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STUDY OF THE REACTION K™ +p—= A+ 7 + 1"
FROM 1.2 TO 1.7 BeV/c

Darrell O, Huwe

Lawrence Radiation Laboratory
University of California
Berkeley, California

July 9, 1964

ABSTRACT

A sample of events of the reaction K + p - A+ n 4 was
selected from an exposure of the Laboratory's 72 inch hydrogen bubble
chamber to a separated K  beam of the Bevatron. Laboratory momen-

tum of the K in this sample was set at six values, ranging from 1,22

"to 1.69 BeV/c. A sample at lower energy was also used in part of the

analysis. Dalitz plots and effective-mass distributions show that the
A-m resonance, Y1*(1385), is the dominant final state, the m-m res-
onance, p(750), also important, has a maximum cross section at 1.5
BeV/c; and Yi*(1660) is produced weakly. A peak in the w-mw distri-
bution can be interpreted as the elec:tromagnetic decay, w—>v+7r_, but
possible interference of this state with the, p° precludes a unique as-
signment of the branching ratio of this mode to the three-pion mode.
We can set a lower limit of (0.6+£0,2)% for this ratio, and thus estab-
lish the existence of the mode. There is also evidence of én enhance
ment in the w-w spectrum at very low energy. We studied the angular

1385) and determined

correlations of the decay products of the Y1q<(

that the spin parity of this resonance is P3/2 , With a slight chance
that it is DS/Z' With this spin-parity assignment, all of the observed

properties of the Y ,b"(4385) are consistent with assignment to a dec-

%
1 .
uplet in the eightfold-way theory. There is evidence of initiation of pe-
ripheral production of Y1'”<(1385) above 1.5 BeV/c, but this process is

not yet dominant at 1.7 BeV/c.
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I. INTRODUCTION

Margaret Alston and collaborators reported in 1960 the
discovery of a resonance between the A hyperon and the m meson, the

*
in <(1385). 1 The reaction studied was the one of concern to this

paper:
K +p— A+ b, (1)

In the 3 years since (as pointed out by R. H. Dalitz in his recent re-
view article on strange-particle resonant states.z) many more such
states have been discovered. However, not all of the interesting
properties of these resonances have been found. Any theory of par-
ticles and resonances that claims to be complete must take these prop-
erties into account. Cons.equently, though pressing forward into new
areas in search of still more states of matter may be fruitful for some
time to come, more concentrated study of the particles already known
does have its own merit, _

The work of Alston et al. was done in a hydrogen bubble cham-
ber at 1.15 BeV/c. 1 Other workers have studied reaction (1) ( in hy-
drogen bubble chamber unless otherwise noted) at 300 to 850 Me\/7c,3’4
at 1.11 BeV/cin a propane chamber,5 at 1. 45 BeV/c:,6 and at 2.24
BeV/c.,‘7 Reports have also been published on parts of' the data that
we studied and that are reported on in this paper.B-'12 ‘All of these
papers report that Y1*(1385) dominates this reaction, ‘though two of
them, references 10 and 12, concern less dominant features. A re-
view of early work in strange-particle’ resonances was written by;
Alston and Ferro-Luzzi,'13 and Dalitz' recent review article covevrs
all work to date, 2 _

The title of this report covers a wide scope, so that a more
careful delineation of subject matter to be covered is in order. The .
major emphasis of this report‘is on final-state interactions, and little

attention is given to the production process. The reasons for this



choice are twofold: (a) study of final-state interactions could be in-
itiated while the data were being accumulated, and enough interesting
problems were found to warrant a follow-through study at depth of -
these interactions by themselves; and (b) a study of all channels simul-
taneously is more likely to be fruitful for production analysis than is
the study of one channel, especially a three-body channel, by itself,
(M. L. Stevenson is currently developing a general program for such
an analysis.) The philosophy of this paper, then, is to embrace a
large sample of data at a wide range of energy and to find and study
all final-state interactions that appear to be present. The sample is
large enough to minimize statistical fluctuations, and the energy re-
gion covered has not been studied in a bubble chamber experiment be-
fore, except for the experiment at 1.45 BeV/c. 6

The dominant interaction in this range of energy, K labora-
tory momentum of about 1.2 to about 1.7 BeV/c, is still the Y1*(1385),
so that the major part of the paper is devoted to determining the prop-
erties of this resonance, especially the spin and parity, which have
- not yét been definitely established. With the increase of energy, how-
ever, less and less of the kinematically allowed region is influenced
by this resonance, so that other effects, especially in the pion-pion
system, can also be looked at.

Section I1 of this paper reviews the theory of final-state inter-
actions with reference to reaction (1), sketches briefly predictions

about the properties of the Y 8 based upon dynamics and/or group

theory, describes the theoretiical dependence of the angular correlations
of the particles in the final state of reaction (1) upon the spin and parity
of the Yi* state, discusses the theory of the decay mode w — 1T+TT_,
and sketches briefly the theory of peripheral production in reaction
(4).

Section III describes (a) the setup of the experimental appara-
.tus, (b) the general procedure followed in analysis of the data, (c)

development of the criteria for separating events of reaction (1) from

L

0
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competing reactions, (d) effective-mass distribution of each pair of
particles in the reaction, (e) the branching ratio of the w meson into
two pions, (f) angular correlations among the particles from Yi*
production and decay, (g) a comparison of this reaction with others
in order to look at the branching ratio of the Y'l*’ and (h) a determi-
nation of the excitation function of this reaction into its various final
states,

Section IV takes the experimental findings of the previous sec-
tion, and those of other workers who have studied similar final states,

and relates them to the theoretical discussion of Sec, II, in order to

make possible as many physical conclusions as are warranted.



II. THEORY

A. Watson's Theorem

One experiment that would shed a great deal of light on inter-

actions within the A-m system would involve a study of the reaction
T+ A->T+ A (2)

This experiment, however, is not physically realizable, Watson has
pointed out that, under the proper circumstances, reaction (1), which
is physically realizable, can be viewed as being followed immediately
by a scattering between the A hyperon and one of the pions after the
mannér of (2). 14 He calls '"final-state interactions' those instances
when particles produced interact among themselves so strongly that
they influence appreciably the properties of the reaction cross section,
The conditions needed to insure the validity of a two-step process of
primary reaction followed by final-state interaction are the following:

(a) The mechanism of the reaction is limited to short range, that is,
it must occur within a definite reaction volume, This condition in-
sures that the products of the reaction escape quickly from their birth-
place and are then no longer greatly influenced by the forces that pro-
duced them., ZForces between strongly interactiﬁg particles, as is well
known, do have this short-range nature.

(b) The particles interacting must have low relative energy. Ti’len
they can remain close enough together after the initial reaction so that
rescattering can occur,

(c) The interaction is strong and attractive. Then the particles will
tend to stick together and give the maximum effect,

Watson showed by considerations of formal scattering theory
that when these conditions are met the matrix element for the particles
undergoinic%a final-state interaction is the same as that for a production
reaction involving ﬁhe same particles, The cross section then is 41r/K2

times the square of this matrix element, where K is the momentum

v



of the incoming particles (K~ and p in our example) in their center
-of mass, |

The most common form of final-state interaction encountered
in high-energy scattering experiments is a resonance having the
single-level Breit-Wigner shape. For spinless particles interacting

through a one-channel resonance, the cross section is

i} I‘L I‘a

dE 2 2 1 2°
. K (E-E; )" +3T

do _ w(2L + 1)

(3)

The sjrmbol "E 1is the energy of the interacting particles in their

center of fnass, E, 1is the resonant energy, L is the angular mo-

mentum of the resoﬁanoe, FL is the width of the résonance, and ]."a
represents the rate of the primary reaction,

In the more general case that includes the interactions appear-
ing in the present study, the initial and final particles may have spin
and the resonance may proceed through more than one channel. The

cross-section formula becomes

do _ m(2J + 1) l-"b ra ' (4)
dE - 2 2 2 ,
b KI(2S;+ 1) (E - E;) + 4T,
;i .

The notation is similar to that above, J is now the angular momen-
tum of the resonance, Si is the spin of an incoming particle, subscript

b refers to a particular channel, and I', is the partial width of the

b
channel, following the rule I =T.. In general, ‘_T."‘.'r will be a func-

tion of E, and this behavior li)s ébiscu‘sIsed at more length in Sec,IJl. F,
where Eq. (4) is put to use,

A second interaction, not often.encountered in high-energy
scattering, is an S-wave interaction characterized by a scattering
length and an effective range:

11 2 '
qcotd, = = +5r,q° ., (5)



Here q 1is the center-of-mass momentum of the particles in the
interaction, a is the scattering length, Ty is the effective range, and
60 is the resultant phase shift. The cross section is given by

do 4 qz aZ (6)

—_— O .

T
K ‘1+q2a2(1+—£—)

This formula, but in relativistic form, is useful later in Sec. II. F.

Dalitz has pointed out that, in practice, there are three sit-
uations in which the forms implied by the discussion above can be
distorted. 2

(2) Dynamic interference between the particles within the inter-
action and one of the particles outside the interaction, such as the.
S—wave—scat.:tering-'length interaction mentioned above. This sit-
uation is likely if the reaction is proceeding near threshold, so that
all particles have a small momentum. In the energy range considered
in this paper, reaction (1) is well above threshold, so that no such
dynamic effects should appear.

(b) Interference between overlapping bands. If, among the final
products from a reaction, more than one pair of particles have res-
~onant interactions, and if the kinematics allow--for certain configura-
tions of the momenta in the final state--two or more of these pairs to
be near the resonant energy simultaneously, then the amplitudes of
these two interactions will superpose, with resultant interference ef-
fects; This situation occurs strongly for reaction (1) at the lower
énergies studied by Berge et al. 3 An analysis of the low-energy data,
with S- and P-wave production assumed and the Bose statistics of

the two pions taken into account was done by Dalitz and Miller, 15

The
analysis yielded two ambiguous solutions, but the validity of the model
is not thereby discredited, In this paper the two charge states of the
Y'l*-(1385) are not likely to interfere because kinematics keep them
apart, but other resonances not pre‘sent at %ower energies may appear

and give similar trouble (Fig. 9).
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(c) Interference with background production. If there is an ampli-
tude for primary production not follov.ved by final-state interactions--
that is, for production of particles according to '""phase space' --this
amplitude will superpose with the resonant amplitudes, again with re-
sultant interference effects, This effect can, of course, be present at
all energies, Since the phase of Breit-Wigner amplitude changes rap-
idly as one passes through the central energy of the resonance, and
nonresonant backgfound would have no reason fé).r a sudden change of
phase, the effects of this interference should change rapidly with the
energy of the resonating pair of particles. This property is used as a
check for interference in Sec. III. G. ,

In conclusion, the conditions for the validity of Watson's the-
orem are reasonably well satisfied by the reaction under consideration,
providing we are alert for overlapping resonance bands and interference
with background. As a first approximation, then, we céntrea‘c any ob-

served ""bumps' as resonant states that decayed‘as free particles.

*(

B. Predictions Concerning Y,1 1385)

The proliferation of particles and resonances in recent years
has spurred attempts by theorists to seek among these particles sym-
metry relations or dynamic forces that would allow one to predict the
properties of some of them, given the properties of the rest., The Y'i* v
(1385) has figured prominently in several such'schemes, We review
these schemes here, |

1. Global Symmetry

In an attempt to ascribe to the strongly interacting particles a
higher symmetry than the well-known isotopic spin, so thatthe hyperon
interactions can be related somehow to the baryon interactions, Gell-
Mann developed in 1957 his theory of global symmetry. 16 The basic
assumptions made were (i) pions have a strong pseudoscalai‘ coupling
to hyperons comparable to their coupling to nucleons, and (ii) the
coupling of K mesons to the A hyperon is much weaker then the cou-

pling of pions to nucleons. He distinguished between medium-strong



interactions, in which K mesons participated, and very strong ones in
which m mesons participated. Then, to first order, the pion couplings
to all the baryons are the same. To place the eight baryons in a sym- ~

metric scheme, he introduced the two amplitudes
v0 = (A = =% /N2 (7) )

z% = a+= N7
Then the baryons are to be considered as belonging to four isotopic-
spin doublets, (p, n), (Z+, YO), (ZO, =), and (E‘O, =7). The pseudo-
scalar coupling constant for interaction of pioné with each of these
doublets is the same, the well-known pion-nucleon couplihg constant,
Of course, when the K-meson interactions are turned on, they will
have a perturbing influence onthe completely symmetric picture pre-
sented here, ’

Amati, Vitale, and Stanghellini made a model based on global
-symmetry in an attempt to predict the behavior of the m-A and w-Z
systems, 1 They introduced three parameters: £, a cutoff param-

eter; the m-A coupling constant; and f_, the wm-Z coupling con-

fA’
stant. Let

5= (12-10) /(17 + 10, (8)

Then, if global symmetry holds approximately, & is small; and fhey
found that dynamic calculations predicted two J = 3/2 resonances,
one with I = 1 and one with I = 2. The predicted resonant energies

are given by

=
i

1
mA+Q —-Z(mz— m ] —B-VS(mZ-m )

(9)

=
n

3
r mA+Q+ -Z-(mz- mA)+ 76(m2- mA).



The widths are then given by a phase-space factor times -%(fAZ + fZ )s

and a branching ratio for the I =1 resonance is given by

R

(v, ~zm/ (¥, > Am)

1

-;-(relative phase space)/('l + 6)2,

These two resonant states are related, thén, through global symmetry
to the well-known pion-nucleon resonance with J = 3/2, I = 3/2, mass
of 1238 MeV, and width of 125 MeV., From this resonance, the value
of Q is 290 MeV. If the value of 6 is taken to be zero (restricted sym-
metry), the predicted values are E: = 1365 MeV, I‘1 = 60 MeV, and
R =011, 13

For a review of early higher symmetry schemes, see Morpurgo.
The model of global symmetry described in Ref, 17 seems to make ex-
cellent predictions of the properties of the Y1*(1385), but the validity
of the theory is very doubtful. A systematic search for the predicted
Y2*(1530) has failed to produce_ any positix}e evidence of its exis'cenceflg

and it is well known that many more resonances have been found whose

“existence is not predicted by global symmetry but which are well rep-

resented by the eightfold-way theory to be discussed later.
2. K-N Bound State

Dalitz and Tuan argued that the neglect of the K interactions

was not justified, especially since the absorptive cross section is so

large for K - N scattering at threshold, %0

They assumed that this ab-
sorption can be attributed to S-wave interactions that are described by
an effective-range formula, Since K-N can be inan I =0 or in an

I =1 state, there will be two scattering lengths, AO and All, two

" phase shifts, 6, and 61, and two relations between them of the form

0
k cotd, = 1/A1 (k) . (11)

To take account of absorption, these A's must be complex,

A= a+ib, (12)



-410-

where a and b are real. From the low-energy K -p scattering
~data, they obtained two solutions for the a's and bis. They made a
calculation for I = 0--which is simpler than for I = 1 because only
the m-Z and not the m-A can be in the final state--and found that one
of the solutions led to a bound state about 20 MeV below the K-N
threshold, whose shape depended sensitively on the w-Y phase shift at |
the K-N threshold,

Later, Dalitz made a similar calculation for the I = 1 channel,
which calculation is relevant to this paper.21 In this case both pion-
hyperon channels are present, so thlat the outgoing wave has a two-
dimensional state function. With some simplifying assumptions, how-
ever, he again obtained a bound state with one of the low-energy solu-
tions, and he expressed its properties in terms of the a and b of
(12), as follows:

2,-1

- MN + my - (Z.mK a’) = = 138220 MeV (13)

I/2 = b/(my [a]’) = 18 MeV.

=
0

For the branching ratio, he obtained

R = (Yi*-»An) = 0.8 R, (14)

for pseudoscalar K mesons, where Rt is the ratio of (I = 1)- =
production to A production at K-N threshold. The latter is reported
to have a value of 2.46+0.72, 22 so that R has a value o.f 1.97+ 0,58
in this quel. Of course the resonance has J = %, since it is S wave.
Another feature of this theory is that the resonance shape as observed
in the w-Y channels will, in general, have a cusp at the K-N thres-
hold, and can have a long low-energy tail. For a mofe detailed dis.cus-
sion, see reference 23.

A much more likely candidate for a K-N S-wave interaction
below threshold is the well-known resonance YO*(1405). For a discus-

sion of this possibility, see Dalitz, 2

=



Ly

v

_up to 400 MeV/c. The conclusion is that the observed Y

C-11-

Trueman24 made calculations based on those of Amati et a.l.'17 '
but took into account also the effects of the K-N. systerﬁ. He found
that the properties of the I =1, J = 3/2 resonance were not signifi-
cantly éhanged by the K interactiohs, but that three new resonances
were .predicted. In particular, there should be a J =—%— state having
I =1, Also, there are now more coupling constants to consider, so
that the branching ratio R can be decreased either by decreasing the
TZ% coupling constant or by increasing the KN A coupling constant,

Chand made Dalitz-Tuan—type calculations to predict the P-
wave behavior of low-energy K-N scattering, assuming that it is
dominated‘ by a P3/2 Y1>:< at 1385 MeV. 25 He foufld that his calcula-
tions agreed with one of the solutions fit to the K -p data for momenta
_ . (4385) is
not inconsistent with assignment as a P3/2 K -N bound state.

3. Sakata Model _
Sakata proposed that all physical particles are built up fzzéom the

proton, neutron, and lambda particles and their antiparticles,

Ikeda, Ogawa, and Qhnuki made the theo'ry symmetric by assuming that

the properties of the three basic particles are invariant under the trans-

' formations of the group U(3). 27 This group is the unitary group of

three objects. As used by these authors, it has three additive param-
eters, taken as baryon number, strangeness, and electric charge.
All observed strongly interacting particles must then belong to some
irreducible representation of this group.

SaLkur_aulZ8 has pointed out that the Sakata model is almost cer-
tainly invalid, because (i) it does not treat the A and the £ in a sym-
metric way, contrary to all evidence, (ii) it assigns a spin of 3/2 to.

29 and (iii) it forbids the re-

the =, contrary to recentexperiment,
action p + p —~ Kio + _KOZ, again contrary to experiment, 30 An addi-
tional objection to the model, not mentioned by Sakurai, is its predic-
tion of a K+-p (Y =2, B =1) resonance, which has not yet been seen,
The model is useful, however, because it gives physical insight into

the eightfold-way theory.
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4. Eightfold Way

But the Sakata model picks out three baryons as a basis, when

there seems to be no reason why the £ and (perhaps) the = should '
be different, Gell-Mann31 and, independently, Ne'eman‘?)“2 proposed

that the basic set of particles was the set of eight baryons; nucleons, ) ¢
lambdas, sigmas, and cascades. The symmetry group chosen to de-

scribe the transformations afnong these particles was SU(3). In this

case the baryon number has been relegated to a gauge transformation,

and there remain two additive quantum numbers, which can be taken to

be Y, the hypercharge, and IZ, the third component of the isotopic

spin. Then SU(3) is the unitary unimodular group on three objects,

but the three objects are not given physical existence in this theory.

Instead, the octet, one of the irreducible representations arising from

the direct product of two different three-dimensional representations,

is the basic representation. Again, all observed particles must belong

to some irreducible representation of the group, and matrix elements

for coupling between representations are given by generalized Clebsch- N
Gordan coefficients for the group. For a detailed discussion of this
group, see Behrends et al. 33 ' ' .

The well-known N*(1238) must be in one of these representa-
tions, and the simplest assignment is a decuplet. If the Y,l*('l385) can
be shown to have the same spin and parity, JP = 3/2+, then some
interesting predictions can be made, These two multiplets can be as-
signed to the same decuplet and the existence of the two remaining mul-
tiplets, one with Y =-1 and I =1/2 and one with Y =-2 and I =0,
is predicted. A mass formula for the eightfold way was worked out by

Okubo, 34 having the form

o) . YZ )
m =m, {1+aY+b[I(I+1)——] , (15)

where m,, a, and b are parameters whose values are not given by.
the theory, so that in general three masses must be known in a repre-

sentation in order to make predictions. However, the decuplet follows
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~called the 26.
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the rule I=1+ Y/2, so that the mass formula degenerates to an

equal spacing rule
m = mo(i +a'Y). : . (16)

The masses of the decuplet under consideration would form the series
1238, 1385, 1532, and 1679, all in MeV. A resonance having Y =-1,

I =1/2, and a mass of 1532 MeV has been found (E') 35 and has been

shown to be most likely 3/2+. 36 More recently an example of a par-
ticle with Y =-2 and a mass of 1686 MeV (2 ) has been seen. 37
Other quantum numbers of the latter particle are notyet known, The
striking success of this theory indicates that the currently assumed
properties of the Y1*(1385) are completely in accord with this theory,
However, if these latter discoveries_ had not been made, one could
still make a weak prediction on the spin-and parity by associating the
Y_1*(1385) with the N*('1238). Assignment of the known baryon res-
onances to representations has been made by Glashow and Rosenfeld.
Let us assmﬁne that the Yi>-:<(1385) is indeed in the same repre-
sentation as the N (1238). In Rosenfeld's notation, it would then be
39 What further predictions can be made? Behrends
et al. 33 worked out the matrix elerhents for decay of a member of the
decuplet into a member of the baryon octet and a member of the pseudo-
scalar octet (the latter including pions, K mesons, K mesons, and the
eta meson), The widths for these decays are given by the generalized

Wigner-Eckart theorem

E
FBﬁz <q3 %%) lc l‘2 [{{10}, a |BM>]Z (17)

where {10} re_pi'esents the decuplet, a is a quantum number designa-

ting a member of the decuplet, C is a normalization constant IS
refers to baryon octet, and /M refers to pseudoscalar octet. Insert-

ing numbers gives
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1

r (Y,1 ) 0.44 ]."(N3/2) = 64 MeV (1)

o,

R ry,” - zw)/F(Yi"—»An) = 0.16.

1

The recently discovered Yi*('lé)é)O)io was tentatively assigned
J.= 3/2 - by Glashow and Rosenfeld, 38 but more recent researchers
cast doubt on this assignment, showing a preference for J = 3/2+
or 5/2 - ,40’41

The discussion in this section thus far has concerned group
theory only, so that relations among masses in a representation can
be predicted, but the unperturbed mass of the representation cannot
be determined. Martin and Wali have made dynamic, coupled-channel
calculations of the J = 3/2+ resohances, using the known baryon and
meson masses and assuming the coupling constanfs are related by
SU(3). 42 They were left with one adjustable parameter, which they
evaluated in such a way as to give the obéerved physical states., Their
calculations give the mass of the Y'l* as 1610 MeV, and the branching
the ratio R = 0.06. Unfortunately, they did not state their result for
the width of the Y,™ .,

A summary of the theoretical predictions for the properties of

the Y: given by the theories reviewed above is presented in Table I.

C. Y1>.<(1385) Angular Correlations

It is obvious that, if we are to make any progress in classifying
the particles in a complete theory, we must know the spin and parity
of all the particles, A large part of the analysis reported in this paper
is engaged in a determination of the spin and parity of the Yi*; so itis
important to cover carefully the theory of how these properties can be
determined in final-state interactions through study of angular corre-

lations,
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"Table I. Properties of Y
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<
4 @s predicted by various theories.

Theory psagif%y Mass Width Branch Reference
(h) (Mev) (MeV) ratio® number
Global symmetry 3/2+ 1365 60 0.11 | 17, 13
"K-N bound state 1/2- 1382 36 1,97 21
Eightfold way 3/2+ Inputb 64 0.16 31
Coupled channel 3/2% 1610 - 0.06 42

ats

aY*azﬁYf»A{.

1

P Strongly corroborated by the discovery of the @ at the predicted

.37
mass,




1. Density Matrix

It is well known that a complete description of an experimental
situation, in which pure quantum mechanical states are not to be ex-
pected in general, is properly given by density matrix. For sim-
plicity, we consider only the case for which the possible states are
discrete and finite in number, though density matrix formalism can
also be used when there is a continuum of states. ‘

Let [J> be one of these orthonormal discrete states,

<j ‘j>‘= 1, all j. (19)

We want the ensemble average of some operator Q over the states j

in a given-statistical ensemble, given by
avior= L pg) (5l (20)
J :

where P(j) is the probability of finding the ensemble in the state j.

Then we have
Av(1) =1 = Z P(j). (21)
J

Since P{(j) is a probability, we can require that P(j)=0. We can re-

write the matrix element in (20):

(iloli) = Tr (o) ()

where Tr refers to the trace operation, that is to the sum of the diag-

)s - (22)

onal elements of the operator in parentheses. Then let us define the

operator
p = z P i) (il - R CEY
]

Then equation (20) can be rewritten, by means of (22) and (23):

AV(Q) = Tr(pQ). | (24)
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Using the above relations, we can easily establish the following

properties of p.

Tr(p) = 1. ‘ (25)
P+ R (26)

If © is Hermitian.
[avio)” = Av(a. - 27)

All of the eigenvalues of p are positive definite, If O is a Hermi-
tian operator, with minimum eigenvalue 9in and maximum eigen-

value oy’

< TripQ) < q___. | (28)

9min max

If ther are N complete states ,_]> R

1/N < Tr(p%) < 1. (29)

The operator p we defined above is, of course, the density
matrix, When we are studying processes involving particles with
spin, operators that act on the spinrwave functions can be represented
by matrices of (2J+ 1) X (2J + 1) dimensions, These matrices can
be considered to belong to a linear vector épace of (2J +1)2.dimension.
It is possib‘.le to select a complete set of (2J +fl)2 basis matr_iceé that
span this space, Let these matf_i_ces be denoted by Sj' Then the den-

sity matrix can be conveniently expanded in this basis:
= (2J +.1 L S.7 S.. : 30
R CHEE (30

In particular, it is well known that a g:on—venient basis for spin—-g—
particles is the three components of the Pauli matrix T and the 2X2

unit matrix,



- Suppose that a scattering or decay process is described by an
‘operator M in such a manner that for a pure initial state ]1> , the

" final state |f> is given by

|£) =Mli). (31)

Then it is well known that the final density matrix is related to the

initial one by

2. Decay of Particles having Spin

Let us assume that reaction (1) proceeds through two steps,

- sk - EC
K+p=Y & 4at, v *

1 A+ . . (33)

We assumethat the K meson is pseudoscalar and that parity is con-

served in both the production process and in the decay of the Yi’ﬁ.
We also assume that the 'Y1>'< decays as an isolated particle. It is

well known that the subsequent weak decay of the A

A—> p+m : (34)

does not conserve parity and acts as an analyzer of polarization. The

object of the game is to find the spin and périty of the Y1>'< from the
. angular decay distribution of the Y1* and of the A.  This problem -

has been attacked by Gatto and Stapp, 44 By Capps, 45 and by Byers and

Fenster. 46 The method of Byers and Fenster has been used to deter-

._-* 36
)

mine the spin of the = and has been used on a portion of the data

¢
=
tion of Byers and Fenster, but our approach is based more.on the

of this experiment onthe Y, . In this paper we use much of the nota=
philosophy of Capps, so that a development of the method used is in -
order,

The treatment of the problem is nonrelativistic, and a justifi-

cation of this approach is given where the analysis procedure is
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e

explained in Sec. IIL. G. 1.
| Let us be ignorant of the production process, and fix our atten-

tion-on the state of the Yi* right after production. From the previous

section, we know that this state can in general be described by a den-

sity matrix. From knowledge of the invariants of the production, we

~ know that the elements of the density matrix must be functions only

of the production angle and the energy. However, from our point of

view, these elements are merely parameters which must follow (25),

(26), and (29) above, but which otherwise can have any values whatever.

Let us expand this density matrix in the fashion of Byers and Fenster:

Z (2L41) tLM* TLM _ (35)

L, M-

o = (23+1)7 1

The matrices TII\:I are the irreducible tensors described,‘ for example,

by Rose;‘}‘7 these tensors span the vector space of matrices and under

. rotations have a transformation property. similar to those of the

Yf( 0,4). The numbers tll\:l follow the relation

tM = Tr(p TM

oy 0 (36)

so that, from (30), tI-I\_I/I = <lei/l> , that is, it is the expectation value

of TII\:I. Hence ~N2L+1 TI\I_/J[ is the Sj of equation (30), From the

rotation property of lel, we have the relation
-M MM,
to o= ()T (37)

We take Tg to be diagonal, so that the elements of TM are given by

_ L
the Clebsch-Gordan coefficients

M

L) = CUILIm'Mm). (38)

(T
In Appendix A are listed explicitly some of the TL .
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Let us take the normal to the production plane as the axis of
quantization. Then, according to Capps, half of the elements of the
density matrix vanish. 45 He shows that reflection invariance at pro-
duction implies that Py; = 0 for |i —j‘l odd. From (35), those 'TI\L/‘L
for which some (Ti/l)ij '# 0 for |i -j|odd must have tl\ﬁ =0. It
follows then, from relation (38), that tI\I/j with M odd vanish identi-
cally.

Let us turn now to the problem'of determing the form of the
transition operators M. The guiding principle to be followed here
is proper behavior under transofrmations of the rotation group. Es-
sentially the same problem is faced when one wishes to add two angular
momentum vectors to get a third, For the guiding principle here too
is the preservation of the transformation principles. The answer tothe
latter problem is well known; the elements of the combined representa-
tion are sums of products of elements of the two representations being
combined, the weighting factors being the Clebsch-Gordan coefficients.
So the elements of M must be composed of spherical harmonics mul-
tiplied by the appropriate Clebsch-Gordan coefficients, and the method
of checking this construction is to check that M satisfies the defining

relation (31). Some reflection shows that the proper form is
L 1 . R T
My (3, 8) = C(4, 5, J:T-2-j +i, 3/2-4)Y£ 2 (A, (39)

where Mij is the element in thg ith row and jth column of a matri:
representing M in a representa_’;ion where the pure states of the Y.i
are given by a column matrix with one element equal to one and the
rest equal to zero, The symbol j‘i is a unit vector pointing in the
direction of the lambda momentum, which symbolizes.the angles ¢

and ¢ that are the arguments of the spherical harmonic. The symbols
J and / represent the spin of the Yi* -and the orbital angulaf mo -
mentum of the breakup, respectively, and because the A has spin 1,

they are related by

J =gl (40)
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) . E
Since parity is conserved in the decay, and the Y1 -is in a definite
parity state, one or the other of the sign possibilities must hold true.

Let us write ex_plicitly the matrix for the case J = 3/2, £=1 (P3/Z):

w/2/3 Y (A -~ /1/3 Y,1 (A 0 '
(41)

0 V1/3 Y (A) -\/2/3 ¥ Y, H(A)

Then it is easily seen that each column of M is the column matrix
representation for the state of the A resulting from the decay of a

pure state of the Y1 , each column representing a different one of

the four possible pure states. Hence M is not square in general, but

is of dimension 2X(2J + 1).
Let us think of p being expressed in matrix form in this same

representation. Then relation (32) will expand in this manner:

"

e
.
~

C(£4,%, J;3-2-j+1, 3/2-i) C(4,%, J;T-4-k+n, 3/2-n) (42)

1 LN
% ‘Yg 5 J+1(A)Y 2 k+n “(A).

The prime here means the final density matrix, which will be 2X2.

Using the equations (35) and (38), we can expre'ss the initial density
matrix in terms of t];\f, which makes the form of the final density
matrix read: '
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! - T -3 K
P = Z (2741)" 1 Z 2Lty £579%
in Tk T L :

X C(J, L', J;J+1-k, k-j) C(4, £, T;T-5-j+i, 3/2-i) (43)

" _YJ-g-k+n* "

T-zH R (A).

X C(4,%,7;J-4-k+n, 3/2-n) Y

The above expression glves the density matrix representing
the state of the A after the Y * decay. We yet must also use the
information in the A decay, so we'need to use relation (32) once more.
This time the transition operator is the familiar

~

N=4(S+Po - p). (44)

It is not hard to show that

_i ~ . B RN S
Tr(Np'N') = (4m) 2 [(pMJr Pzz) g(p)+ (piq = p'22 N1/ 3(1Y(1)(p)
(45)

( .
+i912 1(p)+pu ip}\/ 73a}-

Here o is the value of ZReS*P when IS -,2 + IPIZ = 1, as was assu'fn.ed
here, and is equal to 0.62. Its value is not important in our analysis,
as long as'it is not zero and a consistent value is used. The direction
of the proton is f)

Expressmn (45) gives us the intensity distribution in terms of
A and p when we substitute p' from (43). First, a simplification

can be made with the relation

-~

AN - -
R)=) () E(20+1)(2L+1)2 G4, 4, Li0,0) C(4 £, Lim,m) YA,

ACEACEY
’ . (46)
'1f we use the relation (37) for t?:l and a similar one for. the spherical
harmonics, and let M = -j+itk-n, the final expression for the intensity

is given by



-23-

(417).—1 Z - Z Z (2L + 1)(24+ 1)A

i,j n, L' L, M

I(A, p)

- : _1 IR SR
X (23+1) 1 (2L +1)72 ()72 (g, 150, 0)

X C(8, 8, L;T -5+, -J+3+M+j-1) C(J, L', J;J+1-M-j+i-n,M-i+n)

(47)
X C(4,%, T;7-4-j+, 3/2-1) C(4,5,T; T-3-M-j+i, 3/2-n)

n

 ~Mition M 202 i+1 0,2
Xt Y1, (A) {Yo(p)éirﬁ(-) Ni/3 a Y, (p) 8,

1, 1 ]
tN2Z/3a(-Y (p) &, 8, + Y p) By 8 ).

An abbreviated way of expressing this equation would be

WAR -0 ) A, (LM, gim) YA YR, (48)
S'm L, M

with AJE(L’ M, £', m) given by the coefficients of (47). The limits on
2! are f' <1, and the limits on L are L < 2J. The expression (47)

is a cumbersome-looking one, but its derivation was straight-forward
and the meaning of all its elements are well known to the éxperimental—

ist (except tIL/I, which is described above).. Note that we have used

b4

the normal as the quantization axis for both the '.Y1 and the A, as
did Capps, but not as did Gatto and Stapp nor Byers and Fenster, who
used helicity states for the A, The latter method allows us to deter-
mine the parity separately from the spin by finding the sign of one |
'parameter, but requires deeper knowledge of the rotation opera.torsf19
We use (47) and are satisfied with trying to determine spin and parity

simultaneously,
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Equation (47) was reduced by hand to trigonometric functions

for J =141/2+ and for J = 3/2+. The resultant equations are:

r : A
(4Tr)‘2 ILtg + ﬁat?cos@] s (49)

1/2) = (4W)-2[t8 +n3 atg cosf X (Zcosz@ -1)

T =4, 220, I{A, P)S, /,)

-~

, £=1, I(A, pI(P

o
n
[

(50)

+ tg sin€ cos@ sin6 cos(® 4).]

, £=1, 1(.&,{))(133/2 (4m) =2 [(t +n[5/2 t )

oy
1t
l\)|b)

3W2t cos O+a2~/ /5 t2+3/2r\/ 7 t ) cos@

a(x3/5 tg +9/2N7/5 tg) cos’G cosb

a(N3/5 tEl) - 31\/‘77511:('3)) sin€ cos@ sin@ cos(® -¢o) (51)

N15/2 ltgl Sinz@ cos(2® - arg tg)

N— 2
-N21/2 a !’cg | {sinZG} cosf cos(2@ - arg t;)

+ 2 5inG cos@ sinf cos(® + ¢ - arg t:,z;)}J,

and

£=2, I(A, PAD; /) = (4m)™° [(tgﬂf's_/z £2)

oy
"
o] w

W5/2t) cos’+ a(23/5 t) + 3/27/5 t3) cos6
0 0 2 0 40
3(1(»\/3;5 t1 + 9/2\/775 t3) cos © cosf - 15a\7/5 t3 cosTicosf

3a(N3/5 tci) + 2\ 7/5 tg) sinG cos® sinh cos(® - ¢)

+

4

15(1'\/7-5 tg sing cos3® sin 6 cos(® -¢) ' A (52)
-N1572 |t§[ sin2® cos(2® - arg tg)

_m a |‘c§| sin2®(1—6 cosZ@) cosf cos(2d - arg tg)

-NZ21/Z a Itg.ISin@cos@(i-&cosZ@) sing co%( &+ ¢ - arg tg )

1,
- 3.21/2 a‘ltgl sin3® cos@sinf cos(3® - ¢ - arg tg)J .
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Here © and @ are the polar and azimuth angles respectively of the

sk

A in the Y'l center of mass, and 6 and ¢ are the equivalent angles
of the proton in the A center of mass. The 2z axis is the normal to
the production plane in the K-—p center of mass, and the x axis is
any line in the prodﬁction plane.

The above formulae are equivalent to formulae (2a) through (3d)

of Capps' paper, 45 and it is possible to write relations between the

.parameters in his formulae and the parameters in these formulae that

establish this equivalence,

The terms in these expansions can be divided into two general
typés: those independent of a, of 0, and of ¢, Whichvhave an even
value of L in their ti/['s, and which are the same for the two parity
cases for a given spin; and those dependent on a, 6, and ¢, which
have an odd value of L, and which in general differ for the two parity
cases, The former we can call intensity terms, the latter polarization
terms. |

This analysis is used in Sec. III. G. 6.

3. Normal and Rotated Polarization

It was pointed out in an earlier péper that it is possible to do a
spin-parity analysis when only the polar angles of the A andthe pro-
tonare used, providing one looked at the polarization along two differ-
ent directions. 9 Let us review the argum‘ents of that paper.

First of all, we see by inspection of (49) through (52) that the
intensity terms have a maximum complexity of cosZJ@, whereas the

polarization terms have a maximum complexity of cos f@, in which

. case we are focusing our attention on the terms independent of the azi-

muthal angles. We can establish from (47) that this is indeed the case.
But we can determine spin and parity from the polarization terms alone
if we use both the normal and rotated (""'magic') directions as quantiza-
tion axes for determination of polarization. The latter axis is defined

shortly.
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Let us consider again the transition operator M, which de-

1 .
—_ ~ -~
the unitary operator that gives a change of parity is o - A, since A

atle

scribes the decay of the Y From general principles we know that
is the reference direction in the Y'l’l\ frame and ¢ is the pseudovector
operator that can act on the A spin state. Hence we have upon a

change of parity of the Y,lﬂ<
M~ 0-AMG-A, - (53)

where we have used explicitly the fact that o - A is self-adjoint.
~ Hence, if the initial state were the same but the Y,i" had the opposite
parity, relation (32) would read
) - -~ - A e A +
pPe = c-AMcoc-Ap.0-AM

1

7-A. (54)

But by multiplying on the right and left by v . A, we can throw this
into the form

G-Ap,o-A=Mo-Ap, g.AM. (55)
From the principle that angular momentum’operators, when exponen-
tiated, are the generators of the rotation group, weknow that the ex-
pression exp(iwé T A) is the operator that generates a rotation by
180° about the direction A, since %B’ is the spin operator of the A.
But if this operator is expanded in a formal power series, we see
immediately that exp (im0 - A) = 3- A, sothat g- A 0o A is exactly
the description of the state in a coordinate system rotated 180° about
the A direction from the original coordinate system. This transfor-
mation is illustrated in Fig. 4. The rotated z axis, which we shall

call m (for "magic") is given by

~ ~

m=-n+ 27 (A-n). (56)



Fig. 1.
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MU

Normal and rotated coordinate systems, The
normal system has its z axis normal to the
production plane, The A-momentum direc~
tion makes an angle © with this z axis, The
transformation to the rbtated system is accom-
plished by rotating the z axis 180° about the A
direction to the position z', which is equivalent
to rotation of the same axis in the plane of the
A and the normal by an angle 2©. The insert
shows the relation among three projections of
the polarization vector, equation (57) in the text.

-34384
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The following interpretation can then be given to equation (55).
The distribution observed in the rotated (''magic') coordinate system
is that of parity opposite to that in the original coordinate system.

Adair was the first worker to attempt to take advantage of the
rotated direction. 50 He attempted to determine whether the Y'l* was
S wave or P wave, assuming it to have spin 5, by looking at the com-
ponent of the average polarization of the A along the normal and along
the rotated directions. If the Yi* is S%, maximum polarization of
the A will occur along the normal direction; if it is Pé, it will occur
along the rotated direction and the ratio between the two components
will be -1/3. The relation for any spin between these components is,
with P the average polarization of the A,

P.m= - (24+ 1)(212,*%1)'1 B .q, (57)

where [/ is the orbital angular momentum of the Y and /' is the:

)
apparent orbital angular momentum when observed 14;1 the rotated
system, From the discussion above, we have gt= .z:i: 1, the sign
chosen dependent on the parity of the Y1 , and of course, J =1 ( 4+ 4°).
‘Relation (57) becomes less sensitive for higher spin, and is
useless if the average polarization is nearly zero. However, the
maximum complexity analysis can be used even if the latter is true,
because the polarization is not likely to vanish for all values of the
Y,l decay angle. In this case we look for a cos [b dependence of the
normal component of polarization and a cos 2k © dependence of the
rotated component, with f and §' related as above. There is a
geometrical constraint, relating the two distributions which can be
used to advantage in the fitting process. Let r be a unit vector along
the intersection of the plane of n and m with the production plane

(see Fig.1). Let —f’(@) be the distribution of polarization. Then it

follows from the geometry that

"P’;(G),rﬁ = B(€)-ncos2 G+ 3(6) -T sin2@. (57)
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—_ ~

Either B-n or P.m can have the higher complexity. Assume
the parity of the Yiﬂc is such that B.rn has the higher complexity.

Then the distributions will have the form

J-1/2 y J+1/2
P-n = z An cosZk@‘, P.m = Z Ak cosZkG (58)
k=0 k=0

Then B.r must be of the form sin2 & X (even polynomial in cos@) in
order that (57) shall hold for all €& Finally we get the relations among

the coefficients,

A+ A =0 (59)
n m
and
J-1/2 - J+1/2 .
Z AF z AR -0 (60) |
n . m.
k=0 k=0

by evaluating (57) with (58) inserted at &= 0 and at © = w/2, where
the _15; term does not contribute, These are just the directions
where the n - and m are paréllel and,antip.arallel respectiv.ely. If
the parity of the Y'l* is opposite to that assumed, simply interchange
n and m and the above relations still hold.,

This analysis 'is used in Sec. III.G. 5.

4, Adair Distribution

It was pointed out by Adair that the spin of a particle produced
under circumstances similar to those we have been considering could
be determined unambiguously from a specially chosen distribution,

Let the axis of quantization be the incident K~ direction. Since the
K is spinless, the angular-momentum projection along this axi$ must
be the :!:%.v contribution of the proton, The w is also spinless; so

o,

the projecition of the spin of the Y,l"<

orbital angular momentum of the final state must sum to £, If the

-added to the projection of the
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production is S wave, or if the Y;( is traveling parallel or anti-
_parallel to the K direction, there will be no contribution from the or-
bital part, and the distribution of the A relative to the K will be that

characteristic of the m. =+3 states of the Y1"‘, These states have

J
a definite form for each value of J. The forms, as given by Adair,

are listed in Table IL

Table II. Adair distributions., a

Spin J Distribution

1/2 1

3/2 —;-(1+coszn)b

5/2 3/4(1 - 2cos’n + 5 cos’n)

7/2 1/16 (9 + 45 coszn - 165cos4n + 175 cosén)
% Ref. 51.

b mn 1is the angle between the A and the K,

The difficulty in using this distribution in practice, if the
production is not S wave, is that the number of events satisfying the
requirement that the Y'l>: travel along or opposite\"to the K direction
is very small (theoretically equal to zero). If Y1 " that are in a
finite cone about the K direction are accepted, the effect is neces-
sarily diluted by contributions from other mj states. If the produc-
tion state is not known, the amount of this dilution cannot be deter-
mined directly. Let us see if we can find an extrapolation technique
that will get around this difficulty.

For this discussion, let m be the Adair angle (cosm = Af{) '

A A

. K). Then the distribu-

and let { be the production angle (cos{ = Yi"

‘tion in these two angles will be in general

I{n, L) = Z Fm(cost_,) Pm(cosn), (61)
m
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where m = ]mJl -1 (for our purposes, we can lump together the
positive and negative values of mJ), Fm is an analytic function, and
Pm is an even polynomial. The observed distribution is Eq. (61)

integrated over a particular raﬁge of cost,

I' (, x) =f Z Fm(cos L) Pm(cos n) d{cos {) (62)
X m

plus a similar integral from -1 to -x which will have the same
properties. The term Frn can be expanded in a Taylor's series
about the point cosf{ = 1:

Fm(cosg) =F (1) + (cqsg - 1) Fr“n('l) + co | (63)

m

If we are close enough to cos{ =1, we can neglect higher order terms.

The polynomial P,(cos{) is the Adair function, and therefore Fm(i)_

0
must vanish for m # 0. The integration is now trivial:

I' (n,%) = (1-%) Fo(1) Pyfcosn)
(64)
007 ) B B (cos ),

We see here that the diluting terms enter linearly--as compared to the
main effect-;as the acceptance variable, 1 -x%x, is increaseci° For
analysis, we can extrapolate the observed distribution linearly, for
fixed values of cosm, to cos{ = 1, then examine the distribution in cosn
of the extrapolated values, We will get valid results if we rerhain
close enough to cos{ = 1.

This analysis is used in Sec, IIL. G. 4,
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D. Decay Mode w — T

Glashow pointed out that, when two states of matter have the

same quantum numbers except for isotopic spin and have almost the
same mass, electromagnetic transitions between these states may
become important. 52 One case for which this behavior is possible is
the pair of nonstrange vector mesons, p and w. Glashow showed
that the amount of mixing should be inversely proportional to the mass
difference between the two states. The relevant amplitudes are

O %4 m(emto

(65)

cl

-1 0
= © -n(6m) "

where ;O and © are the observed states that decay into two pions

and three pions, respectively; pO and @ are the states of pure iso-
topic spin (or G parity) that are produced in the strong production
process; O6m is the mass difference between p and w; and n is a
mixing parameter. Glashow did not propose any model for the mixing,
but he estimated the value of 11 on general grounds to be about 5 MeV,
which gives a value of 5% for the branching ratio of the two-pion de-
cay mode of the w to the three-pion decay mode,

Gell-Mann, Sharp, and Wagner did propose a model by which
they attempted to calculate the decay rates of the neutral mes‘ons. >3
Their model proposes that the three-pion decay of the w proceeds
predominantly through the two-step process, w — p + 7 followed by
p = 2m. The two-pion decay mode follows the chain, w = v = po—> am.
The direct coupling of o 0 and w to vy is implied in the interpretation
of these mesons as contributors to the electromagnetic form factor of
the nucleons. The coupling constant for w - p + ™ can be eliminated
by also assuming that the TTO decay, whose rate is known, proceeds
through the reactions w0—> p0+ w, p 0, Y, @w = vy. Indetermining the
branching ratio, the coupling constant for p -~ 2w cancels out, so

that the branching-ratio figure depends on the values of the coupling
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constants for w — pm, po—-> Y, and w =~ vy. These three constants can-
not be independently determined from present experimental data; so
Gell-Mann, Sharp, and Wagner made rough approximations for these
numbers. Their figure for the branching ratio I'(w— 27)/T{w— 3m)
was 4.3%, but they calculated a total width of 0.5 MeV, We can ad-
~ Jjust their theory to reproduce the observed total width of 9+ 2 Me'\/'54
and the observed neutral/charg.ed branching ratio of about 10% (Ref.12)
by scaling up these coupling constants. Since there are three constants
and two experimental numbers, we can apply an additional constraint
of keeping the coupling constant for p 0. v equal to that for w - vy
(predicted by unitary.symmetry). When this scaling is done, the par-
tial width for the w — 2m mode is predicted to be 350 eV, and the
branching ratio I(w= 2m)/T(w - 37) is predicted to be 0,0001% !
For an exhaustive treatment of how interference between the

pO and w mesons can affect the shape of the nt-n" mass spéctrum
through this rare decay mode, see Bernstein and Feinberg. >3

| Many other authors have treated the problem of the electro-

56-59

magnetic mixing of po and w mesons, Their estimates are
pretty much in accord with the ones discussed above, but all of the
methods would probably yield a much smaller branching ratio if the
experimental total width were taken into account,

Experimental evidence from this study is discussed in Sec,

III. F. 3.

E. Peripheral Production

The philosophy of this report, as stated in the Introduction, is
to place much emphasis on final-state interactions and little emphasison
production processes., One production mechanism, however, can often
be easily detected if it is operating in a given reaction, namely periph-
eral-collision mechanism in which one particle is exchanged. Two
possible configurations through which reaction (1) could proceed periph-

erally are illustrated in Fig. 2.
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o

The exchange of K*— mesons in the production of Yiﬁéoas in
Fig. 2(a), was studied theoretically by Stodolsky and Sakurai. A few
rémarks about this mechanism are listed here. '

(a) A K meson cannot be exéhanged. The KKm vertex neces-
sary in that case is forbidden by conservation of parity and angular
momentum, |

(b) Production of Y‘l*- is not possible from reaction (1) by
this mechanism. In that event, a doubly charged meson would have
to be exchanged. The K" has 1 =%, so that there is no doubly
charged member in the multiplet.

(c} From analogy with electromagnétic processés in which a
gamma ray is exchanged, the process can be decomposed into contri-
butions from various multipole moments. The calculated distributions
are | |
(A-n)°, (66)
A-n)%, (67)
(68)

Note that the Y1=‘< is explicitly assumed to be P The symbol M1

denotes the analog of the magnetic dipole moment?/,ZEZ denotes the
analog of the electric quadrupole moment, and L2 denotes the longitu-
dinal quadrupole moment, From various theoretical considerations,
Stodolsky and Sakurai argued that the predominant multipole contribu-
tion should be M4. In Sec. III.I, this mechanism is investigated.

The peripheral production of p mesons, as in Fig. 2(b), is not

very easy to study in this reaction., The p 1is a broad resonance,

S

1
amplitudes can interfere and give complex angular correlations in the

s
there is a large background of Y production, and the K and K

final state, 61 However, this process should be closely related to

peripheral production of w mesons from the same initial states, cur-

rently being studied by Flatté et al. 62
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II. EXPERIMENTAL ANALYSIS

A. The K Beam

The data upon which this study is based were taken in an ex-
tended exposure (nicknamed K-72) of the Laboratory's 72-inch bubble
chamber, from September 1961 to June 1962, to a separated beam of
K~ mesons. The beam was designed jointly by experimental groups
at UCLA and LRL, headed by H. K. Ticho. A detailed report on the
beam's design and construction is in prepa.ration63 but a sketch of the
operation of the beam and how the analysis is thereby affected is given
here.

The external-beam channel was designed to meet several re-
Quirements: (1) the momentum ans variable, (2) K mesons were
separated from unwanted components, and (3) a reasonable K flux
was delivered to the bubble chamber,

The layout of the channel is shown in Fig. 3. Particles enter-
ing the external-beam aperture were produced in a target flipped into
the primary proton beam of the Bevatron late in the acceleration cycle.
Only particles emitted at 0° from the target .welre accepted by the op-
tics of the channel. The target was located in a curved section of the
Bevatron, so that negative particlesv were bent outward in the field of
the Bevatron. In order to effect changes in the momentum of particles
‘reaching the aperture, the target was made movable by remote control.
Two targeté at different radii were located on a support that could be
moved. azimuthally. In addition, a small steering magnet was placed
in the hole in the magnet yoke through which the particles entered the
beam aperture in order to bring the particle trajectories parallel tothe
beam line. Currents in the remaining magnets along the beam channel
were scaled to provide the proper fields for each momenta.

Separation was necessary because the number of w's accepted
by the aperture at the front end was about 105 per pulse. In addition,
many p particles were produced along the beam channel by decay of n's

and K's, Allowing this flood of particles into the bubble chamber would
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Fig. 3. Experimental setup of the K~ beam. The beam arrives from the target

(not shown), M1 is a bending magnet to steer the trajectories along the
beam line for each momentum setting; Q, is a doublet quadrupole thatcol=
limates the beam vertically; S4 is an eleCtrostatic separatpr that deflects
unwanted particles vertically; M2 and M3 are bending magnets that also
serve to focus the beam vertically at the first slit; and Q2 is a singlet
quadrupole that holds the beam together horizontally, The second stageis
a reflection of the first, with M4 and M5 corresponding to M2 and M3,
S2 corresponding to S1, and 03, a triplet, corresponding to Qi, M4
gives the beam a final bend into the bubble chamber, and Q4 controls
spreading of the tracks in the chamber,
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make analysis of the K interactions impossible. To have a beam
that is nearly all K's at the bubble chamber, a separation scheme
giving a rejection ratio of 105 was needed. This separation was ef-
fected by crossed electric and magnetic fields. The beam entering
the separator is momentum analyzed; the action of the separator is to
select on the basis of velocity. The overall effect is a separation on
the basis of mass. The fields were adjusted so that w's and p's
were deflected out of the horizontal plane, while K's passed through
the separator undeflected.

Two stages of separation were used. By this device, the sec-
ond stage can have the mass slit at the end of the first stage as its
source. It was much easier to optimize separation with this cleaner
source than with the target, which was the source for the first stage,

- Each stage contained a quadrupole, a separator, a pair of bending mag-
nets, and a mass slit. The bending magnets acted also as focusing
elements in the vertical plane, and the shape of the field of each one
was adjusted with steel shims in such a manner as to correct for the
chromatic aberration of the quadrupole. In each stage, the quadrupole
was carefully shimmed to remove spherical aberrations. The beam
was collimated at several places to remove unwanted particles such as
particles that scattered from walls, particles that multiple-scattered
in thin windows and gases, and particles that resulted from decay of
beam particles. The beam channel was evacuated along much of its
length and windows were as thin as possible,

A flux of 10 K~ per pulse into the chamber was desired. The
beam length was 155 feet, 4.2 decay lengths for K particles at 1.51
BeV/c. In order to achieve the desired K flux when the Bevatronwas
operating at an average of 'l.5><:10,11 protons/pulse, itwas necessary
to design the beam channel to accept a momentum bite of 6% full width,
Elimination of chromatic aberration, mentioned above, was vital to
avoid spreading of the images at the slits with consequent poor separa-

tion,
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Runs were taken ét momentum settings of 1,22, 1.32, 1.42,
1.51, 1.60, and 1.69 BeV/c for this Laboratory and at»1.80‘and 1.95
BeV/c for UCLA. This paper uses the former set of runs as its source
of data. In addition, absorber was placed into the 1.22 BeV/c beam
in order to gather data down to 1.05 BeV/c for a special study at LRL
of the 1845 MeV Y * reéonance. o4 This paper uses data from this

0
‘latter source when no overlap with the special study is introduced.

B. Primary Analysis

Pi‘imary analysis of the data was done in the manner described
in Sec. I of the review article by Rosenfeld and Humphrey. 65 Let us
describe briefly the procedure involved. '

At each pulse 6f the bubble chamber, three pictures were taken
on one piece of film by three cameras mounted at three corners of a
. square on the top of the bubble chamber. About one million sets of
three pictures were taken during the run, Technician persornnel
scanned the pictures twice to locate all interesting events. Interesting
events were defined to be all cases when the beam track terminated
within the chamber, with the exception of decay of beam track with one
outgoing charged.prong,. interaction of the beam track \\Nith-no outgoing
charged prongs and no associated vee(s), or interaction of the beam
track with two outgoing charged prongs and no as sociated vee(s). Events
were also not recorded if they occurred too close to the walls of the
chamber, if the incoming track was not a beam track, or if there were
too many tracks in the picture, All three views were used to make
certain that all interesting events were found and to establish the ap-

proximate geometry of the events found.

When interesting events were found, information was recorded
| on forms to be transferred to IBM cards. This information included,
among other things, the roll, frame, é.nd beam-track number, approx-
. imate x-y coordinates of the vertices, and the event type. Event type

is a number assigned the event by the scanner to identify its topology.



-40-

- Reaction (1) is found among events having event-type 32, in
the language of this experiment, also known as the vee-two-prong
topology. See Fig. 4 for an example of such an event, These events
are identified by an interaction of the beam track resulting in two out-
going charged prongs and having associated with it a vee resulting
from the decay of a neutral particle presumably produced at the pri-
mary vertex,

As desired, events were measured on Franckenstein machines--
digitized measuring projectors. In each of at least two views, the
position of fiducial marks etched on the top glass, the vertices, and
several points along each track were located to an accuracy of about
2. microns on the film. These measu_remehts were oufput on paper
tape, which was converted to rriagnetic tape for input to the IBM 7090
computer,

A series of programs operated on these measured points to re-
duce therh to physically interesting information. The program PANAL
checks that all necessary information is present and condenses this
information into a compact format. The program PACKAGE, which
operates on output from PANAL, has two stages. In the PANG stage,
a geometrical reconstruction of the event being processed is accom-
plished. .In the KICK. stage, a preselected series of physical hypo-
theses, dependent upon the event type, is assumed, and a fitting pro-
gram tests whether the momenta and angles given by PANG can be ad-
jusfed to satisfy conservation of energy and momentum at eachvertex |
for each hypothesis. A chi-squared, or figure of merit, is calculated
for each hypothesis from program-estimated errors on the momenta
and angles. Another mode of operation at this stage is determination
of kinematic unbalance for a given assignment of masses to tracks,
and expression of this unbalance as a missing mass (and its error) of
a hypothetical missing neutral partic_le.» The EXAMIN program reads
the output tape from PACKAGE and _iists particularly interesting infor-
mation for each hprthesie that has an acceptable chi-squared on an-

other tape. Many calculations, such as effective masses of particle
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Schematic type-32 event as seen in bubble chamber
photographs, A beam particle {track A) enters the

* thin window of the chamber and interacts with a pro-

ton of liquid hydrogen at B, producing a negative
particle (track C) a positive particle {track D},
and one or more neutral particles, which leave no
tracks, One of the neutral particles,a A ora K9,
decays at E, yielding a positive particle (track F)
and a negative particle (track G). If the decay is
two-body, the points B, E, and H should lie in a

‘straight line.

MU-34352
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pairs and angular correlations in various coordinate systems are ‘
done at this stage. READX reads the EXAMIN output, makes further
calculations as needed, picks out a particular event type, and puts
out separate binary tapes and printed output for each hypothesis.
SUMX reads EXAMIN and READX output and constructs forms
such as histograms, lists, CRT plots, and resolution functions. Fi-
nally, the LINGO program keéps a library of the experiment by col-
lecting the scan cards into a Master List tape for each momentum
setting, collecting the EXAMIN output into a Data Summary tape for
each momentum setting, updating each of these tapes as necessary,

and checking them against each other.

.C. Measurement of Type-32 Events

All-of the type-32 events were measured at the momentufn set-
tings of 1.22, 1.32, 1.42, 1.60, 1.69, and the special low-momentum
settings, About 40% of type-32 events at 1.51 BeV/c were measured,
but so much more data were taken at this setting that this 40% repre-
sents more events than does 100% of any other setting. Table III lists
the number of events found at each setting and the number that was
successfully measured, along with other related numbers,

Not all events sent to the measuring machine yield useful phy-
sical information at the end of the analysis process. A code was de-
veloped for this experiment to characterize the disposition of events
in the measurement-analysis system. The measing of the more per-

tinent of these code numbers is:

(a) Result 0 signifies that the event waé not measured. The
operator of the measuring machine may have rejected it as being im-
possible to measure because of obscuring tracks, steéply dipping
tracks, etc. Or the event may have simply been missed by the oper- -
ator.

(b) Result 8bsignifies that the event was rejected, before reach-
ing the KICK stage of the analysis system,in PANAL or PANG. The

operator may have left out or scrambled some of the information,



Table III.

Type 32 scanning-and-measuring summary.

Item

Number of events found at momentum setting

1.22 1.32 1742 1.52 1.60 1.69

Found on scan

Measurement requested

Result 0® {(not measured)
Result g? (no reconstruction)
Result 112 (hypothesis reject)
Result 20°% (good event)

Remeasured result 142

Became result ZOaL’b

Bev/c Bev/c BeV/c BeV/c BeV/c BeV/c Total

4087 5523 3436 23402 3025 5428 44 901

4013 5411 3419 9251 2926 5241 30 231

119 104 104 725 155 28 1235
136 438 382 1248 393 726 3 323
245 372 238 822 259 348 2 284

3513 4497 2695 6456 2119 4457 23 737

385 323 100 16 0 350 1174
161 139 31 0 0 172 503

% The results code is explained in the text.

This is an extrapolated number because the KO events were not counted directly,

_E?_
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Or the event may have some intrinsic difficulty that does not permit
geometric reconstruction of the tracks. No physics information is
available from these events.

(c) Result 11 signifies that the event was rejected by the anal-
ysis system in the KICK stage. The operator may have made a poor
measurement (but not so poor that track reconstruction was impossible),
the event may not really be a type 32 (such as vee not really associated
with two-prong), or the event may be a physical interaction not covered
in the hypotheses given (such as leptonic decay), Measured physics
information is available from these events, but no hypothesis can be
assigned to them, and no fitted information is available. .

(c) Result 20 signifies that the event was successfully processed
by the analysis system and one or more hypotheses were found to ex-
plain the event satisfactorially. Events were included here which had a
good A fit and a missing mass significantly larger than the 170 mass.
The next section covers the further disposition of these events,

The number of events finally falling into each of these result
categories is given in Table III.

In an effort to reclaim those events that did not have result 20
after the first measurement, these events were sent back, in some
cases, to be measured a second time. Unfortunately, measuring-ma-
chine time was critical and a thorough remeasurement program was
" not possible. Events at 1.22 BeV/c were remeasured completely, about
75% of events at 1.32 BeV/c were remeasured, and only the result-i14
events were remeasured at 1.69 BeV/c, The last—hamed measurements
were made after the analysis of final-state interactions was underway,-
so that they were not induded in the sample; but they were used as a
check on possible bias at the higher momentum settings.

Events with result 0 and res.ult' 8 are not likely to be a
source of bias, particularly when final-state interactions are considered,
because their rejection is not closely allied to physics. Events with

result 14, however, are rejected for physical reasons and may be a
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source of bias. The next-to-last line of Table III gives the number of
(result 44) events that were remeasured at each momentum setting,
and the last line gives the number of these that did fit some hypothesis
and become result-20 events. It is seen that about 40 to 50% of these
events do pass a second time; these events were probably rejected be-
cause of poor measurement; but they represent only 4% of the total
nﬁmber measured,

Various angular and effective-mass distributions from these
reclaimed result-141 events were looked at for the momentum settings
1.22 and 1.69 BeV/c. There was no qualitative difference between
these distributions and the corresponding ones from original result-20
events. No significant bias was evident in these events. '

A sample of 90 events that were originally result 14 and that
failed again when remeasured was carefully studied on the scanning
table. A variety of possible causes for failure was evident. Some
causes were (i) two production vertices close together and assignment
of the vee to the wrong one, (ii) production of vee from secondary
interaction of an outgoing charged prong, e.g., nearby charge ex-
change of outgoing K track from elastic scatter, (iii) vee completely
unassociated, (iv) = or EO production, (v) some track obscured,

distorted, or steeply dipping. No bias is expected from this source,

D. Separation of Hypotheses

Let us turn now to the specific problem of separating reaction
(1) from competing reactions that are also event-type 32. The major

hypotheses tried in KICK for this experiment for type. 32 are

K +p = A+TT++1T_, A > pt+mw, (1)
- 0 + - -

K +p—> Z +m+7m , ZO—>A+Y,A,—>p+Tr, , (69)
K +p ~ A+-rr++1r-+'n'o, A s> ptT, (70)
K~ +.p - '_Ko'i' 'n'-+p, Kg-—» 1T++ TT-, (71)
- =0, - + .0 + - :

K +p—- K+m+m+n, Kf—»m+mw, (72)
K +p —~ Bt p+ ‘no, K?-» R T, (73)
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Other hypotheses that cannot be fit because they are underconstrained,
but whose identity can be conjectured from missing mass determina-

s 0
tions significantly larger than a m mass, are of the form

K +p-— Zo+v1r++ T 4+ 170, zo—> A+y, A—=p+ T, _ (74)
or ‘
K + p—>A+‘rr++ T+ Tro+11'0, A—>p+m . » (75)

~ The fitting is done in two steps. First the neutral direction is
taken to be the line connecting the primary vertex to the vertex of the
vee, and the vee is fit to the two hypotheses, A — p+ m and K(,l)—> 1T++1T-.
This fit is a three-constraint fit, If either of these fits gives a chi-
squared less than 30, the appropriate production hypotheses in the first
list above are tried. If both vee fits give acceptable chi-squareds, all
the production hypotheses are tried. In thve latter case, if a low chi-
squared (less than 10 times the number of constraints) is obtained for
some production hypothesis for each interpretation of the vee, theevent
is classified as ambiguous betWeén A production and I_{O production
and is eliminated from the sample to be studied for final-state inter-
actions. For studies on ®? production, see reference 66.v The per-
centage of events rejected for this reason compared to the number fit-
ting some hypothesis varies from 1.2% at 4.22 BeV/c to 2.5% at 4.69
BeV/c. Little bias is expected from this rejection,

Let us now consider the unambiguous A -events. Events that
simﬁltaneoasly fit (1) and (70) but do not fit (69) are about 1% or less of
the total evvents, so that hypothesis (1) can be cleanly-‘séparated from
_ hypothesvis (70) with no difficulty. However, the number of events that
simultaneously fit (1) and (69) is a significant fraction of the total num-
ber fitting either of these hypotheses. The major problem in isolating
reaction (1) is distinguishingit from reaction (69).

Reaction (1) is a four-constraint fit at the production vertex
since, once the vee has been fit, all the momenta and angles are known,

In reaction (69), on the other hand, there are two particles whose tracks
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are not seen, the EO and the y. However, there are tw‘o vertices
at which momentum and energy must be conserved, the Z‘,O decay
vertex and the production vertex; these vertices can be considered to
lie at the same point because of the very short lifetime of the Z)O.
The fit is made to these two vertices simultaneously, giving a two-
constraint fit. It is necessary to compare the chi-squared values for
these quite different fitting procedures.

Chi-squared is computed in KICK from the formula

2 Y -1
X = }: (xi - erl) (G 7)..(x. -xr.n), (76)
. - i 137 ) J
1]
where xr;n is the initial measured value of a track variable (angle or
curvature), X, is the final fitted value of that track variable, G is
~the error matrix, and the double sum is over all measured track

variables, The elements of G are
= 5 o)
Sy, (8%, xj.> | (77)

where ©6x, is the program-estimated error to be expected in the given
measurement of X, and < > indicates the taking of the average value.
The errors are assumed to have a Gaussian distribution, In that case,

~

the theoretical distribution of M Exz is given by

M(n—Z)/Z e‘M;/Z

| (78)
2 2[(n-2)/2]1 "

f(M) =

where n is the constraint class, and a new figure of merit can be

derived that is theoretically independeht of the constraint class,
P(MO) =L (M) dM, (79)

which is just the probability that chi-squared should have a value equal

to or greater than MO .
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However, the observed chi-squared distributions seem to
be shifted to values higher than those of the expected distribution,
Eq. (78). 1t is likely that the programs are underestimating the er-
rors, or that the error distribution is not réa_lly Gaussian, In order
to express this behavior in quantitative terms, it was assumed that
- observed chi squareds were too large by a factor A, which might
vary from hypothesis to hypothesis but otherwise is constant. The
corrected chi squared would be MC = MO/A. To find the best value
for A, the distribution of P(MO/A) for the events of a given hypoth-
esis [these events were required to have P(MO/A)>0.01 and
>P(M0/A) for any other hypothesis ] was histogrammed for a variety
of values of A, If MO/A follows the chi-squared distribution, this
histogram should be flat. A chi-sqguared test was applied to these
" histograms to determine if they were ;Elat., The values of A’ that gave
a minimum chi-squared for each hypothesis were A= 1.44 for hyp.oth—
esis (1), A= 1.52 for hypothesis {(69), and A= 4.72 for hypothesis (70).
Some variation with momentum setting was observed, but it was so ‘
slight that it was not compensated for. The distribution of P did not
flatten out entirely, but peaked near the extreme values.

The criteria finaily éstablished, then, for acceptance of events

as examples of reaction (1) were:

(a) If the vee also fit a KO decay, no RO production hypothesis

gives a satisfactory fit, '
(b) P(M1/1.44)_> 0.01, where M1 is the observed chi-squared
for hypothesis (1).
) | (c) P(M1/1.44) >P(M69/1.52), where M69 is the observed
chi-squared for hypothesis (69}. _ v
(d) P(M1/1.44) >P(M7O/1.72), where M., is the observed
chi-squared for hypothesis (70).
To test whether criterion (c), which is the one expected to give
the most difficulty, is really yielding a clean sample, we must find

some alternate way of estimating the probability that an event is really
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a A eventor a Z‘,O event. We selected a sample of events that fit
either (1) or (69) but not (70) (by using criteria similar to those above).
The information from the vee was ignored, and the missing mass was
determined from the beam track and the two charged prongs alone.

The missing mass is given simply by

[ 2 > = 2 V2 ,
MM=|(Z Ei-z Eo) -(ZPi-ZPO)} , (80)
Loi . o 1 o] A
where the index i runs over the incoming particles and the index o
runs over the outgoing particles. In the present case, if 'there were
no measurement error, the missing mass would have one of two values,
1415 MeV for a missing A, or 1190 MeV for a missing ZO, . Measure-
ment error is expected to broaden these spikes into bell-shaped curves
with a finite width (called resolution function and discussed below). A
histogram of this quantity is shown in Fig. 5.

' The curve drawn through the data on Fig. 5 is the sum of two
resolution function curves centered at 1415 and 1190 MeV respectively.
The resolution function for a variable x having a value x with a
program-estimated error of <Sxi for the ith event in a collection of

events is given by

RF(x) = (2m)

f—

Z exp ['-g(x -2)2/( chi)ZJ ) (81)
1

In other words, it is a sum of Gaussian forms, each representing the
expected distribution of one event, but all centered at the same arbi-
trary value of x, It can be easil\y determined with program SUMX.

In this case, the data used in the sum were the points within 25 MeV
of 1115 MeV for one curve and within 30 MeV of 1190 MeV for the
other. As one would expect, both curves have the same width., Nor-
‘malization of these curves consists basically of normalizing to the ob-
served number of events in the strips from which the data were taken,
but it was necessary to use an iteration procedure because each curve

has a tail extending under the peak of the other. The 8516 A events
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and 2579 ZO events under the respective curves répresent all .rno—
mentum settings. '

From our earlier discussion on the distribution of chi squared,
we suspect that the program-estimated errér is too srﬁall. A scale
factor was determined in this case by plotting the chi-squared distribu-
tion for a sample of events of reaction (1) on a special graph paper that
‘has a nonlinear scale such that the theoretical distribution, formula
(78), is a straight line with a 45° slope. 68 The observed distribution
‘also approximated a straight line, but with a slope that was 1/1.62 )
that of the theoretical line. The scale factor used, then, was (1.62)2 .
This factor is nearly the same as the ones [(1044)% and (1.52)%] menv—
tioned earlier and determined by more complicated procedures. This
method of finding the scale factor is further justified by the fit of the
curves to the histogram in Fig. 5.

The histogram was then separated into two parts by meansy of
series of values of the quantity L = logio[P(MAZw)/P(MZOZTr)] . That
is, a series of numbers Xi was selected and separate histograms
were plotted for data with L < Xi and L> Xi' In each case, these
histograms were compared with the respective resolution-function
curves on Fig. 5. From these comparisons, an estimate was made
(a) for each Xi of the degree of separation of A's from Z)O's, and
(b) vice versa, and (c) of the number of good events lost from each
hypothesis. Results of this study are graphed in Fig. 6. Recall that
criterion (c) for separating reaction (1) from reaction (69) is equiv-
alent to setting Xi = 0. The separation of events by this criterionis
indicated by shading in Fig. 5. On Fig. 6(a), we see that this criter-
ion eliminates essentially all of the Z)O events from the A events,
but that about 13% of the A events are lost in the process,

. A further check was made on this separation by generation of
1500 events of reaction (1) and 400 events of reaction (69) with the

69

Monte Carlo event-generating program FAKE, ‘The events were

generated at 1.61 BeV/c, and the conditions of the actual experiment
. 1

were copied as well as possible., The same scale factor, (1.62) 32,

used in the resolution function calculations was used to scale up all
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Flg 6. Separation of events of the two reactions,
K-+p=A+wtin (i) and K-+p-ZO0imtin-
. (ii), as a function of the limits placed on
; the ratio of confidence levels of the two fits
{a) Separation of ZO0's from A's. The
lower curve represents the fractional contami-
nation | of reaction (ii)] contained in the sample
which one obtains when onec seeks reaction (i)
by placing & lawer limit on the logarithm af
H this ratio., The upper curve gives the fraction
- of events of the desired reaction (i) which sur-
: vive this selection procedure, (b} Separation
of A's from Z0's, The two curves give the
corresponding fractions when the roles of the
two reactions are reversed and an upper limit
is placed on the logarithm, The optimum point
,of division is about -0.75 in this variable; a
value of 0.0 was used in the actual separation,

I
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errors, since FAKE uses the same error-estimating formulas as
PANG does, Chi-squared distributions from the simulated events
agreed very well with those from physical events, Reaction (1) was
made to go entirely through Y1*+ m with the observed production-
angle distribution; reaction (69) was generated isotropically.

Of the 1500 events of reaction (1) generated, 1429 made it suc-
cessfully through the analysis system; 58 of the rejected events failed
all hypotheses, and 13 of them encounte;red program difficulties, such
as tape-reading errors., When the criteria for accepting events as
reaction (1) were applied, 213 were eliminated as being more likely
reaction (69), 8 were eliminated as being more likely reaction (70),
and 36 (cvompared with expected 15) had a probability lower than 1
percent for all hypotheses. Remaining were 1192 events, or 83.5%),
that passed the criteria.

Of the 400 events generated as reaction .(69), 373 survived the
analysis system, and only two of these events fulfilled the' criteria to
be accepted as reaction (1). |

‘The conclusion is that we have succeeded in obtaining a clean
sample of events of reaction (1), but have lost events in the process.
A look at angular- and effective-mass distributions of the FAKE
events that were rejected compared to the distributions of those that

were accepted shows no sign-of obvious bias introduced by this proce-

dure.

E., Beam Momentum and Chi-Squared Distributions

_O\ir, sample of reaction (1) events is certainly quite pure and
we. feel that it is not badly biased. Let us proceed to examine these
events and learn what we can. .

The fitted beam-momentum distribution for all events in the
sample, including those from the special low-momentum run, is his-
togrammed in Fig., 7. Beam averaging was used, The resolution
function was plotted for this quantity at several places, with the same
procedure described in the last section, The full width of this curve

is about 30 MeV at all momenta, which is considerably narrower than
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Distribution of laboratory momentum of the
K--beam particles for the sample of events
that fulfilled the criteria for the reaction
K-+p~A+m*+5-,  All momentum settings, in-
cluding those for the low-energy study, are in-
cluded. The settings at 1.42 and 1.60 BeV/c
had so few cvents that no resolved peaks show.
The vertical marks labeled "RF" show the
full width of the resolution function, which has
about the same value throughout the sample.
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that for ;che mofnentum-distribution curves for the separate momen-
tum settings. Accordingly, it is possible to divide the sample into
intervals by selecting on beam momentum without sacrificing informa-
tion., The remainder of the analysis will divide the sample into 150
MeV/c intervals in beam momentum, 1,00-1.15 BeV/c, 1.45-1.30 BeV/c,
1.30-4.45 BeV/c, 1.45-1.60 BeV/c, and 1.60-1.75 BeV/c. Except for
the first interval, which embraces the special low-momentum study

and which is used here only in special circumstances, each interval
contains 1000-2000 events, sufficient fqr reasonable statistical accu-
racy.

Before studying the effective-mass distributions, let us look at
the chi-squared distributions. Figure 8(a) shows the lambda-decay
distribution, a three—consfraint fit, and Fig. 8(b) shows the production
distribution, a four-constraint fit, The horizontal scale has been
stretched by the scale factor of 1.62 determined above, and the dataare
then seen to fit the shape given by equation (78) quite well, The latter

distribution is cut off at about 20 by criterion (b).

F., Effective-Mass Distributions

1. Dalitz Plots
Resonant states are usually detected by examination of the ef-
fective-mass distribution of groups of particles. For a three-body
final state, as in this study, one would look at pairs of particles, The
effective mass of a pair of particles, a Lorentz-invariant quantity, is

i
2

2. (§1+,T52)2J , (82)

M, = [(E+E

12 2)

where Ei and isi are the energy and momentum, respectively, of the
ith particle. This quantity M12 is just the energy in their c.m. of
the particle pair; if the particle resonate in the final state, as in rela-

tion (4), a peak in this quantity should occur at the resonant energy.
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Fig. 8. Distribution of chi squared for the sample of
events fitting K~+p=A+nt+n~, In (a) is shown
the distribution for the A decay, A -p+1~, a
three-constraint fit; in (b} is shown the distri-
bution for the production fit, a four-constraint
fit. The solid curves show the distributions
expected for the given number of events and
constraints.
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The classical method of analyzing three-body final states is to
make a Dalitz plot. Gell-Mann and Rosenfeld70 (Appendix C of their
review article) showed that the element of Lorentz-invariant phase
space is proportional to dTi de for a three-body final state, where
Ti and Tj ~are the kinetic energies of any two of the particles. It is

easy to prove the relation

(M )° = (W - m, ) - 2WT, (83)

where 1, j, and k = 1,2, and 3, respectively in any permutation;
W is the total c.m. energy of the three-body system (constant for a
given Dal_itz plot); and my is the mass of the kth particle. Hence
d(MiZJ.) d{ Mizk_) is also proportional to an element of phase space, and
has the further advantage that it is in units directly related to the
energy of resonant states., The form of the Dalitz plot that we will .use,
then, is a two-dimensional scatter plot with the effective mass squared
of the A-m along one axis and the effective mass squared of the A-'rr+
along the other axis. FEach event is represented by a point on this plot.

The kinematic limits for such a plot'are given by those points
in the given variables where the momenta of the three particles are
collinear. Figure 9 shows the kinematic envelopes for a number of
energies pertinent to this experiment, Because the two pions have the
same mass, the envelopes are symmetric abdut a line a't. 45° to the

coordinate axes, From the relation

Z(Mij)2 - w?s kaz,

we see.that this 45° line is also perpendicular to lines of constant ef-
fective mass squared of the nton” pair. Unfortunately, the zero of
.this latter quantity shifts with different values of W, so that pion-pion

resonances will be spread out by the spread in c.m. energy. The

te

bands where Yi '~(1385) is expected to give concentrations of points are

also shown in this figure,
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A7~ pair for the reaction K-+p—A+ntin= at
various laboratory momenta representative of
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the corresponding momentum, The bands where
concentration of events from the Yi* {1385)
resonance can be expected to be heavy are in-
dicated; these bands correspond to A-7 mass
limits of 1340 and 1430 MeV,
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Figure 10 shows Dalitz plots for four momentum intervals of
150 MeV/c each. These plots were made.directly by the computer,
using program SUMX, on its cathode-ray tube. The scale was
changed on each one in order to make maximum use of the tube face,
Envelopes for the maximum and minimum momentum are shown. The
Y1>:f(1385) resonance is a prominent feature of each Xof_these plots, and

i

no other features stand out clearly,

2, Lambda-Pion System

Figures 11 and 12 show the A—TT+ and A-m effective-mass
distributions, respectively, for the four momentum intervals. Figures
13 and 14 show the same distributions with all momenta summed to-
Sk

4 (1385) is the only prominent feature on these

projections of the Dalitz plot. The resolution function was plotted for

'gether. Again, the Y

e
S

events in the: Y, bands for each momentum interval, and was found

to have a full wiidth of about 7 MeV at all momenta,

The events in the momentum interval 1.15-1.30 BeV/c and the
invariant-mass intervals 1340 MeV < MATT< 1130 MeV were selected
for a study of the mass and width of the Y1 ", It was felt that inte;r\—h
ference with background and with the opposite charge state of t}’le Yi i
should be a minimum at this energy (at lower energies the Y1 " bands
overlap, at higher energies other resonances appear). The program
ATHOS was used to calculate the shape of an S-wave Breit-Wigner
resonance (not a bad approximation since q = 208 MeV/c) distribution
multiplied by three-body phase space for various values of the energy
and width of the resonance. A small amount of nonresonant back-
ground was added incoherently, but the results were not sensitive to
this addition. A chi-squared test was performed with each combina-
tion of mass and width values against the observed distributions. The
~confidence level for each test was plotted at the appropriate point on

a mass-vs-width plot. Contour lines of constant confidence level were

drawn through these points and the location of the point of maximum
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Fig. 10. Dalitz plots for events from the reaction
K-+p = A+mt+n~ for the K- laboratory-mo- ‘
mentum intervals of (a) 1.15-1.30 BeV/q,
(2130 events) (b) 1.30-1.45 BeV/c,
(2054 events) (c) 1.45-1.60 BeV/c, (2046
events) and (d) 1.60-1.75 BeV/c (1070 events).
Each dot represents one event, The kinematic
envelopes for each plot are plotted for the mini-
mum and maximum laboratory momentum in
that sample. Scales on the four plots are dif-
ferent in order to make most efficient use of
the face of the tube.
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¥ig. 11, Effective mass distribution of the A~n’ pair

’ from the reaction K +p—=A+nt+n~ at (a) 1.15-1.30
BeV/c, (b) 1,30-1.45 BeV/c, (c) 1.45-1,60 BeV/c,
and (d) 1.60-1.75 BeV/c. The sample of events
was selected by the criteria described in the text. .
The spacing marks labeled "RF" give the FWHM
of the resolution function for the events in the
Y," peak. The solid curve on each graph is the
expected shape, projected on 8hi5 axis,of phase
space and Y1* » Y1, and pY resonances
weighted according to the populations given in
Table IV.
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Fig. 13. Effective-mass distribution of the A-n' pair
from the reaction K +p~ A+nt+n” for all mo-
menta, including those from the special low-
energy study, from 1.00-1.75 BeV/c. The sample
of aventa whe peleeted by the criteoria deseribed
in the text. The spacing marks labeled "RF"
give the FWHM of the resolution function for
the events in the Y1* peak.
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confidence level was determined. This analysis gave

13841.0 + 1.6 MeV,

M(Y1 ) =
EER (84a)
I"(Y:1 ) = 46.5 £ 3.0 MeV,
and :
M(Y, ) = 1385.3°x 1.5 MeV,
s . _ (84b)
I‘(Y1 )y = 62.0 £ 7,0 MeV.
. V3 st ’
The Yi>I - Y1 * mass difference is then 4.3+ 2.2 MeV, compared
with 17x 7 MeV reported els-ewhere71 and with 8.0% 0.4 for the
= - Z+ mass difference. If the two samples of data are combined

- and the same analysis is performed, the values are

ie

M(Y1= )

1!

1383.5 = 1.6 MeV
(85)

b
v
1]

51.4 £ 4.2 MeV.,

The confidence-level map for this:combined analysis.is shown in
Fig, 15, When trea.ted. separately, maps for the charge states have
about the same shape, except that the center of the pattern is at a
different point on the graph. The results of equati.on (85) should
renresent the average mass of the multiplet, and are in good agree-
‘ment with the generally accepted values of M = 1385 MeV and I'= 50
MeV.

The confidence level at the maximum point in the above maps
is at about the 1% level, indicating some departure from the S-wave
Breit-Wigner shape., One source of distortion is interference with
background amplitudes. Another source arises from ignoring the
energy dependence of the width, We show that this resonance is
P wave or higher, so that the S-wave shape is only approximate, and
deviations may occur even for a narrow resonance with q = 205 MeV /c.
A formula is givén by Gell-Mann and Watson for the shape of the

. P3/3 Nq‘(or Ad) resonance, 12 More discussion of this energy behavior
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Fig. 15, Contour map of the confidence level of a
fit of the combined Y and Yi*' events
to a simple Breit-Wigner resonance shape
as a function of the mass and width param- -
eters. The events are selected according
to criteria described in the text. A small
amount of background was assumed, but the
map is insensitive to the amount of background.
+ Chi-squared and confidence-level calculations |
were made at the points marked by crosses.
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.is given in Appendix D. If there is any appreciable coupling with
K-N, the shape can be affected near the K-N threshold at 1430 MeV,

as we pointed out'in the section on the K-N bound-state theory for the

st
B

Yi . From the discussion there, we probably can expect a cusp at
this threshold and above that energy a general depletion of the high-
‘energy tail .as K -N competes with A-.
| If we look at Figs., 11 through 14, we see that the Y1*+ peak
is sligh.tly depleted on the high-energy side, whereas the Yi*_ peak
is considerably enhanced on the high-energy side, when compared to
the simple Breit-Wigner shape. In the latfer case, there may well
be a break in the slope at the KN threshold. But unfortunately these
effects could be solely the result of interference. The mechanisms
operating in this experiment are not well enough understood to permit
a more quantitative treatment, |
Still, the S-wave Breit-Wigner shape does seem to be a rea-

sonable zeroth-order approximation to the observed distribution, with

the values from Eq. (85) for mass and width of the resonance used,
A study was made to ascertain the approximate composition of the _
final state., The predominant resonances were-assumed to be Y1*+,
R

Y1 , and p meson (these are justified in the next section). The ef-
fect of each of these resonances in each of the three channels was
determined with the program ATHOS. A linear combination of these
three shapes plus nonresonant phase space waé assumed, and a min-
imum-chi-squared fit was made to the data in the vicinity of the res-
onance in each of the three. channels, The restriction to the vicinity
of the resonances was made because thé "sideways'" shape (reflection
of resonance peak onto the axis of the nonresonating pair of particles
on the Dalitz plot) of the resonance bumps is not predicted reliably
(it is sensitive to the distribution of total energy and to anisotropy of
decay angle), and because resonances of lesser significance are not
taken into account. In the n+1r— channel, it was found necessary to
gxclude the Yi* bands in order to make the fit sensitive to the p 0

meson (this cutoff is covered in the next section). 'The coefficients
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of the fit were then interpreted as giving the number of each final
state produced. Table IV lists the results of this analysis, and the
curves on Figs. 41 and- 12 are based on these figures.

Another resonance, the Y,l*(’1660), has previously been re-
ported in part of this data. 10 It can be seen.in Fig., 10(c) on.the Dalitz
plot for the interval 4.45-1.60 BeV/c, but its presence is not apparent
at any other energy on the Dalitz plot. This resonance appears only
in the positive-charge state in this experiment. In the projection,
Fig. 11(c), it is ragged and difficult to identify because of the large,
ragged background provided by the '"sideways'' projection of the

st
K-

Y1 (1385). If we make an "eyeball' estimate of the background in
Fig. 13, we sece an excess of 167%:35 events inthe region of this res-
onance for the condplete momentum interval covered in this study.
The error given is purely statistical, DBy contrast,the above analysis
‘yields 2790+90 Y;iﬂr(_‘_1385)in the same sample (which includes the special

low-momentum data),

Table IV. Composition of final state.

Momentum Number Number Number Number
interval nonresonant v e+ v Ho 0
(BeV/c) 1 _ 4 P
1.415-1.30 185+ 4118 - 859+ 47 1086+ 49 0+ 51
1.30-1.45 42+ 4129 66541 1030+ 47 22468
1.45-1.60 312£ 134 708+ 40 "610x 38 . 409+ 76

1.60-1,75 : 482+ 86 280+ 38 268+ 26 78+ 49
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3, Pion-Pion System

Figure 16 shows the w+-1r‘— effective-mass spectrum for each
of the four momentum intervals, and Fig. 17 shows the same spectrum
for all data lumped together., The curves drawn through the data in
Fig. 16 are those given by the analysis describéd in.the previous sec-

tion. .
1
butions., The features of pion-pion interactions stand out much more
B
1
we selected a sample that included only those events.that had
MATT+ > 1430 MeV and MA‘IT_ > 1430 MeV, The resultant portion of
the kinematically allowed region on the Dalitz plot is an approximate

But a large background of Y events occurs in these distri-

clearly if the Y bands are eliminated from the sample. Accordingly,

trapezoid (see Fig. 9). In the analysis described in-the previous sec-
tion, this sample was used for the pion-pion channel, suitably normal-
ized to allow for the reduced value of total pﬁase space., In that analysis
the p meson was assumed to have M = 750 MeV and I'= 100 MeV,
commonly accepted values, 73 ‘
| Figure 418 shows the 'rr+-'1r_ spectrum for this restricted sample,
again with all energies lumped together., This time a mass-squared
scale was used to take advantage of the rougly triangular shape expectéd
for phase space in this mass-squared coordinate system. The dashed
curve on this graph shows the phase space, plus the small amount of
Yi'* remaining outside the bands, which is given by the analAysis. of the
previous section normalized to the reduced amount of total phase space,
There are two regions where there is a significant excess of events
above this curve, one near threshcld and one in.the vicinity of the p

mass.

a. Low-mass enhancement

The excess near threshold mightbbe ‘the anomaly discovered by
Abashian, Booth, and Crowe. 74, ?5 I.n a later paper, they established
‘a good fit to the hypothesis that this anomaly is an I = 0, S-wave pion-
pion interaction characterized by a scattering length. 76 Let us at-

tempt to fit their solution to our data,
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Fig. 16. Effective-mass distribution of the m -m"
pair from the reaction K +p- A+ntin™ at
(a) 1.15-1.30 BeV/c, (b) 1,30-1.45 BeV/c,
{c) 1.45-1.60 BeV/c, and (d) 1.60-1.75
BeV/c. The sample of events was selected
by the criteria described in the text., The
solid curve on each graph is the sum of
phase space and Breit- Wigner resonance
shapes for Yi”‘*, Y,*, and p®, as projected
on this axis, weightéd according to the popu-
lations given in Table 1V,
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Fig. 17. Effective-mass distribution of the ntom”
pair from the reaction K-+p-=A+nt+n- for
* all momenta, including those from the
special low-energy study, from 1,00-
1.75 BeV/c. The sample of events was
selected by the criteria described in the
text.
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Fig., 18. Effective-mass-squared distribution of the

nt-n~ pair from the reaction K-+p-A+ntin”

at all momenta, including those of the special

low-energy study, from 1.00-1.75 BeV/c. In

addition to the general eriteria described in

the text, a restriction on the A-n masses

was imposed. Events were chosen only if .

the effective mass of the A-n pair was greater

than 1430 MeV for both charge states. The -
spacing marks labeled "RF" give the FWHM

of the resolution function for the events in the
vicinity of the marks. The dashed curve repre-
sents nonresonant phase space, plus some
contribution from the Y,* states, weighted ac-
cording to Table IV (with low-cnergy events
added) with allowance for restriction of phase
space by the limits imposed on the A-m masses.
The solid curve is the sum of 74% of the dashed
curve, 26% of S wave, I = 0 enhancement folded
into phase space, and of a Breit-Wigner resonance
shape, with M = 750 MeV and T = 100 MeV, for
the total number of p® mesons given in Table IV.
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They used a relativistic form of the zero-effective-range

formula
AT '1% 5 ‘
cotd = a (v +1)/vj2 +(2/m) (86)
- i L
X 1n!_(v)2 + (v + 1)2}
where v = qz/mz, q is the center-of-mass momentum, m is the

pion mass, a is the scattering length, and &6 is the phase shift. The

enhancement is given by

CF(v) = [(v+1)/v]§in25 . (87)

There is anadditional enhancement for a pair of I =0, S-wave pions

due to Bose statistics. The enhancement from this source is given by

B(v) = 1+ exp [- (R/Z.iS)Z( 4v)] (88)

where R is the radius of the sphere of interaction, The best fit to
their data was reported by the above authors to be a=1,3 and R= 2.1,
expressed in natural units based on the pion mass.

We do not know the proportion of I = 0 in our data. The en-
hancements _(87) and (88) were first multiplied together and the product
then multiplied by the phase space. A linear combination of this shape
'~ -and phase space was constructed so that the area under the resultant
curve matched the number of observed data to the léft of 0.48 (BeV)2
on Fig, 18. A combination of 74% phase space and 26% I =0, S-wave
-enhancement was found to yield fhis result. The solid curve on Fig.

18 shows the result of adding this enhancement and of including the
amount of pO meson concluded in the previous secfion. This model
certainly does fit the data better than phase ‘space aloné, but it does
not agree in detail with the data. In pafticula_r, the enhancement peaks
at a lower mass value than the observed events do. A narrow res-
onances at about 350 MeV would probably agree with the data better.
The above authors included a form factor for the nucleus in the final

state, but no form factor was used for the A in the present treatment.

We cannot confirm or deny the presence of the enhancement.
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4 o
b, Decay moade w—w T

Turnitn to the p 0 peak, we find that it has somewhat the same
"double peaked" shape observed by Button et al. in proton-antiproton
annihilations. o In that experiment, the two apparent peaks had about
the same width and most iikely arose from a statistical fluctuation in
the shape of a single peak. In this experiment, on the other hand, the
higher mass peak has a width comparable tothe resolution at that
energy and falls at 780 MeV, the mass of the w meson as observed in
the three-pion spectrum of reaction (70) in this experiment. According
to our discussion in Sec. II. D, we can interpret this peak as the decay
mode w - TT+1T-, facilitated by electromagnetic mixing of the »p 0 and
w mesons. An earlier report on this phenomenon was made on part of
these same data, 12 (The experiment of Button et al. did not show this
decay mode. In the reactions they studied--

D+ jo g TT++ T+ 'n"++ T
- (89)
P+tp-— T A

only 100 w mesons were observed in the latter reaction, so that the
TT+1T~ decay mode would be seen in the former reaction above a large
background only if the branching ratio were very large. )

Many other workers have reported evidence for this rare decay

mode in other reactions, Socme early papers were based on insufficient

data and cannot be said to support the existence of the mode,. 8,79
Fickinger et al. 80 studied
T +p—>n+'.rr++1r_
(90)

Tr‘+p—»n+1r++1r-+1ro,

The second reaction could not be fit because there are two missing
particles in the final state. A cutoff was imposed on the momentum
transfer in the first reaction in order to eliminate much of the »p
background., The pO is produced copiously by one-pion exchange in

this reaction, but the w meson cannot be so produced because of the
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conservation -of G parity. They assume that the second reaction ac-
.counts for all of the large-missing-mass events, and that it is all’ w
production; and they report 5 to 7% for the branching ratio

Rw = T'(w— wfwr'—)/l" (té)'l» 1T+1T_1TO).

Walker et al. also looked at reaction (90) and deduced that
R < 15 %. None of the experiments using reaction (90), however, are

reliable because of the inability to fit w -~ 37 events,
Armenteros et al, 54 looked at
P+p —»K+K—+'rr++1r_
(91)

p+p—-K F R+ s 4D,

They observed no peak where w -» TT+1T- should show up.and put an
upper limit of 5% on R -
In a later paper, Walker et al. 82 reported on many more

events of reaction (90) plus some four prongs,

T4 p > 1w +p+ a + o (92)
1T;+p->1T-+p+1Tf+TT-+TTO

They concluded that some of the contradictory results in earlier work,
including our paper, 12 might be brought into agreement by cohsidering
the interference of pO and w, discussed in Sec. II. D, since the ‘w

has been shown to have a larger width than had been expected. >4 Their
analysis takes into account only the number of events observed in the
peak and not the detailed shape of the peak. This treatment represents
é.bout the best one can do when the resolution is about as wide as the
peak is., Let us review the analysis of these authors and attempt to
modify it to fit the conditions of this experiment. We write the 'total

amplitude of wtr as
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(93)

, 1
A [* (de/dm"‘ "'1,

2,1 %2 2
drasx Lo /4}!(mw- m )"+ T /4

2 2 2
lAtl = }Aw[ + »lAp [ + ZIAwHAp Icos(@w_ - Gp ) |

ko4
tan Gw = I‘w/Z (mw—m) .

b3
We now integrate over the range of m , assuming that quantities spe-
cific to the po will remain constant over the small interval (<20 MeV)
in which quantities specific to the w have any appreciable magnitude,

getting an observed excess

O
|

- | la Pam™ - f]A % am™
J tr P
1

, *12 o (94)
N, + l.?_nI“wNw(de/dm )J sin @

p

: + -
for the observed excess of events at the w mass inthe w -m spec-
trum. The term Nw represents the number of pion pairs that would

be seen if the w were produced all by itself, ' The solution for Nw is

N =6+xl (AN /dm’) sin°8
w w P P
[' ol
T 26w (aN_ /dm’) sinzep (95)
L o P
b ot rwz (@ /dm™)? sin6 E

P

In this formula, only the value of 8 1is not experimentally known,
and the sign of the square root depends on the sign of 6 so that there
is no real ambiguity. Walker et al. chose to aésume that sinf = 1,
i.e., complete interference between the w and the pO at the i)eak of
the w resonance. They then varied Fw and found that the value' that

gave agreement among the considered experiments agreed with the
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directly measured value. This procedure seems unjustifiable, and
‘we choose instead to use the measured value of ]_"w and let Gp vary

i
H

over its possible range.

This experiment has a considerable nonresonant background,
compared to the m -p experiments, but it seems reasonable to assume
that the phase of this background will be random compared to that of
the w and the po over the large range of energy interval of this ex-
periment, On the other hand, if the production mechanisms of the p
and of the w are similar (K and K* exchange, say), we might expect
a net interference between the two mesons over the experiment.

From Fig. 18, assuming the po intensity is given by the solid
‘curve, we have & = 42+10 events, and ‘lT(de /dm*) = 6,06 events/MeV,
The number Nw’ which is calculated from (95), must still be corrected,
becanse (a) the limits imposed on the A—TT+ mass and the A-m mass re-
" strict the available phase space for the observation of w— . a, and
(b) alignment of the bw may make the density in the observed portion
of phase space different from the average density over all phase space.
- The first effect is purely kinematical a'nd_ can be computed éxactly for
each c.m., energy. The second effect can be inferred from the ob-
served alignment of the three-pion decay mode observed in suitably
chosen events of reaction (70) of the same sample of type-32 events,
If the w had zero width, the alignment would be the same for all de-
.cay modes; we assume that any distortion caused by interference with
the pO is small, at least compai‘ed,with the uncertainty in Gp . The
overall correction factor, weighted over various momentum intervals
by the number of w - 37 in these intervals, is 1.74. Finally, for

the denominator, 2831 events of the form

0

K +p— A+ w, w—>1r++_1r_+_1'r (96)

were found inthe same sample of type-32 events.



-78-

Table V shows a series of values for the branching ratio for

various values of 6 , calculated according to the above discussion
and with the experimental value of Fw . >4 The range in 6 represented

there gives the total range of Rw allowed, so that we can place limits

on the branching ratio:

+ -
(0.6% 0.2)% < &= ™ g < (11.3£1.0)%. (97)

l_(oo-*n'-*_'rr )

The upper limit is of little value, but the lower limit establishes that
this decay mode does have a nonvanishing branching ratio. The work of
Armenteros et aLl.S4 sets a valid upper limit, since tfze pO does not
seem to be produced in reaction (91) and interference is thus no prob-
lem. One can say that this number lies between 0.6 and 5% without
‘reference to the T -p experiments with their problem of intense p
background and unfittable hypotheses. The fact that the previously re-
ported ""zero-interference' branching ratio from the 1.51 BeV/c data
aloneiz-is larger than the correspondingvalue found here with all the
data indicates more constructive interference at 1.51 BeV/c than the
net value for all-momenta. QOur lower limit also agrees with an upper
limit from a compilation over all available data. 83

There is no evidence in this experiment for the I = 4 resonance
reported to be at 575 MeV.84’85 -
Nw—> - T )

Nw— TT+1T—1TO)

Table V. The branching ratio,

9p Branching ratio
(deg)
90° 0.0058 + 0.0023
60° 0.0070 = 0,0026
30° 0.0417 = 0.0038
0° 0.0258 + 0.0062
_30° 0.0568 + 0.0085
-60° 0.0950 = 0.0097

-90° 4 0.4130 £ 0.04100
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o,
k6

3 |
G. Y1 Angular Distributions and Correlations

We established above that a large fraction of reaction (1) pro-
- o b o
ceeds through the two-step process, K +p—>Y1 ot , Y'l' - A+ Tri

ala
s

2

Angular distributions and correlations of the Y,1 ¥ and its decay prod-

ucts can reveal details of the structure of this resonance and the mech-

At
5%

anism of its production, We regard as Y1 those events having 1340

MeV < M < 1430 MeV,
AT

1. Lorentz Transformations

Many of the particles involved in each event have relativistic
velocities. Proper treatment of the angular distributions then re-
quires that the full Lorentz group be considered, velocity transforma-
tionss6 as well as rotations, Fortunately, Stapp has shown that proper
chéice of velocity transformations performed on the experimental data
and proper selection of the coordinate system in which each momentum
direction is measured enables one to use the more familiar nonrelati-
-vistic representations of the quantum mechanical operators. 87 Figure
19 illustrates how this process is carried out in this experiment,

The initial measurements are made in a coordinate .system _
having a fixéd relation to the fiducial marks on the top glass of the bub-
ble chamber., This coordinate system is given a rotation that brings
its x axis into the direction of the K at the point of interaction; it is
given a velocity transformation, along this new x axis, that takes it
into the K -p center of mass; then the inverse rotation is applied.
Measurements on the K~ direction, the Y'l* direction, and the normal
to the plane of these two vectors,

- 3

A= (& x TR x T (99)

are referred to this system. That is, the three coordinates of each of

these vectors as seen in this coordinate system are recorded, '
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MU.34385

Fig., 49, Diagram of tha successive Lorentz trana=
formations performed in order to study the
chain of interactions, K +p=-Y Fem,

y ¥ «At+m, A-ptn-, (a) Laboratory co-
ordinate system, (b) Is obtained from {(a) by
transformation along the K- direction into the
K”-p center of mass; (c) is obtained from

{b) by transformation along the Y{ direction
into the Y k™ rest system; and (d) is obtained
from (¢) by transformation along the A di-
rection into the A rest frame, In each case
the transformation is the "direct Lorentz trans-
formation' described in the text.
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The coordinate system is then rotated so that the x axis lies

along the Y " direction, a velocity transformation that takes it into.

- 1
kA Y- R
the Y center of mass is applied, and the inverse rotation is per-

formeé. The threé coordinates of the A direction in this coordinate
system are recorded., In the same manner, by rotation of the x axis,
to the A direction, velocity transformation to the A center of mass,
and inverse rotation, the coordinate system is found in which to record
the three components of the proton direction from the A decay. Note
that in each case the direction of the relative velocity between the two
frames has the same direction cosines with respect to the coordinate.
axes in the new frame as it had with respect to those in the old frame.
Stapp calls this transformation a "direct Lorentz transformation,"

When this chain of transformations is completed, each vector
of interest has three coordinates assigned to it in a particular coordi-
nates assigned to it in a particular coordinate system. Now if these
three numbers a.fe assumed to be the components of this vector in
some unphysical coordinate system, all vectors being assigned to this
same unphysical frame, the physics of these vectors in this frame is
given, according to Stapp, by nonrelativistic formulae. This prescrip-
tion is intuitively plausible, KEach vector is obtained in a rest frame
where its description can be givén nonrelativistically, and the trans-
formations are done in a way that avoids introducing rotations through
the velocity transformations,

In the remainder of this report, when dot products of vectors
and similar operations are mentioned, it is always done in the manner

described above,

sk

2. Y'l Decay Angle

v The natural {rariible in the decay of the Yi*' .is the angle be-
tween the A and the Y'l. directions. Figure 20 shows the histogram ‘
of the cosine of this angle for each charge state and for each momentum
interval. Evénts are used that have 1340 MeV < MATT< 1430 MeV for
the given charge state. It is well known that if parity is conserved in
the decay process and if there are no interferences between particles

in the final state, this distribution must be symmetric about 90° .
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60 T ] T vF= T T
Y.<t ' 803 evenis
40 68| evenis _
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(a) (e)
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Y*+ Y|* .
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Fig. 20. Distribution of the cosine of the decay angle of

the Y 1”‘ relative to its line of flight at
a) 1.15-1.30 BeV/c, (b) 1.30-1.45 BeV/c,
{c} 1.45-1,60 BeV/c, and (d) 1.60-1.75 BeV/c
for the Yy t; andat (e) 1.15-1.30 BeV/c,
{f) 1.30-1.45 BeV/c, (g) 1.45-1.60 BeV/c,
and (h) 1.60-1.75 BeV/c for the Y *-, Criteria
for selection of events are explainéd in the text,
The solid curves are best fits to the series,

s ok s ¥ 2 . %3
1+ Al(A-y1 b+ ARY ) AJA-Y
+ A4(.7\- ?1*)4, the coefficients of which are
listed in Table VI,
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It is evident by inspection that the distribution is not symmetric in

the cases considered here. The coefficients of a fit to a power series
are listed in Table VI, along with some corresponding information
from other experiments at lower enérgies. Since we have. already
seen other‘evidence of interference in the final state, such interference
seems the likely explanation of the observed asymmetry. Note that
the asymmetry has decreased from its value at lower momenta, but
that higher terms in the power series become impoi‘tant at higher en-
ergies. Theé latter effect is likely due to more resonances, namely

the p° and the Y, '(1660), in the final state.

ot
e

3. Y'l Production-Angle Distribution

When we discussed the spin-space density matrix in Sec. IL.C,
we found that there are in general (2J+'1)2 parameters that give the
configuration of the final state if the resonance has spin J and can be
considered to decay as an isolated particle., Simplication is gained by
using the normal to the production plane as the axis of quantization,
the number of parameters then being 4(2J + 17)2. At a certain c.m.
energy, these parameters are functions of the production angle alone.
In principle, from knowledge of the distribution of each'of these
parameters with production angle, the partial waves participating in
the production could be ascertained, and the relative amplitude of each
of them could be determin'ed; For vspin J >3 such a procedure is
quite complicated. Since the philosophy ofthis paper is to concentrate
on the final state, no serious attempt at a partial-wave énalysis was
made.

Figure 24 shows the histograms of the production-angle distr‘i—
bution, which is just the distribution of the parameter to in the lan-

0
RS 1430 MeV

: A
for the given charge state. Distribution of some of the other param-
eters was also looked at, but none showed startling behavior. In par-

ticular, the value of to or the polarization, is consistent with zero

1’
at all production angles and all energies, These distributions were {it
to power series in the cosine of the production angle, Details of ac-

ceptable fits are given in Table VII, and the corresponding curves are

drawn on Fig. 21.
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e

Table VI. Y,

decay coefficients fit to a power series.

1
;acgnentum Ai AZ : A3 A4
__ (BeV/c)
v, 7
0.76° -0.24% 0,20
0.85° £0.92%0.26
1.45° ~0.70£0.26
1.15-1.30 -0.32£0,07 |
1.30-1.45 -0.52£0.47 -0.41%0.12 0.67£0.25
1.45-1.60 0.50+0.43 -0.76+0.09 0,47+0.48
1.60-1.75 0,42+ 0,48 -0.47+0.47 0.66£0.26 _ 0.90£0.50
| Y4
0.76° £0.16+0.20
0.85° _0.24£0.24
1.15° . -0.0240.20
1.15-1.30 -0.20£0.06
1,30-1.45 ~0.60+£0.17  0.69%0.45 0.60£0.24  -1.12+0.49
£.45-1.60 ~0.65:0.16 -0.55+0.11 0.59+0.23
1.60-1.75 10.75+0,27 -0.23£0.19 0, 87+0.40
a :1°

From reference 3,

From fit to z A (A -Y,l*)k , normalized so that
k .
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~Table VII. Y: production-angle distributions. %

Lab momentum Fit to production-angle distribution
(BeV/c)
v,
1,15-1.30 (148%18) - (330£56)x + (1164 147)x"
+(386286)x> - (41009%173)x*
1.30-1.45 (130+17) - (208+48)x + (668+129)x°
b (159£76)x° - (489£153)x"
1.45-1.60 No satisfactory fit at or below 40th order.
1.60-1.75 (192£20) - (409£60)x - (734%247)x"
b (14374 245)x° + (17486410)x*
- (839+222)x° - (1104 454)x°
O
1.15-1.30 (275223) - (317x64)x + (707£163)x>
| + (152+93)x> - (588 186)x"
1.30-1,45 (242+25) - (130£95)x - (46%353)x"
' - (261£419)x> + (2107%1053)x*
+ (280£385)x° - (1999%798)x"
1,45-1.60 (152£20) - (120+77)x - (196%287)x"
- (24£351)x° + (2405£877)x"
- (38£328)x° - (24762 673)x°
1.60-4.75 No satisfactory fit at or below 10th order,
2 For. convenience, x = (§1=:<° K7) . Normalized so that

[ f(x)dx = N,
-1
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Fig. 21. Distribution of the cosine of the produétion

angle of the Y1* relative to the incoming X~
momentum direction at {a) 1.15-1.30 BeV/c,
(b) 1.30-1.45 BeV/c, (c) 1.45-1.60 BeV/c,
and (d) 1,60-1.75 BeV/c for the Y **; and at
(e) 1.15-1,30 BeV/c, (f) 1.30-1.45 BeV/c,

(g) 1.45-1.60 BeV/c, and (h) 1.60-1.75 BeV/c
for the Y ,*-. Criteria for selection are ex-
plained in’the text, The solid curves are best

fits to the power series Z Ai(?1* - R7)E, the

coefficients of which arelgiven in Table VIiIi,
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" The form of the curves fitting the data seems to change little
at lab momenta up to 1.45 BeV/c{c. m. energy = 2 BeV) compared to
that found by Ely et al, at 1,11 Be"\f/c.5 Qualitatively, there is a large
backward peak, a small forward peak, and a dip in the extreme back-
ward direction., Distribution of secme of the other moments confirms
this picture; nothing is changing very fast in the production mechanism
over this energy range. Above 1.45 BeV/c, the curves do change char-
acter,  but increased background at the higher energies may be partly
responsible for this effect,

No correction has been made to these data for events where the
A\ escapes from the chamber or for events where the A 1is too short
to be recognized as a vee, Some investigation of the order of magni-
tude of these biases showed that the corrections would be too small to

substantially change the qualitative conclusions discussed above,

4, Adair Distribution

This distribution is discussed thecoretically in Sec, II. C. 4,

Attempts to use it on Yi* have not been successful, generally be-
cause the small number of events that fit the criteria for use in this
distribution renders the results statistically insignificant, In the
analysis by Dalitz and Miller, in which interference between the
charge states and Bose statistics were taken into account, the result

was still ambiguous., 15 lock et al. 88 studied the reaction

K+ *He - A+ 77 + JHe _ (99)
when the. K~ stopped in the liquid helium c‘.ha.mber, Using the conclu-
sions of Day and Snow, 89 they argued that K~ is captured in 4He in
an S wave. Since 4I—Ie has spin 0 and 3H_e has spini, the Adair
argument. can be applied to. all production angles, Frém 30 events,
they concluded that J = § for the Yi*" However, a later'_report on
the same reaction, but with 146 events, described results ambiguous
between J =3 and J = 3/2 but favoring the latter. 901 Coffin et al.,91
studied

'rr—+p~>A+KO+1r0 - {100)
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in a spark chamber at 1.5 BeV/c. Preliminary results obtained with
the Adair distribution (accepting 0.4< IYi*u T | < 1.0) gave strong A
evidence for J = £, but a later analysis assuming S and P waves
in the production favors J = 3/2. 9¢

In this experiment, it is evident from the production-angle
distributions that higher partial waves are present, very likely D or
F waves., An extreme cutoff in production angle is apt to be necessary
in order to insure validity of the distribution, However, it is legit-
imate to lump together data from a wide range of energy since the
prediction of the-Adair distribution is unique and additive, whereas
contributions from interference with the background will tend to can-
cel because of random phases. Accordingly, data from 1.00-1.45 BeV/c
(including data from special low-energy study) were used; the back-
ground problem is considered too severe for momenta above 1.45 BeV/c.
Both charge states of the Yi* were lumped together., In this manner,
we found 171 events that fit the criterion | Yim' K-l > 0.95 as well as
1340 MeV < MAn’ < 1430 MeV for either charge state. This distri-
bution is shown in Fig., 22. The curves represent the predictions of
the Adair distribution, listed in Table II. The symmetry of the distri-
bution suggests that interference terms have indeed tended to cancel
each other. But it is evident that the data do not favor uniquely any
one of the theoretical curves,

From the theoretical discussion, we reasoned that the coeffi-
cients of a power-series fit would approach the values predicted by the
Adair distribution iinearly as the cutoff approaches 1,0. To study
this effect, the data for various values of the cutoff were fitted to a
curve of the form N (41 + a coszn), where m 1is the Adair angle., The
values of a from these fits are depicted graphically.in Fig. 23. It
is evident that the coefficient a does increase in a linear fashion for
cutoff values larger than 0.9. But is is difficultto extrapolate the
error because the errors are highly correlated, the data for each

point also being contained in that for every point to the left of it,
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Fig. 22, Adair distribution, or distribution of the
cosine of the angle between the A direction
and the K-~ direction, for the reaction
K-+p=A +77+n°, in the momentum interval
1,00-1.45 BeV/c (including special low-
energy study). Criteria for selection of events
are explained in the text, The dashed curves
are the theoretical distributions, each labeled
with the spin of the Y{" which its shape implies
{see Table II).
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Fig. 23, Dependence of the coefficient a on lower limit
allowed on l?i - K™|, when the Adair distribu-

tionis fitte 4 +a (A* R')z. Events are {rom the
reaction K +p=> A+mt+w" in the momentum interval
1.00-1.45 BeV/c (including special low-energy study).
In addition to the general criteria for this reaction
described in the text, it was required that

1340 MeV < MAﬂ < 1430 MeV.

K4
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In order to obtain the correct treatment of errors, the data in

each bin of cosn for ?1*" f{-] > 0.9 were extrapolated linearly to
YA;(}' K™ |= 1.0, The linear fits all had acceptable chi squareds,

The extrapolated values and their errors are plotted in Fig. 24. Events
having 1340 MeV < MA

Again.the theoretical curves from Table II are drawn on the figure.

- < 1430 MeV for either charge state are used.

The results of a chi-squared test, that the data are represented by each
of these curves, are listed in Table VIII. It is seen that J = 3/2 is
preferred, but J = 1/2 and.J = 5/2 cannot be ruled out, the betting
.odds against each being about 5 to 4. The Adair distribution fails to

give a certain spin determination,

Table VIII, Confidence level of Adair distribution,

J Chi squared Confidence level
1/2 7.27 0.12
3/2 2.57 . 0.63
5/2 6.83 0.15

5. Distributiéns Relative to the Production Normal

More success has been-achieved by studying angular distribu-
tions relative to the normal to the production plane. In Séc. II.C. 2
we discussed the complete angular distribution relative to this direc-
tion. In practice, most eﬁiperiments have used just a portion of this
' distribution,

Ely et al.” examined the normal decay angle of the A decay of
the Y'l*' > This distribution, when fit to N(4i+ a cosz(“)), gave
a = 1,5+0,4, Equations (49) and (50) show that a must be 0 for a
spin-% Yi*‘ - The conclusion was reached that J > 3 with a confidence
> 30. In order to obtain this result, they found that they had to restrict
the production angle, -0.5< Yi*’ K~ < 0.5, indicating a correlation be-

tween these angles,
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Fig. 24. Adair distribution, or distribution of the

cosine of the angle between the A direction
and the K" direction, for the reaction
K-+p— A+rt+1” in the momentum interval
1.00-1.45 BeV/c (including special low-
energy study). The data were folded about

A- K™ = 0, and the events in each bin of this
variable were extrapolated to
I‘;’; R_[ £ 1, as explained in the text.

The dashed curves represent the theoretical
expectation for the value of - J indicated for
each curve (see Table II).
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Colley et al. studied
- C - +
T +p~>A+1m + K (101)

at 2.0 BeV/c in a propane chamber. 93 They found Y'1*(1385) as well
‘as K*-(880). " The same analysis as that of Ely et al. (except that no

~ limits on produ'ction angle are mentioned) gave a = 4.29+0.78, This
quantity is proportional to tcz) in the irreducible representation of the
density matrix. From the condition on the density matrix that

Tr(p Z) < 1, an inequality can be derived for tg, which is proportional
to the polarization —P_’ of the A. For the observed value of a, Colley
et al, deduced >:t<hat [P, = 0.47£0.09 for a P/ Y1*and [P o= 0-28%0.05
for a D3/2 Yi . They observed [—15|= 0.82+0, 27, which is clos*er to the
P3/2 limit than to the D3/2 limit. They concludﬁeld that if Y1 _has

J = 3/2, then it has positive parity. Erwin et al. looked . at reaction
('10'1) and the corresponding reaction with KOT\'O in the final state at
1.89 BeV/c in a hydrogen bubble chamber.-94 They reported isotropy
in the normal 'distribu"cilon of the A {and also in the_Ada:"Lrb distribution),
but they also found a very large polarization of the A, oP = 0,610, 28,
favoring the parity sta;es Si/Z’ P3/2, etc.’ | .

Bertanza et al.  locked at reaction (1) at 2.24 BeV/c in a hydro-
gen bubble chamber and reported a large alignment. They found a value
of the parameter a of 4.2+1.0. They concluded that the spin of the A
Y,l":c had to be greater than 3, 4 ‘

Previous work on part of the data used in this report used the
distribution of polarization, referred to both the normal direction (_}E’e ;1)
and to the rotated direction (3:5‘, r;), as a function of the normal distri-
bution of the A (_/Ax. ;1) in order to investigate the spin and parity of the
v, "7
I1I.C.3 of this paper. The unit vector m is defined in formula (56). The

The theory of this analysis is covered in that paper and in Sec,

normal distribution itself can also be used, of course, in the manner of
Ely et al, > These two analyses taken together constitute a study of the

diagdnal elements of the density matrix, The analysis was extended to
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cover the range of energy used in the previous section for the‘{\"-}Adair
analysis, K lab momentum of 1. 00-41.45 BeV/c. The normal distribu-
tion for each of the three intervals--1,00-4.45, 4,15-1. 30, and 130-1.45
BeV/c--is shown in Fig.25. The polarization distributions for each
energy interval are shown in Fig. 26. The distributions have much the
same shape at each of these energies. Confirming earlier remarks
that the production mechanism seems to be changing slowly over this
energ - interval, Consequently, it seems valid to lump data _tqgethef in
this analysis also, and Figs. 27 and 28 show the above distributions
for the entire interval, 1.00-1.45 BeV/c,’ In all cases the production-
angle interval, -0.8< Yi*- K™ < 0.8, and the invariant-mass interval

1340 MeV < MATT < 1430 MeV, are used, the two charge states of the

b

Yi are lumped together, and the data are folded. 1Ifthe data are not
folded, the asymmetry terms are small, . This observation is not incon-
sistent withthe observation of large asymmetry terms in the decay rel-
ative to the Yi* direction, since we are now looking at an orthogonal
direction. Some cancellation of asymmetry also results from the lump-
ing together of charge states, The polarization is determined for each
bin of the o‘bservation by projection,
N
NoP:n =3 Z (p-n), , (102)

and similarly for NaB. r;l, where i runs over the events in the bin
and £> is the direction of the proten from the A decay. Note that the
unnormalized value of the polarization is used, (this is the natural quan-
tity to use if the density matrix is noérmalized to the total number of
events) and that the erroxr in this quantity is given simply by (?:N)é .

The normal distributions were each fit to even-power series in
cos&. The maximum complexity possible for spin J is cos _1(5..
Each fit yields a chi squared and a confidence level depending on chi
squared and the number of degrees of freedom. Table IX lists the
goodness-of-fit parameters for each distribution, In the same manner,
the polarization diétributions are expected to display maximum com-

plexity as a function of the orbital angular momentum as explained in



-95.

& 150  469evenis -+ [120 events T 905 evenis

o

Q

Q.

o |

E100F N + 1
>

L

OI 0 06 02. 08 04 0.8 04

\ A
An An

Fig. 25. Normal decay distribution of the Y,* for
(a) P =1.00-1.45 BeV/c {from specia
low-~energy study), the solid curve is
(7146) + (64216) (A 7)%; (b) P = 1.15-130
BeV/c, the solid curve is {204£10) + (60%23)

(A-n)%; and (c) P= 1.30-1.45 BeV/c, the

solid curve is (16589) + (47824) (A 8)° , The
data are from the reaction K-+p— A+ wtym=,
Criteria for selection of events are explained
in the text., The solid curves are least-square

fits to a+b (Aeml m= EOXE /1RO
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Distribution of the polarization of the A from
decay of the Y * (a.) relative to the normal to the

production plane = (K XY /lK XY ) , for
P = 1.00-1.15 BeV/c (spec1a.il low- energy study),

the solid curve is -(9%8) + (89%22) (A-n) ;

(b) relative LO the rotated direction, r;l——ﬁ+2f\(f& ;1')

. for P = 1.00-1.15 BeV/c (special low- energy study),

the solid curve is (9+8) - (197+68) (A~n)

+ (268x74) (f& ;1)4 {c) relative to the normal for
= 1.15-1.30 BeV/c, the solid curve is

-(42%£13) + (164%34) (A n) ; {(d) relative to the
rotated direction for P = 1.15-1.30 BeV/c, the

solid curve is (42+13) - (526&105) (A n)

+ (607£113) ([i- ;1)4; (e) relative to the normal for
P = 1.30-1.45 BeV/c, the solid curve is

~-(18x12) + (7330) (Z\ ;1)2; and (f) relative to the
rotated direction for P = 1.30-1.45 BeV/c, the

solid curve is (18i12) - (223x£94) (A n)

+ (259+4101) (A' n) . The data are from the reaction
K-+p = A+ mT+m-, Criteria for selection of events
are explained in the text. The solid curves are
simultaneous least- square fits of the normal pro-

jection to A +A2(A n) and of the rotated pro-

O -~

O+B2(A n)2 + B (A n)4 subject to the
constraints A0+BO = 0 and A0+A.2 - B0 -B‘2 - B4= 0.
This behavior is that appropriate to a P3/2 state.

jection to B
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Fig. 27. Normal decay distribution of the Y " for
P = 1.00-1,45 BeV/c (includes special low-
energy study). The solid curve is a fit to
atb(A- n)z. with a=442+15 and b=470£37,
The data are from the reaction
K-+p=Atatin~. Criteria for selectionofevents

are explainedinthe text, n= (f{'x\}"i*)/ | R'x?f‘[‘
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Fig. 28. Distribution of the Eolarization of the A
from decay of the Y1 for P=1.00-1.45 BeV/c
(includes special low-energy study) (a) re-
lative to the normal to the production plane,

N e a g iAo % ) )
n=(K XY, /| K XY, | , the solid curve is

-(70220) + (326251) (A-A)%; and (b) relative

to the rotated direction, ﬁn:-ﬁ+2]\(7\~ r‘;), the

solid curve is (70220} - (9362157)(A-n)

+ {1121£169) (7\-;)4 . Criteria for selection

of events are explained in the text., The

solid curves are a simultaneous fit of the:

otA2 (B 2% and of'the
+B,(A-n)?

A 0*®2

+B4(A-n) subject to the constraints

A0+B0 = 0 and A0+A2 - Bo - BZ - B4 = 0.
This behavior is that appropriate to a

P3/2 state,

normal projection to ‘A

rotated projection to B
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Table IX, Confidence level of normal decay distributions.

Spin Degrees of Chi squared Confidence
freedom level

P = 1.00-1.15 BeV/c

1/2 4 26.8 A 2.2%407°
3/2 3 10.7 0.013%
5/2 2 7.3 - 0.026%

P =1.15-1.30 BeV/c
1/2 4 7.4 0.12
3/2 3 0.8 0.85
5/2 2 ~ 0.7 0.74

. P = 1.30-1,45 BeV/c

1/2 . 4 6.6 0.16
3/2 3 1.7 0.63
5/2 2 1.7 0.42

P =1.,00-1.,45 BeV/c
1/2 4 24.8 5.5%10 >
3/2 " 3 1.6 0.67
5/2 2 1.4 0.50

®These confidence levels are low because of the large deviation of the

bin at 0.5 from its neighbors [Fig. 25(a)].
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Sec. II. C.3, the coefficients of the fit to normal and rotated projections |
being related by equations (59) and (60). Table X lists the confidence
level parameters for each spin-parity hypothesis for each pair of distri-
butions. Finally, these two independent investigations can also be re-
garded as one analysis by summing the chi-squared values and the de-
grees of freedom for each hypothesis. Results of this combination are
shown in Table XI.

The conclusions of the previous paper are st;’engthened; 51/2’
P'l/Z’ jnd D3/2 are ruled out quite strongly as spin-parity states of
the Y1 whereas P3/2, DS/Z’ and FS/Z are allowed., If norma} de -
cay and polarization chi-squared values are combined, this conclusion
can be reached independently with the 1.00-1.15 BeV/c and with the
1.15-1.30 BeV/c data; the 1.30-1.45 .data favor this conclusion but are
inconclusive, Lumping together all energies raises the relative con-
fidence level by about three orders of magnitude, showing again th.at
things are varying slowly, _

Adair has raised the objection that the many experiments in

which anisotropies rule out J =% may all be manifestations of inter -

ference between a J = % Y;'< and a combination of background statesu95
Such an explanation could be true, but the number of experiments that
have reported anisotropies makes it unlikely. One test for interference,
as explained in Sec. II.A, is to examine the above distributions for dif-
ferent mass intervals, Since the phase of the Y;< is changing rapidly
as a function of this mass, interference effects are expected to behave
differently in the different mass intervals, Accordingly, the data used
above were divided into three mass intervals, 1335-1375 MeV, 1375-
1395 MeV, and 1395-1435 MeV, each iﬁcluding about the same number
of events, and the above analysis through D-3/2 was done for each of |
these portions, The selection criterion I'f*’ K|< 0.8 was retained, The
normal decay distributions are shown in Fig. 29, and the polarization
distributions in Fig. 30. Combined confidence-level figures are tab-

ulated in Table XII. The apparent alignment and polarization do ob-

viously change with mass, low mass having strong alignment and weak
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Table X. Confidence level of polarizationdistributions,

Spin-parity Degrees of Chi squared Confidence
freedom level
P = 4,00-4,45 BeV/c
51/2 9 _49.3 0,022
Pi/z 9 25,2 0.0027
p3/2 { 3.3 0.85
D3/z 7 16.5 0,024
D5/2 5 0.7 0.98
F5/2 5 0.5 0.99
P = 4,45-4.30 BeV/c
Sy 9 39.4 9.6x107°
P2 9 39,2 1,4x4075
P3/2 7 9,2 0,24 B
133/2 7 33,9 4,8X 140
DS/Z 5 8.9 0,44
FS/Z 5 9,2 0.40
P = 4,30-4,45 BeV/c
51/2 9 43,0 0.46
Pi/z 9 2.9 0.47
P3/Z 7 6,0 0.54
133/2 7 12,4 0,087
DS/Z 5 2,0 0,85
FS/Z 5 ‘ 2.3 0.84
P = 4,00-1.45 BeV/c
Ss/2 9 57.7 1,9x 1078
-8
Pi/Z 9 59.3 4.7X 140
P3/2 7 9.7 0.24 .
D3/2 7 52,6 1.9><1_o'
Ds/z 5 6,7 0.24
F 5 6.8 0.24

5/2
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Table XI, Confidence level of combined normal decay
and polarization distributions,

Spin-parity

S1/2
P1\/2
P3/2
D3/2
Ds/2
F5/z

S4/2
P2
Pa/2
D3/z
Dy/,
Fs/2

S1/2
Py/2
3/2
D3/

5/2

i/2
1/2
3/2
3/2
5/2

D
D

Degrees of
freedom

P = 4,00-4,45 BeV/c

i3 46.1
43 52.0
10 44.0
10 27.3
8.1
7.9

P = 4,45-4.30 BeV/c

i3 " 46,8
13 46,6
10 10,0
10 . 34,7
7 9.6
7 9.8

P = 4,30-4,45 BeV/c

5/2°

i3 49.6
13 19.5
10 7.7
10 14.1
7 3.7
4,0

P = 14,00-4.,45 BeV/c

5/2

i3 82.5
i3 84,1
10 14,2
10 54,2
8.4
8.4

Chi squared

Confidence
level

5
6

1.4%X 140"
1,4X 407
0.47
0.0024
0.33

T 0.35

5
5

1,0x40°
1,4x107
0.44
4.4X40°
0.24

4

0.20

0.11
0.44
0.66
0,47
0.82
0.78

3.7X10_12 .

1.9% 40”2
0.34
4,5%10°
0.32
0.32

8
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Normal decay distribution of the Y, * for

P=1.00-1.45 BeV/c (includes special 16w-

energy study) and for (a) 1335 MeV <M
< 1375 MeV, the solid curve is (1328)

+ (107221) (A*m)%; (b) 1375 MeV < M

An

Am

<1395 MeV, the solid curve is (162%9)
+ (80222) (A-ﬁ)z; and (c) 1395 MeV <M,
< 1435 MeV, the solid curva 8 (17349)

- (0£20) (A- )%
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e
Fig. 30. Distribution of the polarization of the A from
decay of the Y,”, for P=1.00-1.45 BeV/c (includes
special low-energy study) (a) relative to the nor-
mal to the production plane,
n=(R'XY %)/ |K°XY |, for 1335 MeV <M, _
< 41375 MeV, the solid curve is (24%11)

+ (28+30) (A-m)?%; (b) relative to the rotated

direction, m=-A+2A(A-8), for 1335 MeV

< MA'rr < 41375 MeV, the solid curve is

_(24%11) - (26£91) (A-n)% + (103299) (A-m)*
relative to the normal for 41375 MeV < MAn
< 1395 MeV, the solid curve is -{58%12)

+ (179£32) (]x- 5)2; (d) relative to the rotated
direction for 41375 MeV < MA < 1395 MeV

the solid curve 1s (58%12) - (505+96) (A n)

+ (5692104) .(A’ n) ; (e) relative to the normal

for 1395 MeV < MAw < 1435 MeV, the solid

curve is -(39%12) + (129%£29) (A'ﬁ)z; and
(f) relative to the rotated direction for

1395 MeV < MA A 1435 MeV the solid curve

is (39%12) - (360%92) (A-n)% + (410£98) (A- )%
The data are from the reaction

K3*p>A+nt+m~™, Criteria for selection of events -
are explained in the text. The solid curves are
simultaneous least-square fits of the normal
0+A (A ﬁ)z and of the rotated
projection to BO+B (A- n)2+B4(A n) subject

projection to A

to the constraints AO+BO = 0 and AO+A2

- BO -‘B2 -B,= 0. This behavior is that

appropriate to a P3/2 state.
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sk

Table XII. Confidence level versus Y1 mass,

Spin-parity Degrees of Chi squared : Confidence
' freedom . level

{1335 MeV< A-trmass < 1375 MeV}

S1/2 13 43.9 3.2x10:i

Pi/2 : 13 54.8 4,5X10

P3/2 ' 10 16.4 0.088

D3/2 10 16.8 - 0.079

. {1375 MeV < A-m mass < 1395 MeV}

$1/2 13 55.6 3.3x1o'z

Py/p 13 50.6 2.3X 10

p3/2 , 10 7.4 0.68 »

D3/2 10 33.1 2.6X10

{1395 MeV < AT < 1435 MeV }

S41/2 13 27.7 0.0098

Py/2 13 247 . 0.025

P3/2 10 6.4 0.78
0.0083

D32 10 23.8
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polarization, high mass having weak alignment and strong polarization.
But the combined goodness of fit excludes S’l/Z’ pi/Z and D3/Z

(except in the low-mass bin) in each mass interval independently. Inter-
ference is unquestionably distorting the distributions, but it seems very

unlikely that it solely is responsible for the departures from isotropy.

6. Complete Analysis of Angular Correlations

The above analysis determines the diagonal elements of the den-
sity matrix. A complete analysis should find all the elements., Egquation
(47) shows that we need to examine the distribution, not only of the polar
angles of the A and the proton from the A decay, but also of the az-
imuthal angles of these two directions--four variables in all, Unfor-
tinately it is impossible to depict on a figure the correlated behavior of
four variables, so that a complete analysis must be altogether numerical,
and it is not possible to keep a physical feeling for intermediate stages
of the analysis,

A previous complete analysis was done on part of these data by
means of a method of projection, 1 The tII\_‘/£ of equation (47) were ob-
tained by certain projection formulae derived by Byers and Fenster.
Spin was essentially determined by that value of L above which the tll\:l
with L even vanish within statistical errors. Parity was determined A
by comparison of two independent determinations of each tl}/f with L
odd, one from the procjection of transverse polarization, the other from
that of longitudinal polarization. Coefficients are the same except for
a,'change in sign for the two parity cases, See the original paper for
more details, '

A different method of approach to the complete analysis problem
was developed independently and is described here. The basic technique
for this method is to fit the data to a set of t%”s for each spin-parity
hypothesis and compare the predicted moments (to be defined) with the
same moments determined by projection. A single chi squared value for
each hypothesis gives the overall goodness of fit,

A likelihood function L is defined by

~

P t), (103)

it Fi

L@ =0 I(A

1
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where 1 is the function defined in equation (47), T stands for the set
of t%s and the product is over all the events in the sample. The T
that maximizes the value of L is the best estimate of the true value
of _t>, when the hypothesis being tried is assumed to be the correct one.
In practice, the logarithm is taken of both sides of (103) so that the
product becomes a sum., The logarithm is a monotonic function for real
positive argument, so that a maximum value of log (L) corresponds to
a maximum value of L. No weighting for experimental error or bias
was done. Error on the angle determination should be small compared
to the structure of the distribution for small values of J, but may well
be significant at higher values of J. No significant biases are felt to
" be present. '

The fitting program developed to find the maximum value of L
did not use equation (47) directly. Instead, the sfeps of the derivation
of this equation were repeated by the computer for each event, and the
transformation to irreducible representation was not done until the end
of the run. In this manner most of‘the Clebsch-Gordon coefficients,
which are time consuming to compute in the general case, were elim-
inated in the event-by-event calculations. The distribution I (_t>) is a
linear function of the tII\_J/’[’ s, so that the analytic first and second deriva-
tives of log (L) could be easily calculated, and Newton's method was
used in an iterative fashion to search for the maximum. The search
was started in ev'ery case from the most chaotic, and hence a priori
the most probable, form of the density matrix; in the irreducible
representation, this form is characterized by all tIL/IVS ='0 except for
tg. No search for additional maxima was made. All solutions found
were physical in the sense that Tr(p 2)$ 1. The highest value of J in-
vestigated was 7/2; the search in the 32-parameter space took about 10
iterations, All.maxima found were quite sharp. The numerical values
of the solutions are not important to our argument, but some of them
are listed for reference in Appendix B, |

The solutions from the fitting program described above give a

representation of the data that is dependent on the hypothesié é.ssumed.



On the other hand, because of the cofnpleteness of the spherical har-
monics, we can assume that a quite general expansion of the form of
equation {48) would be valid independent of physical assumptions. In

other words, let

I( A, p) = Z ). AL, 2, m) YR YT (p), (104)
4, m L, M

Then, from the orthogonal property of the spherical harmonics, we
‘can project out each A,

'< >:<

A(L, M, £, m) (ngAdﬂ 1(A, p) Y A)Y (p). (105)

For the experimental situation, we perform the sum

> A(L, M, 4, m) = (1/N) L,Y Ym (ﬁi), - (106)

(47) 4

where N is the total number of events and i runs over all events in

the sample. The error matrix is given by

(4m) ®G(L, M, 4, m; Lt, MY, 2, m')

M>}< N e . M P . '>:< . ’
1 : ]

’ r sle N i .
- (i/N3>’L>: YA YT (p)
) 1

It was found by counting that there are 73 of these moments, as we
shall call the A's, which are pertinent tbrough J = 7/2. They are
listed for reference in Appendix C,

The final step is to take the coefficients of equatlon (47), plug
in the values of the tl}f s from the fitting program, and get a set of
predicted moments, ‘Those moments not a?pearing as coefficients are
predicted to be zero. A chi-squared test can now be applied to the

difference between the projected and predicted values of the moments.



-111-

Equation (76) is used, where now x;nis t‘he projected value of one of .
tvhevmom“evnts, X, is the corresponding predicted value, and G ‘is
given by (107). The number of degrees of freedom is just the difference
between thé numbér of mofnents AtaAken into ac.coxint in the chi-squared
determination and the number of par.a.meters in the fitting procedufe--
that is, the number of A's minus the number of tII\_I/I's. A confidence
level can then be associated with each hypothesis for each momentum

interval studied. The same intervals were used as were used in the

previous section (including the same cutoff on produc'tion.angle, same

ats
e

Y mass band, etc.), the projected moments were computed though
J.
J = 17/2. These confidence levels are listed in Table XIII and plotted in
Fig. 31. | | |

| Study of these values shows that P3/2 is the most likely a.s‘-

7/2_, and confidence levels were obtained for all h‘ypotheses through

signment, DS/Z is not ruleAd out, and F7/2 is remotely possible. All
other assignments are uniformly excluded by large margins at all mo-
menta. The complete analysis is not significantly better than the anal-
ysis' of the previous section for J< 3/2, but it does allow additional
c‘oncvlusions for possibilities of higher spin.

A solution given bythe fitting program can be expressed in
terms of trigonometric functions by use of equations of the type (49)
through (52)., The analysis of the last section is naturally expressed
in trigonometric functions. The diagonal terms of the P3/Z solutions
from the fitting program of the complete analysis were compared with

the P solutions of the previous section by evaluating the coefficients

of the i/oiresponding trigonometric functions, When the errors from
the previous section were used and correlations among the errors were
ignored a chi—s‘quared test that these coefficients are the same gave a
chi—squafed value of 4,78 for twelve pairs of coefficients (four from
each momentum interval). This excellent agreement between the pro-
grams shows that there are no signific&int mistakes in the two programs.
In addition, the parameters from the P-3/2 solution on 1.15-1.30 BeV/c
data of the complete analysis developed here agree very well with those
of the independently de;/eloped complete treatment by moment projec-

’cion11 on approximately the same data.



Table XIII. Confidence levels from complete analysis,

Spin - ‘ P = :

parity 1.00-1.15 BeV/c 1.15-1.30 BeV/c 1.30-1.45 BeV/c
S1/2 1.2><1o'1 3.1><10‘: 3,7><1o‘Z
Pi/2 4.4%10 1.3x107° 2.4%10

P3/3 0.24 0.023 0.052

D3/2 6.7 x10™* 2.8x1078 6.9%107>
Ds/z 0.14 6.0x 107> 0.017

Fs/2 1,4%107° 1.2x1077 6.0x107°
Fq/2 3.7%x107° 0.14 1.4x107°
G7/2 4.0x1077 1,4x1077 4.3x10” 1>
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As an additional check on the effects of interference, the
1.15-1.30 BeV/c data were divided into two portions, one with A-w
mass < 1385 MeV, the other with A-w mass >1385 MeV. The P3/2
analysis was performed on these portions separately, When correla-
tions among the errors were ignored, chi-squared tests gave values of
. chi squared of 5.20 and 6.44 respectively, that the solution for each
subset of data was the same as the solution for the undivided set 6f

data, Within errors, this analysis finds no significant interference.

ate
e

H. Y1 Branching Ratio

One of the sensitive predictions made by various theories
covered in Sec. II. B has been the branching ratio of the Yi*.- Earlier
determinations of this ratio gave values of the order of 1 to 5% but
were hampered by poor statistics.

Events of the reaction

K+p—>Z‘,O+Tr++1r— (69)

were taken from the same sample of type-32 events for the entire mo-
mentum range of 1,00-4.75 BeV/c. These events had been selected by
a somewhat different set of criteria than the o‘ne described above; chi
squared for reaction (69) (a two-constraint fit) was required to be less
than 20, and also less than one-half the chi squared for reaction (1)
(four -constraint) and less than twice that for reaction (70) (one-con-
straint). Accordingly, the reaction {1) denominator, used in the anal-
ysis below, was normalized to correspond to these same criteria.

The ZOTT+ and Eo'n_ effective-mass distributions are shown
in Fig. 32, The curves drawn through the data represent the analysis
described below. The ot effective-mass distribution shows no
significant deviation frdm phase space.

We expect to find nonresonant events, Yiﬂ‘(1385) events,

e
-

Y,1 (1660) events, and events that are really reaction (1) but are ac-

cepted by the criteria given above. In order to find the expected
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contribution of the last-named source of events, we looked at the events
simulated by the FAKE program mentioned in Sec. IIl. D above, Mass
distributions of events generated as reaction (1) but fulfilling the criteria
of reaction (69) are shown in Fig 33. These events had been generated
as proceeding through the Y (1385) resonance., When fit as reaction
(69), these events still show a peak, but it is broadened and shifted to
higher mass. The curve shown in Fig. 33 1is that expected from a Breit-
Wigner resonance of mass 1450 MeV and width 60 MeV, which fits the
simulated-data curve very well, In addition, the fitted beam momentum
in these events peaks about 35 MeV/c higher than the momentum at
which they were generated as reaction (1).

A model was chosen in which the data in the two channels of Fig.
32 are represented by the incoherent sum of nonresonant production plus
production of Breit-Wigner resonances of M = 1385 MeV, I'= 50 MeV,.
of M = 1450 MeV, I'= 60 MeV, and of M = 1660 MeV, I"= 60 MeV,
The shape of each of these contributions was calculated by the program
ATHOS, which integrated over the momentum intervals by weighting
with the total number ofreaction (69) in each interval and adding. A
linear sum of these shapes was assumed, and the coefficients that gave
a minimum chi squared over all the data plotted in Fig. 32 were deter-
mined. These coefficients give an estimate of the number of events in
each final state. Table XIV lists these estimates, and the curves in

Fig. 32 show the shape of the solution,

Table XIV. Composition of ZO-TT+TT-V final state.

Final state Number of events
Nonresonant 8412 £106
(i660 609 + 47
“(1660) 211+ 41
Misfit A- v, (1385) « 63+ 36
Mlsflt A- Y _"1385) 167+ 41
'l (1385) _ 156+ 22
Y, *- (1385) m 153+ 24

i
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Fig. 33. Distribution of effective mass (a) of the 0.t
pair and (b) of the ZV.=" pair of events which were
generated by the FAKE program as
K'+p—"1:+(1385)4ﬂ', Y1*+(1385)-— A+n*, but which
fit, according to the general criteria described in
the text, the reaction K +p—~Z0tnt4n”, The events
were generated with the properties of the 1.54 BeV/c

. . data of the physical experiment, The curves are the
projections on the two axes of the Breit- Wigner shape
between the ZV and the ot with M=1450 MeV,

T'=60 MeV, for P=1.545 BeV /c. )
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The corresponding numbers from reaction (1), normalized to
the different criteria and with the misfit events added on, come to

k>

3035 Yi"<+(1385) and 3841 Y, “-(1385). The branching ratios then are -

=% /Ny L T>art) = 0.054£0.007 (108)

e

Ny, 2% 7)/N(Y T An ) = 0.040£0.006. (109)

Combination of these data gives

e
-

N(Y,

ZOTT:E)/N(Y;& > AmT) = 0.045%0.005, (110)

Charge symmetry requires a similar number of events in which a

charged Yi"\ decays into a charged X. The branching ratio is, there-

fore
R = N(.Yi*_> ETT)/N(Yi*—e» AT) = 0,09+0,04, (141)

The statistical error has been quadrupled to. allow for large uncertain-
ties in the model used.

In an earlier paper, the similar branching ratio for the Yi*
(1660) was estimated to be 6/7. 10 We mentioned in Sec. III.E.3 that
this resonance was not resolved in the mass distributions of reaction

(1), but an estimate of 16735 Y :'c+('1660) events was made by counting

1
the number of excess events in the resonance region., Taking this num-
ber, normalizing to different criteria, and comparing with Table XIV,

we obtain

N[Yi*(i%o)—’Zv]/N[Yf(iééo)—» Am] = 6.8%3.0. = (112)

- Here the statistical error has been doubled to give a realistic error.
In any event, when one looks at more data it is clear that the earlier

estimate of this branching ratio is not substantiated,



-449-

I. Peripheral Production of Y1='<

The experiment of Bertanza et al. 7 on reaction (1) at 2.24 BéV/c

showed significant production of 'Vi (1385) at this energy, but no
(1385). In addition, the Y,1 s were strongly aligned, consistent

with equation (66) for M1 K exchange From the theory of Stodolsky

and Sakurai6 (discussed in Sec.Il.E), it is apparent that the Y o is

being produced bythe peripheral exchange of a K", as depxcted in Fig.

A 2(a). Let us see if this production mechanism is apparent at the highest

energy available in this experiment.

Looking at Table IV, the ratio Y1*+/Y 1*- seems to change at
about 1.5 BeV/c. The particles Y1 " are more numerous below that
energy, whereas Y + are slightly more numerous at higher energies,.
On the other hand, both charge states become less populated relative to
other final states (in the next section, it is determined that the absolute
cross section 1s decrea51ng) Figure 34 shows the normal decay distri-
‘bution of the Y,  for the momentum interval 1.60-1.75 BeV/c. A fit to

'1
N1+ a (Aen) + b (A-n)z] gives

a=-0.16%£0.23, b =2.40%0.43, (113)

- We see that the Yi* is strongly aligned; by contrast, the Y " distri-
bution is quite flat at this energy. At 1.30-1,45BeV/c the Y:1 " isthe
more strongly aligned, and at 4.45-1.60 BéV/c the two states are about
equally aligned, The indication is that peripheral production is appear;
ing at the highest energy available to this experiment, but that some
other mechanism which favors Y " and which presumably gave the ob-
served charge ratio at lower energies is still operative to cancel some
of the expected effects, However, a firm statement cannot be made
until it is known what happens to the charge ratio and alignment at still

higher energies.
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Fig, 34, Normal decay distribution of the ¥4~ from the
reaction K +p~A+ntin~ for P=1.60-1.75 BeV/c.
The solid curve is a least-square fit of the data
to atb(A-7) + c(h»)%, with a=63£9, b=-10414,
and ¢=152#27. In addition to the general criteria
described in the text, evenis must have 1340 MeV
<Mp .+ <1430 MeV and Y, * . R-| <0.8. The

normal is defined by n=(K- XY 1*)/ [R-x? NI
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J. Cross Sections

The excitation function of reaction (1) was determined, subject
to the difficulties inherent in measurement of cross sections from
bubble chamber data. Other related reactions, also found in vee-two-

prong events, were naturally studied at the same time.

1. Number of Events

The number of events for each reaction was determined by
éounting the number of vee-two-prong events found in the scan and the
number of events fitting each reaction after measuring and subsequent
analysis. These numbers must be corrected for certain biases and
ambiguities.

a. Scanning efficiency. The basic numbers of events found in

the scan for type-32 events are given in Table IIl. The sample used
was reduced in two cases: (a) at 1.22 BeV/c, the first 241 rolls of film
were badly obscured by recoil protons from:a heavy neutron flux into
the chamber, so that these rolls were not used in the cross-section
determination; and (b) at 1.51 BeV/c, only 40% of the total sample was
measured for this study, so that a smaller sample was also chosen from
which to count the scan, The résult showed 3356 events at 1,22 BeV/c
and 12040 events at 1.5 BeV/c. These numbers must be corrected to
compensate for the efficiency of the scanner in finding this event type.
The scan lists for the two scans were compared by computer,
and those events for which the two lists did not agree were examined
by a third scanner who resolved the conflict, For 1,22, 1.60, and 1.69
BeV.c, this conflict was pérformed for the total sample used, but at
1.32, 1.42, and 1.51 BeV/c, only abcut 20% of the sample was con-
flicted. The library system was designed so that the events from the
second scan could be added to the main sample only after this conflic-
.ting procedure haci been performed. The single-scan efficiencies
determined from the conflicted samples varied from 94 toc 98%. Very
little correction was necessary in the completely conflicted samples,

but the incompletely conflicted samples were corrected for the number



-122-

of events that would have been discovered had the conflict been com-
pleted. These corrections assume random failures to find events or
misidentifications, but there possibly is a systematic bias from events
that are very obscure and would not be found in an infinite number of
regular scans.

b. Detection efficiency. Some events are lost because the vee

particle leaves the chamber before it decays, and other events are lost
because the vee travels such a short distance that the event is called.
a four -prong (see Fig.4). For the latter effect, the mean length of
A pa.'rticles. just distinguishéble as separate vees was determined by
examination of the distribution of lengths in the measured sample.
There was a linear rise from zero at zero length, followed by aroughly
exponential decline beyond 2,.8-mm length. On the average, then, a
A must be 1.4 mm or longer in order to be detected as a separate vee.
The correction for the two effects was calcuiated by determining for
each measured A the probability that this A would leave the chamber
without decaying or that it would decay in leés than 1.4 mm distance.
The first effect is very small, 1/2 to 1%, because of the large size of
the 72-inch chamber, The combination of the two effects is about
3-1/2% at all momentum settings. The correction was assumed to be
the same for the much smaller number of _KO events, and the scan
numbers were increased to correct for this loss. v

A correction is also necessary because of neutral decay modes
of the vee particles not detected. The standard correction factors of
3/2 for A events and 3 for I—(O events were applied after the two spe-
cies were separéted, For additional information on K~  events, see
reference 66. |

c. Measurement and analysis efficiency., In Sec.IIl.C, it was

explained that not all events are measured and that not all events that
are measured succeed in reaching the KICK phase of the analysis pro-
gram where fitting to hypotheses is done. Numbers of these categories
are given in Table III under the headings Result 0 and Result 8, re-
spectively. There is no choice but to assume that these events are dis-

tributed among the possible reactions in the same proportions as those
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analyzed in the KICK program. So the entire scan sample is considered
to be distributed among the possible reactions in the same proportionas
those events processed by KICK,

Some events, listed under Result 11 in Tab}e 1II, do not fit any
hypothesis in the KICK analysis (a) beicause they are actually some re-
action not covered in the set of hypotheses tried, (b) because a track
or tracks suffered a large Coulomb scatter or similar accident that
renders the event unfittable, or {(c) the operator made large enough
errors in the measurement to render the event unfittable, An estimate
of category (c) can be determined by a second operator's remeasuring
" the failing events and determining the number that succeeds in fitting
some hypothesis the second time. The results of this program are
summarized in Table III. On the average, the number that pass the
second time is 4, i% as large as the total nu:cnber that pass either the
first or the second time. A very small correction is needed if the
whole sample of failures was remeasured, but the samples that were
partially or not remeasured must be corrected for the events that
would have been found upon remeasurement. As a check, the ratio of
failures to good events among the events generated by the program
FAKE (described in Sec,IIL, D) is 4.9% . The agreement seems satis-
factory, since FAKE may generate some events that fall into category
(b). It is not known how many events might be in category (b), and no

correction was made for this bias.

d. Separation of hypotheses. Separation of A events from K

events was the same as described in Sec,Ill, D, and the ambiguous
events were assumed to have the same distribution between A and —KO
hypotheses as the nonambiguous events had., So the two samples were
increased to include their portions of the ambiguous everts,

The numbers of events in reactions having A nt o and ZOTT+‘IT—
final states were determined by means of the missing-mass distribution
of all the neutrals as outlined in Sec,IIl. D and illustrated in Fig. 5. In
this way the events ambiguous between these two final states are auto-

matically taken care of {in this instance, there is no need to isolate a
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a clean sample). Events with A'IT—FTT-;.‘ITO in the final state - were se-
lected by confidence level as described in Sec. III.D. Then all these
samples were increased so thattheir total number was the same-as the .
number fitting any A hypothesis with a chi squared less than 10 times.
the number of constraints.

Another bias present but not corrected for affects primarily the
A 1-r_l~ b 4170 final state. In some instances, one piece of information,
such as the curvature of a track, is lost because the program-estimated
error on that quantity is too large. The fitting procedure is then done
with one less constraint. The A 'n'+ 7 events can still be fit with three
constraints; the Z‘,O 1T+- w  events can be fit with zero constraint fits for
the production followed by one-constraint fits for the ZO decay; but
A 'n'+~ T TTO events were not searched for in this instance. Judging from
the number of A w1 w~ fits that had three constraints, 3 to 5% of the
events might be included in this category. But there is a compensating
bias, Events having ZO g in the final state may fit A S Y
and be accepted as such. These effects will tend to cancel each other,
and the net effect is not known. ' |
2. Path Length

To complete a cross-section calculation, one must also know the

flux of incoming particles. The total K path lengfh at each momentum

setting has been calculated by Richard Hubbard. 96

He employed two,
independent methods--comparison of an intensive scan with the reported
K™ -p total cross section at these energies, and use of the 7 decay mode
of the K -meson,

a. Intensive Scan. A subsample of approximafely 10 rolls of

- film at each momentum setting was intensively scanned for all incoming
beam tracks, all beam tracks passing through without deflection, and
all O-prong, 1-prong, 2-prong, 3-prong, 4-prong, and 6-prong vertices
oécurring on the beam tracks (vees, secondary intefactions, etc. were
ignored). The even-prong vertices were considered to be interactions,
and their number was extrapolated to the entire sample at each momen-

tum. Hubbard estimated the .m contamination by finding in eachsample
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the number of events fitting 7 + p—~ A+ KO and by counting the numbers
of large & rays on interacting tracks. This contamination ranges from
2to 9% . The remaining interactions were considered to be K  inter-
actions. The flux of K~ particles was calculated for each sample by
comparison as the total number of K~ interactions with the K~ total

~ cross section at each _energy. 97 The path length, expressed in terms

of events/mb, is listed in Table XV.

Table XV. DBest estimate of total path length. a

‘Momentum By By Best
setting interactions decays estimate
(BeV /c) (events/mb) ‘ (events/mb) (events/mb)

1,22 1300 1160 1230+ 60
1.32 1410 1470 1440 70
1.42 850 795 825+ 40
1,51 5100 5070 ' 5085+ 200
1.60 _ 760 670 745£35
1.69 o 1135 1060 11004 55

#Richard Hubbard, K  Path- Length Determination--K-72 Experiment,
Alvarez Group Physics Note 496, 1964,

b. T-Decay. The 7-decay mode of the K~

K = ni4+n 47 (114)

gives a distinctive three-prong topology, which was included in the
regular scan, The numf)er of three-prong events was recorded for
each sample, and correction was made for scanning efficiency. The
branching ratio ofthis decay mode was taken tobe 5.7+ 0.2%,73’98 but |
this number was corrected to 6,1+0.2% because some other K  decay
modes have one or two Tro's that occasionally produce a Dalitz pair.and
hence a three-prong topology. The number of three-prong decays can

then be used to find the total number of K entering the chamber at
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each momentum setting. The total path length determined by this
method, and a best estimate obtained by giving the two methods equal
weight, are listed in Table XV.

3, Calculation of Cross Sections

When the number of events for each reaction at each momentum
setting is known and the total path length is known at each momentum
setting in terms of events/mb, the cross section in each case is calcu-
lated simply by dividing the former by the latter. The cross-section
determinations are listed in Table XVI,

Turning our attention back to reaction (1) (the subject of this
paper), we present a plot of the excitation function for this reaction .
in Figure 35,, using this’ experimeént and .published dhtiiifrémiother -
experiments from threshold to 2.24 BeV/c_. The points from 1.1 to
1.7 BeV/c seem to follow quite closely a curve proportional to )\Z,
indicating once again that the various production amplitudes are changing
slowly 1in this energy interval. The point at 2.24 BeV/c is considerably
below this curve, but it was reported as a preliminary value and a lower
limit (no error Was given), so that no conclusion can be drawn from this
apparent departure,. |

With Table IV, the cross section for each final state of reaction
(1)} can be deduced. Because the cross section for reaction (1) varies
so smoothly in this interval, the values can be interpolated easily to
give the average cross section over the intervals used in the analysis of
final-state interactions. Results are given in Table XVII. The inter-
esting features are the peaking of the K +p— p O+ A cross section at

about 1.5 BeV/c and the rapid drop-off of the K +p— Y Rt ‘IT+ Cross

1
section above this energy,
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See Reference 66,

Table XVI. Vee-two-prong cross sections.

Momentum c.m, Energy K +p- K +p-— K +p-—

(BeV/c) (BeV/c) A+nT+ w” Atatin 40 =040ty o7

(mb) (mb) (mb)

1.22+ 0,04 A1.89+0,02 2,78+ 0,17 0.68%+.0.05 0.76£0.06
1.32+0.05 1,94 0,02 2.66+0.16 1,54£0.40  0.73x0,05
1.42+ 0,05 1.98+0.02 2.44x0.18 2,12+ 0,16 0.76+0.07
1.51+£ 0,05 2.02+0,02 2.32+0,12 2.47+ 0,12 0.80+0.05
1.60+0.05 2,06+0.02 2,09+ 0,14 2.19+0.15 0.68+0.06
1.69+0.05 2,10+ 0,02 1.98+ 0,12 2.83+0,17 0.91+0.06
Momentum c.m, Energy K + p-— K+ p —

(BeV/c) (BeV/c) Attt im O &Y - two prongs”

{ZO+ a e+ w0 0} (mDb)
(mb)

1,22+0.04 1.89£0.02 0.12%0.02 1.33£0,10
1.32+0.05 1.94+ 0,02 0.13+0.01 1.33x£0.10
1.424+ 0,05 1.98%+0.02 0.15+0.02 1,68+ 0,14
1.51+£ 0,05 2.02+0,02 0.27+ 0,02 2.00+£0,11
1.60+0.05 2.06+0.02 0.30+0.03 1.58+0.43
1.69+£ 0,05 2,10+ 0,02 0.41+£ 0,03 '1.87+0,13
a
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Fig. 35. Excitation curve for the reaction, K +p ~ A+t

from threshold to 2.24 BeV/c, using all known published
data plus that from this experiment., The point at

2.24 BeV/c was published as a preliminary value and a
lower limit, and no error was given for this point. The

dashed curve gives the value of v xz for the K~ in the
K~ -p center-of-mass system, which curve the excita~
tion function would be proportional to if there were no
change of production mechanism as a function of energy.

A Ref. 99; O Ref. 4; A Ref., 5; @3 Ref. 100;
O this experiment; @ Ref. 6; (Ref, 101,



Table XVII. A Tr+'rr__ cross

sections,

Momentum c.m. Energy K+p->_ K +p-—> K+ P> K +p—

(BeV/c (BeV/¢) A+rtem Y pT Y*- 4 ot A+ 0

nonresqQnant
(b (mb) (mb) (mb)

1.15-1.30 1.864-1.932 0.24+0.15 1.13+£0.08 1.43+ 0,09 0.00+£0,07
1.30-1.45 1.932-1.999 0,05+0,17 0.86+ 0,06 1.33+£0.07 0.29+0.09
1.45-1.60 1.999-2.065 0.35+0.15 0.79+0.05 0.68+0,05 0.46+0.09
1.60-1.75 2.065-2.130 0.87+0.16 0.51+0.07 0.48+0.05 0.14+0.09

-627-
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IV, CONCLUSIONS

sk

A. Spin and Parity of the Y, (1385)

als
8

The spin of the Y1

iments have determined anisotropies in the observed decay of this

. . 1
state that are inconsistent with J = %,5’ 79,1 .

is most certainly not 4. Many exper-

Other experiments

are less conclusive, either being ambigious in conclusions or favoring

J = % with a low statistical confidence?o’92’93’94 In this experiment,

the Adair analysis was inconclusive {no experiment has yet made a

23
5

1 , .
mildly. But the normal decay distribution of the Y <, the distribution

conclusive analysis of Y, using this analysis), favoring J = 3/2 °
of the polarization relative to the normal and rotated directions, and
the complete analysis covering all angular correlations all deny strongl?
- the possibility that J = 4. Only interference with background amplitudes
can negate this argument, and behavior of the above distributions with
mass of the Y1* are not consistent with the hypothesis that interference
alone gives the observed anisotropies. The large range of energy over
which significant anisotropy is observed, when other experiments are
included, also argues against this source for the effect,

1f the spin is 3/2, then the parity is positive. Large polariza-
tions observed in pion experiments are inconsistent with negative par::

ity. 93,94 Earlier analyses with part of this same data definitely ruled

9,11

out D3/.2 . The analysis of this paper agrees strongly that a D3/2

assignment is inconsistent with the data. In addition, one parity state
is eliminated for each value of J; the permitted states are P3/2’ DS/Z’
and F7/2.

o,

With somewhat less conclusiveness, the Y1"< has spin and par-
ity of P3/2'

An assignment of F7/2 is made very unlikely by the re-
sults from the complete analysis at P = 1,00-1.15 BeV/c, Hypothesis

by all the complete analyses and by
5/2 "

P3/2 is mildly favored over D
the Adair analysis, There may be 1 chance in 25 that the Y, T is DS/Z'
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This analysis is based essentially on maximum-complexity arguments;
so it is not surprising that, when one state fits the data well, the state

of slightly greater complexity fits almost as well,

o sk
B, Classification of the Y1 (1385)

. Let us proceed with the spin-parity assignment of P3/2 for the
Y,1 ", In Tablel are listed a numbfr of predictions from various the-
ories for the properties of the Y1 . From this spin-parity assignment
and from the other properties determined in this experiment, we can
compare theory with experiment,

' The K-N bound-state theory is definitely excluded by the ex-
clusion of J = 4. Of the remaining theories, global symmetry and the
eightfold way seem to describe the findings of this experiment most ac-
curately, However, global symmetry predicts an I = 2 resonance,
which has never been seen, and fails to take into account the large num-
ber of strange-particle resonances that have been found. For these
reasons, historically, the eightfold way has replaced global symmetry
as the higher symmetry scheme that shows the most promise of unify-
ing the description of the strongly interacting particles. Accordingly,

Table XVIII lists for convepience the experimental values and those
predicted by the eightfold way., Some care must be used in comparing
these numbers because (a) the experimental values possibly have sys-
tematic errors both from the detection and measurement system and .
from the use of simple models to fit the data; and (b) the theory is
based upon group theory and dynamical calculations apparently have not
_yet been done accurately enough to compare with experiment. On the

N

whole, the Y1 (1385) does seem to fit into the eightfold way very well,

C. Branching Ratio of w into 1r+-rr_

Table V shows the range of values of the branching ratio
Rw = MNw - TT-*_-‘IT_)/F (w — 'rr+.1r_n0), which are admitted by this exper-

iment if the net phase difference between the w and the pO is allowed
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Table XVIII. Comparison of experiment with the eightfold

R

way for Yi' (1385).

Property Prediction Experimenta
Spin-parity 3/2+ 3/2+
Mass Inputb (1383.5x 1.6) MeV
Width 64 MeV (51.4+£4.2) MeV

Branching ratio 0.16 0.09+0.04

% Errors given are statistical only., There may be unknown system-
atic errors from the detection and measurement system from the use

of oversimplified models,

Strongly corroborated by discovery of @ particle with mass close

to the predicted mass (Ref, 37).
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to vary over its totél range. The lower limit Rw >(0.6x£0.2)% is sig-
nificant and establishes the existence of this decay mode, if one bars

a large statistical fluctuation, Combined with the upper limit of

R('Q < 5% from antiproton-annihilation data, 54 it gives the present ex-
perimental range of this quantity independent of m -p experiments
where the large background of pO meson produced by one-pion exchange
is a serious problem. The value of 4.3% calculated by Gell-Mann,
Sharp, and Wa.gner53 for this rafio falls within the experimental range;
but if coupling constants are adjusted to give the proper total width,
their model predicts a branching ratio of only 0.0001%, a very poor

agreement,

D. Pr‘oduction Mechanism

As has been said before, this I.)aper is primarily concerned
with final-state interactions and only secondarily concerned with pro-
duction mechanism. However, some general statements based on out-
standing features of this experiment can-be made, '

All indications show that there is only gradual change in the
production process from 1.2 BeV/c to about 1.5 BeV/c. Angular dis-
tributions remain about the same, the excitation function for Y'1 * de-

creases smoothly, the Y population remains higher than that of
the Y1*+

rises from threshold.

1 .
by about 20%, and the excitation function of pO production

Above 1.5 BeV/c, there seems to be a different production sit-
.uation. Production-angle distributions of the Y1* are more compli-
cated and sometimes cannot be fit. The excitation function of the p 0
reaches a maximum and decreases. The Y * becomes more numerous
than the Y s and there is some evidence that peripheral productlon
of the Y by K exchange is initiated in this interval, Peripheral

productlon is, however, not yet the dominant mechanism below 1.7 BeV/lc.
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E. Future Experiments

Study of reactions from K + p at a wide range of energy con-
tains fruitful possibilities for discovering all the pfoperties of the
strange-particle resonances and how théy are produced. Exposures
now underway or planned in the near future at Berkeley will provide
film to fill the gaps remaining between threshold and about 2,7 BeV/c.
Our findings based upon final-state interactions can be verified at other

)

ene:hrg.ies and can be' extended to other resonant states, such as YO:'<(1405),
Y'i "(4660), and Yiq\(i765). Then there is a need to make a unified
study of all channels at higher energy comparable to that being done by
Charles Wohl in the region P = 1.00-1.15 BeV/c. o4 It will be too bad
if only the exciting and obvious features are reported, but other features

that require diligent and organized research are not investigated.
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APPENDICES

A, Irreducible Tensors

Following are specific matrix forms of the irreducible tensors,

for J = 1/2 and for J = 3/2.

= 1/2
0 1 0 0 N1/3 0
T1 = : T,1 = )
0o 1 \ o N1/3
- 3/2
4 0 0 0
ng 0 1 0 0
0 0 4 0
0 0 0 1
N3/5 0 0 0
§ 0 N1715 0 0
Ti=l o 0 ~1/15 0
0 0 0 -~ 3/5
N1/5 0 0 0
20 0 ~1/5 0 0
2 0 0 INEVE 0
0 0 0 N175

1/35 0 0 0

T0:< 0 -N9/35 0 0

3 0 0 N9/35 0
0 0

0 -N1/35
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TZ=
T =
TZ=
T,

K
o O O O OOQO
-J

0

0

NZ/T 0
0 7

o o o o oooa o o o o
- o~

B. Solutions of Complete Analysis

Here are listed i‘n.tabula.r form the values of the tll\_l/I

(through J = 3/2) from the fitting program in the complete analysis of

parameters

angular correlations, together with the theoretical maximum values of

these parameters, 41 See Table B-I for the tabulated values,

C. Moments through J = 7/2

In Table C-1 are listed the coefficients A(L, M, ,Z,'m)_[as de-
fined in equation (104) of the text], which are pertinent for statesthrough
J =.7/2. They are listed in an arbitrary order and each is given an or-

dinal number, Where two ordinal numbers are listed, the coefficientis
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analysis,
M P = :
Hyp. t It | pax 1.00-1.15 1.15-1.30 1.30-4.45
(BeV/c BeV/c BeV/c

Si/ t§ 1,00000 1,00£0,07 1,004 0,04 1,00£0,05
£9 0.57735 -0.47%0,05 -0,03£0,03 -0.04£0,04

Py/s £ 1,00000 1,00+ 0,09 1,00 0,06 1,00£0,07
tg 0.57735 -0,05%0,07 -0.04%0,05 -0.04£0,05

Py /s £ 1,00000 1,00+0,08 1,00+0,06 1,00+0.06
£ 0.77460 -0,23£0,07 -0,07+0,04 -0,050,05

tg 0.47724 -0,22+0,07 -0,40+0,05 -0,08+0,05

£ 0.50709 0.34%0,05 0.29+0,04 0.2040,04

Re t2 0.31623 -0,07+0,04 -0.02£0,03 -0.44£0,03

Im t2 0.34623 0.03%0,04 -0,02+0.03 -0,02£0,03

Re tZ 0.26726 0.00+0,04 -0.40£0,02 -0.06%0,03

Im tg 0,26726 -0,40+£0,04 -0,02+0,02 0,08+0,03

D,/, £ 1,00000 4,00 0,09 1.00£0,07 1,00£0,07
£ 0.77460 0,040,08 -0.03£0,05 -0,04£0,06

t9 0.47721 -0.24%0,07 -0.09£0,05 -0.08+0,05

] 0.50709 0.01+0,06 -0.03£0,04 0.0440,05

Re t5 0.31623 -0,06 0,06 0,02 0,04 -0,44+0,04

Im t 0.31623 0.03+0,06 -0.03+0.04 -0,03+0,04

Re t2 0.26726 -0,0240,05 0.044 0,04 -0,04+0,04

Im t2 0.26726 0.430,05 -0,060,03 -0,02+0,04
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Table C-I. Pertinent A(L, M, £; m) through J = 7/2.

Ordinal A(L, M, 4, m) Ordinal ‘ CA(L, M, £, m)
1 A(0, 0, 0, 0) 37 & 38 A(6,2,1,0)
2 A(0,0,14,0) 39 & 40 A6, 4, 1, 0)
3 . _A(2,0,0,0) 41 & 42 A6, 6, 1, 0)
485 A(2,2,0,0) 43 A6, 1, 1, -1)
6 A(2,0, 1, 0) 44 & 45 A6, 1, 1, 1)
7&8 A(2,2,1,0) 46 & 47 A(6, 3, 1, -1)
9 A2, 1, 1, -1) 48 & 49 A6, 3, 1, 1)
10 & 11 A2, 1, 1, 1) 50 & 51 A6, 5, 1, -1)
12 A(4, 0, 0, 0) 52 & 53 A(6, 5, 1, 1)
13 & 14 A(4, 2, 0, 0) 54 A(8,0,1,0)
15 & 16 A4, 4,0,0) 55 & 56 A8, 2, 1, 0)
17 A(4,0,1,0) 57 &58  A(8,4,1,0)
18 & 19 - A(4,2,1,0) 59 & 60 A(8, 6, 1, 0)
20 %24 A(4,4,1,0) 61 A8, 1, 1, -1)
22 A4, 1,1, -1) 62 & 63 A8, 1,1, 1)
23 & 24 A4, 1,1, 1) 64 & 65 A(8, 3,1, -1)
25 & 26 A4, 3,1, -1 66 & 67 A(8, 3, 1, 1)
27 & 28 A4, 3, 1, 1) 68 & 69 A(8, 5, 1, -1)
29 | A6, 0, 0, 0) 70 & 71 A(8, 5, 1, 1)
30 & 31 A6, 2, 0, 0) T2 %73 A8, 7,4, -1)
32 & 33 A6, 4, 0, 0)
34 & 35 "A(6, 6, 0, 0)

36 A(6, 0, 1, 0)
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complex and the two numbers refer to real and imaginary parts, re-
spectively, In a few cases, the coefficient is complex in general, but

only the real part is pertinent.

D. Discussion of Breit-Wigner Resonance Form

In the discussion of Watson's theorem in Sec. Il of the text, we
concluded that a Breit-Wigner resonance shape, equation (4), is appro-
priate for almost all final-state interactions encountered in high-energy
particle reactions, This form is certainly well known, but a discussion
of its validity and properties is perhaps useful.

This resonance form was first proposed by Breit and Wigner in
a study of capture and scattering on neutrons, 102 Its general validity
for use in describing intermediate states in primary interactions in
cases for which long-range interactions can be ignored was established

by means of formal scattering theoryio3 and Heisenbefg S-matrix
theory. 104 As explained in the text, Wa.tson/14 showed that the same
form can be used in final-state interactions when certain conditions
were satisfied. Jacksonios has recently proposed a different form
using first-order perturbation theory, but for energies near to the res-
onant energy it reduces to exactly the same shape as the Breit-Wigner
form, The validity of the form for use in high-energy scattering ex-
periments of strongly interacting particles seems to follow from all
theories.

It is not alWays appreciated, however, that the width is also a
function of the energy. It is reasonable to express the width as a prod-

106

uct of three factors,
I'= y3B,(p) (p/E). | (D1)

In this formula, vy is the reduced width, which contains the coupling
constant and other constant factors, Bz(p) is the barrier-penetration
factor, and p/E is proportional to the two-body phase space of the

pair of particles; Also, p is the momentum of either of the particles
in the center-of-mass frame of the pair, and E is the total energy of
both particles in that frame. It is convenient to introduce some charac-
teristic mass, M, giving the approximate range of the interaction, and

define the dimensionless quantity x = p/M. In terms of this variable,
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the barr-ier—penetration facfor was worked out by Wigner and Eisenbud
and is listed also in Blatt and Weisskopf. 107 The first few Bg(x) are
Do) - 2. -1 |
Bi(x) x ('1 + x ) s v (D2)
Bz(x)"x(9+3x +x) , -
B3(x) =x (225 + 45x + 6x +x7)

Note that as x - O, Bﬂ(x) - xze (24 +.1) !!)—2, and as X — oo, Bz(x)—»i.
Gell-Mann and Watson used essentially this form, with ¢ = 1,

in order to fit the asymmetric shape of the A(1238). e The same form

has been used more recently to fit to all available pion-proton total-

cross-section data with reasonable success, 108 In these cases, the

resonance is an intermediate state in the primary reaction, so that the

relevant formula is

(i‘i) _ 4r 23+ 1 T2y - (D3)
) p? TEF (£E )7 ir 2 .

The notation is similar to that for equation (4), except that all var-
iables refer to the primary reaction, 1“'3L is the width of the incoming
channel, and Ty is the width of the outgoing channel, Note that the:
1/p2 factor in equation (D3) will distort the resonance shape, whereas
the :l/K2 factor in equation (4) will not affect the shape of a resonance
produced in the final state because K 1is not a function of the energy
of the resonant particles, Note also that the width of the resonance
appears twice as a factor in the numerator of equation (D3) but only
once in that of equation (4), so that a different energy dependence be-
tween the two situations will also result from this source.

In order to study the effect of having neglected this energy de-

pendence in the study of the Yi*(1385)’ a special computer program

was written to incorporate the energy dependence of the width into the
resonance formula, Results from this program for various values of

orbital angular momentum [/ are plotted in Fig. 36. A value of

103
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Fig. 36, Breit-Wigner function for a A-7 resonance with
central energy 1385 MeV, width 50 MeV, and orbital
angular momentum £=0,1, and 2 respectively, The
resonance is formed in final-state interactions in the
reaction K™ +p+A+msm at P = 1,51 BeV/c. The curve
appropriate to aach value of £ may be ideatified by
reference to the box on the graph.
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200 MeV was used for the mass M characteristic of the range of the
interaction, but the shape of the curves is insensitive to reasonable
changes in this par.arneter. The peak of the curve shifts to lower
values of invariant mass, the low-energy tail is depleted, and the
high-energy tail is enhanced slightly as £ is increased. The.magrﬁ-
tude of these changes, however, is not significant compared with the
statistical errors of the experimental distribution and the expected
magnitude of other distortions, The use of the £ =0 form of the
Breit-Wigner formulé., currently employed in program ATHOS, seems

to be justified in the study of this resonance.
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