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Abstract. Exterior complex scaling provides a practical path for first-principles
studies of atomic and molecular ionization problems since it avoids explicit
enforcement of asymptotic boundary conditions for 3-body Coulomb breakup.
We have used the method of exterior complex scaling, implemented with both
the discrete variable representation and B-splines, to obtain the first-order wave
function for molecular hydrogen corresponding to a single photon having been
absorbed by a correlated initial state. These wave functions are used to construct
converged triple differential cross sections for double photoionization of aligned
H2 molecules.

1. Introduction

Double photoionization (DPI) — a process in which two electrons are ejected from
an atomic or molecular target as the result of absorption of a single photon — is an
exquisite tool for studying electron correlation. This stems from the fact that the
process is controlled by the one-body dipole operator and hence cannot be accurately
described with an independent particle description of either the target or the final-state
dynamics. For the simplest case - that of atomic helium - the problem has been well
studied both experimentally [1, 2, 3, 4, 5, 6, 7] and theoretically [8, 9, 10, 11, 12, 13]
and much of the essential physics is now well understood. For the correspondingly
”simple” two-electron molecule, H2, the sudden removal of two electrons is followed
by a “Coulomb explosion” of the resulting two bare protons. This latter process is
generally slow on the scale of electronic motion, but rapid compared to molecular
rotation. Therefore, the relative momentum vector of the dissociating nuclei defines
the laboratory frame alignment of the molecule, while the magnitude of the nuclear
kinetic energy release is correlated with the internuclear separation, at the instant

of photon absorption. The experimental determination of differential ionization
cross sections for such “fixed-in-space” molecules requires all four charged particles
that emerge from the process to be measured in coincidence. Experiments of this
type have been made feasible with the advent of “momentum imaging” detectors
and several experiments on DPI of aligned molecular hydrogen have recently been
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reported [14, 15, 16]. On the theoretical side, the problem has been modeled using
approximate wave functions [17], atomic-like model calculations [18] and approximate
parameterizations of the Triple Differential Cross Section (TDCS) cross section for
double photoionization (TDCS) using models based on the atomic case [19]. But
only recently has the problem been attacked using precise, nonperturbative quantum
mechanical methods [20, 21] and the first TDCS for aligned H2 were just reported [22].
Here we present a brief overview of the methods used to produce these TDCS, a
sampling of the results obtained and some comparisons with available experiment.

2. Theoretical Approach

Single photon absorption, using first-order perturbation theory for the radiation field
and the dipole approximation, is described by the driven Schrödinger equation,

(E0 + ω −H)|Ψ+
sc〉 = ε · µΨ0 (1)

where ε is the polarization unit vector, µ is the dipole operator for the electronic
coordinates, and Ψ0 is the initial (bound) state of the target. This equation must
solved for the scattered wave Ψ+

sc using purely outgoing wave boundary conditions.
For a two-electron target, Ψ+

sc contains asymptotic information that describes both
single and double ionization processes.

The explicit application of proper outgoing wave scattering boundary conditions
on Ψ+

sc appropriate for double photoionization involves specification of the asymptotic
form of the wave function for the three-body Coulomb breakup problem. Those
boundary conditions, though well studied [23, 24], are awkward and complicated and
have yet to prove useful in numerical computations as boundary conditions for solving
the Schrödinger equation. An approach that has been successfully applied to electron
impact- and photo double-ionization problems [25] is the “Exterior Complex Scaling”
(ECS) method, since it avoids the explicit enforcement of asymptotic boundary
conditions. In the ECS method, the radial coordinates of all the electrons are scaled
by a complex factor, exp(iη) beyond some radius R0:

r →

{

r for r ≤ R0

R0 + (r −R0)e
iη for r > R0

(2)

This transformation, when applied to Eq. (1), simplifies the problem since it causes
Ψ+

sc, which is a a purely outgoing wave, to decay exponentially for any ri > R0, while
leaving it unchanged for ri ≤ R0. Solving Eq. (1) for the first order wave function
under ECS, with R0 chosen large enough to allow Ψ+

sc(r1, r2) to reach its asymptotic
form in the region where both coordinates are real valued, provides us with the physical
wave function over the finite region where both coordinates are less than R0.

The driven Schrödinger equation can be reduced to a set of linear algebraic
equation by expanding the scattered wave and the initial target state in a discrete
basis. Because the derivative of the scattered wave along the the ECS contour is
discontinuous at R0, it is important to choose a discretization scheme that can properly
deal with this problem. ECS is most easily implemented by using numerical grid
methods or with basis functions that have compact support so that the derivative
discontinuity at R0 can be handled exactly. Two such methods that work well
in the present context are B-splines and finite elements with the discrete variable
representation (FEM/DVR) that are scaled according to the ECS transformation.
B-splines can be defined by setting a series of knots along the complex contour and
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choosing one of the knot points to coincide with the ECS radius R0. With FEM/DVR,
we simply place the element boundaries along the contour, again placing one of the
finite element boundaries at R0.

B-splines were successfully used in our earlier studies of helium DPI and in our
initial study of DPI of molecular hydrogen. We have since carried out an independent
implementation using FEM/DVR. These two separate computational efforts provide a
powerful check on the consistency of the results obtained and enable us to better assess
the convergence of the final results. B-splines provide a flexible, rapidly convergent
basis and their use allowed us to exploit a well developed existing technology [26, 27].
The FEM/DVR, in addition to providing an independent check on the results, has
its own distinct computational properties. The Hamiltonian has a sparse structure
in the DVR representation, making it easier to test for convergence of the single-
center expansions by systematically increasing the number of partial waves used in
the calculations.

With the scattered wave in hand, we need a procedure for extracting physical
DPI scattering information, bearing in mind that the wave function is only known on
a finite volume. This is accomplished by constructing the scattering amplitude which,
apart from an irrelevant overall phase [25, 28], is given by the expression

f(k1,k2) =
〈

Φ(−)(k1, r1)Φ
(−)(k2, r2)

∣

∣

∣

[

E − T − v(r1)− v(r2)
]

∣

∣

∣
Ψ+

sc(r1, r2)
〉

, (3)

where E is the excess energy above the DPI threshold, k1 and k2 are the momenta
of the ejected electrons, T is the two-electron kinetic energy operator, v(r) is the
nuclear attraction potential seen by one electron in the field of the bare nuclei and
the functions Φ(−)(k, r) are H+

2 continuum eigenfunctions with incoming momentum
k, which are solutions of the equation,

[

k2

2
+
∇2

2
+

1

|r−A|
+

1

|r + A|

]

Φ(−)(k, r) = 0 , (4)

and satisfy the usual relation, Φ(−)(k, r) =
(

Φ(+)(−k, r)
)∗

. Eq. (4) can itself

be converted into a driven equation for the scattered wave part of Φ(−) which is
solved using ECS [21]. We emphasize that the product Φ(−)(k1, r1)Φ

(−)(k2, r2) is
not the physical final state wave function; the integral expression defined in Eq.(3)
merely extracts the amplitude for double ionization from Ψ+

sc, as we have previously
shown [25]. The choice of continuum H+

2 eigenfunctions in the integral expression
is crucial for our purposes because the orthogonality of the H+

2 continuum states to
the bound states of H+

2 eliminates the contributions of the single ionization channels
to Eq. (3). The TDCS for double photoionization is constructed from the amplitude
according to

d3σ

dE1dΩ1dΩ2
=

4π2

ωc
k1k2

∣

∣f(k1,k2)
∣

∣

2
. (5)

The amplitude for double ionization, expressed as a six-dimensional volume integral in
Eq. (3), can be rewritten using Gauss’ theorem as a five-dimensional surface integral
on a sphere of constant ρ in hyperspherical coordinates,

f(k1,k2) =

∫

dΩ1

∫

dΩ2

∫

dρ

∫ π/2

0

dα
ρ5 sin2 α cos2 α

2

Φ(−)(k1, r1)
∗Φ(−)(k2, r2)

∗

[←−
∂

∂ρ
δ(ρ− ρ0)− δ(ρ− ρ0)

−→
∂

∂ρ

]

Ψ+
sc(r1, r2)

(6)
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where ρ =
√

r21 + r22 and tanα = r2/r1 and Ω1 and Ω2 are the normal spherical polar
angles associated with the two electrons.

We proceed by using a single-center expansion of the full two-electron scattered
wave function:

Ψ+M
sc (r1, r2) =

∑

µ1µ2,j1≥j2

(

ψdir
j1µ1,j2µ2

(r1, r2)

r1r2
Yj1µ1

(r̂1)Yj2µ2
(r̂2)

+
ψexch

j1µ1,j2µ2
(r1, r2)

r1r2
Yj2µ2

(r̂1)Yj1µ1
(r̂2)

)

,

(7)

where the superscript M denotes that M = µ1 + µ2 is a good quantum number,
which is further restricted to the values (0,±1) by dipole selection rules. For the H+

2

scattering eigenstates, we use a single-center expansion of the form

Φ(+)(k, r) =

(

2

π

)1/2
∑

l,m

ileiηl(k)Y ∗
lm(k̂)

∑

l′

(

φ
(c)
l,k(r)

kr
δl,l′ +

Rlm
l′ (r)

r

)

Yl′m(r̂) ,

(8)

where φ
(c)
l,k(r) is the radial Coulomb wave function for Z = 2 and ηl(k) is

the usual Coulomb phase shift. The unknown radial functions ψdir
j1µ1,j2µ2

(r1, r2),

ψexch
j1µ1,j2µ2

(r1, r2) and Rlm
l′ (r) are in turn obtained from the solution of the coupled

linear equations that result when Eqs. (1) and (4) are expanded in B-spline or
FEM/DVR functions. Substitution of Eqs. (7) and (8) into Eq. (6) gives the following
expression for the DPI amplitude:

f (M)(k1,k2) =
∑

l1,µ1

∑

l2,µ2

(

2

π

)

i−l1−l2eiηl1
(k1)+iηl2

(k2)

[

Yl1µ1
(k̂1)Yl2µ2

(k̂2)
∑

j1≥j2

F dir
l1l2j1µ1j2µ2

(k1, k2)∆j1l1∆j2l2

+Yl1µ2
(k̂1)Yl2µ1

(k̂2)
∑

j1≥j2

F exch
l1l2j1µ1j2µ2

(k1, k2)∆j2l1∆j1l2

]

,

(9)

where the factor ∆j,l, which is unity if j+l is even and zero otherwise, results from the
homonuclear symmetry of the target. The direct radial amplitude in this expression
is the one-dimensional surface integral,

F dir
l1,l2,j1,µ1,j2,µ2

(k1, k2) =
ρ0

2

∫ π/2

0

dα

(

φ
(c)
l1,k1

(r1)

k1
δl1,j1 +Rl1µ1

j1
(r1)

)

(

φ
(c)
l2,k2

(r2)

k2
δl2,j2 +Rl2µ2

j2
(r2)

)

[←−
∂

∂ρ
−

−→
∂

∂ρ

]

ρ=ρ0

ψdir
j1µ1,j2µ2

(r1, r2) ,

(10)

and the corresponding exchange amplitude is obtained by interchanging j1, µ1 and
j2, µ2 on the r.h.s. in the test functions (but not in the wave function,ψexch

j1µ1,j2µ2
).
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Figure 1. Color online. 3D plots of TDCS where fixed electron, aligned along
polarization direction, is perpendicular to the molecule and has 10% (upper
panel), 50% (middle panel) and 90% (lower panel) of the available energy.

3. Results

All of the calculations reported here were carried out at the equilibrium internuclear
distance Req = 1.40 bohr for a photon energy of 75 eV. Calculations were made using
two independent sets of codes using B-splines and FEM/DVR, respectively, and the
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Figure 2. Color online. Comparison with experiments of Weber (Fig. 5.75 of
ref. [29]). The fixed electron (arrow), with 90% of the available energy is 20◦

to the polarization direction (horizantal). The molecule is oriented (left to right,
starting at top row) at 0◦, 20◦, 55◦, 90◦, 110◦ and 160◦ to the polarization
direction. Current results are shown unaveraged (light solid curves) and averaged
over experimental acceptance angles (black solid curves).

results were found to agree very well. By systematically increasing the number of
partial waves used in the calculations, we found that with lmax = 7 the results were
fully converged and that the dipole length and velocity gauges gave virtually identical
results.

It has been pointed out that, when averaged over molecular orientations, the
TDCS patterns for molecular hydrogen are very similar to those for helium [30] and
that model calculations work rather well in describing that behavior. This is not the
case, however, for aligned H2, where the TDCS reveal striking effects of an entirely
molecular nature, such as pronounced changes in the patterns of electron ejection that
depend on the orientation of the molecular axis with respect to the photon polarization.
Some of these effects can be explained as resulting from the fact that the Σ contribution
to DPI in H2 is much smaller than the Π contribution, but there are clearly other cases
that have no such simple explanation. An example of such a purely molecular effect
is displayed in the three dimensional plots of the TDCS shown in Fig. 1 for three
different energy sharings of the fixed and plotted electrons, in the case where the
fixed electron lies along the direction of polarization. We note that for equal energy
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ε

Figure 3. Color online. Comparison with experiments of Weber (Figs. 5.71a
and 5.73a of ref. [29] and ref. [32]). The fixed electron (arrow), with 90% of
the available energy, is aligned with the polarization direction (horizantal). The
molecule is perpendicular to the polarization direction, either in the plane of the
measured electron (left) or perpendicular to it (right). Current results are shown
unaveraged (light solid curves) and averaged over experimental acceptance angles
(black solid curves).

sharing (middle panel), the selection rule that produces zero for back-to-back ejection
of the photoelectrons is still preserved [31], but that the cylindrical symmetry about
the polarization axis that would be present in the atomic case is clearly absent in the
molecular case. Moreover, this is not a consequence of the different magnitudes of the
Σ and Π contributions, since there is no contribution from Σ to the TDCS when the
polarization is perpendicular to the molecular axis.

In order to meaningfully compare theoretical calculations with experiments on
this system, one must take account of the fact that the latter all involve finite ranges
of acceptance for the angles of the fixed electron, plotted electron and molecule,
as well as finite resolution for the energy sharing between the two electrons. The
fixed-nuclei TDCS must therefore be averaged over the finite ranges of the various
observables to compare with the measured quantities. For example, in the experiments
of Weber shown in Fig. 2, a plane is defined by the fixed electron and the direction of
polarization. Angle ranges refer to in-plane and out-of-plane angles with the analogy
to a globe with the plane at the equator. In-plane angles refer to rotation in the plane
(longitude) with all angles equally weighted. The out of plane angles are weighted
by a factor of sin(φ). Typical acceptance ranges for the experiments of Weber range
from ±12◦ for the electrons to ±45◦ for the molecule. The exact values are given in
ref. [29] for the figures cited below.

In Fig. 2, we show a comparison between theory and experiment for an “in-
plane” case with unequal energy sharing, where the fixed electron makes an angle
of 20◦ with the polarization direction and the molecule rotates in the same plane.
Since the experimental results of Weber are reported in arbitrary units but are
internormalized, we have chosen a single scaling factor that gives the best overall fit
to our averaged data. We see that while proper averaging of the calculated TDCS is
clearly necessary to achieve good agreement with experiment, averaging obscures some
of the interesting detail of the TDCS. We have found similarly good agreement (not
shown) between suitably averaged theoretical results and the in-plane experimental
results of Gisselbrecht et al. [16] reported for equal energy sharing.

Another comparison with experiment is shown in Fig. 3. This is a pure Πu case
(for the unaveraged theory) where the molecule is perpendicular to the polarization,
while the fixed electron and the polarization direction form a common axis about
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which there would be cylindrical symmetry in the case of helium. In the molecular
case, however, the cylindrical geometry of the atomic case becomes flattened along the
direction of the molecular axis. While the effect is more clearly seen in the unaveraged
results, it is also evident in the averaged results and in the experimental measurements.

4. Conclusions

We have built the computational tools needed to carry out precise quantum mechanical
calculations of H2 double photoionization and have demonstrated that the calculations
are converged. We have also provided a consistency check on the results by
implementing the ECS formalism with two different numerical approaches. Clear
molecular effects are visible in the calculated TDCS and a range of sensitively varying
shapes for these cross sections emerge when different geometries of photoejection are
explored. While agreement between theory and experiment is generally good, we
have found that the averaging needed to mimic the finite acceptance angles of the
experiments can obscure finer details of the TDCS. It is also our hope that theory
will provide a useful tool to guide experiment in looking for the most interesting
geometries.
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