Then Assump-
tions 6.4.1, 6.4.2, 6.4.3 hold and Cpy, = D(N(I,UQ%)H%N(I,UQ%) + %N(O,aé)),

Cmax = D(N(lv US)H%N(L ‘73) + %N(O, 0-8))7 and Emax = loge

207
It is straightforward to show that all assumptions hold in Example 6.4.1.
Next we provide the proof of Example 6.4.2. The proof of Example 6.4.3 follows a

similar approach and is omitted.

Proof of Example 6.4.2. Assumption 6.4.1 holds trivially since f, (2) = p,6(z —
1)+ (1 =p)d(2) and fon(z) = fuar(l — z), where r = ;2% and 6(-) denotes the
Dirac delta function.

Next we show that Assumption 6.4.2 holds. The proof is divided into two

cases. Let r = 77 and r = "F*Ql

e Case 1: = 0. We have
1_pr

T

3 Pr
D(fn,M”.fn,M) = Dr lOg 1 —p + (1 _pr) 1Og

- (1 - 2p7’) lOg

a

Z (1 - 2pr’) 1Og

1_p7“
1_pr’

!

—
=

- D(fn—l—l,Man+1,M)7

where inequality (a) holds since p, < p,..
e Case 2: a > 0. We have

D(fn,M||afn,M + dfn,M)

Pr 1_pr
+(1—p,)lo
ap, + a(l —p,) (1=pr) ga(l—pr)+5zpr

)

= Pr log

Pr

= —p log (a+a—=1) = (1 - p,)log (o + G

Pr Pr
= —loga — H,(p,)
(a)
2 - loga - Ha(pr’)

= D(frorrmllofnsr o + dfn+1,M),
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where
al—mp a p
Holp) =plog (1+ 27"y 11— p)log (1 + £,
(p) = plog (14— 5 ) +( p)og(+a1_p)
and inequality (a) holds since p, < p,» and H,(p) is concave and symmetric

in p for any « € (0,1]. Note that H 1 is equal to the entropy function.

Finally, Assumption 6.4.3 holds since for any v > 1,

jin,M(Z
fn,M(Z

I —po
Po

v

sup max/ me(z)‘ log
z

) ’vdz < ’ log
M n<M?2 )

0

6.4.2 Inspection Constraints and Computational Complex-
ity

In this section, we discuss the computational complexity of 7y, and 7gs.

Policy 7y, has complexity of order O(M?) in each step since its main computa-

tional burden is to find a segment of the M x M grid with the highest probability

of containing the target. The main computational burden in 7g ;g is the action se-

lection step which requires maximizing the EJS divergence over the entire space of

inspection regions A. This means that at each step the computational complexity

of mgys is of order O(|.A|) where |A| is the number of allowable inspection regions.

Table 6.1: Computational Complexity of mg ;g

A |A| Complexity
all combinations oM* O(2M2)
rectangles W O(M*)
squares w O(M?)
thresholds 2M? O(M?)

This provides a recipe for trading off performance for complexity by only
considering a smaller number of inspection regions. Table 6.1 shows the com-

plexity of mg;s when the inspection regions are constrained. In particular, if the
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inspection regions are always chosen to be contiguous and of certain shape, such
as rectangles, etc., the resulting heuristic necessarily has complexity comparable
with that of 7). Constraining the allowable set of inspection regions not only
results in a reduction in computational complexity, it also captures realistic limi-
tations in humans’ visual abilities. However, a potential drawback of constraining
the allowable inspection region is whether similar performance bounds as (6.6)
can be obtained. The proof of Theorem 6.4.2 shows that 7g ;s can achieve upper
bound (6.6) so long as A contains the single segments and the 2-D threshold-like
regions (see Section 6.6.2 for the definition of the latter). It is also conjectured
that constraining the inspection region to that of rectangles or squares is of no

consequence to upper bound (6.6).

6.5 Numerical Example

In this section, we compare the performance of 7,7, and 7 ;5 numerically.
We consider the case where the inspection space A is constrained to squares in the
M x M grid. The observation kernels are of the form f, ,y = N(1,0.4 + O.I"M—_zl)
and f, = N(0,0.4 + 0.1%).

................

P

Figure 6.2: 3 x 3 Grid. The inspection space of all squares in this grid contains
9 single segments, 4 squares of size 2 x 2 (one of which is shown in the figure), and
one square of size 3 x 3.

Figure 6.3 shows that when M = 2, the performance of the candidate
policies is quite similar. This is intuitive since in this case the inspection space

contains only the single segments (note that the inspection space contains also
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the combination of all 4 segments which does not provide any information and
whose EJS is restricted to 0, hence can be ignored). However, for larger M, the
performance gap of the two policies increases which signifies the superiority of 7z g
over myr. Note that the expected total cost corresponding to both policies has

the same slope in L, which verifies the results of Section 6.4.

Expected Total Cost
R
\

Figure 6.3: Expected total cost for different values of L and M.

6.6 Proofs

6.6.1 Proof of Theorem 6.4.1

In this section, we show that

M Iax(M?) € Ciax and  lim Dy (M?) = Epax.

M—o0 M—o0

The proof then simply follows from the above fact and by Proposition 4.6.1.
Remember that 7 = S0, SoM pril{cyeay, and 7* = 1 —n®. From (6.2)
and for any a € A and p € P(Q),

M M
JS(p,a) =" pi |:1{Gij€a}D(f|a,M||77a.f|a,M + 71 flal, 1)

i=1 j=1
+ Licygar D(Fla i 10° frafar + 0% flapar)

= 0"D( fiajme 10" frap.nr + 7° Flane) + 7°D(frapmlI0® fagnr + 7° fapir)
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(a) _ _ _
< 0" D(fimln® frve + 0 frn) + 0D (fraaln® from + 0% fim)

(b) 1 1
< D(fl,M||§f1,M + §f1,M)7

where (a) follows from Assumption 6.4.2 and (b) follows from Assumption 6.4.1.

Therefore, by definition (4.19)

1 1.
Linax(M?) = max max JS(p,a) < D(frull5fiar + 5 frm),

and hence,
Hm oy (M?) < Cax.
M—ro00
On the other hand, by definition (4.18) and from (6.2)

2\ a a\ __ 3
Drnax (M) = max  max = D(qjllgu) = D(frullfran),

which implies that

lim Dpax(M?) = Epax.

M—o0

6.6.2 Proof of Theorem 6.4.2

In this section, we show that

1D f it max; ; pi; < p
EJS(p.marg) > 4 77 (fraall frar) J Pij P’ 6.7)

pD(fiml fiar)  otherwise

and

DfM2 M lsz M—l—lsz M if maXi,‘/)i'<,5
EJS(p,mRss) > (a2 ulizfiae 2y, 2 f1mz2)0) j Pij |

ﬁD(fLMHfLM) otherwise
(6.8)

1
1+max{log M2 log L} "

The proof then follows from (6.7) and (6.8), and by Theorem 4.2.1 and

where p =1 —

Proposition 4.6.2.
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Under Assumption 6.4.1, we can rewrite (6.3) as

M a Sa
i — Pij U
EJS(p,a) = Z sz’jD(f\aLMH lj flal,m + 1 4 fial,0)5
=1 =1 — Pij — Pij
where v
Ny = Z Z prilLlic.ciear T 1{Gu.Gigal]s
k=1 I=1

and 77, = 1 — .
Consider a belief vector p at which p;; > py for all 1 < kI < M. By
definition of the maximum likelihood policy, 7y ({Gi}|p) = 1. We have,

EJS(p,mnr) = EJS(p,{Gi;}) = piy D(frnall frar),

and hence,

pPD(frall frne) i pij >

BIS(p.7yus) > : |
ﬁD(fl,MHfl,M) otherwise

(6.9)

Let A, denote the collection of all single segments, and let Ay, be the col-
lection of all 2-D threshold-like regions, i.e., for all 1 < i, < M, | Ji_ Ul]\il{le} U
UZH{Ga} € Ay and UL {Ga} UULio Uit {Gr} € A Let

*

a* = argmin |1 —27"].
a€ Ay ilal <| M2 /2]

Next we show that
. 1 1.
EJS(p,a*) > D(fLM2/2J,M||§fLM2/2J,M + 5fLM2/2J,M>7
which together with (6.9) and the fact that
EJS(p,mrys) = meafi(EJS(p, a) > max{EJS(p, L), EJS(p,a”)}

proves (6.8) and completes the proof (which holds so long as A, U Ay, C A).
We write the proof for the case a* = (J,_} UMY, {Gu} U UIZ{Ga} and
n® < 3 which implies that 1 — 21" < p;;. Other (three) cases can be proved in a

similar way.
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M M
M Pk
EJS(p,a ZZ/JMD Jia |M’|M71fl vty

k=1 I=1
@ .. § o
Z 77& D(f\a*|,M||77 f\a*|,M +77 .f|a*\,M)

1 1.
+ Pz’jD(f\a*|,M||§f\a*|,M + §f\a*|,M)

f\ “|,M)

+ (7" = pij)D(flas a1 Fraepr + 0% fraeim)

(b) 1 1-

> D(f\a*\,MH§f|a*\,M + §f|a*\,M>

() 1 1-

= D(fLM2/2J,MH§fLM2/2J,M + §fLM2/2J,M>7

where ( ) follows from the fact that 7%, =" 1ic,ear +7 LiGudat, "(’%_7;]2’” < ny,
and % <3 1. (b) follows from Jensen’s inequality and since (n®")2+ % i+ (7% —

pi;)1* < %; and (c) follows from Assumption 6.4.2.



Chapter 7
Noisy Bayesian Active Learning

This chapter considers the problem of noisy Bayesian active learning given
a sample space, a finite label set, and a finite set of label generating functions
from the sample space to the label set, also known as the function class. The
objective is to identify the function in the function class that generates the labels
using as few label queries as possible and with low probability of error despite
possible corruption by independent noise. The key to achieving this objective
relies on the selection of queries in a strategic and adaptive manner. The problem
generalizes the problem of noisy generalized binary search [10]. We explore the
connection between the above Bayesian active learning problem and the problem
of active hypothesis testing. This view of the problem allows for developing a
general lower bound on the expected number of queries needed to identify the
function that generates the labels in terms of the observation noise statistics, the
desired probability of error, and the cardinality of the function class. Furthermore,
we compare the performance of 7g;g, which in each step queries the label of a
sample that maximizes the Extrinsic Jensen—Shannon divergence, with the state
of the art strategies for noisy generalized binary search and for different function
classes. In the case where the function class is sample-rich, it is shown that 7g g is
better than previous results in the literature and, in particular, matches the earlier

proposed lower bound asymptotically.

162
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7.1 Introduction

We consider the problem of Bayesian active learning. We are given a finite
set of functions H, and a sample space X'. Each function in H assigns a label
to a sample in X', and the result of a label query on a sample is corrupted by
independent noise whose distribution is known. Our goal is to identify the function
in H that generates the labels with high confidence using as few label queries as
possible, by selecting the queries adaptively in a strategic manner.

A special case of the problem, first considered by [78], arises when the
label set is binary and the natural sampling strategy for Bayesian active learning
becomes closely related to Generalized Binary Search (GBS). In the binary label
setting, GBS queries the label of a sample x for which the size of the subsets of
functions that label x as +1 and —1, respectively, are as balanced as possible. A
variant of GBS is Modified Soft-Decision Generalized Binary Search (MSGBS),
which was introduced by [78] to address the case when the observed labels may
be noisy. [78] analyzes the performance of MSGBS, under a symmetric and non-
persistent noise model which flips the labels randomly, and shows that the (fixed)

number of samples required to identify the correct function with probability of
log M-Hog%

3 ), where M is the number of functions in

error satisfying Pe < € is O (
the class H, and )\ is a parameter which depends on the structure of the function
class and the noise rate. The main contribution of this chapter is to generalize the
above problem to the case of general multiclass (non-binary) label set with general
(and potentially non-symmetric) non-persistent observation noise.

We observe that Bayesian active learning is a special case of active hypoth-
esis testing, where the hypotheses map to functions, actions map to samples, and
the outcomes map to noisy observation of labels. This view of the problem allows
for a natural extension of the model of [78] to the non-binary Bayesian active learn-
ing setting, where the noise might be label dependent and asymmetric. Relying on
this connection and applying the results of Chapter 4, we derive a universal lower
bound on the expected number of samples required to identify the true hypothesis

among M with error probability Pe < € as a function of noise model parame-

ters. This lower bound, when specialized for the noisy generalized binary search
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suggests that the proposed schemes of [78], in general, are suboptimal. The next
contribution of this work is, thus, to propose and analyze an alternative strategy
for sample collection.

To find an alternative strategy, we, again, take advantage of the connection
between Bayesian learning and active sequential hypothesis testing. In Chapter 3,
we introduced the notion of Extrinsic Jensen—-Shannon (EJS) divergence, and pro-
posed mgsg, an active sequential hypothesis test that, at each step, selects the
action that maximizes the EJS divergence. In this chapter, we apply the cor-
responding sampling strategy to Bayesian active learning, and characterize the

performance of this strategy. Our bounds show that the number of label queries

log %
B

tions and « and 3 are terms, different from )\, that depend on the structure of the

required by our algorithm is O (% + ), where M is the number of func-
function class, the sample space, and the noise model.

To illustrate our bounds, in Section 7.4, we focus on the generalized binary
search studied in [78] and consider the class of locally identifiable functions and
its three specific subclasses: intervals on the line, thresholds on the line, and a set
of sample-rich function classes. We show that the upper bounds on the number
of labels required by the EJS policy are superior to those of [78] for all three
subclasses for the asymptotic values of M and e. In addition, we show through
numerical simulations that our policy has better performance than the algorithms
of [78] also in non-asymptotic regimes of practical interest.

The remainder of this chapter is organized as follows. In Section 7.2, we
formulate the problem of Bayesian active learning and provide a summary of related
works. In Section 7.3, we propose our heuristic policy for selecting samples, and
provide the main results of the chapter. As a special case, noisy generalized binary
search is discussed in Section 7.4 and a comparison to some of the known results

is provided.



165

7.2 Problem Formulation

Let Q@ ={1,2,...,M}. Let H = {hq, ha,...,hp} denote a collection of M
unique functions defined on the sample space X that take values in a finite label
set L, i.e., h; : X — L, i € Q. Assume that one of the functions in H is the true
function, i.e., it produces the correct labeling on X'. However, the observation of
the labels is subject to noise, i.e., if the true function is h; and the decision maker
selects sample x from X, the observation of label [ = h;(x) is a Y-valued random
variable with the probability density function f;(-). We assume the observation
densities {f;(-)}ier are fixed and known, and the observations are conditionally
independent over time. The goal is to determine the true function with a small
number of samples and acceptable accuracy in face of noisy observation by making
adaptive queries. More formally, if 7 is the total number of label queries made by

our algorithm, then, we would like to find the true function in ‘H with the objective
of:

minimize E [7] subject to Pe <, (7.1)

where Pe is the probability of error.

Let 0 be the index of the true function, i.e., # is the random variable that
takes the value 6 = i on the event that h; is the true function for 7 € ). Let 7 be
the stopping time at which the decision maker retires and guesses the true index 6
as the maximum a posteriori (MAP) declaration!, i.e.,

0 = argmax P(0 = i| X7, Y™,
i€Q
where X771 := [X(0),X(1),...,X(r— 1] and Y™ := [Y(0),Y(1),...,Y (7 —1)]
represent respectively the vector of selected samples and observed labels up to

time 7. The probability of error is
Pe := P(A # 0).

For a given € > 0, the goal is to find a stopping time 7 and a sequence of samples

X(0),X(1),...,X(r — 1) such that the probability of error satisfies Pe < ¢ and

!The probability of error is minimized under MAP declaration.
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the expected number of samples E[7] is small. Here we consider a uniform prior,
i.e., initially P( = i) = 1/M for all i € €2, and hence the expectation is always
taken with respect to this uniform prior as well as the distribution of the sequence

of selected samples and observations.

7.2.1 Related Work

Our work naturally builds on and extends on the model proposed in [78].
In the introduction, we detailed the connection between our work and [78].

In recent years, extensive studies have been conducted on the theory of
active learning [79-86]. The various studies incorporate a broad range of models
and assumptions which, at times, end up in contradictory conclusions. Here we
make an attempt to detail the specific attributes of these papers and the connec-
tion/disconnect between our work and this literature. The earlier work on active
learning [79-81] considered the realizable case where the binary labels are pro-
duced by a function in a given function class and are observed noise-free. Here, in
contrast to our setting, the function class is either finite, or infinite but equipped
with a fixed structure, such as the class of thresholds on a line, or the class of lin-
ear classifiers. Another point of difference with our work, the learner here is only
allowed to query the labels of samples among an unlabeled set of points which are
drawn from the unlabeled data distribution. The goal is to find a function which
has low prediction error with respect to the data distribution. Here the challenge is
to identify a function in the function class where the disagreements with the true
labeling function is less than the required accuracy, and the prediction error occurs
due to infiniteness of the function class or due to the indistinguishability of the
functions with respect to the data distribution as opposed to noisy observations of
the labels.

Since the realizability assumption can hardly ever be justified in practice,
more recent literature [82-86] has considered active learning in the agnostic setting,
where the goal is to find a function in a function class which has low prediction error
with respect to the data distribution; however the binary labels are not necessarily

generated by a function in the given function class. Perhaps, the most relevant
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special case is the bounded rate class noise of [82] in which labels are produced by
a member of a given function class but are subjected to an exogenous (and non-
persistent) observation noise. In such a setting, repeat queries can be effectively
utilized to mitigate the effect of noise [82,87]. Furthermore, instead of analyzing
a specific query strategy, we are interested in obtaining universal lower bounds
on the query complexity which are related to the information theoretic analysis
of [86].

In summary, our study differs from the above work in three important
ways. Firstly, we are interested in a generalized learning setup where labels can
be non-binary and observation noise can have a general non-symmetric and non-
discrete nature. Secondly, we are interested in a sequential learning setting where
the learner is allowed not only to query individual examples (hence, rendering the
data distribution irrelevant), but also to determine the number of queries in an
online fashion as a function of observations so far. Thirdly, by considering the
simpler setup of a finite function class as well as an exogenous and non-persistent
observation noise, we provide sharp lower and upper bounds on the query com-

plexity:.

7.3 Main Results

In this section, we provide the main results of the chapter. Many of the
results here are a consequence of a connection between Bayesian active learning

and the active sequential hypothesis testing.

7.3.1 Preliminaries

The problem of noisy Bayesian active learning defined above is a special
case of active sequential hypothesis testing with hypotheses set €2, action space X,
observation space ), and observation kernels {¢}icoccx where ¢f = fi,(2).

Let p(t) = [p1(t), p2(t), ..., pa(t)] denote the information state at time ¢
where p;(t) := P({0 = i}| X1, Y1), Accordingly, the information state space is
P(Q) = {p € [0, : ¥, pi = 1}.
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Heuristic Policy

We consider policy mg s proposed in Section 3.3.2 as a candidate sampling
strategy. From (3.19), we can compute the EJS divergence associated with query-

ing sample x at belief vector p as

EJS(p,x) sz (fruoll > T2 it (7.2)

JFi

Policy mg s is a stationary deterministic Markov policy defined as:

o if p;(t) > 1 — ¢, retire and declare h; as the true function;

e otherwise, select sample argmax EJS(p, x).
reX

Assumptions

We have the following technical assumptions:

Assumption 7.3.1. C':= min max D(fillg) > 0, where g is a convex combination
g le

of fi,l € L.
Assumption 7.3.2. C} := ir;g}éD(kaﬁ) < 00

()

f()<OO.

Assumption 7.3.3. (5 := maxsup
Jel yey

The formulation C' above is equal to the capacity of a communication chan-
nel with input alphabet set £, output alphabet set ), and transition probabilities
fi(+), L € L. We also denote the capacity of a channel with two inputs k,l € L by

Ckl, i.e.,
Chi := minmax{D(fx|lg), D(fillg)}, where g is a pdf on Y. (7.3)
g9

If Assumption 7.3.1 does not hold, that is if C' = 0, the label queries will
be completely noisy and no information can be retrieved from the label queries
regarding the true function. In this sense, Assumption 7.3.1 is a necessary condi-
tion that ensures that the problem of active learning has a meaningful solution.
For observation kernels with bounded support, Assumption 7.3.3 is a necessary
condition to ensure that no observation is noise-free and is sufficient to ensure

Assumption 7.3.2 since C < log (5.
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7.3.2 Lower and Upper Bounds

We have the following lower bound on the minimum expected number of

samples required to achieve Pe < e.
Theorem 7.3.1. Under Assumptions 7.53.1, 7.3.2, and 7.3.3,

: +
(l—é—ﬂogé)logM—Q +log%—21oglog§—log02—4
T C Ch

Proof. The proof follows by combining (4.109) with (4.112) and (4.117) for values
L=-2_andé = % and the fact that Iy, (M) < C, Dpa (M) < Cp, and

elog% og%’

&y = log Oy for the problem of noisy Bayesian active learning. O

Next we specialize Theorem 4.2.1 and Corollary 4.2.1 to the problem of noisy
Bayesian active learning and we provide an upper bound on the expected number
of samples required by 7g g to achieve a desired probability of error Pe < €. The
upper bounds depend on two quantities o and 3, which depend on the function

class H and sample space X.
Theorem 7.3.2. [f there exists o > 0 such that at any given belief vector p € P(£2),
it is possible to find a sample x € X satisfying EJS(p,x) > «, then

log M + max{loglog M,log 1} + 4C5
- .

E (7.4)

rpas|Te] <

Furthermore, if there exist positive values o and [3 such that for all p € P(Q),

o if maxieqp; < p
ma%EJS(p, x) > < , (7.5)
Tre

£ otherwise

where
1

p:=1-— 7.6
P 1+ max{log M,log 1}’ (7.6)

then the following bound is obtained

log M + max{log log M, log log % logl  3(4C5)2
g x{log log g ge}+ 8¢ (4C5)* (7.7)
a B af

ErpyslTe] <
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We now instantiate these upper bounds for some learning problems of in-
terest. For a broad class of learning problems, where the function class in question

is a locally identifiable class, we can show a general result.

Definition 7.3.1. A class of functions H is referred to as locally identifiable if for
any h; € H, there exist samples z, 2’ € X and labels [,[" € £ such that either

(i), ha(a')] = [L1), and  [h(x), hy(a)] € (J{Ik MY UL 0Y, Vi # 4

kel

[hl(x)v hl(x/)] = [lv l]v and [hj(x>v hj(x/)] S {[lv l/]v [l/v l]? [l/v l/]}u VJ 7£ i.

In essence, the locally identifiable condition implies that for any function
h; € H, there are (at least) two samples in X’ using which h; can be distinguished

from all other functions.

Proposition 7.3.1. When function class H is locally identifiable, o = ﬁCmin and
— 50 . e i i 1 1 ]
B = #Chmin, where Cpin = min  min {Cri, D (fi||3.fx+ 311)}. ice.,

1 . ~
max EJS(p, z) > 27C0min  if maxXieq pi < p

TeX

(7.8)
pChin  otherwise

The proof of Proposition 7.3.1 is provided in Section 7.5.1.

For certain subclasses of the locally identifiable functions, one might get
substantially tighter bounds. In particular, in Section 7.4, we do this for certain
subclasses of binary-valued locally identifiable functions. Here, however, to illus-
trate how tight these bounds can be, we define an L-ary-valued function class
for which the upper bound on 7g;s matches the lower bound of Theorem 7.3.1

asymptotically.

Definition 7.3.2. A class of functions H is called sample-rich if for any vec-
tor v € LM there exists a sample z € X such that h(z) = v, where h(z) :=
[hi(2), ha(z), ..., har(z)]. In other words, Uyex{h(z)} = LM.
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Proposition 7.3.2. When function class H is sample-rich, « = C and g = pCh,
1.€.,

C if max; i < D
max BJS(p, 1) > f maxica pi < p (7.9)

pCy  otherwise
The proof of Proposition 7.3.2 is provided in Section 7.5.2.
In the following section, we characterize the performance of mg;s for a

special case and compare its performance with the state of the art strategies.

7.4 Special Case: Noisy Generalized Binary Se-

arch

Noisy generalized binary search, first introduced in [78], is a special case of
our problem where functions are binary-valued, i.e., £ = {—1,4+1}, and observa-

tions have probability densities of the following form:
1—p ify=1I
fily) = . :
P if y=—1
for some p € (0,1/2). In other words, label [ is observed through a binary sym-

metric channel with crossover probability p.

Lemma 7.4.1. For the case of noisy generalized binary search, C, Cy, and Cs

defined in Section 7.3 can be further simplified to

C:=1+plogp+ (1 —p)log(l—p),

1_
+(1—p)log—2,
p

C :=plog ] P

1—
C2 = —p.
p

In order to emphasize the dependence of C, Cy, and C5 on the Bernoulli
parameter p (corresponding to the observation noise), we denote them by C(p),

C1(p), and Cy(p), respectively. Note that from Jensen’s inequality, C;(p) > 2C(p).
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Corollary 7.4.1. For the special case of noisy generalized binary search, when

function class H s locally identifiable, we have o = % and B = pC(p).

Next we define three important subclasses of binary-valued locally identi-
fiable functions: 1) class of disjoint interval functions Hp; 2) class of threshold
functions Hp; and 3) class of sample-rich functions Hg. We analyze the per-
formance of mgss on these three classes by using Theorem 7.3.2 and finding the

corresponding « and f5.

Definition 7.4.1. Let e;, i € 2, represent a vector of size M whose i'" element
is +1 and all other elements are —1. A collection of functions H is referred to
as disjoint interval functions if Uzex{h(z)} = Uieaie;} C {—1,+1}M where
h(z) := [hi(x), ho(x),. .., hp(x)]. In other words, for any sample x € X, only one

function in H takes value +1 and all other functions take value —1.

Definition 7.4.2. Let u;, ¢ € ), represent a vector of size M whose first i elements
are —1 and all other elements are +1. A collection of functions H is referred to as

threshold functions if Uzex{h(z)} = Uieq{u;} C {—1,+1}M.

Definition 7.4.3. A collection of functions H is referred to as sample-rich func-
tions if for any vector v € {—1,+1}M there exists a sample x € X such that

h(z) = v. In other words, Uzex{h(x)} = {—1, +1}M.

Table 7.1 shows the values of o and [ for the above classes where recall

that p=1— 1+max{101gM7log%} (see Section 7.5.3 for the proofs).

Table 7.1: « and [ for different function classes.

Function class « 15}
Disjoint intervals Hp 2 5C; (p)

Thresholds Hp C(p)  Clp)

Sample-rich Hp C(p) pCi(p)
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For class of disjoint interval functions Hp and from Theorem 7.3.2 and

Table 7.1,
E. [i]< log M + max{llog log M, log log%} ~log% 3(4C5(p))?
Teste = +C1(p) pCi(p)  37C1(p)pCh(p)
(&) Mlog M + M loglog M N log * +1 N 6] (4C5(p))*
- Ci(p) Ci(p) (Ci(p))?
<M10gM log 1 ) (1 N Mloglog 2 + 1+ 6M(4Cg(p))2/01(p))
Cilp)  Ci(p) M log M +log ¢
1
- (e + )+ 0
where o(1) = 0 as e — 0 or M — oo and (a) holds since % = 1+m < 2.

For class of threshold functions Hy and from Theorem 7.3.2 and Table 7.1,

log M + max{loglog M, log 1} + 4C5(p)
EWEJS [7—5] S C(p)

<log M log l) ( loglog M + 4C, (p))
< + =<1 .
Clp) Clp) log 7=

~ (logM log % )
‘<O@>+c@)“+(”* (711

where o(1) - 0 as e — 0 or M — 0.

For class of sample-rich functions H g and from Theorem 7.3.2 and Table 7.1,

log M + max{log log M, loglog *} N log £ N 3(4Cy(p))?

Brpsl7e] < C(p) PCi(p) " Cp)pCh ()
(@) log M +loglog A logl+1 6(4C(p))?
= C(p) Ci(p)  C(p)Ci(p)

) i) C(p)log &

_ [logM log% )
‘(mm*cmﬂ“+<m’ (7-12)
< 2.

where o(1) — 0 as ¢ — 0 or M — oo and (a) holds since % = 1+m <

(logM log 1 ) (1 C1(p) loglog 2 + C(p) + 6(402(29))2)

Furthermore, it follows from Theorem 7.3.1 that

. logM  log? —0
e > (7 + oy )0 - 40 )

where o(1) — 0 as e — 0.
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7.4.1 Comparison to Known Results

In this section, we compare the performance of wg;s to that of NGBS
and MSGBS policies proposed in [10]. The performance of NGBS and MSGBS
was analyzed in [10] for the I-neighborly function class and its subclasses. It can
be shown that the 1-neighborly class is a subclass of the binary-valued locally
identifiable functions. Furthermore, function classes Hp, Hr, and Hp are also
1-neighborly and hence, we can compare the performance of 7z ;g to that of NGBS
and MSGBS over these function classes.

Table 7.2 shows the number of samples required by the policies NGBS,
MSGBS, and 7g,s to attain Pe < ¢, where A(p) = max  1(1— p-p) _ (l_f’,’,)p).

pep.1/2) 4 o P
Policies NGBS and MSGBS are non-sequential and the numbers shown in Table 7.2

are the actual number of samples that these policies require to achieve Pe < ¢; while
policy mg;s is sequential and Table 7.2 shows the expected number of samples

required by this policy to achieve Pe < e.

Table 7.2: Performance comparison of NGBS, MSGBS, and 7g;s for different
function classes.

Function class NGBS MSGBS TEJS
, Mao(g;f;;ga Miloe. i”( p+)1°g o) (]‘Qfé o é?i;) (1+o0(1))
My i g () (L o()
e log M(lo(gélii ;Zfﬂogg) log JKI(;;ogé ( % I %) (1+0(1))

Figure 7.1 compares the denominators of the upper bounds given in Ta-
ble 7.2. Note that our upper bound provides improvement over those corresponding
to NGBS and MSGBS. Particularly, the gap between the bounds is very signifi-
cant for small values of the Bernoulli parameter p and for large values of % and M.
However, with no tight lower bound on the performance of NGBS and MSGBS,

the analysis is inconclusive as to the actual performance of 7mg;¢ in comparison

with NGBS and MSGBS.
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=2
2

)

=
1

p

0.4 0.45 0.5

Figure 7.1: Comparison of C(p), Ci(p), (1 — p)%, and A(p), for p € (0,1/2).

In the next section, we provide a numerical example and compare the per-
formance of 7,5 and MSGBS (we do not consider NGBS since it is outperformed
by MSGBS).

7.4.2 Numerical Example

In this section, policies 7g ;s and MSGBS are compared numerically for the
problem of noisy generalized binary search with parameter p and a sample-rich
function class of size M. In order to have a fair comparison, the candidate policies
are compared in both sequential and non-sequential scenarios. In the sequential
scenario, the policies stop as soon as the belief about one of the functions passes
a threshold 1 — ¢, and the expected number of queries is considered as a measure
of performance; while in the non-sequential scenario, the policies are compared
based on their average probability of making a wrong declaration after N number
of label queries.

Figures 7.2 and 7.3 show the performance of mg;s and MSGBS for the
sequential scenario while Figs. 7.4 and 7.5 compare their performance for the
non-sequential scenario. The figures show the superior performance of 7g ;g over

MSGBS in both scenarios and for different values of ¢, N, and M.
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----MSGBS

TEJS

and p = 0.2.

----MSGBS

TEJS

177



178

7.5 Proofs

7.5.1 Proof of Proposition 7.3.1

To prove Proposition 7.3.1, it suffices to show that
E > ¢ ~min-
max JS(p,x) > max p C

Let 1 = arg max p;. By definition of the locally identifiable class, there exist
i€Q
z;, 2t € X and [, I’ € £ such that one of the following conditions holds

[y (), hy(al)] = [1,0] and [hy(a;), hy(ad)] € (LI Ry UL, 0 W) #6, (7.14)

kel

[i(;), s ()] = 11,0 and - [hy(az), hy(2))] € {IL VL[V, 0, 10,07} Vi # 4. (7.15)

For any k, k' € L, let

Suppose (7.14) holds. Then

maxEJS(p, x)

> max{EJS(p,xl) EJS(p,x )}

max{p(fh fjpﬁfhj(m;)), ( D T2 i )}

j#i j#i

max{ A mn e+ szzfz') <f1'|| > o+ 7Tl’lfl)}

kel kel

(@) > Tk fe + T fr + T fi > Tk S + TSt + o fr
> p; max D<f1||kE£ ),D(fl/”kez )
¢ ]_—|—7Tl/l ]_—l—’]Tl/l

> p: mginmax{D(szg)aD(fl’Hg)}

= p;Cw
> max p;Crin, (7.16)

1€Q)

where (a) follows by Lemma 3.3.1.
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On the other hand, if (7.15) holds, then

max EJS(p, )

rEX

> p; max {D(lelmszz + (mn A+ me) fur) s D(fillmn fi + (e + mow) fir) }

(a) 1 1

> D( iy )

= pD(fill5fi+ 5 fi

> iCni .

> max iCrin, (7.17)
where (a) follows by Lemma 3.3.1 and the fact that min{my, m} < 3.

Combining (7.16) and (7.17), we have the assertion of the proposition.

7.5.2 Proof of Proposition 7.3.2

To prove Proposition 7.3.2, we will show that
>
max BJS(p, x) 2 C,
and furthermore,
> iC1.
max EJS(p,x) > max piC1

Recall from Section 7.3.1 that
C' = min max D(f]|g) (7.18)
g lec

where g is a convex combination of f;,1 € L. Let g* = >, 7/ f; be the distribution

that achieves the minimum in (7.18). From Fact 5.5.1,
D(ka Zﬂl*fl) =(C forany k& L such that m; > 0. (7.19)
leL

By definition of the sample-rich function class, for each v € £M there exists

a sample in X, say x,, that satisfies h(z,) = v. Let
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Using weights {\y }yesm and taking average over all v € LM we obtain

maXEJS (p,x) > Z)\ EJS(p, )

:Z)\vzpz (fh (zv) HZ .fh mv)
v =1 j#i
M

IO —D(kaZ - fvj)

=1 keL v: v;=Fk Jj#i
Q = * Pj )\'U
zzpzzww@u S )
i=1 kel j#i ¢ =k

MY 3 2a)

=1 kel ( j# vlel v vi= =k,v;=l

=1 kel lel
M

2> nC
i=1

el

where (a) follows from Jensen’s inequality and (b) follows from (7.19).

Let ¢ = argmax p;. Let k,I € L be the labels satisfying D(fillf) = C.
By definition of thleG %ample—rich function class, there exists a sample z; € A’ that
satisfies h;(z;) = k and h;(xz;) = [ for all j # i. We have

p.
r;lea%EJS(p, x) > EJS(p,x;) > p%D< - _Jp% fhj(x;)) — I?E%XpiCl.

i
7.5.3 Finding o and § for Different Function Classes

Let g,(-) and g,(-) be probability density functions on ) defined as follows:

pl) = { e e =an (7.20

It can be easily shown that:

Cw) = Dig| 25 %2) = (g, | 22%) and Ci(p) = Digyllg5) = D(ply).
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The result for the sample-rich class follows from Proposition 7.3.2. Next we

provide the proof for the class of disjoint interval functions and threshold functions.

Class of disjoint interval functions:

To prove this case, we will show that

max EJS(p, x) = max p;Cy(p).

zeX

Let ¢ = argmax p;. By definition of the class of disjoint interval functions,
i€Q
there exists a sample x; € X’ that satisfies h(z;) = e;. We have

EJS(p.2:) > piD (fw IX 2, <x)— 0D (0,13) = p:Ca().
J#i

Class of threshold functions:

. : k

At any belief vector p € P(€2), there exists k, k € €, such that } ;_, p; < :
and Zerll pj > 5. Let x; and x4, be samples in X" that satisfy h(z)) = u; and
h(zri1) = wpp respectively. Let 0; = § — 2?21 p; and 9y = 25:11 p; — 3. Notice

that pgy1 = 01 + d2. There are two cases:

e Case 1: §; < d,. We have

E']S puxk sz

—sz

ool 72 )

(e 3
(o

61 1/2 46
9ol — 2 G+ T

2

1/2-6,_ 1/2-4
+pk+1D(ng / 1g + 1/ 2gp)
— Pk+1
1/2 - 1/2 46 — pi
- Z pi <gp|| / - O g, 4 L2 O 1_10, gp)

i=k+2
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p (1/2 - 61)D(gp||(1/2 +01)g, +(1/2 ~ 51)9p>

1

1
+ 00+ 82D (9,1 330 + 59

+(1/2= 8)D(gpll(1/2 = 61)3 + (1/2+ 1),

()
> D(g,1(1 = 7)3 + 19,

(¢) 1 1
> D<gp||§gp + 59}3)

= C(p),

=

= (126 4 56+ 8) + (/2 5)(1/24 ),

inequality (a) follows from Lemma 3.3.1 and (7.20), (b) follows since KL

divergence is convex, and (c) follows from the fact that v = %+51(51 —d9) < %
and by Lemma 3.3.1.

e Case 2: §; > 5. We have

where

1240 —pi_  1/2-0
EJS p,l’k+1 sz (ng / 1_2, pgp+ {_p.z‘gp)
1/2—6,_  1/2—0, )
+ pra D +
Prt1 <ng R s
1/2+6 1/2 =6y — p;
- Z pi (ng / 29p+%%)
i=k+2 e s
@
Y (12— 6)D (ng(l/z 525 + (1/2+ 62)g, )

9p +
+ 60+ 09D (g5l 335+ 390)
)3,

+(1/2 = 2)D (gl (1/2 + 62)5, + (1/2 = 82)gy )

)
> D (ng (1 =73, + v’gp)

(¢) 1 1
> D(Qp”iﬂp + 5917)

=C(p),

= (1/2=01)(1/2+ 52) + %(51 +82) + (1/2 = 6,)?,



183

inequality (a) follows from Lemma 3.3.1 and (7.20), (b) follows since KL
divergence is convex, and (c) follows from the fact that 7/ = 1+05(65—6;) < 2

and by Lemma 3.3.1.

Therefore,

max EJS(p,z) > max{EJS(p,xr), EJS(p, xpi1} > C(p).

reX

Chapter 7, in full, is currently being prepared for submission for publication
as M. Naghshvar, T. Javidi, and K. Chaudhuri, “Noisy Bayesian active learning.”

The dissertation author was the primary investigator and author of this paper.
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