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Abstract 

In an electron ring accelerator electrons are often injected into 

a magnetic field with index n = - (r/Bz)(dBz/dr) of about 0.5. For 

extraction and axial acceleration of the ring, n must approach zero 

and several betatron resonances are crossed. Following particles on a 

computer through simulated fields (which approximate measured exper-

imental fields) has elucidated which resonances are important and 

which magnetic field perturbations cause large growth for a particular 

geometry and coil-energizing sequence. Analytical formulas for reso-

nance growth also have been derived and checked against the computer 

calculations. These equations indicate the important driving terms of 

the field and are convenient for estimating the expected growth on 

traversing a resonance. Resonances at n 0.5, 0.36, 0.25, and 0.20 

have' been investigated. 

1. Introduct ion 

Betatron amplitude growth has been observed under certain condi

tions during the compression cycle of an elect.ron ring accelerator 1,2) 

t Work supported by the U.S. Atomic Energy Commission. 
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To better understand this phenomenon, and to be able to predict beta-

tron-amplitude growth in future experiments, we undertook computer and 

analytical calculations pertaining 'to the device of ref. 2). In pre

vious work with betatron resonances analytic3-5 ) and some limited com

puter calculations6 ) have been performed for other geometries. For 

an electron ring accelerator, the electrons typically are injected 

with a magnetic field index n = (-riB )(dB Idr) of about 0.5, and z z 

then during the compression cycle n decreases.to ~ 0.1. 

Betatron resonant growth can occur when the radial oscillation 

frequency of an electron divided by its gyrofrequency, v , or the 
r 

axial oscillation frequency, divided by its gyrofrequency, v , is a 
z 

simple fraction, or when the vr and Vz values are connected by simple. 

integral relations. The quantities v . and v are also called the rad-r z 

ial and axial betatron tunes, and they are approximately related to 

the field gradient index n by 
2 

v r = 1 - n, 

v z 
2 

n. 

A particular resonance is designated by an equation of the form 

kv + £v r z m, 

(1) 

(2) 

where k, £, and m are positive or negative integers. In eq. (2) m 

indicates the harmonic order of the magnetic field's azimuthal varia-

tion that drives the resonance (see section 4). Important resonances 

arise when k, £, and m are small, and if the magnetic field has 

median-plane symmetry, only resonances with even £ can occur. 

We have investigated the following potentially dangerous reso-

nances: 
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2v r - 2v z = 0, at n = 0.5; 

v + 2v z = 2, at n = 0.36; r 

2v z = 1, at n 0.25; 
" 

v - 2v z = 0, at n = 0.20. r (3) 

Presumably less important, and hence not included in eqs. (3), 

are higher-order resonances and those occurring in fields with non-

median-plane symmetry. Unless the magnetic field has large higher 

harmonic components, the growth will be greatest on the lower-order 

resonances. With regard to resonances that arise only in the absence 

of median~plane symmetry, electron ring compressors are designed with 

due consideration to median-plane symmetry, and magnetic measurements 

indicate that deviation from this symmetry is small. 

In sections 2 and 3 we discuss th~ computer method of calculating 

betatron growth by simulating the experimental magnetic fields. Then, 

in section 4 the analytic method is discussed, in which growth is cal

culated from certain parameters that characterize the radial and (pos-

sible) azimuthal variations of the magnetic field and can be deter-

mined from the magnetic measurements·. (Often these field parameters 

can b~ estimated from simple calculations.) After determining these, 

field variations, one can use the convenient analytic formulas given 

in section 4 to predict the growth for each resonartce. The growth 

rates calculated from these formulas when compared with the computer 

calculations have agreed typically within 30% and in the worst case 

within a factor of 2. 

2. Computer Simulation of the Experimental Magnetic Field 

T.o compute the effect of a betatron resonance on a particle, one 

must simulate closely the driving terms of the actual magnetic field. 

- 4 -

It is convenient to separate the magnetic field into two parts: (a) 

an azimuthally symmetric field and (b) an azimuthally varying (pertur-

bation) field (if it is of significant magnitude). Note that a non-

symmetric field is not required to actuate a homogeneous (m = 0) 

resonance. For each particular calculatiop two arrays are stored in 

the computer. One array contains the axial and radial magnetic field com-

ponents (B , B ) for the symmetric field and the'other array is used 
z r 

to calculate the nonsymmetric field (B , 'B , Be)' z r 
. ~ 

The computational results reported in this paper were obtained 

for fields intended to simulate those present in the compression exper-

iments reported in ref. 2). 

2.1 Symmetric Field 

The experimental apparatus for forming rings usually contains ( 
, ,1/: 

~ 'I I 
three or four sets of compression coils (see fig. 1 of ref.2); The 

coils of ref.2) have many turns of copper windings. If the particle 

is 20 cm or further from the coil, the windings can be accurately sim

ulated by 

loops can 

infinitesimal circular current loops. The fields from thps~ 

then be calculated by integration of the Biot-Savart law7). 

If the particle is closer than about 20 cm to the coil, however, the 

helical nature and crossover region of the windings can alter the mag-

netic field; see section 2.2. 

The coils in the apparatus of ref. 2) were pulsed, so that the 

currents used in the program could be taken from those ~easured exper

imentaliy with Rogowski belts. Alternatively they could be calculated 

from knowledge of the voltages and capacity of the capacitor banks, 

and the inductance, mutual inductance, and resistances of the coil sys

tem. Both methods gave essentially the s~~e result, so the latter 

method usually was used. 

" 

to 

" 

... 
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Because of the pulsed nature of the fields, the magnetic field 

from one coil could induce eddy currents in the copper turns (whether 

shorted or unshorted) of another coil. For a shorted loop, the cur-

rent induced in the complete circuit can be calculated in a rather 

direct manner. However, the induced eddy currents due to the physical 

presence of the copper even when the coil is open must also be in

cluded. This was taken into account in computation of the symmetric 

field by means of simulation circuits comprised of two adjacent cur

rent loops with current in opposite directions. The currents in these 

loop pairs (which were driven by the active coilS) were calculated in 

the program after par_~meters, such as the mutual inductances to the 

main coils, were adjusted so that the resulting magnetic field gra-

dients were in agreement with measured values. 

The calculated symmetric magnetic field agreed very well with 

measured field, the difference being less than 2%. 

2.2 Azimuthally Varying Fields 

Azimuthal variations of magnetic fields arise from two sources: 

(a) asymmetric coil construction or location, (b) eddy currents in 

metal that is nonazimuthally symmetric and in spatially localized 

ferromagnetic material. 

The coils were placed very accurately with regard to center and 

tilt, and the possible field perturbation from this effect was esti-

mated to be small. The effect of coil leads was also calculated. 

This introduced a field asymmetry of only 0.1% in the midplane B z 

Coil Sets IB, 2, and 3 (see fig. 1 of ref. 2) were wound with a 

threefold symmetry in their crossovers (inner radius to outer radius). 

This minimized first and second harmonic perturbations but introduced 
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a third harmonic variation. The magnitude of this effect was calcu~ 

latedfor a current element with the geometry of the crossover con-

ductor, and the resultant axial field was 0.5 to 1% of the total sym-

metric field. During the first stage of compression only Coil Sets lA 

and lB were'energized, but eddy currents in the unshorted copper cross-

overs of Coil Sets 2 and 3 produced field perturbations of the same 

magnitude as those ariSing from the normal currents in the crossovers 

in Coil Set lB. 

Eddy currents in the copper-iron injection snout2 ), the stainless 

steel flanges, probe housing, etc. gave rise to large peripheral bumps 

in the magnetic field. Fig. 1 shows the azimuthal variation of the 

axial field component in the median plane for two radii at the time of 

injection. Similar data were obtained as a'function of time for,sev-

eral radii from 11 cm to 19 cm· Also direct midplane measurements of 

(6B /6r) were made. 
z 

The third harmonic component was described by the calculated field 

contribution from the crossovers. In addition, four circular current 
o 

loops (and a bias field) were used to simulate the peripheral bumps. 

The radius and location of each loop were chosen to fit the width and 

radial variation of the measured bump. The currents in the four simu-

lation loops were determined as a function of time by a least-squares 

fit of the calculated fields B (r, 8, z = 0, t) to the measured midz 

plane fields. A typical example of such a calculated field at injec-

tion time for R 19 cm is shown in fig. 2. At injection time the 

guide field was typically 700 G. 

The compressor was designed to have median-plane symmetr~ in its 

magnetic field during the compression cycle. Although Coil Set 3 was 

mechanically unsymmetric, the turn-to-turn spacing i.n the short coil 



- 7 -

of the pair was made larger so that the total field had reasonably 

good.median-plane symmetry. Measurement of B indicated that the 
r 

deviations from median-plane symmetry were small. Therefore, in the 

calculations it was assumed that Band B8 are zer.o on the median 
r, 

plane. For convenience, a midplane array of Bz (r, 8, z =.; 0, t 1) was 

stored in the computer for the orbit code to calculate resonant growth 

near a time t
l

. If Bz .on the. midplane is known, ~ can be calcu

lated for small (z/r) by the expansion equations 

B (z) 
z 

B (z) 
r 

B8 (z) 

Bz k=o 

OBz 
z dr 

z 
r 

OBz 
de 

2 z 
- 2r2 

I z=o 

I z=o 

r z 2 
{

em I dr . + r 
z=o 

02B 
z 

ol 
02BZ I .}, +-2--
08 z=o z=o 

(4) 

Most of the calculations were done neglecting the higher-order 

second term of Bz ' as this simplification was found not to affect 

the results for those cases that were compared. 

Another method of handling the azimuthally asymmetric field was 

to make a least-squares fit of the data (B ~d DB 16r) to Fourier z. z . 

series. For a particular time (when the resonance is crossed) arrays 

(C B, S B, C P, S p) of Fourier'coefficients (vs. r) are stored in 
m m m m 

the computer for use by the orbit code. The components of the asym-

metry field are calculated from the arrays as follows: 

- 8 

Bz (r,z,8 ) ~ 
2 2 

~ . (1 + m ~ ) 
2r f B B C (r) cosm 8 + S (r) m m 

2 
- ~ E 2r m [{t cmP(r1 cos m 8 + {~r Sm

P(r1 sin m 

B (r,z,8) = ~ E r r m ~mP(r) cos m 8 + SmP(r) sinm e] 

Ba(r,z,a) z 'r B 
=-L:mS(r) r m m 

. B ] cos m a - Cm (r) sin m a 

sin m~} 

a] 

(5) 

B where Cm and S B are the Fourier coefficients determined from the m 

midplane B measurements. z The coefficients C F and 
m 

S P 
m represent 

respectively o C B 
r dr m and o B 

r dr Sm ' and are determined directly 

from the midpla~e DB 16r measurements. z . 

3. Computer and Some Experimental Results for Betatron Amplitude Growth 

A typical calculated compression cycle is plotted in fig. 3 to 

indicate how the radius R, magnetic field B, kinetic energy T, and 

magnetic field index n vary with time. The variation with time of 

n at the location of the closed orbit (as on fig. 3) we will call the 

"n trajectory." Trajectories similar to this could be calculated for 

any set of parameters used in the experiment. 

The n value at the location of the closed orbit could be shifted 

experimentally by putting a small current through a coil set which by 

itself would cause a large value of n at that location. For example, 

a small capacitor (of an n-shifter circuit) coul~ be discharged through 

Coil Set IB (see fig. I of ref. 2) to shift the n trajectory at large 

radius. 

-; 

... 

'\, 

... 
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By use of the exact relativistic equations 'of motion and a simu

lated magnetic field for which the characteristics were adjusted to 

fit the experimental conditions, the resulting particle motion was 

determined by numerical integration. To obtain a scan of the total 

interesting region of n, particles were injected with different ener

gies at various appropriate radii into a magnetic field,that was con

stant with time. They were injected with an axial amplitude of 0.1 cm 

and a radial amplitude of roughly 2 cm. The resulting axial amplitude 

growth rate for the particles is plotted in fig. 4. The computer 

results thus demonstrate directly that there are regions of growth 

near n = 0.20, 0.2~, 0.36, and 0.50. The peaks are not exactly cen

tered about these n values, because the axial motion is modified by 

radial motion of 'appreciable amplitude. If the same calculations are 

performed for an azimuthally symmetric field, the n = 0.25 and n = 

0.36 peaks disappear, but the n = 0.20 and n = 0.5 peaks remain. 

That these results have ;physical significance is demonstrated in 

fig. 5, which depicts the experimental results for'a compression cycle 

during which n was rapidly swept over a large range. (This result 

was obtained with an experimental apparatus similar to that of ref. 1 .) 

The X-ray signal is due to electrons striking an obstacle at 1.7 cm 

from the median plane and so is indicative of the acquisition of con

siderable axial amplitude. The value of n versus time was determined 

by a computer calculation and is accurate only to about 0.03. ThUS, 

experimentally, there appear to be axial losses near n = 0.5, 0.25, 

and 0.20, in qualitative agreement with the computer calculations. 

(Axial growth near n = 0.36 has been observed for other conditions, 

but apparently it was too small to be observed in this case.) 
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The phenomenon of interest here in each case evidently is basi-

cally that which was treated in ref. 4). Briefly, in any resonant 

region an initially small axial amplitude exhibits an exponential 

growth, at least until quite large amplitudes are attained. The rate 

of this growth is dependent upon the proximity of n to the resonant 

value, and, in the case of coupling resonances, is dependent upon the 

amount by which the initial radial amplitude exceeds a certain thresh- . 

old value. 

To determine the total growth that would be expected in the oper-

ation of a compressor, it is necessary to traverse the resonance in 

the course of the computation. To simplify the calculation, the ar-

rays for the symmetric and azimuthally asymmetric fields are stored 

in the computer for approximately the time at which a particular res

onance is crossed. Then the symmetric magnetic field and the particle 

energy are varied with tim~ at the same rate as they change during 

compression. 

3.1 2v - 2v 0 (n = 0.50) Resonance r z ' 

This resonance occurs in the absence of azimuthal bumps, and is 

driven by nonlinearities of the field (a2
B /ar

2
), (a3B /ar3 ) , etc. z z 

This was shown in the computer calculations by ru~s with and without 

azimuthal bumps and with several different values of (a
2

Bz/ar
2

) and 

3 3 (0 B.J./ar ). 

An example of crossing this resonance during the experiment
2

) is 

shown in fig. 6. The x-ray signal is due to an axial loss of electrons 

when the n trajectory crossed n = 0.5. By moving the ring into a 

probe at smaller radius it was determined that about 1/3 of the elec

trons were lost on this resonance. 
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A computer simulation of traversing this resonance is shown in 

fig. 7.· The particle is followed for only the few microseconds during 

which the resonance is traversed. The variation of n with number 

of revolutions (or time) is shown at the top of fig. 7. The time for 

one revolution is about 3.5 nsec. 

Since the particle's position is not always printed out for its 

maximum axial or radial excursion, it is convenient to take for the 

axial and radial amplitudes the quantities 

and 

where Pz and 

rest mass, y 

Az 

A 
r 

[(pz/m07IDce)2/n + z2]l/2 (6) 

[(Pr/mo1illce)2/(1-n) + (r _ R)2]1/2, (n 

Pr are the momentum components, mO' is the electron 

is the ratio of total mass to rest mass, ill is the ce 

gyrofrequency, and R is the radius of the closed· orbit. By tracking 

particles in a constant magnetic field, R can be determined for a 

given electron energy. However, in traversing a resonance, R chang--· 

es with time. Since R ~ rand r is easier to obtain in the ave ave 

computer calculation, rave was used for most of the calculations of 

A
r

· The initial radial and axial betatron amplitudes were chosen, 

for this calculation, to be 1.5 cm and 0.1 cm, respectively (see fig. 

7). As one can see, the axial amplitude grows while the radial ampli-

tude decreases. Several different initial phases were tried·with sim-

ilar results. Also the initial radial amplitude was varied, and in 

each case the axial amplitude grew to equal the initial radial ampli-

tude. Because of the multiturn injection process, the initial radial 

amplitudes are 2 to 3 cm, and particles strike the walls if the axial 
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amplitudes grow to greater than about 2 cm. Thus this resonance 

growth at n =0.5 explains theX-ray signals of fig. 6. 

If a particle is injected into a constant magnetic field in the 

middle of the resonance, the axial and 'radial amplitudes continuously 

exchange maxima and minima, as shown in fig. 8. From these and other 

computer .calculations an approximate rule for the relationship be-

tween axial and radial amplitudes was obtained, 

2 2 
A + A ~ const. z r 

(8) 

This rule seems to fit very well for small and moderate amplitudes. 

However, if the amplitudes become .extreme, the rule breaks down. The 

maximum growth rate was shown to be approximately proportional to A 2 . r 

3.2 v - 2v 0 (n = 0.20) Resonance r z 

This resonance at n = 0.2 is often referred to as the Walkin

shaw resonance3 ). It has many similarities to the (2v - 2v = 0) 
r z 

resonance discussed in 3.1. This resonance also can be driven by non-

linearities of the magnetic field in the absence of azimuthal varia-

tions. 

. The relationship between axial and radial amplitudes for this 

resonance is5 ). 
2 2 

A + 4A ~ const, z r (9) 

for small and moderate amplitudes. This ts demonstrated by the comp-

utational results, plotted in fig. 9, for particle motion in a con-

stant magnetic field for which n has the resonant value 0.2. The 

maximum growth rate is approximately proportional to 

3·3 2v 1 (n = 0.25) Resonance z 

A • 
r 

This resonance was shown to be driven by azimuthal asymmetries 

.. 

.. 

... 

.. 
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of the magnetic field. It was further shown by decomposing the field 

into its Fourier components that just first harmonic variations drive 

this resona.nce. Calculations were done for several initial values of 

Ar with no indication that the growth rate depends on 

3.4 v + 2v 2 (n = 0.36) Resonance r z 

A . 
r 

This resonance was shown to be driven by azimuthal a.symmetries of 

the magnetic field. It was further shown by decomposing the field into 

its Fourier components that second harmonic variations account for more 

than 80% of the observed growth rate in typical cases. Also, the 

i . . 
growth rate was shown to be roughly proportional to Ar 

In determining the total. growth developed in traversing this reso-

nance it was particularly important to start particles with several 

different phases. The sensitivity of the accumulated growth to the 

initial phase of the axial motion may be attributed to the fact that 

this resonance is inhomogeneous (m f 0) and involves a coupling effect 

from the radial motion. (The choice of the otherw~se arbitrary origin 

of the angular coordinate 8 cannot be used effectively in such cases 

to eliminate the apparent significance of phase differences between 

radial motion, axial motion, and the field perturbations.) Some par-

ticles have an increase in betatron amplitude, whereas other particles 

have a decrease. In fig. 10 the axial momentum Pz and position z 

are plotted for 24 particles (with different initial phases) fordif-

ferent times as the resonance is traversed. "T" refers to the number 

of revolutions (gyroperiods). One notes from fig. 10 that the elong-

ation of the phase-space ellipses means that, after the resonance has 

been traversed, most particles have a larger axial betatron amplitude 

whereas some particles have a smaller axial amplitude. 
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4. Analytical Formulas for Four Resonances 

The derivations of the analytical expressions for the growth rate, 

total growth, and width are given in Appendix A for the resonances de-

scribed in section 3. The results of these calculations are given be-

low. For the 2v + v 2 (n = 0.36) resonance and the 2v z r z 
1 (n 

0.25) resonance it was a:;;sumed that the midplane magnetic field had 

the form 

Bz 
B (r) + E [C (r,t) cos m 8 + S (r,t) sin m aJ. o m m . m . ( 10) 

The resonances do not always occur exactly at the expected value 

of n (see fig. 4) because of the modification of the axial' equation by 

radial motion of appreciable amplitude. 

4.1 2v - 2v r z 

Let 

b" 

b'" 

o (n = 0.50) Resonance 

R2 

BO 

R3 

BO 

2 
d Bz(r, t) 

dr2 

d3
B (r,t) ·z 

dr3 

I r R 

r R 
( 11) 

where Rand t are the radius and time at'which the resonance is 

crossed. Then the maximum growth rate, total growth, growth factor, 

and full width of the resonance are given by 

0.020 A 2 
r M Maximum Growth Rate 3 + 20b" - 56b,,2 - 12b" , 

R2 

(decades/rev) , (12 ) 
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6 -4 4 

1. IX 10 A 
G = Total Growth = . .' r 

R 
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[3 + 20b" - 56b,,2 _ 12b'" ]2 
I an! d( rev )1 

(decades ), 

Growth Factor = lOG, 

and 

6n = 0.52M, 

where A is the radial betatron amplitude given by eq. (7), and 
r 

dn/d(rev) (the change in n per revolution) measureS the rate at 

(13 ) 

(14 ) 

(15 ) 

which the resonance is crossed. Thus for a given initial axial beta-

tron amplitude, the predicted axial betatron amplitude after traversing 

the resonance is given by 

A (final) z 
lOG A

z 
(initial). (16 ) 

If the value for the final A [calculated by eq. (16)] is greater 
z 

than A , then, in general, the limitations on growth given in eq. (8) r . 

will apply. 

To minimize the growth caused by traversing this resonance one 

wishes to minimize the quantity (3 + 20b" - 56b,,2 - 12b'"). Frg. 11 

shows the curve of the equation 

3 + 20b" - 56b,,2 - 12b'" O. (17 ) 

This relation between b" and b'" for minimum growth was checked 

with a computer code using approximate equations of motion, and the 

four points obtained by minimizing growth for a given b" are also 

plotted in fig. 11.' Results with exact particle trajectories were 

also consistent with this curve. 
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4.2 v - 2v 0 (n = 0.20) Resonance 
r z 

than 

Here one has 

M Maximum Growth Rate 
1.5Ar 
-R-- Ib"/ (decades/rev), (18 ) 

0·96 
G = Total Growth = 1 dn! d( rev )I 

b")2 
( A~ (decades), (19 ) 

Growth Factor lOG , (20) 

and 

6n = 0·52 M. (21) 

If the value for the final A [calculated by eq. (16)] is greater 
z 

2A , then, in general, the limitations on growth given in eq. (9) 
r 

will apply. 

4.3 2v 1 (n = 0.25) Resonance z 

Let oC (r,t) 
C' (r,t) = r m 

m ar 

dS (r, t) m 
S' (r,t) = r ~ m (22) 

and 1 fr 2 2} K = EO t2Cl(r,t) - ci (r,t)] - [2S1(r,t) - Si (r,t)] 

where C, S , and BO are defined by eq. (10). Then, 
m m. ' 

1/2 

(23) 

M Maximum Growth Rate 1.4 K (decades/rev), (24 ) 

2 
G - m t 1 wth _ 1. 1 K 

- 10 a Gro - -\dn/d(rev)1 (decades ), (25) 

Growth Factor = lOG (26 ) 

and 

6n = 0·73 M. (27 ) 

.. 

.. 

, 

• 
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4.4 v + 2v 
r z 2 (n 0.36) Resonance 

Let 

t' dcm(r,t)] " d C dr dr m 

d b2 dSm(r,t)) 
S dr dr m (28) 

and 

1 [ '" " ') 1/' L 
2BO 

(C2 ) + (S2 ) (29) 

where Cm' Sm and Ib are defined by eq. (10). Then 

M = Maximum Growth Rate 1.1 :r J L j (decades/rev) , (30) 

1. If A 2L2 
G = Total Growth = r 

(decades) , 
R2 Jdn/ d( rev )1 (31) 

Growth Factor = lOG (32) 

and 

6n = 1.4 M .. (33) 

It should be noted that the formulas above apply for the particle 

with the maximum growth on the l'hase-space ellipse (see fig. 10) . 

5. Discussion 

To understand the resonant growth behavior observed in experiments 

during the compression phase of an electron ring accelerator, computer 

and analytical calculations have been performed for conditions similar 

to those in the experiment of ref. 2). At low intensity, when only 

single-particle effects should be important, the calculations agree 

- 18 

qualitatively with the experimental results. At high intensity some 

energy spreading occurs that broadens the time at which different par-

ticles cross the resonance. This makes it more difficult t'o compare 

the experimental and computer results, but even in these cases they 

seem to be consistent. 

The calculations have also elucidated the driving terms for each 

resonance. Thus, if a particular resonance causes large growth one 

can try to reduce, the field variation driving that resonance. For the 

n 0.5 and n 0.2 resonances one could add extra coils to adjust 

b" and b'l! at the time the resonance is crossed. Changing the coil 

spacing or energizing the coils in a different sequence also can affect 

b" and b'l!. For the n 0.36 and n 0.25 resonances the signif-

icant perturbations are greatest near the periphery of the chamber. 

By use of an n-shifter circuit these resonances can be crossed at smal-

ler radii where the perturbations are smaller. If the magnetic-field 

bumps are still too large, one can remove various components from or 

add them to the simulated field in a computational program until satis-

factory growth is obtained. Then one could remove these same compo-

nents from (or add them to) the real experimental apparatus. 

Looking at the formulas for "total growth" one notes that the 

total growth is proportional to the factor 1/ \dn/d(rev) I. Thus if a 

resonance can be crossed more rapidly this, in general, will reduce 

the growth, particularly since it appears in the exponent of the 

"growth factor." This will work well if the growth is not too large. 

For the n 0.5 and n 0.2 resonances, if the growth is so large 

that it is already limited only by the initial radial betatron atnpli-

tude, a small change in the speed of crossing the resonance may not 
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reduce the final axial amplitudes. 
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APPENDIX A 

Derivation of Analytical Formulas of Section 4 

These calculations are directed to the occurrence of a substantial 

exponential growth of axial amplitude when the radial amplitude is 

sufficiently great. The axial amplitude is assumed to be small 

ini tially, consequently the axial motion can be characterized by a 

linear differential equation in which the radial motion may be regarded 

as a prescribed function. 

The general procedure for deriving the analytical formulas is 

(a) Determine the radial and axial equations of motion for a 

particle in the magnetic field .. 

(b) Determine an appropriate Expression for the magnetic field 

which contains the relevant driving terms for the particular 

resonance under consideration. Then put this magnetic field into 

the equations of motion of (a). 

(c) Make reasonable approximations to obtain a simple expression 

for the radial coordinate with the axial coordinate ignored. 

Then insert this expression into the axial equation of motion. 

(d) After confirming that the axial equation has the form of a 

Hill or Mathieu equation, obtain a simple approximate solution. 

(e) Using this solution, determine the width of the stop band of 

the resonance, the maximum growth rate, and the total growth. 

We obtain the equations of motion from the Principle of Least 

Action, 

5 J (2 - e~) . ds Ci~ (Ai) 

where 2 is the mechanical momentum and A is. the vector potential. 

,", 

• 

, .. 

• 



~ 

~ -

• 
9: 
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Since d~ = (r'er + z'e z + ree)de (where the primes indicate differ

entiation with respect to 8), eq. (Al) can be express~d as 

2 2 2 1. 
is f{ per + r' + z' J2 o - e[rAe + r'A + z'A ]) de r z 

(A2) 

In the median plane, the radial variation of (A2) gives the familiar 

trajectory equation, 

or 

d 
de 

d 
de 

[ 
pr' J 2 2 I 

(r + r' )2 

[ 
pr' . J 
2 2 I 

(r + r' )2 

pr 

( 
2 z-r + 

r + r' )2 

pr 
(r2-;~,'2y~ 

(

O(rAe ) OAr) 
e ~-de 

erBz ' 

0, 

For r'« r this can be written as the simplified approximate 

equatiqn 

2 
r" - r + er B /p o. z 

Considering the axial variation of (A2) results in 

d [, J (1 dAdAe \ (dA OA \ 
de (r2 ~zr,2 + z,2yf - er r ~ - dz) + er' &f - rs:!-) 
or 

d 
de [ 

pz' ] 
(r2 + r,2 + z'~ 

erBr - er'Be ' 

which similarly may be approximated as 

(A3) 

(A4 ) 

0, 

(A5) 

1. V - 2v r z o (n 
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2 
z" - er B /p 

r 

0.20) Resonance 

0, 

Because the relation between the oscillation frequencies is 

(A6) 

homogenous [it has the form of eq. (2) with m = 0], azimuthal field 

variations are not required for excitation of this resonance, and it 

therefore is appropriate to focus attention instead on the effect of 

nonlinearity in the magnetic field. 

Let 

x _ r-R 
-R 

and (A7) 

z 
y='R 

Expanding the magnetic field about r Rand z = 0, with B 
z 

symmetric with respect to the median plane, and using Maxwell's equa-

tion, we obtain 

B z 
2 2 Ib [1- nx+-tb" (x - y)] 

B 
r BO [- ny + b"xy] 

where b" is given by eq. (ll). Curvature effects have been 

neglected in (AS) and (A9), and these field components satisfy the 
dB dB 

curl condition ~ = ~ and the divergence condition 
. '[ dB ~x oy 1 r oB~ 

V"!j ""'R Ox + dY] = O. 

(AS) 

(A9 ) 

Substituting (AS) and (A9) into (A4) and (A6) and neglecting higher-

order terms results in 
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2 2 
x" + (l-n)x - ~b" (y -x ) 0 (A10) 

and 

y" + ny - b"xy = 0 , (All) 

where we have used eq. (A7) and p = eRBO' 

We adopt the viewpoint of walkinshaw3) and treat the x motion as 

a prescribed motion unaffected by coupling effects. This non-Hamilton-

ian approach appears to be entirely justified when cne is examining the 

onset of y growth from initial amplitudes that are quite small. 

In this spirit one writes eq. (All) as 

y" + (v 2 _ b"x)y 
y 

o 

and introducest x = A cos veto obtain the Mathieu equation x x 

where V
X

2 

y" + (v 2 
y b"A cos v ely x x 

l-n and 2 
Vy n. 

0, 

(A12) 

(A13) 

The relevant "stop band" for this equation, within which growth ulti-

mately will occur for all non zero initial conditions (save for a set 

of measure zero) is defined by the inequalitiestt 

t An additional phase constant in the expression for x would clearly 
be inconsequential in this case, as it would correspond to no more 
than a translation of the origin of e. 

tt See ref. 4), esp. eqs. (2.7) and (2.9), p. 1237. These expressions 
are, of course, merely the leading terms of well-known series develop
ments for the eigenvalues associated with the eigenfunctions cel and 
sel of the Mathieu equation [cf. Whittaker,and Watson, Modern. 
Analysis (Cambridge University Press, London and New York, 1927), 
Sect. 19.3]. The phase shift of these solutions, per period of the 
coefficient of '1, is rc (and hence v

y
"" v

x
/2). - ---

i.e., by t 

or 
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2 
Vx 
4- Ib~AX I' < 

2 
2 Vx 

v <4 y 

I vx
2 - yvy )21 < 2l b "Ax I 

IAxl > Athr 
IVX

2 

\ I b"Ax 
+ 2 (A14 ) 

(A1 5) 

(A16) 

The quantity Athr defined by eq. (A16) thus constitutes a threshold 

ampli tude of radial motion above which axial growth will be expected to 

occur. 

Within the'stop-band just defined one expects a lapse rate J..l, fJr 

the amplitude of the exponentially ·growing solution of the Mathieu 

equation (A13), given bytt 

1 b"A 2 x J..l "" \klir -~ b"AxJ[(tl 
4 < -sc' > < cs' 

~. )1/2 222 -v <c><s> 
y (~17) 

> 

For the eigenfunctions c(e) and s(e), it is convenient merely to 

take cos v e and sin v e respectively, resulting in y y 

Then, 

(c2) ~2> _ 1 
~<cs~- ~. 

y 

hP" 2 2 1/2 
J..l = (A - Ath ) neper per radian of 

Vy x r 
e. 

t Cf. section IlIA of ref. 4, especially eqs. (3.4) and (3.5), pp. 
1241-1242, with a = vy

2 , b = c = 0, and d = -b"Ax' 

tt Ref. 4, section IlD, especially eq. (2.58), p. 1240. 

(A18) 

(A19) 

~. 

.. 

-' 

.. 



~ 

• 

• 

• 
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Writing A "" A /R and v "" .J0.2, with Ath x r y r 
0, we obtain the maximum 

growth rate 

A 
M "" ~_11 r ;--;:-- - I b"l 

-10.8 lnlO R 
decades/rev . (A20) 

In passage through the resonance there is an accumulated growth that can 

be estimated by use of eq. (A17), which is conveniently rewritten as 

I-l [(2b"A - 1 + 5n)(2b"A + 1 - 5n)]1/2/(8.1O:2). x x 

In passage through the resonance, n increases from its value 

n
l 

1.- 2/b"IAx 

5 

at one edge of the stop band to 

1 + 2Ib"/ Ax 
n2 "" ---5--

(A21) 

(A22) 

(A23) 

at the other. On the assumption that the growth is not so great that 

turnover has occurred or is approached, the y amplitude is expected to 

f
n",,~ 

grow by the factor exp I-ld8. If the resonance is traversed at a 
n""nl 

constant rate of change of [ 
dn 

n d8 const.; or 
dn 1 dn 
d8 "" 211 d(rev)' where 

dn 
d(rev) is the rate of change of n per revolution and is treated as a 

constant] , one has 

f
n=n2 

I-ld8 
n""nl 

1 Ln2 

I dnl I-ldn 
dEl nl 

2rc L ~ r dn I-ldn 

1d(reV)J 1 
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~rc f~~ 4(n-nl)(n2- n) d 

I d(r~v)1 nl 8 J0.2 n 

(112/4) (5/4 )3/2 (n2- n
l 

)2 

Idn/d(rev)1 

2 
rc 

2.[5 

bll2A 2 
x 

fiiil d (rev )1 nepers, (A24 ) 

or the total growth is 

2 
G 

rc 1 

2/5 In 10 Idn/d(reVl 
(
A bll }2 
~ decades. \A25) 

The width of the resonance is 

6n /n2 - nIl 
4A 

5R
r

/
b

"/ 

2. 2vr - 2vz o (n "" 0.50) Resonance 

8y'Q41n 10. 1.1"" 0.52 M. 
5rc 

Here also the relation between· the oscillation frequencies is 

homogeneous, and it again is appropriate to focus attention on the 

effect of nonlinearity in the magnetic field. 

(A26) 

The resonance 2vr - 2vz 0 is of higher order than most of the 

coupling resonances to which attention has been given, leading, for 

example, to a predicted "stop-band width" that is proportional to the 

square rather than to the first power of the radial amplitude. Srecial 

care must be taken, therefore, not to omit effects whose consequences 

would be of the same order as those treated in the analysis, and the 
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algebraic work correspondingly is tedious. The analysis presented 

below has, however, been subjected to some computational checks and is 

believed to constitute an adequate semiquantitative description of the 

axial growth that can arise from the 2v 2v resonance. r z 

The magnetic field can be adequately described by means of an 

azimuthally directed vector-potential function that is developed in 

terms of the' coordinates x and y ast 

rAe 

R2B 
o 

2x + x2 

----'-2 
2 3 3 4 4 5 

3x + 2x 4x + 3x b" 5x + 4x b'Ift 
6 n + 24 + 120 

1 + x ( b" 1 2bll') 2 + -2- n-x - '2x y. (A27) 

Here n is the field index, and b", b"' are constants that have been 

evaluated at the (circular) equilibrium orbit of radius R [see eqs. 

(ll)]. The differential equation for uncoupled radial motion (A3) with 

use of this vector potential is 

d [ X'] l+x [1 2 1 ] de J( )2 2 - J 2 + (l+x) l-nx+ -2 b"x + L b"'x
3 

l+x +x' (l+x) +x,2 0 

0, 

(A28) 

where x' denotes dx/de and we have set p = eRBO' 

To provide in full measure the required alternating terms in the 

equation for axial motion, it is necessary to obtain a solution for x 

t The expression given for rAe/R2Bo can be extended to a more consistent 
form by the addition of the term 

1 ( b" 2 + 6x + 3x2 b"') 4. 
2~ n + + 2 Y , 

such a term is not required for the present analysis; however, since 
only linear forces are included in the differential equation for axial 
motion used here. 
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tha t is valid through terms proportixlal to the square of the radial

oscillation amplitude. Terms proportLJ(lal to x,2 in the differential 

equation thus properly should not 'be ignored. A sui table'solution, 
) 

obtainable by harmonic balance, is of the form8 

x = Po + Pl cos vxe + P2 cos 2vxe 

(an inconsequential arbitrary phase constant being ignored), with 

1 2 
Po = (3c2 + '4)Ax ' Pl = Ax' P2 

and 

1 2 - (c - -)A 2 12 x 

? 2 5 3 11 2 
v~ = 1 - n - (15 82 + '4 C2 + '4 c3 - 9ti ) Ax; 

iJ 

here C2 = - (2-4n + b ll )/6 and C
3 

= (6n - 6b" - b"'.)/6, and thes~ 

coefficients are approximately equal to - i b" 

respectively, for 1 
n""'2 

and ~ - b II - i b"' 

(A29) 

(A30) 

(A31) 

The linearized differential equation that describes small-amplitude 

axial excursions is obtained from eq. (A5): 

d [ y' ] (1) ( " 1. "' 2) de. + +x n-b x- '2 b x y 
J(1+x)2 + x 2 

0, (A32) 

] -~ with y' = dyjd8. The quantity [(1+x)2 + x,2 may now be expanded 

through terms of order x2 or x,2 and the solution previously given 

for x substituted into this equation to obtain a result of the form 

d 
del (1~.a2+i32coS vxe+)'2cos 2vxe )y'] + (OO+i3ocos vxe+),o'::os 2vxe )y=o, (A33) 

where 

." 

-

• 

" " 



~ 

f' 

':::t 

t1 

~. 

Cl:
2 

(1 + ~")A2 
""8 2 x' 132 - A x 
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1'2 
(~3 _ ~")A2 

21j. ti x' 

~ n + (1 b" + 1 b,,2 1 b'" ')A2 
A (n b")A ""0 ~ ""8 - 2 - 1j: X' f-'O = - x' 

1'0 ( 1 L" L ,,2 lb 
~-~-~ -1j. )A

2 
x (A34 ) 

The differential equation (A33) can be regarded as a generalized Hill 

equation, for which we may seek eigenvalues aO that permit periodic 

solutions with a basic frequency (v ) equal to v . It will be recognized y x 

that with regard to the coefficient '0 such solutions would be analogous 

to the solutions se l and cel that occur at the boundaries of the first 

stop band for the Mathieu equation, whereas with respect to the co-

efficient 13
0 

they are analogous 1;0 the functions se2 and ce2 

associated with the second stop band of the Mathieu equation. Because 

130 is directly proportional to Ax and 1'0 is proportional to 2 
Ax' 

one thus may expect that the influencE of each of these terms will be 

to generate a stop band whose width is proportional to A2 
x· 

By the use, in turn, of trial functions of the form 

Dl sin vx8 + D2 sin 2vx8 and EO + El cos vx8 + E2 cos 2vx8, the pro

cedure of harmonic balance leads respectively to the following estimates 

for the corresponding eigenvalues: 

2 (5 II b" 1 b,,2 1 b"') A2 aO, 1 = v x - 32 - ~ + 1j. + ""8 x ' 

aO,2 
2 _ (7 _ 1 b" _ II b,,2 _ 1 b"') A2 

Vx 32 ~ 12 ""8 x ' (A35) 

or, after the expression given in Eq. (A31) for.' l x is inserted, 
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aO,l 
1 - 0 _ (-...2._ gb" + ~b,,2)A2 , 

12 12 3 x 

aO,2 1 ( 23 b" 2-,.,,2 L "'l A2 - n - 1ffi - - 2" - ifb x· 

Finally, noting that 

a o = n + (~ - b" + ~,,2 - ktlll) A; , 

we obtain the estimated stability boundaries 

1 13 - 5&" + 2&,,2 - 6b'" 2 
nl = 2 - 48 Ax 

1 29 - 96b" - 24b'I/ 2 
n2 = 2 - 96 Ax 

with a central value 

1 55 - 212b" + 56b,,2 - 36b'" 2 
nc = 2 - 192 Ax 

and a width 

.6.n In2 - nll 
b + 20b" - 56b,,2 - 12b'" I 

96 
2 A . 
x 

(A36) 

(A37) 

(A38) 

(A39) 

(A40) 

(A41) 

Within the stop band bounded by the eigenvalues a O 1 and a O 2 , , 
one expectst .that the growth rate of an exponentially increasing 

solution (formed approximately as e~8 times a linear combination of 

t See ref. 4, especially Sect. lID, p. 1240. 
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the periodic eigenfunctions associated with the boundaries of this stop 

band) will be given appr::Jxlmately by 

1 

(
(CXO-CXO l)(CXO 2-0:0))2 [0 5( )(cx -CX )J~ nepers/radian. 

" • cxo-cxO 1 0 2 0 I-l 2 , , 

4vx (A42) 

By use of the expressions previously given for 00' 00 l' and °0 2' , , 
this characteristic exponent becomes 

I-l 

1 

[2(n-nl )(n2-n)]2 nepers/radian, 

with a maximum growth rate of 

M = ~>~ llH \3 + 20b" - 56b,,2 -12b"'/(:( decades/rev. 

The total growth in traversing the resonance is 

1
n2 

G = I-ld8 
=nl 

112 !2 (3+20b"-56b,,2 _12b",)2 {Ar) 
4 

fdn/p-(rev. )1 If 36864 ln 10 
decades. 

The proportionality of this result to A 4, being characteristic of 
r 

traversal of a second-order resonance, is noteworthy. 

3. 2v z l(n 0.25) Resonance 

We represent the magnetic field components by expressions that 

(A43) 

(A44) 

(A45) 

contain azimuthal variations but are carried only through first-order 

terms in x, y. The radial motion in this case contains a flutter that 

arises from closed-orbit distortions produced by the azimuthal variation 
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of Bz ' and this flutter is introduced into the axial equation through 

the factor 2 2 r [= R (1+2x + ... )] of eq. (A4). In principle a term of 

similar order would arise from the inclusion'of the second-order term 

BOb".XY in Br' but normally the contribution af this additional term 

is relatively small. We accordingly write 

B = BO(l-nx) + cB cos m8 + sB sin me + (C
p 

cos m 8 + sP sin me) x 
z m m m m 

and 

where 

B - n BOY + (C
p 

cos me + sP sin mS)y, r m m 

cP 
m 

[r dC~;r)] sP = [r ds!(r)] 
m dr 

with the coefficients cB 
m ' 

SB cP sP 
m' m' m 

evaluated at r R. 

The resonance 2vz 1 has the· form of eq. (2) with m 1, 

(A46) 

(A47) 

(A48) 

indicating that first harmonic variations in the azimuthal field are 

important. Substituting the magnetic field of eqs. (A46) and (A47), 

wi th m 1, into eqs. (A4) and (A6) and neglecting higher-order terms 

in x and y results in 

x" + 
P B P B 

(l-n)x + x[(c l + 2Cl ) cos8 + (Sl + 2S1 ) sin8]/B o = (A50) 

_(C1
B cos8 + SlB sin8)/Bo, 

y" + (1+2x)ny - (C1
P cos8 + SlP sin8) h/pt) O. (A51) 

.. 

"' 

""2::. 
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~ 

c 

~i 
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In a low order "f approximation, we write the solution to (A50) as 

x "" 

C B 
1 

B . 
cose + Sl SIne 

nBo 

Substituting (A52) into (A51), we obtain 

B P 
y" + ny +[(2Cl - C

l 
) cose + (2S1

B 
- SlI') sine] :r!lb= 0 

where 

Thus we may con~ider the Hill equation 

y" + (n + K cose)y 0, 

K = i [(2C1
B - C1

P )2 + (2S1
B - SlP)2]~. 

o 

From (A54) we obtain a lap'se rate+ 

[ 

22 ] 1 (n-n1 )(n2-n)< c > < s > "2 =; 

4 <-SCI > < CS' > 
fl 

within the 1 
vz = "2 stop band. Alsott 

n
l 0.25 - K/2, 

[(n-nl ) (n2- nl) ] 1/2 

(A52) 

(A53) 

(A 54 ) 

(A55) 

(A56) 

-34-

Thus the maximum growth rate is 

M = K/2 nepers/radian 

or 

nK / M = ln 10 decades rev, 

and the width of the stop band is 

LIn n
2
-n

l K= ln 10 M"" 0.73 M. 
n 

The total growth upon traversing this resonance is 

J
n2 

G = ~de 
n=nl 

n2 K2 
decades. 

4 ln 101cl.n/a\revll 

4. v + 2v 2(n~0.36) Resonance r z 

This resonance has the form of eq. (2) with m 2, indicating 

(A58) 

(A59) 

(A60) 

(A61) 

that second harmonic azimuthal variations in the field are important for 

its excitation. In order to allow fully for coupling of free radial 

oscillations into the axial equation as a first-order perturbation, it 

is appropriate to develop the Br component of magnetic field to such 

an order that eq. (A47) is _supplemented by a term proporti1onal to xy. 

(A57 Accordingly, if the Br component is taken to be given as -in eq. (A47) 

n2 0.25 +K/2. 

t Ref. 4, section IID, especially eq. (2.58), p. 1240. 

tt See ref. 4, especially eq. (2.60), p. 1241. 

to lowest order by (l/z)B (r,e) r 
(l/r)~(r,e) [wh~re ~(r,e) 

r dB /dr = - n(r,e)B (r,e) for z 0], one writes z z 



or 

B (r,9) 
r 

z 
~ 
-r 

-35-

o(¥) 
dr /r=R + 

(r-R) 

r=R 

r""r{ r,') ~ R2 (1+2<+' .. j {(-nBO + cllR co, 2' + s2 PI R "0 2'1 Y 

PIP I } 
2 d(C2 /r) d(S2 /r) -

+ [b "BO + R ( dr R cos 29 + dr R sin 29)] xy 

- R2 {[_nBO + c2
p

IR co, 2' + so" l "02'] Y . 

d(rC2 ) d(rS2 ) 
+ [(b" - 20)BO +. dr R co, 2' + dr IR "0 2' ] '" PIP } 

(A62) 

(A63) 

Insertion of this expression (A63) for r2B into the differential 
. r2B r 

equation for axial motion, y" - T = 0 [cf. (A6)], then yields 
R Bo -

y" + [n -1i~(C/IR cos 29 + s/IR sin 29)Jy 

+ [2n -
1 d(rc2 ) d(rS2 ) . PIP I 

bTl - BO ( dr R cos 29 + dr R sin 29)] xy 0.' 

(A64) 

For the coupling resonance 2v + v 2 of present interest we now may . z. r 

ignore the constant term 2n - bTl in the coefficient of xy in (A64); 

likewise the alternating component in the coefficient of y does not 

playa direct role in exciting this resonance, and recognition of this 

alternating component can be given through u'se of a v 2 whose value is 
y 

slightly displaced from n. 
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Recognizing that the absolute phase of t~'lC perturbation is of no 

importance, the equation for axial motion [eq. (A64)] therefore can be' 

taken to be of the form 

y" +( v 2 _ 2 L x sin 29) y = 0, (A65) 
y 

where 

L = ~1[d(rC~) I ] 2 [d(rS~) I J' 2)1/2 2BO dr + ----a:r- . (A66) 
R R 

With the radial oscillations written simply as x ~ Ax sin vx9, eq. 

(A65) then becomes 

2 
y" + (v + A L[cos(2+v )9 - cos(2-v )9]}y = o. y x x x (A67) 

Equation (A67) may be regarded as a Hill equation [especially if 

we artificially suppose v and m(=2) to be commensurate in some,-possibly 
x '. 

large, interval]. Noting that eq. (A67) has the form of eq. (2.45) of 

ref. 4 (taking the lower sign) wi th 

2 
a = Vy "'" n, 

c = - 2A~, 

v = 2-v " o x 

q = 2/vO' 

'b = d = 0, 

we conclude the estimated width of the resonance indicated by the 

stability boundaries ist 

t . Ref. 4, Especiallyeq. (2.50), p. 1240. 

(A68) 

.., 

" 

, 
.", 

-., 
~,. 
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1
22 

(2v
y
) - (2-vx ; I 2/LAX I . 

If the threshold amplitude is taken to be 

/v/ _{~}21 
.ILI Athr 

2 

then the lapse rate is expected to bet 

Il 

r 2 . 2 111/0/ 
\J'/ _(2~'x) + ~hl W-;x) + ~1~xI- "'1 r, 

~); or 

Il = W 2 2 1/2 . (Ax -A thr ) nepers per radlan of e. 
Y 

The maximum growth rate is thus 

-, M _ 51l1~L (Ar ) - nn 10 R decades/rev, 

and the total growth is 

2 
11 

G IT 3(Tn 10 J\ dnl d (rev )1 (~r) 2 decades 

with a resonance width of 

00 = 8tLI (ARr) 48 ln 10 M "" 1.4 M. 
25 11 

t Ref. 4, section lID, especiallyeq. (2.58), p. 1240. 

(A69) 

(A70) 

(A71) 

(A72) 

(A73) 

(A74 ) 

(A75) 

-38-

REFERENCES 

1. D. Keefe, G. R. Lambertson, L. J. Laslett, W. A. Perkins, J. M. 
peterson, A. M. Sessler, R. W. Allison, Jr., W. W. Chupp,A. U. 
Luccio, and J. B. Rechen, Phys. Rev. 'Letters 22 (1969) 558. 

2. D.Keefe, W. W. Chupp, A. A. Garren, G. R .. Lambertson, L. J. Las
lett, A. U. Luccio, W. A. Perkins, J. M. Peterson, J; B. Rechen, 
and A. M. Sessler, Experiments on Forming, Compressing and Extract
ing Electron Rings for the Collective Acceleration of Ions (Law
rence Radiation Laboratory Report UCRL-20144, 1970)' to be published 
in Nucl. Instr. and Methods. 

3· W . Walkinshaw , A Spiral Ridged Bevatron, A.E.R.E· Report, Harwell, 
1956 (unpublished). 

4.L. J. Laslett and A. M. Sessler, Rev. Sci. Instr. 32 (1961) 1235· 

5· A. A. Garren, D. L. Judd, L. Smith, and H. A. Willax, 'Nucl. Instr. 
and Meth. 18, 19, (1962) 525. 

6., A. C. Paul, study of the Regenerative Extractor of the Berkeley 
184-Inch Synchrocyclotron, UCRL-182ll, April, 1968 (unpublished). 

7. w. R. Smythe, Static and Dynamic Electricity, 2nd ed., (McGraw-Hill 
Book Co., ~ew York, 1950) Sect. 7.14, Eq. (1), p. 27~· 

8. L. J. Laslett, On an Analytic Solution for Radial Motion When Xl' 

Terms Are Included, Lawrence Radiation Laboratory Report ERAN-102, 
August 1970 (unpublished). 



-39-

FIGURE CAPTIONS 

Fig. 1. The variation of the z component of magnetic field as a func
tion of the azimuthal angle for radii of 18.5 cm and 13 cm at 
the time of injection. 

Fig. 2. Comparison of measured and simulated azimuthally varying 
fields for a radius of 19 cm at the time of injection. 

Fig. 3. The radius of the closed orbit (R), the kinetic energy (T) of 
the electrons, the magnetic field (B), and the magnetic field 
index (n) at the location of the closed orbit, as functions 
of time during the compression of the electron ring for a typ
ical compression cycle. 

Fig. 4. Growth rate of axial betatron amplitude for particles injected 
into a magnetic field that is constant in time, for different 
values of n (different radii and kinetic energies). 

Fig. 5. X-ray signal (due to electrons striking an axial obstacle 
1.7 cm from the median plane) as a function of time during a 
compression cycle in which n at the location of the ring is 
swept rapidly with the aid of n-shifter circuits; n is deter
mined by calculation and is accurate only to about 0.03. 

Fig. 6. X-ray signal showing electron loss on traversal of n 0.5 
resonance. 

Fig. 7· Radial and axial betatron amplitudes versus time (number of 
revolutions) as the n = 0.5 resonance is traversed by a par
ticle in the'computer calculation. The initial radial and 
axial betatron amplitudes are 1.5 cm and 0.1 cm respectively. 
The upper graph shows how n is varying during this time. 

Fig. 8. Radial,and axial betatron amplitudes versus time (number of 
revolutions) for a particle in a constant magnetic field in 
the middle of the n = 0.5 resonance. 

Fig. 9. Radial and axial betatron amplitudes. versus time (number of 
revolutions) for a particle in a constant magnetic field in 
the middle of the n = 0.2 resonance. 

Fig. 10. P -z phase-space ellipse as the n = 0.36 resonance is tra
v~rsed.' T refers to the number of revolutions. 

Fig. 11. Relation between b" and bIll for vanishing groWth rate from 
eq. (17). The circled points represent a computer check of 
the analytical formula. 
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r-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the Uriited 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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