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Abstract

Topics in Causal Inference: Data Fusion, Time-Series Experiments,
and Matching Estimators

by
Zhexiao Lin
Doctor of Philosophy in Statistics
University of California, Berkeley
Associate Professor Peng Ding, Co-chair

Professor Peter J. Bickel , Co-chair

This dissertation studies problems in causal inference arising in modern empirical research.
The three chapters in this dissertation develop novel theory and methodology aimed at
improving the validity, robustness, and efficiency of causal inference in experimental and
observational studies.

Chapter 1 discusses my joint work with Professor Peng Ding and Professor Peter J. Bickel
on data fusion, adapted from Lin et al. (2026). In empirical research, when we have mul-
tiple estimators for the same parameter of interest, a central question arises: how do we
combine unbiased but less precise estimators with biased but more precise ones to improve
the inference? Under this setting, the point estimation problem has attracted considerable
attention. In this paper, we focus on a less studied inference question: how can we conduct
valid statistical inference in such settings with unknown bias? We propose a strategy to
combine unbiased and biased estimators from a sensitivity analysis perspective. We derive
a sequence of confidence intervals indexed by the magnitude of the bias, which enable re-
searchers to assess how conclusions vary with the bias levels. Importantly, we introduce
the notion of the b-value, a critical value of the unknown maximum relative bias at which
combining estimators does not yield a significant result. We apply this strategy to three
canonical combined estimators: the precision-weighted estimator, the pretest estimator, and
the soft-thresholding estimator. For each estimator, we characterize the sequence of confi-
dence intervals and determine the bias threshold at which the conclusion changes. Based on
the theory, we recommend reporting the b-value based on the soft-thresholding estimator
and its associated confidence intervals, which are robust to unknown bias and achieve the
lowest worst-case risk among the alternatives.

Chapter 2 discusses my joint work with Professor Peng Ding on time-series experiments,



adapted from Lin and Ding (2025). Time-series experiments, also called switchback exper-
iments or N-of-1 trials, play increasingly important roles in modern applications in medical
and industrial areas. Under the potential outcomes framework, recent research has studied
time-series experiments from the design-based perspective, relying solely on the randomness
in the design to drive the statistical inference. Focusing on simpler statistical methods, we
examine the design-based properties of regression-based methods for estimating treatment
effects in time-series experiments. We demonstrate that the treatment effects of interest
can be consistently estimated using ordinary least squares with an appropriately specified
working model and transformed regressors. Our analysis allows for estimating a diverging
number of treatment effects simultaneously, and establishes the consistency and asymptotic
normality of the regression-based estimators. Additionally, we show that asymptotically, the
heteroskedasticity and autocorrelation consistent variance estimators provide conservative
estimates of the true, design-based variances. Importantly, although our approach relies on
regression, our design-based framework allows for misspecification of the regression model.

Chapter 3 discusses my joint work with Professor Fang Han and Professor Peng Ding on
matching estimators, adapted from Lin et al. (2023). Nearest neighbor (NN) matching is
widely used in observational studies for causal effects. Abadie and Imbens (2006) provided
the first large-sample analysis of NN matching. Their theory focuses on the case with the
number of NNs, M fixed. We reveal something new out of their study and show that, once
allowing M to diverge with the sample size, an intrinsic statistic in their analysis constitutes
a consistent estimator of the density ratio with regard to covariates across the treated and
control groups. Consequently, with a diverging M, the NN matching with Abadie and
Imbens (2011)’s bias correction yields a doubly robust estimator of the average treatment
effect and is semiparametrically efficient if the density functions are sufficiently smooth and
the outcome model is consistently estimated. It can thus be viewed as a precursor of the
double machine learning estimators. Follow-up work to Chapter 3 includes Lin and Han
(2025), coauthored with Professor Fang Han, and Cattaneo et al. (2025), coauthored with
Professor Fang Han and Professor Matias Cattaneo.
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Chapter 1

Introducing the b-value: combining
unbiased and biased estimators from a
sensitivity analysis perspective

1.1 Introduction

In empirical research, it is common for researchers to employ different methods to estimate
the same parameter of interest. These differences may arise from the use of distinct datasets
or from imposing different model assumptions on the same dataset. We motivate our paper
with the following two examples of combining estimators.

Example 1.1.1. Randomized controlled trials (RCTs) are the gold standard for estimating
treatment effects due to their ability to eliminate unmeasured confounding. However, RCTs
often suffer from limited sample sizes, as large-scale experiments can be costly or infeasible.
In contrast, observational data are more readily available from the target population of
interest. However, estimates using observational data may be biased in estimating treatment
effects due to unmeasured confounding, raising concerns about the internal validity. See
Brantner et al. (2023) and Colnet et al. (2024) for recent reviews on motivations and methods
for combining RCTs and observational studies.

Example 1.1.2. The ordinary least squares (OLS) estimator is biased in estimating the
unknown parameters under the linear model when the error term is correlated with the
regressor. In contrast, the instrumental variables (IV) estimator can provide unbiased esti-
mates for the parameters of interest with a valid instrumental variable that is uncorrelated
with the error term but correlated with the regressor. However, the IV estimator is usually
much less precise than the OLS estimator, especially when the IV is weakly correlated with
the regressor (Bound et al., 1995). In empirical studies, e.g., Angrist and Krueger (1991),
researchers often report results from both OLS and IV estimators. How to combine OLS
and IV estimators is gaining increasing interest (Armstrong et al., 2025b).
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When the estimators are from different datasets, e.g., Example 1.1.1, the estimators
are independent as long as the datasets are independent. When the estimators are from
the same dataset but with different model assumptions, e.g., Example 1.1.2, the estimators
are dependent in general. Given access to multiple potentially dependent estimators, some
unbiased but less precise and others biased but more precise, a natural question is: How can
we combine the unbiased and potentially biased estimators to improve the inference with
unknown bias? From the point estimation perspective, this problem has been extensively
studied (Bickel, 1984; Green and Strawderman, 1991; Giles and Giles, 1993; Chen et al.,
2015; Athey et al., 2020; de Chaisemartin and D’Haultfeeuille, 2020; Rosenman et al., 2023a;
Gao and Yang, 2023; Yang et al., 2025). Many methods have been proposed for constructing
combined estimators that perform well when the bias is small and have bounded risks when
the bias is large. From the statistical inference perspective, this problem is less studied. In
this paper, we answer the following question: how can we conduct valid statistical inference
after combining the estimators?

The inference question has received considerably less attention. The primary difficulty
lies in the impossibility of characterizing the distribution of the combined estimator with
unknown bias (Noack and Rothe, 2024; Armstrong et al., 2025b; Chen et al., 2025). Once the
information about the bias is introduced, e.g., an upper bound on its magnitude, confidence
intervals for the parameter of interest become possible. In the absence of such information,
we focus on the following question:

How can we construct a sequence of confidence intervals for the parameter of
interest across bias levels?

The sequence of confidence intervals provides a way to quantify how the level of bias
impacts the uncertainty in point estimation. One important application of this sequence is
in hypothesis testing. Suppose the null hypothesis is not rejected based on the unbiased but
less precise estimator. Now consider a scenario where the statistical test based on the biased
but more precise estimator rejects the null hypothesis. If we have prior knowledge suggesting
the bias is small, incorporating the biased estimator may yield a more precise estimator to
reject the null hypothesis. In such cases, the sequence of confidence intervals enables us to
address the following question:

How large must the bias be to change the conclusion of a hypothesis test—from
rejection to non-rejection?

The idea of constructing the sequence of confidence intervals and examining how conclu-
sions change as the assumed level of bias varies is related to sensitivity analysis in causal
inference with unmeasured confounding, e.g., Cornfield et al. (1959); Rosenbaum and Rubin
(1983a) and VanderWeele and Ding (2017). In observational studies, sensitivity analysis
assesses how the causal conclusions change with respect to different degrees of unmeasured
confounding by varying the sensitivity parameter (Rosenbaum, 2002; Ding and Vander Weele,
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2016). Our proposed framework has a similar flavor: by indexing inference results over a
continuum of bias levels, we can assess the robustness of statistical inference.

We formalize two statistical inference questions, confidence interval and hypothesis test-
ing, in the context of combining unbiased and biased estimators. Under regularity conditions,
the estimators satisfy a joint central limit theorem. Consequently, we present our formula-
tion in a finite-sample Gaussian setting, assuming exact normality for both the unbiased and
biased estimators. This reduction to a Gaussian model is motivated by Le Cam’s classical
asymptotic argument (Le Cam, 1956), and because of this, our Gaussian formulation should
be viewed as an asymptotic idealization rather than a restrictive finite-sample assumption.

We develop a general framework that applies to any point estimator formed by combining
such estimators. Within this framework, we construct a sequence of confidence intervals
indexed by the bias level, and importantly, we introduce the notion of the b-value, a critical
value of the unknown maximum relative bias at which combining estimators does not yield a
significant result. We examine three canonical combined estimators: the precision-weighted
estimator, the pretest estimator, and the soft-thresholding estimator. For each estimator,
we derive either analytically or numerically the sequence of confidence intervals and the
b-value. Among the three, we advocate for the soft-thresholding estimator, as it offers
robustness to unknown bias compared with the precision-weighted estimator, and exhibits
lower worst-case risk and more desirable properties for confidence interval construction than
the pretest estimator. We provide a Python package for the proposed methods, available at
https://github.com/zhexiaolin/b-value.

. d
Notation. For avector a = (ai,...,aq)" € R let lafy = 320, |ail, alle = (20, a?)'/?,
and |a| = (lai],...,|aq|)". For vectors a = (ay,...,aq)" and b = (by,...,bg)", let a ®
b = (aiby,...,aqbs)" be the Hadamard (element-wise) product, and a < b denote a; < b,

for all i = 1,2,...,d. For a scalar b € R and a set A C R, we write b — A = {b —
a : a € A}, which extends naturally to vectors and sets in R?. We use ®(-) and ¢(-) to
denote the cumulative distribution function and density function of the standard normal
distribution, respectively. We use ¢, s(-) to denote the density function of the multivariate
normal distribution with mean g and covariance matrix ¥. We use Wy(+; A) to denote the
cumulative distribution function of the noncentral chi-squared distribution with noncentrality
parameter A and degrees of freedom d. We use ¢, to denote the (1 — a) upper quantile of
the standard normal distribution.

1.2 Problem setup and a review of point estimation

1.2.1 Problem setup

We consider the following setting:

Assumption 1.2.1. Suppose we observe two independent random variables: one unbiased
estimator 7y ~ N(7,02) and one biased estimator 7, ~ N(7 + A,0%). Here, 7 € R is
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the unknown parameter of interest. We assume that o and o} are known, whereas A is
unknown.

In practice, both the unbiased and biased estimators for the same parameter of interest
are constructed from data. Under regularity conditions, these estimators are jointly asymp-
totically normal with an unknown covariance matrix. As long as this covariance matrix can
be consistently estimated, the problem of combining estimators reduces to an exact normal-
ity framework under Le Cam’s asymptotic framework (Bickel, 1984). Le Cam (1956) showed
that a wide class of estimators and test statistics can be approximated in large samples by
Gaussian experiments with known covariances. Within this framework, we treat the esti-
mators as arising from Gaussian experiments in which the variances are replaced by their
consistent estimates, and the validity of the inference procedures is preserved asymptoti-
cally. For this reason, we present our analysis in the exact normality setting. Nevertheless,
our results represent the asymptotic limits of a broad class of more general and practically
relevant inference problems. The analysis can be generalized to dependent (Section 1.3.5),
multivariate (Section 1.4) and multiple estimators (Section 1.5) cases.

Let v = 02 /0% be the variance ratio between 7 and 7;. In general, the unbiased estimator
is less precise but the biased estimator is more precise. Therefore, we focus on the regime in
which o2 is large and o7 is small, which indicates that ~ is large.

Under Assumption 1.2.1, we address the following central question:

How can we construct a sequence of two-sided confidence intervals for T across

different levels of bias (A)?

We focus on constructing two-sided symmetric confidence intervals centered at prespec-
ified point estimators. In other words, we do not let the point estimator itself depend on
the bias level A. An alternative approach would be to use a bias-dependent point estimator,
where the estimator incorporates A. We discuss using bias-dependent point estimators in
Section 1.7.

Since Ty is an unbiased estimator of 7, one natural approach is to construct a confidence
interval based solely on 7;, which is invariant to the bias A. Given a significance level
¢ € (0,1), we can construct a standard two-sided confidence interval

[?0 — 0'004/2, ?0 + O—OCC/Q],

where ¢/, is the (1 — (/2) upper quantile of the standard normal distribution. While being
valid regardless of the bias A, this confidence interval may be too wide when 7y is not precise,
whose length 20¢c¢ /5 scales proportionally with 0. As we have access to the additional biased
but more precise estimator 7;, a natural question arises: can we shorten the confidence
interval by incorporating information from 77

This motivates us to combine the two estimators 7, and 7; to construct a two-sided
confidence interval with shorter length. Consider a generic combined estimator

? = 7/:(?0,?170'(2),0'%)
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of 7, which depends only on observed data (7y,71) and known variances (o3, 0%), but not on
the unknown bias A. If A were known, constructing an exact two-sided confidence interval
would be straightforward, as the distributions of both estimators are known, which leads to
the known distribution of 7. However, since A is unknown, the exact confidence interval
depends on the magnitude of A.

To analyze the problem, we impose bounds on the bias A and construct two-sided con-
fidence intervals for different levels of bias. We assume that |A/og| < b for some b > 0,
and study how the confidence interval based on 7 changes as a function of the bias bound
b. Here we focus on the relative bias A/ instead of the absolute bias A to ensure that
the parameterization is invariant to the scale of the estimators. For a given b, we aim to
construct a two-sided confidence interval that achieves correct coverage uniformly over all A
satisfying |A/og| < b. We thus define the confidence interval below.

Definition 1.2.1. Given a significance level ¢ € (0,1) and a maximum relative bias b > 0,
we want to construct an interval Z(b, () = Z(b, (, 7o, 71, 04, 03) such that

i 7 = 7o >1- 2.
A:\Al?af(ﬂngA(T €7 —1(b,¢)) A:‘All/lngKbPA(T T€Z(,()=>1-¢, (1.2.1)

where P explicitly denotes the dependence of the distribution of 7 on A. The confidence
interval for 7 based on 7 is then given by 7 — Z(b, ().

We next impose two natural monotonicity conditions on the interval Z(b, () below. We
want the family of confidence intervals {7 — I(b,{)}s>0 to evolve in a coherent way as b
changes. In particular, although Definition 1.2.1 concerns validity at a fixed bias bound b,
for sensitivity analysis it is useful to require that larger bias bounds lead to larger confidence
intervals. This monotone structure will also ensure that the b-value defined in Definition 1.2.2
later has a natural threshold interpretation.

Assumption 1.2.2. We assume:
1. For fized (7,71, 08,0%) and ¢, we have Z(b,¢) C Z(V,¢) whenever b < b'.
2. For fized (Ty,71,02,0%) and b, we have Z(b,() C Z(b,(") whenever ¢ > (.

The first condition in Assumption 1.2.2 requires that as we allow greater bias in 7y, the
confidence interval becomes wider and contains the previous intervals. The second condition
in Assumption 1.2.2 requires that to guarantee higher coverage rate, the confidence interval
must widen. A common class of intervals satisfying both conditions is the class of symmetric
fixed-length centered intervals, whose length does not depend on (7y,71), i.e., Z(b,() =

[—c(b, ¢, 02,0%),¢(b,(,08,0%)] for some c(b,(,08,0%) > 0 depending only on b, ¢, o2, and

o?. In this case, the confidence interval 7 — Z(b,¢) in Definition 1.2.1 is given by [T —
c(b, ¢, 08, 07),7 + c(b, ¢, 03, 07)].

Therefore, for given (7, 71, 02, 0%) and ¢, we can regard the confidence interval 7—Z(b, ()
in Definition 1.2.1 as a function of the bias bound b. Thus, to address the central question
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of constructing a sequence of two-sided confidence intervals for 7 across different levels of
bias, we compute this confidence interval for a range of values of b: {7 —Z(b, () }»>0-

Once we construct the sequence of confidence intervals, a natural application is hypothesis
testing about the parameter 7. We focus on the two-sided test:

Hy:7=0 versus H;:7#0. (1.2.2)

We generalize the discussion to one-sided tests, such as testing 7 = 0 versus 7 > 0 or testing
7 < 0 versus 7 > 0, in Section A.1.2. It is straightforward to extend the two-sided test to
hypotheses of the form 7 = 7% versus 7 # 7* for any given 7" € R. A common practice for
the two-sided test involves constructing confidence intervals for 7 and checking whether the
null value 0 lies within these intervals.

Under Assumption 1.2.2, the width of the confidence interval increases with the bias
bound b. This leads to a central question when using the combined estimator 7 with the
confidence interval 7 — Z(b, ():

How large must the bias bound b be to change the conclusion of the hypothesis
test (1.2.2)7

By the monotonicity of Z(b, () in b (holding (7o, 71) and ¢ fixed) from Assumption 1.2.2,
we define the limiting interval as Z (oo, () = lim, o Z(b, (). Then there may exist a critical
value of b at which the confidence interval 7—Z(b, {) contains the null value tested in (1.2.2).
We focus on cases where the critical value exists. Specifically, we consider the case when

0¢7—2(0,) but 0 € T — Z(00,(). In this scenario, we define the b-value below.

Definition 1.2.2. Define the b-value as the critical value b* of testing 7 = 0 versus 7 # 0:
b (¢) = b*(¢, 70,71, 08,05) =inf {b>0:0€7—Z(b,()}. (1.2.3)

Although we can define the quantity in (1.2.3) without Assumption 1.2.2, the mono-
tonicity conditions in Assumption 1.2.2 ensure that the b-value is the critical bias level at
which the testing conclusion changes. In particular, by the monotonicity conditions in As-
sumption 1.2.2, we have 0 ¢ 7 — Z(b,() for 0 < b < b* and 0 € T — Z(b,() for b > b*.
Thus, we reject the null hypothesis 7 = 0 when b < b* and fail to reject it for b > b*. The
b-value b* thus represents the maximum relative bias beyond which the null hypothesis can
no longer be rejected. We propose to report b* defined in (1.2.3) for given estimators (7o, 71)
and significance level (.

Compared with the sensitivity analysis literature, the bias bound b in our framework
plays a role analogous to the sensitivity parameter. The corresponding confidence interval
T —Z(b, () serves as a sensitivity curve, illustrating how inference changes as the bias varies.
In this context, the b-value b* serves a role similar to key robustness metrics in prior work:
it parallels the E-value by VanderWeele and Ding (2017), the robustness value by Cinelli
and Hazlett (2020), the breakdown point and breakdown frontier by Horowitz and Manski
(1995) and Masten and Poirier (2020). The b-value is also analogous to the minimal level
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of selection necessary to undermine the conclusion in Kline and Santos (2013) for assessing
the sensitivity to departures from the missing at random assumption.

The b-value b* provides a criterion for comparing competing strategies of confidence in-
terval construction. Different choices of the combined estimator 7 and different formulations
of Z(b, () can lead to different values of b*. We prefer procedures that yield a larger b-value
b*, since this indicates that the resulting confidence interval is more robust to potential bias
in the biased estimator. This role of b* is analogous to that use of the design sensitivity in
Rosenbaum (2004), where it serves as a criterion for comparing different test statistics and
matched designs in observational studies.

Remark 1.2.1. Besides the scenario of primary interest: 0 ¢ 7—7(0,¢) and 0 € 7—Z (00, (),
two other less interesting scenarios may occur. First, if 0 € 7—Z(0, (), then 0 € 7—Z(b, () for
all b > 0, and we always fail to reject the null hypothesis regardless of the bias magnitude.
Second, if 0 ¢ T — Z(00,(), then 0 ¢ 7 — Z(b,() for all b > 0, and we always reject the
null hypothesis regardless of the bias magnitude. In these two scenarios, combining the
estimators or not does not change the statistical result qualitatively. Therefore, we ignore
them in our discussion. Depending on the choice of 7 and construction of Z(b, (), not all
three scenarios may arise. We focus on the case when the b-value b* defined in (1.2.3) is in
the interval (0, co).

1.2.2 Point estimation: a review

Before diving into the details of the method for constructing confidence intervals and obtain-
ing the b-value, we first review the existing approaches to point estimation. Specifically, we
review three point estimators: the precision-weighted estimator, the pretest estimator, and
the soft-thresholding estimator.

First, we recall the precision-weighted estimator:

2 2 2
o o o v
1 ~ 0 -~ ~ 0 ~ ~ ~

2 270 2 2 5(T1 —7T0) = 0+1

oy + 01 0 + 071 oy + 071 +y

?pw = (?1 — ?0)

When A is known to be 0, the precision-weighted estimator is the maximum likelihood esti-
mator and best linear unbiased estimator of 7. Moreover, by the classical Le Cam asymptotic
decision theory (Le Cam, 1956) and classical results for the Gaussian shift model, it is asymp-
totically admissible and minimax under L, risk in general, i.e., E[(T —7)?], among all regular
estimators under standard regularity conditions.

However, Tpyw is not robust to bias: its risk is large when |A] is large. This motivates us
to consider a combined estimator that performs nearly as well as Tpw when the bias is small,
and is robust to unknown bias A, ensuring that the worst-case risk supacg EA[(T — 7)?]
remains bounded. This motivates the following two estimators.

Second, we recall the pretest estimator, which involves incorporating a pretest for A =0
versus A # 0, a procedure that is commonly used (Bancroft, 1944; Wallace, 1977; Bancroft
and Han, 1977; Giles and Giles, 1993). Under A = 0, given the independence between 77 and
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7o, their difference follows: 7y — 7y ~ N(0, 0?), where 0? = 02 + o7. For a fixed significance

level a € (0,1), we consider the test statistic (7, — 7p)/o. Let
./4 = {|?1 — ?Ol S O'Ca/Q}

denote the event that the pretest fails to reject the null hypothesis (A = 0). If the pretest
fails to reject the null hypothesis, i.e., |71 — 7| < 0cq/2, the pretest estimator uses the
precision-weighted estimator:

To +

T — To)-
1+7(1 0)

If the pretest rejects the null hypothesis, i.e., |7; —7o| > 0¢ca/2, the pretest estimator employs
hard-thresholding by reverting to the unbiased estimator 75. Combining the two cases, the
pretest estimator is:

TPT:7—0+

T R,

Third, we recall the soft-thresholding estimator, which ensures continuity at the pretest
boundary (|73 — 70| = ocas2). If the pretest fails to reject the null hypothesis, the soft-
thresholding estimator also uses the precision-weighted estimator. If the pretest rejects the
null hypothesis, the soft-thresholding estimator employs soft-thresholding by:

To + 7 Vaca/g sign(7, — 7p).

1+

Combining the two cases, the soft-thresholding estimator is:

(1 —70)1 (A) +

Ter = To + 0Ca2 sign(Ty — 7)1 (A°).

v
I+~ I+~

While 7pr reduces to 7y with probability nearly one when the bias is large, the risk of Tpr
is much higher than that of 7sr when the bias is moderate. See Bickel (1983) and Armstrong
et al. (2025b) for a comparison of worst-case risk between 7pr and 7gr and the superior
performance of Tgr. See also Chen et al. (2025, Section 3.2) for optimality results for 7gr.

In both 7pr and 7gr, the role of « is different from its usual interpretation in hypothesis
testing. Rather than a Type I error rate, o here acts as a tuning parameter that balances
the bias and variance of the point estimator. In this sense, o simply indexes a family of
estimators, much like the penalty level in penalized regression methods (e.g., the Lasso).
Choosing « optimally depends on A, which is unknown in practice. In our empirical studies,
we set @ = 0.05 as a default, following the standard convention, and examine how the
estimator’s performance varies across different bias levels.

1.3 Confidence intervals, hypothesis testing, and the
b-value

Given the canonical point estimators introduced in Section 1.2.2, we now discuss the problem
of constructing confidence intervals, hypothesis testing, and the b-value.
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1.3.1 Confidence interval based on the precision-weighted
estimator

As a warm-up, we use the precision-weighted estimator Tpw to construct the sequence of
confidence intervals and to illustrate how the confidence interval changes with respect to b.
Based on the theory below, we do not recommend using the precision-weighted estimator
and its corresponding confidence intervals in practice. Under Assumption 1.2.1, we have
Tpw ~ N(T+ (1 +7)""9A, (1 +v)'o?). The following theorem provides the sequence of
confidence intervals based on Tpw depending on b.

Theorem 1.3.1. Let Lpw = Epw(b, ¢,7) > 0 denote the solution to the equation of L:

@(L—ﬁb)—@(—L—ﬁb)zl—g

The Epw always exists and is unique. The shortest length symmetric centered confidence
interval based on Tpw for T satisfying (1.2.1) is given by [Tow — Lpw (1 4+ 7)™ 200, Tow +
Lpw (1 + ) 20q).

The Lpw in Theorem 1.3.1 corresponds to the (1 — ¢) quantile of the folded normal
distribution |N ( .—=b,1)|. This distribution also arises in the regression literature, where
worst-case bias is 1ncorporated into the construction of confidence intervals (Armstrong et al.,
2020, 2025a).

In the special case when b = 0, we have ZPW(O, ¢,7) = ¢c¢/2, which yields the length of
the confidence interval based on Tpw to be 2c¢/o(1 + 7)*1/ 20y. For comparison, recall that
the length of the confidence interval solely based on 7y is 2¢¢/209. Thus the length of the
confidence interval reduces by a factor of (14 v)~'/? when using 7pyw instead of 7y, which is
small when 7 is large, i.e., 02 is much larger than ¢?. This indicates that by using a more
precise but potentially blased estimator, if we have prior knowledge that the bias is small,
then we can achieve a much shorter confidence interval. Given ¢ and +, the Lpw(b,(, ")
in Theorem 1.3.1 increases as b increases, and goes to infinity as b — co. Therefore, the
precision-weighted estimator is not robust to unknown bias since the confidence interval is
not bounded as the bias diverges. R

One interesting observation is that Lpw depends on o2 and o7 only through +, the
variance ratio. This explains why the bias A is scaled by oy in the definition of b, and the
confidence interval is represented as [Tpw — pr(l + )"0, Tow + pr(l +7)” 112 0]

1.3.2 Confidence interval based on the pretest estimator

We now construct the confidence interval for the pretest estimator 7pt. In the following
lemma, we present the distribution of 7pp — 7.
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Lemma 1.3.1. Let Z,, 25 be two independent standard normal random variables. Then
Tpr — T 1s distributed as

1
VT3

v A v v A
+—L AL (|24 =2 <app ) = 002l [ |20+ | ——=| > ca
1+ (‘ RN /2) 1+ 07" (‘ 2TV 1400 /2)

By Lemma 1.3.1, the distribution of 7 Tpr 18 a mixture of a normal distribution and a
truncated normal dlstrlbutlon We define LpT = LpT(b ¢, o8, J%, a) as the smallest length
such that the confidence interval [Tpt — LpT(l +79)"Y200, Tor + LpT(l +7)~204] achieves

correct coverage for all A satisfying |A/og| < b, where we choose the same scale as in

0021

Theorem 1.3.1 for comparison. By Definition 1.2.1, we can formulate ZPT as the optimization
problem

Lpr = EPT(b, ¢,05,01,a) = inf {L >0: mPAngT — 7| < L(1L+~)200) > 1 — C}
A:|Aoo]<
(1.3.1)
However,A/L\pT generally does not admit a closed-form expression. Moreover, direct com-
putation of Lpt based on (1.3.1) is computationally challenging since for each L > 0, the
optimization problem (1.3.1) involves finding the infimum of P (|7pr — 7| < L(1 +7)~20y)

over all A satisfying |A/og| < b. Nevertheless, we show that computing Lpr is tractable due
to the following theorem:

Theorem 1.3.2. For any L > 0, Pa([Tor — 7| < L(1 + 7)) Y20¢) as a function of A
is symmetric about A = 0. Then Lpr = Lpr(b,(,v,a) in (1.3.1) is the solution to the
following equation of L:

OrgtlngA/UO ~(|For — 7| S L(1+7) V200) =1,

where

P oot ([Tor — 7| < L(1 +7)"20y)
=[@(car =\ [75t) — 2= o= 1) 2 (0 - o5=t) o (- 2 - =)
N /:a/z— iyt [@(L N ﬁu) B q)< L+ ﬁuﬂqﬁ(u)du

" /C:th [q) (L + ﬁ“) - CI)( — L+ \/7“)} ¢(u)du. (1.3.2)

[Tor — /[:pT(l + )"V 200, Tor + EPT(l + ) "Y200] is the shortest length symmetric centered
confidence interval based on Tpr for T satisfying (1.2.1).
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We have two main observations from Theorem 1.3.2. First, for any L > 0, the coverage
probability Pa(|7er — 7| < L(1 + ) ~20) is symmetric about A = 0. As a result, instead
of minimizing over all A satisfying |A/oy| < b as in (1.3.1), we can restrict attention to
the interval 0 < A/oy < b. Second, Theorem 1.3.2 provides an explicit expression for the
coverage probability Pa j,o—(|Tor — 7| < L(1 +7)7"/209) as a function of ¢ and L. The first
term in (1.3.2) corresponds to the event that the pretest fails to reject the null hypothesis
(A = 0), in which case Tp reduces to the precision-weighted estimator. The second and
third terms in (1.3.2) integrate over the regions where the pretest rejects the null hypothesis,
in which case 7pr reduces to the unbiased estimator.

Although the probability Pajs—t(|Tor — 7| < L(1 + 7)7"/200) admits a closed form
for any L > 0, the minimum of Pa/po—t(|[Tor — 7| < L(1 + 7)"Y200) over 0 < ¢ < b is
not explicitly available in closed form, and thus must be computed numerically. Since the
function Pa oo—(|Ter — 7| < L(1 + 7)~'/%0) is monotonically increasing with respect to
L for L > 0, Lp can be computed numerically using, for example, the bisection method,
combined with numerical computation of the minimum of Pa j,o—¢(|7or—7| < L(1+7)20y)
with respect to t for each candidate L.

1.3.3 Confidence interval based on the soft-thresholding estimator

We now construct the confidence interval for the soft-thresholding estimator 7gr. In the
following lemma, we present the distribution of 7gp — 7.

Lemma 1.3.2. Let Zi, Z5 be two independent standard normal random variables. Then
Tor — T 18 distributed as
< ca/?)

1 y [~ A
—0 2+ —AL || &+ —m—
V1i+ry 01 14+~ (‘ 2 1+~vog

[ . [ v A [ v A
— Zy—Cq Zo+ 4] —— 1|24+ ,/———| > ¢, )
1+700( 2 —C /2Slgn< 2 1+700)> ( 2 14700 ¢ /2)

By Lemma 1.3.2, the distribution of 7Tt is a mixture of a normal distribution and a trun-
cated normal distribution. Suppose |A/og| < b for some b > 0. We seck the shortest length
Lst = Lsr(b,(,02,0%, ) such that the confidence interval [Tyt — Lgr(1 + v)~Y200, Tsr +

Lst(1 4 7)~Y204] achieves correct coverage uniformly over all A with |A/gy| < b. By Defi-

nition 1.2.1, we can formulate ZST as the optimization problem:

Ter —i o . ~1/2 _
Lgr = inf {L >0: A:|An/lc£)|§bPA(|TST 7| < L(14~v) 7%0p) > 1 C} . (1.3.3)

However,AzST generally does not admit a closed-form expression. Moreover, direct com-
putation of Lgr based on (1.3.3) is computationally challenging since for each L > 0, the
optimization problem (1.3.3) involves finding the infimum of P (|Tst — 7| < L(1+7)720y)
over all A satisfying |A/og| < b. Nevertheless, we show that Lgr can be computed efficiently
due to the following theorem:



CHAPTER 1. INTRODUCING THE B-VALUE: COMBINING UNBIASED AND
BIASED ESTIMATORS FROM A SENSITIVITY ANALYSIS PERSPECTIVE 12

Theorem 1.3.3. For any L > 0, Pa(|Tsr — 7| < L(1 + v)"Y204) as a function of A is
symmetric about A = 0 and monotonically decreasing in |A|. Then Lst = Lst(b,(, v, a) in
(1.3.3) is the solution to the following equation of L:

PA/UO:b(]?ST - 7'| < L(l + 7)—1/200) —1-¢,
where

PAjoo=t(|TsT — T| < L(1+7)"%a)
=|#(cora - \/ )~ (e =yt [o( - ) o (- 2 - )]
+/_ caz=y/ Tt [ (L+\/_u+ca/2)> —@(—L+ﬁ(u+ca/g)>]¢(u)du

* /Oj /o (@ (L4 VA= caa)) = @ = Lt /A = capz)) |o(u)du (1.3.4)

[TsT — ZST(l + )" V200, Tyr + EST(l + ) "Y204] is the shortest length symmetric centered
confidence interval based on Tst for T satisfying (1.2.1).

We have two main observations from Theorem 1.3.3. First, for any L > 0, the coverage
probability Pa(|7sr — 7| < L(1+47)~Y20¢) is symmetric about A = 0 and, unlike the pretest
estimator, decreases monotonically in |A|. This monotonicity implies that the worst-case
coverage over the bias A satisfying |A/og| < basin (1.3.3) is always attained at the boundary
A/oq = b. The monotonicity of the coverage probability Pa(|7sr—7| < L(1+7)~ 1254) makes
the computation of LST more efficient than that of LpT Second, Theorem 1.3.3 provides
an explicit expression for the coverage probability Pa s (|Tst — 7| < L(1 + v)~%0) as
a function of ¢ and L. The first term in (1.3.4) corresponds to the event that the pretest
fails to reject the null hypothesis (A = 0), in which case TgT reduces to the precision-
weighted estimator. The second and third terms in (1.3.4) integrate over the regions where
the pretest rejects the null hypothesis, in which case Tgr reduces to the unbiased estimator
with a constant shift to ensure continuity at the pretest boundary. R

Since P /oon(|Tsr — 7| < L(1 + v)7/207) is monotonically increasing in L, Lgr can be
efficiently computed by, for example, the bisection method.

1.3.4 Comparison of the point estimators and confidence intervals

Before comparing the point estimators and confidence intervals, we note that the point esti-
mators considered in this paper are all anchored at the unbiased estimator 7, and incorporate
the biased but more precise estimator 7; only through shrinkage toward it. Compared with
Tpw, 7sT has bounded worst-case risk. The mean squared error of Tgr remains bounded
regardless of the magnitude of the bias, whereas the mean squared error of Tpw grows with-
out bound as the bias increases. Thus, Tgr offers a more balanced compromise between
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efficiency and robustness: it retains efficiency comparable to Tpw when the bias is small, yet
its performance is comparable to the unbiased estimator when the bias is large.

Compared with 7p, 7T enjoys a desirable monotonicity property: for any L > 0, the
probability Pa(|7sr —7| < L) decreases monotonically in |A| (Theorem 1.3.3). This behavior
parallels the result in Bickel (1983), which shows that the mean squared error of 75t increases
monotonically in |A]. This monotonicity of Tst allows us to compute the confidence interval
based on Tgt more efficiently than 7pr, as shown in Theorem 1.3.3.

Figure 1.1 compares the confidence intervals based on Tgr, Tpr, Tpw, and the unbiased
estimator 7y, as the bias bound b varies. We fix 62 = 1 and 7y = 1. Let ¢ = 0.05 and
a = 0.05. We set 771 = 2 and examine two scenarios: v = 10 and v = 100. We observe
that when the bias bound b is small, the confidence intervals based on 7Tgt, Tp, and Tpw
are all shorter than the one based on 7. Importantly, when the bias bound b is small, the
confidence interval based on Ty is shorter than 7pr and is comparable to Tpw. Furthermore,
the confidence interval length based on 7yt remains bounded, whereas that based on Tpw
grows without bound as b increases. Therefore, Tt combines the efficiency gains of precision-
weighted methods when bias is small with robustness to large biases, making it a superior
choice for inference in practice.

y=10 y =100
— PWCI — PWCI
61 PT CI PT CI
— SsTCl — ST
—— Unbiased CI —— Unbiased CI
n 4
I=
© 2]
C
w
G 0\ \
_2,
0 1 2 3 4 50 1 2 3 4 5
Bias Bound b Bias Bound b

Figure 1.1: Confidence intervals against the maximum relative bias |A/og| < b

Remark 1.3.1 (Computing the b-value). After plotting the estimators and their confidence
intervals as in Figure 1.1, we are ready to read the b-value for each estimator given the
significance level (. Since the sequence of confidence intervals is different for different es-
timators, the b-values are also different. Alternatively, we can also compute the b-value
directly. A naive way is to use the bisection method by the monotonicity of the confidence
interval, which involves computing the confidence interval for each possible bias level b, and
see whether the confidence interval contains the null value. However, this procedure is com-
putationally heavy since the computation of the confidence interval for a given b also involves
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the bisection method when based on 7pt and 7gr. In Appendix A.1.1, we propose a method
to compute the b-value efficiently.

1.3.5 Generalization to the dependent case

So far we assume independent unbiased and biased estimators. In this section, we generalize
the above discussion to the case where 7, and 7; are jointly normal with known correlation
p. We assume poy # og, which trivially holds when o2 > ¢, or equivalently v > 1. The key
is to construct a biased estimator which is independent of 7, without losing information of
7i1. To achieve that, we define the reparametrization

~ 71— (po1/o0)To

= 1.3.5
' 1 — poi/oo ( )

Then, 7y and 7] are independent, with 7] ~ N (7 + A’, 0/?), where

A 2 (1 B /02)0%

N2 pp_ _LZP)
1—poifo” 1 (1= poi/oo)?

Thus, the problem reduces to the independent case considered above.

In the reparametrization in (1.3.5), we need to know how the transformation rescales
the bias and how to interpret the relative bias. We can compute the confidence intervals
and the b-value based on the reparametrization with independent unbiased estimator 7,
and transformed biased estimator 7;. Let the confidence intervals and the b-value in the
transformed problem be 7 — Z'(b, ¢) and b*, respectively. Then the confidence intervals for
the original problem are 7 — Z(b,{) = 7 — Z'(b/|1 — po1/oo|,() and the b-value is b* =
11 — poy/oo|b”, respectively. We relegate the technical details to Appendix A.1.4.

1.4 Generalization to the multivariate case

In this section, we extend our framework to the multivariate case. Many applications in-
volve vector-valued parameters rather than scalars. Consider two leading examples in causal
inference. First, when a treatment has multiple levels, the parameter of interest is a vector
of treatment effects across those levels. This setting also includes factorial designs, where
researchers aim to estimate factorial effects jointly. Second, when the population is parti-
tioned into subgroups, the focus is often on subgroup treatment effects, yielding a vector
of conditional average treatment effects indexed by the subgroup variable (Schwartz et al.,
2026). Beyond causal inference, similar issues arise in regression settings. For instance,
when combining OLS and IV estimators, the target parameter can be a vector of regression
coefficients. Therefore, generalization to the multivariate case is essential for applications
where researchers must make inferences about multiple parameters.
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1.4.1 Setup

We consider the following multivariate setting:

Assumption 1.4.1. Suppose we observe two independent random wvectors: one unbiased
estimator Ty ~ N(7,3g) and one biased estimator Ty ~ N(T + A, X;). Here T € R is the
unknown parameter of interest. We assume that 3g and 3y are known but A is unknown.

As in the univariate case, we present our analysis in the exact normality setting which
asymptotically captures the essential structure of inference as in Le Cam (1956). Our goal is
to construct confidence regions for 7 at different bias levels. Although we assume independent
unbiased and biased estimators, the extension to the dependent case is straightforward; see
Section 1.3.5. Since 7y is unbiased for 7, given significance level ¢ € (0,1), a natural
confidence region based solely on 7 is the ellipsoid:

{reR: (F—7)'Z (7 — 1) < X?LI—C}’ (1.4.1)

where X?l,l—( is the (1 — ¢) upper quantile of the chi-squared distribution with d degrees of
freedom.

Then we consider combining the two estimators 7y and 77, and we consider a generic
combined estimator T = 7(7y, 71, 3o, 21). We assume that |[X~/2A];| < b; for some b; > 0
for all j = 1,2,...,d and study how the confidence region changes with the maximum
relative bias vector b = (b1, by,...,bg)". Here ¥ = (g, %) € R4 can be any fixed
positive definite scaling matrix that depends on ¥, and X, which corresponds to o we
used in the univariate case. For a given bias vector b, different choices of 3 correspond to
different regions for the bias A. In this paper, we do not discuss how to choose the scaling
matrix 3 optimally. For simplicity, one may take 3 = I;, where I; is the d x d identity
matrix, or set ¥ = ¥, as in the univariate case. Analogous to Definition 1.2.1 for the
univariate case, the confidence region is defined below.

Definition 1.4.1. Given a significance level ¢ € (0, 1) and the maximum relative bias vector
b with b; > 0 for all j = 1,2,...,d, we seek a region Z(b,() = Z(b,(, T, T1, X0, X1) such
that

inf  Pa(re?—Z(b()= inf Pa(F-TeZ(b)>1-C (142

AS-1/2A|<b AS-1/2A|<b
The confidence region based on 7T is then given by 7 — Z(b, ().

Then we introduce the monotonicity conditions on the region Z(b, () below, which gen-
eralizes Assumption 1.2.2 to the multivariate case.

Assumption 1.4.2. We assume:

1. For fized (7o, 71, 20, 21) and ¢, we have Z(b,() C Z(b',() whenever b < V', i.e.,
by <V forall j=1,2,...,d.
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2. For fixed (7o, T1, 20, 21) and b, we have Z(b,() C IZ(b, (") whenever ¢ > (.

Assume Z(b, () satisfies the monotonicity conditions of Assumption 1.4.2. A common
family of such regions is fixed-length centered ellipsoids: Z(b,¢() = {h € R? : hTA7'h <
c(b, ¢, X0, %)} with some constant ¢(b,(, ¥, ¥;) > 0 and a positive definite matrix A.
In this case, the confidence region 7 — Z(b,() in Definition 1.4.1 is given by {r € R? :
T-—7)TA YT —7) <c(b,(,20,51)}

Remark 1.4.1. Unlike the univariate case, the construction of confidence regions in the mul-
tivariate setting is more complicated. First, in one dimension, the only convex confidence set
is an interval, whereas in higher dimensions, there exists a wide variety of admissible convex
confidence regions. Although ellipsoidal regions enjoy optimality properties under specific
conditions (Stein, 1962; Wald, 1949), the appropriate geometry depends on the family of
contrasts and the norm used to measure uncertainty. Ellipsoidal regions based on the Maha-
lanobis distance (Hotelling, 1931) arise naturally under the Gaussian model, but alternative
geometries have been studied in the literature (Tukey, 1949; Scheffé, 1953; Sidak, 1967).
Second, the optimal choice of the center of the confidence region is not straightforward.
For d > 3, Stein’s phenomenon implies that recentering at shrinkage estimators such as the
James—Stein estimator can yield confidence regions with smaller volume while maintaining
nominal coverage (Stein, 1962; Hwang and Casella, 1982; Berger, 1985). In this section we
follow one specific track: constructing ellipsoidal confidence regions under the Mahalanobis
distance, centered at prespecified estimators, in parallel with our discussion for the univariate
case in Section 1.3. We do not focus on the optimality among all possible shapes or centers,
but rather focus on this formulation for its analytical tractability and interpretability within
our framework.

Then we define the multivariate b-value below.

Definition 1.4.2. Define the b-value as the critical boundary b* of testing 7 = 0 versus
T #0 as

b (C) = b*(C, 7, 71,20, 51) =0 {b>0:0€ 7 — Z(b,()}. (1.4.3)

Definition 1.4.2 extends the univariate notion of the b-value (Definition 1.2.2) to the
multivariate setting. In higher dimensions d > 1, the set {b>0:0¢€ 7 —Z(b,()} is a
convex region in the first quadrant. The b-value is defined as the boundary of this region,
O0{b>0:0¢€ 7—Z(b, ()}, which is a (d — 1)-dimensional surface, e.g., a curve when
d = 2, in the first quadrant. When d = 1, this boundary reduces to the single left endpoint
inf{b>0:0€7—Z(b,()}, which is exactly Definition 1.2.2. By the monotonicity condi-
tions in Assumption 1.4.2, the geometry of this boundary yields a natural decision rule: we
reject the null hypothesis 7 = 0 if the bias bound vector b lies to the left of the b-value
surface, and fail to reject it if b lies on or to the right of the b-value surface. To compute and
visualize the multivariate b-value, we can plot the estimators and their confidence regions,
and then we are ready to read the b-value for each estimator given the significance level (.
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1.4.2 Point estimation

First, we recall the precision-weighted estimator defined as
ow =+ OISR+ ) =1+ (S 2T TIEN TR - ).

The precision-weighted estimator is the maximum likelihood estimator of 7 if A is known
to be all zeros. However, its risk is large when ||Al|2 is large. Thus, we seck a combined
estimator that performs nearly as well as Tpw when the bias is small, and is robust to
unknown bias A, ensuring that the maximum risk sup o cgs Ea[||Tew —7||3] remains bounded.
To develop estimators that perform well under zero bias yet remain robust to unknown bias,
various estimators have been proposed in the empirical Bayes and shrinkage estimation
literature (Berger, 1981; Bickel, 1984; Green and Strawderman, 1991; Green et al., 2005;
Rosenman et al., 2023a,b). In this paper, we focus on the generic pretest estimator and the
generic soft-thresholding estimator, as discussed below.

Second, we recall the pretest estimator, which involves incorporating a pretest for A =0
versus A # 0. Under A = 0, given the independence between 7; and 7y, their difference
follows: 71 — Ty ~ N(0, X + 31). We consider the test statistic ||(Zo + 1)~ V2(FL — 7)) ||?
and the critical value ¢ > 0. The critical value ¢ here plays a similar role as the significance
level  in Section 1.2.2. Let

A= {(Zo+Z) 27— )3 < ¢}

denote the event that the pretest fails to reject the null hypothesis (A = 0). If the pretest
fails to reject the null hypothesis, i.e., [|(Zo 4+ 31)"Y2(F1 — To)||2 < ¢, the pretest estimator
uses the precision-weighted estimator:

T+ (S +ENTIENN T - 7).

If the pretest rejects the null hypothesis, i.e., |[(Zo + 31)"Y2(F1 — 7)||2 > ¢, the pretest
estimator employs hard-thresholding by reverting to the unbiased estimator 7. Combining
the two cases, the pretest estimator is:

Ter =70+ (g + 37 IR F - )L (A).

Third, we recall the soft-thresholding estimator, which ensures continuity at the pretest
boundary (|[(2o + X1)"V2(F1 — 7)||2 = q). If the pretest fails to reject the null hypothesis,
the soft-thresholding estimator also uses the precision-weighted estimator. If the pretest
rejects the null hypothesis, the soft-thresholding estimator employs soft-thresholding by:

B+ (B0 + 20) VA - BB + 20 R - 7).

where h(-) : [¢,00) — [0, 1] is a non-increasing function with h;(q) = 1. Combining the two
cases, the soft-thresholding estimator is:

e = 7o+ hy([[(Zo + 1) 727 = R)I)(Sg ' + )7 E (R - 7o),
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where hg(-) : [0,00) — [0,1] is defined as hy(r) = 1(0 < 7 < q) + h;(r)1(r > g). Here both
q and R} (-) can depend on 3, and 3.

The generic soft-thresholding estimator Tyt contains many classical estimators as special
cases, such as the estimator studied in Berger (1981, Theorem 3) and Bickel (1984, Section 4),
which generalizes the univariate soft-thresholding estimator 7gr to the multivariate setting.
We provide a detailed discussion of the relationship between the generic soft-thresholding
estimator and the estimator in Berger (1981) and Bickel (1984) in Appendix A.1.5. In this
paper, we focus on general X, 3, and A} (-).

1.4.3 Confidence intervals

First, we construct the confidence regions based on the precision-weighted estimator Tpw.
Under Assumption 1.4.1, we have Tpw ~ N(7 + (' + D)2 'A (B +27H)7Y). By
using the ellipsoidal confidence region under the Mahalanobis distance and the covariance
matrix of Tpw, we consider the confidence region based on Tpw with the following form:

{’T S ]Rd : (?PW —T)T(zal +2;1)(?PW —T) < M},

for some M > 0. The following theorem explicitly characterizes the confidence region based
on Tpw as a function of bias bound b.

Theorem 1.4.1. Let M\pw = M\pw(b, ¢, X0, %1,X) >0 be the (1 — () upper quantile of the
noncentral chi-squared distribution with d degrees of freedom and noncentrality parameter

Sup H(Eal 4 21_1)_1/221_121/2b® SH;
se{£1}

The confidence region for T satisfying (1.4.2) is given by {T € R? : (Tpw — 7)1 (T +
El_l)(?pw — ’T) S Mpw}

Theorem 1.4.1 extends the univariate result in Theorem 1.3.1 to the multivariate setting.
In the univariate case, taking 3 = 02 and b = b reduces the multivariate confidence region
in Theorem 1.4.1 exactly to the confidence interval in Theorem 1.3.1. In the univariate
case, the bias constraint {A : |A/oy| < b} has only two boundary points, and the absolute
bias of Tpw is the same at both endpoints. By contrast, the multivariate bias constraint
{A : |Z7Y2A] < b} is a convex hyperrectangle with 2¢ vertices, and the maximum L, norm
of the bias of Tpw may occur at any of these vertices. Theorem 1.4.1 therefore characterizes
the maximum possible bias of Tpw over the entire bias constraint.

In the special case when b = 0, we have Mpw = X3,1—<~ Compared with the ellipsoid
confidence region based on 7, the scaling matrix in the definition of ellipsoid confidence
region reduces from ;' to ;' + X7 = (27130 + I,)X; ', analogous to the efficiency gain
in the univariate case, where ;' X, can be regarded as the variance ratio 7 in the univariate
case. As b increases, ]\/ZPW increases, and goes to infinity as b — oo.
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Second, we construct the confidence regions based on the generic pretest estimator Tpr.
Similar to the confidence regions based on the precision-weighted estimator, we consider the
confidence regions based on Tpr with the following form:

{'T € Rd : (?pT — ’T)T(E(;l + 21_1)(?})’1* — 'T) < M},

for some M > 0. Here, we focus on the ellipsoid confidence region defined using the same

scaling matrix, 35 + X7, as that used in the precision-weighted estimator. This choice

allows for a direct comparison with the confidence region based on the precision-weighted
estimator through the upper bound M in the confidence region. To ensure the confidence re-
gions satisfy Definition 1.4.1, we need to find the minimal value Mpr = Mpr(b, (, X, X1, X)
such that the confidence region

{reR: (For — 1) (T + 57 (For — 7) < Mpr}

achieves correct coverage for all A satisfying [[£~Y/2A];| < b; for all j = 1,2,...,d. We can
formulate Mpr as the optimization problem

MPT:in{MZOZ mf PA((’?})T—T)T(Eo_l—l-zl_l)(?pT—T)SM)Zl—C}.
A:\E—1/2A|§b

We show how to compute M\pT in the following theorem.

Theorem 1.4.2. J\/ZPT 18 the solution to the equation of M :

inf PA((?pT—’T)T(Eal+2;1)(?pT—T)SM):l—C,
A:|Z—1/2A\§b

with an explicit form given by:

Ps-12a— ((?PT - T)T(Eal +37)(Tpr — 1) < M)

=0, (M; (ot + 2;1)‘1/22;121/215“2) Wy (q; (2o + 21)‘1/221/%“;)
+/ T, (M; (gt + 2722 — (3 + 21)1/2u}||§) Dzormn)-1esiee, (w) du.
lul3>q

(1.4.4)

Theorem 1.4.2 extends the univariate result in Theorem 1.3.2 to the multivariate setting.
Theorem 1.4.2 provides an explicit expression for the coverage probability Ps-1/2a_4((Tpr —
) (Zgt + 27 (Fer — 7) < M) as a function of M and t. The first term in (1.4.4)
corresponds to the event that the pretest fails to reject the null hypothesis (A = 0), in
which case Tpr reduces to the precision-weighted estimator. The second term in (1.4.4)
integrates over the regions where the pretest rejects the null hypothesis, in which case Tpr
reduces to the unbiased estimator.
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Third, we construct the confidence regions based on the generic soft-thresholding esti-
mator Tgr. Similar to the confidence regions based on the precision-weighted estimator, we
consider the confidence regions based on Tgr with the following form:

{T € RY (TsT — T)T(Eal + 2D (Fsr — 1) < M},

for some M > 0. To ensure the confidence regions satisfy Definition 1.4.1, we need to find
the minimal value Mgt = Mgr(b, (, X9, X1, X) such that the confidence region

{(reRY: (Fer— 1) (T3 + 27 (Fer — 7) < Mgr)

achieves correct coverage for all A satisfying |[[£~Y2A];| < b; for all j = 1,2,...,d. We can
formulate Mgt as the optimization problem

Mgr = inf {M >0: inf  Pa((Fr—7) (Z '+ )Fsr—T) < M) >1- g} :
A:Z-1/2A|<b
We show that ]\/4\5T can be computed efficiently in the following theorem.
Theorem 1.4.3. J\//TST is the solution to the equation of M :

inf PA(<’/T\ST—T)T<261+21_1)(’?ST—T)SM)Zl—(,
A:Z1/2A=bos,se{—1,1}4

with an explicit form given by:
Psioae (Tor —7) (B + 27 (For — 7) < M)
—v, (M; (S50 + 2;1)—1/22;121/%“;) v, <q; (S0 + 21)—1/221/%”;)

+ / ‘Ifd (M,
[ul3>q

Do) -1es/e g, (w) du. (1.4.5)

— — — — * 2
(S50 + BTS2 — (1 by (ul)(So + )2l )

Theorem 1.4.3 extends the univariate result in Theorem 1.3.3 to the multivariate setting.
Theorem 1.4.3 provides an explicit expression for the coverage probability Ps,—1/24_¢((TsT —
) (Zg '+ (Fer—7) < M) as a function of M and ¢. The first term in (1.4.5) corresponds
to the event that the pretest fails to reject the null hypothesis (A = 0), in which case Tsr
reduces to the precision-weighted estimator. The second term in (1.4.5) integrates over
the regions where the pretest rejects the null hypothesis, in which case Tgt reduces to the
unbiased estimator with a nonconstant shift to ensure continuity at the pretest boundary. As
in the univariate case, the monotonicity of the coverage probability makes the computation of
Mgt more efficient than that of Mpr. For any M > 0, the coverage probability is minimized
at the boundary of the bias region, namely at the vertices A satisfying 3~2A = b ® s for
some s € {—1,1}%

Using Theorems 1.4.1-1.4.3, we can construct confidence regions based on Tpw, Tpt, and
Tst for various bias bounds b and significance levels (.
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1.5 Generalization to multiple estimators

In this section, we extend our framework to the multiple estimators setting. In empirical
research, analysts often face the challenge of integrating evidence from datasets of heteroge-
neous quality. A leading example in causal inference is to combine an RCT with multiple
observational studies. While the RCT provides unbiased but often noisy estimates, obser-
vational studies can offer much larger sample sizes but are subject to hidden bias due to
unmeasured confounding. Beyond causal inference, similar problems occur when synthesiz-
ing results from multiple registries, surveys, or administrative databases, where no single
source is sufficient on its own. We present our theory below.

1.5.1 Setup

We consider the following multiple estimators setting with one unbiased estimator and K
potentially biased estimators. We can generalize to the case where there are multiple un-
biased estimators estimating the same parameter. In that case, we can first combine all
the unbiased estimators into a single unbiased estimator with smaller variance using the
precision-weighted estimator. Then we can apply our current framework to combine this
aggregated unbiased estimator with multiple biased estimators.

Assumption 1.5.1. Suppose we observe K 41 independent random variables: one unbiased

estimator 7o ~ N(7,03) and K potentially biased estimators 7; ~ N(T + Aj,ajz) for j =
1,..., K. Here 7 € R is the unknown parameter of interest. We assume that 02,0%,...,0%

are known, whereas A1, ..., Ag are unknown.

Let v; = 0§ /07 be the variance ratio between the unbiased estimator and the j-th biased

estimator. Let v = (71,...,7k)' be the vector of variance ratios.

We consider a generic combined estimator 7 = 7(7y, 71, . . ., Tk, 05, 0%, ..., 0%). We as-
sume that |A;/og| < b; for some b; > 0 for all j = 1,..., K and study how the con-
fidence interval changes with the maximum relative bias vector b = (by,...,bg)". Let

A = (Ay,...,Ax)" be the vector of unknown biases. Analogous to Definition 1.2.1 for the
univariate case, the confidence interval is defined below.

Definition 1.5.1. Given a significance level ¢ € (0,1) and the maximum relative bias
vector b with b; > 0 for all j = 1,..., K, we want to construct an interval Z(b,() =
I(bJCJ?Oa?h‘"a?K;

o2,0%, ..., 0%) such that
A:|AH/IUO|Sb A<T €7 <b’ C)) A:|AH/100|Sb A(T TE <b’ §)> - ¢, ( D )

The confidence interval for 7 based on 7 is then given by 7 — Z(b, ().

Then we introduce the monotonicity conditions on the interval Z(b,() below, which
generalizes Assumption 1.2.2 to the multiple estimators setting.
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Assumption 1.5.2. We assume:

1. For fized (To,71,...,TK,08,0%,...,0%) and ¢, we have Z(b,() C Z(¥',() whenever
b<b,ie, b <0 forallj=1,...,K.

2. For fized (To, 71, ., TK,08,0%,...,0%) and b, we have Z(b,() C Z(b,(’) whenever
¢>d¢.

Assume Z(b, () satisfies the monotonicity conditions of Assumption 1.5.2. A common

family of such intervals is fixed-length centered intervals: Z(b, () = [—c(b,(,08,0%,...,0%),
c(b,C,0%,0%,...,0%)] with some constant ¢(b,(,05,0%,...,0%) > 0. In this case, the con-
fidence interval 7 — Z(b,¢) in Definition 1.5.1 is given by [T — ¢(b,(,03,0%,...,0%),T +
c(b,(,02,0%,...,0%)].

Then we define the b-value with multiple estimators below.

Definition 1.5.2. Define the b-value as the critical boundary b* of testing 7 = 0 versus
T#0 as

b*(¢) = b* (¢, 70,71y, Tk, 0, 02y, 0%) =0{b>0:0€7 —Z(b,()}. (1.5.2)

Definition 1.5.2 extends the univariate notion of the b-value (Definition 1.2.2) to the
multiple estimators setting. As in the multivariate b-value defined in Definition 1.4.2, in
higher dimensions K > 1, the set {b>0:0¢€ 7 —Z(b,()} is a convex region in the first
quadrant, and the b-value is the boundary of this region, which is a (K — 1)-dimensional
surface. See Definition 1.4.2 and the subsequent discussion for more details.

1.5.2 Point estimation

First, we recall the precision-weighted estimator defined as
_2 K

_ . _n Y. A
PW — —|— _To+ —< 7'0).
+Ze 10 _2 Z _2+Ze 10 Zl_ﬂh{”

If Aj=0forall j =1,..., K, the precision-weighted estimator is the maximum likelihood
estimator and best linear unbiased estimator of 7. Moreover, by the classical Wald-Le Cam
asymptotic decision theory (Wald, 1949; Le Cam, 1956), it is asymptotically admissible and
minimax under the L, risk, i.e., E[(7 — 7)?], among all regular estimators under standard
regularity conditions.

Second, we introduce a pretest estimator. We incorporate the pretest for A; = 0 sepa-
rately using 7; and the unbiased estimator 7y, and combine those 7;’s that fail to reject the
null. Here we assume the pretests share the same significance level « for simplicity. The gen-
eralization to different significance levels is straightforward. Since 7; — 7o ~ N(A;, 05 + 07)
and 0§ 4 07 = (1 +7; )0, let

A =A{lm—nl< (1 +7j_1)1/2000a/2}
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denote the event that the pretest fails to reject the null hypothesis (A; = 0). The pretest
estimator is:

Third, we introduce a soft-thresholding estimator, which ensures continuity at the pretest
boundary. Instead of dropping a biased estimator entirely when the pretest rejects, soft-
thresholding shifts the unbiased estimator by making the estimator continuous at the pretest
boundary. The soft-thresholding estimator is:

BT ="To+ Z 1+ H'r||1 = 7)1 (Aj) + (14777 ouca sign(7; — 7)1 (A5)]

By the definitions of the pretest estimator and the soft-thresholding estimator, when
the pretests fail to reject for all 7 = 1,..., K, both the pretest estimator and the soft-
thresholding estimator reduce to the precision-weighted estimator. When K =1, i.e., there
is only one biased estimator, both pretest estimator and soft-thresholding estimator reduce
to the estimators introduced in Section 1.2.2. Similar to the discussion in Section 1.2.2, the
choice of « is a tuning parameter.

The pretest estimator and the soft-thresholding estimator considered above are not the
only way to combine 7y and 7y,...,7x. For example, one could apply shrinkage or soft-
thresholding directly between the precision-weighted estimator Tpw and the unbiased esti-
mator 7y, rather than at the level of individual biased components. We focus on thresholding
at the component level because it admits a transparent interpretation in terms of testing and
controlling each bias component A; separately, which aligns naturally with our sensitivity
analysis perspective. Alternative combination strategies have also been considered in the
data fusion literature; see, for example, Duan and Wang (2023) and Chen et al. (2025). Our
framework can accommodate other shrinkage schemes in principle, but we do not pursue
them here.

1.5.3 Confidence intervals

First, we construct the confidence intervals based on the precision-weighted estimator Tpyw.
Under Assumption 1.5.1, we have Tpw ~ N (7 + (1 + [|v]]1) (v, A), (1 + [|v]|1) ‘o). The
following theorem provides the confidence intervals based on Tpw as a function of bias bound

b.

Theorem 1.5.1. Let Lpw = pr(b, ¢,7y) = 0 denote the solution to the equation of L:

N 0 21 N WS N o 01 N N
(D(L \/1+||f7||‘1> q’( t f1+||f7||:) t=¢
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The Epw always exists and is unique. The shortest length symmetric centered confidence
interval based on Tow for T satisfying (1.5.1) is given by [Tew — Lpw (1 + ||v|l1)~*/%00, Tow +

Lew(1+ [|v]h)~200].

Theorem 1.5.1 extends the single estimator result in Theorem 1.3.1 to the multiple esti-
mators setting. In the single estimator case, the bias constraint {A : |[A/oy| < b} has only
two boundary points, and the absolute bias of Tpw is the same at both endpoints. By con-
trast, the multiple estimators bias constraint {A : |A/oo| < b} is a hyperrectangle with 25
vertices, and the maximum absolute bias of Tpw occurs only at A/og = +b. Theorem 1.5.1
therefore characterizes the maximum possible bias of 7pw over the entire bias constraint.

Second, we construct the confidence intervals based on the pretest estimator TPT. ‘We seek
the shortest length Lpt = Lpr(b, (,~, @) such that the confidence interval [Tpr — Lpr(1 +

[v11) /200, 71 + Lpr(1 + ||v][1)~/200] achieves correct coverage uniformly over all A with
|A;/og] <bjforall j=1,..., K. We can formulate Lpr as the optimization problem:

Lpp =inf{L>0: inf Pa(|fer—7|<L(1 126y >1-¢Y. 1.5.3
er=inf{L200 int  Palfer =7l < L0+ Iyl o) 2 1-¢f (153

We show how to compute EPT in the following theorem.
Theorem 1.5.2. Lpp = EPT(b,C,%a) in (1.5.3) is the solution to the equation of L:

inf  Pa(|7pr — 7| < L(1 125y =1 —
A0l <b a([Ter = 7| < L1+ [lv][) ™ o) ¢

with an explicit form given by:

Pajoo=t(|Tpr — 7| < L(1 + v ]l) " 200)

<77 t— ul> <77 t— U’/>
= p|L-—uro | -P| - L — ——= v (w)du,
L ( Vit H?HI) ( Vit H‘vu‘l)] P {v)

where for any u € RX, u' € RX is defined as

wy = i1 (fJu;| > (1 +fy]71)1/26a/2) forallj=1,... K,

and Vij = 1+~ = j) fori,j = 1,..., K. [for — Lpr(1 + ||7|l)~"/?00, For + Lpr(1 +
|y|l1)~200] is the shortest length symmetric centered confidence interval based on Tpr for
T satisfying (1.5.1).

Theorem 1.5.2 extends the single estimator result in Theorem 1.3.2 to the multiple esti-
mators setting. Theorem 1.5.2 provides an explicit expression for the coverage probability
Pajoo=t(|Ter — 7| < L(1 + ||7]l1)"%00) as a function of ¢ and L.

Third, we construct the confidence intervals based on the soft-thresholding estimator
TsT. We seek the shortest length Lgr = Lgr(b, (,7y,«) such that the confidence interval
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Fsr — Lsr(1+ [[v]h) 200, 7sr + Lsr(1 + [|v]l)~/200] achieves correct coverage uniformly
over all A with |A;/og] <b;forall j=1,..., K. We can formulate Lgr as the optimization
problem:

Lsr=inf{L>0: inf Pa([fsr—7]<L(1 gy >1—Cyp. 1.5.4
comint {205 int  Palfr—7l < L0+l Pon) 2 1-¢}. (150

We show that EST can be computed efficiently in the following theorem.

Theorem 1.5.3. For any L > 0, Pa(|Tsr — 7| < L(1 + ||v|l1)"*200) is symmetric about

o~

A = 0 and monotonically decreasing in |A;| forallj =1,..., K. Then Lgr = EST(b, ¢, v, )
in (1.5.4) is the solution to the equation of L:

Pa/oo=b([Tsr = 7| < L1+ [lv]) " 200) = 1 = ¢,
with an explicit form given by:
P a/oo=t(|Tsr — 7| < L(1 + [[7]h)~?00)
<77 t— ul> <77 t— ’U,,>
= Q| L ——F——= | - | L - —FF——= || tr.v(u)du,
/RK ( V1t vl V1t

where for any u € RE, ' € RE is defined as

uf = [uy = (L+ 7)) 2eapsign(u)]L(lug| > (145" Peap) forall j=1,... K,

and Vij = 1+~ "0(i = j) fori,j = 1,..., K. [Fsr — Lsr(1 + |ll) %00, Fsr + Lsr(1 +
y]l1)~200] is the shortest length symmetric centered confidence interval based on Tgr for T
satisfying (1.5.1).

Theorem 1.5.3 extends the single estimator result in Theorem 1.3.3 to the multiple esti-
mators setting. Theorem 1.5.3 provides an explicit expression for the coverage probability
Pajoo=t(|Tsr — 7| < L(1 + ||v|1)"Y/200) as a function of ¢ and L. As in the single estimator
case, the monotonicity makes the computation of EST more efficient than that of ZPT. For
any L > 0, the coverage probability is minimized at the vertices A satisfying A /oy = +b.

1.6 Empirical studies

In this section, we use the example from Angrist and Krueger (1991) to demonstrate how our
framework works in practice, where the authors studied the effect of years of schooling on
earnings. Angrist and Krueger (1991) used quarter of birth as an instrument to obtain the
IV estimate. They also reported the OLS estimate, which would be biased in the presence
of endogeneity.
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We consider the OLS estimator and the IV estimator. The OLS estimator of the return
to schooling is potentially biased because schooling decisions are endogenous: unobserved
factors may influence both schooling and earnings. By contrast, the IV estimator uses quarter
of birth as a source of exogenous variation, yielding a consistent estimate of the causal effect
under standard IV assumptions. We take the IV estimator as the unbiased estimator 7, and
the OLS estimator as the biased estimator 7;. Using these two estimators, we construct the
three combined estimators: the precision-weighted estimator Tpyw, the pretest estimator 7pr,
and the soft-thresholding estimator 7gr.

Figure 1.2 visualizes the confidence intervals of the IV, OLS, and combined estimators
against the maximum relative bias |A/og| < b.

All Men Black Men
0.20 0.5
—— Unbiased ClI (IV only) PTCI —— Unbiased CI (IV only) PTCI
— PWCI — sTCI i 04 —— PWCI — sTCI
0.15
0.3
2 0.2
€ 0.10
< 0.1
©
c
W 0.05 0.0
(@)
-0.1
0.00
-0.2
-0.3
-0.05
0 1 2 3 4 0 1 2 3 4
Bias Bound b Bias Bound b

Figure 1.2: Confidence intervals against the maximum relative bias |A/og| < b

In both the full sample (black and white men) and the subsample (black men), we
observe that the standard error of the OLS estimator is much smaller than that of the
IV estimator. Moreover, although we compute the OLS estimator and the IV estimator
using the same sample, their correlation is very low. Therefore, the new biased estimator
constructed following Section 1.3.5 is nearly identical to the original biased estimator (OLS).
The combined estimators behave as expected. When the bias bound is small, Tpw, TpT,
and 7gr all yield confidence intervals substantially shorter than that based on the unbiased
estimator (IV), reflecting efficiency gains from incorporating the more precise OLS estimator.
Notably, the confidence interval of Tgr is nearly identical to that of 7pw and much shorter
than that of 7pr when the bias bound is small. Even when the bias bound becomes large,
the confidence intervals of 7gr and Tpr remain nearly the same in length. These behaviors
arise because the OLS estimator is far more precise than the IV estimator.

However, there are differences between the full sample (black men and white men) and the
subsample (black men). In the full sample, the sample size is very large, and the IV estimator
is sufficiently precise that the null hypothesis of zero returns to schooling can be rejected using
IV alone. In contrast, for the subsample of black men, the sample size is much smaller, leading
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to a much larger standard error for the IV estimator. As a result, the IV-based confidence
interval is wide enough that the null hypothesis cannot be rejected at the 5% significance
level. This contrast illustrates a common empirical challenge: when the unbiased estimator is
noisy, inference based solely on it can be inconclusive, even when the overall dataset is large.
In such settings, the combined estimators, particularly the precision-weighted estimator Tpw
and the soft-thresholding estimator 7gr, yield much tighter confidence intervals under small
biases. Under small biases, these estimators provide sufficient evidence to reject the null
hypothesis of zero returns to schooling, while still allowing researchers to explicitly assess
sensitivity to potential bias.

1.7 Discussion

In our framework, the choices of point estimators and confidence intervals are not unique.
In this paper, we focus on several convenient estimators and construct the corresponding
confidence intervals and b-values. We do not focus on the optimality of confidence intervals
and leave it to future research. An alternative approach is to construct confidence intervals
based on bias-dependent point estimators. In Appendix A.1.3, we discuss the advantages of
using prespecified point estimators rather than subtracting the bias from the point estimator.
More generally, one could construct confidence intervals that are optimized separately for
each bias bound. For a given bias bound, we can construct the optimal confidence interval by
minimizing a criterion, e.g., interval length for two-sided intervals and quantile of the excess
length for one-sided intervals, over a class of estimators, subject to valid coverage under the
specified bias bound. Such constructions are closely related to confidence intervals in Donoho
(1994); Kolesar and Rothe (2018); Armstrong and Kolesar (2018, 2020, 2021b); Noack and
Rothe (2024) and Kaplan and Liu (2024). Under this approach, the center of the optimal
confidence interval depends on the bias bound. While such bias-dependent constructions can
yield shorter confidence intervals for a given bias bound, they may lead to non-monotonic
confidence intervals as the bias bound varies. In such cases, the interpretation of the b-value
becomes less straightforward. For this reason, we impose the restriction in Definition 1.2.1
and Assumption 1.2.2 that confidence intervals are based on a point estimator that does not
depend on the bias bound. The trade-off is that the resulting confidence intervals may be
slightly longer than those obtained from bias-dependent constructions.
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Chapter 2

Unifying regression-based and
design-based causal inference in
time-series experiments

2.1 Introduction to time-series experiments

Time-series experiments, also referred to as switchback experiments or N-of-1 trials, have
attracted increasing attention across a variety of domains (Davidson et al., 2022), includ-
ing clinical trials (Lillie et al., 2011; Nikles and Mitchell, 2015), online platforms (Bojinov
et al., 2023), and other applied settings (Gabler et al., 2011; Mirza et al., 2017; Hawksworth
et al., 2024). Unlike traditional randomized controlled trials, which assign treatments at the
unit level and maintain a fixed assignment throughout the study, time-series experiments re-
peatedly randomize treatment assignments over time for the same, single unit. Time-series
experiments are closely related to longitudinal experiments (Robins, 1986), but focus on
dynamic treatment effects on the same unit rather than average effects over a population.
The time-series experimental design allows capturing dynamic causal effects in environments
where both treatments and outcomes evolve over time and where treatment effects vary across
time periods. Such designs are particularly attractive in modern applications where repeated
interventions are feasible, the number of units is limited, and the research interest is to es-
timate time-varying or lagged treatment effects. Bojinov and Shephard (2019) provided a
concrete example of a time-series experiment conducted at AHL Partners LLP, a quanti-
tative hedge fund that randomly assigned large trading orders to either human traders or
computer algorithms to compare execution performance. Their example is a time-series ex-
periment with sequential treatment assignments, where the outcome of interest is the relative
performance across 10 equity-index futures markets over the course of a year.

Despite the wide applications of time-series experiments, the statistical analysis presents
challenges, mainly due to the temporal dependence of outcomes and the risk of model mis-
specification. In time-series experiments, the treatment effects may persist beyond the period
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of assignment, inducing the dependence of the observed outcomes on past treatments. Con-
sequently, the methods for analyzing traditional randomized experiments are not applicable.
The design-based perspective offers a principled way to avoid strong assumptions on the
outcome model, in contrast to the model-based analysis of time-series experiments (Zucker
et al., 2010; Senn, 2017; Schmid and Yang, 2022; Menchetti et al., 2023). By viewing the
treatment assignment as the sole source of randomness, we propose treatment effect estimates
with desirable properties without strong model assumptions. This perspective builds on a
rich literature on design-based analysis for various experimental settings, including regres-
sion analysis for completely randomized experiments (Lin, 2013), matched-pairs experiments
(Fogarty, 2018), randomized block designs (Koo and Pashley, 2026), factorial experiments
(Dasgupta et al., 2015), split-plot designs (Zhao and Ding, 2022; Mukerjee and Dasgupta,
2022), cluster-randomized experiments (Middleton and Aronow, 2015; Su and Ding, 2021),
and network experiments (Aronow and Samii, 2017; Leung, 2022; Gao and Ding, 2025). Re-
cent reviews are available in Shi and Li (2024) and Ding (2025). However, the design-based
analysis of regression-based estimators in time-series experiments remains underexplored.

In this paper, we develop a unified design-based framework for analyzing regression-based
estimators in time-series experiments. We show that regressing the observed outcomes on
current and past treatments using an appropriately specified working model and transformed
regressors yields estimates of the lagged treatment effects of interest, even when the number
of regressors diverges with the length of the time series. A key feature of our working model
is the centering and scaling of treatment indicators, which ensures the regression coefficients
recover the causal estimands of interest. We establish the consistency and asymptotic nor-
mality of the ordinary least squares (OLS) estimator and show that heteroskedasticity and
autocorrelation consistent (HAC) variance estimators (Newey and West, 1987) provide con-
servative variance estimates. Our results do not require the regression model to be correctly
specified, reflecting the robustness inherent to the design-based analysis. Our work is related
to Bojinov and Shephard (2019), Malenica et al. (2023), and Liang and Recht (2025), who
also develop design-based analyses for time-series experiments. However, our paper differs
from theirs at two levels. First, at the level of estimands, we focus on treatment effects
defined independently of the realized treatment path and outcome model assumptions. Sec-
ond, at the level of estimators, we focus on simpler, regression-based point and variance
estimators. We will provide a detailed comparison in Section 2.3.3.

The remainder of the paper is organized as follows. Section 2.2 introduces the setup
of the time-series experiment, defines the causal estimand of interest, and presents our
regression-based estimator. Section 2.3 develops the asymptotic theory, establishing con-
sistency, asymptotic normality, and variance estimation. Section 2.4 discusses the extension
to continuous treatment. Section 2.5 presents empirical studies, including simulation evi-
dence and an application to the trading experiment data previously analyzed by Bojinov
and Shephard (2019). Section 2.6 concludes with a discussion of several extensions. The
online supplementary materials contain extensions to the regression with interaction terms
and general exposure mapping, as well as the technical details.

Notation. For a vector a = (ay,...,aq)" € R% let [lafy = 20, |a;], and [all, =



CHAPTER 2. UNIFYING REGRESSION-BASED AND DESIGN-BASED CAUSAL
INFERENCE IN TIME-SERIES EXPERIMENTS 30

(3oL, a2)/2. For a matrix A = (a;;) € R™" let [|[Allr = (X0, > i a?;)'/? denote the
Frobenius norm, and || A||2 denote the spectral norm. Following the R syntax, we use lm(Y ~

X) to denote the linear regression model with outcome Y and regressors X.

2.2 Setup, estimand and estimator

2.2.1 Setup

Consider a time-series experiment with a binary treatment and a single unit repeatedly
measured at T" time points. At each time point t = 1,...,T, we apply Z; = 0 for the control
and Z; = 1 for the treatment. For each time point ¢, define the treatment history up to ¢
as 2p1 = (2, 2¢-1,---,21). Let {Yi(zp,...,21) ¢ 21,...,21 = 0 or 1}, denote the potential
outcomes, which can depend on the whole treatment history. We first simplify the potential
outcomes by imposing the no-anticipation assumption below.

Assumption 2.2.1 (No-anticipation). For every possible treatment path (z1,...,zr), the
potential outcome at time t depends only on the treatment history up to and including time
t, but does not depend on any future treatments zyi1, ..., 27:

Yilzr, ooy zea1, 20 - oy 21) = Yz, ooy 21), forallt=1,....T.

Under the no-anticipation assumption (Assumption 2.2.1), the observed outcome sim-
plifies to Y; = Yi(Z;.1), where Z,.1 = (Z;,...,Z;1) represents the treatment history up to
and including time ¢, following the notation in Bojinov and Shephard (2019). The no-
anticipation assumption holds when treatments are rapidly randomized (e.g., online exper-
iments), or treatments are administered sequentially (e.g., clinical N-of-1 trials). However,
when there exists forward-looking behavior, where the unit can predict future treatments,
the no-anticipation assumption would be violated. We do not consider violations of the
no-anticipation assumption in this paper.

Time-series experiments and network experiments are closely related in that both extend
the classical potential outcomes framework to accommodate structured interference. In
network experiments, a unit’s potential outcome may depend not only on its own treatment
but also on the treatments of its neighbors in a network (Aronow and Samii, 2017). Similarly,
in time-series experiments with a single unit observed over multiple periods, outcomes may
depend not only on the current treatment but also on past or future treatments, giving
rise to temporal interference. The no-anticipation assumption specifies a form of temporal
interference: outcomes at time ¢ may depend on the entire treatment history up to ¢, but
not on future treatments (Bojinov and Shephard, 2019).

We introduce the following assumption to describe the design of the time-series experi-
ment considered in this paper.

Assumption 2.2.2 (Time-series experiment). Assume the treatments Zy, ..., Zr are inde-
pendent. Letp, = P(Z, =1) € (0,1) for eacht =1,...,T. Assume the values of (p1,...,pr)
are known by the design.
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To estimate the lagged treatment effects, which capture how treatments administered
in earlier periods continue to influence outcomes at later times, we consider regressing the
observed outcomes on past treatments. We motivate the working regression model by the
standard causal inference setting with only one time point. Suppose there is a single-time
binary treatment Z with known treatment probability P(Z = 1) = p, a pair of potential
outcomes (Y(0),Y (1)), and we observe Y = Y (Z). Then we can construct the standard
inverse propensity score weighted estimator for the average treatment effect (ATE) based
on the identification formula E[Y (1) — Y (0)] = E[(ZY/p) — (1 — Z2)Y/(1 — p)] (Ding, 2024,
Chapter 11). The ATE also admits a regression-based formulation. Define the normalized
treatment indicator Z = (Z—p)/[p(1—=p)]. Consider the population OLS regression of Y on
Z without an intercept, and denote the regression coefficient by 8 = E[Z2]"'E[ZY]. Then
we can identify the ATE as

zy (1-2)Y
P 1—p

}:mﬁq:m?wzvgma (2.2.1)

mwm—ymn:E[

Therefore, we can estimate the ATE by running an OLS regression of Y on Z without
intercept, and scaled the coefficient by the variance of Z. Extending the idea to time-series
experiments with multiple time points, we normalize the treatment indicator Z; as

Zy = (Z, — E[Z))/ Var[Z)] = (Z, — p) /Ipe(1 = p1)- (2.2.2)

Suppose we are interested in the lagged treatment effects up to the number of lags K. Now
we consider the OLS regression without the intercept:

(Y, ~Zy+ Zyr 4+ Zog) (2.2.3)

using observations from t = K +1,...,T. Let 7 = (7,...,7x)' € RE*! denote the OLS
coefficient vector from (2.2.3), where 7 is expected to be an estimate of the lag-k treatment
effect. N

Several key points should be noted. First, the centering of Z; in Z; by E[Z;] ensures
that the estimand is invariant to location shifts in potential outcomes. Specifically, for
any time ¢, if the potential outcome Y;(z, ..., z1) is shifted to Yy(z,...,21) + ¢ for some
constant ¢ and all treatment realizations z.; € {0, 1}, the estimand remains unchanged.
This transformation invariance property guarantees that the estimand captures causal effects
rather than the absolute level of the outcomes. Second, the scaling of Z; in Z; by Var[Z;]
ensures equal weighting across all time points in the estimand. If differential weighting across
lags is desired to reflect differences in treatment assignment probabilities, the scaling can be
adjusted accordingly. See the discussion about general treatment effects and the connection
with Bojinov and Shephard (2019) in Section 2.3.3.

To ensure that the OLS estimator matches the scale of the causal estimand of interest,
where the difference in scale arises from dividing Z; by Var[Z,|, we apply a linear transfor-
mation to 7. This step rescales the regression coefficients back into the natural scale of the



CHAPTER 2. UNIFYING REGRESSION-BASED AND DESIGN-BASED CAUSAL
INFERENCE IN TIME-SERIES EXPERIMENTS 32

treatment effect. Since E[Z2] = 1/ Var[Z,] for each t = 1,...,T, we define
T =w, 7 fork=0,... K, (2.2.4)

where wy, is the harmonic mean of the variances of the lag-k treatment indicators:

R - R ]
- El72 S -
we= | > ElZ] TR 2 Var|Z,_y]
t=K+1 t=K+1

1 1 -
T > —)] . (2.2.5)

— K1 Pe-k(1 = pri

Here wy, generalizes the single-time scaling factor Var[Z;] in (2.2.1) to the time-series exper-
iments setting by accounting for different treatment probabilities at different time points.
By Assumption 2.2.2, the treatment probabilities are fixed by design, and thus wy, is a fixed
constant. Let

?: (%\0""7%}()—'— = (w()_l;Ow-ww]_(l?K)T € RK+1

denote the OLS estimate from (2.2.3) after the linear transformation (2.2.4). In this paper,
we focus on studying the design-based properties of 7. Under the design-based perspective,
we treat the potential outcomes as fixed and the randomness solely comes from the treatment
assignments.

To write 7 explicitly, define the outcome vector Yx = (Yii1,...,Yr)" € RT=K and the
regressor matrix Zy = (ZIT{+1:1’ o L) € ROEIXESY) where Zyy = (Zy, Zyy, . . ., Zy
)T for t > t'. Let Wy € REFDXEHD) he the diagonal weight matrix Wy = diag(wy : k =
0,...,K). Then, the OLS estimator in (2.2.3) after the linear transformation (2.2.4) can be
expressed as

T=Wr=WNZ.Zx) " Z Y. (2.2.6)

The OLS regression is intuitive for estimating lagged treatment effects because it directly
links the outcome to both current and past treatments. Each coefficient 7, captures the
average impact of a treatment administered k periods earlier on the current outcome. In
this way, the estimator naturally decomposes the outcome into lag-specific contributions,
providing a clear measure of how treatments influence present and future outcomes over
time. We will show that 7 can recover the causal estimand in the next section. We discuss
other regression specifications in Section B.1.1 of the supplementary material.

2.2.2 Causal estimand

We define the treatment effect of lag-k treatment on the outcome at time t as:

Tk = ED/t(Zt:t—k—i-h 17 Zt—k—l:l) - }/t(Zt:t—k—i-h 07 Zt—k—l:l)L (227>
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where the expectation is taken over the joint distribution of (Z.; 41, Z¢_k_1.1), holding Z;
at 1 or 0. This estimand 7 represents the ATE on the outcome at time ¢ by setting the
treatment at time ¢ — k£ to 1 rather than 0, averaging over all other treatment assignments.
We then define the ATE of lag-k treatment on the outcome over time as:

1
Th= > g (2.2.8)
t=K+1
Let 7 = (70,...,7x)" € RE*! be the vector of lagged treatment effects. In this section,

we focus on the interpretation of 7, and we establish the asymptotic behavior of 7 as an
estimator of 7 in Section 2.3.

The lag-k treatment effect 7, in (2.2.8) does not rely on any specific model assumptions
about the potential outcomes. However, its interpretation becomes more explicit under
additional modeling assumptions. We consider a linear model for the potential outcome to
facilitate the interpretation of 7.

Example 2.2.1 (Linear model). Consider the linear model for the potential outcome:

t—1
Yt(thl) = Z ﬁt,kzt—k + Et(Zt:l); (2-2-9)

k=0
for all t = 1,...,T and all treatment realizations z;; € {0, 1}' with non-random coefficients

{Bt.k}o<k<t- Under the design-based perspective, the noise €,(2.1) only depends on the treat-
ment realization z;;. Under the model (2.2.9), the lag-k treatment effect can be expressed
as:

T T

1 1

Tk = T_ K Z @,k + T_K Z E[Et(Zt:t7k+l> 1, thkfm) - et(Zt:tkarlaOa thk:flzl)]-
t=K+1 t=K+1

If the treatment switch at time ¢ — k£ does not affect the error term ¢;, for example, if ¢; does
not depend on 2y, then 7, = (T— K)™! ZtT: k+1 Bek- Further assuming homogeneity of lag-k
treatment effects over time, i.e., By, = Bi for all ¢ > k, we obtain 7, = ;. On the other
hand, under heterogeneous lag-k treatment effects over time, the estimand 7, captures the
average treatment effect. This implies that the estimand 7, remains robust to time-varying
treatment effects.

The linear model in Example 2.2.1 contains several important time-series models, e.g.,
the autoregressive model and the moving-average model. In the following two examples, we
illustrate the interpretation of 75, under these two special models.

Example 2.2.2 (Autoregressive model). Consider the autoregressive model of order p for
the potential outcome:

Yt(ztzl) - Mt(ztﬂ) + Z ¢kY;§—k(Zt—k:1> + Et(zt‘:l)7
k=1
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for all t = 1,...,T and all treatment realizations z;; € {0,1}". Further assume p(z¢1) =
we(z) and €(2z1) = €(2) for all t = 1,...,T. Then we can write the potential outcome as

Yi(ze) Z‘Pkﬂtkztk +Z‘1’k€tk2tk

where the U’s are defined recursively by ¥y = 1 and ¥; = me{p g} ¢x¥,_. The coeffi-
cient Wy is the k-step impulse-response coefficient from the autoregressive model of order p
(Hamilton, 1994), which measures the effect of a one-time shock today on future outcomes.
We can further write the potential outcome as

t—1

Yi(zea) Z Wy (e k(1) = per(0) 2k + Y Wrpty 5(0) + D> Wiy (2e4)-
5=0 =

Define f; = Ui (p—r(1) — pe—1(0)) to see that it is a special case of Example 2.2.1. If the
error term satisfies (1) = ¢,/(0) for all ¢, then by Example 2.2.1, we have
1 T
T= | 7= > (1) = pui(0))].

t=K+1

Therefore, 7, reflects the average treatment effect on the mean function p; at lag k over time,
multiplied by the k-step impulse-response coefficient from the autoregressive model of order

p.

Example 2.2.3 (Moving-average model). Consider the moving-average model of order ¢ for
the potential outcome:

q
Yi(ze1) = pe(2e1) + Z Orer—r(zt—r1) + €(2e1),

k=1
fort =1,...,T and all treatment realizations z;.; € {0, 1}'. Further assume p;(24.1) = pue(2¢)
and €;(z.1) = €(z) for all t =1,...,T. Then we can write the potential outcome as

Yi(ze1) = pe(2e) + Z Orer—i(zi—k) + €(2).

We can further write the potential outcome as

Yi(ze1) =(pe(1) — pe(0) + €(1) — €(0))z + Z Or(€—1(1) — €,-£(0)) 2z

+144(0) 4 €,(0 +Z‘9k€t k(
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Define fio = (1) — 11(0) + (1) — €(0), Bix = Ox(er—x(1) — €-£(0)) for 0 < k < ¢, and
Ber = 0 for & > ¢ to see that it is a special case of Example 2.2.1. Then by Example 2.2.1,
we have

W= 7 ) = p0) 1) = 0
=t ! - t:;H(etku) e ()], foro<k<g,

7, =0, for k> q.

Therefore, 7y is the average treatment effect on the mean function y; and the error term
€; over time. For 0 < k < ¢, 7 is the average treatment effect on the error term ¢, at lag
k over time, multiplied by 6, which is the k-step coefficient of the moving-average model.
Moreover, 7, = 0 for k larger than the moving average order gq.

Remark 2.2.1. In general, the estimand 74 in (2.2.8) depends on the treatment assignment
probabilities (pi,...,pr) because for each 74, the expectation is taken with respect to the
joint distribution of (Z;.4_g11, Zi—x—1.1). Hence, changing the design probabilities may change
the estimand. However, under the linear model considered in Examples 2.2.1-2.2.3, the
estimand 7y is independent of the treatment assignment probabilities because the treatment
effects are linear and the potential outcome model is additive in the treatment indicators Z;’s.
In this case, 73 reflects the structural effect of lag-k treatment on the outcome, independent
of the randomization probabilities.

2.3 Theory

2.3.1 Consistency and asymptotic normality

In this section, we analyze the asymptotic properties of 7 in (2.2.6) as T' — oo (Bojinov and
Shephard, 2019; Liang and Recht, 2025), analogous to the asymptotic analysis in traditional
randomized experiments by letting the sample size grow to infinity (Li and Ding, 2017). To
build intuition for why 7 consistently estimates 7, consider first a simple marginal regression.
Fix a lag k and consider the marginal OLS regression of Y; on the normalized treatment
indicator Z;_j. Because the regressors in the full OLS regression (2.2.3) are mean-zero and
orthogonal in expectation across lags, the coefficient from the marginal regression is close
to the lag-k coefficient from the full regression. Let 8 denote the OLS coefficient from the
marginal regression of Y; on Z,_, without an intercept, using observationst = K +1,...,T.
Then the marginal OLS estimator approximately recovers the lag-k treatment effect 7:

T -1 T T
~ ~ ~ 1 -
wk_lﬁk = w;l < Z Zt—kYt> < Z Zt2—k> ~ T_ K Z Zi 1Yy X Ty

t=K+1 t=K+1 t=K+1
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Therefore, using the representation of 7 in (2.2.6), we decompose T as:
T=71+W(T-K)'ZyZk) (T - K) ' Zi(Yi — ZgWiT)]. (2.3.1)

Then the key is to analyze the asymptotic behaviors of (T — K)"'Z} Zy and (T — K)~!
Z(Yx — ZxWkT), since Wy is a fixed diagonal matrix. We impose the following assump-
tion on the treatment probabilities of the time-series experiment.

Assumption 2.3.1 (Treatment probabilities condition). There exist some constant € €
(0,1/2] such that € < infy>y py < supys;pr < 1 —e.

Assumption 2.3.1 assumes that the treatment probabilities are uniformly bounded away
from 0 and 1 for all time points, which rules out extreme treatment probabilities. This
corresponds to the classic overlap assumption for causal inference with observational studies
(D’Amour et al., 2021), which assumes the propensity scores are bounded away from 0 and
1 for almost all covariates.

Then we impose weak dependence conditions on the potential outcomes sequence [Y; =
Yi(Z11)]52,, which rule out strong dependence of the observed outcomes on the past treat-
ments. We consider two types of weak dependence: decaying carryover effects and m-
dependence. Our results can be extended to more general weak dependence structures using
the same proof techniques.

We first introduce the decaying carryover effects assumption, which assumes the carryover
effects of the treatment decay over time.

Assumption 2.3.2 (decaying carryover effects condition). Let

9T,k = max E Hth(Zt:tfk+17 thim) - n(Zt:tkarl; Z,Lk;l)

k<t<T

],

where Z, ., is an identically distributed copy of Zi_r.1 and is independent of Z.1, and the
expectation is taken over the joint distribution of (Zy4_ki1, Zi—k1) and the distribution of
Z{ .- Assume that

(i) Zfil Orp/T — 0 as T — oo.
(i4) Opy = O(k=17%) for some § > 0.

We then introduce the m-dependence assumption (Hoeffding and Robbins, 1948), which
restricts the influence of past treatments to some given number of time points.

Assumption 2.3.3 (m-dependence condition). There exist some m = m(T) such that Y; =
Yi(Z1) = Yi(Zpr—m) for allm <t < T with

(i) m/T = 0.
(ii) m*/T — 0.
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In both Assumption 2.3.2 and Assumption 2.3.3, the first condition is weaker than the sec-
ond: the first ensures consistency of 7, whereas the second ensures the asymptotic normality
of 7. Assumption 2.3.2 requires that the carryover effects of the treatment decay sufficiently
fast. Similar conditions appear in the previous time-series experiments literature (Ni et al.,
2023; Liang and Recht, 2025). The decaying carryover effects assumption is analogous to the
approximate neighborhood interference assumption in network experiments (Leung, 2022),
and can be viewed as a causal analogue of mixing conditions in traditional time series analy-
sis (Rosenblatt, 1956; Bradley, 2005). Assumption 2.3.3 requires that the observed outcome
at time t depends only on the most recent m treatments. Assumptions 2.3.2 and 2.3.3 are
related but do not necessarily imply one another. Assumption 2.3.2 states that the carry-
over effects of the treatment decay over time, while still allowing dependence on all prior
treatments. In contrast, Assumption 2.3.3 permits arbitrary dependence on past treatments
but restricts this dependence to a given number of previous time points.

Remark 2.3.1. Recall the linear potential outcome model in Example 2.2.1, and suppose
the error term ¢; does not depend on the treatment path z;.;, that is,

Yi(2e1) Z Bt k2t + €. (2.3.2)

Under the model (2.3.2), the quantity 6r; in the decaying carryover effects assumption
(Assumption 2.3.2) can be expressed as

Zﬂt,]Zt J ZB@]
t—1

<2 max Zpt (1 = pe—j)|Be < 5 max Zwt,ﬂ

k<t<T = 2 k<t<T

t<T

OTk— maXE[

where (Z],...,Z; ;) is an independent and identically distributed copy of (71, ..., Z;_) for
all £ <t <T. This upper bound shows that the decay rate of 07 in Assumption 2.3.2 is
determined by how quickly the coefficients 3, ; decrease as the lag j increases. In contrast,
the m-dependence assumption (Assumption 2.3.3) is equivalent to for all k <t < T: B =
0 for all m < k <t—1. Thus, Assumption 2.3.3 enforces a strict truncation of the carryover
effects after m lags.

Remark 2.3.2. The decaying carryover effects assumption (Assumption 2.3.2) involves the
quantity frj, which depends on the distribution of treatment assignments. One might
therefore be concerned with this dependence. However, 07 is upper bounded by

/
QT,k < max max ‘Yt(zt:t—k—l—hzt—k:l) - Yt(zt:t—k+h Zt—k:l) )
k<t<T 24 p11€{0,1}F
Zt—k:l,zé,kzle{o»l}t_k
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where the maximum is taken over all possible realizations of treatment assignments
Ztt—kt1s Zt—k:1, 2 pq- Consequently, we may impose a stronger assumption that depends only
on the potential outcomes but not on the distribution of treatment assignments.

Remark 2.3.3. What distinguishes time-series experiments from network experiments is
that the primary causal estimands of interest are lagged treatment effects, i.e., the im-
pact of current and past treatments on the current outcome, and the associated structure
of potential outcomes. The temporal structure enables us to regress outcomes directly on
normalized treatment indicators from multiple past periods. This necessitates asymptotic
analysis of regression-based estimators and HAC variance estimation in this section. The
causal estimands, identification strategy, and asymptotic theory in time-series experiments
are fundamentally different from and not covered by the existing network experiments liter-
ature.

In the decomposition (2.3.1), we can write

1

1 ~ ~
T_ Kz;(YK — ZWir) = > Zu-x(Yi— Z}_ WiT). (2.3.3)

T—-K

Consider the sequence [Z;t_K(Yt - Zt—!—thWKT)]tOiK+1. Under Assumption 2.3.2, for a fixed
K, the carryover effects of the sequence decay with the same asymptotic order as 6. Under
Assumption 2.3.3, the sequence is max{ K, m}-dependent. Therefore, we can establish the
consistency and apply the central limit theorem (CLT) for the weak dependence sequence
(Chen and Shao, 2004; Chandrasekhar et al., 2023).

To ensure well-behaved asymptotic properties of 7, we impose the following standard
moment conditions on the potential outcomes.

Assumption 2.3.4 (Moment condition). The potential outcomes Yy(z.1) are uniformly
bounded for all t and 2.1 € {0,1}, i.e., sup,sysup,, cqo1ylYi(ze1)| < 0o, Additionally,
7]y is uniformly bounded for all T, i.e., supps,||7||1 < oo.

By definition in (2.2.8), 7 depends on T implicitly. In Assumption 2.3.4, if we further
assume K is fixed, the uniform boundedness of ||7|; follows directly from the uniform bound-
edness of the potential outcomes Y;. However, when K is diverging, the uniform boundedness
of ||7]|; implies that 7, decays to zero as k — oo, which indicates that the treatment effect
decays over time. It is possible to relax the uniform boundedness assumption on 7, but it
will complicate the asymptotic analysis. We impose Assumption 2.3.4 for the simplicity of
presentation.

We first show the consistency of 7 in the following theorem.

Theorem 2.3.1 (Consistency). Assume Assumption 2.2.1, Assumption 2.2.2, Assump-
tion 2.5.1, Assumption 2.3.2(i) with KZLI Ori/T — 0 or Assumption 2.3.3(i) with

Km/T — 0, Assumption 2.3.4, and K?/T — 0. Then we have |7 — 7| — 0.
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Since the dimension of 7 can potentially grow with 7', we establish the CLT for a linear
projection of T rather than 7 itself. To characterize the asymptotic variance, we introduce
a covariance matrix V' € REFDXEFD helow. Since T is the estimate of 7 and 7 = W7
by linear transformation (2.2.4), 7 is the estimate of Wx7. We define the oracle residual of
OLS regression (2.2.3) at time ¢ as

K
Uy =Y, = Z) (Wit =Y, =Y Zi_jwym. (2.3.4)

k=0

Then by (2.3.1), for k, k' =1,..., K 4+ 1, define the k, ¥’-th element of V as:

T T
1 ~ ~
[V]k,k/ = T _ K COV |: E Zt*k‘ﬁ*lUt) § thk/+1Ut:| . (235)
t=K+1 t=K+1

By definition in (2.3.5), V' depends on T but not on the observed treatment path and
potential outcomes path. This covariance matrix captures the dependence structure of the
oracle residuals across different lags.

We can then establish the CLT for the linear projection of 7 in the following theorem.

Theorem 2.3.2 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.2.2, As-
sumption 2.5.1, Assumption 2.5.2(ii) with K fized or Assumption 2.3.5(ii) with K*/T — 0,
and Assumption 2.5.4. Then for any non-zero A\ € REF satisfying liminfr_,oo A\ Vg > 0
and limsup;_, || Ak |1 < 0o, we have

VT — KLV AR)Y2AL(F = 7) -5 N (0, 1).

The condition on Ax in Theorem 2.3.2 prevents the linear contrast A\x from spreading its
mass over an increasing number of lags as K grows. When K is fixed, this condition holds
automatically for any nonzero A\x as long as liminfr o Apnin (V') > 0, where Apin (V') is the
smallest eigenvalue of V. By the Cramér—Wold theorem, Theorem 2.3.2 directly implies a
multivariate CLT for 7 when K is fixed.

Corollary 2.3.1. Under the conditions of Theorem 2.3.2, if further K 1is fived and
liminfr o Amin(V) > 0, we have

VT =KV 27 = 1) =5 N(0, Ixcys).

In the supplementary material, we establish three lemmas for proving Theorem 2.3.1
(Consistency) and Theorem 2.3.2 (Asymptotic normality). Recall the decomposition of 7
in (2.3.1). The first lemma shows that (T’ — K)~'Z] Zy asymptotically converges to W'
under Assumption 2.3.1. The second and third lemmas show the asymptotic behavior of
(T — K)'Z} (Y — ZgWit) under all assumptions.
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2.3.2 HAC variance estimation

Recall the oracle residual U; defined in (2.3.4). Let
U =Y~ 2, 7 (2.3.6)

be the sample residual of OLS regression (2.2.3) at time ¢t. Let Ux = diag(U, : t = K +
1,...,T) € ROKIXT=K) and Uy = diag(Uy, : t = K +1,...,T) € RT-FEXT=K) he the
diagonal matrices of the oracle and sample residuals, respectively.

To account for autocorrelation, we introduce a kernel weighting matrix Qx €
RIT—K)x(T=K) - Specifically, we use the Bartlett kernel (Bartlett, 1950), defined entrywise as

-
Qxlij = L+1’
Oa |]—@|>L,

for 1 <14,7 <T — K, where L is the bandwidth parameter controlling the effective depen-
dence range. A common choice is L = |T%/*| (Greene, 2003). By construction, Q is positive
semidefinite. The HAC estimator with the Bartlett kernel corresponds to Newey—West esti-
mator (Newey and West, 1987). We can generalize the results to HAC estimators with other
kernels.

To construct the HAC variance estimator for 7, we first define the HAC variance estimator
for 7 by OLS regression (2.2.3) as:

V = (T - K)(Z;2x) (23 UxQuUx Zx)(Z; Z) ",
and then define the HAC variance estimator for 7 by linear transformation (2.2.4) as:
V=W VW, = (T — KYW (24 Zx) (ZiUkQiUx Zx)(Zi Zi) "' Wit (23.7)

Intuitively, the HAC variance estimator corrects the usual OLS variance formula by allowing
residuals at nearby time points to be correlated. The kernel matrix Qg assigns larger
weights to correlations between residuals that are closer in time and gradually downweights
correlations as the lag length increases, with the bandwidth L determining how far into the
past these correlations are taken into account. This adjustment ensures that the estimated
variance remains consistent under general forms of heteroskedasticity and autocorrelation in
the model-based inference with time-series data. We borrow their intuition and analyze V'
from the design-based framework.

Recall the lag-k treatment effects defined in (2.2.7) and (2.2.8). Define by € R(T—F)x(K+1)
with

Wy,

Pe—k(1 — pi—i)
fort = K+ 1,...,T and k£ = 0,..., K, which measures the heterogeneity of the treat-
ment effect and treatment probability across time points. We then define the bias term

Okli—Kk g1 = Tep — Tk,
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as Bx = b, Qxbg. By construction, By is positive semidefinite because Q is positive
semidefinite under the Bartlett kernel. Intuitively, By captures the bias component in the
HAC variance estimator that arises when treatment probabilities vary over time or when
treatment effects are heterogeneous across time points. The following theorem establishes
that V' is a conservative estimator of V.

Theorem 2.3.3. Assume Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.1, Assump-
tion 2.8.2(ii) with K fived, L — oo or Assumption 2.3.3(ii) with K*/T — 0, Km?/L — 0,
Assumption 2.5.4 and K*L*/T — 0. Then |V — V — Bg|lp —= 0.

Further assume the treatment probabilities are constant across time (p; = p for allt) and
the treatment effects are homogeneous over time (1yy = 7 for all t and k). Then bk = 0,

which implies Bx = 0. In this case, the HAC variance estimator V s consistent for V,
ie., |V =V]r = 0.

Theorem 2.3.3 generalizes the classical variance results of Neyman (1923) for completely
randomized experiments. In the special case with constant treatment probabilities and
homogeneous treatment effects, the additional term Bjy vanishes, and the HAC variance
estimator consistently estimates the true variance. This mirrors Neyman (1923)’s result that
the design-based variance estimator is consistent under constant effects. When treatment
effects or assignment probabilities vary over time, however, the extra positive semidefinite
term By inflates the variance, making the HAC estimator conservative, just as the design-
based variance estimator is conservative without the constant effects assumption. In this
sense, our framework extends Neyman’s design-based analysis from randomized experiments
to time-series experiments.

2.3.3 Comparisons with the existing estimands

Bojinov and Shephard (2019) defined the general treatment effect of lag k at time ¢ as:

E a‘zt:t,kJrl,Zt,k,l:l [}/;(Zt:tfk%i»lu 17 thk)fl:l) - }/;(Zt:tfk%’l? 07 thkfl:lﬂa (238>
Zt:t—k41€{0,1}F
2t p—1.1€{0,1} 1

for some non-stochastic weights satisfying Zzt:tkarlyztfkfl:l Uzpy psrizep1a = 1 and
Uy pirze—n1a = 0. Then the general ATE is defined as the corresponding average over all
time points, analogous to the definition of 7, based on 7.

By the design under Assumption 2.2.2, we can write 7, in (2.2.7) explicitly as

Ttk = Z azttt_k_._l,zt_k_l;l[}/;(Zt:t—k—ﬁ—ly 1, Zt—k;—1:1) - Yt(zt:t—k—l-la 0, Zt—k—l:l)]7

Ztt—k+1€{0,1}F
Zt—k—1:1 6{071}t7k71

where

t
_ Zs o 1—2zs
azt:t7k+17zt7k71:1 - H ps (1 ps) .
s=1,s#t—k
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Therefore, 7; j, is a special case of the general treatment effect (2.3.8) in Bojinov and Shephard
(2019). However, Bojinov and Shephard (2019) argued that the general ATE (2.3.8) cannot
be estimated without strong assumptions, so they changed the estimand to the causal effect
as a function of the observed treatment path, which is random (see Section 3.2 of Bojinov
and Shephard (2019)). Rambachan and Shephard (2019) also discussed the nonparametric
causal interpretation of common time series estimands in terms of dynamic causal effects
depending on the observed treatment path. In contrast, we focus on a special class of the
general treatment effects, which does not depend on the observed treatment path, and can
be estimated by OLS under time-series experiments with independent treatments.

In general, we can adjust the weights in Z; to estimate a broad class of ATEs. Consider a
new normalization: Z,; = hy(p1,...,p:)(Z — E[Z,])/ Var[Z,] for some function h; : {0,1}" —
R at each time ¢. Define the weight as wypy = (T — K) ™' 31 gy he(D1, - -0 0e) 2 (pe—i(1 —
pi—x))']7'. We then consider the OLS regression without an intercept: lm(Y; ~ Zh,t +
Zh,t—l +-- -+Zh,t_K) using observations from ¢t = K +1,...,T, and let (T, ..., Th k) denote

the OLS coefficients. For each k = 0,..., K, we define 7}, = w};i?h,k. The corresponding
estimands of this procedure are (750, .. ., Thx), Where
1 T
Th.k :T K Z ht(pla s >pt)Tt,k
t=K+1
T
S VEWYi(Zur s 1, Zok1) = Yi(Zoaron, 0, Zuop11)]
—T K et t\P1,---,D¢ t\Ltt—k+1, Ly Lt—k—1:1 t\“t:t—k+1, Yy, L4t—k—1:1)]-

Liang and Recht (2025) also studied time-series experiments and the corresponding
design-based analysis. Our paper differs from theirs in three key ways. First, their analysis
assumes a linear convolution model (their Section 2) and a circular convolution model (their
Section 3), along with a Bernoulli randomization scheme where p; = 1/2 for all ¢. In contrast,
our framework does not impose any structural assumptions on the potential outcomes, al-
lowing for arbitrary and unknown heterogeneous effects over time. Second, we consider more
general experimental designs with time-varying treatment probabilities. Third, Liang and
Recht (2025) proposed a method-of-moments estimator, established a central limit theorem,
and proposed a variance estimator. In our work, we focus on the simpler OLS estimation
and analyze its asymptotic properties, along with the performance of the HAC variance es-
timator derived from the same OLS procedure. Both OLS and HAC variance estimation are
widely used in practice, and are implemented in standard statistical software routines. We
provide theoretical support for their application in time-series experiments.

2.4 Extension to continuous treatment

Many modern experimental settings feature treatments that take discrete or continuous
values rather than binary values. For instance, in online platforms, treatment intensity may
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correspond to the proportion of user exposure to a new algorithm or the duration for which
an experimental interface is displayed. In clinical trials, treatments often involve dosage
levels or exposure durations, which are naturally measured on a continuous scale.

In settings where the experiment involves multiple discrete treatment levels in addition to
a control group, one natural approach is to run separate OLS regressions for each treatment
level relative to control. Our results in Section 2.2 and 2.3 can then be applied. Therefore,
we only focus on the case where the treatment variable Z; € R is continuous. We introduce
the following assumption, which is the continuous treatment analogue of Assumption 2.2.2.

Assumption 2.4.1 (Time-series experiment for continuous treatment). Assume the treat-
ments Z1, ..., Zr are independent. Assume the values of (E[Z1],...,E[Z7]) and
(Var[Z1], ..., Var[Zr|) exist and are known by the design.

_As in the binary treatment case, we normalize the treatment variable by considering
Zy = (Zy — E[Z4])/ Var[Z,;]. We then fit the following OLS regression model:

(Y, ~ Zy+ -+ Zp_g),

where the coefficient vector is denoted by 7 and its transformed version by 7 = W;'T as
(2.2.6) before with the same Wy. The causal estimand is the vector of lagged treatment
effects 7 = (19,...,7x)" € RETL where the treatment effect of lag-k treatment on the
outcome at time ¢ is defined as

k= E [(Ztk - E[Ztk])yt] |

Var[Zt,k]
and the ATE of lag-k treatment on the outcome over time is defined as

T

Tk:T—lK Z Tt ks

t=K+1

which extend the notion of the treatment effect of lag-k in (2.2.7) and (2.2.8) to the con-
tinuous treatment setting. This estimand 73 represents the average slope of the potential
outcome with respect to the treatment assigned k£ periods earlier, while averaging over all
other past and concurrent treatment assignments.

In the literature on continuous treatments, the potential outcome under treatment inten-
sity z is referred to as the (causal) dose-response curve, denoted Y (z), while its derivative
(d/dz)Y (z) is known as the causal derivative effect; see Zhang and Chen (2025) and refer-
ences therein. Building on this perspective, we adapt the notion of derivative effects to the
setting of time-series experiments. Specifically, we define the effect of treatment at lag-k on
the outcome at time ¢ as

d

Tt/,k(z) = &E[K(Zt:t7k+17 Z, thk:flzl)]7
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where the expectation is taken over the joint distribution of (Zy.; 11, Zi_x_1.1). Intuitively,
7{ x(2) measures the local sensitivity of the expected outcome at time ¢ to a marginal change
in treatment intensity at lag-k, holding the rest of the treatment path fixed. Aggregating
across time, we can equivalently represent the estimand 7, as a weighted average of these
local effects:

T

. ! > ( / wt,k(z)dz)_l / (2w (2)dz,

t=K+1

where the weighting function wy x(z) is given by
wt,k(z) = {E[Yt(Zt:l) | L > Z] — E[Yt(Zt:l) ‘ Ly < Z]}P(Zt—k > Z)P(Zt—k < Z)

Thus, the estimand 7, can be interpreted as the time-averaged, weighted average deriva-
tive effect at lag k. This places our estimand within the broader class of weighted average
derivatives (Newey and Stoker, 1993), and connects naturally to discussions of how OLS and
instrumental variables identify such objects (Yitzhaki, 1996; Borusyak and Hull, 2024). Im-
portantly, both the dose-response curve and the derivative effect are nonregular parameters
and cannot generally be estimated at parametric rates. In contrast, we consider the weighted
average of the derivative effect, which admits parametric convergence rates.

We next impose regularity conditions on the treatment distribution and outcome to
extend our asymptotic results to the continuous treatment setting. We consider the following
assumption on the distribution of Z;, which serves as a continuous treatment analogue of
Assumption 2.3.1.

Assumption 2.4.2 (Treatment distributions condition). There exists some constant € > 0
such that € < inf,>; Var[Z,].

We also consider the following assumption, which serves as a continuous treatment ana-
logue of Assumption 2.3.4.

Assumption 2.4.3 (Moment condition). The potential outcomes Yi(zp.1) are uniformly
bounded for all t and all z.1 € R, i.e., sup;sy,, ere|Yi(2e1)| < 0o. Additionally, |7y is
uniformly bounded for all T', i.e., supy||T]|1 < 0.

With these conditions in place, we obtain the consistency and asymptotic normality of the

OLS estimator. These results are the continuous treatment counterparts to Theorem 2.3.1
and Theorem 2.3.2.

Theorem 2.4.1 (Consistency). Assume Assumption 2.2.1, Assumption 2.4.1, Assump-
tion 2.4.2, Assumption 2.3.2(i) with K S 1_, 0px/T — 0 or Assumption 2.3.3(i) with
Km/T — 0, Assumption 2.4.3, and K*/T — 0. Then we have ||T — 7|z — 0.
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Theorem 2.4.2 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.4.1, As-
sumption 2.4.2, Assumption 2.5.2(ii) with K fived or Assumption 2.3.3(i1) with K*/T — 0,
and Assumption 2.4.3. Then for any non-zero A\ € REFL satisfying liminfr_ oo ALV g > 0
and limsup,_, || Ak |1 < oo, we have

VT — KLV AR) 2L (F = 7) =L N (0, 1),
where V' is defined in (2.3.5).

To estimate the asymptotic variance V' in Theorem 2.4.2, we can use exactly the same
HAC variance estimator V' in (2.3.7). Define by € RT—K)X(K+1) with

Wi
b _ = _——
[ K]t K k+1 T,k Var[Zt,k]Tk’

fort =K +1,...,T and k = 0,..., K, and define the bias term as Bx = b Qrby. The
following theorem establishes that V' is a conservative estimator of V', which is parallel to
Theorem 2.3.3.

Theorem 2.4.3. Assume Assumption 2.2.1, Assumption 2.4.1, Assumption 2.4.2, Assump-
tion 2.3.2(i1) with K fized, L — oo or Assumption 2.5.3(i) with K*/T — 0, Km?/L — 0,
Assumption 2.4.3 and K*L2/T — 0. Then |V —V — Bgl|lp —= 0.

If the treatment variances are constant across time (Var[Z;] = o* for all t) and the
treatment effects are homogeneous over time (Tox = 71, for all t and k), then bx = 0, which

implies B = 0. In this case, the HAC variance estimator V is consistent for V, i.e.,
IV - V]r 0.

2.5 Empirical studies

In this section, we conduct simulations to examine the finite-sample performance of T and
the HAC variance estimator V' for estimating V. We then illustrate the method on data
from a trading experiment.

2.5.1 Simulations

We consider the autoregressive model in Example 2.2.2. Specifically, we take a first-order
autoregressive model, Y;(zy.1) = p(201) + 0Yi1(zi-1.1) + €(24.1), for any treatment history
z1 € {0,1}. We set py(zi1) = me(z) = p(z) with p(1) = 0.5 and p(0) = 0, take ¢ =
0.5, and let €(z1) = ¢ ~ N(0,1) iid. across t. Under this specification, Yi(z:1) =
Sz ) + 3 #Pex. Then the true lag-k treatment effect is 7, = ¢*(u(1) — u(0)).

We vary the time horizon 7" € {100, 200, 500, 1000, 2000, 5000, 10000}, fix the number of
lags at K = 5, and use a constant treatment probability p, = p = 0.5. Adopting a design-
based perspective, randomness arises only from the assignment path Zi,..., Zpr. For each
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T, we therefore fix a realization [eq,. .., er| and repeatedly resample Zi,..., Zy. For each
draw we compute the OLS estimator 7 and the HAC variance estimator V with the Bartlett
kernel. A common choice is L = |TV/*] (Greene, 2003). Since the treatment probabilities
are constant across time and the treatment effects are homogeneous over time, the HAC
variance estimator V' is consistent for the asymptotic variance V' by Theorem 2.3.3.

Figure 2.1 presents histograms of 7, — 73, for £ = 0,...,5 across replications under 7' =
1000. The empirical distributions are close to the normal distribution, supporting our central
limit theorem (Theorem 2.3.2). This provides empirical evidence that the regression-based
estimator achieves approximate normality even at moderate sample sizes.

Figure 2.2 displays violin plots of |7 — 7||2 as a function of 7. The Ly error decreases
with larger sample sizes, aligning with the 7'/ convergence rate established in Theorem
2.3.2.

) T o ko1 -n t, - 1.75 T
4 : o : 4 1.50
25 1 z 1 2
3 ) 1 82 1 82 1.25 ———
' 1 ' | ' | ~1.00
0 -0.2 0‘0 0.2 0 0.2 D‘D 0.2 0 0.2 DJD 0.2 T
e 0.75
. %3—‘1'3 'i'4‘—r4 %5—‘r5 -
§ § s | 0.50 T
5 | 5 | | ==
2! z! 0.25 i £
23 | 53 | S | 1
3, 3 2 | Sz ! 0.00 —— é
1 1 1 1 i 1 100 200 1000 2000 5000 10000
0 -0.2 O‘D 0.2 0 0.2 D‘D 0.2 o -0.2 0‘0 0.2
Figure 2.1: Histograms of 7, — 73 for k = Figure 2.2: ||T — 7||5 versus T. The center bar
0,...,5 under T = 1000. is the median.

Figure 2.3 investigates the performance of the HAC variance estimator V. The plot
shows the normalized Frobenius error ||V —V||g/||V || for different kernel bandwidth choices
L € {0,1,5,|T"*|}, averaged across replications. When no autocorrelation adjustment is
made (L = 0), the estimator remains biased and does not improve with 7. By contrast,
increasing the bandwidth significantly reduces error, with L = |T/*| yielding the best finite-
sample performance and approaching zero error as T grows. This confirms our theoretical
variance results (Theorem 2.3.3) and demonstrates the importance of selecting an appropriate
increasing bandwidth.

Table 2.1 reports the empirical coverage probabilities of nominal 95% confidence intervals
for 7;,, constructed using the HAC variance estimator V with bandwidth L = TV4. Across
all lags £ = 0,...,5 and all sample sizes, the coverage probabilities remain very close to
the nominal level, even for relatively small 7' = 100. As T increases, the coverage stabilizes
tightly around 0.95, confirming that the asymptotic normal approximation in Theorem 2.3.2
provides accurate inference in finite samples.
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Figure 2.3: Normalized Frobenius error ||‘7 — V|g/||V||r versus T for different bandwidths
L.

Table 2.1: Empirical 95% coverage for 7}, using V' with L = |T%/4].

T To T Ty T3 T4 Ts
100 0.934 0.935 0932 0.933 0.934 0.934
200  0.944 0943 0.940 0.943 0.942 0.943
500  0.943 0.946 0.947 0.945 0.948 0.945
1000  0.949 0.947 0.946 0.947 0.946 0.950
2000 0.949 0.949 0.948 0.949 0.950 0.950
5000  0.949 0.949 0.950 0.949 0.951 0.951
10000 0.950 0.950 0.950 0.949 0.950 0.950

2.5.2 Real data analysis

We analyze the trading experiment described in Bojinov and Shephard (2019), which was
conducted by AHL Partners, a quantitative trading firm specializing in financial futures.
The firm executes orders in one of two ways: using a human trader or using an algorithmic
trader. For the experiment, AHL restricted attention to orders whose sizes lay between fixed
lower and upper bounds (time-invariant within each market, but varying across markets).
These eligible orders were randomly assigned to either a human trader or an algorithmic
trader. Therefore, treatments were assigned independently across time, following an i.i.d.
Bernoulli design, ensuring that the setup satisfied our no-anticipation assumption. AHL
provided 10 independent datasets from 2016, each corresponding to a different equity index
futures market spanning the US, Europe, and Asia. We analyze these markets separately
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and regard each as a distinct unit. To protect confidentiality, AHL did not reveal which of
methods “A” and “B” corresponds to human versus algorithmic traders, nor did they disclose
the identities of the individual markets. For consistency, we label A as the control group
and B as the treatment group. The outcome of interest Y is the slippage, which is a simple
function of the trade prices and volumes at which an order was executed. Lower slippage
indicates better execution quality and thus serves as a proxy for higher trading performance.

With K = 4, Figure 2.4 displays, for each market, the joint p-value for Hy : 7 = 0, and the
per-lag estimates 7, with their 95% confidence intervals. We find clear heterogeneity across
markets: the null is rejected in Markets 4, 6, 7, and 9 under the nominal level 0.05, indicating
the presence of dynamic treatment effects, while other markets show no joint evidence of
impact. In both Market 6 and Market 9, “A” (control) performed significantly better than
“B” (treatment), and there is no market where “B” performed significantly better than “A”,
consistent with the findings of Bojinov and Shephard (2019). Market 4 shows lagged effects
at longer lags, whereas Market 7 shows a negative lag-2 effect. Some isolated single-lag
signals (e.g., Market 5’s positive lag-1 estimate) do not lead to a joint rejection.

2.6 Extensions

Beyond estimating the main effects of treatments at different lags, it is often of interest
to investigate interaction effects between treatments administered at distinct time periods.
Including interaction terms is particularly useful in settings where the effect of a treatment
depends on its recent history or on combinations of past interventions. In Section B.1.2 of
the supplementary material, we extend our framework to regression with interaction terms.

So far, we have proposed working models for the treatment effects through individual
lags or interactions of consecutive lags. While this approach captures direct and pairwise
temporal dependencies, it may be restrictive in settings where outcomes depend on more
general features of the treatment path. To address this, we consider exposure mappings that
summarize treatment assignments over multiple periods into lower-dimensional summary
statistics. In Section B.1.3 of the supplementary material, we extend our framework to
general exposure mapping.
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Figure 2.4: Lag-specific estimates 7, with 95% confidence intervals for £ = 0,...,4 under
different markets. The number in parentheses following each market label reports the joint
p-value for Hy : 7 = 0.
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Chapter 3

Estimation based on nearest neighbor
matching: from density ratio to average
treatment effect

3.1 Introduction

Matching methods (Greenwood, 1945; Chapin, 1947; Cochran and Rubin, 1973; Rubin, 2006;
Rosenbaum, 2010) aim to balance observations from different groups through minimizing
group differences in observed covariates. Such methods have proven their usefulness for
causal inference in various disciplines, including economics (Imbens, 2004), epidemiology
(Brookhart et al., 2006), political science (Ho et al., 2007; Sekhon, 2008) and sociology
(Morgan and Harding, 2006).

Among all the matching methods, nearest neighbor (NN) matching (Rubin, 1973) is likely
the most frequently used and easiest to implement approach. In the simplest treatment-
control study, NN matching assigns each treatment (control) individual to M control (treat-
ment) individuals with the smallest distance to it. In this regard, two questions arise. First,
how do we select the number of matches, M? This is referred to in the literature as ratio
matching, and is both important and delicate, well-known to be related to the bias-variance
trade-off in nonparametic statistics (Smith, 1997; Rubin and Thomas, 2000; Imbens and Ru-
bin, 2015). Second, how do we perform large-sample statistical inference for NN matching
estimators? Such an analysis is usually nonstandard and technically challenging. Indeed, it
was long-lacking in the literature until Abadie and Imbens (2006).

To answer the above two questions, a series of papers (Abadie and Imbens, 2006, 2008,
2011, 2012) established large-sample properties of M-NN matching for estimating the average
treatment effect (ATE). These results are, however, only valid when, in ratio matching, M
is fixed. The according message is then mixed. As a matter of fact, the ATE estimator
based on M-NN matching with a fixed M is asymptotically biased and inefficient. While
bias correction is now feasible to alleviate the first issue (Abadie and Imbens, 2011), the lack
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of efficiency seems fundamental.

This manuscript revisits the study of Abadie and Imbens (2006) from a new perspective,
bridging M-NN matching to density ratio estimation (Nguyen et al., 2010; Sugiyama et al.,
2012) as well as double robustness (Scharfstein et al., 1999; Bang and Robins, 2005). To
this end, our analysis stresses, in ratio matching, the benefits of forcing M to diverge with
the sample size n in order to achieve statistical efficiency. Our claim is thus aligned with
observations in the random graph-based inference literature (Wald and Wolfowitz, 1940;
Friedman and Rafsky, 1979; Henze, 1988; Liu and Singh, 1993; Henze and Penrose, 1999;
Berrett et al., 2019; Bhattacharya, 2019; Shi et al., 2024, 2022; Lin and Han, 2023).

The contributions of this manuscript are two-fold. First, we show that a statistic that
plays a pivotal role in the analysis of Abadie and Imbens (2006), K/ (z) (Abadie and Imbens
(2006, Page 240); to be defined in (3.2.2) of Section 3.2), which measures the number of
matched times of the covariate value z, actually gives rise to a consistent density ratio
estimator in the two-sample setting. Furthermore, from the angle of density ratio estimation,
this NN matching-based estimator is to our knowledge the first one that simultaneously
satisfies being conceptually one-step, computationally efficient, and statistically rate-optimal.
This estimator itself is thus an appealing alternative to existing density ratio estimators.

Getting back to the original ATE estimation problem, our second contribution is to use
the above insights to bridge the bias-corrected matching estimator (Abadie and Imbens,
2011), doubly robust estimators (Scharfstein et al., 1999; Bang and Robins, 2005; Farrell,
2015), and double machine learning estimators (Chernozhukov et al., 2018). In fact, Abadie
and Imbens (2011)’s bias-corrected estimator can be formulated as

spors L[y (1 Ky s (1 Kalyg)

i=1,D;=1 i=1,D,=0

(see Lemma 3.3.1, with notation introduced in Section 3.3 and K, (i) representing the num-
ber of times the unit 4 is matched), and then 1+ Kj/(i)/M converges to the inverses of the
propensity scores 1 — e(X;) and e(X;) for units with D; = 0 and 1, respectively. One could
then leverage the general double robustness and double machine learning theory to validate
the following two properties of 7pF.

(1) Consistency: Thf converges in probability to the population ATE, if either the den-
sity (propensity score) functions satisfy certain conditions or the outcome (regression)
model is consistently estimated, with M logn/n — 0 and M — co as n — 0.

(2) Semiparametric efficiency: Tof is an asymptotically Normal estimator of 7 with the
asymptotic variance attaining the semiparametric efficiency lower bound (Hahn, 1998),
if the density functions are sufficiently smooth, the outcome model is consistently
estimated, and M scales with n at a proper rate. Furthermore, a simple consistent
estimator of the asymptotic variance is available.
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Although Abadie and Imbens (2006, Theorem 5) hints at the necessity of allowing M to
diverge for gaining efficiency, we provide rigorous theory for their conjecture. Our results
thus complement those made in Abadie and Imbens (2006, 2011) and provide additional
theoretical justifications for practitioners to use NN matching for inferring the ATE.

Technically, our analysis hinges on a diverging M that grows with n. In contrast, existing
results on NN matching for causal effects (Abadie and Imbens, 2006, 2008, 2011, 2012) all
focused on a fixed M. Instead, we take a different route to establish nonasymptotic moment
bounds on Kjs(x) with more flexibility in specifying the rate of M with respect to n (see
Lin and Han (2023) for a similar idea in analyzing rank-based statistics).

Paper organization. The rest of this manuscript proceeds as follows. Section 3.2 gives a
brief overview of the NN matching-based density ratio estimator. Section 3.3 revisits Abadie
and Imbens (2011)’s bias-corrected NN matching-based estimator of the ATE, 7b¢. Section
3.4 elaborates on the double robustness and semiparametric efficiency of 7pf as well as its
double machine learning version. Section 3.5 presents simulation studies to complement
the theory. Section 3.6 includes some final remarks. We relegate technical details to the
appendix as well as an online appendix. Appendices 3.7 and 3.8 introduce the algorithms
and theory for the NN matching-based density ratio estimator. Appendix 3.9 and the online
appendix present the proofs of results in the paper and in the appendix, respectively.

Notation. For any integers n,d > 1, let [n] = {1,2,...,n}, n! be the factorial of n,

and R? be the d-dimensional real space. A set consisting of distinct elements z1, ..., z, is
written as either {xq,...,z,} or {z;},, and its cardinality is written by |{z;}?_;|. The
corresponding sequence is denoted by [z1,...,x,] or [x;]",. Let 1(-) denote the indicator

function. For any a,b € R, write a V b = max{a,b} and a A b = min{a,b}. We use 45 and
24 to denote convergence in distribution and in probability, respectively. For any sequence
of random variables { X, }, write X,, = op(1) if X,, == 0 and X,, = Op(1) if X,, is bounded
in probability. Let P, represent the law of a random variable Z.

3.2 Density ratio estimation via NN-matching

Consider two general random vectors X, Z in R that are defined on the same probability
space, with d to be a fixed positive integer. Let vy and 14 represent the probability measures
of X and Z, respectively. Assume 1 and v; are absolutely continuous with respect to the
Lebesgue measure A on R¢ equipped with the Euclidean norm ||-||; denote the corresponding
densities (Radon—Nikodym derivatives) by fo and f;. Assume further that 14 is absolutely
continuous with respect to 1y and write the corresponding density ratio, fi/fo, as r; set
0/0 = 0 by default.

Assume X;,..., Xy, are Ny independent copies of X, Z;,..., Zy, are N; independent

copies of Z, and [X;]Y°, and [Zj]?[:ll are mutually independent. The problem of estimating
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the density ratio r based on {Xi,..., Xn,, Z1,...,Zn, } is fundamental in economics (Cun-
ningham, 2021), information theory (Cover and Thomas, 2006), machine learning (Sugiyama
et al., 2012), statistics (Imbens and Rubin, 2015), and other fields.

In density ratio estimation, NN-based estimators are advocated before due to its compu-
tational efficiency; cf. Lima et al. (2008), Poczos and Schneider (2011), Kremer et al. (2015),
Noshad et al. (2017), Berrett et al. (2019), Zhao and Lai (2020), among many others. Based
on Abadie and Imbens (2006, 2008, 2011, 2012)’s NN matching framework, we propose a
new density ratio estimator based on NN matching. To this end, some necessary notation is
introduced first.

Definition 3.2.1 (NN matching). For any z, 2z € R? and M € [Ny],

(i) let Xan(-) : RT — {X;}X° be the mapping that returns the value of the input 2’s
M-th NN in {X;}, i.e., the value of 2 € {X,;}2° such that

No

S (X - 2l < llz = 2]) = M; (3:2.1)

i=1

(ii) let Ku(-) : RT — {0}J[N:] be the mapping that returns the number of matched
times of z, i.e.,

Ko(w) = K (25 (X428 (Z30) = 31 (lle = 23 <1 X0n(Z) = Z3]): - (322)

(iii) let Aps(+) : RY — B(R?) be the corresponding mapping from R? to the class of all Borel
sets in R? so that

Au(a) = A (o (X30) = {2 € B o — 2l < Xan(2) — 21} (323)
returns the catchment area of x in the setting of (ii);

Because vy is absolutely continuous with respect to the Lebesgue measure, (3.2.1) has a
unique solution. Abadie and Imbens (2006, Pages 240 and 260) introduced the terms K, (-)
and Ay (+) to analyze the asymptotic behavior of their NN matching-based ATE estimator.
We also adopt their terminology “catchment area” in Definition 3.2.1(iii). Proposition 3.2.1
below formally links K /() to Aps(). It was established in the proof of Abadie and Imbens
(2006, Lemma 3), and is stated here to aid understanding.

Proposition 3.2.1. For any x € R?, we have Ky (z) = Z;V:ll 1 (Zj € AM(x)>.

Remark 3.2.1 (Relation between A (X;)’s and Voronoi tessellation when M = 1). We

can verify that, due to the absolute continuity of vy, [A1(X;)]N? are almost surely disjoint

except for a Lebesgue measure zero area, and partition R? into N, polygons. Furthermore,
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we can also verify that {A;(X;)}Y° are exactly the Voronoi tessellation defined in Voronoi
(1908), which plays a vital role in stochastic and computational geometry. In this case, each
element A;(X;) is a Voronoi cell from the definition of (3.2.3).

With these notation and concepts, we are now ready to introduce the following density
ratio estimator based on NN matching.

Definition 3.2.2 (NN matching-based density ratio estimator). For any M € [Ny] and
r € R? we define the following estimator for r(z):

) R Ng KM('CE)
() :TM<x; (X}, {2 §V:11> TN M

(3.2.4)

The estimator 7y(+) is by construction a one-step estimator, and satisfies the following
two properties simultaneously.

(P1) Computationally of low complexity: it is of a sub-quadratic (and nearly linear when M
is small) time complexity via a careful algorithmic formulation based on k-d trees (see
Algorithms 1-2 and Theorem 3.7.1 in Appendix 3.7), and thus in many scientific ap-
plications is computationally more attractive than its optimization-based alternatives
(Lima et al., 2008; Kremer et al., 2015; Borgeaud et al., 2022).

(P2) Statistically rate-optimal: it is information-theoretically efficient in terms of achieving
an upper bound of estimation accuracy that matches the corresponding minimax lower
bound over a class of Lipschitz density functions (see Appendix 3.8).

3.3 Revisiting the bias-corrected matching estimator of
the ATE

This section studies the bias-corrected NN matching-based estimator of the ATE, proposed
in Abadie and Imbens (2011) to correct the asymptotic bias of the original matching-based
estimator derived by Abadie and Imbens (2006). To this end, we leverage the new insights
in Section 3.2 as well as the technical results in Appendices 3.7-3.8, and bridge the study to
both the classic double robustness and the modern double machine learning frameworks.

We first review the setup for the NN matching-based estimator and its bias-corrected
version. Following Abadie and Imbens (2006), let [(X;, D;, Y;)|"_, be n independent copies
of (X,D,Y), where D € {0,1} is a binary variable, let X € RY represent the individual
covariates, assumed to be absolute continuous admitting a density fx, and let Y € R stand
for the outcome variable.

For each unit i € [n], we observe D; = 1 if in the treated group and D; = 0 if in
the control group. Let ng = > (1 — D;) and ny = >, | D; be the numbers of control
and treated units, respectively. Under the potential outcomes framework (Rubin, 1974),
the unit ¢ has two potential outcomes, Y;(1) and Y;(0), but we observe only one of them:
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Y; = D;Yi(1)+(1—D,)Y;(0). The goal is to estimate the population ATE, 7 = E[Y;(1)—Y;(0)],
based on the observations {(X;, D;,Y;)} ;. To estimate ATE, we consider its empirical
counterpart Ty = n~! 2?21[2(1) — Y;(0)], where Y;(0) and Y;(1) are the imputed outcomes
of Y;(0) and Y;(1). Following Abadie and Imbens (2006), we focus on the matching-based
estimator by imputing missing potential outcomes as

i = 1 . o
Y,(0) = {}j D=0 a V(1) = {M 2jeau Yir 1 Di=0,
w1 Ljequ Vi D=1 Y, if D, = 1.

Here J(7) represents the index set of M-NNs of X; in { X} : D; = 1—D;}7_,, i.e., the set of
all indices j € [n] such that D; =1—D; and »,_, 5, p 1([|Xe = Xil| <[ X; = Xil|]) < M.
With a slight abuse of notation, let K,(7) represent the number of matched times for unit
i, ie., Ky(i) = Z?:LDJ:PDZ_ 1(i € Ju(j)). We can then rewrite the above matching-based
estimator as

1 = KM(i)> RN ( KM(z')> }
™ = — 1+ Y; 1+ Yil. 3.3.1
M= [i=1,§:1 ( M i:L%:O M ( )
However, when d > 1, the bias of 7, is asymptotically non-negligible (Abadie and Imbens,
2006). To fix this, Abadie and Imbens (2011) proposed the following bias-corrected version
for 7as. In detail, let fip(x) and 1, (x) be mappings from R? to R that estimate the conditional
means of the outcomes po(z) = E[Y | X = 2,D = 0] and iy(z) = E[Y | X = z,D = 1],
respectively, with the corresponding residuals R; = Y; — fip,(X;), i € [n]. Define the
estimator based on outcome regressions as 77 = n ! 3" [[i1(X;) — fio(X;)]. Consider the
bias-corrected matching-based estimator in Abadie and Imbens (2011):

1~ [ S
sbe _ ch 1) — ch ] 3.2
A= [ =) (3:3.2)
with
~ }/;’ f l)z == 0,
Y;bC(O) _ . R N 1
7 e (Yi T H0(Xo) — fo(X;)), if Di =1,
and

' Y; if D; = 1.
Lemma 3.3.1 below shows an equivalent form of 7bs.

Lemma 3.3.1. The bias-corrected matching-based estimator in (3.3.2) can be rewritten in
terms of T'°¢ and the residuals R;’s as:

=T+ %[ En: (1 + Kﬂﬁi))ﬁi - En: (1 + Kﬂﬁi))ﬁi] (3.3.3)

i=1,D;=1 i=1,D;,=0
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Otsu and Rai (2017) derived another linear form of 7b¢ to motivate a bootstrap procedure
for variance estimation. The form in (3.3.3) is related to doubly robust estimators reviewed
shortly. In detail, we first have some outcome models and residuals defined in the same
way as above, and then let e(z) : R? — R be a generic estimator of the propensity score
(Rosenbaum and Rubin, 1983b), e(z) = P(D = 1| X = x). The doubly robust estimator in
Scharfstein et al. (1999) and Bang and Robins (2005) could then be formulated as

n n

7 = 7ree 4 Z —Ri — ———Ril. 3.34
el Y ot X (334)

ZZI,DZ'ZI Z:LDi:O
Conditional on (D, ..., D,), [X; : D; = w|l | are n, i.i.d. random variables sampled from

the distribution of X | D = w, and the two groups of sample points, [X; : D; = 0]/, and [X; :
D; = 1]i,, are mutually independent. Let fx|p—., denote the density of X |D = w. From
the construction of K/ (i) and results in Appendix 3.8, once allowing M to diverge to infinity,
conditional on (Dy, ..., D,,), no/ny- Ky (1)/M and ny /ng- K (i) /M are consistent estimators
of fx|p=1(Xi)/fx|p=0(X;) and fx|p=o(Xi)/fx|p=1(X;) for units with D; = 0 and D; = 1,
respectively. Because ny/ng converges almost surely to P(D = 1)/P(D = 0) by the law of
large numbers, the statistic 1 + K,(¢)/M is then a consistent estimator of 1/(1 — e(X;))
and 1/e(X;) for units with D; = 0 and D; = 1, respectively. Thus, in view of (3.3.4), the
bias-corrected matching-based estimator 7b¢ in (3.3.3) is actually a doubly robust estimator
of 7, and accordingly, should also enjoy all the corresponding desirable properties. This novel
insight into 7bf allows us to establish its asymptotic properties with a diverging M.

3.4 Asymptotic analysis with diverging M

The theory for matching with a diverging M has been an important gap in the literature.
With a univariate covariate, Abadie and Imbens (2006) provided a heuristic argument about
the additional efficiency gain for 7); with larger M. With a general covariate, Abadie and
Imbens (2011) used simulation to evaluate the finite-sample properties of 7b¢ and highlighted
the importance of bias correction with large M. Nevertheless, existing theoretical results
for NN matching estimators all focused on fixed M (Abadie and Imbens, 2006, 2008, 2011,
2016; Kallus, 2020; Armstrong and Kolesar, 2021a; Ferman, 2021). In this section, we will
present the corresponding theory with a diverging M and also make connections between
7o¢ and double robustness/double machine learning estimators.

3.4.1 The original matching-based estimator

We first analyze the original bias-corrected matching-based estimator 7pf. Let U, = Y (w) —
o (X) for w € {0, 1} and X be the support of X. Let ||-||« denote the L., norm of a function.
We need following assumptions to prove the consistency of 7of.
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Assumption 3.4.1. (i) For almost all x € X, D is independent of (Y (0),Y (1)) condi-
tional on X = x, and there exists some constant n > 0 such thatn < P(D =1|X =
x)<1l—mn.

(1) [(X;, D, Yy, are i.i.d. following the joint distribution of (X, D,Y).

(iii) E[U2| X = z] is uniformly bounded for almost all x € X and w € {0,1}.

(i) E[p2(X)] is bounded for w € {0,1}.

Assumption 3.4.2. For w € {0,1}, there exists a deterministic function fi,(-) : R — R
such that E[i2 (X)] is bounded and the estimator [i,(z) satisfies ||fiw — fiw||oo = op(1).

Assumption 3.4.3. For w € {0, 1}, the estimator [i,(x) satisfies ||f, — piwlloo = 0p(1).

Assumption 3.4.1(i) is the unconfoundedness and overlap assumptions, and is often re-
ferred to as the strong ignorability condition (Rosenbaum and Rubin, 1983b). Assumption
3.4.2 allows for outcome model misspecification; for example, if fi, = ji,, = 0, Tp¢ then re-
duces to Ty;. Assumption 3.4.3 assumes that the outcome models are consistently estimated.

We need the following assumptions to prove the efficiency of 7p¢.

Assumption 3.4.4. (i) E[U2| X = z| is uniformly bounded away from zero for almost
all z € X and w € {0,1}.

(ii) There exists some constant k > 0 such that E[|U,|*™ | X = z| is uniformly bounded
for almost all x € X and w € {0, 1}.

(113) maxien .y 4,10 ol s bounded, where for any positive integer k, Ay is the set of all

d-dimensional vectors of nonnegative integers t = (t1,...,tq) such that 25:1 t, = k
and |-| stands for the floor function.

Assumption 3.4.5. For w € {0, 1}, the estimator [i,(x) satisfies

max |07yl = Op(1) and rtnz}\xﬂﬁtﬁw — 'y ||so = Op(n™) for all £ € [|d/2]],
SV

tEA | 4/2)+1
with some constants v,’s satisfying ~vp > % — g fort=1,2,... |d/2].

Assumption 3.4.4 is comparable to Assumption A.4 and the assumptions in Abadie and
Imbens (2011, Theorem 2). Compared with the assumptions in Abadie and Imbens (2011,
Theorem 2), Assumption 3.4.4(iii) is weaker in the sense that it only requires a finite order
of smoothness. Assumption 3.4.5 again assumes the approximation accuracy of the outcome
models, with lower convergence rates required for higher order derivatives of the outcome
models. Under some smoothness conditions on the outcome model as made in Abadie and
Imbens (2011), Assumption 3.4.5 holds using power series approximation (Abadie and Im-
bens, 2011, Lemma A.1). Lastly, compared with Chernozhukov et al. (2018), we need ap-
proximation accuracy concerning derivatives of the outcome model estimator, which is not
required in Chernozhukov et al. (2018); see Section 3.4.2 for more discussions.
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Theorem 3.4.1 below presents the double robustness and semiparametric efficiency prop-
erties of 7hf. Recall the semiparametric efficiency lower bound for estimating ATE (see Hahn

(1998)):

- DY —m(X))  (1=D)Y —m(X)) 7
0* = B|m(X) — o(X) + 0 T e ],

and introduce an estimator for o2 based on NN matching:

5 = %Zl () ~ o) + 20— 1) (14 P4 By

Theorem 3.4.1. (i) (Double robustness of Tof ) On one hand, if the distribution of (X, D,
Y) satisfies Assumptions 3.4.1, 3.4.2, either (Px|p—o,Px|p=1) or (Px|p=1,Px|p=0)
satisfies Assumption 3.8.1 in the appendiz, and Mlogn/n — 0 and M — oo as n —
0o, then T — 17 —= 0.

On the other hand, if the distribution of (X, D,Y’) satisfies Assumptions 3.4.1 and
3.4.3, then 70¢ — 1 25 0.

(ii) (Semiparametric efficiency of Thf) Assume the distribution of (X, D,Y) satisfies As-
sumptions 3.4.1, 3.4.4, 8.4.5 and either (Px|p=o,Px|p=1) or (Px|p=1,Px|p=0) sat-
i1sfies Assumption 3.8.1 in the appendiz. Define

’Yz{e;ﬁ;}m - (%‘W)%HA [“%W ’

recalling that v, ’s were introduced in Assumption 3.4.5. Then, if M — oo and M /nY —
0 as n — oo, we have /n(72s — 1) - N(0, 02).

If in addition Assumption 3.4.3 holds, then o2 L5 02

Remark 3.4.1. To be in line with the double robustness terminology, we can call As-
sumptions 3.8.1 used in Theorem 3.4.1 the “density (or propensity) model assumptions” and
Assumptions 3.4.3-3.4.5 the “outcome (or regression) model assumptions”.

Remark 3.4.2. The first part of Theorem 3.4.1(i) requires M — oo for achieving the
consistency of the propensity score model. When M is fixed and the outcome model is
misspecified, 70¢ is no longer doubly robust in the sense of Theorem 3.4.1. However, it
does not imply that 7b¢ is inconsistent for estimating 7. In fact, Abadie and Imbens (2006,
Theorem 3) showed that 7bf with a fixed M is still consistent even if we choose 7, = 0 for
w = 0,1. One can further show that 7b¢ with a fixed M is consistent as long as the outcome
models are smooth but misspecified since the matching discrepancy then converges to zero.

Remark 3.4.3. Theorem 3.4.1 has implications for practical data analysis. We discuss
two. First, it highlights the importance of allowing M to diverge in asymptotic analysis.
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Nevertheless, it is a challenging problem to choose M in finite samples. We use simulation
to illustrate the choice of M. Second, it gives an alternative variance estimator o2 for
the bias-corrected matching estimator when M diverges. Abadie and Imbens (2006) gave
another variance estimator for fixed M. While it is challenging to compare the two variance
estimators in theory, we use simulation to compare them in finite samples. See Section 3.5
for the details of simulation.

If d =1 and we pick i, = 0 for w € {0, 1}, then Assumption 3.4.5 automatically holds
and the bias-corrected estimator 7b¢ reduces to the original estimator 7j; studied in Abadie
and Imbens (2006). Theorem 3.4.1(ii) then directly implies the following corollary that
corresponds to Abadie and Imbens (2006, Corollary 1) with one key difference that M goes
to infinity here.

Corollary 3.4.1 (Semiparametric efficiency of 7); when d = 1). Assume d = 1, the dis-
tribution of (X, D,Y) satisfies Assumptions 3.4.1, 8.4.4, and either (Px|p=o,Px|p=1) or
(Px|p=1,Px|p=0) satisfies Assumption 3.8.1 in the appendiz. If M — oo and M/n% — 0
as n — 0o, then \/n(Ta — 7) — N(0, 02).

Remark 3.4.4. By picking i, = 0 for 7;, Assumption 3.4.3 is in general no longer satisfied.
Accordingly, in Corollary 3.4.1, 2 may not be a consistent estimator of o2 without additional
assumptions. However, by decomposing ¢ into the form of Theorem 1 in Hahn (1998), one
could still estimate o2 via a similar and direct way as what is outlined in Section 4 in Abadie
and Imbens (2006). We do not pursue this track in detail here as the case of d = 1 without
Assumption 3.4.3 is beyond the main scope of this manuscript.

3.4.2 A double machine learning version of the matching

Assumptions 3.4.4 and 3.4.5 enforce arguably strong requirements on the smoothness of the
outcome model. To weaken such assumptions, Chernozhukov et al. (2018) introduced the
idea of double machine learning. In this section, we consider the option to combine NN
matching with double machine learning.

Assume n is divisible by K for simplicity. Let [[;]X_, be a K-fold random partition of
[n], with each of size equal to n’ = n/K. For each k € [K] and w € {0, 1}, construct fi, (-)

using data [(X;, D;, Yj)|5_ oy, and let Ky (i) be the number of matched times for unit
by adding (X;, D;,Y;) into [(X;, Dj, Yj)5_, ;oy, - Define

n

~bc 1 ~ ~ 1 n KM,k: Z
ST S TCG o] EET D S (R
i=11€l}, i=1,i€l},,D;=1

(i) - > (e By ()]

i=1,5€l},D;=0
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for k = 1,..., K, and then define ?}ij = K ZkK:lF?;’k. We can use the same variance

estimator 62 for 7pf .
To analyze 7yf j instead of 7pf, we replace Assumptions 3.4.4 and 3.4.5 with the following
two assumptions.

Assumption 3.4.6. (i) E[U?] is bounded away from zero for w € {0,1}.
(ii) There exist some constants k > 0 such that E[|Y|**] is bounded.

Assumption 3.4.7. Forw € {0, 1}, the estimator [i, () satisfies ||fiu—pte ||oo =0p (n =4 #+24)).

Remark 3.4.5. Assumption 3.4.6 corresponds to Assumption 5.1 in Chernozhukov et al.
(2018), and is similar to Assumption 4 in Abadie and Imbens (2006). Assumption 3.4.7
assumes approximation accuracy of the outcome model under the L., norm. Abadie and
Imbens (2011) used the power series approximation (Newey, 1997) to estimate the outcome
model, which under some classic nonparametric statistics assumptions automatically satisfies
Assumption 3.4.7 (cf. Lemma A.1 in Abadie and Imbens (2011)). The same conclusion also
applies to spline and wavelet regression estimators; cf. Chen and Christensen (2015).

Remark 3.4.6. Assumption 3.4.7 assumes an approximation rate under L., norm. This is
different from the Ly norm put in Chernozhukov et al. (2018, Assumption 5.1), but can be
handled with some trivial modifications to the proof of Chernozhukov et al. (2018, Theorem
5.1) since one can replace the Cauchy—Schwarz inequality by the L;-L., Holder’s inequality.
An L;-norm bound on Ky, (i)/M, to be established in Theorem 3.8.4 in the appendix, can
then be applied directly.

Theorem 3.4.2. (i) (Double robustness of Tyf ) On one hand, if the distribution of
(X, D,Y) satisfies Assumptions 8.4.1, 3.4.2, either (Px|p=o,Px|p=1) or
(Px|p=1,Px|p=0) satisfies Assumption 3.8.1 in the appendiz, and M logn/n — 0 and
M — o0 as n — o0, then?ﬁK—TQO.

On the other hand, if the distribution of (X, D,Y) satisfies Assumptions 3.4.1 and
3.4.8, then 78« — T — 0.

(it) (Semiparametric efficiency of Tyf i) Assume the distribution of (X, D,Y) satisfies As-
sumptions 3.4.1, 8.4.6, 3.4.7 and either (Px|p=o, Px|p=1) or (Px|p=1,Px|p=0) satis-
fies Assumption 3.8.3 in the appendixz. Then if we pick M = anTha for some constant
a >0, then /n(7hx — 1) —= N(0,02).

. ~9 P
In addition, we have 62 — o2.

Remark 3.4.7. There are two parts where Theorem 3.4.2(ii) requires stronger conditions
than Theorem 3.4.1(ii). First, Theorem 3.4.2(ii) requires M to grow polynomially fast with
n, whereas Theorem 3.4.1(ii) only requires M to (i) diverge not so fast for controlling the
difference of matching units; and (ii) diverge to infinity (no matter how slowly it is) for
achieving semiparametric efficiency. The assumptions in Theorems 3.4.1(ii) and 3.4.2(ii)
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both ensure semiparametric efficiency for bias-corrected matching-based estimators. Second,
Theorem 3.4.1(ii) only requires Assumption 3.8.1 for the density model. This is again weaker
than the Lipschitz-type conditions (Assumption 3.8.3) assumed in Theorem 3.4.2(ii) but is
in line with the observations made in Abadie and Imbens (2006) and Abadie and Imbens
(2011). Of note, these relaxations are possible due to adding more smoothness assumptions
on the outcome model (Assumptions 3.4.4-3.4.5 versus Assumptions 3.4.6-3.4.7).

Remark 3.4.8. Technically, to use Chernozhukov et al. (2018)’s Theorem 5.1 to establish
Theorem 3.4.2, we need some modifications. This is because Chernozhukov et al. (2018)
considered estimating 1/e(X) and 1/(1 —e(X)) via plugging in an estimate of e(X), whereas
Thi g directly uses 14 Ky (X)/M to estimate 1/e(X) and 1/(1 — (X)) for units with D = 1
and D = 0, respectively. We elaborate the modifications in the proof of Theorem 3.4.2(ii).

3.5 Simulation

This section uses simulation to complement the theory. We consider bias-corrected matching
estimators with either a fixed or diverging M, with the asymptotic variance estimated by
either 52 or the estimator introduced in Abadie and Imbens (2006, Section 4).

The first data are from the National Supported Work (LaLonde, 1986). We use the
specific sample studied in Dehejia and Wahba (1999). The data contain 185 treated and
260 control units. To simulate data from this study, we follow the Monte Carlo simula-
tion design of Athey et al. (2024), and use the same pre-treatment variables that include
“age”, “education”, “black”, “hispanic”, “married”, “nodegree”, “re74”, and ‘“re75”. By using the
conditional Wasserstein Generative Adversarial Networks (WGAN), one could then create a
large population of observations similar to the real data, and have access to both potential
outcomes for evaluating the treatment effect. Specifically, we directly use the conditional
WGAN generated data available on the repository of Athey et al. (2024). There the pop-
ulation size is 1,000,000. For a given sample size n, we set n; = n x 185/(185 + 260) and
no = n * 260/(185 + 260), and draw samples from the generated data separately for treated
and control groups. We consider n € {600, 1200, 4800, 9600}.

The second data are from Shadish et al. (2008), which evaluated the effects of mathemat-
ical training on mathematics test performance. We use the data from the nonrandomized
arm. The data contain 79 treated and 131 control units. We use nine pre-treatment covari-
ates including “vocabulary pretest”, “mathematics pretest”, “number of prior mathematics
courses”, “caucasian”, “age”, “male”, “mother education”, “father education”, and “high school
GPA”. We follow the Monte Carlo simulation design of Athey et al. (2024) to generate new
data with population size 1,000,000. For a given sample size n, we set n; = nx79/(79+ 131)
and ng = n * 131/(79 4+ 131). Other settings are the same as those of the first data.

We consider the estimator 7pf with both fixed M € {1,4,16} and diverging M =
|an?/ @+ | of d = 4 for the first data and d = 7 for the second data; here the diverging
rate is suggested by Theorem 3.8.4. In this study, we pick a € {0.5,1,2,5,10}. Notice
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that here we choose d = 4 for the first data since in the eight pre-treatment variables there
are only four continuous variables; it is straightforward to check that the rest four binary
variables won’t affect the asymptotic properties established in this manuscript as well as
those in Abadie and Imbens (2006). We choose d = 7 for the second data based on the same
reason. For the outcome models, we consider the second order power series. The estimator’s
asymptotic variance is estimated using either o in Theorem 3.4.1(ii) (SE) or Abadie and
Imbens (2006)’s (AISE). We implement 2,000 repetitions and Tables 3.1 and 3.2 report the
calculated root-mean-squared-error (RMSE), bias, standard deviation (SD), mean-absolute-
error (MAE), and the empirical coverage rate for nominal 95% and 90% confidence intervals.
Tables 3.1 and 3.2 also provide, inside the parentheses, the root-n scaled RMSE, bias, SD,
and MAE divided by ¢*, with ¢* computed as the sample size-scaled standard deviation of
7r¢ with the sample size chosen to be 100,000, o = 1, and 2,000 Monte Carlo repetitions.
Here we use the value (0*)? to approximate the semiparametric efficiency lower bound if the
assumptions in Theorem 3.4.1 hold.
For the first data, two observations are in-line.

1. Regardless of which n is chosen, picking M = |an?(*9)| with a set to be 1 nearly
always achieves the smallest SD, RMSE, and MAE. The simulation results thus support
our recommendation to increase M for achieving better statistical performance.

2. Although consistency is established under different requirements for M, the two consid-
ered asymptotic variance estimators (SE and AISE) both yield good empirical coverage
rates. The coverage rates are both very close to the nominal ones when n is large and
there is not much difference between the two.

Some similar observations can be found for the second data. Notably, although picking
M = |an¥?*+9) | with o = 1 is not achieving the smallest RMSE this time, its RMSE is very
close to the smallest. However, for the second data, AISE yields generally better coverage
rates than SE, although SE’s coverage rates are improving as n increases.

To conclude, the simulation results generally support (a) increasing M with the sample
size n for minimizing the RMSE; and (b) exploiting Abadie and Imbens (2006)’s approach
to estimating the asymptotic variance of 7bf. For choosing the M, the simulation results
favor M = |an?®+9 | with « selected to be 1, while calculating the theoretically optimal o
is believed to be difficult and also is beyond the scope of this manuscript.

The codes to reproduce all the simulation results presented in this section are available
on https://github.com/zhexiaolin /Estimation-based-on-nearest-neighbor-matching.

3.6 Some final remarks

Some alternative matching estimators can also achieve double robustness or semiparametric
efficiency. Yang and Zhang (2023) proposed to use the NN matching based on the propen-
sity score (Rosenbaum and Rubin, 1983b; Abadie and Imbens, 2016) and the prognostic
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Table 3.1: Simulation results, Lal.onde (1986), o* = 9.55.

95%Coverage 90%Coverage

SE  AISE SE AISE
0.930 0.913 0.868 0.858
0.926 0.911 0.862 0.847
0.931 0.913 0.873 0.858
0.926 0.911 0.862 0.847
0.928 0.911 0.864 0.845
0.931 0.913 0.873 0.858
0.948 0.927 0.891 0.869
0.947 0.926 0.901 0.882
0.939 0.941 0.886 0.890
0.934 0.936 0.884 0.887
0.939 0.940 0.887 0.889
0.940 0.942 0.882 0.883
0.941 0.943 0.882 0.884
0.939 0.939 0.886 0.887
0.950 0.950 0.898 0.895
0.955 0.956 0.908 0.907
0.949 0.948 0.900 0.901
0.951 0.951 0.897 0.897
0.952 0.950 0.903 0.903
0.949 0.948 0.899 0.899
0.952 0.950 0.903 0.903
0.953 0.953 0.906 0.907
0.957 0.957 0.906 0.903
0.958 0.958 0.909 0.910
0.951 0.952 0.897 0.896
0.950 0.950 0.901 0.901
0.948 0.948 0.902 0.902
0.953 0.951 0.904 0.905
0.950 0.950 0.904 0.903
0.954 0.953 0.906 0.906
0.951 0.950 0.899 0.898
0.951 0.951 0.899 0.900

n M RMSE Bias SD

600 M =1 1.055(2.71) -0.039(-0.10) 1.054(2.70
M =4 1.043(2.68) -0.038(-0.10) 1.042(2.67
M =16 1.037(2.66) -0.027(-0.07) 1.036(2.66
a = 0.5 1.043(2.68) -0.038(-0.10) 1.042(2.67
a=1 1.039(2.67) -0.034(-0.09) 1.039(2.67

)

)

)

)

=
>
&

0.469
0.442
0.435
0.442
0.437
0.435
0.434
0.433
0.272
0.248
0.244
0.247
0.244
0.244
0.246
0.245
0.129
0.118
0.116
0.117
0.116
0.116
0.116
0.117
0.092
0.084
0.082
0.082
0.082
0.082
0.083
0.084

1.20
1.13
1.12
1.13
1.12
1.12
1.11
1.11
0.99
0.90
0.88
0.90
0.89
0.89
0.89
0.89
0.94
0.86
0.84
0.85
0.84
0.84
0.84
0.85
0.94
0.86
0.84
0.85
0.84
0.84
0.85
0.87

a=2 1.037(2.66) -0.027(-0.07) 1.036(2.66
a=25 1.037(2.66) -0.022
a =10 1.037(2.66) -0.058
1200 M =1 0.341(1.24) -0.001
M =4 0.310(1.12) 0.002(0.01) 0.310(1.12
M =16 0.305(1.11) 0.014(0.05) 0.305(1.11
a=10.50.309(1.12) 0.003(0.01) 0.309(1.12
a=1 0.305(1.11) 0.008(0.03) 0.305(1.11
a =2 0.306(1.11) 0.018(0.06) 0.305(1.11

)

)

0.06) 1.037(2.66

0.15) 1.036(2.66

0.00) 0.341(1.24

(
( (- (
( (- (
( (- (
( (- (
( (- (
( (- (
( (- (
( (- (
( ( (
( ( (
( ( (
( ( (
( ( (
a =5 0.307(1.11) 0.029(0.10) 0.306(1.11
a =10 0.307(1.11) 0.020(0. 07 0.306(1.11
4800 M =1 0.163(1.18) -0.001(-0.01) 0.163(1.18
M =4 0.149(1.08 (-0. (
M =16 0.145(1.05 ( (
a = 0.5 0.146(1.06 (- (
a=1 0.145(1.05 ( (
a=2 0.145(1.05 ( (
a=5 0.145(1.05 ( (
a =10 0.147(1.06 ( (
9600 M =1 0.115(1.18 (- (
M =4 0.106(1.08 (- (
M =16 0.103(1.06 (- (
a =0.5 0.104(1.07 (- (
a=1 0.103(1.06 (- (
a=2 0.103(1.05 ( (
a=5 0.104(1.07 ( (
( ( (

a =10 0.106(1.09

-0.000(-0.00) 0.149(1.08
0.001(0.01) 0.145(1.05
-0.000(-0.00) 0.146(1.06
0.001
0.006
0.017
0.027
-0.003
-0.002
-0.001
-0.001
-0.001
0.001
0.010
0.020

1) 0.145(1.05
4) 0.144(1.05
2) 0.144(1.05
9)

0.0
0.0
0.1
0.19) 0.144(1.05

0.03) 0.115(1.18
0.02) 0.105(1.08
0.01) 0.103(1.06
)
)

0.01
0.01

0.104(1.07
0.103(1.06
0.02) 0.103(1.05
0.11) 0.103(1.06
0.20) 0.104(1.07
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Table 3.2: Simulation results, Shadish et al. (2008), o* = 3.85.

95%Coverage 90%Coverage
SE  AISE SE AISE
0.879 0.942 0.806 0.888
0.879 0.926 0.799 0.875
0.865 0.921 0.785 0.866
0.875 0.932 0.799 0.880
0.879 0.926 0.799 0.875
0.870 0.922 0.798 0.866
0.863 0.922 0.780 0.863
0.856 0.924 0.780 0.864
0.905 0.948 0.840 0.893
0.898 0.934 0.822 0.879
0.892 0.931 0.818 0.878
0.898 0.943 0.836 0.885
0.898 0.934 0.822 0.879
0.896 0.934 0.819 0.877
0.889 0.932 0.816 0.875
0.880 0.930 0.799 0.876
0.918 0.943 0.858 0.890
0.912 0.939 0.839 0.877
0.902 0.926 0.825 0.865
0.918 0.941 0.844 0.876
0.908 0.933 0.838 0.870
0.902 0.930 0.829 0.865
0.895 0.920 0.824 0.861
0.891 0.916 0.819 0.858
0.923 0.940 0.864 0.886
0.920 0.933 0.853 0.881
0.910 0.928 0.847 0.869
0.922 0.938 0.856 0.882
0.916 0.934 0.851 0.872
0.912 0.929 0.847 0.869
0.902 0.922 0.842 0.862
0.897 0.916 0.829 0.860

n M RMSE Bias SD MAE

600 M =1 0.190(1.21) 0.005(0.03) 0.190(1.21) 0.152(0.97
M =4 0.182(1.16) 0.007(0.04) 0.182(1.16) 0.144(0.92
M = 16 0.180(1.14) 0.011(0.07) 0.179(1.14) 0.143(0.91
a = 0.5 0.185(1.18) 0.006(0.04) 0.185(1.18) 0.147(0.94

a=1 0.182(1.16) 0.007(0.04) 0.182(1.16) 0.144(0.92
a=2 0.180(1.15) 0.009(0.06) 0.180(1.14) 0.143(0.91
a=5 0.179(1.14) 0.012(0.07) 0.179(1.14) 0.143(0.91
a =10 0.179(1.14) 0.012(0.08) 0.179(1.14) 0.142(0.91

1200 M =1 0.130(1.17) 0.006(0.05) 0.129(1.16) 0.103(0.93
M =4 0.123(1.11) 0.008(0.07) 0.123(1.11) 0.098(0.88
M =16 0.122(1.09) 0.013(0.12) 0.121(0.19) 0.097(0.87
a = 0.5 0.125(1.13) 0.008(0.07) 0.125(1.13) 0.100(0.90

a=1 0.123(1.11) 0.008(0.07) 0.123(1.11) 0.098(0.88
a =2 0.122(1.10) 0.011(0.10) 0.121(1.09) 0.097(0.87
a=5 0.122(1.10) 0.015(0.13) 0.121(1.09) 0.097(0.87
a =10 0.121(1.09) 0.017(0.16) 0.120(1.08) 0.097(0.87
4800 M =1 0.064(1.15) 0.006(0.11) 0.063(1.14) 0.051(0.91
(1.09) ( (

(1.08) ( (

(1.09) ( (

(1.08) ( (

(1.08) ( (

(1.08) ( (

(1.09) ( (

(1.14) ( (

(1.07) ( (

(1.06) ( (

(1.08) ( (

(1.06) ( (

(1.06) ( (

(1.07) ( (

(1.08) ( (

M =4 0.060(1.09) 0.007(0.12) 0.060(1.08) 0.048(0.87
M =16 0.060(1.08) 0.009(0.17) 0.059(1.07) 0.048(0.86
a = 0.5 0.061(1.09) 0.006(0.12) 0.060(1.09) 0.048(0.87
a=1 0.060(1.08) 0.007(0.13) 0.060(1.07) 0.048(0.86
a =2 0.060(1.08) 0.009(0.16) 0.059(1.07) 0.048(0.86
a=1>5 0.060(1.08) 0.012(0.21) 0.059(1.06) 0.048(0.86
a =10 0.060(1.09) 0.015(0.26) 0.059(1.05) 0.048(0.87
9600 M =1 0.045(1.14) 0.005(0.14) 0.044(1.13) 0.036(0.91
M =4 0.042(1.07) 0.006(0.15) 0.042(1.06) 0.034(0.86
M =16 0.042(1.06) 0.008(0.20) 0.041(1.04) 0.033(0.85
a = 0.5 0.042(1.08) 0.006(0.15) 0.042(1.06) 0.034(0.86
a=1 0.042(1.06) 0.006(0.16) 0.041(1.05) 0.033(0.85
a =2 0.042(1.06) 0.008(0.20) 0.041(1.04) 0.033(0.85
a =25 0.042(1.07) 0.010(0.25) 0.041(1.04) 0.034(0.86
o =10 0.042(1.08) 0.012(0.31) 0.041(1.03) 0.034(0.86

e e e e e e e e e e e e e e e e e e e e e e e e e N S N S N S |
e e L L L L i L N N N N N N T L T D N N N T LT LN e N e N T T T TN
N N S e e S e S e e e e e e e e e S e e e e e e S e e e S S S
e e e e e e e e e e e e e e e e e e e e e e e e e e S S S S S |
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score (Hansen, 2008) simultaneously, and established the double robustness of the result-
ing matching estimator. They focused on fixed M, and consequently, their estimator did
not achieve semiparametric efficiency. Wang and Zubizarreta (2023) proposed a matching
method based on integer programming to ensure global balance of the covariates, and estab-
lished the efficiency of the resulting difference-in-means estimator. They focused on fixed M,
and even with fixed M, their integer programming problem was computationally challenging
compared with NN matching.

There are three additional questions addressed in Abadie and Imbens (2006, 2012). First,
estimation of the average treatment effect on the treated (ATT) can be incorporated in the
double robustness and double machine learning framework (Theorem 3.4.2) and matching
framework (Theorem 3.4.1(ii)) in a similar way. Second, asymptotic normality (with an
additional asymptotic bias term) of T); in general d can be established as Theorem 3.4.1(ii).
Third, unbalanced designs with ny much larger than n; cannot be incorporated in the double
robustness and double machine learning framework, but can be studied in the same way as
Theorem 3.4.1(ii).

3.7 Density ratio estimation I: computation
Additional notation. For any two real sequences {a,}>2 ;and {b,}32 ,, write a,, < b, (or
equivalently, b, = a,) if there exists a universal constant C' > 0 such that a,/b, < C for
all sufficiently large n, and write a,, < b, (or equivalently, b, > a,) if a,,/b, — 0 as n goes
to infinity. We write a,, < b, if both a,, < b, and b, < a, hold. We write a,, = O(b,,) if
lan| < b, and a, = o(by,) if |a,| < b,. Denote the closed ball in R? centered at z with radius
0 by B,s. In the sequel, let ¢, C,C",C",C", ... be generic positive constants whose actual
values may change at different locations.

This section discusses implementation and establishes Property (P1) for the proposed

estimator 7/(+). To this end, we separately discuss two cases:
Case I: estimating only the values of 7)/(+) at the observed data points X7, ..., Xn,;

Case II: estimating the values of 7)/(+) at both the observed data points X7, ..., Xy,
and n new points z1,...,z, € R

Case I. In many applications, we are only interested in a functional of density ratios
at observed sample points, i.e., the values of ®({r(X;)}9) for some given functions ®
defined on R™. Check, e.g., in a slightly different but symmetric form — (3.3.3) for such
an example on ATE estimation. To this end, it is natural to consider the plug-in estimator
@ ({7ar (X))} ), for which it suffices to compute the values of {7as(X;)}X,.

Built on the k-d tree structure (Bentley, 1975) for tracking NNs, Algorithm 1 below out-
lines an easy to implement algorithm to simultaneously compute all the values of {7, (X;)}2°,.
This algorithm could be regarded as a direct extension of the celebrated Friedman-Bentley-
Finkel algorithm (Friedman et al., 1977) to the NN matching setting.
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Algorithm 1: Density ratio estimators at sample points.
Input: {X;}Y°, {Z;}},, and M.

=17
Output: {7 (X;)}2.
Build a k-d tree using {X;}°,;
for j=1:N; do
Search the M-NNs of Z; in {X;}% using the k-d tree;
Store the indices of the M-NNs of Z; as S;;

Count and store the number of occurrence in Ujvzll S; for each element in [Ny],
which is then { K (X;)}N;
Obtain {7;(X;)}°, based on (3.2.4).

Case II. Suppose we are interested in estimating density ratios at both the observed
and n new points in R?. A naive algorithm is then to insert each new point into observed
points and perform Algorithm 1 in order. However, this algorithm is not ideal as the corre-
sponding time complexity would be n times the complexity of Algorithm 1, which could be
computationally heavy with a large number of new points.

Instead, we develop a more sophisticated implementation. Let the new points be {x;}I ;.
Algorithm 2 computes all the values of {7y (2;)}, as well as {7a;(X;)}Y?. The key mes-
sage delivered here is that, compared with the aforementioned naive implementation, in
Algorithm 2 we only need to construct one single k-d tree; the matching elements are then
categorized to two different sets, corresponding to those with regard to X;’s and x;’s, sepa-
rately. Such an implementation is thus intuitively much more efficient.

Theorem 3.7.1 below elaborates on the computational advantage of the proposed estima-
tor.

Theorem 3.7.1. (1) The average time complezity of Algorithm 1 to compute all the values
Of {?M(X,) Z]'V:O1 18 O((d + NlM/No)NO 10g N()) .

(2) Assume [z;]7, are independent and identically distributed (i.i.d.) following vy and are
independent of [Xz]f\fl Then the average time complexity of Algorithm 2 to compute all

the values of {Tas(z:)¥7_, and {Far(X;)IY0, s O ((d + N1 M /Ny)(No + n) log(No + n)) .

Remark 3.7.1 (Comparison to non-NN-based estimators). Assuming Ny < N; < N, it is
worth noting that optimization-based methods are commonly of a time complexity O(N?) if
not worse (Noshad et al., 2017). They are thus less appealing in terms of handling gigantic
data as was argued in, e.g., astronomy (Lima et al., 2008; Kremer et al., 2015) and big text
analysis (Borgeaud et al., 2022) applications.

Remark 3.7.2 (Comparison to the two-step NN-based density ratio estimator). Regarding
Case I, a direct calculation yields that the time complexity of the simple two-step NN-
based method, which separately estimates f; and f; based on individual M-NN density
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Algorithm 2: Density ratio estimators at both sample and new points.
Input: {X;}Y, {Z;}¥ 21, M, and new points {z;}7,.
Output: {7 (X;)}, and {TM( i) st
Build a k-d tree using {X;}X, U {z;}7;
for j=1:N; do

Set S; and S} be two empty sets;

m <+ 1;

while |S;| < M do

Search the m-th NN of Z; in {X;}Y° U {x;}7;

if the m-th NN of Z; is in {X;}1°, then
‘ add the index into Sj;

else
L add the index into S]’-;

| m<<—m+ 1
Store the indices sets .S; and S’f

Count and store the number of occurrence in U S; for each element in [Ny],

which is then {Kj;(X;)}~°. Count and store the number of occurrence in [ J =1 5]

for each element in [n], Wthh is then { Ky (x;) e y;

Obtain {7 (X))}, and {7y (z;)}7, based on (3.2.4).

estimators, is O(dNylog Ny + dN;ylog Ny + NoM log Ny + NoM log Ny). It is thus of the
same order as Algorithm 1 when N; < Ny, while computationally heavier when N; <
Ny. Regarding Case II, the time complexity of the simple two-step NN-based method is
O(dNylog Ny + dNylog Ny + (No + n)M log Ny + (No + n)M log Ny). Thus, if n is of less or
equal order of Ny, it is of the same order when N; =< Ny, while computationally heavier than
Algorithm 2 when Ny < Nj.

Remark 3.7.3 (Comparison to the one-step NN-based density ratio estimator in Noshad
et al. (2017)). To estimate f-divergence measures, Noshad et al. (2017) constructed another
one-step NN-based estimator admitting the simple form: 7,(z) = (No/N1)(M;/(N; + 1)),
where A and M, are the numbers of points in {X;}Y° and {Z;})}, among the M NNs
of z; cf. Noshad et al. (2017, Equ. (20)). For Case I, its time complexity is O(d(Ny +
Ny)log(No + Ny) + NoM log(Ny + Ny)); while for Case 11 it is O(d(Ny + Ny) log(No + Nyp) +
(No + n)M log(Ny + Ny)). Both are at the same order as the naive NN-based one, but
unlike the naive approach, this estimator is indeed one-step. However, it is still theoretically
unclear if this estimator is statistically efficient; see Remark 3.8.4 ahead for more details.
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3.8 Density ratio estimation II: theory

This section introduces the theory for density ratio estimation based on NN matching. To
this end, before establishing detailed theoretical properties (e.g., consistency and the rate
of convergence) for 7,(-), we first exhibit a lemma elaborating on the (asymptotic) LP
moments of v4(Ay(z)), the v-measure of the catchment area. This novel result did not
appear in Abadie and Imbens’s analysis. It is also of independent interest in stochastic and
computational geometry in light of Remark 3.2.1.

Lemma 3.8.1 (Asymptotic LP? moments of catchment areas’s vj-measure). Assuming
Mlog No/Ny — 0 as Ny — 00, we have limpy,_o0o(No/M)E[v1 (A (2))] = r(z) holds for
vo-almost all x. If we further assume M — oo, then for any positive integer p, we have
lim N, oo (No/M)PE[VY (Apr ()] = [r(2)]P holds for vo-almost all .

Remark 3.8.1 (Relation to the measure of Voronoi cells). When M = 1 and vy = vy,
the measure of catchment areas reduces to the measure of Voronoi cells as pointed out in
Remark 3.2.1. Interestingly, in the stochastic geometry literature, Devroye et al. (2017)
studied a related problem of bounding the moments of the measure of Voronoi cells (cf.
Theorem 2.1 therein). Setting M = 1 and vy = v; in the first part of Lemma 3.8.1 and
recalling Remark 3.2.1, we can derive their Theorem 2.1(i). On the other hand, Devroye et al.
(2017, Theorem 2.1(ii)) showed that when vy = vy, p = 2, and d < 3, (M Ny )?E[v (A (z))]
converges to 1 whereas NJE[vZ(A;(z))] does not; cf. Devroye et al. (2017, Section 4.2). This
supports the necessity of forcing M — oo for stabilizing the moments of 7,(+).

3.8.1 Consistency

We first establish the pointwise consistency of the estimator 7y,(x) for r(z). This requires
nearly no assumption on 1y, v; except for those made at the beginning of Section 3.2, in line
with similar observations made in NN-based density estimation (Biau and Devroye, 2015,
Theorem 3.1).

Theorem 3.8.1 (Pointwise consistency). Assume M log No/No — 0 as Ny — oo.

(i) (Asymptotic unbiasedness) For vo-almost all x, we have limy, o E[Ty(2)] = r(z).

(i1) (Pointwise L, consistency) Let p be any positive integer and assume further that
MN;/Ny — o0 and M — oo as Ny — oo. Then for vy-almost all x, we have
lim ny o0 B[|Par(z) — r(z)|P] = 0.

For evaluating the global consistency of the estimator, on the other hand, it is necessary
to introduce the following (global) L, risk:

p

L, risk = EH?M(X) — r(X) Pule) — @) fole)dz,

Xl,...,XNO,Zl,...,ZNl] :/
Rd
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where X is a copy drawn from vy that is independent of the data. For the L, risk consistency
of the estimator, we impose conditions on vy and 14 further as follows.

Define the supports of vy and v; as Sy and S;, respectively. For any set S C R¢, define
the diameter of S as diam(S) = sup, ,c¢l|z — 2||.

Assumption 3.8.1. (i) vy, 1 are two probability measures on RY, both are absolutely con-
tinuous with respect to A, and vy is absolutely continuous with respect to vy.

(ii) There exists a constant R > 0 such that diam(Sy) < R.

(iii) There exist two constants fr, fu > 0 such that for any x € Sy and z € Sy, fr < fo(z) <
fv and fi(z) < fu.

(iv) There exists a constant a € (0,1) such that for any 6 € (0,diam(Sy)] and z € S,
A(B.sNSy) > aX(B.s), recalling that B, s represents the closed ball in R with center
at z and radius 9.

Remark 3.8.2. Assumption 3.8.1 is standard in the literature for establishing the global
consistency of density ratio estimators. The regularity conditions on the support ensure that
the angle of the support is not too sharp, which trivially hold for any d-dimensional cube.
These conditions were also enforced in Nguyen et al. (2010, Theorem 1), Sugiyama et al.
(2008, Assumption 1), Kpotufe (2017, Definition 1), among many others.

We then establish the L, risk consistency of the estimator via the Hardy-Littlewood
maximal inequality (Stein, 2016); cf. Lemma C.3.2 in the online appendix. Of note, this
inequality was used in Han et al. (2020) in a relative manner in order to study the information-
theoretic limit of entropy estimation.

Theorem 3.8.2 (L, risk consistency). Assume the pair of vy, v satisfies Assumption 3.8.1.
Let p be any positive integer. Assume further that M log No/Ng — 0, M N1/Ny — oo, and
M — o0 as Ny — oo. We then have

lim E[ /
No—o00 R4

As a direct corollary of Theorem 3.8.2, one can obtain the limit of any finite moment
of v1(Apn(-)) with a random center. This can be regarded as a global extension to Lemma
3.8.1.

) — r(x)‘p fo(m)dx] —0.

Corollary 3.8.1. Assume the same conditions as in Theorem 3.8.2. We then have

limn, oo (No/M)PE[VY (Ap (W) = E([r(W)]P), where W follows an arbitrary distribution
that 1s absolutely continuous with respect to vy and has density bounded above and below by
two positive constants. In particular, it holds when W is drawn from vyg.
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3.8.2 Rates of convergence

In this section, we establish the rates of convergence for 7(x) under both pointwise and global
measures. We first consider the pointwise mean square error (MSE) convergence rate and
show that 7y,(-) is minimax optimal in that regard. In the sequel, we fix an z € R? and
consider the following local assumption on (vg, 7).

Assumption 3.8.2 (Local assumption). (i) vy, vy are two probability measures on RY,
both are absolutely continuous with respect to X, and vy is absolutely continuous with
respect to 1.

(i1) There exist two constants fr, fu > 0 such that fo(z) > fr and fi(z) < fu.

(i1i) There exists a constant § > 0 such that for any z € B, s, | fo(x)—fo(2)|V]fi(x)—fi(z)| <
L||z — z|| for some constants L > 0.

Define the following probability class
Pop(fr, fu,L,d,0) = {(l/o, v1) : Assumption 3.8.2 holds}.

The following theorem establishes the uniform pointwise convergence rate of 7;(+).

Theorem 3.8.3 (Pointwise rates of convergence). Assume M log No/No — 0 and
M/log Ny — 00 as Ny — oo. Consider a sufficiently large Ny.

(i) Asymptotic bias:

. MN\1/d
sup B[ @) - @) <o(3)
(v0,11)E€Pap(fL,fur,L,d,5) No

where C' > 0 s a constant only depending on fr, fu, L, d.
Further assume M Ny /Ny — 00 as Ny — 00.

(ii) Asymptotic variance:

sup Var [?M(x)} < O/Ki) - ( a ﬂ’

(v0.1)€Pap (fLf L) M MN,

where C' > 0 is a constant only depending on fr, fu.
(i1i) Asymptotic MSE:

~ 2 7 M 2/d 1 NO
sup Elry(z) —r(x SC[(—) —I—(—)-I—( )},
(v0,v1)EPz,p(fL,fu,L,d,0) [ M( ) ( )} NO M MNl

where C" > 0 is a constant only depending on fr, fu, L,d.

_d
Further assume Ny ***log Ng — 0 as Ny — co.
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2 _
w) Fiz oo > 0 and take M = o - {N;* V (NogN, ***)}. We have
0 1

sup E[Far(z) — r(2)]* < C"(Ng A Ny) 754, (3.8.1)
(v0,v1)€Pa,p(fL,fu,L,d,0)

where C"" > 0 is a constant only depending on fr, fu, L,d, «.

The final rate of convergence in (3.8.1) matches the established minimax lower bound in
Lipschitz density function estimation (Tsybakov, 2009, Section 2). By some simple manip-
ulation, the argument in Tsybakov (2009, Exercise 2.8) directly extends to density ratio as
the latter is a harder statistical problem (Kpotufe, 2017, Remark 3). This is formally stated
in the following proposition.

Proposition 3.8.1 (Pointwise MSE minimax lower bound). For sufficiently large Ny and
Nl;
inf sup E[F(z) — r(z)]
" (vo,v1)€Pa,p(fL.fu,L,d,0)
where ¢ > 0 is a constant only depending on fr, fu, L,d and the infimum is taken over all
measurable functions.

We then move on to the global risk and study the rates of convergence in this regard. To
this end, a global assumption on (v, 1) is given below.

Assumption 3.8.3 (Global assumption). (i) vy, 1 are two probability measures on R?,
both are absolutely continuous with respect to X, and vy is absolutely continuous with
respect to vy.

(ii) There exists a constant R > 0 such that diam(Sy) < R.

(11i) There exist two constants fr, fy > 0 such that for any x € Sy and z € Sy, fr < fo(x) <
fu and fi(2) < fu.

(iv) There ezists a constant a € (0,1) such that for any 6 € (0,diam(Sy)] and any z € Sy,
)\(BZ’(; N SO) > CL)\(BZ’(;).

(v) There ezists a constant H > 0 such that the surface area (Hausdorff measure, Evans
and Garzepy (2018, Section 3.3)) of Sy is bounded by H.

(vi) There exists a constant L > 0 such that for any x,z € Sy, |fo(x) — fo(2)| V |fi(x) —
hH2)] < Lljz = =]

Remark 3.8.3. Assumption 3.8.3 is standard in the literature for establishing the global
risk of density ratio estimators; similar assumptions were made in Zhao and Lai (2022,
Assumption 1) and Zhao and Lai (2020, Assumption 1). Note that the regularity conditions
on the support automatically hold for d-dimensional cubes, and the restriction on the surface
area is added to control the boundary effect on NN-based methods.
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Define the following probability class
Py(fr, fu,L.d,a,H,R) = {(VQ,Vl) : Assumption 3.8.3 holds}. (3.8.2)

The next theorem establishes the uniform rate of convergence of 7(-) within the above prob-
ability class under the L; risk. This rate is further matched by a minimax lower bound
derived in Theorem 1 of Zhao and Lai (2022) using similar arguments as in the pointwise
case.

Theorem 3.8.4 (Global rates of convergence under the L; risk). Assume M log Ny/Ny — 0,
M /log Ny — 0o, MN1/Ng — o0 as Ng — oo. Consider a sufficiently large Ny.

(i) We have the following uniform upper bound,

sup B[ [ ) - r(@)
(1/0,1/1)EPg(fL,fU,L,d,a,H,R) R4

<[(%)"+ ()" + Gw)

where C' >0 s a constant only depending on fr, fu,a, H, L, d.
(i1) Further assume N, = log No = 0 as Ny — o0, fix a > 0, and take M = « - {N2+d
(NoNy 2+d)} We then have

sup E [ /
(vo,v1)€Pe(fL.fU,L,d,a,H,R) Rd

where C' > 0 is a constant only depending on fr, frr,a, H, L, d, c.

fola)da]

() — 7’(x)‘fo(x)d:v} < C'(Ng A Ny) 74,

Proposition 3.8.2 (Global minimax lower bound under the L; risk). If a is sufficiently
small and H, R are sufficiently large, then for sufficiently large Ny and Ny,

inf sup E[ /
" (vo1)€Ps(fr.fu Ldya, H,R) R?

where ¢ > 0 is a constant only depending on fr, fu, L,d and the infimum is taken over all
measurable functions.

Hx) — r(x)( fo(x)dx} > ¢(Ng A Ny )5,

Remark 3.8.4 (Comparison to the one-step estimator in Noshad et al. (2017)). The estima-
tor introduced in Remark 3.7.3 by Noshad et al. (2017) is, to our knowledge, the only alterna-
tive density ratio estimator in the literature that is able to attain both the property (P1) and
being one-step. However, the arguments in Noshad et al. (2017, Section III) can only yield
the bound E[7),(z) — r(x)}z < (M/No)Ve + M~ for (vo,v1) € Pop(fr, fu, L,d, ). This is
via Equ. (21) therein, de-poissonizing the estimator, and further assuming N; /N, converges
to a positive constant. The above bound is strictly looser than the bound (M /Ny)? ¢+ M~}
for 75/(+) shown in Theorem 3.8.3. However, it seems mathematically challenging to improve
their analysis and accordingly, unlike 7(-), it is still theoretically unclear if the estimator
7y () is a statistically efficient density ratio estimator.
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3.9 Proofs of the results in Sections 3.3 and 3.4

3.9.1 Proof of Lemma 3.3.1
Proof of Lemma 3.5.1. By simple algebra, we have

1 1 ~ ~
= Vi S0 05+ Aol(X0) — (X))
i=1,D;=1 JEITM (i)
J—— 1 N .
- Y [ S G m) - X)) - Y]
i=1,D;=0 JEITM (3)
I &K 5 . 1 5
—= R+ m(X) —folX) -~ 37 > Ryl
i=1,D;=1 JEITnm(4)
LS LS R R () - ()]
n M Y PR T
i=1,D;=0 J€EIM (Z)
LA R 17 Ku(\s _ \ USTIOAY=
S T w3 (1 KeOyg s (1 Bl
=3 (X - n(x)| + Lt )R TRVA
i1 i=1,D;=1 i=1,D,;,=0
This completes the proof. =

3.9.2 Proof of Theorem 3.4.1

Proof of Theorem 5.4.1 (i). Part I. Suppose the density function is sufficiently smooth. For
any i € [n], let R; =Y; — ip,(X;). From (3.3.3),

sho _ pren % [iDi(l N Kz]@(i)ﬁi - Xn:a -~ D,»)(1 + KM(z'))fzz-]

L > ()~ m(x)] - & [7(X:) = fio(X:)|
. _g(zpz (1 B (i 0) — i ()]
+ iDZ@ R L ;“ -0y S - )R
S G men - 0 (1 T )
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T [Zl Xy Zl T(X)Y] (3.9.1)

For each pair of terms, we only establish the first half part under treatment, and the
second half under control can be established in the same way.
For the first term in (3.9.1),

‘% i [ﬁl(Xz‘) - /h(Xz‘)} ’ < ||y = firllos = op(1). (3.9.2)
For the second term in (3.9.1),
)% i Di<1 T %@)) (ﬁl(Xi) - /71(X¢)>‘

PO [ Kul(i PO
<l — s 301+ B i = (1), (3.9
=1

where the last step is due to > | D; Ky (1) = noM.

Notice that from Assumption 3.4.1 (i), Px|p=¢ and Px|p—; share the same support,
and their densities are both bounded and bounded away from zero as long as one is. Then
(Px|p=0,Px|p=1) and (Px|p=1,Px|p=o) both satisfy Assumption 3.8.1 as long as one sat-
isfies. For the third term in (3.9.1), by Theorem 3.8.2,

h

(ELS om0 50 L[y < (oo S Ly
e

<B[1+ K;(’j o i =1+ S - T BP0 - )
<B[1+ £0 _ e&i)]zE[a%(Xi) (%) - m(X0)2] = of0), (3.9.4)

where o%(x) = E[UZ| X = z] for z € X,
For the fourth term in (3.9.1), notice that

n

B3 (1- 2o

and
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Then
—Z (1= 25 ) (%) = on() (3.9.5)

For the fifth term in (3.9.1), notice that E[YQ] are bounded and [(X;, D;, Y;)|, are i.id..
Using the weak law of large numbers yields

%[i %Yi - i %&)Y] S B[Y(1) - Yi(0)] =7 (3.9.6)

Plugging (3.9.2), (3.9.3), (3.9.4), (3.9.5), (3.9.6) into (3.9.1) completes the proof.
Part II. Suppose the outcome model is correct. By (3.3.3),

?]?;:Areg_i_ [ZD(l—i— ]\;Z >Rl Xn:(l—Dz)(l—kKﬂj\/fjl))ﬁz}

1=

n

1=

+;[im-n<l+Kxf>><mz-<xi>—ﬂa<x»>]

3

[y

+ %[2; Di(1+ Kﬂ@) (V- m(x) - éu - Dy)(1+ Kﬁ”) (i = mo(X0)) |
+ %i [M(Xz') - Mo(Xi)]‘ (3.9.7)

For the first term in (3.9.7),
1~ [~ -
=D (X)) = (X || < i — mllee = op(1). (3.9.8)
[
For the second term in (3.9.7),
1 — K (4) N
’ﬁ ;Di<1 7 ) (Ml(Xi) - ,UI(XZ')>‘

. 1< K (i -
<l — mallor 3D (14 FHDY e = op(1). (3:9.)
=1

For the third term in (3.9.7), noticing that Ky (-) is a function of (Xi,...,X,) and
(D1, ...,D,), we can obtain

1< K (i)
E[— Di<1 —)(Yi— Xi>’X,...,Xn,D,...,Dn —0.
n; + M M1( ) 1 1
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By a martingale representation (Abadie and Imbens, 2012) and then the martingale
convergence theorem (which holds for both fixed and diverging M), we obtain

% gDi<1 + KAX;”) (Yz’ - Ml(Xi>> = op(1). (3.9.10)

For the fourth term in (3.9.7), notice that E[u2(X)] is bounded for w € {0,1}. Using the
weak law of large number, we obtain

1 n
=3 [0 = o(X0)| 2 B[ (X0) = ()] = 7. (3:9.11)
i=1
Plugging (3.9.8), (3.9.9), (3.9.10), (3.9.11) into (3.9.7) completes the proof. O

Proof of Theorem 3.4.1 (ii). For w € {0,1} and m € [M]), let j,, (i) represent the index of
mth-NN of X in {X; : D; = 1 — D;}7_,, ie., the index j € [n] such that D; = 1 — D;
and Y3, 5y p, L(IIXe — Xi| < [|X; — Xil]) = m. With a little abuse of notation, let
& = Y; — up,(X;) for any i € [n]. By the definition of 75§ in (3.3.3), we can verify the
decomposition 7°¢ = 7(X) + Ey + By — By, where

M) = )~ ()
B = 23200 1[4 3 (i X0 = o )]
Bu = % <2Di—1>[§m§ijl (-0, (X) — -, (X)) |

We have the following central limit theorem on 7(X) + F)y;.
Lemma 3.9.1. /no~2(7(X) + Ey — 7) =5 N(0,1).

For the bias term By, — By, define U, ; = X,y — X for any i € [n] and m € [M]. We
then have the following lemma bounding the moments of Ujy;.

Lemma 3.9.2. Let p be any positive integer. Then there exists a constant C, > 0 only
depending on p such that for any i € [n] and M € [ni_p,], E[||Un;llP | D1,...,Dy] <
Cy(Mms—p, .

In light of the smoothness conditions on p, and approximation conditions on ji, for
w € {0, 1}, we can establish the following lemma using Lemma 3.9.2.
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Lemma 3.9.3. \/n(By — By) -2 0.
Combining Lemma 3.9.1 and Lemma 3.9.3 completes the proof. O

Proof of Theorem 3.4.1(i1), consistency of 2. By definition, we can verify the decomposi-
tion 62 — 02 =T, + T + T3 + Ty, where

T, = —Z[Ml X)+D<1+Kﬂﬁi)>ﬁi—(1—Di)<1+Kﬁw)ﬁfi—?}{’;r
23 [ = o)+ D14 DY )
—-(1 —Dz‘)(1+ K]]\&(i))(ﬁ— 0(Xi)) —/T\Jl\'kc] ;
_1 _ (14 By
L= 37 [mlX0) = () + Di(14+ =57 ) (¥ = (X))
(1= D) (14 DY v, ) -]
3 [0 = ) + <3 i = (0) = T = (X))
T, - 11_1 1(06) = po(0X) 5 = (X)) = T 0 = (X)) — 7
3 [0 = (26 + 3 i = (X0) = T = (X))
Th = =3 [1nl) = o) + S35 (V= n(X0) = == (0= (X)) = 7] = o

By Assumption 3.4.3, Assumption 3.4.1, Theorem 3.8.2, and the fact that 7of = Op(1),
we have 77 = op(1). By Assumption 3 4.1, Theorem 3.8.2, and 7o = Op(1), we have
T, = op(1). By Assumption 3.4.1 and 7of — 7 = op(1), we have T3 = 0p(1). By the fact
that [(X;, Dy, Yi)|, are i.i.d., Assumption 3.4.1 and the weak law of large numbers, we have
T, = op(1). Combining the above four facts together then completes the proof. O

3.9.3 Proof of Theorem 3.4.2

Proof of Theorem 3.4.2. For Theorem 3.4.2 (i), analysis analogous to the proof of Theo-

rem 3.4.1(i) can be performed on T?Wk for any k € [K]. Then the results apply to 7yf x
automatically since K is fixed.

For Theorem 3.4.2 (ii), from Definition 3.1 in Chernozhukov et al. (2018), 7yf x is the
double machine learning estimator. We then follow the proof of Theorem 5.1 (recalling
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Remark 3.4.8) and use the notations in Chernozhukov et al. (2018), essentially checking
Assumption 3.1 and 3.2 therein. In the following the notation in Chernozhukov et al. (2018)
is adopted.
For estimating the ATE, from Equ. (5.3) in Chernozhukov et al. (2018), the score (or
the efficient influence function (Tsiatis, 2006, Section 3.4)) is
DY —m(X))  (A=D)Y - (X)) -

VX DY5F.O = n(X) ~ oK)+ =~ gy

where ((z) = (fio(z), i (z), po(x), pr(x)) are the nuisance parameters by letting po(z) =
1/(1 —e(x)) and py(z) = 1/e(x). Let po(x) = 1/(1 —e(z)) and p1(x) = 1/e(x). Then the

true value is ((x) = (uo(), p1(x), po(x), p1()).
We can then write the score as

W(X,D,Y;7,0) = fu(X) — fio(X) + DY — fin(X))p1(X) — (1 — D)(Y — fio(X))po(X) — 7.

For any p > 0, let || f]l, = |f/(X,D,Y)|l, = ([|f(w)[PAPxpy)(w))/P. For the s in
Assumption 3.4.1, let ¢ = 2+ 1/2, ¢ = 2+ k and ¢ such that ¢! = ¢;* + ¢, . Let 7, be
the set consisting of all ¢ such that for w € {0, 1},

—d/(4+2d)) —1/(d+2))’ ||~

e — follco = 0(n0 , |1Pw = pulli = O Pw _pwHQQ =o(1).

Then the selection of 7, satisfies Assumption 3.2(a) in Chernozhukov et al. (2018) from
Assumption 3.4.7, Theorem 3.8.4, and Theorem 3.8.2, respectively.
For step 1 in the proof of Theorem 5.1 in Chernozhukov et al. (2018), we verify the

Neyman orthogonality. We can show that E¢(X,D,Y;7,() = 0. For any ( € 7,, the
Gateaux derivative in the direction ¢ — ( is

O (X, D, Y57, Q)¢ = ¢ = Elfin(X) = p(X)] = Effio(X) = j1o(X)]
)

— E[D((X) — (X)) pr(X)] + E[(1 = D) (0(X) — p10(X)) po(X)]
HEDY — (X ))(m(X pr(X))] = E[(1 = D)(Y = (X)) (po(X) — po(X))].

We can check that the above quantity is zero, which completes this step.

Step 2 and step 3 therein can be directly applied.

For step 4 therein, we can establish in the same way that for w € {0, 1}, |||l = O(1)
from ||Y||,, = O(1), and 7 = O(1). Then from Holder’s inequality and ||p, ||~ is bounded

for w € {0,1}, for any ¢ € Ty,

16X, DY 7, Qll= 72(X) = Fio(X) + (2D = )(Y = fin(X))pn(X) = 7]l
<N (X))l + 120 (X)g + 1Y = (X))o (X)lg + 1Y = 220(X))po(X) g + 7
Sllpallg + 112 = palloo + lnollg + lz0 = polloe + (Y gy + lpallay + 172 = palloo) o110

+ (I llgy + llollay + 1120 = polloo) | Pollg, + 7 = O(1).
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The last step is from the definition of 7,. Then we complete this step.
For step 5 therein, by Holder’s inequality, for any ¢ € 7T,

l¥(X, D,Y;7,¢) = (X, D,Y; 7,05

<|lg1 = pall2 + [0 — polla + ID(Y — f1(X))p1(X) = DY — pa (X)) p2 (X)) |2
+ |1 = D)(Y — fio(X))po(X) — (1 = D)(Y — po(X))po(X)][2

<l = palloo + 10 — polloo + (1Y Mgy + [l (XD g ) 11 = pillas + 121 — pallooll 212
+ (Y Mg + N0 (X)lg) 190 = pollg, + 10 — polloollpollz = o(1).

The last step is due to the definition of 7,.
Notice that for any ¢ € (0, 1),

OFEY(X, D,Y;7,¢ ++(C = () = =2E[(2D — 1)(jin(X) — pp (X)) (B (X) — pp(X))]
Then by the definition of 7, for any EE Tns

’aEEQZJ(X,D,Y;T,C—l— t(g_ C))‘ S 2 Z H/jw - /Lw”OOHﬁw - ple = O(nil/Z)'

we{0,1}

We then complete this step and thus complete the proof.
The consistency of the variance estimator can be established in the same way as Theo-
rem 3.4.1(ii). O
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Appendix A

Appendix for Chapter 1

Appendix A.1 contains several additional discussions that complement the main text. Ap-
pendix A.1.1 discusses how to compute the b-value efficiently. Appendix A.1.2 extends
our framework to one-sided confidence bounds for 7. Appendix A.1.3 discusses the ad-
vantages of using prespecified point estimators instead of bias-dependent point estimators.
Appendix A.1.4 provides further details on the generalization to the dependent case, com-
plementing the discussion in Section 1.3.5. Appendix A.1.5 discusses further details on the
relationship between the generic soft-thresholding estimator and the estimator in Berger
(1981) and Bickel (1984), complementing the discussion in Section 1.4.2.

Appendix A.2 contains the proofs of the results in the main paper.

Appendix A.3 contains the proofs of the results in the appendix.

A.1 More discussions

A.1.1 Computing the b-value efficiently

In this section, we discuss how to compute the b-value efficiently.

Consider a general combined estimator 7 with symmetric fixed-length centered confi-
dence interval [T — ¢(b,(,02,03%),7 + c(b, (, 02, 0})]. By Definition 1.2.2, the b-value b*(¢) =
b*((,7,02,07) > 0 is the smallest bias level at which the null value 0 is contained in the
confidence interval. Equivalently, it is the solution to the equation of b:

b*(¢) =inf {b>0:0 € [ — (b, ¢, 05, 07), 7 + c(b, ¢, 05, 07)] }
=inf {b>0:¢(b,¢,05,07) > |7]}.

Therefore, the b-value b*(¢) is 0 if ¢(0,(,08,0%) > |7], or is oo if ¢(o0,(,08,0%) < |7
Otherwise, if we further assume c(b,(, 02, 0%) is strictly increasing in b for given (, 02, 0%,
then the b-value b*(¢) is the unique solution to the equation of b: ¢(b, (,02,0%) = |7|. In this
case, we can compute b*(() efficiently using standard one-dimensional root-finding methods

such as the bisection algorithm. In many settings, the function c(b, , 02, 07) does not admit
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a closed-form expression. Instead, we solve an equation of L: g(L;b,(,08,0%) = 0 to obtain
c(b, ¢, 08, 0%) for some function g depending on b, (, 02, 0%. In such cases, we can compute the
b-value by solving ¢(|7|; b, (,02,0%) = 0 as an equation of b. This reduces the computation
of the b-value to a single one-dimensional root-finding problem.

The above discussion provides a general method for computing the b-value for any com-
bined estimator with a symmetric fixed-length centered confidence interval. Now we apply
this method to compute the b-value for the precision-weighted estimator 7pw, the pretest
estimator 7pt, and the soft-thresholding estimator 7gt.

First, the following theorem provides the b-value b}y () for the precision-weighted esti-
mator Tpw with confidence interval [Tpw — Epw(l + )"0, Tow + pr(l + 7)Y 20y].

Theorem A.1.1. The b-value by (C) is 0 if

Tow| |Tpw]|
 o({——MM | - ——F——— | <1 -C.
((1 )12, (1+7) 20, ¢

Otherwise, the b-value by (C) can be equivalently written as the solution to the equation of

i VA B T W R . Y B D
7)o, Vi3 () Py Viis
Second, the following theorem provides the b-value bj(¢) for the pretest estimator 7pr
with confidence interval [Tpr — Lpr(1 4 v)~200, Tor + Lpr(1 + ) ~20y)].
Theorem A.1.2. The b-value by (C) is 0 if
Pajoo=o(|Tor — 7| < |To1| | TP1) < 1 =,
and is oo if

mit P jo=i([Ter — 7| < [Tor] [Tor) > 1= C.

Otherwise, the b-value bj(C) can be equivalently written as the solution to the equation of b:

orgtlgpr/UO —(|Tpr — 7| < |TPr| | TPT) =1 —C,

where Tpr is independent and identically distributed as Tpt, with

Pajoo=t(|Ter — 7| < [Tor| | ToT)

~[o(en 51 oy f7150)]
E ( J;PTL/%O \/11—#) -o(- {a +|:1;T|1/200 - \/11—7’5)]

+/ e (%juﬁu) —@(—%+ﬁu)]¢(u)du
/ erl Viu) - o - T BT erl Vi) | oluyau

L+7)71/20

_|_ . S
/r‘m *(T5 a7,
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Third, the following theorem provides the b-value bST(C ) for the soft-thresholding esti-
mator 7gr with confidence interval [TgT — Lsr(1 +~) Y200, 7sr + Ler(1 + )~ 264].

Theorem A.1.3. The b-value b§r(C) is 0 if
Pajoo=o(|Tst — 7] < |757] | Ts1) < 1=,

and is oo if
P A /og=00(|TsT — 7| < |T81| | T87) > 1 —C.

Otherwise, the b-value b (C) can be equivalently written as the solution to the equation of b:
P jog=b(|TsT — 7| < |Tsn| | Ts1) = 1 =,

where Tgt is independent and identically distributed as Tst, with

PA/oo:t(|7’:ST — 7| < [7s7][7s7)

B R e )
: A

( 75| g t> B CI>< sl tﬂ
(L) 200 - VIHy (L+9)"200 V147
—Ca/274/ T t

(1+7) 1+ 7)~200

[ ( T o VA o)) = (= (S A+ o)

Ca/2—

[ ( 1 +I;ST|1/2 +/A(u— ca/2)> - <I>( - % +/A(u— ca/2)>]¢(u)du,

A.1.2 One-sided confidence bounds

In this section, we discuss how to construct one-sided confidence bounds within our frame-
work. We only focus on the lower confidence bound since the upper confidence bound can be
constructed in an analogous manner. By using the lower confidence bound, we can conduct
one-sided hypothesis testing, such as testing 7 = 0 versus 7 > 0 or testing 7 < 0 versus
7 > 0. The computation of the b-value in the one-sided setting follows the same logic as in
the two-sided case, so here we focus on the construction of the one-sided confidence bounds.

First, the following theorem provides the sequence of lower confidence bounds based on
Tpw, analogous to Theorem 1.3.1.

Theorem A.1.4. Let Ly, = Ly (b, ¢,7) = cct+ b The shortest length lower confidence
bound based on Tpw for T satisfying (1.2.1) is given by [Tow — Lpw (1 + ) "209, 0).
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Second, the following theorem provides the sequence of lower confidence bounds based
on 7pr, analogous to Theorem 1.3.2.

Theorem A.1.5. L = Ly (b, C,v, ) is the solution to the following equation of L:

orgtigb PAjoo=t(Ter —7 < L(1 + ) Ma0) =1,

where

PA/UOIt(?PT — T § L(l + ’}/)_1/200)

S %g (o - %t)]cp@ - =)

v Y (k) ofuu+ | . @ (L + y7u) b(u)du.
- Ca/27V/ Timt

The shortest length lower confidence bound based on Tpr for T satisfying (1.2.1) is given by
[For — Lpp(1 +7) /200, 00).

o0

Third, the following theorem provides the sequence of lower confidence bounds based on
TsT, analogous to Theorem 1.3.3.

Theorem A.1.6. For any L > 0, Pa(Tsy —7 < L(1+7)"20y) is monotonically decreasing
in A. Then Lip = Lgp(b, ¢, 7, @) is the solution to the equation of L:

P joo=t(Tor — 7 < L(1 +7) " Y%00) =1 -,
where

P /oot (st — 7 < L(1 +7)20y)

—=[@(capp - \/%t) — (= capp - \/gt)}cb(L - \/11_715)

v/ Y (L A o)) + [ e B VA o))
Ca/2m/ T

The shortest length lower confidence bound based on Tst for T satisfying (1.2.1) is given by
[Fsr — Ligp(1 +7) 7209, 00).

—0o0

A.1.3 Bias-dependent point estimator

A natural question arises: since the combined estimator 7 itself does not depend on the
unknown true bias A, could we instead construct confidence intervals using a bias-dependent
point estimator, i.e., one that explicitly depends on A? More generally, suppose we have
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an estimator whose expectation is 7 4+ g(A), where ¢(-) is a known function of the bias.
There are two natural approaches to subtract the bias from the point estimator. The first
approach is to estimate the bias and subtract it from the point estimator. Specifically, we

can construct an adaptive estimator of the form 7 — g(A), where g(A) is an estimate of
g(A). The second approach is to construct a point estimator 7 — g(A) and its corresponding
confidence interval for each possible value of A within the bias bound, and then take the
union of all such intervals. However, the union of these confidence intervals is conservative
since the biased estimator cannot simultaneously exhibit multiple bias values within the
bound. See also Armstrong and Kolesar (2020) for a related argument: they show that using
critical values to account for potential bias is more efficient than subtracting an estimate of
the bias from the point estimator.

We now illustrate why constructing confidence intervals using a prespecified point esti-
mator is more efficient than using a bias-dependent one.

For the first approach, a natural estimate of the bias is A = 71 — 7. We take the precision-
weighted estimator as an example. Subtracting this estimated bias from the precision-
weighted estimator gives 75 + %(ﬂ — To) — %A = 7p. Thus, after bias correction, the
estimator collapses to the unbiased estimator 7y. In other words, this approach discards the
more precise estimator. The issue is that, when constructing the confidence interval, we need
to account for the randomness in A, which makes the confidence interval wider. As a result,
this approach provides no efficiency gain over the unbiased estimator.

For the second approach, suppose we know the true bias A. Then the bias-corrected
combined estimator is Ta = T — g(A). Suppose the shortest length symmetric centered
confidence interval based on 7a for 7 is given by [Ta — LC,TA + LC] where LC does not
depend on A. When we only have |A| < b, we take the union of these confidence intervals
over all possible A with |A| < b. The resulting confidence interval is

U Fa—Le,7a+ L = {?_ ( max g(A) +Z<) T + ( max g(A)H?Cﬂ S (A1)

AA[<b A<D
A:A|<b

By Definition 1.2.1, the shortest length symmetric centered confidence interval for 7 based
on 7 is given by [T — L¢(b), T + L¢(b)], where

Le(b) = i —7<L)>1- 1.
L¢(b) ar]%géln{Algf<bPA(|T 7| <L)>1 C} (A.1.2)

Comparing the confidence interval based on bias-dependent point estimator (A.1.1) with the
confidence interval based on prespecified point estimator (A.1.2), we note that

o~ . ~ < > .

Par (1P vl < s (8)+ L) 2 Par (=l < g(8) + E) 2 1-¢
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Therefore

~

Le(b) < Aglggbg(A) + L,

with equality only when b = 0. Hence, the confidence interval based on prespecified point
estimator is strictly narrower when the bias bound is nonzero. This comparison highlights
a key principle of our framework: instead of accounting for the bias in the point estimation
through subtracting the bias, it is more efficient to account for the bias in the confidence
interval construction through critical values.

A.1.4 More details for the dependence case

In this section, we provide more details on the generalization to the dependence case in
Section 1.3.5 of the main paper. In the reparametrization in (1.3.5), one may be concerned
about how scaling the bias works and how to interpret the relative bias. We compute the
confidence intervals and the b-value by the following three steps.

(a) Reparametrization: We apply the transformation in (1.3.5) to obtain the transformed
biased estimator 7;. Under this transformation, 7 remains an unbiased estimator of
7, and 7] becomes a biased estimator that is independent of 75. We then construct the
combined estimator 7 using these two independent components.

(b) Compute the confidence intervals and the b-value in the transformed problem: We next
work in the transformed problem. Let the relative bias in the transformed parametriza-
tion be A’/oy with bound &'. Using Definition 1.2.1, we construct the confidence in-
terval 7 — Z(V', ¢) such that

inf  Pa(rer—Z(,¢)>1—
sy P T €T I, 0) 2 1=,

and compute the corresponding b-value b* in the transformed problem.

(c¢) Transform the confidence intervals and the b-value back to the original problem: Fi-
nally, we transform the results back to the original problem. Under the transformation
in (1.3.5), the relative biases in the two parametrizations are related by

|A/oo] <V = |Afoo| < |1 = por/oob”

Thus, a bias bound ¥ in the transformed parametrization corresponds to a bias bound
b = |1 — poy/op|V/ in the original parametrization. Using this relationship, the confi-
dence interval 7 — Z(b, () satisfies Definition 1.2.1 in the original parametrization:

inf P T—-17 >1-
A:|A1§IUO|§b A(T S (b> C)) - C?

and the b-value in the original parametrization is b* = |1 — poy /oo|b* .
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A.1.5 Relationship between the generic soft-thresholding
estimator and the estimator in Berger (1981); Bickel (1984)

In this section, we discuss the relationship between the generic soft-thresholding estimator
and the estimator in Berger (1981); Bickel (1984) in Section 1.4.2 of the main paper. We
consider the special setting studied in Berger (1981) and Bickel (1984), where the covariance
matrices are proportional and isotropic. Specifically, assume 3¢ = 02I; and X, = 73, for
some v > 0. The v here generalizes the variance ratio o3/o} in the univariate setting. Let
C > 0 be a user-chosen constant and let pc(r) denote the ratio of Bessel functions, whose
explicit form is given in Lemma 3 of Berger (1981). The constant C here plays the same
role as the critical value ¢,/ in the univariate setting. The estimator in Berger (1981) and
Bickel (1984) is then given by choosing the shrinkage function hj(r) = pc 2 (1) where the
threshold ¢ = ¢(C) is defined as the solution to

ho(e) =1 <= pcjoz(q) = 1.

Suppose we choose the function A (-) as the estimator in Berger (1981) and Bickel (1984),
ie, hy(r) = pcjoz(r) with ¢ given above. In the univariate case d = 1, the estimator
Tst reduces to the univariate soft-thresholding estimator 7gt. In this case, the user-chosen
constant C in Tgr corresponds one-to-one to the significance level «, or equivalently to the
critical value c,/2 in 7gp. Consider the special case C = 0. When d < 2, the estimator
Tst reduces to the unbiased estimator 7y. However, when d > 3, the behavior of Tyt is
different. When C = 0 and d > 3, we have pcj,2(r) = po(r) = 2(d — 2)/r, and therefore
the threshold ¢ is given by ¢ = 2(d — 2). If ||(Zo + 1)~ Y2(F, — 7)||2 < ¢, or equivalently,
|71 — 70|53 < 2(d—2) (02 +0%), the estimator Tst reduces to the precision-weighted estimator
To + ﬁ(ﬂ — 7). If instead ||[(Zo + 31)"Y2(F1 — 7)||? > ¢, or equivalently, |7, — Tl|2 >
2(d — 2)(02 + 0%), the estimator Tgr takes the James-Stein shrinkage form (Green and
Strawderman, 1991):

2(d — 2)o? ~

7o+ he([(Z0 + )@ - ) (S + SIS E - T) =T+ (71— 7).

171 — 7ol3
A.2 Proofs of the main results

A.2.1 Proof of Theorem 1.3.1

Proof of Theorem 1.5.1. By the definition of 7pw, under Assumption 1.2.1, we have
~ v 1 2
w~N|(T7+—A —07 | .
o ( L+ 14y 0)

Equivalently, after standardization,

A
14+ )20 Fow —7) ~ N [ L= 1.
( +’Y) Oy (TPW T) m(ﬂ)?
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We now evaluate the worst-case coverage probability of the confidence interval

[?pw — L(]_ + ’}/>_1/20'0, ?pw -+ L(l + ’}/)_1/20'0].

We have
inf P Tow — L(1 -1/2, =~ L(1 ~1/2
it Pa(r € [ow = LL+9)"Fou, Tew + L(1+9)"oo])
= inf Px(|Tpw — 7| < L(1 -1/2 — inf P 1 12 _—1~ <1
Ai\AI?UOKb A(‘TPW T’ - ( +’Y) UO) A:|AH/100\§6 A(’( +7) %0 (TPW T)‘ = )

i v A v A
= inf P N|——,1 <L])=P||N su ——1 <L
A:|A/oo|<b A <‘ <\/1 + v 09 > ' > ( <A:A/£J|<b 1+ vy 0o ) | >

:P<N<\/17+_7b,1)‘§L) :Q(L—\/lzr_yb)—CI)(—L—\/%_Vb).

Therefore, the proof is complete since Epw is the solution to

@(L—\/ﬁr_vb)—®<—L— 1175):1—@

A.2.2 Proof of Theorem 1.3.2

Proof of Theorem 1.3.2. Recall that the pretest estimator 7pr is defined as

Tpr = To + (71— 7)1 (|71 — 70| < o¢ay2) -

I+~

To characterize the distribution of 7p — 7, note that

?0 + %(?1 — ?0) — T ~N %A ﬁO’g 0 ‘
T — T A )7 0 o2+o}

We first consider the event that the pretest fails to reject, |7, — 7o| < 0cq/2. Conditional
on this event, 7p1 = 7y + ﬁ(ﬂ — 7o), and therefore

~ o o~ Y 1 2
TPT — T 1 — 70| <ocypt~N|—A —05 ).
(For = 1) {7 =l < e ~ N (110 1 —af )

Equivalently, after standardization,

N PN A
(1+’7)1/2061<TPT—7’)|{|T1 — To| < 0Cqy2} ~ N( 7 —,1).
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We next consider the event that the pretest rejects, |71 — To| > ocq /2. Conditional on
o Y71 — 7o) = u, we have

(?1 — ?0) = OoU.

I+~

Since Tpr = 7y conditional on this event, we have

I+~

Fer —7) [{o7' (7 — 7o) = u, |71 — To| > 0Casa}

:(?0 — T) | {0'_16'\1 —?0) =u, |?1 — ?Ol > O'Ca/Q}

~ T o~ A~ A~ A~ ~ o~ Y

To + ™ —To) — T o (T1 —Tyg) =U, |71 — To| > 0Cq — ool

(ot (= 70) = D)o G = 7) = w72 = 7ol > oo =y [0
1

~N (LA — 7 oo, 0(2)) ,
1+~ 1+~ I+~

which implies

A
1+ 205 (For — 1) | {o 7 (7L — 7)) = u, |71 — To| > 0cq NN( = u,l).
( 7) 0 (PT )|{ (1 0) ‘ 1 0| /2} mo_o ﬁ

We now evaluate the worst-case coverage probability of the confidence interval

[Tpr — L(1 + 7)71/200, Tpr + L(1 + ’7)71/200]-

We have
A:IAI?UOISb A(T € [Tpr (L+7)"""00, 7er + L(1+ )" “o0])
A:|Al?ag|§b AT — 7| S L(1+7)" 720y)

Fixing A/oy = t, we decompose the probability according to whether the pretest accepts or
rejects:

P ajoo=t([Tor = 7| < L(1 +~) "0

=Pa/oo=t(|(1+7) 205 (For — 7)| < L)

=P /o=t (](1 + 7)1/200_1(5'}T —7)| < L7 — 7| L oca)
+Pajoo=i(|(1+7) 205 (For = 7)| < L, [71 = To| > 0¢ays)

()| =) (s ()| <)
+ By oy [P ('N (\/11_775 - VU, 1)‘ < L) L(ul> Ca/2)}

~fofen T - T~ ) ol 2 )
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N /_Ca/2\/$t [q) <L N ﬁu) _ <I>< L+ ﬁuﬂqb(u)du

[e.9]

+[:;¢:3P%L+V%Q—@(—L+JWH¢wmm

which yields exactly the expression in (1.3.2).
Finally, since the coverage probability is symmetric in A, the worst case over |A/og| < b
is attained for some t € [0,b]. Choosing Lpr to satisfy

min PA/G’OZt(‘?PT — T| < L(l + ’7)71/200) =1- C

0<t<b

completes the proof.

A.2.3 Proof of Theorem 1.3.3
Proof of Theorem 1.53.3. Recall that the soft-thresholding estimator 7yt is defined as

?ST = ?‘O—l— (?1—?0)]1 (|?1 — ?Ol S UCQ/Q) + 1 —7: fyO'Ca/g sign(ﬂ —?0)]1 (’?1 — ?0‘ > UCQ/Q) .

1+~

As before, note that

?() + %(?1 — ?0) — T N N %A ﬁag 0 ‘
T —To A )7 0 o2+0o?

We first consider the event that the pretest accepts, |71 — 7o| < oca/e. Conditional on
this event, 7o = 7 + ﬁ(ﬂ — 7o), and therefore

- ~ o~ Y 1 2
ST — T T —To| < 0cCapt~N|—A ——o0] .
(o = 7) | {17 =l < 06} ~ N (128, -3

Equivalently, after standardization,

P S . v A
1+ Y205 (For — 7 1 — To| < 0Cqy NN( ,1).
(1+7)"205" (Fsr = 7) {171 = 7ol < 0} T

We next consider the event that the pretest rejects, |7y — 7o| > 0cq/2. Conditional on

o1 (71 — 7y) = u, we have
7 (?1 — ?0) = 7 ooU.
L+ I+~

Since Tsr = 7 + %aca /2 sign(7; — 7) conditional on this event, we have

(?ST — 7') | {0'_1<?1 — 7/'\0) = u, |’7/:1 — ?0‘ > O'Ca/g}
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:?0—T+11700a/2 sign(71 — 7)) | {o ' (R — ) = u, |71 — To| > 0cay2}
7+ 11 R —7) =7 {07 R = 7)) = u, [fi — | > 0Caya}
— 0ol — €49 sign(u
T+~ of /2 S1Z (u)]
Y i . 1 2
~N | —A— Oolu — o9 sign(u)], ——o3 |,
(2 - [T molu = o sgnt]. 1ot

which implies
(1+ )00 (For — 1) [{o ™' (7 = 7o) = u, [Ty = To| > ocaya}

A :
~N (\/17_‘__70—0 — VU —caye 51gn(u)],1) :

We now evaluate the worst-case coverage probability of the confidence interval

[Tsr — L(1 + 7)_1/200, TsT + L(1 + 7)_1/200]‘

We have
inf P Tor — L(L+7) 7200, For + L(L + 7)1/
A:IAI?UO\SI; a(T € [Tsr (L+7)" 00, 7sr + L(1 +7)" o))
A:|AH/100\§17 allrs = 7| < L(1+v)"“o0)

103

Fixing A/oy = t, we decompose the probability according to whether the pretest accepts or

rejects:

Pa/oo=t([Tsr — 7| < L(1 4 7)00)
=P ajoo=t(|(1+ 7?05 (Tsr — 7)| < L)
=P asoo=t(|(1 +7)?05 For — 7)| < L, |71 = To| < 0¢ay2)
+ Pajoo=t(|(1+7) 205 (For — 7)| < L, |71 — To| > 0¢ay2)

o (o) |<1)e () )

+ Byt {P ('N (\/%_Vt — VAU = oo sign(U)], 1)’ < L) 1(U] > ca/g)}

:[q><ca/2 . \/%0 - <1><— Cajo — \/gtﬂ [cb(L— \/11_70 - <I><—L—

+ /_—ca/z— Tt [@ <L +VA(u+ ca/z)) - <I>( — L+ A(u+ ca/z)ﬂ o(u)du

o0

/)]
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| /Ojr 22+ Vit = o)) = (= Lt VAl = coa)) [ olu)d

which yields exactly the expression in (1.3.4).

To establish the monotonicity of the coverage probability in |A|, fix L > 0 and write
t = AJog. Since Pa(|Tsr — 7| < L(1 + v)~Y203) is symmetric about A = 0, it suffices to
consider ¢ > 0. By Lemma 1.3.2, we have

1/~ d Y
(1 _'_7)1/200 1(TST - 7—) =Z+ mt - ﬁS<U)a

where Z ~ N(0,1) is independent of U ~ N(, /115 ¢,1) and S(u) = sign(u)(|u| — cay2)+-

Consequently, we can write the coverage probability as

Pa/oo=t(|Tsr = 7| < L(1 +7)7200) = E[® (L — pu(U)) = (L — (V)]

with p,(U) = At - VI S(U). The function pu — ®(L — p) — &(—L — ) is even and

strictly decreasing in |u|. Moreover, increasing ¢ shifts the distribution of U away from zero,
which increases |p:(U)| in the sense of stochastic order. Therefore, the coverage probability
is nonincreasing in ¢ > 0, or equivalently, monotonically decreasing in |A|.

Finally, since the coverage probability is symmetric in A and monotonically decreasing
in |A|, the worst case over |A/og| < b is attained at A/oy = b. Choosing Lgt to satisfy

PA/00=b(‘/T\ST —7| < L(1+ 7)*1/200) —1-¢

completes the proof.

A.2.4 Proof of Theorem 1.4.1

Proof of Theorem 1.4.1. By the definition of Tpw, under Assumption 1.4.1, we have
Tow ~ N+ (P + 372 A (0 + 307,
Equivalently, after standardization,
(35" + 30 (Fow — ) ~ N((5! + 20 VIRAL ),
which implies
(Fow —7) (B0 + 57 (Tow — 7) ~ X3 <H(20_1 + 21_1)_1/221_1AH§> )

where x3(-) denotes the noncentral chi-squared distribution with d degrees of freedom.
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We now evaluate the worst-case coverage probability of the quadratic confidence region
{T € Rd . (‘/l'\pw — T)T(Eal + 21_1)(‘/1'\pw - T) S M}
We have

iIlf PA ((‘?pw — T)T(Zal + E;l)(?pw — T) S
A [Z-1/2A],|<b;,V5=1,2,....d

M
- inf Pa (x?l (||(251 + 2;1)*1/22;%“2) < M)
d

A|[Z-1/2A]4|<b;,Vi=1,2,...,

=P <X§ ( sup H(Eal + 21_1)_1/221_1AH§) < M) )
A

S-1/2A]41<b;,V5=1,2,....d

To evaluate the supremum in the noncentrality parameter, note that

H(Eal + 21_1>_1/221_1AH§ _ H(Eal + 21_1)_1/221_121/2(2_1/2A)‘

2
92

which is a convex quadratic function of w = X 7/2A. Since the constraint |u;| < b; defines
a hyperrectangle, the maximum of this convex quadratic over the constraint set is attained
at a vertex. Therefore,

2
sup (=" + =772 A
A[Z-1/2A]5|<b;,Vi=1,2,...d

— swp [(Z + =) SR b o s,
se{£1}

Finally, choosing ]\/J\pw as the (1 — () upper quantile of the noncentral chi-squared dis-
tribution with d degrees of freedom and the above noncentrality parameter ensures that the
confidence region attains the desired coverage level. This completes the proof.

]

A.2.5 Proof of Theorem 1.4.2

Proof of Theorem 1.4.2. Recall that the pretest estimator Tpr is defined as
Tor =70+ (B0 + 20 7ISE - 7)1 ([(Bo +20) (R - T)l3 < g)-
A direct calculation shows that
T+ HENTEN R -T) LT - T

Moreover,
?1 —?0 ~ N(A,EO +El)7
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and
o+ (E SIS R -T) ~ N+ (S ST TIETA (BT + 20D,

We first consider the event that the pretest accepts, ||(Zo + 1) 2(71 — 7|2 < ¢
Conditional on this event, Tpr = 7 + (X5 + ;) 'S (7. — ), and therefore

For =) [ {I(Bo+Z) @ - R <} ~ N(Z' +Z0)7'Z0A (30 + 277,
After standardization,
(=" + =) @Fer — 1) [{I1(Zo + 20) (7 - Rl < g}
NN((Eal + 2;1>71/22I1A’Id)’
which implies
(Tor —7) (Zo' + =) Fer — 1) [{I(Bo + Z) V2@ - 7))l < g}
B i _ 2
NX?[ (“(201 + 3 1) 1/221 1A”2) :
We next consider the event that the pretest rejects, |[(Zo + X1)"Y2(F — 7)|2 > ¢
Conditional on (Xg + X;)"V3(F, — 7)) = u, we have
(S +E)TEE - T) = (B 2 TS (S + B)
Since Tpt = Ty conditional on this event, we have
(Tor —7) [{(Zo+ 1) (7 - 7)) = w, [|(Zo + Z0) (7 - )5 > ¢}
=7 [{(Zo + )27 = 70) = u, [(Zo+ =) (7 - D)l > g}
=T+ (Z + 2T EE ) (o +2) VAR - T) = u,
1(Zo+Z) " 2FE =73 > ¢ — (B + 20D 7S (B0 + 1) Pu
~N((Z ) TISA - (B0 + 20Vl (B0 + 30,
After standardization,
(" + ) @Fer — 1) [{(Bo+ 20)7VAE - 1) = w, [[(Zo + )7V FR - 7)5 > ¢
~N((Z5+2TH7V2E8A = (B + 20) V), 1),
which implies
(For —7) (B0 + 27 Fer — 1) [{(Bo + 1) V(T — 1) = u,
(2o + =)~ 2(F7 - 705 > ¢}
_ i _ 2
NX?[ (”(201 +3 l/221 A = (3o + 21)1/2UH|2> :
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We now evaluate the worst-case coverage probability of the confidence region
{T S Rd : (?pT — T)T(Eal + 21_1)(:’:PT - T) S M}

We decompose the coverage probability according to whether the pretest accepts or rejects:

PA ((:I'\pT — T)T(Eal + E;l)(:l'\PT — T) S M)
=Pa ((For — 1) (20" + 37 (Ter — 1) < M, [[(Z0 + Z0) 727 - )5 < q)

+Pa ((For —7) (S5 + 27 (Ter = 7) <M, [[(Zo + )27 - 1)l > q)

_ i _ 2 _ 2

= (M55 + )20 A L) @ (6] + 202 A )

+/1 (M (55" =) AR A - (o + 30 2u]}) 6 (ws (S + 30)12A) du,
lull3>q
which yields exactly the expression in (1.4.4) by taking 371/2A = t.

Finally, choosing Mpr to satisfy

iIlf PA((‘?pT—T)T(Eal—f-zl_l)(?pT—T)SM):]_—C
A:Z-1/2A|<b

completes the proof.

A.2.6 Proof of Theorem 1.4.3
Proof of Theorem 1.4.3. Recall that the soft-thresholding estimator Tyt is defined as

For = o+ (| (B0 + 20) V27 = 3)IB)(S5" + B0 718 (R — 7).
A direct calculation shows that
o+ (S +E) TS (R -R) LT - T

Moreover,
?1 —’3'\0 ~ N(A,20+El),

and
To+ (S + SIS - T) ~ N+ (St + ) 7iE A (2 + 2.

We first consider the event that the pretest accepts, ||(Zo + X1)"V2(71 — 7|2 < ¢
Conditional on this event, Tsr = 7 + (Z;' + 2717 '2 (71 — 7o), and therefore

Fsr =) {[(Zo+Z1) 2F -3 < af ~ N(Z'+ 20D '=0A (B0 + 507,
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After standardization,
(B0 + )2 (Fsr — 1) (B0 + 20) 727 - R)lI3 < o)
~N((Zgt+ 37 TPE AL,

which implies

(For = 1) (B0 + =) (e — ) [{II(Zo + 20) (7 - )3 < ¢}

~G (5t + 07z Al)
We next consider the event that the pretest rejects, |[(Zo + X1)"Y2(F — 7)|2 > ¢

Conditional on (Xg + X,)"V2(F, — 7)) = u, we have

(35" + ) 7B (R - ) = (B0 + 20D TS (B0 + ).

Since Tsr = 7o + 1 ([[(Zo + 1) V27 — 1) [13) (B + 27 'S (7 — 7o) conditional on
this event, we have

(Tsr = 7) [{(Zo + Z) 727 - 7)) = w, (B0 + )77 - 7)ls > q}
=T + hy(llull2)(Zg" + 2772 (7 - 7o) |
{(Zo+20) 727 = 70) =, [(Zo + Z0) A7 - 7)) > ¢}
:?0 + (Eal + 271>71271(?1 — ’?0) | {(20 + b ) 1/2(7'1 — To) u,
(B0 +20) V273 =)z > g} — (1= hy([ullD)) (S5 + 27 7S (B0 + 20)Pu
~N((Z + 20 TS A = (1= g ([[ull)(Zo + 20) P, (S5 + 20 7).
After standardization,
(Zo' + )2 For — 1) [{(Zo + Z) 27 = 7)) =, ||(Bo + 1) VAT - T)3 > ¢}
~N((Z + 20 TPE A = (1= hy(Jul$) (B0 + 1)), L),
which implies
(Tor =) (B + 7)) (Tsr — 1) [{(Bo + 1) (7 - 7) = w,
1(Z0 +20) V27— )2 > ¢}
_ C1h— _ . 2
o (25" + 30280 A — (1= hy(lul2)(S0 + S0 Pallf)
We now evaluate the worst-case coverage probability of the confidence region
{reR": (Fsr— 1) (Z+ 2D (Fsr — 1) < M}
We decompose the coverage probability according to whether the pretest accepts or rejects:

Pa ((Fsr — 1) (B! + 27 (Fsr — 1) < M)
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=Pa ((For —7) (" + 20 For — 1) < M, [|[(Zo + Z0) 72 (7 - 7)l5 < q)
+Pa ((For —7) (g + 27 (For — 1) < M, [[(Zo + 20) V27 = 7)l3 > q)
—u (M5! + =2 A ) v (S0 + 30724

+Aﬁ5W(MM@#+2#rW2fm—ufwww@xm+anmﬁ)

¢ (u; (Zo + =1)"V2A) du,

which yields exactly the expression in (1.4.5) by taking X~Y/2A = ¢.
Let t = X~'2A and denote by

p(t) = P271/2A:t((?ST — T)T(Eal + 2;1>(?ST — ’T) S M) .

By construction of the soft-thresholding rule, p(¢) is invariant under coordinate-wise sign
flips, i.e., p(t) = p(t ® 8) for all s € {£1}¢. Moreover, for each j € {1,...,d} and any
fixed values of the remaining coordinates, the map w — p(t1,...,t;—1,u,tj11,...,tq) is non-
increasing in |u|. Therefore,

inf t) = f b
i, pt) = inf p(bOs),

i.e., the worst-case coverage probability over the hyperrectangle is attained at a vertex.
Finally, choosing Mgt to satisfy

inf Pa((Tsr —7) (' + 2D Fer —T) < M) =1-¢
A:Z-1/2A=bOs,sc{—1,1}4

completes the proof.

A.2.7 Proof of Theorem 1.5.1

Proof of Theorem 1.5.1. By the definition of 7pw, under Assumption 1.5.1, we have

1
Tpw ~ N [T+ Aj, >
o ( §:1+nvm T )

Equivalently, after standardization,

K
A X
(L+ vl 205 Fow — 1) ~ N [ S ————20 1)
’ — ¢1+Wﬂ1%

We now evaluate the worst-case coverage probability of the confidence interval

[Fow — L(1 + ||v]11) %00, ow + L(L + ||7][1) 7?0q).
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We have

inf Pa(|Tow — 7| < L(1 —1/2
NNV a(lTew — 7] < L1+ [|v][1)”00)

K
B inf <L
A|A /o0]<b; ¥i=1,..., <' <]1 1+ ||'Y >| )
K
A.
—p (|~ sup > ———"t1]|<L
A:|Aj/o0|<b; Vi=1,.... K j=1 1 + H’y‘
P IN ﬂ’ 1 <L
L+~

(7, b) (v, b)
o2 |- DL |
< \/1+H’7H1> ( \/1+H7Hl>

Therefore, the proof is complete since Epw is the solution to

(v,b) (7,b)
olr——2L7 ) |- D7 ) —q1_¢
( 1+H7I!1> ( 1+|!7H1) be

A.2.8 Proof of Theorem 1.5.2

Proof of Theorem 1.5.2. Recall that the pretest estimator 7pr is defined as

=T+ — 7)1 (|7 — 7 < (14 711/20% )
0 Zl—f-”"}’” ) (|j 0’—( fy]) 0 /2)

Then
(?1_?07--'7?K_?0)T/0-0NN(A/007V)7 V —1+771]1( ])7

and moreover
TO+Z —R) L (F —Fo, ..., T —T0) "
1+ ||'7|| Y
Rewrite Tpr as

. Vi m mva e s .
Tor =70+ ) i (7~ )L (17 = ol < (147771 200ca)2)
1
J

110
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K K
~ i ~ o~ Vi ~ = ~ =~ —1\1/2
=70 + Z —— (7, — T0) — Z ——(7; — 7)1 (|Tj =70l > (1+7;) O'QCa/Q) .
=1+l L+ [l
Consequently, conditioning on (7; — 7y,...,7x — 7o) /oo = u yields
?pT | {(?1 — ?0, Ce ,’/7'\]{ — ?Q)T/O-O = u}
K
o~ i ~ o~ s '
ot L TR ) D v
= Flugl> (1 ) 20
—~ gl 1
~N |7+ — A - ! oguy, ob
Z;l+||7||1 T 2112 Lyl 1 [yl
J ]|u]‘>(1+’y] )/Ca/2

Equivalently,

(L + Ivlh) 20 (Feor = 7) [ {(F1 = To, ... 7w = T0) ' /o0 = u}

Z VI o |1 % _m (Z v, VI TR

We now evaluate the worst-case coverage probability of the confidence interval
[For — L1+ [|v]10) 200, Tor + L(1 + [[7]h)~200].

Define ' € R¥ coordinate-wise by o} = u;L(|u;] > (14~;")"2cqp) for j =1,..., K. We
have

Pajoo=t(|Tpr — 7| < L(1 + v ]l) " 200)

B /K Pajoot (1701 — 7| < L1+ |¥[[1) 200 | (71 = T, ... T — 70) T /o0 = 1) drv (w)du
R
<77t - ’U,/>
— [ (N[22 1) <L) by () du
/RK <| (\/1Jr vI1

<7at_ > <77t_ />
= P\ L——"——— = | - L — — v v (w)du,
/[ ( \anul) ( \Wuvnl)]“ (x)

which yields exactly the expression in the theorem.
Finally, choosing Lpt to satisfy

inf  Pa(|Tpr — 7] < L(1 125y =1 —
A1|A1r/lzroléb allTer =7 = L1+ lvlh) oo) ¢

completes the proof.



APPENDIX A. APPENDIX FOR CHAPTER 1 112

A.2.9 Proof of Theorem 1.5.3
Proof of Theorem 1.5.3. Recall that the soft-thresholding estimator 7yt is defined as

Rr =T+ > | (5 = AL (I = Al < (1+751) 200ca2)

+ (1+ ’y‘j_l)l/QO-OCa/QSign<% — )L (|75 — 7| > (1+ 7]-_1)1/200%/2) }
Then
(?1—?0,...,?[(—?0)—'—/0'0NN(A/O'Q,V), V —].+'7_1]l( ),

and moreover

K
~ Vi ~ ~
To + T —T0) L (7 — 70, ..., T — T
Rewrite 79T as
K
P ON—— L P 7=l < (1 —1\1/2
TST =T0 + Z 1+ ‘|7|’1 (TJ TO)]I (lTJ TOl = ( +7j ) UOCQ/2)
j=1

(12 2pcaasien(?; — B (5 = Al > (1+57) 200ca2) |
K

~ Vi
=To + —T0) — T
meu 2 5T,
(7 = 70) = (1 +7;71) ! 200casosign(T; — 7o) 1 (17 =Tl > (147512 g0cass) -
Consequently, conditioning on (7, — 7o, ..., 7k — 70) ' /oo = u yields
?ST | {(?1 — ?0, e ,?K — ?O)T/O'Q = ’U,}
K
-~ i ~ = i —1y1/2 .
_ 2y 1 1 : . .
T0+Z T H7||1(TJ 7o) Z T ||'Y||1 oo [u; — (1+7;1) % casign(u;)]
j=1 Jolugl> (1)1 26
- i 5
N A U e — (144~ e usign(e )]
T+Z 1 + ”'7”1 J Zl 1+ ||7||1 |: J ( +/7J ) & /QSlgn(Ugﬂ
i=1 Filus|> (1477 20
1
—ag).
1+ v
Equivalently,

(Tst — 7)/[(1 + ||’Y||1)_1/200] H{(m =70, Tk — ?O)T/Uo =u}
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Ay, —1\1/2 :
- [uj — (14712, osign(uy)] , 1
Z V 1+H’7’1 0-0 ]‘u |> 1;1 1/2 \% 1+”7’1 ’
We now evaluate the worst-case coverage probability of the confidence interval
[Fsr — L(L+ [[71h) 200, Tt + L1+ [[v]1)~?00).

Define w' € R¥ coordinate-wise by u} = [u; — (1 + 7;1)1/20a/281gn(uj)]]l(|uj| > (1 +
7;1)1/2%/2) for j=1,..., K. We have

Pajoo=t(|TsT — 7| < L(1 + v ]l) " 200)

:/K Pajoo—t ([Tor — 7| S L+ [[vlh) P00 | (L = To, -, T — 70) ' /oo = u) ¢y (w)du
R
(v, t —u)
— [ p|IN[ 22 ) <L) drv(u) du
/RK (‘ (\/1+||’Y||1

:/ olp_‘vt-w)\ _4(_;_fnt-u)

RK V1t V1t

which yields exactly the expression in the theorem.
Let t = ¥~'/2A and denote by

¢t,V(U)dU,

p(E) = Pajogme (For = 7| < L(1+ Jvll) ™ 00)

Analogous to the proof of Theorem 1.3.3, we can show that p(t) is symmetric about t = 0
and monotonically decreasing in |¢;| for all j = 1,..., K. Therefore, the worst-case coverage
probability is attained at ¢ = b.

Finally, choosing Lgt to satisfy

Pajog=t(|Tsr = 7] < L(1+ ||ly[h)™200) = 1 = ¢

completes the proof.

A.3 Proofs of additional results

A.3.1 Proof of Lemma 1.3.1 and Lemma 1.3.2
Proof of Lemma 1.3.1 and Lemma 1.3.2. By Assumption 1.2.1,

G2) () (F )
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Hence, by linearity of multivariate normals,

7'0—7' N 0 08 —Jg
71 — To A)'\—o5 o5+07))"

Another linear transformation yields

~ 1 2
1 — To A 0 oj+o]

Therefore, there exist independent standard normals Z, Z, such that

7/:1—7/:0 —7'g " A+
( )

1
14+~ vV1i+7y

Next, by the definitions of 7p and Ty,

o~

7'0"—

~ . d
0021, n—To=A+02,.
T+ 021 1— 70 2

~ ~ Y . ~ ~ ~
= — 7)1 — < oc,
TPT T()+ 1_’_7(7'1 7'0) (|7'1 T0| S O0C /2)
~ ~ ~ Y ~ ~ ~ ~
=70 + T —To) — 71 —710)1 (|71 — To| > 0cCase),
0 1+7( 1 0) 1+7( 1 0) (| 1 o] /2)
and
~ Yo~ ~ ~ ~ Y . ~ ~ ~ ~
TsT =T0 + 1—10)l (|77 — 7| < ocypm) + 0Cy o 8ign(m — 7)1 (|71 — To| > 0cy,,
ST 0 1+7(1 0) (|1 0|_ /2) 1+~ /2 g(l o) (’1 o| /2)
~ Y ~ ~ ~ ~ . ~ ~ ~ ~
=To+ —— (11 — 7o) — TI — To) — 0Cqy2 Sign(m1 — 7o)|1 (|71 — To| > 0cCay2) -
0 1+7(1 0) 1+7[(1 0) /2 S18 (1 0)] (|1 0| /2)

For the pretest estimator,

7/:pT — T = ’7/:0 + (?1 — ?0) — T — (7/:1 — 7/:0)]1 (|?1 — ?0| > O'Ca/g)

147

d 7 1
= A+ 002 A4+0cZ)1 | |24+ —| > co
R e e O (‘ ’ ‘ ”)
SCOL/Z)

/ A
ZZ"‘ L_
1+”}/O'0
y
— 4/ Z51
1+700 2 <

A
5 A
1+~vo9
which proves Lemma 1.3.1.

Similarly, for the soft-thresholding estimator,

147

1 o
=092 + —A1
Vv91+y 0=t 1+~ (

Y ~
Tsr —T =70+ — (71 —
ST 0 1+v(1 o) — 14~

(A +025) — 0cays sign(A + 02,)|1 (‘Zg + =

o)
- >Ca/2

[(?1 — ?0) — 0Cq/2 Sigl’l(?l — ?0)]]1 (|?1 — ?0| > O'Ca/g)

2 T Ag

1 = v
pr— O' —_——_—_—_—_—,—,.
147 v1i+7y 0=t 1+
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1 ¥ v A
= o+ LAtz L2 <,
JItq T Ty ( *TVi1tq0 _6/2)
v . 1A vA
_ Z,—c, z+ 22\ 1(lz, /22
\/1+v‘7°( 2 C/QSIgn( 2+\/1+vao>) (‘ 2T\ T4

which proves Lemma 1.3.2.

> Coc/?) y

A.3.2 Proof of Theorem A.1.1

Proof of Theorem A.1.1. By Theorem 1.3.1, the shortest symmetric centered confidence in-
terval based on Tpw is given by [Tow — Lpw(1 4+ 7)"Y200, Tow + Lpw (1 + ) /200], where
Lpw is the unique solution to

@(L—\/%_Vb)—CI)(—L— 1175):1—@

By the definition of the b-value,

bow (C) = inf {b > 0:0€ [fow — EPW(l + ’7)_1/2007?PW + ZPW<1 + 7)_1/200]}

| - Fowl
=inf{b>0:L > -7
" { =Y S ) gy

Now evaluate the confidence interval at b = 0. In this case Lpyw (0) solves ®(L)—®(—L) =

1 ¢ If
|?PW| |?PW|
q’<(1+7>—1/200) o (1+7)—1/200> <1-¢

then EPW(O) > ux;’fwl/‘% and therefore bjyy, (¢) = 0.

Otherwise,
[Tew| [Tew|
L Y 7 P
(1+’}/)71/2O'0 (1+’Y>71/20'0 o C

50 bhw(C) € (0,00). By definition of the infimum, at b = b} () we must have the boundary
condition

> [Tpw|
Lpw (bt =
PW( PW(C)) (1 ""7)_1/20'0
Plugging L = m?fwli% into the defining equation of Lpyw yields that b = biw(¢) solves
<I>< TPw| " b) _q)(_ [TPw| 7 b) —1-¢
(1+7)"1Y200 T+~ (1+~)"Y200 V147 ’

which is the desired characterization.
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A.3.3 Proof of Theorem A.1.2

Proof of Theorem A.1.2. By Theorem 1.3.2, the shortest symmetric centered confidence in-
terval based on Tp is given by [Tpr — LpT(l + )" Y200, Tpr + LPT(l +7)"204], where Lpr
is the solution to

i Pajoy=([Tor — 7| < L(1+7)” Yog) =1-¢.

By the definition of the b-value,
by (C) = inf {b >0:0€ [For — Lpr(1 + 7)™ 200, For + Lor(1 + 7)—1/200]}

. ~ |Tpr|
=inf<b>0:Lpp > —1——
in { > PT = (1+7) 20

At b = 0, the defining equation for Lpr becomes PA/oo=o([Tor — 7| < L(1 +7)"200) =
Tt
Pajoo=o(|Ter — 7| < [Tpr| [ TPT) <1 -,

then ZPT(O) > (1+»|y?)+|/2¢m and therefore b5 (¢) = 0.

At b = oo, the defining equation for ZPT becomes mingso Pa/oo=¢(|7pr — 7] < L(1 +
7)) MPog) =1 If

mit P oo=i(|7er — 71 < [Tor| [Tor) > 1 -,

then ZPT(OO) < mﬁ‘ff+|/200 and therefore b (¢) = oo.
Otherwise,

IgnPA/UO —t(|7pr — 7| < |7erl | Ter) £ 1—=¢, and Pajpo=o(|7pr — 7| < |Tor| | TPr) > 1 =,

s0 bhw(C) € (0,00). By definition of the infimum, at b = b5 (¢) we must have the boundary
condition

> 7o
Lpr (b} =
PT( PT(C)) (1 +’Y)_1/20'0
Plugging L = m,'jf+l/2% into the defining equation of Lpr yields that b = bj () solves

O@tlngA/ao t([Ter — 7| < [7pr| [ Tpr) =1 = ¢,
which is the desired characterization.
The explicit form of Paq,—(|7pT — 7| < [Tpr| | TP7) is directly given by Theorem 1.3.2.
[
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A.3.4 Proof of Theorem A.1.3

Proof of Theorem A.1.5. By Theorem 1.3.3, the shortest symmetric centered confidence in-
terval based on Tgr is given by [TsT — LST(l + )"0, Tor + LST(l + )20, where Lsr
is the solution to

P joo=b(|Tsr — 7| < L(1L+7)"200) = 1 - ¢.

By the definition of the b-value,
bgT(g) =inf {b Z 0:0€ [?ST — EST(l -+ 7)71/20'0,?311 -+ EST<1 + ’}/)71/20'0]}

. ~ |7s7|
=infd{b>0:Lgp > — "
ln{ B =1+ y) 20

At b = 0, the defining equation for Lgr becomes PA/oo=o(|Tsr — 7| < L(1 +7)"20¢) =
T
Pajog=o(|TsT — 7| < [7sr| | 757) <1 -,

then Lgr(0) > (Hgsfﬂ‘/zao and therefore b () = 0.
At b = 0o, the defining equation for Lgr becomes PA/oomoo(|Tor — 7| < L(1+7)"200) =
1—¢ It
PA/oo=oo(|TsT — 7| < |7570| | T87) > 1 = C,

then ZST(OO) < (1+r|y?)S+Tll/2¢m and therefore b§p(¢) = 0.

Otherwise,
PAjog=oo(|TsT — 7| < |T57] | 787) <1 —¢, and Pajeo—o(|Tsr — 7| < |Tsv| [ Ts7) > 1 =,

so b§r(C) € (0,00). By definition of the infimum, at b = b§({) we must have the boundary
condition

~ |75l
Lst(bsr(€)) = A+ oy
[Ts|

(= into the defining equation of Lsr yields that b = b§1(C) solves

Plugging L = a

Pajog=b(|TsT — 7| < [757| | 757) = 1 = (,

which is the desired characterization.
The explicit form of Pa q,—(|TsT — 7| < |Tsr|| 7o) is directly given by Theorem 1.3.3.
O]
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A.3.5 Proof of Theorem A.1.4

Proof of Theorem A.1.4. We follow the argument in the proof of Theorem 1.3.1. From that
proof, we know that

A
| 4) 207 Gy — 7 NN(L_J).
( 7) 0 (PW ) \/mo_o

Consider the lower confidence bound
[Fow — L(1+7) ™00, 00).
The worst-case coverage probability of the lower confidence bound is

inf  Pa(7 € [Fpw — L(1 4+ )" Y%69, 00))

A:|A/op|<b
= inf Pa(Ppw—7<L(1 1245,) = inf  Pa((1 V26 Fow —7) < L
A:IAlglao\gb AlTpw — 7 < L(1 +7) ) A:lAlﬁlao\gb Al(L+7)"20y (Tpw — 7) < L)

) v A vy A
= inf Pa(N —,1)<L|=P|N su — 1| <L
A:|A/oo|<b A( <1/1—|—70'0 ) ) < (A:A/E)gb\/1+700 ) )
Y Y
=P (N b,1| <L)=®(L— b).
( <\/1+7 )_ ) < V1 ’y)

Therefore, the proof is complete since Ei)w =cc+ ﬁb is the solution to

@(L—\/%_VQ:MQ

A.3.6 Proof of Theorem A.1.5

Proof of Theorem A.1.5. We follow the argument in the proof of Theorem 1.3.2. From that
proof, we know that

PN ~ -~ v A
14+)Y205 (For — 7 T — To| < 0Cy NN( _7)’
(L+7)" 0q (Tpr ) {7 =70l < 2} 500

and

A
1+ 260 For — 1) [ {07 (7 — 7 =u, |1 — 79| > oca NN( Y2 u,l).
( ’7) 0 (PT )|{ (1 0) ‘ 1 0| /2} mUO ﬁ

Counsider the lower confidence bound

[T — L(1 + 7)_1/2007 00).



APPENDIX A. APPENDIX FOR CHAPTER 1 119

The worst-case coverage probability of the lower confidence bound is

. ~ —1/2 _ . =< —1/2
A:|A11;10fo‘ngA(7' € [Tpr — L(1 + )" /*09,0)) A:‘Au/qof()'SbPA(TpT T < L(1+4~v) "“09).

For a fixed t = A/og, we decompose the probability according to whether the pretest accepts
or rejects:

P oot (For — 7 < L(1 + %) ™200) = Pajog=t((1 + )" 205 (For — 7) < L)
=P A jogt((1 +7) 205 (For — 7) < L, |71 — To| < 0Cay2)
+ Pajoomt (1 4+9) 205 For — 7) < L, |71 — To| > 0€as2)

(et () )
+ By {P (N (\/11_725 — VAU, 1) < L) 1(JU] > cm)}
:[q><ca/2 _ %t) - <I>< — Cayz — \/gtﬂcb@ - \/%_70

+ /—ca/rmt @(L + ﬁu)qﬁ(u)du + /COO V t(I)(L + \/au>¢(u)du,

oo a/27\ Ty

Finally, the worst-case coverage probability over |A/og| < b is attained for some t € [0, b].
Choosing Lpy to satisfy

min Py (For =7 < L(1+7)o0) = 1 ¢

completes the proof.

A.3.7 Proof of Theorem A.1.6

Proof of Theorem A.1.6. We follow the argument in the proof of Theorem 1.3.3. From that
proof, we know that

A
1+ 1/20-71? — T ?—? <O'Ca NN( 7 _71)7
(1+7) " oy (75t — 7) [{|[11 — 70| < ocaya} 150,

and
(1+ 7)1/200_1(?3T —7)| {0_1(?1 — 7o) = U, |71 — To| > 0cCay2}

A )
~N (\/17_'__70—0 — VU —caye 51gn(u)],1) .
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Consider the lower confidence bound
[Tsr — L(1 +7) "%y, 00).
The worst-case coverage probability of the lower confidence bound is

inf P 7ot — L(1 —1/2 = inf Pa(Fer—7<L( “1240).
ol Palm € s = Ll +9)" oo, 00)) = | Inf  Pa(for =7 < L(1+9)" o)

For a fixed t = A /o, we decompose the probability according to whether the pretest accepts
or rejects:

P ajoy=t(Tor — 7 < L(1+7)7?00) = Pajoy=i (1 +7) 205 (Tor — 7) < L)
=Pa/go=t((1 + V20 (Fer — 7) < L, |7 — To| < 0Cas2)
+ Pajoo=t(1+7) 05 (For = 7) < L, [71 — 7ol > 0¢ay2)

S CTA S T =
# By [P (3 (St = VAU — o san@)]1) < 2) 101> o)
—[®(cap2 - \/%t) ~ (= capp - \/gt)}QJ(L - \/11_715)

+/_Ca/2_mt@<L+ ﬁ(U+ca/2)>¢(U)du+ /Oo Vi (I)<L+ V= Ca/2>>¢<u)du'
- Ca/2=y/ Timt

Finally, since the coverage probability is monotonically decreasing in A, the worst case
over |A/oy| < b is attained at A/oy = b. Choosing Lg to satisfy

o

PA/UOZb(?ST —7< L(l + ’)/)71/20'0) =1 C

completes the proof.
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Appendix B

Appendix for Chapter 2

In Section B.1.1, we discuss the relationship between full OLS, marginal OLS and weighted
least squares. We also provide an alternative OLS regression formulation that is equivalent
to the full OLS regression.

In Section B.1.2, we discuss the extension to the regression with interaction terms.

In Section B.1.3, we discuss the extension to the general exposure mapping.

In Section B.2, we provide the lemmas for the main results and their proofs.

In Section B.3, we provide the proofs of all the results.

Additional notation. For any a,b € R, write a V b = max{a, b} and a A b = min{a, b}.
For any two real sequences {a,} and {b,}, write a, < b, (or equivalently, b, 2 a,) if
a, = O(by).

B.1 Additional results

B.1.1 Relationship between full OLS, marginal OLS and weighted
least squares

Although the OLS procedure in (2.2.3) involves regressing Y; on the full set of transformed
treatment indicators Z, el Zt_ i, all of our results remain valid when regressing Y; on a
subset of these transformed treatment indicators because the transformed regressors are
jointly independent. Suppose we are interested in estimating the treatment effect at lag
k. There are two natural approaches. One approach is the full OLS in (2.2.3), where we
regress Y; on Z, e Zt_ i to obtain the estimate 7, and then apply the linear transformation
(2.2.4) to obtain the estimate 7j, = w;, '7;. The other approach is the marginal OLS, where

we regress Y; on Z;_y, i.e.,
Im(Y; ~ Zy_y,), (B.1.1)

to obtain the estimate Tiarginalx and then apply the linear transformation (2.2.4) to obtain
the estimate Tharginalk = w,;l?margml,k. Both approaches yield consistent and asymptotic
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normal estimators (7 and Tiarginal k) for 7, with conservative variance estimators by HAC
variance estimation. The key differences lie in their efficiency and variance estimation. First,
the two approaches have different asymptotic variances. Second, the two approaches have
different variance estimators, since the variance estimator in the marginal OLS is based on
noisier residuals, which inflates the standard errors. As a direct result from Theorem 2.3.3,
both approaches share the same bias term By in HAC variance estimation. Thus, comparing
the HAC variance estimators V' reduces to comparing the asymptotic variances V', since the
two approaches have the same level of conservativeness. See Appendix for more technical
details on this discussion. Therefore, we focus on comparing the asymptotic variances below.
By Theorem 2.3.2, the asymptotic variance from the full OLS (2.2.3) is (T'— K)™*
Var[321 i1 Zy 1Y) — Zfoz owyTy)], while the asymptotic variance from the marginal
OLS (B.1.1) is (T — K)~* Var[>_|_ K1 Zy_ k(Y; — Zy_qwymy)]- Intuitively, the asymptotic

variance depends on the residual Y; — Zz 0 Zt swety for full OLS and Y, — Zt_kwka for
marginal OLS. By adding more regressors in full OLS, the residual should have smaller
sum of squares, which implies the asymptotic variance will be smaller. To compare these
asymptotic variances explicitly, we consider the linear model on the potential outcomes and
establish the following result.

Proposition B.1. 1 Consider a linear model with homogeneous effects and nonrandom er-
ror: Yi(zp1) = Z o Brzi—r + €. Assume a constant treatment probability p, = p for all t.
Then, the asymptotzc variance of T, from the full OLS is

— Kz T o+ T 3 (pzmet),

t=K+1/=K+1 t K+1

while the asymptotic variance of Tiarginalx from the marginal OLS is

Tz Kp(1 Z (pzﬁ’““t)'

t K+1

t K+10=0,0+£k

By Proposition B.1.1, under the linear model with homogeneous effects and nonrandom
error, full OLS has a smaller asymptotic variance than marginal OLS. The variance difference
is (T—K)™! ZtT:KH Zf:()’#k B2 = Zf:()’#k /37 which is typically large, as smaller lags often
have strong effects. Furthermore, full OLS achieves lower variance unless 8, = 0 for all ¢ > K.
However, including too many lags may lead to high model complexity. Therefore, it is crucial
for practitioners to carefully choose the number of lags in the model. This selection can be
guided by standard model selection techniques from the linear regression literature.

Remark B.1.1. Gao and Ding (2025) consider the network experiment setting and estimate
the average of potential outcomes separately for each group. Compared with the weighted
least squares (WLS) approach in Gao and Ding (2025), our method differs in two key ways.
First, we estimate the causal effect directly rather than estimating the average potential
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outcomes. Second, we normalize the treatment indicator directly, instead of applying weights
to each observation with an unnormalized treatment indicator. Our OLS approach allows us
to estimate treatment effects across multiple lags simultaneously. Since treatment indicators
at different time points should receive different weights due to variations in propensity scores,
and each observation contains treatment indicators from multiple time points, assigning a
single weight per observation is not feasible. However, the marginal OLS estimator (B.1.1) is
asymptotically equivalent to a version of WLS analogous to Gao and Ding (2025). If further
the propensity scores are constant, the two estimators coincide.

B.1.1.1 Alternative OLS

Equivalently, from (2.2.3) and (2.2.4), 7 can be obtained directly from the following OLS
regression without an intercept:

lm(Yt ~ w(]Zt + wlz_l + -+ ngt_K). (B12)

In this formulation, the outcome vector remains Yy, but the regressor matrix is rescaled
to ZxWpg. The only difference lies in whether the scaling is applied before or after the
OLS regression. Thus, the regression in (B.1.2) yields the same estimator as in (2.2.3)
after applying the linear transformation (2.2.4), and both procedures lead to the same HAC
variance estimator. When the p,’s are constant across time t = 1,...,7T, all treatments share
the same normalization with the same centering and scaling. In this case, there is no need
for the normalization and the OLS fit is equivalent to regressing the observed outcomes on
unnormalized treatment indicators with intercepts: Im(Y; ~ 1+ Z, + Z, 1 + ... + Z;_k)
using samples with t = K +1,...,T.

B.1.1.2 Full OLS and marginal OLS
By Theorem 2.3.2, the full OLS estimator satisfies the following CLT:

T— KV ;oG —m) —= N(0,1),

where V' denotes the asymptotic variance matrix of the full OLS estimator defined in (2.3.5).
The corresponding asymptotic variance component for lag k£ can be written as

T T K
Z Zi Uy Z Ziy, (Yt - ZZ:—#WU)] :

t=K+1 t=K+1 =0

1
:T_K\/ar

1
Vit g1 = T K Var

Define the asymptotic variance of the marginal OLS estimator as

1
Vmarginal,k = T_ K Var

T
> Zik(Y - Zt—kwka)] :

t=K+1
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Analogous to Theorem 2.3.2, the marginal OLS estimator also satisfies the following CLT:

v T - er;;r{g?nal,k(?k o Tk) i> N(07 1)

Both V' and Viarginax can be estimated using the HAC variance estimator. By Theo-
rem 2.3.3, we have for the full OLS estimator:

IV =V = Bg|s 0.

Let b, € RT=% be defined by
Wi,

—_ 7, t=K+4+1,...,T.
pt#c(l _ptfk) g

[bk]th = Ttk —
Then [Bg|ii14+1 = by Qrby, which implies for the full OLS estimator:

- p
Viiht1 — Virrwr1 — by Qiby| — 0.

Similarly, let Vmargmaw denote the HAC variance estimator for the marginal OLS. Then
for the marginal OLS estimator, following the proof of Theorem 2.3.3, we have

-~ T P
|Vmarginal,k; - Vmarginal,k} - bk QKbk| — Oa

since by the definition of by, for t = K +1,...,T,

Wi

E[ka(yt - thkwkaﬂ =Ttk — )Tk = [bk]th

Pi—k (1 — Pt—k

Hence, both V and Vmarginam share the same bias term b;Q b, when estimating Vi1 p41
and Vinarginalk, respectively. The comparison between full and marginal OLS variance esti-
mators therefore reduces to their asymptotic true variances.

B.1.1.3 Marginal OLS and WLS

Assume without loss of generality that we are interested in the treatment effect at lag 0. To
directly estimate the causal effect, we center the treatment and assign a weight of 1/[p;(1—p;)]
to each time point ¢. For comparison, Gao and Ding (2025) did not center the treatment
and use weight 1/p; and 1/(1 — p;) since they estimated the average potential outcomes
for each group separately. The only distinction between marginal OLS and WLS is that
marginal OLS applies weights to the treatment indicators, whereas WLS applies weights to
the observations. Let Z = (Z, —py1,..., 27 —pr)", W = diag(1/[p:(1 — py)],t = 1,...,T),
and Y = (Y1,...,Yy)T. Then the WLS estimator can be written as

ZWa) 2 - (L i iyl sz 7).
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In contrast, the marginal OLS estimator can be written as

(Gl Tl i) ()

The numerators of these two estimators are identical, and under certain conditions, both
denominators converge to 1. If the p; values are constant, the two estimators coincide.
However, when we infer treatment effects across multiple lags using full OLS, WLS cannot
be generalized.

B.1.2 Regression with interaction terms

In practice, we may be interested in studying the interaction effects between treatments at
different lags. In online platforms, repeated exposures (e.g., showing a user the same ad-
vertisement or recommendation on consecutive days) may produce reinforcement or fatigue,
leading to nonlinear cumulative effects. In clinical and behavioral studies, the efficacy of an
intervention (e.g., medication, exercise, or reminders) often depends on treatment consis-
tency, with consecutive applications generating biological accumulation or tolerance effects.
An additional advantage of the regression-based analysis is its flexibility to incorporate inter-
action terms. For instance, one can include regressors such as Z; ,Z;_, to study whether the
joint presence of treatments at two different lags produces an effect beyond the sum of their
individual contributions. To accommodate this possibility, we extend the OLS specification
by including interaction terms between consecutive lags:

Im(Y; ~ Zt +oeee thK + Etthl + o+ thKJrthfK)

We denote the corresponding estimator by Tint = (Tint.0, - - -, Tint ks Tint,0.15 - - - > Tint K—1.K) | €
R25+1 . The extended regression specification includes K +1 main-effect terms corresponding
to individual lags and K interaction terms between consecutive lags. In total, the model has
2K + 1 regressors. This framework can be further generalized to incorporate higher-order
interactions by augmenting the regression with corresponding interaction terms, similar to
regression with interactions in classic factorial experiments (Zhao and Ding, 2023). To
illustrate the key idea in time-series experiments, we focus here on two-way consecutive
interactions. B

We recall the normalized treatment variable Z; defined in (2.2.2) and the main effect
weights wy, defined in (2.2.5). We set Ty = w,;lﬁnmk as (2.2.4). For the interaction terms,
we introduce analogous weights that account for the joint variation in the two treatment
lags. Specifically, we define

T -1

> (Var[Zy_y) Var[Zy 1))

t=K+1

1
T-K

Wg—1,k =
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T -1
1 —
T|IT-K Z [Pe—kpr—k+1 (1 = proi) (1 = progs)] ! )
t=K+1

and define Ty p—16 = wk__ll,k%int,k—l,k- Collecting the main and interaction effects, we obtain
the transformed OLS estimator Ting = (Tint.0; - - - » Tint 15 Tint.0.15 - - - » Ttk —1.5¢) € R2EFL The
causal estimand is Tin = (70, ..., 7K, To1,-- s TK_1.K) , which jointly captures both lagged
main effects and interaction effects. The lag-k main effect 7, is defined as (2.2.8). The
interaction effect between lag k — 1 and lag £ is given by

T

1

Th-lh = 7o E ElY,(Zit—it2, 1,1, Zig—11) = Yi(Zpp—r42, 1,0, Zy_j—121)
t=K+1

- }/t(Zt:t—k—i—Qa 07 ]-a Zt—k—l:l) + }/%(Zt:t—k-i-% O) 07 Zt—k—l:l)]7

where the expectation is taken over the joint distribution of (Zy.; 42, Zi—g—1.1). Intuitively,
Tr—1, measures the incremental effect of applying treatment at both lags £ — 1 and lag k
simultaneously, beyond the sum of their individual effects.

To write Ty explicitly, recall the outcome vector Yx = (Ygy1,...,Yr)" € RT=K and
define the regressor matrix Zi x = (ZL’KH:I, . .,ZL’T:TJ()T € RI-FKXCE+D) where
Zint,t:t’ = (Zt, Zt—la cey Zt/, ZtZt—:b ey Zt/+1Zt/)T for t > t'. Let VVian S R(2K+1)X(2K+1) be
the diagonal weight matrix Wiy x = diag(wy : K =0,..., K,wi_1 : k =1,..., K). Then,
Tint can be expressed as

~ _w-l ~ _ w1 T —1r,T
Tint = VVint,KTint = "Vint,K(Zint,KZint,K) Z k Yk

Analogous to the decomposition of 7 in (2.3.1), we can decompose Ty, as
Tiw = T+ Wik (T = K) 7' Ziny g Zine, ) 7 (T — K) ™ Zigy i (Yie — Zine,x Wing, 7))

To study the asymptotic properties of the OLS estimator 7i,, analogous to (2.3.4), we
define the oracle residual of OLS regression at time ¢ as

K K
Uit = Y: — E Lt Wi T — g 2tk Lt 1 Wh—1 kTh—1,k-

k=0 k=1
We then define the asymptotic variance matrix Vi, € REE+DXCE+1) analogous to (2.3.5) as
] T T
[Vint)exr = T & Cov [ Z Zt—k+1Uint ¢, Z Zt—k'+1Uint,t],
=K 41 t=K+1
. T T
Vit k4140, k4140 = T % Cov [ Z Zt 12—k 1Uine t, Z Zi—t Zi— i1 Uing ¢ |

t=K+1 t=K+1
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1
T—-K

T T
Vi) k41460 = [Vintlo k114086 = COV[ E Zi 1 Zi—j+1Uing st E Zi_ 1 Uineyt | -

t=K+1 t=K+1

The design assumptions and treatment probability conditions carry over unchanged from
the main effects model. Under Assumption 2.3.4, the uniform boundedness of || 7 ||1 across
T follows immediately, ensuring that both main and interaction effects remain well-behaved.

With these assumptions in place, we obtain the consistency and asymptotic normality of
the extended estimator 7i,;. These results parallel Theorem 2.3.1 and Theorem 2.3.2, now
incorporating both main and interaction effects.

Theorem B.1.1 (Consistency). Assume Assumption 2.2.1, Assumption 2.2.2, Assump-
tion 2.3.1, Assumption 2.3.2(i) with K S 1_, 0px/T — 0 or Assumption 2.3.3(i) with
Km/T — 0, Assumption 2.3.4, and K*/T — 0. Then we have

”%\int - TintHQ L> 0.

Theorem B.1.2 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.2.2, As-
sumption 2.3.1, Assumption 2.5.2(ii) with K fived or Assumption 2.5.5(ii) with K*/T — 0,
and Assumption 2.5.4. Then for any non-zero A\ € REHL satisfying liminfr_, A[T(V}nt)\;( >
0 and limsup,_, || Ak|l1 < 00, we have

VT = KL Vi d i) 2A L (Rt — 7o) —= N(0, 1),

To estimate the asymptotic variance Vi, in Theorem B.1.2, we apply the HAC variance
estimator introduced in Section 2.3.2. Let

~

K K
Uint,t =Y — E thkwkTint,k - E ththfqulwkfl,kTint,kfl,k
k=0 k=1

be the sample residual at time ¢ analogous to (2.3.6). Using these residuals, we can then
construct the HAC variance estimator in the same way as in (2.3.7), and the consistency
result is parallel to Theorem 2.3.3, since the inclusion of interaction terms simply augments
the number of regressors from K + 1 to 2K + 1.

We note that the k-th element of both 7 and 73, coincides with 7. This raises a natural
question: do we actually need to include the interaction terms? The answer closely parallels
the comparison between full OLS and marginal OLS in Section B.1.1: both procedures target
the same estimand, but differ in their asymptotic variances and variance estimators.

By Theorems 2.3.2 and B.1.2, the asymptotic variance of 7, without interaction terms is
(T—-K)™! Vaur[z:tT:KJrl Zi (Vs —Zﬁio Zy_gwyTy)], while the asymptotic variance with interac-
tion terms is (T'— K) ™! Vaur[th:KJrl Zi k(Y — Zf:o Zy_qWyTy — 2521 Zy 42y g1 W1 4Te—1,0))-
To compare these variances explicitly, we consider a linear potential outcome model with
interaction terms.
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Proposition B.1.2. Consider a linear model with homogeneous effects and nonrandom er-
ror: Yi(zp1) = Zz;lo Brzi—i + 22;11 Br—1k%t—kZ—k+1 + €. Assume a constant treatment
probability p, = p. Then, the asymptotic variance for OLS with interaction terms is

1

T K K
TR Var [t;q Zi oYy — Zz; Zi_qWTp — ; Zt—eZt—e+1we—1,eTe—1,e)]

DB+ D Ble) + Z Z P)Bi-1.

t K+1(= K+1 t K+1(=K+1

1 1
e Z (pZﬁwp Zﬁk 1k+et) ,

t K+1

while the asymptotic variance for OLS without interaction terms is

Var[ Z Zy (Y, — ZZt ewﬂz}

t=K+1
1 T t—1
P+ DB P Ben) e D D p(L- ),
t=K+1/=K+1 t=K+1 /=1

1 1
+T—Kp(l—p Z ( Zﬁk""p Zﬁk 1k+€t> .

t=K+1 k=0

We face a natural trade-off when deciding whether to include interaction terms in the
regression. Even if the primary goal is to estimate the main effects, Proposition B.1.2 shows
that incorporating interaction terms can reduce asymptotic variance: the gain is exactly
(T—K)"'" e Son, p(1 —p)B = S (1 —p)B¢_1,4, which is strictly positive when-
ever the interaction effects 8,1, are non-negligible. Thus, including interactions improves
asymptotic efficiency in the presence of interaction effects. However, this benefit comes at
a cost. When the true interactions are small or absent, the variance reduction is negligible,
while the inclusion of additional regressors increases model complexity and inflates finite-
sample variance. Therefore, this creates a trade-off: including interactions can improve
asymptotic efficiency but may sacrifice finite-sample performance.

B.1.3 General exposure mapping

In practice, we may be interested in using the exposure mappings to summarize the treatment
history. Specifically, we divide the past treatment assignments into several time blocks,
and the treatments within each block are aggregated into a single exposure mapping. For
example, in behavioral or clinical studies, treatments (e.g., reminders or interventions) often
have cumulative effects that depend on how consistently the treatment has been received in
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the past rather than on any single recent treatment. This allows estimation of short-term,
medium-term and long-term persistence in treatment effects. Define a collection of exposure
mappings:

gto = gO(Zt:t—kg)a gt1 = gl(Zt—k:o—lst—kl)a ceey Gts = gS(Zt—kS_l—lst—kS)a

where S > 0 indexes the exposure mappings. The exposure lags satisfy 0 < ko < k1 < ... <
ks = K, and each function g, is a known mapping from a block of treatment assignments to
{0,1}: go : RFotl — L0 1}, gy : REr=ko — {0, 1},..., g5 : RFs7Fs—1 — {0, 1}. Intuitively, we
divide the treatment history into S + 1 consecutive time blocks, and within each block, the
sequence of past treatments is summarized by a binary value from the exposure mapping. We
assume that the potential outcome can be expressed in terms of these exposure mappings:
Yi(Zi1) = Yi(9t.0: Geas - - -, grs). We treat these exposure mappings as treatment indicators
in Section 2.2. For each exposure mapping ¢; s, we define a normalized version g s = (gt.s —
Elg:s])/ Var[g:s] and corresponding weight

T -1
1 -1
wes = |77 >, (Varlo)™'|

t=K+1

for s =0,1,...,5. We consider the following OLS regression:

Im(Y; ~ Gro+ Gia+ ...+ Ges).

We denote the corresponding estimator by 7, = (Ty0,...,7gs). We define 7, , = wg;ﬁ;s
for s = 0,1,...,5 analogous to (2.2.4), and obtain the transformed OLS estimator 7, =
(Tg0,---,7g,s)- The causal estimand is 7, = (740, ..., 7g.s), Where each component 7, ; cap-

tures the causal effect of the s-th exposure mapping. Formally,

T
1
s— ElY; Yty 8—71a ER o SIS - Y, PR 8—a07 EE s SIS )
Tas =z 2 BYi(00, - st L Grsens 1 008) = Yil9e0s - 91ae1, 0, Gt 91.5)
t=K+1
where the expectation averages over (gio,---,Gts—1;Gt.s+1,- - -, gr.s), holding the exposure

mapping ¢g: s fixed at either 1 or 0.

This exposure mapping framework unifies and generalizes many commonly studied mod-
els. If we take go(z) = -+ = gs(2) = 2, and let ks = s with S = K, then each exposure
mapping corresponds to a single treatment indicator at a lag. In this case, the model re-
duces to the OLS regression introduced in Section 2.2, where each treatment indicator enters
separately as a regressor. If instead we set S = 0, ko = K, and define go(2) = g(z) for some
function g : {0, 1} — {0, 1}, then the potential outcomes depend only on a single transfor-
mation of the treatment history over the most recent K periods. This corresponds to models
in which treatment effects are summarized by a single exposure mapping.

To write 7, explicitly, recall the outcome vector Yx = (Y1, ..., YT)T € RT=X and define

the regressor matrix Zg x = (2, 4, . - -, Z;T)T e RTFSHD) where Zyy = (gro, - - - Gos) |
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for t = K+ 1,...,T. Let Wy € RETDX(5+D be the diagonal weight matrix W ;o =
diag(wgs : s =0,...,5). Then, 7, can be expressed as

T=W, T =W_ (2 Z; k) Z, Y.
Analogous to the decomposition of 7 in (2.3.1), we can decompose 7, as
T =T+ W il(T—K) 2, Zy ) ' [(T — K)'Z) (Y — Zgx Wy 7).

To study the asymptotic properties of the OLS estimator 7,, analogous to (2.3.4), we
define the oracle residual of OLS regression at time t as

S
Ug7t = }/;/ - : :wg,sTgysgt»S'

s=0

We then define the asymptotic variance matrix V; € R+HDX(SH1) analogous to (2.3.5) as

T T
1
[‘/g]s,s’ = T_K Cov [ Z gt,sUg,ta Z gt,s' g,t} .

t=K+1 t=K+1

To ensure well-defined and non-degenerate exposure mappings, we impose the following
assumption, which is the analogue of Assumption 2.3.1 in the exposure setting.

Assumption B.1.1 (Treatment distributions condition). There exists some constant € > 0
such that € < inf;>q 5015 Var(g: s|.

We also impose a boundedness condition on potential outcomes and exposure effects,
analogous to Assumption 2.3.4.

Assumption B.1.2 (Moment condition). The potential outcomes Yi(zp1) are uniformly
bounded for all t and all z., € Rt i.e., SUD;>1 4,y ere | Ye(261)| < 00 Additionally, |71 is
uniformly bounded for all T', i.e., supyp||7g|[1 < oo.

With these assumptions, we obtain the consistency and asymptotic normality of the
exposure-effect estimator 7.

Theorem B.1.3 (Consistency). Assume Assumption 2.2.1, Assumption 2.2.2, Assump-
tion B.1.1, Assumption 2.3.2(i) with K \_ 0p./T — 0 or Assumption 2.3.3(i) with
Km/T — 0, Assumption B.1.2, and K*/T — 0. Then we have

||/T\g - 7—g;||2 -5 0.

Theorem B.1.4 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.2.2, As-
sumption B.1.1, Assumption 2.3.2(ii) with K fized or Assumption 2.3.3(ii) with K*/T — 0,
and Assumption B.1.2. Then for any non-zero A\ € REFL satisfying liminfr_, )\[T(VZg)\K >
0 and limsup,_, || Ak|l1 < 0o, we have

VT = KL Vi) VPAL (R, — 1) =5 N(0,1).
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To estimate the asymptotic variance V; in Theorem B.1.4, we apply the HAC variance
estimator introduced in Section 2.3.2. Let

S
Ugt =Y — § :wg,sTg,sgt,s

s=0

be the sample residual at time ¢ analogous to (2.3.6). Using these residuals, we can then
construct the HAC variance estimator in the same way as in (2.3.7), and the consistency
result is parallel to Theorem 2.3.3, since the inclusion of exposure mappings simply changes
the number of regressors from K + 1 to S + 1.

B.2 Lemmas for the main results

We need the following lemmas to prove the main results.

Lemma B.2.1. Assume Assumption 2.2.1, Assumption 2.2.2 and Assumption 2.3.1. If
K?/T — 0, then

1

H—ZIT(ZK Wil

— 0.

T-K -

Lemma B.2.2. Assume Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.2(i) with
K 0r4/T — 0 or Assumption 2.3.3(i) with Km/T
— 0, Assumption 2.3./ and K?/T — 0. Then we have

.
2

1
HT - Kz}(YK — ZxWkT)

Lemma B.2.3. Assume Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.2(ii) with K
fized or Assumption 2.3.3(ii) with K*/T — 0, and Assumption 2.3.4. Then for any non-zero
A € RETL satisfying liminfr_ o Ak VAx > 0 and limsup,_, || Ak |1 < oo, we have

1
T—K

T — KLV Ag) V20L [ ZL(Yi — ZKWKT)} 45 N(0,1).

Now we prove these lemmas in the following subsections.

B.2.1 Proof of Lemma B.2.1
Proof of Lemma B.2.1. Recall

T

1 1 ~ ~

T oIk = e D Dk Zi
t=K+1
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with the (i, j)-th entry

1

t=K+1

Under Assumptions 2.2.2 and 2.3.1, the sequence Z; is independent over ¢, and E[Z] =
0,E[Z2] = Var[Z] ™" = (p:(1 — pt))_ with p; € (0, 1) uniformly bounded away from 0 and
1. If i # j, independence and centering imply E[Z,_; 17, 1] = 0. If i = j, E[Z% 1) =
(pt,iﬂ(l = pt,iﬂ))_l. Therefore

1
: [T KZKZK] = Wi

For i # j, we have E[Et_i+1Zt_j+1] = 0 and suptE[(Z_iHZ_jH)Q} < oo since the
treatment probability p; is uniformly bounded away from 0 and 1. Moreover, because Z; is
independent across ¢, we have for t # t/,

COV<Zt—i+IZt—j+1a Zt’—i-‘rth’—j‘i‘l) = 0.

Consequently,
Var L Zize-wy Var | — > ZiinZ
_ — T —i i
T-RK7RE * ij T_Kt:K—H e
1 d S~ = 1 _ 1
“T—K)p Y VarZ 12 ) < 7K 5P E[(Zi-i+1Ze-341)%) S TRk
t=K+1
For 7 = j, we have sup, E[Z?_Z +1) < 0o and Zy is independent across ¢t. Thus
1 1 <
- - ~
Var {T KZ Zi — WKl} = Var T K Z Zt2_1+1]
ij t=K+1
1 1 1
- Var[Z2 ;. ,] < E[Z? ] <
Combine the entrywise bounds:
1 2 K+1 1 I
E ZiZix -W| =) V ZyZix -Wit| | < :
HT_K wie= Wi F ”221 " [ K " “ ij TT-K

By Markov’s inequality, if K2/T — 0, then

L)

F

ZnZi — Wit

===
This completes the proof.
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B.2.2 Proof of Lemma B.2.2
Proof of Lemma B.2.2. Expanding the term, we have:

T
1 1 ~ ~
o KZ]T((YK — ZxkWiT) = > Zuu-x(Yi— Z}  WiT). (B.2.1)

t=K+1

We first consider the mean of (B.2.1). By the independence of Z, and E[Z,] = 0, we can
show that E[(T — K)™'Z,(Yx — ZxWpgT)] = 0 since for any k =0, ..., K,

B Z Zt k <Yt Ztt KWKT)] = Z Zt k (Yt ZZt zwﬂe>]

T- Kt K+1 T — Kt K+1

1 a ~
T Z (E[Zt_kY;] —Var[Zt_k]wka>

t=K+1
1 T -
[Zt_kY;g]> — ( Z Var[Zt_k]> W T

( t K+1 T-K t=K+1

T
1
<T K ) — <T—K Z V&I‘[Ztk]l) WipTe = Tk — Tk =0.

We then consider the variance of (B.2.1). For any k£ =0, ..., K, we have

1
VarT KZ
t=K+

7 (Yt 7T KW](T)]
1

= Var T K Z Z k(Yt ZZt fwﬂlf)]

t=K+1

Z Var Zt k (Y; Z Zt gUJng) ]
t K+1
1 T . K
+ m Z COV Zt—k <Y; Z Zt g’LUng) Zt/ (Y{g/ — Z Zt/ gU)ng)] .
tt/ =K+1,t#t = =0

By Assumption 2.3.4,

K
Zi—k (Yi -y Zt—fWW)

(=0

sup Var < sup|Y;[* 4 sup||7||} < oo,
t t t

which implies

1

< .
~T-K

Z Var

t K+1

Zy (Yt ZZt zweTz>
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By the independence of Z,, for any t,t' > K + 1 with |t — /| > K, we have

K K
Zi—k, (YQ - Z Ztéwf7—£> Ly g, (YQ' - Z Zt’EwZTE>]

Cov

=0 =0

= Cov [Z—kYn Zs’—kYt’]
o~ o~ K ~
Zi 1 Yt, Ly, Z Zt'—ewﬂz] — Cov

=0

K
Lk g Ly qwyTy, Ly Yy
=0

— Cov

We handle the dependence structure in two cases corresponding to Assumptions 2.3.2
and 2.3.3, respectively.

Decaying carryover effects condition (Assumption 2.3.2)

Assume ¢ > ¢’ without loss of generality. Consider Z/,., = (Z/,,...,Z;)" independent and
identically distributed with Z;.;. Then

B|ZeiZo Y| = B |2 il Zia) Zo Yo (2|
=B | Z0 Vil Ze) Zo Yo Z)| = B | ZeYilZur i1, Z) 2 4Ye (Zura)
+ B Ze Yl Ziw i1, i) Yo (Za)
Since (Z.p41, Z},.) is independent of Zy.1, we have
E [Zt—kYt(Zt:turla Zt/’:1>2t’—k)/t’(zt’ll)}
—E | 2 Y Z1) | B | Zo e (Zo)| = B | Zo i B Zo e
By Assumption 2.3.4 and Assumption 2.3.2, we have
B\ Ze Yl Ze) 2o Yo (Ziea)| = B | Zes¥ilZuir, Z) Zo Yo (Zar)|
= B[ Zik Vil Zia) = YiZuwss, i) ZoaYoo Zuna) |
<EYi(Ze1) = Yi(Zrwir, Zi)I] S Orje—v)-
Therefore, we have

ICOV |Ze Yo, Zo Yy ) - \E ZiYiZo Yo | ~ B |ZaY] B | Zo i

S O ji—p).-

By Assumption 2.3.4 and Assumption 2.3.2, we can show similarly that

COV 5 0T,|t—t/|‘

K
Zy Yo, Zv Y Zt'—éwﬂé]
=0
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By t >t and |t — t'| > K, we have

K
Cov Zt—k Z Zt—ewﬂb Zt/—kYt/ = 0.

=0

Therefore, we have

K K
Zi (Yt - Z Zt—ewﬂe) Ltk (Yt' - Z Zt/—ewﬂe)]

/=0 £=0

COV 5 0T,|t—tl|‘

Summing over all time pairs gives

T
1 ~ .
—— > Zis (Y~ ZiWier)

t=K+1

Var

] T-K
ST—K(K+ Z 9T,k)-

k=K+1

m-dependence condition (Assumption 2.3.3)

By Assumption 2.3.4 and Assumption 2.3.3, we have

K K
Zi (Yt - Z Zt—ewﬂe> s Ltk (Yif - Z Zt/—fWW)]

(=0 /=0

Cov SL(t—=t]<m).

Summing over all time pairs gives

T
1 - -
—— > Zis (Y= ZiWier)

t=K+1

1
T—-K

Var S (K +m).

Final step
By Assumption 2.3.2(i) with K 3";_, 674/ — 0 or Assumption 2.3.3(i) with Km/T — 0,
and K?/T — 0, we have

1
E HT—Z}(YK — ZxWkT)

2 K
= E Var
2 k=0

This completes the proof by Markov’s inequality.

T
1 ~ ~
— > Ziy (Yt . Z;_KWKT)] 0.

t=K+1

]
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B.2.3 Proof of Lemma B.2.3

Proof of Lemma B.2.3. In the same way as the proof of Lemma B.2.2; expanding the term,
we have:

1
T—-K

Zy(Yx — ZxgWkt) = Ziy g WKT).

t K+1
We can write

1
VT — K\ V) Y2k [

T—-K

Z (Y — ZKWKT)]

=VT — K(A\LV ) 2k

1 ~ -
Tk Z Zyy—rk (Y — Z;—KWKT)]

t=K+1
T o~ ~
= Y (T—=E)"PORVA) PN Ze i (Yi = Z, W)
t=K+1

Define the triangular array [Ur/_ ., by
Ury = (T — K) POV AR) YN Ze (Y — 2, WiT).
As shown earlier in the proof of Lemma B.2.2,
E [Z:t,K(Yt . thiKWKT)} —0,
hence E[Ur,| = 0. By the definition of V' in (2.3.5), we have

We then establish the moment bound for Ur,. For p > 2, using (A V Ax) > Apin(V)
| Ak, the p-th moment of Uz, is bounded by
El|Ur") =(T = K) (A VAk) "B\ Zeric(Ys — Zt xWkT)[]

=(T = K) "2\ VAk) B[\ Zoa- K|p|Yt 2y WiTl’)

S(T = K) PP V) PN B, = Z Wi |”]

S(T = K) PPE[[Y P + [|7f]

S(T - K)™72,
where we used the uniform boundedness in Assumption 2.3.4, liminfr_,o A\ Vg > 0 and
lim supy_, o [ A |[1 < 0o. So the triangular array [(T—K)Y2Ur4] ., | has uniformly bounded
p-th moments.

We now handle the dependence structure in two cases corresponding to Assumptions 2.3.2
and 2.3.3, respectively.
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Decaying carryover effects condition (Assumption 2.3.2).

Before starting the proof, we first introduce the CLT for dependent triangular arrays with
general covariance-based conditions in Chandrasekhar et al. (2023).

Lemma B.2.4 (Theorem 1 in Chandrasekhar et al. (2023) under dimension one). Let
[Zni]t-y be a triangular array of random wvariables with mean zero. For each n, we de-
fine the affinity set A} C {1,...,n} for each i. Let Q, = >, ZjeA;? Cov|Zy,i, Zy ;). Let
Zp—i = ZjéA@ Zp j. Assume that

1. Z?:l Zj,keAf E[|Zn7i|Zn,jZn,k] = 0(’9n|3/2)~
2. 3 o1 ZkeA;}jgeA; CoV|Z0i Zn ks Zon i Zon i) = o(|Qn]?).
3. 22 BlIE[ZniZn i | Zn ll) = 22y Bl 20, il Zn i | Zn<ill) = o([$20]).-
Then the triangular array [Z, |, satisfies the CLT:
02N Zai = N(0,1).
i=1

To apply Lemma B.2.4, we follow the proof in Section 3 of Chandrasekhar et al. (2023).
We define AT = {t': |t — | < D}, where D = T — 0o as T — oo for some small ¢ > 0.
By the selection of D, we have

T T T
1 _
> D> CovlUnnUnil| € Y Y mpebr—e) S D 0ri S D70 = o(1),
t=K+1¢/¢ AT t=K+1¢/¢ AT k=D

which implies that

T T
Z UTJ — Z Z Cov [UT,t,UT,t’]

T
Qr = Z Z Cov [Ury, Ury] = Var

t=K+1 /e AT t=K+1 t=K+1 /g AT
=1—o(1) — 1.
For the first condition in Lemma B.2.4, we have
T T
Yo D EUn|UrpUrp]| D> ) E[|Ur’] S DXT = K)(T — K)~*?
t=K+1 t’,t”EAtT t=K+1

—D(T — )™ = of1) = o[ ).
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For the second condition in Lemma B.2.4, we have

T T
4
> > Cov[UrUry, UrsUrp]| S > E[[Ur,["]
sA=K-+1 e AT pe AT t=K+1|s—t|<D,[t'~t|<D,|s'~t|<2D

SDYT — K)(T — K)* = DXT - K) ™ = o(1) = o(|24]?).

For the third condition in Lemma B.2.4, defining the random variable & _; such that
&+ =11 E[Ur; |Ur_y] >0 and & _, = —1 otherwise, then we have

T T
Z EHE[UT,tUT,ft | UT,ft]H = Z Z Cov [gt,ftUT,t’aUT,t]
t=K+1 t=K+1¢'¢ AT
T 1 T
S Z Z T KQT,\tftﬂ S Z Orp S D™ = o(1) = o(|Q|).
i=K+1ypg¢Al k=D

Then by Lemma B.2.4 and Q2 — 1, we have

T
> Ure = N(O,1),

t=K+1
which is exactly

1

e KZIT((YK — ZxWir)| -5 N(0,1).

VT — K\ V) V2N {

m-dependence condition (Assumption 2.3.3).

Before starting the proof, we first introduce the CLT for m-dependent triangular arrays in
Chen and Shao (2004).

Lemma B.2.5 (Theorem 2.6 in Chen and Shao (2004)). Let [Z,,;]?_, be a m-dependent trian-
gular array of random variables with mean zero, Var[> | Z,;] = 1, and finite E[| Z,,;|’] < oo
for2 < p <3. Let F be the distribution function of > ;| Z,; and ® be the distribution func-
tion of N(0,1). Then

n

Sgp|F(Z) — ®(2)] < 75(10m + )P Y " E[|Z,]7].

=1

To apply Lemma B.2.5, note that by Assumption 2.3.3, the triangular array [Ur]i ..,
is (K V m)-dependent since each Ur; is measurable with respect to o(Y;, Zy, ..., Z1_k) =
0(Yi(Ztt—m), Zt, .., Z1—r). From the moment bound already established for Ur; (take p =
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3), sup, E [|Ur4|?] < (T — K)~3/2. Let Fr be the distribution function of ZtT:K+1 Urt, then
by Lemma B.2.5 with p = 3, we have

sgp|FT(z) —®(2)| S(KVm)A(T - K)(T — K)3? =(Kvm)*(T - K)™ /2.

Then by Assumption 2.3.3(ii) with K*/T — 0, we have

T
" Ure = N(0,1),

t=K+1
which is exactly

VT — KAV ) Y2 { !

T—-K

ZL(Yi — ZxeWikr)| =5 N(0,1).

B.3 Proofs

B.3.1 Proof of Theorem 2.3.1
Proof of Theorem 2.3.1. Recall (2.3.1) that
T=1+W (T -K)'ZyZ| (T — K) ' Zj (Y — ZgWkT)].
By Lemma B.2.1, under the assumptions of the theorem, we have

2s0.
F

1
HT — KZ;ZK %

Since W' is positive definite with eigenvalues uniformly bounded away from 0 by As-
sumption 2.3.1, we have

1 -1
w! (T - KZ;ZK>

By Lemma B.2.2, under the assumptions of the theorem, we have

5 a2 = 1.
2

LN}
2

1
H - KZ}(YK — ZxWkT)

Then we obtain

1 -1
Wil <T—KZIT(ZK)

which completes the proof. n

1

p
— 0
T-K ’

2

7=l <

Z)(Yi — ZgWiT)

2
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B.3.2 Proof of Theorem 2.3.2
Proof of Theorem 2.3.2. Recall (2.3.1) that

T=1+Wi(T - K)"'Zg Ze] (T — K) ' Zg(Yi — ZxeWkT)).
Then we have the following decomposition:
Me(F=7) 2AW(T = K) ' Zg Zi) (T = K) 7' Z(Yi — Zg W)
N | e 2R (Vi = Ze W)

1
{—Z,T{ (Y — ZgWkT)

1 —1
Wt (fZTZK> —Ixq T T

By Lemma B.2.3, under the assumptions of the theorem, we have

1
T—-K

VT — KLV k)AL [ Z(Yi — ZKWKT):| 45 N(0,1).

By Lemma B.2.1, under the assumptions of the theorem, we have

250.

1 -1
e (i)

2

Combining the above two results, we have

VT = K\ V) 2ALGF - 1) -5 N(0,1),

which completes the proof.

B.3.3 Proof of Theorem 2.3.3

Proof of Theorem 2.5.5. By Lemma B.2.1, we have |1 Zt Zx — Wi'||p -5 0, and then
we have the asymptotic approximation:

1
T-K

‘7 = Z;;ﬁKQKﬁKZK—i—OP(l).
We decompose V as follows:

V-V - Bx

1 ~ ~
:T K <ZIT<UKQKUKZK - ZIT{UKQKUKZK>
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+t % (Z UxQrUkZx — B — (UxZy — ElUx Zk))' Qx(Ux Zx — E[Ux Zg)))
1 T

+— ((UKZK CEUxZ)) QiU Zic — E[Ux Zx))

~ B[(Ux Z — BUx Zx])" Quc(Ux Zx — E[Ux Zx])))

+ T _1 K (El(UxZk — E[UxZk))'Qx(Ux Zx — E[Ux Zx])] — V) + op(1). (B.3.1)

We bound the Frobenius norm of each term in (B.3.1).

First term.
For entries (k, k'), by the definition of Uw,Ug and Qp, we have

T

T
. . - "~ . t—t|
Z7 Z} - Y ZoiliZopoin Uy | 1(t—#|<L
[ KUKQKUK " fook! t=K+1t'=K+1 tkHUt t kHUt ( L+1) (| |_ )’

and

T T
~ ~ t—t
[ZiUkQrUxZx],, = D> Y. ZiwniUiZu iU (1 _| T 1') 1(t—#|<L).
t=K+1t/=K+1

Then we obtain

1 . .
{ (2kUxQxU Zx - Z;UKQKUKZK)}

T—-K k!
1 d s - ~ it —t
=% > (ZenliZiile = ZnViZooiiaUs ) (1= 5
tt=K+1,|t—t/|<L
1 T -~ . . . It — ¢
St 2 Vs Zewal(0 = UlO + 00 = UellUi]) (1= 57 )

' =K+1,|t—t'|<L
By Theorem 2.3.2,

~

U — U,

_ ~ ~ K
Zh kWi -] S 17—l = 0 (),

and by Assumption 2.3.4,

0| + 04| = Yt—ZtTt,KWK?‘Jr

Y= ZL i Wicr| S il + D7l = Or(1).
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Then we have

L 00 KL
[T - K (Z;UKQKUKZK - Z;;UKQKUKZK>:| . =Op (—m) ,
and then
1 T 7 T B KL N
Hﬁ (ZKUKQKUKZK - ZKUKQKUKZK> ) = Op <ﬂ> = op(1),

when K2L/T"? — 0.

Second term.

Since bK = E[UKZK] and BK = b}QKbK, we have

ZUxQrUgZy — Bk — (UxZg — ElUx Zk))" Qx(Ux Zx — E[Ux Zx])
=2(UxZi — E[UxZk])"QkE[Uk Zg].
For entries (k, k'), by the definition of Uk, Zx and Q, we have

(UxZyx — E[Ux Zk])' QrE[Ux Z ]|

kK

. ¢ ~ > > ‘t — t/| /
-y ¥ (Zt_kHUt . E[Zt_kHUt])E[Zt_k/+1Ut/] L= ) L=< 1),
t=K+1¢'=K+1

which implies

[T _1 e (UxZg — E[UKZK])TQKE[UKZK])} »

T
1 ~ . . t—t
e > (ZHHUt - E[Zt,kHUt])E[Zt,k,HUt,] (1 - %)
tt'=K+1,[t—t'|<L
T T

= _1 = Z [ Z E[Z_w1Uy) (1 — |Z:_ti| )} (Z_kHUt - E[Zt—k—&—lUt])‘

t=K+1 t'=K+1,|t'—t|<L

Since each term in the sum is independent and mean zero, by Assumption 2.3.4, we have

2

E[ ! (<UKZK—E[UKZK])TQKE[UKZK])]

T-K b
1 T T N - 2 N
- - E EZ _ .. U1 - "—Z=— Var|Z; 11U,
(T' = K)? t:;rl t'=K+1,|t'—t|<L el ( L+1 ) -l
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2
T T

1 it —t|
< 1—= "1
ST | X (-5
t=K+1 [¢/=K+1,|t'—t|<L
2
< L
~T - K

and then by Markov’s inequality,

T—-—K
KL
:Op <ﬂ) = OP(l),

when KL/T'? — 0.

H L (ZTUxQuUxZx — B — (Ux Zx — BUx Zx))" Qu (U Zxe — EUx Zx]))

F

Third term.

For entries (k, k'), by the definition of Uk, Zx and Q, we have

1
{T_J(«UkZK—JﬂUkZﬂf%LdUkZK—dﬂUkZﬂ»}
k,k'
1 d ~ ~ ~ ~ It —t/|
:T — K Z (Zt—k—i-lUt - E[Zt_k+1Ut]> <Zt’—k/+1Ut’ — E[Zt’—k’—‘,-lUt’]) <1 - L——H>’
tt'=K+1,|t—t'|<L

Since Z, are independent, by Assumption 2.3.4, we have

T

Var [T—lK Z

Lt =K+1,|t—t/|<L

~ N N _ t—t
(Zt—k—I—lUt — E[Zt—k-i-lUt}) (Zt’—k:’-‘rlUt' - E[Zt’—k’—I—lUt’]) (1 - |L + 1| >i|

1 T
TR, 2

L =K+1,t—t'|<L

Var [(Zt—k—f—lUt - E[Zt—k+1Ut]> <Zt’—k’+1Ut’ - E[Zﬁ'—k’HUt']) (1 - %)}
1 L

SEorp T KLl=7T%

Then

E [T _1 K ((UKZK —ElUxZx)) " Qx(UxZx — E[UKZK]))}k’kI < e
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and then by Markov’s inequality,

HT K ((UKZK — E[UKZK])TQK(UKZK — E|Ux Zk])

VLY o),

- Bl(Ux Zic ~ ElUx Zx)) Qu(Ux Zic ~ EUx Zi])]) | = Op (2=

when K+/L/T"? — 0.

Fourth term.

For entries (k, k'), by the definition of Uk, Zx and Q, we have

1 T

[T —E (UxZx —E[UxZx))' Qx(UxZk — E [UKZK])H »
1 T

TT-K 2

=K +1,[t—t'|<L

[( 11U — [Zt k+1Ut]> (Zt’ w1 Up — [Zt, k,HUﬂ])} <1_ |t—t/|>
1

L+1
T

et
= Z Cov [Zt k+1Utazt’ k’+1Ut’:| - 1 |

T-K L+1

Lt =K+1,[t—t'|<L

and by the definition of V' in (2.3.5), we have

[V]kkz’ TT_K K [Z Zi- k+1Ut, Z Zir— w1 Uy

=K +1 —K+1
1 T ~ -
:T K Z Cov [Zt—k-HUta Zt’—k’-&-lUt’}
tH=K+1,)t—t/|<L
1 a - ~
+ T % Z Cov [thkJrlUta Ztuk/HUt/} :

L' =K+1,|t—t'|>L

Then the entrywise difference is

1 T
[T — KE [(UKZK —ElUxZk]) Qx(UxZy — E[UKZKm _ V}

kK

T
1 [t =t
<
S P

L =K+1,|t—t'|<L

COV [Zt k’—i—lUta Zt’ k’+1Ut’:|
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T

1 -~ ~
* T-K Z ‘COV [Zt—k—HUt» Zt’—k’+1Ut/:| '
L =K+1,[t—t'|>L

We now handle the dependence structure in two cases.

Assume decaying carryover effects condition (Assumption 2.3.2). Assume L > K. Con-
sider ¢,t' such that |t — /| > K, by Assumption 2.3.4 and the covariance inequality for the
decaying carryover effects sequence in the proof of Theorem 2.3.1, we have

‘COV [Zt—k-HUt, Zt’—k’+1Ut’] ,S 9T,|t—t'\-

Then by Assumption 2.3.2(ii), we have

1 T
[T — KE [(UKZK —EUxZgk]) Qx(UxZy — E[UKZKM _ V}

K2 1 d K2 1 1
<— + = kO Op, < — 4+ — 4+ —
NL+L; T,k"’z T,kNL+L+L5a

k=L+1

kK

and then
|~

T K + — =0,

3
T I

E[(UxZx — ElUxZx))"Qx(UxZx — E[UxZx))] - V| <

F

when K/L(/39" — 0.
Assume m-dependence condition (Assumption 2.3.3). Assume L > K. Consider ¢, ¢’ such
that [t —¢'| > K, by Assumption 2.3.4 and the definition of m-dependence, we have

‘COV [Zt—k—i—lUta Zt’—k’+1Ut’:|

St —t] <m).

Assume further L > m. Then by Assumption 2.3.3, we have

1 2
lT_ KE [(UKZK —E| KZK]) Qrx(UxZk —E[UKZK])} — V] » < %7
and then
B [(Ux Zx — E[Uc Z)) @ Ux Zi — EUZ:)] - v <57 Lo
T_K KZK KZK k(U Zk KZK ) ,

when Km?/L — 0.

Final step.

Combining the four terms using the decomposition of vV completes the proof.
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B.3.4 Proofs of Theorem 2.4.1 and Theorem 2.4.2

Proofs of Theorem 2.4.1 and Theorem 2.4.2. The proofs of Theorem 2.4.1 and Theorem
2.4.2 are similar to the proofs of Theorem 2.3.1 and Theorem 2.3.2, we only outline the key

steps here.
Recall that

?cont =T+ Wc;rllt,KKT - K)_lzg;nt,KZcont,K]_l[(T - K)_lz;nt,K(YK - Zcont,KWcont,KT)]‘

We can establish Lemma B.2.1, Lemma B.2.2, Lemma B.2.3 in the same way, except
replacing the mean (py,...,pr) and the variance (py(1 —p1),...,pr(1 — pr)) with the mean
(E[Z4],...,E[Z7]) and the variance (Var[Zi],..., Var[Zr]). To see why the estimand is

T

1 (Zi—x — E[Z; 1))
n=gog 2 F {Yt(zﬂ) Var(Z,_y) ] ’

t=K+1

we show E[(T — K)'Z(Yx — ZxWgT)] = 0 by following the proof of Lemma B.2.2. For
any k=0,..., K, we have

1 T K
Bl Z Zow (Yi= Ziy s Wicr ] - (Yt—zzwwm”
t=K+1 tZK-‘rl {=0

1 T
Z (E[Zt_kY;] Var Zt k U}ka>
t K+1
T

T
(e )t o

Zy1 — E|Zs 1« 5
<T {Yt(ztﬂ)( Var[Zt[iJ ])D - (m _Z VarlZi] )wm

(Zi—r — E[Zt—k])} B
Var[Z;_]

[Y%(thl)

t K+1

We then complete the proofs.

B.3.5 Proof of Theorem 2.4.3

Proof of Theorem 2.4.3. The proof is similar to the proof of Theorem 2.3.3 by considering
the decomposition of V' in (B.3.1). O
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B.3.6 Proofs of Theorem B.1.1 and Theorem B.1.2

Proofs of Theorem B.1.1 and Theorem B.1.2. The proofs of Theorem B.1.1 and Theorem
B.1.2 are similar to the proofs of Theorem 2.3.1 and Theorem 2.3.2, we only outline the key
steps here.

Recall that

Tt =T+ Wit k(T — K) 7' Ziy ¢ Zine ) (T — K) 7' Zigy 1 (Yie — Zint, i Wine 7))

Similar to Lemma B.2.1, we can show that under the same assumptions of Lemma B.2.1,
we have

..

I=
F

T -1
T — KZintJ(Zint,K - “/int,K

Similar to Lemma B.2.2, we can show that under the same assumptions of Lemma B.2.2,
we have

0.

1
—Z; K(YK - Zint,K"Vint,KT)
H T-K " 2

As we have different asymptotic variance: Vi instead of V', similar to Lemma B.2.3, we
can show that under the same assumptions of Lemma B.2.3, we have

1
T—-K

\Y% T — K()\;‘/mt)\K)_l/Q)\}—( |: Zizt’K(YK - Zint,KW/int,KT):| i> N(Oa 1)

We then complete the proofs.

B.3.7 Proofs of Theorem B.1.3 and Theorem B.1.4

Proofs of Theorem B.1.3 and Theorem B.1.4. The proofs of Theorem B.1.3 and Theorem
B.1.4 are similar to the proofs of Theorem 2.3.1 and Theorem 2.3.2, we only outline the key
steps here.

Recall that

o =T A Woil(T = K) 7' 2/ 2] (T~ K) 7 2] (Yie = Zy kW ie)].

Similar to Lemma B.2.1, we can show that under the same assumptions of Lemma B.2.1
except replacing Assumption 2.3.1 with Assumption B.1.1, we have

..

F

1 _
H T — KZ;KZ&K - Wg,flf
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Similar to Lemma B.2.2, we can show that under the same assumptions of Lemma B.2.2
except replacing Assumption 2.3.1, 2.3.4 with Assumption B.1.1, B.1.2, we have

250.

1
H Z (Y — Zy kW, kT)
2

T— K&K

As we have different asymptotic variance: V; instead of V', similar to Lemma B.2.3, we
can show that under the same assumptions of Lemma B.2.3, we have

1
VT — KO\ Vidk) 2k [ﬁzgf «(Yie — Zg,KWg,KT)} 45 N(0,1).

We then complete the proofs.

B.3.8 Proof of Proposition B.1.1

Proof of Proposition B.1.1. By the model assumption, we can equivalently write the model
as

t—1

Yi(21) Z/Bkzt kTt €= Zﬁk

> (1 )+p25k+€t

By the model assumption, we have wy = p(1 — p) and 7, = f. Then the asymptotic
variance of full OLS is

T K
1 ~ ~
e Var | > Zeg (Vi) Zt_gwm”
=K +1 =0
1 [
:T—Kvar Z Lk Z ﬁeZt Z+pZBk+€t>
=K +1 (=K+1
1 & [
Tk Z Var | Z;—j, Z B@Zt e‘f‘PZﬁk‘i‘Gt)
t=K+1 | =K+1
] T - N N ] T t—1 N
T Z Var |p(1 —p)Z;_ Z BeZi—y| + T K Z Var (pZﬁk —|—€t> Zik
(=K +1 | (=K +1 t=K+1 k=0
] T -1 _
s [ D) ZiiBiZy 4 tr % > Var (pZBk +€t) Zi—k
K K+1(=K+1 {=K+1 k=0
1 T t—1 2
= Kp<1 2\ ﬁ”“) |
K K+1(=K+1 t=K+1 \ k=0
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The asymptotic variance of marginal OLS is

T
1 - -
T_ K Var Z thk(Y;t - thkwka)
[ t=K+1
1 T
———> z( ) S B e+p26k+et>
=K1 - oesék

. _
:T—lK Z Var Ztk< Z 5eZt e+p25k+€t>

t=K+1 = oe¢k
e
1 ~ -
B SR T [T Sl T R (pzﬁm) 7
t=K+1 L 0=0,04k t=K+1
T N _ 1 T -
[P(l _p)Zt—kBKZt—K} tr % > Var <pz/6k +€t> Lk
t=K+10=0,0#£k t=K+1 k=0
1 T t—1 2
e 3 (b ﬁm) |
K K41 0=0,04k t=K+1 \ k=0

B.3.9 Proof of Proposition B.1.2

Proof of Proposition B.1.2. By the model assumption, we can equivalently write the model
as

Yi(2e1) E Brzi—k + E Bl—1 kZ—kZt—k+1 T €

Zt—k_p Zt k_pzt k+1 — P
p)zﬁkpl— Zﬂk 1k ) p(l—p)
t—1
+p25k+p25k Le(2e—k + Z-pr1 — ) + €&
2k — — 2k — D2 —p
5ktk p)? Bklktk t—k+1
Z p(1 Zl p) p(1=p)
; » -2
—k —
2(1—2?)25#1,191)21_]3) +p2(1—p)25kk+1 +P25k+]? Zﬁk 1k + €
k=1 k=0
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By the definition of main effect weights and interaction effect weights, and the model
assumption, we have wy = p(1 — p) and wy_1, = p*(1 — p)?. The main effect is
1 T

e =r—re D BYi(Zurer, 1 Zickra) = Vil Zeaoiir, 0, Zigora)]
t=K+1
T

=7 _1 I Z E Bk + Br-1x2t—k+11(k # 0) + Brps12e—k—11(k # T — 1)]

t=K+1

=Bk + PBr-1xL(k # 0) + pBrpp 1 L(k #T — 1),

and the interaction effect is

Tk—1,k = ﬁk—l,k-

Then the residual of OLS with interaction is

K K
Y, — E Zi_gWeTp — E L0 L1 W1 0To—1 4

=0 =1
—p(1 — p) Z BiZii+p*(1—p Z Be-10Zo—Zr—r41
(=K+1 (=K+1
t—1
+p P) > BeveZie+p (1—p Z Bue1Zi- N‘pZﬂk-i‘p Zﬁk Lk + €
(=K+1 (=K+1

Then the asymptotic variance of OLS with interaction is

T K K
Z Zi (Y — Z Ly gWyTy — Z ZteZteHweuTeu)]

T_K\/ar

t=K+1 =0 /=1

K K
Zi_k <Yt - Z Zi_qWeTp — Z Zt—EZt—é—f—lwé—l,fTE—l,E)]

1

T
=T Z Var

t=K+1

=0 /=1

T-K
t=K+1

Zek( Z BeZyo+p*(1—p (Z Be10Zv 0+ Z Bror1 Zi- z))]

(=K +1 (=K +1 (=K+1
- -
TR Z Var Zt kp (I1—p Z Bo— 1£Zt éZt 0+1

t=K+1 L {=K+1
T -

-1 -1
TR > Var (pgﬁk +p2;6k—l,k+€t> ik

Var
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[ P)Zi 1B 7 4

t K+1/(=K+1

T t—1
1 ' - _
+ T - K Z Z Var _p2(1 - p)Zt—kﬁé—l,ZZt—Z}

t=K+1(=K+1

T t—2
1 - ~ ~
K Z Z Var P2(1 _p)thkﬁé,E+1Zt74

t=K+1{(=K+1

p2(1 - p)zz_kﬂe_l,/ZVt_eZ_m}

(pZ/Bker Zﬁk 1k+€t> L

t=K+1/=K+1

T KZV&I

t=K+1
t—1
{08+ PP B ) + Z Z P)Bi1s
t K+1/¢= K+1 t K+1/=K+1
2
1 1
+ PY B+’ Brakte|
T—Km—mt%( Ly

On the other hand, the residual of OLS without interaction is

Y: — E Ly gwyTy
=0

=p(1—p Z BiZi+p*(1—p Zﬁz 1eZiiZi—e1

(=K+1

+ p*( Z B IZZt c+p*(1—p Z 5M+1Zt z+p25k+p Zﬁk 1Lk T €

I=K+1 {=K+1

Then the asymptotic variance of OLS without interaction is

Var Z Zin (Yt ZZt ewﬂe>
t=K+1
1 = S -
:T K Z Var Zt—k <}/t - Zt—fw€7—4>
t=K+1 =0 i
T
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Var Zt—k( Z BeZvy+p*(1—p (Z Bro1eZ—e + Z Buer1Zi- e))]
f K+1 (=K+1 (=K+1
1 T B t—1
e O Var | Zewp (L= p)° Y B iZiiZiia
t=K+1 L /=1
R [
e 3w <pk§%@k+p zﬂk +) 7

T t—1

e Z Z Var [p(l — p)Zt—kBKZt—Z}

t=K+1/=K+1

T -1
+ = _1 - Z Z Var [p2(1 — p)Z:_kﬁz—uZe—z}

t=K+1/=K+1

T t—2
1 -~ ~
* T-K Z Z Var [pQ(l - p)Zt—kﬁé,f—&—th—Z}
t=K+1(=K+1
1 T -1

+ Z Z\/ar [p2(1 —p)Qkaﬂe—l,szgZ,gH]

t=K+1 =1
t—1 t—1 "
<p > Bi+p Z Br—1,k + €t> Ly

t=K+1
T -1
2 B2 1g+p25u+1 Z Z P)Bi- 1,6
t K+1/0= K+1 t=K+1 f=1
1 1 T t—1 t— 2
+ > @zmpazﬁk_lm -
T — Kp(l - p) K41 k=0 k=1
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Appendix C

Appendix for Chapter 3

C.1 Proofs of the results in Sections 3.3 and 3.4

Additional notation. We use X and Z to represent (X, X, ..., Xy,) and

(Z1,Zs,...,7ZnN,), respectively. Let U(0,1) denote the uniform distribution on [0, 1]. Let
U ~ U(0,1) and Uy be the M-th order statistic of Ny independent random variables from
U(0,1), assumed to be mutually independent and both independent of (X, Z). It is well
known that Uy ~ Beta(M, N +1 — M). Let Bin(:,-) denote the binomial distribution.
Let L;(IR?) denote the space of all functions f : R? — R such that [ |f(z)|dz < co. For any
r € R? and function f : R? — R, we say x is a Lebesgue point (Bogachev and Ruas, 2007,

Theorem 5.6.2) of f if
1

Jim / @)~ fe)az =0

C.2 Proofs of the results in Section 3.7

C.2.1 Proof of Theorem 3.7.1

Proof of Theorem 3.7.1. We consider the complexities of two algorithms seperately.

Algorithm 1.

The worst-case computation complexity of building a balanced k-d tree is O(d Ny log Ny)
(cf. Brown (2015)) since the size of the k-d tree is Nj.

The average computation complexity of searching a NN is O(log Ny) from Friedman et al.
(1977), and then the average computation complexity of search M-NNs in {X;}X°, for all
{Z;}71 is O(M Ny log No).

Notice that |S;| = M for any j € [N1] and then | Ujvzll Sj| < NiM. Since the elements of

each S; are in [Ny], the largest integer in U;V:ll S; is Np. Then the computation complexity
of counting step is O(N;M + Np) due to the counting sort algorithm (Cormen et al., 2009,
Section 8.2).
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Combining the above three steps completes the proof for Algorithm 1.

Algorithm 2.

The computation complexity of building a k-d tree is O(d(Ny + n)log(Ny + n)) from
Algorithm 1 since the size of the k-d tree is Ny + n.

For the searching step, for each j € [N;], the number of NNs to be searched is M +
Yo L(|lzi — Zil| < || Xan(Z5) — Zj]|). Then from (3.2.2), the total number of NNs
searched for all j € [IVq] is ij:ll(MqL Yo M|l — Zil) < | X (Z;) — Z5l) = NiM +
S Ku(x;). Let X, Z be two independent copies from Vo, V1, respectlvely, and are in-
dependent of the data. Since [Zj]év:ll are iid. and [X;]X°, Uz, are iid, we have
ER - Ku(2)] = nE[Ku(X)] = Nl”E[Vl(AM( )] = Ningig since Elyy(Ay(X))] =

P(|X-Z| < [|Xan(Z2)—-Z||) = P(U < Uppy) = N "7 by using the probability integral trans-
form. Then the average computation complexity for the searching step is O(Ny ' Ny M (Ny +
n)log(Ng +n))

For the counting step, the computation complexity for counting Ujvzll S is O(Ny+ N1 M)

since the cardinality of Uj\f:ll S; is at most N1y M and the largest integer is Ny. The aver-
age computation complexity for counting U S is O(N, Ny Ny Mn 4 n) since the average

cardinality of U;V:ll S’ is at most Ny’ N Mn and the largest integer is n.
Combining the above three steps completes the proof for Algorithm 2. O

C.3 Proofs of the results in Section 3.8

C.3.1 Proof of Lemma 3.8.1

Proof of Lemma 3.8.1. From the Lebesgue differentiation theorem, for any f € L;(R%), x is
a Lebesgue point of f for A-almost all . Then for vy-almost all z, we have fy(z) > 0 and
x is a Lebesgue point of fy and f; from the absolute continuity of 1y and v;. We then only
need to consider those z € R? such that fy(x) > 0 and z is a Lebesgue point of fy and f;.

We first introduce a lemma about the Lebesgue point.
Lemma C.3.1. Let v be a probability measure on admitting a density f with respect to

the Lebesgue measure. Let v € RY be a Lebesque point of f. Then for any e € (0,1), there
exists § = §, > 0 such that for any z € RY satisfying ||z — x|| < 0, we have
V(Bzz-z)) V(Bzjz-z)) <
AMBaj:a) o= . Jlz=a) Jw]=e

Part I. This part proves the first clalm We separate the proof of Part I into two cases
based on the value of fi(x).

Case I.1. fi(x) > 0. Since x is a Lebesgue point of 1y and vy, by Lemma C.3.1, for any
€ € (0,1), there exists some 6§ = §, > 0 such that for any 2 € R? with ||z — z|| <, we have
for w € {0,1},

Vw(Bx,Hz—:cH)
A(Bajz—al)

Vw(Bz,Hz—:cH)

— fw(ac)‘ < efw(x), AB. jz=2|)

- fw(x) < Efw(x)‘
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Accordingly, if ||z — || < 9§, by A(B.,jz—z|) = AM(Ba,z—2|), We have

1-— GfO(.fU) VO(Bz,Hx—z”) A(Bx,HJ:—zH) _ VO(BZ,HJ:—?;H) 1 +€f0(37) .
L+ehi@) : A(B o—21) V1(Bayja—z)  v1(Ba,ja—z|) = 1—efi(x) (C.3.1)

On the other hand, for any z € R? such that ||z — z| > &, (B, js—s|) > Vo(Bars) >
(1 —€)fo(x)A(Bss) = (1 —€) fo(x)A(Bos), where z* is the intersection point of the surface
of B, s and the line connecting z and z.

Let ny = 4log(Ny/M). Since M log Ng/Ny — 0, we can take Ny large enough so that
UNNMO = 4% log(52) < (1 — €)fo(x)A(Bos). Then for any z € R? such that vo(B.,j.—s)) <
Ny M /Ny, we have ||z — x|| < § since otherwise it would contradict the selection of Nj.

Let Z be a copy from v, independent of the data. Then

E[v1(Au(x))] = P(Z € Au(2)) = P(o(Bzjo-21) < vo(Bzjxu2)-21))-  (C.32)

For any given 2 € RY, [1y(B. x,—)]% are i.i.d. from U(0,1) since [X;]X are iid. from
vy and we use the probability integral transform. Then VO(BZH X(M>(Z)—ZH) has the same
distribution as Uy and is independent of Z.

Upper bound. With a slight abuse of notation, we define W = 14(Bz,z—z)). We then
have, from (C.3.1) and (C.3.2),

E[Vl (AM(x))] = P<W < V0<BZJ|X(M)(Z)—ZH>>
M M
<P(W < w(Bzxun2)-2)1) < 77NFQ> + P(VO(BZ,IIX(M)(Z%ZII) > 77Nﬁ()>

M M
W < vo(Bzixu 2)-21) < v 12 = ] < 5) + P(U<M> > mv—>
NO NO

1—
<P 1+Z§?g; 1(Belz-21) < vo(Bz,xpn2)-2)): |12 — 2| < 5> —|—P(U(M) >INy )
1- M
<P : +Z§?Eg V1(Byjo—z)) < VO(BZ7||X(M)(Z)—Z||)> + P(U(M) > Ny No)
€ fo(x) M
_P<1—|—€f1( )USU(M)>+P<U( )>77NN0> (C.3.3)

For the second term in (C.3.3), notice that ny — oo as Ny — oo. Then from the Chernoff
bound and for Ny sufficiently large, we have

Ny M Ny M
fradl ~,) = P (B (Vo ) < )
A Uiy > nn No i in{ No, NN~ No <

N N, 1 N\ 1-2M
gﬁgexp <(1+10g77N—77N)M) S_OeXp<__nNM> - <_0) '
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Since M /Ny — 0 and M > 1, we then obtain

. Ny M
lim MP<U(M) > T]NN()) = 0. (C.3.4)

No—o0

For the first term in (C.3.3), we have

NO ].—Ef(](I) . NO ! 1—€f0(13)
3 (e ¥ < Vo) =37, Pl = )
z) Ng

1—e fo
1 Tte M M 1 N
_ +ef1(:v)/0 Feh )MP<U( )>—t>dt +e fi(w )/ P( Moun >t>dt

].—Efo(l') NO o 1—€f0( ) M
_1+efi(z) Ny _ l4efilz) No
1 — e folw) ME[U(M)] S 1—efolx) Ng+1° (C-3.5)
We then obtain N 1 ho() I+ e fi(a)
0 € € 1T
limsup 2P (T o < Von) < 7= (C3.6)
Plugging (C.3.4) and (C.3.6) to (C.3.3) then yields
. N() 1+€ f1 (l’)
h]f/'lolji;p ME[M (Am(2))] < = (@) (C.3.7)

Lower bound. We have, from (C.3.1) and (C.3.2),

M
B[ (Au(2))] = P(W < Vo(Bz,HX(M><Z>—ZH)) > P(W < w(Bz,xon (2)-21) < nNﬁ())

(
ZPG - Z ?1)8 “1(Bejo-z1) < vo(Bz )2 2)-21) < m%, 1Z — || < 6)
- G——: ?:Ei; V(B ja-2)) < 10( Bz, %0(2)-21) < mv%o)
ZPG - E% vi(By a-z)) < Vo(Bz,HX(M)(Z)fZII)) - P(”O(Bz,nxw)(zyz”) - mv%)
_PG - : ﬁgng Uon) =P (U > ”N%)- (C.3.8)
The second last equality is from the fact that for ||Z — z|| > 9,
1t§§?§ ; "1(Baje-z1) 2 g%ylug 8) 2 1J_FE;(1]E ?f (@) (1 = €)A(Bos) > UN]A\?{)

and then that HZ;( ) V1(Bg jjz—2z||) < 77NN implies ||Z — z|| <.
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For the first term in (C.3.8), we have

1+e€ fO(z) No

&P<1+efo(x)U < U(M)> _1-efi(2) /16f1(z) i P(U(M) . %t)dt.
0

M 1—€f1(13) 1+€f0([)§') - N()
If £ ;?Eg > 1, then by Upyy € [0,1], we have
%P<1—|—6fo(m)U< )_1—€f1(.73)%E[ ]:1—€f1(.73) No
M \T—cfile) = M) " Txefola) M7 Thefole) No +1°
If = ;?8; < 1, from the Chernoff bound,

ey P (00 = )< [t ) P (o = 12C0)

M
<[t ) S [ - [ el

Since fo(x) > 0 and M log Ny/Ny — 0, we obtain

Ng
. ™
lim
No—o00 [ 14€ fo(z) N,
T

—e f1(z)

NO—MlogM+Mlog<

P(Uian) > %t) dt = 0.

(=]

|

Then we always have

. Ng 1+€f0(fL’) 1—6f1(x)
1 —P U<U = .
Nomsbo M (1 —efilz) ~ <M>) 1+ € fo(z)
Using the above identity along with (C.3.4) to (C.3.8) yields
... No 1—e€ fi(z)
— >
l}vrgligof ME[Vl(AM(:v))} Z T h@) (C.3.9)
Lastly, combining (C.3.7) with (C.3.9) and noticing that € is arbitrary, we obtain
N
lim —OE[Vl(AM(x))} _ L) =r(z). (C.3.10)

No—o0 - f0<:L‘>

Case 1.2. fi(z) = 0. Again, for any ¢ € (0,1), by Lemma C.3.1, there exists some
§ = 9, > 0 such that for any z € R? with ||z — z|| < §, we have

Vo(B. 2—a||) V1 ( By j|z—a))

AB.jeay) fo@)‘ < fol=) ‘ AN Bajz-a))

‘Se.
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Recall that W = vy(Byz |s—z). Then if ||Z — z|| < §, we have
W > (1 =€) fo(x)MBza—z)) = (1 = €) fo(£)A\(Ba,jz—z)) > € (1 =€) fo(a)v1(By,ja—2)-

Proceeding in the same way as (C.3.3), we obtain

M M
E[n (Au())] < P(W < w0(Bzjxyz-21)v - 12 = all < 6) +P (Vo > nNﬁo>

<P (“E @)U < Uan) + P (Vo > vy )

For the first term above,

1—e 0
No_/1—c¢ € 1 e fol@) 37 M
—P( U<U ):——/ P(U >—t>dt
M c fo(m) = V(M) 1 — €f0<$) 0 (M) = N,

€ 1 o N() € 1 N()
< = [ p(Dy, st = - Do .
_l—efo(x)/o (MU(M) _t)dt 1—e€folx) M Wan] = 1 —e€folx) Ng+ 1

By (C.3.4) and noticing € is arbitrary, we have

. No
lim ME[Vl (Au(2))] =0 =r(x). (C.3.11)

No—)OO

Combining (C.3.10) and (C.3.11) completes the proof of the first claim.

Part II. This part proves the second claim. We also separate the proof of Part II into
two cases based on the value of fi(x).

Case IL.1. fi(z) > 0. Again, for any € € (0, 1), we take § in the same way as in Case
I.1. Let ny = nn,p = 4plog(No/M). We also take Ny sufficiently large so that nNNMO =

4PNMO log(f2) < (1 =€) fo(x)A(Boy)-
Let Zy,...,Z, be p independent copies that are drawn from 14 independent of the data.

E[f(Au(z))] = P(Zl, 2y € AM(x))
=P <VO(B§17I|SC—21||) = VO(BZ,llX(M)(‘ZH)—FZVlll)’ T VO(BZp7\\$—Zp|\> = VO(BFZVleX(M)(FZVp)—FZVpH>>'

Let Wi = w(Bg, ,-7,) and Vi = vo(Bz, X (Za)— ZkH> for any k € [p]. Then [Wi]i_,

are 1.i.d. since [Z,P_, are iid.. For any k € [p] and Z, € R given, V| Zj has the same
distribution as Uypy. Then for any £ € [p], Vi has the same distribution as Uy, and Vj, is
independent of Zk

Let Whax = maxgepy) Wi and Vipax = maxgepp) Vi Then

B[ (Aur ()] < P(Wass < Viae) < P (W < Vi S tivye) + P (Vows > v ).
(C3.12)
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For the second term in (C.3.12),
M M
P<Vmax>nNN)< P(%>UN_)ZPP<U(M)>77N—)
0

Proceeding as (C.3.4),

No\P M No\P 1 N\ P(1—2M)
1) PO > vy ) = (57) e (- gmM) = (57)7
<M) on >INy ) S ) SPLT Y M

We then obtain

lim (EYP <Vmax > ”N]]\@ —0. (C.3.13)

No—oo \ M

For the first term in (C.3.12), notice that [v1(B, 7z _,))i=, are iid. from U(0,1) since
[Zk]izl are i.i.d. We then have

M N M ~
) ( max < Viax <IN~ ) (—0>pP (Wmax < Vinax < Ny—, max||Z, — z|| < (5)
No - kelp]

Ny M -

<1 —efo(x)
1+e€fi(x)
(1 —efo(:(:)

1 +¢ fi(r) ’fe[[pﬂ

p— € fo()
/ pt 1P< o 1+ef(1)( >t maXVI(Bx,HZkfo) :t>dt
€ f1

M ~
B_ > < Vmax < N Zy, — < 5)
max (B, 2,-a)) < S g&ﬁ” p—af] <

(B, 17, y) < Vi)

kelpl

m

(x)\P 10) »” o M 1+efi(x) M
=p PP (Ve > —t B s )t
(1—6f0(91;)> < ) i%?,fﬁ”l( | Zzl) = 1T—¢ folz) N >
1+e€ fi(x) / . M 1+e€fi(x) M
—p w1p(v. > —t‘ B . e L
<1—€f0(x)> [ ; < Nyt | e Beyza) = T @) N )
1—c fo(z) Ng
e fie) M M 1+ efl(a:)
PP (Voo > —t‘ B 5 —t dt
o (Ve 2 3t e Buize) = Ty o) )

For the first term,

1 M 1 ! 1
/ tp*1P<VmaX > —t‘ max 1 (B, 7 ) = 1tenle) M —t)dt < / tdt = ~.
0 N kel[p]] ’ k 1 — € f(](x) 0 p

For the second term, using the Chernoff bound, conditional on Z= (Zl, ..

L),

Jun
<
N

—e fo(z) Ng

/1+6 fi(=z) M = IP(Vmax > —t ‘ Z)dt < / (]_ + t)p—1P<Vmax >
. 0

M ~
—1t‘Zdt
10| 2)
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5/000(1 4L [iP(Vk > %(1 +1) ‘ Z)]dt —p/ooo(l +t)P*1P<U(M) > %(1 +t)>dt

0

<p /000(1 + )P 1+ )M exp(—tM)dt < \/%pM—W(l + %)pl(l +0(1)),

where the last step follows from Stirling’s approximation with M — oo.
Then we obtain

lijgljip (%)pP (Wmax < Vinaxs Vinax < UN%) < (1 J_r E;;Eg)p (C.3.14)

Plugging (C.3.13) and (C.3.14) into (C.3.12) yields

lim sup <%)pE [ (Ay(2))] < <1 e fl(:v)>l’ = (1 i 67’(:13)>p. (C.3.15)

No—o0 1 —€ fox) 1—e¢

Lastly, using Holder’s inequality,

(%)pE[V{J(AM(ZL‘))} > [%E[Vl(AM(x))]]p_

Employing the first claim, we have

lim inf (%)pE[Vf(AM(x))] > [r(@)]". (C.3.16)

No—o0

Combining (C.3.15) with (C.3.16) and noting that € is arbitrary, we obtain

tim (VB (An(@)] = (@) (C3.17)

No—o0

Case I1.2. fi(x) = 0. For any € € (0,1), we take ¢ in the same way as in the proof of
Case 1.2 and take ny as in the proof of Case II.1.

By (C.3.12),
(32) G0 = (5) P (W < Vi ) + (37) P (Vo > )

For the first term,

(30" (W < Vi <) < (57) P A By ) < Vo)

M Ny M € kep]
NO p [t 1 1—c¢
:<M> /0 pt? P(Vmax > - fo(z)t ‘ gé?;ﬁ Vl(Ba:,HZk—a;”) = t)dt

¢ 1o\ [TR@R M
— — tp—1P<Vmax > —t‘ B .- _ t> dt.
p<1 —efo(:v)> /0 =N, Eéﬁjﬁ”l( 2 sl
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Then proceeding in the same way as (C.3.14), we have

No\P M € 1 \»
lim su <—> P(Wmax < Vipax < —> < ( ) )
Nooe, \M = e =N ) = T )

Lastly, using (C.3.13) and noting again that € is arbitrary, we obtain

. No\P
NIOILHOO <M> E[}(Au(z))] = 0= [r(2)]". (C.3.18)
Combining (C.3.17) and (C.3.18) then completes the proof of the second claim. O

C.3.2 Proof of Theorem 3.8.1
Proof of Theorem 3.8.1(i). By (3.2.4) and that [Z;]}!, are i.i.d,

j=1
" No Kr(z) Ny & N
E[Fu(x)] = E[ﬁ? Tl Nlwa[;n(zj € Au(@))| = TFEM (Au(@))].
Employing Lemma 3.8.1 then completes the proof. O

Proof of Theorem 3.8.1(ii). By Holder’s inequality, it suffices to consider the case when p is
even. Because xP is convex for p > 1 and x > 0, we have

E[fu(e) - r@)] <277 (B[[Fu(@) - EFu(@) | X1| | + B[|[BFu(@) | X] - r(@)]]).
(C.3.19)

For the second term in (C.3.19), Lemma 3.8.1 implies

tim B[ ()| X] ~ (@) = Jim EH%W(AM(@) (@)

No—o00 No—o0

p] —0  (C.3.20)

by expanding the product term.
For the first term in (C.3.19), noticing that [Zj]jy:ll are i.i.d, we have Ky (z)|X ~
Bin(Ny, v1(Ap(2))). Using Lemma 3.8.1 and M N; /Ny — oo, for any positive integers p and

q, we have

lim_( No ) EINT (An ()] = [r()]",

Ng—00 NlM
) N, P 7 Ny\ ¢
i () () B w2 = (@],

and then E[N?1? (A (x))] is the dominated term among [E[N v ( Ay (2))]]e<pqzo-
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To complete the proof, for any positive integer ¢ and Z ~ Bin(n,p’), let pu. = E[(Z —
E[Z])¢] be the ¢-th central moment. By Romanovsky (1923), we have

dpse
frerr = p' (1= p) (ncuc—l T )

Then for even p, we obtain

N1M>p/2

E[(KM(-T) — Nlul(AM(x))>p] < B[Ny (An ()72 < (TO

The first term in (C.3.19) then satisfies

| = (o Y| () - o)) 5 ()"

Since M N1/Ny — 0o, we obtain

B[ |far(@) — Blfur(w) | X]

lim E[ Par(z) — E[fu(@)] X]ﬂ —0. (C.3.21)
NO*)OO
Plugging (C.3.20) and (C.3.21) into (C.3.19) then completes the proof. O

C.3.3 Proof of Theorem 3.8.2

Proof of Theorem 3.8.2. We first cite the Hardy—Littlewood maximal inequality.

Lemma C.3.2 (Hardy-Littlewood maximal inequality (Stein, 2016)). For any locally inte-
grable function f : R? — R, define

1
Mf(x) =sup ——— z)|dz.
1) = [, Ve
Then for d > 1, there exists a constant Cq > 0 only depending on d such that for allt > 0
and f € L1(RY), we have

C
Mz = Mf(x) > 1) < 5| f,
where ||-||r, stands for the function Ly norm.

Let € > 0 be given. We assume € < f;. From Assumption 3.8.1, Sy and S; are bounded,
then 1y and v; are compactly supported. Since fy, fi € L; and the class of continuous
functions are dense in the class of compactly supported L; functions from simple use of
Lusin’s theorem, we can find gy, g; such that go, g1 are continuous and || fo — gol|z, < € and
Ifr = gillz, < €.

Since gp, g1 are continuous with compact supports, they are uniformly continuous, that
is, there exists 6 > 0 such that for any z, 2 € R? and ||z —z|| < §, we have |go(z) — go(2)| < %

and |g1(x) — g1(2)] < <.
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For any x € R¢, we have

1
N /B LCRFICIE

N 1)~ @+ () o]+ of2) — o

<

~Uofe) = @)+ xy f 0@) — ez 4 g [ ) w2l
(C.3.22)
For the first term in (C.3.22), using Markov’s inequality, we have
A{z | fo(x) = go(x)| > €/3}) < 3e2[ fo — gollz, < 3e. (C.3.23)
For the second term in (C.3.22), by the selection of §,

1 €2
N By /BZ,JQO(CC) go(z)|dz < Zrélgfélgo(x) g0(2)| < 5 (C.3.24)
For the third term,
1 1
z) — go(2)|dz < su 2) — an(2)dz = M(fr — ).
A(Bus) /Bz,(;|f0< )= @l < 320 A(Brs) /Bz,a‘f(]( )~ %) (fo = go)(e)
Lemma C.3.2 then yields

A{z : M(fo — g0) () > €2/3}) < 3Cac 2|\ fo — gollz, < 3Cue. (C.3.25)

We can establish similar results for fi, ¢g;.
Let

Ay ={z : [fo(z) = go(x)] > /3y U {z - |fi(z) — gi(2)| > €/3}U
{2 : M(fo—go)(x) > /3y U{z : M(f1 — g1)(z) > €/3}.

Plugging (C.3.23), (C.3.24), (C.3.25) into (C.3.22), for any « ¢ A; and ||z —z|| < d, we have

1 1
)‘(Bx,é) /];’d“;|f0<x) _f0(2)|d21 S 627 )\(Bxﬁ) /BL6|f1(l-) _ fl(Z)’dZ S 62,

and A\(A;) <6(Cy+ 1)e.

Let Ay = {z : fi(x) < e}. We then seperate the proof into three cases. In the following,
it suffices to consider fo(x) > 0 due to the definition of L, risk.

Case I. x ¢ A; U Ay. By € < fr, and the definition of Ay, for any z ¢ A; U Ay and
Iz = =[] <4,

1

NBus) /Bm,JfO(x) — fo(2)|dz < € < efy, < efo(w),
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1
A(B;5)

/B h(2) — [i(2)dz < & < efi(a).

We then obtain for w € {0,1},

V(B ||z—a|)
A(Ba,|lz—al|)

- ua)| < ehule), [~ fuo)] < efute)

Let ny = nn,p = 4plog(No/M). We also take Ny large enough so that 77NNM0 =
4pN log(82) < (1 — €)fLA(Bos). Then for any x € R? such that fo(z) > 0, we have

vy < (1= ) fo(z)MBos).
Proceeding as in the proof of Case II.1 of Lemma 3.8.1 and also Theorem 3.8.1 by using
Fubini’s theorem, since € is arbitrary, we obtain

lim E[ /
No—o00 R

Case II. x € A5\ A;. In this case, we have

Furle) — r(as)‘p fole)L(z ¢ Ay U Ag)dx] —0. (C.3.26)

(B Sllz— xH) ~ fol )‘ < cfol@), /\<BZ,||Z—x||) ol )‘ < efo(2),
al “1 B jest) T ¢ m_ " 2
A By, |22 — A )‘ =€ ‘)\(BZ,Z—:EH) fi( )‘ <€

Take ny and take Ny sufficiently large as in Case I above. Proceeding as the proof of Case
I1.2 of Lemma 3.8.1 and also Theorem 3.8.1 by using Fubini’s theorem, since € is arbitrary,

we obtain
lim E[ /
No—o00 Rd

Case III. z € A;. In this case, for any v € Ay and z € 51, (B, j.—g|) = [LA(B: 2=z N
So) = afi AN B. z—q) > %ul(Bx,HZ,x”). Then for any z € A;, from (C.3.12) and in the
same way as (C.3.14),

(C0) B[ (Aus ()] < (52)"P(Wons < Vi)

_(M) (% iréﬁ]:u (B, 7, —a)) < Vmax) < <j%>p(1 +0(1)) = O(1).

Pur(e) = (@) fole)L(x € 45\ Al)dx] —0. (C.3.27)

Proceeding as in the proof of Theorem 3.8.1, and due to the boundedness assumptions
on fy and fi, for any x € A; and p even,

E[[fur(@) = r(@)| ] S B[[fu@) - BFu () 1 X)| ] + B[ (BFa (@) X])'] + |r(2)

p
< 1.

Y
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e[,

Since € is arbitrary, we have

Then )
Farla) — T(x)‘ folo)1(z € Al)dx} < ful(A) < e

lim E| / Pu(e) — r(@)| o)1 (x € A)de] =0, (C.3.28)
No—o00 Rd
Combining (C.3.26), (C.3.27), and (C.3.28) completes the proof. O

C.3.4 Proof of Corollary 3.8.1

Proof of Corollary 3.8.1. Corollary 3.8.1 can be established following the same way as that
of Theorem 3.8.2 but with less effort since we only have to show

lim E[ /
Nog—00 R
In detail, denote the Radon-Nikodym derivative of the probability measure of W with

respect to vy by ry. We then have

- NO

E[?M(x) ‘ X] - r(x)‘p fo(x)dx] —0.

P

lij{fnjgopE_ Vi (Ay(W)) —r(W) |
~limsup & /R d %yl(AM(as)) —r(@)[[rur (@) o) de]
lei;fn_s}ipE:/Rd %Vl (A (z)) = r(z) pfo(x)dx}

zlimsupE:/Rd E[Fu(n) | X — (@) folr)dz] =0

Ng—>oo

where the last line has been established in the proof of Theorem 3.8.2. Noticing that
E[T’(Wﬂp is bounded under Assumption 3.8.1, the proof is thus complete. O

C.3.5 Proof of Theorem 3.8.3

We only have to prove the first two claims as the rest are trivial.

Proof of Theorem 3.8.3(i). For any z € R? such that ||z — z|| < /2, since B, |,—y C
BLQHZ,QUH C Bﬂﬁﬁ? we have

Bz Z—T 1
VAO((B ’ ”)) - fo(x)‘ = m/B | fo(y) — fo(z)|dy < 2Lz — |,
ol zllz—w o
Vl(B:c,Hz—zH) 1
ABujosf) fl(w)’ = m/B [f1(y) = fi(@)|dy < L[z — =]

z,||z—z||
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Consider any dy > 0 such that oy < 6/2. If ||z — z|| < dy and fo(z) > 2LJy, then

fox) = 2Lon _ W(Bz o)) AM(Bzjje—z|)
filz) + Lon = MB.ja—z)) Y1(Baja—2))

If further fi(z) > Loy, then

vo( Bz jjz—z) A Bejiz-z) _ foz) +2Lon
AB. ja—z)) V1(Beja—zy) ~ fi(z) — Lon

On the other hand, if ||z —z|| > dn and fo(x) > 2LoN, vo(B. j2—g|) = (fo(2) —2LIN)A(Bosy )
= (fo(r) — 2LoN)Vad%,, where Vy is the Lebesgue measure of the unit ball on RY.

Let on = (3 Vd)l/d(N )14, Since M/Ny — 0, we have 6y — 0 as Ny — oo. Taking Ny
large enough so that 6y < f1/(4L) and 6y < §/2, then 2LV,6%H = &£ 8L5N < 2M Then
for any (v, 1) € Pup(fL, fu, L, d,0),

Jo@M M a

— 2L {
(fO (x) 6N)Vd5N >4 fL NO N NO

With a slight abuse of notation, let W = 14(Bz jo—z|). Then W < 2% implies that || Z—x| <
oN.

Depending on the value of fi(z), the proof is separated into two cases.

Case I. fi(z) > Léy.

Upper bound. Proceeding similar to (C.3.3), we have

B[7u(0)] = 7B (A ()] = 3P (W < w(Bajanin-a1)
S%P@V < vo(Bz1xn(2)-21) < 2%) + %P<U(M > 2%)
S%P@V < w(Bzxpn2)-21): |12 — x| < 5N> + %PO]( M)y > 2%)
S%P(J}]l(( :3);25 ;N V1 (Bala-z1) < vo(Bz,xm2)-21): |12 — x| < 5N>

+ %P(U(M) > 2%) < %P(%U < Unn) + %P(U(M) > zjj\é)

(C.3.29)

For the second term in (C.3.29), since M/log Ny — oo, for any v > 0,

N, My Ny M No v (1—log 20/ log No . ~r—
P(U 2—> - —P(B (N,Q—) < M) < L0\~ (1-log2)M/log No_, =
e \Ten = A T g P ) = )= =
(C.3.30)
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For the first term in (C.3.29), proceeding as (C.3.5), we obtain

fo( )—2L5N fl(I)—i‘L(;N Ng
P( fi(x) + Loy USU(M) = fo(z) — 2Ly Ny + 1

Then we obtain

E[Fu(2)] < ]i:)l((;?j;fg\/ vaj -+ o(Ng 7). (C.3.31)

Lower bound. Proceeding similar to (C.3.8), we have

B[fu(2)] = 0B (A ()] = 2P (W < s0(Brjaura)
MP<W v (Bz,|x2)-21) < 2%)
MP<W < vo(Bz, 2 (2)-21) < 2% |1Z —z|| < 5N)
%PC; 2L6N V(Balo-z1) < vo(Bz,x(2)-21) < 2% NZ — x| < 5N>
% (f +2L5N V1(By e—2)) < vo(Bz, | x00(2)-2]) < 2%)

(e HL%?U an) = 5P (Van > 257)

Jo@)+2Loy Ny

féiih AR CES DU LR )

Consider the first term. If f‘);zLL;N > 1, then

fi(x) — Loy /’?fi;fﬁffgﬁfla([] oM t) 4~ D@ =Ly N
folx) + 2Ldy M= No")™" 7 folw) + 2Loy No+ 17

If M < 1, using the Chernoff bound, for any v > 0,

fi(x)—Lon
W M " M
M M
il >
/f0(1)+2L6N]VO P(U(M) Z N t) di < /fL Ng P(U(M) - Not)dt

fi(@)-Lén M

<[1- 2] 57e (o = 22)
[1—;’:—5}— exp [M—;—;NO—MlogM—Ierog(;U )] <NG
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The last step is due to M log Ny/Ny — 0. Recalling (C.3.30), we then obtain

- filz) — Lén  No -

E N, 7). .3.32

[TM('%)} fO( )+2L(5NNO+1 O( 0 ) (C33 )

Combining (C.3.31) and (C.3.32), and taking Ny large enough so that Loy < fu A(fL/4),

we obtain
)E ‘ + Loy Ny ’\/) —Lin N filo)
—y folz )L5N + 2f1( )Lon 1 fl( ) + L5N -
+ O(NO ) S fo(l’)(fo( ) — 2[461\7) N() + 1 fg(ﬂ?) — 2L6N + O(NO )
4fu 4fv 1 _
<(5,+ Lo e o)

By the selection of dy and that the right hand side does not depend on z, we complete

the proof for this case.
Case II. fi(z) < Léy. The upper bound (C.3.31) in Case I still holds for this case.

Accordingly, taking Ny large enough so that Loy < f/4, we have

B[ (2)] — r(@)| < E[fur(@)] + (@)

filz) + Loy Ny file) 4 .
() — 2Ly Ny 1 o)y TS v ool

We thus complete the whole proof. O]
Proof of Theorem 3.8.3(ii). By the law of total variance,
Var [y (z)] = E[Var [?M(x) ’X” + Var [E [?M(x) ‘ X” (C.3.33)

For the first term in (C.3.33), let Z be a copy drawn from v independently of the data.
Then, since [Zj]jy:ll are i.i.d,

o[ it ] = v 26| ]

2

:<Nz1vjow)2E[var[§;n<zjGAM@);X” 2w Vi [1(2 € Aute) | x]]

= NJIV&QE[VI (Au(@) = i (Au(@))] < NT&ZE[VI (Aur() |
No
:NlME[TM( 7)) 5 CNIM (C.3.34)

where C' > 0 is a constant only depending on fy, fy. The last step is due to (C.3.31).
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For the second term in (C.3.33), notice that

Var [E[?M(x) ‘ XH = Var [E[NZY&KM@) ) XH = <%>2Var [Vl(AM(x))]

Recalling that W = 14(Bz,j,—z||), we have the following lemma about the density of W near
0.

Lemma C.3.3. Denote the density of W by fw. Then for any (vo,v1) € Pep(fr, fu, L,d,9),

fw(0) =r(x).
Furthermore, for any € > 0 and Ny sufficiently large, we have for all 0 < w < 2M /Ny,
ap ) < (1492
(v0,1)€Pa,p(f1.fu8,L,d) fr

Due to Lemma C.3.3, we can take N, sufficiently large so that for any 0 < w < 2M /Ny,

U
sup fw(w) < 210
(V0,1)EPa,p (FL. fur 0,L,d) fr

Let Z, Z be two independent copies from v, that are further independent of the data.
Let W = VO(BZ,Hm Z||) and W = (BZ,Hx—ZH) Let V = V0<BZ,\|X(M>( Z)— ZH) and V
VO(BZ,HX(M)(Z)—ZH)' We then have

Var [ul (AM(:B))] = E[V%(AM(ZL‘))} — <E[V1 (AM(:B))D2
:P(Z e Au(z),Z € AM(x)> - P(Z c AM(x)>P(Z c AM(a:))
:P<W <V,W < x7> . P<W < V)P(W < ?).

Due to the independence between Z and 7 , W and W are independent. Notice that
V'| Z have the same distribution as Uy for any Z € R?, then V and Z are independent, so

are V and Z.
Let’s expand the variance further as

Var [ul (AM(I‘)):|

[P<W<VW<VW<2% W<2%)>

_P(WSV,W§2%)P<W§ VW< Zﬁoﬂ

+[P<W§V,’VV§17>—P(W<VW§V <22 W<t
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- [P(W < v>P(W < 17) —P(W <V,W < 2%)13(’1/?3 VW< 2%)} (C.3.35)

For the first term in (C.3.35), we have the following lemma.
Lemma C.3.4. We have
No 2 - M~ M
-0 P(W<V,W< W<t <2—)
(57) [PV v <Vw <2 <2 g

—P(W VW< 2%>P(W <V.W< 2%)] < C%,
0 0

where C' > 0 is a constant only depending on fr, fu.
For the second term in (C.3.35),
~ - ~ = M —~ M
P(W<VIW<V)-P(W<V,IW<V,W <20 W <2 )
No No

<P(W <V < T,w =200 ) 4 P(W S VISP 520 )

M ~ M M
<P< 2—) P( 2—) - 2P< 2—).
<PV > N, + V> Ny U(M) > N,
Using the Chernoff bound and M/ log Ny — oo, for any v > 0,
N\ 2 M N\ 2 _
-0 P< 2—><<—> [—1—1 QM] N
<M> Uy > N S\ exp | — ( og2)M| < Ny
We then have

(%)2[P(W <V,W < 17) —P(WS VW<V, W< 2%,@? < 2%})]
§2<%)2P(U(M) > 2%) <N (C.3.36)

For the third term in (C.3.35), we can check

[P(W < V>P(W < T/) —P(W <V,W < 2%)13(% <V.W< 2%)} > 0.

Plugging Lemma C.3.4 and (C.3.36) into (C.3.35) by taking v > 1, we obtain

(%)2\/&1“ [1/1 (AM(ZE))] < CM’ (C.3.37)

where C' > 0 is a constant only depending on fr, fu.
Plugging (C.3.34) and (C.3.37) into (C.3.33) completes the proof. O
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C.3.6 Proof of Proposition 3.8.1

Proof of Proposition 3.8.1. We take vy and vy to share the same support, and assume z to
be the origin of R? without loss of generality.

When N; < Ny, we take 1 to be the uniform distribution with density f7, on
—fr 1/ /2, fr 1/ /2]¢. Then the MSE is lower bounded by the density estimation over Lipchitz
class with N; samples.

When Ny < Ny, we take 1 to be the uniform distribution with density fi; on
[— Jl/d/Q, f(;l/d/Z]d. Notice that 1/fy is also local Lipchitz from the lower boundness con-
dition and local Lipchitz condition on f;. Then the MSE is lower bounded by the density
estimation over Lipchitz class with Ny samples.

We then complete the proof by combining the above two lower bounds and then using
the famous minimax lower bound in Lipschitz density estimation (Tsybakov, 2009, Exercise

2.8), 0

C.3.7 Proof of Theorem 3.8.4

Proof of Theorem 3.8./. We only have to prove the first claim as the second is trivial.

Take dy = (ﬁ)l/d(%)”d as in the proof of Theorem 3.8.3(i) and 0}, = (affvd)l/d(NMO)l/d.
For any x € RY, denote the distance of z to the boundary of S; by A(x), i.e., A(z) =
inf,cos, ||z — 2.

Depending on the position of x and the value of A(x), we separate the proof into three
cases .

Case I. z € Sy and A(x) > 20y. In this case, since A(z) > 2dy, for any ||z — z|| < dy,
we have B, |,_, C Si. From the smoothness conditions on f; and f;, similar to the proof

of Theorem 3.8.3, we have

e[ ],

< /R (B[Fu) - T(x)r) P @)1z € S1, A) > 26y)da

§C’[(M>1/d + (i)l/2 + ( Mo )1/2} » fo(z)1(z € Sy, A(x) > 20y)dx

Parl(z) — r(x)’ folx)l(z € Sy, Az) > 25N)dx]

Ny M MN,
<[(%)"+ )"+ ) ] (€339

where the constant C' > 0 only depends on fr, fy, L, d.
Case II. z € 5y \ 51 and A(z) > d)y. In this case, r(x) = 0 and for any z € Sy,

M
Uo(B.jo—al)) = FLA(Ba oz N S0) > aftA(Bs aesy) > afr Vbl > QFO'

Then for any v > 0,

B[ [Fu(e) = ()] = B[Far(@)] = T2B[0 (An(2)]
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N, N, M _
:_OP<W < VO(BZ X1y (2)— Z||)> MOP<U( M) > 2—) < N, v

M No
Rd

We then obtain
T fo(2)L(z € S\ S1, Ax) > Oy )dx < Ny 7. (C.3.39)
Rd

Pu(@) = r(@)| fole) (@ ¢ S1, () > dy)da]

Case III. z € Sy and A(z) < (20y) V ). In this case, for any z € S,

af
V(B Jz=a)) = fLAM Bz 2=z N S0) = afrA(B. jz—a)) = f_ULVI(Bx,Hz—:cH)'

Accordingly,

EH?M(@ —1(@)|] < B[fu@)] +r@) - %P(W < w(Br i, 2)-21)) + ()

M <C}£V1(B Ne—2z1) < v0(Baz1x 0 (2)- Z”)> (@)

afy fu fu
<_ —=U < 1 1
3P (FEU < Vi) () = (4 o(1) + 77
From the definition of dy, ¢y and M /Ny — 0, we have oy, dy — 0 as Ny — oo. Since the
surface area of Sy is bounded by H, we have A({z : A(z) < (20n5) VI }) S H{(20n) V Oy }.
Then we obtain

B| / Fu(2) = r(@) | fo(@)L(A(@) < (26x) V 8 )da ]
Rd
<(Zravom)+ ) [ fnae) < @) v i
<(Zaroy+ jﬁ”)fUA({as Alx) < (200) V 8y })
Ju | Ju ' M1/
’S(E + fL>fUH(6N o) < C(NO) , (C.3.40)
where the constant C' > 0 only depends on fr, fy,a, H,d.
Combining (C.3.38), (C.3.39), (C.3.40) completes the proof. O

C.3.8 Proof of Proposition 3.8.2

Proof of Proposition 3.8.2. We take 1y and v; to be of the same support.

When N; < Ny, we take 1 to be the uniform distribution with density f7, on
[—f;l/d/Q,fgl/d/Q]d. Then the L; risk is lower bounded by the L, risk over support of
density estimation over Lipchitz class with N; samples.



APPENDIX C. APPENDIX FOR CHAPTER 3 173

When Ny < Ny, we take 1 to be the uniform distribution with density fi; on
—fu 1/ /2, f 1 /2]%. Notice 1/ f is also Lipchitz from the lower boundness condition and
Lipchitz condition on fy. From the lower boundness condition on fy, the L, risk is lower
bounded by the L; risk over support of density estimation over Lipchitz class with N
samples.

We then complete the proof by combining the above two lower bounds and then using

then the minimax lower bound of L; risk for density estimation over Lipchitz class (Zhao
and Lai, 2022, Theorem 1). O

C.4 Proofs of the results in Section 3.9

C.4.1 Proof of Lemma 3.9.1

Proof of Lemma 3.9.1. For any z € X, define 02(z) = E[U? | X = x] = E[[Y (w) — p,(X)]?
| X = z] for w € {0,1}. Let

2

and V¥ = %z”: (1 + KM(i)ya%i(Xi).

VT =B (X) = po(X) - 7 -

From the standard central limit theorem (Billingsley, 2008, Theorem 27.1), we have
VR(F(X) = 7) =% N(0, V7). (C.4.1)
Let By = (2D;—1)(1+ K (i) /M)e; for any i € [n]. Conditional on X, D, [Ey ], are
independent. Notice that E[Ey; | X, D] = 0 and >, Var[Ey,; | X, D] = nV¥. To apply

the Lindeberg-Feller central limit theorem (Billingsley, 2008, Theorem 27.2), it suffices to
verify that: for a given (X, D),

# gEKEM,iﬂQEM,A > Nﬁ) ‘ X, D] 0,

for all 6 > 0.
Let Cyp = sup,ex oy {E[|UL*™ [ X = 2] VE[UZ | X = 2]} < co. Let p1 = 14 #/2 and
p2 be the constant such that p;' +p,! = 1. By Holder’s inequality and Markov’s inequality,

ﬁ i E[(EMJY]I (]EMA > NW) ‘ X, D}
=1
e 2 (B[,

1 n
<= (E HEM
=1

e ‘ X,DDl/m <P<|EM,i| > 0v/nVE ‘ X, D))l/m

x.0])" (| (o) | x.2]) ™

24K
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Cy 1 1/p2 & Ky (i) 201+1/p2)
< Co (LY (1 iy
—nVE (52nVE> 21 ( + M

1=

Notice that E[1 4+ Ky (i)/M]?1+1/P2) < oo from Theorem 3.8.2. Let ¢, = infex wefo,1}
E[U2| X = z] > 0. From the definition of VZ we have VE > ¢, for almost all X, D. Then

E [ 2B (e) 11801 > 5V07%) | X,0]] = 067 = o),

We thus obtain
# zn: E [(EMﬂ)Qn (|EM,iy > 5\/nVE> ‘ X, D] — op(1).
=1

Applying the Lindeberg-Feller central limit theorem then yields
(V)T 2Ey = (nVE)TV2N T By =% N(0,1). (C.4.2)
i=1

Noticing that /n(7(X) — 7) and /n(VF)~"Y2E), are asymptotically independent, lever-
aging the same argument as made in Abadie and Imbens (2006, Proof of Theorem 4, Page
267) and then combining (C.4.1) and (C.4.2) reaches

(VT + VE) 27 X) + By — 7) =5 N(0,1). (C.4.3)

We decompose V¥ as:

Ve :%Z_lz&:l (1 - K]]‘\Z(l))Qaf( i)+ %izmzo (1 + KAAZ(Z))Q 0(X3)
-3 z:l;zl <e<;<z>>2"%(X’> * %m%:o (= i(XZ))Q"g(Xz)}
N %Z:%:l (1 57) (e(;g))z] 7(X)
n lz (i) = (0 ) o, (C.04)
For the first term in (C.4.4), notice that [(X;, D;, Y;)]", are i.i.d. and
—2

E[D;(e(X;))203(X,)], E[(1 — D;)(1 — e(X;))%02(X;)] < oco. Using the weak law of large
numbers, we have

n n 2

> (@)20%(&”% 2. (%(Xi)yag(&)iﬂa 21(()()())+10;0(e)(())<) ‘

i=1,D;=1 i=1,D;=0

S|
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For the second term in (C.4.4), using the Cauchy—Schwarz inequality,

E\lz 1+ 55 = () Tt

(15 = G T = el (0 577) = () 112

<coe[p (B[ (5577 -5 [oJE[ (2 S ) [ 2]) T = et

<C,E [Di

where the last step is due to Theorem 3.8.2. Then we obtain
R Ku(i)\2 1 \2 b
LS [ ) ()
n. Z [( LY e(X;) 71 (X)

For the third term in (C.4.4), we can establish in the same way that

. [(%)2—(“%%103”@*0-

Then from (C.4.4),

oi(X)  og(X) }
e(X) T T—e(X))

By (C.4.3), Slutsky’s lemma (van der Vaart, 1998, Theorem 2.8), and the definition of

0?2, we complete the proof. O

vE 25|

C.4.2 Proof of Lemma 3.9.2

Proof of Lemma 3.9.2. From Assumption 3.8.1 and Assumption 3.4.1, let R = diam(X) < oo
and fr, = infyexwefony fu(x) > 0. For any o € X, w € {0,1} and v < R, from Assump-
tion 3.8.1, v, (BawﬁX) > fL/\(Bx’uﬂX) > fLa)\(BLu) = fraVyu?, where Vj is the Lebesgue
measure of the unit ball on R

Let ¢ = fraVy. Forany i € [n], z € X, M <ny_p,, if 0 <u < Rn}édDi, we have

Pl - x

> un;_lﬁi ‘D,Xz' =2, = jM(i))

SP (BIH (nl_Di, V1i_p, (B

un—1/4 ﬂX)) <M ‘ D)
UM _p,

<P (Bin(nl,Di,coudnijJ <M ) D)
Using the Chernoff bound, if M < cou?, then

d
P(Bin(nl,Di, coudniji) <M ‘ D) < exp (]\/[ — coud + M log (%))
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Notice that the above upper bound does not depend on . We then obtain
d

g]l(]\/[ < C()Ud) exp (M — cout + M log (C;)\Z >> + ]l(M > coud>.

On the other hand, if u > Rn}/_ dDi, then the probability is zero from the definition of R.
Accordingly, the above bound holds for any u > 0.
For any i € [n], we thus have

- #(- ]z

Sp/ [1 (M < coud> exp <M — cou® + Mlog (%)) + IL(M > coud>]up_1du
0

= [ [ () et [, (ca5)

where the last step is through taking t = cou?.
For the first term in (C.4.5), from Stirling’s formula and M — oo,

00 M 00 M L
/ (%) tM+Zletdt§/ (%) MFE et At ~ Vor M,
M 0

where ~ means asymptotic convergence.

For the second term in (C.4.5), fOM ti-ldt = %M% Combining the above two terms then
complete the proof. O

~1/d
> un;_p

P(lxi-x

p
p/ d

__lg ‘D,j = jM(Z))Upildu

C.4.3 Proof of Lemma 3.9.3

Proof of Lemma 3.9.3. We decompose By, — EM as
By — Bul

= % Z(QDz‘ —1) [% f: (Ml—Di (Xi) = 1-p,( Xy ) — H1—p,(Xi) + f1-p, (ij(i))):| ‘

s
|
_
3
Il
=

-0, (X0) = 10, (X)) = Br-pu(X) + i, (X9

oo (Xi) = 1 (X)) — T (Xe) + 1o (X5, )| -

1 n
<Z C.4.6
n ; mg[[]\%i}é{m} ( )

Let k= |d/2| + 1. For any w € {0, 1}, by Taylor expansion to k-th order,

Heo (X)) — Mo (X5) Z Zﬁtuw Ut <maX”at/~quoo ,ZHUmlHk (C.4.7)

/=1 tEAg teAL
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In the same way,

k—1

~ _ 1 _ 1

s (X)) — Bl X)) = > EE ' i, (X:) Uy, ; Sggg§||3tuwlloog§ U sll®. (C.4.8)
=1 " teA, T teA

We also have

k-1
5y non- s,
/=1

T teA,

k—1
1
< i, — o = ¢ 4.
< X = Oy Sl (C49)

T teA,

Notice that ||Upz;|| = maxpeqag||/Umy|| for any i € [n],w € {0,1}. Then for any w €
{0,1}, plugging (C.4.7), (C.4.8), (C.4.9) into (C.4.6), we obtain

~ 1 <&
By — B << at w || oo at/\w oo) <_ U 7 k)
By = Bu| 5( max max]|0'plloe + meoe max||'fi| H;H il

k-1 .
E 1
t~ ot 1 e
# 32 ( o = Ol ) (5 0wl)

From Lemma 3.9.2, all moments of (n/M)P/?||Uy;,||P are bounded. Then for any positive
integer p, using Markov’s inequality, we have

1 & M\p/d
LSl = 00 (1)),
n 4 n
=1
By Assumption 3.4.4 and Assumption 3.4.5, we then obtain

= B =0u00r ()" g, o0 ()

n Lefk—1]

0n((2)") + s, on o (1))

n tek—1] n

The proof is thus complete by noticing the definition of v and M < n”. m

C.5 Proofs of the results in Appendix

C.5.1 Proof of Lemma C.3.1

Proof of Lemma C.3.1. The first inequality is directly from the definition of Lebesgue points.
The second inequality follows by

V(Baesl) _ e o
A(B: j1z-a1l) fw)] < /\(327”2_30”)/3 [f(y) = f(@)ldy

z|lz—||
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1 / A(Ba2)z—a|) 1
<L ) — F@)ldy = S [ 1w - fly
A B jz=all) /B, 0.y A(Bzz=all) MBazjz—al) JB, 4. .
1
i [ i - @l
)‘(BIQHZ—IH) By 22—
and then the definition of Lebesgue points. O

C.5.2 Proof of Lemma C.3.3

Proof of Lemma C.3.3. Fix any (vo,v1) € Pop(fr, fu, L, d,0).

We first prove the first claim. First consider fi(z) > 0. For any € > 0, there exists ¢ > 0
such that for any 2z € R? satisfying ||z — x| < 28, we have |fo(z) — fo(z)] < efo(r) and
|fi(2) — fi(z)| < efi(x) from the local Lipschitz assumption. We take w > 0 sufficiently
small such that w < (1 — ¢€) fo(z)A(Bos ). Then W < w implies ||z — Z|| < ¢'. Then for
w > 0 sufficiently small,

1-— 1
POV < w) = P(W < w.lo = 2] £8) < P(15 000 (Bup) < w) = 01
and
POW <w)=P(W <w |z — 2| <) zP(HefOi (Bejozy) S w, |z — 2] <9

(1€ folx) 1 —e¢fi(z)
_P<1 - €f1($)V1(Bx’Hx7ZH) = w) 1 —i—efo(:ic)w
Then we have

L—efile) oo o : - 1+e€ fi(z)

T+ e fo(z) Sll{unigfw 'P(W < w) Shrj}ljgpw "P(W <w) < T fol0)’

Since € is arbitrary, we obtain

. -1 fl(x)

fw(0) i}liﬂ)ow P(W < w) @)

The case for fi(xz) =0 can be established in the same way. This completes the proof of the
first claim.

For the second claim, for any 0 < € < f1, there exists 6’ > 0 such that for any z € R?
satisfying ||z — z|| < 2§, we have |fo(2) — fo(z)| < € and |fi(z) — fi(z)] < € from the
local Lipschitz assumption. We take N, sufficiently large such that 2NMO < (fr — e)A(Boy)-
Then for any 0 < w < 2—, we have w < (fr — €)A(Boy). We take ¢ > 0 such that
w+t < (fr —e)MBog). Then for any (vp,11) € Pop(fr, fu, L,d,0),

= r(z).

P(w <W <w+ t) = ul({z € R?: vy(B.jo—z) € [w,w+ t]})
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S%M{z €RY: vy(B,josy) € [w,w + t]}).

Notice that fj is lower bounded by f. Then for Ny sufficiently large,

fi(z) + e

hmsupflP(w <W <w +t> <
o(z) —e€

t—0

(1+e).

This then completes the proof. n

C.5.3 Proof of Lemma C.3.4
Proof of Lemma C.3.4. Due to the i.i.d.-ness of Z and Z,

(%)2[P<W<VW<VW<2% W<2%>

-p(w < V,WQ%)P(WS VW< 2%”

:(%)2/2%/2% P(V>w, V> wQ) — P<V > wl)P<‘7 > UJQ):|fw(U}1)fw(UJ2>dw1dU)2

G /”

P(V > F0(1 T ),V > (1 +t2)>

<fU

1% Z wl,‘7 Z ’LUQ) — P<V Z wl)P<‘7 2 lUQ) ‘dwldwg

N
M

- P(v > +t1))P(V > (14 12) )dtldtz,
0

where the last step is from taking w; = NMO(l +t1) and wy = %(1 +t3).
Let

= > 5 M -
St ta) = [P(V 2 FU+0).V 2 F1+0) =P(V 2 5 0+0)P(V 2 £ 1+0)|
If ty >ty > 0, S(ty,ta) < P(V > 4L(1+ 1))

P(Unny > NM(l +t1). Ifta >t >0,
t2)

S(tl,tg) S P(\7 Z NMO(l +t2)) = P(U(M) > M(l ) Then for tl,tg > 0

S(ty,ta) < P(U(M) >

It <ty < OandP<V > M(144,),V > NMO(HtQ)) > P(V > NM(1+t1)>P(‘7 > Nﬂo(lm)),

S(tr,t2) <P(V > %(1 +1)) —P(V >
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—p(v < %(1 +1))P(V > %(1 +15))
<p(v < %(1 +11)) = P(Unn < %(1 1)),
£t <t < 0and P(V > 3 (144),V > % (14+6)) < P(V 2 2 (140) )P(V = 2 (1+6)),
St 1) < P(V > %(1 +6)) - P(V > ]]\\é(l L),V > %(1 +6))

—P(Uan < %)(Htl)).

N——

M M M
:P< <44, V> ><P< <2
V_NO( +t1) V_NO( +1t9)) < V_NO( +t)
If to < t; <0, we can establish in the same way that
M
S(t,ta) < P(U(M) < F(l +t2)>.
0

Then for t1,t5 <0,
M
S(ty,ta) < P(U(M) < F(l + 1t A t2)>.
0
For tl > 0 > tg, if tl +t2 > 0, S(tl,tg) S P(U(M) Z Nﬂo(l +t1)), and if tl +t2 S 0,
S(t1,t2) < P(Upry < 7c(1 4 t3)). Then

(%)2[P<W<VW<V W<2% W<2%0>
1

S(ty, to)dt,dt,

/ S(ty, ty)dt,dts |

(C.5.1)

—P<W<VVI/<2%>P(W<VW<2F /

/ / (ty, by dtldt2+/ / (1, to)dt dty + 2
-1J-1 0

where the last step is from the symmetry of S(ty,ts).
For the first term in (C.5.1), by the symmetry of S(¢1,¢2) and the Chernoff bound,

/ / S tl,tg dtldtg / / tl,tg dtldtQ = 2/ / S tl,tg tl > tg)dtldtg

M
<2/ / Uy > —(1 + \/t2)>]1(t1 > ty)dtydty = 2/ tP(U( =1 +t))dt
0 0
gz/ t(14+t)Me Mar.
0
Notice that since M — oo, by Stirling’s approximation,

& 1 eM oo 1
1+ O)Me Mt = — —/ tMe=Mtqr < — (1 1)). 5.2
/0 (1+t)"e M+M 1 e _M( +0(1)) (C.5.2)
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We then obtain

/01 /01 S(ty,te)dtdty < %(1 + o(1)). (C.5.3)

For the second term in (C.5.1),

0 0 0 0
/ / St ta)dtrdty = 2 / / St 1) (11 < £2)dtrdts
1/

-1J-1

M 1
:2/ tP(U(M) < —(1- t))dt < 2/ t(1—t)yMeMidt.
0 N 0

0

Notice that

1
1
_ M Mg,
/Ot(l )" e dt_M. (C.5.4)

We then obtain
0 0 2
/ / S(ty, to)dtydty < —. (C.5.5)
1J-1 M

For the third term in (C.5.1),

1 0
//S(tl,tg)dtldtg
M
// U(M>—(1+t1)>dt1dt2+// P(Un < 5-(1+ t2) )dtrdts
0

- [tz o) [ com(i = s

-1

g/ootP<U(M) > %(1 +t)>dt+/0(—t)P<U(M) <My +t)>dt

0 -1

S (L o(1) + 17 = (14 of1),

where the last step is from (C.5.2) and (C.5.4).
We then obtain
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Plugging (C.5.3), (C.5.5), (C.5.6) into (C.5.1) yields

(ﬁ)Q[PQA/g VW < V,Wg?%,ﬁ§2%>

M No
_P<W <V,W < 2%)P(W <V, W< 2%)} < 32(%)2%(1 +o(1)),

and thus completes the proof.
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