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A Riemann solver for a system of hyperbolic
conservation laws at a general road junction

Wen-Long Jin *
May 1, 2012

Abstract

The kinematic wave model of traffic flow on a road network is a system of hyperbolic
conservation laws, for which the Riemann solver is of physical, analytical, and numerical
importance. In this paper, we present a Riemann solver at a general network junction. In the
Riemann solver, we replace the entropy condition in [25] by a local, discrete flux function used
in Cell Transmission Model [11]. To enable such an entropy condition, which is consistent
with fair merging and first-in-first-out diverging rules, we enlarge the weak solution space by
introducing interior states on a set of measure zero, associated with stationary discontinuities
at the junction. In the demand-supply space, we demonstrate that the Riemann problem is
uniquely solved, in the sense that stationary states and, therefore, kinematic waves on all links
can be uniquely determined from feasible conditions on both stationary and interior states as
well as the entropy condition that prescribes boundary fluxes from interior states. In addition,
the resulting global flux function is the same as the local one. Thus the flux function is both
invariant and Godunov.

Key words: Lighthill-Whitham-Richards model; kinematic waves; Riemann problem; supply-
demand space; stationary states; interior states; entropy conditions; fair merging; First-In-First-Out
diverging; demand level; supply level; critical demand level; Cell Transmission Model

1 Introduction

A better understanding of traffic dynamics on a road network is critical for improving safety,
mobility, and environmental impacts of modern surface transportation systems [45]: practically,
it is helpful for efficient implementations of ramp metering [41], evacuation [46], signal control,
and other management and control strategies; theoretically, it can yield better network loading
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Figure 1: A grid network

models for many other studies [49]. In a road network, e.g., a grid network shown in Figure 1,
vehicular traffic dynamics can be described by cellular automata models [39; 10] and car-following
models [18] of individual vehicles’ movements, fluid dynamic models of continuous car-following
behaviors [42; 48; 2; 50], the Lighthill-Whitham-Richards (LWR) kinematic wave model [37; 43],
or regional continuum models [4; 24]. The traditional LWR model describes traffic dynamics
of homogeneous vehicles on a virtually one-lane road as combinations of shock and rarefaction
waves and can be analyzed with theories of hyperbolic conservation laws [33]. With the right
balance between physical reality and mathematical tractability, kinematic wave models have been
successfully extended to study more complicated traffic dynamics of heterogeneous vehicles [5], on
multi-lane roads [13], and through network junctions [25].

In a road network, such bottlenecks as merging, diverging, and general junctions play a critical
role in initiating, propagating, and dissipating traffic congestion. Some interesting traffic dynamics
can be caused by interactions among these network bottlenecks: for examples, a beltway network
can be totally gridlocked [12], and periodic oscillations can occur in a diverge-merge network
[26]. Thus efforts are warranted to develop both physically realistic and mathematically tractable
kinematic wave models of network traffic dynamics. Since traffic dynamics inside a link can be
described by the LWR model and are well understood, the most important component of network
kinematic wave models is related to how merging and diverging behaviors would impact the
formation of shock and rarefaction waves at a general network junction shown in Figure 2, which
has m upstream links and n downstream links. In the literature, there have been three lines of



Figure 2: A general network junction

research into traffic dynamics through a general network junction. In the line of discrete Cell
Transmission Model (CTM) [11; 34], boundary fluxes through a junction during a time interval are
prescribed from adjacent cells’ conditions based on macroscopic merging and diverging rules. In
the line of continuous models [25], shock and rarefaction waves on all links are analytically solved
with jump initial conditions by decoupling the Riemann problem at the junction into m + n Riemann
problems on individual links. In the third line of continuous models [29], the discrete flux functions
in CTM are used as decoupling conditions, and it was shown that the Riemann problem can be
uniquely solved. The first two approaches bear their respective limitations: the CTM approach has
been verified by empirical observations but cannot be applied to obtain such analytical insights as
shock and rarefaction waves at a junction; the continuous model by [25] is mathematically tractable,
but the decoupling method based on an optimization problem is not directly associated with any
physical merging or diverging rules. In contrast, the third approach integrates the physical merging
and diverging rules in CTM into the analytical framework of [25] is very promising for further
studying network traffic dynamics.

Since the kinematic wave model of network traffic flow is a system of hyperbolic conservation
laws on a network structure, solutions to the Riemann problem at a junction, in which all links carry
constant initial conditions, but discontinuities can occur at the junction, are of physical, analytical,
and numerical importance: physically, they can define physical merging, diverging, and other
behavioral rules; analytically, a system of hyperbolic conservation laws is well-defined if and only
if the Riemann problem is uniquely solved [6]; and numerically, they can be incorporated into
the Godunov finite difference equations [19]. In this study, we present a Riemann solver of the
network kinematic wave model using the solution framework of [29]. Note that the Riemann solver
is analytical in the sense of [15], different from numerical ones as discussed in [44]. The new solver
is based on that in [25]: in the Riemann solutions, a stationary state arises on a link along with a
shock or rarefaction wave, which is determined by the Riemann problem of the LWR model on the
link with the initial and stationary states; the stationary state should be inside a feasible domain,
such that the shock or rarefaction wave propagates backward on an upstream link and forward on
a downstream link; and the constant in- or out-flux of a link equals the stationary flow-rate. The
remaining piece in the Riemann solver is to introduce an entropy condition in the sense of [25]
such that ‘‘this condition gives a unique solution at least for Riemann initial data’’. But different
from that in [25], the Riemann solver in this study uses a discrete flux function, which is defined in



terms of upstream demands and downstream supplies, as an entropy condition. Such a discrete flux
function is originally developed within the framework of CTM, models conflicts among merging
and diverging traffic streams at the aggregate level, and is therefore a natural choice as the entropy
condition to pick out unique physical solutions. To incorporate the new entropy condition, we
enlarge the function space for weak solutions to the Riemann problem by introducing on each link
an interior state, which is local and takes no space (of measure zero) right next to the junction. That
is, the Riemann solution may be neither left- or right-continuous at jump discontinuities, and such a
function space is still the same as that for traditional weak solutions. Then the entropy condition is
introduced so that boundary fluxes through the junction be determined locally from interior states
with numerical CTM flux functions. In addition, based on the equivalence between traffic density
and the demand-supply pair, we solve the Riemann problem in the demand-supply space and show
that stationary states exist and are unique. In this study, the local flux function is the global flux
function derived in [29].

The rest of the paper is organized as follows. In Section 2, we present the network kinematic
wave model and review Holden and Risebro’s Riemann solver and discrete CTM flux functions.
In Section 3, we present a new Riemann solver. In Section 4, we solve the Riemann problem. In
Section 5, we discuss some further properties of the Riemann solver. In Section 6, we present some
concluding remarks.

2 A system of hyperbolic conservation laws at a network junc-
tion and the Riemann problem

In this study, we consider traffic dynamics in the junction network shown in Figure 2. We denote the
set of upstream links by A = {1,---,m} and the set of downstream links by B={m+1,---,m+n}.
For link a € A, we introduce link coordinates (a,x,), where x, € (—,0); for link b € B, we
introduce link coordinates (b,xp), where x, € (0,0). At a point (a,x,) (a € AUB) and time 7,
we denote the total density, speed, and flow-rate by k,(x,,1), va(x4,t), and q4(x4,1), respectively.
Hereafter we omit (x,,7) from these variables unless necessary. Here we assume that vehicles
of different paths, classes, or other attributes have the same characteristics, and that each link is
homogeneous with a location-independent number of lanes, free-flow speeds, curvatures, slopes,
and so on. Then we have the following fundamental diagram of flow-density and speed-density
relations [20]:

va = Valka),
da = Qa(ka)zkava(ka)-

Generally, Q,(k,) is a unimodal function in k, and reaches its capacity, C,, when traffic density
equals the critical density k, .. If traffic density k, is strictly smaller than, equal to, or strictly greater
than the critical density k, ., then we call the traffic state as strictly under-critical (SUC), critical (C),
or strictly over-critical (SOC), respectively. An under-critical state (UC) can be SUC or C, and an



over-critical state (OC) can be SOC or C. Note that different links can have different fundamental
diagrams.
From traffic conservation, we have the following system of LWR models in the network [37; 43]

dk, 9Qa( a)
81‘ ox,

On a road link, it is well known that (1) admits weak solutions, among which the unique, physical
solutions should satisfy so-called entropy conditions. For the LWR model, the traditional Lax’s
entropy condition [33] is consistent with vehicles’ acceleration and deceleration behaviors [1].

On the network shown in Figure 2, (1) is a system of m + n hyperbolic conservation laws, which
can be understood as a semigroup based on the Godunov method and a Riemann solver [6]. Thus the
main challenge of network kinematic wave theories is to develop a Riemann solver for the network,
where hyperbolic conservation equations are coupled with each other at the junction due to merging
and diverging conflicts among traffic streams. In the Riemann problem, we are interested in finding
kq(xg,t) at any (x,4,¢) from (1) with the following initial conditions with jump discontinuities at the
junction:

= 0, ac€AUB. (1)

ka(x2,0) = kay x.<0, a€A (2a)
kb(xb,O) = kp, x>0, beB (2b)

For upstream link a € A, we introduce a test function ¢,(x,,?) : (—e0,0] x [0,°0), which is
smooth with compact support on (—oo,0] X [0,0); for downstream link b € B, we introduce a test
function ¢y (xp,1) : (0,00] x [0,00), which is smooth with compact support on (0, 0] x [0,00). These
test functions are also smooth across the junction; i.e., ¢,(0,¢) = ¢,(0,7), and gﬁz (0,¢) = 3?’ (0,1)
for a € A and b € B. Then we attempt to find the weak solutions to the Riemann problem of (D)
with (2) in the following sense [9]:

Z/ / a¢“+Qa( )af“)dxadﬂr

acA

Py Iy B
ZEB / / (ko g+ Q(k) 5 )y = 0. 3)

2.1 Holden and Risebro’s Riemann solver

In [25], the Riemann problem of (1) with (2) was decoupled into m +n Riemann problems of the
LWR model based on the following observations. (1) Due to similarity in Riemann solutions; i.e.,
ka(xa,t) = pa(7+), a stationary state, k7, initiates at the junction and spreads on link a (a € AUB).
That is, for any x, € (—o0,0] (a € A) or x, € [0,00) (a € B), limy_sc k4 (x4,t) = k., and the stationary
state pervades the whole link after a long time. Note that it is possible that the stationary state is the
same as the initial state. It is stationary in the sense that the boundary flux of link a is constant and
equals

Ja=Qalky).
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In addition, due to traffic conservation at the junction, we have
Z fa = Z fba
acA beB

which is also the Rankine-Hugoniot condition for the junction. (2) A shock or rarefaction wave
can develop on each link and solves the Riemann problem for the corresponding LWR model with
initial and stationary states as initial data pairs. That is, for upstream link a (a € A), the shock or

rarefaction wave solves % % = 0 with k,(x,,0) = kﬁf’ Xq <0 : for downstream link b
t x(l ka, )Ca > O
. ok, |, 90y(ky) _ . | K, x<0
(b € B), the shock or rarefaction wave solves 5% + #b” = 0 with kp(xp,0) = { by x>0

Thus the Riemann problem is uniquely solved if and only if the stationary states are, and Holden
and Risebro’s Riemann solver is equivalent to finding the following mapping [15]

(K- ki) = RS(ky, -+ s kmin)- 4)

Since stationary states can only propagate backward on upstream links and forward on down-
stream links, feasible regions of stationary states can be obtained by analyzing the m + n Riemann
problems of the LWR model. Furthermore, as shown in [25], there can exist multiple feasible
solutions of stationary states. Thus an additional entropy condition has to be introduced to give a
unique solution to the Riemann problem of (1) with (2). In [25], an entropy of a junction is defined
by E=Y"" g({%;), and it was proved that there exists a well-defined Riemann solver when g(-)
is a strictly concave function. However, the entropy condition is not explicitly related to physical
merging and diverging rules, and vehicles’ pre-defined route choices are not considered.

In [9], vehicles’ pre-defined route choices are introduced by a matrix of turning proportions
Eop Va € A,b € B), where &, € [0, 1], and

Y &w=1 acA 5)

beB

Therefore, traffic conservation at the junction leads to n equations: ¥ ,c4 fu&usp = fp (b € B). 1t
was shown that the Riemann solver is well-defined for certain turning proportions. But this Riemann
solver is not well-defined when m > n.

In [16; 17; 23; 21; 22], more Riemann solvers along this line have been proposed, but the
entropy conditions are not directly related to merging and diverging behaviors in these studies.

2.2 Discrete CTM flux functions

In [11] and [34], the Godunov discrete form of the LWR model was extended to compute traffic
flows through merging, diverging, and general junctions. In CTM, so-called traffic demand and
supply, dy(x4,t) and s4(x,4,1), are defined as functions of traffic density [14; 11; 34]
da - Da (ka) = Qa (min{kmka,c})a (63-)
Sqg = Sa(ka) = Qa(maX{kaaka,c})a (6b)
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where traffic demand increases in total density k,, and traffic supply decreases in total density
k,. Furthermore, g, = min{d,,s,}, and C, = max{d,,s,}. In addition, since d, /s, is a strictly
increasing function of k,, k, can be uniquely determined by d,/s,. We denote this function by

ke = Ka(da/sa). 7

That is, the pair of demand and supply can uniquely determine the traffic state at a location and
time.

Within the framework of CTM, boundary fluxes through a junction at time ¢ are be calculated
as follows:

(ff?vfzgﬁ-n) :FFO(dtl""7d}tnvsfn+l""7s£n+n)7 (8)

where d,-- -, d}, are traffic demands in upstream cells next to the junction, s, . ,,--, s, are traffic

supplies in downstream cells next to the junction, and f7,---, f5,.,, are the out- and in-fluxes of all
links. The discrete flux function (8) has been used to model traffic dynamics at various bottlenecks
within the framework of CTM. For example, when vehicles have pre-defined route choices with
turning proportions given in (5), a flux function was derived from the First-In-First-Out (FIFO)
diverging and fair merging rules [32]. Other CTM merging and diverging models can be found in
[28; 27].

Numerically, the flux functions (8) can be incorporated into discrete traffic conservation equa-
tions and simulate traffic dynamics in a road network with given initial and boundary conditions.
Thus (8) can be considered as approximate, numerical Riemann solvers [36]. We can see that, using
the concepts of demand and supply, it is rather straightforward to construct such flux functions for
solving (1) numerically. While in many other systems of hyperbolic conservation laws, one has
to solve the Riemann problem first and then obtain boundary fluxes as in the Godunov method.
Physically, (8) models how the right of way at the junction is allocated among competing traffic
streams and represents drivers’ macroscopic merging and diverging behaviors. Some of these
macroscopic diverging and merging rules have been verified through observations [38; 35; 40; 8; 3].

3 A new Riemann solver

Since discrete flux functions (8) are both numerically and physically well-defined, it is reasonable
to use it as an entropy condition to pick out unique, physical solution to the Riemann problem of (1)
with (2). In [30; 28; 27; 29], a new analytical framework was proposed by replacing the entropy
condition in [25] by various CTM flux functions in (8). In this section, we first describe the new
framework and then focus on a new flux function derived in [29].

3.1 Riemann solvers with CTM flux functions as entropy conditions

In order to use CTM flux functions (8) as entropy conditions, we first enlarge the weak solution
space by introducing a new interior state on each link in the Riemann solutions. That is, in the new

7



weak solutions, we assume that k,(0,¢) = kO, but lim; ek, (x,,1) = k: for x, € (—0,0) (a € A) or
X4 € (0,00) (b € B). Such an interior state is right adjacent to the junction and takes a space of
measure zero. Thus the new weak solutions to the Riemann problem still satisfy the traditional
definition in (3). In addition, they do not impact shock or rarefaction waves on all links, which are
determined by stationary and initial states.

Such interior states were first observed in numerical solutions of the Burgers equation [47; 7]
and the LWR model [31] when stationary shock waves occur. Theoretically, if the LWR model
% +99%) _ g onalinexe (—o0,00) is solved by a zero-speed shock wave, then an interior state
can be introduced at the stationary discontinuity without violating the definition of weak solutions or

kp, x<0
the Lax entropy condition. That is, k(x,7) = ¢ ky, x=0 withky <ky <kgand Q(kz) = Q(kr)

kg, x>0
is a feasible solution with a flimsy interior state ks at x = 0. In reality, such an interior state can
be observed at the interface of a stationary shock wave, if a detector covers a part of the upstream
traffic stream and a part of the downstream traffic stream. Depending on the relative location of the
detector, such an interior state may not be unique. Thus the interior states can physically exist, and
the enlarged function space of weak solutions is still well defined. In addition, in [28; 27; 29], it was
shown that the inclusion of interior states is necessary for Riemann solvers to be well-defined with
some CTM flux functions. Thus the introduction of interior states into weak solutions makes both
physical and mathematical senses. From the viewpoint of traffic flow modeling, the new framework
is much more powerful and flexible, since it allows many flux functions derived from driving rules
as entropy conditions.

Since discrete flux functions (8) are defined in demands and supplies, it is reasonable to
use demand and supply, instead of density, as state variables in the new Riemann solver; i.e.,
traffic condition at (x,,?) is determined by U, = (dg,s,). Thus a traffic state is UC if and only if
dy < 54 =C,, or equivalently U, = (q,,C,); a traffic state is UC if and only if s, < d, = C,, or
equivalently U, = (Cg,qq)-

In the demand-supply space, we denote the initial and stationary traffic states on link a by (d,, s,)
and (d},s’), respectively. Then we have the following observations in the Riemann solutions:

fa = min{d,,s;}, acAUB (9a)
In addition, we have the following lemma regarding the feasible regions of stationary states.

Lemma 3.1 [29] In demand-supply space, the feasible regions of stationary states are given by

U, € B(U,,)=(dy,Co) U{(Cy,s))|s <dy}y, a€A (9b)
U[: € F(-,Ub) = (Cb,sb) U{(dZ,Cb)|d;§ < Sb}, beB (9¢)
(9d)
which lead to
Jao < dyy a€cA (9e)
fo < s, DEB (9f)



Further, we denote the interior state on link a by UC? (a € AUB). Since interior states do not
propagate into road links, the Riemann problems with stationary and interior states as initial data are
solved by waves, whose speeds are positive on the upstream links and negative on the downstream
links. Therefore, in supply-demand space, the feasible regions of interior states are given by

US e F(U}, ) = {(Cayst)|st < df = CYU{(d2,s0)|s2 > d dF < st =C,}, (10a)
Uy € B(-,Uy) ={(d;,Cp)|d; < sj, = Cp U{(dy,sp)|d}) > sp,55 < dy = Cp}. (10b)

where a € A and b € B. When U, 0— = U}, interior states do not exist.
From the feasible regions of stationary and interior states in (9) and (10), we have the following
corollary.

Corollary 3.2 For upstream link a € A, U} is SOC if and only if f, < d,, and U} is UC if and only
if fu = d,. In addition, if U} is SOC, then U} = U = (Cy, f.); if U* is UC, then U} = (d,,C,), and
U9 = (d2,s9) with s° > d,. For downstream link b € B, U, is SUC if and only if fj, < sp, and U},
is OC if and only if f, = sp. In addition, if U} is SUC, then U; = U} = (f,,Cp); if Uy is OC, then
U = (Cp,sp), and UY = (dY),sY) with d) > sp,.

Here we define four ratios for upstream link a € A: the initial demand level 6, = gfa, the

stationary demand level §; = 7, the interior demand level 50 Z , and the flux level §, = é—‘;
Then we have the following results

Corollary 3.3 U} for a € A is SOC if and only if 84 < 84; and U} is UC if and only if 6, = &, In
addition, if U} is SOC, then

1=80=6">8,> b
ifU; is UC, then
5 =

a

8a = 8.
Note that the relationship between 30 and other demand levels when U} is UC is to be determined.

Similarly we define four ratios for downstream link b € B: the initial supply level o}, = ‘Y” , the

stationary supply level o;, = #, the interior supply level Gb = and the flux level 6;, = f L Then
we have the following results

Corollary 3.4 U; for b € B is SUC if and only if 6}, < o, and Uy, is OC if and only if &;, = 0. In
addition, if Uy, is SUC, then

if Uy is OC, then



Note that the relationship between Gl? and other supply levels when U, is OC is to be determined.
In the new Riemann solvers, various CTM flux functions in (8) are used to determine fluxes
locally from interior states as follows:

(Froeee s fonen) = FFO(@, - dor sy 1 S (11)

From the corollaries above, we can see that, given initial upstream demands, d, (a € A), and
downstream supplies, s, (b € B), if one can find all boundary fluxes, f, and f}, then the stationary
states can be uniquely determined. But the interior states may not be uniquely determined. Thus the
Riemann problem is uniquely solved in the sense that all stationary states and waves on all links are
uniquely solved. Therefore, the Riemann problem is uniquely solved if and only if, from (9), (10),
and (11), we can find a unique flux function that maps initial conditions into boundary fluxes

(fl?"'afm-Hl) = FF(dla"'adm7sm+17"'7Sm+n)- (12)

Hereafter, we refer to FF’(---) in (11) as local or discrete flux functions and FF(---) in (12) as
global or continuous flux functions. Obviously, FF(---) is the Godunov flux function, since it is
derived from Riemann solutions.

Then from Corollary 3.2, we obtain the corresponding demand-supply Riemann solver, which
maps upstream demands and downstream supplies into stationary states:

(UI*J U ’Ur>ik1+n) = RS/(‘il?' o ;dm,sm—i-l;' o Jsm+n)' (13)

Since both demand and supply are many-to-one functions of density, it suggests that different
initial densities could lead to the same stationary states, if and only if the corresponding upstream
demands and downstream supplies are the same. From RS/(- - -) we can obtain the traditional Rie-
mann solver RS(:--) in (4) by first converting (ki,- - -, kp4,) into (dy, -+, dmySmi1,"*»Sm+n) then
applying (13) to find stationary demands and supplies, and finally converting (U}, --, U, ,) into
(kY. k) using (7). However, from the traditional Riemann solver one may not be able to obtain
a demand-supply Riemann solver. It can be seen that a Riemann solver in (13) satisfies the consis-
tency condition [15], if and only if FF(d1, -+, dum;Smt1, s Smyn) = FE(d], -y dyy,Sh 53 Sman)»
which is equivalent to that (Uy,---, Uy, ,) = RS'(d},-- .85 15+, S 4n)- In addition, we call
the local or discrete flux function FFO(---) invariant if FF(-..) = FF(---).

3.2 A new local flux function

In this study, we use the Godunov flux function in [29] as a new local flux function, (11). Note that
the discrete flux function in [29] is consistent with fair merging and first-in-first-out diverging rules
but different from the Godunov flux function. Here all vehicles have predefined route choices, and
the turning proportions, &, ., are given in (5). The discrete flux function IFIFO(- -+) is defined as
follows:

10



1. The out-flux of upstream link a € A is given by
fa = min{dg,0°C}, (14a)

where the interior critical demand level, 8°, is defined as follows:

00 = min{max —% min max b~ Lacav aéa%b}, (14b)

acA Cq beBAICA  Yaea, Caassp
where A1 is not empty.

2. The in-flux of downstream link b € B is given by

fo =Y fabasv (14c)

acA

In terms of demand and supply levels, IFIF‘O(~ -+) in (14) can be re-written as

5, = min{8?,06%, (15a)
Cpo? — CospS)
0° = min max3§,minmax b% ~ Laca\h Ca—bO , (15b)
acA beB A;CA Y aca, Casp
GGy = Y Casbus (15¢)
acA

where C,_,;, = C,&,_,, fora € A and b € B.

3.3 Average demand levels

In this subsection, we discuss properties of 6° in (15b). For a € A and b € B, we define the
demand and supply levels by u, € [0,1] and v, € [0, 1], respectively. Further, we denote 7, =
CpVp — Yuea Casplla- | We denote the vector of u, for a € A by i, and the vector of v, for b € B
by v. We define the average demand level of set A for link b by

CoVo — Yaea\a; Camblla T+ Yaca, CasbMa
ZaeAl Ca%b ZaeAl Caﬁb

W(A1) = ; (16)

where A1 C A is non-empty.

Lemma 3.5 Fora € Ay, and Ay = A1\ {o} #0, if ug >,=,< (A1), then Y,(A2) <,=,> W(A}),
and U >,=,< Y(A2), respectively. For a ¢ Ay, and Ay = A1 U{a}, if Ug <,=,> W(A}), then
(A2) <,=,> Y (A1), and Ug <,=,> V(A2), respectively. That is, if we remove a link with a
larger demand level, then the average demand level decreases; if we add a link with a larger
demand level, then the average demand level increases.

'In this study we do not consider situations when &,_,, = 0.

11



Proof. Fora € Aj,and Ay = A \ {a} # 0, we have

Y uca, Casplla +Coplla + T

b Al = 9
7 ( ) ZaeA2 Ca—>b + Ca—>b
which leads to
C. +7 A1) — Ha)C
ZaeAz Ca—b ZaeAz Ca—b

Thus, if g >,=,< ¥ (A1), then 3 (A2) <,=,> %(A}), and uy >,=,< (A2), respectively.
For o ¢ Ay, and A; = A U{a}, we have

Yuca, Casblla — Cosplla + T

Y Al - 5
( ) ZaeAz Ca—>b - Ca—>b
which leads to
C, /9 Al)— C
1 (A2) Yuca, Casblla + T — (A1) — (W(A1) — Ua) a—b
ZaeAz Caﬁb ZaeA2 Ca%b

Thus, if gy <,=,> %(A1), W(A2) <,=,> (A1), respectively. Furthermore,

(%(A2) — Ha) Z Cosp = Z Caspba+Cospla + T — Ha Z Casb — Ca—bla
acA, acA acA,
= Y Cospllat+m—tig Y, Casp=(W(A1) — Ha) Y Cass-
acA acA acA
Thus, if g <,=,> %(A1), La <,=,> Y(A2), respectively. [ ]

We denote the maximum average demand level for link b by I', = maxs,ca 4,0 ¥»(A1), which
has the following properties.

Lemma 3.6 7,(A|) and T}, have the following properties.
1. When m, > 0, then y,({a}) > U for a € A, and T, = maxea Vp({a}) > maxgea to.
2. When m, =0, then Y,({a}) = Ua for a € A, and T, = max,ea Y ({a}) = max,ca U

3. When m, < 0O, then y,({a}) < U for a € A, and there exists a unique A| # 0, such that
Iy =7%(A1), Ug >Tp > Ug forac Ay and a € A\ Ay.

Proof.

1. When m, > 0, from (16), we can have y,({a}) > y, for a € A. Then from Lemma 3.5 we have
mingea, Ue < V(A1) <maxgea, Yp({a}). Thus I'y = max,ea 5 ({a}) > max,ea tq. Note that
maxgeq ¥ ({a}) and max,c4 U, may attain their maxima for different a.
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2. When 7, = 0, from (16), we can have ¥,({a}) = u, for a € A. Then from Lemma 3.5 we
have mingeq, Uy < %(A1) < maxgeq, to- Thus I = max,cq 5 ({a}) = maxgea M.

3. When 7, < 0, from (16), we can have y,({a}) < u, for a € A. Since A has a finite number
of subsets Ay, I';, exists and we can find Aj, such that I, = ,(A}), and the value of T’
is unique. First, for a ¢ A, Ug < ¥ (A1), since, otherwise, from Lemma 3.5 we have
(A1) < v%(A1 U{a}), which contradicts that I', = ,(A;). Second, there exists at least one
a € Ay, such that u, > (A1), since, otherwise, from Lemma 3.5 we have y,({a}) = Ug
for all a € A}, which contradicts that y,({a}) < u,. Third, for all a € Ay, U, > W(A1),
since, otherwise, from Lemma 3.5 we have y,(A1) < ¥,(A; \ {a}), which contradicts that
I', = %(A1). Assume that a € A7 C Ay and u, > 7,(A1), then g = Y(A;) for o € Ay \ A],
and %,(A}) = (A1). Since A} # 0 is unique, there exists a unique A; = A} # 0, such that
I,= '}’b(Al), Us >Tp > g forac Ay and o EA\Al.

[ |
Assuming that u, (a € A) are in a decreasing order; i.e., U; > --- > W,, we define the following
average demand level of the first / upstream links:

wl) = w1 1}).
Then we have the following corollary.
Corollary 3.7 v,(1) and T'y, have the following properties:

1. When my, >0, v,(1) > W forl € A, (1) > -+ > y,(m), and T', = max,ea Yp({a}) > (1) >
M.

2. Whenm, =0, 1,(1) > Wy for L € A, %,(1) > -+ > y(m), and Ty = .

3. When my, < 0, there exists a unique I* € {1,---,m}, such that y,(1) < --- < %(l*) > (" +
1) > >p%0m), n(l) <wforl=1,--- 1" and Y, (1) > y; for | =1*+1,--- ,m. That is, for
every b, there exists a unique I solving minl, such that y,(1) > v,(I +1). In addition, I}, = 1
and Y,(1) > Wy if and only if m, > 0.

Proof. When @, > 0, the results are obvious. Here we will focus on 7, < 0. We denote [* as the

number of links in Aj, where I', = 9,(A1) and p, > T, > g fora € Aj and @ € A\ A;. Then [*

is unique, and = > I'py = 1% (1*) > wp(I* +1). From Lemma 3.5, we have 1(1) < -+ < p(I*) >

W(l*+1) > >y0m), () <y forl=1,--- 1", and y,(I) > y; for [ =I*+1,--- ,m. [
We define the critical demand level by

CpVp — Laea\a; Ca—sbla

g({4,v) = minmax
( ) b A ZaéAl Ca*)b
T, + C
_ minmax b ZaGAl a%buﬂ (17)
b A ZaEAl Ca%b

Since g(,Vv) = min, I',, we have the following theorem regarding g(i, V).
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Theorem 3.8 ForC, ., >0,C, >0, u, €[0,1], and v, € [0,1] (a € A and b € B), g(U,V) defined
in (17) has the following properties:

1. g(K,v) > max, U if and only if minycp m, > 0.

2. If and only if minycp m, < 0, there exists a unique non-empty A, C A such that
g(M,v) = minmax7,(A;) =miny,(A,) = maxminy(A}), (18)
b A b A b
and

min U, > V) > max .
e Mo > g(K,V) > eAA, Uq

Proof. When miny, 7, > 0, from Lemma 3.6 we have g(i,v) = min, ', > max, .

When miny, 71, < 0, we denote A, = {a € A|ly > I';}. From Lemma 3.6, A, = 0 if and only if
7, > 0. We denote A, = UpepAy, # 0, since miny, 7, < 0. In addition, for any a € Ay, U, > min, ') =
g(u,Vv); and for any o € A\ Ay, U, < min,I', = g(i, v). In addition, g(K,v) = min, ¥,(A.), and
minaeA* Hq > ming, Y, (A*) > maXeyea\a, Ha-

Since min, m, < 0, we have min, Y,({a}) < p, for a € A. Since A has a finite number of
subsets A, thus we can find A} such that max4, min ¥,(A1) = min, %,(A}), and the maximum
value is unique. First, for any o ¢ A} g < ming¥,(A7}), since, otherwise, from Lemma 3.5
min, 1, (A7 U{o}) > min, 1, (A7). Thus a € AJ if u, > min, ¥,(A}). Second, there exists at least
one a € A7, such that u, > min, y,(A}), since, otherwise, p, < miny ¥,(A7) for all a € A}, and from
Lemma 3.5 p, < min, ¥%,({a}), which is not possible. Third, if a € A}, then u, > min, y;,(A}),
since, otherwise, from Lemma 3.5 min;, ¥,(A} \ {a}) > min, ¥%,(A7]). Therefore, without loss of
generality, we can remove all a from AJ if u, = min, %, (A7), and the value of min, y,(A}) does not
change. Then A] = {a € A|u, > min, ¥,(A7})} is unique; that is, there exists a unique A} such that
mingeas h > miny % (A7) = maxgea\a: Ho-

Therefore, A, = A7, and (18) is proved. [ |

From Theorem 3.8 we have the following corollary.

Corollary 3.9 If u, is decreasingly ordered, we have the following results on g([t,V):
1. If and only if min, m, > 0, g(L,V) > U;.
2. If and only if min,, m, < 0, there exists a unique [* € {1,--- ,m}, such that
g(u,v) = minmaxy,(l) = miny,(I") = maxmin (1), (19)
and

M > ([, V) > Mgy (20

14
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Figure 3: The pattern of y;(a)

We show an example in Figure 3, where y; > --- > tjo. Forb=1, (1) < --- < 51(6) >
1n(7) > - >v(10), yr(a) < g, fora=1,---,6, and p(a) > y, fora=7,---,10. For b =2,
(1) < 1(2) =1nB)=nrn“) > > n(l10), nla) < U for a=1,2, and n(a) = U, for a =
3,---,10. Forb =3 13(1) > --- > %3(10), and y3(a) > p, fora=1,---,10. Then we can verify the
lemmas above and find that [* = 6, such that ug > g(K,V) = 71(6) > 7.

Since 6° = min{max,ec 82,5(8°,6°)}, where 8° = (82)4c4 and 6° = (o)
following observations from Theorem 3.8:

)bep, We have the

1. When Cbcl? > Y uea Caesp 82 for all b € B, then g(ﬁo, 6°) > max 4 82, and 8° = max ey 80

2. When CbG,()) < Yuea Cassp82 for some b € B, then there exists a unique, non-empty A, such
that 6° = g(8°,6°) = min, (A, and mingea, 60 > 6° > Maxgea\a, 89.

Thus 69 is well-defined, bounded between 0 and max 4 SL? , and continuous in (510 e 6"01, 6,91 FRTRRES 6,91 n)-

4 Solutions to the Riemann problem

From the preceding section, we can see that the demand and supply levels satisfy the following
conditions:

{1=80=8>8,>68}or {8 =8,=5,ands0>d,} (21a)
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{1261()):6;26b>6b} or {G;:szab andngdb} (21b)

5, = min{8?, 6%} (21c)

600 = max,ea 87 or (80)aca, 20 > 0° = minyep ¥y (As) > (8)aena, (21d)

Cp8p = Yuca Ca—b0a (21e)

where yo _ G ZZ ZEA\A:C:% “ In this section, we attempt to solve &, (a € A) in 8, and Op;

ie., a mapplng from upstream demand levels and downstream supply levels to upstream flux levels:
(81,-+.6m) = FF'(81, .8, Gt 1, Omn)- (22)

Then from the definition of §, and (14¢) we can have the flux function (fis s fmin) =FF(d1, - dmySmrt1s s Smtn)
and the corresponding Riemann solver.

4.1 Further properties of demand and supply levels
From Corollary 3.3 and (21) we have the following lemma.

Lemma 4.1 U is SOC if and only if 8° = &, < 8, and U} is UC if and only if 8° > 8,. In addition,
if8° < §,, then U} =U? = (Cy, f,,) is SOC, and

1=80=68>6, > 6, =6
if8° > §,, then U} =U? = (d,,C,) is SUC, and
8 =8"=8,=8,<06
if0° =48, then U} = (d,,,C,) is UC, UY = (d9,s9) with d° > d,, and 5% > d,,, and
80>8:=8,=6,=6°

In the third case, U? = U} if and only if 89 = 8°, and the interior state U? is different from the
stationary state U] when 52 > 60,

An example of the relationships between 9, 6, 53 , and 0° is shown in Figure 4, in which Uy = U
is SOC fora=1,---,4,U; = U2 is UC fora = 6,--,10, and UZ is UC but UZ # U?.

We define AO {a € A]50 > 0°}. From Lemma 4 1, U} is either SOC or UC with U # U? for
a e A% and dY = d,, for o € A\ AY. From Theorem 3.8, we can see that mmbeB ) = minpep 52

M Casp0) > 0iff AY is empty. If A? is non-empty, then (5 )aca0 > 6% = minyep 1) (A?) >
(5(?,)05e a\a0- Then we have the following lemma.

Lemma 4.2 For downstream link b, if A # ® and ¥?(A%) = 0° or if AY = 0 and ©r) = 0, then
Uy = U = (Cp,sp) is OC, and

o
*

0, = O}, = Op = Op;



| | | | | | | 5a
°Po. [
00 b @ @ -

1 234 56 7 8 910 m e

Figure 4: The relationships between &, 6, 50?, Sa, and 6Y

When AO 7£ 0 and 70 AY%) > 6% or when A? = 0 and ﬂb > 0, there can be two types of solutions: (i)

1=G£=G;>Gb>(~7b;

(ii) if f, = sp < Cy, another possible solution is that U; = (Cy,s) is SOC, Ub (dg7 ) # Uy with
d,()) > s, and sb > sp, and

o), > G} = o) = 6}

Therefore, if U; is SUC, AY = 0 and m) > 0 or A # 0 and ¥)(A?) > 6°; if U} is OC, the interior
state may not be the same as the stationary state In addition, for all b, 6, < op <0, < 619, where
all the equality signs hold when A = 0 and ) = ¥ yc4 C4—sp 82, or when A% # 0 and 6° = ) (A?).

Proof.
1. When A? # 0 and 7)(AY) = 6°, then from (14c) we have

fh = eozcaﬁb‘f’ Z Caﬁbso(a)

aeAO acA\AY
Z A\A? CaabS
= a;\ c ZCa—)b—i_ Z Caaba( )= 2?
acA) ~a—b acA? acA\A?

If f;, < sp; ie., Uf = UL = (f»,Cp) is SUC, and from (14c) we have f, = s\) = C, < 5, which
is impossible. Thus f, = s, = sg, and Uy = Ul? = (Cp,sp) is OC.
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2. When Ag = and ng = 0, then from (14c) we have f;, = sg. Similarly, we have f, = s, = sg,
and U; = U = (Gp,sp) is OC.

3. When A? + 0 and yg(AEZ) > 09, then from (14c) we have fj, < sg. If fp <spiie., U, = Ul? =
(f»,Cp) is SUC, then s9 = 55 = Cy > 55 > f, and 1 = 6 = 6} > 0, > 6. If f,, = s} i.e.,
U; = (Cp,sp) is OC, and U = (dY),sY) # U with d) > s, and s > 55, which is possible only
if 5, < Cp. In this case, 619 > 0j, = O}, = Gy,

4. When AY = 0 and 7) > 0, similarly, there are two types of solutions: U} = U = (f5,C)
is SUC, then sY = 57 = Cy > s, > fp, and 1 = 0 = 6} > 0} > 6; U; = (Cp,sp) is OC,
U) = (d)),s9) # Uy with d) > s;, and s) > s, which is possible only if 5, < Cp, and 6 >
O, = O = Op.

b b b

4.2 Solutions of the flux function

In addition to the interior critical demand function 6° in (14b), we also define three other critical
demand functions as follows:
Sp— ZaeA\Al daSo—b

# = min{maxJ,, minmax = min{maxd,,¢(8,0
{aEA a» b Al ZaeAlcaéa—ﬂ) } {HGA aag( Y )}7

E3 *
* . . Sy — ZaeA\Al daéa—w
6* = min{max§,, minmax
acA b Al Yica, Cabasp

~ ~ Sp— < ~
0 = min{max J,, minmax b~ LacA\dy faga%b} = min{max d,,2(8,0)}.
acA b A ZaeAl Caéa%b acA
We define the residue supply of link b by 7, = s, — Y7 | duosp-
In the following, we demonstrate that there exists a global flux function, (12), satisfying (9),
(10), and (14). We also show that the local flux function in (14) is invariant.

} = min{max§;,g(6",6%)},
acA

Theorem 4.3 For the Riemann problem, we have

0° = 6=06"=0, (23)

8, = min{§,,0} =min{8?,0°} = min{8},0*} = min{5,,H}. (24)
Therefore, the discrete flux function (14) is invariant.

Proof. First, if miny, 7, > 0, all upstream links are stationary at UC; i.e., g, = d,, for a € A. Otherwise,
from Lemma 4.1 we have that 8° < max, §, < max, 82, and A, = {a|5? > 6°} is not empty. From
Theorem 3.8, there exists b, such that yg(A*) = 69, Further from Lemma 4.2 we have that f}, = s,.
However, from (14c) we have the following contradiction:

fr = Y 0°Ca+ Y daan < Y dalasp < sp,

acA, ocA\A, acA
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since 6° < max, 8, and m, > 0. Thus, no upstream links can have SOC stationary states, and
from Lemma 4.1 we have that either 50 o, =0,= 5, < 6° or 60 >0, =06,= 5, = 09 for
any a € A. Thus when A = {a|8? > 90} is not empty, then 69 = maxaeAS = maXgeq O, =
MaXgeq 0y < MaXgeq 80 2; otherwise, 80 = maxaGA 0y = MaXgeq O, = MaXgen 8y = MaXyea 8.
In addition, since s}, > s > fp, 5, — Yo ' d%, ., >0, and s, — ):m \ faba—p. From Theorem
3.8, 0 = max,eq 6,4, 0% = maxyeq 6, and 0 = maxaeA5 Therefore, 8 = 6* = 6° = 0, and
5, = min{&,,0} = min{§},0*} = min{5?,0°} = m1n{6a7 0}.

Second, if miny, 7, < 0, then at least one upstream has a SOC stationary state. Otherwise, f, =d,
for all a, from (14c) we have that f, = Y ,ca duE4sp > sp When m, < 0. This contradicts fj, < s;
for all b. From Lemma 4.1, A? = {4|6° < §°} is not empty. Thus &, = 0° for a € A,, and §) =
Sy = Oy = 8}, for o € A\ AY. From Theorem 3.8, we have min,c 40 89 > 0% = minycp yg(Ag) >

0
Max ;4\ 40 6, Where

VO(AO) — Sg _ Z‘XEA\AQ Co‘%bgg _ Co Gl(y) - ZaeA\AQ Co—sp0a
i ZQEAQ Casb ZaeAQ Casbp .

In addition,

Cv0p — Len\a0 Ca—b0a

0 X
b A* = )
7 ( ) ZaEAQ Ca—>b
% AO) . SZ - ZaeA\AQ Co—10g o Cp Gg - ZaeA\AQ Co—1a
b * - - ’

Y e Casb Y uca0Casb
b — Laca\n0Ca—pda  CpOb — L gen\a0 Ca—sbOu
Y e Casb Y e Casb

W(A)) =

From Lemma 4.2, there exists b such that yg (AO = 09, for which 619 o, = 0}, = 6), and 00 =
% (A2) = 7,(A?) = y; (A?); for other b € B, we have that 1P (A?) > 0°, and f, = 6° Y0 Casp +
Y e\ Casp0a < sp < 5, which leads to 8% < %, (A?) = 7,(A9) < %;(A?). Thus we have

min 1 (A%) = min 37 (4%) = min 7 (A°) = min 77 (4"

If we denote A, = {a|6° < §,}, which is the set of upstream links with SOC stationary
states, then A, is not empty. From Lemma 4.1, we have that A, C Ag and 6° = ~a =0, =
8 < 82 for a € A?\ A,, which is the set of all upstream links with interior states. From
Lemma 4.1, %(A:) = % (As) = 6° when 7,(A%) = y:(A?) = 0°; and W% (A.) = ¥ (A.) when
7,(A%) = ﬁ‘(Ag) > 0. Therefore, minycp ¥, (As) = minyep ¥ (As) = 0°. From Lemma 4.1 we
have that 8° < §, < o, forae A,, and 00> §, = O, for a € A\ A,. Thus we have mingec4, 8 >

%In this case, there exists at least an interior state which is different from the corresponding stationary state.
31t is impossible that 8% > max,c4 80 from the definition of 6°.
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mingea, 8, > minpep Yy (As) = minyep ¥ (As) = 00 > Maxgea\a, 0o = MaXgea\a, Oy, Which leads
to minycp Y5 (As) = 0 = 6* = 6° from Theorem 3.8. Since s, > f;, = Y™, C,_.»0,4, we have from
Theorem 3.8 that 6 = max,ca 5}, = 0Y since AQ is non-empty. In addition, when o € A \AQ,
60 > 53 =0y = 0 = 0q; whena € A2, 80 < §, < o) < 53. In both cases, (24) is satisfied. W

Remark. Note that Theorem 4.3 is also true when we switch the min and max operators in
definitions of 6, 69, 6*, and . From the proof of Theorem 3.8, we can see that these values
remain the same when miny, 7, < 0. But if min, 7, > 0, the min-max and max-min operators could
yield different values, which are not smaller than max, d(a). A counter example is as follows:

0.2 0.8 0.2 075 15 0.7 .
d=105,05,C=[1,1], 7= {0‘2 V& {0‘2 08 ],then y= { . In this

1.5 0.75 0.7
case, min, maxu, % (A1) = 1.5, and max4, min, (A1) = 0.75. But both values are greater than 0.5,
the maximum demand level. Thus Theorem 4.3 still holds.
Remark. From Theorem 4.3, we can find a unique flux function (fi, -, fintn) =FF(d1, - ,dmsSmt1," " »Sm-+n)
defined in (12) and solve the Riemann problem in the following steps:

1. Calculate 6 from initial conditions in d,, sp,, and &,_.},.

2. Calculate f, = min{d,,0C,}, and f, =Y sca faab-

3. Determine stationary states and interior states* from Corollary 3.2.

If we denote ® = g(8,0), then ® = 6 when minycp 7, < 0, and ® > 6 when minyep 1, > 0.
We can see that f, = min{d,,®C,}. We define s; = @C,. Then g, = min{d,,s/ }, and s can
be considered as effective downstream supply of upstream link a. We define ®_; by 0_; =
mingep (5} Max,ca Y3 (A1)’ Obviously ©@_j, > ©. We have the following lemma.

Lemma 4.4 The in-flux of downstream link b can be written as
fo = min{d, s},
where

dy = Y min{dy,0_,Ci}& -

acA
That is, d, can be considered as effective upstream demand of downstream link b.

Proof. When ming,cp 7, > 0, from Theorem 3.8 we have that ® > max,c4 04, and ©_j, > max,cx ;.
Thus d;” =Y 4ea daba—sp < 55 since m, > 0. From Theorem 4.3 we have fj, = d,” = min{d, ,sp}.

When minyepm, <0,if ®_, =0, then f, =d,” =} jca Jabasp < sp; if @_;, > O, then from
Theorem 3.8 there exists A, # 0 such that ,(A.) = © and mingea, 6, > © > maxgeq\a, 64 There-
fore,

55 = OY Cilasvt Y, dabap =Y, min{d,,0C}E,p = fp.
acA, ocA\A, acA

“The interior states may not be unique.
SNote that if b is the only downstream link, then 6_; is set to 1.
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In addition, we have

Z min{dm@Ca}ga%b < Z min{dm@fbca}gaﬁb = dg;-

acA acA

Therefore, f;, = min{d, ,s}.
From Theorem 4.3 and Lemma 4.1, we have the following corollary.

Corollary 4.5 U is SOC if and only if d, < s}, and U} is UC if and only if d, > s
ifd, > s}, then U = UY = (Cy,qq) is SOC, and

1=80=6'>8,>6,=6;
ifd, < s}, thenU* =UY = (d,,C,) is UC, and
80=58"=6,=8,<86;
ifd, = s}, then U¥ = (d,,C,) is UC, U? = (d9,s9) with d° > d,, and s° > d,,, and

80>8"=8,=6,=86.

. In addition,

In the third case, it is possible that US #UJ, but U0 U} is also a valid solution when 5 = O,

Similarly, from Theorem 4.3, Lemma 4.2, and Lemma 4.4 we have the following corollary

regarding downstream links.

Corollary 4.6 U, is SUC if and only if s, > d, , and U, is OC if and only if s, < d,;

if sp > d,, then U} = U = (qp,Cy) is SUC, and
1:G£:G,fzcrb>6b;
ifsp <d,, then U = U0 (s,Cp) is OC, and
ngcg‘zcbzéb;
if sp =d, , then U} = (sp,,Cp) is OC, U (sg,sg) with sg > s, and sg > sp, and

o) > o} = 0}, = 6y

. In addition,

In the third case, is is possible that Ulg # Uy, but U,? = U, is also a valid solution when 0',? = Op.
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5 Discussions

5.1 Special cases

For a linear junction withm =n=1, §;_,, = 1, and f; = f>. In this case, ® = é—zl, 6 = min{Jy, 2—21 ,
and f; = min{0,6;} = min{O, 6 }. Thus the effective supply of link 1 is sf = OC| = 579, and the
effective demand of link 2 is d, = min{d;,®_,C} = d;. From Theorem 4.3 we have f; = f, =
min{d,,s,}. Thus from Corollaries 4.5 and 4.6 we have the following three cases.

1. Whensy >dy,d) < sf, and so >d, . Thus U} = U1 (di,C1)is UC,and Uj = U2 (d1,Cy)
1s SUC. In this case, there is no interior state on either link.

2. When s, < dy, di > s{, and s, < d; . Thus U = U = (Cy,s2) is SOC, and U; = UY =
(C2,s2) is OC. In this case, there is no interior state on either link.

3. When s, =d;, d; = s1 ,and sp =d; . Thus, Uf = (d1 C1) is UC, and U5 = (C2,s2) is OC. In
this case, there can be interior states on both links: U1 (d(l), ) where d‘l) >dp, and s(l) >dy;
Ud = (d3,s ) where d9 > 55, and 59 > s5. However, since f; = min{d{,s%}, we have either
do d; or 52 = 5. Thus UO Uy or Uy = Uj; i.e., there can be only one interior state.

For a merging junction withm > landn=1, &, ,,.1 =1, and

Sm+1— ZaeA\Al do
® = max
AICA ZaeAl Ca

Thus the effective downstream supply for link a € A is s} = OC,, and the effective upstream
demand for link m+11isd, | =¥ ,cada, since ®_; = 1. Then we can solve for stationary and
interior states by following Corollaries 4.5 and 4.6. In particular, when m = 2, we have

S3—d2 S3—d1 53
Ci ' G C+G
q1 = min{d1,®C1},

q2 = min{d2,®C2},

® = max{ H

which is consistent with the fair merge model in [28]:

= in{d —d
q1 min{d;, max{s3 2’C —|—C 53},
= in{d —d
70 min{d,, max{s3 I’C +C s3}}.
For a diverging junction withm =1 and n > 1,
l+n
0 = mln S .
b=2 C1&1
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Thus the effective downstream supply for link 1 is s{ = ®C1 = min, - and the effective

S

upstream demand for link b € Bis d, = rnin{dl,mmg’l2 Btb T 51 Feip. Then we can solve for

stationary and interior states by following Corollaries 4.5 and 4.6. In particular,

_|_
g1 = min{d;,0C;} = min{d;, min % I3
b=2 G1b
which is consistent with the FIFO diverge model [27].
For a junction with m = 2 and n = 2, we have
. s4— a6y s s4—d1&124 54
® = min{max , , ,
{max{ Ci&14 Cr8r 4 C15H4+C2§2—>4}
s4 —do&y 4 s4—d181 4 54
max{

Ciéina = G ’C1§1—>4+C2§2—>4}}’
fl = min{d1,®C1},

f2 = min{dz, @Cz}.
From Theorem 3.8, we can see that there are the following scenarios:

1. Both links 1 and 2 are stationary at UC if and only if ® > max {4 oo d2r
2. Link 1 is stationary at SOC and link 2 at UC if and only if & > © > &.

3. Both links 1 and 2 are stationary at SOC if and only if ® < max{ % o Cz}

We can find all stationary and interior states by following Corollaries 4.5 and 4.6.

5.2 A simplified framework without interior states

Within the framework defined in Section 3.1 and a flux function in interior states in (14), the
Riemann solver is well-defined since fluxes can be calculated from Theorem 4.3, and stationary
and interior states can be determined from Corollaries 4.5 and 4.6.

From Corollaries 4.5 and 4.6, interior states can be the same as stationary states in all scenarios,
and we can introduce a simplified framework as follows:

1. Stationary states arise near the junction on all links and satisfy (9).
2. An entropy condition is defined by the flux function in stationary states:
0" = min{maxdg’,g(6",0")},
acA
fo = min{d;,0°C,},Vac A
fo = Y fabasp,VbEB

acA
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From Theorem 4.3, the Riemann problem is uniquely solved and the out-flux of upstream link a is
still given by f, = min{d,, 6C,}. Further, Corollaries 4.5 and 4.6 can be used to determine unique
stationary states.

Note that, however, not all CTM flux functions can be used in the simplified framework. For
example, with the following flux function proposed in [32]

0
f. = min{d’, mm%so} (25a)
fo =Y faass, (25b)

acA

it was shown that f, = min{d,, 6C,}, but it is possible that interior states are different from
stationary states. In this case, ]FIFO(d?, -,dY, SHI, SO ) =FF(dy, - iy Sty s Smn) =
FEF*(df,---,dy, s} St 1> S Shn), but

FFO(dOa dm7 m+1>"" m+n)7éFF(d do m+17 ’ ’sgﬁ—n)'

That is, FFY(---) % FF(---), and it is not invariant. Therefore, with an invariant flux function,
the network kinematic wave model (1) can be defined in the function space of traditional weak
solutions. But for a non-invariant flux function, e.g., (25), the function space has to be extended to
include interior states.

Clearly we have that

RS(RS(ky, - kmin)) = RS(k1, - kmsn)-

That is, the Riemann solver is consistent in the sense of [15]. In addition, all Godunov flux functions
can be used as entropy conditions in the simplified framework, in which interior states are the same
as stationary states.

5.3 A stationary junction network

A junction network is stationary if and only if all initial states are the same as stationary states; i.e.,
U, =U, fora € A, and Uj, = U, for b € B. From Corollaries 4.5 and 4.6, it is possible that d, = d,
(a € A) and s, = 5, (b € B). Therefore, such stationary states always exist. In addition, if U, and U,
are stationary, then

fao = min{d,,0C,} = min{d,,s,},
fr = min{d, ,sp} = min{dp,sp}.

From Corollary 4.5 we can see that, if U, = (C,, s,) is SOC, then @C, = s, = q; if U, = (d,,C,)
is UC, then ® > §,. From Corollary 4.6 we can see that, if U, = (d},C) is SUC, d;” = gq;, < Cp; if
U, = (Cb,sb) is OC, then dl; > Sp.
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When a junction network is stationary, we can replace any SOC state (C,, 0C,) by the corre-
sponding SUC state (0C,,C,), and 8 remains the same; but we may not replace a SUC state by
the corresponding SOC state. Thus for the same fluxes, there can be multiple combinations of
stationary states. Furthermore, if we replace d, by g, = 0C, for a € A,, then all upstream links will
be stationary at UC, and the critical demand level and all upstream flow-rates remain unchanged. In
addition, if all upstream links are stationary at UC, we can replace an OC stationary state on link b,
(Cp,qp), by an UC state, (gp,Cp).

6 Conclusion

The kinematic wave model of network traffic flow, (1), is thus well-defined by the following rules.
R1. The constitutional law: g,(x4,1) = kq(x4,1)v4(x4,1) at any point x, on link a and time ¢.

R2. The fundamental diagram of speed-density relation, v,(x4,t) = V,(k(x4,1)), flow-density
relation, g, (x4,1) = Qu(k(xa,t)) = ka(x4,1)Va(ka(x4,t)), demand-density relation, d, (x4, 1) =
Qq(min{ky ¢, ky(xq,1)}), and supply-density relation, s,(xq4,t) = Qq(max{kq ¢, kq(xa,1)}).

R3. Traffic conservation: %k[“ + 32“ =0

R4. Weak solutions with interior states: the kinematic wave model can have discontinuous weak
solutions and interior states at stationary discontinuities.

R5. Entropy conditions with local flux functions at any junction at x: we denote the set of upstream
demands by d(x™,¢) and the set of downstream supplies by s(x™,¢), then the set of boundary
fluxes f(x,1) = FFO(d(x~,7),s(x,1)).

Thus, if initial conditions in densities and boundary conditions in demands at origins and supplies at
destinations are given, (1) can be uniquely solved with the aforementioned five rules.

This modeling framework makes the entropy condition explicit by using boundary flux functions.
In a sense, it is the reverse process of Godunov method, in which flux functions were derived by
solving Riemann problems with entropy conditions defined in characteristics or other approaches
[33]. It is possible to extend this framework for more complicated situations for multi-class traffic
on multi-lane roads or for other types of intersections. The challenges will be related to identifying
fundamental diagrams and developing boundary flux functions. Therefore, the Riemann solver can
be used to determine whether a flux function is well-defined both mathematically and physically.

In addition, it is possible to extend this framework to study other systems of hyperbolic
conservation laws, in which demand and supply functions are well-defined. For example, numerical
E-O flux function and other approximate Riemann solvers can be used as entropy conditions when
solving the Burgers equation.

In the future, we will be interested in analyzing traffic dynamics in a road network with the help
of the new kinematic wave model. Such a Riemann solver and the corresponding kinematic wave
model can be used to study many other transportation network problems.
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