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Abstract

Topics in Causal Inference: Data Fusion, Time-Series Experiments,
and Matching Estimators

by

Zhexiao Lin

Doctor of Philosophy in Statistics

University of California, Berkeley

Associate Professor Peng Ding, Co-chair

Professor Peter J. Bickel , Co-chair

This dissertation studies problems in causal inference arising in modern empirical research.
The three chapters in this dissertation develop novel theory and methodology aimed at
improving the validity, robustness, and efficiency of causal inference in experimental and
observational studies.

Chapter 1 discusses my joint work with Professor Peng Ding and Professor Peter J. Bickel
on data fusion, adapted from Lin et al. (2026). In empirical research, when we have mul-
tiple estimators for the same parameter of interest, a central question arises: how do we
combine unbiased but less precise estimators with biased but more precise ones to improve
the inference? Under this setting, the point estimation problem has attracted considerable
attention. In this paper, we focus on a less studied inference question: how can we conduct
valid statistical inference in such settings with unknown bias? We propose a strategy to
combine unbiased and biased estimators from a sensitivity analysis perspective. We derive
a sequence of confidence intervals indexed by the magnitude of the bias, which enable re-
searchers to assess how conclusions vary with the bias levels. Importantly, we introduce
the notion of the b-value, a critical value of the unknown maximum relative bias at which
combining estimators does not yield a significant result. We apply this strategy to three
canonical combined estimators: the precision-weighted estimator, the pretest estimator, and
the soft-thresholding estimator. For each estimator, we characterize the sequence of confi-
dence intervals and determine the bias threshold at which the conclusion changes. Based on
the theory, we recommend reporting the b-value based on the soft-thresholding estimator
and its associated confidence intervals, which are robust to unknown bias and achieve the
lowest worst-case risk among the alternatives.

Chapter 2 discusses my joint work with Professor Peng Ding on time-series experiments,
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adapted from Lin and Ding (2025). Time-series experiments, also called switchback exper-
iments or N-of-1 trials, play increasingly important roles in modern applications in medical
and industrial areas. Under the potential outcomes framework, recent research has studied
time-series experiments from the design-based perspective, relying solely on the randomness
in the design to drive the statistical inference. Focusing on simpler statistical methods, we
examine the design-based properties of regression-based methods for estimating treatment
effects in time-series experiments. We demonstrate that the treatment effects of interest
can be consistently estimated using ordinary least squares with an appropriately specified
working model and transformed regressors. Our analysis allows for estimating a diverging
number of treatment effects simultaneously, and establishes the consistency and asymptotic
normality of the regression-based estimators. Additionally, we show that asymptotically, the
heteroskedasticity and autocorrelation consistent variance estimators provide conservative
estimates of the true, design-based variances. Importantly, although our approach relies on
regression, our design-based framework allows for misspecification of the regression model.

Chapter 3 discusses my joint work with Professor Fang Han and Professor Peng Ding on
matching estimators, adapted from Lin et al. (2023). Nearest neighbor (NN) matching is
widely used in observational studies for causal effects. Abadie and Imbens (2006) provided
the first large-sample analysis of NN matching. Their theory focuses on the case with the
number of NNs, M fixed. We reveal something new out of their study and show that, once
allowing M to diverge with the sample size, an intrinsic statistic in their analysis constitutes
a consistent estimator of the density ratio with regard to covariates across the treated and
control groups. Consequently, with a diverging M , the NN matching with Abadie and
Imbens (2011)’s bias correction yields a doubly robust estimator of the average treatment
effect and is semiparametrically efficient if the density functions are sufficiently smooth and
the outcome model is consistently estimated. It can thus be viewed as a precursor of the
double machine learning estimators. Follow-up work to Chapter 3 includes Lin and Han
(2025), coauthored with Professor Fang Han, and Cattaneo et al. (2025), coauthored with
Professor Fang Han and Professor Matias Cattaneo.
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Chapter 1

Introducing the b-value: combining
unbiased and biased estimators from a
sensitivity analysis perspective

1.1 Introduction
In empirical research, it is common for researchers to employ different methods to estimate
the same parameter of interest. These differences may arise from the use of distinct datasets
or from imposing different model assumptions on the same dataset. We motivate our paper
with the following two examples of combining estimators.

Example 1.1.1. Randomized controlled trials (RCTs) are the gold standard for estimating
treatment effects due to their ability to eliminate unmeasured confounding. However, RCTs
often suffer from limited sample sizes, as large-scale experiments can be costly or infeasible.
In contrast, observational data are more readily available from the target population of
interest. However, estimates using observational data may be biased in estimating treatment
effects due to unmeasured confounding, raising concerns about the internal validity. See
Brantner et al. (2023) and Colnet et al. (2024) for recent reviews on motivations and methods
for combining RCTs and observational studies.

Example 1.1.2. The ordinary least squares (OLS) estimator is biased in estimating the
unknown parameters under the linear model when the error term is correlated with the
regressor. In contrast, the instrumental variables (IV) estimator can provide unbiased esti-
mates for the parameters of interest with a valid instrumental variable that is uncorrelated
with the error term but correlated with the regressor. However, the IV estimator is usually
much less precise than the OLS estimator, especially when the IV is weakly correlated with
the regressor (Bound et al., 1995). In empirical studies, e.g., Angrist and Krueger (1991),
researchers often report results from both OLS and IV estimators. How to combine OLS
and IV estimators is gaining increasing interest (Armstrong et al., 2025b).
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When the estimators are from different datasets, e.g., Example 1.1.1, the estimators
are independent as long as the datasets are independent. When the estimators are from
the same dataset but with different model assumptions, e.g., Example 1.1.2, the estimators
are dependent in general. Given access to multiple potentially dependent estimators, some
unbiased but less precise and others biased but more precise, a natural question is: How can
we combine the unbiased and potentially biased estimators to improve the inference with
unknown bias? From the point estimation perspective, this problem has been extensively
studied (Bickel, 1984; Green and Strawderman, 1991; Giles and Giles, 1993; Chen et al.,
2015; Athey et al., 2020; de Chaisemartin and D’Haultfœuille, 2020; Rosenman et al., 2023a;
Gao and Yang, 2023; Yang et al., 2025). Many methods have been proposed for constructing
combined estimators that perform well when the bias is small and have bounded risks when
the bias is large. From the statistical inference perspective, this problem is less studied. In
this paper, we answer the following question: how can we conduct valid statistical inference
after combining the estimators?

The inference question has received considerably less attention. The primary difficulty
lies in the impossibility of characterizing the distribution of the combined estimator with
unknown bias (Noack and Rothe, 2024; Armstrong et al., 2025b; Chen et al., 2025). Once the
information about the bias is introduced, e.g., an upper bound on its magnitude, confidence
intervals for the parameter of interest become possible. In the absence of such information,
we focus on the following question:

How can we construct a sequence of confidence intervals for the parameter of
interest across bias levels?

The sequence of confidence intervals provides a way to quantify how the level of bias
impacts the uncertainty in point estimation. One important application of this sequence is
in hypothesis testing. Suppose the null hypothesis is not rejected based on the unbiased but
less precise estimator. Now consider a scenario where the statistical test based on the biased
but more precise estimator rejects the null hypothesis. If we have prior knowledge suggesting
the bias is small, incorporating the biased estimator may yield a more precise estimator to
reject the null hypothesis. In such cases, the sequence of confidence intervals enables us to
address the following question:

How large must the bias be to change the conclusion of a hypothesis test—from
rejection to non-rejection?

The idea of constructing the sequence of confidence intervals and examining how conclu-
sions change as the assumed level of bias varies is related to sensitivity analysis in causal
inference with unmeasured confounding, e.g., Cornfield et al. (1959); Rosenbaum and Rubin
(1983a) and VanderWeele and Ding (2017). In observational studies, sensitivity analysis
assesses how the causal conclusions change with respect to different degrees of unmeasured
confounding by varying the sensitivity parameter (Rosenbaum, 2002; Ding and VanderWeele,
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2016). Our proposed framework has a similar flavor: by indexing inference results over a
continuum of bias levels, we can assess the robustness of statistical inference.

We formalize two statistical inference questions, confidence interval and hypothesis test-
ing, in the context of combining unbiased and biased estimators. Under regularity conditions,
the estimators satisfy a joint central limit theorem. Consequently, we present our formula-
tion in a finite-sample Gaussian setting, assuming exact normality for both the unbiased and
biased estimators. This reduction to a Gaussian model is motivated by Le Cam’s classical
asymptotic argument (Le Cam, 1956), and because of this, our Gaussian formulation should
be viewed as an asymptotic idealization rather than a restrictive finite-sample assumption.

We develop a general framework that applies to any point estimator formed by combining
such estimators. Within this framework, we construct a sequence of confidence intervals
indexed by the bias level, and importantly, we introduce the notion of the b-value, a critical
value of the unknown maximum relative bias at which combining estimators does not yield a
significant result. We examine three canonical combined estimators: the precision-weighted
estimator, the pretest estimator, and the soft-thresholding estimator. For each estimator,
we derive either analytically or numerically the sequence of confidence intervals and the
b-value. Among the three, we advocate for the soft-thresholding estimator, as it offers
robustness to unknown bias compared with the precision-weighted estimator, and exhibits
lower worst-case risk and more desirable properties for confidence interval construction than
the pretest estimator. We provide a Python package for the proposed methods, available at
https://github.com/zhexiaolin/b-value.

Notation. For a vector a = (a1, . . . , ad)
> ∈ Rd, let ‖a‖1 =

∑d
i=1|ai|, ‖a‖2 = (

∑d
i=1 a

2
i )

1/2,
and |a| = (|a1|, . . . , |ad|)>. For vectors a = (a1, . . . , ad)

> and b = (b1, . . . , bd)
>, let a �

b = (a1b1, . . . , adbd)
> be the Hadamard (element-wise) product, and a ≤ b denote ai ≤ bi

for all i = 1, 2, . . . , d. For a scalar b ∈ R and a set A ⊂ R, we write b − A = {b −
a : a ∈ A}, which extends naturally to vectors and sets in Rd. We use Φ(·) and φ(·) to
denote the cumulative distribution function and density function of the standard normal
distribution, respectively. We use φµ,Σ(·) to denote the density function of the multivariate
normal distribution with mean µ and covariance matrix Σ. We use Ψd(·;λ) to denote the
cumulative distribution function of the noncentral chi-squared distribution with noncentrality
parameter λ and degrees of freedom d. We use cα to denote the (1 − α) upper quantile of
the standard normal distribution.

1.2 Problem setup and a review of point estimation

1.2.1 Problem setup

We consider the following setting:

Assumption 1.2.1. Suppose we observe two independent random variables: one unbiased
estimator τ̂0 ∼ N(τ, σ2

0) and one biased estimator τ̂1 ∼ N(τ + ∆, σ2
1). Here, τ ∈ R is

https://github.com/zhexiaolin/b-value
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the unknown parameter of interest. We assume that σ2
0 and σ2

1 are known, whereas ∆ is
unknown.

In practice, both the unbiased and biased estimators for the same parameter of interest
are constructed from data. Under regularity conditions, these estimators are jointly asymp-
totically normal with an unknown covariance matrix. As long as this covariance matrix can
be consistently estimated, the problem of combining estimators reduces to an exact normal-
ity framework under Le Cam’s asymptotic framework (Bickel, 1984). Le Cam (1956) showed
that a wide class of estimators and test statistics can be approximated in large samples by
Gaussian experiments with known covariances. Within this framework, we treat the esti-
mators as arising from Gaussian experiments in which the variances are replaced by their
consistent estimates, and the validity of the inference procedures is preserved asymptoti-
cally. For this reason, we present our analysis in the exact normality setting. Nevertheless,
our results represent the asymptotic limits of a broad class of more general and practically
relevant inference problems. The analysis can be generalized to dependent (Section 1.3.5),
multivariate (Section 1.4) and multiple estimators (Section 1.5) cases.

Let γ = σ2
0/σ

2
1 be the variance ratio between τ̂0 and τ̂1. In general, the unbiased estimator

is less precise but the biased estimator is more precise. Therefore, we focus on the regime in
which σ2

0 is large and σ2
1 is small, which indicates that γ is large.

Under Assumption 1.2.1, we address the following central question:

How can we construct a sequence of two-sided confidence intervals for τ across
different levels of bias (∆)?

We focus on constructing two-sided symmetric confidence intervals centered at prespec-
ified point estimators. In other words, we do not let the point estimator itself depend on
the bias level ∆. An alternative approach would be to use a bias-dependent point estimator,
where the estimator incorporates ∆. We discuss using bias-dependent point estimators in
Section 1.7.

Since τ̂0 is an unbiased estimator of τ , one natural approach is to construct a confidence
interval based solely on τ̂0, which is invariant to the bias ∆. Given a significance level
ζ ∈ (0, 1), we can construct a standard two-sided confidence interval

[τ̂0 − σ0cζ/2, τ̂0 + σ0cζ/2],

where cζ/2 is the (1− ζ/2) upper quantile of the standard normal distribution. While being
valid regardless of the bias ∆, this confidence interval may be too wide when τ̂0 is not precise,
whose length 2σ0cζ/2 scales proportionally with σ0. As we have access to the additional biased
but more precise estimator τ̂1, a natural question arises: can we shorten the confidence
interval by incorporating information from τ̂1?

This motivates us to combine the two estimators τ̂0 and τ̂1 to construct a two-sided
confidence interval with shorter length. Consider a generic combined estimator

τ̂ = τ̂(τ̂0, τ̂1, σ
2
0, σ

2
1)
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of τ , which depends only on observed data (τ̂0, τ̂1) and known variances (σ2
0, σ

2
1), but not on

the unknown bias ∆. If ∆ were known, constructing an exact two-sided confidence interval
would be straightforward, as the distributions of both estimators are known, which leads to
the known distribution of τ̂ . However, since ∆ is unknown, the exact confidence interval
depends on the magnitude of ∆.

To analyze the problem, we impose bounds on the bias ∆ and construct two-sided con-
fidence intervals for different levels of bias. We assume that |∆/σ0| ≤ b for some b ≥ 0,
and study how the confidence interval based on τ̂ changes as a function of the bias bound
b. Here we focus on the relative bias ∆/σ0 instead of the absolute bias ∆ to ensure that
the parameterization is invariant to the scale of the estimators. For a given b, we aim to
construct a two-sided confidence interval that achieves correct coverage uniformly over all ∆
satisfying |∆/σ0| ≤ b. We thus define the confidence interval below.

Definition 1.2.1. Given a significance level ζ ∈ (0, 1) and a maximum relative bias b ≥ 0,
we want to construct an interval I(b, ζ) = I(b, ζ, τ̂0, τ̂1, σ

2
0, σ

2
1) such that

inf
∆:|∆/σ0|≤b

P∆(τ ∈ τ̂ − I(b, ζ)) = inf
∆:|∆/σ0|≤b

P∆(τ̂ − τ ∈ I(b, ζ)) ≥ 1− ζ, (1.2.1)

where P∆ explicitly denotes the dependence of the distribution of τ̂ on ∆. The confidence
interval for τ based on τ̂ is then given by τ̂ − I(b, ζ).

We next impose two natural monotonicity conditions on the interval I(b, ζ) below. We
want the family of confidence intervals {τ̂ − I(b, ζ)}b≥0 to evolve in a coherent way as b
changes. In particular, although Definition 1.2.1 concerns validity at a fixed bias bound b,
for sensitivity analysis it is useful to require that larger bias bounds lead to larger confidence
intervals. This monotone structure will also ensure that the b-value defined in Definition 1.2.2
later has a natural threshold interpretation.

Assumption 1.2.2. We assume:

1. For fixed (τ̂0, τ̂1, σ
2
0, σ

2
1) and ζ, we have I(b, ζ) ⊂ I(b′, ζ) whenever b ≤ b′.

2. For fixed (τ̂0, τ̂1, σ
2
0, σ

2
1) and b, we have I(b, ζ) ⊂ I(b, ζ ′) whenever ζ ≥ ζ ′.

The first condition in Assumption 1.2.2 requires that as we allow greater bias in τ̂1, the
confidence interval becomes wider and contains the previous intervals. The second condition
in Assumption 1.2.2 requires that to guarantee higher coverage rate, the confidence interval
must widen. A common class of intervals satisfying both conditions is the class of symmetric
fixed-length centered intervals, whose length does not depend on (τ̂0, τ̂1), i.e., I(b, ζ) =
[−c(b, ζ, σ2

0, σ
2
1), c(b, ζ, σ2

0, σ
2
1)] for some c(b, ζ, σ2

0, σ
2
1) ≥ 0 depending only on b, ζ, σ2

0, and
σ2

1. In this case, the confidence interval τ̂ − I(b, ζ) in Definition 1.2.1 is given by [τ̂ −
c(b, ζ, σ2

0, σ
2
1), τ̂ + c(b, ζ, σ2

0, σ
2
1)].

Therefore, for given (τ̂0, τ̂1, σ
2
0, σ

2
1) and ζ, we can regard the confidence interval τ̂−I(b, ζ)

in Definition 1.2.1 as a function of the bias bound b. Thus, to address the central question



CHAPTER 1. INTRODUCING THE B-VALUE: COMBINING UNBIASED AND
BIASED ESTIMATORS FROM A SENSITIVITY ANALYSIS PERSPECTIVE 6

of constructing a sequence of two-sided confidence intervals for τ across different levels of
bias, we compute this confidence interval for a range of values of b: {τ̂ − I(b, ζ)}b≥0.

Once we construct the sequence of confidence intervals, a natural application is hypothesis
testing about the parameter τ . We focus on the two-sided test:

H0 : τ = 0 versus H1 : τ 6= 0. (1.2.2)

We generalize the discussion to one-sided tests, such as testing τ = 0 versus τ > 0 or testing
τ ≤ 0 versus τ > 0, in Section A.1.2. It is straightforward to extend the two-sided test to
hypotheses of the form τ = τ ∗ versus τ 6= τ ∗ for any given τ ∗ ∈ R. A common practice for
the two-sided test involves constructing confidence intervals for τ and checking whether the
null value 0 lies within these intervals.

Under Assumption 1.2.2, the width of the confidence interval increases with the bias
bound b. This leads to a central question when using the combined estimator τ̂ with the
confidence interval τ̂ − I(b, ζ):

How large must the bias bound b be to change the conclusion of the hypothesis
test (1.2.2)?

By the monotonicity of I(b, ζ) in b (holding (τ̂0, τ̂1) and ζ fixed) from Assumption 1.2.2,
we define the limiting interval as I(∞, ζ) = limb→∞ I(b, ζ). Then there may exist a critical
value of b at which the confidence interval τ̂−I(b, ζ) contains the null value tested in (1.2.2).
We focus on cases where the critical value exists. Specifically, we consider the case when
0 /∈ τ̂ − I(0, ζ) but 0 ∈ τ̂ − I(∞, ζ). In this scenario, we define the b-value below.

Definition 1.2.2. Define the b-value as the critical value b∗ of testing τ = 0 versus τ 6= 0:

b∗(ζ) = b∗(ζ, τ̂0, τ̂1, σ
2
0, σ

2
1) = inf {b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)} . (1.2.3)

Although we can define the quantity in (1.2.3) without Assumption 1.2.2, the mono-
tonicity conditions in Assumption 1.2.2 ensure that the b-value is the critical bias level at
which the testing conclusion changes. In particular, by the monotonicity conditions in As-
sumption 1.2.2, we have 0 /∈ τ̂ − I(b, ζ) for 0 ≤ b < b∗ and 0 ∈ τ̂ − I(b, ζ) for b > b∗.
Thus, we reject the null hypothesis τ = 0 when b < b∗ and fail to reject it for b > b∗. The
b-value b∗ thus represents the maximum relative bias beyond which the null hypothesis can
no longer be rejected. We propose to report b∗ defined in (1.2.3) for given estimators (τ̂0, τ̂1)
and significance level ζ.

Compared with the sensitivity analysis literature, the bias bound b in our framework
plays a role analogous to the sensitivity parameter. The corresponding confidence interval
τ̂ −I(b, ζ) serves as a sensitivity curve, illustrating how inference changes as the bias varies.
In this context, the b-value b∗ serves a role similar to key robustness metrics in prior work:
it parallels the E-value by VanderWeele and Ding (2017), the robustness value by Cinelli
and Hazlett (2020), the breakdown point and breakdown frontier by Horowitz and Manski
(1995) and Masten and Poirier (2020). The b-value is also analogous to the minimal level
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of selection necessary to undermine the conclusion in Kline and Santos (2013) for assessing
the sensitivity to departures from the missing at random assumption.

The b-value b∗ provides a criterion for comparing competing strategies of confidence in-
terval construction. Different choices of the combined estimator τ̂ and different formulations
of I(b, ζ) can lead to different values of b∗. We prefer procedures that yield a larger b-value
b∗, since this indicates that the resulting confidence interval is more robust to potential bias
in the biased estimator. This role of b∗ is analogous to that use of the design sensitivity in
Rosenbaum (2004), where it serves as a criterion for comparing different test statistics and
matched designs in observational studies.

Remark 1.2.1. Besides the scenario of primary interest: 0 /∈ τ̂−I(0, ζ) and 0 ∈ τ̂−I(∞, ζ),
two other less interesting scenarios may occur. First, if 0 ∈ τ̂−I(0, ζ), then 0 ∈ τ̂−I(b, ζ) for
all b ≥ 0, and we always fail to reject the null hypothesis regardless of the bias magnitude.
Second, if 0 /∈ τ̂ − I(∞, ζ), then 0 /∈ τ̂ − I(b, ζ) for all b ≥ 0, and we always reject the
null hypothesis regardless of the bias magnitude. In these two scenarios, combining the
estimators or not does not change the statistical result qualitatively. Therefore, we ignore
them in our discussion. Depending on the choice of τ̂ and construction of I(b, ζ), not all
three scenarios may arise. We focus on the case when the b-value b∗ defined in (1.2.3) is in
the interval (0,∞).

1.2.2 Point estimation: a review

Before diving into the details of the method for constructing confidence intervals and obtain-
ing the b-value, we first review the existing approaches to point estimation. Specifically, we
review three point estimators: the precision-weighted estimator, the pretest estimator, and
the soft-thresholding estimator.

First, we recall the precision-weighted estimator:

τ̂PW :=
σ2

1

σ2
0 + σ2

1

τ̂0 +
σ2

0

σ2
0 + σ2

1

τ̂1 = τ̂0 +
σ2

0

σ2
0 + σ2

1

(τ̂1 − τ̂0) = τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0).

When ∆ is known to be 0, the precision-weighted estimator is the maximum likelihood esti-
mator and best linear unbiased estimator of τ . Moreover, by the classical Le Cam asymptotic
decision theory (Le Cam, 1956) and classical results for the Gaussian shift model, it is asymp-
totically admissible and minimax under L2 risk in general, i.e., E[(τ̂−τ)2], among all regular
estimators under standard regularity conditions.

However, τ̂PW is not robust to bias: its risk is large when |∆| is large. This motivates us
to consider a combined estimator that performs nearly as well as τ̂PW when the bias is small,
and is robust to unknown bias ∆, ensuring that the worst-case risk sup∆∈R E∆[(τ̂ − τ)2]
remains bounded. This motivates the following two estimators.

Second, we recall the pretest estimator, which involves incorporating a pretest for ∆ = 0
versus ∆ 6= 0, a procedure that is commonly used (Bancroft, 1944; Wallace, 1977; Bancroft
and Han, 1977; Giles and Giles, 1993). Under ∆ = 0, given the independence between τ̂1 and
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τ̂0, their difference follows: τ̂1 − τ̂0 ∼ N(0, σ2), where σ2 = σ2
0 + σ2

1. For a fixed significance
level α ∈ (0, 1), we consider the test statistic (τ̂1 − τ̂0)/σ. Let

A = {|τ̂1 − τ̂0| ≤ σcα/2}

denote the event that the pretest fails to reject the null hypothesis (∆ = 0). If the pretest
fails to reject the null hypothesis, i.e., |τ̂1 − τ̂0| ≤ σcα/2, the pretest estimator uses the
precision-weighted estimator:

τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0).

If the pretest rejects the null hypothesis, i.e., |τ̂1− τ̂0| > σcα/2, the pretest estimator employs
hard-thresholding by reverting to the unbiased estimator τ̂0. Combining the two cases, the
pretest estimator is:

τ̂PT = τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)1 (A) .

Third, we recall the soft-thresholding estimator, which ensures continuity at the pretest
boundary (|τ̂1 − τ̂0| = σcα/2). If the pretest fails to reject the null hypothesis, the soft-
thresholding estimator also uses the precision-weighted estimator. If the pretest rejects the
null hypothesis, the soft-thresholding estimator employs soft-thresholding by:

τ̂0 +
γ

1 + γ
σcα/2 sign(τ̂1 − τ̂0).

Combining the two cases, the soft-thresholding estimator is:

τ̂ST = τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)1 (A) +

γ

1 + γ
σcα/2 sign(τ̂1 − τ̂0)1 (Ac) .

While τ̂PT reduces to τ̂0 with probability nearly one when the bias is large, the risk of τ̂PT

is much higher than that of τ̂ST when the bias is moderate. See Bickel (1983) and Armstrong
et al. (2025b) for a comparison of worst-case risk between τ̂PT and τ̂ST and the superior
performance of τ̂ST. See also Chen et al. (2025, Section 3.2) for optimality results for τ̂ST.

In both τ̂PT and τ̂ST, the role of α is different from its usual interpretation in hypothesis
testing. Rather than a Type I error rate, α here acts as a tuning parameter that balances
the bias and variance of the point estimator. In this sense, α simply indexes a family of
estimators, much like the penalty level in penalized regression methods (e.g., the Lasso).
Choosing α optimally depends on ∆, which is unknown in practice. In our empirical studies,
we set α = 0.05 as a default, following the standard convention, and examine how the
estimator’s performance varies across different bias levels.

1.3 Confidence intervals, hypothesis testing, and the
b-value

Given the canonical point estimators introduced in Section 1.2.2, we now discuss the problem
of constructing confidence intervals, hypothesis testing, and the b-value.
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1.3.1 Confidence interval based on the precision-weighted
estimator

As a warm-up, we use the precision-weighted estimator τ̂PW to construct the sequence of
confidence intervals and to illustrate how the confidence interval changes with respect to b.
Based on the theory below, we do not recommend using the precision-weighted estimator
and its corresponding confidence intervals in practice. Under Assumption 1.2.1, we have
τ̂PW ∼ N(τ + (1 + γ)−1γ∆, (1 + γ)−1σ2

0). The following theorem provides the sequence of
confidence intervals based on τ̂PW depending on b.

Theorem 1.3.1. Let L̂PW = L̂PW(b, ζ, γ) ≥ 0 denote the solution to the equation of L:

Φ
(
L− γ√

1 + γ
b
)
− Φ

(
− L− γ√

1 + γ
b
)

= 1− ζ.

The L̂PW always exists and is unique. The shortest length symmetric centered confidence
interval based on τ̂PW for τ satisfying (1.2.1) is given by [τ̂PW − L̂PW(1 + γ)−1/2σ0, τ̂PW +

L̂PW(1 + γ)−1/2σ0].

The L̂PW in Theorem 1.3.1 corresponds to the (1 − ζ) quantile of the folded normal
distribution |N( γ√

1+γ
b, 1)|. This distribution also arises in the regression literature, where

worst-case bias is incorporated into the construction of confidence intervals (Armstrong et al.,
2020, 2025a).

In the special case when b = 0, we have L̂PW(0, ζ, γ) = cζ/2, which yields the length of
the confidence interval based on τ̂PW to be 2cζ/2(1 + γ)−1/2σ0. For comparison, recall that
the length of the confidence interval solely based on τ̂0 is 2cζ/2σ0. Thus the length of the
confidence interval reduces by a factor of (1 + γ)−1/2 when using τ̂PW instead of τ̂0, which is
small when γ is large, i.e., σ2

0 is much larger than σ2
1. This indicates that by using a more

precise but potentially biased estimator, if we have prior knowledge that the bias is small,
then we can achieve a much shorter confidence interval. Given ζ and γ, the L̂PW(b, ζ, γ)
in Theorem 1.3.1 increases as b increases, and goes to infinity as b → ∞. Therefore, the
precision-weighted estimator is not robust to unknown bias since the confidence interval is
not bounded as the bias diverges.

One interesting observation is that L̂PW depends on σ2
0 and σ2

1 only through γ, the
variance ratio. This explains why the bias ∆ is scaled by σ0 in the definition of b, and the
confidence interval is represented as [τ̂PW − L̂PW(1 + γ)−1/2σ0, τ̂PW + L̂PW(1 + γ)−1/2σ0].

1.3.2 Confidence interval based on the pretest estimator

We now construct the confidence interval for the pretest estimator τ̂PT. In the following
lemma, we present the distribution of τ̂PT − τ .
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Lemma 1.3.1. Let Z1,Z2 be two independent standard normal random variables. Then
τ̂PT − τ is distributed as

1√
1 + γ

σ0Z1

+
γ

1 + γ
∆1

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ ≤ cα/2

)
−
√

γ

1 + γ
σ0Z21

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ > cα/2

)
.

By Lemma 1.3.1, the distribution of τ̂PT is a mixture of a normal distribution and a
truncated normal distribution. We define L̂PT = L̂PT(b, ζ, σ2

0, σ
2
1, α) as the smallest length

such that the confidence interval [τ̂PT − L̂PT(1 + γ)−1/2σ0, τ̂PT + L̂PT(1 + γ)−1/2σ0] achieves
correct coverage for all ∆ satisfying |∆/σ0| ≤ b, where we choose the same scale as in
Theorem 1.3.1 for comparison. By Definition 1.2.1, we can formulate L̂PT as the optimization
problem

L̂PT = L̂PT(b, ζ, σ2
0, σ

2
1, α) = inf

{
L ≥ 0 : inf

∆:|∆/σ0|≤b
P∆(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) ≥ 1− ζ

}
.

(1.3.1)

However, L̂PT generally does not admit a closed-form expression. Moreover, direct com-
putation of L̂PT based on (1.3.1) is computationally challenging since for each L ≥ 0, the
optimization problem (1.3.1) involves finding the infimum of P∆(|τ̂PT− τ | ≤ L(1 + γ)−1/2σ0)

over all ∆ satisfying |∆/σ0| ≤ b. Nevertheless, we show that computing L̂PT is tractable due
to the following theorem:

Theorem 1.3.2. For any L > 0, P∆(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) as a function of ∆

is symmetric about ∆ = 0. Then L̂PT = L̂PT(b, ζ, γ, α) in (1.3.1) is the solution to the
following equation of L:

min
0≤t≤b

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) = 1− ζ,

where

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0)

=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)][

Φ
(
L− γ√

1 + γ
t
)
− Φ

(
− L− γ√

1 + γ
t
)]

+

∫ −cα/2−√ γ
1+γ

t

−∞

[
Φ
(
L+
√
γu
)
− Φ

(
− L+

√
γu
)]
φ(u)du

+

∫ ∞
cα/2−
√

γ
1+γ

t

[
Φ
(
L+
√
γu
)
− Φ

(
− L+

√
γu
)]
φ(u)du. (1.3.2)

[τ̂PT − L̂PT(1 + γ)−1/2σ0, τ̂PT + L̂PT(1 + γ)−1/2σ0] is the shortest length symmetric centered
confidence interval based on τ̂PT for τ satisfying (1.2.1).
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We have two main observations from Theorem 1.3.2. First, for any L > 0, the coverage
probability P∆(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) is symmetric about ∆ = 0. As a result, instead
of minimizing over all ∆ satisfying |∆/σ0| ≤ b as in (1.3.1), we can restrict attention to
the interval 0 ≤ ∆/σ0 ≤ b. Second, Theorem 1.3.2 provides an explicit expression for the
coverage probability P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) as a function of t and L. The first
term in (1.3.2) corresponds to the event that the pretest fails to reject the null hypothesis
(∆ = 0), in which case τ̂PT reduces to the precision-weighted estimator. The second and
third terms in (1.3.2) integrate over the regions where the pretest rejects the null hypothesis,
in which case τ̂PT reduces to the unbiased estimator.

Although the probability P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) admits a closed form
for any L > 0, the minimum of P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) over 0 ≤ t ≤ b is
not explicitly available in closed form, and thus must be computed numerically. Since the
function P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) is monotonically increasing with respect to
L for L ≥ 0, L∗PT can be computed numerically using, for example, the bisection method,
combined with numerical computation of the minimum of P∆/σ0=t(|τ̂PT−τ | ≤ L(1+γ)−1/2σ0)
with respect to t for each candidate L.

1.3.3 Confidence interval based on the soft-thresholding estimator

We now construct the confidence interval for the soft-thresholding estimator τ̂ST. In the
following lemma, we present the distribution of τ̂ST − τ .

Lemma 1.3.2. Let Z1,Z2 be two independent standard normal random variables. Then
τ̂ST − τ is distributed as

1√
1 + γ

σ0Z1 +
γ

1 + γ
∆1

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ ≤ cα/2

)
−
√

γ

1 + γ
σ0

(
Z2 − cα/2 sign

(
Z2 +

√
γ

1 + γ

∆

σ0

))
1

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ > cα/2

)
.

By Lemma 1.3.2, the distribution of τ̂ST is a mixture of a normal distribution and a trun-
cated normal distribution. Suppose |∆/σ0| ≤ b for some b > 0. We seek the shortest length
L̂ST = L̂ST(b, ζ, σ2

0, σ
2
1, α) such that the confidence interval [τ̂ST − L̂ST(1 + γ)−1/2σ0, τ̂ST +

L̂ST(1 + γ)−1/2σ0] achieves correct coverage uniformly over all ∆ with |∆/σ0| ≤ b. By Defi-
nition 1.2.1, we can formulate L̂ST as the optimization problem:

L̂ST = inf

{
L ≥ 0 : inf

∆:|∆/σ0|≤b
P∆(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) ≥ 1− ζ

}
. (1.3.3)

However, L̂ST generally does not admit a closed-form expression. Moreover, direct com-
putation of L̂ST based on (1.3.3) is computationally challenging since for each L ≥ 0, the
optimization problem (1.3.3) involves finding the infimum of P∆(|τ̂ST− τ | ≤ L(1 + γ)−1/2σ0)

over all ∆ satisfying |∆/σ0| ≤ b. Nevertheless, we show that L̂ST can be computed efficiently
due to the following theorem:
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Theorem 1.3.3. For any L > 0, P∆(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) as a function of ∆ is
symmetric about ∆ = 0 and monotonically decreasing in |∆|. Then L̂ST = L̂ST(b, ζ, γ, α) in
(1.3.3) is the solution to the following equation of L:

P∆/σ0=b(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) = 1− ζ,

where

P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0)

=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)][

Φ
(
L− γ√

1 + γ
t
)
− Φ

(
− L− γ√

1 + γ
t
)]

+

∫ −cα/2−√ γ
1+γ

t

−∞

[
Φ
(
L+
√
γ(u+ cα/2)

)
− Φ

(
− L+

√
γ(u+ cα/2)

)]
φ(u)du

+

∫ ∞
cα/2−
√

γ
1+γ

t

[
Φ
(
L+
√
γ(u− cα/2)

)
− Φ

(
− L+

√
γ(u− cα/2)

)]
φ(u)du. (1.3.4)

[τ̂ST − L̂ST(1 + γ)−1/2σ0, τ̂ST + L̂ST(1 + γ)−1/2σ0] is the shortest length symmetric centered
confidence interval based on τ̂ST for τ satisfying (1.2.1).

We have two main observations from Theorem 1.3.3. First, for any L > 0, the coverage
probability P∆(|τ̂ST− τ | ≤ L(1+γ)−1/2σ0) is symmetric about ∆ = 0 and, unlike the pretest
estimator, decreases monotonically in |∆|. This monotonicity implies that the worst-case
coverage over the bias ∆ satisfying |∆/σ0| ≤ b as in (1.3.3) is always attained at the boundary
∆/σ0 = b. The monotonicity of the coverage probability P∆(|τ̂ST−τ | ≤ L(1+γ)−1/2σ0) makes
the computation of L̂ST more efficient than that of L̂PT. Second, Theorem 1.3.3 provides
an explicit expression for the coverage probability P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) as
a function of t and L. The first term in (1.3.4) corresponds to the event that the pretest
fails to reject the null hypothesis (∆ = 0), in which case τ̂ST reduces to the precision-
weighted estimator. The second and third terms in (1.3.4) integrate over the regions where
the pretest rejects the null hypothesis, in which case τ̂ST reduces to the unbiased estimator
with a constant shift to ensure continuity at the pretest boundary.

Since P∆/σ0=b(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) is monotonically increasing in L, L̂ST can be
efficiently computed by, for example, the bisection method.

1.3.4 Comparison of the point estimators and confidence intervals

Before comparing the point estimators and confidence intervals, we note that the point esti-
mators considered in this paper are all anchored at the unbiased estimator τ̂0 and incorporate
the biased but more precise estimator τ̂1 only through shrinkage toward it. Compared with
τ̂PW, τ̂ST has bounded worst-case risk. The mean squared error of τ̂ST remains bounded
regardless of the magnitude of the bias, whereas the mean squared error of τ̂PW grows with-
out bound as the bias increases. Thus, τ̂ST offers a more balanced compromise between
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efficiency and robustness: it retains efficiency comparable to τ̂PW when the bias is small, yet
its performance is comparable to the unbiased estimator when the bias is large.

Compared with τ̂PT, τ̂ST enjoys a desirable monotonicity property: for any L > 0, the
probability P∆(|τ̂ST−τ | ≤ L) decreases monotonically in |∆| (Theorem 1.3.3). This behavior
parallels the result in Bickel (1983), which shows that the mean squared error of τ̂ST increases
monotonically in |∆|. This monotonicity of τ̂ST allows us to compute the confidence interval
based on τ̂ST more efficiently than τ̂PT, as shown in Theorem 1.3.3.

Figure 1.1 compares the confidence intervals based on τ̂ST, τ̂PT, τ̂PW, and the unbiased
estimator τ̂0, as the bias bound b varies. We fix σ2

0 = 1 and τ̂0 = 1. Let ζ = 0.05 and
α = 0.05. We set τ̂1 = 2 and examine two scenarios: γ = 10 and γ = 100. We observe
that when the bias bound b is small, the confidence intervals based on τ̂ST, τ̂PT, and τ̂PW

are all shorter than the one based on τ̂0. Importantly, when the bias bound b is small, the
confidence interval based on τ̂ST is shorter than τ̂PT and is comparable to τ̂PW. Furthermore,
the confidence interval length based on τ̂ST remains bounded, whereas that based on τ̂PW

grows without bound as b increases. Therefore, τ̂ST combines the efficiency gains of precision-
weighted methods when bias is small with robustness to large biases, making it a superior
choice for inference in practice.
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Figure 1.1: Confidence intervals against the maximum relative bias |∆/σ0| ≤ b

Remark 1.3.1 (Computing the b-value). After plotting the estimators and their confidence
intervals as in Figure 1.1, we are ready to read the b-value for each estimator given the
significance level ζ. Since the sequence of confidence intervals is different for different es-
timators, the b-values are also different. Alternatively, we can also compute the b-value
directly. A naive way is to use the bisection method by the monotonicity of the confidence
interval, which involves computing the confidence interval for each possible bias level b, and
see whether the confidence interval contains the null value. However, this procedure is com-
putationally heavy since the computation of the confidence interval for a given b also involves
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the bisection method when based on τ̂PT and τ̂ST. In Appendix A.1.1, we propose a method
to compute the b-value efficiently.

1.3.5 Generalization to the dependent case

So far we assume independent unbiased and biased estimators. In this section, we generalize
the above discussion to the case where τ̂0 and τ̂1 are jointly normal with known correlation
ρ. We assume ρσ1 6= σ0, which trivially holds when σ2

0 > σ2
1, or equivalently γ > 1. The key

is to construct a biased estimator which is independent of τ̂0 without losing information of
τ̂1. To achieve that, we define the reparametrization

τ̂ ′1 =
τ̂1 − (ρσ1/σ0)τ̂0

1− ρσ1/σ0

. (1.3.5)

Then, τ̂0 and τ̂ ′1 are independent, with τ̂ ′1 ∼ N(τ + ∆′, σ′21 ), where

∆′ =
∆

1− ρσ1/σ0

, σ′21 =
(1− ρ2)σ2

1

(1− ρσ1/σ0)2
.

Thus, the problem reduces to the independent case considered above.
In the reparametrization in (1.3.5), we need to know how the transformation rescales

the bias and how to interpret the relative bias. We can compute the confidence intervals
and the b-value based on the reparametrization with independent unbiased estimator τ̂0

and transformed biased estimator τ̂ ′1. Let the confidence intervals and the b-value in the
transformed problem be τ̂ − I ′(b, ζ) and b∗′ , respectively. Then the confidence intervals for
the original problem are τ̂ − I(b, ζ) = τ̂ − I ′(b/|1 − ρσ1/σ0|, ζ) and the b-value is b∗ =
|1− ρσ1/σ0|b∗

′ , respectively. We relegate the technical details to Appendix A.1.4.

1.4 Generalization to the multivariate case
In this section, we extend our framework to the multivariate case. Many applications in-
volve vector-valued parameters rather than scalars. Consider two leading examples in causal
inference. First, when a treatment has multiple levels, the parameter of interest is a vector
of treatment effects across those levels. This setting also includes factorial designs, where
researchers aim to estimate factorial effects jointly. Second, when the population is parti-
tioned into subgroups, the focus is often on subgroup treatment effects, yielding a vector
of conditional average treatment effects indexed by the subgroup variable (Schwartz et al.,
2026). Beyond causal inference, similar issues arise in regression settings. For instance,
when combining OLS and IV estimators, the target parameter can be a vector of regression
coefficients. Therefore, generalization to the multivariate case is essential for applications
where researchers must make inferences about multiple parameters.
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1.4.1 Setup

We consider the following multivariate setting:

Assumption 1.4.1. Suppose we observe two independent random vectors: one unbiased
estimator τ̂0 ∼ N(τ ,Σ0) and one biased estimator τ̂1 ∼ N(τ + ∆,Σ1). Here τ ∈ Rd is the
unknown parameter of interest. We assume that Σ0 and Σ1 are known but ∆ is unknown.

As in the univariate case, we present our analysis in the exact normality setting which
asymptotically captures the essential structure of inference as in Le Cam (1956). Our goal is
to construct confidence regions for τ at different bias levels. Although we assume independent
unbiased and biased estimators, the extension to the dependent case is straightforward; see
Section 1.3.5. Since τ̂0 is unbiased for τ , given significance level ζ ∈ (0, 1), a natural
confidence region based solely on τ̂0 is the ellipsoid:

{τ ∈ Rd : (τ̂0 − τ )>Σ−1
0 (τ̂0 − τ ) ≤ χ2

d,1−ζ}, (1.4.1)

where χ2
d,1−ζ is the (1 − ζ) upper quantile of the chi-squared distribution with d degrees of

freedom.
Then we consider combining the two estimators τ̂0 and τ̂1, and we consider a generic

combined estimator τ̂ = τ̂ (τ̂0, τ̂1,Σ0,Σ1). We assume that |[Σ−1/2∆]j| ≤ bj for some bj ≥ 0
for all j = 1, 2, . . . , d and study how the confidence region changes with the maximum
relative bias vector b = (b1, b2, . . . , bd)

>. Here Σ = Σ(Σ0,Σ1) ∈ Rd×d can be any fixed
positive definite scaling matrix that depends on Σ0 and Σ1, which corresponds to σ2

0 we
used in the univariate case. For a given bias vector b, different choices of Σ correspond to
different regions for the bias ∆. In this paper, we do not discuss how to choose the scaling
matrix Σ optimally. For simplicity, one may take Σ = Id, where Id is the d × d identity
matrix, or set Σ = Σ0 as in the univariate case. Analogous to Definition 1.2.1 for the
univariate case, the confidence region is defined below.

Definition 1.4.1. Given a significance level ζ ∈ (0, 1) and the maximum relative bias vector
b with bj ≥ 0 for all j = 1, 2, . . . , d, we seek a region I(b, ζ) = I(b, ζ, τ̂0, τ̂1,Σ0,Σ1) such
that

inf
∆:|Σ−1/2∆|≤b

P∆(τ ∈ τ̂ − I(b, ζ)) = inf
∆:|Σ−1/2∆|≤b

P∆(τ̂ − τ ∈ I(b, ζ)) ≥ 1− ζ. (1.4.2)

The confidence region based on τ̂ is then given by τ̂ − I(b, ζ).

Then we introduce the monotonicity conditions on the region I(b, ζ) below, which gen-
eralizes Assumption 1.2.2 to the multivariate case.

Assumption 1.4.2. We assume:

1. For fixed (τ̂0, τ̂1,Σ0,Σ1) and ζ, we have I(b, ζ) ⊂ I(b′, ζ) whenever b ≤ b′, i.e.,
bj ≤ b′j for all j = 1, 2, . . . , d.
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2. For fixed (τ̂0, τ̂1,Σ0,Σ1) and b, we have I(b, ζ) ⊂ I(b, ζ ′) whenever ζ ≥ ζ ′.

Assume I(b, ζ) satisfies the monotonicity conditions of Assumption 1.4.2. A common
family of such regions is fixed-length centered ellipsoids: I(b, ζ) = {h ∈ Rd : h>A−1h ≤
c(b, ζ,Σ0,Σ1)} with some constant c(b, ζ,Σ0,Σ1) ≥ 0 and a positive definite matrix A.
In this case, the confidence region τ̂ − I(b, ζ) in Definition 1.4.1 is given by {τ ∈ Rd :
(τ̂ − τ )>A−1(τ̂ − τ ) ≤ c(b, ζ,Σ0,Σ1)}.

Remark 1.4.1. Unlike the univariate case, the construction of confidence regions in the mul-
tivariate setting is more complicated. First, in one dimension, the only convex confidence set
is an interval, whereas in higher dimensions, there exists a wide variety of admissible convex
confidence regions. Although ellipsoidal regions enjoy optimality properties under specific
conditions (Stein, 1962; Wald, 1949), the appropriate geometry depends on the family of
contrasts and the norm used to measure uncertainty. Ellipsoidal regions based on the Maha-
lanobis distance (Hotelling, 1931) arise naturally under the Gaussian model, but alternative
geometries have been studied in the literature (Tukey, 1949; Scheffé, 1953; Šidák, 1967).
Second, the optimal choice of the center of the confidence region is not straightforward.
For d ≥ 3, Stein’s phenomenon implies that recentering at shrinkage estimators such as the
James–Stein estimator can yield confidence regions with smaller volume while maintaining
nominal coverage (Stein, 1962; Hwang and Casella, 1982; Berger, 1985). In this section we
follow one specific track: constructing ellipsoidal confidence regions under the Mahalanobis
distance, centered at prespecified estimators, in parallel with our discussion for the univariate
case in Section 1.3. We do not focus on the optimality among all possible shapes or centers,
but rather focus on this formulation for its analytical tractability and interpretability within
our framework.

Then we define the multivariate b-value below.

Definition 1.4.2. Define the b-value as the critical boundary b∗ of testing τ = 0 versus
τ 6= 0 as

b∗(ζ) = b∗(ζ, τ̂0, τ̂1,Σ0,Σ1) = ∂ {b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)} . (1.4.3)

Definition 1.4.2 extends the univariate notion of the b-value (Definition 1.2.2) to the
multivariate setting. In higher dimensions d > 1, the set {b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)} is a
convex region in the first quadrant. The b-value is defined as the boundary of this region,
∂{b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)}, which is a (d − 1)-dimensional surface, e.g., a curve when
d = 2, in the first quadrant. When d = 1, this boundary reduces to the single left endpoint
inf {b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)}, which is exactly Definition 1.2.2. By the monotonicity condi-
tions in Assumption 1.4.2, the geometry of this boundary yields a natural decision rule: we
reject the null hypothesis τ = 0 if the bias bound vector b lies to the left of the b-value
surface, and fail to reject it if b lies on or to the right of the b-value surface. To compute and
visualize the multivariate b-value, we can plot the estimators and their confidence regions,
and then we are ready to read the b-value for each estimator given the significance level ζ.
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1.4.2 Point estimation

First, we recall the precision-weighted estimator defined as

τ̂PW = (Σ−1
0 + Σ−1

1 )−1(Σ−1
0 τ̂0 + Σ−1

1 τ̂1) = τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0).

The precision-weighted estimator is the maximum likelihood estimator of τ if ∆ is known
to be all zeros. However, its risk is large when ‖∆‖2 is large. Thus, we seek a combined
estimator that performs nearly as well as τ̂PW when the bias is small, and is robust to
unknown bias ∆, ensuring that the maximum risk sup∆∈Rd E∆[‖τ̂PW−τ‖2

2] remains bounded.
To develop estimators that perform well under zero bias yet remain robust to unknown bias,
various estimators have been proposed in the empirical Bayes and shrinkage estimation
literature (Berger, 1981; Bickel, 1984; Green and Strawderman, 1991; Green et al., 2005;
Rosenman et al., 2023a,b). In this paper, we focus on the generic pretest estimator and the
generic soft-thresholding estimator, as discussed below.

Second, we recall the pretest estimator, which involves incorporating a pretest for ∆ = 0
versus ∆ 6= 0. Under ∆ = 0, given the independence between τ̂1 and τ̂0, their difference
follows: τ̂1 − τ̂0 ∼ N(0,Σ0 + Σ1). We consider the test statistic ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2

and the critical value q ≥ 0. The critical value q here plays a similar role as the significance
level α in Section 1.2.2. Let

A = {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q}

denote the event that the pretest fails to reject the null hypothesis (∆ = 0). If the pretest
fails to reject the null hypothesis, i.e., ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 ≤ q, the pretest estimator
uses the precision-weighted estimator:

τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0).

If the pretest rejects the null hypothesis, i.e., ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q, the pretest

estimator employs hard-thresholding by reverting to the unbiased estimator τ̂0. Combining
the two cases, the pretest estimator is:

τ̂PT = τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0)1 (A) .

Third, we recall the soft-thresholding estimator, which ensures continuity at the pretest
boundary (‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 = q). If the pretest fails to reject the null hypothesis,
the soft-thresholding estimator also uses the precision-weighted estimator. If the pretest
rejects the null hypothesis, the soft-thresholding estimator employs soft-thresholding by:

τ̂0 + h∗q(‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2)(Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0),

where h∗q(·) : [q,∞)→ [0, 1] is a non-increasing function with h∗q(q) = 1. Combining the two
cases, the soft-thresholding estimator is:

τ̂ST = τ̂0 + hq(‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2)(Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0),
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where hq(·) : [0,∞) → [0, 1] is defined as hq(r) = 1(0 ≤ r ≤ q) + h∗q(r)1(r > q). Here both
q and h∗q(·) can depend on Σ0 and Σ1.

The generic soft-thresholding estimator τ̂ST contains many classical estimators as special
cases, such as the estimator studied in Berger (1981, Theorem 3) and Bickel (1984, Section 4),
which generalizes the univariate soft-thresholding estimator τ̂ST to the multivariate setting.
We provide a detailed discussion of the relationship between the generic soft-thresholding
estimator and the estimator in Berger (1981) and Bickel (1984) in Appendix A.1.5. In this
paper, we focus on general Σ0, Σ1, and h∗q(·).

1.4.3 Confidence intervals

First, we construct the confidence regions based on the precision-weighted estimator τ̂PW.
Under Assumption 1.4.1, we have τ̂PW ∼ N(τ + (Σ−1

0 + Σ−1
1 )−1Σ−1

1 ∆, (Σ−1
0 + Σ−1

1 )−1). By
using the ellipsoidal confidence region under the Mahalanobis distance and the covariance
matrix of τ̂PW, we consider the confidence region based on τ̂PW with the following form:

{τ ∈ Rd : (τ̂PW − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PW − τ ) ≤M},

for some M ≥ 0. The following theorem explicitly characterizes the confidence region based
on τ̂PW as a function of bias bound b.

Theorem 1.4.1. Let M̂PW = M̂PW(b, ζ,Σ0,Σ1,Σ) ≥ 0 be the (1− ζ) upper quantile of the
noncentral chi-squared distribution with d degrees of freedom and noncentrality parameter

sup
s∈{±1}d

∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 Σ1/2b� s

∥∥2

2
.

The confidence region for τ satisfying (1.4.2) is given by {τ ∈ Rd : (τ̂PW − τ )>(Σ−1
0 +

Σ−1
1 )(τ̂PW − τ ) ≤ M̂PW}.

Theorem 1.4.1 extends the univariate result in Theorem 1.3.1 to the multivariate setting.
In the univariate case, taking Σ = σ2

0 and b = b reduces the multivariate confidence region
in Theorem 1.4.1 exactly to the confidence interval in Theorem 1.3.1. In the univariate
case, the bias constraint {∆ : |∆/σ0| ≤ b} has only two boundary points, and the absolute
bias of τ̂PW is the same at both endpoints. By contrast, the multivariate bias constraint
{∆ : |Σ−1/2∆| ≤ b} is a convex hyperrectangle with 2d vertices, and the maximum L2 norm
of the bias of τ̂PW may occur at any of these vertices. Theorem 1.4.1 therefore characterizes
the maximum possible bias of τ̂PW over the entire bias constraint.

In the special case when b = 0, we have M̂PW = χ2
d,1−ζ . Compared with the ellipsoid

confidence region based on τ̂0, the scaling matrix in the definition of ellipsoid confidence
region reduces from Σ−1

0 to Σ−1
0 + Σ−1

1 = (Σ−1
1 Σ0 + Id)Σ

−1
0 , analogous to the efficiency gain

in the univariate case, where Σ−1
1 Σ0 can be regarded as the variance ratio γ in the univariate

case. As b increases, M̂PW increases, and goes to infinity as b→∞.
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Second, we construct the confidence regions based on the generic pretest estimator τ̂PT.
Similar to the confidence regions based on the precision-weighted estimator, we consider the
confidence regions based on τ̂PT with the following form:

{τ ∈ Rd : (τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) ≤M},

for some M ≥ 0. Here, we focus on the ellipsoid confidence region defined using the same
scaling matrix, Σ−1

0 + Σ−1
1 , as that used in the precision-weighted estimator. This choice

allows for a direct comparison with the confidence region based on the precision-weighted
estimator through the upper boundM in the confidence region. To ensure the confidence re-
gions satisfy Definition 1.4.1, we need to find the minimal value M̂PT = M̂PT(b, ζ,Σ0,Σ1,Σ)
such that the confidence region

{τ ∈ Rd : (τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) ≤ M̂PT}

achieves correct coverage for all ∆ satisfying |[Σ−1/2∆]j| ≤ bj for all j = 1, 2, . . . , d. We can
formulate M̂PT as the optimization problem

M̂PT = inf

{
M ≥ 0 : inf

∆:|Σ−1/2∆|≤b
P∆((τ̂PT − τ )>(Σ−1

0 + Σ−1
1 )(τ̂PT − τ ) ≤M) ≥ 1− ζ

}
.

We show how to compute M̂PT in the following theorem.

Theorem 1.4.2. M̂PT is the solution to the equation of M :

inf
∆:|Σ−1/2∆|≤b

P∆((τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) ≤M) = 1− ζ,

with an explicit form given by:

PΣ−1/2∆=t

(
(τ̂PT − τ )>(Σ−1

0 + Σ−1
1 )(τ̂PT − τ ) ≤M

)
=Ψd

(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 Σ1/2t
∥∥2

2

)
Ψd

(
q;
∥∥(Σ0 + Σ1)−1/2Σ1/2t

∥∥2

2

)
+

∫
‖u‖22>q

Ψd

(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 [Σ1/2t− (Σ0 + Σ1)1/2u]
∥∥2

2

)
φ(Σ0+Σ1)−1/2Σ1/2t,Id

(u) du.

(1.4.4)

Theorem 1.4.2 extends the univariate result in Theorem 1.3.2 to the multivariate setting.
Theorem 1.4.2 provides an explicit expression for the coverage probability PΣ−1/2∆=t((τ̂PT−
τ )>(Σ−1

0 + Σ−1
1 )(τ̂PT − τ ) ≤ M) as a function of M and t. The first term in (1.4.4)

corresponds to the event that the pretest fails to reject the null hypothesis (∆ = 0), in
which case τ̂PT reduces to the precision-weighted estimator. The second term in (1.4.4)
integrates over the regions where the pretest rejects the null hypothesis, in which case τ̂PT

reduces to the unbiased estimator.
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Third, we construct the confidence regions based on the generic soft-thresholding esti-
mator τ̂ST. Similar to the confidence regions based on the precision-weighted estimator, we
consider the confidence regions based on τ̂ST with the following form:

{τ ∈ Rd : (τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) ≤M},

for some M ≥ 0. To ensure the confidence regions satisfy Definition 1.4.1, we need to find
the minimal value M̂ST = M̂ST(b, ζ,Σ0,Σ1,Σ) such that the confidence region

{τ ∈ Rd : (τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) ≤ M̂ST}

achieves correct coverage for all ∆ satisfying |[Σ−1/2∆]j| ≤ bj for all j = 1, 2, . . . , d. We can
formulate M̂ST as the optimization problem

M̂ST = inf

{
M ≥ 0 : inf

∆:|Σ−1/2∆|≤b
P∆((τ̂ST − τ )>(Σ−1

0 + Σ−1
1 )(τ̂ST − τ ) ≤M) ≥ 1− ζ

}
.

We show that M̂ST can be computed efficiently in the following theorem.

Theorem 1.4.3. M̂ST is the solution to the equation of M :

inf
∆:Σ−1/2∆=b�s,s∈{−1,1}d

P∆((τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) ≤M) = 1− ζ,

with an explicit form given by:

PΣ−1/2∆=t

(
(τ̂ST − τ )>(Σ−1

0 + Σ−1
1 )(τ̂ST − τ ) ≤M

)
=Ψd

(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 Σ1/2t
∥∥2

2

)
Ψd

(
q;
∥∥(Σ0 + Σ1)−1/2Σ1/2t

∥∥2

2

)
+

∫
‖u‖22>q

Ψd

(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 [Σ1/2t− (1− h∗q(‖u‖2
2))(Σ0 + Σ1)1/2u]

∥∥2

2

)
φ(Σ0+Σ1)−1/2Σ1/2t,Id

(u) du. (1.4.5)

Theorem 1.4.3 extends the univariate result in Theorem 1.3.3 to the multivariate setting.
Theorem 1.4.3 provides an explicit expression for the coverage probability PΣ−1/2∆=t((τ̂ST−
τ )>(Σ−1

0 +Σ−1
1 )(τ̂ST−τ ) ≤M) as a function ofM and t. The first term in (1.4.5) corresponds

to the event that the pretest fails to reject the null hypothesis (∆ = 0), in which case τ̂ST

reduces to the precision-weighted estimator. The second term in (1.4.5) integrates over
the regions where the pretest rejects the null hypothesis, in which case τ̂ST reduces to the
unbiased estimator with a nonconstant shift to ensure continuity at the pretest boundary. As
in the univariate case, the monotonicity of the coverage probability makes the computation of
M̂ST more efficient than that of M̂PT. For any M > 0, the coverage probability is minimized
at the boundary of the bias region, namely at the vertices ∆ satisfying Σ−1/2∆ = b� s for
some s ∈ {−1, 1}d.

Using Theorems 1.4.1–1.4.3, we can construct confidence regions based on τ̂PW, τ̂PT, and
τ̂ST for various bias bounds b and significance levels ζ.
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1.5 Generalization to multiple estimators
In this section, we extend our framework to the multiple estimators setting. In empirical
research, analysts often face the challenge of integrating evidence from datasets of heteroge-
neous quality. A leading example in causal inference is to combine an RCT with multiple
observational studies. While the RCT provides unbiased but often noisy estimates, obser-
vational studies can offer much larger sample sizes but are subject to hidden bias due to
unmeasured confounding. Beyond causal inference, similar problems occur when synthesiz-
ing results from multiple registries, surveys, or administrative databases, where no single
source is sufficient on its own. We present our theory below.

1.5.1 Setup

We consider the following multiple estimators setting with one unbiased estimator and K
potentially biased estimators. We can generalize to the case where there are multiple un-
biased estimators estimating the same parameter. In that case, we can first combine all
the unbiased estimators into a single unbiased estimator with smaller variance using the
precision-weighted estimator. Then we can apply our current framework to combine this
aggregated unbiased estimator with multiple biased estimators.

Assumption 1.5.1. Suppose we observe K+1 independent random variables: one unbiased
estimator τ̂0 ∼ N(τ, σ2

0) and K potentially biased estimators τ̂j ∼ N(τ + ∆j, σ
2
j ) for j =

1, . . . , K. Here τ ∈ R is the unknown parameter of interest. We assume that σ2
0, σ

2
1, . . . , σ

2
K

are known, whereas ∆1, . . . ,∆K are unknown.

Let γj = σ2
0/σ

2
j be the variance ratio between the unbiased estimator and the j-th biased

estimator. Let γ = (γ1, . . . , γK)> be the vector of variance ratios.
We consider a generic combined estimator τ̂ = τ̂(τ̂0, τ̂1, . . . , τ̂K , σ

2
0, σ

2
1, . . . , σ

2
K). We as-

sume that |∆j/σ0| ≤ bj for some bj > 0 for all j = 1, . . . , K and study how the con-
fidence interval changes with the maximum relative bias vector b = (b1, . . . , bK)>. Let
∆ = (∆1, . . . ,∆K)> be the vector of unknown biases. Analogous to Definition 1.2.1 for the
univariate case, the confidence interval is defined below.

Definition 1.5.1. Given a significance level ζ ∈ (0, 1) and the maximum relative bias
vector b with bj ≥ 0 for all j = 1, . . . , K, we want to construct an interval I(b, ζ) =
I(b, ζ, τ̂0, τ̂1, . . . , τ̂K ,
σ2

0, σ
2
1, . . . , σ

2
K) such that

inf
∆:|∆/σ0|≤b

P∆(τ ∈ τ̂ − I(b, ζ)) = inf
∆:|∆/σ0|≤b

P∆(τ̂ − τ ∈ I(b, ζ)) ≥ 1− ζ, (1.5.1)

The confidence interval for τ based on τ̂ is then given by τ̂ − I(b, ζ).

Then we introduce the monotonicity conditions on the interval I(b, ζ) below, which
generalizes Assumption 1.2.2 to the multiple estimators setting.
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Assumption 1.5.2. We assume:

1. For fixed (τ̂0, τ̂1, . . . , τ̂K , σ
2
0, σ

2
1, . . . , σ

2
K) and ζ, we have I(b, ζ) ⊂ I(b′, ζ) whenever

b ≤ b′, i.e., bj ≤ b′j for all j = 1, . . . , K.

2. For fixed (τ̂0, τ̂1, . . . , τ̂K , σ
2
0, σ

2
1, . . . , σ

2
K) and b, we have I(b, ζ) ⊂ I(b, ζ ′) whenever

ζ ≥ ζ ′.

Assume I(b, ζ) satisfies the monotonicity conditions of Assumption 1.5.2. A common
family of such intervals is fixed-length centered intervals: I(b, ζ) = [−c(b, ζ, σ2

0, σ
2
1, . . . , σ

2
K),

c(b, ζ, σ2
0, σ

2
1, . . . , σ

2
K)] with some constant c(b, ζ, σ2

0, σ
2
1, . . . , σ

2
K) ≥ 0. In this case, the con-

fidence interval τ̂ − I(b, ζ) in Definition 1.5.1 is given by [τ̂ − c(b, ζ, σ2
0, σ

2
1, . . . , σ

2
K), τ̂ +

c(b, ζ, σ2
0, σ

2
1, . . . , σ

2
K)].

Then we define the b-value with multiple estimators below.

Definition 1.5.2. Define the b-value as the critical boundary b∗ of testing τ = 0 versus
τ 6= 0 as

b∗(ζ) = b∗(ζ, τ̂0, τ̂1, . . . , τ̂K , σ
2
0, σ

2
1, . . . , σ

2
K) = ∂ {b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)} . (1.5.2)

Definition 1.5.2 extends the univariate notion of the b-value (Definition 1.2.2) to the
multiple estimators setting. As in the multivariate b-value defined in Definition 1.4.2, in
higher dimensions K > 1, the set {b ≥ 0 : 0 ∈ τ̂ − I(b, ζ)} is a convex region in the first
quadrant, and the b-value is the boundary of this region, which is a (K − 1)-dimensional
surface. See Definition 1.4.2 and the subsequent discussion for more details.

1.5.2 Point estimation

First, we recall the precision-weighted estimator defined as

τ̂PW =
σ−2

0

σ−2
0 +

∑K
`=1 σ

−2
`

τ̂0 +
K∑
j=1

σ−2
j

σ−2
0 +

∑K
`=1 σ

−2
`

τ̂j = τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0).

If ∆j = 0 for all j = 1, . . . , K, the precision-weighted estimator is the maximum likelihood
estimator and best linear unbiased estimator of τ . Moreover, by the classical Wald–Le Cam
asymptotic decision theory (Wald, 1949; Le Cam, 1956), it is asymptotically admissible and
minimax under the L2 risk, i.e., E[(τ̂ − τ)2], among all regular estimators under standard
regularity conditions.

Second, we introduce a pretest estimator. We incorporate the pretest for ∆j = 0 sepa-
rately using τ̂j and the unbiased estimator τ̂0, and combine those τ̂j’s that fail to reject the
null. Here we assume the pretests share the same significance level α for simplicity. The gen-
eralization to different significance levels is straightforward. Since τ̂j − τ̂0 ∼ N(∆j, σ

2
0 + σ2

j )

and σ2
0 + σ2

j = (1 + γ−1
j )σ2

0, let

Aj = {|τ̂j − τ̂0| ≤ (1 + γ−1
j )1/2σ0cα/2}
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denote the event that the pretest fails to reject the null hypothesis (∆j = 0). The pretest
estimator is:

τ̂PT = τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)1 (Aj) .

Third, we introduce a soft-thresholding estimator, which ensures continuity at the pretest
boundary. Instead of dropping a biased estimator entirely when the pretest rejects, soft-
thresholding shifts the unbiased estimator by making the estimator continuous at the pretest
boundary. The soft-thresholding estimator is:

τ̂ST = τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

[
(τ̂j − τ̂0)1 (Aj) + (1 + γ−1

j )1/2σ0cα/2sign(τ̂j − τ̂0)1
(
Ac
j

)]
.

By the definitions of the pretest estimator and the soft-thresholding estimator, when
the pretests fail to reject for all j = 1, . . . , K, both the pretest estimator and the soft-
thresholding estimator reduce to the precision-weighted estimator. When K = 1, i.e., there
is only one biased estimator, both pretest estimator and soft-thresholding estimator reduce
to the estimators introduced in Section 1.2.2. Similar to the discussion in Section 1.2.2, the
choice of α is a tuning parameter.

The pretest estimator and the soft-thresholding estimator considered above are not the
only way to combine τ̂0 and τ̂1, . . . , τ̂K . For example, one could apply shrinkage or soft-
thresholding directly between the precision-weighted estimator τ̂PW and the unbiased esti-
mator τ̂0, rather than at the level of individual biased components. We focus on thresholding
at the component level because it admits a transparent interpretation in terms of testing and
controlling each bias component ∆j separately, which aligns naturally with our sensitivity
analysis perspective. Alternative combination strategies have also been considered in the
data fusion literature; see, for example, Duan and Wang (2023) and Chen et al. (2025). Our
framework can accommodate other shrinkage schemes in principle, but we do not pursue
them here.

1.5.3 Confidence intervals

First, we construct the confidence intervals based on the precision-weighted estimator τ̂PW.
Under Assumption 1.5.1, we have τ̂PW ∼ N(τ + (1 + ‖γ‖1)−1〈γ,∆〉, (1 + ‖γ‖1)−1σ2

0). The
following theorem provides the confidence intervals based on τ̂PW as a function of bias bound
b.

Theorem 1.5.1. Let L̂PW = L̂PW(b, ζ,γ) ≥ 0 denote the solution to the equation of L:

Φ

(
L− 〈γ, b〉√

1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, b〉√

1 + ‖γ‖1

)
= 1− ζ.



CHAPTER 1. INTRODUCING THE B-VALUE: COMBINING UNBIASED AND
BIASED ESTIMATORS FROM A SENSITIVITY ANALYSIS PERSPECTIVE 24

The L̂PW always exists and is unique. The shortest length symmetric centered confidence
interval based on τ̂PW for τ satisfying (1.5.1) is given by [τ̂PW− L̂PW(1 + ‖γ‖1)−1/2σ0, τ̂PW +

L̂PW(1 + ‖γ‖1)−1/2σ0].

Theorem 1.5.1 extends the single estimator result in Theorem 1.3.1 to the multiple esti-
mators setting. In the single estimator case, the bias constraint {∆ : |∆/σ0| ≤ b} has only
two boundary points, and the absolute bias of τ̂PW is the same at both endpoints. By con-
trast, the multiple estimators bias constraint {∆ : |∆/σ0| ≤ b} is a hyperrectangle with 2K

vertices, and the maximum absolute bias of τ̂PW occurs only at ∆/σ0 = ±b. Theorem 1.5.1
therefore characterizes the maximum possible bias of τ̂PW over the entire bias constraint.

Second, we construct the confidence intervals based on the pretest estimator τ̂PT. We seek
the shortest length L̂PT = L̂PT(b, ζ,γ, α) such that the confidence interval [τ̂PT − L̂PT(1 +

‖γ‖1)−1/2σ0, τ̂PT + L̂PT(1 + ‖γ‖1)−1/2σ0] achieves correct coverage uniformly over all ∆ with
|∆j/σ0| ≤ bj for all j = 1, . . . , K. We can formulate L̂PT as the optimization problem:

L̂PT = inf

{
L ≥ 0 : inf

∆:|∆/σ0|≤b
P∆(|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) ≥ 1− ζ

}
. (1.5.3)

We show how to compute L̂PT in the following theorem.

Theorem 1.5.2. L̂PT = L̂PT(b, ζ,γ, α) in (1.5.3) is the solution to the equation of L:

inf
∆:|∆/σ0|≤b

P∆(|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) = 1− ζ,

with an explicit form given by:

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0)

=

∫
RK

[
Φ

(
L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)]
φt,V (u)du,

where for any u ∈ RK, u′ ∈ RK is defined as

u′j = uj1(|uj| > (1 + γ−1
j )1/2cα/2) for all j = 1, . . . , K,

and Vij = 1 + γ−1
i 1(i = j) for i, j = 1, . . . , K. [τ̂PT − L̂PT(1 + ‖γ‖1)−1/2σ0, τ̂PT + L̂PT(1 +

‖γ‖1)−1/2σ0] is the shortest length symmetric centered confidence interval based on τ̂PT for
τ satisfying (1.5.1).

Theorem 1.5.2 extends the single estimator result in Theorem 1.3.2 to the multiple esti-
mators setting. Theorem 1.5.2 provides an explicit expression for the coverage probability
P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) as a function of t and L.

Third, we construct the confidence intervals based on the soft-thresholding estimator
τ̂ST. We seek the shortest length L̂ST = L̂ST(b, ζ,γ, α) such that the confidence interval
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[τ̂ST − L̂ST(1 + ‖γ‖1)−1/2σ0, τ̂ST + L̂ST(1 + ‖γ‖1)−1/2σ0] achieves correct coverage uniformly
over all ∆ with |∆j/σ0| ≤ bj for all j = 1, . . . , K. We can formulate L̂ST as the optimization
problem:

L̂ST = inf

{
L ≥ 0 : inf

∆:|∆/σ0|≤b
P∆(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) ≥ 1− ζ

}
. (1.5.4)

We show that L̂ST can be computed efficiently in the following theorem.

Theorem 1.5.3. For any L > 0, P∆(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) is symmetric about
∆ = 0 and monotonically decreasing in |∆j| for all j = 1, . . . , K. Then L̂ST = L̂ST(b, ζ,γ, α)
in (1.5.4) is the solution to the equation of L:

P∆/σ0=b(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) = 1− ζ,

with an explicit form given by:

P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0)

=

∫
RK

[
Φ

(
L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)]
φt,V (u)du,

where for any u ∈ RK, u′ ∈ RK is defined as

u′j = [uj − (1 + γ−1
j )1/2cα/2sign(uj)]1(|uj| > (1 + γ−1

j )1/2cα/2) for all j = 1, . . . , K,

and Vij = 1 + γ−1
i 1(i = j) for i, j = 1, . . . , K. [τ̂ST − L̂ST(1 + ‖γ‖1)−1/2σ0, τ̂ST + L̂ST(1 +

‖γ‖1)−1/2σ0] is the shortest length symmetric centered confidence interval based on τ̂ST for τ
satisfying (1.5.1).

Theorem 1.5.3 extends the single estimator result in Theorem 1.3.3 to the multiple esti-
mators setting. Theorem 1.5.3 provides an explicit expression for the coverage probability
P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) as a function of t and L. As in the single estimator
case, the monotonicity makes the computation of L̂ST more efficient than that of L̂PT. For
any L > 0, the coverage probability is minimized at the vertices ∆ satisfying ∆/σ0 = ±b.

1.6 Empirical studies
In this section, we use the example from Angrist and Krueger (1991) to demonstrate how our
framework works in practice, where the authors studied the effect of years of schooling on
earnings. Angrist and Krueger (1991) used quarter of birth as an instrument to obtain the
IV estimate. They also reported the OLS estimate, which would be biased in the presence
of endogeneity.
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We consider the OLS estimator and the IV estimator. The OLS estimator of the return
to schooling is potentially biased because schooling decisions are endogenous: unobserved
factors may influence both schooling and earnings. By contrast, the IV estimator uses quarter
of birth as a source of exogenous variation, yielding a consistent estimate of the causal effect
under standard IV assumptions. We take the IV estimator as the unbiased estimator τ̂0 and
the OLS estimator as the biased estimator τ̂1. Using these two estimators, we construct the
three combined estimators: the precision-weighted estimator τ̂PW, the pretest estimator τ̂PT,
and the soft-thresholding estimator τ̂ST.

Figure 1.2 visualizes the confidence intervals of the IV, OLS, and combined estimators
against the maximum relative bias |∆/σ0| ≤ b.
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Figure 1.2: Confidence intervals against the maximum relative bias |∆/σ0| ≤ b

In both the full sample (black and white men) and the subsample (black men), we
observe that the standard error of the OLS estimator is much smaller than that of the
IV estimator. Moreover, although we compute the OLS estimator and the IV estimator
using the same sample, their correlation is very low. Therefore, the new biased estimator
constructed following Section 1.3.5 is nearly identical to the original biased estimator (OLS).
The combined estimators behave as expected. When the bias bound is small, τ̂PW, τ̂PT,
and τ̂ST all yield confidence intervals substantially shorter than that based on the unbiased
estimator (IV), reflecting efficiency gains from incorporating the more precise OLS estimator.
Notably, the confidence interval of τ̂ST is nearly identical to that of τ̂PW and much shorter
than that of τ̂PT when the bias bound is small. Even when the bias bound becomes large,
the confidence intervals of τ̂ST and τ̂PT remain nearly the same in length. These behaviors
arise because the OLS estimator is far more precise than the IV estimator.

However, there are differences between the full sample (black men and white men) and the
subsample (black men). In the full sample, the sample size is very large, and the IV estimator
is sufficiently precise that the null hypothesis of zero returns to schooling can be rejected using
IV alone. In contrast, for the subsample of black men, the sample size is much smaller, leading
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to a much larger standard error for the IV estimator. As a result, the IV-based confidence
interval is wide enough that the null hypothesis cannot be rejected at the 5% significance
level. This contrast illustrates a common empirical challenge: when the unbiased estimator is
noisy, inference based solely on it can be inconclusive, even when the overall dataset is large.
In such settings, the combined estimators, particularly the precision-weighted estimator τ̂PW

and the soft-thresholding estimator τ̂ST, yield much tighter confidence intervals under small
biases. Under small biases, these estimators provide sufficient evidence to reject the null
hypothesis of zero returns to schooling, while still allowing researchers to explicitly assess
sensitivity to potential bias.

1.7 Discussion
In our framework, the choices of point estimators and confidence intervals are not unique.
In this paper, we focus on several convenient estimators and construct the corresponding
confidence intervals and b-values. We do not focus on the optimality of confidence intervals
and leave it to future research. An alternative approach is to construct confidence intervals
based on bias-dependent point estimators. In Appendix A.1.3, we discuss the advantages of
using prespecified point estimators rather than subtracting the bias from the point estimator.
More generally, one could construct confidence intervals that are optimized separately for
each bias bound. For a given bias bound, we can construct the optimal confidence interval by
minimizing a criterion, e.g., interval length for two-sided intervals and quantile of the excess
length for one-sided intervals, over a class of estimators, subject to valid coverage under the
specified bias bound. Such constructions are closely related to confidence intervals in Donoho
(1994); Kolesár and Rothe (2018); Armstrong and Kolesár (2018, 2020, 2021b); Noack and
Rothe (2024) and Kaplan and Liu (2024). Under this approach, the center of the optimal
confidence interval depends on the bias bound. While such bias-dependent constructions can
yield shorter confidence intervals for a given bias bound, they may lead to non-monotonic
confidence intervals as the bias bound varies. In such cases, the interpretation of the b-value
becomes less straightforward. For this reason, we impose the restriction in Definition 1.2.1
and Assumption 1.2.2 that confidence intervals are based on a point estimator that does not
depend on the bias bound. The trade-off is that the resulting confidence intervals may be
slightly longer than those obtained from bias-dependent constructions.
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Chapter 2

Unifying regression-based and
design-based causal inference in
time-series experiments

2.1 Introduction to time-series experiments
Time-series experiments, also referred to as switchback experiments or N-of-1 trials, have
attracted increasing attention across a variety of domains (Davidson et al., 2022), includ-
ing clinical trials (Lillie et al., 2011; Nikles and Mitchell, 2015), online platforms (Bojinov
et al., 2023), and other applied settings (Gabler et al., 2011; Mirza et al., 2017; Hawksworth
et al., 2024). Unlike traditional randomized controlled trials, which assign treatments at the
unit level and maintain a fixed assignment throughout the study, time-series experiments re-
peatedly randomize treatment assignments over time for the same, single unit. Time-series
experiments are closely related to longitudinal experiments (Robins, 1986), but focus on
dynamic treatment effects on the same unit rather than average effects over a population.
The time-series experimental design allows capturing dynamic causal effects in environments
where both treatments and outcomes evolve over time and where treatment effects vary across
time periods. Such designs are particularly attractive in modern applications where repeated
interventions are feasible, the number of units is limited, and the research interest is to es-
timate time-varying or lagged treatment effects. Bojinov and Shephard (2019) provided a
concrete example of a time-series experiment conducted at AHL Partners LLP, a quanti-
tative hedge fund that randomly assigned large trading orders to either human traders or
computer algorithms to compare execution performance. Their example is a time-series ex-
periment with sequential treatment assignments, where the outcome of interest is the relative
performance across 10 equity-index futures markets over the course of a year.

Despite the wide applications of time-series experiments, the statistical analysis presents
challenges, mainly due to the temporal dependence of outcomes and the risk of model mis-
specification. In time-series experiments, the treatment effects may persist beyond the period
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of assignment, inducing the dependence of the observed outcomes on past treatments. Con-
sequently, the methods for analyzing traditional randomized experiments are not applicable.
The design-based perspective offers a principled way to avoid strong assumptions on the
outcome model, in contrast to the model-based analysis of time-series experiments (Zucker
et al., 2010; Senn, 2017; Schmid and Yang, 2022; Menchetti et al., 2023). By viewing the
treatment assignment as the sole source of randomness, we propose treatment effect estimates
with desirable properties without strong model assumptions. This perspective builds on a
rich literature on design-based analysis for various experimental settings, including regres-
sion analysis for completely randomized experiments (Lin, 2013), matched-pairs experiments
(Fogarty, 2018), randomized block designs (Koo and Pashley, 2026), factorial experiments
(Dasgupta et al., 2015), split-plot designs (Zhao and Ding, 2022; Mukerjee and Dasgupta,
2022), cluster-randomized experiments (Middleton and Aronow, 2015; Su and Ding, 2021),
and network experiments (Aronow and Samii, 2017; Leung, 2022; Gao and Ding, 2025). Re-
cent reviews are available in Shi and Li (2024) and Ding (2025). However, the design-based
analysis of regression-based estimators in time-series experiments remains underexplored.

In this paper, we develop a unified design-based framework for analyzing regression-based
estimators in time-series experiments. We show that regressing the observed outcomes on
current and past treatments using an appropriately specified working model and transformed
regressors yields estimates of the lagged treatment effects of interest, even when the number
of regressors diverges with the length of the time series. A key feature of our working model
is the centering and scaling of treatment indicators, which ensures the regression coefficients
recover the causal estimands of interest. We establish the consistency and asymptotic nor-
mality of the ordinary least squares (OLS) estimator and show that heteroskedasticity and
autocorrelation consistent (HAC) variance estimators (Newey and West, 1987) provide con-
servative variance estimates. Our results do not require the regression model to be correctly
specified, reflecting the robustness inherent to the design-based analysis. Our work is related
to Bojinov and Shephard (2019), Malenica et al. (2023), and Liang and Recht (2025), who
also develop design-based analyses for time-series experiments. However, our paper differs
from theirs at two levels. First, at the level of estimands, we focus on treatment effects
defined independently of the realized treatment path and outcome model assumptions. Sec-
ond, at the level of estimators, we focus on simpler, regression-based point and variance
estimators. We will provide a detailed comparison in Section 2.3.3.

The remainder of the paper is organized as follows. Section 2.2 introduces the setup
of the time-series experiment, defines the causal estimand of interest, and presents our
regression-based estimator. Section 2.3 develops the asymptotic theory, establishing con-
sistency, asymptotic normality, and variance estimation. Section 2.4 discusses the extension
to continuous treatment. Section 2.5 presents empirical studies, including simulation evi-
dence and an application to the trading experiment data previously analyzed by Bojinov
and Shephard (2019). Section 2.6 concludes with a discussion of several extensions. The
online supplementary materials contain extensions to the regression with interaction terms
and general exposure mapping, as well as the technical details.

Notation. For a vector a = (a1, . . . , ad)
> ∈ Rd, let ‖a‖1 =

∑d
i=1|ai|, and ‖a‖2 =
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(
∑d

i=1 a
2
i )

1/2. For a matrix A = (aij) ∈ Rm×n, let ‖A‖F = (
∑m

i=1

∑n
j=1 a

2
ij)

1/2 denote the
Frobenius norm, and ‖A‖2 denote the spectral norm. Following the R syntax, we use lm(Y ∼
X) to denote the linear regression model with outcome Y and regressors X.

2.2 Setup, estimand and estimator

2.2.1 Setup

Consider a time-series experiment with a binary treatment and a single unit repeatedly
measured at T time points. At each time point t = 1, . . . , T , we apply Zt = 0 for the control
and Zt = 1 for the treatment. For each time point t, define the treatment history up to t
as zt:1 = (zt, zt−1, . . . , z1). Let {Yt(zT , . . . , z1) : zT , . . . , z1 = 0 or 1}Tt=1 denote the potential
outcomes, which can depend on the whole treatment history. We first simplify the potential
outcomes by imposing the no-anticipation assumption below.

Assumption 2.2.1 (No-anticipation). For every possible treatment path (z1, . . . , zT ), the
potential outcome at time t depends only on the treatment history up to and including time
t, but does not depend on any future treatments zt+1, . . . , zT :

Yt(zT , . . . , zt+1, zt, . . . , z1) = Yt(zt, . . . , z1), for all t = 1, . . . , T.

Under the no-anticipation assumption (Assumption 2.2.1), the observed outcome sim-
plifies to Yt = Yt(Zt:1), where Zt:1 = (Zt, . . . , Z1) represents the treatment history up to
and including time t, following the notation in Bojinov and Shephard (2019). The no-
anticipation assumption holds when treatments are rapidly randomized (e.g., online exper-
iments), or treatments are administered sequentially (e.g., clinical N-of-1 trials). However,
when there exists forward-looking behavior, where the unit can predict future treatments,
the no-anticipation assumption would be violated. We do not consider violations of the
no-anticipation assumption in this paper.

Time-series experiments and network experiments are closely related in that both extend
the classical potential outcomes framework to accommodate structured interference. In
network experiments, a unit’s potential outcome may depend not only on its own treatment
but also on the treatments of its neighbors in a network (Aronow and Samii, 2017). Similarly,
in time-series experiments with a single unit observed over multiple periods, outcomes may
depend not only on the current treatment but also on past or future treatments, giving
rise to temporal interference. The no-anticipation assumption specifies a form of temporal
interference: outcomes at time t may depend on the entire treatment history up to t, but
not on future treatments (Bojinov and Shephard, 2019).

We introduce the following assumption to describe the design of the time-series experi-
ment considered in this paper.

Assumption 2.2.2 (Time-series experiment). Assume the treatments Z1, . . . , ZT are inde-
pendent. Let pt = P(Zt = 1) ∈ (0, 1) for each t = 1, . . . , T . Assume the values of (p1, . . . , pT )
are known by the design.
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To estimate the lagged treatment effects, which capture how treatments administered
in earlier periods continue to influence outcomes at later times, we consider regressing the
observed outcomes on past treatments. We motivate the working regression model by the
standard causal inference setting with only one time point. Suppose there is a single-time
binary treatment Z with known treatment probability P(Z = 1) = p, a pair of potential
outcomes (Y (0), Y (1)), and we observe Y = Y (Z). Then we can construct the standard
inverse propensity score weighted estimator for the average treatment effect (ATE) based
on the identification formula E[Y (1) − Y (0)] = E[(ZY/p) − (1 − Z)Y/(1 − p)] (Ding, 2024,
Chapter 11). The ATE also admits a regression-based formulation. Define the normalized
treatment indicator Z̃ = (Z−p)/[p(1−p)]. Consider the population OLS regression of Y on
Z̃ without an intercept, and denote the regression coefficient by β = E[Z̃2]−1E[Z̃Y ]. Then
we can identify the ATE as

E[Y (1)− Y (0)] = E

[
ZY

p
− (1− Z)Y

1− p

]
= E[Z̃Y ] = E[Z̃2]β =

1

Var[Z]
β. (2.2.1)

Therefore, we can estimate the ATE by running an OLS regression of Y on Z̃ without
intercept, and scaled the coefficient by the variance of Z. Extending the idea to time-series
experiments with multiple time points, we normalize the treatment indicator Zt as

Z̃t = (Zt − E[Zt])/Var[Zt] = (Zt − pt)/[pt(1− pt)]. (2.2.2)

Suppose we are interested in the lagged treatment effects up to the number of lags K. Now
we consider the OLS regression without the intercept:

lm(Yt ∼ Z̃t + Z̃t−1 + · · ·+ Z̃t−K) (2.2.3)

using observations from t = K + 1, . . . , T . Let τ̃ = (τ̃0, . . . , τ̃K)> ∈ RK+1 denote the OLS
coefficient vector from (2.2.3), where τ̃k is expected to be an estimate of the lag-k treatment
effect.

Several key points should be noted. First, the centering of Zt in Z̃t by E[Zt] ensures
that the estimand is invariant to location shifts in potential outcomes. Specifically, for
any time t, if the potential outcome Yt(zt, . . . , z1) is shifted to Yt(zt, . . . , z1) + c for some
constant c and all treatment realizations zt:1 ∈ {0, 1}t, the estimand remains unchanged.
This transformation invariance property guarantees that the estimand captures causal effects
rather than the absolute level of the outcomes. Second, the scaling of Zt in Z̃t by Var[Zt]
ensures equal weighting across all time points in the estimand. If differential weighting across
lags is desired to reflect differences in treatment assignment probabilities, the scaling can be
adjusted accordingly. See the discussion about general treatment effects and the connection
with Bojinov and Shephard (2019) in Section 2.3.3.

To ensure that the OLS estimator matches the scale of the causal estimand of interest,
where the difference in scale arises from dividing Zt by Var[Zt], we apply a linear transfor-
mation to τ̃ . This step rescales the regression coefficients back into the natural scale of the
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treatment effect. Since E[Z̃2
t ] = 1/Var[Zt] for each t = 1, . . . , T , we define

τ̂k = w−1
k τ̃k for k = 0, . . . , K, (2.2.4)

where wk is the harmonic mean of the variances of the lag-k treatment indicators:

wk =

[
1

T −K

T∑
t=K+1

E[Z̃2
t ]

]−1

=

[
1

T −K

T∑
t=K+1

1

Var[Zt−k]

]−1

=

[
1

T −K

T∑
t=K+1

1

pt−k(1− pt−k)

]−1

. (2.2.5)

Here wk generalizes the single-time scaling factor Var[Zt] in (2.2.1) to the time-series exper-
iments setting by accounting for different treatment probabilities at different time points.
By Assumption 2.2.2, the treatment probabilities are fixed by design, and thus wk is a fixed
constant. Let

τ̂ = (τ̂0, . . . , τ̂K)> = (w−1
0 τ̃0, . . . , w

−1
K τ̃K)> ∈ RK+1

denote the OLS estimate from (2.2.3) after the linear transformation (2.2.4). In this paper,
we focus on studying the design-based properties of τ̂ . Under the design-based perspective,
we treat the potential outcomes as fixed and the randomness solely comes from the treatment
assignments.

To write τ̂ explicitly, define the outcome vector YK = (YK+1, . . . , YT )> ∈ RT−K and the
regressor matrixZK = (Z̃>K+1:1, . . . , Z̃

>
T :T−K)> ∈ R(T−K)×(K+1) where Z̃t:t′ = (Z̃t, Z̃t−1, . . . , Z̃t′

)> for t > t′. Let WK ∈ R(K+1)×(K+1) be the diagonal weight matrix WK = diag(wk : k =
0, . . . , K). Then, the OLS estimator in (2.2.3) after the linear transformation (2.2.4) can be
expressed as

τ̂ = W−1
K τ̃ = W−1

K (Z>KZK)−1Z>KYK . (2.2.6)

The OLS regression is intuitive for estimating lagged treatment effects because it directly
links the outcome to both current and past treatments. Each coefficient τ̂k captures the
average impact of a treatment administered k periods earlier on the current outcome. In
this way, the estimator naturally decomposes the outcome into lag-specific contributions,
providing a clear measure of how treatments influence present and future outcomes over
time. We will show that τ̂ can recover the causal estimand in the next section. We discuss
other regression specifications in Section B.1.1 of the supplementary material.

2.2.2 Causal estimand

We define the treatment effect of lag-k treatment on the outcome at time t as:

τt,k = E[Yt(Zt:t−k+1, 1, Zt−k−1:1)− Yt(Zt:t−k+1, 0, Zt−k−1:1)], (2.2.7)
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where the expectation is taken over the joint distribution of (Zt:t−k+1, Zt−k−1:1), holding Zt−k
at 1 or 0. This estimand τt,k represents the ATE on the outcome at time t by setting the
treatment at time t− k to 1 rather than 0, averaging over all other treatment assignments.
We then define the ATE of lag-k treatment on the outcome over time as:

τk =
1

T −K

T∑
t=K+1

τt,k. (2.2.8)

Let τ = (τ0, . . . , τK)> ∈ RK+1 be the vector of lagged treatment effects. In this section,
we focus on the interpretation of τ , and we establish the asymptotic behavior of τ̂ as an
estimator of τ in Section 2.3.

The lag-k treatment effect τk in (2.2.8) does not rely on any specific model assumptions
about the potential outcomes. However, its interpretation becomes more explicit under
additional modeling assumptions. We consider a linear model for the potential outcome to
facilitate the interpretation of τk.

Example 2.2.1 (Linear model). Consider the linear model for the potential outcome:

Yt(zt:1) =
t−1∑
k=0

βt,kzt−k + εt(zt:1), (2.2.9)

for all t = 1, . . . , T and all treatment realizations zt:1 ∈ {0, 1}t with non-random coefficients
{βt,k}0≤k<t. Under the design-based perspective, the noise εt(zt:1) only depends on the treat-
ment realization zt:1. Under the model (2.2.9), the lag-k treatment effect can be expressed
as:

τk =
1

T −K

T∑
t=K+1

βt,k +
1

T −K

T∑
t=K+1

E[εt(Zt:t−k+1, 1, Zt−k−1:1)− εt(Zt:t−k+1, 0, Zt−k−1:1)].

If the treatment switch at time t− k does not affect the error term εt, for example, if εt does
not depend on zt:1, then τk = (T−K)−1

∑T
t=K+1 βt,k. Further assuming homogeneity of lag-k

treatment effects over time, i.e., βt,k = βk for all t > k, we obtain τk = βk. On the other
hand, under heterogeneous lag-k treatment effects over time, the estimand τk captures the
average treatment effect. This implies that the estimand τk remains robust to time-varying
treatment effects.

The linear model in Example 2.2.1 contains several important time-series models, e.g.,
the autoregressive model and the moving-average model. In the following two examples, we
illustrate the interpretation of τk under these two special models.

Example 2.2.2 (Autoregressive model). Consider the autoregressive model of order p for
the potential outcome:

Yt(zt:1) = µt(zt:1) +

p∑
k=1

φkYt−k(zt−k:1) + εt(zt:1),
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for all t = 1, . . . , T and all treatment realizations zt:1 ∈ {0, 1}t. Further assume µt(zt:1) =
µt(zt) and εt(zt:1) = εt(zt) for all t = 1, . . . , T . Then we can write the potential outcome as

Yt(zt:1) =
t−1∑
k=0

Ψkµt−k(zt−k) +
t−1∑
k=0

Ψkεt−k(zt−k),

where the Ψk’s are defined recursively by Ψ0 = 1 and Ψj =
∑min{p,j}

k=1 φkΨj−k. The coeffi-
cient Ψk is the k-step impulse-response coefficient from the autoregressive model of order p
(Hamilton, 1994), which measures the effect of a one-time shock today on future outcomes.
We can further write the potential outcome as

Yt(zt:1) =
t−1∑
k=0

Ψk(µt−k(1)− µt−k(0))zt−k +
t−1∑
k=0

Ψkµt−k(0) +
t−1∑
k=0

Ψkεt−k(zt−k).

Define βt,k = Ψk(µt−k(1) − µt−k(0)) to see that it is a special case of Example 2.2.1. If the
error term satisfies εt(1) = εt(0) for all t, then by Example 2.2.1, we have

τk = Ψk

[ 1

T −K

T∑
t=K+1

(µt−k(1)− µt−k(0))
]
.

Therefore, τk reflects the average treatment effect on the mean function µt at lag k over time,
multiplied by the k-step impulse-response coefficient from the autoregressive model of order
p.

Example 2.2.3 (Moving-average model). Consider the moving-average model of order q for
the potential outcome:

Yt(zt:1) = µt(zt:1) +

q∑
k=1

θkεt−k(zt−k:1) + εt(zt:1),

for t = 1, . . . , T and all treatment realizations zt:1 ∈ {0, 1}t. Further assume µt(zt:1) = µt(zt)
and εt(zt:1) = εt(zt) for all t = 1, . . . , T . Then we can write the potential outcome as

Yt(zt:1) = µt(zt) +

q∑
k=1

θkεt−k(zt−k) + εt(zt).

We can further write the potential outcome as

Yt(zt:1) =(µt(1)− µt(0) + εt(1)− εt(0))zt +

q∑
k=1

θk(εt−k(1)− εt−k(0))zt−k

+µt(0) + εt(0) +

q∑
k=1

θkεt−k(0).
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Define βt,0 = µt(1) − µt(0) + εt(1) − εt(0), βt,k = θk(εt−k(1) − εt−k(0)) for 0 < k ≤ q, and
βt,k = 0 for k > q to see that it is a special case of Example 2.2.1. Then by Example 2.2.1,
we have

τ0 =
1

T −K

T∑
t=K+1

(µt(1)− µt(0) + εt(1)− εt(0)),

τk = θk

[ 1

T −K

T∑
t=K+1

(εt−k(1)− εt−k(0))
]
, for 0 < k ≤ q,

τk = 0, for k > q.

Therefore, τ0 is the average treatment effect on the mean function µt and the error term
εt over time. For 0 < k ≤ q, τk is the average treatment effect on the error term εt at lag
k over time, multiplied by θk, which is the k-step coefficient of the moving-average model.
Moreover, τk = 0 for k larger than the moving average order q.

Remark 2.2.1. In general, the estimand τk in (2.2.8) depends on the treatment assignment
probabilities (p1, . . . , pT ) because for each τt,k, the expectation is taken with respect to the
joint distribution of (Zt:t−k+1, Zt−k−1:1). Hence, changing the design probabilities may change
the estimand. However, under the linear model considered in Examples 2.2.1–2.2.3, the
estimand τk is independent of the treatment assignment probabilities because the treatment
effects are linear and the potential outcome model is additive in the treatment indicators Zt’s.
In this case, τk reflects the structural effect of lag-k treatment on the outcome, independent
of the randomization probabilities.

2.3 Theory

2.3.1 Consistency and asymptotic normality

In this section, we analyze the asymptotic properties of τ̂ in (2.2.6) as T →∞ (Bojinov and
Shephard, 2019; Liang and Recht, 2025), analogous to the asymptotic analysis in traditional
randomized experiments by letting the sample size grow to infinity (Li and Ding, 2017). To
build intuition for why τ̂ consistently estimates τ , consider first a simple marginal regression.
Fix a lag k and consider the marginal OLS regression of Yt on the normalized treatment
indicator Z̃t−k. Because the regressors in the full OLS regression (2.2.3) are mean-zero and
orthogonal in expectation across lags, the coefficient from the marginal regression is close
to the lag-k coefficient from the full regression. Let β̂k denote the OLS coefficient from the
marginal regression of Yt on Z̃t−k without an intercept, using observations t = K + 1, . . . , T .
Then the marginal OLS estimator approximately recovers the lag-k treatment effect τk:

w−1
k β̂k = w−1

k

(
T∑

t=K+1

Z̃t−kYt

)−1( T∑
t=K+1

Z̃2
t−k

)
≈ 1

T −K

T∑
t=K+1

Z̃t−kYt ≈ τk.
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Therefore, using the representation of τ̂ in (2.2.6), we decompose τ̂ as:

τ̂ = τ +W−1
K [(T −K)−1Z>KZK ]−1[(T −K)−1Z>K(YK −ZKWKτ)]. (2.3.1)

Then the key is to analyze the asymptotic behaviors of (T −K)−1Z>KZK and (T −K)−1

Z>K(YK −ZKWKτ), sinceWK is a fixed diagonal matrix. We impose the following assump-
tion on the treatment probabilities of the time-series experiment.

Assumption 2.3.1 (Treatment probabilities condition). There exist some constant ε ∈
(0, 1/2] such that ε ≤ inft≥1 pt ≤ supt≥1 pt ≤ 1− ε.

Assumption 2.3.1 assumes that the treatment probabilities are uniformly bounded away
from 0 and 1 for all time points, which rules out extreme treatment probabilities. This
corresponds to the classic overlap assumption for causal inference with observational studies
(D’Amour et al., 2021), which assumes the propensity scores are bounded away from 0 and
1 for almost all covariates.

Then we impose weak dependence conditions on the potential outcomes sequence [Yt =
Yt(Zt:1)]∞t=1, which rule out strong dependence of the observed outcomes on the past treat-
ments. We consider two types of weak dependence: decaying carryover effects and m-
dependence. Our results can be extended to more general weak dependence structures using
the same proof techniques.

We first introduce the decaying carryover effects assumption, which assumes the carryover
effects of the treatment decay over time.

Assumption 2.3.2 (decaying carryover effects condition). Let

θT,k = max
k<t≤T

E
[∣∣Yt(Zt:t−k+1, Zt−k:1)− Yt(Zt:t−k+1, Z

′
t−k:1)

∣∣] ,
where Z ′t−k:1 is an identically distributed copy of Zt−k:1 and is independent of Zt:1, and the
expectation is taken over the joint distribution of (Zt:t−k+1, Zt−k:1) and the distribution of
Z ′t−k:1. Assume that

(i)
∑T

k=1 θT,k/T → 0 as T →∞.

(ii) θT,k = O(k−1−δ) for some δ > 0.

We then introduce the m-dependence assumption (Hoeffding and Robbins, 1948), which
restricts the influence of past treatments to some given number of time points.

Assumption 2.3.3 (m-dependence condition). There exist some m = m(T ) such that Yt =
Yt(Zt:1) = Yt(Zt:t−m) for all m < t ≤ T with

(i) m/T → 0.

(ii) m4/T → 0.
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In both Assumption 2.3.2 and Assumption 2.3.3, the first condition is weaker than the sec-
ond: the first ensures consistency of τ̂ , whereas the second ensures the asymptotic normality
of τ̂ . Assumption 2.3.2 requires that the carryover effects of the treatment decay sufficiently
fast. Similar conditions appear in the previous time-series experiments literature (Ni et al.,
2023; Liang and Recht, 2025). The decaying carryover effects assumption is analogous to the
approximate neighborhood interference assumption in network experiments (Leung, 2022),
and can be viewed as a causal analogue of mixing conditions in traditional time series analy-
sis (Rosenblatt, 1956; Bradley, 2005). Assumption 2.3.3 requires that the observed outcome
at time t depends only on the most recent m treatments. Assumptions 2.3.2 and 2.3.3 are
related but do not necessarily imply one another. Assumption 2.3.2 states that the carry-
over effects of the treatment decay over time, while still allowing dependence on all prior
treatments. In contrast, Assumption 2.3.3 permits arbitrary dependence on past treatments
but restricts this dependence to a given number of previous time points.

Remark 2.3.1. Recall the linear potential outcome model in Example 2.2.1, and suppose
the error term εt does not depend on the treatment path zt:1, that is,

Yt(zt:1) =
t−1∑
k=0

βt,kzt−k + εt. (2.3.2)

Under the model (2.3.2), the quantity θT,k in the decaying carryover effects assumption
(Assumption 2.3.2) can be expressed as

θT,k = max
k<t≤T

E

[∣∣∣∣∣
t−1∑
j=k

βt,jZt−j −
t−1∑
j=k

βt,jZ
′
t−j

∣∣∣∣∣
]

≤2 max
k<t≤T

t−1∑
j=k

pt−j(1− pt−j)|βt,j| ≤
1

2
max
k<t≤T

t−1∑
j=k

|βt,j|,

where (Z ′1, . . . , Z
′
t−k) is an independent and identically distributed copy of (Z1, . . . , Zt−k) for

all k < t ≤ T . This upper bound shows that the decay rate of θT,k in Assumption 2.3.2 is
determined by how quickly the coefficients βt,j decrease as the lag j increases. In contrast,
the m-dependence assumption (Assumption 2.3.3) is equivalent to for all k < t ≤ T : βt,k =
0 for all m < k ≤ t−1. Thus, Assumption 2.3.3 enforces a strict truncation of the carryover
effects after m lags.

Remark 2.3.2. The decaying carryover effects assumption (Assumption 2.3.2) involves the
quantity θT,k, which depends on the distribution of treatment assignments. One might
therefore be concerned with this dependence. However, θT,k is upper bounded by

θT,k ≤ max
k<t≤T

max
zt:t−k+1∈{0,1}k

zt−k:1,z
′
t−k:1∈{0,1}

t−k

∣∣Yt(zt:t−k+1, zt−k:1)− Yt(zt:t−k+1, z
′
t−k:1)

∣∣ ,
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where the maximum is taken over all possible realizations of treatment assignments
zt:t−k+1, zt−k:1, z

′
t−k:1. Consequently, we may impose a stronger assumption that depends only

on the potential outcomes but not on the distribution of treatment assignments.

Remark 2.3.3. What distinguishes time-series experiments from network experiments is
that the primary causal estimands of interest are lagged treatment effects, i.e., the im-
pact of current and past treatments on the current outcome, and the associated structure
of potential outcomes. The temporal structure enables us to regress outcomes directly on
normalized treatment indicators from multiple past periods. This necessitates asymptotic
analysis of regression-based estimators and HAC variance estimation in this section. The
causal estimands, identification strategy, and asymptotic theory in time-series experiments
are fundamentally different from and not covered by the existing network experiments liter-
ature.

In the decomposition (2.3.1), we can write

1

T −K
Z>K(YK −ZKWKτ) =

1

T −K

T∑
t=K+1

Z̃t:t−K(Yt − Z̃>t:t−KWKτ). (2.3.3)

Consider the sequence [Z̃t:t−K(Yt − Z̃>t:t−KWKτ)]∞t=K+1. Under Assumption 2.3.2, for a fixed
K, the carryover effects of the sequence decay with the same asymptotic order as θT,k. Under
Assumption 2.3.3, the sequence is max{K,m}-dependent. Therefore, we can establish the
consistency and apply the central limit theorem (CLT) for the weak dependence sequence
(Chen and Shao, 2004; Chandrasekhar et al., 2023).

To ensure well-behaved asymptotic properties of τ̂ , we impose the following standard
moment conditions on the potential outcomes.

Assumption 2.3.4 (Moment condition). The potential outcomes Yt(zt:1) are uniformly
bounded for all t and zt:1 ∈ {0, 1}t, i.e., supt≥1 supzt:1∈{0,1}t |Yt(zt:1)| < ∞. Additionally,
‖τ‖1 is uniformly bounded for all T , i.e., supT≥1‖τ‖1 <∞.

By definition in (2.2.8), τ depends on T implicitly. In Assumption 2.3.4, if we further
assume K is fixed, the uniform boundedness of ‖τ‖1 follows directly from the uniform bound-
edness of the potential outcomes Yt. However, whenK is diverging, the uniform boundedness
of ‖τ‖1 implies that τk decays to zero as k → ∞, which indicates that the treatment effect
decays over time. It is possible to relax the uniform boundedness assumption on τ , but it
will complicate the asymptotic analysis. We impose Assumption 2.3.4 for the simplicity of
presentation.

We first show the consistency of τ̂ in the following theorem.

Theorem 2.3.1 (Consistency). Assume Assumption 2.2.1, Assumption 2.2.2, Assump-
tion 2.3.1, Assumption 2.3.2(i) with K

∑T
k=1 θT,k/T → 0 or Assumption 2.3.3(i) with

Km/T → 0, Assumption 2.3.4, and K2/T → 0. Then we have ‖τ̂ − τ‖2
p−→ 0.
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Since the dimension of τ can potentially grow with T , we establish the CLT for a linear
projection of τ̂ rather than τ̂ itself. To characterize the asymptotic variance, we introduce
a covariance matrix V ∈ R(K+1)×(K+1) below. Since τ̂ is the estimate of τ and τ̃ = WK τ̂
by linear transformation (2.2.4), τ̃ is the estimate of WKτ . We define the oracle residual of
OLS regression (2.2.3) at time t as

Ut = Yt − Z̃>t:t−KWKτ = Yt −
K∑
k=0

Z̃t−kwkτk. (2.3.4)

Then by (2.3.1), for k, k′ = 1, . . . , K + 1, define the k, k′-th element of V as:

[V ]k,k′ =
1

T −K
Cov

[ T∑
t=K+1

Z̃t−k+1Ut,

T∑
t=K+1

Z̃t−k′+1Ut

]
. (2.3.5)

By definition in (2.3.5), V depends on T but not on the observed treatment path and
potential outcomes path. This covariance matrix captures the dependence structure of the
oracle residuals across different lags.

We can then establish the CLT for the linear projection of τ̂ in the following theorem.

Theorem 2.3.2 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.2.2, As-
sumption 2.3.1, Assumption 2.3.2(ii) with K fixed or Assumption 2.3.3(ii) with K4/T → 0,
and Assumption 2.3.4. Then for any non-zero λK ∈ RK+1 satisfying lim infT→∞ λ

>
KV λK > 0

and lim supT→∞‖λK‖1 <∞, we have

√
T −K(λ>KV λK)−1/2λ>K(τ̂ − τ)

d−→ N(0, 1).

The condition on λK in Theorem 2.3.2 prevents the linear contrast λK from spreading its
mass over an increasing number of lags as K grows. When K is fixed, this condition holds
automatically for any nonzero λK as long as lim infT→∞ λmin(V ) > 0, where λmin(V ) is the
smallest eigenvalue of V . By the Cramér–Wold theorem, Theorem 2.3.2 directly implies a
multivariate CLT for τ̂ when K is fixed.

Corollary 2.3.1. Under the conditions of Theorem 2.3.2, if further K is fixed and
lim infT→∞ λmin(V ) > 0, we have

√
T −KV −1/2(τ̂ − τ)

d−→ N(0, IK+1).

In the supplementary material, we establish three lemmas for proving Theorem 2.3.1
(Consistency) and Theorem 2.3.2 (Asymptotic normality). Recall the decomposition of τ̂
in (2.3.1). The first lemma shows that (T −K)−1Z>KZK asymptotically converges to W−1

K

under Assumption 2.3.1. The second and third lemmas show the asymptotic behavior of
(T −K)−1Z>K(YK −ZKWKτ) under all assumptions.
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2.3.2 HAC variance estimation

Recall the oracle residual Ut defined in (2.3.4). Let

Ût = Yt − Z̃>t:t−K τ̃ (2.3.6)

be the sample residual of OLS regression (2.2.3) at time t. Let UK = diag(Ut : t = K +

1, . . . , T ) ∈ R(T−K)×(T−K) and ÛK = diag(Ût : t = K + 1, . . . , T ) ∈ R(T−K)×(T−K) be the
diagonal matrices of the oracle and sample residuals, respectively.

To account for autocorrelation, we introduce a kernel weighting matrix QK ∈
R(T−K)×(T−K). Specifically, we use the Bartlett kernel (Bartlett, 1950), defined entrywise as

[QK ]ij =

1− |j − i|
L+ 1

, |j − i| ≤ L,

0, |j − i| > L,

for 1 ≤ i, j ≤ T −K, where L is the bandwidth parameter controlling the effective depen-
dence range. A common choice is L = bT 1/4c (Greene, 2003). By construction,QK is positive
semidefinite. The HAC estimator with the Bartlett kernel corresponds to Newey–West esti-
mator (Newey and West, 1987). We can generalize the results to HAC estimators with other
kernels.

To construct the HAC variance estimator for τ̂ , we first define the HAC variance estimator
for τ̃ by OLS regression (2.2.3) as:

Ṽ = (T −K)(Z>KZK)−1(Z>KÛKQKÛKZK)(Z>KZK)−1,

and then define the HAC variance estimator for τ̂ by linear transformation (2.2.4) as:

V̂ = W−1
K Ṽ W−1

K = (T −K)W−1
K (Z>KZK)−1(Z>KÛKQKÛKZK)(Z>KZK)−1W−1

K . (2.3.7)

Intuitively, the HAC variance estimator corrects the usual OLS variance formula by allowing
residuals at nearby time points to be correlated. The kernel matrix QK assigns larger
weights to correlations between residuals that are closer in time and gradually downweights
correlations as the lag length increases, with the bandwidth L determining how far into the
past these correlations are taken into account. This adjustment ensures that the estimated
variance remains consistent under general forms of heteroskedasticity and autocorrelation in
the model-based inference with time-series data. We borrow their intuition and analyze V̂
from the design-based framework.

Recall the lag-k treatment effects defined in (2.2.7) and (2.2.8). Define bK ∈ R(T−K)×(K+1)

with
[bK ]t−K,k+1 = τt,k −

wk
pt−k(1− pt−k)

τk,

for t = K + 1, . . . , T and k = 0, . . . , K, which measures the heterogeneity of the treat-
ment effect and treatment probability across time points. We then define the bias term



CHAPTER 2. UNIFYING REGRESSION-BASED AND DESIGN-BASED CAUSAL
INFERENCE IN TIME-SERIES EXPERIMENTS 41

as BK = b>KQKbK . By construction, BK is positive semidefinite because QK is positive
semidefinite under the Bartlett kernel. Intuitively, BK captures the bias component in the
HAC variance estimator that arises when treatment probabilities vary over time or when
treatment effects are heterogeneous across time points. The following theorem establishes
that V̂ is a conservative estimator of V .

Theorem 2.3.3. Assume Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.1, Assump-
tion 2.3.2(ii) with K fixed, L → ∞ or Assumption 2.3.3(ii) with K4/T → 0, Km2/L → 0,
Assumption 2.3.4 and K4L2/T → 0. Then ‖V̂ − V −BK‖F

p−→ 0.
Further assume the treatment probabilities are constant across time (pt = p for all t) and

the treatment effects are homogeneous over time (τt,k = τk for all t and k). Then bK = 0,
which implies BK = 0. In this case, the HAC variance estimator V̂ is consistent for V ,
i.e., ‖V̂ − V ‖F

p−→ 0.

Theorem 2.3.3 generalizes the classical variance results of Neyman (1923) for completely
randomized experiments. In the special case with constant treatment probabilities and
homogeneous treatment effects, the additional term BK vanishes, and the HAC variance
estimator consistently estimates the true variance. This mirrors Neyman (1923)’s result that
the design-based variance estimator is consistent under constant effects. When treatment
effects or assignment probabilities vary over time, however, the extra positive semidefinite
term BK inflates the variance, making the HAC estimator conservative, just as the design-
based variance estimator is conservative without the constant effects assumption. In this
sense, our framework extends Neyman’s design-based analysis from randomized experiments
to time-series experiments.

2.3.3 Comparisons with the existing estimands

Bojinov and Shephard (2019) defined the general treatment effect of lag k at time t as:∑
zt:t−k+1∈{0,1}k

zt−k−1:1∈{0,1}t−k−1

azt:t−k+1,zt−k−1:1
[Yt(zt:t−k+1, 1, zt−k−1:1)− Yt(zt:t−k+1, 0, zt−k−1:1)], (2.3.8)

for some non-stochastic weights satisfying
∑

zt:t−k+1,zt−k−1:1
azt:t−k+1,zt−k−1:1

= 1 and
azt:t−k+1,zt−k−1:1

≥ 0. Then the general ATE is defined as the corresponding average over all
time points, analogous to the definition of τk based on τt,k.

By the design under Assumption 2.2.2, we can write τt,k in (2.2.7) explicitly as

τt,k =
∑

zt:t−k+1∈{0,1}k
zt−k−1:1∈{0,1}t−k−1

azt:t−k+1,zt−k−1:1
[Yt(zt:t−k+1, 1, zt−k−1:1)− Yt(zt:t−k+1, 0, zt−k−1:1)],

where

azt:t−k+1,zt−k−1:1
=

t∏
s=1,s 6=t−k

pzss (1− ps)1−zs .
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Therefore, τt,k is a special case of the general treatment effect (2.3.8) in Bojinov and Shephard
(2019). However, Bojinov and Shephard (2019) argued that the general ATE (2.3.8) cannot
be estimated without strong assumptions, so they changed the estimand to the causal effect
as a function of the observed treatment path, which is random (see Section 3.2 of Bojinov
and Shephard (2019)). Rambachan and Shephard (2019) also discussed the nonparametric
causal interpretation of common time series estimands in terms of dynamic causal effects
depending on the observed treatment path. In contrast, we focus on a special class of the
general treatment effects, which does not depend on the observed treatment path, and can
be estimated by OLS under time-series experiments with independent treatments.

In general, we can adjust the weights in Z̃t to estimate a broad class of ATEs. Consider a
new normalization: Z̃h,t = ht(p1, . . . , pt)(Zt−E[Zt])/Var[Zt] for some function ht : {0, 1}t →
R at each time t. Define the weight as wh,k = [(T − K)−1

∑T
t=K+1 ht(p1, . . . , pt)

2(pt−k(1 −
pt−k))

−1]−1. We then consider the OLS regression without an intercept: lm(Yt ∼ Z̃h,t +

Z̃h,t−1 + · · ·+ Z̃h,t−K) using observations from t = K+1, . . . , T , and let (τ̃h,0, . . . , τ̃h,K) denote
the OLS coefficients. For each k = 0, . . . , K, we define τ̂h,k = w−1

h,kτ̃h,k. The corresponding
estimands of this procedure are (τh,0, . . . , τh,K), where

τh,k =
1

T −K

T∑
t=K+1

ht(p1, . . . , pt)τt,k

=
1

T −K

T∑
t=K+1

ht(p1, . . . , pt)E[Yt(Zt:t−k+1, 1, Zt−k−1:1)− Yt(Zt:t−k+1, 0, Zt−k−1:1)].

Liang and Recht (2025) also studied time-series experiments and the corresponding
design-based analysis. Our paper differs from theirs in three key ways. First, their analysis
assumes a linear convolution model (their Section 2) and a circular convolution model (their
Section 3), along with a Bernoulli randomization scheme where pt = 1/2 for all t. In contrast,
our framework does not impose any structural assumptions on the potential outcomes, al-
lowing for arbitrary and unknown heterogeneous effects over time. Second, we consider more
general experimental designs with time-varying treatment probabilities. Third, Liang and
Recht (2025) proposed a method-of-moments estimator, established a central limit theorem,
and proposed a variance estimator. In our work, we focus on the simpler OLS estimation
and analyze its asymptotic properties, along with the performance of the HAC variance es-
timator derived from the same OLS procedure. Both OLS and HAC variance estimation are
widely used in practice, and are implemented in standard statistical software routines. We
provide theoretical support for their application in time-series experiments.

2.4 Extension to continuous treatment
Many modern experimental settings feature treatments that take discrete or continuous
values rather than binary values. For instance, in online platforms, treatment intensity may
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correspond to the proportion of user exposure to a new algorithm or the duration for which
an experimental interface is displayed. In clinical trials, treatments often involve dosage
levels or exposure durations, which are naturally measured on a continuous scale.

In settings where the experiment involves multiple discrete treatment levels in addition to
a control group, one natural approach is to run separate OLS regressions for each treatment
level relative to control. Our results in Section 2.2 and 2.3 can then be applied. Therefore,
we only focus on the case where the treatment variable Zt ∈ R is continuous. We introduce
the following assumption, which is the continuous treatment analogue of Assumption 2.2.2.

Assumption 2.4.1 (Time-series experiment for continuous treatment). Assume the treat-
ments Z1, . . . , ZT are independent. Assume the values of (E[Z1], . . . ,E[ZT ]) and
(Var[Z1], . . . ,Var[ZT ]) exist and are known by the design.

As in the binary treatment case, we normalize the treatment variable by considering
Z̃t = (Zt − E[Zt])/Var[Zt]. We then fit the following OLS regression model:

lm(Yt ∼ Z̃t + · · ·+ Z̃t−K),

where the coefficient vector is denoted by τ̃ and its transformed version by τ̂ = W−1
K τ̃ as

(2.2.6) before with the same WK . The causal estimand is the vector of lagged treatment
effects τ = (τ0, . . . , τK)> ∈ RK+1, where the treatment effect of lag-k treatment on the
outcome at time t is defined as

τt,k = E

[
(Zt−k − E[Zt−k])

Var[Zt−k]
Yt

]
,

and the ATE of lag-k treatment on the outcome over time is defined as

τk =
1

T −K

T∑
t=K+1

τt,k,

which extend the notion of the treatment effect of lag-k in (2.2.7) and (2.2.8) to the con-
tinuous treatment setting. This estimand τk represents the average slope of the potential
outcome with respect to the treatment assigned k periods earlier, while averaging over all
other past and concurrent treatment assignments.

In the literature on continuous treatments, the potential outcome under treatment inten-
sity z is referred to as the (causal) dose-response curve, denoted Y (z), while its derivative
(d/dz)Y (z) is known as the causal derivative effect; see Zhang and Chen (2025) and refer-
ences therein. Building on this perspective, we adapt the notion of derivative effects to the
setting of time-series experiments. Specifically, we define the effect of treatment at lag-k on
the outcome at time t as

τ ′t,k(z) =
d

dz
E[Yt(Zt:t−k+1, z, Zt−k−1:1)],
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where the expectation is taken over the joint distribution of (Zt:t−k+1, Zt−k−1:1). Intuitively,
τ ′t,k(z) measures the local sensitivity of the expected outcome at time t to a marginal change
in treatment intensity at lag-k, holding the rest of the treatment path fixed. Aggregating
across time, we can equivalently represent the estimand τk as a weighted average of these
local effects:

τk =
1

T −K

T∑
t=K+1

(∫
wt,k(z)dz

)−1 ∫
τ ′t,k(z)wt,k(z)dz,

where the weighting function wt,k(z) is given by

wt,k(z) = {E[Yt(Zt:1) |Zt−k ≥ z]− E[Yt(Zt:1) |Zt−k < z]}P(Zt−k ≥ z)P(Zt−k < z).

Thus, the estimand τk can be interpreted as the time-averaged, weighted average deriva-
tive effect at lag k. This places our estimand within the broader class of weighted average
derivatives (Newey and Stoker, 1993), and connects naturally to discussions of how OLS and
instrumental variables identify such objects (Yitzhaki, 1996; Borusyak and Hull, 2024). Im-
portantly, both the dose–response curve and the derivative effect are nonregular parameters
and cannot generally be estimated at parametric rates. In contrast, we consider the weighted
average of the derivative effect, which admits parametric convergence rates.

We next impose regularity conditions on the treatment distribution and outcome to
extend our asymptotic results to the continuous treatment setting. We consider the following
assumption on the distribution of Zt, which serves as a continuous treatment analogue of
Assumption 2.3.1.

Assumption 2.4.2 (Treatment distributions condition). There exists some constant ε > 0
such that ε ≤ inft≥1 Var[Zt].

We also consider the following assumption, which serves as a continuous treatment ana-
logue of Assumption 2.3.4.

Assumption 2.4.3 (Moment condition). The potential outcomes Yt(zt:1) are uniformly
bounded for all t and all zt:1 ∈ Rt, i.e., supt≥1,zt:1∈Rt |Yt(zt:1)| < ∞. Additionally, ‖τ‖1 is
uniformly bounded for all T , i.e., supT‖τ‖1 <∞.

With these conditions in place, we obtain the consistency and asymptotic normality of the
OLS estimator. These results are the continuous treatment counterparts to Theorem 2.3.1
and Theorem 2.3.2.

Theorem 2.4.1 (Consistency). Assume Assumption 2.2.1, Assumption 2.4.1, Assump-
tion 2.4.2, Assumption 2.3.2(i) with K

∑T
k=1 θT,k/T → 0 or Assumption 2.3.3(i) with

Km/T → 0, Assumption 2.4.3, and K2/T → 0. Then we have ‖τ̂ − τ‖2
p−→ 0.
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Theorem 2.4.2 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.4.1, As-
sumption 2.4.2, Assumption 2.3.2(ii) with K fixed or Assumption 2.3.3(ii) with K4/T → 0,
and Assumption 2.4.3. Then for any non-zero λK ∈ RK+1 satisfying lim infT→∞ λ

>
KV λK > 0

and lim supT→∞‖λK‖1 <∞, we have
√
T −K(λ>KV λK)−1/2λ>K(τ̂ − τ)

d−→ N(0, 1),

where V is defined in (2.3.5).

To estimate the asymptotic variance V in Theorem 2.4.2, we can use exactly the same
HAC variance estimator V̂ in (2.3.7). Define bK ∈ R(T−K)×(K+1) with

[bK ]t−K,k+1 = τt,k −
wk

Var[Zt−k]
τk,

for t = K + 1, . . . , T and k = 0, . . . , K, and define the bias term as BK = b>KQKbK . The
following theorem establishes that V̂ is a conservative estimator of V , which is parallel to
Theorem 2.3.3.

Theorem 2.4.3. Assume Assumption 2.2.1, Assumption 2.4.1, Assumption 2.4.2, Assump-
tion 2.3.2(ii) with K fixed, L → ∞ or Assumption 2.3.3(ii) with K4/T → 0, Km2/L → 0,
Assumption 2.4.3 and K4L2/T → 0. Then ‖V̂ − V −BK‖F

p−→ 0.
If the treatment variances are constant across time (Var[Zt] = σ2 for all t) and the

treatment effects are homogeneous over time (τt,k = τk for all t and k), then bK = 0, which
implies BK = 0. In this case, the HAC variance estimator V̂ is consistent for V , i.e.,
‖V̂ − V ‖F

p−→ 0.

2.5 Empirical studies
In this section, we conduct simulations to examine the finite-sample performance of τ̂ and
the HAC variance estimator V̂ for estimating V . We then illustrate the method on data
from a trading experiment.

2.5.1 Simulations

We consider the autoregressive model in Example 2.2.2. Specifically, we take a first-order
autoregressive model, Yt(zt:1) = µt(zt:1) + φYt−1(zt−1:1) + εt(zt:1), for any treatment history
zt:1 ∈ {0, 1}t. We set µt(zt:1) = µt(zt) = µ(zt) with µ(1) = 0.5 and µ(0) = 0, take φ =
0.5, and let εt(zt:1) = εt ∼ N(0, 1) i.i.d. across t. Under this specification, Yt(zt:1) =∑t−1

k=0 φ
kµ(zt−k) +

∑t−1
k=0 φ

kεt−k. Then the true lag-k treatment effect is τk = φk(µ(1)−µ(0)).
We vary the time horizon T ∈ {100, 200, 500, 1000, 2000, 5000, 10000}, fix the number of

lags at K = 5, and use a constant treatment probability pt = p = 0.5. Adopting a design-
based perspective, randomness arises only from the assignment path Z1, . . . , ZT . For each
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T , we therefore fix a realization [ε1, . . . , εT ] and repeatedly resample Z1, . . . , ZT . For each
draw we compute the OLS estimator τ̂ and the HAC variance estimator V̂ with the Bartlett
kernel. A common choice is L = bT 1/4c (Greene, 2003). Since the treatment probabilities
are constant across time and the treatment effects are homogeneous over time, the HAC
variance estimator V̂ is consistent for the asymptotic variance V by Theorem 2.3.3.

Figure 2.1 presents histograms of τ̂k − τk for k = 0, . . . , 5 across replications under T =
1000. The empirical distributions are close to the normal distribution, supporting our central
limit theorem (Theorem 2.3.2). This provides empirical evidence that the regression-based
estimator achieves approximate normality even at moderate sample sizes.

Figure 2.2 displays violin plots of ‖τ̂ − τ‖2 as a function of T . The L2 error decreases
with larger sample sizes, aligning with the T−1/2 convergence rate established in Theorem
2.3.2.
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Figure 2.1: Histograms of τ̂k − τk for k =
0, . . . , 5 under T = 1000.
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Figure 2.2: ‖τ̂ − τ‖2 versus T . The center bar
is the median.

Figure 2.3 investigates the performance of the HAC variance estimator V̂ . The plot
shows the normalized Frobenius error ‖V̂ −V ‖F/‖V ‖F for different kernel bandwidth choices
L ∈ {0, 1, 5, bT 1/4c}, averaged across replications. When no autocorrelation adjustment is
made (L = 0), the estimator remains biased and does not improve with T . By contrast,
increasing the bandwidth significantly reduces error, with L = bT 1/4c yielding the best finite-
sample performance and approaching zero error as T grows. This confirms our theoretical
variance results (Theorem 2.3.3) and demonstrates the importance of selecting an appropriate
increasing bandwidth.

Table 2.1 reports the empirical coverage probabilities of nominal 95% confidence intervals
for τ̂k, constructed using the HAC variance estimator V̂ with bandwidth L = T 1/4. Across
all lags k = 0, . . . , 5 and all sample sizes, the coverage probabilities remain very close to
the nominal level, even for relatively small T = 100. As T increases, the coverage stabilizes
tightly around 0.95, confirming that the asymptotic normal approximation in Theorem 2.3.2
provides accurate inference in finite samples.
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Figure 2.3: Normalized Frobenius error ‖V̂ −V ‖F/‖V ‖F versus T for different bandwidths
L.

Table 2.1: Empirical 95% coverage for τ̂k using V̂ with L = bT 1/4c.

T τ0 τ1 τ2 τ3 τ4 τ5

100 0.934 0.935 0.932 0.933 0.934 0.934
200 0.944 0.943 0.940 0.943 0.942 0.943
500 0.943 0.946 0.947 0.945 0.948 0.945
1000 0.949 0.947 0.946 0.947 0.946 0.950
2000 0.949 0.949 0.948 0.949 0.950 0.950
5000 0.949 0.949 0.950 0.949 0.951 0.951
10000 0.950 0.950 0.950 0.949 0.950 0.950

2.5.2 Real data analysis

We analyze the trading experiment described in Bojinov and Shephard (2019), which was
conducted by AHL Partners, a quantitative trading firm specializing in financial futures.
The firm executes orders in one of two ways: using a human trader or using an algorithmic
trader. For the experiment, AHL restricted attention to orders whose sizes lay between fixed
lower and upper bounds (time-invariant within each market, but varying across markets).
These eligible orders were randomly assigned to either a human trader or an algorithmic
trader. Therefore, treatments were assigned independently across time, following an i.i.d.
Bernoulli design, ensuring that the setup satisfied our no-anticipation assumption. AHL
provided 10 independent datasets from 2016, each corresponding to a different equity index
futures market spanning the US, Europe, and Asia. We analyze these markets separately
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and regard each as a distinct unit. To protect confidentiality, AHL did not reveal which of
methods “A” and “B” corresponds to human versus algorithmic traders, nor did they disclose
the identities of the individual markets. For consistency, we label A as the control group
and B as the treatment group. The outcome of interest Y is the slippage, which is a simple
function of the trade prices and volumes at which an order was executed. Lower slippage
indicates better execution quality and thus serves as a proxy for higher trading performance.

WithK = 4, Figure 2.4 displays, for each market, the joint p-value forH0 : τ = 0, and the
per-lag estimates τ̂k with their 95% confidence intervals. We find clear heterogeneity across
markets: the null is rejected in Markets 4, 6, 7, and 9 under the nominal level 0.05, indicating
the presence of dynamic treatment effects, while other markets show no joint evidence of
impact. In both Market 6 and Market 9, “A” (control) performed significantly better than
“B” (treatment), and there is no market where “B” performed significantly better than “A”,
consistent with the findings of Bojinov and Shephard (2019). Market 4 shows lagged effects
at longer lags, whereas Market 7 shows a negative lag-2 effect. Some isolated single-lag
signals (e.g., Market 5’s positive lag-1 estimate) do not lead to a joint rejection.

2.6 Extensions
Beyond estimating the main effects of treatments at different lags, it is often of interest
to investigate interaction effects between treatments administered at distinct time periods.
Including interaction terms is particularly useful in settings where the effect of a treatment
depends on its recent history or on combinations of past interventions. In Section B.1.2 of
the supplementary material, we extend our framework to regression with interaction terms.

So far, we have proposed working models for the treatment effects through individual
lags or interactions of consecutive lags. While this approach captures direct and pairwise
temporal dependencies, it may be restrictive in settings where outcomes depend on more
general features of the treatment path. To address this, we consider exposure mappings that
summarize treatment assignments over multiple periods into lower-dimensional summary
statistics. In Section B.1.3 of the supplementary material, we extend our framework to
general exposure mapping.
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Figure 2.4: Lag-specific estimates τ̂k with 95% confidence intervals for k = 0, . . . , 4 under
different markets. The number in parentheses following each market label reports the joint
p-value for H0 : τ = 0.
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Chapter 3

Estimation based on nearest neighbor
matching: from density ratio to average
treatment effect

3.1 Introduction
Matching methods (Greenwood, 1945; Chapin, 1947; Cochran and Rubin, 1973; Rubin, 2006;
Rosenbaum, 2010) aim to balance observations from different groups through minimizing
group differences in observed covariates. Such methods have proven their usefulness for
causal inference in various disciplines, including economics (Imbens, 2004), epidemiology
(Brookhart et al., 2006), political science (Ho et al., 2007; Sekhon, 2008) and sociology
(Morgan and Harding, 2006).

Among all the matching methods, nearest neighbor (NN) matching (Rubin, 1973) is likely
the most frequently used and easiest to implement approach. In the simplest treatment-
control study, NN matching assigns each treatment (control) individual to M control (treat-
ment) individuals with the smallest distance to it. In this regard, two questions arise. First,
how do we select the number of matches, M? This is referred to in the literature as ratio
matching, and is both important and delicate, well-known to be related to the bias-variance
trade-off in nonparametic statistics (Smith, 1997; Rubin and Thomas, 2000; Imbens and Ru-
bin, 2015). Second, how do we perform large-sample statistical inference for NN matching
estimators? Such an analysis is usually nonstandard and technically challenging. Indeed, it
was long-lacking in the literature until Abadie and Imbens (2006).

To answer the above two questions, a series of papers (Abadie and Imbens, 2006, 2008,
2011, 2012) established large-sample properties ofM -NN matching for estimating the average
treatment effect (ATE). These results are, however, only valid when, in ratio matching, M
is fixed. The according message is then mixed. As a matter of fact, the ATE estimator
based on M -NN matching with a fixed M is asymptotically biased and inefficient. While
bias correction is now feasible to alleviate the first issue (Abadie and Imbens, 2011), the lack
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of efficiency seems fundamental.
This manuscript revisits the study of Abadie and Imbens (2006) from a new perspective,

bridging M -NN matching to density ratio estimation (Nguyen et al., 2010; Sugiyama et al.,
2012) as well as double robustness (Scharfstein et al., 1999; Bang and Robins, 2005). To
this end, our analysis stresses, in ratio matching, the benefits of forcing M to diverge with
the sample size n in order to achieve statistical efficiency. Our claim is thus aligned with
observations in the random graph-based inference literature (Wald and Wolfowitz, 1940;
Friedman and Rafsky, 1979; Henze, 1988; Liu and Singh, 1993; Henze and Penrose, 1999;
Berrett et al., 2019; Bhattacharya, 2019; Shi et al., 2024, 2022; Lin and Han, 2023).

The contributions of this manuscript are two-fold. First, we show that a statistic that
plays a pivotal role in the analysis of Abadie and Imbens (2006), KM(x) (Abadie and Imbens
(2006, Page 240); to be defined in (3.2.2) of Section 3.2), which measures the number of
matched times of the covariate value x, actually gives rise to a consistent density ratio
estimator in the two-sample setting. Furthermore, from the angle of density ratio estimation,
this NN matching-based estimator is to our knowledge the first one that simultaneously
satisfies being conceptually one-step, computationally efficient, and statistically rate-optimal.
This estimator itself is thus an appealing alternative to existing density ratio estimators.

Getting back to the original ATE estimation problem, our second contribution is to use
the above insights to bridge the bias-corrected matching estimator (Abadie and Imbens,
2011), doubly robust estimators (Scharfstein et al., 1999; Bang and Robins, 2005; Farrell,
2015), and double machine learning estimators (Chernozhukov et al., 2018). In fact, Abadie
and Imbens (2011)’s bias-corrected estimator can be formulated as

τ̂bc
M = τ̂ reg +

1

n

[ n∑
i=1,Di=1

(
1 +

KM(i)

M

)
R̂i −

n∑
i=1,Di=0

(
1 +

KM(i)

M

)
R̂i

]
(see Lemma 3.3.1, with notation introduced in Section 3.3 and KM(i) representing the num-
ber of times the unit i is matched), and then 1 +KM(i)/M converges to the inverses of the
propensity scores 1− e(Xi) and e(Xi) for units with Di = 0 and 1, respectively. One could
then leverage the general double robustness and double machine learning theory to validate
the following two properties of τ̂bc

M .

(1) Consistency: τ̂bc
M converges in probability to the population ATE, if either the den-

sity (propensity score) functions satisfy certain conditions or the outcome (regression)
model is consistently estimated, with M log n/n→ 0 and M →∞ as n→∞.

(2) Semiparametric efficiency: τ̂bc
M is an asymptotically Normal estimator of τ with the

asymptotic variance attaining the semiparametric efficiency lower bound (Hahn, 1998),
if the density functions are sufficiently smooth, the outcome model is consistently
estimated, and M scales with n at a proper rate. Furthermore, a simple consistent
estimator of the asymptotic variance is available.
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Although Abadie and Imbens (2006, Theorem 5) hints at the necessity of allowing M to
diverge for gaining efficiency, we provide rigorous theory for their conjecture. Our results
thus complement those made in Abadie and Imbens (2006, 2011) and provide additional
theoretical justifications for practitioners to use NN matching for inferring the ATE.

Technically, our analysis hinges on a divergingM that grows with n. In contrast, existing
results on NN matching for causal effects (Abadie and Imbens, 2006, 2008, 2011, 2012) all
focused on a fixed M . Instead, we take a different route to establish nonasymptotic moment
bounds on KM(x) with more flexibility in specifying the rate of M with respect to n (see
Lin and Han (2023) for a similar idea in analyzing rank-based statistics).

Paper organization. The rest of this manuscript proceeds as follows. Section 3.2 gives a
brief overview of the NN matching-based density ratio estimator. Section 3.3 revisits Abadie
and Imbens (2011)’s bias-corrected NN matching-based estimator of the ATE, τ̂bc

M . Section
3.4 elaborates on the double robustness and semiparametric efficiency of τ̂bc

M as well as its
double machine learning version. Section 3.5 presents simulation studies to complement
the theory. Section 3.6 includes some final remarks. We relegate technical details to the
appendix as well as an online appendix. Appendices 3.7 and 3.8 introduce the algorithms
and theory for the NN matching-based density ratio estimator. Appendix 3.9 and the online
appendix present the proofs of results in the paper and in the appendix, respectively.

Notation. For any integers n, d ≥ 1, let JnK = {1, 2, . . . , n}, n! be the factorial of n,
and Rd be the d-dimensional real space. A set consisting of distinct elements x1, . . . , xn is
written as either {x1, . . . , xn} or {xi}ni=1, and its cardinality is written by |{xi}ni=1|. The
corresponding sequence is denoted by [x1, . . . , xn] or [xi]

n
i=1. Let 1(·) denote the indicator

function. For any a, b ∈ R, write a ∨ b = max{a, b} and a ∧ b = min{a, b}. We use d−→ and
p−→ to denote convergence in distribution and in probability, respectively. For any sequence

of random variables {Xn}, write Xn = oP(1) if Xn
p−→ 0 and Xn = OP(1) if Xn is bounded

in probability. Let PZ represent the law of a random variable Z.

3.2 Density ratio estimation via NN-matching
Consider two general random vectors X,Z in Rd that are defined on the same probability
space, with d to be a fixed positive integer. Let ν0 and ν1 represent the probability measures
of X and Z, respectively. Assume ν0 and ν1 are absolutely continuous with respect to the
Lebesgue measure λ on Rd equipped with the Euclidean norm ‖·‖; denote the corresponding
densities (Radon–Nikodym derivatives) by f0 and f1. Assume further that ν1 is absolutely
continuous with respect to ν0 and write the corresponding density ratio, f1/f0, as r; set
0/0 = 0 by default.

Assume X1, . . . , XN0 are N0 independent copies of X, Z1, . . . , ZN1 are N1 independent
copies of Z, and [Xi]

N0
i=1 and [Zj]

N1
j=1 are mutually independent. The problem of estimating
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the density ratio r based on {X1, . . . , XN0 , Z1, . . . , ZN1} is fundamental in economics (Cun-
ningham, 2021), information theory (Cover and Thomas, 2006), machine learning (Sugiyama
et al., 2012), statistics (Imbens and Rubin, 2015), and other fields.

In density ratio estimation, NN-based estimators are advocated before due to its compu-
tational efficiency; cf. Lima et al. (2008), Póczos and Schneider (2011), Kremer et al. (2015),
Noshad et al. (2017), Berrett et al. (2019), Zhao and Lai (2020), among many others. Based
on Abadie and Imbens (2006, 2008, 2011, 2012)’s NN matching framework, we propose a
new density ratio estimator based on NN matching. To this end, some necessary notation is
introduced first.

Definition 3.2.1 (NN matching). For any x, z ∈ Rd and M ∈ JN0K,

(i) let X(M)(·) : Rd → {Xi}N0
i=1 be the mapping that returns the value of the input z’s

M -th NN in {Xi}N0
i=1, i.e., the value of x ∈ {Xi}N0

i=1 such that

N0∑
i=1

1
(
‖Xi − z‖ ≤ ‖x− z‖

)
= M ; (3.2.1)

(ii) let KM(·) : Rd → {0}
⋃

JN1K be the mapping that returns the number of matched
times of x, i.e.,

KM(x)=KM

(
x; {Xi}N0

i=1, {Zj}
N1
j=1

)
=

N1∑
j=1

1
(
‖x− Zj‖≤‖X(M)(Zj)− Zj‖

)
; (3.2.2)

(iii) let AM(·) : Rd → B(Rd) be the corresponding mapping from Rd to the class of all Borel
sets in Rd so that

AM(x) = AM
(
x; {Xi}N0

i=1

)
=
{
z ∈ Rd : ‖x− z‖ ≤ ‖X(M)(z)− z‖

}
(3.2.3)

returns the catchment area of x in the setting of (ii);

Because ν0 is absolutely continuous with respect to the Lebesgue measure, (3.2.1) has a
unique solution. Abadie and Imbens (2006, Pages 240 and 260) introduced the terms KM(·)
and AM(·) to analyze the asymptotic behavior of their NN matching-based ATE estimator.
We also adopt their terminology “catchment area” in Definition 3.2.1(iii). Proposition 3.2.1
below formally links KM(·) to AM(·). It was established in the proof of Abadie and Imbens
(2006, Lemma 3), and is stated here to aid understanding.

Proposition 3.2.1. For any x ∈ Rd, we have KM(x) =
∑N1

j=1 1
(
Zj ∈ AM(x)

)
.

Remark 3.2.1 (Relation between AM(Xi)’s and Voronoi tessellation when M = 1). We
can verify that, due to the absolute continuity of ν0, [A1(Xi)]

N0
i=1 are almost surely disjoint

except for a Lebesgue measure zero area, and partition Rd into N0 polygons. Furthermore,
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we can also verify that {A1(Xi)}N0
i=1 are exactly the Voronoi tessellation defined in Voronoi

(1908), which plays a vital role in stochastic and computational geometry. In this case, each
element A1(Xi) is a Voronoi cell from the definition of (3.2.3).

With these notation and concepts, we are now ready to introduce the following density
ratio estimator based on NN matching.

Definition 3.2.2 (NN matching-based density ratio estimator). For any M ∈ JN0K and
x ∈ Rd, we define the following estimator for r(x):

r̂M(x) = r̂M

(
x; {Xi}N0

i=1, {Zj}
N1
j=1

)
=
N0

N1

KM(x)

M
. (3.2.4)

The estimator r̂M(·) is by construction a one-step estimator, and satisfies the following
two properties simultaneously.

(P1) Computationally of low complexity: it is of a sub-quadratic (and nearly linear when M
is small) time complexity via a careful algorithmic formulation based on k-d trees (see
Algorithms 1–2 and Theorem 3.7.1 in Appendix 3.7), and thus in many scientific ap-
plications is computationally more attractive than its optimization-based alternatives
(Lima et al., 2008; Kremer et al., 2015; Borgeaud et al., 2022).

(P2) Statistically rate-optimal: it is information-theoretically efficient in terms of achieving
an upper bound of estimation accuracy that matches the corresponding minimax lower
bound over a class of Lipschitz density functions (see Appendix 3.8).

3.3 Revisiting the bias-corrected matching estimator of
the ATE

This section studies the bias-corrected NN matching-based estimator of the ATE, proposed
in Abadie and Imbens (2011) to correct the asymptotic bias of the original matching-based
estimator derived by Abadie and Imbens (2006). To this end, we leverage the new insights
in Section 3.2 as well as the technical results in Appendices 3.7–3.8, and bridge the study to
both the classic double robustness and the modern double machine learning frameworks.

We first review the setup for the NN matching-based estimator and its bias-corrected
version. Following Abadie and Imbens (2006), let [(Xi, Di, Yi)]

n
i=1 be n independent copies

of (X,D, Y ), where D ∈ {0, 1} is a binary variable, let X ∈ Rd represent the individual
covariates, assumed to be absolute continuous admitting a density fX , and let Y ∈ R stand
for the outcome variable.

For each unit i ∈ JnK, we observe Di = 1 if in the treated group and Di = 0 if in
the control group. Let n0 =

∑n
i=1(1 − Di) and n1 =

∑n
i=1Di be the numbers of control

and treated units, respectively. Under the potential outcomes framework (Rubin, 1974),
the unit i has two potential outcomes, Yi(1) and Yi(0), but we observe only one of them:
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Yi = DiYi(1)+(1−Di)Yi(0). The goal is to estimate the population ATE, τ = E[Yi(1)−Yi(0)],
based on the observations {(Xi, Di, Yi)}ni=1. To estimate ATE, we consider its empirical
counterpart τ̂M = n−1

∑n
i=1[Ŷi(1)− Ŷi(0)], where Ŷi(0) and Ŷi(1) are the imputed outcomes

of Yi(0) and Yi(1). Following Abadie and Imbens (2006), we focus on the matching-based
estimator by imputing missing potential outcomes as

Ŷi(0) =

{
Yi, if Di = 0,
1
M

∑
j∈JM (i) Yj, if Di = 1

and Ŷi(1) =

{
1
M

∑
j∈JM (i) Yj, if Di = 0,

Yi, if Di = 1.

Here JM(i) represents the index set ofM -NNs of Xi in {Xj : Dj = 1−Di}nj=1, i.e., the set of
all indices j ∈ JnK such that Dj = 1−Di and

∑n
`=1,D`=1−Di 1(‖X`−Xi‖ ≤ ‖Xj−Xi‖) ≤M .

With a slight abuse of notation, let KM(i) represent the number of matched times for unit
i, i.e., KM(i) =

∑n
j=1,Dj=1−Di 1(i ∈ JM(j)). We can then rewrite the above matching-based

estimator as

τ̂M =
1

n

[ n∑
i=1,Di=1

(
1 +

KM(i)

M

)
Yi −

n∑
i=1,Di=0

(
1 +

KM(i)

M

)
Yi

]
. (3.3.1)

However, when d > 1, the bias of τ̂M is asymptotically non-negligible (Abadie and Imbens,
2006). To fix this, Abadie and Imbens (2011) proposed the following bias-corrected version
for τ̂M . In detail, let µ̂0(x) and µ̂1(x) be mappings from Rd to R that estimate the conditional
means of the outcomes µ0(x) = E[Y |X = x,D = 0] and µ1(x) = E[Y |X = x,D = 1],
respectively, with the corresponding residuals R̂i = Yi − µ̂Di(Xi), i ∈ JnK. Define the
estimator based on outcome regressions as τ̂ reg = n−1

∑n
i=1[µ̂1(Xi) − µ̂0(Xi)]. Consider the

bias-corrected matching-based estimator in Abadie and Imbens (2011):

τ̂bc
M =

1

n

n∑
i=1

[
Ŷ bc
i (1)− Ŷ bc

i (0)
]
, (3.3.2)

with

Ŷ bc
i (0) =

{
Yi, if Di = 0,
1
M

∑
j∈JM (i)(Yj + µ̂0(Xi)− µ̂0(Xj)), if Di = 1,

and

Ŷ bc
i (1) =

{
1
M

∑
j∈JM (i)(Yj + µ̂1(Xi)− µ̂1(Xj)), if Di = 0,

Yi, if Di = 1.

Lemma 3.3.1 below shows an equivalent form of τ̂bc
M .

Lemma 3.3.1. The bias-corrected matching-based estimator in (3.3.2) can be rewritten in
terms of τ̂ reg and the residuals R̂i’s as:

τ̂bc
M = τ̂ reg +

1

n

[ n∑
i=1,Di=1

(
1 +

KM(i)

M

)
R̂i −

n∑
i=1,Di=0

(
1 +

KM(i)

M

)
R̂i

]
. (3.3.3)
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Otsu and Rai (2017) derived another linear form of τ̂bc
M to motivate a bootstrap procedure

for variance estimation. The form in (3.3.3) is related to doubly robust estimators reviewed
shortly. In detail, we first have some outcome models and residuals defined in the same
way as above, and then let ê(x) : Rd → R be a generic estimator of the propensity score
(Rosenbaum and Rubin, 1983b), e(x) = P(D = 1 |X = x). The doubly robust estimator in
Scharfstein et al. (1999) and Bang and Robins (2005) could then be formulated as

τ̂dr = τ̂ reg +
1

n

[ n∑
i=1,Di=1

1

ê(Xi)
R̂i −

n∑
i=1,Di=0

1

1− ê(Xi)
R̂i

]
. (3.3.4)

Conditional on (D1, . . . , Dn), [Xi : Di = ω]ni=1 are nω i.i.d. random variables sampled from
the distribution of X |D = ω, and the two groups of sample points, [Xi : Di = 0]ni=1 and [Xi :
Di = 1]ni=1, are mutually independent. Let fX |D=ω denote the density of X |D = ω. From
the construction ofKM(i) and results in Appendix 3.8, once allowingM to diverge to infinity,
conditional on (D1, . . . , Dn), n0/n1 ·KM(i)/M and n1/n0 ·KM(i)/M are consistent estimators
of fX |D=1(Xi)/fX |D=0(Xi) and fX |D=0(Xi)/fX |D=1(Xi) for units with Di = 0 and Di = 1,
respectively. Because n1/n0 converges almost surely to P(D = 1)/P(D = 0) by the law of
large numbers, the statistic 1 + KM(i)/M is then a consistent estimator of 1/(1 − e(Xi))
and 1/e(Xi) for units with Di = 0 and Di = 1, respectively. Thus, in view of (3.3.4), the
bias-corrected matching-based estimator τ̂bc

M in (3.3.3) is actually a doubly robust estimator
of τ , and accordingly, should also enjoy all the corresponding desirable properties. This novel
insight into τ̂bc

M allows us to establish its asymptotic properties with a diverging M .

3.4 Asymptotic analysis with diverging M
The theory for matching with a diverging M has been an important gap in the literature.
With a univariate covariate, Abadie and Imbens (2006) provided a heuristic argument about
the additional efficiency gain for τ̂M with larger M . With a general covariate, Abadie and
Imbens (2011) used simulation to evaluate the finite-sample properties of τ̂bc

M and highlighted
the importance of bias correction with large M . Nevertheless, existing theoretical results
for NN matching estimators all focused on fixed M (Abadie and Imbens, 2006, 2008, 2011,
2016; Kallus, 2020; Armstrong and Kolesár, 2021a; Ferman, 2021). In this section, we will
present the corresponding theory with a diverging M and also make connections between
τ̂bc
M and double robustness/double machine learning estimators.

3.4.1 The original matching-based estimator

We first analyze the original bias-corrected matching-based estimator τ̂bc
M . Let Uω = Y (ω)−

µω(X) for ω ∈ {0, 1} and X be the support of X. Let ‖·‖∞ denote the L∞ norm of a function.
We need following assumptions to prove the consistency of τ̂bc

M .
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Assumption 3.4.1. (i) For almost all x ∈ X, D is independent of (Y (0), Y (1)) condi-
tional on X = x, and there exists some constant η > 0 such that η < P(D = 1 |X =
x) < 1− η.

(ii) [(Xi, Di, Yi)]
n
i=1 are i.i.d. following the joint distribution of (X,D, Y ).

(iii) E[U2
ω |X = x] is uniformly bounded for almost all x ∈ X and ω ∈ {0, 1}.

(iv) E[µ2
ω(X)] is bounded for ω ∈ {0, 1}.

Assumption 3.4.2. For ω ∈ {0, 1}, there exists a deterministic function µ̄ω(·) : Rd → R
such that E[µ̄2

ω(X)] is bounded and the estimator µ̂ω(x) satisfies ‖µ̂ω − µ̄ω‖∞ = oP(1).

Assumption 3.4.3. For ω ∈ {0, 1}, the estimator µ̂ω(x) satisfies ‖µ̂ω − µω‖∞ = oP(1).

Assumption 3.4.1(i) is the unconfoundedness and overlap assumptions, and is often re-
ferred to as the strong ignorability condition (Rosenbaum and Rubin, 1983b). Assumption
3.4.2 allows for outcome model misspecification; for example, if µ̂ω = µ̄ω = 0, τ̂bc

M then re-
duces to τ̂M . Assumption 3.4.3 assumes that the outcome models are consistently estimated.

We need the following assumptions to prove the efficiency of τ̂bc
M .

Assumption 3.4.4. (i) E[U2
ω |X = x] is uniformly bounded away from zero for almost

all x ∈ X and ω ∈ {0, 1}.
(ii) There exists some constant κ > 0 such that E[|Uω|2+κ |X = x] is uniformly bounded

for almost all x ∈ X and ω ∈ {0, 1}.
(iii) maxt∈Λbd/2c+1

‖∂tµω‖∞ is bounded, where for any positive integer k, Λk is the set of all
d-dimensional vectors of nonnegative integers t = (t1, . . . , td) such that

∑d
i=1 ti = k

and b·c stands for the floor function.

Assumption 3.4.5. For ω ∈ {0, 1}, the estimator µ̂ω(x) satisfies

max
t∈Λbd/2c+1

‖∂tµ̂ω‖∞ = OP(1) and max
t∈Λ`
‖∂tµ̂ω − ∂tµω‖∞ = OP(n−γ`) for all ` ∈ Jbd/2cK,

with some constants γ`’s satisfying γ` > 1
2
− `

d
for ` = 1, 2, . . . , bd/2c.

Assumption 3.4.4 is comparable to Assumption A.4 and the assumptions in Abadie and
Imbens (2011, Theorem 2). Compared with the assumptions in Abadie and Imbens (2011,
Theorem 2), Assumption 3.4.4(iii) is weaker in the sense that it only requires a finite order
of smoothness. Assumption 3.4.5 again assumes the approximation accuracy of the outcome
models, with lower convergence rates required for higher order derivatives of the outcome
models. Under some smoothness conditions on the outcome model as made in Abadie and
Imbens (2011), Assumption 3.4.5 holds using power series approximation (Abadie and Im-
bens, 2011, Lemma A.1). Lastly, compared with Chernozhukov et al. (2018), we need ap-
proximation accuracy concerning derivatives of the outcome model estimator, which is not
required in Chernozhukov et al. (2018); see Section 3.4.2 for more discussions.
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Theorem 3.4.1 below presents the double robustness and semiparametric efficiency prop-
erties of τ̂bc

M . Recall the semiparametric efficiency lower bound for estimating ATE (see Hahn
(1998)):

σ2 = E
[
µ1(X)− µ0(X) +

D(Y − µ1(X))

e(X)
− (1−D)(Y − µ0(X))

1− e(X)
− τ
]2

,

and introduce an estimator for σ2 based on NN matching:

σ̂2 =
1

n

n∑
i=1

[
µ̂1(Xi)− µ̂0(Xi) + (2Di − 1)

(
1 +

KM(i)

M

)
R̂i − τ̂bc

M

]2

.

Theorem 3.4.1. (i) (Double robustness of τ̂bc
M ) On one hand, if the distribution of (X,D,

Y ) satisfies Assumptions 3.4.1, 3.4.2, either (PX |D=0,PX |D=1) or (PX |D=1,PX |D=0)
satisfies Assumption 3.8.1 in the appendix, and M log n/n → 0 and M → ∞ as n →
∞, then τ̂bc

M − τ
p−→ 0.

On the other hand, if the distribution of (X,D, Y ) satisfies Assumptions 3.4.1 and
3.4.3, then τ̂bc

M − τ
p−→ 0.

(ii) (Semiparametric efficiency of τ̂bc
M ) Assume the distribution of (X,D, Y ) satisfies As-

sumptions 3.4.1, 3.4.4, 3.4.5 and either (PX |D=0,PX |D=1) or (PX |D=1,PX |D=0) sat-
isfies Assumption 3.8.1 in the appendix. Define

γ =
{

min
`∈Jbd/2cK

[
1−

(1

2
− γ`

)d
`

]}
∧
[
1− 1

2

d

bd/2c+ 1

]
,

recalling that γ`’s were introduced in Assumption 3.4.5. Then, ifM →∞ andM/nγ →
0 as n→∞, we have

√
n(τ̂bc

M − τ)
d−→ N(0, σ2).

If in addition Assumption 3.4.3 holds, then σ̂2 p−→ σ2.

Remark 3.4.1. To be in line with the double robustness terminology, we can call As-
sumptions 3.8.1 used in Theorem 3.4.1 the “density (or propensity) model assumptions” and
Assumptions 3.4.3–3.4.5 the “outcome (or regression) model assumptions”.

Remark 3.4.2. The first part of Theorem 3.4.1(i) requires M → ∞ for achieving the
consistency of the propensity score model. When M is fixed and the outcome model is
misspecified, τ̂bc

M is no longer doubly robust in the sense of Theorem 3.4.1. However, it
does not imply that τ̂bc

M is inconsistent for estimating τ . In fact, Abadie and Imbens (2006,
Theorem 3) showed that τ̂bc

M with a fixed M is still consistent even if we choose µ̂w = 0 for
w = 0, 1. One can further show that τ̂bc

M with a fixed M is consistent as long as the outcome
models are smooth but misspecified since the matching discrepancy then converges to zero.

Remark 3.4.3. Theorem 3.4.1 has implications for practical data analysis. We discuss
two. First, it highlights the importance of allowing M to diverge in asymptotic analysis.
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Nevertheless, it is a challenging problem to choose M in finite samples. We use simulation
to illustrate the choice of M . Second, it gives an alternative variance estimator σ̂2 for
the bias-corrected matching estimator when M diverges. Abadie and Imbens (2006) gave
another variance estimator for fixed M . While it is challenging to compare the two variance
estimators in theory, we use simulation to compare them in finite samples. See Section 3.5
for the details of simulation.

If d = 1 and we pick µ̂ω = 0 for ω ∈ {0, 1}, then Assumption 3.4.5 automatically holds
and the bias-corrected estimator τ̂bc

M reduces to the original estimator τ̂M studied in Abadie
and Imbens (2006). Theorem 3.4.1(ii) then directly implies the following corollary that
corresponds to Abadie and Imbens (2006, Corollary 1) with one key difference that M goes
to infinity here.

Corollary 3.4.1 (Semiparametric efficiency of τ̂M when d = 1). Assume d = 1, the dis-
tribution of (X,D, Y ) satisfies Assumptions 3.4.1, 3.4.4, and either (PX |D=0,PX |D=1) or
(PX |D=1,PX |D=0) satisfies Assumption 3.8.1 in the appendix. If M → ∞ and M/n

1
2 → 0

as n→∞, then
√
n(τ̂M − τ)

d−→ N(0, σ2).

Remark 3.4.4. By picking µ̂ω = 0 for τ̂M , Assumption 3.4.3 is in general no longer satisfied.
Accordingly, in Corollary 3.4.1, σ̂2 may not be a consistent estimator of σ2 without additional
assumptions. However, by decomposing σ2 into the form of Theorem 1 in Hahn (1998), one
could still estimate σ2 via a similar and direct way as what is outlined in Section 4 in Abadie
and Imbens (2006). We do not pursue this track in detail here as the case of d = 1 without
Assumption 3.4.3 is beyond the main scope of this manuscript.

3.4.2 A double machine learning version of the matching

Assumptions 3.4.4 and 3.4.5 enforce arguably strong requirements on the smoothness of the
outcome model. To weaken such assumptions, Chernozhukov et al. (2018) introduced the
idea of double machine learning. In this section, we consider the option to combine NN
matching with double machine learning.

Assume n is divisible by K for simplicity. Let [Ik]
K
k=1 be a K-fold random partition of

JnK, with each of size equal to n′ = n/K. For each k ∈ JKK and ω ∈ {0, 1}, construct µ̂ω,k(·)
using data [(Xj, Dj, Yj)]

n
j=1,j /∈Ik , and let KM,k(i) be the number of matched times for unit i

by adding (Xi, Di, Yi) into [(Xj, Dj, Yj)]
n
j=1,j /∈Ik . Define

τ̂
bc
M,k =

1

n′

n∑
i=1,i∈Ik

[
µ̂1,k(Xi)− µ̂0,k(Xi)

]
+

1

n′

[ n∑
i=1,i∈Ik,Di=1

(
1 +

KM,k(i)

M

)
(
Yi − µ̂1,k(Xi)

)
−

n∑
i=1,i∈Ik,Di=0

(
1 +

KM,k(i)

M

)(
Yi − µ̂0,k(Xi)

)]
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for k = 1, . . . , K, and then define τ̃bc
M,K = K−1

∑K
k=1 τ̂

bc
M,k. We can use the same variance

estimator σ̂2 for τ̃bc
M,K .

To analyze τ̃bc
M,K instead of τ̂bc

M , we replace Assumptions 3.4.4 and 3.4.5 with the following
two assumptions.

Assumption 3.4.6. (i) E[U2
ω] is bounded away from zero for ω ∈ {0, 1}.

(ii) There exist some constants κ > 0 such that E[|Y |2+κ] is bounded.

Assumption 3.4.7. For ω ∈ {0, 1}, the estimator µ̂ω(x) satisfies ‖µ̂ω−µω‖∞=oP(n−d/(4+2d)).

Remark 3.4.5. Assumption 3.4.6 corresponds to Assumption 5.1 in Chernozhukov et al.
(2018), and is similar to Assumption 4 in Abadie and Imbens (2006). Assumption 3.4.7
assumes approximation accuracy of the outcome model under the L∞ norm. Abadie and
Imbens (2011) used the power series approximation (Newey, 1997) to estimate the outcome
model, which under some classic nonparametric statistics assumptions automatically satisfies
Assumption 3.4.7 (cf. Lemma A.1 in Abadie and Imbens (2011)). The same conclusion also
applies to spline and wavelet regression estimators; cf. Chen and Christensen (2015).

Remark 3.4.6. Assumption 3.4.7 assumes an approximation rate under L∞ norm. This is
different from the L2 norm put in Chernozhukov et al. (2018, Assumption 5.1), but can be
handled with some trivial modifications to the proof of Chernozhukov et al. (2018, Theorem
5.1) since one can replace the Cauchy–Schwarz inequality by the L1-L∞ Hölder’s inequality.
An L1-norm bound on KM(i)/M , to be established in Theorem 3.8.4 in the appendix, can
then be applied directly.

Theorem 3.4.2. (i) (Double robustness of τ̃bc
M,K) On one hand, if the distribution of

(X,D, Y ) satisfies Assumptions 3.4.1, 3.4.2, either (PX |D=0,PX |D=1) or
(PX |D=1,PX |D=0) satisfies Assumption 3.8.1 in the appendix, and M log n/n→ 0 and
M →∞ as n→∞, then τ̃bc

M,K − τ
p−→ 0.

On the other hand, if the distribution of (X,D, Y ) satisfies Assumptions 3.4.1 and
3.4.3, then τ̃bc

M,K − τ
p−→ 0.

(ii) (Semiparametric efficiency of τ̃bc
M,K) Assume the distribution of (X,D, Y ) satisfies As-

sumptions 3.4.1, 3.4.6, 3.4.7 and either (PX |D=0,PX |D=1) or (PX |D=1,PX |D=0) satis-
fies Assumption 3.8.3 in the appendix. Then if we pick M = αn

2
2+d for some constant

α > 0, then
√
n(τ̃bc

M,K − τ)
d−→ N(0, σ2).

In addition, we have σ̂2 p−→ σ2.

Remark 3.4.7. There are two parts where Theorem 3.4.2(ii) requires stronger conditions
than Theorem 3.4.1(ii). First, Theorem 3.4.2(ii) requires M to grow polynomially fast with
n, whereas Theorem 3.4.1(ii) only requires M to (i) diverge not so fast for controlling the
difference of matching units; and (ii) diverge to infinity (no matter how slowly it is) for
achieving semiparametric efficiency. The assumptions in Theorems 3.4.1(ii) and 3.4.2(ii)
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both ensure semiparametric efficiency for bias-corrected matching-based estimators. Second,
Theorem 3.4.1(ii) only requires Assumption 3.8.1 for the density model. This is again weaker
than the Lipschitz-type conditions (Assumption 3.8.3) assumed in Theorem 3.4.2(ii) but is
in line with the observations made in Abadie and Imbens (2006) and Abadie and Imbens
(2011). Of note, these relaxations are possible due to adding more smoothness assumptions
on the outcome model (Assumptions 3.4.4–3.4.5 versus Assumptions 3.4.6–3.4.7).

Remark 3.4.8. Technically, to use Chernozhukov et al. (2018)’s Theorem 5.1 to establish
Theorem 3.4.2, we need some modifications. This is because Chernozhukov et al. (2018)
considered estimating 1/e(X) and 1/(1−e(X)) via plugging in an estimate of e(X), whereas
τ̃bc
M,K directly uses 1 +KM(X)/M to estimate 1/e(X) and 1/(1− e(X)) for units with D = 1
and D = 0, respectively. We elaborate the modifications in the proof of Theorem 3.4.2(ii).

3.5 Simulation
This section uses simulation to complement the theory. We consider bias-corrected matching
estimators with either a fixed or diverging M , with the asymptotic variance estimated by
either σ̂2 or the estimator introduced in Abadie and Imbens (2006, Section 4).

The first data are from the National Supported Work (LaLonde, 1986). We use the
specific sample studied in Dehejia and Wahba (1999). The data contain 185 treated and
260 control units. To simulate data from this study, we follow the Monte Carlo simula-
tion design of Athey et al. (2024), and use the same pre-treatment variables that include
“age”, “education”, “black”, “hispanic”, “married”, “nodegree”, “re74”, and “re75”. By using the
conditional Wasserstein Generative Adversarial Networks (WGAN), one could then create a
large population of observations similar to the real data, and have access to both potential
outcomes for evaluating the treatment effect. Specifically, we directly use the conditional
WGAN generated data available on the repository of Athey et al. (2024). There the pop-
ulation size is 1,000,000. For a given sample size n, we set n1 = n ∗ 185/(185 + 260) and
n0 = n ∗ 260/(185 + 260), and draw samples from the generated data separately for treated
and control groups. We consider n ∈ {600, 1200, 4800, 9600}.

The second data are from Shadish et al. (2008), which evaluated the effects of mathemat-
ical training on mathematics test performance. We use the data from the nonrandomized
arm. The data contain 79 treated and 131 control units. We use nine pre-treatment covari-
ates including “vocabulary pretest”, “mathematics pretest”, “number of prior mathematics
courses”, “caucasian”, “age”, “male”, “mother education”, “father education”, and “high school
GPA”. We follow the Monte Carlo simulation design of Athey et al. (2024) to generate new
data with population size 1,000,000. For a given sample size n, we set n1 = n∗79/(79+131)
and n0 = n ∗ 131/(79 + 131). Other settings are the same as those of the first data.

We consider the estimator τ̂bc
M with both fixed M ∈ {1, 4, 16} and diverging M =

bαn2/(2+d)c of d = 4 for the first data and d = 7 for the second data; here the diverging
rate is suggested by Theorem 3.8.4. In this study, we pick α ∈ {0.5, 1, 2, 5, 10}. Notice
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that here we choose d = 4 for the first data since in the eight pre-treatment variables there
are only four continuous variables; it is straightforward to check that the rest four binary
variables won’t affect the asymptotic properties established in this manuscript as well as
those in Abadie and Imbens (2006). We choose d = 7 for the second data based on the same
reason. For the outcome models, we consider the second order power series. The estimator’s
asymptotic variance is estimated using either σ̂ in Theorem 3.4.1(ii) (SE) or Abadie and
Imbens (2006)’s (AISE). We implement 2,000 repetitions and Tables 3.1 and 3.2 report the
calculated root-mean-squared-error (RMSE), bias, standard deviation (SD), mean-absolute-
error (MAE), and the empirical coverage rate for nominal 95% and 90% confidence intervals.
Tables 3.1 and 3.2 also provide, inside the parentheses, the root-n scaled RMSE, bias, SD,
and MAE divided by σ∗, with σ∗ computed as the sample size-scaled standard deviation of
τ̂bc
M with the sample size chosen to be 100, 000, α = 1, and 2, 000 Monte Carlo repetitions.
Here we use the value (σ∗)2 to approximate the semiparametric efficiency lower bound if the
assumptions in Theorem 3.4.1 hold.

For the first data, two observations are in-line.

1. Regardless of which n is chosen, picking M = bαn2/(2+d)c with α set to be 1 nearly
always achieves the smallest SD, RMSE, and MAE. The simulation results thus support
our recommendation to increase M for achieving better statistical performance.

2. Although consistency is established under different requirements forM , the two consid-
ered asymptotic variance estimators (SE and AISE) both yield good empirical coverage
rates. The coverage rates are both very close to the nominal ones when n is large and
there is not much difference between the two.

Some similar observations can be found for the second data. Notably, although picking
M = bαn2/(2+d)c with α = 1 is not achieving the smallest RMSE this time, its RMSE is very
close to the smallest. However, for the second data, AISE yields generally better coverage
rates than SE, although SE’s coverage rates are improving as n increases.

To conclude, the simulation results generally support (a) increasing M with the sample
size n for minimizing the RMSE; and (b) exploiting Abadie and Imbens (2006)’s approach
to estimating the asymptotic variance of τ̂bc

M . For choosing the M , the simulation results
favor M = bαn2/(2+d)c with α selected to be 1, while calculating the theoretically optimal α
is believed to be difficult and also is beyond the scope of this manuscript.

The codes to reproduce all the simulation results presented in this section are available
on https://github.com/zhexiaolin/Estimation-based-on-nearest-neighbor-matching.

3.6 Some final remarks
Some alternative matching estimators can also achieve double robustness or semiparametric
efficiency. Yang and Zhang (2023) proposed to use the NN matching based on the propen-
sity score (Rosenbaum and Rubin, 1983b; Abadie and Imbens, 2016) and the prognostic
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Table 3.1: Simulation results, LaLonde (1986), σ∗ = 9.55.

n M RMSE Bias SD MAE 95%Coverage 90%Coverage
SE AISE SE AISE

600 M = 1 1.055(2.71) -0.039(-0.10) 1.054(2.70) 0.469(1.20) 0.930 0.913 0.868 0.858
M = 4 1.043(2.68) -0.038(-0.10) 1.042(2.67) 0.442(1.13) 0.926 0.911 0.862 0.847
M = 16 1.037(2.66) -0.027(-0.07) 1.036(2.66) 0.435(1.12) 0.931 0.913 0.873 0.858
α = 0.5 1.043(2.68) -0.038(-0.10) 1.042(2.67) 0.442(1.13) 0.926 0.911 0.862 0.847
α = 1 1.039(2.67) -0.034(-0.09) 1.039(2.67) 0.437(1.12) 0.928 0.911 0.864 0.845
α = 2 1.037(2.66) -0.027(-0.07) 1.036(2.66) 0.435(1.12) 0.931 0.913 0.873 0.858
α = 5 1.037(2.66) -0.022(-0.06) 1.037(2.66) 0.434(1.11) 0.948 0.927 0.891 0.869
α = 10 1.037(2.66) -0.058(-0.15) 1.036(2.66) 0.433(1.11) 0.947 0.926 0.901 0.882

1200 M = 1 0.341(1.24) -0.001(-0.00) 0.341(1.24) 0.272(0.99) 0.939 0.941 0.886 0.890
M = 4 0.310(1.12) 0.002(0.01) 0.310(1.12) 0.248(0.90) 0.934 0.936 0.884 0.887
M = 16 0.305(1.11) 0.014(0.05) 0.305(1.11) 0.244(0.88) 0.939 0.940 0.887 0.889
α = 0.5 0.309(1.12) 0.003(0.01) 0.309(1.12) 0.247(0.90) 0.940 0.942 0.882 0.883
α = 1 0.305(1.11) 0.008(0.03) 0.305(1.11) 0.244(0.89) 0.941 0.943 0.882 0.884
α = 2 0.306(1.11) 0.018(0.06) 0.305(1.11) 0.244(0.89) 0.939 0.939 0.886 0.887
α = 5 0.307(1.11) 0.029(0.10) 0.306(1.11) 0.246(0.89) 0.950 0.950 0.898 0.895
α = 10 0.307(1.11) 0.020(0.07) 0.306(1.11) 0.245(0.89) 0.955 0.956 0.908 0.907

4800 M = 1 0.163(1.18) -0.001(-0.01) 0.163(1.18) 0.129(0.94) 0.949 0.948 0.900 0.901
M = 4 0.149(1.08) -0.000(-0.00) 0.149(1.08) 0.118(0.86) 0.951 0.951 0.897 0.897
M = 16 0.145(1.05) 0.001(0.01) 0.145(1.05) 0.116(0.84) 0.952 0.950 0.903 0.903
α = 0.5 0.146(1.06) -0.000(-0.00) 0.146(1.06) 0.117(0.85) 0.949 0.948 0.899 0.899
α = 1 0.145(1.05) 0.001(0.01) 0.145(1.05) 0.116(0.84) 0.952 0.950 0.903 0.903
α = 2 0.145(1.05) 0.006(0.04) 0.144(1.05) 0.116(0.84) 0.953 0.953 0.906 0.907
α = 5 0.145(1.05) 0.017(0.12) 0.144(1.05) 0.116(0.84) 0.957 0.957 0.906 0.903
α = 10 0.147(1.06) 0.027(0.19) 0.144(1.05) 0.117(0.85) 0.958 0.958 0.909 0.910

9600 M = 1 0.115(1.18) -0.003(-0.03) 0.115(1.18) 0.092(0.94) 0.951 0.952 0.897 0.896
M = 4 0.106(1.08) -0.002(-0.02) 0.105(1.08) 0.084(0.86) 0.950 0.950 0.901 0.901
M = 16 0.103(1.06) -0.001(-0.01) 0.103(1.06) 0.082(0.84) 0.948 0.948 0.902 0.902
α = 0.5 0.104(1.07) -0.001(-0.01) 0.104(1.07) 0.082(0.85) 0.953 0.951 0.904 0.905
α = 1 0.103(1.06) -0.001(-0.01) 0.103(1.06) 0.082(0.84) 0.950 0.950 0.904 0.903
α = 2 0.103(1.05) 0.001(0.02) 0.103(1.05) 0.082(0.84) 0.954 0.953 0.906 0.906
α = 5 0.104(1.07) 0.010(0.11) 0.103(1.06) 0.083(0.85) 0.951 0.950 0.899 0.898
α = 10 0.106(1.09) 0.020(0.20) 0.104(1.07) 0.084(0.87) 0.951 0.951 0.899 0.900
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Table 3.2: Simulation results, Shadish et al. (2008), σ∗ = 3.85.

n M RMSE Bias SD MAE 95%Coverage 90%Coverage
SE AISE SE AISE

600 M = 1 0.190(1.21) 0.005(0.03) 0.190(1.21) 0.152(0.97) 0.879 0.942 0.806 0.888
M = 4 0.182(1.16) 0.007(0.04) 0.182(1.16) 0.144(0.92) 0.879 0.926 0.799 0.875
M = 16 0.180(1.14) 0.011(0.07) 0.179(1.14) 0.143(0.91) 0.865 0.921 0.785 0.866
α = 0.5 0.185(1.18) 0.006(0.04) 0.185(1.18) 0.147(0.94) 0.875 0.932 0.799 0.880
α = 1 0.182(1.16) 0.007(0.04) 0.182(1.16) 0.144(0.92) 0.879 0.926 0.799 0.875
α = 2 0.180(1.15) 0.009(0.06) 0.180(1.14) 0.143(0.91) 0.870 0.922 0.798 0.866
α = 5 0.179(1.14) 0.012(0.07) 0.179(1.14) 0.143(0.91) 0.863 0.922 0.780 0.863
α = 10 0.179(1.14) 0.012(0.08) 0.179(1.14) 0.142(0.91) 0.856 0.924 0.780 0.864

1200 M = 1 0.130(1.17) 0.006(0.05) 0.129(1.16) 0.103(0.93) 0.905 0.948 0.840 0.893
M = 4 0.123(1.11) 0.008(0.07) 0.123(1.11) 0.098(0.88) 0.898 0.934 0.822 0.879
M = 16 0.122(1.09) 0.013(0.12) 0.121(0.19) 0.097(0.87) 0.892 0.931 0.818 0.878
α = 0.5 0.125(1.13) 0.008(0.07) 0.125(1.13) 0.100(0.90) 0.898 0.943 0.836 0.885
α = 1 0.123(1.11) 0.008(0.07) 0.123(1.11) 0.098(0.88) 0.898 0.934 0.822 0.879
α = 2 0.122(1.10) 0.011(0.10) 0.121(1.09) 0.097(0.87) 0.896 0.934 0.819 0.877
α = 5 0.122(1.10) 0.015(0.13) 0.121(1.09) 0.097(0.87) 0.889 0.932 0.816 0.875
α = 10 0.121(1.09) 0.017(0.16) 0.120(1.08) 0.097(0.87) 0.880 0.930 0.799 0.876

4800 M = 1 0.064(1.15) 0.006(0.11) 0.063(1.14) 0.051(0.91) 0.918 0.943 0.858 0.890
M = 4 0.060(1.09) 0.007(0.12) 0.060(1.08) 0.048(0.87) 0.912 0.939 0.839 0.877
M = 16 0.060(1.08) 0.009(0.17) 0.059(1.07) 0.048(0.86) 0.902 0.926 0.825 0.865
α = 0.5 0.061(1.09) 0.006(0.12) 0.060(1.09) 0.048(0.87) 0.918 0.941 0.844 0.876
α = 1 0.060(1.08) 0.007(0.13) 0.060(1.07) 0.048(0.86) 0.908 0.933 0.838 0.870
α = 2 0.060(1.08) 0.009(0.16) 0.059(1.07) 0.048(0.86) 0.902 0.930 0.829 0.865
α = 5 0.060(1.08) 0.012(0.21) 0.059(1.06) 0.048(0.86) 0.895 0.920 0.824 0.861
α = 10 0.060(1.09) 0.015(0.26) 0.059(1.05) 0.048(0.87) 0.891 0.916 0.819 0.858

9600 M = 1 0.045(1.14) 0.005(0.14) 0.044(1.13) 0.036(0.91) 0.923 0.940 0.864 0.886
M = 4 0.042(1.07) 0.006(0.15) 0.042(1.06) 0.034(0.86) 0.920 0.933 0.853 0.881
M = 16 0.042(1.06) 0.008(0.20) 0.041(1.04) 0.033(0.85) 0.910 0.928 0.847 0.869
α = 0.5 0.042(1.08) 0.006(0.15) 0.042(1.06) 0.034(0.86) 0.922 0.938 0.856 0.882
α = 1 0.042(1.06) 0.006(0.16) 0.041(1.05) 0.033(0.85) 0.916 0.934 0.851 0.872
α = 2 0.042(1.06) 0.008(0.20) 0.041(1.04) 0.033(0.85) 0.912 0.929 0.847 0.869
α = 5 0.042(1.07) 0.010(0.25) 0.041(1.04) 0.034(0.86) 0.902 0.922 0.842 0.862
α = 10 0.042(1.08) 0.012(0.31) 0.041(1.03) 0.034(0.86) 0.897 0.916 0.829 0.860
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score (Hansen, 2008) simultaneously, and established the double robustness of the result-
ing matching estimator. They focused on fixed M , and consequently, their estimator did
not achieve semiparametric efficiency. Wang and Zubizarreta (2023) proposed a matching
method based on integer programming to ensure global balance of the covariates, and estab-
lished the efficiency of the resulting difference-in-means estimator. They focused on fixedM ,
and even with fixedM , their integer programming problem was computationally challenging
compared with NN matching.

There are three additional questions addressed in Abadie and Imbens (2006, 2012). First,
estimation of the average treatment effect on the treated (ATT) can be incorporated in the
double robustness and double machine learning framework (Theorem 3.4.2) and matching
framework (Theorem 3.4.1(ii)) in a similar way. Second, asymptotic normality (with an
additional asymptotic bias term) of τ̂M in general d can be established as Theorem 3.4.1(ii).
Third, unbalanced designs with n0 much larger than n1 cannot be incorporated in the double
robustness and double machine learning framework, but can be studied in the same way as
Theorem 3.4.1(ii).

3.7 Density ratio estimation I: computation
Additional notation. For any two real sequences {an}∞n=1and {bn}∞n=1, write an . bn (or
equivalently, bn & an) if there exists a universal constant C > 0 such that an/bn ≤ C for
all sufficiently large n, and write an ≺ bn (or equivalently, bn � an) if an/bn → 0 as n goes
to infinity. We write an � bn if both an . bn and bn . an hold. We write an = O(bn) if
|an| . bn and an = o(bn) if |an| ≺ bn. Denote the closed ball in Rd centered at x with radius
δ by Bx,δ. In the sequel, let c, C, C ′, C ′′, C ′′′, ... be generic positive constants whose actual
values may change at different locations.

This section discusses implementation and establishes Property (P1) for the proposed
estimator r̂M(·). To this end, we separately discuss two cases:

Case I: estimating only the values of r̂M(·) at the observed data points X1, . . . , XN0 ;

Case II: estimating the values of r̂M(·) at both the observed data points X1, . . . , XN0

and n new points x1, . . . , xn ∈ Rd.

Case I. In many applications, we are only interested in a functional of density ratios
at observed sample points, i.e., the values of Φ

(
{r(Xi)}N0

i=1

)
for some given functions Φ

defined on RN0 . Check, e.g., in a slightly different but symmetric form – (3.3.3) for such
an example on ATE estimation. To this end, it is natural to consider the plug-in estimator
Φ
(
{r̂M(Xi)}N0

i=1

)
, for which it suffices to compute the values of {r̂M(Xi)}N0

i=1.
Built on the k-d tree structure (Bentley, 1975) for tracking NNs, Algorithm 1 below out-

lines an easy to implement algorithm to simultaneously compute all the values of{r̂M(Xi)}N0
i=1.

This algorithm could be regarded as a direct extension of the celebrated Friedman-Bentley-
Finkel algorithm (Friedman et al., 1977) to the NN matching setting.
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Algorithm 1: Density ratio estimators at sample points.
Input: {Xi}N0

i=1, {Zj}
N1
j=1, and M .

Output: {r̂M(Xi)}N0
i=1.

Build a k-d tree using {Xi}N0
i=1;

for j = 1 : N1 do
Search the M -NNs of Zj in {Xi}N0

i=1 using the k-d tree;
Store the indices of the M -NNs of Zj as Sj;

Count and store the number of occurrence in
⋃N1

j=1 Sj for each element in JN0K,
which is then {KM(Xi)}N0

i=1;
Obtain {r̂M(Xi)}N0

i=1 based on (3.2.4).

Case II. Suppose we are interested in estimating density ratios at both the observed
and n new points in Rd. A naive algorithm is then to insert each new point into observed
points and perform Algorithm 1 in order. However, this algorithm is not ideal as the corre-
sponding time complexity would be n times the complexity of Algorithm 1, which could be
computationally heavy with a large number of new points.

Instead, we develop a more sophisticated implementation. Let the new points be {xi}ni=1.
Algorithm 2 computes all the values of {r̂M(xi)}ni=1 as well as {r̂M(Xi)}N0

i=1. The key mes-
sage delivered here is that, compared with the aforementioned naive implementation, in
Algorithm 2 we only need to construct one single k-d tree; the matching elements are then
categorized to two different sets, corresponding to those with regard to Xi’s and xi’s, sepa-
rately. Such an implementation is thus intuitively much more efficient.

Theorem 3.7.1 below elaborates on the computational advantage of the proposed estima-
tor.

Theorem 3.7.1. (1) The average time complexity of Algorithm 1 to compute all the values
of {r̂M(Xi)}N0

i=1 is O
(

(d+N1M/N0)N0 logN0

)
.

(2) Assume [xi]
n
i=1 are independent and identically distributed (i.i.d.) following ν0 and are

independent of [Xi]
N0
i=1. Then the average time complexity of Algorithm 2 to compute all

the values of {r̂M(xi)}ni=1 and {r̂M(Xi)}N0
i=1 is O

(
(d+N1M/N0)(N0 + n) log(N0 + n)

)
.

Remark 3.7.1 (Comparison to non-NN-based estimators). Assuming N0 � N1 � N , it is
worth noting that optimization-based methods are commonly of a time complexity O(N2) if
not worse (Noshad et al., 2017). They are thus less appealing in terms of handling gigantic
data as was argued in, e.g., astronomy (Lima et al., 2008; Kremer et al., 2015) and big text
analysis (Borgeaud et al., 2022) applications.

Remark 3.7.2 (Comparison to the two-step NN-based density ratio estimator). Regarding
Case I, a direct calculation yields that the time complexity of the simple two-step NN-
based method, which separately estimates f1 and f0 based on individual M -NN density
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Algorithm 2: Density ratio estimators at both sample and new points.
Input: {Xi}N0

i=1, {Zj}
N1
j=1, M , and new points {xi}ni=1.

Output: {r̂M(Xi)}N0
i=1 and {r̂M(xi)}ni=1.

Build a k-d tree using {Xi}N0
i=1 ∪ {xi}ni=1;

for j = 1 : N1 do
Set Sj and S ′j be two empty sets;
m← 1;
while |Sj| < M do

Search the m-th NN of Zj in {Xi}N0
i=1 ∪ {xi}ni=1;

if the m-th NN of Zj is in {Xi}N0
i=1 then

add the index into Sj;
else

add the index into S ′j;

m← m+ 1;
Store the indices sets Sj and S ′j;

Count and store the number of occurrence in
⋃N1

j=1 Sj for each element in JN0K,
which is then {KM(Xi)}N0

i=1. Count and store the number of occurrence in
⋃N1

j=1 S
′
j

for each element in JnK, which is then {KM(xi)}ni=1;
Obtain {r̂M(Xi)}N0

i=1 and {r̂M(xi)}ni=1 based on (3.2.4).

estimators, is O(dN0 logN0 + dN1 logN1 + N0M logN0 + N0M logN1). It is thus of the
same order as Algorithm 1 when N1 � N0, while computationally heavier when N1 ≺
N0. Regarding Case II, the time complexity of the simple two-step NN-based method is
O(dN0 logN0 + dN1 logN1 + (N0 + n)M logN0 + (N0 + n)M logN1). Thus, if n is of less or
equal order of N0, it is of the same order when N1 � N0, while computationally heavier than
Algorithm 2 when N1 ≺ N0.

Remark 3.7.3 (Comparison to the one-step NN-based density ratio estimator in Noshad
et al. (2017)). To estimate f -divergence measures, Noshad et al. (2017) constructed another
one-step NN-based estimator admitting the simple form: r̂′M(x) = (N0/N1)(Mi/(Ni + 1)),
where Ni and Mi are the numbers of points in {Xi}N0

i=1 and {Zi}N1
i=1 among the M NNs

of x; cf. Noshad et al. (2017, Equ. (20)). For Case I, its time complexity is O(d(N0 +
N1) log(N0 +N1) +N0M log(N0 +N1)); while for Case II it is O(d(N0 +N1) log(N0 +N1) +
(N0 + n)M log(N0 + N1)). Both are at the same order as the naive NN-based one, but
unlike the naive approach, this estimator is indeed one-step. However, it is still theoretically
unclear if this estimator is statistically efficient; see Remark 3.8.4 ahead for more details.
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3.8 Density ratio estimation II: theory
This section introduces the theory for density ratio estimation based on NN matching. To
this end, before establishing detailed theoretical properties (e.g., consistency and the rate
of convergence) for r̂M(·), we first exhibit a lemma elaborating on the (asymptotic) Lp
moments of ν1(AM(x)), the ν1-measure of the catchment area. This novel result did not
appear in Abadie and Imbens’s analysis. It is also of independent interest in stochastic and
computational geometry in light of Remark 3.2.1.

Lemma 3.8.1 (Asymptotic Lp moments of catchment areas’s ν1-measure). Assuming
M logN0/N0 → 0 as N0 → ∞, we have limN0→∞(N0/M)E[ν1(AM(x))] = r(x) holds for
ν0-almost all x. If we further assume M → ∞, then for any positive integer p, we have
limN0→∞(N0/M)pE[νp1(AM(x))] = [r(x)]p holds for ν0-almost all x.

Remark 3.8.1 (Relation to the measure of Voronoi cells). When M = 1 and ν0 = ν1,
the measure of catchment areas reduces to the measure of Voronoi cells as pointed out in
Remark 3.2.1. Interestingly, in the stochastic geometry literature, Devroye et al. (2017)
studied a related problem of bounding the moments of the measure of Voronoi cells (cf.
Theorem 2.1 therein). Setting M = 1 and ν0 = ν1 in the first part of Lemma 3.8.1 and
recalling Remark 3.2.1, we can derive their Theorem 2.1(i). On the other hand, Devroye et al.
(2017, Theorem 2.1(ii)) showed that when ν0 = ν1, p = 2, and d ≤ 3, (M−1N0)2E[ν2

1(AM(x))]
converges to 1 whereas N2

0 E[ν2
1(A1(x))] does not; cf. Devroye et al. (2017, Section 4.2). This

supports the necessity of forcing M →∞ for stabilizing the moments of r̂M(·).

3.8.1 Consistency

We first establish the pointwise consistency of the estimator r̂M(x) for r(x). This requires
nearly no assumption on ν0, ν1 except for those made at the beginning of Section 3.2, in line
with similar observations made in NN-based density estimation (Biau and Devroye, 2015,
Theorem 3.1).

Theorem 3.8.1 (Pointwise consistency). Assume M logN0/N0 → 0 as N0 →∞.

(i) (Asymptotic unbiasedness) For ν0-almost all x, we have limN0→∞ E
[
r̂M(x)

]
= r(x).

(ii) (Pointwise Lp consistency) Let p be any positive integer and assume further that
MN1/N0 → ∞ and M → ∞ as N0 → ∞. Then for ν0-almost all x, we have
limN0→∞ E

[
|r̂M(x)− r(x)|p

]
= 0.

For evaluating the global consistency of the estimator, on the other hand, it is necessary
to introduce the following (global) Lp risk:

Lp risk = E
[∣∣∣r̂M(X)− r(X)

∣∣∣p ∣∣∣ X1, . . . , XN0 , Z1, . . . , ZN1

]
=

∫
Rd

∣∣∣r̂M(x)− r(x)
∣∣∣pf0(x)dx,
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where X is a copy drawn from ν0 that is independent of the data. For the Lp risk consistency
of the estimator, we impose conditions on ν0 and ν1 further as follows.

Define the supports of ν0 and ν1 as S0 and S1, respectively. For any set S ⊂ Rd, define
the diameter of S as diam(S) = supx,z∈S‖x− z‖.

Assumption 3.8.1. (i) ν0, ν1 are two probability measures on Rd, both are absolutely con-
tinuous with respect to λ, and ν1 is absolutely continuous with respect to ν0.

(ii) There exists a constant R > 0 such that diam(S0) ≤ R.
(iii) There exist two constants fL, fU > 0 such that for any x ∈ S0 and z ∈ S1, fL ≤ f0(x) ≤

fU and f1(z) ≤ fU .
(iv) There exists a constant a ∈ (0, 1) such that for any δ ∈ (0, diam(S0)] and z ∈ S1,

λ(Bz,δ ∩ S0) ≥ aλ(Bz,δ), recalling that Bz,δ represents the closed ball in Rd with center
at z and radius δ.

Remark 3.8.2. Assumption 3.8.1 is standard in the literature for establishing the global
consistency of density ratio estimators. The regularity conditions on the support ensure that
the angle of the support is not too sharp, which trivially hold for any d-dimensional cube.
These conditions were also enforced in Nguyen et al. (2010, Theorem 1), Sugiyama et al.
(2008, Assumption 1), Kpotufe (2017, Definition 1), among many others.

We then establish the Lp risk consistency of the estimator via the Hardy–Littlewood
maximal inequality (Stein, 2016); cf. Lemma C.3.2 in the online appendix. Of note, this
inequality was used in Han et al. (2020) in a relative manner in order to study the information-
theoretic limit of entropy estimation.

Theorem 3.8.2 (Lp risk consistency). Assume the pair of ν0, ν1 satisfies Assumption 3.8.1.
Let p be any positive integer. Assume further that M logN0/N0 → 0, MN1/N0 → ∞, and
M →∞ as N0 →∞. We then have

lim
N0→∞

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣pf0(x)dx

]
= 0.

As a direct corollary of Theorem 3.8.2, one can obtain the limit of any finite moment
of ν1(AM(·)) with a random center. This can be regarded as a global extension to Lemma
3.8.1.

Corollary 3.8.1. Assume the same conditions as in Theorem 3.8.2. We then have
limN0→∞(N0/M)pE[νp1(AM(W ))] = E([r(W )]p), where W follows an arbitrary distribution
that is absolutely continuous with respect to ν0 and has density bounded above and below by
two positive constants. In particular, it holds when W is drawn from ν0.
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3.8.2 Rates of convergence

In this section, we establish the rates of convergence for r̂(x) under both pointwise and global
measures. We first consider the pointwise mean square error (MSE) convergence rate and
show that r̂M(·) is minimax optimal in that regard. In the sequel, we fix an x ∈ Rd and
consider the following local assumption on (ν0, ν1).

Assumption 3.8.2 (Local assumption). (i) ν0, ν1 are two probability measures on Rd,
both are absolutely continuous with respect to λ, and ν1 is absolutely continuous with
respect to ν0.

(ii) There exist two constants fL, fU > 0 such that f0(x) ≥ fL and f1(x) ≤ fU .
(iii) There exists a constant δ > 0 such that for any z ∈ Bx,δ, |f0(x)−f0(z)|∨|f1(x)−f1(z)| ≤

L‖x− z‖ for some constants L > 0.

Define the following probability class

Px,p(fL, fU , L, d, δ) =
{

(ν0, ν1) : Assumption 3.8.2 holds
}
.

The following theorem establishes the uniform pointwise convergence rate of r̂M(·).

Theorem 3.8.3 (Pointwise rates of convergence). Assume M logN0/N0 → 0 and
M/ logN0 →∞ as N0 →∞. Consider a sufficiently large N0.

(i) Asymptotic bias:

sup
(ν0,ν1)∈Px,p(fL,fU ,L,d,δ)

∣∣∣E[r̂M(x)
]
− r(x)

∣∣∣ ≤ C
(M
N0

)1/d

,

where C > 0 is a constant only depending on fL, fU , L, d.

Further assume MN1/N0 →∞ as N0 →∞.

(ii) Asymptotic variance:

sup
(ν0,ν1)∈Px,p(fL,fU ,L,d,δ)

Var
[
r̂M(x)

]
≤ C ′

[( 1

M

)
+
( N0

MN1

)]
,

where C ′ > 0 is a constant only depending on fL, fU .
(iii) Asymptotic MSE:

sup
(ν0,ν1)∈Px,p(fL,fU ,L,d,δ)

E
[
r̂M(x)− r(x)

]2 ≤ C ′′
[(M
N0

)2/d

+
( 1

M

)
+
( N0

MN1

)]
,

where C ′′ > 0 is a constant only depending on fL, fU , L, d.

Further assume N
− d

2+d

1 logN0 → 0 as N0 →∞.
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(iv) Fix α > 0 and take M = α · {N
2

2+d

0 ∨ (N0N
− d

2+d

1 )}. We have

sup
(ν0,ν1)∈Px,p(fL,fU ,L,d,δ)

E
[
r̂M(x)− r(x)

]2 ≤ C ′′′(N0 ∧N1)−
2

2+d , (3.8.1)

where C ′′′ > 0 is a constant only depending on fL, fU , L, d, α.

The final rate of convergence in (3.8.1) matches the established minimax lower bound in
Lipschitz density function estimation (Tsybakov, 2009, Section 2). By some simple manip-
ulation, the argument in Tsybakov (2009, Exercise 2.8) directly extends to density ratio as
the latter is a harder statistical problem (Kpotufe, 2017, Remark 3). This is formally stated
in the following proposition.

Proposition 3.8.1 (Pointwise MSE minimax lower bound). For sufficiently large N0 and
N1,

inf
r̃

sup
(ν0,ν1)∈Px,p(fL,fU ,L,d,δ)

E
[
r̃(x)− r(x)

]2 ≥ c(N0 ∧N1)−
2

2+d ,

where c > 0 is a constant only depending on fL, fU , L, d and the infimum is taken over all
measurable functions.

We then move on to the global risk and study the rates of convergence in this regard. To
this end, a global assumption on (ν0, ν1) is given below.

Assumption 3.8.3 (Global assumption). (i) ν0, ν1 are two probability measures on Rd,
both are absolutely continuous with respect to λ, and ν1 is absolutely continuous with
respect to ν0.

(ii) There exists a constant R > 0 such that diam(S0) ≤ R.
(iii) There exist two constants fL, fU > 0 such that for any x ∈ S0 and z ∈ S1, fL ≤ f0(x) ≤

fU and f1(z) ≤ fU .
(iv) There exists a constant a ∈ (0, 1) such that for any δ ∈ (0, diam(S0)] and any z ∈ S1,

λ(Bz,δ ∩ S0) ≥ aλ(Bz,δ).
(v) There exists a constant H > 0 such that the surface area (Hausdorff measure, Evans

and Garzepy (2018, Section 3.3)) of S1 is bounded by H.
(vi) There exists a constant L > 0 such that for any x, z ∈ S1, |f0(x) − f0(z)| ∨ |f1(x) −

f1(z)| ≤ L‖x− z‖.

Remark 3.8.3. Assumption 3.8.3 is standard in the literature for establishing the global
risk of density ratio estimators; similar assumptions were made in Zhao and Lai (2022,
Assumption 1) and Zhao and Lai (2020, Assumption 1). Note that the regularity conditions
on the support automatically hold for d-dimensional cubes, and the restriction on the surface
area is added to control the boundary effect on NN-based methods.
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Define the following probability class

Pg(fL, fU , L, d, a,H,R) =
{

(ν0, ν1) : Assumption 3.8.3 holds
}
. (3.8.2)

The next theorem establishes the uniform rate of convergence of r̂(·) within the above prob-
ability class under the L1 risk. This rate is further matched by a minimax lower bound
derived in Theorem 1 of Zhao and Lai (2022) using similar arguments as in the pointwise
case.

Theorem 3.8.4 (Global rates of convergence under the L1 risk). Assume M logN0/N0 → 0,
M/ logN0 →∞, MN1/N0 →∞ as N0 →∞. Consider a sufficiently large N0.

(i) We have the following uniform upper bound,

sup
(ν0,ν1)∈Pg(fL,fU ,L,d,a,H,R)

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣f0(x)dx

]
≤C
[(M
N0

)1/d

+
( 1

M

)1/2

+
( N0

MN1

)1/2]
,

where C > 0 is a constant only depending on fL, fU , a,H, L, d.

(ii) Further assume N
− d

2+d

1 logN0 → 0 as N0 → ∞, fix α > 0, and take M = α · {N
2

2+d

0 ∨
(N0N

− d
2+d

1 )}. We then have

sup
(ν0,ν1)∈Pg(fL,fU ,L,d,a,H,R)

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣f0(x)dx

]
≤ C ′(N0 ∧N1)−

1
2+d ,

where C ′ > 0 is a constant only depending on fL, fU , a,H, L, d, α.

Proposition 3.8.2 (Global minimax lower bound under the L1 risk). If a is sufficiently
small and H,R are sufficiently large, then for sufficiently large N0 and N1,

inf
r̃

sup
(ν0,ν1)∈Pg(fL,fU ,L,d,a,H,R)

E
[ ∫

Rd

∣∣∣r̃(x)− r(x)
∣∣∣f0(x)dx

]
≥ c(N0 ∧N1)−

1
2+d ,

where c > 0 is a constant only depending on fL, fU , L, d and the infimum is taken over all
measurable functions.

Remark 3.8.4 (Comparison to the one-step estimator in Noshad et al. (2017)). The estima-
tor introduced in Remark 3.7.3 by Noshad et al. (2017) is, to our knowledge, the only alterna-
tive density ratio estimator in the literature that is able to attain both the property (P1) and
being one-step. However, the arguments in Noshad et al. (2017, Section III) can only yield
the bound E

[
r̂′M(x) − r(x)

]2
. (M/N0)1/d + M−1 for (ν0, ν1) ∈ Px,p(fL, fU , L, d, δ). This is

via Equ. (21) therein, de-poissonizing the estimator, and further assuming N1/N0 converges
to a positive constant. The above bound is strictly looser than the bound (M/N0)2/d +M−1

for r̂M(·) shown in Theorem 3.8.3. However, it seems mathematically challenging to improve
their analysis and accordingly, unlike r̂M(·), it is still theoretically unclear if the estimator
r̂′M(x) is a statistically efficient density ratio estimator.
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3.9 Proofs of the results in Sections 3.3 and 3.4

3.9.1 Proof of Lemma 3.3.1

Proof of Lemma 3.3.1. By simple algebra, we have

τ̂bc
M =

1

n

n∑
i=1

[
Ŷ bc
i (1)− Ŷ bc

i (0)
]

=
1

n

n∑
i=1,Di=1

[
Yi −

1

M

∑
j∈JM (i)

(Yj + µ̂0(Xi)− µ̂0(Xj))
]

+
1

n

n∑
i=1,Di=0

[ 1

M

∑
j∈JM (i)

(Yj + µ̂1(Xi)− µ̂1(Xj))− Yi
]

=
1

n

n∑
i=1,Di=1

[
R̂i + µ̂1(Xi)− µ̂0(Xi)−

1

M

∑
j∈JM (i)

R̂j

]
+

1

n

n∑
i=1,Di=0

[ 1

M

∑
j∈JM (i)

R̂j − R̂i + µ̂1(Xi)− µ̂0(Xi)
]

=
1

n

n∑
i=1

[
µ̂1(Xi)− µ̂0(Xi)

]
+

1

n

[ n∑
i=1,Di=1

(
1 +

KM(i)

M

)
R̂i −

n∑
i=1,Di=0

(
1 +

KM(i)

M

)
R̂i

]
.

This completes the proof.

3.9.2 Proof of Theorem 3.4.1

Proof of Theorem 3.4.1(i). Part I. Suppose the density function is sufficiently smooth. For
any i ∈ JnK, let R̄i = Yi − µ̄Di(Xi). From (3.3.3),

τ̂bc
M = τ̂ reg +

1

n

[ n∑
i=1

Di

(
1 +

KM(i)

M

)
R̂i −

n∑
i=1

(1−Di)
(

1 +
KM(i)

M

)
R̂i

]
=

1

n

n∑
i=1

[
µ̂1(Xi)− µ̄1(Xi)

]
− 1

n

n∑
i=1

[
µ̂0(Xi)− µ̄0(Xi)

]
+

1

n

[ n∑
i=1

(2Di − 1)
(

1 +
KM(i)

M

)(
µ̄Di(Xi)− µ̂Di(Xi)

)]
+

1

n

[ n∑
i=1

Di

(
1 +

KM(i)

M
− 1

e(Xi)

)
R̄i −

n∑
i=1

(1−Di)
(

1 +
KM(i)

M
− 1

1− e(Xi)

)
R̄i

]
+

1

n

[ n∑
i=1

(
1− Di

e(Xi)

)
µ̄1(Xi)−

n∑
i=1

(
1− 1−Di

1− e(Xi)

)
µ̄0(Xi)

]
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+
1

n

[ n∑
i=1

Di

e(Xi)
Yi −

n∑
i=1

1−Di

1− e(Xi)
Yi

]
. (3.9.1)

For each pair of terms, we only establish the first half part under treatment, and the
second half under control can be established in the same way.

For the first term in (3.9.1),∣∣∣ 1
n

n∑
i=1

[
µ̂1(Xi)− µ̄1(Xi)

]∣∣∣ ≤ ‖µ̂1 − µ̄1‖∞ = oP(1). (3.9.2)

For the second term in (3.9.1),∣∣∣ 1
n

n∑
i=1

Di

(
1 +

KM(i)

M

)(
µ̄1(Xi)− µ̂1(Xi)

)∣∣∣
≤‖µ̂1 − µ̄1‖∞

1

n

n∑
i=1

Di

(
1 +

KM(i)

M

)
= ‖µ̂1 − µ̄1‖∞ = oP(1), (3.9.3)

where the last step is due to
∑n

i=1DiKM(i) = n0M .
Notice that from Assumption 3.4.1 (i), PX |D=0 and PX |D=1 share the same support,

and their densities are both bounded and bounded away from zero as long as one is. Then
(PX |D=0,PX |D=1) and (PX |D=1,PX |D=0) both satisfy Assumption 3.8.1 as long as one sat-
isfies. For the third term in (3.9.1), by Theorem 3.8.2,{

E
[∣∣∣ 1
n

n∑
i=1

Di

(
1 +

KM(i)

M
− 1

e(Xi)

)
R̄i

∣∣∣]}2

≤
{

E
[∣∣∣Di

(
1 +

KM(i)

M
− 1

e(Xi)

)
R̄i

∣∣∣]}2

≤E
[
1 +

KM(i)

M
− 1

e(Xi)

]2

E[DiR̄i]
2 = E

[
1 +

KM(i)

M
− 1

e(Xi)

]2

E[Di(Yi(1)− µ̄1(Xi))
2]

≤E
[
1 +

KM(i)

M
− 1

e(Xi)

]2

E
[
σ2

1(Xi) + (µ1(Xi)− µ̄1(Xi))
2
]

= o(1), (3.9.4)

where σ2
1(x) = E[U2

1 |X = x] for x ∈ X.
For the fourth term in (3.9.1), notice that

E
[ 1

n

n∑
i=1

(
1− Di

e(Xi)

)
µ̄1(Xi)

∣∣∣X1, . . . , Xn

]
= 0,

and

Var
[ 1

n

n∑
i=1

(
1− Di

e(Xi)

)
µ̄1(Xi)

]
= E

[
Var

[ 1

n

n∑
i=1

(
1− Di

e(Xi)

)
µ̄1(Xi)

∣∣∣X1, . . . , Xn

]]
=

1

n
E
[
µ̄2

1(Xi)
( 1

e(Xi)
− 1
)]

= O(n−1).
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Then

1

n

n∑
i=1

(
1− Di

e(Xi)

)
µ̄1(Xi) = oP(1). (3.9.5)

For the fifth term in (3.9.1), notice that E[Y 2] are bounded and [(Xi, Di, Yi)]
n
i=1 are i.i.d..

Using the weak law of large numbers yields

1

n

[ n∑
i=1

Di

e(Xi)
Yi −

n∑
i=1

1−Di

1− e(Xi)
Yi

]
p−→ E

[
Yi(1)− Yi(0)

]
= τ. (3.9.6)

Plugging (3.9.2), (3.9.3), (3.9.4), (3.9.5), (3.9.6) into (3.9.1) completes the proof.
Part II. Suppose the outcome model is correct. By (3.3.3),

τ̂bc
M = τ̂ reg +

1

n

[ n∑
i=1

Di

(
1 +

KM(i)

M

)
R̂i −

n∑
i=1

(1−Di)
(

1 +
KM(i)

M

)
R̂i

]
=

1

n

n∑
i=1

[
µ̂1(Xi)− µ1(Xi)

]
− 1

n

n∑
i=1

[
µ̂0(Xi)− µ0(Xi)

]
+

1

n

[ n∑
i=1

(2Di − 1)
(

1 +
KM(i)

M

)(
µDi(Xi)− µ̂Di(Xi)

)]
+

1

n

[ n∑
i=1

Di

(
1 +

KM(i)

M

)(
Yi − µ1(Xi)

)
−

n∑
i=1

(1−Di)
(

1 +
KM(i)

M

)(
Yi − µ0(Xi)

)]
+

1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi)

]
. (3.9.7)

For the first term in (3.9.7),∣∣∣ 1
n

n∑
i=1

[
µ̂1(Xi)− µ1(Xi)

]∣∣∣ ≤ ‖µ̂1 − µ1‖∞ = oP(1). (3.9.8)

For the second term in (3.9.7),∣∣∣ 1
n

n∑
i=1

Di

(
1 +

KM(i)

M

)(
µ1(Xi)− µ̂1(Xi)

)∣∣∣
≤‖µ̂1 − µ1‖∞

1

n

n∑
i=1

Di

(
1 +

KM(i)

M

)
= ‖µ̂1 − µ1‖∞ = oP(1). (3.9.9)

For the third term in (3.9.7), noticing that KM(·) is a function of (X1, . . . , Xn) and
(D1, . . . , Dn), we can obtain

E
[ 1

n

n∑
i=1

Di

(
1 +

KM(i)

M

)(
Yi − µ1(Xi)

) ∣∣∣X1, . . . , Xn, D1, . . . , Dn

]
= 0.
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By a martingale representation (Abadie and Imbens, 2012) and then the martingale
convergence theorem (which holds for both fixed and diverging M), we obtain

1

n

n∑
i=1

Di

(
1 +

KM(i)

M

)(
Yi − µ1(Xi)

)
= oP(1). (3.9.10)

For the fourth term in (3.9.7), notice that E[µ2
ω(X)] is bounded for ω ∈ {0, 1}. Using the

weak law of large number, we obtain

1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi)

]
p−→ E

[
µ1(Xi)− µ0(Xi)

]
= τ. (3.9.11)

Plugging (3.9.8), (3.9.9), (3.9.10), (3.9.11) into (3.9.7) completes the proof.

Proof of Theorem 3.4.1 (ii). For ω ∈ {0, 1} and m ∈ JMK, let jm(i) represent the index of
mth-NN of Xi in {Xj : Dj = 1 − Di}nj=1, i.e., the index j ∈ JnK such that Dj = 1 − Di

and
∑n

`=1,D`=1−Di 1(‖X` − Xi‖ ≤ ‖Xj − Xi‖) = m. With a little abuse of notation, let
εi = Yi − µDi(Xi) for any i ∈ JnK. By the definition of τ̂bc

M in (3.3.3), we can verify the
decomposition τ̂bc

M = τ̄(X) + EM +BM − B̂M , where

τ̄(X) =
1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi)

]
,

EM =
1

n

n∑
i=1

(2Di − 1)
(

1 +
KM(i)

M

)
εi,

BM =
1

n

n∑
i=1

(2Di − 1)
[ 1

M

M∑
m=1

(
µ1−Di(Xi)− µ1−Di(Xjm(i))

)]
,

B̂M =
1

n

n∑
i=1

(2Di − 1)
[ 1

M

M∑
m=1

(
µ̂1−Di(Xi)− µ̂1−Di(Xjm(i))

)]
.

We have the following central limit theorem on τ̄(X) + EM .

Lemma 3.9.1.
√
nσ−1/2(τ̄(X) + EM − τ)

d−→ N(0, 1).

For the bias term BM − B̂M , define Um,i = Xjm(i)−Xi for any i ∈ JnK and m ∈ JMK. We
then have the following lemma bounding the moments of UM,i.

Lemma 3.9.2. Let p be any positive integer. Then there exists a constant Cp > 0 only
depending on p such that for any i ∈ JnK and M ∈ Jn1−DiK, E[‖UM,i‖p |D1, . . . , Dn] ≤
Cp(M/n1−Di)

p/d.

In light of the smoothness conditions on µω and approximation conditions on µ̂ω for
ω ∈ {0, 1}, we can establish the following lemma using Lemma 3.9.2.
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Lemma 3.9.3.
√
n(BM − B̂M)

p−→ 0.

Combining Lemma 3.9.1 and Lemma 3.9.3 completes the proof.

Proof of Theorem 3.4.1(ii), consistency of σ̂2. By definition, we can verify the decomposi-
tion σ̂2 − σ2 = T1 + T2 + T3 + T4, where

T1 =
1

n

n∑
i=1

[
µ̂1(Xi)− µ̂0(Xi) +Di

(
1 +

KM(i)

M

)
R̂i − (1−Di)

(
1 +

KM(i)

M

)
R̂i − τ̂bc

M

]2

− 1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi) +Di

(
1 +

KM(i)

M

)
(Yi − µ1(Xi))

−(1−Di)
(

1 +
KM(i)

M

)
(Yi − µ0(Xi))− τ̂bc

M

]2

,

T2 =
1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi) +Di

(
1 +

KM(i)

M

)
(Yi − µ1(Xi))

−(1−Di)
(

1 +
KM(i)

M

)
(Yi − µ0(Xi))− τ̂bc

M

]2

− 1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi) +

Di

e(Xi)
(Yi − µ1(Xi))−

1−Di

1− e(Xi)
(Yi − µ0(Xi))− τ̂bc

M

]2

,

T3 =
1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi) +

Di

e(Xi)
(Yi − µ1(Xi))−

1−Di

1− e(Xi)
(Yi − µ0(Xi))− τ̂bc

M

]2

− 1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi) +

Di

e(Xi)
(Yi − µ1(Xi))−

1−Di

1− e(Xi)
(Yi − µ0(Xi))− τ

]2

,

T4 =
1

n

n∑
i=1

[
µ1(Xi)− µ0(Xi) +

Di

e(Xi)
(Yi − µ1(Xi))−

1−Di

1− e(Xi)
(Yi − µ0(Xi))− τ

]2

− σ2.

By Assumption 3.4.3, Assumption 3.4.1, Theorem 3.8.2, and the fact that τ̂bc
M = OP(1),

we have T1 = oP(1). By Assumption 3.4.1, Theorem 3.8.2, and τ̂bc
M = OP(1), we have

T2 = oP(1). By Assumption 3.4.1 and τ̂bc
M − τ = oP(1), we have T3 = oP(1). By the fact

that [(Xi, Di, Yi)]
n
i=1 are i.i.d., Assumption 3.4.1 and the weak law of large numbers, we have

T4 = oP(1). Combining the above four facts together then completes the proof.

3.9.3 Proof of Theorem 3.4.2

Proof of Theorem 3.4.2. For Theorem 3.4.2 (i), analysis analogous to the proof of Theo-
rem 3.4.1(i) can be performed on τ̂

bc
M,k for any k ∈ JKK. Then the results apply to τ̃bc

M,K

automatically since K is fixed.
For Theorem 3.4.2 (ii), from Definition 3.1 in Chernozhukov et al. (2018), τ̃bc

M,K is the
double machine learning estimator. We then follow the proof of Theorem 5.1 (recalling
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Remark 3.4.8) and use the notations in Chernozhukov et al. (2018), essentially checking
Assumption 3.1 and 3.2 therein. In the following the notation in Chernozhukov et al. (2018)
is adopted.

For estimating the ATE, from Equ. (5.3) in Chernozhukov et al. (2018), the score (or
the efficient influence function (Tsiatis, 2006, Section 3.4)) is

ψ(X,D, Y ; τ̃ , ζ̃) = µ̃1(X)− µ̃0(X) +
D(Y − µ̃1(X))

ẽ(X)
− (1−D)(Y − µ̃0(X))

1− ẽ(X)
− τ̃ ,

where ζ̃(x) = (µ̃0(x), µ̃1(x), ρ̃0(x), ρ̃1(x)) are the nuisance parameters by letting ρ̃0(x) =
1/(1 − ẽ(x)) and ρ̃1(x) = 1/ẽ(x). Let ρ0(x) = 1/(1 − e(x)) and ρ1(x) = 1/e(x). Then the
true value is ζ(x) = (µ0(x), µ1(x), ρ0(x), ρ1(x)).

We can then write the score as

ψ(X,D, Y ; τ̃ , ζ̃) = µ̃1(X)− µ̃0(X) +D(Y − µ̃1(X))ρ̃1(X)− (1−D)(Y − µ̃0(X))ρ̃0(X)− τ̃ .

For any p > 0, let ‖f‖p = ‖f(X,D, Y )‖p = (
∫
|f(ω)|pdP(X,D,Y )(ω))1/p. For the κ in

Assumption 3.4.1, let q = 2 + κ/2, q1 = 2 + κ and q2 such that q−1 = q−1
1 + q−1

2 . Let Tn be
the set consisting of all ζ̃ such that for ω ∈ {0, 1},

‖µ̃ω − µω‖∞ = o(n−d/(4+2d)), ‖ρ̃ω − ρω‖1 = O(n−1/(d+2)), ‖ρ̃ω − ρω‖q2 = o(1).

Then the selection of Tn satisfies Assumption 3.2(a) in Chernozhukov et al. (2018) from
Assumption 3.4.7, Theorem 3.8.4, and Theorem 3.8.2, respectively.

For step 1 in the proof of Theorem 5.1 in Chernozhukov et al. (2018), we verify the
Neyman orthogonality. We can show that Eψ(X,D, Y ; τ, ζ) = 0. For any ζ̃ ∈ Tn, the
Gateaux derivative in the direction ζ̃ − ζ is

∂ζ̃Eψ(X,D, Y ; τ, ζ)[ζ̃ − ζ] = E[µ̃1(X)− µ1(X)]− E[µ̃0(X)− µ0(X)]

− E[D(µ̃1(X)− µ1(X))ρ1(X)] + E[(1−D)(µ̃0(X)− µ0(X))ρ0(X)]

+ E[D(Y − µ1(X))(ρ̃1(X)− ρ1(X))]− E[(1−D)(Y − µ0(X))(ρ̃0(X)− ρ0(X))].

We can check that the above quantity is zero, which completes this step.
Step 2 and step 3 therein can be directly applied.
For step 4 therein, we can establish in the same way that for ω ∈ {0, 1}, ‖µω‖q1 = O(1)

from ‖Y ‖q1 = O(1), and τ = O(1). Then from Hölder’s inequality and ‖ρω‖∞ is bounded
for ω ∈ {0, 1}, for any ζ̃ ∈ Tn,

‖ψ(X,D, Y ; τ, ζ̃)‖q= ‖µ̃1(X)− µ̃0(X) + (2D − 1)(Y − µ̃D(X))ρ̃D(X)− τ‖q
≤‖µ̃1(X)‖q + ‖µ̃0(X)‖q + ‖(Y − µ̃1(X))ρ̃1(X)‖q + ‖(Y − µ̃0(X))ρ̃0(X)‖q + τ

≤‖µ1‖q + ‖µ̃1 − µ1‖∞ + ‖µ0‖q + ‖µ̃0 − µ0‖∞ + (‖Y ‖q1 + ‖µ1‖q1 + ‖µ̃1 − µ1‖∞)‖ρ̃1‖q2
+ (‖Y ‖q1 + ‖µ0‖q1 + ‖µ̃0 − µ0‖∞)‖ρ̃0‖q2 + τ = O(1).
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The last step is from the definition of Tn. Then we complete this step.
For step 5 therein, by Hölder’s inequality, for any ζ̃ ∈ Tn,

‖ψ(X,D, Y ; τ, ζ̃)− ψ(X,D, Y ; τ, ζ)‖2

≤‖µ̃1 − µ1‖2 + ‖µ̃0 − µ0‖2 + ‖D(Y − µ̃1(X))ρ̃1(X)−D(Y − µ1(X))ρ1(X)‖2

+ ‖(1−D)(Y − µ̃0(X))ρ̃0(X)− (1−D)(Y − µ0(X))ρ0(X)‖2

≤‖µ̃1 − µ1‖∞ + ‖µ̃0 − µ0‖∞ + (‖Y ‖q1 + ‖µ1(X)‖q1)‖ρ̃1 − ρ1‖q2 + ‖µ̃1 − µ1‖∞‖ρ̃1‖2

+ (‖Y ‖q1 + ‖µ0(X)‖q1)‖ρ̃0 − ρ0‖q2 + ‖µ̃0 − µ0‖∞‖ρ̃0‖2 = o(1).

The last step is due to the definition of Tn.
Notice that for any t ∈ (0, 1),

∂2
t Eψ(X,D, Y ; τ, ζ + t(ζ̃ − ζ)) = −2E[(2D − 1)(µ̃D(X)− µD(X))(ρ̃D(X)− ρD(X))].

Then by the definition of Tn, for any ζ̃ ∈ Tn,

|∂2
t Eψ(X,D, Y ; τ, ζ + t(ζ̃ − ζ))| ≤ 2

∑
w∈{0,1}

‖µ̃w − µw‖∞‖ρ̃w − ρw‖1 = o(n−1/2).

We then complete this step and thus complete the proof.
The consistency of the variance estimator can be established in the same way as Theo-

rem 3.4.1(ii).
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Appendix A

Appendix for Chapter 1

Appendix A.1 contains several additional discussions that complement the main text. Ap-
pendix A.1.1 discusses how to compute the b-value efficiently. Appendix A.1.2 extends
our framework to one-sided confidence bounds for τ . Appendix A.1.3 discusses the ad-
vantages of using prespecified point estimators instead of bias-dependent point estimators.
Appendix A.1.4 provides further details on the generalization to the dependent case, com-
plementing the discussion in Section 1.3.5. Appendix A.1.5 discusses further details on the
relationship between the generic soft-thresholding estimator and the estimator in Berger
(1981) and Bickel (1984), complementing the discussion in Section 1.4.2.

Appendix A.2 contains the proofs of the results in the main paper.
Appendix A.3 contains the proofs of the results in the appendix.

A.1 More discussions

A.1.1 Computing the b-value efficiently

In this section, we discuss how to compute the b-value efficiently.
Consider a general combined estimator τ̂ with symmetric fixed-length centered confi-

dence interval [τ̂ − c(b, ζ, σ2
0, σ

2
1), τ̂ + c(b, ζ, σ2

0, σ
2
1)]. By Definition 1.2.2, the b-value b∗(ζ) =

b∗(ζ, τ̂ , σ2
0, σ

2
1) ≥ 0 is the smallest bias level at which the null value 0 is contained in the

confidence interval. Equivalently, it is the solution to the equation of b:

b∗(ζ) = inf
{
b ≥ 0 : 0 ∈ [τ̂ − c(b, ζ, σ2

0, σ
2
1), τ̂ + c(b, ζ, σ2

0, σ
2
1)]
}

= inf
{
b ≥ 0 : c(b, ζ, σ2

0, σ
2
1) ≥ |τ̂ |

}
.

Therefore, the b-value b∗(ζ) is 0 if c(0, ζ, σ2
0, σ

2
1) > |τ̂ |, or is ∞ if c(∞, ζ, σ2

0, σ
2
1) < |τ̂ |.

Otherwise, if we further assume c(b, ζ, σ2
0, σ

2
1) is strictly increasing in b for given ζ, σ2

0, σ
2
1,

then the b-value b∗(ζ) is the unique solution to the equation of b: c(b, ζ, σ2
0, σ

2
1) = |τ̂ |. In this

case, we can compute b∗(ζ) efficiently using standard one-dimensional root-finding methods
such as the bisection algorithm. In many settings, the function c(b, ζ, σ2

0, σ
2
1) does not admit
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a closed-form expression. Instead, we solve an equation of L: g(L; b, ζ, σ2
0, σ

2
1) = 0 to obtain

c(b, ζ, σ2
0, σ

2
1) for some function g depending on b, ζ, σ2

0, σ
2
1. In such cases, we can compute the

b-value by solving g(|τ̂ |; b, ζ, σ2
0, σ

2
1) = 0 as an equation of b. This reduces the computation

of the b-value to a single one-dimensional root-finding problem.
The above discussion provides a general method for computing the b-value for any com-

bined estimator with a symmetric fixed-length centered confidence interval. Now we apply
this method to compute the b-value for the precision-weighted estimator τ̂PW, the pretest
estimator τ̂PT, and the soft-thresholding estimator τ̂ST.

First, the following theorem provides the b-value b∗PW(ζ) for the precision-weighted esti-
mator τ̂PW with confidence interval [τ̂PW − L̂PW(1 + γ)−1/2σ0, τ̂PW + L̂PW(1 + γ)−1/2σ0].

Theorem A.1.1. The b-value b∗PW(ζ) is 0 if

Φ

(
|τ̂PW|

(1 + γ)−1/2σ0

)
− Φ

(
− |τ̂PW|

(1 + γ)−1/2σ0

)
< 1− ζ.

Otherwise, the b-value b∗PW(ζ) can be equivalently written as the solution to the equation of
b:

Φ

(
|τ̂PW|

(1 + γ)−1/2σ0

− γ√
1 + γ

b

)
− Φ

(
− |τ̂PW|

(1 + γ)−1/2σ0

− γ√
1 + γ

b

)
= 1− ζ.

Second, the following theorem provides the b-value b∗PT(ζ) for the pretest estimator τ̂PT

with confidence interval [τ̂PT − L̂PT(1 + γ)−1/2σ0, τ̂PT + L̂PT(1 + γ)−1/2σ0].

Theorem A.1.2. The b-value b∗PT(ζ) is 0 if

P∆/σ0=0(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) < 1− ζ,

and is ∞ if
min
t≥0

P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) > 1− ζ.

Otherwise, the b-value b∗PT(ζ) can be equivalently written as the solution to the equation of b:

min
0≤t≤b

P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) = 1− ζ,

where τ̃PT is independent and identically distributed as τ̂PT, with

P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT)

=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)]

[
Φ
( |τ̂PT|

(1 + γ)−1/2σ0

− γ√
1 + γ

t
)
− Φ

(
− |τ̂PT|

(1 + γ)−1/2σ0

− γ√
1 + γ

t
)]

+

∫ −cα/2−√ γ
1+γ

t

−∞

[
Φ
( |τ̂PT|

(1 + γ)−1/2σ0

+
√
γu
)
− Φ

(
− |τ̂PT|

(1 + γ)−1/2σ0

+
√
γu
)]
φ(u)du

+

∫ ∞
cα/2−
√

γ
1+γ

t

[
Φ
( |τ̂PT|

(1 + γ)−1/2σ0

+
√
γu
)
− Φ

(
− |τ̂PT|

(1 + γ)−1/2σ0

+
√
γu
)]
φ(u)du.
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Third, the following theorem provides the b-value b∗ST(ζ) for the soft-thresholding esti-
mator τ̂ST with confidence interval [τ̂ST − L̂ST(1 + γ)−1/2σ0, τ̂ST + L̂ST(1 + γ)−1/2σ0].

Theorem A.1.3. The b-value b∗ST(ζ) is 0 if

P∆/σ0=0(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) < 1− ζ,

and is ∞ if
P∆/σ0=∞(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) > 1− ζ.

Otherwise, the b-value b∗ST(ζ) can be equivalently written as the solution to the equation of b:

P∆/σ0=b(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) = 1− ζ,

where τ̃ST is independent and identically distributed as τ̂ST, with

P∆/σ0=t(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST)

=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)]

[
Φ
( |τ̂ST|

(1 + γ)−1/2σ0

− γ√
1 + γ

t
)
− Φ

(
− |τ̂ST|

(1 + γ)−1/2σ0

− γ√
1 + γ

t
)]

+

∫ −cα/2−√ γ
1+γ

t

−∞[
Φ
( |τ̂ST|

(1 + γ)−1/2σ0

+
√
γ(u+ cα/2)

)
− Φ

(
− |τ̂ST|

(1 + γ)−1/2σ0

+
√
γ(u+ cα/2)

)]
φ(u)du

+

∫ ∞
cα/2−
√

γ
1+γ

t[
Φ
( |τ̂ST|

(1 + γ)−1/2σ0

+
√
γ(u− cα/2)

)
− Φ

(
− |τ̂ST|

(1 + γ)−1/2σ0

+
√
γ(u− cα/2)

)]
φ(u)du.

A.1.2 One-sided confidence bounds

In this section, we discuss how to construct one-sided confidence bounds within our frame-
work. We only focus on the lower confidence bound since the upper confidence bound can be
constructed in an analogous manner. By using the lower confidence bound, we can conduct
one-sided hypothesis testing, such as testing τ = 0 versus τ > 0 or testing τ ≤ 0 versus
τ > 0. The computation of the b-value in the one-sided setting follows the same logic as in
the two-sided case, so here we focus on the construction of the one-sided confidence bounds.

First, the following theorem provides the sequence of lower confidence bounds based on
τ̂PW, analogous to Theorem 1.3.1.

Theorem A.1.4. Let L̂′PW = L̂′PW(b, ζ, γ) = cζ+
γ√
1+γ

b. The shortest length lower confidence
bound based on τ̂PW for τ satisfying (1.2.1) is given by [τ̂PW − L̂′PW(1 + γ)−1/2σ0,∞).
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Second, the following theorem provides the sequence of lower confidence bounds based
on τ̂PT, analogous to Theorem 1.3.2.

Theorem A.1.5. L̂′PT = L̂′PT(b, ζ, γ, α) is the solution to the following equation of L:

min
0≤t≤b

P∆/σ0=t(τ̂PT − τ ≤ L(1 + γ)−1/2σ0) = 1− ζ,

where

P∆/σ0=t(τ̂PT − τ ≤ L(1 + γ)−1/2σ0)

=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)]

Φ
(
L− γ√

1 + γ
t
)

+

∫ −cα/2−√ γ
1+γ

t

−∞
Φ
(
L+
√
γu
)
φ(u)du+

∫ ∞
cα/2−
√

γ
1+γ

t

Φ
(
L+
√
γu
)
φ(u)du.

The shortest length lower confidence bound based on τ̂PT for τ satisfying (1.2.1) is given by
[τ̂PT − L̂′PT(1 + γ)−1/2σ0,∞).

Third, the following theorem provides the sequence of lower confidence bounds based on
τ̂ST, analogous to Theorem 1.3.3.

Theorem A.1.6. For any L > 0, P∆(τ̂ST− τ ≤ L(1 +γ)−1/2σ0) is monotonically decreasing
in ∆. Then L̂′ST = L̂′ST(b, ζ, γ, α) is the solution to the equation of L:

P∆/σ0=b(τ̂ST − τ ≤ L(1 + γ)−1/2σ0) = 1− ζ,

where

P∆/σ0=t(τ̂ST − τ ≤ L(1 + γ)−1/2σ0)

=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)]

Φ
(
L− γ√

1 + γ
t
)

+

∫ −cα/2−√ γ
1+γ

t

−∞
Φ
(
L+
√
γ(u+ cα/2)

)
φ(u)du+

∫ ∞
cα/2−
√

γ
1+γ

t

Φ
(
L+
√
γ(u− cα/2)

)
φ(u)du.

The shortest length lower confidence bound based on τ̂ST for τ satisfying (1.2.1) is given by
[τ̂ST − L̂′ST(1 + γ)−1/2σ0,∞).

A.1.3 Bias-dependent point estimator

A natural question arises: since the combined estimator τ̂ itself does not depend on the
unknown true bias ∆, could we instead construct confidence intervals using a bias-dependent
point estimator, i.e., one that explicitly depends on ∆? More generally, suppose we have
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an estimator whose expectation is τ + g(∆), where g(·) is a known function of the bias.
There are two natural approaches to subtract the bias from the point estimator. The first
approach is to estimate the bias and subtract it from the point estimator. Specifically, we
can construct an adaptive estimator of the form τ̂ − ĝ(∆), where ĝ(∆) is an estimate of
g(∆). The second approach is to construct a point estimator τ̂ − g(∆) and its corresponding
confidence interval for each possible value of ∆ within the bias bound, and then take the
union of all such intervals. However, the union of these confidence intervals is conservative
since the biased estimator cannot simultaneously exhibit multiple bias values within the
bound. See also Armstrong and Kolesár (2020) for a related argument: they show that using
critical values to account for potential bias is more efficient than subtracting an estimate of
the bias from the point estimator.

We now illustrate why constructing confidence intervals using a prespecified point esti-
mator is more efficient than using a bias-dependent one.

For the first approach, a natural estimate of the bias is ∆̂ = τ̂1−τ̂0. We take the precision-
weighted estimator as an example. Subtracting this estimated bias from the precision-
weighted estimator gives τ̂0 + γ

1+γ
(τ̂1 − τ̂0) − γ

1+γ
∆̂ = τ̂0. Thus, after bias correction, the

estimator collapses to the unbiased estimator τ̂0. In other words, this approach discards the
more precise estimator. The issue is that, when constructing the confidence interval, we need
to account for the randomness in ∆̂, which makes the confidence interval wider. As a result,
this approach provides no efficiency gain over the unbiased estimator.

For the second approach, suppose we know the true bias ∆. Then the bias-corrected
combined estimator is τ̂∆ = τ̂ − g(∆). Suppose the shortest length symmetric centered
confidence interval based on τ̂∆ for τ is given by [τ̂∆ − L̂ζ , τ̂∆ + L̂ζ ], where L̂ζ does not
depend on ∆. When we only have |∆| ≤ b, we take the union of these confidence intervals
over all possible ∆ with |∆| ≤ b. The resulting confidence interval is⋃

∆:|∆|≤b

[τ̂∆ − L̂ζ , τ̂∆ + L̂ζ ] =

[
τ̂ −

(
max

∆:|∆|≤b
g(∆) + L̂ζ

)
, τ̂∆ +

(
max

∆:|∆|≤b
g(∆) + L̂ζ

)]
. (A.1.1)

By Definition 1.2.1, the shortest length symmetric centered confidence interval for τ based
on τ̂ is given by [τ̂ − L̂ζ(b), τ̂ + L̂ζ(b)], where

L̂ζ(b) = argmin
L≥0

{
inf

∆:|∆|≤b
P∆(|τ̂ − τ | ≤ L) ≥ 1− ζ

}
. (A.1.2)

Comparing the confidence interval based on bias-dependent point estimator (A.1.1) with the
confidence interval based on prespecified point estimator (A.1.2), we note that(

max
∆:|∆|≤b

g(∆) + L̂ζ

)
∈
{

inf
∆:|∆|≤b

P∆(|τ̂ − τ | ≤ L) ≥ 1− ζ
}
.

Indeed, for any ∆′ with |∆′| ≤ b,

P∆′

(
|τ̂ − τ | ≤ max

∆:|∆|≤b
g(∆) + L̂ζ

)
≥ P∆′

(
|τ̂ − τ | ≤ g(∆′) + L̂ζ

)
≥ 1− ζ.
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Therefore
L̂ζ(b) ≤ max

∆:|∆|≤b
g(∆) + L̂ζ ,

with equality only when b = 0. Hence, the confidence interval based on prespecified point
estimator is strictly narrower when the bias bound is nonzero. This comparison highlights
a key principle of our framework: instead of accounting for the bias in the point estimation
through subtracting the bias, it is more efficient to account for the bias in the confidence
interval construction through critical values.

A.1.4 More details for the dependence case

In this section, we provide more details on the generalization to the dependence case in
Section 1.3.5 of the main paper. In the reparametrization in (1.3.5), one may be concerned
about how scaling the bias works and how to interpret the relative bias. We compute the
confidence intervals and the b-value by the following three steps.

(a) Reparametrization: We apply the transformation in (1.3.5) to obtain the transformed
biased estimator τ̂ ′1. Under this transformation, τ̂0 remains an unbiased estimator of
τ , and τ̂ ′1 becomes a biased estimator that is independent of τ̂0. We then construct the
combined estimator τ̂ using these two independent components.

(b) Compute the confidence intervals and the b-value in the transformed problem: We next
work in the transformed problem. Let the relative bias in the transformed parametriza-
tion be ∆′/σ0 with bound b′. Using Definition 1.2.1, we construct the confidence in-
terval τ̂ − I(b′, ζ) such that

inf
∆′:|∆′/σ0|≤b′

P∆′(τ ∈ τ̂ − I(b′, ζ)) ≥ 1− ζ,

and compute the corresponding b-value b∗′ in the transformed problem.

(c) Transform the confidence intervals and the b-value back to the original problem: Fi-
nally, we transform the results back to the original problem. Under the transformation
in (1.3.5), the relative biases in the two parametrizations are related by

|∆′/σ0| ≤ b′ ⇐⇒ |∆/σ0| ≤ |1− ρσ1/σ0|b′.

Thus, a bias bound b′ in the transformed parametrization corresponds to a bias bound
b = |1 − ρσ1/σ0|b′ in the original parametrization. Using this relationship, the confi-
dence interval τ̂ − I(b, ζ) satisfies Definition 1.2.1 in the original parametrization:

inf
∆:|∆/σ0|≤b

P∆(τ ∈ τ̂ − I(b, ζ)) ≥ 1− ζ,

and the b-value in the original parametrization is b∗ = |1− ρσ1/σ0|b∗
′ .
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A.1.5 Relationship between the generic soft-thresholding
estimator and the estimator in Berger (1981); Bickel (1984)

In this section, we discuss the relationship between the generic soft-thresholding estimator
and the estimator in Berger (1981); Bickel (1984) in Section 1.4.2 of the main paper. We
consider the special setting studied in Berger (1981) and Bickel (1984), where the covariance
matrices are proportional and isotropic. Specifically, assume Σ0 = σ2

0Id and Σ0 = γΣ1 for
some γ > 0. The γ here generalizes the variance ratio σ2

0/σ
2
1 in the univariate setting. Let

C ≥ 0 be a user-chosen constant and let ρC(r) denote the ratio of Bessel functions, whose
explicit form is given in Lemma 3 of Berger (1981). The constant C here plays the same
role as the critical value cα/2 in the univariate setting. The estimator in Berger (1981) and
Bickel (1984) is then given by choosing the shrinkage function h∗q(r) = ρC/σ2

0
(r) where the

threshold q = q(C) is defined as the solution to

h∗q(q) = 1 ⇐⇒ ρC/σ2
0
(q) = 1.

Suppose we choose the function h∗q(·) as the estimator in Berger (1981) and Bickel (1984),
i.e., h∗q(r) = ρC/σ2

0
(r) with q given above. In the univariate case d = 1, the estimator

τ̂ST reduces to the univariate soft-thresholding estimator τ̂ST. In this case, the user-chosen
constant C in τ̂ST corresponds one-to-one to the significance level α, or equivalently to the
critical value cα/2 in τ̂ST. Consider the special case C = 0. When d ≤ 2, the estimator
τ̂ST reduces to the unbiased estimator τ̂0. However, when d ≥ 3, the behavior of τ̂ST is
different. When C = 0 and d ≥ 3, we have ρC/σ2

0
(r) = ρ0(r) = 2(d − 2)/r, and therefore

the threshold q is given by q = 2(d− 2). If ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q, or equivalently,

‖τ̂1− τ̂0‖2
2 ≤ 2(d−2)(σ2

0 +σ2
1), the estimator τ̂ST reduces to the precision-weighted estimator

τ̂0 + γ
1+γ

(τ̂1 − τ̂0). If instead ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q, or equivalently, ‖τ̂1 − τ̂0‖2

2 >

2(d − 2)(σ2
0 + σ2

1), the estimator τ̂ST takes the James–Stein shrinkage form (Green and
Strawderman, 1991):

τ̂0 + h∗q(‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2)(Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0) = τ̂0 +
2(d− 2)σ2

0

‖τ̂1 − τ̂0‖2
2

(τ̂1 − τ̂0).

A.2 Proofs of the main results

A.2.1 Proof of Theorem 1.3.1

Proof of Theorem 1.3.1. By the definition of τ̂PW, under Assumption 1.2.1, we have

τ̂PW ∼ N

(
τ +

γ

1 + γ
∆,

1

1 + γ
σ2

0

)
.

Equivalently, after standardization,

(1 + γ)1/2σ−1
0 (τ̂PW − τ) ∼ N

(
γ√

1 + γ

∆

σ0

, 1

)
.
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We now evaluate the worst-case coverage probability of the confidence interval

[τ̂PW − L(1 + γ)−1/2σ0, τ̂PW + L(1 + γ)−1/2σ0].

We have

inf
∆:|∆/σ0|≤b

P∆(τ ∈ [τ̂PW − L(1 + γ)−1/2σ0, τ̂PW + L(1 + γ)−1/2σ0])

= inf
∆:|∆/σ0|≤b

P∆(|τ̂PW − τ | ≤ L(1 + γ)−1/2σ0) = inf
∆:|∆/σ0|≤b

P∆(|(1 + γ)1/2σ−1
0 (τ̂PW − τ)| ≤ L)

= inf
∆:|∆/σ0|≤b

P∆

(∣∣∣∣N ( γ√
1 + γ

∆

σ0

, 1

)∣∣∣∣ ≤ L

)
= P

(∣∣∣∣∣N
(

sup
∆:|∆/σ0|≤b

γ√
1 + γ

∆

σ0

, 1

)∣∣∣∣∣ ≤ L

)

=P

(∣∣∣∣N ( γ√
1 + γ

b, 1

)∣∣∣∣ ≤ L

)
= Φ

(
L− γ√

1 + γ
b
)
− Φ

(
− L− γ√

1 + γ
b
)
.

Therefore, the proof is complete since L̂PW is the solution to

Φ
(
L− γ√

1 + γ
b
)
− Φ

(
− L− γ√

1 + γ
b
)

= 1− ζ.

A.2.2 Proof of Theorem 1.3.2

Proof of Theorem 1.3.2. Recall that the pretest estimator τ̂PT is defined as

τ̂PT = τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)1

(
|τ̂1 − τ̂0| ≤ σcα/2

)
.

To characterize the distribution of τ̂PT − τ , note that(
τ̂0 + γ

1+γ
(τ̂1 − τ̂0)− τ
τ̂1 − τ̂0

)
∼ N

(( γ
1+γ

∆

∆

)
,

(
1

1+γ
σ2

0 0

0 σ2
0 + σ2

1

))
.

We first consider the event that the pretest fails to reject, |τ̂1 − τ̂0| ≤ σcα/2. Conditional
on this event, τ̂PT = τ̂0 + γ

1+γ
(τ̂1 − τ̂0), and therefore

(τ̂PT − τ) | {|τ̂1 − τ̂0| ≤ σcα/2} ∼ N

(
γ

1 + γ
∆,

1

1 + γ
σ2

0

)
.

Equivalently, after standardization,

(1 + γ)1/2σ−1
0 (τ̂PT − τ) | {|τ̂1 − τ̂0| ≤ σcα/2} ∼ N

(
γ√

1 + γ

∆

σ0

, 1

)
.
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We next consider the event that the pretest rejects, |τ̂1 − τ̂0| > σcα/2. Conditional on
σ−1(τ̂1 − τ̂0) = u, we have

γ

1 + γ
(τ̂1 − τ̂0) =

√
γ

1 + γ
σ0u.

Since τ̂PT = τ̂0 conditional on this event, we have

(τ̂PT − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}
=(τ̂0 − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}

=(τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)− τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2} −

√
γ

1 + γ
σ0u

∼N
(

γ

1 + γ
∆−

√
γ

1 + γ
σ0u,

1

1 + γ
σ2

0

)
,

which implies

(1 + γ)1/2σ−1
0 (τ̂PT − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2} ∼ N

(
γ√

1 + γ

∆

σ0

−√γu, 1
)
.

We now evaluate the worst-case coverage probability of the confidence interval

[τ̂PT − L(1 + γ)−1/2σ0, τ̂PT + L(1 + γ)−1/2σ0].

We have

inf
∆:|∆/σ0|≤b

P∆(τ ∈ [τ̂PT − L(1 + γ)−1/2σ0, τ̂PT + L(1 + γ)−1/2σ0])

= inf
∆:|∆/σ0|≤b

P∆(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0).

Fixing ∆/σ0 = t, we decompose the probability according to whether the pretest accepts or
rejects:

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0)

=P∆/σ0=t(|(1 + γ)1/2σ−1
0 (τ̂PT − τ)| ≤ L)

=P∆/σ0=t(|(1 + γ)1/2σ−1
0 (τ̂PT − τ)| ≤ L, |τ̂1 − τ̂0| ≤ σcα/2)

+ P∆/σ0=t(|(1 + γ)1/2σ−1
0 (τ̂PT − τ)| ≤ L, |τ̂1 − τ̂0| > σcα/2)

=P

(∣∣∣∣N ( γ√
1 + γ

t, 1

)∣∣∣∣ ≤ L

)
P

(∣∣∣∣N (√ γ

1 + γ
t, 1

)∣∣∣∣ ≤ cα/2

)
+ EU∼N(

√
γ

1+γ
t,1)

[
P

(∣∣∣∣N ( γ√
1 + γ

t−√γU, 1
)∣∣∣∣ ≤ L

)
1
(
|U | > cα/2

)]
=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)][

Φ
(
L− γ√

1 + γ
t
)
− Φ

(
− L− γ√

1 + γ
t
)]
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+

∫ −cα/2−√ γ
1+γ

t

−∞

[
Φ
(
L+
√
γu
)
− Φ

(
− L+

√
γu
)]
φ(u)du

+

∫ ∞
cα/2−
√

γ
1+γ

t

[
Φ
(
L+
√
γu
)
− Φ

(
− L+

√
γu
)]
φ(u)du,

which yields exactly the expression in (1.3.2).
Finally, since the coverage probability is symmetric in ∆, the worst case over |∆/σ0| ≤ b

is attained for some t ∈ [0, b]. Choosing L̂PT to satisfy

min
0≤t≤b

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) = 1− ζ

completes the proof.

A.2.3 Proof of Theorem 1.3.3

Proof of Theorem 1.3.3. Recall that the soft-thresholding estimator τ̂ST is defined as

τ̂ST = τ̂0 +
γ

1 + γ
(τ̂1− τ̂0)1

(
|τ̂1 − τ̂0| ≤ σcα/2

)
+

γ

1 + γ
σcα/2 sign(τ̂1− τ̂0)1

(
|τ̂1 − τ̂0| > σcα/2

)
.

As before, note that(
τ̂0 + γ

1+γ
(τ̂1 − τ̂0)− τ
τ̂1 − τ̂0

)
∼ N

(( γ
1+γ

∆

∆

)
,

(
1

1+γ
σ2

0 0

0 σ2
0 + σ2

1

))
.

We first consider the event that the pretest accepts, |τ̂1 − τ̂0| ≤ σcα/2. Conditional on
this event, τ̂ST = τ̂0 + γ

1+γ
(τ̂1 − τ̂0), and therefore

(τ̂ST − τ) | {|τ̂1 − τ̂0| ≤ σcα/2} ∼ N

(
γ

1 + γ
∆,

1

1 + γ
σ2

0

)
.

Equivalently, after standardization,

(1 + γ)1/2σ−1
0 (τ̂ST − τ) | {|τ̂1 − τ̂0| ≤ σcα/2} ∼ N

(
γ√

1 + γ

∆

σ0

, 1

)
.

We next consider the event that the pretest rejects, |τ̂1 − τ̂0| > σcα/2. Conditional on
σ−1(τ̂1 − τ̂0) = u, we have

γ

1 + γ
(τ̂1 − τ̂0) =

√
γ

1 + γ
σ0u.

Since τ̂ST = τ̂0 + γ
1+γ

σcα/2 sign(τ̂1 − τ̂0) conditional on this event, we have

(τ̂ST − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}
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=τ̂0 − τ +
γ

1 + γ
σcα/2 sign(τ̂1 − τ̂0) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}

=τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)− τ | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}

−
√

γ

1 + γ
σ0[u− cα/2 sign(u)]

∼N
(

γ

1 + γ
∆−

√
γ

1 + γ
σ0[u− cα/2 sign(u)],

1

1 + γ
σ2

0

)
,

which implies

(1 + γ)1/2σ−1
0 (τ̂ST − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}

∼N
(

γ√
1 + γ

∆

σ0

−√γ[u− cα/2 sign(u)], 1

)
.

We now evaluate the worst-case coverage probability of the confidence interval

[τ̂ST − L(1 + γ)−1/2σ0, τ̂ST + L(1 + γ)−1/2σ0].

We have

inf
∆:|∆/σ0|≤b

P∆(τ ∈ [τ̂ST − L(1 + γ)−1/2σ0, τ̂ST + L(1 + γ)−1/2σ0])

= inf
∆:|∆/σ0|≤b

P∆(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0).

Fixing ∆/σ0 = t, we decompose the probability according to whether the pretest accepts or
rejects:

P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0)

=P∆/σ0=t(|(1 + γ)1/2σ−1
0 (τ̂ST − τ)| ≤ L)

=P∆/σ0=t(|(1 + γ)1/2σ−1
0 (τ̂ST − τ)| ≤ L, |τ̂1 − τ̂0| ≤ σcα/2)

+ P∆/σ0=t(|(1 + γ)1/2σ−1
0 (τ̂ST − τ)| ≤ L, |τ̂1 − τ̂0| > σcα/2)

=P

(∣∣∣∣N ( γ√
1 + γ

t, 1

)∣∣∣∣ ≤ L

)
P

(∣∣∣∣N (√ γ

1 + γ
t, 1

)∣∣∣∣ ≤ cα/2

)
+ EU∼N(

√
γ

1+γ
t,1)

[
P

(∣∣∣∣N ( γ√
1 + γ

t−√γ[U − cα/2 sign(U)], 1

)∣∣∣∣ ≤ L

)
1
(
|U | > cα/2

)]
=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)][

Φ
(
L− γ√

1 + γ
t
)
− Φ

(
− L− γ√

1 + γ
t
)]

+

∫ −cα/2−√ γ
1+γ

t

−∞

[
Φ
(
L+
√
γ(u+ cα/2)

)
− Φ

(
− L+

√
γ(u+ cα/2)

)]
φ(u)du
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+

∫ ∞
cα/2−
√

γ
1+γ

t

[
Φ
(
L+
√
γ(u− cα/2)

)
− Φ

(
− L+

√
γ(u− cα/2)

)]
φ(u)du.

which yields exactly the expression in (1.3.4).
To establish the monotonicity of the coverage probability in |∆|, fix L > 0 and write

t = ∆/σ0. Since P∆(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) is symmetric about ∆ = 0, it suffices to
consider t ≥ 0. By Lemma 1.3.2, we have

(1 + γ)1/2σ−1
0 (τ̂ST − τ)

d
= Z +

γ√
1 + γ

t−√γ S(U),

where Z ∼ N(0, 1) is independent of U ∼ N(
√

γ
1+γ

t, 1) and S(u) = sign(u)(|u| − cα/2)+.
Consequently, we can write the coverage probability as

P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) = E [Φ (L− µt(U))− Φ (−L− µt(U))] ,

with µt(U) = γ√
1+γ

t − √γ S(U). The function µ 7→ Φ(L − µ) − Φ(−L − µ) is even and
strictly decreasing in |µ|. Moreover, increasing t shifts the distribution of U away from zero,
which increases |µt(U)| in the sense of stochastic order. Therefore, the coverage probability
is nonincreasing in t ≥ 0, or equivalently, monotonically decreasing in |∆|.

Finally, since the coverage probability is symmetric in ∆ and monotonically decreasing
in |∆|, the worst case over |∆/σ0| ≤ b is attained at ∆/σ0 = b. Choosing L̂ST to satisfy

P∆/σ0=b(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) = 1− ζ

completes the proof.

A.2.4 Proof of Theorem 1.4.1

Proof of Theorem 1.4.1. By the definition of τ̂PW, under Assumption 1.4.1, we have

τ̂PW ∼ N(τ + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 ∆, (Σ−1

0 + Σ−1
1 )−1).

Equivalently, after standardization,

(Σ−1
0 + Σ−1

1 )1/2(τ̂PW − τ ) ∼ N((Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆, Id),

which implies

(τ̂PW − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PW − τ ) ∼ χ2
d

(∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2

)
,

where χ2
d(·) denotes the noncentral chi-squared distribution with d degrees of freedom.
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We now evaluate the worst-case coverage probability of the quadratic confidence region

{τ ∈ Rd : (τ̂PW − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PW − τ ) ≤M}.

We have

inf
∆:|[Σ−1/2∆]j |≤bj ,∀j=1,2,...,d

P∆

(
(τ̂PW − τ )>(Σ−1

0 + Σ−1
1 )(τ̂PW − τ ) ≤M

)
= inf

∆:|[Σ−1/2∆]j |≤bj ,∀j=1,2,...,d
P∆

(
χ2
d

(∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2

)
≤M

)
=P

(
χ2
d

(
sup

∆:|[Σ−1/2∆]j |≤bj ,∀j=1,2,...,d

∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2

)
≤M

)
.

To evaluate the supremum in the noncentrality parameter, note that∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2
=
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 Σ1/2(Σ−1/2∆)
∥∥2

2
,

which is a convex quadratic function of u = Σ−1/2∆. Since the constraint |uj| ≤ bj defines
a hyperrectangle, the maximum of this convex quadratic over the constraint set is attained
at a vertex. Therefore,

sup
∆:|[Σ−1/2∆]j |≤bj ,∀j=1,2,...,d

∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2

= sup
s∈{±1}d

∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 Σ1/2b� s

∥∥2

2
.

Finally, choosing M̂PW as the (1 − ζ) upper quantile of the noncentral chi-squared dis-
tribution with d degrees of freedom and the above noncentrality parameter ensures that the
confidence region attains the desired coverage level. This completes the proof.

A.2.5 Proof of Theorem 1.4.2

Proof of Theorem 1.4.2. Recall that the pretest estimator τ̂PT is defined as

τ̂PT = τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0)1

(
‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 ≤ q
)
.

A direct calculation shows that

τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) ⊥⊥ τ̂1 − τ̂0.

Moreover,
τ̂1 − τ̂0 ∼ N(∆,Σ0 + Σ1),
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and

τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) ∼ N(τ + (Σ−1

0 + Σ−1
1 )−1Σ−1

1 ∆, (Σ−1
0 + Σ−1

1 )−1).

We first consider the event that the pretest accepts, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q.

Conditional on this event, τ̂PT = τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0), and therefore

(τ̂PT − τ ) | {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q} ∼ N((Σ−1

0 + Σ−1
1 )−1Σ−1

1 ∆, (Σ−1
0 + Σ−1

1 )−1).

After standardization,

(Σ−1
0 + Σ−1

1 )1/2(τ̂PT − τ ) | {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q}

∼N((Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆, Id),

which implies

(τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) | {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q}

∼χ2
d

(∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2

)
.

We next consider the event that the pretest rejects, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q.

Conditional on (Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, we have

(Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) = (Σ−1

0 + Σ−1
1 )−1Σ−1

1 (Σ0 + Σ1)1/2u.

Since τ̂PT = τ̂0 conditional on this event, we have

(τ̂PT − τ ) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

=τ̂0 | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

=τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u,

‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q} − (Σ−1

0 + Σ−1
1 )−1Σ−1

1 (Σ0 + Σ1)1/2u

∼N((Σ−1
0 + Σ−1

1 )−1Σ−1
1 [∆− (Σ0 + Σ1)1/2u], (Σ−1

0 + Σ−1
1 )−1).

After standardization,

(Σ−1
0 + Σ−1

1 )1/2(τ̂PT − τ ) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

∼N((Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 [∆− (Σ0 + Σ1)1/2u], Id),

which implies

(τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u,

‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

∼χ2
d

(∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 [∆− (Σ0 + Σ1)1/2u]

∥∥2

2

)
.
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We now evaluate the worst-case coverage probability of the confidence region

{τ ∈ Rd : (τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) ≤M}.

We decompose the coverage probability according to whether the pretest accepts or rejects:

P∆

(
(τ̂PT − τ )>(Σ−1

0 + Σ−1
1 )(τ̂PT − τ ) ≤M

)
=P∆

(
(τ̂PT − τ )>(Σ−1

0 + Σ−1
1 )(τ̂PT − τ ) ≤M, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 ≤ q
)

+ P∆

(
(τ̂PT − τ )>(Σ−1

0 + Σ−1
1 )(τ̂PT − τ ) ≤M, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 > q
)

=Ψ
(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 ∆
∥∥2

2

)
Ψ
(
q;
∥∥(Σ0 + Σ1)−1/2∆

∥∥2

2

)
+

∫
‖u‖22>q

Ψ
(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 [∆− (Σ0 + Σ1)1/2u]
∥∥2

2

)
φ
(
u; (Σ0 + Σ1)−1/2∆

)
du,

which yields exactly the expression in (1.4.4) by taking Σ−1/2∆ = t.
Finally, choosing M̂PT to satisfy

inf
∆:|Σ−1/2∆|≤b

P∆((τ̂PT − τ )>(Σ−1
0 + Σ−1

1 )(τ̂PT − τ ) ≤M) = 1− ζ

completes the proof.

A.2.6 Proof of Theorem 1.4.3

Proof of Theorem 1.4.3. Recall that the soft-thresholding estimator τ̂ST is defined as

τ̂ST = τ̂0 + hq(‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2)(Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0).

A direct calculation shows that

τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) ⊥⊥ τ̂1 − τ̂0.

Moreover,
τ̂1 − τ̂0 ∼ N(∆,Σ0 + Σ1),

and

τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) ∼ N(τ + (Σ−1

0 + Σ−1
1 )−1Σ−1

1 ∆, (Σ−1
0 + Σ−1

1 )−1).

We first consider the event that the pretest accepts, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q.

Conditional on this event, τ̂ST = τ̂0 + (Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0), and therefore

(τ̂ST − τ ) | {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q} ∼ N((Σ−1

0 + Σ−1
1 )−1Σ−1

1 ∆, (Σ−1
0 + Σ−1

1 )−1).
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After standardization,

(Σ−1
0 + Σ−1

1 )1/2(τ̂ST − τ ) | {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q}

∼N((Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆, Id),

which implies

(τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) | {‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 ≤ q}

∼χ2
d

(∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 ∆

∥∥2

2

)
.

We next consider the event that the pretest rejects, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q.

Conditional on (Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, we have

(Σ−1
0 + Σ−1

1 )−1Σ−1
1 (τ̂1 − τ̂0) = (Σ−1

0 + Σ−1
1 )−1Σ−1

1 (Σ0 + Σ1)1/2u.

Since τ̂ST = τ̂0 + h∗q(‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2)(Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0) conditional on
this event, we have

(τ̂ST − τ ) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

=τ̂0 + h∗q(‖u‖2
2)(Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0) |
{(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 > q}
=τ̂0 + (Σ−1

0 + Σ−1
1 )−1Σ−1

1 (τ̂1 − τ̂0) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u,

‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q} − (1− h∗q(‖u‖2

2))(Σ−1
0 + Σ−1

1 )−1Σ−1
1 (Σ0 + Σ1)1/2u

∼N((Σ−1
0 + Σ−1

1 )−1Σ−1
1 [∆− (1− h∗q(‖u‖2

2))(Σ0 + Σ1)1/2u], (Σ−1
0 + Σ−1

1 )−1).

After standardization,

(Σ−1
0 + Σ−1

1 )1/2(τ̂ST − τ ) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

∼N((Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 [∆− (1− h∗q(‖u‖2

2))(Σ0 + Σ1)1/2u], Id),

which implies

(τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) | {(Σ0 + Σ1)−1/2(τ̂1 − τ̂0) = u,

‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2
2 > q}

∼χ2
d

(∥∥(Σ−1
0 + Σ−1

1 )−1/2Σ−1
1 [∆− (1− h∗q(‖u‖2

2))(Σ0 + Σ1)1/2u]
∥∥2

2

)
.

We now evaluate the worst-case coverage probability of the confidence region

{τ ∈ Rd : (τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) ≤M}.

We decompose the coverage probability according to whether the pretest accepts or rejects:

P∆

(
(τ̂ST − τ )>(Σ−1

0 + Σ−1
1 )(τ̂ST − τ ) ≤M

)
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=P∆

(
(τ̂ST − τ )>(Σ−1

0 + Σ−1
1 )(τ̂ST − τ ) ≤M, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 ≤ q
)

+ P∆

(
(τ̂ST − τ )>(Σ−1

0 + Σ−1
1 )(τ̂ST − τ ) ≤M, ‖(Σ0 + Σ1)−1/2(τ̂1 − τ̂0)‖2

2 > q
)

=Ψ
(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 ∆
∥∥2

2

)
Ψ
(
q;
∥∥(Σ0 + Σ1)−1/2∆

∥∥2

2

)
+

∫
‖u‖22>q

Ψ
(
M ;
∥∥(Σ−1

0 + Σ−1
1 )−1/2Σ−1

1 [∆− (1− h∗q(‖u‖2
2))(Σ0 + Σ1)1/2u]

∥∥2

2

)
φ
(
u; (Σ0 + Σ1)−1/2∆

)
du,

which yields exactly the expression in (1.4.5) by taking Σ−1/2∆ = t.
Let t = Σ−1/2∆ and denote by

p(t) := PΣ−1/2∆=t

(
(τ̂ST − τ )>(Σ−1

0 + Σ−1
1 )(τ̂ST − τ ) ≤M

)
.

By construction of the soft-thresholding rule, p(t) is invariant under coordinate-wise sign
flips, i.e., p(t) = p(t � s) for all s ∈ {±1}d. Moreover, for each j ∈ {1, . . . , d} and any
fixed values of the remaining coordinates, the map u 7→ p(t1, . . . , tj−1, u, tj+1, . . . , td) is non-
increasing in |u|. Therefore,

inf
t:|tj |≤bj

p(t) = inf
s∈{±1}d

p(b� s),

i.e., the worst-case coverage probability over the hyperrectangle is attained at a vertex.
Finally, choosing M̂ST to satisfy

inf
∆:Σ−1/2∆=b�s,s∈{−1,1}d

P∆((τ̂ST − τ )>(Σ−1
0 + Σ−1

1 )(τ̂ST − τ ) ≤M) = 1− ζ

completes the proof.

A.2.7 Proof of Theorem 1.5.1

Proof of Theorem 1.5.1. By the definition of τ̂PW, under Assumption 1.5.1, we have

τ̂PW ∼ N

(
τ +

K∑
j=1

γj
1 + ‖γ‖1

∆j,
1

1 + ‖γ‖1

σ2
0

)
.

Equivalently, after standardization,

(1 + ‖γ‖1)1/2σ−1
0 (τ̂PW − τ) ∼ N

(
K∑
j=1

γj√
1 + ‖γ‖1

∆j

σ0

, 1

)
.

We now evaluate the worst-case coverage probability of the confidence interval

[τ̂PW − L(1 + ‖γ‖1)−1/2σ0, τ̂PW + L(1 + ‖γ‖1)−1/2σ0].
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We have

inf
∆:|∆j/σ0|≤bj ,∀j=1,...,K

P∆(|τ̂PW − τ | ≤ L(1 + ‖γ‖1)−1/2σ0)

= inf
∆:|∆j/σ0|≤bj ,∀j=1,...,K

P∆

(∣∣∣∣∣N
(

K∑
j=1

γj√
1 + ‖γ‖1

∆j

σ0

, 1

)∣∣∣∣∣ ≤ L

)

=P

(∣∣∣∣∣N
(

sup
∆:|∆j/σ0|≤bj ,∀j=1,...,K

K∑
j=1

γj√
1 + ‖γ‖1

∆j

σ0

, 1

)∣∣∣∣∣ ≤ L

)

=P

(∣∣∣∣∣N
(

〈γ, b〉√
1 + ‖γ‖1

, 1

)∣∣∣∣∣ ≤ L

)

=Φ

(
L− 〈γ, b〉√

1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, b〉√

1 + ‖γ‖1

)
.

Therefore, the proof is complete since L̂PW is the solution to

Φ

(
L− 〈γ, b〉√

1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, b〉√

1 + ‖γ‖1

)
= 1− ζ.

A.2.8 Proof of Theorem 1.5.2

Proof of Theorem 1.5.2. Recall that the pretest estimator τ̂PT is defined as

τ̂PT = τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)1
(
|τ̂j − τ̂0| ≤ (1 + γ−1

j )1/2σ0cα/2
)
.

Then

(τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 ∼ N(∆/σ0,V ), Vij = 1 + γ−1
i 1(i = j),

and moreover

τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0) ⊥⊥ (τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>.

Rewrite τ̂PT as

τ̂PT = τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)1
(
|τ̂j − τ̂0| ≤ (1 + γ−1

j )1/2σ0cα/2
)
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=τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)−
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)1
(
|τ̂j − τ̂0| > (1 + γ−1

j )1/2σ0cα/2
)
.

Consequently, conditioning on (τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u yields

τ̂PT | {(τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u}

=τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)−
∑

j:|uj |>(1+γ−1
j )1/2cα/2

γj
1 + ‖γ‖1

σ0uj,

∼N

τ +
K∑
j=1

γj
1 + ‖γ‖1

∆j −
∑

j:|uj |>(1+γ−1
j )1/2cα/2

γj
1 + ‖γ‖1

σ0uj,
1

1 + ‖γ‖1

σ2
0

 .

Equivalently,

(1 + ‖γ‖1)1/2σ−1
0 (τ̂PT − τ) | {(τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u}

∼N

 K∑
j=1

γj√
1 + ‖γ‖1

∆j

σ0

−
∑

j:|uj |>(1+γ−1
j )1/2cα/2

γj√
1 + ‖γ‖1

uj, 1

 .

We now evaluate the worst-case coverage probability of the confidence interval

[τ̂PT − L(1 + ‖γ‖1)−1/2σ0, τ̂PT + L(1 + ‖γ‖1)−1/2σ0].

Define u′ ∈ RK coordinate-wise by u′j = uj1(|uj| > (1 + γ−1
j )1/2cα/2) for j = 1, . . . , K. We

have

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0)

=

∫
RK

P∆/σ0=t

(
|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0 | (τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u

)
φt,V (u)du

=

∫
RK

P

(∣∣∣∣∣N
(
〈γ, t− u′〉√

1 + ‖γ‖1

, 1

)∣∣∣∣∣ ≤ L

)
φt,V (u) du

=

∫
RK

[
Φ

(
L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)]
φt,V (u)du,

which yields exactly the expression in the theorem.
Finally, choosing L̂PT to satisfy

inf
∆:|∆/σ0|≤b

P∆(|τ̂PT − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) = 1− ζ

completes the proof.
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A.2.9 Proof of Theorem 1.5.3

Proof of Theorem 1.5.3. Recall that the soft-thresholding estimator τ̂ST is defined as

τ̂ST = τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

[
(τ̂j − τ̂0)1

(
|τ̂j − τ̂0| ≤ (1 + γ−1

j )1/2σ0cα/2
)

+ (1 + γ−1
j )1/2σ0cα/2sign(τ̂j − τ̂0)1

(
|τ̂j − τ̂0| > (1 + γ−1

j )1/2σ0cα/2
) ]
.

Then

(τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 ∼ N(∆/σ0,V ), Vij = 1 + γ−1
i 1(i = j),

and moreover

τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0) ⊥⊥ (τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>.

Rewrite τ̂ST as

τ̂ST =τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

[
(τ̂j − τ̂0)1

(
|τ̂j − τ̂0| ≤ (1 + γ−1

j )1/2σ0cα/2
)

+ (1 + γ−1
j )1/2σ0cα/2sign(τ̂j − τ̂0)1

(
|τ̂j − τ̂0| > (1 + γ−1

j )1/2σ0cα/2
) ]

=τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)−
K∑
j=1

γj
1 + ‖γ‖1[

(τ̂j − τ̂0)− (1 + γ−1
j )1/2σ0cα/2sign(τ̂j − τ̂0)

]
1
(
|τ̂j − τ̂0| > (1 + γ−1

j )1/2σ0cα/2
)
.

Consequently, conditioning on (τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u yields

τ̂ST | {(τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u}

=τ̂0 +
K∑
j=1

γj
1 + ‖γ‖1

(τ̂j − τ̂0)−
∑

j:|uj |>(1+γ−1
j )1/2cα/2

γj
1 + ‖γ‖1

σ0

[
uj − (1 + γ−1

j )1/2cα/2sign(uj)
]

∼N
(
τ +

K∑
j=1

γj
1 + ‖γ‖1

∆j −
∑

j:|uj |>(1+γ−1
j )1/2cα/2

γj
1 + ‖γ‖1

σ0

[
uj − (1 + γ−1

j )1/2cα/2sign(uj)
]
,

1

1 + ‖γ‖1

σ2
0

)
.

Equivalently,

(τ̂ST − τ)/[(1 + ‖γ‖1)−1/2σ0] | {(τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u}
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∼N

 K∑
j=1

γj√
1 + ‖γ‖1

∆j

σ0

−
∑

j:|uj |>(1+γ−1
j )1/2cα/2

γj√
1 + ‖γ‖1

[
uj − (1 + γ−1

j )1/2cα/2sign(uj)
]
, 1

 .

We now evaluate the worst-case coverage probability of the confidence interval

[τ̂ST − L(1 + ‖γ‖1)−1/2σ0, τ̂ST + L(1 + ‖γ‖1)−1/2σ0].

Define u′ ∈ RK coordinate-wise by u′j = [uj − (1 + γ−1
j )1/2cα/2sign(uj)]1(|uj| > (1 +

γ−1
j )1/2cα/2) for j = 1, . . . , K. We have

P∆/σ0=t(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0)

=

∫
RK

P∆/σ0=t

(
|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0 | (τ̂1 − τ̂0, . . . , τ̂K − τ̂0)>/σ0 = u

)
φt,V (u)du

=

∫
RK

P

(∣∣∣∣∣N
(
〈γ, t− u′〉√

1 + ‖γ‖1

, 1

)∣∣∣∣∣ ≤ L

)
φt,V (u) du

=

∫
RK

[
Φ

(
L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)
− Φ

(
−L− 〈γ, t− u

′〉√
1 + ‖γ‖1

)]
φt,V (u)du,

which yields exactly the expression in the theorem.
Let t = Σ−1/2∆ and denote by

p(t) := P∆/σ0=t

(
|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0

)
.

Analogous to the proof of Theorem 1.3.3, we can show that p(t) is symmetric about t = 0
and monotonically decreasing in |tj| for all j = 1, . . . , K. Therefore, the worst-case coverage
probability is attained at t = b.

Finally, choosing L̂ST to satisfy

P∆/σ0=b(|τ̂ST − τ | ≤ L(1 + ‖γ‖1)−1/2σ0) = 1− ζ

completes the proof.

A.3 Proofs of additional results

A.3.1 Proof of Lemma 1.3.1 and Lemma 1.3.2

Proof of Lemma 1.3.1 and Lemma 1.3.2. By Assumption 1.2.1,(
τ̂0 − τ
τ̂1 − τ

)
∼ N

((
0
∆

)
,

(
σ2

0 0
0 σ2

1

))
.
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Hence, by linearity of multivariate normals,(
τ̂0 − τ
τ̂1 − τ̂0

)
∼ N

((
0
∆

)
,

(
σ2

0 −σ2
0

−σ2
0 σ2

0 + σ2
1

))
.

Another linear transformation yields(
τ̂0 + γ

1+γ
(τ̂1 − τ̂0)− τ
τ̂1 − τ̂0

)
∼ N

(( γ
1+γ

∆

∆

)
,

(
1

1+γ
σ2

0 0

0 σ2
0 + σ2

1

))
.

Therefore, there exist independent standard normals Z1,Z2 such that

τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)− τ d

=
γ

1 + γ
∆ +

1√
1 + γ

σ0Z1, τ̂1 − τ̂0
d
= ∆ + σZ2.

Next, by the definitions of τ̂PT and τ̂ST,

τ̂PT =τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)1

(
|τ̂1 − τ̂0| ≤ σcα/2

)
=τ̂0 +

γ

1 + γ
(τ̂1 − τ̂0)− γ

1 + γ
(τ̂1 − τ̂0)1

(
|τ̂1 − τ̂0| > σcα/2

)
,

and

τ̂ST =τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)1

(
|τ̂1 − τ̂0| ≤ σcα/2

)
+

γ

1 + γ
σcα/2 sign(τ̂1 − τ̂0)1

(
|τ̂1 − τ̂0| > σcα/2

)
=τ̂0 +

γ

1 + γ
(τ̂1 − τ̂0)− γ

1 + γ
[(τ̂1 − τ̂0)− σcα/2 sign(τ̂1 − τ̂0)]1

(
|τ̂1 − τ̂0| > σcα/2

)
.

For the pretest estimator,

τ̂PT − τ = τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)− τ − γ

1 + γ
(τ̂1 − τ̂0)1

(
|τ̂1 − τ̂0| > σcα/2

)
d
=

γ

1 + γ
∆ +

1√
1 + γ

σ0Z1 −
γ

1 + γ
(∆ + σZ2)1

(∣∣∣∣Z2 +
∆

σ

∣∣∣∣ > cα/2

)
=

1√
1 + γ

σ0Z1 +
γ

1 + γ
∆1

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ ≤ cα/2

)
−
√

γ

1 + γ
σ0Z21

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ > cα/2

)
,

which proves Lemma 1.3.1.
Similarly, for the soft-thresholding estimator,

τ̂ST − τ = τ̂0 +
γ

1 + γ
(τ̂1 − τ̂0)− γ

1 + γ
[(τ̂1 − τ̂0)− σcα/2 sign(τ̂1 − τ̂0)]1

(
|τ̂1 − τ̂0| > σcα/2

)
d
=

γ

1 + γ
∆ +

1√
1 + γ

σ0Z1 −
γ

1 + γ
[(∆ + σZ2)− σcα/2 sign(∆ + σZ2)]1

(∣∣∣∣Z2 +
∆

σ

∣∣∣∣ > cα/2

)
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=
1√

1 + γ
σ0Z1 +

γ

1 + γ
∆1

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ ≤ cα/2

)
−
√

γ

1 + γ
σ0

(
Z2 − cα/2 sign

(
Z2 +

√
γ

1 + γ

∆

σ0

))
1

(∣∣∣∣Z2 +

√
γ

1 + γ

∆

σ0

∣∣∣∣ > cα/2

)
,

which proves Lemma 1.3.2.

A.3.2 Proof of Theorem A.1.1

Proof of Theorem A.1.1. By Theorem 1.3.1, the shortest symmetric centered confidence in-
terval based on τ̂PW is given by [τ̂PW − L̂PW(1 + γ)−1/2σ0, τ̂PW + L̂PW(1 + γ)−1/2σ0], where
L̂PW is the unique solution to

Φ
(
L− γ√

1 + γ
b
)
− Φ

(
− L− γ√

1 + γ
b
)

= 1− ζ.

By the definition of the b-value,

b∗PW(ζ) = inf
{
b ≥ 0 : 0 ∈ [τ̂PW − L̂PW(1 + γ)−1/2σ0, τ̂PW + L̂PW(1 + γ)−1/2σ0]

}
= inf

{
b ≥ 0 : L̂PW ≥

|τ̂PW|
(1 + γ)−1/2σ0

}
Now evaluate the confidence interval at b = 0. In this case L̂PW(0) solves Φ(L)−Φ(−L) =

1− ζ. If
Φ
( |τ̂PW|

(1 + γ)−1/2σ0

)
− Φ

(
− |τ̂PW|

(1 + γ)−1/2σ0

)
< 1− ζ,

then L̂PW(0) > |τ̂PW|
(1+γ)−1/2σ0

and therefore b∗PW(ζ) = 0.
Otherwise,

Φ
( |τ̂PW|

(1 + γ)−1/2σ0

)
− Φ

(
− |τ̂PW|

(1 + γ)−1/2σ0

)
≥ 1− ζ,

so b∗PW(ζ) ∈ (0,∞). By definition of the infimum, at b = b∗PW(ζ) we must have the boundary
condition

L̂PW(b∗PW(ζ)) =
|τ̂PW|

(1 + γ)−1/2σ0

.

Plugging L = |τ̂PW|
(1+γ)−1/2σ0

into the defining equation of L̂PW yields that b = b∗PW(ζ) solves

Φ
( |τ̂PW|

(1 + γ)−1/2σ0

− γ√
1 + γ

b
)
− Φ

(
− |τ̂PW|

(1 + γ)−1/2σ0

− γ√
1 + γ

b
)

= 1− ζ,

which is the desired characterization.
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A.3.3 Proof of Theorem A.1.2

Proof of Theorem A.1.2. By Theorem 1.3.2, the shortest symmetric centered confidence in-
terval based on τ̂PT is given by [τ̂PT− L̂PT(1 + γ)−1/2σ0, τ̂PT + L̂PT(1 + γ)−1/2σ0], where L̂PT

is the solution to

min
0≤t≤b

P∆/σ0=t(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) = 1− ζ.

By the definition of the b-value,

b∗PT(ζ) = inf
{
b ≥ 0 : 0 ∈ [τ̂PT − L̂PT(1 + γ)−1/2σ0, τ̂PT + L̂PT(1 + γ)−1/2σ0]

}
= inf

{
b ≥ 0 : L̂PT ≥

|τ̂PT|
(1 + γ)−1/2σ0

}
At b = 0, the defining equation for L̂PT becomes P∆/σ0=0(|τ̂PT − τ | ≤ L(1 + γ)−1/2σ0) =

1− ζ. If
P∆/σ0=0(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) < 1− ζ,

then L̂PT(0) > |τ̂PT|
(1+γ)−1/2σ0

and therefore b∗PT(ζ) = 0.

At b = ∞, the defining equation for L̂PT becomes mint≥0 P∆/σ0=t(|τ̂PT − τ | ≤ L(1 +
γ)−1/2σ0) = 1− ζ. If

min
t≥0

P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) > 1− ζ,

then L̂PT(∞) < |τ̂PT|
(1+γ)−1/2σ0

and therefore b∗PT(ζ) =∞.
Otherwise,

min
t≥0

P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) ≤ 1− ζ, and P∆/σ0=0(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) ≥ 1− ζ,

so b∗PW(ζ) ∈ (0,∞). By definition of the infimum, at b = b∗PT(ζ) we must have the boundary
condition

L̂PT(b∗PT(ζ)) =
|τ̂PT|

(1 + γ)−1/2σ0

.

Plugging L = |τ̂PT|
(1+γ)−1/2σ0

into the defining equation of L̂PT yields that b = b∗PT(ζ) solves

min
0≤t≤b

P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) = 1− ζ,

which is the desired characterization.
The explicit form of P∆/σ0=t(|τ̃PT − τ | ≤ |τ̂PT| | τ̂PT) is directly given by Theorem 1.3.2.
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A.3.4 Proof of Theorem A.1.3

Proof of Theorem A.1.3. By Theorem 1.3.3, the shortest symmetric centered confidence in-
terval based on τ̂ST is given by [τ̂ST − L̂ST(1 + γ)−1/2σ0, τ̂ST + L̂ST(1 + γ)−1/2σ0], where L̂ST

is the solution to

P∆/σ0=b(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) = 1− ζ.

By the definition of the b-value,

b∗ST(ζ) = inf
{
b ≥ 0 : 0 ∈ [τ̂ST − L̂ST(1 + γ)−1/2σ0, τ̂ST + L̂ST(1 + γ)−1/2σ0]

}
= inf

{
b ≥ 0 : L̂ST ≥

|τ̂ST|
(1 + γ)−1/2σ0

}
At b = 0, the defining equation for L̂ST becomes P∆/σ0=0(|τ̂ST − τ | ≤ L(1 + γ)−1/2σ0) =

1− ζ. If
P∆/σ0=0(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) < 1− ζ,

then L̂ST(0) > |τ̂ST|
(1+γ)−1/2σ0

and therefore b∗ST(ζ) = 0.

At b =∞, the defining equation for L̂ST becomes P∆/σ0=∞(|τ̂ST− τ | ≤ L(1 +γ)−1/2σ0) =
1− ζ. If

P∆/σ0=∞(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) > 1− ζ,

then L̂ST(∞) < |τ̂ST|
(1+γ)−1/2σ0

and therefore b∗ST(ζ) =∞.
Otherwise,

P∆/σ0=∞(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) ≤ 1− ζ, and P∆/σ0=0(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) ≥ 1− ζ,

so b∗ST(ζ) ∈ (0,∞). By definition of the infimum, at b = b∗ST(ζ) we must have the boundary
condition

L̂ST(b∗ST(ζ)) =
|τ̂ST|

(1 + γ)−1/2σ0

.

Plugging L = |τ̂ST|
(1+γ)−1/2σ0

into the defining equation of L̂ST yields that b = b∗ST(ζ) solves

P∆/σ0=b(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) = 1− ζ,

which is the desired characterization.
The explicit form of P∆/σ0=t(|τ̃ST − τ | ≤ |τ̂ST| | τ̂ST) is directly given by Theorem 1.3.3.
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A.3.5 Proof of Theorem A.1.4

Proof of Theorem A.1.4. We follow the argument in the proof of Theorem 1.3.1. From that
proof, we know that

(1 + γ)1/2σ−1
0 (τ̂PW − τ) ∼ N

(
γ√

1 + γ

∆

σ0

, 1

)
.

Consider the lower confidence bound

[τ̂PW − L(1 + γ)−1/2σ0,∞).

The worst-case coverage probability of the lower confidence bound is

inf
∆:|∆/σ0|≤b

P∆(τ ∈ [τ̂PW − L(1 + γ)−1/2σ0,∞))

= inf
∆:|∆/σ0|≤b

P∆(τ̂PW − τ ≤ L(1 + γ)−1/2σ0) = inf
∆:|∆/σ0|≤b

P∆((1 + γ)1/2σ−1
0 (τ̂PW − τ) ≤ L)

= inf
∆:|∆/σ0|≤b

P∆

(
N

(
γ√

1 + γ

∆

σ0

, 1

)
≤ L

)
= P

(
N

(
sup

∆:|∆/σ0|≤b

γ√
1 + γ

∆

σ0

, 1

)
≤ L

)

=P

(
N

(
γ√

1 + γ
b, 1

)
≤ L

)
= Φ

(
L− γ√

1 + γ
b
)
.

Therefore, the proof is complete since L̂′PW = cζ + γ√
1+γ

b is the solution to

Φ
(
L− γ√

1 + γ
b
)

= 1− ζ.

A.3.6 Proof of Theorem A.1.5

Proof of Theorem A.1.5. We follow the argument in the proof of Theorem 1.3.2. From that
proof, we know that

(1 + γ)1/2σ−1
0 (τ̂PT − τ) | {|τ̂1 − τ̂0| ≤ σcα/2} ∼ N

(
γ√

1 + γ

∆

σ0

, 1

)
,

and

(1 + γ)1/2σ−1
0 (τ̂PT − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2} ∼ N

(
γ√

1 + γ

∆

σ0

−√γu, 1
)
.

Consider the lower confidence bound

[τ̂PT − L(1 + γ)−1/2σ0,∞).
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The worst-case coverage probability of the lower confidence bound is

inf
∆:|∆/σ0|≤b

P∆(τ ∈ [τ̂PT − L(1 + γ)−1/2σ0,∞)) = inf
∆:|∆/σ0|≤b

P∆(τ̂PT − τ ≤ L(1 + γ)−1/2σ0).

For a fixed t = ∆/σ0, we decompose the probability according to whether the pretest accepts
or rejects:

P∆/σ0=t(τ̂PT − τ ≤ L(1 + γ)−1/2σ0) = P∆/σ0=t((1 + γ)1/2σ−1
0 (τ̂PT − τ) ≤ L)

=P∆/σ0=t((1 + γ)1/2σ−1
0 (τ̂PT − τ) ≤ L, |τ̂1 − τ̂0| ≤ σcα/2)

+ P∆/σ0=t((1 + γ)1/2σ−1
0 (τ̂PT − τ) ≤ L, |τ̂1 − τ̂0| > σcα/2)

=P

(
N

(
γ√

1 + γ
t, 1

)
≤ L

)
P

(∣∣∣∣N (√ γ

1 + γ
t, 1

)∣∣∣∣ ≤ cα/2

)
+ EU∼N(

√
γ

1+γ
t,1)

[
P

(
N

(
γ√

1 + γ
t−√γU, 1

)
≤ L

)
1
(
|U | > cα/2

)]
=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)]

Φ
(
L− γ√

1 + γ
t
)

+

∫ −cα/2−√ γ
1+γ

t

−∞
Φ
(
L+
√
γu
)
φ(u)du+

∫ ∞
cα/2−
√

γ
1+γ

t

Φ
(
L+
√
γu
)
φ(u)du.

Finally, the worst-case coverage probability over |∆/σ0| ≤ b is attained for some t ∈ [0, b].
Choosing L̂′PT to satisfy

min
0≤t≤b

P∆/σ0=t(τ̂PT − τ ≤ L(1 + γ)−1/2σ0) = 1− ζ

completes the proof.

A.3.7 Proof of Theorem A.1.6

Proof of Theorem A.1.6. We follow the argument in the proof of Theorem 1.3.3. From that
proof, we know that

(1 + γ)1/2σ−1
0 (τ̂ST − τ) | {|τ̂1 − τ̂0| ≤ σcα/2} ∼ N

(
γ√

1 + γ

∆

σ0

, 1

)
,

and

(1 + γ)1/2σ−1
0 (τ̂ST − τ) | {σ−1(τ̂1 − τ̂0) = u, |τ̂1 − τ̂0| > σcα/2}

∼N
(

γ√
1 + γ

∆

σ0

−√γ[u− cα/2 sign(u)], 1

)
.
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Consider the lower confidence bound

[τ̂ST − L(1 + γ)−1/2σ0,∞).

The worst-case coverage probability of the lower confidence bound is

inf
∆:|∆/σ0|≤b

P∆(τ ∈ [τ̂ST − L(1 + γ)−1/2σ0,∞)) = inf
∆:|∆/σ0|≤b

P∆(τ̂ST − τ ≤ L(1 + γ)−1/2σ0).

For a fixed t = ∆/σ0, we decompose the probability according to whether the pretest accepts
or rejects:

P∆/σ0=t(τ̂ST − τ ≤ L(1 + γ)−1/2σ0) = P∆/σ0=t((1 + γ)1/2σ−1
0 (τ̂ST − τ) ≤ L)

=P∆/σ0=t((1 + γ)1/2σ−1
0 (τ̂ST − τ) ≤ L, |τ̂1 − τ̂0| ≤ σcα/2)

+ P∆/σ0=t((1 + γ)1/2σ−1
0 (τ̂ST − τ) ≤ L, |τ̂1 − τ̂0| > σcα/2)

=P

(
N

(
γ√

1 + γ
t, 1

)
≤ L

)
P

(∣∣∣∣N (√ γ

1 + γ
t, 1

)∣∣∣∣ ≤ cα/2

)
+ EU∼N(

√
γ

1+γ
t,1)

[
P

(
N

(
γ√

1 + γ
t−√γ[U − cα/2 sign(U)], 1

)
≤ L

)
1
(
|U | > cα/2

)]
=
[
Φ
(
cα/2 −

√
γ

1 + γ
t
)
− Φ

(
− cα/2 −

√
γ

1 + γ
t
)]

Φ
(
L− γ√

1 + γ
t
)

+

∫ −cα/2−√ γ
1+γ

t

−∞
Φ
(
L+
√
γ(u+ cα/2)

)
φ(u)du+

∫ ∞
cα/2−
√

γ
1+γ

t

Φ
(
L+
√
γ(u− cα/2)

)
φ(u)du.

Finally, since the coverage probability is monotonically decreasing in ∆, the worst case
over |∆/σ0| ≤ b is attained at ∆/σ0 = b. Choosing L̂′ST to satisfy

P∆/σ0=b(τ̂ST − τ ≤ L(1 + γ)−1/2σ0) = 1− ζ

completes the proof.
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Appendix B

Appendix for Chapter 2

In Section B.1.1, we discuss the relationship between full OLS, marginal OLS and weighted
least squares. We also provide an alternative OLS regression formulation that is equivalent
to the full OLS regression.

In Section B.1.2, we discuss the extension to the regression with interaction terms.
In Section B.1.3, we discuss the extension to the general exposure mapping.
In Section B.2, we provide the lemmas for the main results and their proofs.
In Section B.3, we provide the proofs of all the results.
Additional notation. For any a, b ∈ R, write a ∨ b = max{a, b} and a ∧ b = min{a, b}.

For any two real sequences {an} and {bn}, write an . bn (or equivalently, bn & an) if
an = O(bn).

B.1 Additional results

B.1.1 Relationship between full OLS, marginal OLS and weighted
least squares

Although the OLS procedure in (2.2.3) involves regressing Yt on the full set of transformed
treatment indicators Z̃t, . . . , Z̃t−K , all of our results remain valid when regressing Yt on a
subset of these transformed treatment indicators because the transformed regressors are
jointly independent. Suppose we are interested in estimating the treatment effect at lag
k. There are two natural approaches. One approach is the full OLS in (2.2.3), where we
regress Yt on Z̃t, . . . , Z̃t−K to obtain the estimate τ̃k, and then apply the linear transformation
(2.2.4) to obtain the estimate τ̂k = w−1

k τ̃k. The other approach is the marginal OLS, where
we regress Yt on Z̃t−k, i.e.,

lm(Yt ∼ Z̃t−k), (B.1.1)

to obtain the estimate τ̃marginal,k and then apply the linear transformation (2.2.4) to obtain
the estimate τ̂marginal,k = w−1

k τ̃marginal,k. Both approaches yield consistent and asymptotic
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normal estimators (τ̂k and τ̂marginal,k) for τk with conservative variance estimators by HAC
variance estimation. The key differences lie in their efficiency and variance estimation. First,
the two approaches have different asymptotic variances. Second, the two approaches have
different variance estimators, since the variance estimator in the marginal OLS is based on
noisier residuals, which inflates the standard errors. As a direct result from Theorem 2.3.3,
both approaches share the same bias termBK in HAC variance estimation. Thus, comparing
the HAC variance estimators V̂ reduces to comparing the asymptotic variances V , since the
two approaches have the same level of conservativeness. See Appendix for more technical
details on this discussion. Therefore, we focus on comparing the asymptotic variances below.

By Theorem 2.3.2, the asymptotic variance from the full OLS (2.2.3) is (T −K)−1

Var[
∑T

t=K+1 Z̃t−k(Yt −
∑K

`=0 Z̃t−`w`τ`)], while the asymptotic variance from the marginal
OLS (B.1.1) is (T − K)−1 Var[

∑T
t=K+1 Z̃t−k(Yt − Z̃t−kwkτk)]. Intuitively, the asymptotic

variance depends on the residual Yt −
∑K

`=0 Z̃t−`w`τ` for full OLS and Yt − Z̃t−kwkτk for
marginal OLS. By adding more regressors in full OLS, the residual should have smaller
sum of squares, which implies the asymptotic variance will be smaller. To compare these
asymptotic variances explicitly, we consider the linear model on the potential outcomes and
establish the following result.

Proposition B.1.1. Consider a linear model with homogeneous effects and nonrandom er-
ror: Yt(zt:1) =

∑t−1
k=0 βkzt−k + εt. Assume a constant treatment probability pt = p for all t.

Then, the asymptotic variance of τ̂k from the full OLS is

1

T −K

T∑
t=K+1

t−1∑
`=K+1

β2
` +

1

T −K
1

p(1− p)

T∑
t=K+1

(
p
t−1∑
k=0

βk + εt

)2

,

while the asymptotic variance of τ̂marginal,k from the marginal OLS is

1

T −K

T∑
t=K+1

t−1∑
`=0,` 6=k

β2
` +

1

T −K
1

p(1− p)

T∑
t=K+1

(
p

t−1∑
k=0

βk + εt

)2

.

By Proposition B.1.1, under the linear model with homogeneous effects and nonrandom
error, full OLS has a smaller asymptotic variance than marginal OLS. The variance difference
is (T −K)−1

∑T
t=K+1

∑K
`=0,`6=k β

2
` =

∑K
`=0,` 6=k β

2
` which is typically large, as smaller lags often

have strong effects. Furthermore, full OLS achieves lower variance unless β` = 0 for all ` > K.
However, including too many lags may lead to high model complexity. Therefore, it is crucial
for practitioners to carefully choose the number of lags in the model. This selection can be
guided by standard model selection techniques from the linear regression literature.

Remark B.1.1. Gao and Ding (2025) consider the network experiment setting and estimate
the average of potential outcomes separately for each group. Compared with the weighted
least squares (WLS) approach in Gao and Ding (2025), our method differs in two key ways.
First, we estimate the causal effect directly rather than estimating the average potential
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outcomes. Second, we normalize the treatment indicator directly, instead of applying weights
to each observation with an unnormalized treatment indicator. Our OLS approach allows us
to estimate treatment effects across multiple lags simultaneously. Since treatment indicators
at different time points should receive different weights due to variations in propensity scores,
and each observation contains treatment indicators from multiple time points, assigning a
single weight per observation is not feasible. However, the marginal OLS estimator (B.1.1) is
asymptotically equivalent to a version of WLS analogous to Gao and Ding (2025). If further
the propensity scores are constant, the two estimators coincide.

B.1.1.1 Alternative OLS

Equivalently, from (2.2.3) and (2.2.4), τ̂ can be obtained directly from the following OLS
regression without an intercept:

lm(Yt ∼ w0Z̃t + w1Z̃t−1 + · · ·+ wKZ̃t−K). (B.1.2)

In this formulation, the outcome vector remains YK , but the regressor matrix is rescaled
to ZKWK . The only difference lies in whether the scaling is applied before or after the
OLS regression. Thus, the regression in (B.1.2) yields the same estimator as in (2.2.3)
after applying the linear transformation (2.2.4), and both procedures lead to the same HAC
variance estimator. When the pt’s are constant across time t = 1, . . . , T , all treatments share
the same normalization with the same centering and scaling. In this case, there is no need
for the normalization and the OLS fit is equivalent to regressing the observed outcomes on
unnormalized treatment indicators with intercepts: lm(Yt ∼ 1 + Zt + Zt−1 + . . . + Zt−K)
using samples with t = K + 1, . . . , T .

B.1.1.2 Full OLS and marginal OLS

By Theorem 2.3.2, the full OLS estimator satisfies the following CLT:
√
T −KV −1/2

k+1,k+1(τ̂k − τk)
d−→ N(0, 1),

where V denotes the asymptotic variance matrix of the full OLS estimator defined in (2.3.5).
The corresponding asymptotic variance component for lag k can be written as

Vk+1,k+1 =
1

T −K
Var

[
T∑

t=K+1

Z̃t−kUt

]
=

1

T −K
Var

[
T∑

t=K+1

Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]
.

Define the asymptotic variance of the marginal OLS estimator as

Vmarginal,k =
1

T −K
Var

[
T∑

t=K+1

Z̃t−k(Yt − Z̃t−kwkτk)

]
.
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Analogous to Theorem 2.3.2, the marginal OLS estimator also satisfies the following CLT:
√
T −KV −1/2

marginal,k(τ̂k − τk)
d−→ N(0, 1).

Both V and Vmarginal,k can be estimated using the HAC variance estimator. By Theo-
rem 2.3.3, we have for the full OLS estimator:

‖V̂ − V −BK‖F
p−→ 0.

Let bk ∈ RT−K be defined by

[bk]t−K = τt,k −
wk

pt−k(1− pt−k)
τk, t = K + 1, . . . , T.

Then [BK ]k+1,k+1 = b>kQKbk, which implies for the full OLS estimator:

|V̂k+1,k+1 − Vk+1,k+1 − b>kQKbk|
p−→ 0.

Similarly, let V̂marginal,k denote the HAC variance estimator for the marginal OLS. Then
for the marginal OLS estimator, following the proof of Theorem 2.3.3, we have

|V̂marginal,k − Vmarginal,k − b>kQKbk|
p−→ 0,

since by the definition of bk, for t = K + 1, . . . , T ,

E[Z̃t−k(Yt − Z̃t−kwkτk)] = τt,k −
wk

pt−k(1− pt−k)
τk = [bk]t−K .

Hence, both V̂ and V̂marginal,k share the same bias term b>kQKbk when estimating Vk+1,k+1

and Vmarginal,k, respectively. The comparison between full and marginal OLS variance esti-
mators therefore reduces to their asymptotic true variances.

B.1.1.3 Marginal OLS and WLS

Assume without loss of generality that we are interested in the treatment effect at lag 0. To
directly estimate the causal effect, we center the treatment and assign a weight of 1/[pt(1−pt)]
to each time point t. For comparison, Gao and Ding (2025) did not center the treatment
and use weight 1/pt and 1/(1 − pt) since they estimated the average potential outcomes
for each group separately. The only distinction between marginal OLS and WLS is that
marginal OLS applies weights to the treatment indicators, whereas WLS applies weights to
the observations. Let Z̃ = (Z1 − p1, . . . , ZT − pT )>, W̃ = diag(1/[pt(1− pt)], t = 1, . . . , T ),
and Ỹ = (Y1, . . . , YT )>. Then the WLS estimator can be written as

(Z̃>W̃ Z̃)−1(Z̃>W̃ Ỹ ) =
( 1

T

T∑
t=1

(Zt − pt)2

pt(1− pt)

)−1( 1

T

T∑
t=1

Z̃tYt

)
.
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In contrast, the marginal OLS estimator can be written as

τ̂ =
(( 1

T

T∑
t=1

1

pt(1− pt)

)−1 1

T

T∑
t=1

(Zt − pt)2

p2
t (1− pt)2

)−1( 1

T

T∑
t=1

Z̃tYt

)
.

The numerators of these two estimators are identical, and under certain conditions, both
denominators converge to 1. If the pt values are constant, the two estimators coincide.
However, when we infer treatment effects across multiple lags using full OLS, WLS cannot
be generalized.

B.1.2 Regression with interaction terms

In practice, we may be interested in studying the interaction effects between treatments at
different lags. In online platforms, repeated exposures (e.g., showing a user the same ad-
vertisement or recommendation on consecutive days) may produce reinforcement or fatigue,
leading to nonlinear cumulative effects. In clinical and behavioral studies, the efficacy of an
intervention (e.g., medication, exercise, or reminders) often depends on treatment consis-
tency, with consecutive applications generating biological accumulation or tolerance effects.
An additional advantage of the regression-based analysis is its flexibility to incorporate inter-
action terms. For instance, one can include regressors such as Z̃t−kZ̃t−k′ to study whether the
joint presence of treatments at two different lags produces an effect beyond the sum of their
individual contributions. To accommodate this possibility, we extend the OLS specification
by including interaction terms between consecutive lags:

lm(Yt ∼ Z̃t + · · ·+ Z̃t−K + Z̃tZ̃t−1 + · · ·+ Z̃t−K+1Z̃t−K).

We denote the corresponding estimator by τ̃int = (τ̃int,0, . . . , τ̃int,K , τ̃int,0,1, . . . , τ̃int,K−1,K)> ∈
R2K+1. The extended regression specification includes K+1 main-effect terms corresponding
to individual lags and K interaction terms between consecutive lags. In total, the model has
2K + 1 regressors. This framework can be further generalized to incorporate higher-order
interactions by augmenting the regression with corresponding interaction terms, similar to
regression with interactions in classic factorial experiments (Zhao and Ding, 2023). To
illustrate the key idea in time-series experiments, we focus here on two-way consecutive
interactions.

We recall the normalized treatment variable Z̃t defined in (2.2.2) and the main effect
weights wk defined in (2.2.5). We set τ̂int,k = w−1

k τ̃int,k as (2.2.4). For the interaction terms,
we introduce analogous weights that account for the joint variation in the two treatment
lags. Specifically, we define

wk−1,k =

[
1

T −K

T∑
t=K+1

(Var[Zt−k] Var[Zt−k+1])−1

]−1
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=

[
1

T −K

T∑
t=K+1

[pt−kpt−k+1(1− pt−k)(1− pt−k+1)]−1

]−1

,

and define τ̂int,k−1,k = w−1
k−1,kτ̃int,k−1,k. Collecting the main and interaction effects, we obtain

the transformed OLS estimator τ̂int = (τ̂int,0, . . . , τ̂int,K , τ̂int,0,1, . . . , τ̂int,K−1,K)> ∈ R2K+1. The
causal estimand is τint = (τ0, . . . , τK , τ0,1, . . . , τK−1,K)>, which jointly captures both lagged
main effects and interaction effects. The lag-k main effect τk is defined as (2.2.8). The
interaction effect between lag k − 1 and lag k is given by

τk−1,k =
1

T −K

T∑
t=K+1

E[Yt(Zt:t−k+2, 1, 1, Zt−k−1:1)− Yt(Zt:t−k+2, 1, 0, Zt−k−1:1)

− Yt(Zt:t−k+2, 0, 1, Zt−k−1:1) + Yt(Zt:t−k+2, 0, 0, Zt−k−1:1)],

where the expectation is taken over the joint distribution of (Zt:t−k+2, Zt−k−1:1). Intuitively,
τk−1,k measures the incremental effect of applying treatment at both lags k − 1 and lag k
simultaneously, beyond the sum of their individual effects.

To write τ̂int explicitly, recall the outcome vector YK = (YK+1, . . . , YT )> ∈ RT−K and
define the regressor matrix Zint,K = (Z̃>int,K+1:1, . . . , Z̃

>
int,T :T−K)> ∈ R(T−K)×(2K+1) where

Z̃int,t:t′ = (Z̃t, Z̃t−1, . . . , Z̃t′ , Z̃tZ̃t−1, . . . , Z̃t′+1Z̃t′)
> for t > t′. Let Wint,K ∈ R(2K+1)×(2K+1) be

the diagonal weight matrix Wint,K = diag(wk : k = 0, . . . , K,wk−1,k : k = 1, . . . , K). Then,
τ̂int can be expressed as

τ̂int = W−1
int,K τ̃int = W−1

int,K(Z>int,KZint,K)−1Z>int,KYK .

Analogous to the decomposition of τ̂k in (2.3.1), we can decompose τ̂int as

τ̂int = τ +W−1
int,K [(T −K)−1Z>int,KZint,K ]−1[(T −K)−1Z>int,K(YK −Zint,KWint,Kτ)].

To study the asymptotic properties of the OLS estimator τ̂int, analogous to (2.3.4), we
define the oracle residual of OLS regression at time t as

Uint,t = Yt −
K∑
k=0

Z̃t−kwkτk −
K∑
k=1

Z̃t−kZ̃t−k+1wk−1,kτk−1,k.

We then define the asymptotic variance matrix Vint ∈ R(2K+1)×(2K+1) analogous to (2.3.5) as

[Vint]k,k′ =
1

T −K
Cov

[ T∑
t=K+1

Z̃t−k+1Uint,t,

T∑
t=K+1

Z̃t−k′+1Uint,t

]
,

[Vint]K+1+k,K+1+k′ =
1

T −K
Cov

[ T∑
t=K+1

Z̃t−kZ̃t−k+1Uint,t,
T∑

t=K+1

Z̃t−k′Z̃t−k′+1Uint,t

]
,
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[Vint]K+1+k,k′ = [Vint]k′,K+1+k =
1

T −K
Cov

[ T∑
t=K+1

Z̃t−kZ̃t−k+1Uint,t,
T∑

t=K+1

Z̃t−k′+1Uint,t

]
.

The design assumptions and treatment probability conditions carry over unchanged from
the main effects model. Under Assumption 2.3.4, the uniform boundedness of ‖τint‖1 across
T follows immediately, ensuring that both main and interaction effects remain well-behaved.

With these assumptions in place, we obtain the consistency and asymptotic normality of
the extended estimator τ̂int. These results parallel Theorem 2.3.1 and Theorem 2.3.2, now
incorporating both main and interaction effects.

Theorem B.1.1 (Consistency). Assume Assumption 2.2.1, Assumption 2.2.2, Assump-
tion 2.3.1, Assumption 2.3.2(i) with K

∑T
k=1 θT,k/T → 0 or Assumption 2.3.3(i) with

Km/T → 0, Assumption 2.3.4, and K2/T → 0. Then we have

‖τ̂int − τint‖2
p−→ 0.

Theorem B.1.2 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.2.2, As-
sumption 2.3.1, Assumption 2.3.2(ii) with K fixed or Assumption 2.3.3(ii) with K4/T → 0,
and Assumption 2.3.4. Then for any non-zero λK ∈ RK+1 satisfying lim infT→∞ λ

>
KVintλK >

0 and lim supT→∞‖λK‖1 <∞, we have

√
T −K(λ>KVintλK)−1/2λ>K(τ̂int − τint)

d−→ N(0, 1).

To estimate the asymptotic variance Vint in Theorem B.1.2, we apply the HAC variance
estimator introduced in Section 2.3.2. Let

Ûint,t = Yt −
K∑
k=0

Z̃t−kwkτ̂int,k −
K∑
k=1

Z̃t−kZ̃t−k+1wk−1,kτ̂int,k−1,k

be the sample residual at time t analogous to (2.3.6). Using these residuals, we can then
construct the HAC variance estimator in the same way as in (2.3.7), and the consistency
result is parallel to Theorem 2.3.3, since the inclusion of interaction terms simply augments
the number of regressors from K + 1 to 2K + 1.

We note that the k-th element of both τ and τint coincides with τk. This raises a natural
question: do we actually need to include the interaction terms? The answer closely parallels
the comparison between full OLS and marginal OLS in Section B.1.1: both procedures target
the same estimand, but differ in their asymptotic variances and variance estimators.

By Theorems 2.3.2 and B.1.2, the asymptotic variance of τ̂k without interaction terms is
(T−K)−1 Var[

∑T
t=K+1 Z̃t−k(Yt−

∑K
`=0 Z̃t−`w`τ`)], while the asymptotic variance with interac-

tion terms is (T −K)−1 Var[
∑T

t=K+1 Z̃t−k(Yt−
∑K

`=0 Z̃t−`w`τ`−
∑K

`=1 Z̃t−`Z̃t−`+1w`−1,`τ`−1,`)].
To compare these variances explicitly, we consider a linear potential outcome model with
interaction terms.
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Proposition B.1.2. Consider a linear model with homogeneous effects and nonrandom er-
ror: Yt(zt:1) =

∑t−1
k=0 βkzt−k +

∑t−1
k=1 βk−1,kzt−kzt−k+1 + εt. Assume a constant treatment

probability pt = p. Then, the asymptotic variance for OLS with interaction terms is

1

T −K
Var

[ T∑
t=K+1

Z̃t−k(Yt −
K∑
`=0

Z̃t−`w`τ` −
K∑
`=1

Z̃t−`Z̃t−`+1w`−1,`τ`−1,`)
]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

(β2
` + p2β2

`−1,` + p2β2
`,`+1) +

1

T −K

T∑
t=K+1

t−1∑
`=K+1

p(1− p)β2
`−1,`

+
1

T −K
1

p(1− p)

T∑
t=K+1

(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)2

,

while the asymptotic variance for OLS without interaction terms is

1

T −K
Var

[ T∑
t=K+1

Z̃t−k(Yt −
K∑
`=0

Z̃t−`w`τ`)
]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

(β2
` + p2β2

`−1,` + p2β2
`,`+1) +

1

T −K

T∑
t=K+1

t−1∑
`=1

p(1− p)β2
`−1,`

+
1

T −K
1

p(1− p)

T∑
t=K+1

(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)2

.

We face a natural trade-off when deciding whether to include interaction terms in the
regression. Even if the primary goal is to estimate the main effects, Proposition B.1.2 shows
that incorporating interaction terms can reduce asymptotic variance: the gain is exactly
(T −K)−1

∑T
t=K+1

∑K
`=1 p(1−p)β2

`−1,` =
∑K

`=1 p(1−p)β2
`−1,`, which is strictly positive when-

ever the interaction effects β`−1,` are non-negligible. Thus, including interactions improves
asymptotic efficiency in the presence of interaction effects. However, this benefit comes at
a cost. When the true interactions are small or absent, the variance reduction is negligible,
while the inclusion of additional regressors increases model complexity and inflates finite-
sample variance. Therefore, this creates a trade-off: including interactions can improve
asymptotic efficiency but may sacrifice finite-sample performance.

B.1.3 General exposure mapping

In practice, we may be interested in using the exposure mappings to summarize the treatment
history. Specifically, we divide the past treatment assignments into several time blocks,
and the treatments within each block are aggregated into a single exposure mapping. For
example, in behavioral or clinical studies, treatments (e.g., reminders or interventions) often
have cumulative effects that depend on how consistently the treatment has been received in



APPENDIX B. APPENDIX FOR CHAPTER 2 129

the past rather than on any single recent treatment. This allows estimation of short-term,
medium-term and long-term persistence in treatment effects. Define a collection of exposure
mappings:

gt,0 = g0(Zt:t−k0), gt,1 = g1(Zt−k0−1:t−k1), . . . , gt,S = gS(Zt−kS−1−1:t−kS),

where S ≥ 0 indexes the exposure mappings. The exposure lags satisfy 0 ≤ k0 < k1 < . . . <
kS = K, and each function gs is a known mapping from a block of treatment assignments to
{0, 1}: g0 : Rk0+1 → {0, 1}, g1 : Rk1−k0 → {0, 1}, . . . , gS : RkS−kS−1 → {0, 1}. Intuitively, we
divide the treatment history into S + 1 consecutive time blocks, and within each block, the
sequence of past treatments is summarized by a binary value from the exposure mapping. We
assume that the potential outcome can be expressed in terms of these exposure mappings:
Yt(Zt:1) = Yt(gt,0, gt,1, . . . , gt,S). We treat these exposure mappings as treatment indicators
in Section 2.2. For each exposure mapping gt,s, we define a normalized version g̃t,s = (gt,s −
E[gt,s])/Var[gt,s] and corresponding weight

wg,s =

[
1

T −K

T∑
t=K+1

(Var[gt,s])
−1

]−1

,

for s = 0, 1, . . . , S. We consider the following OLS regression:

lm(Yt ∼ g̃t,0 + g̃t,1 + . . .+ g̃t,S).

We denote the corresponding estimator by τ̃g = (τ̃g,0, . . . , τ̃g,S). We define τ̂g,s = w−1
g,s τ̃g,s

for s = 0, 1, . . . , S analogous to (2.2.4), and obtain the transformed OLS estimator τ̂g =
(τ̂g,0, . . . , τ̂g,S). The causal estimand is τg = (τg,0, . . . , τg,S), where each component τg,s cap-
tures the causal effect of the s-th exposure mapping. Formally,

τg,s=
1

T −K

T∑
t=K+1

E[Yt(gt,0, . . . , gt,s−1, 1, gt,s+1, . . . , gt,S)− Yt(gt,0, . . . , gt,s−1, 0, gt,s+1, . . . , gt,S)],

where the expectation averages over (gt,0, . . . , gt,s−1, gt,s+1, . . . , gt,S), holding the exposure
mapping gt,s fixed at either 1 or 0.

This exposure mapping framework unifies and generalizes many commonly studied mod-
els. If we take g0(z) = · · · = gS(z) = z, and let ks = s with S = K, then each exposure
mapping corresponds to a single treatment indicator at a lag. In this case, the model re-
duces to the OLS regression introduced in Section 2.2, where each treatment indicator enters
separately as a regressor. If instead we set S = 0, k0 = K, and define g0(z) = g(z) for some
function g : {0, 1}K → {0, 1}, then the potential outcomes depend only on a single transfor-
mation of the treatment history over the most recent K periods. This corresponds to models
in which treatment effects are summarized by a single exposure mapping.

To write τ̂g explicitly, recall the outcome vector YK = (YK+1, . . . , YT )> ∈ RT−K and define
the regressor matrix Zg,K = (Z̃>g,K+1, . . . , Z̃

>
g,T )> ∈ R(T−K)×(S+1) where Z̃g,t = (gt,0, . . . , gt,S)>
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for t = K + 1, . . . , T . Let Wg,K ∈ R(S+1)×(S+1) be the diagonal weight matrix Wg,K =
diag(wg,s : s = 0, . . . , S). Then, τ̂g can be expressed as

τ̂ = W−1
g,K τ̃g = W−1

g,K(Z>g,KZg,K)−1Z>g,KYK .

Analogous to the decomposition of τ̂k in (2.3.1), we can decompose τ̂g as

τ̂g = τ +W−1
g,K [(T −K)−1Z>g,KZg,K ]−1[(T −K)−1Z>g,K(YK −Zg,KWg,Kτ)].

To study the asymptotic properties of the OLS estimator τ̂g, analogous to (2.3.4), we
define the oracle residual of OLS regression at time t as

Ug,t = Yt −
S∑
s=0

wg,sτg,sg̃t,s.

We then define the asymptotic variance matrix Vg ∈ R(S+1)×(S+1) analogous to (2.3.5) as

[Vg]s,s′ =
1

T −K
Cov

[ T∑
t=K+1

gt,sUg,t,
T∑

t=K+1

gt,s′Ug,t

]
.

To ensure well-defined and non-degenerate exposure mappings, we impose the following
assumption, which is the analogue of Assumption 2.3.1 in the exposure setting.

Assumption B.1.1 (Treatment distributions condition). There exists some constant ε > 0
such that ε ≤ inft≥1,s=0,1,...,S Var[gt,s].

We also impose a boundedness condition on potential outcomes and exposure effects,
analogous to Assumption 2.3.4.

Assumption B.1.2 (Moment condition). The potential outcomes Yt(zt:1) are uniformly
bounded for all t and all zt:1 ∈ Rt, i.e., supt≥1,zt:1∈Rt|Yt(zt:1)| < ∞. Additionally, ‖τg‖1 is
uniformly bounded for all T , i.e., supT‖τg‖1 <∞.

With these assumptions, we obtain the consistency and asymptotic normality of the
exposure-effect estimator τ̂g.

Theorem B.1.3 (Consistency). Assume Assumption 2.2.1, Assumption 2.2.2, Assump-
tion B.1.1, Assumption 2.3.2(i) with K

∑T
k=1 θT,k/T → 0 or Assumption 2.3.3(i) with

Km/T → 0, Assumption B.1.2, and K2/T → 0. Then we have

‖τ̂g − τg‖2
p−→ 0.

Theorem B.1.4 (Asymptotic normality). Assume Assumption 2.2.1, Assumption 2.2.2, As-
sumption B.1.1, Assumption 2.3.2(ii) with K fixed or Assumption 2.3.3(ii) with K4/T → 0,
and Assumption B.1.2. Then for any non-zero λK ∈ RK+1 satisfying lim infT→∞ λ

>
KVgλK >

0 and lim supT→∞‖λK‖1 <∞, we have
√
T −K(λ>KVgλK)−1/2λ>K(τ̂g − τg)

d−→ N(0, 1).
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To estimate the asymptotic variance Vg in Theorem B.1.4, we apply the HAC variance
estimator introduced in Section 2.3.2. Let

Ûg,t = Yt −
S∑
s=0

wg,sτ̂g,sg̃t,s

be the sample residual at time t analogous to (2.3.6). Using these residuals, we can then
construct the HAC variance estimator in the same way as in (2.3.7), and the consistency
result is parallel to Theorem 2.3.3, since the inclusion of exposure mappings simply changes
the number of regressors from K + 1 to S + 1.

B.2 Lemmas for the main results
We need the following lemmas to prove the main results.

Lemma B.2.1. Assume Assumption 2.2.1, Assumption 2.2.2 and Assumption 2.3.1. If
K2/T → 0, then ∥∥∥∥ 1

T −K
Z>KZK −W−1

K

∥∥∥∥
F

p−→ 0.

Lemma B.2.2. Assume Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.2(i) with
K
∑T

k=1 θT,k/T → 0 or Assumption 2.3.3(i) with Km/T
→ 0, Assumption 2.3.4 and K2/T → 0. Then we have∥∥∥∥ 1

T −K
Z>K(YK −ZKWKτ)

∥∥∥∥
2

p−→ 0.

Lemma B.2.3. Assume Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.2(ii) with K
fixed or Assumption 2.3.3(ii) with K4/T → 0, and Assumption 2.3.4. Then for any non-zero
λK ∈ RK+1 satisfying lim infT→∞ λ

>
KV λK > 0 and lim supT→∞‖λK‖1 <∞, we have

√
T −K(λ>KV λK)−1/2λ>K

[
1

T −K
Z>K(YK −ZKWKτ)

]
d−→ N(0, 1).

Now we prove these lemmas in the following subsections.

B.2.1 Proof of Lemma B.2.1

Proof of Lemma B.2.1. Recall

1

T −K
Z>KZK =

1

T −K

T∑
t=K+1

Z̃t:t−KZ̃
>
t:t−K ,
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with the (i, j)-th entry[
1

T −K
Z>KZK

]
ij

=
1

T −K

T∑
t=K+1

Z̃t−i+1Z̃t−j+1.

Under Assumptions 2.2.2 and 2.3.1, the sequence Zt is independent over t, and E[Z̃t] =

0,E[Z̃2
t ] = Var[Zt]

−1 =
(
pt(1 − pt)

)−1, with pt ∈ (0, 1) uniformly bounded away from 0 and
1. If i 6= j, independence and centering imply E[Z̃t−i+1Z̃t−j+1] = 0. If i = j, E[Z̃2

t−i+1] =(
pt−i+1(1− pt−i+1)

)−1. Therefore

E

[
1

T −K
Z>KZK

]
= W−1

K .

For i 6= j, we have E[Z̃t−i+1Z̃t−j+1] = 0 and supt E[(Z̃t−i+1Z̃t−j+1)2] < ∞ since the
treatment probability pt is uniformly bounded away from 0 and 1. Moreover, because Z̃t is
independent across t, we have for t 6= t′,

Cov(Z̃t−i+1Z̃t−j+1, Z̃t′−i+1Z̃t′−j+1) = 0.

Consequently,

Var

[[
1

T −K
Z>KZK −W−1

K

]
ij

]
= Var

[
1

T −K

T∑
t=K+1

Z̃t−i+1Z̃t−j+1

]

=
1

(T −K)2

T∑
t=K+1

Var[Z̃t−i+1Z̃t−j+1] ≤ 1

T −K
sup
t

E[(Z̃t−i+1Z̃t−j+1)2] .
1

T −K
.

For i = j, we have supt E[Z̃2
t−i+1] <∞ and Z̃t is independent across t. Thus

Var

[[
1

T −K
Z>KZK −W−1

K

]
ij

]
= Var

[
1

T −K

T∑
t=K+1

Z̃2
t−i+1

]

=
1

(T −K)2

T∑
t=K+1

Var[Z̃2
t−i+1] ≤ 1

T −K
sup
t

E[Z̃2
t−i+1] .

1

T −K
.

Combine the entrywise bounds:

E

∥∥∥∥ 1

T −K
Z>KZK −W−1

K

∥∥∥∥2

F

=
K+1∑
i,j=1

Var

[[
1

T −K
Z>KZK −W−1

K

]
ij

]
.

K2

T −K
.

By Markov’s inequality, if K2/T → 0, then∥∥∥∥ 1

T −K
Z>KZK −W−1

K

∥∥∥∥
F

p−→ 0.

This completes the proof.
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B.2.2 Proof of Lemma B.2.2

Proof of Lemma B.2.2. Expanding the term, we have:

1

T −K
Z>K(YK −ZKWKτ) =

1

T −K

T∑
t=K+1

Z̃t:t−K(Yt − Z̃>t:t−KWKτ). (B.2.1)

We first consider the mean of (B.2.1). By the independence of Z̃t and E[Z̃t] = 0, we can
show that E[(T −K)−1Z>K(YK −ZKWKτ)] = 0 since for any k = 0, . . . , K,

E

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt − Z̃>t:t−KWKτ

)]
= E

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

=
1

T −K

T∑
t=K+1

(
E[Z̃t−kYt]− Var[Z̃t−k]wkτk

)
=

(
1

T −K

T∑
t=K+1

E[Z̃t−kYt]

)
−

(
1

T −K

T∑
t=K+1

Var[Z̃t−k]

)
wkτk

=

(
1

T −K

T∑
t=K+1

τt,k

)
−

(
1

T −K

T∑
t=K+1

Var[Zt−k]
−1

)
wkτk = τk − τk = 0.

We then consider the variance of (B.2.1). For any k = 0, . . . , K, we have

Var

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt − Z̃>t:t−KWKτ

)]

= Var

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

=
1

(T −K)2

T∑
t=K+1

Var

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

+
1

(T −K)2

T∑
t,t′=K+1,t6=t′

Cov

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)
, Z̃t′−k

(
Yt′ −

K∑
`=0

Z̃t′−`w`τ`

)]
.

By Assumption 2.3.4,

sup
t

Var

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]
. sup

t
|Yt|2 + sup

t
‖τ‖2

1 <∞,

which implies

1

(T −K)2

T∑
t=K+1

Var

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]
.

1

T −K
.
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By the independence of Z̃t, for any t, t′ ≥ K + 1 with |t− t′| > K, we have

Cov

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)
, Z̃t′−k

(
Yt′ −

K∑
`=0

Z̃t′−`w`τ`

)]
= Cov

[
Z̃t−kYt, Z̃t′−kYt′

]
− Cov

[
Z̃t−kYt, Z̃t′−k

K∑
`=0

Z̃t′−`w`τ`

]
− Cov

[
Z̃t−k

K∑
`=0

Z̃t−`w`τ`, Z̃t′−kYt′

]
.

We handle the dependence structure in two cases corresponding to Assumptions 2.3.2
and 2.3.3, respectively.

Decaying carryover effects condition (Assumption 2.3.2)

Assume t > t′ without loss of generality. Consider Z ′t′:1 = (Z ′t′ , . . . , Z
′
1)> independent and

identically distributed with Zt′:1. Then

E
[
Z̃t−kYtZ̃t′−kYt′

]
= E

[
Z̃t−kYt(Zt:1)Z̃t′−kYt′(Zt′:1)

]
=E

[
Z̃t−kYt(Zt:1)Z̃t′−kYt′(Zt′:1)

]
− E

[
Z̃t−kYt(Zt:t′+1, Z

′
t′:1)Z̃t′−kYt′(Zt′:1)

]
+ E

[
Z̃t−kYt(Zt:t′+1, Z

′
t′:1)Z̃t′−kYt′(Zt′:1)

]
.

Since (Zt:t′+1, Z
′
t′:1) is independent of Zt′:1, we have

E
[
Z̃t−kYt(Zt:t′+1, Z

′
t′:1)Z̃t′−kYt′(Zt′:1)

]
=E

[
Z̃t−kYt(Zt:1)

]
E
[
Z̃t′−kYt′(Zt′:1)

]
= E

[
Z̃t−kYt

]
E
[
Z̃t′−kYt′

]
.

By Assumption 2.3.4 and Assumption 2.3.2, we have∣∣∣E [Z̃t−kYt(Zt:1)Z̃t′−kYt′(Zt′:1)
]
− E

[
Z̃t−kYt(Zt:t′+1, Z

′
t′:1)Z̃t′−kYt′(Zt′:1)

]∣∣∣
=
∣∣∣E [Z̃t−k (Yt(Zt:1)− Yt(Zt:t′+1, Z

′
t′:1)) Z̃t′−kYt′(Zt′:1)

]∣∣∣
≤E [|Yt(Zt:1)− Yt(Zt:t′+1, Z

′
t′:1)|] . θT,|t−t′|.

Therefore, we have∣∣∣Cov
[
Z̃t−kYt, Z̃t′−kYt′

]∣∣∣ =
∣∣∣E [Z̃t−kYtZ̃t′−kYt′]− E

[
Z̃t−kYt

]
E
[
Z̃t′−kYt′

]∣∣∣ . θT,|t−t′|.

By Assumption 2.3.4 and Assumption 2.3.2, we can show similarly that∣∣∣∣∣Cov

[
Z̃t−kYt, Z̃t′−k

K∑
`=0

Z̃t′−`w`τ`

]∣∣∣∣∣ . θT,|t−t′|.
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By t > t′ and |t− t′| > K, we have

Cov

[
Z̃t−k

K∑
`=0

Z̃t−`w`τ`, Z̃t′−kYt′

]
= 0.

Therefore, we have∣∣∣∣∣Cov

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)
, Z̃t′−k

(
Yt′ −

K∑
`=0

Z̃t′−`w`τ`

)]∣∣∣∣∣ . θT,|t−t′|.

Summing over all time pairs gives

Var

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt − Z̃>t:t−KWKτ

)]
.

1

T −K

(
K +

T−K∑
k=K+1

θT,k

)
.

m-dependence condition (Assumption 2.3.3)

By Assumption 2.3.4 and Assumption 2.3.3, we have∣∣∣∣∣Cov

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)
, Z̃t′−k

(
Yt′ −

K∑
`=0

Z̃t′−`w`τ`

)]∣∣∣∣∣ . 1 (|t− t′| ≤ m) .

Summing over all time pairs gives

Var

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt − Z̃>t:t−KWKτ

)]
.

1

T −K
(K +m) .

Final step

By Assumption 2.3.2(i) with K
∑T

k=1 θT,k/T → 0 or Assumption 2.3.3(i) with Km/T → 0,
and K2/T → 0, we have

E

∥∥∥∥ 1

T −K
Z>K(YK −ZKWKτ)

∥∥∥∥2

2

=
K∑
k=0

Var

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt − Z̃>t:t−KWKτ

)]
→ 0.

This completes the proof by Markov’s inequality.
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B.2.3 Proof of Lemma B.2.3

Proof of Lemma B.2.3. In the same way as the proof of Lemma B.2.2, expanding the term,
we have:

1

T −K
Z>K(YK −ZKWKτ) =

1

T −K

T∑
t=K+1

Z̃t:t−K(Yt − Z̃>t:t−KWKτ).

We can write
√
T −K(λ>KV λK)−1/2λ>K

[
1

T −K
Z>K(YK −ZKWKτ)

]
=
√
T −K(λ>KV λK)−1/2λ>K

[
1

T −K

T∑
t=K+1

Z̃t:t−K(Yt − Z̃>t:t−KWKτ)

]

=
T∑

t=K+1

(T −K)−1/2(λ>KV λK)−1/2λ>KZ̃t:t−K(Yt − Z̃>t:t−KWKτ).

Define the triangular array [UT,t]
T
t=K+1 by

UT,t = (T −K)−1/2(λ>KV λK)−1/2λ>KZ̃t:t−K(Yt − Z̃>t:t−KWKτ).

As shown earlier in the proof of Lemma B.2.2,

E
[
Z̃t:t−K(Yt − Z̃>t:t−KWKτ)

]
= 0,

hence E[UT,t] = 0. By the definition of V in (2.3.5), we have

Var

[
T∑

t=K+1

UT,t

]
= 1.

We then establish the moment bound for UT,t. For p ≥ 2, using (λ>KV λK) ≥ λmin(V )
‖λK‖2

2, the p-th moment of UT,t is bounded by

E[|UT,t|p] =(T −K)−p/2(λ>KV λK)−p/2E[|λ>KZ̃t:t−K(Yt − Z̃>t:t−KWKτ)|p]
=(T −K)−p/2(λ>KV λK)−p/2E[|λ>KZ̃t:t−K |p|Yt − Z̃>t:t−KWKτ |p]
.(T −K)−p/2(λ>KV λK)−p/2‖λK‖p1E[|Yt − Z̃>t:t−KWKτ |p]
.(T −K)−p/2E[|Yt|p + ‖τ‖p1]

.(T −K)−p/2,

where we used the uniform boundedness in Assumption 2.3.4, lim infT→∞ λ
>
KV λK > 0 and

lim supT→∞‖λK‖1 <∞. So the triangular array [(T−K)1/2UT,t]
T
t=K+1 has uniformly bounded

p-th moments.
We now handle the dependence structure in two cases corresponding to Assumptions 2.3.2

and 2.3.3, respectively.
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Decaying carryover effects condition (Assumption 2.3.2).

Before starting the proof, we first introduce the CLT for dependent triangular arrays with
general covariance-based conditions in Chandrasekhar et al. (2023).

Lemma B.2.4 (Theorem 1 in Chandrasekhar et al. (2023) under dimension one). Let
[Zn,i]

n
i=1 be a triangular array of random variables with mean zero. For each n, we de-

fine the affinity set Ani ⊂ {1, . . . , n} for each i. Let Ωn :=
∑n

i=1

∑
j∈Ani

Cov[Zn,i, Zn,j]. Let
Zn,−i :=

∑
j /∈Ani

Zn,j. Assume that

1.
∑n

i=1

∑
j,k∈Ani

E[|Zn,i|Zn,jZn,k] = o(|Ωn|3/2).

2.
∑n

i,j=1

∑
k∈Ani ,`∈Anj

Cov[Zn,iZn,k, Zn,jZn,`] = o(|Ωn|2).

3.
∑n

i=1 E[|E[Zn,iZn,−i |Zn,−i]|] =
∑n

i=1 E[|Zn,−iE[Zn,i |Zn,−i]|] = o(|Ωn|).

Then the triangular array [Zn,i]
n
i=1 satisfies the CLT:

Ω−1/2
n

n∑
i=1

Zn,i
d−→ N(0, 1).

To apply Lemma B.2.4, we follow the proof in Section 3 of Chandrasekhar et al. (2023).
We define ATt = {t′ : |t− t′| ≤ D}, where D = T ε →∞ as T →∞ for some small ε > 0.

By the selection of D, we have∣∣∣∣∣∣
T∑

t=K+1

∑
t′ /∈ATt

Cov [UT,t, UT,t′ ]

∣∣∣∣∣∣ .
T∑

t=K+1

∑
t′ /∈ATt

1

T −K
θT,|t−t′| .

T∑
k=D

θT,k . D−δ = o(1),

which implies that

ΩT =
T∑

t=K+1

∑
t′∈ATt

Cov [UT,t, UT,t′ ] = Var

[
T∑

t=K+1

UT,t

]
−

T∑
t=K+1

∑
t′ /∈ATt

Cov [UT,t, UT,t′ ]

=1− o(1)→ 1.

For the first condition in Lemma B.2.4, we have∣∣∣∣∣∣
T∑

t=K+1

∑
t′,t′′∈ATt

E[|UT,t|UT,t′UT,t′′ ]

∣∣∣∣∣∣ . D2

T∑
t=K+1

E[|UT,t|3] . D2(T −K)(T −K)−3/2

=D2(T −K)−1/2 = o(1) = o(|ΩT |3/2).
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For the second condition in Lemma B.2.4, we have∣∣∣∣∣∣
T∑

s,t=K+1

∑
s′∈ATs ,t′∈ATt

Cov[UT,sUT,s′ , UT,tUT,t′ ]

∣∣∣∣∣∣ .
T∑

t=K+1

∑
|s−t|≤D,|t′−t|≤D,|s′−t|≤2D

E[|UT,t|4]

.D3(T −K)(T −K)−2 = D3(T −K)−1 = o(1) = o(|ΩT |2).

For the third condition in Lemma B.2.4, defining the random variable ξt,−t such that
ξt,−t = 1 if E[UT,t |UT,−t] > 0 and ξt,−t = −1 otherwise, then we have∣∣∣∣∣

T∑
t=K+1

E[|E[UT,tUT,−t |UT,−t]|]

∣∣∣∣∣ =

∣∣∣∣∣∣
T∑

t=K+1

∑
t′ /∈ATt

Cov [ξt,−tUT,t′ , UT,t]

∣∣∣∣∣∣
.

T∑
t=K+1

∑
t′ /∈ATt

1

T −K
θT,|t−t′| .

T∑
k=D

θT,k . D−δ = o(1) = o(|ΩT |).

Then by Lemma B.2.4 and ΩT → 1, we have

T∑
t=K+1

UT,t
d−→ N(0, 1),

which is exactly

√
T −K(λ>KV λK)−1/2λ>K

[
1

T −K
Z>K(YK −ZKWKτ)

]
d−→ N(0, 1).

m-dependence condition (Assumption 2.3.3).

Before starting the proof, we first introduce the CLT for m-dependent triangular arrays in
Chen and Shao (2004).

Lemma B.2.5 (Theorem 2.6 in Chen and Shao (2004)). Let [Zn,i]
n
i=1 be a m-dependent trian-

gular array of random variables with mean zero, Var[
∑n

i=1 Zn,i] = 1, and finite E[|Zn,i|p] <∞
for 2 < p ≤ 3. Let F be the distribution function of

∑n
i=1 Zn,i and Φ be the distribution func-

tion of N(0, 1). Then

sup
z
|F (z)− Φ(z)| ≤ 75(10m+ 1)p−1

n∑
i=1

E[|Zn,i|p].

To apply Lemma B.2.5, note that by Assumption 2.3.3, the triangular array [UT,t]
T
t=K+1

is (K ∨ m)-dependent since each UT,t is measurable with respect to σ(Yt, Zt, . . . , Zt−K) =
σ(Yt(Zt:t−m), Zt, . . . , Zt−K). From the moment bound already established for UT,t (take p =
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3), supt E [|UT,t|3] . (T −K)−3/2. Let FT be the distribution function of
∑T

t=K+1 UT,t, then
by Lemma B.2.5 with p = 3, we have

sup
z
|FT (z)− Φ(z)| . (K ∨m)2(T −K)(T −K)−3/2 = (K ∨m)2(T −K)−1/2.

Then by Assumption 2.3.3(ii) with K4/T → 0, we have

T∑
t=K+1

UT,t
d−→ N(0, 1),

which is exactly

√
T −K(λ>KV λK)−1/2λ>K

[
1

T −K
Z>K(YK −ZKWKτ)

]
d−→ N(0, 1).

B.3 Proofs

B.3.1 Proof of Theorem 2.3.1

Proof of Theorem 2.3.1. Recall (2.3.1) that

τ̂ = τ +W−1
K [(T −K)−1Z>KZK ]−1[(T −K)−1Z>K(YK −ZKWKτ)].

By Lemma B.2.1, under the assumptions of the theorem, we have∥∥∥∥ 1

T −K
Z>KZK −W−1

K

∥∥∥∥
F

p−→ 0.

Since W−1
K is positive definite with eigenvalues uniformly bounded away from 0 by As-

sumption 2.3.1, we have∥∥∥∥∥W−1
K

(
1

T −K
Z>KZK

)−1
∥∥∥∥∥

2

p−→ ‖IK+1‖2 = 1.

By Lemma B.2.2, under the assumptions of the theorem, we have∥∥∥∥ 1

T −K
Z>K(YK −ZKWKτ)

∥∥∥∥
2

p−→ 0.

Then we obtain

‖τ̂ − τ‖2 ≤

∥∥∥∥∥W−1
K

(
1

T −K
Z>KZK

)−1
∥∥∥∥∥

2

∥∥∥∥ 1

T −K
Z>K(YK −ZKWKτ)

∥∥∥∥
2

p−→ 0,

which completes the proof.
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B.3.2 Proof of Theorem 2.3.2

Proof of Theorem 2.3.2. Recall (2.3.1) that

τ̂ = τ +W−1
K [(T −K)−1Z>KZK ]−1[(T −K)−1Z>K(YK −ZKWKτ)].

Then we have the following decomposition:

λ>K(τ̂ − τ) =λ>KW
−1
K [(T −K)−1Z>KZK ]−1[(T −K)−1Z>K(YK −ZKWKτ)]

=λ>K

[
1

T −K
Z>K (YK −ZKWKτ)

]
+ λ>K

[
W−1

K

(
1

T −K
Z>KZK

)−1

− IK+1

] [
1

T −K
Z>K (YK −ZKWKτ)

]
.

By Lemma B.2.3, under the assumptions of the theorem, we have

√
T −K(λ>KV λK)−1/2λ>K

[
1

T −K
Z>K(YK −ZKWKτ)

]
d−→ N(0, 1).

By Lemma B.2.1, under the assumptions of the theorem, we have∥∥∥∥∥W−1
K

(
1

T −K
Z>KZK

)−1

− IK+1

∥∥∥∥∥
2

p−→ 0.

Combining the above two results, we have
√
T −K(λ>KV λK)−1/2λ>K(τ̂ − τ)

d−→ N(0, 1),

which completes the proof.

B.3.3 Proof of Theorem 2.3.3

Proof of Theorem 2.3.3. By Lemma B.2.1, we have ‖ 1
T−KZ

>
KZK −W−1

K ‖F
p−→ 0, and then

we have the asymptotic approximation:

V̂ =
1

T −K
Z>KÛKQKÛKZK + oP(1).

We decompose V̂ as follows:

V̂ − V −BK

=
1

T −K

(
Z>KÛKQKÛKZK −Z>KUKQKUKZK

)
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+
1

T −K
(
Z>KUKQKUKZK −BK − (UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

)
+

1

T −K

(
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

− E[(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])]
)

+
1

T −K
(
E[(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])]− V

)
+ oP(1). (B.3.1)

We bound the Frobenius norm of each term in (B.3.1).

First term.

For entries (k, k′), by the definition of ÛK ,UK and QK , we have

[
Z>KÛKQKÛKZK

]
k,k′

=
T∑

t=K+1

T∑
t′=K+1

Z̃t−k+1ÛtZ̃t′−k′+1Ût′

(
1− |t− t

′|
L+ 1

)
1 (|t− t′| ≤ L) ,

and

[
Z>KUKQKUKZK

]
k,k′

=
T∑

t=K+1

T∑
t′=K+1

Z̃t−k+1UtZ̃t′−k′+1Ut′

(
1− |t− t

′|
L+ 1

)
1 (|t− t′| ≤ L) .

Then we obtain∣∣∣∣∣
[

1

T −K

(
Z>KÛKQKÛKZK −Z>KUKQKUKZK

)]
k,k′

∣∣∣∣∣
=

∣∣∣∣∣∣ 1

T −K

T∑
t,t′=K+1,|t−t′|≤L

(
Z̃t−k+1ÛtZ̃t′−k′+1Ût′ − Z̃t−k+1UtZ̃t′−k′+1Ut′

)(
1− |t− t

′|
L+ 1

)∣∣∣∣∣∣
≤ 1

T −K

T∑
t,t′=K+1,|t−t′|≤L

|Z̃t−k+1Z̃t′−k′+1|(|Ût − Ut||Ût′|+ |Ût′ − Ut′ ||Ut|)
(

1− |t− t
′|

L+ 1

)
.

By Theorem 2.3.2,∣∣∣Ût − Ut∣∣∣ =
∣∣∣Z̃>t:t−KWK(τ̂ − τ)

∣∣∣ . ‖τ̂ − τ‖1 = OP

(
K√
T −K

)
,

and by Assumption 2.3.4,

|Ut|+
∣∣∣Ût∣∣∣ =

∣∣∣Yt − Z̃>t:t−KWK τ̂
∣∣∣+
∣∣∣Yt − Z̃>t:t−KWKτ

∣∣∣ . |Yt|+ ‖τ‖1 = OP(1).
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Then we have∣∣∣∣∣
[

1

T −K

(
Z>KÛKQKÛKZK −Z>KUKQKUKZK

)]
k,k′

∣∣∣∣∣ = OP

(
KL√
T −K

)
,

and then∥∥∥∥ 1

T −K

(
Z>KÛKQKÛKZK −Z>KUKQKUKZK

)∥∥∥∥
F

= OP

( K2L√
T −K

)
= oP(1),

when K2L/T 1/2 → 0.

Second term.

Since bK = E[UKZK ] and BK = b>KQKbK , we have

Z>KUKQKUKZK −BK − (UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

=2(UKZK − E[UKZK ])>QKE[UKZK ].

For entries (k, k′), by the definition of UK , ZK and QK , we have[
(UKZK − E[UKZK ])>QKE[UKZK ]

]
k,k′

=
T∑

t=K+1

T∑
t′=K+1

(
Z̃t−k+1Ut − E[Z̃t−k+1Ut]

)
E[Z̃t−k′+1Ut′ ]

(
1− |t− t

′|
L+ 1

)
1 (|t− t′| ≤ L) ,

which implies[
1

T −K
(
(UKZK − E[UKZK ])>QKE[UKZK ]

)]
k,k′

=
1

T −K

T∑
t,t′=K+1,|t−t′|≤L

(
Z̃t−k+1Ut − E[Z̃t−k+1Ut]

)
E[Z̃t−k′+1Ut′ ]

(
1− |t− t

′|
L+ 1

)

=
1

T −K

T∑
t=K+1

[ T∑
t′=K+1,|t′−t|≤L

E[Z̃t−k′+1Ut′ ]
(

1− |t− t
′|

L+ 1

)](
Z̃t−k+1Ut − E[Z̃t−k+1Ut]

)
.

Since each term in the sum is independent and mean zero, by Assumption 2.3.4, we have

E

[
1

T −K
(
(UKZK − E[UKZK ])>QKE[UKZK ]

)]2

k,k′

=
1

(T −K)2

T∑
t=K+1

 T∑
t′=K+1,|t′−t|≤L

E[Z̃t−k′+1Ut′ ]

(
1− |t− t

′|
L+ 1

)2

Var[Z̃t−k+1Ut]
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.
1

(T −K)2

T∑
t=K+1

 T∑
t′=K+1,|t′−t|≤L

(
1− |t− t

′|
L+ 1

)2

.
L2

T −K
,

and then by Markov’s inequality,∥∥∥∥ 1

T −K
(
Z>KUKQKUKZK −BK − (UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

)∥∥∥∥
F

=OP

(
KL√
T −K

)
= oP(1),

when KL/T 1/2 → 0.

Third term.

For entries (k, k′), by the definition of UK , ZK and QK , we have[
1

T −K
(
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

)]
k,k′

=
1

T −K

T∑
t,t′=K+1,|t−t′|≤L

(
Z̃t−k+1Ut − E[Z̃t−k+1Ut]

)(
Z̃t′−k′+1Ut′ − E[Z̃t′−k′+1Ut′ ]

)(
1− |t− t

′|
L+ 1

)
,

Since Z̃t are independent, by Assumption 2.3.4, we have

Var
[ 1

T −K

T∑
t,t′=K+1,|t−t′|≤L(

Z̃t−k+1Ut − E[Z̃t−k+1Ut]
)(
Z̃t′−k′+1Ut′ − E[Z̃t′−k′+1Ut′ ]

)(
1− |t− t

′|
L+ 1

)]
=

1

(T −K)2

T∑
t,t′=K+1,|t−t′|≤L

Var
[(
Z̃t−k+1Ut − E[Z̃t−k+1Ut]

)(
Z̃t′−k′+1Ut′ − E[Z̃t′−k′+1Ut′ ]

)(
1− |t− t

′|
L+ 1

)]
.

1

(T −K)2
(T −K)L =

L

T −K
.

Then

E

[
1

T −K
(
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

)]2

k,k′
.

L

T −K
,
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and then by Markov’s inequality,∥∥∥ 1

T −K

(
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

− E[(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])]
)∥∥∥

F
= OP

( K
√
L√

T −K

)
= oP(1),

when K
√
L/T 1/2 → 0.

Fourth term.

For entries (k, k′), by the definition of UK , ZK and QK , we have[
1

T −K
E
[
(UKZK − E [UKZK ])>QK(UKZK − E [UKZK ])

]]
k,k′

=
1

T −K

T∑
t,t′=K+1,|t−t′|≤L

E
[(
Z̃t−k+1Ut − E[Z̃t−k+1Ut]

)(
Z̃t′−k′+1Ut′ − E[Z̃t′−k′+1Ut′ ]

)](
1− |t− t

′|
L+ 1

)
=

1

T −K

T∑
t,t′=K+1,|t−t′|≤L

Cov
[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

](
1− |t− t

′|
L+ 1

)
,

and by the definition of V in (2.3.5), we have

[V ]k,k′ =
1

T −K
Cov

[
T∑

t=K+1

Z̃t−k+1Ut,
T∑

t′=K+1

Z̃t′−k′+1Ut′

]

=
1

T −K

T∑
t,t′=K+1,|t−t′|≤L

Cov
[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

]

+
1

T −K

T∑
t,t′=K+1,|t−t′|>L

Cov
[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

]
.

Then the entrywise difference is∣∣∣∣∣
[

1

T −K
E
[
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

]
− V

]
k,k′

∣∣∣∣∣
≤ 1

T −K

T∑
t,t′=K+1,|t−t′|≤L

|t− t′|
L+ 1

∣∣∣Cov
[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

]∣∣∣
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+
1

T −K

T∑
t,t′=K+1,|t−t′|>L

∣∣∣Cov
[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

]∣∣∣ .
We now handle the dependence structure in two cases.
Assume decaying carryover effects condition (Assumption 2.3.2). Assume L > K. Con-

sider t, t′ such that |t − t′| > K, by Assumption 2.3.4 and the covariance inequality for the
decaying carryover effects sequence in the proof of Theorem 2.3.1, we have∣∣∣Cov

[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

]∣∣∣ . θT,|t−t′|.

Then by Assumption 2.3.2(ii), we have∣∣∣∣∣
[

1

T −K
E
[
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

]
− V

]
k,k′

∣∣∣∣∣
.
K2

L
+

1

L

L∑
k=1

kθT,k +
T∑

k=L+1

θT,k .
K2

L
+

1

L
+

1

Lδ
,

and then∥∥∥∥ 1

T −K
E
[
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

]
− V

∥∥∥∥
F

.
K3

L
+
K

Lδ
→ 0,

when K/L(1/3)∧δ → 0.
Assume m-dependence condition (Assumption 2.3.3). Assume L > K. Consider t, t′ such

that |t− t′| > K, by Assumption 2.3.4 and the definition of m-dependence, we have∣∣∣Cov
[
Z̃t−k+1Ut, Z̃t′−k′+1Ut′

]∣∣∣ . 1(|t− t′| ≤ m).

Assume further L > m. Then by Assumption 2.3.3, we have∣∣∣∣∣
[

1

T −K
E
[
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

]
− V

]
k,k′

∣∣∣∣∣ . m2

L
,

and then∥∥∥∥ 1

T −K
E
[
(UKZK − E[UKZK ])>QK(UKZK − E[UKZK ])

]
− V

∥∥∥∥
F

.
Km2

L
→ 0,

when Km2/L→ 0.

Final step.

Combining the four terms using the decomposition of V̂ completes the proof.
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B.3.4 Proofs of Theorem 2.4.1 and Theorem 2.4.2

Proofs of Theorem 2.4.1 and Theorem 2.4.2. The proofs of Theorem 2.4.1 and Theorem
2.4.2 are similar to the proofs of Theorem 2.3.1 and Theorem 2.3.2, we only outline the key
steps here.

Recall that

τ̂cont = τ +W−1
cont,K [(T −K)−1Z>cont,KZcont,K ]−1[(T −K)−1Z>cont,K(YK −Zcont,KWcont,Kτ)].

We can establish Lemma B.2.1, Lemma B.2.2, Lemma B.2.3 in the same way, except
replacing the mean (p1, . . . , pT ) and the variance (p1(1− p1), . . . , pT (1− pT )) with the mean
(E[Z1], . . . ,E[ZT ]) and the variance (Var[Z1], . . . ,Var[ZT ]). To see why the estimand is

τk =
1

T −K

T∑
t=K+1

E

[
Yt(Zt:1)

(Zt−k − E[Zt−k])

Var[Zt−k]

]
,

we show E[(T −K)−1Z>K(YK −ZKWKτ)] = 0 by following the proof of Lemma B.2.2. For
any k = 0, . . . , K, we have

E

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt − Z̃>t:t−KWKτ

)]
= E

[
1

T −K

T∑
t=K+1

Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

=
1

T −K

T∑
t=K+1

(
E[Z̃t−kYt]− Var[Z̃t−k]wkτk

)
=

(
1

T −K

T∑
t=K+1

E[Z̃t−kYt]

)
−

(
1

T −K

T∑
t=K+1

Var[Z̃t−k]

)
wkτk

=

(
1

T −K

T∑
t=K+1

E

[
Yt(Zt:1)

(Zt−k − E[Zt−k])

Var[Zt−k]

])
−

(
1

T −K

T∑
t=K+1

Var[Zt−k]
−1

)
wkτk

=

(
1

T −K

T∑
t=K+1

E

[
Yt(Zt:1)

(Zt−k − E[Zt−k])

Var[Zt−k]

])
− τk = 0.

We then complete the proofs.

B.3.5 Proof of Theorem 2.4.3

Proof of Theorem 2.4.3. The proof is similar to the proof of Theorem 2.3.3 by considering
the decomposition of V̂ in (B.3.1).
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B.3.6 Proofs of Theorem B.1.1 and Theorem B.1.2

Proofs of Theorem B.1.1 and Theorem B.1.2. The proofs of Theorem B.1.1 and Theorem
B.1.2 are similar to the proofs of Theorem 2.3.1 and Theorem 2.3.2, we only outline the key
steps here.

Recall that

τ̂int = τ +W−1
int,K [(T −K)−1Z>int,KZint,K ]−1[(T −K)−1Z>int,K(YK −Zint,KWint,Kτ)].

Similar to Lemma B.2.1, we can show that under the same assumptions of Lemma B.2.1,
we have ∥∥∥∥ 1

T −K
Z>int,KZint,K −W−1

int,K

∥∥∥∥
F

p−→ 0.

Similar to Lemma B.2.2, we can show that under the same assumptions of Lemma B.2.2,
we have ∥∥∥∥ 1

T −K
Z>int,K(YK −Zint,KWint,Kτ)

∥∥∥∥
2

p−→ 0.

As we have different asymptotic variance: Vint instead of V , similar to Lemma B.2.3, we
can show that under the same assumptions of Lemma B.2.3, we have

√
T −K(λ>KVintλK)−1/2λ>K

[
1

T −K
Z>int,K(YK −Zint,KWint,Kτ)

]
d−→ N(0, 1).

We then complete the proofs.

B.3.7 Proofs of Theorem B.1.3 and Theorem B.1.4

Proofs of Theorem B.1.3 and Theorem B.1.4. The proofs of Theorem B.1.3 and Theorem
B.1.4 are similar to the proofs of Theorem 2.3.1 and Theorem 2.3.2, we only outline the key
steps here.

Recall that

τ̂g = τ +W−1
g,K [(T −K)−1Z>g,KZg,K ]−1[(T −K)−1Z>g,K(YK −Zg,KWg,Kτ)].

Similar to Lemma B.2.1, we can show that under the same assumptions of Lemma B.2.1
except replacing Assumption 2.3.1 with Assumption B.1.1, we have∥∥∥∥ 1

T −K
Z>g,KZg,K −W−1

g,K

∥∥∥∥
F

p−→ 0.



APPENDIX B. APPENDIX FOR CHAPTER 2 148

Similar to Lemma B.2.2, we can show that under the same assumptions of Lemma B.2.2
except replacing Assumption 2.3.1, 2.3.4 with Assumption B.1.1, B.1.2, we have∥∥∥∥ 1

T −K
Z>g,K(YK −Zg,KWg,Kτ)

∥∥∥∥
2

p−→ 0.

As we have different asymptotic variance: Vg instead of V , similar to Lemma B.2.3, we
can show that under the same assumptions of Lemma B.2.3, we have

√
T −K(λ>KVgλK)−1/2λ>K

[
1

T −K
Z>g,K(YK −Zg,KWg,Kτ)

]
d−→ N(0, 1).

We then complete the proofs.

B.3.8 Proof of Proposition B.1.1

Proof of Proposition B.1.1. By the model assumption, we can equivalently write the model
as

Yt(zt:1) =
t−1∑
k=0

βkzt−k + εt = p(1− p)
t−1∑
k=0

βk
zt−k − p
p(1− p)

+ p
t−1∑
k=0

βk + εt.

By the model assumption, we have wk = p(1 − p) and τk = βk. Then the asymptotic
variance of full OLS is

1

T −K
Var

[
T∑

t=K+1

Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

=
1

T −K
Var

[
T∑

t=K+1

Z̃t−k

(
p(1− p)

t−1∑
`=K+1

β`Z̃t−` + p
t−1∑
k=0

βk + εt

)]

=
1

T −K

T∑
t=K+1

Var

[
Z̃t−k

(
p(1− p)

t−1∑
`=K+1

β`Z̃t−` + p

t−1∑
k=0

βk + εt

)]

=
1

T −K

T∑
t=K+1

Var

[
p(1− p)Z̃t−k

t−1∑
`=K+1

β`Z̃t−`

]
+

1

T −K

T∑
t=K+1

Var

[(
p

t−1∑
k=0

βk + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

Var
[
p(1− p)Z̃t−kβ`Z̃t−`

]
+

1

T −K

T∑
t=K+1

Var

[(
p
t−1∑
k=0

βk + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

β2
` +

1

T −K
1

p(1− p)

T∑
t=K+1

(
p
t−1∑
k=0

βk + εt

)2

.
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The asymptotic variance of marginal OLS is

1

T −K
Var

[
T∑

t=K+1

Z̃t−k(Yt − Z̃t−kwkτk)

]

=
1

T −K
Var

[
T∑

t=K+1

Z̃t−k

(
p(1− p)

t−1∑
`=0,`6=k

β`Z̃t−` + p

t−1∑
k=0

βk + εt

)]

=
1

T −K

T∑
t=K+1

Var

[
Z̃t−k

(
p(1− p)

t−1∑
`=0,`6=k

β`Z̃t−` + p
t−1∑
k=0

βk + εt

)]

=
1

T −K

T∑
t=K+1

Var

[
p(1− p)Z̃t−k

t−1∑
`=0,`6=k

β`Z̃t−`

]
+

1

T −K

T∑
t=K+1

Var

[(
p
t−1∑
k=0

βk + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=0,` 6=k

Var
[
p(1− p)Z̃t−kβ`Z̃t−`

]
+

1

T −K

T∑
t=K+1

Var

[(
p
t−1∑
k=0

βk + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=0,` 6=k

β2
` +

1

T −K
1

p(1− p)

T∑
t=K+1

(
p

t−1∑
k=0

βk + εt

)2

.

B.3.9 Proof of Proposition B.1.2

Proof of Proposition B.1.2. By the model assumption, we can equivalently write the model
as

Yt(zt:1) =
t−1∑
k=0

βkzt−k +
t−1∑
k=1

βk−1,kzt−kzt−k+1 + εt

=p(1− p)
t−1∑
k=0

βk
zt−k − p
p(1− p)

+ p2(1− p)2

t−1∑
k=1

βk−1,k
zt−k − p
p(1− p)

zt−k+1 − p
p(1− p)

+ p

t−1∑
k=0

βk + p
t−1∑
k=1

βk−1,k(zt−k + zt−k+1 − p) + εt

=p(1− p)
t−1∑
k=0

βk
zt−k − p
p(1− p)

+ p2(1− p)2

t−1∑
k=1

βk−1,k
zt−k − p
p(1− p)

zt−k+1 − p
p(1− p)

+p2(1− p)
t−1∑
k=1

βk−1,k
zt−k − p
p(1− p)

+ p2(1− p)
t−2∑
k=0

βk,k+1
zt−k − p
p(1− p)

+ p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt.
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By the definition of main effect weights and interaction effect weights, and the model
assumption, we have wk = p(1− p) and wk−1,k = p2(1− p)2. The main effect is

τk =
1

T −K

T∑
t=K+1

E [Yt(Zt:t−k+1, 1, Zt−k−1:1)− Yt(Zt:t−k+1, 0, Zt−k−1:1)]

=
1

T −K

T∑
t=K+1

E [βk + βk−1,kzt−k+11(k 6= 0) + βk,k+1zt−k−11(k 6= T − 1)]

=βk + pβk−1,k1(k 6= 0) + pβk,k+11(k 6= T − 1),

and the interaction effect is

τk−1,k = βk−1,k.

Then the residual of OLS with interaction is

Yt −
K∑
`=0

Z̃t−`w`τ` −
K∑
`=1

Z̃t−`Z̃t−`+1w`−1,`τ`−1,`

=p(1− p)
t−1∑

`=K+1

β`Z̃t−` + p2(1− p)2

t−1∑
`=K+1

β`−1,`Z̃t−`Z̃t−`+1

+ p2(1− p)
t−1∑

`=K+1

β`−1,`Z̃t−` + p2(1− p)
t−2∑

`=K+1

β`,`+1Z̃t−` + p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt.

Then the asymptotic variance of OLS with interaction is

1

T −K
Var

[
T∑

t=K+1

Z̃t−k(Yt −
K∑
`=0

Z̃t−`w`τ` −
K∑
`=1

Z̃t−`Z̃t−`+1w`−1,`τ`−1,`)

]

=
1

T −K

T∑
t=K+1

Var

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ` −
K∑
`=1

Z̃t−`Z̃t−`+1w`−1,`τ`−1,`

)]

=
1

T −K

T∑
t=K+1

Var

[
Z̃t−k

(
p(1− p)

t−1∑
`=K+1

β`Z̃t−` + p2(1− p)

(
t−1∑

`=K+1

β`−1,`Z̃t−` +
t−2∑

`=K+1

β`,`+1Z̃t−`

))]

+
1

T −K

T∑
t=K+1

Var

[
Z̃t−kp

2(1− p)2

t−1∑
`=K+1

β`−1,`Z̃t−`Z̃t−`+1

]

+
1

T −K

T∑
t=K+1

Var

[(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)
Z̃t−k

]
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=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

Var
[
p(1− p)Z̃t−kβ`Z̃t−`

]
+

1

T −K

T∑
t=K+1

t−1∑
`=K+1

Var
[
p2(1− p)Z̃t−kβ`−1,`Z̃t−`

]
+

1

T −K

T∑
t=K+1

t−2∑
`=K+1

Var
[
p2(1− p)Z̃t−kβ`,`+1Z̃t−`

]
+

1

T −K

T∑
t=K+1

t−1∑
`=K+1

Var
[
p2(1− p)2Z̃t−kβ`−1,`Z̃t−`Z̃t−`+1

]
+

1

T −K

T∑
t=K+1

Var

[(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

(
β2
` + p2β2

`−1,` + p2β2
`,`+1

)
+

1

T −K

T∑
t=K+1

t−1∑
`=K+1

p(1− p)β2
`−1,`

+
1

T −K
1

p(1− p)

T∑
t=K+1

(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)2

.

On the other hand, the residual of OLS without interaction is

Yt −
K∑
`=0

Z̃t−`w`τ`

=p(1− p)
t−1∑

`=K+1

β`Z̃t−` + p2(1− p)2

t−1∑
`=1

β`−1,`Z̃t−`Z̃t−`+1

+ p2(1− p)
t−1∑

`=K+1

β`−1,`Z̃t−` + p2(1− p)
t−2∑

`=K+1

β`,`+1Z̃t−` + p

t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt.

Then the asymptotic variance of OLS without interaction is

1

T −K
Var

[
T∑

t=K+1

Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

=
1

T −K

T∑
t=K+1

Var

[
Z̃t−k

(
Yt −

K∑
`=0

Z̃t−`w`τ`

)]

=
1

T −K

T∑
t=K+1
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Var

[
Z̃t−k

(
p(1− p)

t−1∑
`=K+1

β`Z̃t−` + p2(1− p)

(
t−1∑

`=K+1

β`−1,`Z̃t−` +
t−2∑

`=K+1

β`,`+1Z̃t−`

))]

+
1

T −K

T∑
t=K+1

Var

[
Z̃t−kp

2(1− p)2

t−1∑
`=1

β`−1,`Z̃t−`Z̃t−`+1

]

+
1

T −K

T∑
t=K+1

Var

[(
p

t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

Var
[
p(1− p)Z̃t−kβ`Z̃t−`

]
+

1

T −K

T∑
t=K+1

t−1∑
`=K+1

Var
[
p2(1− p)Z̃t−kβ`−1,`Z̃t−`

]
+

1

T −K

T∑
t=K+1

t−2∑
`=K+1

Var
[
p2(1− p)Z̃t−kβ`,`+1Z̃t−`

]
+

1

T −K

T∑
t=K+1

t−1∑
`=1

Var
[
p2(1− p)2Z̃t−kβ`−1,`Z̃t−`Z̃t−`+1

]
+

1

T −K

T∑
t=K+1

Var

[(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)
Z̃t−k

]

=
1

T −K

T∑
t=K+1

t−1∑
`=K+1

(β2
` + p2β2

`−1,` + p2β2
`,`+1) +

1

T −K

T∑
t=K+1

t−1∑
`=1

p(1− p)β2
`−1,`

+
1

T −K
1

p(1− p)

T∑
t=K+1

(
p
t−1∑
k=0

βk + p2

t−1∑
k=1

βk−1,k + εt

)2

.
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Appendix C

Appendix for Chapter 3

C.1 Proofs of the results in Sections 3.3 and 3.4
Additional notation. We use X and Z to represent (X1, X2, . . . , XN0) and
(Z1, Z2, . . . , ZN1), respectively. Let U(0, 1) denote the uniform distribution on [0, 1]. Let
U ∼ U(0, 1) and U(M) be the M -th order statistic of N0 independent random variables from
U(0, 1), assumed to be mutually independent and both independent of (X,Z). It is well
known that U(M) ∼ Beta(M,N0 + 1 −M). Let Bin(·, ·) denote the binomial distribution.
Let L1(Rd) denote the space of all functions f : Rd → R such that

∫
|f(x)|dx <∞. For any

x ∈ Rd and function f : Rd → R, we say x is a Lebesgue point (Bogachev and Ruas, 2007,
Theorem 5.6.2) of f if

lim
δ→0+

1

λ(Bx,δ)

∫
Bx,δ

|f(x)− f(z)|dz = 0.

C.2 Proofs of the results in Section 3.7

C.2.1 Proof of Theorem 3.7.1

Proof of Theorem 3.7.1. We consider the complexities of two algorithms seperately.
Algorithm 1.
The worst-case computation complexity of building a balanced k-d tree is O(dN0 logN0)

(cf. Brown (2015)) since the size of the k-d tree is N0.
The average computation complexity of searching a NN is O(logN0) from Friedman et al.

(1977), and then the average computation complexity of search M -NNs in {Xi}N0
i=1 for all

{Zj}N1
j=1 is O(MN1 logN0).

Notice that |Sj| = M for any j ∈ JN1K and then
∣∣⋃N1

j=1 Sj
∣∣ ≤ N1M . Since the elements of

each Sj are in JN0K, the largest integer in
⋃N1

j=1 Sj is N0. Then the computation complexity
of counting step is O(N1M + N0) due to the counting sort algorithm (Cormen et al., 2009,
Section 8.2).
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Combining the above three steps completes the proof for Algorithm 1.
Algorithm 2.
The computation complexity of building a k-d tree is O(d(N0 + n) log(N0 + n)) from

Algorithm 1 since the size of the k-d tree is N0 + n.
For the searching step, for each j ∈ JN1K, the number of NNs to be searched is M +∑n
i=1 1(‖xi − Zj‖ ≤ ‖X(M)(Zj) − Zj‖). Then from (3.2.2), the total number of NNs

searched for all j ∈ JN1K is
∑N1

j=1(M +
∑n

i=1 1(‖xi − Zj‖ ≤ ‖X(M)(Zj) − Zj‖)) = N1M +∑n
i=1 KM(xi). Let X,Z be two independent copies from ν0, ν1, respectively, and are in-

dependent of the data. Since [Zj]
N1
j=1 are i.i.d. and [Xi]

N0
i=1

⋃
[xi]

n
i=1 are i.i.d, we have

E[
∑n

i=1KM(xi)] = nE[KM(X)] = N1nE[ν1(AM(X))] = N1n
M

N0+1
since E[ν1(AM(X))] =

P(‖X−Z‖ ≤ ‖X(M)(Z)−Z‖) = P(U ≤ U(M)) = M
N0+1

by using the probability integral trans-
form. Then the average computation complexity for the searching step is O(N−1

0 N1M(N0 +
n) log(N0 + n))

For the counting step, the computation complexity for counting
⋃N1

j=1 Sj is O(N0 +N1M)

since the cardinality of
⋃N1

j=1 Sj is at most N1M and the largest integer is N0. The aver-
age computation complexity for counting

⋃N1

j=1 S
′
j is O(N−1

0 N1Mn + n) since the average
cardinality of

⋃N1

j=1 S
′
j is at most N−1

0 N1Mn and the largest integer is n.
Combining the above three steps completes the proof for Algorithm 2.

C.3 Proofs of the results in Section 3.8

C.3.1 Proof of Lemma 3.8.1

Proof of Lemma 3.8.1. From the Lebesgue differentiation theorem, for any f ∈ L1(Rd), x is
a Lebesgue point of f for λ-almost all x. Then for ν0-almost all x, we have f0(x) > 0 and
x is a Lebesgue point of f0 and f1 from the absolute continuity of ν0 and ν1. We then only
need to consider those x ∈ Rd such that f0(x) > 0 and x is a Lebesgue point of f0 and f1.

We first introduce a lemma about the Lebesgue point.
Lemma C.3.1. Let ν be a probability measure on Rd admitting a density f with respect to
the Lebesgue measure. Let x ∈ Rd be a Lebesgue point of f . Then for any ε ∈ (0, 1), there
exists δ = δx > 0 such that for any z ∈ Rd satisfying ‖z − x‖ ≤ δ, we have∣∣∣ν(Bx,‖z−x‖)

λ(Bx,‖z−x‖)
− f(x)

∣∣∣ ≤ ε,
∣∣∣ν(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− f(x)

∣∣∣ ≤ ε.

Part I. This part proves the first claim. We separate the proof of Part I into two cases
based on the value of f1(x).

Case I.1. f1(x) > 0. Since x is a Lebesgue point of ν0 and ν1, by Lemma C.3.1, for any
ε ∈ (0, 1), there exists some δ = δx > 0 such that for any z ∈ Rd with ‖z − x‖ ≤ δ, we have
for w ∈ {0, 1},∣∣∣νw(Bx,‖z−x‖)

λ(Bx,‖z−x‖)
− fw(x)

∣∣∣ ≤ εfw(x),
∣∣∣νw(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− fw(x)

∣∣∣ ≤ εfw(x).
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Accordingly, if ‖z − x‖ ≤ δ, by λ(Bz,‖x−z‖) = λ(Bx,‖x−z‖), we have

1− ε
1 + ε

f0(x)

f1(x)
≤
ν0(Bz,‖x−z‖)

λ(Bz,‖x−z‖)

λ(Bx,‖x−z‖)

ν1(Bx,‖x−z‖)
=
ν0(Bz,‖x−z‖)

ν1(Bx,‖x−z‖)
≤ 1 + ε

1− ε
f0(x)

f1(x)
. (C.3.1)

On the other hand, for any z ∈ Rd such that ‖z − x‖ > δ, ν0(Bz,‖z−x‖) ≥ ν0(Bz∗,δ) ≥
(1 − ε)f0(x)λ(Bz∗,δ) = (1 − ε)f0(x)λ(B0,δ), where z∗ is the intersection point of the surface
of Bx,δ and the line connecting z and x.

Let ηN = 4 log(N0/M). Since M logN0/N0 → 0, we can take N0 large enough so that
ηN

M
N0

= 4M
N0

log(N0

M
) < (1 − ε)f0(x)λ(B0,δ). Then for any z ∈ Rd such that ν0(Bz,‖z−x‖) ≤

ηNM/N0, we have ‖z − x‖ ≤ δ since otherwise it would contradict the selection of N0.
Let Z be a copy from ν1 independent of the data. Then

E
[
ν1

(
AM(x)

)]
= P

(
Z ∈ AM(x)

)
= P

(
ν0(BZ,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
. (C.3.2)

For any given z ∈ Rd, [ν0(Bz,‖Xi−z‖)]
N0
i=1 are i.i.d. from U(0, 1) since [Xi]

N0
i=1 are i.i.d. from

ν0 and we use the probability integral transform. Then ν0(BZ,‖X(M)(Z)−Z‖) has the same
distribution as U(M) and is independent of Z.

Upper bound. With a slight abuse of notation, we define W = ν0(BZ,‖x−Z‖). We then
have, from (C.3.1) and (C.3.2),

E
[
ν1

(
AM(x)

)]
= P

(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
≤P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ ηN

M

N0

)
+ P

(
ν0(BZ,‖X(M)(Z)−Z‖) > ηN

M

N0

)
=P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ ηN

M

N0

, ‖Z − x‖ ≤ δ
)

+ P
(
U(M) > ηN

M

N0

)
≤P
(
ν0(BZ,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖), ‖Z − x‖ ≤ δ

)
+ P

(
U(M) > ηN

M

N0

)
≤P
(1− ε

1 + ε

f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖), ‖Z − x‖ ≤ δ

)
+ P

(
U(M) > ηN

M

N0

)
≤P
(1− ε

1 + ε

f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
+ P

(
U(M) > ηN

M

N0

)
=P
(1− ε

1 + ε

f0(x)

f1(x)
U ≤ U(M)

)
+ P

(
U(M) > ηN

M

N0

)
. (C.3.3)

For the second term in (C.3.3), notice that ηN →∞ as N0 →∞. Then from the Chernoff
bound and for N0 sufficiently large, we have

N0

M
P
(
U(M) > ηN

M

N0

)
=
N0

M
P
(

Bin
(
N0, ηN

M

N0

)
< M

)
≤N0

M
exp

(
(1 + log ηN − ηN)M

)
≤ N0

M
exp

(
− 1

2
ηNM

)
=
(N0

M

)1−2M

.
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Since M/N0 → 0 and M ≥ 1, we then obtain

lim
N0→∞

N0

M
P
(
U(M) > ηN

M

N0

)
= 0. (C.3.4)

For the first term in (C.3.3), we have

N0

M
P
(1− ε

1 + ε

f0(x)

f1(x)
U ≤ U(M)

)
=
N0

M

∫ 1

0

P
(
U(M) ≥

1− ε
1 + ε

f0(x)

f1(x)
t
)

dt

=
1 + ε

1− ε
f1(x)

f0(x)

∫ 1−ε
1+ε

f0(x)
f1(x)

N0
M

0

P
(
U(M) ≥

M

N0

t
)

dt ≤ 1 + ε

1− ε
f1(x)

f0(x)

∫ ∞
0

P
(N0

M
U(M) ≥ t

)
dt

=
1 + ε

1− ε
f1(x)

f0(x)

N0

M
E[U(M)] =

1 + ε

1− ε
f1(x)

f0(x)

N0

N0 + 1
. (C.3.5)

We then obtain
lim sup
N0→∞

N0

M
P
(1− ε

1 + ε

f0(x)

f1(x)
U ≤ U(M)

)
≤ 1 + ε

1− ε
f1(x)

f0(x)
. (C.3.6)

Plugging (C.3.4) and (C.3.6) to (C.3.3) then yields

lim sup
N0→∞

N0

M
E
[
ν1

(
AM(x)

)]
≤ 1 + ε

1− ε
f1(x)

f0(x)
. (C.3.7)

Lower bound. We have, from (C.3.1) and (C.3.2),

E
[
ν1

(
AM(x)

)]
= P

(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
≥ P

(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ ηN

M

N0

)
=P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ ηN

M

N0

, ‖Z − x‖ ≤ δ
)

≥P
(1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ ηN

M

N0

, ‖Z − x‖ ≤ δ
)

=P
(1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ ηN

M

N0

)
≥P
(1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
− P

(
ν0(BZ,‖X(M)(Z)−Z‖) > ηN

M

N0

)
=P
(1 + ε

1− ε
f0(x)

f1(x)
U ≤ U(M)

)
− P

(
U(M) > ηN

M

N0

)
. (C.3.8)

The second last equality is from the fact that for ‖Z − x‖ > δ,

1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≥

1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,δ) ≥

1 + ε

1− ε
f0(x)

f1(x)
f1(x)(1− ε)λ(B0,δ) > ηN

M

N0

,

and then that 1+ε
1−ε

f0(x)
f1(x)

ν1(Bx,‖x−Z‖) ≤ ηN
M
N0

implies ‖Z − x‖ ≤ δ.
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For the first term in (C.3.8), we have

N0

M
P
(1 + ε

1− ε
f0(x)

f1(x)
U ≤ U(M)

)
=

1− ε
1 + ε

f1(x)

f0(x)

∫ 1+ε
1−ε

f0(x)
f1(x)

N0
M

0

P
(
U(M) ≥

M

N0

t
)

dt.

If 1+ε
1−ε

f0(x)
f1(x)

≥ 1, then by U(M) ∈ [0, 1], we have

N0

M
P
(1 + ε

1− ε
f0(x)

f1(x)
U ≤ U(M)

)
=

1− ε
1 + ε

f1(x)

f0(x)

N0

M
E[U(M)] =

1− ε
1 + ε

f1(x)

f0(x)

N0

N0 + 1
.

If 1+ε
1−ε

f0(x)
f1(x)

< 1, from the Chernoff bound,

∫ N0
M

1+ε
1−ε

f0(x)
f1(x)

N0
M

P
(
U(M) ≥

M

N0

t
)

dt ≤
[
1− 1 + ε

1− ε
f0(x)

f1(x)

]N0

M
P
(
U(M) ≥

1 + ε

1− ε
f0(x)

f1(x)

)
≤
[
1− 1 + ε

1− ε
f0(x)

f1(x)

]N0

M
exp

[
M − 1 + ε

1− ε
f0(x)

f1(x)
N0 −M logM +M log

(1 + ε

1− ε
f0(x)

f1(x)
N0

)]
.

Since f0(x) > 0 and M logN0/N0 → 0, we obtain

lim
N0→∞

∫ N0
M

1+ε
1−ε

f0(x)
f1(x)

N0
M

P
(
U(M) ≥

M

N0

t
)

dt = 0.

Then we always have

lim
N0→∞

N0

M
P
(1 + ε

1− ε
f0(x)

f1(x)
U ≤ U(M)

)
=

1− ε
1 + ε

f1(x)

f0(x)
.

Using the above identity along with (C.3.4) to (C.3.8) yields

lim inf
N0→∞

N0

M
E
[
ν1

(
AM(x)

)]
≥ 1− ε

1 + ε

f1(x)

f0(x)
. (C.3.9)

Lastly, combining (C.3.7) with (C.3.9) and noticing that ε is arbitrary, we obtain

lim
N0→∞

N0

M
E
[
ν1

(
AM(x)

)]
=
f1(x)

f0(x)
= r(x). (C.3.10)

Case I.2. f1(x) = 0. Again, for any ε ∈ (0, 1), by Lemma C.3.1, there exists some
δ = δx > 0 such that for any z ∈ Rd with ‖z − x‖ ≤ δ, we have∣∣∣ν0(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− f0(x)

∣∣∣ ≤ εf0(x),
∣∣∣ν1(Bx,‖z−x‖)

λ(Bx,‖z−x‖)

∣∣∣ ≤ ε.
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Recall that W = ν0(BZ,‖x−Z‖). Then if ‖Z − x‖ ≤ δ, we have

W ≥ (1− ε)f0(x)λ(BZ,‖x−Z‖) = (1− ε)f0(x)λ(Bx,‖x−Z‖) ≥ ε−1(1− ε)f0(x)ν1(Bx,‖x−Z‖).

Proceeding in the same way as (C.3.3), we obtain

E
[
ν1

(
AM(x)

)]
≤ P

(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)ηN

M

N0

, ‖Z − x‖ ≤ δ
)

+ P
(
U(M) > ηN

M

N0

)
≤P
(1− ε

ε
f0(x)U ≤ U(M)

)
+ P

(
U(M) > ηN

M

N0

)
.

For the first term above,

N0

M
P
(1− ε

ε
f0(x)U ≤ U(M)

)
=

ε

1− ε
1

f0(x)

∫ 1−ε
ε
f0(x)

N0
M

0

P
(
U(M) ≥

M

N0

t
)

dt

≤ ε

1− ε
1

f0(x)

∫ ∞
0

P
(N0

M
U(M) ≥ t

)
dt =

ε

1− ε
1

f0(x)

N0

M
E[U(M)] =

ε

1− ε
1

f0(x)

N0

N0 + 1
.

By (C.3.4) and noticing ε is arbitrary, we have

lim
N0→∞

N0

M
E
[
ν1

(
AM(x)

)]
= 0 = r(x). (C.3.11)

Combining (C.3.10) and (C.3.11) completes the proof of the first claim.

Part II. This part proves the second claim. We also separate the proof of Part II into
two cases based on the value of f1(x).

Case II.1. f1(x) > 0. Again, for any ε ∈ (0, 1), we take δ in the same way as in Case
I.1. Let ηN = ηN,p = 4p log(N0/M). We also take N0 sufficiently large so that ηN M

N0
=

4pM
N0

log(N0

M
) < (1− ε)f0(x)λ(B0,δ).

Let Z̃1, . . . , Z̃p be p independent copies that are drawn from ν1 independent of the data.
Then

E
[
νp1(AM(x))

]
= P

(
Z̃1, . . . , Z̃p ∈ AM(x)

)
=P
(
ν0(BZ̃1,‖x−Z̃1‖) ≤ ν0(BZ̃1,‖X(M)(Z̃1)−Z̃1‖), . . . , ν0(BZ̃p,‖x−Z̃p‖) ≤ ν0(BZ̃p,‖X(M)(Z̃p)−Z̃p‖)

)
.

Let Wk = ν0(BZ̃k,‖x−Z̃k‖) and Vk = ν0(BZ̃k,‖X(M)(Z̃k)−Z̃k‖) for any k ∈ JpK. Then [Wk]
p
k=1

are i.i.d. since [Z̃k]
p
k=1 are i.i.d.. For any k ∈ JpK and Z̃k ∈ Rd given, Vk | Z̃k has the same

distribution as U(M). Then for any k ∈ JpK, Vk has the same distribution as U(M), and Vk is
independent of Z̃k.

Let Wmax = maxk∈JpKWk and Vmax = maxk∈JpK Vk. Then

E
[
νp1(AM(x))

]
≤ P

(
Wmax ≤ Vmax

)
≤ P

(
Wmax ≤ Vmax ≤ ηN

M

N0

)
+ P

(
Vmax > ηN

M

N0

)
.

(C.3.12)
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For the second term in (C.3.12),

P
(
Vmax > ηN

M

N0

)
≤

p∑
k=1

P
(
Vk > ηN

M

N0

)
= pP

(
U(M) > ηN

M

N0

)
.

Proceeding as (C.3.4),(N0

M

)p
P
(
U(M) > ηN

M

N0

)
≤
(N0

M

)p
exp

(
− 1

2
ηNM

)
=
(N0

M

)p(1−2M)

.

We then obtain

lim
N0→∞

(N0

M

)p
P
(
Vmax > ηN

M

N0

)
= 0. (C.3.13)

For the first term in (C.3.12), notice that [ν1(Bx,‖Z̃k−x‖)]
p
k=1 are i.i.d. from U(0, 1) since

[Z̃k]
p
k=1 are i.i.d. We then have(N0

M

)p
P
(
Wmax ≤ Vmax ≤ ηN

M

N0

)
=
(N0

M

)p
P
(
Wmax ≤ Vmax ≤ ηN

M

N0

,max
k∈JpK
‖Z̃k − x‖ ≤ δ

)
≤
(N0

M

)p
P
(1− ε

1 + ε

f0(x)

f1(x)
max
k∈JpK

ν1(Bx,‖Z̃k−x‖) ≤ Vmax ≤ ηN
M

N0

,max
k∈JpK
‖Z̃k − x‖ ≤ δ

)
≤
(N0

M

)p
P
(1− ε

1 + ε

f0(x)

f1(x)
max
k∈JpK

ν1(Bx,‖Z̃k−x‖) ≤ Vmax

)
=
(N0

M

)p ∫ 1

0

ptp−1P
(
Vmax ≥

1− ε
1 + ε

f0(x)

f1(x)
t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) = t
)

dt

=p
(1 + ε

1− ε
f1(x)

f0(x)

)p ∫ 1−ε
1+ε

f0(x)
f1(x)

N0
M

0

tp−1P
(
Vmax ≥

M

N0

t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) =
1 + ε

1− ε
f1(x)

f0(x)

M

N0

t
)

dt

=p
(1 + ε

1− ε
f1(x)

f0(x)

)p[ ∫ 1

0

tp−1P
(
Vmax ≥

M

N0

t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) =
1 + ε

1− ε
f1(x)

f0(x)

M

N0

t
)

dt

+

∫ 1−ε
1+ε

f0(x)
f1(x)

N0
M

1

tp−1P
(
Vmax ≥

M

N0

t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) =
1 + ε

1− ε
f1(x)

f0(x)

M

N0

t
)

dt
]
.

For the first term,∫ 1

0

tp−1P
(
Vmax ≥

M

N0

t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) =
1 + ε

1− ε
f1(x)

f0(x)

M

N0

t
)

dt ≤
∫ 1

0

tp−1dt =
1

p
.

For the second term, using the Chernoff bound, conditional on Z̃ = (Z̃1, . . . , Z̃p),∫ 1−ε
1+ε

f0(x)
f1(x)

N0
M

1

tp−1P
(
Vmax ≥

M

N0

t
∣∣∣ Z̃)dt ≤

∫ ∞
0

(1 + t)p−1P
(
Vmax ≥

M

N0

(1 + t)
∣∣∣ Z̃)dt
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≤
∫ ∞

0

(1 + t)p−1
[ p∑
k=1

P
(
Vk ≥

M

N0

(1 + t)
∣∣∣ Z̃)]dt = p

∫ ∞
0

(1 + t)p−1P
(
U(M) ≥

M

N0

(1 + t)
)

dt

≤p
∫ ∞

0

(1 + t)p−1(1 + t)M exp(−tM)dt ≤
√

2πpM−1/2
(

1 +
1

M

)p−1

(1 + o(1)),

where the last step follows from Stirling’s approximation with M →∞.
Then we obtain

lim sup
N0→∞

(N0

M

)p
P
(
Wmax ≤ Vmax, Vmax ≤ ηN

M

N0

)
≤
(1 + ε

1− ε
f1(x)

f0(x)

)p
. (C.3.14)

Plugging (C.3.13) and (C.3.14) into (C.3.12) yields

lim sup
N0→∞

(N0

M

)p
E
[
νp1(AM(x))

]
≤
(1 + ε

1− ε
f1(x)

f0(x)

)p
=
(1 + ε

1− ε
r(x)

)p
. (C.3.15)

Lastly, using Hölder’s inequality,(N0

M

)p
E
[
νp1(AM(x))

]
≥
[N0

M
E
[
ν1

(
AM(x)

)]]p
.

Employing the first claim, we have

lim inf
N0→∞

(N0

M

)p
E
[
νp1(AM(x))

]
≥
[
r(x)

]p
. (C.3.16)

Combining (C.3.15) with (C.3.16) and noting that ε is arbitrary, we obtain

lim
N0→∞

(N0

M

)p
E
[
νp1
(
AM(x)

)]
=
[
r(x)

]p
. (C.3.17)

Case II.2. f1(x) = 0. For any ε ∈ (0, 1), we take δ in the same way as in the proof of
Case I.2 and take ηN as in the proof of Case II.1.

By (C.3.12),(N0

M

)p
E
[
νp1(AM(x))

]
≤
(N0

M

)p
P
(
Wmax ≤ Vmax ≤ ηN

M

N0

)
+
(N0

M

)p
P
(
Vmax > ηN

M

N0

)
.

For the first term,(N0

M

)p
P
(
Wmax ≤ Vmax ≤ ηN

M

N0

)
≤
(N0

M

)p
P
(1− ε

ε
f0(x) max

k∈JpK
ν1(Bx,‖Z̃k−x‖) ≤ Vmax

)
=
(N0

M

)p ∫ 1

0

ptp−1P
(
Vmax ≥

1− ε
ε

f0(x)t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) = t
)

dt

=p
( ε

1− ε
1

f0(x)

)p ∫ 1−ε
ε
f0(x)

N0
M

0

tp−1P
(
Vmax ≥

M

N0

t
∣∣∣ max
k∈JpK

ν1(Bx,‖Z̃k−x‖) = t
)

dt.
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Then proceeding in the same way as (C.3.14), we have

lim sup
N0→∞

(N0

M

)p
P
(
Wmax ≤ Vmax ≤ ηN

M

N0

)
≤
( ε

1− ε
1

f0(x)

)p
.

Lastly, using (C.3.13) and noting again that ε is arbitrary, we obtain

lim
N0→∞

(N0

M

)p
E
[
νp1
(
AM(x)

)]
= 0 =

[
r(x)

]p
. (C.3.18)

Combining (C.3.17) and (C.3.18) then completes the proof of the second claim.

C.3.2 Proof of Theorem 3.8.1

Proof of Theorem 3.8.1(i). By (3.2.4) and that [Zj]
N1
j=1 are i.i.d,

E
[
r̂M(x)

]
= E

[N0

N1

KM(x)

M

]
=

N0

N1M
E
[ N1∑
j=1

1
(
Zj ∈ AM(x)

)]
=
N0

M
E
[
ν1

(
AM(x)

)]
.

Employing Lemma 3.8.1 then completes the proof.

Proof of Theorem 3.8.1(ii). By Hölder’s inequality, it suffices to consider the case when p is
even. Because xp is convex for p > 1 and x > 0, we have

E
[
|r̂M(x)− r(x)|p

]
≤ 2p−1

(
E
[∣∣∣r̂M(x)− E[r̂M(x) |X]

∣∣∣p]+ E
[∣∣∣E[r̂M(x) |X]− r(x)

∣∣∣p]).
(C.3.19)

For the second term in (C.3.19), Lemma 3.8.1 implies

lim
N0→∞

E
[∣∣∣E[r̂M(x) |X]− r(x)

∣∣∣p] = lim
N0→∞

E
[∣∣∣N0

M
ν1

(
AM(x)

)
− r(x)

∣∣∣p] = 0 (C.3.20)

by expanding the product term.
For the first term in (C.3.19), noticing that [Zj]

N1
j=1 are i.i.d, we have KM(x) |X ∼

Bin(N1, ν1(AM(x))). Using Lemma 3.8.1 and MN1/N0 →∞, for any positive integers p and
q, we have

lim
N0→∞

( N0

N1M

)p
E[Np

1 ν
p
1(AM(x))] =

[
r(x)

]p
,

lim
N0→∞

( N0

N1M

)p(N0

M

)q
E[Np

1 ν
p+q
1 (AM(x))] =

[
r(x)

]p+q
,

and then E[Np
1 ν

p
1(AM(x))] is the dominated term among [E[Nk

1 ν
k+q
1 (AM(x))]]k≤p,q≥0.
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To complete the proof, for any positive integer c and Z ∼ Bin(n, p′), let µc = E[(Z −
E[Z])c] be the c-th central moment. By Romanovsky (1923), we have

µc+1 = p′(1− p′)
(
ncµc−1 +

dµc
dp′

)
.

Then for even p, we obtain

E
[(
KM(x)−N1ν1(AM(x))

)p]
. E[N1ν1(AM(x))]p/2 .

(N1M

N0

)p/2
.

The first term in (C.3.19) then satisfies

E
[∣∣∣r̂M(x)− E[r̂M(x) |X]

∣∣∣p] =
( N0

N1M

)p
E
[(
KM(x)−N1ν1(AM(x))

)p]
.
( N0

N1M

)p/2
.

Since MN1/N0 →∞, we obtain

lim
N0→∞

E
[∣∣∣r̂M(x)− E[r̂M(x) |X]

∣∣∣p] = 0. (C.3.21)

Plugging (C.3.20) and (C.3.21) into (C.3.19) then completes the proof.

C.3.3 Proof of Theorem 3.8.2

Proof of Theorem 3.8.2. We first cite the Hardy–Littlewood maximal inequality.

Lemma C.3.2 (Hardy–Littlewood maximal inequality (Stein, 2016)). For any locally inte-
grable function f : Rd → R, define

Mf(x) = sup
δ>0

1

λ(Bx,δ)

∫
Bx,δ

|f(z)|dz.

Then for d ≥ 1, there exists a constant Cd > 0 only depending on d such that for all t > 0
and f ∈ L1(Rd), we have

λ({x : Mf(x) > t}) < Cd
t
‖f‖L1 ,

where ‖·‖L1 stands for the function L1 norm.

Let ε > 0 be given. We assume ε ≤ fL. From Assumption 3.8.1, S0 and S1 are bounded,
then ν0 and ν1 are compactly supported. Since f0, f1 ∈ L1 and the class of continuous
functions are dense in the class of compactly supported L1 functions from simple use of
Lusin’s theorem, we can find g0, g1 such that g0, g1 are continuous and ‖f0 − g0‖L1 ≤ ε3 and
‖f1 − g1‖L1 ≤ ε3.

Since g0, g1 are continuous with compact supports, they are uniformly continuous, that
is, there exists δ > 0 such that for any x, z ∈ Rd and ‖z−x‖ ≤ δ, we have |g0(x)−g0(z)| ≤ ε2

3

and |g1(x)− g1(z)| ≤ ε2

3
.
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For any x ∈ Rd, we have

1

λ(Bx,δ)

∫
Bx,δ

|f0(x)− f0(z)|dz

≤ 1

λ(Bx,δ)

∫
Bx,δ

[|f0(x)− g0(x)|+ |g0(x)− g0(z)|+ |f0(z)− g0(z)|]dz

=|f0(x)− g0(x)|+ 1

λ(Bx,δ)

∫
Bx,δ

|g0(x)− g0(z)|dz +
1

λ(Bx,δ)

∫
Bx,δ

|f0(z)− g0(z)|dz.

(C.3.22)

For the first term in (C.3.22), using Markov’s inequality, we have

λ({x : |f0(x)− g0(x)| > ε2/3}) ≤ 3ε−2‖f0 − g0‖L1 ≤ 3ε. (C.3.23)

For the second term in (C.3.22), by the selection of δ,

1

λ(Bx,δ)

∫
Bx,δ

|g0(x)− g0(z)|dz ≤ max
z∈Bx,δ

|g0(x)− g0(z)| ≤ ε2

3
. (C.3.24)

For the third term,

1

λ(Bx,δ)

∫
Bx,δ

|f0(z)− g0(z)|dz ≤ sup
δ>0

1

λ(Bx,δ)

∫
Bx,δ

|f0(z)− g0(z)|dz = M(f0 − g0)(x).

Lemma C.3.2 then yields

λ({x : M(f0 − g0)(x) > ε2/3}) < 3Cdε
−2‖f0 − g0‖L1 ≤ 3Cdε. (C.3.25)

We can establish similar results for f1, g1.
Let

A1 ={x : |f0(x)− g0(x)| > ε2/3} ∪ {x : |f1(x)− g1(x)| > ε2/3}∪
{x : M(f0 − g0)(x) > ε2/3} ∪ {x : M(f1 − g1)(x) > ε2/3}.

Plugging (C.3.23), (C.3.24), (C.3.25) into (C.3.22), for any x /∈ A1 and ‖z−x‖ ≤ δ, we have

1

λ(Bx,δ)

∫
Bx,δ

|f0(x)− f0(z)|dz ≤ ε2,
1

λ(Bx,δ)

∫
Bx,δ

|f1(x)− f1(z)|dz ≤ ε2,

and λ(A1) ≤ 6(Cd + 1)ε.
Let A2 = {x : f1(x) ≤ ε}. We then seperate the proof into three cases. In the following,

it suffices to consider f0(x) > 0 due to the definition of Lp risk.
Case I. x /∈ A1 ∪ A2. By ε ≤ fL and the definition of A2, for any x /∈ A1 ∪ A2 and

‖z − x‖ ≤ δ,

1

λ(Bx,δ)

∫
Bx,δ

|f0(x)− f0(z)|dz ≤ ε2 ≤ εfL ≤ εf0(x),
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1

λ(Bx,δ)

∫
Bx,δ

|f1(x)− f1(z)|dz ≤ ε2 ≤ εf1(x).

We then obtain for w ∈ {0, 1},∣∣∣νw(Bx,‖z−x‖)

λ(Bx,‖z−x‖)
− fw(x)

∣∣∣ ≤ εfw(x),
∣∣∣νw(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− fw(x)

∣∣∣ ≤ εfw(x).

Let ηN = ηN,p = 4p log(N0/M). We also take N0 large enough so that ηN M
N0

=

4pM
N0

log(N0

M
) < (1 − ε)fLλ(B0,δ). Then for any x ∈ Rd such that f0(x) > 0, we have

ηN
M
N0

< (1− ε)f0(x)λ(B0,δ).
Proceeding as in the proof of Case II.1 of Lemma 3.8.1 and also Theorem 3.8.1 by using

Fubini’s theorem, since ε is arbitrary, we obtain

lim
N0→∞

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣pf0(x)1(x /∈ A1 ∪ A2)dx

]
= 0. (C.3.26)

Case II. x ∈ A2 \ A1. In this case, we have∣∣∣ν0(Bx,‖z−x‖)

λ(Bx,‖z−x‖)
− f0(x)

∣∣∣ ≤ εf0(x),
∣∣∣ν0(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− f0(x)

∣∣∣ ≤ εf0(x),∣∣∣ν1(Bx,‖z−x‖)

λ(Bx,‖z−x‖)
− f1(x)

∣∣∣ ≤ ε2,
∣∣∣ν1(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− f1(x)

∣∣∣ ≤ ε2.

Take ηN and take N0 sufficiently large as in Case I above. Proceeding as the proof of Case
II.2 of Lemma 3.8.1 and also Theorem 3.8.1 by using Fubini’s theorem, since ε is arbitrary,
we obtain

lim
N0→∞

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣pf0(x)1(x ∈ A2 \ A1)dx

]
= 0. (C.3.27)

Case III. x ∈ A1. In this case, for any x ∈ A1 and z ∈ S1, ν0(Bz,‖z−x‖) ≥ fLλ(Bz,‖z−x‖∩
S0) ≥ afLλ(Bz,‖z−x‖) ≥ afL

fU
ν1(Bx,‖z−x‖). Then for any x ∈ A1, from (C.3.12) and in the

same way as (C.3.14),(N0

M

)p
E
[
νp1
(
AM(x)

)]
≤
(N0

M

)p
P
(
Wmax ≤ Vmax

)
≤
(N0

M

)p
P
(afL
fU

max
k∈JpK

ν1(Bx,‖Z̃k−x‖) ≤ Vmax

)
≤
( fU
afL

)p
(1 + o(1)) = O(1).

Proceeding as in the proof of Theorem 3.8.1, and due to the boundedness assumptions
on f0 and f1, for any x ∈ A1 and p even,

E
[∣∣∣r̂M(x)− r(x)

∣∣∣p] . E
[∣∣∣r̂M(x)− E[r̂M(x) |X]

∣∣∣p]+ E
[(

E[r̂M(x) |X]
)p]

+
∣∣∣r(x)

∣∣∣p . 1.
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Then
E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣pf0(x)1(x ∈ A1)dx

]
. fUλ(A1) . ε.

Since ε is arbitrary, we have

lim
N0→∞

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣pf0(x)1(x ∈ A1)dx

]
= 0. (C.3.28)

Combining (C.3.26), (C.3.27), and (C.3.28) completes the proof.

C.3.4 Proof of Corollary 3.8.1

Proof of Corollary 3.8.1. Corollary 3.8.1 can be established following the same way as that
of Theorem 3.8.2 but with less effort since we only have to show

lim
N0→∞

E
[ ∫

Rd

∣∣∣E[r̂M(x)
∣∣∣X]− r(x)

∣∣∣pf0(x)dx
]

= 0.

In detail, denote the Radon-Nikodym derivative of the probability measure of W with
respect to ν0 by rW . We then have

lim sup
N0→∞

E
[∣∣∣N0

M
ν1

(
AM(W )

)
− r(W )

∣∣∣p]
= lim sup

N0→∞
E
[ ∫

Rd

∣∣∣N0

M
ν1

(
AM(x)

)
− r(x)

∣∣∣prW (x)f0(x)dx
]

. lim sup
N0→∞

E
[ ∫

Rd

∣∣∣N0

M
ν1

(
AM(x)

)
− r(x)

∣∣∣pf0(x)dx
]

= lim sup
N0→∞

E
[ ∫

Rd

∣∣∣E[r̂M(x)
∣∣∣X]− r(x)

∣∣∣pf0(x)dx
]

= 0,

where the last line has been established in the proof of Theorem 3.8.2. Noticing that
E
[
r(W )

]p is bounded under Assumption 3.8.1, the proof is thus complete.

C.3.5 Proof of Theorem 3.8.3

We only have to prove the first two claims as the rest are trivial.

Proof of Theorem 3.8.3(i). For any z ∈ Rd such that ‖z − x‖ ≤ δ/2, since Bz,‖z−x‖ ⊂
Bx,2‖z−x‖ ⊂ Bx,δ, we have∣∣∣ν0(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− f0(x)

∣∣∣ ≤ 1

λ(Bz,‖z−x‖)

∫
Bz,‖z−x‖

|f0(y)− f0(x)|dy ≤ 2L‖z − x‖,∣∣∣ν1(Bx,‖z−x‖)

λ(Bx,‖z−x‖)
− f1(x)

∣∣∣ ≤ 1

λ(Bx,‖z−x‖)

∫
Bx,‖z−x‖

|f1(y)− f1(x)|dy ≤ L‖z − x‖.
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Consider any δN > 0 such that δN ≤ δ/2. If ‖z − x‖ ≤ δN and f0(x) > 2LδN , then

f0(x)− 2LδN
f1(x) + LδN

≤
ν0(Bz,‖x−z‖)

λ(Bz,‖x−z‖)

λ(Bx,‖x−z‖)

ν1(Bx,‖x−z‖)
.

If further f1(x) > LδN , then

ν0(Bz,‖x−z‖)

λ(Bz,‖x−z‖)

λ(Bx,‖x−z‖)

ν1(Bx,‖x−z‖)
≤ f0(x) + 2LδN

f1(x)− LδN
.

On the other hand, if ‖z−x‖ ≥ δN and f0(x) > 2LδN , ν0(Bz,‖z−x‖) ≥ (f0(x)−2LδN)λ(B0,δN )
= (f0(x)− 2LδN)Vdδ

d
N , where Vd is the Lebesgue measure of the unit ball on Rd.

Let δN = ( 4
fLVd

)1/d(M
N0

)1/d. Since M/N0 → 0, we have δN → 0 as N0 → ∞. Taking N0

large enough so that δN < fL/(4L) and δN ≤ δ/2, then 2LVdδ
d+1
N = M

N0

8L
fL
δN < 2M

N0
. Then

for any (ν0, ν1) ∈ Px,p(fL, fU , L, d, δ),

(f0(x)− 2LδN)Vdδ
d
N > 4

f0(x)

fL

M

N0

− 2
M

N0

≥ 2
M

N0

.

With a slight abuse of notation, letW = ν0(BZ,‖x−Z‖). ThenW ≤ 2M
N0

implies that ‖Z−x‖ ≤
δN .

Depending on the value of f1(x), the proof is separated into two cases.
Case I. f1(x) > LδN .
Upper bound. Proceeding similar to (C.3.3), we have

E
[
r̂M(x)

]
=
N0

M
E
[
ν1

(
AM(x)

)]
=
N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
≤N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ 2

M

N0

)
+
N0

M
P
(
U(M) > 2

M

N0

)
≤N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖), ‖Z − x‖ ≤ δN

)
+
N0

M
P
(
U(M) > 2

M

N0

)
≤N0

M
P
(f0(x)− 2LδN
f1(x) + LδN

ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖), ‖Z − x‖ ≤ δN

)
+
N0

M
P
(
U(M) > 2

M

N0

)
≤ N0

M
P
(f0(x)− 2LδN
f1(x) + LδN

U ≤ U(M)

)
+
N0

M
P
(
U(M) > 2

M

N0

)
.

(C.3.29)

For the second term in (C.3.29), since M/ logN0 →∞, for any γ > 0,

N0

M
P
(
U(M) > 2

M

N0

)
=
N0

M
P
(

Bin
(
N0, 2

M

N0

)
≤M

)
≤ N0

M
N
−(1−log 2)M/ logN0

0 ≺ N−γ0 .

(C.3.30)
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For the first term in (C.3.29), proceeding as (C.3.5), we obtain

N0

M
P
(f0(x)− 2LδN
f1(x) + LδN

U ≤ U(M)

)
≤ f1(x) + LδN
f0(x)− 2LδN

N0

N0 + 1
.

Then we obtain

E
[
r̂M(x)

]
≤ f1(x) + LδN
f0(x)− 2LδN

N0

N0 + 1
+ o(N−γ0 ). (C.3.31)

Lower bound. Proceeding similar to (C.3.8), we have

E
[
r̂M(x)

]
=
N0

M
E
[
ν1

(
AM(x)

)]
=
N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
≥N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ 2

M

N0

)
=
N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ 2

M

N0

, ‖Z − x‖ ≤ δN

)
≥N0

M
P
(f0(x) + 2LδN
f1(x)− LδN

ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ 2
M

N0

, ‖Z − x‖ ≤ δN

)
=
N0

M
P
(f0(x) + 2LδN
f1(x)− LδN

ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖) ≤ 2
M

N0

)
≥N0

M
P
(f0(x) + 2LδN
f1(x)− LδN

U ≤ U(M)

)
− N0

M
P
(
U(M) > 2

M

N0

)
=
f1(x)− LδN
f0(x) + 2LδN

∫ f0(x)+2LδN
f1(x)−LδN

N0
M

0

P
(
U(M) ≥

M

N0

t
)

dt− N0

M
P
(
U(M) > 2

M

N0

)
.

Consider the first term. If f0(x)+2LδN
f1(x)−LδN

≥ 1, then

f1(x)− LδN
f0(x) + 2LδN

∫ f0(x)+2LδN
f1(x)−LδN

N0
M

0

P
(
U(M) ≥

M

N0

t
)

dt =
f1(x)− LδN
f0(x) + 2LδN

N0

N0 + 1
.

If f0(x)+2LδN
f1(x)−LδN

< 1, using the Chernoff bound, for any γ > 0,

∫ N0
M

f0(x)+2LδN
f1(x)−LδN

N0
M

P
(
U(M) ≥

M

N0

t
)

dt ≤
∫ N0

M

fL
fU

N0
M

P
(
U(M) ≥

M

N0

t
)

dt

≤
[
1− fL

fU

]N0

M
P
(
U(M) ≥

fL
fU

)
≤
[
1− fL

fU

]N0

M
exp

[
M − fL

fU
N0 −M logM +M log

(fL
fU
N0

)]
≺ N−γ0 .
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The last step is due to M logN0/N0 → 0. Recalling (C.3.30), we then obtain

E
[
r̂M(x)

]
≥ f1(x)− LδN
f0(x) + 2LδN

N0

N0 + 1
− o(N−γ0 ). (C.3.32)

Combining (C.3.31) and (C.3.32), and taking N0 large enough so that LδN ≤ fU ∧(fL/4),
we obtain∣∣∣E[r̂M(x)

]
− r(x)

∣∣∣ ≤ ∣∣∣ f1(x) + LδN
f0(x)− 2LδN

N0

N0 + 1
− f1(x)

f0(x)

∣∣∣∨ ∣∣∣ f1(x)− LδN
f0(x) + 2LδN

N0

N0 + 1
− f1(x)

f0(x)

∣∣∣
+ o(N−γ0 ) ≤ f0(x)LδN + 2f1(x)LδN

f0(x)(f0(x)− 2LδN)
+

1

N0 + 1

f1(x) + LδN
f0(x)− 2LδN

+ o(N−γ0 )

≤
( 2

fL
+

4fU
f 2
L

)
LδN +

4fU
fL

1

N0 + 1
+ o(N−γ0 ).

By the selection of δN and that the right hand side does not depend on x, we complete
the proof for this case.

Case II. f1(x) ≤ LδN . The upper bound (C.3.31) in Case I still holds for this case.
Accordingly, taking N0 large enough so that LδN ≤ fL/4, we have∣∣∣E[r̂M(x)

]
− r(x)

∣∣∣ ≤ E
[
r̂M(x)

]
+ r(x)

≤ f1(x) + LδN
f0(x)− 2LδN

N0

N0 + 1
+
f1(x)

f0(x)
+ o(N−γ0 ) ≤ 4

fL
LδN +

1

fL
LδN + o(N−γ0 ).

We thus complete the whole proof.
Proof of Theorem 3.8.3(ii). By the law of total variance,

Var
[
r̂M(x)

]
= E

[
Var

[
r̂M(x)

∣∣∣X]]+ Var
[
E
[
r̂M(x)

∣∣∣X]]. (C.3.33)

For the first term in (C.3.33), let Z be a copy drawn from ν1 independently of the data.
Then, since [Zj]

N1
j=1 are i.i.d,

E
[

Var
[
r̂M(x)

∣∣∣X]] = E
[

Var
[ N0

N1M
KM(x)

∣∣∣X]]
=
( N0

N1M

)2

E
[

Var
[ N1∑
j=1

1
(
Zj ∈ AM(x)

) ∣∣∣X]] =
N2

0

N1M2
E
[

Var
[
1
(
Z ∈ AM(x)

) ∣∣∣X]]
=

N2
0

N1M2
E
[
ν1

(
AM(x)

)
− ν2

1

(
AM(x)

)]
≤ N2

0

N1M2
E
[
ν1

(
AM(x)

)]
=

N0

N1M
E
[
r̂M(x)

]
. C

N0

N1M
, (C.3.34)

where C > 0 is a constant only depending on fL, fU . The last step is due to (C.3.31).
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For the second term in (C.3.33), notice that

Var
[
E
[
r̂M(x)

∣∣∣X]] = Var
[
E
[ N0

N1M
KM(x)

∣∣∣X]] =
(N0

M

)2

Var
[
ν1

(
AM(x)

)]
.

Recalling that W = ν0(BZ,‖x−Z‖), we have the following lemma about the density of W near
0.

Lemma C.3.3. Denote the density of W by fW . Then for any (ν0, ν1) ∈ Px,p(fL, fU , L, d, δ),

fW (0) = r(x).

Furthermore, for any ε > 0 and N0 sufficiently large, we have for all 0 ≤ w ≤ 2M/N0,

sup
(ν0,ν1)∈Px,p(fL,fU ,δ,L,d)

fW (w) ≤ (1 + ε)
fU
fL
.

Due to Lemma C.3.3, we can take N0 sufficiently large so that for any 0 ≤ w ≤ 2M/N0,

sup
(ν0,ν1)∈Px,p(fL,fU ,δ,L,d)

fW (w) ≤ 2
fU
fL
.

Let Z, Z̃ be two independent copies from ν1 that are further independent of the data.
Let W = ν0(BZ,‖x−Z‖) and W̃ = ν0(BZ̃,‖x−Z̃‖). Let V = ν0(BZ,‖X(M)(Z)−Z‖) and Ṽ =

ν0(BZ̃,‖X(M)(Z̃)−Z̃‖). We then have

Var
[
ν1

(
AM(x)

)]
= E

[
ν2

1

(
AM(x)

)]
−
(

E
[
ν1

(
AM(x)

)])2

=P
(
Z ∈ AM(x), Z̃ ∈ AM(x)

)
− P

(
Z ∈ AM(x)

)
P
(
Z̃ ∈ AM(x)

)
=P
(
W ≤ V, W̃ ≤ Ṽ

)
− P

(
W ≤ V

)
P
(
W̃ ≤ Ṽ

)
.

Due to the independence between Z and Z̃, W and W̃ are independent. Notice that
V |Z have the same distribution as U(M) for any Z ∈ Rd, then V and Z are independent, so
are Ṽ and Z̃.

Let’s expand the variance further as

Var
[
ν1

(
AM(x)

)]
=
[
P
(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
+
[
P
(
W ≤ V, W̃ ≤ Ṽ

)
− P

(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)]
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−
[
P
(
W ≤ V

)
P
(
W̃ ≤ Ṽ

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
. (C.3.35)

For the first term in (C.3.35), we have the following lemma.

Lemma C.3.4. We have(N0

M

)2[
P
(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
≤ C

1

M
,

where C > 0 is a constant only depending on fL, fU .

For the second term in (C.3.35),

P
(
W ≤ V, W̃ ≤ Ṽ

)
− P

(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)
≤P
(
W ≤ V, W̃ ≤ Ṽ ,W > 2

M

N0

)
+ P

(
W ≤ V, W̃ ≤ Ṽ , W̃ > 2

M

N0

)
≤P
(
V > 2

M

N0

)
+ P

(
Ṽ > 2

M

N0

)
= 2P

(
U(M) > 2

M

N0

)
.

Using the Chernoff bound and M/ logN0 →∞, for any γ > 0,(N0

M

)2

P
(
U(M) > 2

M

N0

)
≤
(N0

M

)2

exp
[
− (1− log 2)M

]
≺ N−γ0 ,

We then have(N0

M

)2[
P
(
W ≤ V, W̃ ≤ Ṽ

)
− P

(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)]
≤2
(N0

M

)2

P
(
U(M) > 2

M

N0

)
≺ N−γ0 . (C.3.36)

For the third term in (C.3.35), we can check[
P
(
W ≤ V

)
P
(
W̃ ≤ Ṽ

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
≥ 0.

Plugging Lemma C.3.4 and (C.3.36) into (C.3.35) by taking γ > 1, we obtain(N0

M

)2

Var
[
ν1

(
AM(x)

)]
. C

1

M
, (C.3.37)

where C > 0 is a constant only depending on fL, fU .
Plugging (C.3.34) and (C.3.37) into (C.3.33) completes the proof.
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C.3.6 Proof of Proposition 3.8.1

Proof of Proposition 3.8.1. We take ν0 and ν1 to share the same support, and assume x to
be the origin of Rd without loss of generality.

When N1 . N0, we take ν0 to be the uniform distribution with density fL on
[−f−1/d

L /2, f
−1/d
L /2]d. Then the MSE is lower bounded by the density estimation over Lipchitz

class with N1 samples.
When N0 . N1, we take ν1 to be the uniform distribution with density fU on

[−f−1/d
U /2, f

−1/d
U /2]d. Notice that 1/f0 is also local Lipchitz from the lower boundness con-

dition and local Lipchitz condition on f0. Then the MSE is lower bounded by the density
estimation over Lipchitz class with N0 samples.

We then complete the proof by combining the above two lower bounds and then using
the famous minimax lower bound in Lipschitz density estimation (Tsybakov, 2009, Exercise
2.8),

C.3.7 Proof of Theorem 3.8.4

Proof of Theorem 3.8.4. We only have to prove the first claim as the second is trivial.
Take δN = ( 4

fLVd
)1/d(M

N0
)1/d as in the proof of Theorem 3.8.3(i) and δ′N = ( 2

afLVd
)1/d(M

N0
)1/d.

For any x ∈ Rd, denote the distance of x to the boundary of S1 by ∆(x), i.e., ∆(x) =
infz∈∂S1‖z − x‖.

Depending on the position of x and the value of ∆(x), we separate the proof into three
cases .

Case I. x ∈ S1 and ∆(x) > 2δN . In this case, since ∆(x) > 2δN , for any ‖z − x‖ ≤ δN ,
we have Bz,‖z−x‖ ⊂ S1. From the smoothness conditions on f0 and f1, similar to the proof
of Theorem 3.8.3, we have

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣f0(x)1(x ∈ S1,∆(x) > 2δN)dx

]
≤
∫
Rd

(
E
[
r̂M(x)− r(x)

]2)1/2

f0(x)1(x ∈ S1,∆(x) > 2δN)dx

≤C
[(M
N0

)1/d

+
( 1

M

)1/2

+
( N0

MN1

)1/2] ∫
Rd
f0(x)1(x ∈ S1,∆(x) > 2δN)dx

≤C
[(M
N0

)1/d

+
( 1

M

)1/2

+
( N0

MN1

)1/2]
, (C.3.38)

where the constant C > 0 only depends on fL, fU , L, d.
Case II. x ∈ S0 \ S1 and ∆(x) > δ′N . In this case, r(x) = 0 and for any z ∈ S1,

ν0(Bz,‖z−x‖) ≥ fLλ(Bz,‖z−x‖ ∩ S0) ≥ afLλ(Bz,‖z−x‖) > afLVdδ
′d
N ≥ 2

M

N0

.

Then for any γ > 0,

E
[∣∣∣r̂M(x)− r(x)

∣∣∣] = E
[
r̂M(x)

]
=
N0

M
E
[
ν1

(
AM(x)

)]
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=
N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
≤ N0

M
P
(
U(M) > 2

M

N0

)
≺ N−γ0 .

We then obtain

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣f0(x)1(x /∈ S1,∆(x) > δ′N)dx

]
≺N−γ0

∫
Rd
f0(x)1(x ∈ S0 \ S1,∆(x) > δ′N)dx ≤ N−γ0 . (C.3.39)

Case III. x ∈ S0 and ∆(x) ≤ (2δN) ∨ δ′N . In this case, for any z ∈ S1,

ν0(Bz,‖z−x‖) ≥ fLλ(Bz,‖z−x‖ ∩ S0) ≥ afLλ(Bz,‖z−x‖) ≥
afL
fU

ν1(Bx,‖z−x‖).

Accordingly,

E
[∣∣∣r̂M(x)− r(x)

∣∣∣] ≤ E
[
r̂M(x)

]
+ r(x) =

N0

M
P
(
W ≤ ν0(BZ,‖X(M)(Z)−Z‖)

)
+ r(x)

≤N0

M
P
(afL
fU

ν1(Bx,‖x−Z‖) ≤ ν0(BZ,‖X(M)(Z)−Z‖)
)

+ r(x)

≤N0

M
P
(afL
fU

U ≤ U(M)

)
+ r(x) =

fU
afL

(1 + o(1)) +
fU
fL
.

From the definition of δN , δ′N and M/N0 → 0, we have δN , δ′N → 0 as N0 →∞. Since the
surface area of S1 is bounded by H, we have λ({x : ∆(x) ≤ (2δN) ∨ δ′N}) . H{(2δN) ∨ δ′N}.
Then we obtain

E
[ ∫

Rd

∣∣∣r̂M(x)− r(x)
∣∣∣f0(x)1(∆(x) ≤ (2δN) ∨ δ′N)dx

]
≤
( fU
afL

(1 + o(1)) +
fU
fL

)∫
Rd
f0(x)1(∆(x) ≤ (2δN) ∨ δ′N)dx

≤
( fU
afL

(1 + o(1)) +
fU
fL

)
fUλ({x : ∆(x) ≤ (2δN) ∨ δ′N})

.
( fU
afL

+
fU
fL

)
fUH(δN + δ′N) ≤ C

(M
N0

)1/d

, (C.3.40)

where the constant C > 0 only depends on fL, fU , a,H, d.
Combining (C.3.38), (C.3.39), (C.3.40) completes the proof.

C.3.8 Proof of Proposition 3.8.2

Proof of Proposition 3.8.2. We take ν0 and ν1 to be of the same support.
When N1 . N0, we take ν0 to be the uniform distribution with density fL on

[−f−1/d
L /2, f

−1/d
L /2]d. Then the L1 risk is lower bounded by the L1 risk over support of

density estimation over Lipchitz class with N1 samples.
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When N0 . N1, we take ν1 to be the uniform distribution with density fU on
[−f−1/d

U /2, f
−1/d
U /2]d. Notice 1/f0 is also Lipchitz from the lower boundness condition and

Lipchitz condition on f0. From the lower boundness condition on f0, the L1 risk is lower
bounded by the L1 risk over support of density estimation over Lipchitz class with N0

samples.
We then complete the proof by combining the above two lower bounds and then using

then the minimax lower bound of L1 risk for density estimation over Lipchitz class (Zhao
and Lai, 2022, Theorem 1).

C.4 Proofs of the results in Section 3.9

C.4.1 Proof of Lemma 3.9.1

Proof of Lemma 3.9.1. For any x ∈ X, define σ2
ω(x) = E[U2

ω |X = x] = E[[Y (ω)− µω(X)]2

|X = x] for ω ∈ {0, 1}. Let

V τ = E
[
µ1(X)− µ0(X)− τ

]2

and V E =
1

n

n∑
i=1

(
1 +

KM(i)

M

)2

σ2
Di

(Xi).

From the standard central limit theorem (Billingsley, 2008, Theorem 27.1), we have
√
n(τ̄(X)− τ)

d−→ N(0, V τ ). (C.4.1)

Let EM,i = (2Di−1)(1+KM(i)/M)εi for any i ∈ JnK. Conditional onX,D, [EM,i]
n
i=1 are

independent. Notice that E[EM,i |X,D] = 0 and
∑n

i=1 Var[EM,i |X,D] = nV E. To apply
the Lindeberg-Feller central limit theorem (Billingsley, 2008, Theorem 27.2), it suffices to
verify that: for a given (X,D),

1

nV E

n∑
i=1

E
[(
EM,i

)2

1
(
|EM,i| > δ

√
nV E

) ∣∣∣X,D
]
→ 0,

for all δ > 0.
Let Cσ = supx∈X,ω∈{0,1}{E[|Uω|2+κ |X = x] ∨ E[U2

ω |X = x]} <∞. Let p1 = 1 + κ/2 and
p2 be the constant such that p−1

1 + p−1
2 = 1. By Hölder’s inequality and Markov’s inequality,

1

nV E

n∑
i=1

E
[(
EM,i

)2

1
(
|EM,i| > δ

√
nV E

) ∣∣∣X,D
]

≤ 1

nV E

n∑
i=1

(
E
[∣∣∣EM,i

∣∣∣2+κ ∣∣∣X,D
])1/p1(

P
(
|EM,i| > δ

√
nV E

∣∣∣X,D
))1/p2

≤ 1

nV E

n∑
i=1

(
E
[∣∣∣EM,i

∣∣∣2+κ ∣∣∣X,D
])1/p1( 1

δ2nV E
E
[(
EM,i

)2 ∣∣∣X,D
])1/p2
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≤ Cσ
nV E

( 1

δ2nV E

)1/p2
n∑
i=1

(
1 +

KM(i)

M

)2(1+1/p2)

.

Notice that E[1 +KM(i)/M ]2(1+1/p2) <∞ from Theorem 3.8.2. Let cσ = infx∈X,ω∈{0,1}
E[U2

ω |X = x] > 0. From the definition of V E, we have V E ≥ cσ for almost all X,D. Then

E
[ 1

nV E

n∑
i=1

E
[(
EM,i

)2

1
(
|EM,i| > δ

√
nV E

) ∣∣∣X,D
]]

= O(n−1/p2) = o(1).

We thus obtain

1

nV E

n∑
i=1

E
[(
EM,i

)2

1
(
|EM,i| > δ

√
nV E

) ∣∣∣X,D
]

= oP(1).

Applying the Lindeberg-Feller central limit theorem then yields

√
n(V E)−1/2EM = (nV E)−1/2

n∑
i=1

EM,i
d−→ N(0, 1). (C.4.2)

Noticing that
√
n(τ̄(X)− τ) and

√
n(V E)−1/2EM are asymptotically independent, lever-

aging the same argument as made in Abadie and Imbens (2006, Proof of Theorem 4, Page
267) and then combining (C.4.1) and (C.4.2) reaches

√
n(V τ + V E)−1/2(τ̄(X) + EM − τ)

d−→ N(0, 1). (C.4.3)

We decompose V E as:

V E =
1

n

n∑
i=1,Di=1

(
1 +

KM(i)

M

)2

σ2
1(Xi) +

1

n

n∑
i=1,Di=0

(
1 +

KM(i)

M

)2

σ2
0(Xi)

=
[ 1

n

n∑
i=1,Di=1

( 1

e(Xi)

)2

σ2
1(Xi) +

1

n

n∑
i=1,Di=0

( 1

1− e(Xi)

)2

σ2
0(Xi)

]
+

1

n

n∑
i=1,Di=1

[(
1 +

KM(i)

M

)2

−
( 1

e(Xi)

)2]
σ2

1(Xi)

+
1

n

n∑
i=1,Di=0

[( 1

1− e(Xi)

)2

−
(

1 +
KM(i)

M

)2]
σ2

0(Xi). (C.4.4)

For the first term in (C.4.4), notice that [(Xi, Di, Yi)]
n
i=1 are i.i.d. and

E[Di(e(Xi))
−2σ2

1(Xi)],E[(1 − Di)(1 − e(Xi))
−2σ2

0(Xi)] < ∞. Using the weak law of large
numbers, we have

1

n

n∑
i=1,Di=1

( 1

e(Xi)

)2

σ2
1(Xi) +

1

n

n∑
i=1,Di=0

( 1

1− e(Xi)

)2

σ2
0(Xi)

p−→ E
[σ2

1(X)

e(X)
+

σ2
0(X)

1− e(X)

]
.
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For the second term in (C.4.4), using the Cauchy–Schwarz inequality,

E
∣∣∣ 1
n

n∑
i=1,Di=1

[(
1 +

KM(i)

M

)2

−
( 1

e(Xi)

)2]
σ2

1(Xi)
∣∣∣

≤CσE
[
Di

∣∣∣(1 +
KM(i)

M

)2

−
( 1

e(Xi)

)2∣∣∣] = CσE
[
DiE

[∣∣∣(1 +
KM(i)

M

)2

−
( 1

e(Xi)

)2∣∣∣ ∣∣∣D]]
≤CσE

[
Di

(
E
[(KM(i)

M
− 1− e(Xi)

e(Xi)

)2 ∣∣∣D]E[(2 +
KM(i)

M
+

1− e(Xi)

e(Xi)

)2 ∣∣∣D])1/2]
= o(1),

where the last step is due to Theorem 3.8.2. Then we obtain

1

n

n∑
i=1,Di=1

[(
1 +

KM(i)

M

)2

−
( 1

e(Xi)

)2]
σ2

1(Xi)
p−→ 0.

For the third term in (C.4.4), we can establish in the same way that

1

n

n∑
i=1,Di=0

[( 1

1− e(Xi)

)2

−
(

1 +
KM(i)

M

)2]
σ2

0(Xi)
p−→ 0.

Then from (C.4.4),

V E p−→ E
[σ2

1(X)

e(X)
+

σ2
0(X)

1− e(X)

]
.

By (C.4.3), Slutsky’s lemma (van der Vaart, 1998, Theorem 2.8), and the definition of
σ2, we complete the proof.

C.4.2 Proof of Lemma 3.9.2

Proof of Lemma 3.9.2. From Assumption 3.8.1 and Assumption 3.4.1, let R = diam(X) <∞
and fL = infx∈X,ω∈{0,1} fω(x) > 0. For any x ∈ X, ω ∈ {0, 1} and u ≤ R, from Assump-
tion 3.8.1, νω

(
Bx,u∩X

)
≥ fLλ

(
Bx,u∩X

)
≥ fLaλ

(
Bx,u

)
= fLaVdu

d, where Vd is the Lebesgue
measure of the unit ball on Rd.

Let c0 = fLaVd. For any i ∈ JnK, x ∈ X, M ≤ n1−Di , if 0 ≤ u ≤ Rn
1/d
1−Di , we have

P
(∥∥∥Xj −Xi

∥∥∥ ≥ un
−1/d
1−Di

∣∣∣D, Xi = x, j = jM(i)
)

≤P
(

Bin
(
n1−Di , ν1−Di

(
B
x,un

−1/d
1−Di
∩ X

))
≤M

∣∣∣D)
≤P
(

Bin
(
n1−Di , c0u

dn−1
1−Di

)
≤M

∣∣∣D).
Using the Chernoff bound, if M < c0u

d, then

P
(

Bin
(
n1−Di , c0u

dn−1
1−Di

)
≤M

∣∣∣D) ≤ exp
(
M − c0u

d +M log
(c0u

d

M

))
.
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Notice that the above upper bound does not depend on x. We then obtain

P
(∥∥∥Xj −Xi

∥∥∥ ≥ un
−1/d
1−Di

∣∣∣D, j = jM(i)
)

≤1
(
M < c0u

d
)

exp
(
M − c0u

d +M log
(c0u

d

M

))
+ 1
(
M ≥ c0u

d
)
.

On the other hand, if u > Rn
1/d
1−Di , then the probability is zero from the definition of R.

Accordingly, the above bound holds for any u ≥ 0.
For any i ∈ JnK, we thus have

n
p/d
1−DiE

[∥∥∥UM,i

∥∥∥p ∣∣∣D] = p

∫ ∞
0

P
(∥∥∥Xj −Xi

∥∥∥ ≥ un
−1/d
1−Di

∣∣∣D, j = jM(i)
)
up−1du

≤p
∫ ∞

0

[
1
(
M < c0u

d
)

exp
(
M − c0u

d +M log
(c0u

d

M

))
+ 1
(
M ≥ c0u

d
)]
up−1du

=pc
−p/d
0 d−1

[ ∫ ∞
M

( e

M

)M
tM+ p

d
−1e−tdt+

∫ M

0

t
p
d
−1dt

]
, (C.4.5)

where the last step is through taking t = c0u
d.

For the first term in (C.4.5), from Stirling’s formula and M →∞,∫ ∞
M

( e

M

)M
tM+ p

d
−1e−tdt ≤

∫ ∞
0

( e

M

)M
tM+ p

d
−1e−tdt ∼

√
2πM

p
d
− 1

2 ,

where ∼ means asymptotic convergence.
For the second term in (C.4.5),

∫M
0
t
p
d
−1dt = d

p
M

p
d . Combining the above two terms then

complete the proof.

C.4.3 Proof of Lemma 3.9.3

Proof of Lemma 3.9.3. We decompose BM − B̂M as

|BM − B̂M |

=
∣∣∣ 1
n

n∑
i=1

(2Di − 1)
[ 1

M

M∑
m=1

(
µ1−Di(Xi)− µ1−Di(Xjm(i))− µ̂1−Di(Xi) + µ̂1−Di(Xjm(i))

)]∣∣∣
≤ 1

n

n∑
i=1

max
m∈JMK

∣∣∣µ1−Di(Xi)− µ1−Di(Xjm(i))− µ̂1−Di(Xi) + µ̂1−Di(Xjm(i))
∣∣∣

≤ 1

n

n∑
i=1

max
m∈JMK,ω∈{0,1}

∣∣∣µω(Xi)− µω(Xjm(i))− µ̂ω(Xi) + µ̂ω(Xjm(i))
∣∣∣. (C.4.6)

Let k = bd/2c+ 1. For any ω ∈ {0, 1}, by Taylor expansion to k-th order,∣∣∣µω(Xjm(i))− µω(Xi)−
k−1∑
`=1

1

`!

∑
t∈Λ`

∂tµω(Xi)U
t
m,i

∣∣∣ ≤ max
t∈Λk
‖∂tµω‖∞

1

k!

∑
t∈Λk

‖Um,i‖k. (C.4.7)
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In the same way,∣∣∣µ̂ω(Xjm(i))− µ̂ω(Xi)−
k−1∑
`=1

1

`!

∑
t∈Λ`

∂tµ̂ω(Xi)U
t
m,i

∣∣∣ ≤ max
t∈Λk
‖∂tµ̂ω‖∞

1

k!

∑
t∈Λk

‖Um,i‖k. (C.4.8)

We also have∣∣∣ k−1∑
`=1

1

`!

∑
t∈Λ`

(∂tµ̂ω(Xi)− ∂tµω(Xi))U
t
m,i

∣∣∣ ≤ k−1∑
`=1

max
t∈Λ`
‖∂tµ̂ω − ∂tµω‖∞

1

`!

∑
t∈Λ`

‖Um,i‖`. (C.4.9)

Notice that ‖UM,i‖ = maxm∈JMK‖Um,i‖ for any i ∈ JnK, ω ∈ {0, 1}. Then for any ω ∈
{0, 1}, plugging (C.4.7), (C.4.8), (C.4.9) into (C.4.6), we obtain

|BM − B̂M | .
(

max
ω∈{0,1}

max
t∈Λk
‖∂tµω‖∞ + max

ω∈{0,1}
max
t∈Λk
‖∂tµ̂ω‖∞

)( 1

n

n∑
i=1

‖UM,i‖k
)

+
k−1∑
`=1

(
max
ω∈{0,1}

max
t∈Λ`
‖∂tµ̂ω − ∂tµω‖∞

)( 1

n

n∑
i=1

‖UM,i‖`
)
.

From Lemma 3.9.2, all moments of (n/M)p/d‖UM,i‖p are bounded. Then for any positive
integer p, using Markov’s inequality, we have

1

n

n∑
i=1

‖UM,i‖p = OP

((M
n

)p/d)
.

By Assumption 3.4.4 and Assumption 3.4.5, we then obtain

BM − B̂M =OP(1)OP

((M
n

)k/d)
+ max

`∈Jk−1K
OP(n−γ`)OP

((M
n

)`/d)
=OP

((M
n

)k/d)
+ max

`∈Jk−1K
OP

(
n−γ`

(M
n

)`/d)
.

The proof is thus complete by noticing the definition of γ and M ≺ nγ.

C.5 Proofs of the results in Appendix

C.5.1 Proof of Lemma C.3.1

Proof of Lemma C.3.1. The first inequality is directly from the definition of Lebesgue points.
The second inequality follows by∣∣∣ν(Bz,‖z−x‖)

λ(Bz,‖z−x‖)
− f(x)

∣∣∣ ≤ 1

λ(Bz,‖z−x‖)

∫
Bz,‖z−x‖

|f(y)− f(x)|dy



APPENDIX C. APPENDIX FOR CHAPTER 3 178

≤ 1

λ(Bz,‖z−x‖)

∫
Bx,2‖z−x‖

|f(y)− f(x)|dy =
λ(Bx,2‖z−x‖)

λ(Bz,‖z−x‖)

1

λ(Bx,2‖z−x‖)

∫
Bx,2‖z−x‖

|f(y)− f(x)|dy

=2d
1

λ(Bx,2‖z−x‖)

∫
Bx,2‖z−x‖

|f(y)− f(x)|dy,

and then the definition of Lebesgue points.

C.5.2 Proof of Lemma C.3.3

Proof of Lemma C.3.3. Fix any (ν0, ν1) ∈ Px,p(fL, fU , L, d, δ).
We first prove the first claim. First consider f1(x) > 0. For any ε > 0, there exists δ′ > 0

such that for any z ∈ Rd satisfying ‖z − x‖ ≤ 2δ′, we have |f0(z) − f0(x)| ≤ εf0(x) and
|f1(z) − f1(x)| ≤ εf1(x) from the local Lipschitz assumption. We take w > 0 sufficiently
small such that w < (1 − ε)f0(x)λ(B0,δ′). Then W ≤ w implies ‖x − Z‖ ≤ δ′. Then for
w > 0 sufficiently small,

P(W ≤ w) = P
(
W ≤ w, ‖x− Z‖ ≤ δ′

)
≤ P

(1− ε
1 + ε

f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ w

)
=

1 + ε

1− ε
f1(x)

f0(x)
w,

and

P(W ≤ w) = P
(
W ≤ w, ‖x− Z‖ ≤ δ′

)
≥ P

(1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ w, ‖x− Z‖ ≤ δ′

)
=P
(1 + ε

1− ε
f0(x)

f1(x)
ν1(Bx,‖x−Z‖) ≤ w

)
=

1− ε
1 + ε

f1(x)

f0(x)
w.

Then we have

1− ε
1 + ε

f1(x)

f0(x)
≤ lim inf

w→0
w−1P(W ≤ w) ≤ lim sup

w→0
w−1P(W ≤ w) ≤ 1 + ε

1− ε
f1(x)

f0(x)
.

Since ε is arbitrary, we obtain

fW (0) = lim
w→0

w−1P(W ≤ w) =
f1(x)

f0(x)
= r(x).

The case for f1(x) = 0 can be established in the same way. This completes the proof of the
first claim.

For the second claim, for any 0 < ε < fL, there exists δ′ > 0 such that for any z ∈ Rd

satisfying ‖z − x‖ ≤ 2δ′, we have |f0(z) − f0(x)| ≤ ε and |f1(z) − f1(x)| ≤ ε from the
local Lipschitz assumption. We take N0 sufficiently large such that 2M

N0
< (fL − ε)λ(B0,δ′).

Then for any 0 < w ≤ 2M
N0

, we have w < (fL − ε)λ(B0,δ′). We take t > 0 such that
w + t < (fL − ε)λ(B0,δ′). Then for any (ν0, ν1) ∈ Px,p(fL, fU , L, d, δ),

P
(
w ≤ W ≤ w + t

)
= ν1

({
z ∈ Rd : ν0(Bz,‖x−z‖) ∈ [w,w + t]

})
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≤f1(x) + ε

f0(x)− ε
ν0

({
z ∈ Rd : ν0(Bz,‖x−z‖) ∈ [w,w + t]

})
.

Notice that f0 is lower bounded by fL. Then for N0 sufficiently large,

lim sup
t→0

t−1P
(
w ≤ W ≤ w + t

)
≤ f1(x) + ε

f0(x)− ε
(1 + ε).

This then completes the proof.

C.5.3 Proof of Lemma C.3.4

Proof of Lemma C.3.4. Due to the i.i.d.-ness of Z and Z̃,(N0

M

)2[
P
(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
=
(N0

M

)2
∫ 2 M

N0

0

∫ 2 M
N0

0

[
P
(
V ≥ w1, Ṽ ≥ w2

)
− P

(
V ≥ w1

)
P
(
Ṽ ≥ w2

)]
fW (w1)fW (w2)dw1dw2

≤4
(fU
fL

)2(N0

M

)2
∫ 2 M

N0

0

∫ 2 M
N0

0

∣∣∣P(V ≥ w1, Ṽ ≥ w2

)
− P

(
V ≥ w1

)
P
(
Ṽ ≥ w2

)∣∣∣dw1dw2

=4
(fU
fL

)2
∫ 1

−1

∫ 1

−1

∣∣∣P(V ≥ M

N0

(1 + t1), Ṽ ≥ M

N0

(1 + t2)
)

− P
(
V ≥ M

N0

(1 + t1)
)

P
(
Ṽ ≥ M

N0

(1 + t2)
)∣∣∣dt1dt2,

where the last step is from taking w1 = M
N0

(1 + t1) and w2 = M
N0

(1 + t2).
Let

S(t1, t2) =
∣∣∣P(V ≥ M

N0

(1 + t1), Ṽ ≥ M

N0

(1 + t2)
)
−P

(
V ≥ M

N0

(1 + t1)
)

P
(
Ṽ ≥ M

N0

(1 + t2)
)∣∣∣.

If t1 ≥ t2 ≥ 0, S(t1, t2) ≤ P(V ≥ M
N0

(1 + t1)) = P(U(M) ≥ M
N0

(1 + t1)). If t2 ≥ t1 ≥ 0,
S(t1, t2) ≤ P(Ṽ ≥ M

N0
(1 + t2)) = P(U(M) ≥ M

N0
(1 + t2)). Then for t1, t2 ≥ 0,

S(t1, t2) ≤ P
(
U(M) ≥

M

N0

(1 + t1 ∨ t2)
)
.

If t1 ≤ t2 ≤ 0 and P
(
V ≥ M

N0
(1+t1), Ṽ ≥ M

N0
(1+t2)

)
≥ P

(
V ≥ M

N0
(1+t1)

)
P
(
Ṽ ≥ M

N0
(1+t2)

)
,

S(t1, t2) ≤ P
(
Ṽ ≥ M

N0

(1 + t2)
)
− P

(
V ≥ M

N0

(1 + t1)
)

P
(
Ṽ ≥ M

N0

(1 + t2)
)
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=P
(
V ≤ M

N0

(1 + t1)
)

P
(
Ṽ ≥ M

N0

(1 + t2)
)

≤P
(
V ≤ M

N0

(1 + t1)
)

= P
(
U(M) ≤

M

N0

(1 + t1)
)
.

If t1 ≤ t2 ≤ 0 and P
(
V ≥ M

N0
(1+t1), Ṽ ≥ M

N0
(1+t2)

)
≤ P

(
V ≥ M

N0
(1+t1)

)
P
(
Ṽ ≥ M

N0
(1+t2)

)
,

S(t1, t2) ≤ P
(
Ṽ ≥ M

N0

(1 + t2)
)
− P

(
V ≥ M

N0

(1 + t1), Ṽ ≥ M

N0

(1 + t2)
)

=P
(
V ≤ M

N0

(1 + t1), Ṽ ≥ M

N0

(1 + t2)
)
≤ P

(
V ≤ M

N0

(1 + t1)
)

= P
(
U(M) ≤

M

N0

(1 + t1)
)
.

If t2 ≤ t1 ≤ 0, we can establish in the same way that

S(t1, t2) ≤ P
(
U(M) ≤

M

N0

(1 + t2)
)
.

Then for t1, t2 ≤ 0,

S(t1, t2) ≤ P
(
U(M) ≤

M

N0

(1 + t1 ∧ t2)
)
.

For t1 ≥ 0 ≥ t2, if t1 + t2 ≥ 0, S(t1, t2) ≤ P(U(M) ≥ M
N0

(1 + t1)), and if t1 + t2 ≤ 0,
S(t1, t2) ≤ P(U(M) ≤ M

N0
(1 + t2)). Then(N0

M

)2[
P
(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
≤ 4
(fU
fL

)2
∫ 1

−1

∫ 1

−1

S(t1, t2)dt1dt2

=4
(fU
fL

)2[ ∫ 1

0

∫ 1

0

S(t1, t2)dt1dt2 +

∫ 0

−1

∫ 0

−1

S(t1, t2)dt1dt2 + 2

∫ 1

0

∫ 0

−1

S(t1, t2)dt1dt2

]
,

(C.5.1)

where the last step is from the symmetry of S(t1, t2).
For the first term in (C.5.1), by the symmetry of S(t1, t2) and the Chernoff bound,∫ 1

0

∫ 1

0

S(t1, t2)dt1dt2 ≤
∫ ∞

0

∫ ∞
0

S(t1, t2)dt1dt2 = 2

∫ ∞
0

∫ ∞
0

S(t1, t2)1(t1 ≥ t2)dt1dt2

≤2

∫ ∞
0

∫ ∞
0

P
(
U(M) ≥

M

N0

(1 + t1 ∨ t2)
)
1(t1 ≥ t2)dt1dt2 = 2

∫ ∞
0

tP
(
U(M) ≥

M

N0

(1 + t)
)

dt

≤2

∫ ∞
0

t(1 + t)Me−Mtdt.

Notice that since M →∞, by Stirling’s approximation,∫ ∞
0

t(1 + t)Me−Mtdt =
1

M
+
eM

M

∫ ∞
1

tMe−Mtdt ≤ 1

M
(1 + o(1)). (C.5.2)
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We then obtain ∫ 1

0

∫ 1

0

S(t1, t2)dt1dt2 ≤
2

M
(1 + o(1)). (C.5.3)

For the second term in (C.5.1),∫ 0

−1

∫ 0

−1

S(t1, t2)dt1dt2 = 2

∫ 0

−1

∫ 0

−1

S(t1, t2)1(t1 ≤ t2)dt1dt2

≤2

∫ 0

−1

∫ 0

−1

P
(
U(M) ≤

M

N0

(1 + t1 ∧ t2)
)
1(t1 ≤ t2)dt1dt2

=2

∫ 1

0

tP
(
U(M) ≤

M

N0

(1− t)
)

dt ≤ 2

∫ 1

0

t(1− t)MeMtdt.

Notice that ∫ 1

0

t(1− t)MeMtdt ≤ 1

M
. (C.5.4)

We then obtain ∫ 0

−1

∫ 0

−1

S(t1, t2)dt1dt2 ≤
2

M
. (C.5.5)

For the third term in (C.5.1),∫ 1

0

∫ 0

−1

S(t1, t2)dt1dt2

=

∫ 1

0

∫ 0

−t1
P
(
U(M) ≥

M

N0

(1 + t1)
)

dt1dt2 +
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∫ −t1
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P
(
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M

N0
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)

dt1dt2

=

∫ 1

0

tP
(
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M

N0

(1 + t)
)

dt+

∫ 0

−1

(−t)P
(
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M

N0

(1 + t)
)

dt

≤
∫ ∞

0

tP
(
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M

N0
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dt+
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(
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M
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(1 + t)
)

dt

≤ 1
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1

M
=

2

M
(1 + o(1)),

where the last step is from (C.5.2) and (C.5.4).
We then obtain ∫ 1

0

∫ 0

−1

S(t1, t2)dt1dt2 ≤
2

M
(1 + o(1)). (C.5.6)
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Plugging (C.5.3), (C.5.5), (C.5.6) into (C.5.1) yields(N0

M

)2[
P
(
W ≤ V, W̃ ≤ Ṽ ,W ≤ 2

M

N0

, W̃ ≤ 2
M

N0

)
− P

(
W ≤ V,W ≤ 2

M

N0

)
P
(
W̃ ≤ Ṽ , W̃ ≤ 2

M

N0

)]
≤ 32

(fU
fL

)2 1

M
(1 + o(1)),

and thus completes the proof.
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