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Abstract

Harnessing Disorder in Nano-optics and Photonics

by

Zhaoyu Nie

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Xiang Zhang, Chair

Disorder has long been regarded as an adversary to nano-optics and photonics designers.
In the fields like metamaterials, plasmonics, and integrated photonics circuits, researchers
have always striven to minimize the disorder and any deviation from the ideal design for
many years. However, as more sophisticated nanostructures are designed with increasing
complexities, the required fabrication precision has reached the limit of current technologies.
As a result, disorder becomes a nuisance that prevents many nano-systems from reaching
their full potential.

Especially, hyperbolic metamaterials, also known as indefinite metamaterials, have a unique
dispersion relationship that has been theoretically predicted to provide an unlimited imaging
resolution. However, fabrication disorder has limited its imaging performance as it generates
unavoidable random scatterings. We, on the other hand, demonstrate a random structured
illumination nanoscopy that utilizes this random scattering property. Combined with the ul-
trathin metallic film deposition, we managed to demonstrate a record-high spatial resolution
in the field of metamaterial imaging.

We also proposed a new framework for metamaterial far field single-shot super-resolution
imaging. The improvement in resolution, field of view, and structural complexity is sub-
stantial compared with current single-shot imaging methods. The basic idea is to extract
the high-resolution information of the object into the far field via the unique scattering and
interfering process in metamaterials. The new scattering forward model has been proposed
and an inverse algorithm inspired by the untrained Neural Network is designed to decode
this seemingly complex interference pattern to reconstruct the object. This work provides a
blueprint for the future of high spatiotemporal resolution imaging.

Furthermore, in the field of integrated photonics, we demonstrate a strategy to improve the
slow light capability by utilizing the previously unwanted structural disorder. Since slow
light device typically requires a strictly periodic nanostructure, many works have shown
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that a slight amount of disorder introduced in the fabrication process can have a detrimental
effect on the device performance, causing the backscattering effect and even Anderson local-
ization. To solve this issue, we developed a method to help a disordered slow light system
perform physical learning to reorganize a scattering landscape to have an improved slow light
capability, even better than a perfectly periodic system.

I believe my efforts in developing different types of metamaterial imaging modalities and
random slow light structures through the combination of nanotechnology and state-of-the-
art computational methods will advance future nanoscale optics and photonics.
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Chapter 1

Introduction

Wonder is the beginning
of wisdom.

Socrates

1.1 Tailored Disorder: Learning from Nature

I have always been amazed that nature is such a good creator on the macroscopic level, cre-
ating a variety of species of living organisms having their unique collective behavior patterns.
On the contrary, while maintaining this global order via the coordination of many-body in-
teractions, nature allows each individual to freely deviate from a mean value and develop on
its own. In the context of this thesis, we will consider this individual difference as random-
ness or even disorder. This phenomenon is prevalent in nature and observable in many living
organisms ranging from schools of fish[1], flocks of birds[2], and swarms of bacteria[3][4]. As
Ray Dalio points out in his macroeconomics book[5], we, human beings, also exhibit col-
lectively repetitive behavior patterns, manifested by the cycles of rise-and-decline of great
empires throughout the history.

In the fields like metamaterials, plasmonics, and integrated photonics circuits, researchers
have always striven to minimize the disorder and any deviation from the ideal design[6],[7],[8].
However, as more sophisticated nanostructures are designed with increasing complexities,
the required fabrication precision has reached the limit of current technologies[9]. As a
result, disorder becomes a nuisance that prevents many nano-systems from reaching their
full potential[10][11].

It is very instructive to look at how nature harnesses the disorder to create intended
structural colors, given the fact that disorder is ubiquitous and unavoidable at the nano-
scale[12]. Structural color originates from light interaction with structures with feature sizes
close to the wavelength of light. The colors are determined by the selected bands of light
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Figure 1.1: Demonstration of the intriguing role of disorder in flower grating-like structures.
Trimenia moorei (a), Leucocoryne purpurea (b), Lathyrus aureus (c), H. trionum (d), Adonis
aestivalis (e), Penstemon barrettiae (f), Grielum humifusum. The zoomed-in transmission
electron microscopy (TEM) images of each grating structure have scale bars 2um. Repro-
duced from [13].

reflected from the structure through diffraction, interference, or scattering. In contrast to
pigments, structural color does not fade, and it is the most vivid color present in nature.

Figure 1.1 shows a common mechanism of flowers to produce structural colors via a
one-dimensional grating (a periodic structure along one direction). These nanostructures
generate visual signals, the blue halo, via angle-dependent scattering to attract insect pol-
linators. As you can see, those grating structures are appreciably disordered, which is not
surprising during the growth of any living organism. Artificial flowers with the same level of
randomness are reproduced and are shown to produce the desired photonic signature that
are highly attractive to bees. Researchers conclude that it is the well-controlled statistics
of the disorderliness that makes these flowers, evolved under different circumstances, create
this blue halo[13].

Beyond the one-dimensional structures, diffusion inside a disordered structure (refractive
index variation on the length of the optical wavelength) can also be used to provide new
functionalities. The light scattering is characterized by two quantities: the scattering mean
free path, ls, and the transport mean free path, lt. The scattering mean free path, ls,
describes the average distance between two consecutive scattering events. The transport
mean free path describes the minimum distance before a wave gets completely randomized in
its propagation direction. In 1D and 2D systems, sufficiently long medium can lead to light
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Figure 1.2: Cross section of nanostructure in a silk fiber. (a) light localization in a silk
filament. (b)(c) SEM of silk nanostructures. Reproduced from [18].

localization, the Anderson Localization,[14][15][16][17]. When the Anderson Localization
mode is established, all light will be reflected back, a phenomenon that has been observed
in native silk, the ideal material for radiative cooling.

The cross section of the silk fiber produced by silk worms usually contains 3800 nanofibrils
with size 25 nm, shown in Figure 1.2. Even with a modest refractive index contrast, given the
large size of the silk fiber, it still forms the 2D Anderson localization modes. The localization
effect suppresses most of the transmission mode and therefore gives rise to strong reflectivity
in the visible and NIR region. Along with its strong emissivity in the IR region, endorsed by
its vibrational transition in the protein structure [18], silk is the ideal material for radiative
cooling, radiating more heat to the outside than absorbing. Nature not only give the silk a
white color from its randomized nanostructures but also provides it with a superior cooling
functionality.

Unlike what nature has been doing for millions of years, humankind has only recently
developed the technique to perform fabrication at the nano-scale, marked by the invention
of nanolithography in the mid-1950s. This nanofabrication technique has a profound in-
fluence on technology advancement as it can mass produce the widely used computational
chips and photonics chips for the next generation communication applications. However, the
nanofabrication technique is approaching the limit of the required fabrication precision for
many advanced chip or nano-structure designs. This degree of fabrication uncertainty of a
few to a few tens of nanometers is actually on the same scale of the uncertainty for natural
nano-structures which we discussed before[12]. Nevertheless, unlike nature is using this de-
gree of disorder to support certain functionalities, humankind is still working toward getting
rid of this disorder in order to fabricate perfect and disorder-free structures. The current
design philosophy is influenced by Reductionism, where we break down a complex system
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Figure 1.3: Schematic of diffraction limit. (a) when the distance between two objects are
beyond the diffraction limit, two airy disc intensity distributions can be seen. (b) when two
objects are below diffraction limit, only one airy disc intensity distribution can be imaged,
losing the information of the object.

into a composition of simple building blocks. Each building block is designed with a sim-
ple geometric shape whose performance is analyzed analytically with elegant mathematical
expression. We will then optimize the design until it has a reasonable fabrication tolerance
to ensure a good yield. The following sections will introduce two fields: metamaterial super
resolution imaging and slow light. Disorder imposes a detrimental effect in these two fields
as it fundamentally limits the system performance even with the smallest amount within the
fabrication limit. Our work is intended to provide a new platform to harness disorder to
unlock the full potential of these systems.

1.2 Disorder in Metamaterial Imaging

Diffraction Limit

The diffraction limit is the fundamental limit in optics and photonics restricting the perfor-
mance of the given systems. The diffraction limit is a quantity determined by the imaging
optics. As shown in Figure 1.3, when two objects, two blue dots, are located with a gap
larger than the distance limit ∆x, if we take a picture of this object, we can see these two
dots form two distinct airy disc peaks of intensity distribution, meaning these two dots are
clearly resolved. On the other hand, if the distance between these two dots are smaller than
the diffraction limit ∆x, on the picture we will only see one airy disc envelope and we won’t
be able to tell if there is one dot or two.

Imaging is essentially an information extraction process. The information of an object can
be decomposed by a set of eigenmodes, characterized by its spatial frequency and propagation
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Figure 1.4: Schematic of spatial information decomposed through Fourier transformation.
(a) a target object in the real domain (b) Absolute value of Fourier transformed object in
frequency domain. Each spatial frequency mode is considered an eigenmode of the object
information. Higher spatial frequency mode corresponds to finer structures in the real do-
main.

vectors, shown in Figure 1.4. The diffraction limit is a spatial frequency cut-off predetermined
by the imaging system and a result from the electromagnetic characteristics of light. From
the equation (1.1) of electric field distribution, the wavevector kz is derived according to the
equation (1.2), where kx and ky are each spatial frequency modes.

E(x, y, z) = E0e
−ikxxe−ikyye−ikzz (1.1)

kz =
√
(nk0)2 − (k2

x + k2
y) (1.2)

Here, in the case of (k2
x + k2

y) < (nk0)
2, kz becomes a real number and this wave is

propagating in the direction set by the vector kx, ky, and kz. In the case of (k2
x + k2

y) >
(nk0)

2, kz becomes imaginary and thus this wave becomes an evanescent wave in which the
amplitude of the wave exponentially decays. During the imaging process, the propagating
wave carries large feature information from the object plane (near-field) to the image plane
(far-field),i.e., information from small spatial frequency modes are transferred to the far-field
without any physical restriction. However, because the high spatial frequency modes, which
are evanescent in this case, cannot carry the small size feature information to the image
plane, this information is lost during the imaging process. As a result, the image of the
object will be blurred. That is also known as the near-field effect of the evanescent wave,
the main reason why the diffraction limit happens in an imaging system.
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In the normal case, the diffraction limit is defined as below, and called Rayleigh criterion.
As we can see in equation (1.3), the diffraction limit is proportional to the wavelength and
inversely proportional to the numerical aperture, which is a characteristic of a given imaging
system. The traditional way to decrease the diffraction limit is to reduce the wavelength of
light or increase the NA of the optics. But the smallest wavelength we can use in the visible
region is the blue light, around 380nm to 460nm and the upper limit for optics NA is 1 if the
refractive index of the medium is air. Therefore the resolution of traditional imaging system
is limited at around 200nm.

∆x = 0.61
λ

NA
(1.3)

200nm resolution limit has long been an issue in the optics and photonics field as well as
many related engineering fields. In biological study, many components inside cells are orders
of magnitudes smaller than 200nm. In photo lithography, the designed nanostructures are
typically smaller than this number as well. Traditional techniques do not have fundamental
access to the evanescent wave due to the limited refractive indices of natural materials.
Metamaterials, on the other hand, are proposed to grant us this access by designing material
properties non-existing in natural materials.

Metamaterials

Natural materials have a very limited ability to control light due to their fixed optical proper-
ties predetermined by their chemical composition and types of lattice[19]. The metamaterial
is first proposed to change one particular property of natural materials: the magnetic per-
meability (µ). For natural material, the µ is simply an unity. Pendry[20] first propose to
introduce inductance and capacitance with appropriate orientation and magnitude into the
meta-atoms of metamaterials. In this way these meta-atoms can interact with the magnetic
component of the electromagnetic waves, tuning the material magnetic response at desired
frequencies. Therefore the metamaterial magnetic permeability is no longer a unity. The
concept is first demonstrated in the gigahertz regime, but in the last decade, many research
groups have extend this idea to a broad range of wavelengths. What is more surprising
is that these metamaterials can have both negative permittivity and permeability. Such a
unique negative refractive index paves the way for later demonstrations of super resolution
imaging.

Another assumption metamaterial strongly relies on is the effective medium theory. Since
we want to create a metamaterial with homogeneous properties, the size of the meta-atoms
has to be much smaller than the wavelength of light. In this way, the details of the meta-
atoms cannot be seen by the electromagnetic wave, causing unwanted scattering. For both
natural meterials and metamaterials, the ratio between lattice constant and the wavelength
plays an important role in determining the material property. For example, in semiconduc-
tors, the electron wavelength is comparable with the lattice constant, forming the energy
bandgap due to Bragg diffraction of electrons which leads to all other semiconductor proper-
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ties. The same effect also happens in photonic crystal where the lattice constant is close to
the wavelength of light, forming desired transmission bands. On the other hand, when light
interact with materials like the diamond, the electromagnetic wave cannot differentiate each
single atom in the crystal, seeing the material as a homogeneous medium. Metamaterials
are designed with the same principle but we will later see that even though we can make
meta-atoms with sizes much smaller than the wavelength, the finite size of the meta-atoms
in metamaterials will still influence the super resolution imaging capability.

When both electrical and magnetic response of the material can be freely controlled,
metamaterials deepen our understanding of optical properties and provide us with new tool
kits to enhance our control of the light propagation direction, phase of propagation, decay
or gain of propagation, or the material dispersion. Indeed, we have built a wide range of
metamaterials with elegant analytical expression that outperform natural materials, in both
1D, 2D, and 3D. Invisible cloaking is even made possible with metamaterial by eliminating
the scattering of light from an object.

Metamaterial with Disorder

In this thesis, we will look at the disorder effect on a special type of metamaterials, called
the hyperbolic metamaterial (HMM). HMM is also first proposed as an effective anisotropic
medium with unit cell size much smaller than the wavelength. The dispersion of HMM is
specifically tuned to support the propagation of extremely high spatial frequency modes,
with more details given in Chapter 3. The elegant analytical expression of the HMM pre-
dicts an unlimited imaging resolution, which caught tremendous attention in the past few
years. The structure of HMM is simple, alternating layers of dielectric material and metal,
but to date, no one has been able to deposit a perfect HMM without defects. As a result, the
demonstrated super resolution capability of HMM is limited. We can qualitatively under-
stand the disorder effect in Figure 1.5. As we plan to propagate the high spatial frequency
modes to desired directions to form a super-resolved image, random scattering starts to alter
the light propagation. The scattering effect can be strong since the effective wavelength of
the high spatial frequency mode is close to the HMM defects. Certainly we can expect some
fabrication advancement in the future to deposit mulitilayer film with negligible disorder.
But instead we want design an imaging modality to utilize this randomness to unlock its full
potential instead of waiting for a perfect fabrication technique.
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Figure 1.5: Schematic of an disordered layered metamaterial. When the effective wavelength
of high spatial frequency modes is on the same level as the size of the disorder, the effective
medium theory breaks down and random scattering events take place.

1.3 Disorder in Slow Light

Applications of Slow Light Devices

With the development of optical communication, more advanced optical signal processing
tools are highly demanded. Slow light devices play an important role in the optical signal
processing as they can actively tune the temporal delay or the phase delay among different
streams of signals. One application of slow light devices is to synchronize multiple optical sig-
nal processing functions in the switching nodes of communication networks, including matrix
switch, signal regeneration, clock signal recovery, wavelength conversion, optical buffering,
etc[21]. The optical buffers are key components in optical packet switching networks since
they help resolve the packet contention in the optical domain without a lossy optic-electronic-
optic (OEO) conversion.

Another application of slow light device is the phased array antennas (PAAs) in pho-
tonic and microwave information processing[21]. In the conventional electronic PAAs, the
microwave phase shifter is independent of frequency, causing the beam squint effect. On the
contrary, an optics based PAAs can effectively solve this issue. The PAA consists of multiple
antenna units, each connected to a tunable true-time slow light device with large tuning
range and high accuracy. By tuning the relative phase among antenna units, microwave
can be generated at the desired frequency and direction, achieving an efficient integration of
microwave and photonic components.

Other applications consists of fiber-based optical coherence tomography (OCT), Optical
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Figure 1.6: Data synchronization and buffering in optical networks. Reproduced from [21].

time-division multiplexing (TDM), improved nonlinear light-matter interaction, etc.

Slow light with Disorder

The underlying physics principle for these slow light device is by changing the dispersion of
the waveguide, which adjusts the number of density of states and the group refractive index,
explained in detail in the chapter 2. Since the dispersion engineering is a concept borrowed
from the solid state physics, slow light device design therefore involves 1D or 2D periodic
structure with feature size on the same level of the wavelength.

However, even with the well controlled fabrication imperfection within the current fabri-
cation limit, Researchers have proved that Anderson localization will occur when the number
of coupled resonator increase to 100 with 3 percent randomness in fabrication[11], preventing
the device to be made longer and longer to provide higher group index and lower group ve-
locity. The detrimental effect of the disorder on the system dispersion and density of states
are shown in Figure 1.8.

Therefore, since we know even a slight amount of disorder can be bad for the slow light
system, we see there is no point of pursuing fabrication perfection. We want to design a new
design methodology to harness the disorder in the waveguide to slow down the light even
more.
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Figure 1.7: SEM image of slow light coupled resonator waveguide. The fabricated structure
consist of almost identical low Q resonators with the flat slope of the dispersion relation at
the band edge to slow down light. Reproduced from [11].

Figure 1.8: The effect of disorder in slow light device. With even the slightest fabrication
imperfection within the fabrication precision, the slow light effect will be significantly re-
duced. Moreover, as the device length increases over hundreds of unit cells, the Anderson
location will happen, which even takes away the transmission channel. (a) with disorder, the
slope of the dispersion is no longer flat. (b) with disorder, the number of density of states
are reduced, manifested by the increase in the group velocity. Reproduced from [22].
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1.4 Thesis Organization

This dissertation is for the fundamental physics, design, fabrication and computational con-
trol of disordered medium including hyperbolic metamaterial for deep sub-wavelength imag-
ing and coupled resonators for slowing down the light. By incorporating state-of-the-art
computational techniques, we managed to harness the previously unwanted disorder in the
system to boost the system performance.

Chapter 1 starts with the introduction and background, which states why metamaterials
and slow light devices are fundamentally limited by disorder.

Chapter 2 gives the mathematical formulation of electromagnetic wave propagation in 1D
disorder-free periodic medium. We summarize an unified theory to describe both hyperbolic
metamaterial and slow light device as they are both essentially one-dimensional nanostruc-
tures but with different feature sizes, compared with the working wavelength.

Chapter 3 gives a physics description of electromagnetic modes and how disorder will af-
fect them. The same method will be used in Chapter 6 when discussing the slow light
devices.

Chapter 4 presents a structured illumination nanoscopy based on hyperbolic metamateri-
als, which achieves the record high super resolution capability in its kind.

Chapter 5 presents a theoretical work on hyperbolic phase retrieval super resolution imaging.
The work is aimed to provide a blueprint for the metamaterial imaging to achieve a superior
spatiotemporal resolution.

Chapter 6 presents a method of harnessing disorder in slow light devices. Instead of mini-
mizing the fabrication disorder, we propose a adaptive method to make the disordered slow
light device to achieve even better slow light capability.

Chapter 7 discusses the computational methods we used in this thesis to harness random-
ness, including both gradient-free and gradient-based optimization approaches.

Chapter 8 summarizes all the works and discusses the future prospects.



12

Chapter 2

Electromagnetic Propagation in
Periodic Media

As the building block and theoretical foundation of modern science and technology, the
propagation of electromagnetic waves in periodic media exhibits many interesting and useful
phenomena. In periodically layered material system, some highly studied topics include:
bandgap formation, diffraction of X-rays, distributed-Bragg-reflector, reflective polarizer,
diffractive grating, and so on. In this chapter we will discuss the general property of electro-
magnetic propagation in periodic media and then develop a general mathematical treatment
for periodic systems, following the method in reference[23]. To pave the way for the main
topics of this thesis, we will extend this general mathematical model to two seemingly differ-
ent fields: slow light devices and hyperbolic metamaterials, showing that they can actually
be described by an unified theory.

2.1 Periodic Media

The optical properties of a periodic medium can be described by the Block theorem due to
the translational symmetry of the material permittivity and permeability tensor along the
propagating direction z:

ε(z) = ε(z + Λ), µ(z) = µ(z + Λ) (2.1)

where Λ is the periodicity of the medium and we will restrict Λ along the z direction for
simplicity. This equation states the material property looks exactly the same if we move
from z to z + Λ.

The solution of the propagation waves in the periodic medium can be described by the
Maxwell’s equations:
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∇ ·D = ρ (Gauss’ Law)

∇ ·B = 0 (Gauss’ Law for magnetism)

∇×E = −∂B

∂t
(Faraday’s Law)

∇×H = j +
∂D

∂t
(Ampère-Maxwell Law)

(2.2)

where the electric displacement and the magnetic induction are given by:

D = ε0εE (2.3)

B = µ0µH (2.4)

The translational symmetry allows us to solve for the periodic modes inside the medium,
assuming no source term:

E = EKei(−K·z+ωt) (2.5)

H = HKei(−K·z+ωt) (2.6)

where the envelope EK(z) and HK(z) are also periodic:

EK(z) = EK(z + Λ) (2.7)

HK(z) = HK(z + Λ) (2.8)

This is known as the Bloch theorem. The K is the Bloch wave vector associated with the
Bloch propagating mode. We will demonstrate how to solve for the Bloch wave vector and
its dispersion relationship ω(K) in the following sections.

2.2 Periodic Layered Media

It would be beneficial to establish a method to find the output electric field from a periodic
structure given any input electric field. Since the propagating mode within each homoge-
neous layer can be solved by the Maxwell’s equation, we can then sequentially relate any
neighboring pair of electric and magnetic field across different layers by enforcing certain
boundary conditions. We will start with a simple boundary condition case with TE mode
input (E = (Es, 0, 0)) at material interface with refractive indices n1 and n2.

The electric field in the left side material can be written as:

Es = x̂(Eise
−ikiz ·z + Erse

ikrz ·z)e−iky ·y (2.9)
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Figure 2.1: TE Boundary condition at material interface. The TE electromagnetic wave has
its non-zero electric component along the x direction, out-of-plane. Two boundary conditions
have to be satisfied: Eix + Erx = Etx and Hiy +Hry = Hty.

We introduce our first boundary condition: the tangential component of the electric field
across the boundary will be continuous:

Eix + Erx = Etx (2.10)

Since the electric field and the magnetic field are perpendicular, the continuity of the
magnetic field, assuming no current source, implies:

Hiy +Hry = Hty (2.11)

By applying the Faraday’s Law ∇×E + iωµH = 0, we can solve for the y component
of the magnetic field:

Hiy = −ikiz
1

iωµ
Eie

−i(kiyy+kizz) =
n1

c0µ
cos(θi)Eix (2.12)

Similarly, we can obtain expressions for Hry and Hty and the (2.11) becomes:

n1cos(θi)Eix − n1cos(θr)Erx = n2cos(θt)Etx (2.13)
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Figure 2.2: A periodic medium consists of infinite pairs of materials with alternating indices,
n1 and n2 and thickness d1 and d2. The period is defined by Λ = d1 + d2

To solve for the Bloch wave inside a periodic medium, we describe the wave inside each
homogeneous layer as a sum of an incident and a reflected plane wave. The complex ampli-
tude and phase can be expressed by the column vector at the nth layer:Enx

E ′
nx

 , n = 1, 2 (2.14)

With the boundary condition (2.10) and (2.13), we obtain the matrix relationship at the
first boundary:
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 1 1

n1cos(θ1) −n1cos(θ1)

E1x

E ′
1x

 =

 1 1

n2cos(θ2) −n2cos(θ2)

E2x

E ′
2x

→ D1

E1x

E ′
1x

 = D2

E2x

E ′
2x


(2.15)

D−1
2 D1

E1x

E ′
1x

 =

E2x

E ′
2x

→ D12

E1x

E ′
1x

 =

E2x

E ′
2x

 (2.16)

D12 =

n2cos(θ2)+n1cos(θ1)
2n2cos(θ2)

n2cos(θ2)−n1cos(θ1)
2n2cos(θ2)

n2cos(θ2)−n1cos(θ1)
2n2cos(θ2)

n2cos(θ2)+n1cos(θ1)
2n2cos(θ2)

 (2.17)

The effect of propagation in each layer is captured by the corresponding phase accumu-
lation:

Pn =

eiknzdn 0

0 e−iknzdn

 ;n = 1, 2 (2.18)

Now the wave propagation in one period, from nth cell to (n-1)th cell, can be expressed
as: En−1

E ′
n−1

 = D21P2D12P1

En

E ′
n

 (2.19)

This marks the main result from the Transfer Matrix Method (TMM), which can be used
to express the output electric field given an input field and the periodic medium index
distribution by multiplying a chain of unit cell matrix operators.

2.3 Bloch Wave and Band Structure

Remember a periodic medium has the translational symmetry property. According to the
Bloch theorem shown in section 1, the electric field vector of the Bloch mode is also invariant
under lattice translations: En−1

E ′
n−1

 = eiKΛ

En

E ′
n

 (2.20)

Therefore the dispersion relationship can be solved by equating (2.19) and (2.21) and
finding its eigenvalues.
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En−1

E ′
n−1

 = D21P2D12P1

En

E ′
n

 =

A B

C D

En

E ′
n

 = eiKΛ

En

E ′
n

 (2.21)

where we simplify the unit cell matrix operator to a new ABCD matrix.
Following the previous derivation, we obtain the ABCD matrix for TE modes:

A = eik1zd1
[
cos(k2z)d2 +

1

2
i
(k2z
k1z

+
k1z
k2z

)
sin(k2z)d2

]
B = e−ik1zd1

[1
2
i
(k2z
k1z
− k1z

k2z

)
sin(k2z)d2

]
C = eik1zd1

[
− 1

2
i
(k2z
k1z
− k1z

k2z

)
sin(k2z)d2

]
D = e−ik1zd1

[
cos(k2z)d2 −

1

2
i
(k2z
k1z

+
k1z
k2z

)
sin(k2z)d2

]
(2.22)

The solution for the eigenvalue problem is shown below:

eiKΛ =
1

2
(A+D)±

√
1

2
(A+D)2 − 1 (2.23)

The eigenvectors corresponding to the eigenvalues are:E0

E ′
0

 =

 B

eiKΛ − A

 (2.24)

The Bloch waves can be considered as the eigenvectors of the unit cell matrix operator
with eigenvalue eiKΛ. Since the unit cell matrix is unimodular, the two eigenvalues are
reciprocals of each other.

The equation defines the dispersion relationship between K, ky and ω is:

eiKΛ + e−iKΛ

2
= cos(KΛ) =

1

2
(A+D) (2.25)

Therefore,

cos(KΛ) = cos(k1zd1)cos(k2zd2)−
1

2

(k2z
k1z

+
k1z
k2z

)
sin(k1zd1)sin(k2zd2) (2.26)

where Λ = d1 + d2 and knz =
√

εnω2/c20 − k2
H . kH is the horizontal wave vector.
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Figure 2.3: The photonic band structure of a periodic structure (TE or TM), assuming
kH = 0. It consists lattice constant a. The width of the first layer is 0.2a with ε = 13 and
the width of the second layer is 0.8a with ε = 1.

Similarly, we can solve for the dispersion for the TM modes (E = (0, Epy, Epz)) by
enforcing the boundary condition:

ε1E1⊥ = ε2E2⊥

E1∥ = E2∥
(2.27)

The matrix elements of the TM ABCD matrix are:
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Figure 2.4: TM Boundary condition at material interface. The TM electromagnetic wave
has its non-zero electric component along the y,z direction, in-plane.

ATM = eik1zd1
[
cos(k2z)d2 +

1

2
i
(n2

2k1z
n2
1k2z

+
n2
1k2z

n2
2k1z

)
sin(k2z)d2

]
BTM = e−ik1zd1

[1
2
i
(n2

2k1z
n2
1k2z
− n2

1k2z
n2
2k1z

)
sin(k2z)d2

]
CTM = eik1zd1

[
− 1

2
i
(n2

2k1z
n2
1k2z
− n2

1k2z
n2
2k1z

)
sin(k2z)d2

]
DTM = e−ik1zd1

[
cos(k2z)d2 −

1

2
i
(n2

2k1z
n2
1k2z

+
n2
1k2z

n2
2k1z

)
sin(k2z)d2

]
(2.28)

Then the dispersion for TM mode is given:

cos(KΛ) = cos(k1zd1)cos(k2zd2)−
1

2

(ε2k1z
ε1k2z

+
ε1k2z
ε2k1z

)
sin(k1zd1)sin(k2zd2) (2.29)

where Λ = d1 + d2 and knz =
√
εnω2/c20 − k2

H . kH is the horizontal wave vector.
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Figure 2.5: TEM images of HMM consisting of Al doped Ag as the metallic layer and MgO
as the dielectric layer. The nominal thickness for each layer in the diagram is 5nm.

2.4 Hyperbolic Metamaterial

The hyperbolic metamaterial (HMM) is a special type of periodic medium where its unit
cells are subwavelength. Its extraordinary anisotropic optical properties are manifested in
opposite signs between horizontal permittivity (εx and εy) and vertical permittivity (εz).
Therefore, HMM can be the ideal candidate for providing extremely high density of optical
states (DOS), paving the way for optically probing deep subwavelength structures, sponta-
neous emission engineering, and lithography.

Let’s derive the HMM dispersion relationship using the Transfer Matrix Method. The
underlying physics of HMM involves the excitation of the plasmon polariton because of the
existence of the metallic layer inside the structure, so TM mode is the preferred incident
polarization. Then the equation (2.29) is a good starting point for describing the HMM
dispersion relationship by plugging in the corresponding permittivity values. The famous
and widely accepted dispersion relationship of HMM can be derived from equation (2.29) by
taking the 2nd order Taylor expansion, substituting cos(x) = 1− x2/2! and sin(x) = x and
eliminating resulting higher order terms larger than k2

1z.

k2
H

εz
+

k2
z

εH
= k2

0 (2.30)

where the subscript H indicates the effective optical properties along the horizontal direction
which is perpendicular to the wave propagating direction z.

This HMM dispersion relationship, shown in Figure 2.6, relies on the Effective Medium
approximation which treats the the refractive index of an inhomogeneous material by aver-
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aging the material properties with respect to their volume fractions. The effective refractive
indices of εH and εz of type-II HMM (multilayer structure perpendicular to the wave prop-
agating direction) is shown below:

εH = εx = εy = pεm + (1− p)εd (2.31)

εz =

(
p

εm
+

1− p

εd

)−1

(2.32)

where subscript m is the metal layer and subscript d is the dielectric layer and p is the filling
ratio.

With the presence of metal whose permittivity is negative, the effective εH can become a
negative value. This has meaningful and significant indication that, according to (2.30), kH
can become infinite and unbounded since there is always an kz to make the equation equate.
This relationship has been extensively tested during the last decade for moderately high kH
but no one has actually probe a extremely high kH in experiments. In the Chapter 3, we
will demonstrate how we can experimentally push for a record high kH and also show the
limit of the Effective Medium Approximation and a method to circumvent it.

2.5 Slow Light

Another advantage the periodic media can offer is to significantly slow down the light, also
thanks to the extremely high density of optical states. A typical example of light with
extraordinary slow speed is a Bloch wave with frequency corresponding to the band edge of
a periodic medium. This phenomenon has also received a lots of attention due to its ability
to slow down the light for optical communication purpose, like a memory buffer; for beam
steering purpose and for enhanced non-linear interaction purpose.

In section 2.2-2.3, we derived the electromagnetic wave propagation in periodic media and
the expression for Bloch wave and dispersion. In this section, we will review the foundation
of the slow light device, which is the concept of phase velocity, group velocity, and energy
velocity in a periodic medium and how they are related to the density of states.

Having the Bloch wave vector K derived from the periodic medium, we can start defining
the phase velocity of this wave:

vp =
ω

(K2 + k2
y)

1/2
(2.33)

The phase velocity describes the velocity at which the phase of any one frequency component
of the wave travels.

The group velocity for a Bloch wave packet propagating in the y-z plane is given by:

vg =

(
∂ω

∂ky

)
K

ŷ +

(
∂ω

∂K

)
ky

ẑ (2.34)
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Figure 2.6: Type II HMM dispersion. We can observe that for each large kx which contains
the spatial frequency components of the object, there is a kz to accompany it, making it a
propagating wave inside the material. A cut-off at the low frequency region exists, acting as
a natural high pass filter.
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Figure 2.7: The group velocity can theoretically approaching zero at the edge of the photonic
band gap as the derivative of the dispersion goes to zero.

In a homogeneous medium, the group velocity represents the velocity of energy flow of
a quasimonochromatic wave and is parallel to the Poynting vector. The group velocity in a
periodic medium is slightly different because the power flow is a periodic function. However,
as shown in the reference, the average velocity of energy flow in a periodic medium is actually
equal to the group velocity. Therefore, we will focus on the concept of group velocity when
describing the energy transport in periodic structures.

Another useful concept is the density of states, ρ(ω). When multiplied by dω, the ρ(ω)dω
is the number of eigenstates in the vicinity of frequencies around ω. Since ρ(ω)dω = ρ(k)dk,

we can derive the relationship between ρ and vg, vg =
dω
dk

= ρ(k)
ρ(ω)

.
Now we can look at the situation when there is disorder or randomness present in the

structure. We assume most light can transmit through the structure in a phase coherent
manner, ballistic regime. In a infinitely long periodic structure, the ρ(ω) is also infinite at
the band edge, ωedge; however, ρ(ω) is only finite when there is disorder, as the density of
states redistributed within all the available spectral domains. Derived in the reference[22],
the group velocity is given by:

vg =
1

ρ(ω)

1

2π/R

(
1 +

1

NR

dϕ

dk

)
(2.35)

Detailed derivation is shown in the reference[22]. Here we focus on the inverse relationship
between vg and ρ(ω), since the rest of the term is negligible given a large change in ρ(ω)
with the presence of disorder. As a result, disorder is commonly regarded as a detrimental
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Figure 2.8: Density of states as a function of ω in a periodic medium. The density of state
is the number of allowable modes per unit frequency. The blue region indicates the finite
number of density of states that can propagate light. The yellow region indicates there is no
propagating mode inside the bandgap (evanescent states). Reproduced from[24]

effect for slow light devices, shown in Figure 1.8 and typically regarded as something to be
avoided during the fabrication process.

2.6 Conclusion

In this section, we present a unified theory to describe the behavior of hyperbolic meta-
materials and slow light device, given the fact that they are both one-dimensional periodic
structures. Hyperbolic metamaterials differ from the slow light device by introducing neg-
ative permittivity and negligible unit cell size. Both theories predict application directions
with significant impact. The hyperbolic metamaterial can support unlimited imaging res-
olution. A slow light device can completely stop the light. However, both theories place
strong demands on the periodicity of the system, which is hard to achieve with the current
fabrication techniques.
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Chapter 3

Modes in Random Media

In physics, the description of electromagnetic propagation is complicated by its dependency
of space and time. Therefore, the invention of modal description is to simplify the description
of electromagnetic propagation by considering a composition of various vibrational states of
the system. The method of modal description has been widely adapted in classical and
quantum physics study.

In this chapter, we will investigate the physics nature of modes in a one-dimensional sys-
tem considering different boundary conditions and absorption. We will discuss the fundamen-
tal of the modal description in both energy-conservative (hermitian) and non-conservative
(non-hermitian) systems, following the method in reference[25]. Then we will discuss a one-
dimensional disordered system, similar to the structure in Chapter 6 and a specific case of
disordered open system, the Anderson Localization.

3.1 Introduction to Modes

A daily life example for the concept of modes is the different vibrational mode of a guitar
string. Therefore, we want to use the physics picture of the Melde’s string to introduce the
concept of modes. The properties of modes can also depend on the characteristic of the
system. If the system has negligible loss, i.e., energy conservative (hermitian), the modes are
defined as the stationary solution of the system. When the system is lossy, i.e. energy non-
conservative (non-hermitian), stationary solutions no longer exist and the modes correspond
to the resonances of the system.

The Melde’s String

The example of the Melde’s string is shown in Figure 3.1. A string with length L is excited
by the electricmagnetic field at one end (x = 0) with frequency f and amplitude a. The
other end is maintained at zero by a heavy mass. We assume no loss in the system and the
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Figure 3.1: The physics picture of the Melde’s string. A string with length L is excited
by the electricmagnetic field at one end (x = 0). A wave, described by h(x, t) propagates
along the string. A mass M is placed at the other end of the string to ensure the boundary
condition.

energy is conserved through time (hermitian). The wave h(x, t) that describes the motion
of the string is given by the Alembert’s equation with a wave velocity v:

∂2h

∂x2
(x, t)− 1

v2
∂2h

∂t2
(x, t) = 0 (3.1)

Two boundary conditions are required to solve this second order deferential equation.
Since the system is excited by a wave at one edge and maintained at zero at the other one,
these boundary conditions are: {

h(0, t) = acos(2πft)

h(L, t) = 0
(3.2)

The solution to this function is shown in eq.(3.3) by treating the space and time sepa-
rately. Therefore, the spatial distribution of the wave remains the same whatever the time
is and vice versa. The system is loss free so the solution is stationary.

h(x, t) = a
sin(k(L− x))

sin(kL)
cos(2πft) = |h(x)|fcos(2πft) (3.3)

where |h(x)|f is the wave amplitude, k stands for spatial frequency k = 2πf
v
. Since there

is a sin term in the denominator, at certain excitation frequencies, the |h(x)|f of the Melde’s
string will reach infinity, i.e., diverges.
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|h(x)|f=fp → +∞ | fp =
vp

2L
(3.4)

For a discrete set of frequencies, fp, an infinitesimal excitation of the system a→ 0 will
make the string oscillate forever. In the spatial domain, given these specific frequency, the
oscillation reads:

hp(x) = sin

(
2πfp(L− x)

v

)
(3.5)

The fp, hp(x) are considered the eigensolution or eigenstates of the eq.(3.1). Physically
speaking, these set of stationary solutions are referred as the hermitian modes of the system
as they are the privileged vibration of the string.

Hermitian System Modal Expansion

We can now turn off the excitation field for the string and make the string clamped at both
ends. By the means of Fourier expansion, any wave propagating along the string can be
decomposed into a sum of stationary wave solutions:

h(x, t) =
∑
p

aphp(x)cos(2πfpt) (3.6)

where ap are expansion constants. In the Fourier’s domain, the spectrum is discrete since
the Fourier transformation of sinusoidal function is the delta function.

H(x, f) =
∑
p

aphp(x)δ(f − fp) (3.7)

Because of the discreteness, there is no spectral overlap among modes. If we define a
scalar product:

⟨u|v⟩ =
∫∫

L

u(x)∗v(x)ḋx (3.8)

it turns out that all the spatial distribution of the modes hp(x) are orthogonal:

⟨hp|hq⟩ = δpq (3.9)

As a conclusion, in the hermitian system, there is a set of privileged modes or vibrational
states and there is no temporal or spatial overlap among modes. Any wave propagating
in the system can be expressed as the linear superposition of those mutually independent
modes.
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3.2 Modes in Non-hermitian Systems

The Melde’s String with loss

For a non-hermitian system, we introduce losses into the Melda’s string. We consider losses
of two kinds: 1. The presence of a complex potential: energy (wave) is absorbed or amplified
and 2. The openness of the system: energy (wave) leaks at the edges of the system. The
difference is that because of the energy escaping from the system over time, we cannot treat
each mode as a stationary vibration (time independent). We modified the eq.(3.1) by adding
a damping term with coefficient α:

∂2h

∂x2
(x, t)− α

∂h

∂t
(x, t)− 1

v2
∂2h

∂t2
(x, t) = 0 (3.10)

Similar to the hermitian case, qualitatively speaking, the amplitude of the wave |h(x)|v
still exhibits a sharp increase at a set of frequencies, but the amplitude will no longer go to
infinity, i.e., will not diverge. Because of the absorption, each excitation will be attenuated
and eventually disappears.

If we perform the modal expansion of the Melde’s string in a non-hermitian system, the
wave solution is:

h(x, t) =
∑
p

aphp(x)cos(2πfpt)e
−∆fpt

2 (3.11)

where ap are expansion constants. Each component is now damped. In the Fourier
domain the spectrum is now continuous:

H(x, f) =
∑
p

aphp(x)
1

iω − iΩp

(3.12)

Similar to the hermitian case, it is possible to define resonance but now its frequency is
complex, Ωp = 2πfp − i2π∆fp

2
. The pair of complex frequency Ωp and spatial distribution

hp(x) are referred to as quasi-modes or non-hermitian modes of the system.
Moreover, this damping also affects the spatial distribution of the modes and breaks their

orthogonality, making them have spatial and spectral overlap.

⟨hp|hq⟩ ≠ δpq (3.13)

Physically speaking, the modes in the non-hermitian system are not independent vibra-
tional states. Energy can be exchanged among modes, opposite from the hermitian case.
Mathematically speaking, the non-orthoganlity of modes affects the completeness of the set
of spatial distribution (hp(x))p. The uniqueness of constants in eq.(3.11) is not guaranteed
and is problem-dependent.
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3.3 Modes in Open System

In the previous section, we consider the modes in hermitian and non-hermitian systems with
motion of the Melde’s string strongly constrained at both ends. In open systems, the wave
is no longer bounded and can propagate outside the system. This difference introduces
striking difficulties and many approaches have been proposed to solve it. In this section we
will follow Siegert’s method to derive modes of an open cavity, also known as quasi-bound
states, quasi-normal modes or Siegert states.

In reference[26], Siegert solved the resonances in atomic and molecular systems in a way
similar to field quantization in quantum optics. He solved the Schrödinger’s equation with
a boundary condition at infinity containing only outgoing waves and no incoming incident
waves. The boundary condition is now referred as the Siegert’s condition.

Φ(r →∞)eikpr ⇐⇒ ∂Φ

∂r
(r →∞) = ikpΦ(r →∞) (3.14)

where (Ωp,Φp(r)) is the mode and r is the spatial coordinate. kp = Ωp/c is the wave
vector.

We consider the case of an one-dimensional slab of uniform index n and length L. A
perfect mirror is placed at its left edge x = 0 whereas its right edge x = L is open in vacuum.
Then the electrical field E(r, t) fulfils Helmholtz equation:

∆E(r, t)− n2(r)
∂2E

∂t2
(r, t) = 0 (3.15)

n(r) the refractive index distribution (uniform in this case) and the speed of light of
vacuum is fixed to 1 for sake of notation simplification. This equation can be converted to
the frequency domain:

∆E(r, ω) + n2(r)k2E(r, ω) = 0 (3.16)

where we substitute k according to the dispersion relation Ω = kc = k. Therefore, for
each mode (Ωp,Φp(r)) fulfills the equation:

d2Φp

dx2
(x) + n2(x)Ω2

pΦp(x) = 0 (3.17)

With the boundary conditions enforced by the mirror (x = 0) and the Siegert’s condition
(x→∞)for each mode:

Φp(0) = 0 and

(
d

dx
− iΩp

)
Φp(x→∞) = 0 (3.18)

The motion of modes inside the cavity Φp,in can be solved from Eq.(3.17).

Φp,in(x) = Aine
inΩpx +Bine

−inΩpx (3.19)
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where Ain and Bin correspond to forward and backward propagation coefficients, respec-
tively. From eq.(3.18), we can easily deduce that Bin = −Ain and therefore:

Φp,in = 2iAinsin(nΩx) (3.20)

In this case, the outgoing condition is fulfilled as soon as the mode escapes from the
cavity i.e. when x ≥ L. As the result the propagating mode outside the cavity Φp,out should
read:

Φp,out(x) = Aoute
iΩpx (3.21)

We then use the energy continuity condition to link the modes inside and outside the
cavity:

Φp,in(L) = Φp,out(L) and
dΦp,in

dx
(L) =

dΦp,out

dx
(L) (3.22)

2iAinsin(nΩpL) = Aoute
iΩpL and 2inΩpAincos(nΩpL) = iΩpAoute

iΩpL (3.23)

leads to

tan(nΩpL) = −in⇐⇒ −ei2ΩpL =
n+ 1

n− 1
(3.24)

Hence, we find an infinite set of mode frequencies referred to as Ωp

Ωp =
(2p+ 1)π

2nL
− i

1

2nL
ln

(
n+ 1

n− 1

)
(3.25)

and the corresponding mode spatial distributions Φp(x):

Φp,in ∝ ei
(2p+1)πx

2L e
2
2L

ln(n+1
n−1

) − e−i
(2p+1)πx

2L e−
2
2L

ln(n+1
n−1

) (3.26)

Φp,out ∝ ei
(2p+1)πx

2L e
2
2L

ln(n+1
n−1

) (3.27)

The Siegert’s approach solves the eigenvalue problem defined by the Helmholtz equation
using an open boundary condition. The complex frequency Ωp = kpc and related spatial
distribution Φp(x) are derived for each mode. More discussions on the limits of the Siegert’s
approach and existence of a biorthogonal relation can be found in reference[25].
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Figure 3.2: (a) an one-dimensional slab with uniform refractive index n and length L. (b)
the spatial distribution of mode |Φp(x)|2 inside the slab, derived by the Siegert’s approach.
Reproduced from [25]

3.4 Modes in Disordered System

To look at how disorder affect the mode in a long slab, we gradually increase the strength of
disorder. We start by considering an one-dimensional uniform medium of index of refraction
n and length L open at both edges, shown in Figure 3.2. In this problem, the field’s evolution
is driven by the uniform Helmholtz equation

d2E

dx2
(x, ω) + n2Ω2E(x, ω) = 0 (3.28)

Using the Siegert’s approach, we can derive the amplitude of the mode inside the slab.

Φp = p
π

nL
− i

nL
ln

(
n+ 1

n− 1

)
(3.29)

And the corresponding spatial distribution

|Φp,in(x)|2 ∝
(
n− 1

n

)2

e
2x
L
ln(n+1

n−1
) +

(
n+ 1

n

)2

e−
2x
L
ln(n+1

n−1
) + 2

(
n2 − 1

n2

)
cos(pπ

x

L
) (3.30)

The mode is found to be extended through the system, shown in Figure 3.2. In this
uniform index case, the wave can propagate through the slab thanks to these extended
mode. The ripple in the spatial distribution corresponds to the interference from the end
reflections.

To introduce disorder in the one-dimensional slab, we randomly perturb the refractive
index of each section of the slab. As shown in Figure 3.3, the system now consists of a
randomized refractive index landscape. The index of refraction is given by n2(x) = n̄2 +
∆n2p(x), where ∆n is the index difference, p(x) is the location of the new material and n̄ is
the average refractive index. The new non-uniform Helmholtz equation reads:
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Figure 3.3: (a) an one-dimensional slab with randomized refractive index distribution. (b)
mode spatial distribution in the weakly scattering regime. (c) mode spatial distribution in
the strongly scattering regime. Reproduced from [25]

d2E

dx2
(x, ω) + (n̄2 +∆n2p(x))Ω2E(x, ω) = 0 (3.31)

We can write it in a form similar to the Schrödinger equation:

−d2E

dx2
(x, ω)−∆n2p(x)Ω2E(x, ω) = n̄2Ω2E(x, ω) (3.32)

Similar to the interaction potential in the Schrödinger equation, the disorder term ∆n2p(x)Ω2

becomes the random potential that scatters the wave propagation. The random scattering
strength is affected by ∆n2 and the scattering landscape as a whole determines the nature
of the mode, whether it is localized or propagating.
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Extended and Localized Modes

To analytically solve for the mode in a non-uniform system is not easy and problem de-
pendent. The best way to numerically compute the modes fulfilling the Siegert’s condition
is actually the Transfer Matrix Method, introduced in Chapter 2. A simulated result [25]
is shown in Figure 3.3. In Figure 3.3b, the index deviation is small; therefore, the mode
still extends over the system. In Figure 3.3c, the index deviation is large and now the
mode is localized inside the slab (cannot propagate through). The envelope of the mode is
exponentially confined around a central position:

|Φn|2 ∝ e−|x|/ξ (3.33)

where ξ is the localization length and the envelop has the exponential shape. The cause
of this localized mode can be understood as the interference among transmitted (forward-
scattering) and reflected waves (backscattering). The strength of the backscattering is de-
termined by the contrast of the step in the random potential. If the wave gets reflected
differently at various potential height along a long system, the backscattering will eventually
lead to localization by random constructive interference. As we will see in Chapter 6, the
structure we designed will be in the weakly scattering regime because of the high system
transmission. A structure that is initially in the localized regime will be investigated but
requires additional efforts.
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Chapter 4

Random Structured Illumination with
Hyperbolic Metamaterial

Metamaterial assisted illumination nanoscopy (MAIN) has recently been proven to be a
promising approach for linear super-resolution microscopy with up to a 7-fold improvement
in imaging resolution. Further resolution enhancement is possible in principle, however, has
not yet been demonstrated due to the lack of high-quality ultrathin layered hyperbolic meta-
materials (HMMs) used in the MAIN. Here, we propose and fabricate a low-loss composite
HMM consisting of high-quality bilayers of Al-doped Ag and MgO with a nominal thickness
of 2.5 nm, and then use it to demonstrate an ultrathin layered hyperbolic metamaterial as-
sisted illumination nanoscopy (ULH-MAIN) with a 14-fold imaging resolution improvement.
This improvement of resolution is achieved in both single fluorescent beads and adjacent
fluorescent beads super-resolution experiments and verified with the scanning electron mi-
croscopy. The ULH-MAIN presents a simple super-resolution imaging approach that offers
distinct benefits such as low illumination power, high photostability, low cost, and a broad
spectrum of selectable probes, making it ideal for dynamic imaging of life science samples.

4.1 Diffraction Limit and Super Resolution

Super-resolution fluorescence microscopies have extended our ability to explore the biolog-
ical structures and dynamics below the optical diffraction limit of λ/2NA, where λ is the
wavelength and NA is the numerical aperture of the objective lens[27]. Since the resolution
is fundamentally limited by the refractive index of the propagating material (index of the
oil immersion and NA of the objective lens), most of the super-resolution fluorescence mi-
croscopies rely on the selective excitation of fluorophores in a temporal or spatial sequence,
which thus requires high intensity excitation (STED)[28][29], sample fixation (STORM)[30],
or nonlinear structured illumination (NL-SIM)[31][32]. However, these requirements impose
potential risks of altering the biological structures and modifying their dynamics. Such a
trade-off between a minimal impact on the sample and a maximal resolution of its image
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eventually degrades the overall performance of these fluorophore-engineering based super-
resolution microscopies.

In this context, metamaterial assisted illumination nanoscopy (MAIN)[33][34][35][36][37]
[38] has been proposed to address the issue. With the MAIN, super-resolution imaging
with a 7-fold resolution improvement has been demonstrated based on the well-developed
linear structured illumination strategy[39] by using hyperbolic metamaterials (HMMs) for
providing a structured illumination beyond the diffraction limit. To this end, a planar HMM
substrate is generally made by alternating dielectric and metal thin layers with the resul-
tant principal components of permittivity tensor having opposite signs; as a result, surface
plasmon polaritons are activated at these dielectric-metal interfaces and evanescently cou-
pled such that structured illumination patterns carrying deep subwavelength information are
creased at the top surface of the planar HMM substrate, and then used for super-resolution
imaging[40]. The imaging resolution of such a composite HMM-based MAIN is limited by
the HMM’s optical loss and metal layer thickness[41]. While ultrathin continuous metal films
have recently been produced, such as copper seed Au[42] and Ag[43] thin-films, and metallic
quantum-well TiN thin-film[44], their optical loss is severe at the visible frequency so that
they cannot be used for MAIN. Therefore, the lack of a low-loss HMM system with ultrathin
metal layers has been a major roadblock challenging the attainability of further resolution
improvement of the MAIN[45][46].

In this chapter, we demonstrate an ultrathin layered hyperbolic metamaterial assisted
illumination nanoscopy (ULH-MAIN) with a 14-fold resolution improvement, enabled by a
low-loss composite HMM consisting of eight 2.5-nm high-quality bilayers of Al-doped Ag and
MgO. Single fluorescent beads with an average diameter of 20 nm and two adjacent beads
with a center-to-center distance of 24 nm were resolved with the ULH-MAIN. In addition to
such a large resolution improvement, this ULH-MAIN exhibits other distinct advantages such
as a low excitation power, an improved photostability mediated by the HMM’s inherently
high Purcell factor[47], the simplified optical setup, and a tunable spectral response for a
wide range of fluorescent probes.

4.2 Loss Function with Randomness

ULH-MAIN falls into the category of the structured illumination microscopy where a super-
resolved object is reconstructed by minimizing a loss function. The construction of the loss
function is the key to this type of computational imaging technique as the loss function
contains an analytical model, the forward model, to describe the entire imaging process.
Therefore, any error or wrong assumption within the forward model will severely affect the
quality of reconstruction.

We construct the forward model as follows:

m = (Ix)⊛ h (4.1)



CHAPTER 4. RANDOM STRUCTURED ILLUMINATION WITH HYPERBOLIC
METAMATERIAL 36

where m is the measured image intensity, I is the illumination pattern, x is the object
we want to recover, h is the imaging point spread function, ⊛ is the convolution operator.

As described in Chapter 1 and 2, HMM can allow the propagation of extremely large
spatial frequencies (high k vectors) but suffers from random scattering as the size of the
defect is on the same scale as the effective wavelength of the k vector. When a plane
wave impinges on the HMM, a random speckle pattern will emerge on the opposite side
of the HMM. This speckle pattern will then have subwavelength features because of the
interference among randomized high spatial frequency modes. Say it in another way, if the
highest propagating wave contains k vector as high as 10k0, the resulting speckle pattern
will have feature size λ/20. These fine features of the speckle pattern will then interact with
the fluorescent probes near the HMM since this high k modes cannot escape to the air. The
effect of illuminating object with high k vector is illustrated in Fig.4.1. Through the process
of frequency down-modulation, the high spatial frequency component of the illumination
pattern shifts the object high k component to a lower spatial frequency which can then be
captured by the proceeding imaging system k − kshift < kcutoff . Comparing with tradition
SIM, our metamaterial assisted SIM can capture a larger range of spatial frequencies.

The next step is to find a way to minimize the loss function through the optimization of
x.

L = ||m− (Ix)⊛ h||2 (4.2)

Then we immediately can see that the illumination pattern I from the forward is un-
known. If we can use a near field scanning microscopy, like NSOM, to find out the exact
shape of the illumination pattern I, we can solve this optimization problem easily. However,
because a NSOM experiment is extremely time consuming and sensitive to alignment, we
decide to incorporate the statistical information of the illumination into the loss function
while assuming no knowledge of the exact shape of the illumination pattern. The speckle
pattern rapidly changes its shape if we change the phase of the illumination wavefront as
there are multiple random scattering event happening during propagation. Therefore, if we
take the sum of 100 different speckle patterns, the result is then an uniform illumination.
The modified loss function is then:

L =
N−1∑
n=1

||mn − (Inx)⊛ h||2 +

∣∣∣∣∣
∣∣∣∣∣mN −

[
x

(
NI0 −

N−1∑
n=1

In

)]
⊛ h

∣∣∣∣∣
∣∣∣∣∣
2

(4.3)

where n indicates the number of illumination pattern. N is the number for the last illu-
mination pattern. I0 is an uniform illumination by taking the mean value of all illumination
patterns. The second term of the loss function is the same forward model in equation (4.1)
but assumes the illumination pattern equals the difference between an uniform illumination
and the sum of 1 to N-1 illumination patterns. Methods of solving the loss function will be
discussed in Chapter 7.
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Figure 4.1: Comparison between traditional structured illumination microscopy(SIM) and
metamaterial assisted SIM. The kcutoff indicates the range of spatial frequency that an imag-
ing system can capture. The high spatial frequency information that originally larger than
kcutoff is downshifted to less than kcutoff through the process of frequency down-modulation,
k − kshift < kcutoff . SIM improve this range of capturing by 2 because the k vector within
the illumination pattern is limited by objective NA. On the other hand the metamaterial
can provide illumination pattern with very high k, therefore the range of capturing is larger
than traditional SIM. Reproduced from [48]

4.3 Ultrathin HMM fabrication

As a fundamental limiting factor in not only the HMMs but many other plasmonic devices,
the Vollmer-Weber island growth mode[49] will be dominant when the thickness of an Ag
thin film is down to the nanometer scale, forbidding the formation of a continuous ultrathin
Ag film. This threshold thickness is often called the percolation threshold, and its typical
value for pure Ag is around 11 nm. There are several factors that might account for such a
large percolation threshold, e.g. the lattice mismatch, the variation in surface energy, and
the difference in diffusion coefficients. Here, we have dealt with these issues to lower the
percolation threshold to a few nanometers in our ultrathin layered HMMs: (i) Al-doped Ag
and MgO are picked up to minimize the lattice mismatch between these dielectric and metal
layers. (ii) The addition of Al to Ag causes a slight lattice distortion but the resultant alloy
film has a lower surface energy compared to the case of pure Ag, which benefits the growth of
a continuous layer. (iii) The diffusion distance of Al atoms is shorter than that of Ag atoms
because the bond strength of Al-O is much larger than that of Ag-O[50], and the diffusion
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distance can be further reduced by lowering the growth temperature to –150 °C—as a result,
the relatively immobile Al nuclei provide dense nucleation sites for early, continuous film
formation. Figure 4.2a shows the typical transmission electron microscopy (TEM) images
of the fabricated HMMs, where the ultrathin continuous metal films well below the 11-nm
percolation threshold of pure Ag are clearly visible.

The Al-doped Ag/MgO multilayers (8 pairs) were grown by magnetron sputtering on a
glass coverslip. The co-sputtering rate for Al and Ag is 0.3 Å/s and the deposition rate of
MgO is 0.05 Å/s. The deposition was performed at the temperature of –150 °C. There is a
10-nm MgO protection layer deposited on top of the HMM multilayer to protect Ag from
oxidation. Fluorescent beads were drop-cast onto this HMM substrate in the end.

The optical constant of the HMM used in ULH-MAINs was obtained from variable angle
spectroscopic ellipsometry (VASE) and cross-checked with the measured reflection, transmis-
sion, and absorption results, as summarized in Figs. 4.2b–d. As can be clearly seen from Fig.
4.2d, there is an opposite sign for the in-plane and out-of-plane components of the permittiv-
ity tensor—a type II hyperbolic dispersion. The optical transfer function (OTF) can then be
calculated using the experimentally extracted anisotropic permittivity tensor, and the result
is plotted in Figs. 4.2e-f . It shows a record high cut-off spatial-frequency kcut−off = 12k0 (k0
is the spatial frequency in vacuum) at λ = 488 nm when OTFcut−off = 0.01, which allows
a maximum imaging resolution around 20 nm. Such a record high kcut−off is enabled by
not only the nanometer scale layer thickness of the HMM but also its low optical loss. It
is worth noting that although the imaginary part of the in-plane permittivity component of
the HMM is slightly larger than that of bulk Ag due to the imperfect interfaces, the HMM’s
optical loss is still relatively low because pure Ag at this thickness will not be a continuous
film.

A rotating polarizer-type spectroscopic ellipsometer (J.A. Woollam M-2000D) was used
to characterize the fabricated HMM multilayers and the data were processed with Comple-
teEASE software. Measurements were performed in the reflection mode over a 300–1000-nm
spectral range for 60o and 70o incidence angles. The measured ellipsometric parameters Ψ
and ∆ are defined as the amplitude ratio and the phase difference of the reflection coeffi-
cients rp and rs for the p- and s-polarizations, respectively. Figure 1b shows the amplitude
ratio Ψ and the phase difference ∆ measured by the spectroscopic ellipsometry (SE) data at
60o and 70o incidence angles. These HMM multilayers are treated as a uniaxial layer. Note
that the effective medium approximation (EMA) cannot be used for these structures since
the effective medium homogenization does not involve nonlocality of the dielectric constant.
In Fig. 4.2b, the permittivity components were extracted using an anisotropic model with
the lowest mean squared error (MSE). By applying the transfer matrix method with the SE
measurement data, a good agreement between the measured reflection R, transmission T,
and absorption A = 1–R–T spectra and the calculated spectra is obtained (Fig. 4.2c).
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Figure 4.2: Ultrathin low-loss Al-doped Ag/MgO HMMs. (a) TEM images of an Al-doped
Ag/MgO HMM with each individual layer having a nominal thickness of 5 nm. (b) VASE
results of the HMM used in ULH-MAINs. Amplitude ratio, Ψ, and phase difference, ∆, of
the reflection coefficients rp and rs for the p- and s- polarization measured at 60o and 70o

incidence angles are shown. The dots are the fitting results that will be used to extract
the permittivity tensor of the HMM. (c) Measured reflection (R), transmission (T), and
absorption (A = 1–R–T) spectra at normal incidence and their fitting results. (d) Extracted
complex permittivity tensor. (e) Calculated OTF for the HMM with a total thickness of
45.8 nm with a nominal layer thickness of 2.5 nm. (f) Calculated OTF at λ = 488 nm.
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4.4 Experiment Setup

The implementation of the ULH-MAIN is simple and straightforward by using a standard
fluorescence microscope with speckle illumination, as shown in Fig. 4.3a. The speckle illumi-
nation was initialized by coupling a 488-nm excitation laser through a vibrating multimode
fiber to the backside of the HMM. After passing through the HMM, the excitation laser
speckles (10W/cm2) were further scrambled and squeezed into the hyperbolic modes via
randomly scattering at the nanometer-scale superlattice defects of the HMM film. Note that
such a Rayleigh scattering is efficient in the HMM due to the inherently high Purcell factor
of these hyperbolic modes. Random speckle patterns were finally generated on top of the
HMM, as shown in Figs. 4.3b–e, which contain high spatial frequencies up to 12k0—one
order of magnitude higher than that on top of a glass. Emission of fluorescent beads on
top of the HMM substrate excited by these high-k speckles was collected by a 100×/1.49
NA objective lens and then imaged with an sCMOS camera, forming a diffraction-limited
fluorescence image. 100 such diffraction-limited images of the fluorescent beads illuminated
with 100 randomly varied high-k speckles—done by mechanically vibrating the multimode
fiber using a step motor—were recorded and processed with the blind-SIM algorithm, such
that a superresolution image of the beads was eventually reconstructed, as will be discussed
in detail below. It is important here to note that since these random high-k speckles in the
fabricated HMM give rise to a spatial correlation length down to 20 nm (corresponding to
the kcut−off of 12k0), fluorescent beads with an average diameter of 20 nm were used. It is
also worth noting that there is a 10-nm MgO protection layer deposited on top of the HMM
to protect Ag from oxidation and reduce the quenching effect of fluorescent beads.

4.5 High Spatial Resolution Demonstration

The ULH-MAIN super-resolution imaging of single fluorescent beads with an average diam-
eter of 50 nm is summarized in Fig. 4.4. Figure 4.4a shows the diffraction-limited image
which is the intensity average of 100 different diffraction-limited image frames obtained under
randomly varied high-k speckle illuminations. The high-k information implicitly imprinted
in these diffraction-limited image frames was extracted with the blind-SIM algorithm (see
Chapter 7), and the resultant reconstructed super-resolution image in a small exemplary
region given in Fig. 4.4b is shown in Fig. 4.4c where single 50-nm beads are clearly resolved.
To validate such a super-resolution ability of the ULH-MAIN, scanning electron microscope
(SEM) imaging of these single beads in this small exemplary region was carried out and the
result is given in Fig. 4.4d. As can be seen, the ULH-MAIN has indeed successfully revealed
the location of the single fluorescent beads and their size.

To further clarify the resolution of the ULH-MAIN, super-resolution imaging of adjacent
fluorescent beads was implemented, and the results are summarized in Fig. 4.5. A minimum
center-to-center distance of 24 nm of an adjacent fluorescent bead was resolved and verified
with the SEM. The obtained resolutions are the result of the high-k speckles with the kcut−off



CHAPTER 4. RANDOM STRUCTURED ILLUMINATION WITH HYPERBOLIC
METAMATERIAL 41

Figure 4.3: Principle of ULH-MAINs. (a) Schematic drawing of the setup for the ULH-
MAIN consisting of a standard fluorescence microscope using an HMM substrate with a
vibrating multimode fiber. The inset shows the SEM image of fluorescent beads used in the
ULH-MAIN. (b,c) Intensity profiles of speckles on a glass (b) and an HMM (c), respectively,
using the FDTD simulations. (d,e) Fast Fourier transforms (FFTs) of speckle patterns on
the glass (d) and the HMM (e), respectively, in the spatial frequency domain.

of 12k0 (corresponding to a spatial correlation length down to 20 nm) supported by the
fabricated ultrathin low-loss HMM.
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Figure 4.4: ULH-MAIN of single fluorescent beads. (a) Diffraction-limited image of the flu-
orescent beads averaged over 100 frames illuminated under randomly varied high-k speckles.
A few of these frames in a small exemplary region are shown. (b–d) Diffraction-limited image
(b), ULH-MAIN super-resolution image (c), and the corresponding SEM image (d) of the
fluorescent beads in this small exemplary region shown in (a).

Figure 4.5: ULH-MAIN of adjacent fluorescent beads. (a) Diffraction-limited images (left
panel), ULH-MAIN super-resolution images (right panel), and the corresponding SEM im-
ages (inset) of two sets of adjacent fluorescent beads, respectively. The scale bars are 200
nm. (b) Intensity profiles along the lines shown in (a). The enter-to-center distance of the
adjacent beads is obtained by fitting the super-resolution line with two Gaussian line shapes.
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4.6 Conclusion

For the next generation of metamaterial assisted illumination nanoscopy, different types of
HMM fabrication technique can be considered. The deposited silver-based HMM is one ex-
ample of top down fabrication technique. We explored the potential of bottom up fabrication
by performing polymer self-assembly[35] as self-assembly can chemically build layered struc-
ture with even smaller unit cell size. This hyperbolic metamaterial is named the Organic
hyperbolic metamaterial (OHM), made of rr-P3HT. We developed a k-EELS measurement
technique[35] that combines TEM and EELS to directly probe the high spatial frequency
mode inside the OHM, which is more accurate than ellipsometry extrapolation. What we
found is a surprisingly high spatial frequency mode extending all the way to 60k0.

In conclusion, we developed both low-loss ultrathin Al-doped Ag and MgO layered hyper-
bolic metamaterials and rr-P3HT Organic hyperbolic metamaterials which can be used for
generating hyperfine speckle illumination. Our hyperbolic metamaterial assisted illumina-
tion microscopy has demonstrated a record high 14-fold resolution improvement. The OHM,
currently limited by the self-assembly quality, has the potential to reach even higher resolu-
tion which will be investigated in the near future. This metamaterial assisted illumination
nanoscopy could be beneficial for various imaging and metrology systems, where far-field
super-resolution would be required.
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Chapter 5

Breaking the Resolution Limit via
High Index Interference Imaging

In this work, we propose a new framework for metamaterial far field single-shot super-
resolution imaging. The improvement in resolution, field of view, and structural complexity is
substantial compared with current single-shot imaging methods. The basic idea is to extract
the high-resolution information of the object into the far field via the unique scattering and
interfering process in metamaterials. The new scattering forward model has been proposed
and an inverse algorithm inspired by the untrained Neural Network is designed to decode
this seemingly complex interference pattern to reconstruct the object. This work provides a
blueprint for the future of high spatiotemporal metamaterial imaging.

5.1 Metamaterial Far Field Imaging

Since its invention in the 1600s, the advancement in optical microscopy is always coupled
with new scientific discoveries. Reasoning from first principles, imaging is merely a pro-
cess of extracting information from the near field to the far field. The information of the
object to be imaged can be described by a set of eigenmodes through the plane wave ex-
pansion, characterized by its spatial frequency and propagation vector. The fundamental
limit on all conventional imaging techniques is the Rayleigh diffraction limit: the highest
spatial frequency mode that can propagate through a medium is bounded by n/λ, where n
is the refractive index of the medium and λ is the wavelength of the light. The information
carried by the spatial frequencies higher than the diffraction limit will be evanescent and
lost during imaging. One criterion for information preservation is the power spectrum, the
absolute squared of spatial frequency modes, i.e., the ratio between the power spectrum of
the captured object and the original object determines the resulting resolution.

An active field of research aims to overcome the diffraction limit by introducing new
physics phenomena outside conventional optics, like super oscillation[51], stimulated emis-
sion[28], blinking fluorophores[30], and frequency down-modulation[32]; nevertheless, these
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techniques all require time-multiplexing during the imaging process, segmenting high reso-
lution information into different time windows and capturing them separately. Therefore,
we try to envision a fundamentally different imaging approach that can preserve all high-
resolution information and propagate them to the far field at once.

The single-shot super resolution imaging techniques have gained a lot of attentions in the
last decade for its potential high spatial-temporal resolution and no requirement for fluores-
cence labeling[52][53]. Single-shot super resolution lenses, such as solid immersion lens and
Hyperlens[40], have so far achieved the best resolution of 150 nm. In solid immersion lens
systems, typically a hemispherical lens made of high index isotropic material is in contact
with the sample object. The high spatial frequency information of the object can then be
extracted and captured by the proceeding imaging system. The Hyperlens, shown in Figure
5.1, forms a magnified image of a subwavelength object in the far field by compressing high
spatial frequency modes into low spatial frequency modes via angular momentum conser-
vation. For both single-shot lenses, the resolution scales proportionally with the highest
allowable spatial frequency mode inside the material. However the disadvantages of this
type of imaging method are obvious: 1. one-to-one imaging requires the material to have a
spherical shape, severely increasing the fabrication difficulty. 2. the object to be imaged has
to be placed at the center of the circle, limiting the system field of view.

5.2 Hyperbolic Scattering Forward Model

Instead of designing a strict one-to-one imaging system, we want to rethink about the super-
resolution from an information extraction point of view. The basic idea of this work is to
extract the high resolution information of the object to the far field by down-modulating high
spatial frequencies to low spatial frequencies via interference. Even though after scattering in
the metamaterial the resulting hologram may not follow the regular Fourier transformation
as traditional Coherent Diffractive Imaging (CDI) systems, we can develop a new inverse
algorithm to decode the information from this hologram to recover the object. The advan-
tages of this technique are 1. the extracted information with this method is one order higher
than traditional CDI, resulting in much higher resolution. 2. the metamaterial structure is
greatly simplified, and easier to fabricate. 3. the imaging field of view is no longer limited,
as a larger area can be imaged by scanning the incident light.

We start with a general physical picture to look at how interference can help us down-
modulate spatial frequencies, shown in Figure 5.2a. Consider two objects separated by
δ under the material slab with thickness L. Let us suppose λ0/n < δ ≪ L. The wave
amplitude on the opposite side reads:

E(r, L) =
eik
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r2+L2

√
r2 + L2

+
eik
√
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(
rδ√
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(5.1)

The amplitude has very high spatial frequency components that cannot escape from the
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Figure 5.1: Schematic for Hyperlens. (a) the Hyperlens has a spherical symmetry for the
purpose of angular momentum conservation. The object is located at the center of the circle.
The scattered light from the object forms a magnified image at the image plane and this
image is large enough to be captured by the proceeding diffraction limited imaging system.
(b-d) demonstration of the resolution of Hyperlens. Reproduced from [40]
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Figure 5.2: Schematic diagram of High index interference imaging (HIII). (a) light propaga-
tion inside an isotropic material. (b) The isofrequency contour of an isotropic material. The
green circle indicates the largest spatial frequency modes. The gray dashed circle indicates
the required spatial frequency range to resolve deep sub-wavelength structures. The growing
hologram of the object is manifested in the different propagation direction of each spatial
frequency mode, shown by the green arrows. (c) HIII configuration. A thin layer of diffuse
scatterer is used to record the hologram in the far field. (d) The isofrequency contour of
HMM approximated by the effective medium theory (blue curve) and HMM considering the
finite unit size effect (orange curve). The HMM can support the propagation of extremely
large spatial frequency mode.
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metamaterial to the air. This interference process forms a hologram of the object at the
material-air interface:

|E(r, L)|2 ≈ cos2
(

δ

2
√
r2 + L2

kr

)
(5.2)

We can observe the smallest feature size of the hologram is inversely proportional to
the slab thickness, L, effectively magnifying the subwavelength information of the object
via propagation. Therefore when L > δn, the intensity fluctuation will have a feature size
larger than the free-space wavelength, which makes it possible to be imaged with a conven-
tional diffraction limited imaging system. This is possible because each spatial frequency
component is traveling in a different direction, Figure 5.2b, giving sufficient space for dif-
ferent modes to interfere and eventually result in larger holographic features. To allow this
hologram be visible in the far field, an extra thin layer of diffuse scattering material needs
to be added on top of the slab to record and redirect the hologram. The potential choices
of the diffuse scatterer can be fluorescent dye molecules or quantum dots. Since the high-
resolution information of object is not lost but redistributed, it is then possible for us to
solve the inverse problem to retrieve subwavelength objects.

The general non-paraxial scalar diffraction forward model for a high index isotropic meta-
material, described in the previous section, can be derived from the Angular Spectrum The-
ory:

U(x, y, z) =

∫ ∫ +∞

−∞
A(fx, fy, z)exp[i2π(fxx+ fyy)] dfxdfy (5.3)

A(fx, fy, z) = A(fx, fy, 0)exp[i2π
z

λ

√
1− (λfx)2 − (λfy)2] (5.4)

where U(x, y, z) is the electric field at the desired z plane and A(fx, fy, z) is the amplitude
of the plane wave expansion at the object plane, z = 0, and the diffraction plane, z. We call
the exponential term of the Equation. 4, the transfer function, Hiso. The high-resolution
information of the object is embedded in the high spatial frequency modes, k(x,y) = 2πf(x,y) =
2nπ/λ, proportional to the refractive index of the material.

However a high index isotropic material capable of resolving 10 nm is still far-fetched.
We then turn our attention to the layered hyperbolic metamaterial (HMM), shown in Figure
5.2c. HMM is an anisotropic metamaterial made with materials with opposite permittivity,
providing extra channels for extreme high spatial frequency modes to propagate inside the
material. Another benefit of using layered HMM is that it provides a natural high pass filter
on the scattered light, filtering out the zero-order light that is typically regarded as a major
noise source in traditional CDI.

We derive the transfer function of the forward model for this anisotropic high-k diffraction
process:

Hani = exp[iz
1

Λ
cos−1(cos(k1zd1)cos(k2zd2)− ηsin(k1zd1)sin(k2zd2))] (5.5)
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Figure 5.3: High resolution information preservation in HIII. (a) an object with 10 nm
features. (b) object Fourier transformation. The captured power spectrum range by a NA
1.5 imaging system is shown by the green circle. The captured power spectrum ratio is
5%. (c) The captured power spectrum ratio from HIII, which, in this case, can reach 70% of
information preservation (orange curve). When the HMM is approximated by the EMT (blue
curve), high spatial frequency modes are not separated enough during propagation and result
in subwavelength features in the hologram that is considered the loss of information. But its
30% power spectrum ratio is still higher than that of traditional CDI. (d) the captured object
hologram with HMM thickness 1.8 um and NA 1.5. (e-f) the untruncated object hologram
with HMM thickness 1.8 um. The subwavelength feature in the hologram is shown in f.

Where Λ = d1 + d2, d1,2 is the thickness of the metal and dielectric layer, respectively.

η = 1/2((ε2k1z)/(ε1k2z)+(ε1k2z)/(ε2k1z)) and knz =
√
(εnω2/(c2 − k2

x)− k2
y), n = 1, 2. Note

that, if we expand cos and sin terms up to the second order, we will arrive at the famous
hyperbolic dispersion, (k2

⊥)/εz + (k2
z)/ε⊥ = k2

0, which is a special case with the effective
medium approximation, assuming unit cell size ≪ λ, shown by the blue curve in Figure
5.2d.

We can start estimating how much more information we can extract to the far field
using HMM. We define a quantity power spectrum ratio, the ratio between captured spatial
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frequency information and the total spatial frequency information. Shown in Figure 5.3a, is
a double slit object with 10 nm width and 10 nm gap. The traditional CDI with refractive
index n = 1.5 material as the propagating medium will not able to resolve this object since
it only captures 5% power spectrum, shown in Figure 5.3b, mainly due to the fact that
isotropic medium do not support the propagation of those high spatial frequency modes. As
researchers are actively searching for low loss HMM in different wavelength region, in this
work we will assume HMM has a negligible material loss. The main loss of information in HIII
system comes from the imaging loss, the loss during the process of capturing the hologram at
the far field. Since there is negligible loss, the original hologram of the object contains all of
the object information, Figure 5.3e. Unlike in isotropic material all spatial frequency modes
are traveling in different directions, in HMM, some spatial frequency modes are traveling in
the same direction, causing subwavelength features in the hologram regardless of the HMM
thickness, Figure 5.3f. For a HMM that can be approximated by effective medium theory,
negligible unit cell size, the its captured power spectrum ratio is around 30%, which is
higher than traditional CDI. But for HMM with finite unit cell size, barely smaller than the
effective wavelength of the highest spatial frequency mode, the hologram can be magnified
even more, giving an astonishing 70% power spectrum ratio. Therefore, in HIII, one order
more information of this subwavelength object can be theoretically extract to the far field,
making the single-shot deep sub-wavelength imaging possible.

5.3 Hyperbolic Phase Retrieval

For HIII, the phase of the diffraction pattern is not captured, despite the phase carrying
important information about the object. Generally, this phase retrieval process solves an
inverse problem by minimizing the difference between the measured diffraction pattern and
the expected diffraction pattern from an estimated object. What makes HIII fundamentally
different from other phase retrieval imaging methods is it can extract much more informa-
tion of the object to be used in the inverse problem, saving the trouble of making strong
extrapolation. We use an iterative algorithm to compute and update this expected diffrac-
tion pattern via a forward model at each iteration. The forward model describes how light
propagates through the metamaterial, mimicking the real diffraction process. Therefore, the
accuracy of the forward model is crucial as it affects the reconstruction quality.

The complete HIII forward model acting on the complex input, U(x,y,0), can be written
as:

U(x, y, z)← F−1{Hm(fx, fy)Pmat(fx, fy)F{U(x, y, 0)}} (5.6)

Uimage(x, y)← F−1{Popt(fx, fy)F{U(x, y, z)†U(x, y, z)}} (5.7)

Where F is the 2D Fourier transformation, Popt(fx, fy) and Pmat(fx, fy) are two circular
low pass filter in the frequency domain, accounting for the loss from the imaging optics and
material itself. Hm is any metamaterial transfer function suitable for HIII.
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We then formulate the HIII inverse problem as an optimization problem with an objective
function L(V ):

min L(V ) = |||Uimage| − Imeasure||2 +R(V ) (5.8)

Where Uimage is the expected image captured by the camera, Imeasure is the measured im-
age, and R(V ) is the regularization function. Our inverse algorithm solves this optimization
problem by iteratively solving for the gradient of the function via Automatic Differentia-
tion, adapted from the Neural Network training. A positivity constraint and blurred object
support are enforced at each iteration.

The deep subwavelength super-resolution capability of this method is numerically demon-
strated in Figure 5.4. The metamaterials used in the simulation have permittivity ε1 = −11
and ε2 = 4, unit cell thickness 8 nm, HMM thickness 1.8 um, 50:50 filling ratio, and negligi-
ble loss. The different propagating direction of each high spatial frequency mode ensures the
continuous magnification of the hologram with increasing propagation distance. During the
optimization process, the image support size kept larger than the diffraction limit. Another
advantage of this anisotropic diffraction is that this metamaterial intrinsically serves as a
high pass filter to block the bright zero-order non-diffraction light which adds difficulty to
the conventional phase retrieval method.

5.4 FDTD Simulation

We use a numerical experiment to verify this HMM metamaterial forward model. By solving
the Maxwell equation in a fine grid using FDTD simulation, we generate diffraction patterns
of a double slits object, 50 nm width, 150 nm height, and 50 nm gap, through an HMM,
mimicking real physical process, shown in Figure 5.5a. Since our diffraction formulation
is scalar, we simulate this diffraction process with an un-polarized light by incoherently
summing the results from two orthogonal polarization inputs. Due to the large simulation
volume and the high computing memory requirement, we only simulate HMM with L =
500nm, which forms many subwavelength features inside the diffraction pattern. But since
the purpose of this FDTD simulation is to test the accuracy of the forward model, this
HMM thickness is sufficient. Figure 5.5b shows the reconstructed object from the diffraction
pattern at Figure 5.5c. Figure 5.5d shows the expected diffraction pattern from the forward
model. The FDTD diffraction pattern matches the expected diffraction pattern, with slight
discrepancy due to the added material loss to aid the convergence of the FDTD simulation.

5.5 Conclusion

In this work, we present the High Index Interference Imaging method for single-shot deep
subwavelength super-resolution imaging. By combining the unprecedentedly high refractive
index of the metamaterial with the state-of-the-art inverse algorithm, we want to provide a
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Figure 5.4: Reconstruction of deep sub-wavelength structures by HIII. (a) a small object
with 10 nm features. (b) reconstruction of the object with captured power spectrum ratio
58% and the object support size is beyond the diffraction limit. (c) a large object with deep
subwavelength features. (d) reconstruction of the object with captured power spectrum ratio
64%.

blueprint for the most practical form of far-field metamaterial imaging. Unlike conventional
propagation media where high spatial frequency modes are evanescent, the metamaterials
are designed to preserve those modes, which leads to a more robust image recovery with-
out any extra extrapolation. Our technique falls into the category of algorithmic imaging;
therefore, no hardware advancement is necessary besides metamaterial synthesis. As various
high index isotropic metamaterials have been reported in the long-wavelength region and a
low loss organic hyperbolic metamaterial has been demonstrated in the visible region, we
envision with further development, this method can provide an unprecedented spatiotem-
poral resolution to facilitate next-generation scientific discovery. Finally, we note that our
phase retrieval algorithm is general and efficient since it treats the diffraction forward model
as a Neural Network and optimizes the object as a training process. This method can be
easily extended to various loss function designs, different diffraction processes, and even 3D
multi-sliced objects.
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Figure 5.5: Verification of the forward model in FDTD. (a) HMM with a small unit cell size,
approximated by the EMT, ε⊥ = −1 and εz = 3. The object is a double slit with 50 nm
width, 150 nm height and 50 nm gap. (b) the reconstructed object using the hologram from
FDTD assuming all power spectrum is captured for the forward model verification purpose.
(c) the object hologram from FDTD (d) the object hologram from the analytical simulation.
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Chapter 6

Harness disorder in photonics

In nature, the structural disorder resulting from thermodynamic processes is quite common
but nowhere near a disturbing phenomenon. Various animals and plants have evolved to en-
compass structural irregularities to manipulate light and increase their chances of survival.
On the contrary, reductionists’ modern technologies build on precise fabrications, which re-
veals to be vulnerable to imperfections and disorders. For instance, in silicon photonics, a
promising technology for optical communication and computing, small fabrication errors are
inevitable and yet fundamentally detrimental to device performances. Here, we present a
new approach that harnesses structural disorder to reach performances surpassing that of
disorder-free devices. By reshaping the density of optical states of a photonic crystal sub-
ject to inherent fabrication imperfections, our technique can assemble slow-light resonances
exceeding performances expected for perfect structures. This work offers a counter-intuitive
methodology to exploit disorder to address the issue of backscattering, a major bottleneck
in silicon photonics.

6.1 Disodered Photonics

Structural disorder prevails in nature, and many living organisms have evolved to make
efficient use of it[12]. For instance, flowers like Hibiscus trionum developed a nanostruc-
ture displaying a degree of disorder functionalized to attract bees[13] through directional
scattering. At the same time brown algae reversibly alternate between ordered and dis-
ordered packing configurations to adapt to different lighting environments[54]. In sharp
contrast, modern science and technologies intrinsically rely on the precise description and
orderliness derived from elegant mathematical models. As an example, structures like ring
resonators[55], Bragg gratings[56][57], or photonic crystals[58][59] are building blocks to de-
sign optical communication devices through the formation of optical band structures, the
assembly of large density of optical states[60] or the production of high group indices, ng, and
low group velocities, vg = c/ng. Able to slow down the propagation of light, these precise
structures have long been envisioned for the conception of various signal-processing compo-
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nents in optical communication and data science—e.g., delay lines[61], optical buffering[62],
or bit memory[63]. Yet, in such slow-light architectures, fabrication imperfections[64] even at
a few nanometers generate significant backscattering that destroys the phase balance along
the structure[22][65][66]. Scaling quadratically with the group index[67][68], ≈ n2

g, backscat-
tering stands as the fundamental roadblock in slow-light devices[69][70][71] and ultimately
leads to random-interference-based confinement known as Anderson localization[69][15][17].
Therefore, photonics faces here a technological bottleneck that does not seem to be address-
able due to precision limits in manufacturing.

With disorder, information is not lost but instead reshuffled. Indeed, while the total num-
ber of modes remains preserved, the irregularities randomly redistribute optical modes both
spatially along the system and in the frequency domain. In photonics, techniques have been
developed to decipher this reorganization of optical modes[7][8]. For instance, the multiple
degrees of freedom available in a spatially modulated optical field can be coordinated[72]
to propagate through multiple-scattering media[73][74] or to turn intrinsically-multimode
random lasers into single-mode sources[75][76]. In randomized multimode waveguides, the
light intensity can be actively re-routed through non-uniform free-carrier generation[77][78].
Nevertheless, so far, these approaches have only been perceived as a mean towards restoring
photonic properties to the ideal condition. Now, the question is: like nature does, can one
harness disorder to outperform perfect devices?

In this work, we experimentally demonstrate that the optical modes of a photonic struc-
ture with inherent disorders can be organized to surpass the performances of ideal systems.
The disordered scattering landscape is actively reshaped to accumulate modes at a specific
optical wavelength and form densities of optical states and group indices unreachable with
disorder-free structures. Specifically, we introduce a method that assembles either individ-
ual or multiple slow-light resonances at on-demand wavelengths. The modulation pattern
enhancing the density of optical states is inferred using an optimization routine that reveals
to be both robust and reproducible. This work introduces a systematic approach to take
advantage of previously undesired structural disorders to solve a major technological road-
block, the backscattering, and provides a blueprint for designing large-scale photonic devices
with complex spectral responses.

6.2 Functional Disorder

We develop a modulation scheme that circumvents structural disorder and enforces group
delay resonances in photonic devices through a spatial reshaping of the scattering landscape.
Structures like photonic crystals are typically designed to display spectral regions depleted
of modes (i.e., transmission band gaps). At the edge of such band gaps, modes accumulate
and build up group-index (i.e., group delay) resonances characteristic of a high density of
optical states (Figure 1a, Methods). Yet, in practice, even the smallest amount of fabrication
imperfections from the state-of-art nano-fabrication tools distort scattering and scramble
field propagation along the system, which ultimately randomly shifts optical modes and
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smoothens spectral features (Figure 6.1a). Here, a spatially modulated light field heats
non-uniformly the structure to locally fine-tune the refractive index profile through thermo-
optical effect[79] (Figure 6.1b). The new scattering landscape is designed to gather modes
at a specific frequency and assemble a large density of optical states, which materializes
through the emergence of a group delay resonance.

Our index modulation scheme is experimentally implemented on a one-dimensional pho-
tonic crystal with fabrication imperfections. We fabricate through E-beam lithography a
1000 unit cell silicon-based periodic structures embedded in a 3 um-thick silica cladding[80].
This photonic crystal consists of a single-mode waveguide of 500 nm in width and 220 nm
in height, displaying nominal corrugations depth and periodicity of 40 nm and 314 nm,
respectively (inset of Figure 6.1c). Imperfections are inherent to fabrication and produce
backscattering that ultimately deteriorates the optical properties like the group delay, τ . To
generate customized index modulation patterns, an intensity-only Spatial Light Modulator
(SLM, Figure 6.1c) is illuminated by a nano-second pulsed laser (7 ns @532 nm). The SLM
is then imaged onto the device to form a spatially modulated intensity profile that locally
heats the sample. The high spatial resolution of the modulation pattern is achieved by
maintaining the duration of nanosecond pulses shorter than heat diffusion time (≈ 100ns)
to avoid thermalization issues—which typically reduces the thermal contrast between differ-
ent regions and, thus, lowers down spatial resolution. The group delay measurements are
performed with an optical communication near-infrared (NIR) C band tunable laser that
is temporally modulated at 1 GHz by an electro-optical modulator. In contrast to former
works[81], here, group delays are experimentally extracted in the time domain with a single-
shot measurement technique combining both a lock-in detection and an IQ demodulation to
facilitate the iterative optimization of the index modulation pattern.

6.3 Experiment Setup

Our experimental setup can be decomposed into two separate sections (Figure 6.2a), which
aim respectively to measure the group delay across the device (red beam) and perform a
refractive index modulation on the device (green beam).

To measure the group delay, we use a tunable continuous wave (CW) laser (1520-1570
nm) with a tuning accuracy 10 pm, which is coupled to a single-mode fiber. The signal then
undergoes an amplitude modulation performed by an electro-optic modulator (EOM) driven
at 1 GHz by a function generator. The polarization of the modulated signal is controlled via
a fiber polarization controller before being amplified by the first EDFA at 26 dBm (EDFA
#1). The beam then goes through a fiber isolator and is edge coupled into the device with
a micro-lensed single-mode fiber. At the output of the device, the light is edge coupled out
to a micro-lensed single-mode fiber and amplified by the second EDFA (EDFA #2, 20 dB).
The signal is ultimately converted into an electrical signal through a 12 GHz Fiber-Optic
Receiver and read with an oscilloscope. The electronic treatment used to extract the group
delay from this measurement is further explained later.
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Figure 6.1: Index modulation for group delay enhancement. a, Field distribution (red) of a
photonic crystal with fabrication imperfections (dashed rectangles indicative of disorder-free
slab’s positions). The near band gap group delay spectrum of a disorder-free (respectively
disordered) photonic crystal is shown in gray (respectively blue). The structure is designed
to display a group delay resonance at a specific wavelength (vertical red dashed line). b,
Group delay spectrum (blue) obtained under an index modulation pattern that tunes the
refractive indices of individual slabs (green colors indictive of different intensities). The
spectrum displays a resonance (vertical red dashed line) overcoming the disorder free case.
c, Optical setup. The intensity of a visible nano-second laser (green beam and pulses) is
spatially modulated by a SLM (black box) and imaged onto the device through a 4f system.
A NIR signal (red pulses) is injected into the photonic crystal (grey arrow) and its group
delay, τ , is enhanced (see ∆τ) by iteratively shaping the index modulation pattern along
the device (green rectangles). The insect shows SEM image of the device with variation in
corrugation depth and periodicity with standard deviation 8 nm and 6 nm, respectively.

To apply a spatially non-uniform heating on the device, we use a 532 nm Q-switched laser
emitting nano-second pulses (Figure 6.2b) whose speckle is cleaned by a diffuser. The beam
is linearly polarized, and a λ/2 wave plate is used to adjust its polarization. Simultaneously,
a fraction of the signal is sent via a 9:91 beam splitter towards a photodetector, which
synchronizes the temporal acquisition of oscilloscope used for the group-delay measurement
(Trigger). The nano-second beam is then spatially modulated by a Spatial Light Modulator
(SLM). Each pixel of the SLM acts as an individual polarizer that modulates the optical
intensity it reflects. After being cleaned by another linear polarizer, the SLM intensity
pattern is then imaged onto the device through a 4f system.

Precisely restructuring the scattering amongst the device requires controlling the refrac-
tive index with a high spatial resolution. In silicon, thermo-optical effects are acknowledged
to provide the largest tunability in refractive indices[82]. Yet, the spatial resolution of such
a mechanism is typically limited by thermalization effects that reduce the thermal contrast
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Figure 6.2: Optical characterization and refractive index modulation. a, Experimental setup.
The first optical path is dedicated to the spatial modulation of a nano-second heat pulse
(green), while a second path is used for the measurement of the optical group delay (red). A
complete description is provided below. b, Time evolution of the nano-second pulse used to
heat the device with a full-width-half-maximum duration of 7 ns (signals averaged 10 times).
c, Schematics for distinct thermal diffusion regimes. When the nano-second optical pulse is
absorbed by a silicon slab, at early times (t < τtherm), heat remains spatially confined within
the absorbing region (green, left system). At longer times (t < τtherm), heat diffuses spatially
and ultimately thermalizes the whole slab (light green, right system). Thermalization reduces
the spatial resolution of the index tuning, therefore, it is highly undesirable and needs to be
avoided.
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across the structure. Therefore, our index modulation scheme requires operating faster than
thermalization’s characteristic time. Figure 6.2c schematically describes the thermal diffu-
sion related to the absorption of an optical pulse. Under a spatial illumination, I(x, t), the
spatio-temporal evolution of the thermal distribution, T (x, t), fulfills

ρC∂tT (x, t)︸ ︷︷ ︸
time

−κ∇2T (x, t)︸ ︷︷ ︸
space

= αI(x, t)︸ ︷︷ ︸
absorption

(6.1)

, in which ρ is the density, C the heat capacity, κ the thermal conductivity and α the
absorption coefficient of the material[83]. From eq. (6.1), one can derive a characteristic
time scale τtherm = (ρCR2)/κ, in which R describes the transverse spatial extension of the
optical pulse (Figure 6.2c). At early times, t≪ τtherm, the temporal evolution of the thermal
distribution (“time”) overcomes the thermal gradients (“space”) and eq. (6.1) reduces to

ρC∂tT (x, t) = αI(x, t) (6.2)

For a temporally-gaussian input pulse I(x,t), we deduce from eq. (6.2) that the distribution of
refractive indices will match the spatial distribution of the optical field (i.e., T (x, t) ∝ I(x, t),
see left configuration of Figure 6.2c). At longer times, t≫ τtherm, eq. (6.1) reduces to

−κ∇2T (x, t) = αI(x, t) ≈ constant (6.3)

From eq. (6.3), we deduce that at longer times (or in the case of a CW excitation), the
temperature field follows a diffusion equation, which spatially smoothens thermal gradients:
the system thermalizes (i.e., uniform temperature, see the right configuration of Figure 6.2c)
and the spatial resolution of our index modulation scheme vanishes. In our silicon-based
device, the characteristic time corresponds to

τtherm =
ρSiCSiA

κSi

≈ 100ns (6.4)

, in which ρSi = 2330kg.m−3, CSi = 700J.kg−1.K−1, κSi = 148W.m−1.K−1 and A =
10 ∗ 10−12m2. Here, A corresponds to the spatial cross-section of the beam absorbed by the
device, which we estimate by the transverse direction of the sample (≈ 500nm) times the
extension of one pixel of the index modulation pattern (≈ 20um). Eq. (6.4) thus confirms
that operating with a pulsed laser source of duration ≈ 7ns enables precise control of the
refractive index while keeping thermalization issues at bay.

The characteristic temperature increase, ∆T , produced by the nano-second laser pulses
can be estimated through Joule’s thermodynamics law

ρSiCSiV∆T ≈ Eabs (6.5)

, in which Eabs stands for the optical energy absorbed and V the volume of the chip. Here,
the energy of the optical pulse received by the sample is roughly set to 100 nJ. We estimate
that 5% of the pulse effectively hits the silicon-based device (the remaining 95% illuminates
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the cladding) while the ratio of absorbed optical power can be estimated close to 2% . Thus,
the total energy absorbed by the device corresponds roughly to Eabs ≈ 100pJ , while the
volume that is illuminated is estimated close to 100um3. Thus, the temperature of the
device typically reaches an increase of the order of ∆T ≈ 1K. Knowing that the thermo-
optical coefficient of silicon, β = 2 ∗ 10−4K−1, we estimate that the spatial modulation in
the refractive index has a typical amplitude of ∆n = 2 ∗ 10−4.

6.4 Delay Measurement

Signal Modulation

The group delay is estimated through a lock-in detection[84] [81], in which the intensity of
the NIR tunable laser, Ilaser(t), is modulated at a frequency fm = 1 GHz (Figure 6.2a). The
intensity of this signal reads

I(t) = Ilasercos(2πfmt) = Ilaser(t)(2cos
2(2π

fm
2
t)− 1) (6.6)

Filtering out the DC component in eq. (6.6), the remaining AC part reads

I(t) ∝ Ilasercos
2(2π

fm
2
t) (6.7)

The field, E(t), fulfills |E(t)|2 ∝ I(t). Noting ωopt = 2πfopt the optical frequency of this
electrical field, we deduce from eq. (6.7) that it can be decomposed in two main components

E(t)→ ei2πfoptt(e
i2mt

2 + e−
i2mt

2 ) = ei2π(fopt+
fm
2

)t + ei2π(fopt−
fm
2

)t (6.8)

, in which fm ≪ fopt (1GHz vs 150 THz).
The field that is edge-coupled out of the device, Eout(t), is thus composed of a first

component at a frequency a = fopt + fm/2 and a second at a frequency b = fopt − fm/2.
Hence, one can write the field collected out the device as

Eout(t) = tae
−ikaLei2π(fopt+

fm
2

)t + tbe
−ikbLei2π(fopt−

fm
2

)t (6.9)

, in which t(a, b), k(a, b) are the transmission coefficients of the sample and the wavevectors
at frequencies a and b, while L stands for the length of the device. Since the fm ≪ fopt, we
can safely assume that ta ≈ tb = t and eq. (6.9) simplifies

Eout(t) = t(e−ikaLei2π(fopt+
fm
2

)t + e−ikbLei2π(fopt−
fm
2

)t) (6.10)

Noting, Iout(t) ≈ |Eout(t)|2, we derive

Iout(t) ∝ 2 + cos(kbL− kaL+ 2πfmt) (6.11)

Filtering out the DC part of eq. (6.11), we deduce that
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Iout(t) ∝ cos(2πfmt− 2πfm
dk

dωopt

(ωopt)L) (6.12)

In eq. (6.12), we observe that the electrical signal detected by the photodetector acquires
an extra phase, ϕ = 2πfmdk/(dωopt)(ωopt)L, which is proportional to the optical group delay
at frequency ωopt. The group delay, τ , thus reads

τ =
Φ

2πfm
= L

dk

dωopt

(ωopt) (6.13)

IQ demodulation

When a nano-second heat pulse illuminates the sample, the group delay of the device evolves
temporally. The characteristic time of this evolution corresponds to the pulse duration
(≈ 7ns), which remains slower than the modulation time (1/fm = 1ns). Thus, the electric
phase, Φ(t), describes a transient evolution when a pulse heats the device and the intensity
send to the photodetector reads

Iout(t) = sm(t)cos(2πfmt− Φ(t)) (6.14)

, in which sm(t) stands for the time-varying amplitude of the signal. Here, we neglect the
role of the photodetector transfer function, which possesses a cut-off frequency much higher
than the modulation frequency (fm ≪ fAPD = 12GHz). To extract the phase Φ(t) from
the electrical signal of eq. (6.14), we implement an IQ demodulation technique. As shown
in Figure 6.3a, the signal Iout(t) is electrically multiplied by cos(ωmt) and −sin(ωmt)via
frequency mixers to generate the signals s1(t) = s(t)cos(ωmt) and s2(t) = −s(t)sin(ωmt),
respectively. Both components read

s1(t) = sm(t)[cos(4πfmt− Φ(t)) + cos(Φ(t))]

s2(t) = sm(t)[sin(4πfmt− Φ(t)) + sin(Φ(t))]
(6.15)

The system of eq. (6.15) is then low-pass filtered

s1,lp(t) = sm(t)cos(Φ(t))

s2,lp(t) = sm(t)sin(Φ(t))
(6.16)

From the system of eq. (6.16), Φ(t) can expressed as

Φ(t) = acos(
s1,lp(t)√

s1,lp(t)2 + s2,lp(t)2
) (6.17)

or

Φ(t) = asin(
s2,lp(t)√

s1,lp(t)2 + s2,lp(t)2
) (6.18)
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Plain Waveguide Benchmark

To benchmark our group-delay measurement, we fabricated a simple Fabry-Perot cavity that
consists of a simple silicon waveguide with non-tapered edges (Figure 6.3b). The cross-section
of the waveguide is 500 nm in height and 220 nm in width for a total length of L = 3.5mm.
Across the waveguide, the field is TE polarization, and the corresponding effective refractive
index is approximated by neff ≈ 2.6.

In this simple structure, the wavelength of the NIR laser is continuously tuned, while
the waveguide is heated uniformly across a region of LHot = 200um (green section Figure
6.3b). At each wavelength, λ, we measure the change in group delay, ∆τ , between the
configurations with and without heating—dubbed as the Relative Delay. Figure 6.3c displays
the Relative Delay obtained experimentally (blue curve) within the range [1552.5-1553.5] nm.
For comparison, we use a numerical method (Transfer Matrix method, red curve) to simulate
the expected change in group delay and observe a quantitative match between measurements
and predictions.

6.5 Experiment Demonstration of Functional

Disorder

The index modulation pattern reorganizes the density of optical states spectrally to imprint
group delay resonances—at on-demand wavelengths, which overcome the performances an-
ticipated for ideal structures. In the absence of index modulation, the blue curves in Figure
6.4a and b display respectively the transmission and group delay spectra measured close to
an energy bandgap edge of the photonic crystal (shaded blue region), while the green curves
show the corresponding disorder-free spectra computed through full-wave simulations. The
highest group delay resonance is expected at the band-edge (59 ps @λ = 1539.6nm, green
curve Figure 6.4b), but this feature is effectively impeded by structural disorder (≈ 41ps,
blue curve). We arbitrarily select a wavelength λ1 = 1537.3nm (yellow squares in Figure
6.4a-c). The index modulation pattern is produced by shaping the nano-second heating
beam with the SLM and subdividing it into 40 regions (i.e., pixels) with different intensities
(red histogram profile, inset of Figure 6.4c) to maximize the group delay at the operating
frequency, τ(λ1). The spectra of Figure 6.4c display the group delay measured with and
without applying this pattern (red and blue curves, respectively)—in which we observe the
formation of a group delay resonance at wavelength λ1. The group delay is improved from
τ(λ1)=30 ps to 88 ps and thus overcomes the numerically predicted maximum performances
of a disorder-free device (dashed line and see green curve in Figure 6.4b). In Figure 6.4d,
a different index modulation pattern forms a resonance at a different operating frequency
λ2 = 1539.1nm (orange circles in Figure 6.4a, b, and d) for group delay improvement from
τ(λ2)=30 ps to 75 ps. As shown in Figure 6.4e, the procedure can be adapted to assemble
multiple resonances simultaneously (λ3=1538 nm and λ4=1538.2 nm simultaneously, blue
triangles also reported in Figure 6.4a and b). Here, the formation of sharp resonances is
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Figure 6.3: Group-delay measurement. a, The signal from the photodetector, Iout(t), is
splitted along two arms before being simultanoeulsy multiplied by two out-of phase references
monochromatic signals sharing the same carrier frequency, fm. Both arms are lower-path-
filtered to extract their low-frequency components s1,2(t) from which one can estimate Φ(t),
(i.e., phase of Iout(t)) and thus deduce the instantaneous optical group delay (eq. (6.13)). b,
c, Benchmarking. b, A Fabry-Perot cavity of length L is made of a bare waveguide with non-
tapered edges. The nano-second laser is uniformly shined along a length LHot of the device
and produces locally a uniform heat increase of roughly ∆T ≈ 10K. c, The wavelength of
the tunable C-band laser is sweept from 1552.5 nm to 1553.5 nm to measure the group-delay
spectrum across this frequency span. At each wavelength, we compute the Relative Delay ∆τ
that corresponds to the difference between the measure obtained with and without the nano-
second laser heating. Experimentally (blue curve) we observe an asymetrically oscillating
spectrum with an amplitude comprised between -4 and 4 ps. Using a transfer matrix method,
we compute the Relative Delay spectrum expected for a heating of ∆T = 10K (red curve)
and observe a matching between simulations and experiments.
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made possible by the large number of degrees of freedom provided by the index modulation
pattern. We observe that in order to enhance the group delay at the operating frequency
(e.g., λ1,2), its magnitude decreases in the rest of the spectrum to preserve the total density
of optical states.

For a given operating wavelength, the corresponding index modulation pattern is inferred
iteratively through a robust optimization procedure. As shown in Figure 6.5, during the
time window of each nano-second heat pulse, the group delay evolves dynamically to reach
a magnitude, τmax, when the heat pulse reaches its peak power. For an arbitrary pattern
(blue curve in Figure 6.5a), this value is typically small. Here, τmax is fed back to a computer
and used as the cost function of an optimization procedure. Then, the algorithm iteratively
adjusts the intensities of the 40 pixels of the index modulation pattern and explores the
solution space to maximize τmax. Figure 6.5b displays the evolution of τmax throughout the
optimization of the index modulation pattern used in Figure 6.4c. The procedure converges
after roughly 170 iterations to reach a final group delay of 88 ps (the red curve in Figure
6.5a displays the temporal response obtained after 384 iterations). The iterative evolution
of individual pixels’ intensities is displayed in Figure 6.5c and emphasizes the complexity of
the scattering reorganization throughout the process. The experimental reproducibility of
our index modulation scheme is demonstrated in Figure 6.5d, where the optimization starts
from three different initial pattern conditions. This approach remains efficient for different
operating frequencies, while providing similar performances in different samples Figure 6.6.
Due to fluctuations in group delay measurements, we chose the gradient-free Particle Swarm
algorithm[85], which is slower than, for example, gradient-based algorithms but reveals less
sensitivity to experimental noise while performing a global-optimal search.

To test the reliability of our approach, we optimized the sample of Figure 6.4 and 6.5
for different operating wavelengths. Figure 6.6a displays the group delays obtained after op-
timization at six distinct wavelengths (red circles) together with the corresponding original
group delays (i.e., without nano-second heating pulses, blue squares). We observe system-
atically an improvement that surpasses the maximum group-delay performances anticipated
for a disorder-free device (i.e., 59 ps). In Figure 6.6 and Figure 6.6c, the optimization routine
is then reproduced on two different samples (same configuration but different from the one
used in Figure 6.4 and 6.5). In both cases, we observe a smooth converge towards high-value
group delays at the desired operating frequency, which demonstrate that our technique can
be extracted to potentially different structures.
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Figure 6.4: Group delay resonances overcoming the ideal case. A, Measured (blue) and
simulated (green) transmission spectra of the photonic crystal displayed Figure 6.1c and
measured close to the lower-wavelength edge of a transmission bandgap (λ > 1539.6nm,
shaded blue). The transmission spectrum is measured over a wider wavelength range in inset.
b, Measured (blue) and simulated (green) group delay spectra of the same photonic crystal as
in a. c-e Group delay spectra obtained without (blue, Original) and with index modulation
(red, Optimized) at on-demand wavelengths of respectively λ1=1537.3 nm (yellow square),
λ2=1539.1 nm (orange circle) and simultaneously λ3=1538 nm and λ4=1538.2 nm (blue
triangles). The corresponding index modulation patterns are provided by the red histogram
in inset. The dashed line indicates the maximal group delay expected for a disorder-free
photonic crystals (see b).
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Figure 6.5: Optimization of the index modulation pattern. a, Time-domain evolution of the
group delay under the illumination of nano-second heat pulses with different spatial shapes.
The amplitude τmax is used as the cost function of the optimization routine. The blue and
red curves correspond respectively to iteration #4 and #384 of the process whose results are
displayed in Figure 6.4c. b, c, Evolution of the group delay (b) and the pixel’s intensities (c)
throughout the optimization at λ1=1537.3 nm. d, Optimizations at the operating wavelength
λ2=1539.1 nm (Figure 6.4d) run from three different starting points.
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Figure 6.6: Reproducibiliy of the optimization procedure. a, For different operating frequen-
cies the original group delays (blue squares) are improved by applying different optimized
index modulation patterns (red circles). b, Optimizaton procedure perfomed at 1545 nm
on a second device (different from the one used in main text). c, Optimizaton procedure
perfomed at 1541 nm on a third sample (different from b and the one used in main text).

6.6 Conclusion

We introduce an index modulation scheme able to generate a functional degree of disorder
to overcome backscattering effects in a photonic crystal impeded by imperfections. Thanks
to the high number degrees of freedom provided, we demonstrated that our approach could
assemble—at controlled frequencies—slow-light resonances outreaching ideal structures and
even shape bimodal slow-light spectra. This technique offers to solve the major technological
roadblock, the backscattering, which has hindered the conception of slow-light devices for
decades. Moreover, it also provides a toolbox to actively design complex spectral properties
in photonic devices for applications like wavelength multiplexing or frequency conversions.
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Chapter 7

Computational methods for
nano-optics and photonics

Optimization techniques are gradually becoming an indispensable part of modern nano-
optics and photonics device design and adaptive control. The rapid advancement in nano-
fabrication techniques, physical modelling, and growing computing powers signals the coming
era of computational designs and makes the problems, that are too complicated to solve a
decade ago, tangible. Especially, when randomness is part of the device, optimization can
be a handy tools to explore such a large solution space. Additionally, the nano structures
that provides the best device performance usually do not have simple geometrical shape,
such as rectangles, squares, disks, rings or any simple combination of them. In this chapter,
we will review some of the optimization algorithms that are used or explored during various
projects. In general, there are two types of optimizations: gradient-free and gradient-based
optimization. Finally we will discuss the surrogate models and learning-related methods
that have the potential to disrupt the field.

How to choose which optimization technique to use?

The answer to this question boils down to how much knowledge we have on the system
process, or the forward model. If the system acts like a black box which only takes some
inputs and gives some outputs, we will usually consider the gradient-free optimization. This
is the case in slow light device optimization, where the physical process is controlled by
the light-matter interaction and we can only map certain inputs to outputs. On the other
hand, for imaging processes, |Ax − b|2, phase retrieval processes, ||F (x)| − b|2, and inverse
design problems, the physical model can be expressed analytically, providing the possibility
for us to more deterministically solve for the best input to match a measured output through
gradient calculations.
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7.1 Slow Light Optimization

As discussed in Chapter 6, we are searching for a randomized index landscape that can beat
the performance of a perfectly periodic system using a high resolution index modulation
pattern as the input. The physical process of index modulation is governed by the light-
matter interaction, therefore, we can only access the inputs and the outputs and the outputs
tend to contain noises as well. We choose to use the Particle Swarm Optimization (PSO)[85]
to perform a global optimization to obtain the best performance available within the design
constraints. PSO is a swarm intelligence optimization method inspired by the movement
of flocks of birds and schools of fished. During PSO, population members tend to operate
independently but collaboratively. Say it in another way, each individual member will explore
different part of the solution space and communicating with each other until they converge
and ”swarm” to a globally good solution. The advantage of using PSO in this case, compared
with using gradient-based algorithm, is that they can efficiently explore the solution space
without being trapped in local minimums and they are less sensitive to noise. However the
PSO internal parameter tuning is per-problem basis.

Particle swarm optimization

Each agent (particles) represents a design point and moves in the high-dimensional space
looking for minimizing the loss function. The movement of each agent has effects from its
self-experience and social interaction.

The update of particle’s position is given by:

xi
k+1 = xi

k + vik+1∆t (7.1)

The velocity of each particle is given by:

vik+1 = wvik + c1r1
pik − x1

k

∆t
+ c2r2

pgk − x1
k

∆t
(7.2)

where r1 and r2 are random numbers in the interval [0,1]. pik is individual particle i’s best
position and pgk is the group’s best position. c1 and c2 are constants indicating the confidence
in individual’s position and group’s position, respectively. w is the inertia.

During the optimization process, a set of agents with position and velocity randomly
distributed within the available design space is initialized. By choosing the loss function to
be −τdelay, the algorithm will evaluate each agent and update their positions and velocities
iteratively.
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7.2 Other Gradient-free Optimization Method

Generic Algorithm

Similar to PSO, the Generic Algorithm (GA) is another nature-inspired algorithm. In each
iteration, a generation of population members (design points) are generated from the pre-
viously generation as their offsprings. Various crossover operations can be used, i.e., one
offspring can be found be interpolating between two parents or extrapolated in the direction
of the fitter parent. As nature does, some random mutation is the offspring variables are
added to maintain diversity and algorithm’s exploration capability.

Simplex Algorithm

The simplex method[25] of Nelder and Mead is another search algorithm in n-dimensional
space, which is used in reference[75] to optimize random lasers. A simplex is a n+1 dimen-
sional structure in a n-dimensional space, i.e., a triangle is a simplex in 2-dimensional space
and a tetrahedron is a simplex in 3-dimensional space. The algorithm starts with a simplex
and makes rule-based decisions to update its vertices through operations: reflection, expan-
sion, outside contraction, inside contraction and shrinking until the best design parameters
have been found.

Bayesian Optimization

Above mentioned gradient-free optimization methods have advantages like less sensitive to
measurement noise, not likely to be trapped in local minimum, can work with various con-
straints, and can handle mixed continuous and discrete variables. But they are still con-
sidered ”brute force” search methods. Therefore, they are pretty slow when dealing with a
large dimensional design space.

The Bayesian optimization[86] is an emerging global optimization method based on Bayes
theorem to speed up the search instead of blindly trial and error. After applying this method
to different optimization tasks, I found this method surprisingly efficient and worth more
attention in the future.

The Bayesian optimization consists of two parts: 1. Bayesian statistical model for objec-
tive function fitting and 2. acquisition function for where to sample next. The basic pseudo
code of the Bayesian optimization is shown in Algorithm 1.

7.3 Random Structured Illumination Optimization

As discussed in Chapter 4, In structured illumination microscopy using unknown speckle
patterns, the entire imaging process can be modeled by a forward model[87]:

mn = h⊛ (Inx) + ϵn (7.3)
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Algorithm 1 Bayesian Optimization

Place a Gaussian process prior on f .
Observe f at n0 points according to an initial space-filling experimental design. Set n = n0.
while n ≤ N do

Update the posterior probability distribution on f using all available data.
Let xn be a maximizer of the acquisition function over x, where the acquisition function

is computed using the current posterior distribution.
Observe yn = f(xn).
Increment n.

end while
Return a solution: either the point evaluated with the largest f(x), or the point with the
largest posterior mean.

For simplicity, we write mn = A(Inx) and A is a convolution linear operator. And we
define a residual error term rn as:

rn = mn −A(Inx) (7.4)

The process of solving the object x and n illumination patterns In is typically an itera-
tive optimization of the loss function. The loss function we used for hyperbolic structured
illumination nanoscopy is:

L =
N−1∑
n=1

||mn −A(Inx)||2 +

∣∣∣∣∣
∣∣∣∣∣mN −A

[
x

(
NI0 −

N−1∑
n=1

In

)]∣∣∣∣∣
∣∣∣∣∣
2

(7.5)

To apply conjugate gradient descent, we calculate the gradient of the loss function at each
iteration and update the estimated object accordingly, which guarantees the improvement
of the estimation given a reasonable step size.

In general the gradients of the object x and illumination patterns In can be found as
follows:

gx = −
N∑

n=1

InA
†rn (7.6)

gn,I = −xA†(rn − rN) (7.7)

In many cases, positivity constraints are added to the gradient calculation, which slightly
modifies the gradient, reference.

The updating direction at each iteration, k, according to the conjugate gradient descent
method is shown below:

dk,x = gk,x + γk,xdk−1,x (7.8)
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γk,x =
⟨gk,x|gk,x − gk−1,x⟩
||gk−1,x||2

(7.9)

dk,n,I = gn,k,I + γk,Idn,k−1,I (7.10)

γk,I =
⟨gn,k,I |gn,k,I − gn,k−1,I⟩

||gn,k−1,I ||2
(7.11)

7.4 Other Gradient-based Formulation

Blind SIM with sparsity constraint

The same loss function can be reformulated and broken into N separate optimization prob-
lem if enough random speckle illuminations are used in the experiment (sum of all speckle
approaches an uniform illumination)[88].

min
x

f(x) = ||mn −A(Inx)||2 + β||x||22 + α||x||1 s.t. x ≤ 0 (7.12)

this function can be expressed as two functions f(x) = f1(x) + f2(x) with f1(x) as a
smooth function and f2(x) as a non-smooth function:

f1(x) = ||mn −A(Inx)||2 + β||x||22 (7.13)

f2(x) = α
∑
n

ϕ(x) (7.14)

where ϕ(x) is defined as:

ϕ(x) =

{
x, x ≤ 0

+∞, x < 0
(7.15)

The f1(x) is differentiable and its gradient can be found similar in equation (7.6). The
f2(x) is nondifferentiable, its proximal operator can be solved analytically:

proxλf2(x) = max(x− λα, 0) (7.16)

where λ and α are two parameters need to be tuned for each problem.
Therefore, this loss function can be solved by proximal gradient descent algorithms, like

FISTA. The final result for the object can be obtained by summing the estimated partial
object from each separated optimization problem.
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PE-SIMS

The speckle illumination patterns are also not known in PE-SIMS[89]. But this method adds
an extra step of pattern estimation to separate object and illumination pattern optimiza-
tions. This method consists of two parts: 1. estimate each speckle pattern based on the
deconvolution of the wide field image. 2. object is estimated from the covariance between
the measured images mn and the illumination pattern In.

The forward model is still the same as equation (7.3). The first step is to deconvolve the
widefield diffraction limited image to estimate the object:

xest = F−1

{
m̃avg · h̃
|h̃|2 + β

}
(7.17)

where ”̃” represents the Fourier domain.
Each speckle illumination pattern is then recovered through the pattern estimation pro-

cess by solving the loss function:

min
In

∑
n

|mn − (xest · In)⊛ h|2 + IC(In) (7.18)

where

IC(In) =

{
0, In ∈ C

+∞, In /∈ C
(7.19)

C =

{
In|Ĩn(u) = 0, ∀u >

2NA

λ

}
(7.20)

Similarly, the gradient of each estimated illumination pattern at each step is solved as:

gn = −2xest · (h⊛ (mn − (xest · In)⊛ h)) (7.21)

An extra soft-edge filter is used in each step to avoid high frequency artifacts:

Πc(y) = F−1

{
F (y) · |h̃illu|2

|h̃illu|2 + δ

}
(7.22)

where h is the detection PSF and hillu is the illumination PSF.
The covariance image is then:

Ccov = ⟨∆In∆mn⟩n (7.23)

where ∆In = In − ⟨In⟩n and ∆mn = mn − ⟨mn⟩n
the resulting obeject is then:

x = F−1

{
C̃cov · H̃
|H̃|2 + µ

}
(7.24)

where H̃ = |h̃illu|2 ⊛ h̃
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7.5 Hyperbolic Phase Retrieval Optimization

As the forward model of newly developed optical systems are getting increasingly complex,
as shown in Chapter 5, it is not so straight forward for us to analytically calculate the
gradient of the loss function at each step. The automatic differentiation[90], unlike numerical
differentiation or symbolic differentiation, provides an efficient solution to this problem.
Therefore, automatic differentiation method can be easily applied to any forward model and
various well-established gradient descent method can be used for the optimization. The
basic idea behind automatic differentiation is: all numerical computations are compositions
of a finite set of elementary operations; we can combine the derivative of each elementary
operations through the chain rule to calculate the derivative of the overall composition.

For a simple example[91]:

y = f(g(h(x))) = f(g(h(v0))) = f(g(v1)) = f(v2) = v3 (7.25)

v0 = x

v1 = h(v0)

v2 = g(v1)

v3 = f(v2) = y

(7.26)

Two modes of automatic differentiation are usually considered: forward accumulation
and reverse accumulation.

The forward accumulation computes the recursive relation:

dvi
dx

=
dvi
dvi−1

dvi−1

dx
(7.27)

with v3 = y.
The reverse accumulation computes the recursive relation:

dy

dvi
=

dy

dvi+1

dvi+1

dvi
(7.28)

with v0 = x
The reverse accumulation mode corresponds to a generalized backpropagation algorithm.
This method provides us with a convenient way to formulate complex light propagation

and scattering process with a chain of elementary operations, a computational graph. We
can then use the flexible and easy-to-use state-of-the-art gradient descent algorithms, such
as Adam algorithm, stochastic gradient descent, etc, that are commonly available out-of-the-
box with automatic differentiation package, such as Pytorch, to efficiently solve the inverse
problem.
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Chapter 8

Conclusion

As nanotechnology and nanoscience have developed significantly over the last several decades,
we have been pushing for the limit of new physics and their transition to applications. As
many theory works point out potentially impactful directions via elegant analytical expres-
sions, fabrication imperfection has hindered our devices from reaching their full potential.
The reason is that the theory work puts a very strict requirement on the system boundary
condition, the periodic boundary condition, which is beyond the current fabrication toler-
ances.

In this thesis, we propose a different view of this problem. We managed to harness the
power of disorder to facilitate the realization of those elegant theories. Working with disorder
is of course not a trial work since during the experiment, we won’t be able to know the exact
pattern or shape of the disorder unless we perform an extremely time-consuming disorder
characterization. Instead, we find the use of optimization algorithms can help us efficiently
control the disorder.

For systems in which we can model its physical process, i.e., formulating the forward
model, we can incorporate our knowledge of the disorder statistics into the forward model
as a constraint term. Then gradient based algorithm can be used to solve this disordered
system, as in Chapter 4. For systems in which we cannot access its gradient and forward
model, we can use gradient free algorithm to explore the solution space and optimize for the
best parameters to harness disorder, as in Chapter 6.

Both hyperbolic metamaterial and slow light systems can be considered periodic one-
dimensional nanostructures. In Chapter 2-3, we present a universal method to model these
systems, even with the presence of disorder. In Chapter 5, we build on this modeling work
and present a theory that has the potential to be the ultimate form of metamaterial imaging
as its spatial and temporal resolution is significantly improved and its structural complexity
is kept simple. In Chapter 7, we reviewed the algorithm we used to harness disorder and we
emphasize the power of automatic differentiation as it greatly simplifies the modeling work
of complex physical processes.
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