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A Mixing Time Bound for the Lazy Diaconis Shuffle

Abstract

We prove a theorem that reduces bounding the mixing time of a card shuffle to verifying a
condition that involves only triplets of cards, based on earlier work by Morris involving pairs of cards.
Then we use it to obtain a bound on the mixing time of the lazy version of a shuffle introduced by
Diaconis.

The Diaconis shuffle is a variation on the 15-puzzle. There are n? tiles arranged in an n x n
torus. Each step, a random tile and direction (North, South, East, West) are selected, and the
chosen tile’s row or column is cycled in the chosen direction. Diaconis conjectured that the mixing

time is O(n®logn). We prove a mixing time bound of O(n3log®n).
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CHAPTER 1

Introduction

The classic 15-puzzle has 15 tiles placed in a 4 x 4 grid, leaving one empty space. Tiles can be
slid around using the empty space: at each step, a transposition is performed between the empty
space and a tile adjacent to it. Starting with a jumbled arrangement, the objective is to move the

tiles so that they are in order, usually indicated by labeling the tiles or by having them depict an

image.
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FIGURE 1.1. A solved 15-puzzle.

In 1988, Diaconis in [3| introduced a variant of this puzzle in which the empty space is filled

with a tile and the grid is treated as a torus, so that a move is choosing a row or column and then

cyclically shifting it by one tile:

9

16

8

15

1
NO
SIIES

7

14

1011112

13

FIGURE 1.2. A possible move in the Diaconis shuffle in the 4 x 4 case.

For this variant implemented on an n x n grid, Diaconis noted that O(n®) moves are enough

to randomize a single square, and conjectured that O(n?logn) moves are enough to randomize the

entire puzzle.

We give the first detailed analysis of this shuffle, and show using techniques derived from those

featured in [6] that it takes O(n®log®n) moves to randomize the entire puzzle, which is a bound

within a poly log factor of Diaconis’s conjecture.
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CHAPTER 2
Mixing Time

We begin by reviewing the relevant subject matter, including some parts of [6].
Consider a Markov chain on a finite state space X. For probability measures p and v on X, the

total variation distance

(2.1) i = Vlpy 2= max [1(4) = v(A)

and it also satisfies
1 1
(22) =y = 5 3 ) vl = 5 lln— vl
reX

that is, the total variation distance between p and v is half the £! distance between y and v.
Let x and y be elements of X', and let p™(z, y) denote the n-step transition probabilities. Suppose
the stationary distribution of the Markov chain is w. Then the mizing time for this Markov chain is

defined as
. 1
(2.3) Tinix = min {n ™ () = wllpy < 1 for all x € X} ,

This mixing time is what we will consider to be the number of moves required to randomize the

puzzle.



CHAPTER 3

Entropy

Let V be a finite state space. For a probability distribution a = {a(z) : € V'} on V, define the
(relative) entropy of a as ENT(a) = Y .y a(x)log(|V]a(x)), where we treat 0log0 = 0.

We clarify that ENT(a) is the relative entropy of a with respect to the uniform distribution U;
recall from Section 2.3 of [2] that, more generally, given probability distributions a and b on V,
the relative entropy of a with respect to b is D(al|b) = > .y a(z) log %, where by convention
Olog% =0, Olog% =0ift >0, and slog§ = oo if s > 0.

In the case where b is the uniform distribution on V', we have that b(x) = ﬁ for all x € V,
and so we would have that D(al|b) = >y a(x)log(|V]a(z)) = ENT(a), recovering the earlier
definition.

As noted in [2], D(a||b) > 0 for any a and b and D(a||b) = 0 if and only if @ = b. This allows
relative entropy to be used as a notion of how “close” two distributions are. However, it is not a

metric, as it is not symmetric (D(al|b) # D(b||a) generally).

Pinsker’s inequality relates entropy to the total variation distance:
1
(3.1) 5 D(alb) 2 [la = by -

[2] proves this as Lemma 11.6.1. We include additional details in Appendix A.

When b is the uniform distribution i/, we will have that
1
(3.2) 5 ENT(a) 2 [la = Ullpy

so an upper bound on the entropy will mean an upper bound on the total variation distance, and
hence a bound on the mixing time.

If X is a random variable taking on values in V, we define ENT(X) as the entropy of the
distribution of X.



We will be most interested when V' = S, and 7 is a random permutation in S, (so in particular

|V | = n!) with some distribution, in which case the entropy of m will thus be

(3.3) ENT(r) = Y P(r = v)log(n!P(r = v)).
vESH

A key idea in this paper is that of decomposing the relative entropy by using conditional
probabilities. We go through the example of conditioning on the last entry of a permutation:
For permutations 7 € S,,, we consider 7(j) as the position of card j, and 7—1(k) as the card

in position k, which we call the k** entry of w. If 7 is a random permutation in S,, its last entry

7~ 1(n) is also a random variable, taking values in {1,...,n}, and has relative entropy ENT(7~!(n)).
We note that if 7 was uniformly random, then 7—!(n) would be uniformly random over {1,...,n};
this gives:
(3.4) ENT(7 ' (n)) = Y P(r'(n) = i)log(nP(r " (n) = i)).

i=1

Next, suppose 71 (n) is known to be a particular value, say k. Then 7 is a random permutation
that we know ends in k; that is to say, we now have the conditional distribution of 7 given the
knowledge that 7=!(n) = k. That conditional distribution is one over all permutations that end in
k, and its relative entropy can be calculated as well. This produces the conditional relative entropy
of  given 771(n) = k. Again, if 7 were uniform, then knowing that the last entry was k gives a

uniform distribution over all permutations ending in k:

(35) ENT(nlr'(n)=k)= >  Px=vlr'(n)=k)log((n—1)P(r =v|z"'(n) =k)).

viv—1(n)=k

This can be done for each possible value of 7=!(n), and by taking their probabilistic average, we

can define the average of the conditional relative entropies:
(3.6) E(ENT(r|x~'(n))) :== > P(x~'(n) = k) ENT(x|7" ' (n) = k).
k=1

From this formulation, we can see that if we define ENT (7|7 ~!(n)) as the sum of indicators of
values of 77!(n) multiplied by their corresponding conditional relative entropies, then taking the

4



expectation in the usual sense recovers our definition:
n
(3.7) ENT(n|n ™' (n)) := > 1{z-1(n)=p} ENT(x|7 " (n) = k).
k=1
Then, as it turns out, the relative entropy of m is in fact the sum of the quantities described

above:

(3.8) ENT(7) = E(ENT(n|7~!(n))) + ENT(7~*(n)).

Let us see how this is true. First, write the probability that 7 is a particular permutation
as the product of the probability that the last entry is correct and the probability that 7 is that

permutation given that the last entry is correct:

(3.9) P(r =v)=P(r (n) =v (n)) P(r = v|r (n) = v (n)).

Replacing the instance of the probability term in the logarithm with this product in the expression

for ENT(7) from above, we obtain

(3.10) ENT(7) = Z P(r = v)log(n!P(r~ (n) = v 1 (n)) - P(r = v|r~t(n) = v~ 1(n))).
VESK

By writing n! = n - (n — 1)! and using the fact that a logarithm of a product is equal to the sum

of logarithms of the factors, we can rewrite the expression as follows:

(3.11)
ENT(7) = Z P(r = v)log(nP(x Y (n) = v~ (n)) - (n — 1)!P(x = v|r 1 (n) = v1(n)))
VESK
= Z P(r = v) (log(nP(7 ' (n) = v'(n))) +log((n — V)!P(7 = v|z ' (n) = v~ (n)))).
vESH

Next, we can reorder the sum over v € S, by grouping together the v that have a particular

value for the final entry. That is to say, we get



3

ENT(n) = > P(r=v)(log(nP(r ' (n) = v (n)))
(3.12) Sl

+log((n — 1)!B(r = vl (n) = v~} ().

In the inner sum, we know that v~!(n) = k, so we may replace the instances of v~!(n) with k:

(3.13)
ENT(7r) = Z P(r = v) (log(nP(7 ' (n) = k)) + log((n — 1)IP(r = v|7 ' (n) = k))) .
k=1 ESn:
v~ (n)=k

Distributing the multiplication and the double sum over the two logarithms gives that

n

ENT(r) = > (P(r=v)log(nP(r" ' (n) = k))
k ESn:
v i(n

—_
kol

)=
+ P(r = v)log((n — 1)!P(x = v|z—(n) = k)))

3

(3.14) _ > P(r=v)log(nP(r ! (n) = k))

+ > Pr=wv)log((n - 1)!P(r = vl7 ' (n) = k).

Consider the first double sum: Since log(nP(7~1(n) = k)) is independent of v, we may pull it

outside the inner sum:

(3.15) Z > P(r=v)log(nP(m" Zlog nP(r ) > P(n

k=1 v€ESn: veESh:
v~ H(n)=k v (n)=k

We recognize the inner sum now as the probability that 7=!(n) = k, upon which we recognize

the entire sum as ENT (7~ 1(n)):



3

Y P(r=v)log(nP(r ' (n) = k)) =Y log(nP(r~(n) = k))P(x~ ' (n) = k)
: k=1

= ENT(z}(n)).

Now consider the second double sum: We replace P(w = v) with the product we saw earlier:

(3.17)
> P(r=v)log((n— D)P(r = v|x ' (n) = k))
k=1 €Sn:
V’l(n =k
= Z P(z~Y(n) = v (n))P(r = v|r 1 (n) = v 1(n))log((n — 1)!P(x = vjx~(n) = k)).
k=1 ves,

As before, we know in the inner sum that v~!(n) = k, so we replace the occurrences of v~1(n)

with k:
Z Z P(m = v)log((n — 1)!P(r = v|x~t(n) = k))

= Z P(r~Y(n) = B)P(r = vjz~ (n) = k)log((n — 1)!P(r = vjz—(n) = k).

Now since P(r~!(n) = k) is independent of v, we may pull it out of the inner sum, after which

we recognize the inner sum as ENT(7r|7~1(n) = k), and then the whole sum as E(ENT(x|7~1(n))) :



3

Y P(r=v)log((n— )P(r =v|x~'(n) = k))

= P(z=t(n) = k) Z P(m = vl 1(n) = k)log((n — 1)!P(x = vjx~1(n) = k)

3.19 k=1 VESh:
( ) v—(n)=k

3

I
~

(77 (n) = k) ENT(x|r~(n) = k)

3

ENT(n) = > P(r=wv)log(nP(r ' (n) = k)
k=1 €Sn
v=1(n)=k
(3.20) Ly S B(r = v)log((n— 1)!B(x = v|r(n) = k))
k=t Vfle(isl.:k

as we claimed.

In the above example, we decomposed the relative entropy of a random permutation as the
relative entropy of the last entry and the expected value of the relative entropy of the rest of the
permutation, given the last entry. There are many other ways to divide the relative entropy: given
1 <4 < n, the relative entropy of a random permutation in S,, may be decomposed as the sum of
expectations of relative entropies: the relative entropy of the nth entry, the relative entropy of the
(n — 1)th entry given the nth entry, the relative entropy of the (n — 2)th entry given the (n — 1)th
and nth entry, and so on until the relative entropy of the ith entry given the (i + 1) through nth
entries, and finally the relative entropy of the rest of the permutation given the ith through nth
entries.

For 1 <i<m,let T." = (7 1(i),..., 7 (n)), the tail end of the permutation 7 starting from
entry i, and let 7,41 be the empty string. When the permutation referred to is clear from context,

we shall shorten this to 7;. Then we can write the decomposition just described as

8



n

(3.21) ENT(7) = > E(ENT(x '(k)|Tis1)) + E (ENT(x|T5)) ,
k=i

where we note that the & = n term of the sum, E (ENT (7! (n)|Tn41)), is really ENT (7~ (n)) =
E(ENT (7~ 1(n))).

This is effectively the statement of Proposition 1 in [6] but without making reference to sigma-
fields, and our initial example is the case where ¢ = n.

Proving this decomposition is similar to before:

Let 1 <i <n. Then for any v € S, we have that

n

77) - [T (k) = v () T = T,
k=i

(3.22)

~
N
Il
=
Il
~
S
I
=
3
I

by decomposing the probability into a product using conditional probabilities. That is, the probability
that 7 is equal to v is the probability that they are equal (i.e., all entries agree) given that the
entries for ¢ through n agree, multiplied by the probability that the 7 entries agree given that the
entries for ¢ + 1 through n agree, multiplied by the probability that the i + 1 entries agree given that
the entries for ¢ + 2 through n agree, and so on until the last factor, which is the probability that
the n entries agree.

Then, since n! = (i — 1)! - [[;_, k, we thus have that

(3.23)
ENT(7) = Y P(r = v)log((n))P(r = v))
vES,
= 3" Blr=v)log (i = VP(r = v T7 = T7) - [JRP(~ (k) = v (0)| Ty = Tita))-
veSH k=1

As before, writing the logarithm of a product as a sum of logarithms yields



(3.24)
=Y Plr=v) (10g (i = V)!P(r = V[T = T)) + Y log(kP(x " (k) = v~ (k)| Ty = Tkil)))

VESH k=i

P> <P<w = ) log (i — IB(r = [T = T?))

I/ES’n
n
+P(r =v) Y log(kP(w " (k) = v~ ()| Ty = Tkil)))
k=i
= 5" P(r = v)log (i — 1)!P(x = [T = T))
vESH
n
+ Y Br=v) Y log(kP(r ' (k) = v~ (k)| Tt = Tii1))-
veSy k=i
The first sum is similar to one we saw in our previous example. Recall then that we reordered
the sum over v € S, by grouping together the v that had the same final entry. In the same vein, we
reorder the sum over v € S, here by grouping together the v that have the same values for entries ¢
through n; that is, the v that give the same result for 7. We do so by letting the variable 7" range
through all of the possible values for 7}; that is to say, 7" will be an ordered (n — i + 1)-tuple whose
entries are taken from {1,...,n} and are non-repeating. Let T; represent the collection of all such
possible tails that start from entry 4, so then we may write this as T' € T;; for each T, we consider
the v € S,, that have that tail:

Y Plr=v)log ((i = )IP(x = v|T7" = T))

vESH

=Y > Pla=v)log((i—1)P(x=v|T" =T")).
T 55

7

(3.25)

Since we know that

(3.26) P(r =v) =P(r =v[T" =T") - B(T," = T),

10



substituting this in gets us that

ST 3 Blr = ) log (i - DIB(x = [T = 7))

TETi l/GSnI
I
(3.27)
=Y D Br=vT7 = TB(T = T)log ((i - DIP(w = v| T = T)).

k3

In the inner sum, we can replace 7, with 7"

(3.28) =3 Y Plr=v|T7 = T)P(T" = T)log ((i — 1)!P(r = v|T" = T))

TeT; veSy:
o

and now P(7," = T') is independent of v, so we may pull it out of the inner sum:

(3290 =S PIF=1) 3 P(r = [T = T)log (i — )P(x = o[ T" = T)),
TeT; vESH
T2

but now we recognize what is left of the inner sum as ENT (7| 7" = T'), and hence the double sum is

really the expectation of ENT(7|7;™):

(3.30) T
= E (ENT(n|T;7)) .

As for the second sum, the idea is that each entry, conditioned on all the entries that come after

it, has its share of relative entropy. We start by switching the order of summation:

> P(r=v) ZlOg(kP(Trfl(k) = v (k)T = Ti))
(3.31) veSh k=i

n

=Y D Pla=v)logkP(x ! (k) = v ()| T = Tid)).

k=t veSn,
Next, similar to before, we shall reorder the sum over v € S, for each k. We group together
the v that have the same values for entries k through n by first specifying the tail starting from
k + 1 and then enumerating through the possible values of entry k given that tail, which are the

numbers from {1,...,n} that do not appear in that tail, which we will represent as j ¢ T. Note

11



that there are k possible values for j. This groups together the v that all give a particular result for

both v~ 1 (k) and T}, ;:

(3.32) —Z > Z Y Blr=v)log(kP(n! (k) = v~ (k)| Ty = Ti))-

k=i T€Ty1 j=1 vESn:
7T l/_l(k)—j
Ti=

We remark that when k = n, 7,41 consists of the single unique empty string as discussed earlier.

Now we decompose the probability P(m = v) into three factors:

(3.33)
P(r =v)

=P(r =vln~ (k) = v (k), T = Tiha) - P (k) = v ()| T = Ti) - BT = Tiha)-

Substituting this in, we obtain that
(3. 34)

Z > Z S P(r=v)log(kP(n (k) = v (W)|T = Ti4a))

k=i T€Tky1 j=1 vESn:
€T v~ k)=,
T =T

=> > > > [P(wzum—l(k):v—l(k),ml=77:+1>

k= ’LTGT}H,l] 1 veSy:
JET vt (k)=
1= T

P(r M (k) = v (B)| T = T )P = Ti) log(kP(r ' (k) = v 1 (k)| Ty = Tii)] -

Like before, we can replace 7}/, ; with T', and v~1(k) with j, in the inner sum:

Z DS []P’(WZV!W*I(k)=j7TkZ1=T)

=1 TeTk+1 j 1 VESH:
(3.35) T v (k)=

7;c+1

P(r (k) = §ITT = TIB(TT, = T)log(KB(x ™ (k) = j|T7,, = T))].

T

Now observe that only P(r = vz (k) = j, T,%, = T) is dependent on v, so the rest of the

terms may be pulled out of the innermost sum.

12



Z (k) = j| T = T)B(Ty = T) log(kP(n ' (k) = j| T = T))
€T+

]:1
7¢T
(3.36)
Y Pr=vr (k) =4 T =T)|.
VESH:
v (k)=j,
7—Icy+1:T

The innermost sum is now the sum of the conditional probabilities that © = v given that 7 has

a specific tail, and the sum is over all v that have that tail. Consequently, this sum is equal to 1:

(3.37) Z > ZP “H(k) = 1T = T)B(T = T) log(kP(r ' (k) = j|T¢ = T)) - 1.
k=1 TETk+1 ]Q,}‘
J

Next, since P(7,7,, = T) is independent of j, we may pull it out of the inner sum again, and observe

that what is left in the inner sum is the relative entropy of 7=1(k) given that T, =T:

= Z > BT = ZIF’ k) = §ITE = T) log(kP(r ! (k) = 4| Ty = T))
k=i T€T 41
(3.38) 7

—ZZ P(T7y = T) ENT(n~ (k)| 7%, = T).

k=i T€Ty11

We recognize the weighted sum as the expectation of ENT (7~ (k)|7,% ,):

(3.39) —ZE (ENT (7~ (k)| T{%1))-
k=i

We thus conclude that

n

(3.40) ENT(m) = E(ENT(x|T")) + Y E (ENT(x ' (k)| T{%)) -
k=i

which is the decomposition we wanted to show.
So far we have only considered conditioning on the entries of our random permutation, but
we may certainly introduce other random variables to condition on to decompose the entropy in

additional ways. One particular aspect to condition on that we will consider is the sign of the

13



permutation (when n > 2): If the sign of the permutation is known to be even, for example, then we

know that the permutation will be one out of %' possibilities:

n!
(3.41) ENT (7| sgn(m Z P(m = v|sgn(m) = 1) log < 5 “P(r = v|sgn(r) = 1)) .
visgnv=1
A similar expression is obtained for when sgn(7) = —1, and in total we would get
(3.42) E(ENT(x|sgn(r))) = Z ENT(x|sgn(7) = s)P(sgn(w) = s).
s=—1,1

In the same manner as before we can consider the entropy of the sign itself:

(3.43)

ENT(sgn(m Z P(sgn(m) = s) log (2P(sgn(m) = s))
s=1,—1

= P(sgn(m) = 1) log (2P(sgn(mw) = 1)) 4+ P(sgn(w) = —1) log (2P(sgn(w) = —1))

and decompose the entropy of the permutation like so:
(3.44) ENT(7) = E (ENT(7|sgn(m))) + ENT(sgn(m)).

Furthermore, we can condition on both the sign and the tails of the permutation and obtain the
following decomposition (when n > 3):

(3.45) ENT(7) = E (ENT(x|sgn(m), 7,")) + ZE (ENT(ﬂ_l(k)] sgn(m), Ti1)) + ENT(sgn(m)).
k=i

The details of these decompositions may be found in Appendix B.

14



CHAPTER 4

Reducing Entropy with 3-cycles

In Theorem 9 of [6], Morris proves a lower bound on the loss of relative entropy after many steps
of a shuffle that involves collisions, which are random permutations that are an even mixture of a
transposition and the identity. We show here that an analogous result applies when using random
permutations that are an even mixture of a 3-cycle and the identity.

First, define a 3-collision to be a random permutation 7 in S, such that there exist distinct
x,y,z € {1,...,n} such that « is either the identity with probability % or the 3-cycle (x,y, z). with
probability % If 7 and p are permutations in S, then we write wu for the composition p o 7.

We will consider random permutations 7 that can be written in the form

(4.1) T =ve(x1,y1,21) - (T, Yk, 2k)

where v is an arbitrary random permutation, the numbers x1, ..., g, y1,- ., Yk, 21, - - - , 2k are distinct
and c(xj,y;, 2;) is a 3-collision of (z;,y;, 2;) The values of the x;, y;, z; and the number of 3-collisions
(possibly 0) may depend on v, but conditional on v the collisions are independent. Such permutations
will be called 3-Monte, in keeping with the terminology used in [6]. As noted there, it is true that
any random permutation can be considered to be 3-Monte by considering no collisions; we clarify
that we want to consider random permutations that can be written usefully with collisions.

Let m be a random permutation that is 3-Monte and let w1, 72 ... be independent copies of 7.
For ¢ > 1, let m() = m1 -+ m, and let 7 be the identity.

We will think of 7 as representing the order of a deck of cards, with (i) being the location of
card <.

For 1 < x < n, denote by card x the card initially in position x.

For cards z,y, z (with x,y, z distinct), say that x,y, z collide in that order at time m if for some

i,J,k we have w(_ni) (i) =z, 71'(_171) (J) =y, W(_Ti)(]{) = z and m,, has a 3-collision of i, j, k.

15



We recall that we decomposed entropy before by separating out the entropy attributable to the

sign:
(4.2) ENT(7) = E (ENT(7|sgn(m))) + ENT(sgn()).

This is important because applying 3-collisions to a permutation cannot change its sign, so any
entropy change that results must only apply to the entropy not attributable to the sign.

With that in mind, our intent is to generalize Theorem 9 in [6] for 3-cycles:

THEOREM 4.0.1. Let w be a 3-Monte shuffle on n cards. Fiz an integer t > 0 and suppose that
T is a random variable taking values in {1,--- ,t}, which is independent of the shuffles {m; : i > 0}.
Consider a card x. If x is involved in a 3-collision after time T up to and including time t, then
consider the first 3-collision it is involved in after time T'; say that x,y, z collide in that order. If that
3-collision is also the first 3-collision after time T that y is involved in and it is the first 3-collision
that z is involved in, then we say that that collision matches x (with y and z) and define y to be
the front match of x, written as mi(x) =y, and z to be the back match of z, written ma(x) = z.
If z is in no such collision, define my(x) = mo(x) = x.

Suppose that for every card i there is a constant A; € [0, 1] such that P(ma(i) = j,m1(i) < i) > %
foreach j € {1,...,i—1}. (This also means that with probability at least A;, m1(i) < i and ma(i) < i.
Note that it cannot be the case that exactly two of i, m1(i), and ma(i) are equal; the three are either

all the same or all different.) Let p be an arbitrary random permutation that is independent of

{mi:i>0}. Then

(4.3) E(ENT (ump) | sen(pm)))) — E(ENT((u]sgn(p)))) <

_C <&
ALE
logn; kLk,

where Ey = E(ENT(u! (k)| TY, |, sen(w))) and C is a universal constant.
PROOF. Let M = (m1(i),ma(i));,, a list of all matches. For distinct 4, j, k with k <14, j <1,
let ¢(i, j, k) be a 3-collision of 4, j, k in that order. Assume that all of the ¢(i, 7, k) are independent

of p, m(), and each other.
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Next, define 772 n to be the same as m(;) but with all of the 3- collisions that match cards suppressed:
If card z has a front match y and a back match z, then there is a specific collision that matches
them in 7, since 7 is 3-Monte. That is, 7(;) can be written as a product of “matching collisions”
and other permutations, and 772 t has these matching collisions removed. For each such matching
collision in 7, do nothing instead to obtain wEt).

Let

(4.4) k=[] cli,mi(i),ma(i)).
12 (3)<i
mg(i)<’i
Since the matched cards are all distinct from each other, the order of the product does not matter.

Furthermore, mrz D has the same distribution as m: any particular outcome of mTE ) corresponds

¢
to the same outcome of ;) by the choice of matching collision outcomes. That is to say, if card =
matches with y and z, and suppose y < z, z < x, then the outcomes that arise from the matching
collision actually performing a 3-cycle in ;) are exactly those outcomes for which the collision

¢(x,y, z) results in the 3-cycle (z,y, 2z) in /<;7r€t).

Since they have the same distribution, it follows that

(4.5) E(ENT (um, | sgn(um(y)))) = E(ENT (urm(,)| sgn(pnm,))).
By the convexity of xlog x, we have that
(4.6) E(ENT (unm(y | sgn(unryy))) < E(ENT(urm(y | M, 7, sen(usm(,))),

that is to say, additional conditioning causes an increase in the expected relative entropy. (See
Appendix C for a detailed calculation.)
Observe that if WEt) is known, then knowing sgn(umrzt)) is equivalent to knowing sgn(uk); i.e.,
/

the sigma-field generated by Wét) and sgn(,u/-mrzt)) is the same as the one generated by T and

sgn(,u,mrét)). Consequently, we have that

(A7) ENT(unrly | M, nly, sgn(ur,))) = BENT(urly M, ) sgn(jus).

17



Also, if 71'275) is known, then the conditional relative entropy of ,umrgt) is the same as that of uk,

since multiplying by a known permutation will just reindex the sum:
(4.8) E(ENT (il | M, 7y, sgn(i)) = E(ENT (un| M, 7], sgn ().

Now, since u, k, and 7rEt) are conditionally independent given M, it follows that since we already
are conditioning on M, conditioning on TI'Et) does nothing to the probabilities in the expression for

the conditional relative entropy, so we may drop it:
(4.9) E(ENT (k| M, . sgn(pex))) = E(ENT (] M, sgn(jus))).

Thus, we shall consider E(ENT (ux|M,sgn(uk))) instead of E(ENT (ux|M, ﬂzt),sgn(,u/i))). (A
calculation to show (4.9) is available in Appendix D.)

Next, for 1 < k < n, define

(4.10) ve= ] = eli,mi(i), ma(d)).
imy (1) <i<k
mg(i)<i

Note that E(ENT(ux|M,sgn(urx))) = E(ENT (uvy|M,sgn(pvy))) and that vp = id. Since pu is
independent of M, we have E(ENT (u|M, sgn(u))) = E(ENT (x| sgn(p))), and hence

E(ENT (uvn|M, sgn(uvy))) — E(ENT(u[sgn(p))))

(4.11) n
= > [E(ENT (uvg| M, sgn(pwy))) — E(ENT (uvg—1 | M, sgn(pve—1)))] -
=1

Then, it is enough to show that for every k£ we have

_CALE,

(4.12) E(ENT (uvg|M,sgn(uvy))) — E(ENT (pvg—1| M, sgn(uvk—1))) < Tog 1

Since sgn(vy) = sgn(vk—1) = 1 as they are products of 3-cycles, sgn(uvy) = sgn(uve—1) = sgn(u),
so we can write the above as

—CALE)

(4.13) E(ENT (| M, sgn(1) — E(ENT (e |M,sn() < =08

18



and by linearity of expectation this is

—CALE}
logn

(4.14) E(ENT (g M, sgn (1) — ENT (g1 | M, sgn(n))) ) <

More directly, we have that

(4.15)
E(ENT (uvg | M, sgn(p)) — ENT (uvg—1|M, sgn(u)))

= (ENT (k| M = m,sgn(p) = s) — ENT(uvj_1|M = m, sgn(u) = 5)) P(M = m, sgn(u) = s)

m,s

and note that if m is a matching where mq(k) > k or ma(k) > k, then v = v_1, in which
case the difference of entropies is 0. Otherwise, if both mi(k) < k and ma(k) < k, then v =
vg—1c(k,mi(k),ma(k)).

In this case, we can proceed like [6] does.

Fix distinct 4,5 < k, let A = uvg_1 and let = Mk, 1, 7). X and ) are the same, except that
(4.16) MER) =20 AT @ =AMk AT = AT

Also, sgn(/):) = sgn(\) = sgn(u).
vp_1 has k+1, ..., n as fixed points, so 773“ 77“1 EH
Consider ENT(Ac¢(k, 4, )| M, T, k+1’ sgn(p)). For any particular instance of M, 7;“+1, sgn(p), say

m,T, and s, we have that

ENT(Xc(k, i, §)|M =m, T}, = T,sgn(u) = s)

(4.17) _Z< (Ac(k,i,5) = n|M = mTH—ngn(u) s)

tog (PO i.3) = lM = m, Ty = T.senli) =) ) ).

Observe that the conditional probability of Ac(k,i,j) being a particular 1 can be written as the
average of the conditional probabilities of A and h) being that 7. Designate those probabilities as p;

and ¢, respectively:
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P(Xe(k,i,j) = n|M =m, T} | = T,sgn(u) = s)

1
(418) =5 | PO =nlM =m, T, =T,sgn(n) = ) +P(A =n|M =m, T\, = T,sgn(u) = s)

Pn an
_ Dn + qy
—
Consequently, we have that
» p + q n! py+gq
ENT(Ac(k, i, §)|M = m, T | = T,sgn(n Z /A U/ (2 : "2’7>
n
(4.19) ENT(A M =m, T}, = T,sgn(u an log ( -p77>
nl
ENT()\|M m, T = T,sgn(p an log < ~q,7> .

But observe that ENT(A|M = m, T\ | = T,sgn(u) = s) = ENT(A\|M = m, Ty = T,sgn(p) =
s) since the 3-cycle is a fixed permutation (the sums are hence rearrangements of each other, as

noted by Proposition 6 in |6]), so we have that

n!
(4.20) an log(—- 5 Z% log 5 )
n
and in particular

n! 1 n! 1 n!
> py log(5 -pn) =5 > oy log(5 o) + 5 > py log(% - )
n n n
1 n! 1 n!
= ;pn log(E “pn) + 3 ;qn 1og(5 )

Now recall from [6] the following:

(4.21)

For p,q > 0, define

1 1 p+q P+q
(4.22) d(p,q) := 5plogp + 5qloggq — =~ log (2 :
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For a fixed p > 0, d(p,-) is convex, and by symmetry, for a fixed ¢ > 0, d(-,q) is also convex.

As |6] states, this follows from calculating the second derivative. In the case of d(p,-) the second

derivative is & —

1 1
2q 2p+2q

and in the case of d(-, q) the second derivative is 55 — 515 +2q7 both of which

are positive (for p,q > 0).
Following [6], if p = {p; : i € V'} and ¢ = {g; : i € V'} are both probability distributions on V,

we define

(4.23) d(p,q) =Y d(pi,a;)-
%
Let L'(/)\\|M =m, T}, = T,sgn(u) = s) denote the probability distribution of X given that
M =m, T\, =T, and sgn(u) = s (i.e., the law of X given those conditions), and similarly for other
distributions and conditions. In this case, L(A|M = m, Tiq = T,sgn(p) = s) is the collection of gy,

and L(AM =m, T}, = T,sgn(u) = s) is the collection of p,. Then we have that

ENT(Ac(k, 4, j)|M = m, Tty = T,sgn(p) = s) = ENT(\[M =m, T\ | = T,sgn(u) = s)

_ Pn + 4y nl pptay
—;2108; <2' anlog
Py tq nl pp+gq 1 n!
—Z ! n10g<2 . n>< an10g< >+2an10g(2-qn
n

— —d(LONM = m, T, = Tysgn(n) = ), LM = m, Tf | = T,sgu(p) = s)).

(4.24)

The reason we recalled this function d is to use the projection lemma proved in [6]:

LEMMA 4.0.2. Let X and Y be random wvariables with distributions p and q, respectively. Fizx
a function g and let P and @Q be the distributions of g(X) and g(Y'), respectively. Then d(p,q) >
d(P, Q).

Applying the lemma with g(\) = A™!(k), we have that
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d(LIM =m, T}, = T,sgn(p) = s), LAIM = m, T, = T,sgn(n) = s))
(4.25) > d(ﬁ(x_l(k)\M = m,ﬁ‘jrl =T,sgn(p) = s), LA k)M = m,ﬁil =T,sgn(pu) = s))
= d(LOTHG)IM =m, T = T,sgn(p) = ), LA (k)M = m, Ty, = T,sgn(p) = s)).
We reiterate that if m is a matching where my(k) > k or ma(k) > k, or my(k) = ma(k) = k,
then vy, = 141, and if both my (k) < k and ma(k) < k, then vy, = vp_1c(k, m1(k), ma(k)).
In the case we have such a matching where m;(k) < k and ma(k) < k, by taking i = m; (k) and

j = ma(k) we may write the following:

(4.26)
ENT(uv| M = m, T}, = T,sgn(p) = s) — ENT(uvp1[M = m, T}, = T,sgn(p) = s)

= ENT(Ac(k, m1(k), ma(k))|M = m, T, = T,sgn(u) = s)
—ENT(\M =m, T/, = T,sgn(n) = s)
= —d(LAIM =m, T | = T,sgn(p) = s), LAIM =m, T}, = T,sgn(p) = s))
< —d(LOTH(R)M =m, T = T,sgn(p) = s), LA™ (k)M = m, T}, =T,sgn(p) = s))
= (L ma(R)|M = m, Ty = Tysgn(u) = ), L0 (B)[M = m, T, = T, sgn(p) = s).

Since m1 (k) < k and ma(k) < k, we may write this using indicator functions to specify what
ma(k) is:

1

(4.27) i=1
(LT M =m, T =T,sgn(p) = s), LA (B)|M =m, T, =T,sgn(u) = s))).

(X frg (k) =i,ma (k) <k} (M)

Recall that A = pvg_1. Since vg_1 does not contain c(k, my(k), ma(k)) by definition, it has in
particular k and ma(k) = i as fixed points. This means that A~!(k) = p=1(k) and A\71(i) = p=1(3)
in the previous expression:

k—1

= > (Lma(b)iyma (1) <k} (1)
(4.28) i=1

Cd(L(pT @M =m, T, = T,sgn(p) = ), L(u (k)M = m, T}, = T,sgn(p) = s))).
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Then, since u is independent of M, the distributions of g~ (k) and p~!(7) remain the same if

we drop the conditioning on M:

(4.29)
k—1

= = > Lomakymiim (ry<ky ()AL (@) TE = Tsgn(n) = s), L™ (k)| T, = T, sgn(p) = s)).
=1

Thus, we have that
(4.30)
ENT (uvg|M =m, T/, | = T,sgn(u) = s) — ENT(uvp_1|M = m, Tl | = T,sgn(u) = s)

-1

< = Ly (kymivma ()<t (MYA(L (™ ()| Ty = Tysgn(p) = s), L(u™ " (k)| T, = T,sgn(u) = s))
=1

E

if m is a matching where m1(k) < k and ma(k) < k.
Also observe that if m is matching where mq(k) > k or ma(k) > k, line (4.30) is still true since
it says 0 < 0.

By taking expectations we have

E (ENT (uvg |M, T, 1, sgn(p)) — ENT (uvg—1 | M, T} 1, sgn(p))

(4.31) k-1
= Lmaky=iama (e)<ky (M) - d(L(u™ (0| Ty sen(w), L™ (k)| T, sen(p ))))

i=1
Since p and M are independent, it follows that 1., (ky=im, (k)<k} (M) and
d(L(p= ()] kH,sgn( )), L(p= (k)] kH,sgn( ))) are independent, so we have

E (ENT(MVk|M Ty sen(p)) — ENT (uwg 1| M, T, sgn(p))

E(L i (k)i (k) <y (M))VE((L (™ (0 Ty sgn (), L™ (B) T sgn(m)))

\Mw

(4.32)

HMH

k) = i,ma (k) < F)E((L(p™ (0) T senlw), Lu (R) T sen(w))

23



By assumption, we have that P(ma(k) =i, mi(k) < k) > T’C for each 4 in the sum. Therefore we

have
k—1
< - fﬂi( (L™ (@) T sen(w), L(n™ ()| T, 1, sgn(w)))
(4.33) =t .
__AkE< %d(ﬁ(u’l(i)m’;psgn(u)) L(p™(R)[T sen(p ))))-
=1

Since d(q, q) = 0 for any distribution ¢, we may add the i = k term to the sum in the expectation,

as it adds nothing:

(4.34) = —ALE (Z —d(L(p™ (0| T, sen(w), L™ (k)| Ty, sen(p ))))-

Recall that for a fixed p > 0, d(y, p) is convex in y, and that inside the expectation we are taking

the average of the values of d. We can thus apply Jensen’s inequality to this average to obtain

439 < (0 (T L O s £ R T ) )

k
1
Now observe that Z EL Ya)| Tk " 1>sgn(p)) is the uniform distribution over the values in {1,--- ,n}
i=1
n TH
that are not in T}
We recall a lemma from [6] that addresses what happens when a uniform distribution is involved

in d:

LEMMA 4.0.3. If U is the uniform distribution on V and q is any distribution on V', then

(4.36) d(q,U) > ;

‘V| ENT(q)

for a universal constant ¢ > 0.

Using this lemma, we have that our previous expression can be further bounded by

(4.37)

e EENT(L (™ () T sn())
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The entropy of the law of ;1 ~!(k) can be written as just the entropy of u~1(k), so this is

(4.38) < — Ay

E(ENT (' (k)| T 1 sen(n)) = — Ak —

log k log k

Finally, to connect this to our desired result, we argue by decomposition:
We started with

(4.39)

E(ENT (g | M, sgn(p)) — ENT (pvg—1| M, sgn(p)))

= > (ENT(ug|M = m,sgn(u) = s) — ENT (g1 |M = m, sgn(p) = 5)) P(M = m, sgn(p) = s).

m,s

We may decompose ENT (uvi|M = m,sgn(u) = s) according to the tail entries of y from the
(k + 1)th entry onward in addition to knowing M and sgn(u) already. That is to say, we get a result

similar to equation (3.40):

(4.40)
ENT (| M = m, sgn(u) = s)

n

= E(ENT (uvg|M = m,sgn(p) = s, T} 1)) + Z E(ENT (uv;, ' (i)|M = m,sgn(u) = s s T1))
i=k+1

Applying the same decomposition to ENT (uvg_1|M = m,sgn(u) = s) gets us

(4.41)
ENT (uvg—1|M = m,sgn(p) = s)

n

= E(ENT(j—1 |M = m,sgn(p) = s, T 1) + Y EENT(uy !y ()M = m,sgu(p) = s, Tf)-
i=k+1

Recall that pvg = pvg_q1c(k,my(k), ma(k)) if mi(k) < k and ma(k) < k, and pvp = pvg_q
otherwise. Either way, uylc_l(i) = v ' (i) for i > k + 1, so the expectations of the amount of

entropy corresponding to those entries are the same. Consequently, we have that
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(4.42)
ENT (pwg|M = m,sgn(p) = s) — ENT(uvp—1|M = m,sgn(p) = s)
= E(ENT (g |M = m,sgn(u) = 5, T, ) — E(ENT (uvg—1|M = m,sgn(p) = s, T}, 1))

= Z (ENT(uvg| M = m, T, | = T,sgn(p) = s) — ENT(uvp_1|M = m, T\, = T,sgn(u) = s))
T

‘P(TY,, = TIM = m,sgn(p) = s).

Thus, if we put this into what we had before, we get

(4.43)
E(ENT (uvg| M, sgn(p)) — ENT (uvy—1| M, sgn(u)))

= 5 (ENT(ui|M = m,sgn(p) = 5) — ENT(uj,_1|M = m, sgn(p) = 5)) B(M = m, sgn(p) = 5)

m,s

-y (Z (ENT(uvp|M = m, T}, | = T,sgn(p) = s)
m,s T

— ENT(uvg—1|M = m, T}, = T,sgn(u) = s)) - P(TY, | = T|M = m,sgn(p) = s))
P(M =m,sgn(u) = s)

= > (ENT(uwi|M = m, T}, = T,sgn(p) = s) — ENT(uvge1|M = m, T}, = T,sgn(p) = s))

m,T',s

: P(ﬁil = T: M = m,sgn(,u) = 8)
= E (ENT (| M, T, |, sgn(p)) — ENT (uvp_1 | M, T, | sgn(p))) -

We showed that

C
(4.44) E (ENT (k| M, Tl 1, sgn(p) — ENT(uvp—1| M, Tl 1, sgn(p))) < _@AkEk

since k < n, we have

c c
4.45 - A B < ———ALE
( ) log k R = logn k Sk
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and so we can conclude that
E(ENT (uvg| M, sgn(p)) — ENT (uvg—1|M, sgn(p)))

(4.46) = E (ENT (| M, T, |, sgn(p)) — ENT (uvg 1| M, T, |, sgn(p)))

c
<

__logn

ArEy

which shows equation (4.12).
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CHAPTER 5

The Diaconis Shuflle

2 in increasingly larger (backwards)

Next, consider the n xn grid of tiles. We label the tiles 1,...,n
L-shapes, so that each top left £ x ¢ square contains the labels 1, ..., ¢2 and each new L-shaped layer

adds labels counterclockwise.

16
15
14
10/11/12/13

TN | =
S| W
~ |00 ©

F1GURE 5.1. Labeling the grid in the case n = 4.

Recall that the Diaconis shuffle proceeds as follows: at each step, we select a random row or
column (1 out of 2n possibilities) and then cyclically shift that row or column left /right or up/down
(a fair coin flip). Our key observation is that if a row move is followed by a column move, the result
is exactly the same as the column move followed by the row move, followed by a 3-cycle of the tiles
at the intersection of the row and column selected. Thus, if we consider pairs of moves and we adopt
the convention that we apply the row moves first, we can introduce the possibility that the column
move actually happened first as a 3-collision. This shows that the Diaconis shuffle is non-trivally
3-Monte (see Figure 5.2).

Additionally, we observe that this shows that we can generate any L-shaped 3-cycle by the

Diaconis shuffle: If  is a row move and c¢ is a column move, and I" is the L-shaped 3-cycle such that
(5.1) rc=crl,
then it follows that

(5.2) rlelre =T



1
114916 1/4]916 111916
—2/3[815—2  152/3/8 _, 154 3 8
506|714 5/6/7 14 502714
10/1112/13 10/1112/13 10 6 12/13
7
!
1/41]916 111/9 16 1[11]9 16
2(3[8[15] _{2]4|8]15>  [15/2 4|8
5/6]7 14 503714 503 714
10/1112/13 10 6 12/13 10 6 12/13
7

FIGURE 5.2. A possible 3-collision. The first sequence shows the 2nd row shifted
right, then the 2nd column shifted down. The second sequence shows the 2nd column
shifted down, then the 2nd row shifted right. Note how only the shaded tiles differ in
the end result by a 3-cycle.

1 T

i | k| (&
k] “ |ilk — | =i |J — i|J
1 T

FIGURE 5.3. Generating an L-shaped 3-cycle. Note that the tiles not specifically
drawn end up in the same positions.

REMARK 5.0.1. Since the inverse of a L-shaped 3-cycle is an L-shaped 3-cycle, it follows that

both “row-column-row-column” and “column-row-column-row” combinations produce 3-cycles.

Figure 5.3 gives an example of producing a 3-cycle with a “column-row-column-row” combination.
The above remark implies that the corresponding “row-column-row-column” combination will give
the inverse 3-cycle. By rotating the grid if necessary, it follows that any arbitrary L-shaped 3-cycle
can be generated by the Diaconis shuffie.

This leads to the following:

LEMMA 5.0.2. Any 3-cycle can be generated from the Diaconis shuffie.
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PRrROOF. First, define the size of a 3-cycle to be the smallest integer n such that the 3-cycle can
be contained in an n x n box. For example, the L-shaped 3-cycles generated from the combinations
above are size 2.

We induct on the size of the 3-cycle. For the base case, observe that any size 2 3-cycle is
necessarily an L-shaped 3-cycle, and therefore can be generated by the Diaconis shuffle as seen above.

Now, let n > 2, and assume inductively that any 3-cycle that has size from 2 to n can be
generated from the Diaconis shuffle. We prove that any size (n + 1) 3-cycle can be generated from
3-cycles that we already know can be generated from the Diaconis shuffle. We classify the size (n+1)
3-cycles into types and show sequentially that each type is able to be generated.

Type 1: First, we show that any size (n 4+ 1) 3-cycle containable in an (n + 1) X n box or
n X (n+1) box can be generated: Suppose (z,y, z) is such a 3-cycle. Then, without loss of generality,
we may assume it is contained in a (n + 1) x n box, and that in that box, z is in the bottom row
and y is in the top row.

Type 1la: First suppose z is not in the same row as x or . Then z must be in a row between x
and y.

Let w be the tile directly to the right of z (if this would make w outside the box, take w to be

the tile left of z instead). Then observe that

(5'3) (wvz?x)(szay) = (:):,y,z),

while (w, z,z) and (z,w,y) are size n or smaller, so by assumption they can be generated by the
Diaconis shuffle, which means that (x,y, z) can be generated by the Diaconis shuffle. See Figure 5.4

for an example of this case.

n+1 z

FIGURE 5.4. If (z,y, z) is a size (n + 1) 3-cycle containable in an (n + 1) X n box,
with 2z between x and y, then choose w to be in the same row as z.
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Type 1b: Now suppose that z is in the same row as x or y. Without loss of generality, we can
assume that z is in the same row as y. (If z is in the same row as z, then have y take the role of z,
z take the role of y, and x take the role of z, and flip the box upside down.) Then let w be the tile

directly below z. Note that w is not x, since n > 2. Then observe that

(5.4) (w,y,2)(2,y, w) = (2,9, 2).

(w,y, z) is at most size n, and (z,y,w) is a size (n + 1) cycle of type la, since w is not in the same
row as x or y. It follows that (x,y, z) can be generated by the Diaconis shuffle. See Figure 5.5 for

an example of this case.

7]

n+1

n

FIGURE 5.5. If (x,y, z) is a size (n + 1) 3-cycle containable in an (n + 1) X n box,
with z in the same row as y, then choose w to be directly below z.

This shows that any size (n + 1) 3-cycle that is containable in an (n + 1) X n box or n x (n + 1)
box (i.e., a rectangle) can be generated.

Type 2: Now suppose that (z,y,z2) is a size (n + 1) 3-cycle that cannot be contained in an
(n+1) x n box or in an n X (n + 1) box, and thus requires an (n 4+ 1) x (n + 1) box to be in. This
means that by appropriately choosing x and the box to use (using rotations and reflections if needed),
we can set  to be the bottom-left tile. Then (z,y, z) must be of one of the two following forms:

Type 2a: If z and y can be chosen so that x is the bottom left tile and y is the top right tile, so
that  and y span the diagonal of the box, then do so. In this case, z could be anywhere else in the
box. Since n > 2, we can choose w to be a tile adjacent to z that is neither x nor y, while still in

the box. Then note that

(5:5) (w,z,2)(z,w,y) = (2,9, 2),
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and observe that (w, z,z) and (z,w,y) are each either size at most n or a size (n + 1) 3-cycle that
fits in an (n+ 1) x n box (i.e., Type 1), and hence can be generated from the previous arguments. It

follows that (x,y, z) can be generated. See Figure 5.6.

z|w\ Yy

n—+1

n+1

FIGURE 5.6. If z and y span the diagonal and z is elsewhere, then pick w to be
adjacent to z.

Type 2b: If the situation described in Type 2a is not possible, then this means that after
making x the bottom left tile, neither y nor z is the top right tile. But since (z,y, z) is assumed to
require an (n + 1) x (n 4 1) box, it must be the case that we can assume without loss of generality
that y must be in the top row while z is in the rightmost column. We can further assume it is not
the case that simultaneously ¥ is the top left tile and z is the bottom right tile, since otherwise by
rotating the box this becomes a Type 2a case (since y and z span a diagonal). Therefore, we shall
assume that z is in the rightmost column, while neither being the at the top or the bottom. In that
case, set w to be the tile left of z. (Note that w is not y since z is not the top right tile.) Then note
that

(56) (w7y72)($7y7w) = (x7yvz)

and (w,y,z) and (z,y,w) are each either size at most n or a size (n + 1) 3-cycle that fits in an
(n+1) xn box (i.e., Type 1), and hence can be generated from the previous arguments. It follows
that (x,y, z) can be generated. See Figure 5.7.

It follows that any 3-cycle can be generated by the Diaconis shuffle. ([l

Since 3-cycles generate the alternating group, it follows that the Diaconis shuffle can generate
any even permutation.

Now, consider the following: On an n x n grid, each move of the Diaconis shuffle is an n-cycle.
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n—+1

n+1

F1cURE 5.7. If neither z and y nor y and z span a diagonal, then pick w to the left
of z.

If n is odd, the shuffle leaves the sign unchanged, which means that only even permutations can
be attained by the shuffle. Since any even permutation can be generated, it follows that the shuffle
mixes in finite time over the set of even permutations. (Note that any permutation can return to
itself in both n steps (by iterating an n-cycle n times) and 2 steps (by performing a step and its
inverse), so the chain is aperiodic.) For such cases we will keep in mind that when we refer to a
uniform distribution we mean uniform over the even permutations.

If n is even, then the shuffle alternates signs each step, which means that the shuffle has no
mixing time. However, this also implies that any permutation can be generated by the Diaconis
shuffle. To alleviate the problem of the alternating sign, we shall consider a lazy version of the
Diaconis shuffle (regardless of the parity of n), where with probability % the shuffle does nothing
and with probability % the shuffle performs a normal step. Then the sign mixes after a single step,
after which the fact that any permutation can be generated implies that the shuffle mixes in finite
time over the set of all permutations.

Note that in the lazy Diaconis shuffle the chance for it for there to be a 3-collision is only % as

much as before, since there needs to be two consecutive non-holding moves.
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CHAPTER 6

The 3-part Process

Next, we aim to apply Theorem 4.0.1 to the lazy Diaconis shuffle.
To determine the correct ¢, T', and A; to use for the theorem, we study the behavior of the tiles
under the shuffle.

We claim the following:

LEMMA 6.0.1. Consider the lazy Diaconis shuffle on an n x n grid. Then there exist universal
constants by > 0, C > 0, D > 0 such that if £ > £y and T' is the least even integer greater than
Cl?n, then for any triplets of tiles (i,j,k) and (i',5', k") in an £ x £ box within the n x n grid, the
probability that (i, 7, k) travels to (i, 7', k") (that is, tile i travels to tile i', tile j travels to tile j', and

tile k travels to tile k') in T' steps is at least 526-

PROOF. Suppose / is sufficiently large in a manner to be described, consider an ¢ x £ box within
the n x n grid, and let (4, j, k), (', j', k") be two triplets of tiles within that ¢ x ¢ box.

One way that (i, j, k) could move to (¢, 7', k") is to have i, j, and k move in three stages:

(1) i, j, and k initially travel to three small boxes B;, B;, and By, that are contained in the
f x ¢ box, and are spaced away from each other.
2) 1, j, and k move from one position to some specified other position in their respective boxes.
y I P P P P

(3) 4, j and k then travel from their boxes to their destinations: i/, j/, and k'

We claim that Stages 1 and 3 are completed successfully with probability bounded away from 0
and Stage 2 is completed successfully with probability 2(d=%); note that in order for this construction
to make sense, ¢ must be large enough such that the small boxes can contain tiles. Indeed, we
prescribe the following: Let B;, B;, and By, be boxes of side length ¢/ positioned as in the left diagram
in Figure 6.2, and let £;, £;, and L}, be boxes of side length ¢/ — 26¢ centered in B;, Bj, and By,
respectively, as demonstrated for By, in the right diagram in Figure 6.2, where ¢ > 0 and § > 0 are

constants to be determined. More specifically, if the bottom left corner of the ¢ x £ box is (0,0), and
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7', By

Uy p——-

FIGURE 6.1. The three-stage process.

the top right corner is (¢, ¢), then they are centered at (%, %), (%, %), and (%, g); these coordinates

arise from spacing out B;, B;, and By, across the ¢ x £ box. (We will discuss the importance of these

even smaller boxes later.)

HI B, | . E{ éé

ce{[ L1+ sef[ !
,,,,,,,, Bl

et{[ T 17 ot
fffffffffffffff B -

cﬁ{ iiiiiiiiiiiiiii D g 55{ L B,

ct

FIGURE 6.2. The boxes involved in the 3-part process. Note that quantities like ¢f
may not be integers; we consider a tile to be in a box if it is completely within that
box. (Not to scale)

We observe here that we want ¢ < % and § < %c, and that if ¢ is sufficiently large, the boxes

actually contain tiles.

6.1. Stage 1 Analysis

For the first stage, we wish to show that in 2¢?n steps, the three tiles travel to their boxes B;,
Bj, and B, with probability bounded away from 0. We start by considering the mechanics of the
Diaconis shuffle again:

Consider the movement of a single tile in the lazy Diaconis shuffle. If it moves, it moves one tile

in one of the four directions uniformly at random. Thus, when considering a single tile, the Diaconis
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shuffle induces a random walk on it. This idea can be inverted to produce the shuffle from random

T

walks: For every tile T, assign a random walk sequence {m}lr o1 to it; the m,

are independent and
identically distributed uniformly over (+1,0), (0,+1). Then at each step, move the tiles in the grid

in the following way:

(1) Decide whether to move or not with equal probability (laziness).

(2) Arbitrarily, choose n tiles such that no two share the same row or column. For example,
one such choice could be a diagonal. Denote these as “master” tiles.

(3) Randomly select one of the n master tiles; call it T.

(4) Suppose T has already moved (¢ — 1) times. Move T according to mg, and move the other
tiles accordingly. Example: If T has not yet moved (so it has already moved 0 times), then
we consult mlﬁ. Suppose mleT = (0,1). Then we move T up by one tile, and accordingly

move all other tiles in the same column as T up by one tile.
We note a few things:

e This is equivalent to the Diaconis shuffle: a move in the Diaconis shuffle corresponds to
picking the appropriate master tile and moving it in the the correct direction. Note that
moving a particular way in the step has probability ﬁ in either depiction.

e It does not matter how the n master tiles are selected; any choice produces the same
distribution of moves.

e Step 3 considers how many times T has moved, which may be different from how many

times T has been a master tile.

Because it does not matter how we select the master tiles, we shall for the purposes of this lemma

choose the master tiles in the following way:

(1) Choose i to be a master tile.

(2) If j is not in the same row or column as i, choose j to be a master tile; i.e., choose j if
possible.

(3) If k is not in the same row or column as any of the master tiles chosen so far (i.e., in steps
(1) or (2)), choose k; i.e., choose k if possible.

(4) Choose remaining master tiles arbitrarily.
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With this choice of master tiles, observe that as a result:

e Tile 7 moves at a particular time if and only if it is chosen as the master tile to move at
that time; moreover, i always moves according to its random walk sequence {mf]}
e Tiles j and k mostly move according to their random walk sequences; any instance in which

they do not results from being in the same row or column as i (or j, in the case of k).

We characterize the instances that j and k& do not move according to their random walk sequences
as interference; i interferes with j while 7 and j interfere with k. However, we will argue that the
amount of interference is likely to be small, and hence the random walk sequences of each of i, j,
and k serve as a mostly accurate representation of their movement.

In the lazy Diaconis shuffle, let X;(T) represent the position of tile T at time ¢, and call these
the P processes, or the actual process. That is to say, let Py (T) = X(T), for T =1, 7, k.

Let v; be the number of times i moves after 2¢?n steps of the lazy Diaconis shuffle, and let vj
and v be similarly defined.

Then we know that
v
(6.1) Py oge (i) = Xoge, (i) = Xo(é) + Zmzs
s=1

and by our discussion above on interference, we expect that

Vj
(6.2) Propn(§) = Xoea(§) = Xo(4) + > mi
s=1
Vi
(6.3) Py g (k) = Xop, (k) = Xo(k) + Y m}.
s=1

To describe these approximations, we introduce what we call the P, process, or the idealized
process:

Both processes start at the same position, so P o(T) = Po(T). With the implementation of the
Diaconis shuffle using the master tiles as described above, have tile £ move in the idealized process

only if tile £ moves in the Diaconis shuflle; i.e., the actual process, in the following way:
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e If tile T moved for the gth time at time ¢ in P; because it was chosen as a master tile, then
move tile T in the same way at time ¢ in P,; since T was a master tile, this means it moves
in the direction of mg.

e If tile T moved for the gth time at time ¢ in P; without being a master tile, then move tile

T
q

T randomly according to its random walk at time ¢ in Ps; i.e., move in the direction of m

Note that either way the tile moves according to mg, but in the first case the movement agrees with
the Diaconis shuffle, while in the second case the movement is independent of the Diaconis shuffle.
This means that the P> processes Po(T) for T = 4, j, k may be defined as follows: If at time ¢,

tile T has moved g times in the corresponding P; process, then

M
(6.4) Pyy(T) = Xo(T) + Y my.

s=1
We call these the tdealized processes since they represent the trajectory a tile would have taken were
it not for interference; that is to say, P; gives the actual trajectory of tile k including the interference
it receives, while P, gives the ideal trajectory of tile £ had it not received interference.

Thus, using the notation for the P> processes, we have from earlier that

(6.5) Py 002, (1) = Xop2p, (i) = Xo(i) + Z ml, = Py o, (i)
s=1
Vj '
(6.6) Pr o2 () = Xowa () = Xo(j) + Y m] = Po g2, (4)
s=1
Vg
(6.7) Py open (k) = Xop, (k) = Xo(k) + Z my = Py (k).
s=1

Next, observe that individually, 4, v;, and v}, are each binomial random variables with parameters
(202n, %) However, they are not independent; for example, if tile i moves only a few times (so
v; is small) then we expect that tiles j and k& would move more times (so v, v, should be large).
Additionally, we would expect to see a difference in, for example, where tile i ends up between the
cases where v; is small and v; is large, as a larger v; would give a greater likelihood of being further
away from its starting point.

To address these concerns, we will argue that it is likely that v;, v;, and v}, are close to their

expected value of ¢2. Additionally, if they are close to ¢?, we can argue that it is likely that
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the differences between S 77, m’ and Zﬁil m?! for each tile T is small. That is to say, we can
approximate the movement of v moves of a random walk by considering what happens in ¢? moves
of the same random walk instead, the idea being that a few too many or a few too few moves will
not make much of a difference.

We call these further approximations using the expected value of ¢? the P3 processes, or the

prescribed processes, which we can write as follows: For tile T, let

ZQ
(6.8) Py(T) = Xo(T) + > _m.
s=1

Note that these are not really processes, but rather the prescribed results of running the P,
processes for a fixed number of moves.

Therefore, we have that

(6.9) P op2 (i) = Xop (i) = Xo(4) + Zmzs = Py 92, (1) = Xo(i) + Z mj = Ps(i)
s=1 s=1
(6.10) Piopa(f) = Xapa(§) = Xo(§) + Y ml = Pagen (i) = Xo(j) + > mi = Ps(j)
s=1 s=1
Vi 62
(6.11) Py oy (k) = Xog (k) m Xo(k) + > mb = Py, (k) = Xo(k) + Y mk = Py(k).
s=1 s=1

Recall that we wanted to show that with probability bounded away from zero, P; 42, (T) is in Br for
T =14, j, k. However, the P; processes, as well as the P» processes, are difficult to understand. The
P5 processes, however, are the result of a lazy simple two-dimensional random walk, which is well
studied. Thus, we will argue that with some probability bounded away from zero, the P53 processes
will be within the smaller box L1 within each target box, and the P; process will not be more than
0¢ away with respect to the supremum norm from the P3 process. This will ensures that if the Ps
process lands within L, then the corresponding P; process must be inside Br.

Using the triangle inequality, it is enough to specify that the supremum distances between the
P, and P, process and between the P, and P3 processes do not exceed %56.

Thus, we have that our desired probability is at least the probability that each of the P5 processes

lands in their respective L, minus the probability that any of the pairs of processes are too far
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P2,2e2 (k’)

P (k) hd °
P1,21’.2n(’€)

Ly,

By,

FIGURE 6.3. In the case of k: If P3 lands in £y, P3 and P» are close, and P» and P;
are close, then P; will be in By. (Not to scale)

apart:

P(PLQan(T) S B’[F; T = ivja k)

> P (doo(Py 202, (T), L1) < 60, T =4, 5, k)
(6.12) >P(P3(T) € L1, T =14,5, k)

1 1
-P <HP2,2122n(T) - P3(T)Hoo > 555 or HPL%%(T) - P2,2£2n(T)HOO > 5557
for at least one of T = 1, j, k:)

where we write doo (P 902, (T), £1) to mean the supremum distance between P 942, (T) and Lr.

By employing a union bound to make the second term more tractable, we get the following:

P(Pl,%Qn(T) € By, T=1,j, k) >P (dOO(Pl,QZQn(T)a ‘CT) <o, T=1,j7, k)

> P(P3(T> S ﬁ'ﬂ'?T = iaja k)

(6.13) - > P (prgn(’]r) — Py(T)||, > ;M)

T:i7j7k

1
= % 2 (1P - P > 50t).

T:i7j7k
To calculate the first term of the lower bound in (6.13), consider tile i in the prescribed process,

where it takes exactly the expected number of £2 steps of its random walk {mé}211~ We recall that

each m! is a random vector in R? that is either a unit step in any of the 4 directions with probability

q
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0
, and the steps are

S N

% each. The average step is (0,0) and the covariance matrix of a step is
2
independent and identically distributed.

The position of tile 4 relative to its starting point after these £? moves is the sum of these steps.

(That is to say, tile ¢ performs a 2-dimensional random walk.) Let I' = 222:1 m, be this sum. Note

82

2

that I' has mean (0,0) and covariance matrix ¥ = . By the (2-dimensional) central limit

€2
0 3
theorem, we know that I’ should be approximately a normal random variable. In particular, [1]

gives a Berry-Esseen bound on how close this approximation is:

THEOREM 6.1.1. If Z is a 2-dimensional normal random variable with the same (zero) mean

and the same covariance matriz as I, then for any convex set U C R2,

=

(6.14) P e U)—P(Z ¢ U)] < C(2)iy,

where C' is a universal constant and ~v = 222:1 E [HZ*l/me]Hg].

v2
Since R-1/2 = | * v and m/, is a random unit step as described above, it follows that
0 7
: V2
6.15 Hz—l/? | —
(6.15) M|, =
so we have that
3 2/2
—1/2 1 _
(6.16) HE PP, =5

so E [HE_l/QXtHg} = ZT\? for all ¢t. It follows that v = %

Since U can be any convex set, we can apply the theorem to the small box £;, which we recall
is a box of side length ¢/ — 26¢. We can thus estimate P(Ps(i) € £;): by definition, this is exactly
the probability that I’ is in L; — Xo(i), which is £; shifted by the initial position, and hence still a
box of side length ¢/ — 25¢. By the Berry-Esseen result, this is approximately the probability that
the corresponding normal random variable Z is in £; — Xo(¢). Since Z is bivariate normal and the

covariance matrix is diagonal, the coordinates are independent. Then, we can find this probability
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for Z by considering each coordinate separately. Each coordinate is a normal random variable with

mean zero and variance %. Hence, if Z; and Z, are the coordinates of Z, we have that
P(P3(i) € £;) =P(I" € L£; — Xo(3))
(6.17) ~P(Z € Li — Xo(i))
=P(Zs € (Li)a = (Xo(2))2) - P(Zy € (Li)y = (Xo(0))y),

where (L£;); — (Xo(i)), is the horizontal interval corresponding to the shifted box, and (£;), —
(Xo(7))y is likewise the vertical interval.

We take a lower estimate on this probability by observing that no matter where the box is
relative to i’s starting position, the far side of £; is no more than a distance £ away from i’s starting

position. Thus, we find that

P(Zs € (L3)e — (Xo(i))a) = P(Zs € (£ — (cb — 256),0))
(6.18)
—P(Z, € (\/5(1 —c+26),v2)),

where Z, = %Z;ﬂ, the normalized form of Z,.
Recall that we wanted 0 < ¢ < % and 0 < § < %c; for such ¢ and §, (1 — ¢+ 20) < 1, so
P(Z, € (V2(1 — ¢+ 26),v/2)) = n for some positive constant 5 > 0.

So, we find that
(6.19) P(Zz € (Li)e — (Xo(i))2) =1 > 0.
The same argument applies for Z,, so we have that
(6.20) P(Zy € (Li)y — (Xo(i))y) = n.
Therefore, we have that

(6.21) P(Z € L; — Xo(i)) > n*
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From line (6.14) and the calculation of v above, it follows that there exists a universal constant C

such that

Q)

(6.22) P(Ps(i) € L) = P(I' € L; — Xo(i)) > 1* —

We observe that the same argument can be made for j and k as well, so we obtain the same
bound for them.
Since the internal random walks are independent, the P; processes are independent. It follows

that

P(P3(T) € Ly, T = i,j, k) = P(P3(i) € Li) - P(P3()) € L;) - P(P3(k) € Ly)

(6.23) ~\ 3
> <n2 — i) :

Now we consider the second term of the lower bound in (6.13), which we recall is

(6.24) - > P (\PWQ ’]I‘)Pg(']I‘)HOO>;6€>.

T—=i,jk

Consider the case for tile ¢ first; we shall see that j and k will be the same.

Recall that Ps(i) denotes the random walk process for ¢2 steps and P, 5s2,,(i) denotes the same
random walk process for v; steps, where v; is a binomial random variable with parameters (262, 2n).

First observe that since the two processes use the same random walk {mf]}, any difference must
come from P, 542, (i) using a different number of random walk steps than ?2. We shall argue that
this different number is likely to be close to 2, and when it is, that it is likely that there is not much
difference between the two processes using Doob’s inequality.

Let Nio1 = k€ represent the tolerance level of the number of missing or excess steps, where k > 0

is a constant to be determined. Consider what v; could be. If v; is too far away from /2, so that

|Vi — €2| > Niol, then we shall assume (pessimistically) that the two processes will be too far apart.
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Otherwise, if ‘I/Z‘ — 62‘ < Niol, then observe that

13 ) Z2 K 62
P - ; —Pgi _ Zmz_zmi < max Zml_Zmz
H 2,2 n( ) ( )HOO — s e s il p—€2|<Nyop s=1 ° s=1 ’
(6.25) N i
[
< max Z m; - Z m;
pilp—?|<Neor || <= s=1
o

Note that for sufficiently large ¢, we have Nio = x¢ < 2, so the u in the maximum will be greater
than 0.

It follows that by applying a union bound we have that

P (Hpgwn(z') - B(i)|| > ;55)
(6.26)

2 22
A . 1
<P(ly; — 2] > Nyy) + P ma. g m’—g m’ > =6/
<Pl = €] 2 Nia) il <N 0 =T 2

oo
By breaking up the maximum into the cases where y < ¢? and when u > 2 (note that when

u = £? the quantity is 0), we can use a union bound for the second term:

2 72 1
P max Z mi — Z myl|| > =l
pelp— 2| <Neor || 4= = 2

(6.27) B >
i 1 a i 1
<P , nax E myl| > 556 +P , max g mgl| > 556
p<l2 02 —p<Niol || < u>02,u—L02< Ny
s=p+1 o s=02+1 oo

Since the m? are independent and identically distributed, these two terms are both bounded

above by the probability that the maximum supremum norm attained over the first N, partial

1
> 256) .

Then the probability that the two processes differ by more than %56 is at most the probability

sums of the m! is greater than %M, so we can write that

T

i
> m,

; ; 1
(6.28) P max ng — me9 > 5(% < 2P ( max 1
s=

pi| =02 <Ny 1<r<Nior

that the number of missing or excess steps exceeds this tolerance level (i.e., we assume that the two

processes will be too far apart if v; is too large or too small), plus the probability that, given that
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the number of missing or excess steps is within the tolerance level, the missing or excess steps cause

a deviation of more than %68:

(6.29)
1 d 1
) .
<HP2 o02n (1) — P3(i )HOO > 256) < P(|vy — ¢ ’ > Niol) + 2P (1;1;%01 ng > 2(%) .
s=1 00
The first probability can be bounded above with Chebyshev’s inequality: Since v; is a binomial

random variable, we know its variance is G (2” D) , and thus we get that

Vary; £2(2n—1) 1
6.30 P(lv; — 02| > Nigl) < L= <=
( ) (‘VZ ‘ = Nio) < Nt201 2nk202 T K2

Now consider the second probability. Since having the £°° norm exceed %M means that either the

norm of the z-coordinate or the norm of the y-coordinate exceeded %56, a union bound gives that

1
Zm > 255)
Zm > 15@ +P| max Zm > 156
< 2 1<r<Neol 7 2 ’
S= T s= y

where the subscript « and subscript y indicate that we take the x-coordinate and y-coordinate,

max
1<T<Nt01

(6.31)

<P max
1<r<Nia1

respectively. Note that
(6.32) (Z m) =Y (mi),
s=1 T s=1

and since the m’ were random variables uniformly distributed over the four directions, it follows that
each (m!), is +1 or —1 with probability 1 each, and 0 otherwise. Observe that W, = > (m )
is a martingale, and hence |W,| is a submartingale by Jensen’s inequality (or observe this directly).

By Doob’s maximal inequality, we have that

(5),

1) <20

T50

(6.33) ( max

1<r<Niol
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Jensen’s inequality tells us that

(6.34) <IE (

so it follows that

. (|2 ),

< T
150 150

2 2
Observe that E () <Zi,vt°11 m )x’ ) =E (((Zé\[ﬁl m >m> ) is the second moment of the sum; since
the first moment of the sum is 0, the second moment is the variance. Since the individual steps (m%),
1

are independent, the variance of their sum is the sum of their variances. Each step has variance 3,

so it follows that the sum of the variances is le Consequently,

(520c) [ ) < e m

The same argument applies for the y-coordinate, so we have that

150 Ise ~ Lae
1 £y 24/2
Zm >25£>§2 2° _ ZVAR

(6.36) < max

1<7’<Nt 1

2
1<r< Nyol %(56 N VI

(6.37) < max

so in total we have that

1 +4\/ﬂ
o1l

We see that the same argument applies for j and k, so we conclude that

1 1 4\/ﬂ
(639) _T:ZZ’]"]CP <HP2,2527L(T) - P3(T)Hoo > 2(%) > -3 (/i 6\/ >

(6.39) P (IPaea(i) - PO > 30¢) <

assuming that we chose the same tolerance level k for each tile. We shall choose an appropriate k

later.
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Finally, we consider the last term of the lower bound in (6.13), which we recall is
(6.40) — Z P (HPWZ”(T) — Py o, (T)| > ;(%) .
T=i,j,k
Consider the case for k. Recall that P; (k) = X.(k), the position of tile k after ¢ steps of the
lazy Diaconis shuffle.
Let ZF = X;(k) — P2(k), the vector difference between the two processes. Thus, we want to

consider the following probability:

(6.41) P (HZSM

1
. > 266).

Define Nf to be the number of times in the first ¢ steps of the Pj process that tile & moved without
being a master tile.

We claim that HZZ“H; — 2N} is a martingale: Let ¢ increment (i.e., take one step in the lazy
Diaconis shuffle, updating X;(k), and then update P,;(k) accordingly). Then Nf either remains
unchanged, or increases by 1. If NF remains unchanged, then either tile k¥ does not move at all, in
which case ZF evidently does not change, or tile k moves while being a master tile, in which case tile
k moves in the same way in both processes, so that Zf still remains unchanged. Either way, HZZ“H;
is the same.

Otherwise, if Nf increases by 1, then the moves that tile £ makes in P; and P» are independent.
In this case, observe that HZfH; is the sum of the squares of its coordinates. Write X;(k) = (¢, y¢)

and P ¢(k) = (pt, ). Then we get that
k||? 2 2
(6.42) |2t = @ = p* + (= a0
If we consider just the z-coordinate, then we see that
(6.43) E((ze11 = pe+1)?) = E((z — pi)? + (Ax)* + (Ap)?),

where Az and Ap represent the step made at ¢t + 1. They are independent random variables that

are 0 with probability % and —1 or 1 with probability i each. Note that the cross terms have
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disappeared because Az and Ap have mean 0, and E((Az)?) = E((Ap)?) = %. Thus, we get
(6.44) E(zi41 — pe1)® = E((ze — pr)* + 1

A similar argument holds for the y-coordinate, and thus it follows that

619 s(Jetal}) - (J2) +-

It follows that HZtkH; — 2N} is indeed a martingale.

Additionally, note that this quantity is initially 0, which implies that

(6.46) E <HZsz> — 29E(N}).

Define A} was to be the number of times tile & was not a master tile after ¢ steps. (Recall
that we always chose i to be a master tile, then j if possible, then k is possible, then we chose the

remaining master tiles arbitrarily.) Since k has a % chance at moving at each step, it follows that

(6.47) E(NF) = %E(A,’f).

There are two possible reasons that k is not a master tile: either k shares a row or column with ¢ or
k shares a row or column with j (or both). So, let Af " be the number of steps taken while k£ was in
the same row or column as ¢ after ¢ steps, and let Af’j be the analogous quantity for j. For example,
we have that Alg’i = 0; if we suppose that ¢ and k£ were in the same row at the beginning at time
t = 0, then it will be the case that A’f’i =1, since the step that takes us from ¢ = 0 to t = 1 will be
taken while k and i share a row. (Note that it is irrelevant whether k£ and i share a row or column
at time ¢ for the value of A¥))

Then it follows that

(6.48) AF < AR AR
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Consider Af . We claim that that || X, (i) — Xe(k)|l, — %Af " is a martingale: Let ¢ increment. Then
either 4 and k& were not in the same row or column or they were.

If they were not in the same row or column, then A} remains unchanged. Additionally, if we
write X;(i) — X¢(k) = (Az, Ay), we have that neither coordinate is 0 and that || X;(i) — X;(k)||, =
|Az| 4+ |Ay|. If neither ¢ nor k moved, then || X;(i) — X;(k)||; is unchanged. If one of i or k moves,
then (Az, Ay) becomes one of (Az+ 1, Ay), (Az —1,Ay), (Az, Ay+1), or (Az, Ay — 1) with equal
probability, and since neither Az or Ay was 0, the average change of || X;(i) — X;(k)||; is 0. Note
that it is not possible for both to move since they are not in the same row or column.

If ¢ and k£ were in the same row or column, then Af’i increases by 1. Suppose without loss of
generality that they were in the same row. Then we know that X;(i) — X;(k) = (Az, Ay) = (Az,0).
With probability ﬁ, either ¢ or k moves vertically, causing Ay to become either 1 or —1; in either
case, || X¢(i) — X¢(k)||; increases by 1. If that is not the case, then either ¢ and k£ move horizontally
in the same direction, in which case || X¢(i) — X;(k)||; does not change, or neither i nor k£ move, in
which case || X¢(i) — X¢(k)||; does not change either.

It follows that || X(i) — X¢(k)||; — %Ai“ is a martingale. Consequently,
. Lok ,
(6.49) B (100 = Xl — 545 ) = 1X() = X,
from which using the triangle inequality and reverse triangle inequality gives that

E (;Am =E (| X:(i) — Xe(k)|l; — [|Xo(i) — Xo(k)|,)
<E (| 1266) = X () — 1Xo(0) = Xo(R], |)
(6.50) < E ([[(Xe(i) — Xe(k)) — (Xo(i) — Xo(k))l;)
=E (||(X¢(4) — Xo(i)) — (Xe(k) — Xo(K))I;)
< E(IX:(i) — Xo(i)ll, + | Xe(k) — Xo(k)]l,),

SO we get

(6.:51) S E(AR) < B(IX) — Xo(0) 1) + B(IX(8) — Xo(R)]).
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Recall that
(6.52) E([|X:(0) = Xo(0)l1) < V2E(|X¢(0) — Xo(0)ll,),
and observe that by Jensen’s inequality, we have

(6.53) (E(IXe(i) = Xo(0)l2))* < E((1Xe(6) = Xo(@)]l5)%),

which in turn gives us

(6.54) V2E([[ X (i) = Xo(i)]5) < ﬁ\/E((\\Xt(i) — Xo()l2)?)-
Write Xy (i) = (x¢, ). Then by the definition of the 2-norm we have that

E((|1X:(i) = Xo(i)ll5)?) = E((z: — 20)* + (y¢ — %0)°)
(6.55)
= E((z — 20)%) + E((y: — %0)*)-

Notice that x; — x¢ is the difference between the initial z-coordinate and the final z-coordinate,

and can be written as the sum of differences for each time step:

¢
(6.56) Ty — To = Z:cs — T 1.
s=1

The difference at a time step is really just a step of the lazy Diaconis shuffle from the view point
of tile i’s x-coordinate, and is —1 or +1 with probability # each, and 0 otherwise. Furthermore,
each step has mean 0 and the steps are independent, so it follows that E((z; — z¢)?) is in fact the

sum of the variances of the steps. Each step has variance ﬁ and there are t steps, so
(6.57) E((x; — 20)?) = —.
The same argument applies for the y-coordinate, so we have that

(6.58) E((ye — y0)?) = w
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upon which we have that

(6.59) E((1X00) — Xo(i)l2)?) = 5

It follows that

(6.60) V2\JE((1X () — Xo(0)]1,)?) = ﬁ\/g - \/Z

and thus we have that

. . t
(661 BIX00) - Ko@) < /-
The same argument applies for the movement of tile k, so we get that
1 ki : . t
(6.62) LB < B(IX () - Xo()lh) + BOR) — Xo)l) <2/
A similar argument for Af J gives that
1 o {

. —E(A) < 2\/>.
(6.63) S E(AF) <2,/
It thus follows that
(6.64) E HZ’“HQ —9R(NF) = 2 (2 E(4b)) <2 ( ZEAR 4 48] <2.4,/L =8

' tllo t on ) ="\ 2n t - n

By Jensen’s inequality, we know that

(6.65) (e(2],) <= (Hszi)

so it follows that

(6.66) E(||2E],) = VEIZE]))2 < VE(|2E]3) = 2v2 <Z>1/4.

When t = 2¢%n, this becomes

2 1/4
Jera(r)

n

(6.67) E (HZ@ZQ”
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Finally, using Markov’s inequality, we can get a bound on the probability that Z is too large. Since

1ZE|l < [|ZE],. it follows that

> 15€> < E([|Z52,, 1) < 2741 211/
? 2 B %5€ - %(56 - 5\/2

1
668) P (HZ;“M > 255) <P (HZ;fM

An analogous argument holds for HZtJ H with the following differences: Since j is not a master tile
o

only if it shares a row or column with i, A{ = A{’i, and thus we get that

6.69) E (HZ§H2> — 9E(N/) =2 (;nE(A{)> =2 (;nE(A{’i)> <2. 2\/5 —4 %

This, in turn, yields that

610 e (Ja) <2 (%)
and that
(6.71) E(||Z3e.],) = 27ve

meaning the estimate in the case of j is
1 29/4
> 5€> < —.
0 2 5V/1

Finally, note that Z; is always 0 since i is always a master tile and hence will always move according

(6.72) P (Hdezn

to its internal random walk, so we have that

(6.73) POM@MM>;&>:0

It thus follows that
11/4 9/4
1 > > _2 + 2

(674) - T_ZZJ’kP <HP1,QZ2TL(T) - P272g2n(T)HOO > 5(56 57\/@
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Putting the results from lines (6.23), (6.39), and (6.74) together we find that
P(Py 202, (T) € By, T =1, j, k) > P (d(Py 92, (T), L) < 60, T =i, j, k)

> P(P3(T) € Ly, T =14,j,k)
1
- > P <HP2,2é2n(T) — Py(T)||, > 265)
(6.75) et
1
B Z P <HP1,2€2n(T) — Py (T)| . > 2(%)

T:i7j7k

A\ 3 11/4 9/4
2<n2—0> —3<1+4\/ﬂ>—2 2

/ R N/ Ve

Recall that n is a constant. It follows that we may pick s large enough so that if ¢ is sufficiently

large, we have that

~\ 3

C 1 4v2r\  2M/4 4294 gf
6.76)  P(Pyop,(T) € Br,T=1i,j.k)>|n*——| =3[ =+ — > L.
(676)  B(Pramn(T) & Br 5k) (77 ) (FP 5\/Z> 5V/¢ 2

l
6.2. Stage 2 Analysis

In the second stage, we consider the behavior of the tiles ¢, j, and k, when they are in their
respective boxes B;, Bj, and Bj. Recall that we want ¢ to move from its starting position iy € B; to
a final position iy € B;, and likewise for j and k. Suppose that we consider R steps of the shuffle for
this stage, where R is an integer between 3¢2n and $¢?n + 2, where 3 is a constant to be determined.
(This allows for R to be even or odd.) Then if X;(7) is the position of i in the lazy Diaconis shuffle

with X(7) = ip, and likewise for j and k, we want a lower bound for
(6.77) P(X(i) = i, Xn(j) = iy, Xn(k) = k).

Let us first try our strategy from the first stage: Assign to every tile T an internal random walk

with a new independent sequence of random walk steps {m;r o—1- and consider the implementation
of the Diaconis shuflle as seen in the first stage. This time, let v; be the number of times tile ¢ moves

after R steps of the lazy Diaconis shuffle, and define v; and v}, similarly.
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For tiles i, j, and k, we can consider the event that their random walks lead them from their
starting positions to their target final positions; this would be
Vi vj Vi
(6.78) o+ Y mh=ir,  Jo+ > mi=j;,  ko+> mk=ks.
s=1 s=1 s=1
We observe that not every such triplet of random walks would result in the three reaching their
destination in the lazy Diaconis shuffle, since we saw earlier that there is the potential for interference.

However, if 7, j, k are always master tiles, then there will be no interference, and they will move
exactly according to their random walks. In such a case, the movement of ¢, j, and k under the lazy
Diaconis shuffle would be the movement according to their random walks, and hence the three would
reach their target destinations.

One way to ensure that ¢, j, and k are always master tiles is to consider only the random walk
paths that keep each tile nearby its box. If the trajectories do not go so far out such that there is no
possibility that any of the three tiles share a row or a column, then on the event that the random
walks do take those paths, then the three tiles will always be master tiles and go to their target tiles

as expected, without any potential for interference.

[
Fi
dﬁ{ @
Fi g ‘

| J=g

FIGURE 6.4. As long as ¢, j, and k stay close to B;, B;, and B}, by remaining inside
Fi, Fj, and Fj, respectively, there is no potential for interference.
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To keep each tile near its box, we will consider paths that stay within buffer zones of each

respective boxes. This will mean that we want

123 T

(6.79) z'0—|—me]:if, z'g—i—me]G}} for 1 <r <uy,
s=1 s=1
Vj T

(6.80) Jo+ Y mi=jr, o+ Y mieF; for 1 <r<u
s=1 s=1
Vi r

(6.81) ko+Zm§:kf, k0+ZmZE]:k for 1 <r <y
s=1 s=1

where, for T = 4,5, k, Fr is the box of side length d¢ that is centered around Br, where d is a
constant to be determined and we remark that we should have % > d > c (see Figure 6.4, recall that
each By has side length ¢f). If ¢ is sufficiently large, then we have that Fr strictly contains By in
the sense that there is at least one layer of tiles between Fr and Br.

To summarize, one way that the three tiles will reach their target final positions in the lazy
Diaconis shuffle in R steps is to have that if tiles 4, j, and k move v;, v}, and v}, times, respectively,
then have the tiles have internal random walks that lead them to their targets in the way described

earlier, keeping close to their boxes so there is no interference. That is,
P(Xr(i) =iy, Xr(j) = jf, Xr(k) = ky)

Vi T
> Plig+»_mi =is, ig+ » my€Ffor 1 <r <,

s=1 s=1
(682) vj . r .
jg—l—Zm{]:jf, jo—l—Zm{]e]-'j for 1 <r <y,
s=1 s=1

Vi r
o+ Y mf=ky, ko+ Y mf € Fy for 1 <r <)

s=1 s=1
We pause here to point out an issue of parity: if we only consider steps where the tile actually
moves as we did before, then establishing a useful lower bound for the probability of moving from
one position to another in the small box becomes difficult (since, for example, it is impossible to
move to an adjacent space in an even number of moves).
Additionally, observe that checking whether a path stays within Fr can be done by considering

each coordinate; if a path leaves Fr, then it must be the case that the path travels too far horizontally
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or too far vertically. Since checking one dimension at a time is easier and we must also consider the
parity issue above, we shall rework this approach to analyze one dimension at a time:

Assign for each tile T two 1-dimensional lazy random walks, a horizontal random walk {hqqr}gil

oo
q=1"

and a vertical random walk {v?f Both are sequences of random variables and the h?]r and U;]]T are
independent and identically distributed, taking values of —1 or 1 with probability i each, and 0
with probability %

To make use of these lazy random walks, we shall consider a different implementation of the lazy
Diaconis shuffle for the second stage in order to reflect the fact that the laziness is now incorporated
into the internal random walks, as detailed below.

At each step:

(1) Choose n master tiles as described previously: set i, to be a master tile, then j if possible,
then k if possible, then choose the rest arbitrarily.

(2) Randomly select one of the n master tiles; call it T.
(3) Randomly decide whether to try to move T horizontally or vertically.

o If T tries to move horizontally: Suppose T has already tried to move horizontally

(¢ — 1) times. Move T according to hzr, and move the other tiles accordingly.

e If T tries to move vertically: Suppose T has already tried to move vertically (¢ — 1)
T
q

times. Move T according to v,, and move the other tiles accordingly.

Under this framework, we shall consider each time a tile tries to move horizontally (respectively,
vertically) walk to be a horizontal (respectively, vertical) “step” for that tile even if that step ends
up doing nothing due to laziness. This will allow us to avoid the parity issue described earlier (as
now, for example, it is possible to go to an adjacent tile with an even number of steps).

Let H;, H;, and Hj be the random amounts of horizontal steps that tiles ¢, j, and £ take,
respectively, and let V;, V;, and V}, be the random amounts of vertical steps that tiles 7, j, and k
take, respectively.

Suppose we know how much these quantities are. Then for tiles ¢, j, and k, having these random
walks lead them from their starting positions to their target final positions is the same as having

their random walks lead their coordinates to the correct values, so we would want the following,
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analogous to line (6.78):
v;

H;
(6.83) (i0)e + b= (if)er  (i0)y + Y vk = (if)y,
s=1

s=1

H v
(6.84) o)z + > W= (p)ar  Go)y+ Y vl=
s=1 s=1

Hy, Vi
(6.85) (Ko)a + Z h]; = (kf)e, (ko)y + Z ”§ = (kf)y
s=1 s=1

As described earlier, we want to consider only those random walks that keep each tile nearby its
box, to ensure that all three of 4, j, and k are always master tiles. In the context of using these
one-dimensional random walks, the stipulation that the path stays inside Ft becomes the stipulation
that each coordinate stays within its corresponding interval derived from Fr. Thus, analogous to

line (6.81) we would want
(6.86) (i0)z + Z hi = (if)a (i0)z + Z hi € [a;, b for 1 < r < Hy,

(6.87) Zoy—l—ZU € e di] for 1 <r <V,

Vi
v+ 2 =iy
H; r
(6.88) Z (]O)I + Z hg S [aj, bj] for1<r< Hj,
s=1 s=1
v,
Hy,

6.89 (Jo)y + vEC, ;] for 1 <r <V},
J J
(6.90) Jo + > BE = (kf)a, th € [ay, by] for 1 < r < Hy,
k T
(6.91) (ko)y + > _vF = (kp)y,  (ko)y+ Y _vF € [ex,di] for 1 <r <Vj
= s=1

where for T = i, j, k, ar is the x-coordinate of the leftmost column of tiles in Fr, by is the z-coordinate
of the rightmost column of tiles in Fr, cr is the y-coordinate of the bottom row of tiles in Fr, and

dr is the y-coordinate of the top row of tiles in Fr.
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To have more compact notation, define G, to be the “good” event for H; as described above:

(6.92) Gp, = { i0)z —|—th (if)e, (i0)x +th [a;, b;] for 1 <r < H}

and define Gv;, Gu,, Gv;, G, and Gy; analogously.

Then we see that in the implementation of the lazy Diaconis shufle using two 1-dimensional
lazy random walks for each tile as described earlier, one way to have the lazy Diaconis shuffle move
i, 7 and k to their target final positions is to have the three tiles have random walks that satisfy the
above events, given the amounts that each tile moves horizontally and vertically.

So then we have, analogous to line (6.82), that
(6'93) P(XR(i) = ifa XR(]) = jfa XR(k) = kf) > P(GHm GV%a GH]w GV]a GHk? GVk)

We know that each of Hj, Vi,Hj, Vj, Hy,, Vi, is a binomial random variable with parameters

(R, 21 ), and thus each has average . Since R is roughly 8¢?n, we expect that each will be close to
5—52. So, we shall consider the event that each quantity is in the interval (%, #), which we denote
as A:

2 3802
(6.94) A= {HVH]X/}Hka € <*84 i) }

Then, by considering all of the possible choices of amounts ny, ;, 744, nhjs Nw,j, Nhk, and n, g
for H;, V;, H;, V;, Hy, and Vj, respectively, in A, the estimate in line (6.93) can be modified in the
following way.

Let N = (H;,V;, H;,V}, Hy, Vi), the vector of the 6 quantities, and define

B2 3802
(695) A= (nh,i, Nv,is Th,5y Mw,j5 T ks nv,k) Nhis Mw,iy Th gy T, TVh ks> T K € T) T

Then we can write

(6.96)

P(XRg(i) = if, Xr(j) = jr, Xr(k) = ks) > > P(Gp,, Gv;, Gry, Gy, Gy, Gy [N = n)P(N = n)
neA

o8



This lower bound is what we will estimate. We shall find a bound for
P(Gw,, Gy, Gu,, Gv;, Ga,, Gy, [N = n) that works for all n € A, allowing us to factor it out, which
will leave us with ) ,P(N = n), which is P(A).

First consider P(A). Since all six quantities are identically distributed, we consider H; in
particular. Recall that H; is a binomial random variable with parameters (R, 5-), and thus E(H;) is

. Since R is roughly B¢*n, we expect that Hj will be approx1mately ; we will want to estimate

the probability that H; € (%, 3[1[2 ).

Since Var H; = % : 275;1 < %, by Chebyshev’s inequality we have that

(6.97) P (‘H o

w?) Var H; £

)y

But since 802 < R < % + 2, we have that %62 < % < % + %, and so
2
B2 £ B4l 32 6
6.98 H;, — n_ < D=
( ) (‘ n’— 8 — <542>2 — <%>2 B£2+52£4n
8
and for sufficiently large ¢ this will mean that
(6.99) p(lm - B0 o 64
2n| — 8 Bz
We also see that by the triangle inequality
Be? R R B R| 1
6.100 H,— —| < |H;— — — — — | < |H;— — |+ —.
(6.100) ‘12_Z2n+2n2_z2n+n

If ¢ is sufficiently large, % < %2. Then on the event that }Hl — %‘ < B2 we would have that

8
‘HZ- Bﬂ < M , so it follows that

B2 3502 ez 64
oan p(me (M) sip (- 2|52 5 8

and the same holds for H;, Hy, V;, V;, and V,. With the application of a union bound for all six

quantities, it follows that

64 384
(6.102) P(A)>1— (6 : B€2> =1-25
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Now, for any choice of n for N, the events described in lines (6.86) to (6.91) are independent
since the random walks are independent; it follows that the probability of the events in those lines
conditioned on the event that N = n is the product of the probabilities of the individual events
conditioned on the event that N = n:

(6.103)
P(Gy,,Gv;,Gy,, Gv;, Ga,, Gy, |N =n)
=P(Gy,|N =n)-P(Gy,|N =n) -P(Gy;|N = n) -P(Gy,|N =n) - P(Gp,|N =n) - P(Gy,|N =n)

We shall go through
(6.104) B(Gy,|N = n) = (zo +Zh" (if)as (i0)e +th [a;, b f0r1<r<H|N—n>

the others will have a similar calculation.

Suppose it is the case that N = n holds, for some n € A. (We remark that the only relevant
part of this for Gy, is that H; = np; € (%62, %))

Let us first consider the probability of just the event that (ig)s + S 0, bl = (i f)a; that is,
without the consideration of remaining in [a;, b;].

Then we note that we have an aperiodic random walk on Z that takes a step of +1 or —1 with
probability % each, or remains still with a step of 0 with probability %

By the local limit theorem considered in [4], we have the following: Let p, (k) represent the
probability that such a random walk (starting at 0) is at position k after n steps. Then we can

approximate py (k):

(6.105) pn(k) = pn(k) = me‘?

and the local central limit theorem tells us that this is approximate in the following sense:

(6.106) pu(h) () <

for a universal constant &, giving an error bound. This will give us an estimate of the probability

that (ig)s + Y200, b = (i)
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Next, to incorporate the restriction of remaining in [a;, b;], we employ the reflection principle
discussed in |5]. Since any path that stays in (a;, b;) also stays in [a;, b;], we shall consider the former
for a cleaner argument.

Starting from (ig),, we want to travel to (if), in H; steps without becoming less than or equal
to a; or greater than or equal to b;. Similar to the notation used in [5], let X; be the lazy simple
random walk on Z with Xy = (i0)q.

Let 7,, be the first time the walk hits a;; i.e., one of the ways to go out of bounds. Then the

reflection principle gives that

(6.107) Plio)e (Ta; < Hiy Xu, = (if)z) = Py, (Xm, = 2a; — (if)z),

or that the probability that the walk goes to (if), in H; steps without hitting a; is equal to the

probability that the walk goes to 2a; — (i), in H; steps.

L/// \\\J/T\‘

I il
2a; — (Zf)g; arl\_/(yz())x (lf)ﬂc

FIGURE 6.5. Any path that starts from (i), that hits a; on its way to (is), is in
one-to-one correspondence with a path from (ig), to 2a; — (if)s-

An analogous argument for b; gives that
(6.108) P(io)z (Tbi < H;, XHi = (Zf)x) = P(io)z (XHl = 2b; — (Zf)z)

Observe that P;), (7o, > Hi, T, > Hi, X, = (if)z) is the probability that we travel from (i),
to (if), in H; steps without leaving (a;, b;); i.e., what we want. With a union bound, it follows that
we have

IP)( )I(Tbi > Hi,Tai > Hl,XHl = (Zf)m)

%0
(6'109> > P(io)z (XHz = (Zf)x) - P(io)z (Tai < Hi, Xpg, = (’Lf)if) - IP)(io)gg (Tbi < H;, Xp, = (’Lf)l’)
=Py), (X, = (if)e) = Plig), (Xa, = 2a; — (if)2) — Pig), (Xm, = 2bi — (if)2)

and now notice that all three terms can be estimated by using the local central limit theorem

described earlier.
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Let now perform some estimates using line (6.105). The number of steps n is H;.
For P, (Xu, = (if)z), we will want a lower bound. Thus, we consider the case where (i)
and (if), are furthest apart, being on opposite sides of £;. It follows that the furthest the target

position could possibly be is no more than cf, so we have that
(6'110) ]P)(io)z (XHz = (Zf)x) 2 PH; (cﬂ)

For P;y), (Xm;, = 2a; — (if)z), we will want an upper bound, so we consider instead the case
where (ig), and 2a; — (i7), are closest to each other. Since (ig), is inside B; and 2a; — (if), is outside
F; (observe that 2a; — (if); = a; — ((if)s — a;)), the closest they could be is no less than %452, so

we have that

. d—rc
(6.111) P, (X, = 20 = (ip)e) < o, (£55¢)

A similar argument holds for Py (Xu, = 2b; — (if)z)-

Thus, we have that
]P)(io)x(Tbi > HiaTai > szXHZ = (Zf)x)

> Pligy, (Xu, = (if)z) = Peig), (Xu, = 2ai — (iy)x) — Plig), (X, = 2b; — (if)z)

(6.112) d—c
> pHi<C£) — 2pp, < 2 K)
d—c
= paer(cl) = 2p 4 ( 5 5) :
where, since we have H; € [BTZQ, %}, we write H; = Al?, where A € {% %}

4
Using the approximations from [4] discussed earlier at lines (6.105) and (6.106), we have that

1 2
6.113 0 =7 "
( ) Pae(cl) gme
_ £
(6.114) [pag(el) = Paa(c)l < <575
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_ 1 a2
(6.115) e (d 5 Cé) =~ o~

d—c d—c 13
PAe?( 5 f>—pAz2< 5 €>‘§A3/2£3

With these approximations and their error bounds, we get that
(6.117)

. d—c
Pio)e (Toir1 > Hiy Tap—1 > Hiy X, = (if)z) = pag(cl) — 2pape ( 5 5)

(6.116)

o

>

~ A A3/2€3 0 Ar A3/2£3

—o)2
1 2 - (d—c) 3¢

NI AT A3

CI>‘“M

Since A € [g, %}, we can lower bound the previous expression:

2 _(d—o? 3¢

e — e 44 — —F—
AT AT A3/2¢3
1 73 2 -k 3
> e (1) e W(F) 35/2
3 B
e B @7
(6118> 1 1 _ 02 _(d76)2 35
_ NG (5) _9e (%) | = —
3 3
0/(5) () e
2 L o_a ) e 24¢
IRV ‘ EEEE

Recall that % > d > c¢ > 0. In particular, if d — ¢ > ac for an a > 0 to be determined, to then
we find that the first term above can be bounded in the following way:
2 1 _a? _(d=o? 24¢ 2 1 _ad _(a0)? 24¢
6.119 — [ —=e -2 3B — > e B —9 3 | - >
(6.119) 75z <¢§ ‘ ) G326 = 0\/Br (\/5 ’ ) g3/

42 (ac)?

To take an estimate, we will want a § such that 2%6677 > 2e 38 . A calculation shows that we

will want

(6.120) s © (“2 - 4> ,
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from which we also see that we will need a > 2v/3. For such «, S, ¢, and d, we will have that

2 <1 _ac? _<ac>2> 24¢ 2 ( 1 _4c2) 24¢
——e A —2 3 |- > e F ) - =
6B \V3 B3/203 = 4y/Brw \2V/3 33/2¢3
B 24
0 BB

(6.121)

for a constant B > 0.

Finally, if ¢ is sufficiently large then we will have e /233 < QBZ, so we can further estimate this by

B 24 _B B B C
(6.122) TPPBT T w1

for a constant C' > 0.

We can thus conclude that

(6123) P(io) (Tb > szTa >HZ’XH = (Zf) ) %

and consequently conclude that

(6.124) P(Gy,|N =n) > %

and the same holds for Gy,, Gv;, Gy;, Gv;, Gu,, and Gy,. By line (6.103) we have that
C6
(6.125) ]P)(GHNGWvGHjaG‘/}vGHkaVk|N:n) > 6

so with this and lines (6.96) and (6.102) we have that

(6.126)
P(XR(Z) = if,XR( ) —jf,XR ZP GHZ.,GV“GHJ.,GVj,GHk,GVk|N = n)P(N = n)
neA

6
> C—IP’(N =n)



and if £ is sufficiently large we know that

C* 384 E
(6.127) I (1 5132> =

for some constant E > 0.

6.3. Stage 3 Analysis and Total Result

Stage 3, where the tiles start in their respective boxes and travel to their destinations ¢, j’, and
k', is treated in the same way as Stage 1: Notice that for any particular sequence of moves in the
Diaconis shuffle, going backwards, i.e., the sequence of moves that undoes what the first sequence
did step by step, has the same probability as the first sequence. That is to say, for any sequence of
moves that sends ¢/, j/, and k' to B;, Bj, and By, respectively, reversing it yields a sequence of moves
that sends a tile from somewhere in B;, B;, and By, to i, j/, and k', respectively. It thus follows that
the bound obtained for Stage 1 applies for Stage 3.

In total, since the moves of the Diaconis shuffle in different stages are independent, we conclude
that the probability of having all three stages be successful in sequence, and hence sending (i, j, k)

to (i',7', k") in T" moves, where T is the least even integer greater than (2 + 8 + 2)¢2n, is at least
(6.128)

for a constant D > 0, as we claimed. O

We note that the universal constant C' in the statement of the lemma is at least 4 from the proof.

We also remark that the T’ can also be the least odd integer greater than (2 + 3 + 2)¢?n since
our argument for Stage 2 allowed for R to be odd as well as even, and hence T” can also simply be
the least integer greater than (2 + 3 + 2)¢%n.

It then follows that lemma is in fact true for all £: For each £ that is not sufficiently large, observe
that there is always some nonzero probability that a triplet of tiles travels to another triplet of tiles
in 7" moves, where T" is the smallest even (or odd) integer greater than (2 + 3 + 2)¢2n: by moving
each tile one at a time, a triplet can be moved to another triplet in no more than 6¢ moves (each tile
needs at most ¢ vertical and ¢ horizontal moves); since we may assume ¢ > 2 as there is nothing to

say if £ = 1, we will have that 6¢ < 4¢/?>n < T, upon which the remaining moves can just be lazy.
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Hence, the probability is at least ZAG for some A. Since there are only finitely many such
insufficiently large ¢, it follows that taking the minimum of all the A’s obtained from these ¢ and the

D from the lemma gives a constant D that works for all £.
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CHAPTER 7
Finding a Mixing Time Bound

As noted before, the Diaconis shuffle introduces the possibility of a 3-collision when a row move
is followed by a column move or vice-versa. As such, we can write the 2-step lazy Diaconis shuffle in
3-Monte form in the following way, by generating it from single steps of the lazy Diaconis shuffle:

Let w1, mo be independent identically distributed copies of the Diaconis shuflle, and let c¢1o =
W;lﬁflﬁgﬁl. Observe that m1moc19 = momy. Let €12 be an even mixture of the identity and cio. Let
co1 and G371 be defined similarly. Observe that if m; and 7o consist of one row move and one column
move, then ¢y is a 3-cycle (as is ¢21), and in that case, €13 is a 3-collision.

Then define the 2-step lazy shuffle v as follows:

mmoC2, if w1 is a row move and 7o is a column move
(7.1) U = § momCa1, if w1 is a column move and 7y is a row move

T T2, otherwise

Note that in the cases where m; and my consist of one row move and one column move, then v
assumes the row move came first and then introduces the corresponding collision to allow for the
case where the column move came first, and hence has the same distribution as 2 moves of the
Diaconis shuffle, as desired.

Let v(;) denote a product of ¢ i.i.d. copies of the 2-step lazy Diaconis shuffle on the n x n grid.

We claim the following:

LEMMA 7.0.1. There is a universal constant C' such that for any random permutation u there is

a value of t € {1,...,Cn3} such that

(7.2) E(ENT (pv)| sgn(po ) < (1= f(8))E(ENT (4] sgn(p)))
where f(t) = log"én (& A1), for a universal constant .
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PROOF. Let m = [logy(n)]. Let £y = 0, then for 1 < k < m+1, let £, = 28~ An. Partition the
set of locations {1,...,n%} into m+1 parts as follows: for 1 < k < m+1,let I, = {(¢g—1)*+1,...,03}.

Let p be a random permutation, and consider E(ENT(u|sgn(u))). Recall the following decom-
position:

n2

(7.3) E(ENT(u|sgn(u))) = > EENT(u " ()] sgn(u), TH4))-
j=1

Let E; = E(ENT(u1(4)| sgn(u), 7;i1)) We can rewrite the previous decomposition as follows:

m—+1
(7.4) E(ENT (i sgn(u) = > 5 ;.
k=1 jely
Consequently, if £* maximizes ) jer, L, then
1
(7.5) S By 2 S B(ENT(u] sgn(0)).

JE€Ix

We will use Theorem 4.0.1 to get a decay of entropy:

LEMMA 7.0.2. Fiz 1 <k <m+ 1. There are universal constants R,C > 0 and v > 0 such that
if t is the least even integer greater than Rnﬁ% and T is such that 2T is the least even integer greater

than (Rnf3 A Cn?3), then

AL ifx € I
(7.6) A, = vGanl) drel

0 otherwise,

then the assumptions of Theorem 4.0.1 are satisfied by the t, T, and A,.

PrROOF. Let x € I;,. We want that

(7.7) P(ma(z) = z,my(z) < x) > %

for z < .

It will be enough to show the following:
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LEMMA 7.0.3. Let z < x, y < x be distinct. Then, x,y,z collide in that order between time T
and time t, with that collision being the first after time T that each of x, y, z are involved in, with

b
probability at least g—i, where b, > d - A, for some positive constant d > 0.
k

PRrROOF. First recall that since we are labeling the grid as in Figure 5.1, 2 < x and y < x implies
that z, ¢, and x are all in the square box of side length £; whose upper left tile is the tile 1, which is
also the upper left tile in the n x n grid. Let By, denote this box. Note that By, consists of the tiles
{1,... ,Zi} and is in fact the union of all the partitions up to Iy, .

We describe a way that x, y, z can collide in the manner required, which we refer to as “nicely.”
After the initial T" steps, (x,y, z) will have travelled to some (2/,y’, 2'). Then after s additional steps
(where 0 < s < T —1) with no collisions of x, y, or z, they are in an L-shape I" where z is the middle
tile. Then, they collide at I" in the next step with probability ﬁ Considering all possible choices

of (2/,y,2'), s, and T, we have that

. . ~ a
(78)  Pla,y,» collide nicely) > 3 373 PT((w5,2), (2,4, 2) P 2).T) -

xlvy,azl S r

where P ((x,y,2), («',y',2")) is the probability that (z,v, ) moves to (2/,3',2') in T steps of the

2-step shuffle, P*((z',4/, 2'),T) is the probability that (2,4, 2’) moves to the L-shape I in s steps

of the 2-step shuffle, without involving any collisions for #’,3/, or 2’ (note the use of P for the
a

collision-free probability), and -% is the probability that the collision actually happens at I' (where

n2

a:3—12).

We then take more lower bounds. By pulling the ;% term to the front and considering just the T’

that are contained in By, , we get that

. . a ~
(79) P(Ly,z collide nlcely) > ﬁ Z Z Z PT((m’y’ Z)’ (xlaylvz/)) P ((xlvylyz/)ar)'

z'y' 2" s TeBy,

We limit ourselves to considering x’,y’, 2z’ that each have supremum distance at most af from
By, , where o > 1 is an integer constant to be determined. Note that if « is sufficiently large, then the
set of such tiles is the entire n x n grid, but otherwise it will be the box with side length (2a + 1)¢
that is centered around By,. Thus, let Iy = ((2ac + 1)2x) An and call this set By .
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Recall that although By, is at the top left corner of the n x n grid, due to how the Diaconis
shuffle works we are actually on a torus, so B A will include tiles from the opposite corner. Since we
can simply shift the viewpoint of the torus around, we can visualize B[k as a whole box rather than
in pieces.

It follows that we have

(7.10) P(z,y, z collide nicely) > % SN P((wy.2), (Y, 7)) - PPy, ), D).

a:’,y’,z’EBZI; s TeBy,

Observe that T steps of the 2-step lazy Diaconis shuffle is 27" steps of the lazy Diaconis shuffle.
Thus, as a result of the lemma proved in the previous section, if 27 is the least even integer greater
than C’né}f (so T is the least integer greater than C"T[’“Z) where C' is the universal constant from
that lemma and thus have ¢ be the least even integer greater than Cn((2a + 1)£;)? to ensure that
2T < t so that we have enough steps total, then we have that PT((z,y, 2), (2/,v, ")) > f% for a

universal constant D; in this case we get that

D -
(7.11) P(x,y, z collide nicely) > % =% Z Z Z P (2,9, 2),T).

k x’,y’,z’EBZI; s FEng

Recall that 0 < s < T — 1. We recall that the universal constant from the lemma is at least

- ~2
4, and observe that ¢, < {;.. It follows that nfz < C";’“ — 1 < T. Note that nﬁ% is an integer, so
2
nly <T —1.
Considering only the cases where 1 < s < nf?, we obtain by rearranging the sums that

2
nty

. . a D -
(7.12) P(z,y, z collide nicely) > — =% Z Z Z (., ), T).
k FEng s=1 x’7y’,z/eBZI;

We now claim that

ntj, n€2/\8n2
1 Po((a!y,#),T) = EL 56
(7.13) > Y Py )2

s=1 x’,y’,z’EBlf};

First, observe that the 2-step chain is time reversible. We can define a time reversal of the 2-step
chain that has collisions at the same times as the regular 2-step chain. It follows that the probability

of going from (2’,%/,2) to T' without any collisions is the same as the probability of going from I' to
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(2',y', 2") without any collisions, so we have that

nE% n@i
(7149 S Y B D=3 Y PGy,
s=1 w’:y,’zleBz}; s=1 I,’y/VZIEBZI;

Since the inner sum is over all 2/,1/, 2" € B[k , the inner sum is the probability that, starting from T,
each of the tiles travels to somewhere inside B[k without having a collision for 2,4, or 2’ in s steps,

which we write as Pr(X, € By ), where X is the position of the three tiles after s steps:

nt? nt?
(7.15) Yo >, P y.2) =) Pr(X, € By).
s=1(z',y',2")€Bg s=1

Let 7 represent the amount of time after time T of the first collision involving any of z/,%’, or 2.
Then the event that there is no collision in the first s steps after time T is really the event that

T > 8, so we have that

nEi nf%
(7.16) N Pr(X,eBp)=Y Pr(X.€Bg,7>5).
s=1 s=1

where Pp(X, € B[IC,T > s) is the probability that, starting from I', each of the tiles travels to
somewhere inside Bfk , and that 7 > s.
Now we claim the following:

Ifsgnﬁi/\%, then Pp(Xs € By, 7> s) >

L
To see this, observe the complements of the individual events. Consider Pr(X, ¢ B @ ). Since X
denotes the positions of the three tiles, for X to not be in B 7 Means that at least one tile has left
B@ . We note that if EAk = n, then evidently such an event is impossible.
Otherwise, lf;c = (2a + 1)¢k. Recall that individually, each tile performs a lazy random walk, and
hence the probability that a single tile leaves B 5 can be estimated using Chebyshev’s inequality.
Let p be one of the tiles in I', say the middle one. Let X ép h) represent the horizontal position of
the tile, relative to its starting point in I, at time s.

One way that p might leave B is that it travels too far horizonally; since I' € By, , this would
k

mean that at the very least X s(p ) travelled more than aly, away from its starting point.
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So, we consider P (‘X S(” ’h)} > a€k>. Observe that the variance of a single step (of the lazy
random walk arising from the lazy Diaconis shuffle) is ﬁ. Since s < nﬁi and s is the number of
steps of the 2-step lazy Diaconis shuffle, there are at most QnZz steps taken of this lazy random talk

2
in total, so the total variance after s steps is at most %’“. It follows that

(7.17) i (‘Xs(z"h)‘ > a€k> < é’% : O;gi - %

The same calculation applies for the vertical position as well as for the other two tiles; since there
are six coordinates total, a union bound gives that the probability that any of them go too far is at
most %. If « is sufficiently large, this is at most %, and so we find in that case that
(7.18) Pr(X, ¢ B) < .
k 4
Now consider Pp(7 < s). Observe that at every step, the probability of a collision involving i’ is
8%, since the probability that a row-column or column-row combination occurs is % and in such a
case 3 out of n? tiles are in the resulting collision. The same holds true for 5’ and ’, so by taking a
union bound the probability that any of them have a collision in a single step is at most %. The
event that 7 < s is contained in the union of the events that any of i, j', ¥’ have a collision at time

r, for 1 <r <s. By a union bound it follows that
9 9
(7.19) Pr(r<s)<Y —5 =5 —5.

Since s < %, it follows that Pp(r < s) < %.

Putting the two complement events together and using a union bound, it follows that if s <

2 1
nlz A 83%, then Pp(X; € B[k,T >5) > 3.
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8n?

Hence, by limiting the sum to nﬁi N Zg, we get
T nﬂi/\%
ler(xs € By, 7>5)> Zl Pr(X, € By, 7> s)
S= S=
8n?
(7.20) ”Z%A:% ]
a s=1 2
ne2 A 82
k36
2
This in turn implies that
D ne2 A 82
(7.21) P(z,y, z collide nicely) > % — D36
k TEB,

Since there are at least fz ways to pick an L-shape I' in By, , it follows that
D ne? A 8
(7.22) P(x,y, z collide nicely) > % =G <l€236 .
ntoy
k
since £, < (2a + 1)¢;, we have that

2
. . a D 9 nﬁi A S?,LG
(7.23) P(x,y, z collide nicely) > 3 m 05 (2 )

Then, since t is the least even integer greater than Cn((2a + 1)£;)?, we observe that since C > 4
and o > 1, we have 2Cn((2a + 1)£;,)? > t. Therefore,
(7.24)

D 1 20 (20 + 1)2)nf2 A RCCat1)8n
P(z,y, z collide nicely) > a. -fz . <( Qa+1)7)nt; 36

“n? (2a+1)5¢8 20 (2a + 1)2 2

20 (2a+1)2)8n?
. a D _ 1 t A (2CQ2a+1)7)8n” 36) ) .
- 20(2a + 1)2 2

n? (20 +1)5¢¢

S,
N\

A further reduction gets us that

A [t
(7.25) P(z,y, z collide nicely) > E (712 A 1) .
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where A is a universal constant obtained from the constants in the previous line. This shows the

lemma. O
This is enough: Given a z < x, there are at least % choices for y, while x is at least %, SO we
have that
(7.26)
P(ma(z) = z,my(z) < x) > ;P(x,y,z collide nicely) > lg?ﬁ}g <7f2 A 1> > % <7”f2 A 1) — %

where 9 is a constant obtained from combining the constants in the previous term.

This shows that Theorem 4.0.1 is applicable. As a result, we get that

2

(7.27) BENT (i sgn(iem()) ~ E(ENT(ulsgn() < s 3 AsE
r=1

xT

where we recall E, = E(ENT(u ! (2)|T%, ;,sgn(x))) and C is a universal constant. By choosing k to

be k*, the previous result gives us that
-C t
(128)  E(ENT(umy|sen(umy))) - EENT(sen())) < oo 30 v (13 1) B

for the t determined by the previous result. By how we defined k*, we have that
E(ENT (| sgn(pm(ry))) — E(ENT (u|sgn(p)))

—-C t 1
! ( A 1) S EENT(] sgn(p)))

< -
~ log(n? n?

(7.29)

Recall that m = [logy n]; it follows that there is a constant C” such that

(7.30)  E(ENT(ume)|sgn(pm)))) — E(ENT (u]sgn(p))) < 1og§;1 ' (ng A 1) E(ENT (u|sgn(p)))-

Consequently, we obtain that

(7.31) E(ENT (um | sgn(pmy))) < (1= f(€)EENT (u] sgn(p)))

where f(t) = —% (% A 1) for some constant -y, which is what we wanted to show. 0

log“n
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Finally, we can obtain a mixing time bound in a similar manner to [6]:
LEMMA 7.0.4. The mizing time for the lazy Diaconis shuffle is O(n®log>n).

ProoFr. If t and f are as before, then we have that

n2
(7.32) fft) =y 1 (log? n)t (t Y 1) =y !(log®n) (n2 Vi) < 7 1(log?n) (n2 \Y cn3) =R

The previous lemma implies that there is a t; € {1,...,Cn3} such that

(7.33) E(ENT (7 - -7y, | sgn(my - mgy))) < (1 — f(¢1))E(ENT(id | sgn(id)))

as well as a t2 € {1,...,Cn?} such that

(7.34) E(ENT(m1 - Ty tp | 8801 -+ Ty 445))) < (1 — f(t2))E(ENT(7y - - -y, | sgn(my - -7y )

and so on, defining t3, t4, ... recursively.
For j > 1, let 7; = Zgzl t;. Then we get from the above that
J

E(ENT (m(r,)| sgn(m(r;)))) < [H(l — f(t:))

i=1

E(ENT(id | sgn(id)))

(7.35)

=1

< exp (— > f(%')) E(ENT(id | sgn(id)))

Since t; < Rf(t;) by equation 7.32, we have that

(7.36) =Y t<RY f(t),
i=1 i=1
so it follows that
(7.37) E(ENT(7(,)|sgn(m(-,)))) < exp <_£]) E(ENT(id | sgn(id)))

Since E(ENT(id | sgn(id))) = log (%2') < log(n?!) < n?logn?, it follows that if 7; > Rlog(8n?logn?)
then we find that E(ENT (7., sgn(m(r;)))) < %, Since R =y 1log? n(n® v cn?), this corresponds
to 7; > v log? n(n? V cn®) log(8n? logn?). For sufficiently large n, the cn® dominates in (n?V en?),

and hence this corresponds to 7; being O(n? log®n).
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Recall that by equation 3.2 it is enough to show that ENT(?T(T].)) < é for well-mixing. Recall

that we showed the decomposition
(738) ENT(ﬂ'(Tj)) = E(ENT(?T(T].)’ sgn(ﬂ(m))) + ENT(sgn(ﬂ'(Tj)))

If n is even, the Diaconis shuffle gives an odd permutation each step. Hence, the lazy shuffle will
have uniformly randomized the sign after a single step, so ENT(sgn(m())) = 0 so long as 7; > 1.
Hence after O(n? log? n) steps the lazy Diaconis shuffle well-mixes over all permutations.

On the other hand, if n is odd, then the Diaconis shuffle gives an even permutation each step.
This means that the sign cannot change and hence the state space is only the even permutations. In
this case, the sign is deterministic and ENT(sgn(m(,,))) = 0. Thus, after O(n?log®n) steps, the lazy
Diaconis shuffle well-mixes over all even permutations; i.e., over the (smaller) state space.

We conclude that the mixing time is indeed O(n?log3n).
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APPENDIX A

Pinsker’s Inequality

This appendix contains a treatment of Pinsker’s inequality, following the text in |2] with additional
details by the author for increased clarity.

Suppose V is a finite set of size n. Let m and pu be two distributions on V. We recall that the
total variation distance between 7 and p is half the £! distance between them:

1 1 ) .
(A1) I~ plley = 5 Im = ply = 3 3 ) — o)
eV

Also recall that the relative entropy between 7 and p is

(A2) D) = Y- w71

eV (Z

=

with the convention that alog § = oo if a > 0, Olog% =0if b >0, and Olog% = 0.

Relating them is the result known as Pinsker’s inequality. In [6], the inequality is written as

1
(A.3) S D(llp) 2 llm = plly -
In [2], the inequality is written as

~ 1 9
. > —
(A4) D(nllp) > 57— v - ul}

where

D = m(z)lo &
(A.5) D(n||p) = zEZV (4) log, )

~—

is the relative entropy defined using the base 2 logarithm.
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Since [2] uses the base 2 logarithm, there is a seeming difference in the constants used. However,

the two statements of Pinsker’s inequality are in fact equivalent: We observe that

. , 7(4) g N (@) 1
(A.6) D(r||u) =Y _m(i)logy — 5= > (i) = 1— D _m(i)In— -t = - D(rl|)

&0 T e TR ™)

and consequently if equation (A.4) holds, then we see that

1 N 2 1 2 2 2
A. —D =D P — ——— (2lx — — 2 | —
(AT g Pl = D) 2 gy = wlh = 55 Rl = wlhay)” = 5 = wlfay
and thus
(A-8) D(nllp) > 2||m — plldy

which in turn is equivalent to equation (A.3) since total variation distance and relative entropy are
non-negative (as seen in [2]).
As for the reverse direction, if equation (A.3), and hence equation (A.8), is true, then rearranging

the terms in equation (A.7) gives

1

~ 1 92 N 1 ) )
A9 D =—D > |7 — = — (2|lr = S | P .
(A.9) (m||p) 2 (ml|p) > n2 | :U'HTV 21112( | NHT\/) 212 |7 MHl )

that is to say, the result in equation (A.4).

We shall now prove Pinsker’s inequality.

First note that if 7 and p are point distributions, then we see that D(w||n) = ||7 — pl|py = O if
7 = p, and otherwise D(7||n) = oo and ||m — p|lp = 1 if m # p, verifying that the inequality holds
in those cases.

Next, we prove the other cases of Pinsker’s inequality, following the method in |2], by recalling
the binary case shown there and then providing details for the general case.

Let us first suppose that m and p are binary distributions with parameters p and ¢; that is to

say, m(1) = p and 7(0) = 1 — p, while (1) = ¢ and p(0) =1 — g. We have that 0 < p,¢ < 1.
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First, we see that

2
e T (2}ﬂw—um> = s (p—dl +101-p) — (1= q)))

2In2 2In2 |\ -
eV
(A.10) 1 s 1 )
= — — - = ——— - _1 -
sma P —d+l=p+a)” =g = (p—d +|=1[lp —al)
4
= 2=’ = ——(p— a)?
sg 2P —d) =55 - a7
and that
5 : 7 (i) p (1-p)
A1l D(r||p) = (i) logy —= = plogs = + (1 — p) log .
So, proving equation (A.4) will mean proving that
(A.12) pb&£+%1—pﬂ%zu_p)> L _(p-q)
q (1-¢q) ~ 2In2
or that
p (1-p) 4 2
Al log, = + (1 —p)1 - — >0.
(A.13) p0&q+% p)%zu_q) s~ 9)° 20
Let g(p, q) be that quantity on the left above:
p (1-p) 4 2
A.14 =pl - 1—-p)l - —
Then by taking the derivative of ¢ with respect to ¢, we have that
99(p,q) 1 1(-p) 1 1 —(1-p(-1) 4
994 _ o, - o 1—p)— - 2p — q)(—1
0q pln2§ q? + p)an% (1—q)? 21n2 (p—a)(=1)
_ P 1-p 4
_qln2+(1—q)ln2 ln2(q P)
q(1—¢q)In2 In2
q—p 4
- R Y

g(1—¢)In2 In2
_ L \ez>p
q(1—-q) In2

1 1
0= > 4 and hence (m —4) > 0.

2!
=
o=
Q
@
=]
A
L)
A\
“l—‘
Q
—~
—_
[
)Q
S~—
I
L
[
L)
M
IN
=
»n
o
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Observe that if ¢ = p, then

1—p) 4

— —_ 2: — =
=) 21n2(p p)*=04+0-0=0

(A.16) 9(p,p) = plogy % + (1 — p) logy E

If ¢ > p, then £2 >0, so 89((9’;"1) = <q(117q) - 4) 1P > 0. This means that as q increases away

from p, g(p, q) increases away from 0; i.e., if ¢ > p, then g(p,q) > 0.

Likewise, if ¢ < p then £ < 0, so 89&;’(1) = <q(11_q) —4> =L < 0. This means that as ¢
increases toward p, g(p, ¢) must be decreasing toward 0. Thus if ¢ < p, then g(p,q) > 0.

Hence, g(p,q) > 0 generally, which is what we wanted to prove.

Thus Pinsker’s inequality holds in the case of binary distributions.

Now for the general case. Let m and p be any two distributions on V. Let A be the set of x € V

for which 7 has a higher probability than u:

(A.17) A={z eV :n(z)> ulx)}

Define Y = I 4, the indicator of A, and let & and ji be the resulting distributions of A. Specifically,

7 and i are binary distributions with

(A.18) = Y @) a= 3 ),

() >p(x) i (x)>p(x)
(A.19) 7#0)= Y, w(), p0) = > p),
(@) <p(e) () <p()

and in particular 7(1) = 7(A) and (1) = p(A).

At this point, |2] says to use the data-processing inequality for relative entropies to obtain that

D(rl||p) > D(7|f)

4 2
. > —
(A.20) > 21112(77(14) w(A))
- 7 — 3
T omo I AI

which concludes the proof of Pinsker’s inequality for the general case.

However, let us take a closer look at that final argument:
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The second inequality is exactly Pinsker’s inequality for the binary case, noting that m(A) = 7(1)
and p(A) = fi(1) and that this is exactly the expression in equation (A.10).

The final equality we recognize as an equivalent definition of total variation distance.

Thus, the data-processing inequality for relative entropy refers is the first inequality. [2] states
that it is proved in the same way as the data-processing inequality for mutual information is proved.

However, [2] proves the data-processing inequality for mutual information via the chain rule for
mutual information, and the way to develop an analogous use of the chain rule for relative entropy
to prove the data-processing inequality for relative entropy is not clear.

So instead, we shall just prove the result directly:

LEMMA A.0.1 (Data-processing inequality for relative entropy). Let m and p be two distributions

on X and suppose Y = f(X), with T and i being the resulting distributions on'Y, so that 7(y) =

ZIEEX:f(I):y 7'['((1,’) and ﬂ(y) = ZxGX:f(m):y ,U,(.T) Then
(A21) D) > D(lli).

PROOF. First write out D(r||p) according to the definition, then rewrite the sum to be over Y

(A.22) Blrlln) = 3 we)log, W) =3 3 w(o)lons T

reX ,LL(.%') yeY zeX: f(x)=y M(m

Then use the log sum inequality, which we shall prove shortly, for each y € Y:

n(z) o)) g, Sty @)
2 D mwlesieyz) | 3L w) Jlee o

yeY ze X, f(x)=y yey zeX:f(z)=y

(A.23)

Thus, D(n||) > D(7||j) as desired.

81



The log sum inequality is proved in [2]. We recall the proof here as a lemma, while also adding

some extra details:

LEMMA A.0.2 (Log sum inequality). For nonnegative numbers ay,asg, . ..,a, and by, ba, ... by,
(A.24) Z a;log, b—l > (Z ai> log, Zzn;lbl
i=1 ! i=1 =17

As [2] states, we use the convention that alog§ = oo if a > 0, OIOg% =0if b > 0, and
0 log% = 0. |2] also claims that “these follow easily from continuity,” which is the case for the first
two but is not clear for the third one.

Indeed, f(z,y) = xlogQ% does not have a limit as x — 0, y — O:

Ifzx=y, thenxlog2§:xlog21:0—>0asx—>0.

However, if y = 2_%, then

xlogy - xlogyx — xlog2(2*%)
Y

(A.25) =zxlogex — <—1>
x

=zlogor+1—1

so the limits are not the same.

Thus, we do not understand what is meant by continuity here. Instead, we appeal to a different
notion presented by [2]: We recall that relative entropy D(p||q), which also uses this expression,
is stated to be “a measure of the inefficiency of assuming that the distribution is ¢ when the true
distribution is p.” If both p and ¢ assign probability 0 to a given outcome z, then intuitively there
should be no resulting inefficiency for that outcome.

Additionally, we remark that the analogous statement of the log sum inequality with the natural

logarithm is true, since we obtain it by multiplying both sides by In 2.

PROOF OF LOG SUM INEQUALITY. |2] starts by stating that without loss of generality that
a; > 0 and b; > 0. We object to this way of presenting it and will cover the additional cases at the

end.
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So, suppose that a; > 0 and b; > 0. Consider f(t) = tlogyt. Then f'(t) = logyt + 15 and
() = ﬁ > 0 for positive ¢, so f(t) is strictly convex. Jensen’s inequality then implies that if

a; >0 with > ;s =1and t; >0,

(A26) Zazf > f (Z 67 z)

(ie,, (E(f(t)) = f(E(t))). With f(t) = tlogyt, this is

(A.27) i a;t; 10g2 t; > <i (Jéiti) log2 (i Oéitz)
=1 i=1 =1

Let o = <2t and t; = b—Z Then substituting them into the result from Jensen’s inequality gives

Ej:l bj

n
bi al
(A.28) log > log
;Z] lb b 2b ZZ]I bl ? Z2:]1 bl
canceling out the b;’s gives
(A.29) log log -
Z Z 2 b b Z Z ? ; Zj:l b

Observe that %h can be pulled out of each sum over ¢, giving
j=1"7

1
(A.30) b; ;az logQ b, ( Zaz> logy (Z Z:az)

j 1

Multiply both sides by > %_, b; to obtain

(A.31) Zaz logQ (Z az> log, <Z:"11b Zai>
J=177 =1

and reindex the remaining sum of b;s to be over the i’s to get

(A.32) Zaz log, 2 h <Z a1> log, <§ =1 Z)

which is the log sum inequality.

Now, suppose that in our nonnegative numbers aj, ao,...a, and by, bo, ... b,, there is an index

k for which a = 0 or by = 0. We first remark that the inequality is true if we take the subset of

83



the indices where both a and b are positive, as we just showed. We show that the adding back in
the indices k£ where one or both of a; and by are 0 one by one does not change the truth of the
inequality.

Concretely, suppose it is already true that

1 l aq
(A.33) Zaz 10%2 b (Z a2> log, Zk: b,

We see what happens if we “add in” a, b; to both sides:

If ap = 0, by, = 0, then using our convention that 0logy 8 = 0, we see that nothing is added to
the left side, and since Zl 1 a; = Zf , a; and Ek Lb; = Zle b;, the right side remains the same.
Thus:

k k—1
a; a;
Zai log, b—l = Zai log, b—l
i=1 toi=1 !

k-1 le{;fl w
- ) (Z af) r

If a; = 0, b; > 0, then nothing is added to the left side (0log % = 0), while on the right side, the
sum of a;’s remains the same and the quantity inside the logarithm is smaller. Since log, x is an

increasing function, the logarithm must be smaller, too. So, we get that

Z a; log2 h Z a; log2 b

(Z Gz) log, sz_llzz
» a;

= (Z az> log, ZZ 111;

k
a;
> (Zaz> log, 2iz1%
Zz lb

v

(A.35)
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Lastly, if ax > 0 while by = 0, then since a log, %k = 00, the left side becomes oo and the

statement becomes trivial:

(A.36) 00 = Zal 10g2 (Z al) 10g2 Z =1 Zz
=1

This concludes the proof of the log sum inequality. O

To recap, the log sum inequality was used to prove the data-processing inequality for relative
entropies, which in turn was used to prove the general case of Pinsker’s inequality, which also used
the binary case in its proof.

As a final remark, recall that while relative entropy is not symmetric (D(7||u) # D(pl|w),

generally), total variation distance is, so we have that by Pinsker’s inequality

(A.37) D(ullr) = 2 [lp =ty = 2|7 — pll7y

i.e., both D(m||u) and D(p||w) serve as upper bounds for 2 || — u||%v.
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APPENDIX B

Entropy Decompositions

We cover the decomposition of the entropy of a random permutation when given the sign of
the permutation, and also when given the sign of the permutation and the tails of the permutation.
Much of the calculation is the same as before, just with the addition of the sign condition, but as it
is lengthy, we go over it once again.

First, we consider what happens when conditioning on just the sign of the permutation. When
n = 1, there is no information gained by the sign (since it is always 1), so the decomposition is only
meaningful when n > 2, which we will assume here.

As mentioned previously, we have that

(B.1) ENT(7|sgn(m) =1) = P(r = v|sgn(m) = 1) log <Z!P(7T = v|sgn(m) = 1))
visgn(v)=1
as well as
n!

(B.2) ENT(7|sgn(m) =—-1) = P(r = v|sgn(m) = —1) log <2IP’(7T = v|sgn(m) = —1)>

visgn(v)=—1
and
(B.3)

ENT(sgn(m)) = Z P(sgn(m) = s) log (2P(sgn(w) = s))
s=—1,1

= P(sgn(m) = 1) log (2P(sgn(m) = 1)) + P(sgn(n) = —1) log (2P(sgn(n) = —1))

We claimed that
(B.4) ENT(7) = E (ENT(7|sgn(m))) + ENT(sgn())

so let us see how this happens.
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As usual, we start with the definition:
(B.5) ENT(7) = Y P(r = v)log(n!P(r = v))
IIGSn

and this time we decompose the probability via conditioning on the sign:
(B.6) P(r =v) =P(r = v|sgn(m) = sgn(v)) - P(sgn(n) = sgn(v))

By replacing the instance inside the logarithm and splitting the logarithm again, we get
(B.7)

ENT(7) = Z P(r =v)log (T;'P(ﬂ = v|sgn(m) = sgn(v)) - 2P(sgn(n) = sgn(u)))

I/GSn

— Y Br=v <log<2'P(7T— v|sgn(r >—sgn<u>>) + log (2P(sgn(m) —sgn<u>>>)

veSy

Distributing, we get
ENT(7r) = Z (P( v)log ( 2'1P’(71 = v|sgn(m) = sgn(v)))

+ P(7m = v) log (2P(sgn(w) = sgn(y)))>

(B.8) ol
= P(r=v)lo P(r = v|sgn(m) = sgn(v))
P G )
+ ) (P(w = v)log (2P(sgu(r) = sgu(v))))
VES,

Reorder the first sum by grouping together the permutations that have the same sign:

5= (Pn =10 (5 = viseatr) =sent)) )

VGSn

(B.9) v oy < ) log ( 2'IP>(7r = v|sgn(r) = Sgn(u)))>

s=—1,1 ves,
sgn(v)=s
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Split the probability as before, then in the inner sum, replace sgn(v) with s:

> % (B = viseate) = sen0) - Plsgule) = sguiv)
s=—1,1 veS,
sgn(v)=s

(B.10) tog (B = vlseatr) = ssn(v) )
> (Ptr = viseatm) = Psen(m) = o) 1o ( E(r = vlsea(m) =) )

s=—1,1 veS,
sgn(v)=s
Pull P(sgn(m) = s) out of the inner sum since it is independent of v, then see that the inner sum

is now the entropy given the sign, and thus the whole expression for the first sum is the expected

value of the entropy given the sign:

_ Z P(sgu(r) = s) Z <]P’(7r = v|sgn(m) = s) log ( 2'IF>(7r = v|sgn(m) = 3)))

S:—Ll VESTL
sgn(v)=s
(B.11)  _ >~ P(sgn(r) = s) ENT(n| sgn(r) = s)
s=—1,1

= E(ENT (7| sgn(m))

As for the second sum, do the same: reorder the sum by sign:

(B.12)

> (P(r =wv)log (2P(sgn(m) =sgn(¥)) = Y. > ( v)log (2P(sgn(m) = sgn(v))))

vESH s=—1,1 ng;%ys;nzs
Then split the probability:
(B13) = Y > (P(r=v|sgn(r) = sgn(v))P(sgn(r) = sgn(v)) log (2P(sgn(r) = sgn(v))))

s=—1,1 ng;l%/s)nzs
Replace sgn(v) with s:
(B.14) = Y ) (P(r=v|sgn(r) = s)P(sgn(m) = s) log (2P(sgn(r) = s)))
s=—1,1 veS,
sgn(v)=s
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Now pull P(sgn(m) = s)log (2P(sgn(m) = s)) out of the inner sum because it is independent of v,

then see that the inner sum is then 1, leaving the entropy of the sign:

= > P(sgu(n) = 5)log (2P(sgn(m) = s)) Y (B(w = v|sgu(r) = 5))

s=—1,1 V%S)n
sgn(v)=s
(B.15) = Z P(sgn(m) = s) log (2P(sgn(m) = s))
s=—1,1
= ENT(sgn(m))

So, we get that
(B.16) ENT(7) = E (ENT(7| sgn(w))) + ENT(sgn(r))

as we claimed.

Next, recall that we also claimed that for any 1 < ¢ < n,

(B.17)
n
ENT(r) = E (ENT(r| sgn(r )+ > (E(ENT(x~ (k)| sgn(n), T71))) + ENT(sgn(r));
k=1
that is to say, after splitting away the portion of entropy attributable to the sign, the remaining
entropy can still be split up according to its entries, similar to how it was done before.

We are really claiming that

(B.18)  E(ENT(n|sgn(r))) = E (ENT(n| sgu(r), 7;7)) + ) _ (E (ENT(x (k)| sgn(r), T%1))) -
k=i

and the proof is similar to before. We point out that this decomposition is only really meaningful
when n > 3, since after knowing the sign, knowing all entries after the second is equivalent to
knowing all entries—there are only two numbers left to assign and the sign dictates in what order
they must be assigned. This means that the constant in the logarithm is different from before. When
considering the entropy of the kth entry given the tail from the k + 1th entry onward and the sign,
the number of possibilities will be k if k > 3; otherwise it will be 1. When considering the entropy of
the permutation given the tail end from the ith entry onward and the sign, the number of possible

(i= 1)

permutations will be if 4 > 3, otherwise it will be 1 (as the sign will indicate what it should
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be). Consequently, no entropy is attributable to the second or first entry in this decomposition, so
their terms are 0.

Rewinding some of our previous steps, we recall that
E (ENT(|sgn(m)))

(B.19)  _ 3 P(sgn(m)=s) > <]P’(7r = v|sgn(r) = s) log (T;!IP’(W = v|sgn(m) = s)>> .

s=—1,1 vESn
sgn(v)=s

We focus on looking at the inner sum over permutations v with the correct sign, so consider just
|
(B.20) Z <IP’(7r = v|sgn(m) = s) log <7;'IP>(7T = v|sgn(nm) = s)>>
vESH
sgn(v)=s
for the time being.
Similar to how we proceeded in the case of ENT(7), we can decompose the conditional probability

by further conditioning:

P(r = v|sgn(m) = s)

(B.21) n B B
=P(r =v|T7" =T sgn(r) = 5) - [[P(r (k) = v ' (B)| Ty = Ty, sen(m) = s).
k=i

Replacing the term in the logarithm gets us
(B.22)

> (]P’(W = v|sgn(m) = s)

I/ESn
sgn(v)=s

log (’;’P(w = V[T = Tsen(m) = 5) - ][ B (k) = v (BT = T sem(r) = >>> .
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We want to factor %' according to our earlier discussion regarding the number of possibilities of
m given the tail ends and the sign. We write

(B.23)
Z (P(ﬂ = v|sgn(m) = s)

VGSTL
sgn(v)=s

log (MF"(7r =V|T7 =T sen(n) = ) - [ [ S~ (k) = v (B)| Ty = T4, sen(n) = 8)))
k=i
where R; is the number of possibilities of 7 given that 7, = 7 and sgn(7) = s and Sy, is the

number of possibilities of 7~ !(k) given that 7,7, = T, and sgn(r) = s.

As we noted, we have that

1 fl1<e<2
(B.24) R, =
(-1 . .
- if3<i<n
and
1 f1<k<2
(B.25) Sk =
k f3<k<n
and also see that we have
L n!
(B.26) R; - ,}_[.Sk =5

so we did indeed factor %'

Like before, we split the logarithm to obtain the following expression:

Z (P(ﬂ' = v|sgn(m) = s)

UESn
sgn(v)=s

(B.27) . <log (RiP(m = v|T;" = T,sgn(n) = s))



Distributing, we get

(B.28)
Y P(r=vlsgn(r) = s)log (RiP(r = v|T" = T, sgn(w) = s))
veSy
sgn%l/):s
+ Y Pr=vlsgu(m) =s) Y log (SiP(r ' (k) = v (k)| T = Tia.sen(n) = s)) -
vESn k=1
sgn(v)=s

Consider each sum separately in a similar manner to before:
The first sum will be again reordered by tails, by grouping together the permutations v that
share the same tail, while this time also having a particular sign. Let T; again represent the collection

of all possible tails that start from entry ¢, then we have that

Z P(r = v|sgn(m) = s)log (R;P(m = v|T;" =T, sgn(n) = s))

I/ES’n
sgn(v)=s

=Y Y P(r=v|sgn(r) = s)log (RP(r = v|T]" = T, sgn(n) = s))

TE']I‘l- I/Gsni
V=T,

sgn(v)=s

(B.29)

Next, recall that
(B.30) P(r = v[sgn(m) = s) = P(r = v|T;" = T, sgn(w) = s) - P(T;" = 7| sgn(w) = s),

and insert this in to get

Y > (P(r=v|T7 =T, sen(r) = s)P(T" = T;"| sgn(w) = s)
TeT; 5/_6571:

=T,
(B.31) sen(r)=s

log (R;P(m = v|T;" = T, sgu(m) = s)))

Now, inside the inner sum, 7;” is known to be T, so we replace it accordingly:

=Y. > (P(r=v|T" = T,sgu(r) = s)P(T7" = T sgn(r) = s)

TeT; ugSn:
(B.32) T =1,

3
sgn(v)=s

log (RiP(m = v|T;" = T,sgn(r) = s)))
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and now we may pull P(7," = T|sgn(m) = s) out of the inner sum since it is independent of v:

= Z P(7," = T|sgn(rw) = s)

TeT;

(B.33)

3" P(r = v|T7" = T,sgu(r) = ) log (RiP(x = v|T7" = T,sgn(r) = 5))

VES,:
TV:T»

1

sgn(v)=s

and now the inner sum is ENT(7|T]" = T, sgn(7) = s), so we have

(B.34) =) P(T;" = T|sgn(r) = s) ENT(n|T]" = T,sgn(r) = s).
TeT;

We leave this as is for the moment.

Now, for the second sum. First switch the order of summation as before:

Y P(r=v|sgn(m) =s) Y log (SKP(r (k) = v (k)| Ty = T, sen(n) = 5))
VESn: k=1
sgn(v)=s

(B.35) i
=> " ) P(r=v|sgn(r) = s)log (SkP(r " (k) = v (k)| Ty = T, sen(x) = 9))

k=i vVESH:
sgn(v)=s

Then reorder the sum by grouping together the v that have the same tail from the kth entry
onward, by first specifying the tail from the k& + 1th entry onward and then selecting a value for the

kth entry, as we previously did:
(B.36)

=>" 3 > > P(r=vlsgn(r) = s)log (SkP(r (k) = v (k)| T, = T¢oy,sen(m) = 5))
k=i T€Ty 1 j=1 vESy:
3ET v~ (k)=j,
T =T,
sgn(v)=s
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We break down P(m = v|sgn(m) = s):

(B.37)
B(r = v sgu(r) = 5) = B(r = vlr (k) = v~ (k), Ty1 = T, sen(r) = 5)

(7 (k) = v (B)[ T = Ty, sen(m) = s) - P(T = T, sen(n) = s)

Putting this in yields

=2 > > D [Pa=vaTi k) = v (R), T = T sen(n) = )
k=1 TETk+1 jil Z/ESnZ
I¢T vt (k)=j,
T =T,
(B.38) sgn(v)=s
P(r (k) = v R)| T = T, sgu(n) = )P(Th = Tl sgn(n) = s)

log(SKB(r (k) = v () [Ty = T, sen() = 5))]

In the inner sum, 7%, is T, and v~ (k) is j:

=3 Y 3 Y [Par=vr (k) = . T = T.sgn(n) = s)
k=1

T€Tk4+1 J=1 VESH:
JET v (k)=j,
77CV+1:T7

(B39) sgn(v)=s
P(r ' (k) = 4|70 = T, sen(n) = s)P(T7 = T sgn(r) = s)

- log(SkP(r 7L (k) = 4| T, = T,sen(n) = 5))]

Pulling the terms independent of v out of the inner sum, we get

= Z Z Z P(Ti%q = T|sgn(m) = s)

k=i T€T)41 j=1
J¢T

(B.40) P(n (k) = j| T = T, sgu(n) = s)log(SkP(n " (k) = j| Ty = T, sgu(m) = 5))
Y. Pr=vlr (k) =4, T = T,sen(r) = s)
VESH:
vt (k)=j,
Ti1=T;
sgn(v)=s

The inner sum is now just the sum of probabilities that 7 is a particular permutation given several

restrictions, over all such possible permutations, so it ought to be 1. We remark that it could be 0 if
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the sum was empty, but this only happens if £k = 2 and j is chosen to be an impossible entry due
to the sign, in which case the entropy term P(r (k) = j| 7,5, = T, sgn(w) = s)log(SkP(r (k) =
JITE . = T,sgn(m) = s5)) is 0log 0 = 0 anyway and is of no consequence (i.e., 01 is the same as

0-0). So, we shall say that it is 1 without worry. We thus have

:Z Z Z[ (T = T|sgn(n) = s)

(B4l)  METET L
PN (k) = 4| T = T, sgu(nm) = s) log(SkP(r ' (k) = 4| %y = T,sgn(w) = s)) - 1

and now we may pull P(7,7,; = T'|sgn(7) = s) since it is independent of j to get

_Z Z [ (Tiq = T|sgn(m) = s)

k=i T€T 41
(B.42)

ZP (k) = j| T = Tosgn(m) = s)log(SyP(n ' (k) = j| T, = Tosgn(m) = 5))
J¢T
and now we recognize that the inner sum is ENT (7~ 1(k)|7,7, = T, sgn(m) = s):
(B.43) - Z 3 [ (7, = T|sgn(r) = s) ENT(x~ L (k)| T, = T, sgn(r) = s)]
k= ZTETk+1

This is our result for the second sum.

Going back to E (ENT(7|sgn(m))), our work shows that

E (ENT(7|sgn(m)))

(B.44) = > Plen(m) =s) [ > P(T" = T|sgn(r) = s) ENT(x|T] = T, sgn() = s)

s=—1,1 TEeT;

+Y Y BT =Tlsgu(rm) = s) ENT(x ' (k)| Ty = T.sgu(m) = s)

k=i T€Tg 11
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Distributing the outer sum and P(sgn(7) = s), we get

(B.45)
E (ENT(x|sgn(m)))
Z Z (sgn(m JP(T," = T|sgn(r) = s) ENT(n|T] = T,sgn(m) = s)
s=—1,1 T€T;
Y S S Blsan(m) = )BT, = Tlsan(r) = 5) ENT((R)[775, = T sen(r) = 5

s=—1 1 k=i TeTk+1

We observe that we get joint probabilities, and that the double sums yield expectations:

E (ENT(r] sgn(r)))

= Y Y P(T7" =T,sgn(n) = s) ENT(x|T] = T,sgn(r) = s)
s=—1,1T€eT;
(B.46) + > > Y BT, = Tosgn(r) = s) ENT(x ' (k)| Ty = T, sgn(r) = s)

s=—1,1 k=i T€Ty 41
= E (ENT(#|T],sgn(n)))
+ Y E(ENT(n " (k)| T}, s8n(m)))
k=i

We conclude that

(B.47) ENT(r) = E (ENT(r| sgn(r), ;) + > (E (ENT(x~" (k)] sen(r), T%.1))) + ENT(san(r))
k=i

as we wanted.
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APPENDIX C
Adding Conditioning
This appendix gives a detailed explanation of equation (4.6), which we recall is
(C.1) E(ENT (unm(, | sgn(unmy)))) < E(ENT(urm(y| M, m,), sgn(usmy,)))-

We shall use Jensen’s inequality: By conditioning further on M and WEt), we may write, for any

permutation v and sign s,

(C.2)
]P’(umrzt) = | sgn(,umrét)) =5)

= ZIP’(umrzt) =v|M =m, Wzt) =p, sgn(umrét)) =s)-P(M =m, TI'Et) = pl sgn(/mm'ét)) =s)

m,p
— B(P(unmlyy = vIM, . sgn(urrly) = 5)),

where the sum is over all possible matchings m for M and all possible permutations p for ﬂ'zt).

We can write E(ENT(,umTEt)\ sgn(,umrét)))) in the following way:
(C.3) E(ENT(umrztﬂ sgn(,umrgt)))) = Z ENT(,umrEt)] Sgn(umrét)) = S)P(sgn(u/wrzt)) =3).
s=—1,1

Consider ENT(umrEt)] sgn(umrgt)) = s); recall that

ENT(usr(y | sgn(pr(y) = 5)

(C4) , , n! , ,
= Z ]P’(/Mm(t) = | sgn(,umr(t)) =s)-log EP(un(t) = | Sgn(umr(t)) =s)]|.

visgn(v)=s
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Inserting our extra conditioning, we get

= Z E(P(umr —VIMW(t),SgD(H/W()) 5))
visgn(v)=s

(C.5) |
-log <T;E(IP’(,umr(t) =v|M, 7r Sgn(,umr(t)) = 8))>

Since zlog(ax) is convex for z > 0, for any a > 0 (the second derivative is 5) by applying

Jensen’s inequality to each term in the sum we get

< Z E (P(umr =v|M, w(t),sgn(umr( ) =)

(CG) visgn(v)=s

n!

-log <2]P’(;m7r =v|M, W(t),sgn(umr( ) = s)>> .

This is

> D (B(M = m, 7,y = plsgn(psm,) = s)

visgn(v)=s mM,p

(C.7) (P(,umr =v|M=m 7T(t) =p, sgn(,umr( ) =)

n!
- log < ) IP)(pmr( n=vIM= m,wgt) =p, sgn(umﬂ'zt)) = s))) ).
By switching the order of summation and pulling P(M = m, ﬂ'Et) = p sgn(,umrz t)) = s) through
the now inner sum, we obtain

ZP(M =m, 7rEt) = p| sgn(,umrzt)) =)
m,p

(C.8) : Z <IP’(/m71 =v|M =m w(t)—p,sgn(umr()) s)
visgn(v)=s

n!
- log (2}?(#/177&) =v|M = m,ﬁzt) =p, sgn(,umrét)) = s)))

and now this inner sum is ENT(umr \M m, 7r( n =P sgn(umrzt)) = s), so we now have
ZP(M = m,wét) = pl sgn(,umrzt)) =s) ENT(,umrEt)|M = m,ﬂ'zt) =p, Sgn(,umrét)) =3)

(C9) m™r
= EENT(,u/iw(t)]M 7r Sgn(,umr(t)) = 3).
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Recall that we started with ENT(umrEt)\ sgn(,umrzt)) = s), so we have that
(C.10) ENT(/LKJ?TEU‘ sgn(,u,mrgt)) =s) < ]EENT(,u,mrEt)]M, ﬂét), sgn(umrgt)) =s).

It follows that
E(ENT (ur(y) | sgn(psmiy)))

= Z ENT(,umrEt)| sgn(umrét)) = S)P(sgn(umrét)) =s)

(C.11) =
< 3" BENT(usrlyy |M, ), sgn(prly) = 5)P(sgn(prrly) = ).
s=—1,1

Unwrapping the notation one more time, this is

(C.12)

= 37 DM =,y = plsgn(unly) = ) ENT(usr(y| M = m, w{y = p,sgn(sn(y) = 5)
s=—1,1 m,p

P(sgu(unnly) = 5))

= 21 1 > P(M =m, 7,y = p,sgn(urm(y) = s) ENT(uem(, | M = m,x(, = p,sgn(prm,) = s)
s=—1,1 m,p

= B(ENT (urr{yy | M, (), sgn(urm(y)))-

Therefore,
(C.13) E(ENT(MHJWZM sgn(,umrgt)))) < ]E(ENT(,umrEtﬂM, Wét), sgn(,umrzt)))),

that is to say, additional conditioning causes an increase in the expected relative entropy.
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APPENDIX D

Removing Conditioning

We claimed that
(D.1) E(ENT (uxmy | M, m(y, sgn(psm(y, ) = E(ENT (uk| M, sgn(ur)))

by a series of arguments about independence and conditioning, ending with equation 4.9. We
elaborate here by writing out the details.

First, we have that
(D.2)

E(ENT(umr )M, 7T(t sgn( umr Z ZZ (M =m, ﬂzt) =p, sgn(umrzt)) = 5)
s=—1,1 p m

: ENT(,umrEt)|M = m,ﬂét) =, sgn(umrzt)) =3)).

Expand ENT(umrEt)|M =m, Wét) =p, sgn(umrzt)) = s) to get

s=—1,1 p m

S Yy (w iy = gty = 9

(D.3) . Z (IF’(/met) =v|M = m,ﬂét) = p,sgn(,umrét)) =)

visgn(v)=s

n!
-log ( ) ]P’(,umr =v|M=m w(t) =p, Sgn(pmr( ) = 5)>> )

100



Next, expand the sum over the signs to get

= Z Z (P(M = m,ﬂ'Et) = p,sgn(,umrzt)) =1)
p m

(D.4) Y (P(Mm{t) =v|M =m,m,) = p,sgn(unm(y) = 1)
visgn(v)=1

n!
- log <2P(umrgt) =v|M = m,ﬂ'ét) =p, Sgn(,LLHTI'Et)) = 1))) )

+ Z Z (IP’(M = m,ﬂ'zt) =p, Sgn(umﬂét)) =-1)
p m

Z <]P(pmr£t) =v|M =m, 7'('Et) = p,Sgn(,umrzt)) =-1)
visgn(v)=—1

n!
- log <2]P’(umr£t) =v|M = m,ﬂét) =p, sgn(umrzt)) = —1)>> )

Now, expand each term over p by considering the sign of p:

= Z Z (]P’(M = m,ﬂzt) =p, sgn(,ufémét)) =1)
P m

sgn(p)=1

(D.5) : Z <IP’(,umTEt) =v|M = m,ﬂét) = p,sgn(,umrgt)) =1)
visgn(v)=1

n!
- log (219(/;&77&) =v|M = m,ﬂzt) =p, sgn(,umrzt)) = 1))) )
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+ Z Z (IP’(M = m,wzt) =p, sgn(umrzt)) =1)

<]P’(,umrét) =v|M = m,wét) = Pngn(M"”TEt)) =1)

| S

- log ( 'P(umrét) =v|M = m,ﬂzt) =p, sgn(umrgt)) — 1))) )

P(M = m,ﬂ'zt) =p, Sgn(umrzt)) =-1)

P(urm(yy = vIM = m,my) = p,sgn(urmy) = —1)

+
(]
i\

n!
- log <2IP’(;m7rEt) =v|M = m,ﬂ'Et) =p, sgn(umrzt)) = —1)>> )

p:
sgn(p)=—1

+ Z Z (IP’(M =m, 7rEt) = p,sgn(umrét)) =-1)
<P(M“W2t) =v|M =m, TI'Et) = p,sgn(,umrzt)) = -1)

visgn(v)=—1

n!
- log (21[”(”/&71&) =v|M = m,ﬂét) =p, sgn(umrzt)) = —1))) )
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Now observe that in each term, we may rewrite the condition about sgn(,umrzt)) to be a condition

about sgn(ur):
YD (P(M — m, wly = p,sgn(us) = 1)
<]P’(/m71£t) =v|M = m,ﬂét) = p,sgn(uk) = 1)

n!
- log <21P’(;m7rzt) =v|M =m, TFEt) = p,sgn(uk) = 1)>>

+ Z Z (P(M =m, WEt) = p,SgH(MH) = _1)

(]P)(:uﬁﬂ-zt) = V|M = mvﬂ-ét) =pP, Sgﬂ(lﬂ‘é) - _1)
visgn(v)=1

n!

- log (éP(umrEt) =v|M =m, Wét) = p,sgn(pk) = —1))) )

P(prmy = vIM =m,m(, = p,sgn(pk) = —1)

+ Z Z (IP’(M = m,ﬂ'ét) = p,sgn(uk) = —1)

n!
- log <2IP’(;m7r2t) =v|M =m, Wzt) = p,sgn(puK) = —1)>> )
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p:
sgn(p)=—

+ Y > | P(M =m,w(, = p,sgn(us) = 1)
1 m

Z <]P’(;m7r£t) =v|M = m,ﬂ'ét) = p,sgn(pk) =1)
visgn(v)=-—1

n!
- log (2P(,umrgt) = v|M = m, 7, = p,sgn(ur) = 1)>)>

At this point, consolidating gives us that
(D.7) E(ENT (uk(p| M, 7y, sgn(uwm(yy))) = E(ENT (urm(, |M, ), sgn(uk)))

as we claimed. (Switching the second and fourth terms will group the terms with the same condition
on sgn(uk) together.)
Continuing on, since wEt) is known, we may rewrite the conditional probability of ,umr(t) as the

conditional probability of pk:

= > Y| P(M =m, 7 = p,sgn(ux) = 1)
sgn(l;;):l "
D8 X (Pl = =y = prsnGue) = 1)

visgn(v)=1

n! _
- log <2P(/J,K, =vp 1|M =m, ﬂét) =p, sgn(uﬂ) = 1)))

+ Z Z P(M = m, wét) = p,sgn(uk) = —1)

p:
sgn(p)=—1

(P(,U,Ii =vp M =m, WEt) = p,sgn(uk) = —1)
visgn(v)=1

n! _
- log <2]P’(/m = vp ! |M = m,m(y = p,sgn(ur) = —1)))
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+ Z Z P(M = m,ﬂgt) = p,sgn(pk) = —1)

!
- log <T2L'1P’(Wc =vp~ ' |M =m, ) = p,sgn(ur) = —1)>>

+ Z Z IP)(M = mvﬂ-ét) =P Sgn(#”) = 1)

(IP’(/M =vp ' |M = m,m(, = p,sgn(ur) = 1)
visgn(v)=—1

n! _
- log (}P’(;m =vp M = m,wgt) = p,sgn(pk) = 1)>>

1

Now observe that summing the conditional probability that ux = vp~" over the v that have sign

s is the same as summing the conditional probability that ux = 7 over the n that have sign
ssgn(p~!) = ssgn p. Since we have explicitly written out the signs here, the necessary modifications

are clearer: We get

- Z Z P(M =m, WEt) =p, Sgn(uﬁ) = 1)
(D.9) ~ (Pl = a1 =,y = posgn(oe) = 1

n!
- log (QIP’(M =n|M =m, 7, = p,sgn(ux) = 1)))
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P(M =m,m, = p,sgn(px) = —1)

+
(]
i\

(P(um =n|lM = m,ﬂzt) = p,sgn(ur) = —1)
n:sgn(n)=—1

+ Z Z (]P’(M =m 7r() = p,sgn(puk) = —1)

(P(MK =n|M =m, 7r( ) = = p,sgn(uk) = —1)

- log (n!P(;m =M = m, ) = p,sgn(uk) = 1)>) )

+ Z Z (]P’(M =m, (= psgn(ur) = 1)

(Pl = 1101 =,y = posn(ue) =
vsgn(n)=1

- log (T;!IP’(/M =n|M =m, 7, = p,sgn(uk) = 1))) )
This shows that
(D.10) IE(ENT(,umrEtﬂM, Wzt), sgn(pk))) = E(ENT(uk| M, 7r ) 8gn(pk))).-
Finally, since i, s, and Wét) are conditionally independent given M, we have that

(D.11) P(ur = n|M =m, 7, = p,sgn(pk) = s) = P(ux = n|M = m,sgn(ux) = s);
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that is to say, we may drop the conditioning on 7r2 " Doing so gives

(D.12)

= > > (IP(M =m, Ty = p,sgn(ur) = 1)
P m

sgn(p)=1

> (P(M — M = m, sgn(ur) = 1) log <7;!]P’(/m =M = m,sgn(ux) = 1))))

n:sgn(n)=1

p:
sgn(p)=—

+ Y > (IP’(M = m,T(y = p,sgu(uk) = —1)
1 m

3 (]P’(;m = n|M = m,sgn(ur) = —1)log (nlp(”” = M = m, sgn(yr) = 1)>>)

2
n:sgn(n)=-1

DY (P<M = m,wly = p,sen(ur) = 1)

p:
sgn(p)=1

n!
(P(Wc = n|M = m,sgn(ux) = —1)log <2P(wf =n|M = m,sgn(ux) = 1))))
n:sgn(n)=-1

+ Z Z (IF’(M = m,ﬂ'ét) = p,sgn(ux) = 1)

p:
sgn(p)=-1

n!
(Pl = a1 = m.senae) = 1)1 (5 Pl = 0l = . semr) = 1>)))
visgn(n)=1

Recognizing each inner sum as an entropy term, we get

(D.13) = Z ZIP’(M = m,ﬂét) = p,sgn(pk) = 1) ENT(ur|M = m,sgn(ux) = 1)

P
sgn(p)=1
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+ > SOP(M =m,nly = p,sgu(ur) = —1) ENT(uw| M = m, sgn(us) = 1)
p: m
sgn(p)=—1

+ Z Z]P’(M = m,ﬂzt) = p,sgn(uk) = —1) ENT(us|M = m,sgn(ux) = —1)
P m
sgn(p)=1

ST SCB(M = mnly = pysgn(us) = 1) ENT(us| M = m, sgn(ps) = 1)
p: m
sgn(p)=—1
Observe that the first and fourth terms together form the sum over all p of their addends, and

likewise for the second and third terms. Thus we get

= 3" D B = ) = pysen(ur) = 1) ENT(us| M = m, sgn(r) = 1)

p m

+ Z Z]P’(M = m,ﬁzt) = p,sgn(pr) = —1) ENT(ux|M = m,sgn(ux) = —1)

p m

(D.14)

The entropy terms are independent of p, so if we interchange the order of summation we may
pull them out of the sum over p:

= ZENT(,LM\M =m,sgn(ux) = 1) ZIP’(M =m, 7TEt) = p,sgn(ur) =1)

m P

+ ZENT(wﬂM =m,sgn(ux) = —1) ZP(M = mﬂTEt) = p,sgn(uk) = —1)

m P

(D.15)

The sums of the joint probabilities are the joint probabilities without specifying ﬂ'Et)Z
= ZENT(/U@]M =m,sgn(ux) = 1)P(M = m,sgn(ux) =1)
m

(D.16)
+ ZENT(/MJM =m,sgn(uk) = —1)P(M = m,sgn(ux) = —1)

We can consolidate these two terms into a sum over sgn(ur):

(D.17) = Z ZENT(,U,,«;\M = m,sgn(ux) = s)P(M = m,sgn(ur) = s)

s=—1,1 m

108



But this is E(ENT (uk|M, sgn(uk))), so we get that
(D.18) E(ENT (| M, ), sgn(six))) = E(ENT (sl M, sgn(sux))

as we claimed.
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