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EXTERNALLY SHUNTED JOSEPHSON JUNCTIONS 

Paul Kenneth Hansma 

Department of Physics, University of California 
and 

Inorganic Materials Research Division, 
Lawrence Berkeley Laboratory, 

Berkeley, California 94720 

February 1972 

ABSTRACT 

We have investigated the behavior of a new type of quantum device,. 

an externally shunted thin film Josephson junction. Using Sn"';I~Sn 

shunted junctions, we have experimentally verified the Stewart-McCUmber 

predictions for the current-voltage (I-V) characteristics of a generalized 

weak link treated as a lumped circuit consisting of an ideal Josephson 

junction wi th critical current i , conductance G, and capacitance C. 
c 

In addition, we have shown experimentally that the predictions for the 

amount of hysteresis, characterized by the parameter a = i'/i which is 
c 

the ratio of the zero-voltage current intercept for decreasing current 

to the critical current i , as a function of the dimensionless circuit 
• C c . 2 J e parameter BC = ( ; 2 ) are exact in the zero inductance limit. The 
G 

shunt inductance can be treated by replacing C with a reduced effective 

capaci tance C'. An externally shunted Josephson junction acts as 

an adjustable weak link, whose hysteresis parameter, a, can be varied 

over the whole range 0 < a ~ 1 to reproduce the .behavior of many other 

types of weak links. In fact, if the temperature of a single shunted 

junction is varied between 1.12 and 3.7K, or the applied magnetic 
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,field is varied between 0 and 1 Oe, Be can be varied over two orders 

of magnitude while the junction is in the cryostat. Since Be determines 

the qualitative nature of the I-V characteristic, this variation of Be 

simulates widely different types of weak~link devices. Furthermore, 

the accessible range of Be for the single shunted junction can be 

changed while it is out of the cryostat by altering its external shunt 

conductance. Thus, externally' shunted Josephson junctions are 

theoretically well-understood models of, and simulators for, the 

behavior of many weak-link junctions; they have the desirable property 

of adjustability both before and after cryostat installation. This 

versatility should find many significant applications. 
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I. I.NTRODUCTION 

In 1962 Josephson made an amazing prediction in a paper cautiously 
, 1 

entitled "Possible New Effects in Superconductive Tunneling." In 

this paper he discussed the electrical characteristics of a system 

composed of two weakly coupled macroscopic pieces of superconductor. 

To define what Josephson meant by "weakly coupled", let us consider 

the limits first of no coupling and then of very strong coupling. 

If the two pieces are not coupled at all, the phase of thesupercon-

ducting wave function of one will be completely independent of the 

phase of the superconducting wave function of the other; the phase 

,of either, can be changed by anarbi trary phase factor wi thOtit affecting 

any external physical observables. 

In the opposite limit, in which the two pieces are joined together 

to form one larger piece, there can be no abrupt change in the phase of 

the superconducting wavefunction across the boundary because of the 

long range order of the phase due to the motion of conduction electrons 

1 from one piece to the other. The interesting case discussed by Joseph-

son is that of weak coupling, in which the phases are still correlated 

(i.e., the phase of one cannot be changed by an arbitrary phase factor 

without affecting the phase of the other) but a phase difference can 

exist between the pieces. This weak coupling can be obtained in'many 

different ways, for example, by simply placing the two pieces 'in close 

physical proximity C~ 20 A separation). 

Josephson first derived the dependence of the difference in the 

phase, ~, of the superconducting wave function between the two blocks, 

on the supercurrent, i , and voltage, V, between the blocks. These s 



predictions are called the dc and'ac Josephson equations respecitvely: 

i 
cP arcsin 

s' (l~) = i c 

£!= 2e V. (lb) 
dt 11 

Here i , called the critical current, is the maximum current for which 
c 

there is a zero-voltage, supercurrent solution to the equations (i. e. , 

cP = arcsini/i , dCP/dt = 0).' The magnitude of this critical current 
c 

depends on the strength of the coupling. For example, if the weak 

coupling is obta.ined through physical proximity by placing the pieces 

adistancetapart, the critical current, i , varies as: 
c 

i c 
. -t/to 

ex: e 

where t is on the 'order of I A. 
o 

Since this theoretical treatment, many actual devices have been 

constructed. These devices are collectively known as "weak links" 

since their common feature is that they weakly couple or weakly link . I 

two pieces of superconductor. A selection of these devices is 

shown in Fig. 1.2 Figure la shows a superconductingmetal-insulator

superconducting metal (S-1-S) thin film tunneling junction. 3 This type 

of junction is formed by first evaporating one metal strip, then 

oxidizing it according to some recipe (e.g:, heating to 1000C in pure 

oxygen for 3 hours), and finally evaporating a cross strip to complete 

the junction. The necessary weak coupling is obtained by the close 

• 

• 

ii, 
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Fig. L Various weak links. 2 (a) Superconductor-Insulator-Superconduc

tor (S-I-S) thin film tunneling j"qnction; (b) Superconductor-Normal Metal

Superconductor (S-N-S) thin film tunneling junction; (c) Dayem bridge; 

(d) Notarys-Mercereau bridge; (e) Crossed wires; (f) poi~t contact; 

(g) Slug. 
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physical proximity of the tw.o superconducting metal films; where they 

cross they are separated by an oxide layer on the order of 20 A thick. 

Figure lb shows a superconducting metal-normal metal-superconducting metal 

(8-N-8) thin film Junction4 in which the insulating layer separating 

the two superconducting metal films in the 8-I-8 junction is replaced 

by a much thicker layer of normal metal. A very different device is 

the point contact5,6 shown in Fig. If. Here the weak coupling is due 

to the small area of contact between a sharpened superconducting rod 

and a superconducting block against which the rod is lightly pressed. 

The other devices exhibit still other experimental methods of obtaining 

the necessary weak coupling, but are all based on one of these three 

principal methods. 

All of these weak links will carry supercurrents up to a certain 

maximum supercurrent, i , as predicted by Josephson; if the current, I, 
c 

through such a device is slowly increased from zero by means of an 

external current supply, no voltage will develop across it until the 

critical current is exceeded. However, the non-zero current-voltage 

(I-V) characteristics of these devices differ widely. For example,in 

the 8-N-8 junct~on 4,.the voltage develops smoothly as the critical 

current is exceeded; as the current is decreased again the voltage 

decreases along the same curve: there is no hysteresis in the I-V 

characteristic. 56 On the other hand, for a typical point contact ' 

the voltage develops abruptly as the critical current is exceeded; the 

voltage jumps discontinuously from zero to some finite value in a 

-10 . 
time on the order of 10 sec. Then as the current is further 

increased, the voltage increases smoothly. As the current is decreased; 

.' 

• 
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the voltage decreases smoothly along the same curve until the critical 

current is reached. At this point the voltage does not drop discon-

tinuously to zero again. Rather, as the current is f~rther decreased 

the voltage continues to decrease smoothly, not going to zero until the 

current is well below the critical current. Thus for some values of 

current there are two solutions for the voltage: a zero voltage 

supercurrent solution and a 

in the I~V characteristic. 

non-zero voitage solution; there is hysteresis 

For,the S-I-S junction3 'the hysteresis is 

almost complete; As the current is decreased from above tnecritical 

,current the voltage does not decrease to zero until the current is 

almost.zero. Thus, for'the S-I-S junction there are two solutions 

for the voltage for almost all currehts between zero and the cri ti cal 

current. 

In an effort to unify the theoretical treatment of these diverse 
, ' 7 ,8, 

devices, Stewart and McCumber independently developed a theory to 

explain why the I-V characteristics of one type of weak link differed 

so markedly from that of another. In particular, their theory showed 

that the differences in I-V characteristics could be explained by 

takihg into account the different ac and dc impedances of the various 

devices. Previously, there had been speculation that the substantial 

qualitative differences in the I-V characteristics (most strikingly 

the difference in the amount of hysteresis) was a result of quite 

different mechanisms forsupercurrent flow; i.e., there was speculation 

that the work of Josephson did not apply to all these devices without 

some modification. 

The Stewart-Cucumber theory, however, ghowed that at least the 
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main qualitative differences (including the wildly varying hysteresis) 

could be explained bya lumped circuit model that included the distributed 

internal resistance and capacitance of the devices in parallel with an 

idealized Josephson junction described by the Josephson equations 

(Eqs. (la) and (lb)). Figure 2 shows their computer generated theoreti-
') 

cal results as a function of the dimensionless parameter, Sc = 2e/h i C/G'-, 
c . 

which gives a normalized measure of the balance of influence .of the 

capacitance C, conductance G, and critical current i on the behavior 
c 

of the device. 

Using known junction parameters, it is found that 8-1-8 junctions 3 

are in theSC ~ 00 limit; small 8-N-8 junctions 4 are usually in the 

Sc ~ 0 limit. This agrees with our earlier observation that the 

hysteresis is large in 8-1-8 junctions, but nonexistant in 8-N-8 

Junctions. It is difficult to estimate Sc for point contacts and some 

other devices because of difficulties in estimating the effective 

capaci tance, C. Nevertheless, crude estimates of this effeci tve 

c·apacitance do yield values of Sc in the range 0.1 ~ S ~ 10, consistent 

with the ·observed values of hysteresis (.3 ~. a ~ 1). A more detailed 

check of the theory in the most interesting range of Sc' the range 

1 < a ~ 30 over which the hysteresis is changing rapidly, has been 

impossible with existing devices because of these difficulties in 

getting good estimates of the effective capacitance, C. 

In our experiments, we modified the behavior of conventional 

8-1-8 thin evaporated film junctions by adding an external resistive 

shunt in parallel with the junction. For-example, two geometries we 

studied are shoWn in Fig. 3. With such a shunt, the resistance that 

." 

.. 

_i 
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Fig.2a. McCumber's theoretical results for the voltage vs current of 

a weak link as a function of the dimens ionless circuit parame'ter, Be· 



u .-
"-
C) 

> 
Q) 

0\ 
C ... -0 
> 

-c 
Q) 
N -c 
E 
~ 

0 
z 

-8-

2.0 

Theory 

1.5 

1.0 

0.5 
f3c 4 

Ol'-~L.----.L--~ 

o 0.5 
Norma lized 

1.0 1.5 2.0 
current i / i c 

XBL715 -3606 
I 

Fig. 2b. Stewart's theoretical results (in the original paper,7, Stewart 

labeled his curves with his own dimensionless parameter W T, which is 
. equal to «(3C)(1/2).) . 0 

~ 

i 
,,' ~ 

. , 
,~ , 

,i 
• I 

_, I 

! 



• 

-9-

Fig. 3a. One type of externally shunted Josephson junction used in our 

experiments. The outer two of the three S-I-SJosephson junctions 

formed at.the intersections of the tin films have rectangles ofsil ver 

evaporated directly over them. These silver rectangles form Sn-Insula

tor-Ag quasiparticle tunneling junctions where they overlap the bottom 

tin strip on either side of the S-I-:S Josephson junctions. Thus, the 

outer two S~I-S Josephson junctions are shunted by Sn-Insulator-Ag 

quasiparticle tunneling junctions. 
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Fig. 3b. Another type of externally shunted Josephson junction used in 

our experiments. The outer two S-I-S Josephson jUnctions are shunted 

with silv~r strips. 
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appears in the lumped circuit model of the juncti,on is no longer simply the 

junction's quasiparticle tunneling resistance, but rather the parallel com-

bination of the quasiparticle tunneling resistance and the shunt resistance. 

Although other workers have shunted their S-I-S thin: film junctions in order 

to drive them from a voltage source9 or to obta{n a more desirable 

current-voltage characteristic for their application,lO we haye performed 

the first systematic experimental study of the behavior of such shunted 

junctions for comparison with the theory of Stewart and McCwnber over' 

the entire range of SC. In fact, we were able to investigate large . 

ranges of Sc for each shunted junction since, for these shunted jlIDctions, 

Sc can be changed by applying a magnetic field or by changing the 

temperature, or both. For example, Fig. 4 shows the experimental results 

for one of our shunted junctions of the geometry shown in Fig. 3a. Note 

that all the traces were made from a single such juncti~n; Sc was 

externally varied. 

Thus, a shunted 8-1-S thin film junction behaves as~a kind of 

generalized, tunable weak link that can be changed from one type of 

current-1f()ltage characteristic to another by adjusting the temperature, 

the magnetic field, or both, and can be readily used to simulate or 

replace other, less controllable and less predictable devices in many 

applications. 

I.' 
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of the dimensionless circuit par~eter8c' • 
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II. THEORY 

For any real weak link there are mechanisms of current flow in 

parallel with the Josephson supercurrent mechanism. The equivalent 
. . . 

lumped circ~it model studied by both McCuinb~r and Stewart is shown in 

Fig. 5a. The total current, I, is the sum of three .terms: the current 

through the capacitor, C dV/dt, where C is the capacitance; the current 

through the resistor, GV, where V is the voltage across the circuit and 

G is the conductance of the resistor; and the Josephson supercurrent, 

i sin 4>, where i is the critical current and cp is the difference in c . c . 

the phase of the superconducting wavefunction across the junction. 

That is: 

I = C dV + GV + i sincp. 
dt c 

In writing this equation, we have used only elementary circuit 

theory and the first Josephson equation (Eq. (la)). By using the second 

Josephson equation (Eq. (lb)), we can eliminate the voltage, thus ob-

taining the equation, 

I Ch d
2

CP + Gh .dtl\ + = ~ i sincp. 
2e dt2 2e dt c 

(4 ) 

This equation can be reduced to dimensionless form by dividing 

through by the critical current and substituting a dimensionless time 

T = (2e/h) (i /G)t. The resulting equation is 
c 

(5) 

'Co 

~, ' 
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Fig. 5. (a) The equi valent· lumped ci.rcuit mode~ of a weak. link studied 

by. both McCumber and Stewart;· it is the appropriate model for the type 

of externally shunted Josephson junction shown in Fig. 3a. 

Fig. 5. (b) The equivalent lumped circuit model for the type of externally 

shunted Josephson junction shoWn in Fig. 3b. 
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wh~re ~C is a dimensionless circuit parameter defined as 

(6 ) 

This equation can be solved for the time-averaged voltage, 
. fl rim rim 

( V .>t = - (Sb:.. > = i /G(~) asa function of the current, I The 2edt t c dT T ' . 

computer generated solutions for various values of BC are shown in 

Fig. 3.' 

The main difference between the solution for different values of 

Sc is in the amount of hysteresis in the I-V characteristic, that is, 

the range of current over which there is both a zero bias and a finite 

bias solution. Fol;Lowing McCumber, we can define a hysteresis parameter, ' 

a,as the ratio of the minimum current at finite voltage to the critical 

supercurrent. Thus a ranges from 1 in the case of no hysteresis (low BC) 

to 0 in the case of maximum hysteresis (high SC). Figure 6 shows 

McCumber's results from solving Eq. (5) for aas a function of SC' 

It is easy to understand physically why BC determines the amount 

of hysteresis (as measured by the hysteresis parameter a). First 

consideI\the limit of negligible capacitance C = ° in Eq. (4). 

Rearranging terms, we then obtain 

M. 2e (I" . th) =~,-~ s~n'l" dt uG c' 

We can easily see that for I > i and sin</>. > 0, </> is changing less 
c 

rapidly than it is for sin</> < 0. Since sin</> is thus positive longer 

than it is negative we have a non-zero time averaged supercurrent 
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Fig. 6. McCumber's theoretical results for the hysteresis parameter, ex, 

as a function of the circuit para.meter, SC. 
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< i c sin<p ~. Hence, in the limite TO, there are time averaged super

currents flowing in addi.tion to ohmic currents at non-zero voltage. In 

fact, as the total current I approaches i from above the time averaged 
c 

supercurrent< ic sin<p ~ approaches i . 
c 

We can derive this by considering 

the quali tati ve behavior of <p as a function of time. Equation (7) 

shows that for"¢ near 90° ¢ ~ (2e/flG) (I-i). Thus in the limit (I -i ) .... 0, 
c c 

<p changes very slowly near 90°. On the other hand as <p does eventually 

evolve past 90°, it begins to change more rapidly since (r -i sin<p) is 
c . 

no longer nearly zero. From Eq. (7), we can see that for values of <p 

such that sin<p is negative~ ¢~~ic in the limit.(I-i c ) .... O. Thus <f> 

goes throllgh the entire range in which sin<p is negative in a characteris-

tic time on the order of hG/2ei. Hence as (I -i ) approaches zero . c c 

the eVolution of <p becomes very non-linear; </> spends more and more time 

near 90° where ¢ is vanishingly small, but it goes rapidly through the 

rest of its range in a characteristic time on the order of flG/2ei . 
c 

Hence, < icsin<p~ .... icas (I ~ic) .... O. The resultant. I-V curve is 

shown in Fig. 3a labeled by Be = 0 (recall e = 0 ~ Be = 0 since 

Be :: 2fle ic e/G2 ). Note that there is no hysteresis in this curve since 

the time averaged supercurrent approaches i in the limit of low voltage. 
c 

As Be increases, the amount of hysteresis increases because the 

time averaged supercurrent flowing at non-zero voltage is not as great. 

To see why this is so, note that Be is the ratio of the capacitive 

discharge time, e/G, to hG/2ei , which was the characteristic time 
c 

given above for the rapid oscillations of sin<p through negative values 

in the limite = 0." From the Josephson frequency-voltage relation 

(Eq. (lb)), we can see that these rapid oscillations of sin</> correspond 
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to short voltage pulses (d¢/dt 0: V is momentarily large). As the 

capac! tive discharge time increases, the voltage can no longer change this 

rapidly. Thus as Be increases the capacitance smooths out the voltage 

variations resulting in a. more steady d¢/ dt. A more steady dCP/ dt 

results in a smaller time averaged supercurrent.The resultant I-V 

curves, with less time averaged supercurrent at non-zero voltage are 

also shown in Fig. 2. Note that in the limit of Be =00 there is no 

time averaged supercurrent at non-zero voltage,there is only the ohmic 

current, and the hysteresis is complete. 

Thus,'ile can see that there is rio hysteresis, ex = 1, in .the limit 

of small Be and that the hysteresis increases with increasing Be finally 

becoming complete, ex = 0, in the limit of large Be' A more detailed 

physical understanding can be obtained by studying the behavior of 

the mechanical analogue discussed in Appendix 1. 

A difficulty in applying this theory to unshunted 8-1-8 thin-film 

tunneling junctions is that the effective distributed conductance is 

due to quasiparticle tunneling which is strongly voltage dependent. 

This consideration implies that the voltage-indeI'endent conductance of 

the theory, G, must be replaced by a voltage-dependent ,conductance 

G(v).ll For our shunted junctions, however, this is nota problem 

since the shunt conductance, which is independent of voltage, is much 

larger than the quasiparticle tunneling conductance. Hence, the total 

conductance, is very nearly independent of voltage ,as required by the 

theory. 

In addition to junctions with the equivalent circuit 5(a) we 

also experimentally studied junctionswlth theequi valent circuit 5 (b) . 

" I 

. , 
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For shunted junctions of the geometry- shoWn in Fig. 3(b), the induc-

tance, L, of equivalent circuit 5 (b) is the inductance in the loop 

formed by the shunt and junction leads. For this equivalent circuit 

the second order non-linear differential equation discussed above 

(Eq. (5)) .. must be replaced by a third order non-linear differential 

equation. The equation for the total current I (Eq. (3)) is replaced 

by: 

I = i . + C dV + i sin~ (8) 
GL dt c 

where iGL is the current through the resistor and inductor. In addition, 

bys~ng the voltages across the inductor and resistor and setting 

them equal to V, we obtain: 

diGL -1 
V = L --;tt + iGL G . 

Substituting Eq. (8) into Eq. (9) ,eliminating the voltage with 

Eq. (Ib), and using the same dimensionless time, T :: {2e/h)(i/G)t, as before, 

we obtain: 

where 

as before, 

I 
T""= 

c 

and 

Sc -

SL -

(10) 

2e C 
(lla) -i 

G
2 h c 

2e 
L. (lIb) -i 

h c 
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This is then the third order,non-li.near differential equation that must 

be solved to explain theoretically the experimental results obtained 

with shunted junctions of the geometry shoWn in Fig. 5b! 

We nOw have not attempted to solve this equation with a digital 

computer. We are, however, presently studying the, qualitative nature 

of the solutions with the mechanical analogue discussed in Appendix 1. 

One interesting experimental result that we are attempting to 

understand theoretically is that the amount of hysteresis, as measured 

by the hysteresis parameter a, plotted vs Be = 2: ic~; follows 

exactly the same curve as for junctions, in which the inductance is not 

present. The only change is that the junction capacitance, C, must be 

replaced by a fitting capacitance, C', which is smaller than C. 

What is perhaps an important clue to the cause of this behavior 

can be obtained by considering the complex impedances seen by the 

jUnctions in the two equivalent circuits. First let us consider the 

complex impedance ,seen by the junction in the circ1,l.it of Fig. 5(a). 

Since it is fed by a current source; which is driven with essentially 

infinite impedance,we need only consider the contributions from the 

circuit elements shown in Fig. 5(a), which will have the form 

For the circuit shown in Fig. 5 (b) ,this impedance becomes 

'. 

.-~ 

, 
" 
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It can be seen that for low frequencies, W <~ I/GL,Eq. (13) has the 

2 
same form as Eq. (12)with C replaced byC -G L. 

Thus; if the frequency of the Josephson current oscillations 

becomes small compared with l/GL, we can recover the complex impedance 

studied by McCumber and Stewart. Since ex. is determined in the limit of 

small time averaged voltage, (V ~ -+ 0, and since the Josephson equations 

,show that the fundamental frequency of the Josephson current oscillations 

is proportional to (V ~, we might at first suppose that this shows' why 

(l has the same dependence on Sc :: (2e/h) i c'/ei as, for the case of L :; O. 
. c 

We would identify the fitting capacitance; C', withC'-G2L, which is 

consistent with the experimental observation that C' < C for L =1= O. 

Unfortunately, as revealed by the mechanical analogue and,in 

discussions with T. A. Fulton, the Josephson current oscillations become 

non-sinusoidal as their fundamental frequency approaches zero in the 

liJllit (V ~ -+ O. In general the cur:r:ent oscillation!;> contain frequency 

components up to the Josephson plasma frequency w :: [(2e/fl)( i Ic )]1/2. 
P c 

Hence, in order for the complex impedance ofEq. 13 to reduce to the 

form studied theoretically by McCumber and Stewar.t, we need not only 

the fundamental frequency, 2e/h (V~, but also the Josephson plasma 

frequency, W , to be small relative to l/GL. 
'p 

If both these conditions are met, as they are for a junction in 

which Wp < 'I!GL in the limit (V ~ -+ 0, then our previous argument holds. 

In that case, the McCumber-Stewart results for (l as a function of Sc 

should still hold, with the identification, noted above, of the fitting 

capaci tance, C', with the zero-frequency effective capacitance C _G
2

L 

and an 'effective Sc given by 
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2e . 
::;'-l 

h c 
(14) 

However, the puzzling feature of the data is .that even when the 

condition w < l/GL is not met, the hysteresis parameter a, plotted 
p 

vs aC still follows the same curve. Furthermore, the fitting capacitance, 

C 'd' t d . dl C G2L f .' . G2L , oes no ecre,ase as rapl y as - or lncreaslng . In par-

ticular, for one junction in which G2L was very large because of large 

, G, the fitting capacitance C' was about .3C even though a crude estimate 

2 ' 
gave G L ~ 8c. We hope to be able to understand this behavior with the 

aid of the mechanical model, discussed in Appendix 1. 

The final useful generalization of the theory is the consideration 

of the effect of a magnetic field in the plane of the junction. In this 
, ' , 

case 'the' difference, in superconducting phase across the junction, ¢, is 

no longer a constant but varies spatially across the junction. However, 

this generali zation proves trivial since Eq. (4) contains no spatial 

dependence, only differentiation with respect to time. Consequently, 
/ 

if we use Eq. (4) as a local equation for the current dens i ty, j (x), as 

a function of the local ,difference in superconducting phase', ¢(x), across 

the junction, we can formally integrate over the area of the junction 

and then interchange this spatial integration with the time differentia-

tions. For the case of experimental interest in which the magnetic field, 

H, is applied parallel to one side of the oxide barrier, the resultant 

equation is, 

hG dt+."hCd2t+." 
I = - ~ + - ~ + i' sin¢ 

2e dt 2e dt2 c 0 
(15 ) 

. ~- i 

, , 
i 

'. 
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where cp is the average difference in superconducting phase across 
o 

the junction and 

i' = i 
c c 

sinC~·H) 

C2edW ·H) 
. hC 

where W is the width of the oxide barrier and d ,; 2>" + t, where A is 

the effective penetration depth and t is the insulator thickness.12 

Thus, in the presence of a magnetic field the resultant equation for 

the current has exactly the same form as Eq. (4) with the difference 

in superconducting phase across the junction, cp, replaced by the average 

difference in superconducting pha.se across the junction, cp , and the 
. 0 

criticalcurrent,i , replaced by the reduced critical current if. 
c c 

Consequently, the shape of the current voltage characteristics depend 

on the magnetic field only through the. effect of reducing the critical 

current. 
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III. EXPERIMENTALMETHODS 

A. Sample Preparation 

The shunted Sn-SnO-Sn junctions used in our experiments were 

prepared by vacuum deposition of thin metallic strips onto microscope 

cover glass substrates 1.3 x 10-2 cm thick~ The widths of the strip 

electrodes being deposited were delineated by thin alUminum masks 

located directly below the substrates. Evaporation pressures were in 

the range (2-50) x 10-7 Torr and evaporation rates were in the ranges 

5-10 A/sec. There was no observable correlation between final junction 

quali ty and evaporation pressures or rates. All evaporation were 

performed at room temperature in anion-pumped high vacuum system. 

For the samples shown in Fig. 3a, an 0.18 mm wide .Sn strip 3,000 A 

thick was deposited first and then oxidized in pure oxygen at a pressure 

of approximately 1/3 atm. The oxidation time was varied from 12 - 36 

hours and the oxidation temperature was controlled with heat lamps. 

Following oxidation of the bottom electrode, three 0.18 mm wide Sn 

cross strip top electrodes were deposited in a perpendicular direction 

so as to form three 8-1-8 thin film tunnel junctions on the same sub-

strate. Then a small Ag rectangle was evaporated directly on top of 

the outer two junctions. These Ag rectangles completely covered the 

junctions and extended slightly beyond them (- .lrnm) on either side 

to form Ag-8nO-8n quasiparticle tunneling junctions which added to the 

shunt resistance. Because the shunting was thro.ugh quasiparticle 

junctions,. data for comparison with the theory could be taken only at 

temperatures near enought to Tc so that the quasiparticle conduct~ce 

was linear over the range of voltage bias studied. For device 

, I 
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applications, this limitation does not apply .. 

For the samples shoWn in Fig.3b, the Ag strips were deposited 

before the Sn. Since the Ag does not readily oxidize, no Ag-AgO-Sn 

tunnel junctions are formed and we have a purely ohmic shunt. The Ag 

strips were usually - 1.5 mm wide and 500 - 1000 A thick. Although 

the finite inductance (~10-10 H) of these shunts complicates the 

comparison with theory, they are much easier to work with experimentally, 

and their behavior can be predicted by using an effective 13' of 
C 

the form previously discussed. The shunt conductance could be easily 

changed after the junction was completed by either scraping away part 

of the silver strip or by adding to it wi th silver paint. Furthermore, 

since the shunt conductance was due entirely to the ohmic silver strip, 

the conductance was linear wi th voltage at all temperatures; there :was 

no need to work only near Tc to obtain theoretical comparisons as there 

was fo.!' the samples mentioned above. 

In general, for junctions with an area 0.18 x 0.18 mm
2 , a 12-hour 

oxida.tion at 300K would produce Sn-SnO-Sn junctions with 4.2K normal 

state resistances in the milliohm range, while a 24-hour oxidation 

using two heat lamps (standard 250 W infrared flood lights, approximately 

3 ft. from the oxidationbelljar) would produce resistances in the range 

2 - 10 n. 
In addition to these shunted junctions, two ultra high resistance 

unshunted Sn-SnO-Sn junctions were produced for capacitance measurements. 

These junctions were oxidized for over one month with two heat lamps 

approximately 3ft. from the oxidationbelljar. They had resistances 

of 1,000 n and 1,900 n. Attempts to produce high resistance junctions 
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using higher temperatures for shorter ti,mes or glow discharge oxidation 

produced shorted junctions. 

Following completion of the sample, it was installed in the sample 

holder and electrical leads were attached with silver paint. In general, 

the samples were installed and cooled down to liquid'nitrogen tempera-

ture within 30 - 60 minutes after completion of the final deposition. 

B. Cryogenics 

The'sample holder was inserted into a standard 5 Ii terglassliquid 

4 He dewar. The temperature was varied between 4.2K and'l.2K by pumping 

on the He 4 bath with a large mechani cal pump (~ 105 liter/sec) thllOUgh 

a network of vacuum valves that permitted a variable pumping rate. The 

temperature was measured with a germanium resistance thermometer that 

had been previously calibrated against the He 4 vapor pressure using 

4 
the T58 He scale. 

C. Electronics 

The tunnel junction I-V characteristics were, displayed on anx-y 

oscilloscope by sweeping the junction with a constant current sawtooth 

$uppliedby a signal generator in series with a large resistor (> 1000 

times the sample resistance). A typical frequency of the current sweep 

was 200 Hz. The voltage across the sample was first amplified by a 

low-noise floating differential amplifier and then applied to the 

oscilloscope's x axis. The voltage across a 100 ~ resistor in series 

with the constant current supply was applied to the oscilloscope's y 

axis. The resultant I-V traces were photographed with an oscilloscope 

camera and the measurements performed later on these photographs. 
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D. Measurements 

The two quanti tati ve predictions of the theory are the dependence 

of they hysteresis, as measured by the hysteresis parameter a, on the 

circuit parameter I3C and the shape of the I-V curves. The shape of 

the I-V curves could be measured directly from the photographs or, 

alternately., from x-y chart recordings made with slower current sweeps 

(- 0.1 Hz). Another primary interest was in verifying the a vs BC curve. 

We variedBC by 

o 2e.C ) 
PC= 11 ~c "2 . 
'. G 

changing i with magnetic field or temperature (recall 
c 

For each value of i , a photograph was taken. From 
c 

these photographs, we could measure i
c

' G, and a.A fitting capacitance, 

CI, was determined by fitting 'one point (usually the point of largesti
c

) 

on the BC vs a curve .. Then, using this value of capacitance, we could 

evaiuate I3C from ic for all of -the other photographs and plot BC vs a 

as a series of points, each point corresponding to one photograph. The 

effect of varying CI is to move all the experimental points uniformly 

up or down sinceB
C 

is plotted on a log axis (see Fig. 7, 8, and 9). 

Thus, data from each sample were fitted to the theoretical curve with 

the single a.djustable parameter, C I .' This fitting capacitance could 

be compared to our estimates of the actual junction capacitance C,' as 

determined in experimental section IVB. For the low inductance shunted 

junctions shown in Fig. 3a we expect and find good agreement. 



-30-

IV~ EXPERIMENTAL RESULTS 

A. Comparison with Theory 

The Josephson junctions of Fig. 3a are shunted by the Sn-Insulator-

Ag quasiparticle tunneling junctions formed by the overlap of the Ag 

rectangle and the bottom Sn electrode. Because the shunting was 

through quasiparticle junctions, data could be taken only at temperatures 

near enough to T so that the quasiparticle conductance was linear over c ' . 

the range of voltage bias studied. At lower temperatures the quasi-

particle conductance was non-linear and the voltage-independent 

conductance, G, of the simple theory. must be replaced by a voltage 

dependent. conductance G(V). Experimentally, temperatures greater 

than or equal to 3.3K gave a linear conductance to within a few 

percent from Oto 100 ~V. 

Figure 4 shows some experimental I-V characteristics obtained 

from a. junction of this geometry. They are in good agreement with the 

theoretical results shown in Fig. 2. Figure 7 shows a BC vs a plot; 

the solid line is the theory (Fig. 6). As described in Section IIID, 

the capacitance was used as a fitting parameter. This fitting 

capaci tance cannot, however, be equated to the Josephson junction 

capacitance alone because of the additional contributions from the 

Sn-Insulator-Ag junctions used for shunting. We cart, however, note 

that the fitting capaci tance is indeed larger, - 800 pf, than the 

Josephson junction capaCitance alone, 500-600 pf, (see Section IVB). 

Thus the fact that the shunting was by means of quasiparticle 

tunneling junctions complicated the experiment in several ways. If, 

however, the quasiparticle junctions were eliminated by evaporating 

, , 
i 
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Fig. 7. Experimental results for the hysteresis parameter, Cl, as a 

function of the circuit parameter Sc. The circuit parameter was varied 

by changing the magnetic field from 0 G for the uppermost J)ointto on the 

order of 1 G for the lowest point. 
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the silver rectangle under the Joe;ephson junction then S-N-S junctions, 

with critical currents comparable to the Josephson junction's critical 

current, were formed directly at either side of the Josephson junction. 

These S-N .. S junctions eliminated the possibility of any quanti tati ve 

measurements in the same way as microshorts,to be discussed in a" 

later section. 

The shunted junctions of the geometry shown in Fig. 3b were more 

convenient to work with because the shunting was by means of ohmic Ag 

strips rather than quasiparticle tunneling junctions. The equivalent 

lumped circuit for these junctions is shown in Fig. 5b. The inductance, 

L, of the equivalent circuit is the inductance of the loop formed by 

the silver strip and the junction leads. 

Figure 8 show's some experimental I-V characteristics obtained,from 

a junction of this geometry. , The non-zero voltage behavior of these 
• .' .' I 

junctions is indeed different from that predicted theoretic8.l1y and' 

found experimentally for the shunted junctions discussed above. in 

which L 2:! O. Though the detailed behavior varied somewhat from sample 

to sample as G2L varied, the general behavior can be characterized as 

more nearly ohmic than in the L= 0 case. This effect can be understood 

qualitatively by using Eqs. (12) and (13) together with Fig. 2. From 

Eqs. (12) and (13), it can be seen that the frequency dependent parameter 

for these junctions that is analogous to I3 C for the junctions discussed 

above is 

= 2e i (C~ 
h c 2 l+(wGL) 

(lo+:(WGL)2)2 

G2 
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Fig. 8. 'Experimental results for the voltage vs current of an externally 

shunted Josephson jUnction of the geometry shown in Fig. 3b as a func

tion of the dimensionless circuit parameter BC. 
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Fig. 9. Experimental results for the hysteresis parameter, a, as a 
I 

f'uilction of the circuit parameter Sc. The circuit parameter was ifaried 

by changing the temperature from 1.12K for the uppermost point to within 

a few mK of the transition temperature, 3.7K, for the lowest point. 

The solid curve is the theoretical prediction (Fig. 6). 

..;, 
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Fig. 10. Experimental results for the hysteresis parameter, <1, as a func-
. I 

tion of the circui tpar,ameter Sc. The circuit parameter was varied by 

changing .the temperature from l.l2K to 3.6K. 

. , 
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Fig. 11. Experimental results for the hysteresis parame~er, a, as a 
. . ., 

function of the circuit parameter SC~· This is the same junction as in 

Fig. 10 with its shunt conductance reduced. The circuit parameter was 

varied both with temperature (1.12K ~ 3.7K)and with magnetic field 

(0-+-1 G). 
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Note that 13 (w) is a monotonically increasing function of w. As the C' , , 

time averaged voltage across the junction increases, the frequency of 

the ac Josephson current increases. Consequently; the junction sees a 

higher effective Be at non,,"zerb voltage'than at zero voltage, which , 

m8.kes the non-zero voltage part of the I-V trace more nearly ohmic. 

This can be seen immediately by comparing the limit of large effective 

capacitance BC -+ 00, where the finite voltage pa:rtof the current-voltage 

trace is ohmic all the way to the origin; with the limit of small ef-

fecti ve capacitance BC -+ 0, where the fini te voltage part of the current ... 

voltage trace shows maximum deviation from ohmic (see Fig. 2a, b). 

The surprising experimental results for these Junctions are the 

13 , = 2e. C'/'G2 
C - h ~ C VB ex curves. Figures 9, 10, and 11 show the experimen-

tal results as points; the solid line is the theory for L = O. The only 

effect of the loop inductance is ,to lower the fitting capacitance C' 

from the true capacitance, C. In particular, the values offi tting 

capacitance for these figures were '240 pF, 110pF, and 140pF respectively; 

the true capacitance (see experimental section IVB) is approximately 

500 - 600 pF for these junctions. 

Another way of minimizing loop inductance is to evaporate a 

superconducting ground plane over theehtire sample, separated from it 

by a thin insulating layer. But, for applications in which the detailed 

shape of the non-zero voltage part of the I-V characteristic is not 

important, the geometry shown in Fig. 3b has two significant advantages 

over both ,lower loop inductance geometri~s. First, the lower effective 

capacitance is useful for applications requiring a high critical current 

with no hysteresis in the current-~oltage characteristic (a = l),since 
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for a given G, the necessary low value of Be can be obtained at larger 

critical current i. These larger critical currents are often useful 
c 

in practical applications since they can be measured with greater 

precision. A second advantage is that the shunt conductance can be 

easily varied after the sample is completed; it can be lowered by 

scraping away part of the silver film, or it can be increased by adding 

silver paint. This capability is very desirable since it allows the 

experimenter to fix the value of Be that corresponds to the junction's 

maximum critical current (i at the lowest attainable temperature in 
c 

zero magnetic field) at any value convenient for his experiment. In 

fact, we made extensive use of this ability in our experiments. In 

parti cular, after all data were taken with a given shunt, and if the 

sample was still good, it was warmed to room temperature rapidly by. 

heating it with a heat lamp. The shunt resistanCE? was then changed to 

whatever new value was desired (as described above), and the sample 

recooled. 

For example, one sample, 113A, was raised to room temperature to 

have its'shunt conductance changed five times with no noticeable decrease 

in sample' quality (as measured by its magnetic field diffraction 

pattern). Between experimental runs it was stored at liquid nitrogen 

temperature in He gas. Figures 10, 11, and 12 show the experimental 

results for three different shunt conductances, 6.85 mho, 3.67 mho, and 

1.67 mho respectively. In addition, for one experimental run the shunt 

was completely scraped away. The resultant unshunted junction had 

excellent 8-1-8 superconducting tunnel junction characteristics; the 

. excess conductance below the superconducting energy gap 2~ was less 
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thail 1/2 of 1% of the normal state quasiparticle cond1.lctance. 

B.. JundtionCapacitance 

From the Fiske mode positions in our junctions~13 we could get a 

crude estimate of the true junction capacitance by assuming that the 

penetration depth in the junction, A, was approximately equal to the 

. A 14 bulk value 510. The observed Fiske mode position of 115 ± 5 ].lV 

gi ves a capacitance estimate of' 615 ± 50 pF.. We could get a better 

estimate from the two high resistance junctions mentioned earlier; 

their capacitance could be measured directly by using a capacitance 

bridge since for these high resistance junctions the dynamic resistance 

for voltages below 1 mV was as high as 2 ±105 ~, giving a resistive 

conductance of 5 x 10-6 mho. If we operated the capacitance bridge at 

a frequency of 5000 Hz, the capacitive conductance, C, was approximately 

1.2 x 10-5 mho, on the order of the resistive conductance, and could 

thus be measured by the capacitance bridge. The measured value of 

capacitance for this junction was approximately 400 pF. For smaller 

resistance junctions, such as those used in our Sc vs (l measurements, 

the capacitive conductance was negligible relative to the resistive 

conductance; consequently, the capacitance could not be measured 

directly. 

Furthermore, because of the high junction resistance, we were 

able to plot current-voltage curves out to over one volt in bias. From 

these curves we could estimate the barrier height from Fowler-Nordheim 

plots. 15 These estimates were still somewhat crude since even voltages 

over one volt are not high enough to get into the true Fowler~Nordheim 

region, but we could determine that the barrier height, 4>, was greater 
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than .5 eVand less than .8 eV by us.ing the value of barrier thickness 

~, obtained from the standard formula for the capacitance, C, of two 

parallel plates of area, A, separated.by an insulating layer of thick-

ness, ~, and dielectric constant, E, 

EA 
C = T' (MKS) (18 ) 

16 4 -8 2 with 4 < E/EO < 5, A = 3.2 x 10' m, and C = 400 pF. We could 

then extrapolate the capacitance for these high resistance junctions 

down to that for the lower resistance junctions used in our research. 

This was done us ing Eq. (16) together with the approximate theoreti cal 

result for the resistance, R, of an S-I-S tunneling junction as a 

function of the barrier height, CP, and. thickness ~ of the insulating 

layer, 

2(2mcp)1/2 
R a: exp(' h ~) . 

With ranges of 4 < E/E < 5 and .5 eV < cP < .8 eV, the extreme o 

values of capacitance, extrapolated from the measured value of 400 pF 

at 2,000 n, were 508 pF <C < 602 pF for a 2n junction. Combining this 

with the uncertainty in the measurement of the 400 pF we obtain the 

final result that the capacitance of the tunneling junctions used in 

our research was 555 ± 90 pF, which is consistent with the Fiske mode 

estimate of 615 ± 50 pF. In addition, this Fiske mode estimate is 

based on the assumption that penetration depth in the junction is the 

bulk value; an assumption of a larger penetration depth would lower 
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resistance,r = 6.5 . . n 

.R, e: Ie: = 5.2 ± lAo 
o 
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for a junction with a. speci fic normal state 

-8 2 x 10 SG-m ,we find an experimental value of 

.. 

.' 



-45-

V. CURRENT NOISE, MICROSHORTS, AND FISKE MODES 

As with any device of this type, we must carefully take into account 

the effects of current noise, microshorts, and Fiske modes.. Forjunc-

tions in which any of these is significant, the qualitative behavior 

remains the same (a increases as Bc is decreased), but the quantitative 

agreement with McCumber's theory is degraded, in some cases substantially 

so. 

A. Current Noise 

For currents, I, in the range ai < I < i there are two voltage 
c c 

solutions, one at finite voltage and one at zero voltage (Figs. 2 and 

4) • Experimentally, we found that near ai the zero voltage solution 
c 

was more stable and that near i the finite voltage solution was mOre 
c 

stable. For example, if a shunted junction was biased at a constant 

current near i , noise spikes would cause 'trans! tions . from the zero vol
e 

tage solution to the finite voltage solution but never back again. 

Our measurements of a vs BC depend on measurements of i and ai. c c 

from oscilloscope photographs of voltage as a function of bias current. 

That is, the measured value of i is the bias current at which the jump 
c. 

to finite voltage from zero voltage occurs and the measured value of 

aic is the bias current at which the. reverse jump occurs. If we assume 

that the total current through the junction consists of the sum of the 

bias current plus a small rapidly varying noise current, the observa~ 

tions on the relative stability of the zero voltage and finite voltage 

solutions at various currents leads to a simple prediction: the 

measured value of i will be too low arid the measured value of ai 
c c 

will be too high. That is, the total current will momentarily exceed 
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i before the bias current reaches it because of the rapidly varying 
c 

noise current. For a total current greater than. i , the only stable 
c 

solution is the finite voltage one, and a transition will be made. Once 

at the finite voltage solution the shunted junction will not make the 

transition back to the zero voltage solution.even though the total 

current drops below i (as the noise current fluctuates) because the . c 

finite voltage solution is more stable near i . Similarly, as the bias c 

current is being decreased the transition back to the zero voltage 

solution will occur slightly before ai . 
c 

Let us define oi as the difference between the actual value of 
c 

i and the measured value from the oscilloscope photograph and 6(ai ) c . c 

as the difference between the actual value of ai and the measured 
c 

value. (Oi and 0 (ai ) will both be on the order of one-half the peak-
c c 

to-peak noise current). The simplest assumption is that oi = 6(ai ) = . c c 

oi and that they are independent of the magni tude of i c for a given 

sample at a given time. Then the measured value of the hysteresis 

parameter, defin~d as a(ms) will be: 

(20) 

Since Sc is proportional to ic' we will have a. measured value, defined 

as l3~ms) of 

(i -oil 
c 

i 
c 

(21) . 
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For a shunted junction with effective capacitance C and shunt 

conductance G we .can plot these theoretical predictions for vari~us 

values. of current noise by eliminating i from the above equatioris using 
. c 

the definition of SC' Then the equations become: 

(ms) a + oi'/8c 
a· = 

-oi'/8c 1 (20') 

8(ms) 8c(1 ai' ) , = Bc 

in which ai' is a normalized current noise defined as: 

ai' - (22) 

We may now compare the theoretiqal predictions of this simple model 

to experimental results. The left graph of Fig. 12 showsa·theoretical 
~ ,'-

pJ.ot of a (ms) vs 8~ins) for various arbitrary values of current noise, 

ai, made using Eqs. (20'), (21'), and (22). First, for" each vaiue of" 

current noise, the effective current noise, oi', was computed using 

Eq.(22) and the value OfC/G2 for the sample shown in the right ,graph 

of Fig. 12. Then, the plot of (ms) 8 (ms) made for 'each value a vs was C 

of effective current noise by using Eqs. (20') and (21') together with 

the theoretical curve of a vs I3c (Fig. 6). 

The right graph of Fig. 12 shows the experimental resUlts for the 

effects of various naturally occurring and induced levels of current 

noise." Note that the naturally occurring level of. current noise is 

lower at night than during the day (our la.boratory is directly over the 
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Fig. 12,. The left graph shows the" theoretical results of Egs. (11'), 

(12'), and (13) for the effect of current noise on the measured ex vs Be 
curve. The right graph shows the experimental results for the effect 

of various natural and artificially-induced levels of current noise. The 

junction is the same as in Figs. 8 and 9 with ttsshunt conductance 

further reduced. The circuit parameter was varied with magnetic field 

(O+lG). 
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main machine shop for the Physics Department). In addition to observing 

the effects of various naturally occurring levels of current noise, we 

observed the effect of an artificially induced, larger current noise by 

applying a 4 GHz microwave signal to the sample in a rectangular cavity 

operating in the TEIOI mode. For example, one of the curves in this 

. -8 
figure shows the effect of applying 6 x 10 W of microwave power. 

To reduce these effects, one must reduce the effective noise 

current given by Eq. (22). This can be done either by reducing the 

actual noise current through more careful shielding or, more simply, 

by increasing the shunt. conductance, G. For example, Figs. 10 and 11 

show the same sample as in Fig. 12 for higher values of shunt conductance 

but the same actual value of current noise oi. The physical basis of 

this effect is simple: for larger shunt conductances more of the n9ise 

current flows through the shunt and less through the junction. This 

may well have important applications for devices in which current noise 

presently limits the resolution. 

B. Microshorts 

A microshort can be readily detected by plotting a Josephson 

junction's critical current, i vs magnetic field and examining the 
c 

resulting diffraction pattern. Several diffraction patterns for our 

junctions. are shown in Figs. 13 and 14; they havewell~defined zeros 

at all the minima. For junctions with diffraction patterns that do 

not have such well-defined zeros, microshortsare suspected which will 

distort the measured (X vs Be curve. A simple model for predicting 

the effect of a microshort on a measured (Xvs Be curve assumes that a 

microshort of critical current ii has a current voltage characteristic c 
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similar to that of a microbridge; that is ,like the Se = 0 curve of 

Fig. 28" b. Assuming that the total current flowing at any bias through 

the shunted junction with a microshort is simply equal to the sum of 

the current through an ideal shunted junction plus the current through 

the microshort, we can immediately write: 

(ms) ai +i' 
c c a = i +i' (23) 
c 

S(ms) 
i +i' 

Se 
c c = e i 

(24 ) 
c 

Thus, the effect of a microshort is to increase the measured values 

of both a and Se from what they would be for the same junction without 

themicroshort. Hence, the effect on thea vS.(3e curve is to move the 

(",ms, ames) measured points, ~ p above the values for the unshorted junction, 

The larger the microshort's critical current, i', relative to . c 

i . the larger this shift will be. Furthermore,since the temperature 
c 

and magnetic field dependence of the critical current of a microshort 

is not the same as that of a 8-1-8 tunneling junction, when we vary 

(3e by varying the magnetic field or the temperature, the amount of the 

·shl.·ft of (",(ms) , S(ms)' ·11 d th d S ~ e Wl.· vary, an e measure a vs e curve 

will not only be shifted, it will also be distorted • 

. In-light of the above considerations, we carefully checked the 

cri tical current, i , vs magnetic field diffracti,on pattern of each 
c , 

sample before and after taking data. All data published in this report 

were obtained from samples for which there was zero current, to the 
. . 

resolution. of our apparatus (M Ii ~10"'3) at any of 'the minima (Figs. 13, 14). 
c c 

I 
, , 

J 

i 
! 
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C. Fiske Modes 

In some of our earlier junctions Fiske modes interfered with 

accurate measurement of the 0. vs BC curve. As mentioned in the section 

on current noise, for currents near ai the zero voltage solution is 
c 

more stable than the finite voltage solution. If this current o.i was 
c 

slightly less than the current at the top or bottom of a Fiske mode, we 

observed premature transitions to the zero voltage solution from the 

Fiske mode. 

It was possible, however, to construct samples in which these 

premature transitions never occurred by adjusting the sample's current-

voltage characteristic so that the currents corresponding to the first 

Fiske mode were much greater than the largest value of ai. Inthese 
c 

samples the Fiske modes were· in a current range for which the fini t.e· 

voltage ·'solution was stable. Consequently, no premature transitions to 

the zero voltage solution occurred. In fact, in some samples, the 

currents at the first and, consequently, at all higher order Fiske 

modes were higher than the critical current, i. Obviously, for these 
c 

samples, no transitions to a zero voltage solution from a Fiske mode 

could occur since there was no zero voltage solution at the corresponding 

currents. 

As mentioned in the section on junction capacitance, the first 

Fiske mode occurred at 115 ± 5 ~V in our samples. Consequently, the 

currents corresponding to the first Fiske mode were on the order of 

the shunt conductance, G, times 115 ~V. Assuming that we wished to 

start our a vs Bc plot at some fixed value of BC' the definition of BC 

shows that, for fixed capacitance, we needed to make i proportional to 
c 
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G2 . Consequently, the ratio of i to the currerits corresponding to . c 

the first. Fi ske mode was pr'Yf·ortional to G. Thus; by lwer1ng G and 

raising the junction's normal state resistance to lower i in such a way 
c 

that the ratio i /G2 stayed fixed, we could eliminate the problem of . c 

premature transitions caused by Fiske modes. 
.. . 

Even, however, for our early junctions in which Fiske modes were 

a problem, we were able to make accurate a vs BC measurements. These 

measurements were possible since the Fiske modes in all our junctions 

are very small or, more often, nonexistent in zero magnetic field. 

Consequently, BC could be varied with temperature in zero magnetic 

field, even though it could not be varied with magnetic field. For 

example, Fig. 9 shows our experimental results for a vs BC(T) for a 

junction in which the maximum value of ai was greater than current 
c 

corresponding ~o the third Fiske mode. As the critical current, i , 
.. c 

was decreased with temperature in zero magnetic field, ai decreased 
c 

smoothly through the currents corresponding to the third, second, and 

first Fiske modes respectively; the Fiske modes did not appear. 
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VI. SUMMARY 

By. analyzing the behavior of externally shunted ideal Josephson 

junctions, we have determined that the models of Stewart and McCumber, 

which analyze a generalized weak link as an idealized junction with 

distributed internal resistance and capacitance are a valid method for 

treating these devices. Thus the widely varying current-voltage 

characteristics of many of the weak-link Josephson devices in the 

literature may not only be analyzed in terms of such a model, but also 

simulated easily and reproducibly in the laboratory. 

The predictions of these theories for the hysteresis parameter, 

a, which measures the ratio of the minimum current intercept of the 

finite voltage characteristic with the current axis at zero voltage 

to the maximum critical current as a function of the dimensionless 

circuit parameter, BC = (2:)ic G; ,have been directly verified by 

measurements on such externally shunted junctions. 

We have also generalized the theory somewhat· to treat, experi-

mentally and theoretically, the case of a particular spatially 

varying phase difference, the case of a non-self-field-limi ted junction 

in a homogeneous magnetic field parallel to the surface. Our results 

reduce to those of McCumber and Stewart as the magnetic field goes to 

zero. 

In addition we have experimentally studied a more general lumped 

circuit, which includes an inductance, L. We have shown that the 

hysteresis parameter, a, appears to vary with Be =(~)ic(CI/G2) 

exactly as for the r.; = 0 case, with an effective capacitance C I that 

is smaller than the junction capacitance C. The differential equation 
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describing this more general lumped circuit is solvable in principle 

by numerical methods, but we have made no attempt to do sb here. We 

have, however, made qualitative arguments to explain the exPerimental 

results and are continuing to study the nature of the solutions with 

a mechanical analogue. 

In addition to providing experimental verification of the lumped 

circuit models of weak links, these externally shunted junctions are 

tunable in a ,predictable way simply by increasing Or decreasing the 

shunt conductance, or changing the temperature and/or magnetic field. 

For example, most device applications of weak links depend on the 

measurement of variations in their critical current. In the range of 

no hysteresis (a = 1) this can be simply done by biasing at a current 

just above the critical current and measuring the voltage variations 

6v = Rd 6 ic where Rd , which determines the sensitivity, is the dynamic 

resistance at the operating current. In an externally shunted junction, 

R
d

, and hence the sensitivity can be easily adjusted both before and 

after cryostat installation by any of the methods mentioned above. 

Due to their versatility, externally shunted Josephson junctions m~ 

well find applications in areas where other, less, controllable, less 

reliable, and non-adjustable weak links have been used,or in cases 

where the performance of a device must be altered in mid-experiment to 

provide optimum instrumental sensitivity. 

In short, what we have constructed and analyzed is a simple, 

reproducible, reliable, and theoretically well understood Josephson 

junction device with the desirable properties of adjustability both 

before and after cryostat installation. At present these serve as 
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models of, and simulators for, the behavior of many weak-link junctions; 

. they have the potential of replacing less versatile devices in applica;.. 

tions of the Josephson effect for sensi ti ve detection of voltage, 

current, and infrared radiation. 
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APPENDIX A 

Mechanical Analogue to an Adjustable Weak Link 

Figure 15 shows a mechani~al system composed of two aluminum 

disks joined by a torsion bar. The snaller disk passes through a 

region of high magnetic field supplied by a large permanent magnet. 

The larger disk has a pendulum bob of mass m fastened a distance ~ 

from itscenter.17 Adjacent to the larger disk is a thick disk, studded 

with permanent magnets, that is driven at high speed by a small dc 

motor with a variable speed control. 

The equation of motion for the larger disk is T = M8, torque 

equals moment of inertia times angular acceleration. The angle 8 is 

defined as the aqgle between the line joining the pendulum bob to the 

center of the disk and vertically downward. Positive 8 is defined such 

that the applied torque from the motorized eddy~current drive is 

posi ti ve. 

There are three contributions to the total torque, T. (1) There 

is an applied torque, T , from the motorized eddy-current drive. This 
a 

torque is dependent on the relative speed of' the motorized magnet 

studded disk and the large aluminum disk. We operate the model in the 

limit where the motor speed is so much greater than the large aluminum 

disk's speed that their relative speed is approximately constant, 

independent of' the large disk's speed. The result is a constant torque 

drive. (2) There is the torque f'rom the pendulum bob, -mgl sin8, where 

g is the acceleration due to gravity. (3) There is the torque from 

the torsion bar, T = T68, where T is the torsion constant and 681 is 
T 

the amount of twist, the difference in angle between the two aluminum 
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Fig. l5a~b. Two views of the mechanical analogue to an adjustable 

weak link. I 

~I 
I 

. "..;: 

::. 
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XBB- 72l-440 

Fig. l5a. The mechanical analogue to an externally shunted Josephson junction. 

Note the small dc motor that drives a ma gnet -studded, thick disk. This is a 

constant torque eddy current drive for the large, thin disk. 



-62-

XBB 721-439 

Fig. l5b. Another view of the mechanical analogue. Note the pair of pendulum 

bobs. By using various pairs with the same total weight, but different differences, 

we could change the effective pendulum mass m without changing the moment of 

inertia of the disk. 

.. 



-63-

disks. Thus the equation of motion for the large disk is 

T -mgt sine + T =Me. 
a T 

(AI) 

Neglecting the moment of inertia of the torsion bar, which is in 

fact very small, we can equate the torque, TT'= T~e, to the torque on 

the opposite end of the torsion bar. This torque is due to the eddy . 

current drag on the small disk from the large magnet. It is equal to 

-0 • (6 -~6) where 0 is the dra:-g coefficient and (6- ~e) is the angular 

speed of the small disk. Thus our second equation is: 

(A2) 

These two coupled equations completely describe the motion of 

the large disk. We can rewrite them in a form to facilitate comparison 

with electrical equations by rearranging terms and defining T '= _T : 
T T 

T = T' + Me + mg~ sine (Al' ) a T 

. 1 dTT l T' (A2 ,) e = ---+ 
Tdt o T' 

For comparison, recall the equations for the equiValent lumped 

circuit shown in Fig. 5b. Using the Josephson frequency-voltage rela-

tion (Eq. Ib), these equations(Eq. (8) and (9)) become: 

fie 
I = i GL + 2e <P + i c sin <P (A3) 
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(A4) 

Note the,exact analogy between the coupled equations (A3) and:, (A4) 

for the electrical system and the ?oupled equations CAl') and <A2 I) for 

the mechanical system. The mechanical analogues" to' the electrical 

parameters are listed in Table 1. 

Tomakei the mechanical system analogous to the simpler electrical 

circuit shown in Fig. 5a, we need only replace the torsion bar. with 

a rigid rod. That is, we replace the torsion bar wi th a rod for whi ch 

the torsion constant is so high ~hat (:eh~l, which is analogous to 

the inductance, L, is negligible. 

The primary reason that the mechanical analogue is so useful in 

understanding the bahavior of adjustable weak links is that it slows 

down the characteristic times of the motion enough that we can follow 

the motion in detail. For example, a characteristic period of the 

hG 
Josephson current osCillations is 2ei (see discussion in Section II). 

c 
Using typical values for Gand i this period 

c 
-12 is 10 sec. The analogous 

period for the mechanical system is m~~ (iee Table r), which is typically 

-1 ' I 10 sec. Furthermore, we are able to acq~ire better intuition about 

physical systems' composed of torsion bars, pendulums, etc. by direct 

observation than we can acquire fromtheiir complicated equations of 

motion. 

With a series of simple experiments we can readily measure all 

of the necessary mechanical parameters. 'For example, the, parameter 

D 
mentioned above, mg~ , can be obtained by first adjusting the speed of 

the motorized eddy current drive until it exactly equalsmgio This is 

'~I 

! 
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TABLE 1. 

Mechanical Analogues to Electrical Paraineters 

Electrical System 

C/> :: difference in phase of super-

conducting wave function across 

Josephson junction 

Ii d lll _ 
V = (--) ~ = Voltage ·2e· dt . 

i - maximum Josephson supercurrent 
c 

I - externally supplied current 

C capaci tance 

G - conductance 

-1 1 L - (inductance)-

Mechanical System 

e :: angle measured in direction of 

applied torque from vertically down-

ward to pendulum bob 

(:e)W ~here wis the angularfrequenpy ~~ 

mgl - maximum torque from pendulum 
bob 

T :: externally supplied torque 
a 

from eddy current drive 

(2lie)M where M is the moment, of inertia 

of the disk plus pendulum bob 

(~~)D where D is the damping coefficient 

of the eddy current damping (damping 

torque = D 8) 

(i.e)T where T is the torsion constant 

of the torsion bar (torqu~ = T ,M) 
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done by -adjusting the motor speed until the pendulum bob remains 

stationary at e = 90°. Then the pendulum bob is removed and theequilib-

rium rate of rotation from this torque is measured with a stop watch. 

If the measured time for one complete rotation 

27T 
mgR. = D - • 

tl 

D 
Hence the desired ratio mgR. ' is 

ist
l

, then we 
. t 

I 
equ?-l to 2TT 

have 

As another example, we can measure the time analogous to the 

• . M 
capaci ti ve di.scharge t1me, D' by the following experiment .Wi thout 

changing the applied torque frpm the previous experiment, we remove 

the damping magnet, turn the model so that the large disk is horizontal 

and re-attach the pendulum bob. Then we measure the time t2 for this 

torque, mgR" to move the disk through one complete rotation, starting 

from rest. Equating the torque in this experiment to the torque in the 

previous experiment we 
M t22 

27T 2M(27T) 
have D - - mgt = 

tl - t 2 
Hence the desired time, 

-D' is equal to -- . 
2tl 

2 

As ~ final example, we can measure the time analogous to the in

ducti ve discharge time, 12., by the following experiment. Insert the 
't 

desired torsion bar between the two disks and remove the pendulum bob. 

Using the same applied torque as in the previous two experiments measure 

the angular deflection, t.e, of the large disk with the small disk held 

stationary. Equating the torques in the first experiment and this one, 

27T 
we have D ~ = mg~ = 'tt.e. 
tIM) . I 

H th d · t . D. al ence, e eS1red ra 10, -, 1S equ to 't 

27T 

. Similarly, all the desired parameters of the mechanical system can 

be measured and. cross checked. For example, the product of the times 

measured in the two previous experiments is analogous to LC and can be 

checked by measuring the period of the oscillations of the large disk 

,. 

I 

.J 
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due to the torsion bar. 

Our first experiments on thee mechanical model were with a rigid rod 

joining the two aluminum disks. As discussed above, the analogous 

electrical circuit for this case is shown in Fig.5a; the analogous 

shunted junction is shown in Fig. 3a. 

Figure 16 shows experimental results for the rate of rotation vs 

applied torque. These results can be compared to the theoretical 

results of Fig. 2 and the experimental results of Fig. 4. 
2 Figure 17 shows experimental results for "8 " :: mgt • M'ID vs a, 

C 

a hysteresis parameter defined as the ratio of the minimum torque for 

which there is a rotating solution to the critical torque, mgt, in 

exact analogy to the definition of a for the electrical system. We 

varied m and used M' as a fitting parameter, again in exact analogy to 

our experimental method for shunted junctions .18 We could comp'are the 

fitting moment of inertia, M', to the moment of inertia, M, measured, 

using simple experiments such as discussed above. The ratio of M' to M 

was 1.1, which is within the experimental error of measurement of M. 

The solid line gives the theoretical results obtained by McCumber for 

the electrical system. 

It is much more satisfactory, of course, to actually see the 

mechanical model in operation than to read a written description of 

the motion. Nevertheless, some of the characteristics can be readily 

described. For example, in the limit of low "8c" .the moment of inertia 

is small enough relative to the damping that the total torque must be 

posi ti ve for all angles e in order to have a rotating solution; there 

is not enough moment of inertia to carry the pendulum bob through regions 
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analogous to one of the voltage vs current curves of Fig. 4. 
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Fig. 17. Experimental results for the "Se vs an characteristics of 

the mechanical analogue to the equivalent circuit shown in Fig. 5a. 

This curve. can be compared to ,Fig. 7, 9, 10, and 11. 
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of negative torque. Consequently, there is only. a rotating solution 

when the applied torque, T , exceeds the critical torque, mgt. 'Thus 
a 

there is no hysteresis in the "I vs V" curve; there is no rotating 

solution at torques below the critical torque, mgt. Furthermore the 

large "time~averaged supercurrents" for "I > i " are obvious. The 
- c 

pendulum pendulum bob spends most of the time in the region of minimum 

total torque centered around e = 90°. It passes rapidly through the 

region of negative sin~, since there the applied torque and the torque 

from the pendulum add. 

As' "Sc" increases the moment of inertia becomes great enough to 

carry the pendulum bob through regions of negative torque. Thus there 

is a rotating solution applied torques less than the critical torque; 

there is hysteresis in the "I vs V" curve. In the limit of very IB;rge 

"SC" there will be a rotating solution as long as the integrated torque 

from the eddy current drive plus pendulum bob is positive. The bob 

will travel most slowly near e =180°, the position in which it has 

recei ved· the maximum negative integrated torque. In the limit of low 

rotation rates we have the familiar situation of a pendulum barely 

making it over the top. At l1igher rotation rates the large moment of 

inertia causes the motion to be nearly uniform .. Thus there is never 

any time averaged supercurrent and hysteresis is complete. 

\We have begun experiments with various torsion bars. Figure 18 

shows an "I-V" trace for the mechanical model with a .026" torsion 

bar linking the two disks. Other than the torsion bar, the mechanical 

model is unchanged from the configuration used to plot Fig. 16. In 

comparing the two figures note that theju,mp to the non-rotating solution 
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occurs. from much higher rotation rates in the "L -:/= 0" curve (Fig. 18) 

than in the "L = O"curve (Fig. 16). This is in agreement with our 

results for shunted junctions; compare Fig. 8, obtained with L -:/= O,to 

Fig. 4, obtained with L ~ O. Furthermore, note that the CI. for "L -:/= 0" 

is gr€'ater than for "L·= 0." Thus the fitting moment of inertia, M', 

is smaller for "L -:/= 0" than "L = 0" since a largerCi. corresponds to a 

smaller "SC" :: mgR,M' 
D2 

Recall that for shunted junctions the fitting 

capacitance C', is smaller for L -:/= a than for L = a (Section IVA). 

We do .not, however, have very complete data for "L -:/= 0" as yet. 

This is due to a problem with the mechanical analogue. When an induc-

tance is introduced it puts several new characteristic frequencies into 

the problem (e.g. (LC)-1/2). In order for the mechanical model to be 

an accurate analogue to the shunted Josephson junction, the ratios of 

corresponding characteristic frequencies must be the same. The problem 

with our mechanical model, at present, is that the ratio of the 

characteristic frequency ILC to the characteristic f'r'eqUenCY~2:~c is 

not the same in the mechanical mo(l.el and the shunted junctions. In the 

mechanical model the ratio is on the order of 1; in the shunted junctions 

it is on the order of 100. We are, at present, working to correct this. 
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17. In fact, for some measurements we used a pair of pendulum bobs as 

shown in Fig. lSb. By using various pairs with the same total 

weight, but different differences, we Gould change the effective 

m without changing the moment of inertia of the disk. 

18. In making these measurements we used the pairs of weights discussed 

in Ref. 17 and shown in Fig. l5b. Thus we could change m while 

leaving M' unchanged. 
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