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Abstract

Macroscopic quantum phenomena in interacting bosonic systems: Josephson flow in liquid
4He and multimode Schrödinger cat states

by

Tyler James Volkoff

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor K. Birgitta Whaley, Chair

In this dissertation, I analyze certain problems in the following areas: 1) quantum dynam-
ical phenomena in macroscopic systems of interacting, degenerate bosons (Parts II, III, and
V), and 2) measures of macroscopicity for a large class of two-branch superposition states
in separable Hilbert space (Part IV). Part I serves as an introduction to important concepts
recurring in the later Parts. In Part II, a microscopic derivation of the effective action for the
relative phase of driven, aperture-coupled reservoirs of weakly-interacting condensed bosons
from a (3 + 1)D microscopic model with local U(1) gauge symmetry is presented. The effec-
tive theory is applied to the transition from linear to sinusoidal current vs. phase behavior
observed in recent experiments on liquid 4He driven through nanoaperture arrays. Part III
discusses path-integral Monte Carlo (PIMC) numerical simulations of quantum hydrody-
namic properties of reservoirs of He II communicating through simple nanoaperture arrays.
In addition to calculating the local superfluid density in these systems, new estimators for
hydrodynamic observables and novel methods for extracting the length scale characterizing
the decay of superfluidity at the system boundary from PIMC data are introduced with the
aim of exploring the mechanism of superfluid weak-link formation in nanoscale containers.

Part IV consists of an analysis of macroscopicity measures for a large class of Schrödinger
cat states of N -mode photonic systems. For cat states of this class, it is shown that a well-
known measure of superposition size based on the optimal distinguishability of the branches
and another based on metrological usefulness of the superposition relative to its branches
agree (i.e., designate the same superpositions as macroscopic) when the inner product of the
branches of the superposition is sufficiently small. For certain superpositions in this class,
a technique is presented for deriving a state-specific metrological macroscopicity algebra of
observables. The dynamics of superposition size measures is also considered, leading to
the notion of “distinguishability time,” a generalization of the orthogonalization times of
Mandelstam-Tamm and Margolus-Levitin.

In Part V, an investigation of the nonequilibrium dynamics of a quantum dot-Josephson
junction-quantum dot nanodevice is presented. The nonequilibrium action of the system is
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calculated by making use of the Keldysh formalism and a potential use of the device for
transferring macroscopic superposition states between a spin-system and an s-wave super-
conductor is discussed.
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Preface

In its particulars, this thesis is a report of progress toward: 1) the understanding of two
quantum hydrodynamic phenomena in geometrically constrained liquid 4He, 2) the derivation
of a nonequilibrium theory for an s-wave superconducting tunnel junction coupled to two
spin systems, and 3) the development of a structure theory for measures of superposition
size for quantum superposition states of light. A student of quantum mechanics, upon
encountering this division of topics, would do well to consider this thesis incomplete without
a consideration of measures of size for quantum superposition states occurring in liquid
4He or in superconducting systems. Unfortunately, a unification of these topics, or more
appropriately, an application of results obtained in topic 3) to topics 1) and 2), awaits
further research. For the case of superfluid helium-4, the following comment of E. Lifshitz
suggests that the sought after application is tenable (Ref.[1], p.515):

Like any description of quantum phenomena in classical terms, it (the two-fluid
model) falls short of adequacy. In reality, we ought to say that a quantum fluid,
such as helium II, can execute two motions at once, each of which involves its
own effective mass (the sum of the two effective masses being equal to the actual
total mass of the fluid).

Lifshitz is clearly viewing the state of the quantum liquid as a (not necessarily equally
weighted) superposition of superfluid and normal fluids.

Awaiting the growth of the intersection of the topics of this dissertation, we are forced
to consider the “greatest common factor” of these research areas to be the fact that both
concern macroscopic (i.e., visible to the human eye) systems of bosonic particles existing in
physical states which are best described by the theory of quantum mechanics. The peculiar
nature of various simple systems of massive and massless bosons will be discussed in the
text, but here I would like to emphasize a certain point about applying quantum mechanical
theory to macroscopic systems. These days, materials1 (e.g., nonclassical insulators and con-
ductors, and fluids exhibiting nonclassical anisotropic flow) possessing classically unexpected
properties are produced so frequently in laboratories that, when tasked with analyzing a new
material, the macroscopic quantum mechanics of the system (including decoherence chan-
nels, of course) should be considered simultaneously with the expected classical dynamics

1For simplicity, I am speaking only of equilibrium materials: a macroscopic quantity of chemicals in a
particular thermodynamic phase.
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of the system. Although quantum mechanical behavior of everyday macroscopic systems is
still currently the exception and not the rule, one day this might not be the case, especially
as the development of new exotic materials for quantum technology is rapidly accelerat-
ing. Quantum mechanical behavior of materials on a macroscopic scale is a resource for the
development of useful technology for mankind.

There are many people who consider the advent of quantum computers to be the indicator
of successfully harnessing the quantum world. The implementation of a quantum computer
which is large enough in number of qubits to outperform classical computers for useful
tasks (e.g., for calculating the quantum mechanical states of even small molecules or simple
quantum field theories) is not presently feasible. Because on the order of 104 years elapsed
between the advent of the simplest classical machines to modern classical computers, it seems
natural that an era focused on the theoretical and practical development of useful quantum
technologies distinct from quantum computers should be expected to precede the “age of
quantum computation.” Great progress has been made in this direction by the applications of
nuclear magnetic resonance spectroscopy, superconducting magnets, lasers, semiconductors,
etc. However, when compared to the technological revolutions catalyzed by the theory of
electromagnetism or classical thermodynamics, quantum mechanics must still be considered
underutilized. So, although many of the results reported in this dissertation could be useful
for models for quantum computation, I primarily consider them to have applications to
efforts toward controlling and manipulating other sorts of quantum technologies. For the
sake of concreteness, consider the following potential applications:

• Energy transfer in photoexcitable molecular clusters (e.g., photosynthetic light har-
vesting complexes): analysis and control of energy transport via excitonic quasiparticle
states in molecular clusters of O(10 nm) diameter requires a detailed knowledge of the
quantum dynamics of these states. In particular, for a given energy transfer pathway
extracted from experimental data as a sequence of quasiparticle states which character-
ize the system at various points in time, it is useful to know the minimal time required
for each of these quasiparticle states to evolve to another. This requires knowledge of
the effective dynamics, both unitary and nonunitary, governing the evolution of the
quasiparticles. In Chapter 4 of this dissertation, the notion of distinguishability time
is introduced, which provides a lower bound for the time (in terms of the initial state
and the dynamics) required for a given arbitrary quantum state to evolve to a state
from which it is optimally distinguishable with a given a priori probability. This is a
generalization of the 1945 result of L. Mandelstamm and I. Tamm for the lower bound
on the time required for evolution to an orthogonal state. In application to energy
transfer, the distinguishability time can be used to derive the ultimate quantum speed
limit for a given energy transport pathway.

• Quantum nanofluidic devices: high efficiency (i.e., low friction) fluid transport can be
achieved in the superfluid phase of 4He. Superfluids exhibit many types of mass current
flow which are characterized by different transport mechanisms. Controlled switching
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between these regimes can be used to engineer quantum nanofluidic valves. In Chapter
2 of this dissertation, a system consisting of two reservoirs of superfluid 4He coupled by
an array of nanoapertures is studied. It is shown that appropriately tuning the ratio of
aperture size to the temperature-dependent healing length results in a transition from
linear to sinusoidal (Josephson) current. It is also shown that net Josephson current
through an array of nanoapertures is amplified over that of a single nanoaperture due
to synchronization of the macroscopic quantum phase differences across each of the
apertures. These facts provide a theoretical substrate for engineering superfluid “weak
link” devices.

The principal aim of this dissertation is to report technical details of results obtained
in References [2, 3, 4, 5]. The secondary aim is to expand the discussion of these results
to include speculation and opinion not traditionally included in peer-reviewed publications.
Part I is used both for introducing useful, reappearing mathematical constructs and also
for brief discussions of the general physics of the systems which are analyzed in the thesis.
In addition to providing some calculations which I feel are necessary prerequisites for un-
derstanding constructions that appear later in the thesis, I have also tried to cite in Part I
several secondary references (e.g., textbooks and review articles) that I have found useful.
I have taken this approach for two reasons: 1) the primary literature for the basic physical
models used to describe quantum liquids and quantum optics is vast and is organized else-
where (see, e.g., Ref.[6] and Ref.[7] respectively), and 2) many of these secondary resources
are, unfortunately, not well studied even by seasoned practitioners of the subjects. The
rest of the dissertation contains expanded discussions of: Ref.[3] for Part II, Ref.[4] for Part
III, and Refs.[2, 5] for Part IV. These Chapters contain several full calculations which were
only outlined in the respective publications. Part V reports on the beginning of an unfin-
ished research project concerning the nonequilibrium dynamics of two quantum dots coupled
through an SNS (superconductor-normal metal-superconductor) junction. Justification for
pursuing a thorough analysis of that quantum device is also provided.

A brief technical overview of this dissertation can be found in the Abstract. The computer
program (Universal Path Integral) used in Part III to numerically evaluate observables of
liquid 4He was developed by Yongkyung Kwon, starting from a more rudimentary version
developed by D. Ceperley. Aside from this contribution, all other technical results of this
thesis are my own, and so therefore are any errors in the analysis.

Ty Volkoff
Berkeley, Calif.

July 2014
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Chapter 1

Quantum states of many-boson
systems

1.1 Fock space

The quantum systems considered in this thesis are comprised of indistinguishable particles.
This means that the individual particles cannot be associated with different single-particle
wavefunctions. In general, the wavefunction of a system of N indistinguishable particles
incurs a multiplication by a global phase cs ∈ C, |cs| = 1, upon action of an element s of the
symmetric group SN on the coordinate labels. The wavefunctions of many-boson systems, in
particular, are characterized by invariance under the action of SN . This invariance manifests
various physical consequences in bounded systems of both interacting and noninteracting
bosons, including: 1) Bose-Einstein condensation, defined qualitatively as a distribution of
particles exhibiting large ground state occupation fraction, and 2) entanglement, as can be
seen in a system of noninteracting hopping bosons [8, 9]. In contrast, the wavefunctions of
many-fermion systems are characterized by invariance under even permutations (i.e., those
s ∈ SN which can be decomposed into a composition of an even number of cycles) of the
particle coordinates and multiplication by −1 under odd permutations (i.e., those s ∈ SN

which can be decomposed into a composition of an odd number of cycles) of the particle coor-
dinates. The physical consequences of this “sign transformation” of fermionic wavefunctions
include: 1) Fermi surface physics, including superconductivity, and 2) entanglement [10]. To
consider these properties in the context of quantum mechanics, we must first introduce the
Hilbert spaces of many-boson and many-fermion systems. In this treatment, I have relied
mostly on Refs. [11, 12] but have referred to Refs. [13, 14] for some mathematical details.

1.1.1 Bosonic and fermionic Hilbert spaces

Let H be a separable (i.e., of countably infinite dimension) Hilbert space with orthonormal
basis {|en〉}n∈N. We denote by H⊗N the completed tensor product defined up to isometric
isomorphism (unitary equivalence). A basis forH⊗N is given by the set {|ei1〉⊗· · ·⊗|eiN 〉}ik∈N.
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The decomposition of the identity in terms of rank 1 minimal projections is given by

I =
∑
i1···iN

(|ei1〉 ⊗ · · · ⊗ |eiN 〉)(〈ei1| ⊗ · · · ⊗ 〈eiN |)

=
∑
i1···iN

|ei1〉〈ei1| ⊗ · · · ⊗ |eiN 〉〈eiN | (1.1)

where we use bra-ket notation to make clear the conjugate-linear isometric relationship
between H′ (the dual of H) and H. Here note that the isomorphism between the tensor
product of the bounded operators on H, B(H)⊗ · · · ⊗ B(H), and the bounded operators on
H⊗N , B(H⊗N), is implicitly used in defining the resolution of the identity above [14].

The space H⊗N contains many distinguished subspaces which transform in prescribed
ways under the permutation representation of SN . Because particles of a given type trans-
form in a canonical way under particle exchange, these subspaces are special because they
contain the vectors which can be used to describe these particles. In this sense, the com-
pleted tensor product H⊗N is “too big” and contains more descriptive power than needed for
any given type of particle. The most commonly encountered particles are bosons (fermions),
described by states which are invariant (multiplied by (−1)εs where εs is the sign of the
permutation s) under the action of SN . Consider the state |ξ1〉 ⊗ · · · ⊗ |ξN〉 ∈ H⊗N with
ξi ∈ H and ‖|ξi〉‖ = 1 ∀i. We define the symmetrized vector by

|ξ1 · · · ξN}ζ :=
1√
N !

∑
s∈SN

ζεs|ξs1〉 ⊗ · · · ⊗ |ξsN〉 (1.2)

where ζ = ±1, and εs is the sign of the permutation s. It is easy to verify that the sym-
metrization operation given by

Pζ(|ξ1〉 ⊗ · · · ⊗ |ξN〉) =
1

N !

∑
s∈SN

ζεs|ξs1〉 ⊗ · · · ⊗ |ξsN〉 (1.3)

is a projection (and as such, satisfies P 2
ζ = Pζ) of operator norm 1 (thanks to the normal-

ization factor 1
N !

) and that the symmetrized vector |ξ1 · · · ξN}ζ =
√
N !Pζ(|ξ1〉 ⊗ · · · ⊗ |ξN〉).

The subspaces Pζ=±1H⊗N are where physical quantum states of bosons (plus sign) and
fermions (minus sign) lie. Therefore, we see that the bosonic (fermionic) subspace consists
of states which are symmetric (antisymmetric) under a transposition of two particles. In
terms of representation theory, the bosonic Hilbert space is the subspace of H⊗N invariant
under the action of SN on H⊗N while the fermionic Hilbert space is the subspace of H⊗N
anti-invariant under the action of SN on H⊗N . It is important to note here that the vectors
{Pζ=1(|ei1〉⊗· · ·⊗|eiN 〉)} span the bosonic Hilbert space (mutatis mutandis for the fermionic
Hilbert space) and are orthogonal, but they are not orthonormal; we will return to this point
after we first examine the bosonic and fermionic subspaces more closely.

Because the bosonic/fermionic Hilbert spaces are used so frequently, it is useful to know
something about the structure of their elements. To this end, consider a subspace bN(H) ⊂
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H⊗N which is the norm closed linear span of elements of the form [14]:

(|x1〉 ⊗ · · · ⊗ |xN〉)− (|xs1〉 ⊗ · · · ⊗ |xsN〉) (1.4)

with |x1〉, . . . , |xN〉 ∈ H and s ∈ SN . We will show that bN(H) = ker(Pζ=1) (where by ker
is meant the mapping of a linear operator, say A, to the subspace which A maps to the
null vector). Clearly, bN(H) ⊂ ker(Pζ=1). Conversely, if |ξ1〉 ⊗ · · · ⊗ |ξN〉 ∈ kerPζ=1, then
Pζ=1(|ξ1〉 ⊗ · · · ⊗ |ξN〉) = 1

N !

∑
s∈SN

|ξs1〉 ⊗ · · · ⊗ |ξsN〉 = 0, so that

|ξ1〉 ⊗ · · · ⊗ |ξN〉 = −
∑
s′∈SN
s′ 6=e

|ξs′1〉 ⊗ · · · ⊗ |ξs′N〉, (1.5)

where e is the identity element of SN . By adding copies of Eq.(1.4) together with s being

a nonidentity permutation each time, one sees that (N − 1)!|ξ1〉 ⊗ · · · ⊗ |ξN〉 −
∑
s′∈SN
s′ 6=e

|ξs′1〉 ⊗

· · · ⊗ |ξs′N〉 = ((N − 1)! + 1)|ξ1〉 ⊗ · · · ⊗ |ξN〉 which is clearly in bN(H) (the last equality
follows from Eq.(1.5)). Hence, |ξ1〉 ⊗ · · · ⊗ |ξN〉 ∈ bN(H). Thus bN(H) = ker(Pζ=1) and
so the Hilbert space of N bosons is isomorphic to the N -th symmetric power of H, SN(H).
The symmetric power of a vector space can be viewed as a two-step construction: taking the
tensor product of the space, followed by considering equivalent any given product state and
its image under permutation of the mode labels. Mathematically,

SN(H) := H⊗N/bN(H) ∼= Pζ=1(H⊗N). (1.6)

In this way, we can consider |ξ1 · · · ξN}ζ=1 as the symmetric product of |ξ1〉, . . . , |ξN〉. Keeping
the isomorphism in mind, we can denote Pζ=1(H⊗N) by SN(H).

For the fermionic case, one should first notice an important property of the antisym-
metric vectors |ξ1 · · · ξN}ζ=−1. If |ξi〉 = |ξj〉 for a pair i 6= j (we can take i = 1 and
j = 2 without loss of generalization), then |ξ1ξ2ξ3 · · · ξN}ζ=−1 = |ξ2ξ1ξ3 · · · ξN}ζ=−1 but also
|ξ1ξ2ξ3 · · · ξN}ζ=−1 = −|ξ1ξ2ξ3 · · · ξN}ζ=−1 because of the action of the (12) transposition on
Pζ=−1(H⊗N); hence, |ξ1ξ2ξ3 · · · ξN}ζ=−1 = 0. Further, it implies that two fermions cannot
occupy the same single particle quantum state and is referred to as the Pauli exclusion
principle, after Wolfgang Pauli. This is the most important fact in the study of fermionic
systems.

Now, analogously to the approach taken to analyze the structure of the bosonic Hilbert
space, define the subspace aN(H) as the closed linear span of elements of H⊗N of the form
|x1〉 ⊗ · · · ⊗ |xN〉, with |xi〉 = |xj〉 for some i 6= j. Carrying out a similar calculation to the
bosonic one above, it can be shown that Pζ=−1(H⊗N) ∼= H⊗N/aN(H) =: AN(H), the N -th
exterior (i.e., alternating) power ofH. An exterior power of a vector space can be constructed
in a two-step process: first, construct the tensor product; second, consider pure states to
be the same if they differ only by a (linear combination of) product states which contain
two or more modes in the same single mode state. Considered in this way, |ξ1 · · · ξN}ζ=−1 is
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the same as the wedge product of |ξ1〉, . . . , |ξN〉. In realizing the N -th symmetric power and
N -th exterior power as subspaces of H⊗N , it should be remembered that our base field is C.

Once the symmetric and antisymmetric vectors |e1 . . . eN}ζ=±1 are properly normalized
for all N ∈ N, one will have constructed orthonormal bases for the bosonic and fermionic
Hilbert spaces. To do this, consider the following inner product:

ζ{ei′1 · · · ei′N |ei1 · · · eiN}ζ = N !〈ei′1 | ⊗ · · · ⊗ 〈ei′N |P
2
ζ (|ei1〉 ⊗ · · · ⊗ |eiN 〉)

= N !〈ei′1 | ⊗ · · · ⊗ 〈ei′N |Pζ (|ei1〉 ⊗ · · · ⊗ |eiN 〉)

=
∑
s∈SN

ζεs〈ei′1|esi1〉 · · · 〈ei′N |esiN 〉 (1.7)

We use the physics inner product convention of antilinearity in the first entry of the inner
product and the fact that Pζ is a projection. For fermions (ζ = −1) this inner product is equal
to zero or (−1)εp where p ∈ SN is the permutation satisfying ei′1 = epi1 , etc. In the fermionic
case, there is clearly only one such permutation due to the Pauli exclusion principle. Hence
the antisymmetric vectors

{
|ei1 · · · eiN}ζ=−1|ij′ 6= ij ∀ j

}
ij∈N

form an orthonormal basis for

the fermionic Hilbert space. If instead of taking the single mode Hilbert space to be `2(C)
(which is what has been assumed without loss of generality until this point), we consider a
Hilbert space of dimension d � N (i.e., H = Cd so that each element of H is a pure state
of a qudit), the fermionic Hilbert space has dimension

(
d
N

)
. Note that the Pauli exclusion

principle demands that there cannot be more fermions in a system than the dimension of the
single-particle Hilbert space! The physical analogues of this statement are, e.g. the presence
of conduction bands in metals.

For bosons, the number of permutations for which contribute to the inner product sum
is much larger in principle. If in the set {ei1 , . . . , eiN}, i1 appears ni1 times, etc. such that∑N

j=1 nij = N , the inner product above is:

ζ=1{ei′1 · · · ei′N |ei1 · · · eiN}ζ=1 = 0 or
N∏
j=1

nij ! (1.8)

where the value 0 occurs when the set {i′1, . . . , i′N} is not a permutation of the set {i1, . . . , iN}.
Hence the symmetric vectors 1√∏N

j=1 nij !
|ei1 · · · eiN}ζ=1 is an orthonormal basis for the bosonic

Hilbert space. If we take the single mode Hilbert space to be H = Cd with d � N , the
bosonic Hilbert space has dimension

(
N+d−1
N

)
. Because it is used so often, we write the

orthonormal basis explicitly with the new notation {|ei1 · · · eiN 〉}ik∈N :

|ei1 · · · eiN 〉 :=
1√∏N
j=1 nij !

|ei1 · · · eiN}ζ=1 =
1√

N !
∏N

j=1 nij !

∑
s∈SN

|esi1〉 ⊗ · · · ⊗ |esiN 〉. (1.9)

It should be mentioned that, especially in the quantum theory of metals, “combined
states” lying in the tensor product of bosonic and fermionic Hilbert spaces are commonly
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encountered. An example of dynamics in a Hilbert space composed of a tensor product of
a fermionic Hilbert space and a bosonic Hilbert space is the electron-phonon interaction,
which gives rise to the striking phenomena of Type-I and Type-II superconductivity [15].

1.1.2 Vacuum state and particle number sectors

The (quantum) principle of superposition, which allows for a pure quantum state to be
described by a complex linear combination of elements of the (projective) Hilbert space,
leads one to the following two questions:

• What happens if N = 0, i.e. there are no modes and, hence, no particles at all?

• Are there quantum states which are described by linear combinations of symmetric or
antisymmetric states with different numbers of modes N?

The answer to the first question is that we have to specify the space which the N > 0 bosonic
and fermionic Hilbert spaces are “built on top of” (e.g., by addition of energy, by existence
of a symmetry, etc.) This space can be considered as a Hilbert space containing no particles
which are of interest to the physicist. In particular, this space contains all particles which are
of higher energy content than is available to the measurement device of the experimenter.
This space is usually called the vacuum mode and it will be denoted by a Hilbert space
Ω, which, of course, can be extremely rich in structure and large in dimension. Usually a
distinguished vector of Ω is chosen and referred to as the vacuum state, |Ω〉.

The answer to the second question is “yes” and these quantum states are important.
Product states from bosonic or fermionic subspaces of H⊗N are called Fock states. Linear
combinations of many Fock states (with the same and also different N) are central to the
quantum mechanical description of certain properties of matter in condensed phases such as
superfluidity and superconductivity. The possibility of uncertainty in the number of modes
comprising a quantum system should not be come as a surprise; in macroscopic systems
described by the grand canonical ensemble, the different values of N (usually interpreted as
a number of particles) define different Hilbert spaces and the dimension of the effective finite
dimensional Hilbert space of the system changes when particles are added or subtracted.
The thermodynamic and quantum statistical properties of these systems are obtained by
averaging over the different values of N in the grand canonical partition function.

The full Fock space in which all known states of condensed matter occur is a separable
Hilbert space defined by

T (H) = Ω⊕
⊕
n≥1

H⊗n (1.10)

The full Fock space relative to a selected vacuum state can be denoted by T |Ω〉(H). The
bosonic Fock space and fermionic Fock space are similarly defined:

FB(H) = Ω⊕
⊕
n≥1

Pζ=1(H⊗n) FF (H) = Ω⊕
⊕
n≥1

Pζ=−1(H⊗n) (1.11)



Section 1.2. HEISENBERG-WEYL COHERENT STATES 7

Using the symmetric and exterior spaces introduced earlier, we can write down an isomor-
phism between the bosonic (fermionic) Fock spaces and the graded symmetric (alternating)
algebras over H:

FB(H)	 Ω ∼= S∗(H) :=
⊕
n≥1

Sn(H) FF (H)	 Ω ∼= A∗(H) :=
⊕
n≥1

An(H) (1.12)

Spacetime local operator algebras which act on associated Fock spaces are the principal
objects of study in quantum field theory. Many of the difficulties in quantum field theory
arise from the task of defining the local Hilbert spaces and the algebras of operators on them
rigorously. A final note to this introduction of the space of pure quantum states of bosonic
and fermionic systems: in view of the many classical descriptions, semiclassical descriptions,
and effective quantum descriptions of these systems in various thermodynamic phases, one
must always keep in mind the most elementary or microscopic description of the system.
When (not “if”!) the various derived physical models predict falsely some characteristic of
the system, the most microscopic description can be used to clear up the discrepancy by
allowing for a modification of the effective theory or a restriction on its domain of validity
in some space of physical parameters.

1.2 Heisenberg-Weyl coherent states

The Heisenberg-Weyl coherent states are the “most classical” states of a single mode, mono-
ergic electromagnetic cavity. This fact appears mathematically by constructing these states
such that the self-adjoint operators corresponding to observables of the cavity exhibit ex-
pectation values satisfying classical equations of motion (e.g., Maxwell’s equations for the
electric field operator). These states most commonly appear in treatments of laser physics,
which focuses on the concentration of light energy (via intensity, i.e., number of photons)
into a single degree of freedom (electromagnetic mode). From a measurement-based perspec-
tive, the coherent states are classical states because the results of all measurements carried
out on a coherent state can be reproduced by classical measurement. To see this, simply
note that the quasiprobability distributions (e.g., Husimi’s Q function, Wigner’s function)
of coherent states are true probability distributions, in particular positive definite, so that
a quantum measurement on the coherent state can be modeled by a classical measurement
arising from the probability distribution obtained from the quasiprobability representation
of the coherent state.

In this section, the exposition of Heisenberg-Weyl coherent states will be more general
than that of most quantum optics textbooks [7]. This is because coherent states will be used
both for the description of weakly- and strongly-interacting massive bosons in Part II as well
as for constructing various Schrödinger cat states of light in Part IV. I omit a discussion of
general constructions of coherent states for semisimple Lie algebras [16, 17], which would
lead too far afield.
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1.2.1 Heisenberg-Weyl and oscillator Lie algebras

The Heisenberg-Weyl Lie algebra is defined as the complex linear span of the elements called
a†, a, I with the Lie bracket [·, ·] as the product. Mathematically, h3 :=

(
spanC{a†, a, I}, [·, ·]

)
.

The multiplication table of this Lie algebra is:

[a, a†] = I , [a, I] = [a†, I] = 0 , [x, x] = 0 (1.13)

where x is one of a†, a, or I. To measure the energy of a quantum harmonic oscillator,
another element called a†a must be introduced satisfying:

[a, a†a] = a , [a†, a†a] = −a† , [I, a†a] = [a†a, a†a] = 0. (1.14)

The Lie algebra h4 :=
(
spanC{a†a, a†, a, I}, [·, ·]

)
is called the oscillator Lie algebra. The

introduction of the operator a†a gives h4 a nontrivial Cartan subalgebra (i.e., a maximal
commutative subalgebra of the Lie algebra [18]) consisting of the identity operator and the
energy operator. Hence, h4 contains the Hamiltonian of the quantum harmonic oscillator
H = ~ω(a†a+1/2) where ω is the oscillator frequency and ~ is the reduced Planck’s constant
~ := h/2π. In addition, it contains the “position element” x =

√
~/2(a+a†), the momentum

element, p = −i
√

~/2(a − a†) which are canonical conjugates [x, p] = i~. In general, it

contains the quadrature elements x(θ) :=
√

~/2(ae−iθ + a†eiθ).1

An orthonormal basis for `2(C) can be taken, for i ∈ {1, 2, . . .}, as |ei〉 = |i− 1〉. The state
|n〉 is a Fock state representing a quantum state of exactly n photons. The representation
of h4 is given by the following actions on the basis elements:

a|n〉 =
√
n|n− 1〉 a†|n〉 =

√
n+ 1|n+ 1〉 , a†a|n〉 = n|n〉 (1.15)

supplemented by the condition that the state |0〉 (i.e., the oscillator vacuum state) is annihi-
lated by a: a|0〉 = 0. It is clear that |n〉 = (1/

√
n!)a†n|0〉. The (Perelomov) coherent states

are constructed by first applying to the vacuum state |0〉 elements of the Lie group H3 (the
Heisenberg-Weyl group) obtained by exponentiating the Lie algebra h3. A general element
of this Lie group can be written by g(s, α) := eisIeαa

†−αa = eisID(α) where α ∈ C, s ∈ R,
and D(α) is the “displacement operator.” Because the operator g(s, 0) leaves invariant any
pure quantum state |ψ〉 ∈ `2(C) (and, hence, {g(s, 0)}s∈R is the isotropy subgroup [16] of H3

for any |ψ〉), the only physically observable transformation of the state |0〉 by elements of
H3 is by the displacement action of D(α) for some α. The states |α〉 obtained in this way,
i.e. {|α〉 := D(α)|0〉|α ∈ C} are termed Perelomov coherent states [16]. This procedure can
be generalized to any semisimple Lie algebra and, for the case of h3, the Perelomov coherent
states coincide with the states going by the more familiar name “Glauber coherent states”

1Considered as operators on the separable Hilbert space of the quantum harmonic oscillator H = `2(C)
via a Lie algebra representation, the Lie algebra elements are occasionally denoted with hats ( ˆ ) on top.
This notation is used here inconsistently (as it is used inconsistently in the literature), and no confusion
should arise; in this work, all Lie algebras will be equipped with a representation as endomorphisms of some
Hilbert space so their elements can be considered as operators.
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(themselves special cases of Barut-Girardello coherent states [17]) defined as eigenvectors
of the operator a, i.e., states |α〉 such that a|α〉 = α|α〉. This is easily verified by showing
that aD(α)|0〉 = α|0〉 (a generalized calculation of this sort is given in Subsection 1.2.2–
this proves that the Perelomov coherent state is a Glauber coherent state). The converse
(Glauber ⇒ Perelomov) is obtained by noting that a|α〉 − aD(α)|0〉 = 0 for all α which
means that |α〉 and D(α)|0〉 must be equal.

Here we make note of a few mathematical properties of the coherent state |α〉 and the
displacement operators D(α) without proofs. These properties are vital to all calculations
involving coherent states.

• Overcompleteness : the coherent states span `2(C), but each vector can be written as
a nonunique linear combination of them.

• Resolution of the identity : the operator (1/π)
∫
dRe(α)dIm(α)|α〉〈α| acts as I in the

Hilbert space H = `2(C). As a result, any state |ψ〉 ∈ H can be written (nonuniquely)
as |ψ〉 = (1/π)

∫
dRe(α)dIm(α)|α〉ψ(α) with ψ(α) is an entire antianalytic function

(i.e., analytic function of α) of α.

• Nonorthogonality :

〈α|β〉 = e−|α−β|
2/2e

αβ−αβ
2 (1.16)

• Projective representation of the additive, abelian group C: D(α)D(β) = eαβ−αβD(α+β)

• Weyl form of the CCR (canonical commutation relations): D(α)D(β) = eαβ−αβD(β)D(α)

The coherent states are also singled out for their “classical” physical properties. The
lower bound of the product of variances of canonically conjugate observables is set by the
Heisenberg uncertainty relation: 〈(∆x)2〉〈(∆p)2〉 ≥ ~2

4
, where x := 1√

2
(a + a†) and p =

1
i
√

2
(a − a†). This inequality is satisfied as an equality when the expectation values are

taken in coherent states. In addition, a coherent state wavepacket (e.g., 〈k|α〉 in momentum
representation) freely evolves in time in the same way as a classical harmonic oscillator.

1.2.2 Reduced density matrices and field operators

In this subsection, we connect the coherent state basis and an occupation number ba-
sis, i.e., the Fock basis, for an interacting system of bosons. For a noninteracting sys-
tem, this task is a trivial extension of the approach in the previous subsection. Con-
sider in the position representation a many boson wavefunction Ψ(r1, . . . , rN) for an in-
teracting bosonic system. We can write matrix elements of the pure state ρ = |Ψ〉〈Ψ| by
ρ(r′1, . . . , r

′
N |r1, . . . , rN) = Ψ(r1, . . . , rN)Ψ(r′1, . . . , r

′
N) (throughout this dissertation, complex

conjugation will be denoted by a line over a complex number to avoid confusion with the
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adjoint operation for the linear operators on a nontrivial Hilbert space). The matrix ele-
ments of the single particle reduced density operator (1-RDM) are defined by the following
expression:

η[1](r, r′) := N

∫
dr2 · · · drN Ψ(r′, r2, . . . , rN)Ψ(r, r2, . . . , rN) (1.17)

It is easy to see that η[1](r, r′) = η[1](r, r′) so the single-particle density operator is self-
adjoint (its corresponding matrix is Hermitian). The single-particle density operator can
also be written independent of basis as

η[1] = Tr2,3,...,Nη (1.18)

where the trace is taken over N − 1 particle states and η is the many-body density matrix.
In Eq.(1.18), any N − 1 particles can be traced over due to the indistinguishability of the
bosons. How then do we unambiguously construct single-particle states from a quantum
many-body system? One way is to introduce a complete orthonormal basis of single-particle
wavefunctions (for a subspace of square integrable functions on a domain) {ϕi(r)}li=1 with
ϕi(r) ∈ L2(R3,Leb.) (i.e., the Hilbert space of square-integrable functions on R3 with respect
to the Lebesgue measure) which are defined by∫

dr′ η[1](r, r′)ϕi(r
′) = niϕi(r), ∀i (1.19)

with ni representing the number of particles in the i-th single-particle state. In other words,
ϕi(r) are eigenvectors of η[1](r, r′) with eigenvalues ni so that according to the spectral
theorem, we can write η[1](r, r′) =

∑l
i=1 niϕi(r

′)ϕi(r) with
∑l

i=1 ni = N . Note that the
set {ϕi}li=1 and the occupations {ni}li=1 are characteristic of the many body wavefunction
ψ(r1, . . . , rN). Other possible 1-RDMs can be obtained by changing the occupation numbers
of the single particle modes, but we should still be able to expand the 1-RDM over the
l-dimensional basis {ϕi}li=1.

In order to analyze a quantum many body-system through functional methods, it is useful
to have a coherent state basis for the system (i.e., a basis of coherent states for each of its
constituent modes). The modes are characterized by the wavefunction ϕi(r) := 〈r|ϕi〉; in
a translationally invariant system, each of these modes has a well-defined momentum (i.e.,
momentum is a good quantum number) [6]. To proceed, we define a many mode Fock state
in which the N bosons are distributed among the l single particle states. For example, one
can consider a state with n1 bosons in |ϕ1〉, n2 bosons in |ϕ2〉, etc., and label such a state by
|n1, . . . , nl〉 with

∑l
i=1 ni = N . In terms of the single particle states |ϕ1〉, . . . , |ϕl〉, we write

this state in a form which makes its permutation symmetry clear.

|n1, . . . , nl〉 =
1√

N !
∏l

i=1 ni!

∑
s∈SN

|ϕsi1〉 ⊗ · · · ⊗ |ϕsiN 〉, (1.20)
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where i1, . . . , in1 = n1, and in1 , in1+1 . . . , in1+n2 = n2, and so on until

in1+...+nl−1
, i1+n1+...+nl−1

, . . . , iN = nl.

Of course, the constraint
∑l

i=1 ni = N must be enforced.
To define a Glauber coherent state for this system, let |φ〉 be an eigenstate of âi for each

mode i ∈ {1, . . . , l}, so that âi|φ〉 = φi|φ〉, with φi ∈ C. |φ〉 can be expanded over the basis
constructed above:

|φ〉 =
∑

m1,...,ml∈Z≥0|
∑
mi=N

φm1···ml |m1, . . . ,ml〉

These states are not eigenstates of particle number. In fact, in order for the coherent
states to span the bosonic Fock space, we must work in the N → ∞ limit. We require
that single mode vacua be annihilated by the corresponding mode annihilation operator:
âi|m1, . . . ,mi−1, 0,mi+1, . . . ,ml〉 = 0 for all mk ≥ 0, i 6= k. According to the action of âi on
a many-body state, one sees that φmiφm1···(mi−1)···ml =

√
miφm1···ml . By induction, then,

φm1···ml =
l∏

i=1

φmii√
mi!

(1.21)

Because |m1, . . . ,ml〉 =
∏l

i=1
(â†i )

mi
√
mi!
|0〉⊗l, where |0〉⊗l is the vacuum, we know:

|φ〉 =
∑

m1,...,ml

(φ1â
†
1)m1

m1!
· · · (φlâ

†
l )
ml

ml!
|0〉⊗l = e

∑l
i=1 φiâ

†
i |0〉⊗l ∝

(
l⊗

i=1

D(φi)

)
|0〉⊗l = |φ1〉⊗. . .⊗|φl〉,

(1.22)
where the proportionality is due to not having normalized the state |φ〉. Because 〈φ|φ〉 =

e
∑l
i=1 |φi|2 , it is clear that |φ〉 = e−

1
2

∑l
i=1 |φi|2e

∑l
i=1 φia

†
i |0〉⊗l is a normalized many mode coherent

state. Basic properties of the overcomplete coherent state basis of `2(C) can be found in
Section 1.2.1. We now verify that |φ〉 is an eigenstate of âi, as required by the definition of
a Glauber coherent state. Without loss of generality, consider â1:

â1|φ〉 =
∑

m1,...,ml

φm1
1 â1(â†1)m1

m1!

(φ2â
†
2)m2

m2!
· · · (φlâ

†
l )
ml

ml!
|0〉⊗l (1.23)

=
∞∑

m1=1

∞∑
m2=0

· · ·
∞∑

ml=0

φm1
1 (â†1)m1−1

(m1 − 1)!

(φ2â
†
2)m2

m2!
· · · (φlâ

†
l )
ml

nl!
|0〉⊗l (1.24)

= φ1

∞∑
m1=1

∞∑
m2=0

· · ·
∞∑

ml=0

(φ1â
†
1)m1−1

(m1 − 1)!

(φ2â
†
2)m2

m2!
· · · (φlâ

†
l )
ml

ml!
|0〉⊗l (1.25)

= φ1|φ〉 (1.26)
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in which the commutator
[
âi, (â

†
i )
mi

]
= mi(â

†
i )
mi−1 has been used. The presence of (m1− 1)

instead of m1 in the first sum shouldn’t worry us: Fock space is infinite dimensional (since
we have taken N → ∞) and we have already defined âi|m1, . . . ,mi−1, 0,mi+1, . . . ,ml〉 = 0
for all m1, . . . ,mi−1,mi+1, . . . ,ml ≥ 0. The fact that the minimum number of particles in
the sum is not changed upon application of âi is the reason annihilation operators and not
creation operators can be used to formulate the coherent state. Also, one sees immediately
that 〈φ|a†iaiφ〉 = |φi|2. Hence, in the coherent state |φ〉, |φi|2 is the average number of
particles in the i-th single-particle state. If we take |φi|2 = ni, where ni is the occupation
number of the single particle modes in Eq.(1.19) (e.g., the ni could be the occupations of the
single particle states given by the thermal Gibbs distribution), then in the thermodynamic
limit N →∞, the coherent state |φ〉 has the same expected mode occupations as the state
η[1] above. Note that there is a U(1) freedom for each φi which still allows the multimode
coherent state to satisfy |φi|2 = ni for all i.

The single-particle state occupation basis and the coherent state |φ〉 are thus related by:

|φ〉 = e−
1
2

∑l
i=1 |φi|2e

∑l
i=1 φiâ

†
i |0〉⊗l = e−

1
2

∑l
i=1 |φi|2

l∏
i=1

eφiâ
†
i |0〉⊗l (1.27)

and, using the overlap formula Eq.(1.16), it is easy to verify that 〈φ|φ〉 = 1.

Next, consider a field operator ψ̂(r) =
∑
i

ϕi(r)âi which annihilates a single boson at

point r. Due to the Heisenberg-Weyl Lie algebra commutation relation [âi, â
†
j] = δi,j, the

field operators at different points satisfy [ψ(x), ψ†(x′)] = δ(x − x′). We will prove that the
single-particle density matrix (i.e., the 1-RDM given by η[1](r, r′) =

∑
i niϕi(r

′)ϕi(r) so that
η[1] =

∑
i ni|ϕi〉〈ϕi|) :

Proposition 1. In a translationally invariant system of bosons, let |φ〉 be the multimode
coherent state constructed above, having |φi|2 = ni being the number of bosons in the state
with momentum k = i. Then,

η[1](r, r′) = 〈φ|ψ̂†(r′)ψ̂(r)φ〉 (1.28)

Proof. This Proposition will be proven by direct computation. We have that |ψ̂(r)φ〉 =(∑
i

ϕi(r)φi

)
|φ〉 ∈ C|φ〉. Computing the expectation value of ψ̂†(r)ψ̂(r′) in the coherent

state |φ〉, one finds:

〈φ|ψ̂†(r)ψ̂(r′)φ〉 = 〈φ|
(∑

i,j

ϕi(r)ϕj(r
′)â†i âj

)
φ〉 (1.29)

However, for any pure or mixed translation invariant system (like the ones we will be dealing
with), 〈â†i âj〉 = δij〈â†i âi〉 = δijni (this can be proven by considering i and j as momentum
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states and showing that 〈[P̂ , â†i âj]〉 = 0 iff 〈â†i âj〉 = δijni, where P̂ is the total momentum
operator).

Hence, if our system is in the pure coherent state |φ〉, then the expectation of ψ̂†(r)ψ̂(r′)
is:

〈ψ̂†(r)ψ̂(r′)〉 = 〈φ|ψ̂†(r)ψ̂(r′)φ〉 =
∑
i

niϕi(r)ϕi(r
′) (1.30)

and so we identify 〈r|η[1]|r′〉 = η[1](r, r′) = 〈ψ̂†(r′)ψ̂(r)〉 with the expectation value taken in
the coherent state |φ〉.

To appreciate the usefulness of this proposition, first recall that for a nonrelativistic

bosonic system, the 1-RDM can alternatively be defined by η[1](r, r′) := tr
(
ηψ̂†(r)ψ̂(r′)

)
[19]. Second, because the system is assumed to be described by the many body pure state η =
|Ψ〉〈Ψ|, we have shown that all classical and quantum single particle phenomena (encoded
by the 1-RDM η[1]) can be modeled equally well by a multimode coherent state |φ〉 with
|φi|2 = ni for all i ∈ {1, . . . , l} as by the full wavefunction. Having defined the field operator,
the l-mode product coherent state |φ〉 can be written in another way. Due to the assumed L2

orthonormality of {ϕi(r)}li=1, we can write the annihilation operator as aj =
∫
d3r ϕj(r)ψ(r).

Then the coherent state |φ〉 can be expressed as:

|φ〉 = e−
1
2

∑l
i=1 |φi|2e

∫
d3r (

∑l
i=1 φiϕi(r))ψ̂†(x)|vac〉 (1.31)

The intrigue of this expression can be seen upon expanding 〈φ|ψ(x)|φ〉:

〈φ|ψ̂(x)|φ〉 =
l∑

i=1

φiϕi(x) =
l∑

i=1

φi〈x|ϕi〉. (1.32)

This expression appears to be a weighted (by φi ∈ C, where we recall that âi|φ〉 = φi|φ〉) sum
of single particle wavefunctions. It is important to note that because |φ〉 (= |φ1〉⊗ · · ·⊗ |φl〉)
is a product of coherent states, it does not have a well-defined phase as is the case for
a single-mode coherent state. The value 〈φ|ψ̂(x)|φ〉 exhibits robustness to, e.g., projective,
measurements: collapsing one of the |φi〉 to a Fock state does not cause 〈φ|ψ̂(x)|φ〉 to vanish.
In the limit where all the ni go to zero (i.e., φi go to zero) except for one (so that we have
all particles in the single-particle mode defined by ϕ1(r) = φ−1

1 〈0|⊗N−1〈φ1|ψ̂(r)|φ1〉|0〉⊗N−1,
we obtain a pure Bose-Einstein condensation in this mode, which is a coherent state with
|φ1|2 = N , where N is the total number of particles. However, in view of the particle
number/phase uncertainty relationship which implies that the state of a mode (in this case,
the mode which is occupied by some superposition of number of particles described by the
same spatial wavefunction ϕ1(r)) cannot be simultaneously an eigenvector of the number
operator and have a well-defined phase [20]. However, this does not preclude the possibility of
a nonvanishing value of 〈φ|ψ̂(r)|φ〉. In particular, consider the state of the mode described by
ϕ1(r) which is ∝ |N −m〉1+|N −m+ 1〉+. . .+|N − 1〉+|N〉+|N + 1〉+. . .+|N +m− 1〉+
|N +m〉, where N � m ∈ N. Then the expression |〈φ|ψ̂(x)|φ〉| can still take a value which
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is in O(N
1
2 ) and hence still describes a single-mode BEC. Such a state can be generated by

a U(1) symmetry breaking perturbation to the Hamiltonian (e.g., Eq.(2.1)); the process of
defining the state of the mode with macroscopic occupation is a choice of “η-ensemble” [21].

The local expectation of the field operator 〈ψ̂(r)〉 (=
∑

i ϕi(r)φi) is an important object
in the study of Bose-Einstein condensation (shortened to “BEC,” see Chapter 2). In the
stationary phase approximation to the action of the D = 3 weakly-interacting Bose gas
(which gives the Gross-Pitaevskii equation), the action is dominated by ψ(r) = 0 above
a critical temperature (the phase-disordered, symmetric phase) or ψ(r) = const. below a
critical temperature (the phase-coherent, symmetry-broken “condensed” phase). We thus
identify 〈ψ̂(r)〉 as an order parameter for a phase transition in this system. If one chooses to
continue with the operator formalism, the different behavior of the field operator in the two
phases can be seen in, e.g., the applicability of the Bogoliubov ansatz for the field operator
in the condensed phase [19]. However, in the presence of an external driving force on the
system, the appropriate description requires an introduction of a U(1) gauge field defined
on the system domain. The order parameter 〈ψ̂(r)〉 is not local U(1) gauge invariant and
thus cannot describe BEC in a local gauge theory– this fact is related to Elitzur’s theorem
[22]. However, if the driving does not completely destroy the BEC, one can find a suitable
BEC order parameter by considering a macroscopic (i.e., of the order of the total particle
number) occupation of one or a small number of single-particle states which are eigenstates
of an appropriate gauge invariant 1-RDM. A gauge invariant 1-RDM can be constructed
by making use of the parallel transporter on the U(1) principal bundle on which the gauge

theory is defined by η[1](r′, r) = 〈ψ̂†(r′)eim
∫ r′
r dx·v(x)ψ̂(r)〉 where the integral is taken on any

piecewise continuous curve in space joining r′ and r′ and the gauge field is v(x). The gauge
field (the local connection on the U(1) principal bundle) is denoted v(x), suggesting our
interpretation of the driving velocity as a U(1) gauge field in Part II.

1.2.3 Important quasiprobability distributions

A quasiprobability distribution is a map from arbitrary N -mode quantum states to smooth
bounded functions on CN . The term “quasiprobability distribution” comes from the fact
that, unlike a wavefunction representation of a quantum state from which one can extract
a probability distribution by taking the square modulus (considering the Born probabili-
ties as a postulate of quantum mechanics), the quasiprobability distribution is only positive
definite for a subset of the “most classical” states. There are many versions of quasiproba-
bility distributions and all are useful in their own ways. Quasiprobability distributions can
be considered as objects in the Hilbert-Schmidt dual (consisting of all bounded operators
B(H)) of the trace class operators B1(H), on a Hilbert space H with duality implemented
by 〈·, ρ〉 = tr(·ρ). The three quasiprobability distributions which will be of interest in this
thesis are: Husimi’s Q-function, Glauber-Sudarshan P -function, and Wigner’s function. As
a consequence of providing alternative descriptions of quantum states, quasiprobability dis-
tributions allow for: reformulations of quantum dynamical equations, easy visualization of
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the evolution of quantum states in phase space, and, in the case of Wigner’s function and
the Glauber-Sudarshan P -function, a simple visual criterion for quantum behavior (by the
existence of regions in phase space on which the distribution takes negative values). The
principal reason for introducing them here is that they will be used in Part IV for the visu-
alization of superposition states in a multimode electromagnetic cavity (or many monoergic
electromagnetic cavities).

Consider the Hilbert space H = `2(C), the Hilbert space of the quantum harmonic
oscillator, with orthonormal basis {|0〉, |1〉, . . .}. Every quantum state can also be expanded
in the coherent state basis {|α〉}α∈C. This fact leads to the definition of the Husimi Q-
function, which represents a quantum state as:

Q(ρ;α) := 〈α|ρ|α〉 (1.33)

Given a quantum state ρ, the Glauber-Sudarshan P -function (P -function for short) is the
unique function P (α) such that ρ =

∫
P (α)|α〉〈α|. The P -function is not necessarily smooth

for a given quantum state and can be particularly hard to calculate. The Wigner function
allows for the expectation value of a symmetric-ordered (i.e., Weyl-ordered) observable to
be written as a The appearance of negative values of the Wigner function in regions of
the complex plane signals that the state exhibits nonclassical correlations. Two equivalent
definitions of the Wigner function are as follows:

1) W (α) :=

∫
dReβdImβ

π
tr[ρD(β)]eαβ−αβ

2) W (α) := tr[2ρD(α)(−1)a
†aD†(α)]. (1.34)

A useful fact about Wigner’s function is that when integrated over a quadrature (i.e., any
line of the complex plane passing through the origin), the result is a probability density for
the orthogonal quadrature. In Eq.(1.34), the factor of π−1 in the measure dReβdImβ

π
can be

derived by noting that: 1)
∫
dReβdImβ |β〉〈β| ∝ I by Schur’s lemma [16], and 2) calculating

the proportionality factor. It also follows from the fact that we are considering the complex
plane as classical phase space, i.e., the π−1 factor comes from the pullback [23] of the measure
dq∧dp
2π~ on phase space R× R under the map C→ R2 given by:√

~
2

(α + α) 7→ q

1

i

√
~
2

(α− α) 7→ p. (1.35)

Here we note, following Glauber and Cahill in Ref.[24, 25], that these quasiprobability
distributions are each special cases of a general parameterized functional on the space of
quantum states, with different values of the parameter reflecting different orderings of bosonic
creation and annihilation operators in the functional. Because the Wigner function will be
the most useful quasiprobability distribution to the work described in Part IV, we will use



Section 1.2. HEISENBERG-WEYL COHERENT STATES 16

the general functional to relate the two distinct expressions for it appearing in Eq.(1.34).
The proof is presented here only because it is nontrivial and the result allows for a facile

calculation of the Wigner function in many cases. First, define D(β, s) := D(β)e
s|β|2

2 and
consider its operator Fourier transform over C:

T (α, s) :=

∫
dReβdImβ

π
D(β, s)eαβ−αβ (1.36)

Lemma 1. (Operator algebraic analogue of coherent state overcompleteness [25]) The rank
one projector |α〉〈β| satisfies:

|α〉〈β| =
∫

dReξdImξ

π
〈β|D(ξ)|α〉D(−ξ). (1.37)

Proof. Similar to the way by which many formulae relevant to quantum mechanics are
proven, this one is also proven using a clever representation (thanks to the exceptionally
useful Schur’s lemma [18]) of the identity operator. Define the expression I(α, β, γ, δ) by :

I(α, β, γ, δ) =

∫
dReξdImξ

π
〈β|D(ξ)|α〉〈γ|D(−ξ)|δ〉 (1.38)

Evaluating the Gaussian integral gives I(α, β, γ, δ) = 〈β|α〉〈γ|δ〉e(β−γ)(δ−α) = 〈γ|α〉〈β|δ〉 and
the Lemma follows from the definition of equality of linear operators.2

Recall the definition of T (α, s) in Eq.(1.36). It is useful to show the following Proposition:

Proposition 2. T (α, 0) = 2D(α)(−1)a
†aD†(α)

Proof. Note that D(α)D(β, s)D†(α) = D(β, s)eαβ−αβ so that

T (α, s) =

∫
dReβdImβ

π
D(α)D(β, s)D†(α)

= D(α)T (0, s)D†(α). (1.39)

Note also that

T (0, s) =

∫
dReβdImβ

π
D(β, s) =

∫
dReβdImβ

π
D(−β)es

|β|2
2 (1.40)

where the second equality follows from the symmetry of the integral under β → −β. Next,
we use the fact that after using the coherent state resolution of the identity to expand an

2Linear operators A and B on a Hilbert space H are equal if 〈ψ|A|φ〉 = 〈ψ|B|φ〉 for all |ψ〉, |φ〉 in H.



Section 1.2. HEISENBERG-WEYL COHERENT STATES 17

arbitrary Hilbert-Schmidt operator3 F in terms of the rank one projectors |α〉〈β|, Lemma 1
can be used to write an integral expansion for F :

F =

∫
dReξdImξ

π
tr(FD(ξ))D(−ξ) (1.41)

Then, from Eq.(1.40), it is clear that tr(T (0, s)D(β)) = es
|β|2

2 . One can then use Eq.(1.41)
to note that tr(λa

†aD(β)) = 1
1−λ exp((1 + λ)|β|2/(2(1 − λ))) for λ ∈ C (if one is more

comfortable with the exponential, one may use λa
†a = ea

†a log λ). Taking λ = s+1
s−1

gives

2
1−str((

s+1
s−1

)a
†aD(β)) = e

s|β|2
2 . Because the functional tr(·D(β)) is nondegenerate for all β,

we conclude that

T (0, s) =
2

1− s

(
s+ 1

s− 1

)a†a
(1.42)

⇓

T (α, s) =
2

1− s
D(−α)

(
s+ 1

s− 1

)a†a
D(α) (1.43)

Hence, the first expression for the Wigner function in Eq.(1.34) is equal to tr(ρT (α, 0)) =

tr[2ρD(−α) (−1)a
†aD(α)], which is the second expression.

Studying the different ways to express quasiprobability distributions pays dividends in
increasing one’s facility with operator algebraic manipulations. For example, simple as a
byproduct of working through this example, it is clear that for any Hilbert-Schmidt operators
F , G, one has:

tr(FG) =

∫
dReξdImξ

π
tr(FD(ξ))tr(GD(−ξ)) (1.44)

due to the operator algebraic completeness of {D(ξ)}ξ∈C. In addition, one obtains the
following representation of the quantum state ρ:

ρ =

∫
dReξdImξ

π
W (ξ)T (ξ, 0) (1.45)

It is also evident that the Wigner function can be negative; in fact, from Eq.(1.34), it is clear
that −2 ≤ W (α) ≤ 2. To see this, just consider the possible values of W (0).

We mention that the Glauber-Sudarshan P function and Husimi Q function can be
similarly expressed by:

Q(α) = tr(ρT (α, 1)) (1.46)

P (α) = lim
s→1−

tr(ρT (α, s)) (1.47)

3We use Hilbert-Schmidt operators here in order to exploit its Hilbert space structure.
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where the limiting procedure in the definition of P is necessary only for certain “highly
quantum” states ρ. We note that quasiprobability distributions can be mathematically
defined for any bounded operator by replacing ρ in the definition of the quasiprobability
distribution with the bounded operator. In the case of the Wigner function, the resulting
quasiprobability distribution associated to the bounded operator is called the Weyl symbol
of the operator [26].

The multimode and continuum generalizations of quasiprobability distributions are also
of interest, for the same reason as are those of the single mode. The N mode Wigner function
is an analytic function on CN which is a simple generalization of the single mode Wigner
function:

W (α1, . . . , αN) :=

(
2

π

)N 〈( N⊗
i=1

Di(αi)

)
eiπ

∑N
j=1 a

†
jaj

(
N⊗
i=1

Di(αi)
†

)〉
(1.48)

Now that we have developed a picture for quasiprobability distributions on a finite di-
mensional classical phase space which encode the full information of an arbitrary quantum
state, it is useful to wonder if this distributions exist for states of quantum field theories, such
as those describing the weakly interacting Bose gas (Section 2) or more complicated models.
The answer is “yes” [27], but it seems that they are not very well explored for any systems.
Because certain quantum dissipative (i.e., nonunitary) evolution equations and equations of
motion for nonequilibrium quantum field theory take on simple forms when expressed in
terms of quasiprobability distributions (not to mention that these processes are much easier
to visualize in the quasiprobability picture) it seems to be of interest to pursue this approach
to nonunitary evolution of quantum field theories.
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Chapter 2

Interacting Bose gases

Many of the most interesting real and idealized systems of modern condensed matter physics
are comprised of interacting bosons. The quintessential example of a quantum field theory
taught to students, the relativistic Klein-Gordon theory, describes neutral, noninteracting,
massive, relativistic bosons. Also in this class are liquid and solid 4He, which are strongly
interacting systems of bosonic atoms. The most important point of this chapter is that the
phenomena of Bose-Einstein condenstation (BEC) (defined as a state in which a “macro-
scopic” fraction of the bosons are in the same single particle mode) and superfluidity (defined
as a suppressed current response to a drive), although they commonly appear together in 3
spatial dimensions (D = 3), are distinct. The former reflects the tendency of a system of
bosons to minimize its kinetic energy, while the latter arises from the interparticle interac-
tions. For instance, a noninteracting system of bosons in D = 3 exhibits complete BEC and
no superfluidity at T = 0 K, while in 2 spatial dimensions (D = 2), interacting bosons ex-
hibit superfluidity below the Kosterlitz-Thouless transition temperature, but cannot exhibit
BEC. We will not discuss the theory of the noninteracting Bose gas (see Ref.[28]), but rather
focus on interactions which lead to the phenomenon of superfluidity.

2.1 Weakly-interacting Bose gases (WIBG)

Unlike ideal Bose gases, which completely condense at T = 0K into the many-body ground
state (a tensor product of single particle states), interacting bosons do not completely con-
dense. Examples of atomic gases falling into this category are the alkali metals 23Na and
87Rb. The mass fraction of bosons which do not condense is referred to as the “depletion

fraction,”
∑
i 6=0 Ni

N
, while the complement is referred to as the “condensate fraction,” N0

N
. Both

of these quantities can be calculated from the following (D = 3) Hamiltonian:

H =

∫
d3xψ†(x)

(
−~2

2m
∇2

)
ψ(x) +

∫
d3x

∫
d3x′ V (x′, x)ψ†2(x′)ψ(x)2 (2.1)
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where ψ(x) is the field operator, and m is the bare atomic mass. Here I have not put a
hat on the field operator, but it should not be confused with the expression for the field
appearing as the argument of the coherent state path integral (see Part II). In particular, a
self-adjoint operator, e.g., the Hamiltonian, is a functional of ψ and ψ†, while the action in
the coherent state path integral is a functional of the function ψ and its complex conjugate
ψ. The Hamiltonian in Eq.(2.1) is valid for temperatures low enough that the alkali atoms
are in their internal ground states. The absence of three-body and higher order terms
in this Hamiltonian is due to the diluteness of the gas. As noted in Ref.[19], three-body
interactions are required for molecule formation, so at low densities (i.e., low pressures for
a given low temperature) the metallic state, which would otherwise be the ground state for
a collection of certain alkali atoms, is precluded. For the weakly-interacting Bose gas, the
two-body potential V (x′, x) can be taken to be proportional to a D = 3 Dirac delta function:
V (x′, x) := V0

2
δ(x′ − x), where V0 = 4π~2a

m
, with a the s-wave scattering length defining the

hard-sphere radius used for calculating the asymptotically free wavefunction of two atoms
(i.e., for large interatomic distance). Assume the gas is condensed in a box of volume V .
Then, taking ψ(x) = 1√

V

∑
k e

ikxak, one sees that the Fourier transformed Hamiltonian is:

H =
∑
k

~2k2

2m
a†kak +

V0

2V

∑
pqk

a†pa
†
qap+kaq−k (2.2)

where k1,2,3, p1,2,3, q1,2,3 ∈ π
L1,2,3

Z.

Two points are clear from the momentum representation of the Hamiltonian: 1) due to the
interaction, the single particle spectrum is not E(k) = ~2k2

2m
as one calculates for a free (i.e., de

Broglie) particle, and 2) the Lie algebra describing this system is a countably infinite product
of Heisenberg-Weyl Lie algebras h3. Comparing the field operator ψ(x) = 1√

V

∑
k e

ikxak to

the field operator in Subsection 1.2.2, one is tempted to consider the function 1√
V

exp(ikx)
to be the single particle wavefunction for this system. However, this is only true in the
noninteracting case a → 0; these wavefunctions are therefore used only to represent the
Hamiltonian in terms of momentum eigenstates. In particular, for this system, the physical
field operator and its properties, including the physical renormalized mass of the particles
of the weakly interacting Bose gas, must be calculated perturbatively.

2.1.1 ODLRO and Bogoliubov’s approximation

The most important feature of the Hamiltonian of Eq.(2.1) is that it is symmetric under the
U(1) gauge transformation ψ(x) → eiθψ(x). It is frequently said that, in a homogeneous
system, the expectation value 〈ψ(x)〉, with the expectation value taken in the state of the
gas, is the order parameter for the condensed phase. That is, this expectation is nonzero
deep in the condensed phase and is zero deep in the noncondensed phase. A nonvanishing
expectation value of the field operator is a result of spontaneous symmetry breaking of
the U(1) symmetry. This is easy to see from the weakly-interacting Bose gas Hamiltonian:
adding a term of the form

∫
d3x ηψ(x)−ηψ†(x) with even a very small value of η ∈ C results
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in a ground state with nonvanishing expectation value of ψ(x). This term is not invariant
under the global U(1) transformation ψ(x)→ ψ(x)eiθ, so it is analogous to introducting an
infinitesimal magnetic field into the quantum Ising model to break the Z2 symmetry. If we
return to the example ψ(x) = 1√

V

∑
k e

ikxak (this is the same as taking the ϕi(x) in Section

1.2.2 to be momentum eigenstates ϕi(x) := 〈x|k〉, i.e., the system is translationally invariant),
it is easy to see that

∫
d3xηψ(x) = η

√
V a0, where a0 is the annihilation operator of the zero

mode. Therefore, one can identify exp[
∫
d3x ηψ(x) − ηψ†(x)] = D0(η

√
V ), where D0(·) is

the displacement operator (introduced in Section 1.2.1) in the zero mode. In the coherent
state path integral (in momentum space) for the WIBG described by Hamiltonian (2.1),
the symmetry-breaking perturbation with constant source η corresponds to macroscopic
displacement of the zero momentum mode. In particular, to find the value of any observable
A in a state of the system with broken U(1) symmetry, one calculates

〈A〉η :=
tr(Ae−βHD0(η

√
V ))

tr(e−βHD0(η
√
V ))

(2.3)

where tr(e−βHD0(η
√
V )) is the partition function in the presence of the symmetry breaking

perturbation implemented by infinitesimal displacement of the zero momentum mode. The
physical reason for considering BEC in the WIBG as a symmetry breaking phenomenon
is that two independently, identically prepared atomic condensates exhibit matter wave
interference upon coming into contact. The complex variable η in the symmetry-breaking
term above is not required to be constant, but if it is not constant, then the Noether charge
[29] associated to the global U(1) symmetry (in this case, just the boson density) couples
also to excited momentum modes and the T = 0 K ground state of the gas does not have a
spatially constant density.

A mathematical consequence of the system being in a state of BEC can be seen from
again taking ϕi(x) = 1√

V
eikr to be wavefunctions of momentum eigenstates in Proposition

1. It is clear from Eq.(1.30) that 〈ψ̂†(r)ψ̂(r′)〉 = 1
V

∑
k nke

ik(r′−r), where nk := 〈a†kak〉. If the
state in which the expectation value is taken has a macroscopically large number of particles
in the k = 0 state (i.e., n0 ≈ N , so that the state exhibits BEC) we can take the limit
|r − r′| → ∞ on both sides to get

lim
|r−r′|→∞

〈ψ̂†(r)ψ̂(r′)〉 =
n0

V
(2.4)

The nonvanishing of the far off-diagonal matrix elements of η[1] is called off-diagonal long
range order (ODLRO).

It follows from the above analysis that if a system exhibits BEC in the zero momentum
mode, then the single particle density matrix exhibits ODLRO and also, as a consequence
of U(1) symmetry breaking, the expectation value of the field operator in the (many body)
quantum state describing the BEC, 〈ψ(x)〉 is nonzero. Below, we will see that in the ground
state of the WIBG, say |G〉, we have |〈G|ψ(x)|G〉| =

√
n0

V
, where n0 is the number of bosons
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in the zero momentum mode. But what is a sufficient condition for BEC (the condition
of having nearly all the bosons in the same single particle state)? To this end, note that
ψ(x) = 〈ψ(x)〉+ φ(x) with φ(x) = (ψ(x)− 〈ψ(x)〉) so that

〈ψ†(x)ψ(x′)〉 = 〈ψ(x)〉〈ψ(x′)〉+ 〈φ†(x)φ(x′)〉. (2.5)

Concretely, by the definition of BEC we require two conditions on |G〉: 1) n0 . N and 2) that
there is ODLRO in the ground state |G〉. For 1), it is sufficient that

∫
d3x |〈G|ψ(x)|G〉|2 .∫

d3x〈G|ψ†(x)ψ(x)|G〉 which is true if and only if
∫
d3x 〈G|φ†(x)φ(x)|G〉 � N . As mentioned

above, ODLRO exists in |G〉 if lim|x−x′|→∞〈G|φ†(x)φ(x′)|G〉 6= 0. Hence, we state sufficient
conditions for BEC as ∫

d3x ‖|φ(x)G〉‖2 � N (2.6)

lim
|x−x′|→∞

〈G|φ†(x)φ(x′)|G〉 6= 0 (2.7)

There are two unusual features of the 〈ψ(x)〉 order parameter: 1) it is the expectation
value of a non-self-adjoint operator, 2) in the case of an external driving on the gas modeled
by a u(1) gauge field (see Section 3.1 for an explicit description), it is not locally gauge
invariant. Any concern about the order parameter being directly observable can be alleviated
by noting that 〈ψ(x)〉 is nonzero if and only if its real and imaginary parts are nonzero. Hence,
one can always replace the order parameter 〈ψ(x)〉 by the two-component order parameter

〈ψ(x)〉 ↔

(
〈ψ(x)+ψ†(x)

2
〉

〈−iψ(x)+iψ†(x)
2

〉

)
=

(
Re〈ψ(x)〉
Im〈ψ(x)〉

)
(2.8)

which is the expectation value of local self adjoint operators and therefore can be considered
as an observable. We will discuss the second point in Part II.

The next question about the microscopic physics of the Bose gas is, “What sorts of
many body states allow for a nonzero value of 〈ψ(x)〉” It is clear from the definition of a
nonrelativistic field operator as a linear combination of annihilation operators that its matrix
elements between Fock states vanishes. This question was addressed in Section 1.2.2, where
it was noted that the mode in which the Bose-Einstein condensation occurs is not necessarily
a coherent state, but must be a superposition state in the Fock basis. From this, one might
conclude that the ground state of a weakly-interacting BEC must be a superposition of states
with definite number of condensed bosons. However, there are equivalent (in first-order
physical predictions, i.e., equivalent to Bogoliubov theory) descriptions of the WIBG which
presuppose a Fock state for the lowest momentum mode [30, 31]. One of these approaches
involves replacing the bosonic operator ak by

ck := a†0(a†0a0 + 1)−
1
2ak (2.9)

and replacing a†k by c†k. It is clear that if the k = 0 mode is described by a Fock state |N〉0,
then 0〈N |c0|N〉0 =

√
N and hence 〈c0〉 is an order parameter for BEC (note the c0 is self-

adjoint and thus a valid observable, so no modifications are necessary). So, one must look
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even deeper to answer the question “does the condensate mode of the T = 0 K ground state of
the WIBG contain a definite number of bosons?” My personal opinion is that the condensate
mode has a more well-defined phase than particle number. This opinion is substantiated by
an observation from quantum optics that coherent states and Fock states transform utterly
differently under linear quantum optical elements, e.g., beam-splitters and phase-shifters.
The transformation of Fock states depends sensitively on the parity of the number state
while the coherent state transforms like a classical light wave. It seems that the matter is
still unsettled because two qualitatively different descriptions of the condensed mode (the
coherent state description and the Fock state description) can describe the condensed gas
equally well.

Now that the conditions for a nonzero value of the order parameter 〈ψ(x)〉 have been
identified (i.e., the system condensed into the lowest energy mode either into a superposi-
tion of Fock states when the usual field operator is used, or possibly a Fock state if the
replacements for the annihilation operator in Eq.(2.9) are used) , it it useful to consider its
dynamics. The dynamics of the order parameter can be derived (as usual) from the Hamilto-
nian in Eq.(2.1). The mean field equation of motion for 〈ψ(x)〉 (which neglects the dynamics
of φ(x) = ψ(x) − 〈ψ(x)〉, the noncondensate field) is obtained by writing the field opera-
tor ψ(x) = 〈ψ(x)〉 + (ψ(x)− 〈ψ(x)〉), substituting into the Hamiltonian, neglecting terms
containing φ(x), and minimizing the Hamiltonian H. The resulting stationary equation for
〈ψ(x)〉 is called the Gross-Pitaevskii equation:

−
(
~2∇2

2m
+ µ

)
〈ψ(x)〉+ V0|〈ψ(x)〉|2〈ψ(x)〉 = 0 (2.10)

which, unlike the Schrödinger equation, is nonlinear. The lowest energy solution to this
equation is the one with least kinetic energy, i.e., the trivial constant solution 〈ψ(x)〉 = c =√

µ
V0
eiθ :=

√
ρ0e

iθ ∈ C, where ρ0 := n0

V
is the density of condensed bosons. A dynamical

equation can be obtained using the canonical formalism. Specifically, one writes down the
Lagrangian corresponding to the weakly-interacting Bose gas Hamiltonian and uses the same
mean field approximation as described above, except in this case there will be explicit time
dependence:

−i~∂t〈ψ(x, t)〉 − ~2∇2

2m
〈ψ(x, t)〉+ V0|〈ψ(x, t)〉|2〈ψ(x, t)〉 = 0 (2.11)

It is imperative to keep in mind the mean field nature of this equation; it is not valid for
the full field operator in a strongly interacting theory, but merely for its expectation value.
In a strongly interacting system, the dynamics of the full field operator will contain high-
order quantum corrections. As a consequence of the restriction of its validity to mean field
dynamics, we conclude that the Gross-Pitaevskii (GP) equation is not a realistic description
of, e.g., liquid 4He. The mean field expansion of the field operator of the form ψ(x) = c+φ(x)
with c =

√
n0

V
eiθ ∈ C (n0 representing the number of particles in the zero momentum mode,

n0 ≈ N), and φ(x) = 1√
V

∑
k 6=0 e

ikxak, was first carried out by N.N. Bogoliubov in his
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solution of the weakly interacting Bose gas (see Ref.[32] and references therein).1 The time-
independent GP equation can be regained from the time-dependent GP equation in Eq.(2.11)
by considering 〈ψ(x, t)〉 = 〈ψ(x)〉e−iµt/~, where µ is the chemical potential. In Section 3, the
coherent state path integral will be used to write down the action for the WIBG and the
stationary phase approximation to the coherent state path integral will be used to derive
equations of motion after various manipulations have been made.

Taking Bogoliubov’s expression for the field operator, substituting back into Eq.(2.1),
and diagonalizing the resulting Hamiltonian, results in the Bogoliubov spectrum given by:

E(k) =
~2

2m

√
k4 + 16πaρk2 (2.12)

where ρ := N
V
≈ ρ0 is the particle number density. The particles for which this dispersion

relation is valid are not the elementary bosons annihilated by ak, but “bogolons,” created
and annihilated by appropriate linear combinations of the elementary boson creation and
annihilation operators. At low momenta, these excitations are the phonon excitations of the
liquid. This dispersion relation is nonconvex (and therefore reflects the interactions in the
WIBG), but does not exhibit a local minimum for k 6= 0, as does the dispersion relation of
superfluid 4He.

The crossover from phonon behavior to free particle behavior of the Bogoliubov dispersion
relation for the WIBG occurs at a momentum k = 1

ξ
[19], where ξ = 1√

8πaρ0
is the “healing

length.” This healing length is a characteristic length for the condensate density coherence
of the system. It diverges as the transition temperature is approached from below, as is
expected for a second order (continuous) phase transition.

2.1.2 Popov approximation

In the above discussion of necessary and sufficient conditions for BEC, we have implicitly
assumed that T = 0 K. To calculate the number of bosons in the condensed mode at T 6= 0
K, I will briefly mention the approach of V.N. Popov, in which an approximate temperature
dependent condensate density ρ0(T ) := n0(T )

V
is calculated [33]. This quantity is necessary

for defining a temperature-dependent healing length

ξ =
1√

8πaρ0(T )
(2.13)

where ρ0(T ) := n0(T )
V

for all temperatures T . The T -dependent healing length will be used
in Chapter 3 to analyze the crossover between two regimes of flow between reservoirs of
WIBGs.

Popov’s approach is a serious exercise in nonrelativistic quantum field theory at finite
temperatures. Because of the presence of the condensate, anomalous Green’s functions

1The decomposition ψ(x) = 〈ψ(x)〉+(ψ(x)− 〈ψ(x)〉), of which the Bogoliubov approximation is a special
case, was introducted by Beliaev.
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〈ψ(x)ψ(x′)〉 and 〈ψ†(x)ψ†(x′)〉 as well as standard Green’s functions must be calculated; the
former class of Green’s functions requires some clever and physically well-motivated approx-
imations to be made. First, the noncondensate density is calculated by a standard formula
utilizing the Bose distribution with Bogoliubov spectrum. Second, the condensate density is
calculated by approximating the anomalous Green’s function and using the assumption that
〈ψ(x)〉 is nonzero. The final result is

n0(T ) =
V Λ

V0

+
6mV ~kBT

~2
(2Λ)

1
2 (2.14)

where Λ := µ− 2(4π)−3/2ζ(3
2
)
(

2mkBT
~2

) 3
2 and ζ(z) is the Riemann zeta function.

2.2 Liquid 4He

The isotope of atomic mass 4 of helium was liquefied by H.K. Onnes in 1908 at Leiden
University. The discovery of superfluidity (flow with zero viscosity) was discovered simulta-
neously by Kapitza in Moscow and Allen and Misener at Cambridge. It seems to me that
if Kapitza had not been arrested by the KGB upon a visit to Moscow, these three would
have coincided at the Cavendish Laboratory in Cambridge and there would have been less
contention over the discovery of superfluidity. A brief and dramatic history of liquid 4He has
been presented by A. Griffin [34].

In addition to the appearance of zero viscosity flow, the transition from normal liquid
4He (He I) to superfluid 4He (He II) as temperature is decreased through about 2.17 K is
characterized by a jump in the heat capacity at saturated vapor pressure. The graph of
the heat capacity in the vicinity of the jump resembles the Greek letter λ and the name
“lambda transition” for the transition from He I to He II stuck. The lambda transition
temperature Tλ is about 2.17 K for geometrically unconstrained systems, but significant
finite size depression of the transition temperature is observed for the liquid constrained in
capillaries having diameter of the order of a few nanometers. Tables for the lambda transition
temperature can be found in Ref.[35, 36]. The superfluid dynamics, i.e., the dynamics of
phonon, roton, and vortical excitations, of He II near the lambda transition is a subject of
significant current interest.

The first connection of the phenomenon of BEC to superfluidity was made by Tisza and
London. However, the actual demonstration that BEC and nonviscous flow exhibited by
helium below Tλ appear together (i.e., the coincidence of the BEC transition temperature
TBEC and the lambda transition temperature Tλ) in this system has required path-integral
Monte Carlo simulations of the condensate fraction and superfluid fraction[37]. However,
even in the T → 0 limit, the maximal condensate fraction is about 0.08, while the liquid is
completely superfluid in the same limit. A common explanation of this occurrence is that
to the large repulsive interaction between the helium atoms restricts their effective space
of positions in the container so that each atom must be more localized. The Heisenberg
uncertainty principle then requires that the variance in the momenta of the atoms increases,



Section 2.2. LIQUID 4HE 26

i.e., the atoms cannot condense into the zero momentum state. Although the path integral
Monte Carlo method will be discussed in more detail in Part III, the much more microscopic
explanation it provides for the same phenomenon merits an immediate preview. In a path
integral Monte Carlo simulation, a single helium atom is represented by a closed, piecewise
linear path parametrized by the imaginary time in the container of interest. One particular
rule of motion of these paths is that they can break apart and recombine to form larger paths;
however, these moves are rarely accepted by the sampling algorithm because it is usually
energetically favorable for a path to close on itself. When they do form, these larger paths
correspond to a bosonic permutation of the atoms. The onset of superfluidity is signaled
by a nonzero average winding number of the permutation paths. The condensate fraction is
calculated by requiring that one path be open, say, with ends at r and r′ in the container.
The single atom momentum distribution will reflect BEC if the r, r′ matrix elements of the
1-RDM (introduced under the name “off-diagonal long range order”) in Subsection 1.2.2) do
not vanish as |r− r′| → ∞. Even while in the superfluid phase, where there is a rather high
probability that the open path be incorporated in a (permutation) path which winds about
the container, it is energetically favorable for the resulting open path to close on itself. This
greatly suppresses the condensate fraction below 1, while allowing a superfluid fraction near
unity for low temperatures.

Instead of invoking the idea of bosonic condensation, Landau provided an alternative
explanation of superfluidity (the “two-fluid model”) in terms of two simultaneously existing
fluids, the superfluid and the normal fluid. At all temperatures at which 4He is liquid
(i.e., for both the He I and He II phases), the total density of the liquid is determined
by ρ = ρs + ρn, where the normal fluid density, ρn, is determined by the Planck thermal
distribution function of the phonons and the Boltzmann thermal distribution function of the
roton excitations in the frame of the moving superfluid. The rotons are massive bosonic
particles themselves, so in the limit T → T−λ or if the superfluid velocity is approaching

the critical value for spontaneous excitation of elementary excitations vs → v
(c)
s , the roton

distribution function must be taken to be the Bose distribution. The ability of the two-fluid
model to explain almost all of the unusual hydrodynamic phenomena occurring in liquid
4He (e.g., the thermomechanical effect; second, third, and fourth sounds; the fountain effect)
across a wide temperature range below the lambda point is a testament to Landau’s ingenuity
and the exceptional usefulness of semiclassical models of quantum mechanical systems.

The efficacy of the two-fluid model in describing the thermodynamic and transport prop-
erties of liquid He II, however, has been a curse to people trying to gain a global perspective
on bosonic quantum liquids. On the one hand, the microscopic picture consists of a field
operator taking a nonzero expectation value in the condensed phase due to the appearance
of (position basis) off-diagonal long range order, a condensate density ρ0(T ), a nonconden-
sate density ρ′(T ), and the associated currents; on the other hand, in the Landau two-fluid
model, there is the superfluid density, the normal fluid density, and the associated velocities.
The relationship between these pictures is not simple, and requires a field theoretical com-
putation of the definition of the normal fluid density as the viscous portion (by mass) of the
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fluid. We will return to this question in Subsection 2.2.2.

2.2.1 Landau critical velocity and Hess-Fairbank effect

The reduced effective moment of inertia of the superfluid when rotated (equivalently, the
reduced dissipation observed in a slow superfluid flow through a capillary) cannot persist
for high angular velocities (large superfluid velocities). At some value of the superfluid
velocity vs, the global energy difference between the superfluid vacuum and the vacuum of
an inertial observer, i.e., the walls of the container, is too large and elementary excitations
are spontaneously produced. This is the case even at T = 0. The critical velocity v

(c)
s

at which the spontaneous production of quasiparticles occurs is called the Landau critical
velocity. A modern version of Landau’s argument is as follows [38, 39]: Assume T = 0. The
energy of the superfluid in the laboratory frame is K + E0 with E0 the zero-point energy
and K = ρs(T = 0)v2

sV/2 = ρv2
sV/2 = Mv2

s/2 is the kinetic energy, where V is the system
volume and M the net 4He mass. If an elementary excitation of momentum p (energy E(p))
in the frame of the superfluid is nucleated, then the energy of fluid in the superfluid rest
frame is E(p) + E0, where we take E(0) = 0. In the laboratory frame, the energy of the
excited superfluid is E(p) + E(0) + (p + Mvs)

2/2M , so the global energy (i.e., energy in
the laboratory frame) of the excitation is E(p) + pvs. If p is antiparallel to the flow, then
vs · p takes its minimum value −‖vs‖‖p‖. Hence, the minimum superfluid velocity resulting
in a reduction of laboratory frame energy due to an excitation in the fluid antiparallel to vs
occurs at v

(c)
s = minpE(p)/‖p‖. The plot of the critical phonon dispersion v

(c)
s p is plotted

with the Feynman spectrum of liquid 4He in Fig.2.1.
The Landau critical velocity exists even for weakly-interacting Bose gases as can be seen

from the spectrum resulting from the Bogoliubov approximation. In fact, all that is needed
is for the dispersion relation to be concave on an interval [0, pc] ⊂ R+. We can calculate the
Landau critical velocity for the Bogoliubov approximation to the weakly-interacting Bose
gas by using Eq.(2.12) and noting that in the frame of the (cylindrical) container moving at
a velocity −v relative to the gas, the spectrum is given by:

E ′k = ~k · v +
~2

2m

√
k4 + 16πank2 (2.15)

If k · v = −‖k‖ ‖v‖ (k antiparallel to v), then one calculates v(c) = 2~
√
πan
m

. Note that this
critical velocity is slightly lower than the speed of sound calculated from the ground state
compressibility in the Bogoliubov approximation [19].

For liquid 4He, the Landau critical velocity is estimated theoretically to be around 60
m·s−1, however, this value of the critical velocity was difficult to obtain in experiments due
to the inevitable presence of remnant vorticity in the liquid; values of 8-10 m·s−1 have been
observed [40, 41] for He II flow under “standard” conditions. Landau critical velocities closer
to 60 m·s−1 have been observed in transport of ions through pressurized channels containing
highly pure 4He [42]. The quantized vortices form during the cooling quench and can remain
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Figure 2.1: Dispersion relation for an interacting Bose gas. The roton gap is the minimal
energy of a roton, ∆ := E(p0). The more repulsive the interatomic interaction, the smaller

the roton gap. The dashed line is the critical phonon dispersion with speed v
(c)
s . This

critical velocity is defined by the phase velocity v
(c)
s = (E(p)/p)

∣∣
p=pc

being equal to the

group velocity dE(p)/dp
∣∣
p=pc

.

pinned to inhomogeneities of the boundary caused by rugosity of the container [43]. Theo-
retically derived or experimentally observed critical velocities in the presence of remnant (or
background) vorticity or excitation density are termed “extrinsic critical velocities,” while
those critical velocities referring to an ideal state of no background excitation are termed
“intrinsic critical velocities.” An intrinsic critical velocity associated with the creation of
vortices from driving static He II (called a “Feynman critical velocity”) is, in general, dif-
ferent from the Landau critical velocity. Feynman’s prediction for the critical velocity for
vortex nucleation in an annulus of width D and for characteristic vortex core diameter a is
given by:

vs,vortex =
~
mD

log

(
D

a

)
(2.16)

The presence of the remnant vortices causes a reduction of the roton gap ∆ in the spec-
trum. The roton gap is experimentally found to decrease with increasing temperature and
increasing pressure, but the value of p0 is found to depend only on the total density [36].
General relationships between extrinsic and intrinsic critical velocities are of great interest;
in particular, the trouble of remnant vorticity reducing the expected Landau critical velocity
obstructs theoretical work to robustly characterize the different critical velocities from study-
ing confined liquid 4He in various geometries. It should be noted that the usual derivation
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of critical angular velocity for vortex nucleation does not proceed along the same lines as
Landau’s argument

In a small neighborhood of the roton minimum p0, the dispersion relation is E(p) ≈
∆ + (p− p0)2/2µ, where µ is the effective roton mass. The “Landau parameters” at T = 1.1
K and vapor pressure for the roton minimum are ∆ = 8.68kBJ, p0/~ = 1.91 Å−1, and
µ = 0.16m. It must be noted that p0 and pc do not coincide (they cannot, for the tangent to
the dispersion at p0 has zero slope). This raises the question of the nature of the excitations
when an ideal (i.e., completely free of residual vortices or other excitation) is adiabatically

accelerated to the critical superfluid velocity v
(c)
s . According to the adiabatic theorem, these

excitations must be smoothly connected to rotons if the fluid is subsequently adiabatically
decelerated, but it seems that since the initially formed excitations (those with momenta pc
antiparallel to the superfluid velocity and having energy E(pc)) have higher energy than the
rotons at the roton minimum (in the frame of the moving superfluid), there should exist a
decay route which dissipates energy to the superfluid flow.

The Hess-Fairbank effect [44] is the bosonic neutral superfluid analog of the Meissner
effect in Type-II superconductors. The latter effect consists of the expulsion of a magnetic
field from a metal in the superconducting phase, except for a short distance from the bound-
ary of the metal (the London penetration depth) in which region the electromagnetic field
is an evanescent wave. The Hess-Fairbank effect can be described by the same sentence by
replacing “magnetic” by “vorticity,” “superconducting” by “superfluid” and “metal” by “liq-
uid.” The Meisser (Hess-Fairbank) effect breaks down for strong enough magnetic (vorticity)
fields by the mechanism of formation of a vortex lattice. One must be careful, however, in
making the analogy between a Type-II superconductor and a neutral bosonic superfluid too
far because the condensed particles of the superconductor, the Cooper pairs, have electric
charge −2e. In particular, Cooper pair supercurrents can induce supercurrent in nearby
superconductors or classical electron current in normal metals simply due to inductive cou-
pling. In contrast, there is no Faraday’s law for liquid 4He, i.e., if two tori containing liquid
4He are linked like chain rings and circulation is induced in one torus, there is no effect on the
other torus. Because of the suggestive correspondence between superconductors and bosonic
superfluids, the possibility of inductive coupling has actually been checked experimentally
(no coupling was observed).[45]

The mean field equation which the magnetic vector potential (i.e., u(1) gauge field) A(x)
must satisfy inside the superconductor is the London equation [23], which can be derived from
the microscopic action by considering a spontaneous U(1) symmetry breaking of the value
of the pairing field of the superconductor 〈ψk,↑ψ−k,↓〉 [11]. In the symmetry broken phase,
the gauge field A(x) exhibits a nonzero mass which depends on this expectation value of the
Cooper pair condensate field. Hence, the vector potential (and hence the electric current,
according to the London equation) cannot take large values in the bulk of the superconductor.
In Chapter 3 we will see that a gauge theory for the WIBG actually appears naturally when
one considers the transformation of the action under constant Galilei boosts because such
boosts can be considered as a uniform flow of the gas. Local U(1) gauge theories for WIBG
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have been posed, and different interpretations of the gauge field have been presented, but this
approach to the WIBG theory is not yet widely accepted. In the interpretation of Chapter
3, a linear combination of the gauge field and the gradient of the macroscopic phase produce
a gauge-invariant velocity field, which satisfies a London equation (called a Hess-Fairbank
equation below) with penetration depth inversely proportional to the square root of the
number of condensed bosons. In that case, the mass of the gauge-invariant velocity field
depends on the number of condensed bosons.

2.2.2 From interacting bosons to two-fluid theory

We return now to the question of calculating the thermodynamic quantities of the two-fluid
model from a microscopic model of interacting bosons. The physical systems for which
Hamiltonian Eq.(2.1) is a valid description of the low energy physics are weakly interacting
bosonic gases. Atomic condensates which are described by this model must be trapped (in
optical or magnetic traps) and cooled to millikelvin temperatures to achieve BEC. Such
condensates consist of O(104) atoms. In contrast, the strongly interacting liquid 4He system
is a liquid which can be condensed in, e.g., a dewar, and is composed of a truly macroscopic
number of particles. In order to exhibit superfluidity, a collection of bosonic atoms must exist
in a local hydrodynamic regime (not necessarily in global thermal equilibrium) in which local
thermodynamic quantities such as density, temperature, and entropy can be defined [46].
This regime is characterized by strong interatomic collisions resulting in short relaxation
times and by dissipation of excitation energy to the boundaries of the container. Dilute
condensed Bose-Einstein condensates have been prepared in this superfluid regime; they
exhibit collective modes analogous to (but distinct from) those predicted by the two-fluid
model for liquid 4He [47].

In the hydrodynamic regime, the variables of the two fluid model (i.e., ρn, ρs, vn, vs, all
quantities being spacetime dependent) can be well defined from the variables of the weakly
interacting Bose gas. An appropriate definition of either ρn or ρs is sufficient for the other
due to the relation ρ = ρn + ρs. In the simplest models, such as the ZNG model [46], which
microscopically justify two-fluid behavior in the WIBG by first assuming a negligible deple-
tion fraction at zero temperature, the superfluid density and normal fluid density correspond
to the condensate density and density of thermal excitations, respectively.

Pines and Nozieres consider the normal fluid to be a gas of thermally excited quasiparti-
cles which dissipate the kinetic energy of the liquid by inelastic collisions with the container
boundary. I. Khalatnikov views this as the mass current in the frame of the static superfluid
(i.e., frame in which vs = 0). From this point of view is convenient to view the normal
fluid density as the susceptibility (and, thus, as a tensor quantity (ρn)ij, i, j ∈ {1, 2, 3}) to
an external mechanical perturbation, such as rotation. Specifically, in the linear response
regime, the normal fluid tensor is given by:

(ρn)ij(x) := β

∫
d3x′ 〈ji(x)jj(x

′)〉c (2.17)
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with d3x := dxdydz, 〈·〉c the connected correlation function, and j(x) := −i~
2

(ψ†(x)∇ψ(x)−
(∇ψ†)ψ(x)) is the current operator. When applied to the WIBG, this definition allows for a
nonzero normal fluid fraction at T = 0 K which is equal to the depletion fraction

∑
k 6=0 nk/N ;

however, we know that at the same temperature, superfluid helium has a zero normal fluid
fraction. So, it seems that this definition of ρn is not suitable for liquid 4He, which has a
large depletion fraction at T = 0 K, either because the normal fluid of liquid 4He is beyond
a perturbation expansion of the definition for the WIBG or because this microscopic picture
of the normal fluid density is not correct. There are also other ways to define a normal
fluid density and superfluid density directly from considering the expected mass current in
an inertial reference frame and using the WIBG spectrum and the temperature-dependent
condensate density ρ0(T ) [33]. The main formula which relates, in general, the superfluid
density to the condensate density is [21]:

ρs
ρ0

= − lim
k→0

m2

k2G(k, 0)
(2.18)

where G(k, ω) is the imaginary time full Green’s function and m is the bare mass. Although
exceptionally useful for relating the hydrodynamic notion of superfluid to the microscopic
quantity of condensate density, this equation is difficult to derive and will not be used
further in this dissertation. In defining a superfluid density which is applicable to strongly
interacting bosonic liquids, one must keep in mind the fact that long wavelength longitudinal
phonons do not affect the global superfluid fraction. Their effect can be “gauged away” by an
appropriate redefinition of the field operator [6]. Only transverse perturbations and thermal
free excitations (i.e., rotons) contribute to the normal fluid density.

It is intuitively obvious that there must be a minimum length scale for observing su-
perfluidity. Trapping O(1) helium atoms in a container with atomic dimensions and then
moving the container walls will result in motion of the helium atoms at any temperature
due to the van der Waals interactions between the helium atoms and the atoms comprising
the container. However, this length scale depends on the degree of helium wetting exhibited
by the container surface. A general, order of magnitude, quantum mechanical calculation of
this length scale can be carried out by noting that the transverse response function χ⊥ has
a peak at a momentum qc [6]. At energies higher than ~q2

c/2m, the system is hence unstable
to the creation of excitations contributing to the normal fluid part. In terms of length scales,
then, there can be no superfluidity at lengths smaller than ` ∼ 2π

qc
. If qc is the wavenumber

of the roton minimum, then ` ∼ 3 Å– which is to be expected.
There are many other differences between weakly interacing bosons and liquid 4He. For

example, the traditional mathematical description of the WIBG is plagued by divergences
in the anomalous Green’s functions and instability of the spectrum for low momenta [15].
Putting aside its obvious relevance to trapped atomic Bose-Einstein condensates, the pri-
mary role of the WIBG model as concerns strongly interacting bosonic liquids is to provide
a mathematical setting for predicting various physical phenomena that might appear in the
latter systems. Predictions of the WIBG model should not be expected to apply quantita-
tively to a system of strongly interacting bosons. This is the general philosophy of Chapter
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3, where this approach is used to predict a crossover in flow dynamics between reservoirs of
liquid 4He just below Tλ.
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Part II

Theory of Josephson oscillations in
driven liquid 4He



34

Chapter 3

Josephson effect from an action
principle in driven He II

Although in this chapter, we will always keep in mind the theory of and experiments on
liquid 4He, the weakly-interacting Bose gas (WIBG) model is still in these days a subject of
significant intrinsic interest. Although the critical phenomena of this model is well-explored,
there is still a lot to learn about the model’s applicability to real systems of condensed
alkali atoms, especially the nonequilibrium dynamics. As mentioned in Section 2.2.1, it
is remarkable that although the Hess-Fairbank and Meissner effects are so qualitatively
similar and the microscopic description of the Meissner effect requires the Anderson-Higgs
mechanism for the existence of a massive U(1) gauge field, the WIBG is not usually described
using a U(1) gauge theory.

The principal analytical tool of this Chapter is a (multivalued) map taking the Hamil-
tonian Eq.(2.1) to a set of integrals over an infinite dimensional space of smooth complex
functions called the coherent state path integral. This map is multivalued because many
different coherent state path integrals can produce the same values for observables (e.g., cor-
relation functions) as the Hamiltonian; this is partly due to the overcompleteness of coherent
states, partly due to the symmetries of the action, and partly due to boundary conditions.
To my knowledge, the functional analysis of the measure defining this integral is a subject
of active mathematical research. I will not discuss the construction of the coherent state
path integral in this dissertation as the construction can be found in [12, 33], among various
other general references. Here I only mention a few critical points about the coherent state
path integral:

• It is easy to produce unphysical results for a system while attempting to carry over
simple path integral manipulations (e.g., from noninteracting systems) to the coherent
state path integral.

• Expressions for observables are usually produced in the form of an infinite sum or
indefinite integral. Convergence of these expressions is the exception, not the rule.
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• When in doubt about a continuum path integral manipulation, one must return to the
prelimit in the construction of the path integral and check the discrete expressions!

In this Chapter, we will make use of natural units by setting ~ = 1, c = 1, and kB =
1. This has the consequence of energy being measured in units of angular frequency, and
temperature having the same dimension as energy.

3.1 Gauge theory of the WIBG

In this Section, we discuss the nature of a u(1) gauge field1 (in analysis terms, a function from
the spatiotemporal domain of the system to the quotient space R/2πZ required by stipulating
single-valuedness of the wavefunction) minimally coupled to a neutral bosonic matter field in
(3+1)-dimensional spacetime. According to some, the gauged model for interacting bosons
can reproduce the global two-fluid theory[38] for normal fluid/superfluid mixtures if the
gauge field is interpreted in an ad hoc manner. Probably the most extensive use of the
gauged weakly-interacting Bose gas has been to explore microscopic vortex dynamics. In
this case the gauge field is interpreted as an external velocity driving the system and/or the
gradient of a (not smooth) phase associated with vortices. Its dynamics is governed by either
the field strength term analogous to the electromagnetic field energy density appearing in
quantum electrodynamics or by topological terms such as B ∧ F theory or Chern-Simons
theory. In my opinion, the Galilei/gauge symmetry of the gauged bosonic system has the
potential to provide a field theoretical description for local superfluidity in (3+1) dimensions
and to rigorously reconcile the relationship between superfluidity and BEC, in particular the
phenomenological (Tisza, Landau-Khalatnikov) picture of the former with the microscopic
(Bogoliubov, Penrose-Onsager, Beliaev) picture of the latter.

Consider the real-time coherent state action for the weakly interacting Bose gas:

S[ψ, ψ;T ] =

∫ T

0

dt

∫
d3r iψ∂tψ −

1

2m
∇ψ∇ψ − V0

2
(ψψ)2 (3.1)

where the Hamiltonian density is H = 1
2m
∇ψ∇ψ + V0

2
(ψψ)2 and we assume that the spatial

integrals are taken over a compact smooth manifold. The equation of motion corresponding
to this action in the stationary phase approximation (i.e., in the mean field approximation,
or, in the jargon of perturbative quantum field theory, at “tree level”) is the Gross-Pitaevskii
equation, which we have shown to be the equation of motion for the expectation value of the
field operator: 〈ψ̂(r, t)〉. Hence, a solution to the stationary phase equation δS

δψ
= 0 with the

appropriate boundary condition is a solution to the Gross-Pitaevskii equation with the same
boundary condition. Hence the condensate wavefunction can be considered as a mean field
approximation to the quantum field ψ(r). The quantum fluctuations about the condensate

1A gauge field is a Lie algebra-valued field (in this case u(1) valued. Recall that an element of the simply
connected Lie group U(1) can be obtained by exponentiating an element of the Lie algebra.
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must be taken into account by expanding the action about a solution to the Gross-Pitaevskii
equation.

In order to consider noncondensate dynamics, one must decompose the field operator into
a condensate part and a noncondensate part and proceed from there. Note that the effects
of trapping or an external container can be incorporated by introducing a local one-body
potential V (r) as a sesquilinear form of the bosonic fields in the action, i.e., the potential is a
one-body operator in second quantization and upon going to the coherent state path integral,
becomes a sesquilinear form for the fields. We will perform on this action a Galilei boost
with constant velocity u ∈ R3. The point is to show that a global Galilean transformation
on a neutral, nonrelativistic scalar bosonic theory with a translation invariant interaction
can be effected as a minimal coupling of a constant U(1) gauge field u = (u, u, u), that is,
by replacing ∂t → ∂t − im2 u

2 and ∂i → ∂i − imui
Letting r0 = t, r1 = x, r2 = y, r3 = z, and ~r := (r1, r2, r3) we define coordinates in a

moving inertial frame K ′ by:

r′ =


1 0 0 0
−u 1 0 0
−u 0 1 0
−u 0 0 1

 r (3.2)

This is a constant boost along each of the axes in the laboratory frame K. Note that the
time derivative ∂t = ∂t′ − u · ∇′, ∇′ = ∇. The action in the boosted frame is

Su[ψ, ψ;T ] =

∫ T

0

dt′
∫
d3~r′ iψ(r′)(∂t′ − u · ∇′)ψ(r′)− 1

2m
∇′ψ∇′ψ − V0

2
(ψψ)2 (3.3)

Using integration by parts (assuming the vanishing of the gradient of the field at the
boundary) we find that∫ T

0

dt

∫
d3~r

(
−iψu · ∇ψ

)
= i

∫ T

0

dt

∫
d3r ψu · ∇ψ (3.4)

so the action can be written as:

SK′ [ψ, ψ;T ] =

∫ T

0

dt′
∫
d3~r′ iψ∂t′ψ−

i

2
ψu ·∇′ψ+

i

2
ψu ·∇′ψ− 1

2m
∇′ψ∇′ψ− V0

2
(ψψ)2 (3.5)

It is easy to see that this a rewriting of

SK′ [ψ, ψ;T ] =

∫ T

0

dt′
∫
d3~r′ iψ(∂t′−i

m

2
u2)ψ− 1

2m
(∇′−imu)ψ(∇′+imu)ψ−V0

2
(ψψ)2 (3.6)

This action exhibits a minimal coupling with chemical potential m
2
u2 and “vector po-

tential” u. Note that the notion of condensate flow in the laboratory frame has not yet
been invoked. If we make a local U(1) gauge transformation in frame K ′ on ψ to give
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the condensate a −u boost and a time evolution with the opposite chemical potential

(ψ → ψe−imu
~r′+im

2
u2t′ ≡ ψ′) then the action returns to its original form, but now with

coordinates and derivatives in K ′. Hence, Galilei boosts are equivalent to a certain type of
local U(1) gauge transformation in the sense that if the experimenter wants to know how
the system looks from the point of view of an observer in K ′, she should perform the Galilei
transformation just introduced.

If instead of using a gauge transformation to undo the boost, we make (in K ′) the local

U(1) gauge transformation: ψ → ψeimv
~r′−im

2
v2t′ (with condensate velocity v 6= u), then the

action is not SK′′ (where K ′′ corresponds to the frame which is (u + v)-boosted from the
laboratory frame K). In fact, it is:

SK′′ [ψ, ψ;T ]−
∫ T

0

dt′
∫
d3~r′ u · vψψ (3.7)

So we see that the Hamiltonian density has become H + u · vψψ after the v-boost to K ′′

from K ′. If the gauge transformation ψ → ψeimv
~r′−im

2
v2t′−imu·vt′ had been made, the action

Su+v would result.
From the above calculation, we see that a Galilei boost with a constant velocity has the

same effect as a local U(1) gauge transformation of a certain kind. We now examine the
question of whether an analogous relationship exists between local Galilei transformation
and a local U(1) gauge theory with space dependent gauge field v(~r) = (v1(~r), v2(~r), v3(~r))
and v0(~r) := φ(~r) a scalar potential. The exploration of this relationship is unfinished, and
work on deriving effective field theories for gauged nonrelativistic systems is ongoing [48].
The local U(1) gauge theory we seek (not including the gauge field dynamics, see Section
3.1.1) is:

S[ψ, ψ, v, φ;T ] =

∫ T

0

dt

∫
d3~r iψ(∂t+imφ(~r))ψ− 1

2m
(∇−imv(~r))ψ(∇+imv(~r))ψ−V0

2
(ψψ)2

(3.8)
This action can be achieved by starting from the ungauged action for the weakly interacting
Bose gas and making the following transformation to the fields:

ψ → ψeiξ(r). (3.9)

After this transformation, one makes the following identification of the gauge field:

φ(r) := ∂tξ

vi(~r) := ∂iξ (3.10)

for i = 1, 2, 3 so that in this case the gauge field is exact when considered as a one-form, i.e.,
it can be written as the differential of a function on the spacetime.

Now that we have shown that a local U(1) gauge transformation on the ungauged action
can result in Eq.(3.8), let us consider the equation of motion for a general vector field v(~r)
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appearing in the action. At mean field level, the equation of motion satisfied by v(~r) is
obtained from the equation of stationary phase δS

δv
= 0:

mv(~r)|ψ|2 =
i

2

(
ψ∇ψ − ψ∇ψ

)
(3.11)

or, in regions in which |ψ| 6= 0,

v = − 1

m
∇Arg(ψ). (3.12)

In particular, the current due to v is equal to the current of the condensate only at mean
field level. In this case, the gauge field is only locally exact; the argument of ψ may be
multivalued. In physical terms, multivaluedness of ψ may occur due to the presence of a
multiply quantized vortex in the gas. This potential for a multivalued order parameter leads
us to one of the great equations of macroscopic quantum mechanics, the quantization of
circulation. Integration of Eq.(3.12) on a closed cuve is not generally zero, but rather is
restricted to an integer multiple of 2π

m
. Specifically, if C = ~r(t), t ∈ [0, T ] is a parametrized

curve in the container housing the Bose gas with ~r(0) = ~r(T ), then∫
C

d~r · v(~r(t)) =
2π`

m

(
=

2π~`
m

in SI units

)
, ` ∈ Z. (3.13)

The quantity Φ0 = 2π~
m

is known as the circulation quantum.
It is also interesting to note that if ψ(~r, t) is a solution to the Gross-Pitaevskii equation,

then ψ(~r, t)eiξ(~r,t) is also a solution if ξ satisfies:

ψ∂tξ +
~

2m
ψ(∇ξ)2 =

i~
m

(
∇ψ · ∇ξ +

1

2
ψ∇2ξ

)
. (3.14)

Starting with the ungauged action, consider the local change of frame: r′i = ri − vi(~r)t,
t′ = t. v(~r) ∈ X(Ω) is a smooth vector field (X(Ω) is the space of vector fields on Ω, i.e.,
a section of the tangent bundle over Ω [49]) of the compact smooth manifold Ω ⊂ R3 (it
has been “raised” to a vector field from a one-form on Ω). Then ∂t = ∂t′ − v(~r) · ∇ and

∂i := ∂
∂ri

=
∑3

j=1

(
δij − t∂ivj

)
∂′j. This transformation is not identically volume-preserving.

In particular,

d3~r = | det

(
δij − t∂ivj(~r)

)
|d3~r′. (3.15)

Computing the determinant using det I + A = etr log I+A = e
∑∞
n=1

(−1)n

n
trAn one finds that∣∣ det

(
δij − t∂ivj(r, t)

)∣∣ =
∣∣1 + t∇ · v +O(t2)

∣∣. So for “small t” or for ∇ · v = 0 we have an

approximately volume preserving transformation. To O(t2) and O(t3) one finds, respectively:

O(t2) → t2
(
∂1v

1∂2v
2 + ∂1v

1∂3v
3 + ∂2v

2∂3v
3 − [∂2v

3∂3v
2 + ∂1v

2∂2v
1 + ∂1v

3∂3v
1]
)

O(t3) → −t3
(∑
p∈S3

sgn(p)∂1v
p1∂2v

p2∂3v
p3

)
(3.16)
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where SN is the symmetric group on N letters.
It is clear that to O(t0) the resulting boosted action can be written with v(~r) minimally

coupled to the matter fields as with the case of a constant boost discussed above. However,
there are non-gauge invariant corrections at higher orders. For instance, at O(t) we have the
contribution: ∫ T

0

dt′
∫
d3~r′

[
t′

2m
(∇′ψ(Dv)T∇′ψ +∇′ψ(Dv)∇′ψ)

]
(3.17)

with Dv ≡ (∂iv
j)i,j∈{1,2,3} = (∂v

j

∂ri
)i,j∈{1,2,3} is the total derivative of the vector field v.

An infinitesimal rotation can produce a minimally coupled gauge field (at zeroth order).
Consider the transformation ~r′ = ~r − t(Ω× ~r), Ω ∈ R3. The Jacobian is skew-symmetric so
its determinant is zero. To O(t0), the action is:

SΩ[ψ, ψ;T ] =

∫ T

0

dt′
∫
d3~r′ iψ(∂t′ − i

m

2
(Ω× ~r′)2)ψ

− 1

2m
(∇′ − im(Ω× ~r′))ψ(∇′ + im(Ω× ~r′))ψ − V0

2
(ψψ)2. (3.18)

This type of local Galilei boost corresponds to viewing the liquid from a rotating frame, not
from actually rotating the container of the liquid. The present attempt to make a connection
between local coordinate transformations and a gauge field representing an externally intro-
duced velocity field in a superfluid is reminiscent of using local coordinate transformations
to “simulate” a spacetime dependent gravitational field; in particular, the velocity field and
the gravitational field vanish at infinity, while the coordinate transformations do not.

Since we do not consider the nonequilibrium dynamics of the WIBG, we work in the
equilibrium imaginary-time (Euclidean) coherent state path integral formalism. Hence, the
action integral is constructed over the product of a compact subset Ω of Euclidean space and
the imaginary time interval [0, β = 1

T
]. The domain Ω for spatial integrations is assumed;

we do not write the domain explicitly in every integral. For the WIBG at temperature 1
β

coupled to a gauge field (φ(r, τ), v(r, τ)) (with v(r, τ) = (v1(r, τ), v2(r, τ), v3(r, τ)) now a
time-dependent gauge field to allow for a general analysis), the Euclidean action is:

S[φ, v, ψ, ψ] =

∫ β

0

dτ

∫
Ω

d3r ψ(∂τ +mφ− µ)ψ

+
1

2m

∫
d3r(∇− imv)ψ(∇+ imv)ψ +

V0

2
|ψ|4 (3.19)

where r = (r1, r2, r3) is the spatial coordinate on Ω (we have removed the vector sign over
the coordinate).

Equations of motion obtained as local minima of the Euclidean action correspond to
extremal phase conditions for the real time action by the Wick rotation t = −iτ . For
example, the imaginary time Gross-Pitaevskii equation is obtained by setting ∂S

∂ψ
= 0, with

the result

(∂τ +mφ− µ)ψ − 1

2m
(∇+ imv)2ψ + V0|ψ|2ψ = 0. (3.20)
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From our earlier presentation of the Gross-Pitaevskii equation, Eq.(2.11), we conclude
that within the stationary phase approximation, the field ψ satisfying Eq.(3.20) should be
interpreted as the order parameter for BEC. Taking τ = it in Eq.(3.19) produces Eq.(3.8)
as long as the 0-th component of the gauge field is transformed by φ(r, τ) 7→ iφ(r, t), i.e., in
the same way as the time in the Wick rotation. One can easily extend the equivalence of
invariance under constant Galilei boosts and invariance under a specific sort of local U(1)
gauge transformations to the Euclidean action. Because ∇ · u = 0, it is clear that under the
local U(1) gauge transformation

ψ 7→ ψe−imur−
mu2

2
τ (3.21)

one can stipulate the following transformation of the gauge field to obtain a theory invariant
under this class of gauge transformations:

v 7→ v (3.22)

φ 7→ φ+ u · v. (3.23)

However, requiring this transformation of the gauge fields is not the only way to achieve
invariance under the present class of local U(1) gauge transformations. One can also take:

v 7→ v + u (3.24)

φ 7→ φ− u2

2
. (3.25)

In Ref.[50, 51], it was noted that if the former transformation of the gauge field is imposed,
then the gauge field must represent a quantity proportional to the difference of two velocity
fields (e.g., equal to ξ(vs−vn) with vs the superfluid and vn normal velocity fields, respectively,
and χ a Galilei invariant scalar) in order to be consistent with Galilei invariance. If ξ 6= 1,
then due to the fact that a local U(1) gauge transformation changes only the exact part
of the fluid velocity (i.e., the part associated with irrotational flow such as the superfluid
or condensate flow), the normal velocity field would have to transform differently from the
superfluid velocity under local U(1) gauge transformations in order for the difference to
remain invariant. For this reason, Coste [50] employs the minimal coupling only for its ability
to encode Galilei invariance and concludes that more general local U(1) gauge invariance is
incompatible with the actual physical situation. In contrast, Sarfatt [52] does not consider
Galilei invariance to be a necessary requirement on a quantum hydrodynamic theory of a
BEC; the existence of the BEC in a superposition of different Fock states means that the
state is not an eigenvector of the mass operator m

∑
i a
†
iai and so cannot be used to define

a representation of the Galilei group. So we see that the choice of condensate structure
(whether coherent state or Fock state, see Section 2) determines how we are allowed to
interpret the symmetries of the condensate.

Other authors have considered the gauge field to be a true velocity field and so the second
type of transformation of the gauge field, that of Eq.(3.25), is used. In Ref.[21], the gauge
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field introduced in the Gross-Pitaevskii equation is a velocity which couples to the total
momentum of the fluid and allows for the derivation of the correct thermodynamic ensemble
describing the superfluid. Their approach is microscopically justified when the condensate
is uniform. Khalatnikov considers the normal fluid velocity to be the gauge field and that
the gauge theory is only applicable near the λ point [38]. His approach is the correct way
to introduce the minimal coupling in the Ginzburg-Pitaevskii framework, i.e., under the
assumption that the superfluid is described by a complex field ρs = m|ψ|2, ρn := ρ− ρs and
that the superfluid velocity is given by vg := i~

2
(ψ∇ψ − ψ∇ψ) (unlike the Gross-Pitaevskii

equation, the Ginzburg-Pitaevskii equation is a phenomenological equation). This approach
has an analog in the microscopic theory and can be seen by noting that in Eq.(3.5), the Galilei
boost velocity v can be seen as a Lagrange multiplier of the total current [33]. To connect
this observation to a physical description of a superfluid, first consider the observation of
a cylinder containing superfluid at T = 0 from an inertial reference frame K ′ moving with
velocity v (lower than any critical velocity) relative to the lab frame. In K ′, the bosonic field

is given by ψ′ = ψe−imv~r+im
v2

2
t and the action is ungauged, i.e., in any inertial frame, the

superfluid can be considered from the standpoint that vs = vn = 0. Of course, if the observer
in K ′ wants to use the fields ψ, she must work with the gauge field v as in Eq.(3.6). However,
when T 6= 0, the observer in K ′ must now infer that since the tube appears to be moving
with velocity v in his reference frame, that the fluid is moving with current ρnvn = ρnv. So

now, the observer in K ′ uses the field ψ′ = ψe−imv~r+im
v2

2
t = ψe−imvn~r+im

v2
n
2
t, and hence, in

this case, the normal fluid velocity can be considered as a gauge field when the K ′ observer
does calculations with the ψ fields. The association of the gauge field with vn also arises
when deriving the two-fluid theory from a variational principle [53]. In Ref.[54], the gauge
field is introduced to consider the singular part of the phase of a field configuration of the
weakly interacting Bose gas and results in the effective action for quantized vortices in the
gas.

An interesting approach to an explanation for the presence of a u(1) gauge field v(~r, t)
in neutral bosonic liquids is found in Ref.[55]. In that analysis, the energy density in the
field strength is internally generated by quantum fluctuations of the spacetime dependent
phase of the bosonic field. The gauge field itself arises simply from performing the local U(1)
gauge transformation ψ 7→ ψeiΛ(r,t). However, a field strength term for the u(1) gauge field
is necessary in order to derive the correct dynamics of vortices in the fluid so that the local
dynamics of the vortices is due to quantum fluctuations of the local phase. It seems possible
that quantum fluctuations of the phase of the bosonic field can give rise to vortex excitations
(e.g., vortex rings, lines). For instance, during a cooldown of liquid 4He, remnant vortices
in a small region of the container (i.e., localized regions of multivaluedness of the bosonic
field at mean field level) could could expand and contract due to quantum fluctuations of
the phase. Since it is known that vortices pin to the boundaries of the container, these phase
tunneling events could result in extended vorticity in the system given enough time.

In this Chapter, we mostly work with the physical picture of the spacetime dependent
gauge field as being a nonexact vector field, i.e., not having identically zero curl. The reason
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for this interpretation is that in the experiment introduced in Section 3.2, the reservoirs
are driven by an external force on a subset of the boundary of the system. The resulting
velocity field in the He II is not necessarily irrotational and couples both to the superfluid
and the normal fluid. This interpretation is close to those provided in Refs.[56, 57]. By the
Helmholtz decomposition for rapidly decaying vector fields (which is a special case of the
Hodge decomposition [49]), an arbitrary gauge field v(r, τ) can be written

v(r, τ) = ∇α(r, τ) +∇× β(r, τ) (3.26)

for smooth, rapidly decaying scalar functions α and β. Since the longitudinal part can be
gauged away by multiplying the field by e−iα(r,τ), the gauge field can be taken as having the
form ∇× β(r, τ).

In the next section, we show (in the real-time context instead of the Euclidean time con-
text) that invariance under general local U(1) gauge transformations ψ 7→ ψeiΛ(r,τ) (with the
gauge field transforming as v(r, τ) 7→ v(r, τ)− 1

m
∇Λ(r, τ) and φ(r, τ) 7→ φ(r, τ)+ i

m
∂τΛ(r, τ);

this is the generalization of the transformations in Eq.(3.25)) constrains the form of the La-
grangian to a real-time version of Eq.(3.19). We also discuss some physical rationalizations
for introducing a gauge field in in neutral Bose gases and liquids.

3.1.1 Construction of gauge invariant action

Here we provide motivation for why Eq.(3.8) is the appropriate action to use for a nonrela-
tivistic system of massive bosons exhibiting invariance under local U(1) gauge transforma-
tions.

The real time WIBG Lagrangian density in the nonrelativistic canonical quantum field
theory formalism is given by:

L = iψ̂†∂tψ̂ −
1

2m
∇ψ̂†∇ψ̂ − V0

2
[ψ̂†ψ̂]2 (3.27)

Starting with U(1) gauge transformations which are local in space only, the field operator
is transformed by ψ̂ → ψ̂eiΛ(r) one finds that L → L+ δL with

δL =
−1

2m
i∇Λ(r)(ψ̂∇ψ̂† − ψ̂†∇ψ̂)− 1

2m
(∇Λ(r))2ψ̂†ψ̂. (3.28)

Introducing the gauge field v : R3 → R3, call L1 = 1
2
iv(r)(ψ̂∇ψ̂† − ψ̂†∇ψ̂) and demand

that when ψ̂ → ψ̂eiΛ(r), that v(r, t)→ v(r, t) + 1
m
∇Λ(x). Under the local gauge transforma-

tion, then, L1 → L1 + δL1 with

δL1 =
1

2m
i∇Λ(r)(ψ̂∇ψ̂† − ψ̂†∇ψ̂) + v(r)∇Λ(r)ψ̂†ψ̂ +

1

m
(∇Λ(r))2ψ̂†ψ̂. (3.29)

This gives δL+δL1 = v(r, t)∇Λ(r)ψ̂†ψ̂+ 1
2m

(∇Λ(r))2ψ̂†ψ̂. Introducing L2 = −m
2
v(r)2ψ̂†ψ̂

and carrying out the gauge transformation gives L2 → L2 + δL2 with

δL2 = −v(r)∇Λ(r)ψ̂†ψ̂ − 1

2m
(∇Λ(r))2ψ̂†ψ̂. (3.30)
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Thus, δL + δL1 + δL2 = 0 and L + L1 + L2 is a local U(1) gauge invariant theory
when the local gauge transformation depends only on spatial coordinate. To construct an
action which will be invariant under general spacetime local gauge transformations we need
merely to introduce a 0-component of the gauge field, φ(r, t), which can be interpreted as
a fluctuating chemical potential. One replaces the time-dependent part of L with iψ̂(∂t +
imφ(r, t))ψ̂, where under the local U(1) gauge transformation φ(r, t)→ φ(r, t)− 1

m
∂tΛ(r, t).

We also need to establish a gauge invariant energy contribution for the fields v(r, t) and
φ(r, t) themselves. v(r, t) has units of velocity, and using the transformation property of
v(r, t) under the U(1) gauge transformation (v(r, t)→ v(r, t)+ 1

m
∇Λ(x)) one sees easily that

calling L3 = −1
2
mL2(∇ × v(r, t))2 gives us a satisfactory contribution. An “electric field”

term L2m
2

(∂t +∇φ(r, t))2 is added to the Lagrangian density to suppress fluctuations of the
chemical potential field. Finally,

Ltot = iψ̂†(∂t + imφ(r, t))ψ̂ − 1

2m
D̄ψ̂†Dψ̂ − V0

2
(ψ̂†ψ̂)2

− 1

2
mL2(∇× v(r, t))2 − mL2

2
(∂tv(r, t) +∇φ(r, t))2 (3.31)

is the appropriate Lagrangian density which, when integrated over a time interval and over
the relevant spatial region, will result in a local U(1) gauge invariant action. D = ∇ +
imv(r, t) is the covariant derivative, and v(r, t) is the gauge field, analogous to the vector
potential in electrodynamics. To my knowledge, the first discussion of a similar Lagrangian
and the physical interpretation for the gauge field is given in Ref.[58]. There, the gauge field
is interpreted as carrying information about the two-body interaction in 4He. In Ref.[59], a
background velocity field is considered as a U(1) gauge field in a general argument.

3.1.2 Bosonic two-body Hubbard-Stratonovich transformation

The Gross-Pitaevskii equation describes field configurations of a weakly interacting con-
densed Bose gas. Although in Section 2.1.1 we have derived it using the operator formalism,
it can also be derived from the action functional by introducing an auxiliary field to decouple
the quartic interaction and subsequently minimizing the action functional. The general tech-
nique of decoupling a quartic interaction via the introduction of an auxiliary quantum field
is called a Hubbard-Stratonovich transformation. Its use is not limited to bosonic system;
in particular, it finds especially broad applicability in superconducting systems [11]. Similar
techniques can be used to decouple higher order interactions. Consider the quartic term in
the partition function, arising from the Euclidean action of Eq.(3.19):

e−
∫ β
0 dτHquart = e−

∫ β
0 dτ

∫
d3rd3r′ψ(r,τ)ψ(r′,τ)

V (r−r′)
2

ψ(r,τ)ψ(r′,τ) (3.32)

where V (r − r′) = V0δ(r − r′). For the sake of generality, the Hubbard-Stratonovich
transformation will be presented for a general two-body potential in a translation-invariant
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system. We make use of the following Gaussian integral identity for Aij Hermitian and
x, J, J ′ ∈ Ck: ∫ k∏

i=1

(
d(Rexi)d(Imxi)

π

)
e−xiAijxj+J

′
ixi+Jixi = [detA]−1eJ

′
iA
−1
ij Jj (3.33)

where repeated indices are summed over except for in the measure. This identity can be
generalized to the continuum case, hence the Hubbard-Stratonovich transformation is just a
fancy name for a Gaussian integral identity:

det

(
V (r − r′)

2

)∫
D[∆∆] exp

(∫
d3rd3r′ −∆(r, r′, τ)

V (r − r′)
2

∆(r, r′, τ)

+ ∆(r, r′, τ)ρ(r, r′, τ)−∆(r, r′, τ)ρ(r, r′, τ)]

)
∝ exp

(
−
∫
d3r d3r′

2

V (r − r′)
ρ(r, r′, τ)ρ(r, r′, τ)

)
(3.34)

The right hand side of the equation above can be made equal to e−
∫ β
0 dτHquart by taking

ρ(r, r′, τ) = V (r−r′)
2

ψ(r, τ)ψ(r′, τ), which is called the “direct channel” for the Hubbard-

Stratonovich transformation. The proportionality constant det(V (r−r′)
2

) is not important for
the calculation of physical properties of the system (this is the physicist’s first recourse for
avoiding divergent sums). This gives:

e−
∫ β
0 dτHquart ∝

∫
D[∆∆] exp

(∫
d3rd3r′ − [∆(r, r′, τ)

V (r − r′)
2

∆(r, r′, τ)

− V (r − r′)
2

∆(r, r′, τ)ψ(r′, τ)ψ(r, τ)

+
V (r − r′)

2
∆(r, r′, τ)ψ(r′, τ)ψ(r, τ)] (3.35)

The proportionality factor det(V (r−r′)
2

) can be absorbed into the measure and, when
expectation values are properly normalized, it does not contribute to any physical quantity.
One can now write down the full partition function Z(β) by substituting the Hubbard-
Stratonovich transformation of the quartic part into the action:

Z(β) =

∫
ψ(r,β)=ψ(r,0)

∆(r,r,β)=∆(r,r′,0)

D[ψ(r, τ)ψ(r, τ)]D[∆(r, r′, τ)∆(r, r′, τ)]e−S (3.36)
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S =

∫ β

0

dτ

(∫
d3r

[
ψ(r, τ)(∂τ − µ)ψ(r, τ) +

1

2m
∇ψ(r, τ)∇ψ(r, τ)

]
+

∫
d3rd3r′ψ(r, τ)Trr′ψ(r′, τ)

+

∫
d3rd3r′

V (r − r′)
2

∆(r, r′, τ)∆(r, r′, τ)

−
∫
d3rd3r′

[
V (r − r′)

2
∆(r, r′, τ)ψ(r′, τ)ψ(r, τ)

−∆(r, r′, τ)ψ(r, τ)ψ(r′, τ)

])
(3.37)

This transformed action retains the global U(1) symmetry under ψ → ψeiθ, θ ∈ R.
We have introduced the tunneling term Tr,r′ in the action above so that it can describe a
system consisting of two reservoirs of interacting bosons at the same chemical potential. The
tunneling matrix Tr,r′ is nonzero when r and r′ are on opposite sides of a small (e.g., on the
order of the healing length ξ(T )) junction connecting the reservoirs. If we specialize to the
case of a weakly-interacting Bose gas (i.e., V (r− r′)→ V0δ(r− r′)), then ∆ becomes a local
field: ∆→ ∆(r, τ). The action becomes

S =

∫ β

0

dτ

(∫
d3r

[
ψ(r, τ)(∂τ − µ)ψ(r, τ) +

1

2m
∇ψ(r, τ)∇ψ(r, τ)

]
+

∫
d3rd3r′ψ(r, τ)Trr′ψ(r′, τ) +

∫
d3r

V0

2
∆(r, τ)∆(r, τ)

−
∫
d3r

V0

2
(∆(r, τ)ψ(r, τ)ψ(r, τ)−∆(r, τ)ψ(r, τ)ψ(r, τ)

)
(3.38)

In the absence of tunneling (i.e. Trr′ = 0), minimizing the action with respect to ψ and
∆ gives:

δS

δψ(r, τ)
= 0⇒ (∂τ − µ)ψ(r, τ)− 1

2m
∇2ψ(r, τ)− V0

2

(
∆(r, τ)−∆(r, τ)

)
ψ(r, τ) = 0 (3.39)

and
δS

δ∆(r, τ)
= 0⇒ ∆(r, τ) = −|ψ(r, τ)|2 (3.40)

δS

δ∆(r, τ)
= 0⇒ ∆(r, τ) = |ψ(r, τ)|2 (3.41)
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These equations of motion are the imaginary time-dependent Gross-Pitaevskii (GP) equa-
tion (substitute the final two equations into the Eq.(3.39) to get the imaginary-time depen-
dent GP equation in its usual presentation). Note a peculiarity of the bosonic Hubbard-
Stratonovich transformation: from Eq.(3.41) and Eq.(3.41) it is clear that ∆ and ∆ are not
complex conjugates at mean-field level.

3.2 Josephson effect in neutral bosonic liquids

Josephson oscillations of flow between weakly coupled quantum liquids constitute funda-
mental signatures of macroscopic quantum behavior [60, 61]. This is because the oscillations
arise from a coupling between two quantum systems each obeying a macroscopic quantum
equation of motion so that the solutions to the equation of motion of the full system are not
product states of two independent macroscopic Hilbert spaces. Josephson flow is character-
ized by a macroscopic particle current

I(φ1, φ2) = IJ sin(φ1 − φ2) (3.42)

between coupled reservoirs of, e.g., Cooper pair superfluids or atomic superfluids, where
φi is the phase of the macroscopic wavefunction (i.e., order parameter) for each reservoir.
Josephson flow can occur between any two macroscopically occupied modes, even those
corresponding to internal degrees of freedom. In fact, the latter type of Josephson coupling
has been exploited as a potential method for producing large quantum superposition states
in Bose-Einstein condensates with nonzero spin [62].

The time dependence of the phase difference between two macroscopic quantum systems
is given by Josephson-Anderson type equations. The original Josephson-Anderson equation
relates the phase difference between two U(1) order parameters to the difference in chemical
potential between the two macroscopically occupied modes [63]:

d(φ1 − φ2)

dt
= −(µ1 − µ2)(

= −(µ1 − µ2)

~
in SI units

)
. (3.43)

The Josephson-Anderson equation can be derived by considering Ehrenfest’s theorem for
dynamics of local expectation values of the collective phase and number of bosons [63], from
the path integral (see, e.g., Ref.[64]), etc. In this sense that it is visible from every approach
to a description of the condensed phase, it is a very fundamental result.

Extensively studied in the laboratory for superconductors, such oscillations have also been
predicted and observed between reservoirs of the cold atomic superfluids 3He and 4He coupled
by arrays composed of nanometer-sized apertures [65, 66, 67]. The Josephson coupling
for reservoirs of the liquid 3He is analogous to that for high-symmetry superconductors,
due to the fermionic nature of the atoms and the angular momentum dependence of the
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interaction, but occurs only at temperatures < 3 mK due to the low superfluid transition
temperature for 3He. In contrast, the recently observed Josephson flow between driven
reservoirs of the bosonic superfluid 4He separated by an array of nanometer-sized apertures
[67] is analogous to Josephson flow between s-wave superconductors, and is observed at
much higher temperatures, just below the 4He superfluid transition Tλ = 2.17 K. “Simple”
Josephson flow, following the sinusoidal form in Eq.(3.42) requires that the healing length of
the superfluid be larger than the characteristic length and diameter of the capillaries coupling
the reservoir. This is so that the macroscopic wavefunctions describing the superfluid parts
of the liquid on either side of the aperture array do not overlap significantly [61].

Since superfluids composed of Cooper pairs of fermions (e.g., liquid 3He, superconductors)
generally have larger zero temperature healing length than superfluid helium-4 (at T = 0 K,
superfluid 4He exhibits a healing length of about 0.1 nm while aluminum metal exhibits a
coherence length of 103 nm [68]), it is not surprising that Josephson flow was observed earlier
in the former systems. This is because Josephson flow occurs when the healing length is on
the order of the characteristic diameter of the junction between the two quantum liquids. It
is difficult to fabricate apertures of diameter O(10 nm) in a consistent way and, even then,
the temperature dependent healing length of superfluid helium deep in the superfluid phase
is an order of magnitude less than that diameter. This is the reason why Josephson flow in
superfluid 4He occurs, for capillaries of O(10nm) diameter, only at temperatures close to the
lambda point, where the healing length is sufficiently large.

Several unique features of weakly coupled liquid 4He reservoirs subject to driven flow have
stimulated research into thermal/quantum fluctuations of the macroscopic phase for bosonic
quantum liquids in aperture array geometries [69, 70]. Such studies provide thermodynamic
justification for the transition, observed in Ref. [67], between two different current-phase
relationships as a function of temperature below the lambda point: the linear regime (oc-
curring when Tλ − T > 5mK ) in which the current depends linearly on the phase, and the
“weak-link” Josephson flow regime in which the current has sinusoidal phase dependence
(occurring for Tλ − T < 0.8mK). The linear current-phase relationship at low temperatures
is thought to be due to independent phase slips occurring at individual apertures in the
array in response to external driving by the hydrodynamic resonator. As the temperature is
increased toward the lambda point, the coherence length increases and the phase differences
across individual apertures appear to become synchronized. It has been proposed that this
results in coherent dissipative events, i.e. “phase-slip avalanches,” giving way eventually
to coherent Josephson flow and a characteristic sinusoidal current-phase relation just below
Tλ [67, 69, 70].

However, up until the work reported in Ref.[3], no microscopic quantum mechanical
explanation existed for this phenomenon. In order to justify the observed synchronization
of the phase differences, Pekker, et al. postulate an effective long-range interaction between
local phase gradients [69] while Chui, et al. exploit the analogy between a Josephson junction
array and classical coupled pendula to explore thermal phase fluctuations in an aperture
array [70]. In this Chapter, we expand upon the report in Ref.[3], deriving an effective
theory and equations of motion for the phase difference across a single aperture and a simple
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two-aperture array, starting from a local U(1) gauge theory coupled to bosonic matter. As
discussed in Section 3.1, the gauge field is necessitated by the presence of an external driving
velocity which induces a “vector potential” v(r, t) and concomitant local chemical potential
φ(r, t), analogous to the electromagnetic gauge field Aµ in the theory of Bardeen, Cooper
and Schrieffer (BCS) for superconductivity.

The dc Josephson equation Eq.(3.42) for weakly coupled weakly interacting Bose gases
can be derived starting from the Gross-Pitaevskii equation Eq.(2.11) by considering two
spatially separated BECs, A and B, and finding spacetime dependent solutions ΨA and ΨB

to the respective time-dependent Gross-Pitaevskii equations in each reservoir. If the two
gases are allowed to communicate via a linkage in which the gas is dilute enough for the
particles to be essentially noninteracting, one can write an approximate description of the
full system by the function

ΨA + ΨBe
−i(φB−φA) (3.44)

where φB−φA is the relative phase of the two condensates. Calculation of the quantum me-
chanical current gives the dc Josephson equation [39]. In fact, the dc Josephson equation can
be obtained under much simpler conditions, requiring only a two-branch superposition state
of the form |A〉+ |B〉 and a “tunneling” term t(|A〉〈B|+ |B〉〈A|) in the Hamiltonian [71, 61].
In this simple case, what makes the Josephson effect different from a Rabi oscillation is that
ΨA and ΨB are order parameters for a many body system which satisfy individual quantum
equations of motion, i.e., they fall into the class of macroscopic wavefunctions. Hence the
Josephson current is a true mass current between two macroscopic systems exhibiting global
U(1) symmetry breaking, resulting in two distinct values θ1, θ2 of the macroscopic phase.

The remainder of this Chapter is concerned with analyzing a U(1) locally gauge invariant
model of coupled reservoirs of WIBG in which the quartic interaction has been decoupled
by a Hubbard-Stratonovich transformation. Starting from a local U(1) gauge-invariant La-
grangian, we derive the effective action specifying the dynamics of one or two gauge invariant
phase difference variables, corresponding to the cases of one and two-aperture arrays. We
first show that a perturbative expansion of the gauge theory can be used to derive the quan-
tum hydrodynamical equations of motion for the driven superfluid. In particular, we show
that the Josephson-Anderson equation for phase evolution [63] in gauge-invariant form, the
circulation (superfluid fluxoid) quantization in the presence of a driving velocity field, and
the London equation leading to the Hess-Fairbank effect [44] can all be derived from the
stationary-phase approximation to the effective action. A Legendre transformation of the
Euclidean effective action is then used to derive the current-phase relations for one and two-
aperture arrays. We show that for a single aperture, the current-phase relation is consistent
with a potential composed of sinusoidal, linear, and quadratic terms, while for a two-aperture
array we find that interference between the microscopic tunneling contributions for individual
apertures leads to a coupling of the current-phase equations of the two-aperture system.

For the single aperture case, we then employ a weak-coupling renormalization group
calculation to demonstrate the existence of temperature intervals in which the current-phase
relation has predominantly linear or predominantly Josephson (sinusoidal) behavior. The
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critical temperature separating these regions of linear and sinusoidal flow is determined by
relating the ratio of two coefficients in the rescaled effective action, each of which we calculate
microscopically to one-loop order (i.e., by considering only a second order functional Taylor
expansion of the action; this order is all that is required for a Gaussian quantum field
theory) in perturbation theory, to the finite-temperature healing length by making use of
the Popov approximation for dilute, finite temperature BECs [28]. We then use the empirical
temperature-dependent healing length of liquid 4He in this ratio to apply our theory to the
experiment in Ref. [67] on driven 4He flow through arrays of nanometer-sized apertures. This
provides a remarkably accurate rationalization for the experimentally observed transition
between linear and sinusoidal current-phase relationship as the temperature is increased
toward the lambda point.

Before discussing the details of the derivation of the effective action, it is useful to mention
our motivation behind using rather heavy-handed field theoretical techniques. Since our aim
is a microscopic derivation of the equations of motion for the local macroscopic phase differ-
ences across aperture arrays (Section 3.3.5) and an examination of the low-energy properties
of the resulting current-phase relation across an aperture (Section 3.5), we employ here func-
tional integral techniques rather than well known mean field or hydrodynamic techniques for
bosonic systems (e.g., a gauged Gross-Pitaevskii (GP) equation [21] for weakly-interacting
Bose gases or a gauged two-fluid model [38] for 4He near the lambda point). The reason
for this is that the functional integral allows for simple derivation of quantum equations
of motion from the extremal principle of the action; in addition, if one were to work with
the operator algebraic theory, such considerations as operator domains, unboundedness, etc.
would be necessary to obtain quantitative results. These considerations are vital for rigor,
but they tend to obscure the physics. So, it seems that the stationary phase analyses and
the perturbative renormalization group procedure detailed in this Chapter are most conve-
nient to carry out using the coherent state path integal formalism. We note that since we
utilize an imaginary time path integral, the resulting dynamical equations are all expressed
in imaginary time. However the corresponding real time dynamical equations relevant to
experimental analysis are readily obtained from these by analytic continuation, specifically
by making use of the Wick rotation τ → it. An approach similar to the present one was
undertaken by Ambegaokar et al. in Ref.[64, 72] (henceforth referred to as AES) to derive an
effective theory for the dynamics of a superconducting tunnel junction in terms of the macro-
scopic phase difference across the junction or the magnetic flux threading a superconducting
quantum interference device. This system is physically analogous to the WIBG reservoirs
separated by a nanoaperture which we consider here. However, we shall not undertake the
further analysis of real-time current correlations, dissipation due to quasiparticles, or the
effects of noise in the junction that was also made in AES. Explicit comparison between our
results for driven, weakly-interacting bosons with the results of AES for superconducting
systems will be given where relevant in the subsequent sections.

Like AES, we shall be concerned here only with the dynamics of the low-energy degree



Section 3.3. EFFECTIVE ACTION FOR GAUGED WIBG 50

of freedom in the system, which is in this case is the gauge invariant phase difference field

∆γ(τ) := ∆θ(τ) +m

∫
dr · v(r, τ) (3.45)

where the integral is taken on a short path through the aperture and ∆θ is the differ-
ence between the phases at the endpoints of this path. It contains contributions from the
background spacetime-dependent phase θ(r, τ) (which gives rise to an irrotational superfluid
velocity) and the external driving velocity (the gauge field) v.

3.3 Effective action for gauged WIBG

We seek an effective theory for the gauge invariant phase difference (Eq.(3.45)) of condensed,
driven, weakly-interacting bosons separated by an array of one or two apertures which is
expected to provide a qualitative explanation for the experimental observations of 4He flow
through nanoaperture arrays over a range of temperatures below Tλ[67]. While our model
includes only a local two-body potential, we will show that the main features of recent
experimental results for liquid 4He flow through nanoaperture arrays [67] are nevertheless
already explained by the current analysis. Our starting point is the Hamiltonian in Eq.(3.46)
for the weakly-interacting Bose gas that is minimally coupled to a local chemical potential
field φ(r, τ) and a vector field v(r, τ) which will be interpreted as an external driving velocity.
The Hamiltonian (without a tunneling term) is

H[ψ̂†, ψ̂] = 1
2m

∫
d3rD̄ψ̂†(r)Dψ̂(r) + V0

2

∫
d3r ψ̂† 2(r)ψ̂2(r)

+m
∫
d3r φ(r, τ)ψ̂†(r)ψ̂(r) +Hext[v, φ] (3.46)

The weak interaction is given by the usual delta function two-body potential, with strength
V0 (proportional to the s-wave scattering length), and D = ∇ + imv(r, τ) is the covari-
ant derivative. Hext[v, φ] is a classical energy analogous to electromagnetic field energy in
superconductors and depends only on external fields.

We then construct the coherent state path-integral Lagrangian, Eq.(3.47), corresponding
to this Hamiltonian and additionally incorporate a single aperture tunneling term Tr,r′ that
couples points r and r′ on different sides of the aperture. In the bosonic coherent state path
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integral, the Lagrangian is given by (recall that we are using natural units with ~ = kB = 1):

L[ψ, ψ,∆,∆, v, φ] =

∫
d3rψ(r, τ)(∂τ +mφ(r, τ)− µ)ψ(r, τ) +

1

2m

∫
d3rD̄ψ(r, τ)Dψ(r, τ)

+

∫
d3rd3r′ψ(r, τ)Tr,r′ψ(r′, τ) +

V0

2

∫
d3r∆(r, τ)∆(r, τ)

− V0

2

∫
d3r
[
∆(r, τ)ψ(r, τ)ψ(r, τ)−∆(r, τ)ψ(r, τ)ψ(r, τ)

]
+

mL2

2

∫
d3r(∇× v(r, τ))2

+
mL2

2

∫
d3r(i∂τv(r, τ)−∇φ(r, τ))2. (3.47)

Here, ∆(r, τ) and ∆(r, τ) are Hubbard-Stratonovich fields introduced to decouple the
quartic interaction in the weakly interacting Bose gas, L has dimension of length, and τ is
the imaginary time. In the grand canonical partition function

Z(µ, β) :=

∫
D[ψ, ψ]D[∆,∆]D[v]D[φ] e−

∫ β
0 dτL[ψ,ψ,∆,∆,v,φ] (3.48)

the functional integration is over the complex fields ψ, ψ, ∆, and ∆ and also the real gauge
field (φ, v) (with the measure defined in the discretized expression for the coherent state path
integral [12]). The last two terms are derived from Hext[v, φ] in Eq.(3.46) and are analogous
to the electromagnetic field energy in superconductors; the vorticity (circulation energy
density) corresponding to the magnetic field energy density and an “electric” energy density
analogous to the electric field energy density. The fields v(r, τ) and φ(r, τ) are analogues of
the magnetic vector potential and local voltage of electrodynamics. The stationary phase
equations defining the mean field configurations of the gauge field (φ, v) are derived in the
Sections below. We do not analyze quantum fluctuations of the gauge field configurations
so that the gauge field has a purely classical interpretation. We will see that the presence
of the gauge field v results in quadratic term in the effective action for the gauge invariant
phase difference variable, so that the low energy behavior of the coupled reservoirs in the
presence of the gauge field is qualitatively different from the ungauged case of two coupled
reservoirs.

In order for Eq.(3.47) to be locally gauge invariant, the nonlocal tunneling term must be
modified. Specifically, if the tunneling matrix is multiplied by a U(1) parallel transporter
via:

Tr,r′ → Tr,r′e
im

∫ r′
r dr·v(r,τ) (3.49)

the resulting Lagrangian is clearly invariant under ψ(r, τ) → ψ(r, τ)eiΛ(r,τ) (where Λ(r, τ)
is real) as long as v(r, τ) → v(r, τ) − 1

m
∇Λ(r, τ) and φ(r, τ) → φ(r, τ) − i

m
∂τΛ(r, τ). In

differential geometric terms, we are analyzing a local U(1) gauge theory for the superfluid
where (φ(r, τ), v(r, τ)) is the u(1) gauge field. The factor of i in the gauge transformation of
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the 0-component φ(r, τ) is due to working in imaginary-time. In the analysis to follow, the
0-component will lead to an imaginary Josephson-Anderson equation, which must be Wick
rotated to obtain the real-time equation. In addition, the mean-field equations of the gauged
weakly-interacting Bose gas are the stationary phase equations of this bare action. For
example, as shown in Eq.(3.20), we have: δL

δψ(r,τ)
= 0 gives a gauged Gross-Pitaevskii equation

[21] for ψ, while δL
δ∆(r,τ)

= 0 ⇒ ∆(r, τ) = −|ψ(r, τ)|2 and δL
δ∆(r,τ)

= 0 ⇒ ∆(r, τ) = |ψ(r, τ)|2

as shown in Section 3.1.2.
Consider the polar decomposition (i.e., a change of basis to “polar” operator coordinates)

of the bosonic field operators: ψ̂(r, τ)→ ρ̂(r, τ)
1
2 eiθ̂(r,τ) and ψ̂†(r, τ)→ e−iθ̂(r,τ)ρ̂(r, τ)

1
2 . This

transformation preserves the Heisenberg canonical commutation relation (CCR)

[ψ̂(r, τ), ψ̂†(r′, τ ′)] = δ(r − r′)δ(τ − τ ′) (3.50)

(where the i factor has canceled due to the Wick rotation to imaginary time) and leaves the
functional measure invariant. The action functional becomes

S =

∫ β

0

dτ

(∫
d3r
√
ρ(r, τ)(∂τ + i∂τθ(r, τ) +mφ(r, τ)− µ)

√
ρ(r, τ)

+
1

2m

∫
d3r(∇− imvg(r, τ))

√
ρ(r, τ)(∇+ imvg(r, τ))

√
ρ(r, τ)

+

∫
d3rd3r′

√
ρ(r, τ)Trr′e

i(θ(r′,τ)−θ(r,τ))eim
∫ r′
r dr·v(r,τ)

√
ρ(r′, τ)

+
V0

2

∫
d3r∆(r, τ)∆∗(r, τ)

−V0

2

∫
d3r(∆(r, τ)−∆∗(r, τ))

√
ρ(r, τ)

2
+
mL2

2

∫
d3r(∇× vg(r, τ))2

+
mL2

2

∫
d3r (i∂τv(r, τ)−∇φ(r, τ))2

)
(3.51)

where vg(r, τ) = 1
m
∇θ(r, τ) + v(r, τ) is the gauge invariant velocity. We note from our

equations of motion for ∆ and ∆ above that ∆(r, τ) is a real quantity. In fact, in the
stationary phase approximation, ∆(r, τ) is the density. Since the action does not depend
on space-time derivatives of ∆(r, τ) or ∆∗(r, τ), they may be taken as real constants at
mean-field level. In the following, we choose ∆(r, τ) = −∆ and ∆∗(r, τ) = ∆, with ∆ a
real constant which we calculate by making use of the free Green’s function in Section 3.3.1.
Note that besides the field strength contributions and constant offset proportional to ∆2, the
complete action can be written as a bilinear form. By changing to local polar coordinates
for the bosonic field in the gauged GP equation [21] of Eq.(3.20) and intepreting ρ(r, τ) as a
local condensate density field in the mean field approximation, one arrives at the conclusion
that the mean-field hydrodynamic effect of the external driving velocity is a depletion of
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condensate current [58, 55, 73]:

∂τρ(r, τ)−∇ · ( 1

m
ρ(r, τ)∇θ(r, τ)) = ∇ · (ρ(r, τ)v(r, τ)). (3.52)

If the driving velocity v(r, τ) were exact, i.e., the gradient of a scalar function, then it would
simply boost the condensate velocity. This can be seen by taking v = ∇θ2 in Eq.(3.52) and
moving the left hand side to the right hand side. However, this equation is valid even when
one considers a nonexact velocity field which may couple to the depletion, e.g., may carry
vorticity.

The action in Eq.(3.51) can be rewritten:

S =

∫ β

0

dτ ′dτ

∫
d3r′d3r

(√
ρ(r, τ)G−1(r, τ ; r′, τ ′)

√
ρ(r′, τ ′)− V0

2
∆2δ(r − r′)δ(τ − τ ′)

+
mL2

2
(∇× vg(r, τ))2δ(r − r′)δ(τ − τ ′)

+
mL2

2
(i∂τv(r, τ)−∇φ(r, τ))2δ(r − r′)δ(τ − τ ′)

)
(3.53)

where

G−1(r, τ ; r′, τ ′) = G−1
0 +G−1

vg +G−1

θ̇
+G−1

T (3.54)

G−1
0 =

(
∂τ −

1

2m
∇2 − µ+ V0∆

)
δ(r′ − r)δ(τ − τ ′) (3.55)

G−1
vg = (

1

2
mvg(r, τ)2)δ(r′ − r)δ(τ − τ ′) (3.56)

G−1

θ̇
= [i∂τθ(r, τ) +mφ(r, τ)] δ(r′ − r)δ(τ − τ ′) (3.57)

G−1
T = Trr′e

i(θ(r′,τ)−θ(r,τ))eim
∫ r′
r dr·v(r,τ)δ(τ − τ ′) (3.58)

or, in momentum space using G̃−1(k, τ ; k′, τ ′) =

∫
d3rd3r′ e−ikrG−1(r, τ ; r′, τ ′)eik

′r′ :

G̃−1(k, τ ; k′, τ ′) = G̃−1
0 + G̃−1

vg + G̃−1

θ̇
+ G̃−1

T (3.59)

G̃−1
0 = (2π)3δ(k′ − k)δ(τ − τ ′)

(
∂τ +

1

2m
k2 − µ+ V0∆

)
(3.60)

G̃−1
vg =

m

2

[ ∫
d3q

(2π)3
ṽs(q, τ) · ṽs(k − k′ − q, τ)

]
δ(τ − τ ′) (3.61)

G̃−1

θ̇
= [i∂τ θ̃(k − k′, τ) +mφ̃(k − k′, τ)] δ(τ − τ ′). (3.62)

We do not use the momentum space form of the tunneling contribution to the effective
action because it is easier to compute in spatial coordinates. Integrating out the

√
ρ(r, τ)
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fields (i.e., calculating
∫
D(
√
ρ)e−S with S in Eq.(3.53)) using a real, continuous Gaussian

integral gives

S =
1

2
tr log G−1 − V0

2

∫ β

0

dτ

∫
d3r∆2

+

∫ β

0

dτ

[
mL2

2

∫
d3r(∇× vg(r, τ))2 +

mL2

2

∫
d3r (i∂τv(r, τ)−∇φ(r, τ))2

]
.(3.63)

We use the following perturbative series to analyze the action Eq.(3.63):

tr log [G−1
0 + δG−1] = tr log [G−1

0 ] +
∞∑
k=1

(−1)k+1

k
tr[(G0δG

−1)k]. (3.64)

The first term in this series is a constant which cancels due to the normalization of the
partition function. The second term, a series in powers of δG−1, gives the important contri-
butions to the effective action. The trace is an integral over all internal positions or momenta
and imaginary time τ ∈ [0, β] or Matsubara frequency arguments. The general technique of
evaluating this perturbation expansion can be found in, e.g., Refs. [11, 64, 74].

3.3.1 Self-consistent Hubbard-Stratonovich field

The free Green’s function (i.e., free two point correlation function, imaginary time propa-
gator) is among the most important parts of any perturbation expansion in quantum field
theory. The full Green’s function in spatial coordinates and imaginary time satisfies∫

d3r′′G−1(r, τ ; r′′, τ ′′)G(r′′, τ ′′; r′, τ ′) = δ(r − r′′)δ(τ − τ ′′). (3.65)

and, in momentum space∫ β

0

dτ ′′
∫
d3k′′ G̃−1(k, τ ; k′′, τ ′′)G̃(k′′, τ ′′; k′, τ ′) = (2π)6δ(k − k′)δ(τ − τ ′). (3.66)

We can calculate the free Green’s function by finding the kernel to the integral operator
defined by Eq.(3.60), i.e., we solve a first order PDE subject to periodic boundary conditions
on the variables τ, τ ′ ∈ [0, β]:

(∂τ +
k2

2m
− µ+ V0∆)G̃0(k, τ ; k′, τ ′) = (2π)3δ(k − k′)δ(τ − τ ′). (3.67)

This partial differential equation is commonly encountered in quantum field theory and has
the solution

G̃0(k, τ ; k′, τ ′) = (2π)3δ(k − k′) exp[−Ek(τ − τ ′)](Θ(τ − τ ′)(1 + nk) + Θ(τ ′ − τ)nk) (3.68)



Section 3.3. EFFECTIVE ACTION FOR GAUGED WIBG 55

where Ek = k2

2m
−µ+V0∆ and nk =

1

eβEk − 1
is the Bose-Einstein distribution. When τ = τ ′,

the imaginary time ordered correlation function is the normal ordered correlation function
and so G̃0(k, τ ; k′, τ) = (2π)3nkδ(k − k′).

To compute the mean-field value of ∆, one requires that it extremize the action:

∂S

∂∆
= 0 =⇒ ∂∆(

1

2
tr log G−1)− V0βV

2
∆ = 0. (3.69)

In this equation, we have used the fact that ∆ only appears in the G−1
0 part of G−1 (and is

constant) and we ignore perturbations to G−1
0 , assuming their effects on the mean density

to be small. In evaluating the tr log , it is convenient to use the fully Fourier transformed
G−1

0 operator:

˜̃G−1
0 (ωn, k;ωm, k

′) =

∫ β

0

dτdτ ′
∫
d3rd3r′ e−i(kr+ωnτ)G−1

0 (r, τ ; r′, τ ′)ei(k
′r′+ωmτ ′)

= (2π)3β[iωm +
k2

2m
− µ+ V0∆]δ(k − k′)δn,m (3.70)

with ωl =
2πl

β
for l ∈ Z (bosonic Matsubara frequencies). Then:

∂∆

(
1

2
tr log ˜̃G−1

0

)
=

1

2

∑
n

∫
d3k

V0

iωn + k2

2m
− µ+ V0∆

(3.71)

The Matsubara sum is evaluated using the residue theorem (this technique can be found in
most quantum field theory textbooks treating finite temperature systems, e.g., Ref.[75]) and
the self-consistent result for ∆ is:

∆ =
1

V

∫
d3k

1

eβ( k
2

2m
−µ+V0∆) − 1

. (3.72)

This reproduces the expression for the density in the Bogoliubov theory for the free particle
bogolons. Fluctuations from the stationary phase value of ∆ are extremely energetically
costly, scaling linearly in the total interaction energy of the system.

3.3.2 Gauge invariant Josephson-Anderson equation

In superconductors, the dynamical Josephson effect (as manifested by the Josephson-Anderson
equation) is dependent on a voltage across the junction. Although the weakly-interacting
Bose gas is not charged, that does not prevent one from mathematically introducing (as we
have done) a 0-component of the gauge field, φ, that appears in the action with the minimal
coupling. As above, it enters (3.51) by:

(∂τ + iθ(r, τ)− µ)→ (∂τ + iθ(r, τ) +mφ(r, τ)− µ) (3.73)
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or, in terms of the operator decomposition,

G̃−1

θ̇
(k, τ ; k′, τ ′)→ i

(
∂τ θ̃(k − k′, τ) +mφ̃(k − k′, τ)

)
δ(τ − τ ′). (3.74)

It also appears in the “electric field energy density” term. The first order (in φ) contribution
to the action is −tr(G̃0G̃

−1

θ̇
). Because G̃0(k, τ ; k′, τ ′) ∝ δ(k− k′), the first order contribution

becomes after internal integration:

tr

[
G̃0(k, τ ; k, τ) · (i∂τ θ̃(0, τ) +mφ̃(0, τ))

]
=

∫
d3k nk

∫ β

0

dτ

∫
d3r

(
i∂τθ(r, τ) +mφ(r, τ)

)
Since θ is periodic on [0, β] and φ can be taken such that φL(τ) = −φR(τ), the first order
contribution vanishes. We can, however, still analyze the stationary phase configurations of

φ(r, τ) at this order due to the “electric field energy density term” mL2

2

∫ β
0
dτ
∫
d3r

(
i∂τv(r, τ)−

∇φ(r, τ)

)2

. We find

δS

δφ(r, τ)
= 0⇒ L2m

(
− i(∇ · (∂τv(r, τ)) +∇2φ(r, τ)

)
= 0 (3.75)

which is solved by any fields v, φ satisfying:

Imaginary time: i∂τv(r, τ) = ∇φ(r, τ) (3.76)

Real time: ∂tv(r, t) = ∇φ(r, t)

The real time version (lower equation in Eq.(3.77)), obtained by a Wick rotation of the
imaginary time equation, is a classical Euler equation relating the acceleration of the driving
velocity to a chemical potential difference across the aperture [19]. Therefore, due to the
“electric field” term, the stationary phase equation with respect to φ is a classical equation
of motion.

The second order contribution is more complicated (remember internal momenta integrals
and imaginary time integrals are implied):

−1

2
tr

[
G̃0(k, τ ; k′, τ ′)G̃−1

θ̇
(k′, τ ′; k′′, τ ′′)G̃0(k′′, τ ′′; k′′′, τ ′′′)G̃−1

θ̇
(k′′′, τ ′′′; k, τ)

]
Using the expression for the free Green’s function calculated above and carrying out the
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internal integrations gives:

−1

2
tr

[
(2π)3 exp−Ek(τ − τ ′)

(
Θ(τ − τ ′)(1 + nk) + Θ(τ ′ − τ)nk

)
·
(
i∂τ θ̃(k − k′′, τ ′)−mφ̃(k − k′′, τ ′)

)
· (2π)3 exp−Ek′′(τ ′ − τ)

(
Θ(τ ′ − τ)(1 + nk′′) + Θ(τ − τ ′)nk′′

)
·
(
i∂τ θ̃(k

′′ − k, τ)−mφ̃(k′′ − k, τ)

)]
.

We will make two simplifying assumptions here: 1) |τ − τ ′| ≈ 0, which is justified because
the above term is exponentially suppressed for |τ − τ ′| > E , and 2) k = k′′ = 0 which is
justified when one considers in momentum space the energetic contribution of the “electric
field energy density” L2m

∫
d3k k2φ̃(k, τ)φ̃(−k, τ) which is quadratic in k. The contribution

then becomes:

−1

2
· 1

2

∫ β

0

dτG̃0(0, τ ; 0, τ)2

(
i∂τ θ̃(0, τ) +mφ̃(0, τ)

)2

(3.77)

Let us look at the mean-field configuration for φ(r, τ) at this order in perturbation theory by
considering δS

δφ̃(0,τ)
. This gives ∂τ θ̃(0, τ) = −mφ̃(0, τ). Remembering f̃(0, τ) =

∫
d3r f(r, τ)

we have
∫
d3r i∂τθ(r, τ) = −m

∫
d3r φ(r, τ). Let us now constrain the fields to the following:

θ(r, τ) =

{
θL(τ) , r on left side of aperture
θR(τ) , r on right side of aperture

φ(r, τ) =

{
φL(τ) , r on left side of aperture
φR(τ) , r on right side of aperture

We then have:

i∂τθL(τ) = −mφL(τ)

i∂τθR(τ) = −mφR(τ) (3.78)

Upon subtracting the equations, one arrives at the imaginary-time Josephson-Anderson equa-
tion (which gives the correct real-time Josephson-Anderson equation):

i∂τ∆θ(τ) = −m∆φ(τ). (3.79)

This equation can be made gauge-invariant using the Euler equation Eq.(3.77). It im-
plies that φL(τ) = φR(τ) + i

∫ rL
rR
dr · ∂τv(r, τ). Using the same equation used to derive the

Josephson-Anderson equation above, we have:

∂τ (iθLVL+iθRVR) = −m
([
φR(τ)+i

∫ rL

rR

dr ·∂τv(r, τ)

]
VL+

[
φL(τ)−i

∫ rL

rR

dr ·∂τv(r, τ)

]
VR

)



Section 3.3. EFFECTIVE ACTION FOR GAUGED WIBG 58

where VR/L are the volumes of the right and left sides of the aperture. Collecting coefficients
of these volumes, one finds:

i∂τ (θL − θR) + im

∫ rL

rR

dr · ∂τv(r, τ) = −m(φR − φL)− im
∫ rL

rR

dr · ∂τv(r, τ)

Defining an analogue of the electric field by ζ =
∫ rR
rL
dr·(−∇φ(r, τ)+i∂τv(r, τ)) and the gauge

invariant phase difference ∆γ(τ) =
∫ rL
rR
dr ·mvg(r, τ) = θL(τ)−θR(τ)+ im

∫ rL
rR
dr ·v(r, τ) (see

also Eq.(3.45)), one finds the gauge invariant form of the Josephson-Anderson equation:

Imaginary time: i∂τ∆γ(τ) = −mζ(τ) (3.80)

Real time: ∂t∆γ(t) = −mζ(t)

where the real time version is obtained using the Wick rotation t 7→ −iτ .
We now must find out how this 2nd order perturbative contribution appears in the

effective action, which will only involve ∆γ(τ). Eq.(3.77) tells us how to do this. Using the
fact that

G̃0(0, τ ; 0, τ) =: n (3.81)

is the (τ -independent) number of k = 0 bosons, we split the 2nd-order term as−n2V 2
L

2

∫ β
0

(
i∂τθL+

mφL

)2

+ (L→ R). Take VL = VR ≡ V for simplicity. Using Eq.(3.77), we can eliminate e.g.

φL from the action. We then want to integrate over φR to get an effective term involving
∆γ(τ) only. This is a somewhat lengthy Gaussian integral:∫

D[φR]exp

[
− 1

2

∫ β

0

dτ V 2n2m2φ2
R −

V n2mi

2

∫ β

0

dτ

(
∂τθL + ∂τθR

+
m

~

∫ rL

rR

dr · ∂τv(r, τ)

)
φR

]
∝ exp

[
− n2V 2

8

∫ β

0

dτ

(
∂τθL + ∂τθR +

m

~

∫ rL

rR

dr · ∂τv(r, τ)

)2]
(3.82)

Eliminating the 0-component of the gauge field from the action is reasonable because it is
not a dynamical field. The result is:

SC =

∫ β

0

dτ EC

(
∂τ∆γ(τ)

)2

(3.83)

where the microscopic expression for EC (from the Gaussian integral) is n2V 2

8
.

At 2nd order in perturbation theory, the Euler equation Eq.(3.77) which was derived
from the tree-level action (i.e., by pinning i∂τv(r, τ) to ∇φ(r, τ) from the outset, thereby
effectively ignoring contributions from the electric field term in Eq.(3.63)) can be considered
a hard constraint. This means the electric field contribution to the effective action is zero. If
one were to include the electric field term, its coefficient would just change EC by an additive
constant.
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3.3.3 Fluxoid quantization, Hess-Fairbank equation

Using Eq.(3.64) to expand the contribution of G−1
vg from Eq.(3.56) to first order results in a

term quadratic in the gauge invariant velocity field vg(r, τ) (i.e., such a term is referred to as a
“massive term” for vg). In superconductors, the physical consequence of a massive vector field
is the Meissner effect, a repulsion of magnetic fields from the interior of the superconductor
up to a certain penetration depth which is dependent on the superfluid density [76]. The
analogous effect for 4He is the Hess-Fairbank effect [44], in which the superfluid mass density
does not respond to rotation of the container due to an energy barrier to vorticity entering
the superfluid.

Analyzing the contribution of the vorticity energy density and the first order term in G−1
vg

to the perturbation expansion in Eq.(3.64) shows that the gauge-invariant velocity satisfies
a London equation, which is the mathematical expression of the expulsion of the gauge field
from the deep interior of the system observed in the Hess-Fairbank effect. This equation can
also be used to show that the first-order contribution of G−1

vg to the effective action for ∆γ

is canceled by the vorticity energy density term. Specifically, the zeroth order term (O(v0
g))

evaluates to the free energy 1
2
tr log G−1

0 of Bogoliubov quasiparticles at momenta greater
than 1/ξ.2 from This term can be canceled by an ad hoc normalization of the partition
function, which leaves only macroscopic degrees of freedom in the action. The first-order
contribution to the action is

1

2
tr

[
G̃0(k, τ ; k′, τ ′) · m

2
ṽg(q, τ

′)ṽg(k
′ − k − q, τ ′)δ(τ − τ ′)

]
(3.84)

where all internal momenta and time are summed over and the trace defines a sum over the
resulting external momenta and time. Integrating over τ ′, using the fact that ṽg is real, and
since G̃0(k, τ ; k′, τ ′) ∝ δ(k − k′), this simplifies to:

1

2
tr

[
G̃0(k, τ ; k, τ) · m

2
ṽg(q, τ)ṽg(−q, τ)

]
=
nm

4

∫ β

0

dτ

∫
d3r vg(r, τ)2, (3.85)

where n is the number of condensed bosons. We have restricted the sum over momenta
in the free Green’s function to k = 0 because contributions from k 6= 0 are exponentially
suppressed at low temperatures. The resulting expression in spatial coodinates is:

nm

4

∫ β

0

dτ

∫
d3r vg(r, τ)2. (3.86)

The resulting massive term for vg in the action (proportional to v2
g) suppresses fluctuations

of the magnitude of the macroscopic phase gradient 1
m
∇θ from that of the driving velocity

2The momentum scale 1
ξ , where ξ is the healing length, separates low energy “wave-like” phonon exci-

tations from high energy “particle-like” excitations. In liquid 4He, the analogous length scale separates the
phonon part of the spectrum from the roton part of the spectrum near the roton minimum.
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v(r, τ) in the bulk of the system. Minimizing the action (expanded to second order in v(r, τ))
with respect to v(r, τ) gives:

δS

δv(r, τ)
=

δ

δv(r, τ)

[
tr log (G−1) +

mL2

2

∫ β

0

dτ

∫
d3r(∇× vg(r, τ))2

+
L2m

2

∫
d3r (i∂τv(r, τ)−∇φ(r, τ))2

]
= 0 (3.87)

which simplifies to

n

2
vg(r, τ) + L2(∇× ω(r, τ))− L2m(i∂τ (∇φ(r, τ))− ∂2

τv(r, τ)) = 0. (3.88)

In the last line, we have used some basic properties of functional derivatives; the vorticity
is defined by ω(r, τ) such that ω(r, τ) = ∇ × v(r, τ). The energy cost incurred due to
fluctuations of v(r, τ) from a solution to the stationary phase equation can be determined by

calculating
δ2S

(δv(r, τ))2
. We can use Eq.(3.77) to fix the imaginary time dependence. Using

the identity ∇× (∇× vg(r, τ)) = ∇(∇ · vg(r, τ))−∇2vg(r, τ), Eq.(3.88) becomes

n

2
vg(r, τ)− L2∇2vg(r, τ) = 0, (3.89)

which is a London equation describing the decay of the gauge-invariant velocity vg(r, τ) in the

interior of the bosonic system, with penetration depth λ =
√

2L2

n
. We will refer to Eq.(3.89)

as the Hess-Fairbank equation. This expulsion of flow from the interior of the superfluid
beyond a length λL is well documented and can be attributed to the nonzero mass of the
velocity field in the superfluid phase [23]. In this way, the latter phenomenon is the analogue
in superfluidity of the Higgs mechanism [11] in superconductors. Here, the penetration depth

λL =
√

2L2

n
. Usually, the London equation is expressed in terms of the field strength (B in

superconductors); taking the curl of Eq.(3.89) and using the same vector identity as before
(with ∇ · ∇ × v = ∇ · ω = 0 gives:

n

2
ω − L2∇2ω = 0. (3.90)

While the “electric” field energy density term is zero once Eq.(3.77) is implemented as a
constraint, the “magnetic” or “vorticity” contribution to the effective action is not. Taking
the vorticity contribution into account, we show that the first order contribution of G−1

vg

(calculated in Eq.(3.86)) to the effective action is canceled by the contribution from the
energy in the vorticity field. This result implies that the only contribution from G−1

vg to the
effective action for ∆γ(τ) appears at second order in perturbation theory.

To determine the contribution of G−1
vg to the effective action, Eq.(3.86) is evaluated by

choosing a cycle Γ = C + C ′ (Fig.3.1) which winds through the aperture. If we parametrize
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Γ by α(t) ∈ R3, then
∫

Γ
dr · vg(r, τ) =

∫
dtα′(τ) · vg(α(t), τ). We rewrite this integral with

respect to arc-length so that it is equal to
∫
dtds

dt
dα
ds
· vg(α(t), τ). dα

ds
≡ T (t) is taken tangent

to Γ such that ‖T (t)‖ = 1. If the constraint that vs ‖ T (t), ∀t is imposed, then T (t) can

be written T (t) = vg(α(t),τ)

‖vg‖ . Since the driving velocity v(r, τ) and ∇θ(r, τ) are parallel, the

triangle inequality gives:

1

‖vg(r, τ)‖
=

1

‖v‖+ ~
m
‖∇θ(r, τ)‖

=
1

‖v‖
1

1 + ~
m
‖∇θ‖
‖v‖

≈ 1

‖v‖
. (3.91)

In performing the line integral, we have to remember that the phase θ is not necessarily
single-valued, so we expect a winding number to appear. The contribution to the effective
action from vg at first order is:

SL :=
nm

4

∫
d3r vg(r, τ)2 =

nmL2

4

∫
Γ

ds vg(r, τ)2

=
mn‖v‖L2

4

∫
Γ

dr · vg(r, τ)

=
mn‖v‖L2

4

(∫
C′
dr · v(r, τ) +

~
m

∫
Γ

dr · ∇θ − ~
m

∫
C′
dr · ∇θ

)
=

=
mn‖v‖L2

4
Φ0

(
`− ∆γ(τ)

2π

)
, ` ∈ Z (3.92)

where L2 is the constant with units of area multiplying the vorticity energy density and the
“electric field” energy density in the microscopic action and we note in the third line that
in the Γ line integral, only a short segment of the cycle spanning the aperture contributes
under the assumption that vg vanishes far from the aperture array. SL signifies a linear
contribution to the effective action.

In order to calculate the contribution of the vorticity energy density, one uses the sta-
tionary phase equation Eq.(3.89) in the form ∇× ω = j(r, τ) = − n

2L2vg(r, τ) :

mL2

2

∫
d3r

(
∇× vg(r, τ)

)2

=
mL2

4

∫
d3r vg(r, τ) ·

(
∇×∇× vg(r, τ)

)
=

mL2

2

∫
d3r vg(r, τ) · j(r, τ)

= −nmL
2‖v‖

4
Φ0

(
`− ∆γ(τ)

2π

)
= −SL (3.93)

where we have used the vector identity a · (∇× b) = b · (∇× a) −∇ · (a × b) and assumed
that vg ⊥ ω locally (i.e. ∀ r, τ). In the last equality, we have calculated the spatial integral
in the same way as Eq.(3.92). Hence, SL, the first order contribution of G−1

vg to the effective
action, is canceled by the vorticity energy density.
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Figure 3.1: The contours used to derive superfluid fluxoid quantization. C ′ is threaded
through the aperture in the septum.

Because we have incorporated an external velocity field to describe the effect of external
driving on the reservoirs, it is useful to explore the consequences of this on circulation
quantization. In the absence of driving (v(r, τ) = 0), the circulation integral is quantized
in values of the circulation flux Φ0 = 2π

m
, due to the single-valuedness of the phase:

∮
dr ·

vg(r, τ)|v=0 = 1
m

∮
∇θ(r, τ) = 2π`

m
, ` ∈ Z. It seems clear that some form of the quantization

should carry over to the driven case. To this end, we will integrate the London equation
over a properly chosen contour. By analogy with Ampère’s law, we interpret ∇× ω(r, τ) as
a current j(r, τ). We take a line integral of the Hess-Fairbank equation (3.89) around the
torus on a path C which goes all the way around the torus, except for a missing segment C ′

across the aperture (Figure 3.1)∫
C

dr ·
(
j(r, τ) +

n

2L2
(v(r, τ) +

1

m
∇θ(r, τ))

)
= 0. (3.94)

Since θ is only defined mod 2π, one must have

∫
C

dr ·∇θ(r, τ) = 2πl−∆θ(τ), l ∈ Z where

∆θ is the line integral of the phase over C ′ (local phase difference across the aperture). The
line integral of the driving velocity gives the external circulation Φ∫

C

dr · v(r, τ) +

∫
C′
v(r, τ) · dr =

∫
A

ω · dS = Φ (3.95)

Combining these two equations gives the generalized circulation quantization condition:

1

Φ0

(
Φ +

2L2

n

∫
C

dr · j(r, τ)

)
=

∆γ(τ)

2π
− ` (3.96)

with ` ∈ Z and ∆γ(τ) the gauge-invariant phase difference in Eq.(3.45). Φ0 is the circulation
quantum, Φ0 = 2π

m
. At distances into the bulk superfluid greater than the penetration depth,

j(r, τ) = 0 so that the above equation reduces to an equation for the quantization of the
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circulation due to the driving velocity. The general form of Eq. (3.96) expresses quantization
of the superfluid “fluxoid” [68] which contains contributions from vorticity due to the driving
current in addition to the superfluid circulation.

It remains to determine the contribution of vg to the effective action for the gauge-
invariant phase difference ∆γ(τ). As shown above, including the vorticity (circulation energy
density) contribution in the bare action Eq.(3.63) and requiring that the London equation
hold results in the cancellation of the first order contribution of G−1

vg by the circulation energy
density. It should be mentioned that in deriving this cancellation, we ignored a topological
surface term

∫
∂V
vg ∧ ω. In fact, had we included in the action resulting from the O(v2

g)
terms of the perturbative expansion the source terms for vg(r, τ) and ω(r, τ), parametrized
the vortex current by an appropriate gauge field, and integrated out vg(r, τ), the effective
theory for the phase texture and vortex gauge field would be a BF topological field theory [77,
54]. In this work, we do not consider explicitly the dynamics of vortices (but see discussion
in Section 3.6).

The second order contribution of G−1
vg gives a nonvanishing contribution to the effective

action for ∆γ and simplifies to:

−m
2

16

∫
d3kd3k′ nknk′

∫
d3qd3ξ

(2π)6
ṽg(q, τ)ṽg(k − k′ − q, τ)ṽg(ξ, τ)ṽg(k

′ − k − ξ, τ) (3.97)

This expression is a convolution in momentum variables, but can be approximated as local in
momentum because nk is exponentially suppressed for k 6= 0 at low temperatures. Because
the quadratic term in vg gives rise to a linear term in ∆γ (Eq. (3.92)) the term quartic in
vg results in a quadratic term for ∆γ(τ):

SQ = −EQ(`− ∆γ(τ)

2π
)2 (3.98)

where
EQ = m2n2‖v‖2L4Φ2

0/16. (3.99)

We note here that in the present analysis of driven bosonic flow through an aperture, G−1
vg

is strictly second order in the gauge-invariant velocity vg, while the corresponding pertur-
bative contribution for superconducting current flow through a Josephson junction contains
a term linear in vg in addition to higher order terms [64, 74]. In the present analysis, the
consequence of the lack of a linear contribution of vg is that our second order expansion in
G−1
vg is quartic in vg. This difference is a result of the polar decomposition of the bosonic

fields made here into real components, in contrast to the superconducting case in which one
must work with Nambu spinors. Expanding the square in Eq. (3.98) shows that the effective
action has both quadratic and linear dependence on ∆γ. The latter will result in a quantized
constant term (a quantized current-bias) in the current-phase equation while the former will
give a term proportional to ∆γ (see Section 3.4).
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3.3.4 Tunneling contribution for multiaperture arrays

We require that the tunneling matrix Trr′ = 0 when r and r′ are on the same side of the
aperture and, for simplicity, Trr′ = T = const. when r and r′ are on opposite sides of the
aperture. The complete expression for the tunneling perturbation to the free bare action is:

G−1
T = Trr′e

i(θ(r′,τ)−θ(r,τ)−m~
∫ r
r′ dr·v(r,τ))δ(τ − τ ′) = Trr′e

i∆γ(τ)δ(τ − τ ′)

The first order contribution in the tr log expansion is (using the convention that left-to-right
tunneling is associated to the gauge invariant phase difference −∆γ(τ), and its opposite is
associated to right-to-left tunneling):

1

2
tr

[
G0(rL, τ ; rR, τ)TrRrLe

−i∆γ(τ)

]
+

1

2
tr

[
G0(r′R, τ ; r′L, τ)Tr′Lr′Re

i∆γ(τ)

]
Assuming constant tunneling amplitude Tr,r′ = T , and using the fact that∫

d3rd3r′G0(r, τ ; r′, τ) = G̃0(k − k′ = 0, τ), (3.100)

this can be rewritten as:

SJ = Tn

∫ β

0

dτ cos ∆γ(τ) (3.101)

In our analysis of the effective theory for the gauge-invariant phase difference, nonlocal
imaginary time terms in the perturbation expansion have been neglected. Here we derive
one of these nonlocal terms arising from the second order contribution of G−1

T ; diagrams
corresponding to this contribution are shown in Fig.(3.2).

The resulting contribution is:

exp

[
− 1

4

(
tr[G0(rL, τ ; rR, τ

′)TrRr′Le
−i∆γ(τ ′)G0(r′L, τ

′; r′R, τ)Tr′RrLe
−i∆γ(τ) + (R↔ L)]

+tr[G0(rL, τ ; r′L, τ
′)Tr′Lr′Re

i∆γ(τ ′)G0(r′R, τ
′; rR, τ)TrRrLe

−i∆γ(τ) + (R↔ L)]

)]
. (3.102)

Transforming to momentum space and taking the tunneling amplitude to be a constant,
T , yields:

−T 2

∫ β

0

dτ dτ ′
∫
d3k d3k′ e( k

′2
2m
− k2

2m
)(τ−τ ′)(1 + nk)nk′ cos(∆γ(τ)) cos(∆γ(τ ′)) (3.103)

Our expression for the nonlocal contribution for this driven bosonic flow differs from that
of AES (Equation 25 of Ref.[64]) because we do not have a particle-hole symmetry.
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Figure 3.2: Diagrammatic representation of the two second-order contributions from G−1
T in

Eq.(3.102) which result in an imaginary time nonlocal contribution to the effective action.
Solid lines correspond to free propagation occuring with amplitude G0 while dashed lines
correspond to propagation due to tunneling occuring with amplitude T . The convention−∆γ
(∆γ) is used for left-to-right (right-to-left) hopping. We omit the delta function interaction
vertices as they are omitted in Eq.(3.102).

3.3.5 Discussion of effective action

The effective action for the gauge-invariant phase difference is determined from Eq. (3.83),
Eq. (3.98), Eq. (3.101) to be Seff = SC + SQ + SJ . Explicitly:

Seff [∆γ(τ); l, β] =

∫ β

0

dτ EC

(
∂τ∆γ(τ)

)2

− EQ(`− ∆γ(τ)

2π
)2

+ EJ cos ∆γ(τ) (3.104)

where the microscopic expressions for the coefficients have been derived above: EC =
n2V 2/8 , EQ = m2n2‖v‖2L4/16 , EJ = Tn. This effective action describes a particle on
a ring (the position on the ring is determined by the single degree of freedom ∆γ ∈ [0, 2π))
with a potential that is a sum of a parabolic and cosine terms, i.e.,

V [∆γ] = −EQ(`−∆γ(τ)/2π)2 + EJ cos ∆γ(τ). (3.105)

(see Figure 3.3). In the partition function involving Seff , the sum over ` ∈ Z counts the
winding number of the macroscopic phase, as required by the fluxoid quantization condition
Eq.(3.96). Changes in ` correspond to phase slips across the aperture, but we do not consider
dynamic transitions ` 7→ `±1 in this work; calculating the amplitude for these events involves
an estimate for the tunneling rate for ∆γ between different winding sectors. The behavior
of the effective potential for ` = 0 and a range of relative values of the parameters EJ ,EQ is
shown in Figure 3.3. The generalized circulation quantum condition, Eq. (3.96), may be used
to further write the effective action solely in terms of the circulation Φ. The Hamiltonian
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corresponding to this action is formally similar to that used to describe rf SQUIDs and
superconducting flux qubits[74, 78, 79] and has been used previously to analyze coherent
quantum phase slips [80].

The quadratic contribution of ∆γ in the effective potential Eq.(3.105) differentiates this
potential from the sinusoidal-plus-linear or “washboard” form of effective potential found for
a current-biased Josephson junction [78]. The effective action derived here for driven bosonic
flow through an aperture differs from that derived by AES for superconducting flow through
a Josephson junction in two respects. First, for the driven bosonic flow, the gauge field
contribution G−1

vg to the effective action at second order in perturbation theory is quartic in
vg, resulting in a term quadratic in ∆γ and hence a parabolic contribution to the potential.
In contrast, the contribution from the superconducting superfluid velocity to the effective
action for a superconducting tunnel junction is linear in the phase difference variable (see
Eq. (31) in Ref. [64]) and second order terms arise only from the additional inductive energy.
Second, we have neglected the second order tunneling perturbation which is nonlocal in time:
inclusion of this would, by analogy with the analysis of AES, give rise to dissipation in the
aperture array.

In Section 3.5 below we will analyze the temperature-dependence of EJ . Because the
temperature-dependence will enter through the ratio of EQ to EC in Eq.(3.104), we now
show that the latter ratio can be written in terms of the ratio of two characteristic lengths
of the system. According to the analysis above:

EQ
EC

=
2π2‖v‖2L4

V 2

=
2π2‖v‖2n2λ2

L

2V 2
, (3.106)

where λL is the penetration depth of the gauge invariant velocity vg (Eq.3.89). In the Popov
approximation (Section 2.1.2) for a dilute BEC, the condensate density n/V can be related
to the healing length at nonzero T by n/V = 1/8πaξ(T )2, where a is the s-wave scattering
length [28]. We can then express the ratio by

EQ
EC

=
‖v‖2

(2a
√

2)2

(
λL

2ξ(T )

)4

(3.107)

We will use Eq.(3.107) to analyze the current-phase relation of a single aperture in Section
3.4 below.

3.4 Current phase relations

The current-phase relation is the central equation of weak link Josephson phenomena. Not
only does it reflect the macroscopic quantum nature of the flow through an aperture, but it
can also yield indirect information on the microscopic dynamics of the constituent particles at
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Figure 3.3: The potential of the effective Euclidean action, V [∆γ] = −EQ(` − ∆γ/2π)2 +
EJ cos ∆γ versus ∆γ shown with ` = 0 for EJ = 1 and three values of the ratio EQ/EJ :
EQ/EJ = 10 (blue), 1 (green), 0.1 (red). Evaluating the potential at ` 6= 0 breaks the
∆γ → −∆γ symmetry.

the aperture. The most extensive studies of Josephson oscillations in interacting atomic Bose
systems (as opposed to superconductors) have been made for 4He, where experiments with
driven flow through nanoaperture arrays reveal the existence of two different current-phase
relations in different temperature regimes below the λ point. We will use the microscopically
derived effective action for the single aperture, Eq. (3.104) to derive the current-phase equa-
tion for the aperture-coupled reservoirs of weakly interacting bosons. By relating a ratio of
two coupling constants in the effective action to the temperature-dependent healing length,
we show qualitatively how the current-phase relation can shift from linear to sinusoidal as
the healing length diverges. In Section 3.5 we use an RG calculation to verify this analyti-
cally and then use the empirical healing length of liquid 4He in our scaling equation to relate
our predicted linear-to-sinusoidal transition in a weakly interacting system to the analogous
observed transition in the strongly interacting 4He system. Although observation of Joseph-
son flow through aperture arrays under external driving has not yet been experimentally
observed for dilute atomic BECs, both Josephson oscillations [81] and persistent flow [82]
have been observed for these systems in different geometries (double well and toroidal traps,
respectively) so we expect our present approach to be of immediate use in analyzing these
dilute systems.
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The current-phase equation resulting from the effective action Seff is obtained as the
stationary phase equation δSeff/δ∆γ(τ) = 0. This equation is derived in convenient form
by first defining the “density difference” field ∆n(τ) that is canonically conjugate to ∆γ(τ),
by Legendre transformation of the Lagrangian in the path-integral. Specifically, the kinetic
term of Eq. (3.104) is changed via:

e
−

∫ β
0 dτ EC

(
∂τ∆γ(τ)

)2

∝
∫
D[∆n(τ)]e

−
∫ β
0 dτ 1

4EC
∆n(τ)2+i

∫ β
0 dτ ∆n(τ)∂τ∆γ(τ)

(3.108)

The resulting Legendre transform of Eq.(3.104) is given by:

Seff [∆γ(τ),∆n(τ); l, β] =

∫ β

0

dτ i∆γ(τ)∂τ∆n(τ)

− EQ(`− ∆γ(τ)

2π
)2 + EJ cos ∆γ(τ) +

1

4EC
∆n(τ)2. (3.109)

Minimizing this action with respect to ∆γ(τ) then yields the general current-phase equa-
tions

Imaginary time: i∂τ∆n(τ)− EJ sin(∆γ(τ)) +
EQ
2π2

∆γ(τ) +
EQ`

π
= 0 (3.110)

Real time: ∂t∆n(t)− EJ sin(∆γ(t)) +
EQ
2π2

∆γ(t) +
EQ`

π
= 0 (3.111)

where the real time version is obtained in the same way (via Wick rotation τ 7→ it) as the
real time versions of the Euler equation and gauge invariant Josephson-Anderson equation
(Section 3.3.2). The real-time current is defined by I(t) = d∆n/dt. The term linear in
∆γ confirms that this current-phase relation constitutes an analog for weakly interacting
condensed bosons of the generalized Josephson equation for an rf SQUID. The current-bias
part of the current-phase relation is constant and quantized, proportional to ` ∈ Z. From the
form of the effective action, it is clear that ` counts the number of phase slips in the system
(i.e., the difference between the number of circulation quanta in the system and the gauge
invariant phase difference). If ∆γ ∈ [0, 2π) then a larger |`| corresponds to a greater absolute
number of circulation quanta in the system and hence a greater magnitude of current. We
emphasize that Eq. (3.110) contains all terms necessary to describe a linear-to-sinusoidal
current-phase transition.

The different forms of the current-phase relation in different physical regimes correspond
to specific values of the parameters EQ and EJ . For EJ = 0, the current-phase relationship of
Eq. (3.110) is linear and corresponds to the small amplitude oscillations of a pendulum [83,
84]. However, the effect of an `-dependent current-bias persists. For EQ = 0, the real time
version of this equation reduces to the usual Josephson equation ∂t∆n(t) = EJ sin(∆γ(t)),
with critical number current equal to EJ = Tn.
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Figure 3.4: Plots of real time (i d
dτ
→ − d

dt
in Eq.(3.110) ) current-phase relations for mixed

linear-sinusoidal contributions over [−π, π] for ` = 0 and a range of values for the parameter
ratio EJ/EQ at fixed temperature. These are to be compared with the experimentally
observed current-phase relations shown in Figure 3 of Ref. [67]. In Section 3.5 we derive the
temperature-dependence of the current-phase relationship.

The classical equation for ∆γ can be determined (in imaginary time) by requiring the
exponent of Eq. (3.108) to be stationary with respect to variations in ∆n. This results in
the relation i∂τ∆γ = −1

2EC
∆n, analogous to mq̇ = p in classical mechanics. Substituting this

relation into Eq.(3.110), it is then evident that for EQ � EC the quantized current-bias and
the coefficient of the linear term are negligible; it is in this regime that purely sinusoidal
oscillations should be observed. In this limit, one recovers the imaginary time version of the
classical (fixed length) pendulum equation with amplitude EJ/2EC , i.e.,

∂2
τ∆γ =

EJ
2EC

sin(∆γ). (3.112)

Transformation to real time results in the well-known classical pendulum analogue of the
Josephson effect [84].

More generally, the current-phase relation, Eq. (3.110), interpolates between two regimes
of purely linear and sinusoidal current-phase equations at EJ = 0 and EQ = 0, respectively
(plotted in real time in Figure 3.4). These two limiting current-phase behaviors were observed
for different temperature intervals in the 4He nanoaperture array experiments of Ref.[67].

If we set λL = λap in Eq. (3.107), with λap the diameter of a single aperture (see Section
3.5 for justification), we may relate the ratio EQ/EC to the ratio λap/2ξ(T ) of the charac-
teristic aperture size to the temperature-dependent healing length. As the temperature is
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decreased, the healing length becomes smaller than the aperture size and the ratio EQ/EC
grows quartically. Thus if EJ is considered fixed, the linear term in the current-phase equa-
tion Eq. (3.110) becomes dominant for low T . In contrast, at higher temperatures, e.g. large
enough that the healing length is larger than the aperture size, the sinusoidal term would
become dominant. Whether thermal fluctuations of the gauge-invariant phase difference
wash out the sinusoidal part of the current-phase relation as Tλ is approached from below
depends on the size of EJ , the scaling of which is derived in terms of EC and EQ in Section
3.5.

The present qualitative analysis shows that as the temperature is increased towards Tλ,
there can be a transition from a linear current-phase relation at low temperatures to a
sinusoidal current-phase relation at higher temperatures (but still below Tλ).

3.4.1 Current phase relation for two-aperture array

Within the framework of this theoretical analysis, adding an additional aperture is straight-
forward and results in a substantially richer set of current-phase phenomena. We analyze
here just the two-aperture case, leaving the extension to arrays with large numbers of aper-
tures for future investigation. We may assume the cross-sectional areas of the two apertures
are identical. There are now two tunneling matrices T

(1)
r,r′ and T

(2)
r,r′ ; we require that T

(1)
r,r′ is

nonzero only when r and r′ are on opposite sides of aperture 1 and both are in a small vicin-
ity of the aperture (similarly for T

(2)
r,r′). In addition to the sum of single aperture effective

actions for the gauge invariant phase differences ∆γ(1)(τ) and ∆γ(2)(τ), which have been
derived in Section 3.3.4, there is now also a tunneling cross-term that appears at second
order in the perturbation theory. This tunneling cross-term generates an effective aperture
interaction that may be expressed in terms of the microscopic phase differences across the
individual apertures. In particular, with the tunneling amplitudes assumed to be the same,
this term adds an interaction to the effective action for two apertures of the form

Sint = −E2
J cos(∆γ(1)(τ)) cos(∆γ(2)(τ)). (3.113)

For small phase-differences, Taylor expansion of this equation implies that the homogeneous
part of degree 2 renormalizes the quadratic parts of the uncoupled contributions to the
action and introduces a coupling ∆γ(1)(τ)∆γ(2)(τ), while the homogeneous part of degree
4 introduces a coupling ∆γ(1)(τ)2∆γ(2)(τ)2 as well as quartic local potentials for the phase
differences. Neglecting these higher order terms, the interaction results in coupled modified
Josephson equations which describe classical coupled pendula. Since we do not analyze the
equations, we do not write them explicitly; let it suffice to note that the stationary phase
equation ∂S

∂∆γ(1) = 0 ( ∂S
∂∆γ(2) = 0) will contain a linear term ∆γ(2) (∆γ(1)) due to the coupling

in Eq.(3.113). Eq.(3.113) has the feature that this contribution to the energy is minimized
either for the phase differences being both an even or odd multiple of π.

We can use the two-aperture coupling term Eq. (3.113) to rationalize the experimentally
observed transition from a linear to sinusoidal current-phase relation in a multi-aperture
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array. Because the coefficient of the interaction just derived is the square of EJ we know
that if EJ is large compared to EQ, the current-phase relation for each individual aperture
is approximately sinusoidal and that the energy cost for having an inter-aperture phase
difference of π is 2E2

J . This means that for EJ 6= 0, it is favorable for the difference of
the phase-differences to be 0mod2π. Hence the amplitude of the oscillation coming from
the independent terms is doubled. This is consistent with both the experimental observa-
tions of phase difference synchronization as the current-phase relation becomes sinusoidal,
i.e., Josephson-like, as well as with the observed linear scaling of the Josephson oscillation
amplitude with number of apertures [67].

3.5 Low energy current phase relations

To make contact with experiment and to justify the qualitative argument presented in Section
3.3.5, it is desirable to understand how the current-phase relationship of the effective theory,
Eq.(3.110), and in particular the critical current EJ , depends on temperature. This can
be done by employing renormalization group (RG) methods in the small EJ regime and
analyzing the corresponding beta function. The sign of the beta function determines how
the coupling constant EJ behaves (i.e., decreases or increases) at low energies/long length
scales.

We note that in order for the system to be described by the phase-difference only, we
must implicitly assume a high-energy cutoff Λ, beyond which energy scale the effective
theory is invalid. At the energy scale determined by b = Λ

λ
, with λ a lower energy scale

(i.e., b ∈ [1,∞)), EJ(b) is the critical current of the current-phase relation and its magnitude
relative to EQ will determine the Josephson character of the current-phase relation.

3.5.1 Weak-coupling RG approach

To gain some contact with experiment, it is desirable to understand how the current-phase
relationship of the effective theory (especially the critical current) depend on temperature.
This can be done by using a perturbative expansion in the small EJ regime and duality in
the large EJ regime [11]. The action of Eq.(3.104) is Fourier transformed into Matsubara
frequency space, except for the ST part, yielding:

S =
∞∑

n=−∞

(
ECω

2
n −

EQ
4π2

)
∆̃γn∆̃γ−n +

∫ β

0

dτ EJ cos ∆γ(τ) +
βEC`

4π2
∆̃γ0
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Approximating the Matsubara sum by an integral, ∆γ(τ) is now split into high-frequency
(“fast”) and low-frequency (“slow”) components:

∆γs(τ) =

∫ Λ
b

0

dω

2π
e−iωτ∆̃γ(ω) (3.114)

∆γf (τ) =

∫ Λ

Λ
b

dω

2π
e−iωτ∆̃γ(ω) (3.115)

where b ∈ [1,∞) is the energy renormalization scaling and Λ is the high energy cutoff. Seff

is split into fast, slow, and combined parts:

Seff = Ss[∆̃γ] + Sf [∆̃γ] + SU [∆γs + ∆γf ] (3.116)

where Ss/f =
∫
s/f

dω
2π

(ECω
2− EQ

4π2 )∆̃γ(ω)∆̃γ(−ω) (Ss gets an additional contribution from the

∆̃γ(0) term). s defines the interval [−Λ,Λ] while f denotes the union (−∞,−Λ) ∪ (Λ,∞).
In SU , the argument of the cosine potential is split into fast and slow components. The key
to this RG calculation is the weak-coupling limit of the integration over fast modes:

e−Slow energy[∆γs] = e−Ss[∆γs]〈1− SU [∆γs,∆γf ] + . . .〉f ≈ e−Ss[∆γs]e−〈SU [∆γs,∆γf ]〉f (3.117)

where 〈·〉f is the expectation with respect to the fast action.
The resulting expression for 〈SU [∆γs,∆γf ]〉f results in a b-dependent multiplicative renor-

malization of EJ , which we call EJ(b). This “partial trace” is given explicitly by:

〈SU [∆γs,∆γf ]〉f=EJ
∫

Λ
b
<|ω|<Λ

D[∆̃γ(ω)]e
−2

∫ Λ
Λ
b

dω
2π

(
ECω

2−
EQ

4π2

)
|∆̃γ(ω)|2

(
exp

(
i∆γs(τ)e

i
∫ Λ

Λ
b

dω
2π

(eiωτ ∆̃γ(ω)−c.c.)
)

+ c.c.

)
.

(3.118)

There are two complex Gaussian integrations in this expression. Following Ref.([11]),

call the kernel A(ω, ω′) = 1
π
(ECω

2− EQ
4π2 )δ(ω−ω′) and depending on which Gaussian integral

use either j(ω) = ±ieiωτ
2π

for the source. The result is:

〈SU [∆γs,∆γf ]〉f = EJ

∫ β

0

dτ e

1
4π2

∫ Λ
Λ
b
dω

(
π

ECω
2−

EQ

4π2

)
cos(∆γs(τ)) (3.119)

Performing the necessary integrations and rescaling ω′ = bω and τ ′ = τ
b

we calculate:

〈SU [∆γs,∆γf ]〉f = EJb

(1− 2π
√

EC
EQ

Λ

1 + 2π
√

EC
EQ

Λ
·

1 + 2π
√

EC
EQ

Λ
b

1− 2π
√

EC
EQ

Λ
b

) 1
2
√
ECEQ

∫ β
b

0

dτ ′ cos ∆γs(τ
′) (3.120)
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where ω′ ≡ bω and τ ′ ≡ τ
b

are rescaled coordinates so that ω′ ranges over all positive energies.
The beta function is defined by

β(EJ) ≡ dEJ
d log b

|log b=0 = b
dEJ
db
|b=1 (3.121)

where EJ(b) is the coupling constant in (3.120). The result we have obtained is:

β(EJ) = b
dEJ
db
|b=1 =

(
1 +

2πΛ

4π2ECΛ2 − EQ

)
EJ

Integrating this differential equation by separating variables gives:

EJ(b) = EJb
1+ 2πΛ

4π2ECΛ2−EQ . (3.122)

When the exponent is negative (positive), EJ(b) will be irrelevant and disappear (relevant
and grow) at low energies. Remember that for b = 1, Λ

b
= Λ. This result for the beta

function is verified using the background field RG method in Section 3.5.2. Rescaling the
coupling constants by the cutoff Λ according to their canonical scaling dimensions, one has:
E ′C = ECΛ, E ′Q =

EQ
Λ

. EJ is not naively rescaled because the β-function tells us how it
should be rescaled. In particular, EJ exhibits anomalous scaling. Substituting into EJ(b)
results in the cutoff-independent scaling:

EJ(b) = EJb
1+ 2π

4π2E′
C
−E′

Q

= EJb

1+ 1

2π(E′
C
−
E′
Q

4π2 ) (3.123)

3.5.2 Background field RG approach

It is useful to reproduce the result of the previous section using another method, especially
because we did not discuss the mathematical structure of the expansion in Eq.(3.117). Begin-
ning with the bare action, we derive the beta-function of the cosine interacting by integrating
over high-energy momentum modes of the field δγ(τ). This approach to calculating the beta
function is called the “background field” approach [29]. We begin with the effective action
with a high-energy (thermal UV) cutoff imposed

S(Λ)[∆γ(τ)] =

∫ β

0

dτ

[
E

(Λ)
C (∂τ∆γ)2 − E(Λ)

Q (`− ∆γ

2π
)2 + E

(Λ)
J cos ∆γ

]
(3.124)

where the Λ superscript marks coupling constants of the “bare” high-energy theory. The
high energy cutoff is implemented by integrating over the large Matsubara modes appearing
in the Fourier transform of ∆γ(τ). In this case, it is best to leave the value of the high energy
cutoff unspecified at first because there are many length scales to consider in the system:
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the circumference of the torus, the width of the aperture, the penetration depth λL, the
temperature-dependent healing length ξ(T ), and the length scale associated with the energy
of the driving velocity v (this is the shortest). From now on, we take the unadorned EC , EQ,
and EJ to represent their values when the cutoff is Λ. Now substitute ∆u = `− ∆γ

2π
so that

S[∆u(τ)] =

∫ β

0

dτ

[
4π2E

(Λ)
C (∂τ∆u)2 − E(Λ)

Q ∆u2 + E
(Λ)
J cos(2π∆u)

]
(3.125)

The sum over ` has been transformed to a sum over boundary conditions of u(τ) on [0, β].
This is the inverse of a covering map R→ S1; the sum in the partition function is now over
all boundary conditions, i.e. ∆u(β) ∈ Z− ∆γ(0)

2π

We now split the field into high and low energy parts by its Matsubara components
∆u ≡ ∆u(Λ) = ∆u(λ) + δ∆u, where ∆u(λ)(τ) = 1

β

∑
|n|<βλ

2π
∆u

(Λ)
n eiωnτ . As before, we will call

b := Λ
λ

. The resulting action to O(δ∆u)2 is Gaussian in δ∆u:

S(Λ)[∆u] =

∫ β

0

dτdτ ′
1

2
δ∆u(τ)

(
G−1

0 (τ, τ ′) + δG−1(τ, τ ′)
)
δ∆u(τ ′)−

∫ β

0

dτ j(τ)δ∆u(τ)

+

∫ β

0

dτ
(
4π2EC(∂τ∆u

(λ))2 − EQ(∆u(λ))2 + EJ cos(2π∆u(λ))
)

(3.126)

with

G−1(τ, τ ′) =

(
G−1

0 (τ) + δG−1(τ)

)
δ(τ − τ ′)

≡
(
− 8π2EC∂

2
τ − 2EQ + 8π2EJ cos(2π∆u(λ)(τ))

)
δ(τ − τ ′) (3.127)

where the δG−1(τ) is the cos part and

j(τ) = 8π2EC∂
2
τ∆u

(λ)(τ)

+ 2EQ∆u(λ)(τ) + 2πEJ sin(2π∆u(λ)(τ)). (3.128)

Performing the Gaussian functional integration over δ∆u∫
D[δ∆u]e−S

(Λ)

(3.129)

results in a low energy action containing operators of ∆u(λ) which did not appear as terms
in the bare (high energy) action. Each of these terms ought to be retroactively included in
the bare theory so that the theory is multiplicatively renormalizable. Each newly arising
interaction should then be analyzed by operator relevance during the RG procedure. For
the present purpose (analysis of the Josephson term), we will assume these new operators
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are irrelevant in the RG sense and that our bare theory is multiplicatively renormalizable.
Specifically, the low energy action is given by

S(λ)[∆u(λ)] =
1

2
tr′logG−1

0 (1 +G0δG
−1)

− 1

2

∫ β

0

dτ ′dτ j(τ)G(|τ ′ − τ |)j(τ ′)

+

∫ β

0

dτ
(
4π2EC(∂τ∆u

(λ))2 − EQ(∆u(λ))2 + EJ cos(2π∆u(λ))
)
. (3.130)

We will ignore all terms arising from the second line, although for a more rigorous treatment,
they should be considered. For example, it contains a term leading to a multiplicative renor-
malization of EQ. However, since the Gaussian integration was performed over Matsubara
frequencies |2πn

β
| > λ, we can expect these terms to have less importance. The prime in the

tr′log is due to the integration over Matsubara frequency being restricted to ω ∈ (Λ
b

= λ,Λ).
Since the factor 1

2
tr′logG−1

0 does not contribute to the physical properties of the system
at low energy, we use the following formula to expand the low energy action:

e−
1
2

tr′log(1+G0δG−1) = e−
1
2

tr′
∑∞
n=1

(−1)n+1(G0δG
−1)n

n . (3.131)

The first order (in the perturbation series) change to the action, then, is:

e−
1
2

tr′G0δG−1

= e−4π2EJ
∫ β
0 dτdτ ′δ(τ−τ ′)Gf0 (|τ−τ ′|) cos(2π∆u(λ)(τ)) (3.132)

where

Gf
0(|τ − τ ′|) =

1

β

βΛ
2π∑

n= βΛ
2πb

eiωn|τ−τ
′|

8π2ECω2
n − 2EQ

(3.133)

is the high frequency part of the free imaginary time Green’s function.3 For large β, we can
turn this sum into an integral (with measure βdω/2π). We then have

e−
1
2

tr′G0δG−1

= e
−2πEJ

∫ Λ
Λ
b
dω 1

4π2ECω
2−EQ

∫ β
0 dτ cos(∆γ(λ)(τ))

(3.134)

3Throughout this dissertation, the following Matsubara conventions are used:

f̃(ωn) =

∫ β

0

dτf(τ)e−iωnτ

f(τ) =
1

β

∞∑
n=−∞

f̃(ωn)eiωnτ

δ(τ ′ − τ) =
1

β

∞∑
n=−∞

eiωn(τ−τ ′).
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Figure 3.5: Renormalization group diagram for the Josephson (sinusoidal) contribution to
the generalized current-phase relation, Eq. (3.110). The solid line separating regions I and
II is the marginal line E ′Q = 2π (2πE ′C + 1) and the solid line separating regions II and III is
the singular line E ′Q = 4π2E ′C . A plus (minus) sign in a given region indicates the direction
of the EJ RG flow, corresponding to the cosine potential being relevant and increasing with
increasing b (irrelevant and so decreasing with increasing b). A relevant periodic potential
results in a Josephson term in the current-phase relation. Each temperature T defines a ray
in this positive quadrant.

in which we have transformed from ∆u(λ) to the low energy gauge invariant phase difference
∆γ(λ) = 2π` − 2π∆u(λ). This nearly completes the elementary RG step which allows us to
determine the renormalization of EJ . Under the RG step, the following transformation has
occurred:

E
(Λ)
J = EJ → EJ

(
1 + 2π

∫ Λ

Λ
b

dω
1

4π2ECω2 − EQ

)
= E

(λ)
J . (3.135)

All that is needed is to evaluate the integral, rescale the imaginary time to τ ′ = τ/b and
ω′ = bω so that the low-energy theory has the same (infinite) number of degrees of freedom
as the original theory. The result is

E
(λ)
J = EJb

1 +
1√
EQEC

log

[1− 2πΛ
√

EC
EQ

1 + 2πΛ
√

EC
EQ

·
1 + 2πΛ

b

√
EC
EQ

1− 2πΛ
b

√
EC
EQ

] . (3.136)

Calculating the beta function as before gives the same result as above. The final step is to
rescale the dimensional high energy coupling constants EC and EQ as above Eq.(3.123).

The background field RG method may seem cumbersome compared to the method pre-
sented in Section 3.5.1, but it allows for a well-controlled perturbative expansion. Either
method is suitable for the present task.

Figure (3.5) shows the resulting RG flow diagram for EJ in the positive
(
E ′Q, E

′
C

)
quad-

rant.There are two important features in this RG diagram for EJ .
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First, the singular line defined by E ′Q = 4π2E ′C (where the denominator of g goes to zero)
and second, the marginal line at E ′Q = 2π (2πE ′C + 1) (where 1 + g = 0). We can analyze
the singular line in terms of the ratio EQ/EC considered in Section 3.3.5 (see Eq.(3.107)).
In order to evaluate this ratio as a function of the renormalization scaling b, we must choose
a value for the high-energy cutoff, Λ. In the low temperature helium nanoaperture array
experiments of Ref.[67], the largest energy scale is the kinetic energy of the driving velocity.

We therefore employ an energy cutoff value Λ = ‖v‖
2a
√

2
. Returning to Eq.(3.107), we see that

the condition for the singularity will then occur at a temperature T1 such that

E ′Q
E ′C

=

(
λL

2ξ(T1)

)4

= 4π2 (3.137)

In the following analysis of the experiment in Ref.[67], we set λL = λap, with λap the di-
ameter of an aperture in the array. This is consistent with analysis of the first critical angular
velocity for appearance of vortex lines in rotating annular reservoirs of liquid 4He, where the
annular width appears in the expression for critical angular velocity in an identical form to
the London penetration depth for first critical magnetic field in type-II superconductors [85,
86]. From the known temperature-dependence of the healing length ξ(T ) for He II [87], and
using the experimental aperture diameter of 40 nm, this scaling singularity is found to occur
at a critical temperature T1 ≈ Tλ− 20mK. This value for the critical temperature, obtained
using the assumption of weak interatomic interactions and low-density, is remarkably close
to the experimental observation at ∼ 5 mK of a transition from linear to sinusoidal current-
phase relation in Ref.[67]. Conversely, for a general temperature T , the right-hand side of
Eq.(3.137) shows that each value of T defines a ray in the coupling-constant space (E ′C , E

′
Q),

and specifying the exact point in coupling constant space requires knowledge of either E ′C
or E ′Q.

We now consider the nature of the current-phase relation for temperatures below and
above T1. Figure (3.5) summarizes the structure of the low-energy current-phase relation in
the (E ′Q, E

′
C) plane for the regime of small Josephson coupling EJ . At temperatures below T1,

E ′Q/E
′
C > 4π2 and we are either in region I or region II of Figure (3.5). In the former case we

might expect a mixed sinusoidal/linear flow, while in the latter case we expect only a linear
current-phase relation. In region I, E ′Q is always nonzero so some linear flow is always present.
Although the experiment in Ref.[67] does not address this particular temperature regime,
we can use various arguments to predict the expected balance between linear and sinusoidal
contributions as a function of temperature within this regime. At low temperature when the
number of condensed bosons is large, or whenever the tunneling amplitude is very large or
very small, the EJ cos ∆γ part of the action can be treated using the Villain approximation
[88] which would renormalize SQ and lead to a purely linear current/phase equation. This
argument is supported by an argument based on the Heisenberg uncertainty principle: note
that for E ′Q > 2π and constant, the value of E ′C is lower in region I than in region II. A low
value of E ′C implies a high energetic cost for density difference fluctuations (see Eq. (3.108).
Since the density difference is canonically conjugate to the gauge-invariant phase difference,
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we expect that a low variance in the value of the former quantity allows for a high variance
in ∆γ and hence for the Josephson flow contribution to the current-phase relation to be
washed out.

At temperatures above T1, the periodic potential is relevant, i.e., its coupling constant
is large in the low energy theory (region III). The current-phase relationship, Eq. (3.110)
will always have a nonvanishing contribution from sinusoidal flow in this regime (while the
system remains below Tλ) although it may be mixed with linear flow. For E ′Q small and E ′C
large, nearly pure Josephson oscillations should be observed.

To support the validity of this analysis of the small EJ current-phase relation, we place
two results from the experiments of Ref.[67] that exhibit different current-phase behaviors
into the context of the RG diagram.. For example, at Tλ − T = 27mK a linear current-
phase relation is observed. Employing the experimental formula for the healing length [87]
and an aperture width λap = 40nm, yields the ray E ′Q/E

′
C ≈ 94 for this temperature.

Since the experimental current-phase relation has linear character at this temperature, we
expect that this point lies in region II below the EQ = 2π(2πEC + 1) line. The second
point we analyze is Tλ − T = 0.8 mK. Here the experiment shows nearly pure Josephson
oscillations and experimental estimates for healing length and aperture width yield the ray
E ′Q/E

′
C ≈ 8.0×10−3. Consequently this higher temperature point lies in region III, far below

the E ′Q = E ′C line and in a region where E ′Q is negligible.
It is interesting to consider what the present RG calculation predicts for the effect of

phase slips on the transition from linear to sinusoidal current phase relation. While we do
not explicitly study the dynamics of phase slips, we can nevertheless provide a qualitative
analysis of their role since the integer ` characterizing the phase-slips appears in the current-
phase relationship Eq. (3.110) as a background current whose magnitude is also proportional
to EQ. The RG analysis above shows that the EQ terms in the current-phase relation are most
important at low T and we therefore expect that the ` 7→ `±1 phase slips are most important
in this “strong coupling” regime where Josephson flow is irrelevant. This is consistent with
the observations and conclusions of the experiment in Ref. [1].

We emphasize that pure sinusoidal Josephson oscillations (without the modified dynamics
due to parabolic potential) should be found in region III of Fig. (3.5) only. This is a
regime of considerable interest for applications of Josephson phenomena in liquid 4He to
metrology [89] and for development of circulation analogues of superconducting flux qubits
[90, 91]. The experimental challenge in accessing this regime lies in the fabrication of small
enough nanoaperture arrays in order for the E ′Q = 4π2E ′C line to be reached deep in the
condensed phase and not near the critical point.

3.5.3 Single vs. multiple apertures

The above analysis is made for a single aperture. Observing a Josephson current for a bosonic
superfluid across a single driven nanoaperture is known to be a challenging task, due to the
small amplitude of oscillation compared to the amplitude of oscillations of the driving device.
Our analysis shows that if the healing length of an interacting Bose gas can be made over
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twice the characteristic aperture diameter, nearly pure Josephson oscillations would be ob-
servable even with a single aperture. Unfortunately, for driven liquid 4He in aperture arrays
of λap ∼ 40nm, which is the one bosonic superfluid for which such experiments have been
performed to date, this regime is nearly precluded by the lambda transition. In superfluids
with larger zero-temperature coherence lengths (e.g., the paired fermion superfluids, includ-
ing type-II superconductors and in particular 3He, which has a zero-temperature coherence
length on the order of 100 times that of 4He) robust Josephson oscillations across a single
aperture with λap ∼ 40nm can be observed deep in the superfluid phase [65].

For bosonic superfluids such as liquid 4He and trapped dilute Bose gases, it is of interest
to consider what changes to the present analysis are required by having multiple apertures.
If tunneling amplitudes at each aperture are the same and each aperture has the same size
and shape, even the particulars of the weak EJ coupling RG calculation should carry over.
The most important change in going from one aperture to multiple apertures is the presence
of the interaction between phase-differences across spatially separated apertures and the in-
dependent tunneling terms as mentioned in Section 3.4.1. If the phase-difference interaction
favors a uniform value, the classical configurations will be phase-locked, independent tunnel-
ing terms will add up and the overall tunneling amplitude will be scaled by M , with M the
number of apertures in the array. Consequently, the amplitude of the Josephson oscillation is
multiplied by M and it is easier to observe. It should be noted that the presence of multiple
apertures introduces new, higher-order operators in the effective action. In general, their
anomalous scaling dimensions (and hence their operator relevance) are different from that
of the cos(∆γ) potential. Finally, we note that for the paired fermion superfluid 3He, more
complicated current-phase relations across an aperture array are observed due to the higher
symmetry of the 3He order parameter [92].

3.6 Concluding remarks

We have derived and analyzed an effective theory of gauge-invariant phase differences for
interacting bosons driven across simple aperture arrays, starting from a local U(1) gauge
theory. The stationary-phase approximation to the local U(1) gauge theory at first and
second order expansion of the one-loop contribution to the action was shown to produce
many equations of motion, e.g., the Josephson-Anderson equation, the Euler equation, the
London equation, the equation of superfluid fluxoid quantization, and the d.c. Josephson
equation.

The use of finite temperature renormalization group methods allowed to make contact
with the temperature-dependent transition from low-T linear to high-T sinusoidal current
observed in the 4He experiment of Ref.[67]. We have shown that the sinusoidal part of the
current-phase relationship is expected to become significant in two different regimes, but
that it is most important when the coherence length ξ(T ) is larger than the characteristic
size of the aperture, λap. By exploiting the relationship between EQ/EC and the ratio of the
aperture size to the temperature-dependent healing length within the Popov approximation
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for dilute BECs, we were able to examine the temperature scaling of EJ with respect to this
ratio. This analysis identified regions II and III, separated by a singular line in the RG dia-
gram, that are respectively consistent with the linear and sinusoidal current-phase relations
that were observed experimentally for 4He in Ref. [67]. Using the empirical temperature-
dependent scaling of the liquid 4He healing length and experimental aperture dimensions, we
have shown that the singular line separating these regions, E ′Q = 4π2E ′C , occurs about 20 mK
below the lambda transition for 4He. The qualitative agreement of this value with the exper-
imentally observed transition for 4He at ∼ 5 mK below Tλ in Ref.[67] provides evidence for
the validity of this effective theory even beyond its expected limitation to weakly-interacting
Bose condensed systems. We consider this wide applicability of the theory to be due to the
fact that E

′
Q/E

′
C depends only on the ratio of a length scale characterizing the aperture

to the healing length, the scaling of which determines the universality class of the system.
In addition, generalization of the effective action derived in this theory from one to two
apertures shows that phase-difference coupling between multiple apertures leads to phase-
difference synchronization and to a doubled amplitude of Josephson oscillation in the array.
Our analysis indicates that for M apertures in an array with nearest neighbor coupling, we
may expect the amplitude of Josephson oscillations to behave as O(M).

In this Chapter we have considered neither the dynamics of phase slips and the vortices by
which they are carried, nor the details of their role in the transition from linear to sinusoidal
current-phase relationship. Thus we cannot make direct contact with the detailed analysis
of synchronicity that was made in Ref.[93, 94], although the renormalization group analysis
does allow an identification of the temperature regime for which phase slips should play the
most important role, namely at low temperatures and strong coupling, when Josephson flow
is irrelevant. This is in agreement with the interpretation of the experiments on nanoaperture
arrays, where the low-temperature linear current-phase characteristic was concluded to be
due to independent nucleation and subsequent slippage of vortices at individual apertures
[67]. These events dissipate the kinetic energy of the hydrodynamic resonator slowly, as
opposed to the large scale coherent phase slips occurring at higher temperatures. In the
high-temperature regime just below the lambda point, the diameters of vortex cores are
nearly as large as the apertures themselves. In this regime, coherent phase slips across
the aperture array could not be energy-conserving so a qualitatively different type of flow
must occur. The coincidence of temperature-dependent changes in flow and temperature-
dependent changes in vortex properties suggests a physical picture of vortex proliferation
at the nanoaperture array leading to Josephson oscillations in the high-temperature regime.
This picture is consistent with our requirements that (i) EJ cos(∆γ) be relevant in order to
observe Josephson oscillations (i.e. the temperature be lower than, but sufficiently close to
Tλ), and (ii) EQ be small so that the gauge-invariant phase difference is not pinned to an
integer multiple of 2π` (i.e. quantized phase slips not the only allowed mode of flow). The
latter requirement is equivalent to destruction of off-diagonal long range order in the vortex
cores filling the aperture allowing ∆γ to fluctuate away from 2π`.

We note that inclusion of the nonlocal interaction between ω(r) and ω(r′) is expected to
lead to the hydrodynamic equations for vortices first presented in reference [95]. In future
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work, the dynamics of superfluid vortices in an aperture array may be studied by deriving
their effective theory using boson-vortex duality[96]. Such a study would be useful both to
confirm in the dual picture the features of the phase diagram derived here, and to investigate
the properties of a vortex condensate, for which the bosonic field operator used in this work
no longer describes particles above the vacuum, in single apertures and aperture arrays.

In utilizing the current approach to interpret experiments on liquid 4He, we have ne-
glected the strongly-interacting nature of superfluid helium, i.e., we do not consider a realis-
tic two-body potential. Realistic studies of Josephson effects in liquid helium driven through
nanoscale aperture arrays may be undertaken with path integral Monte Carlo methods.
Progress in this area is reported in Chapter 4. To our knowledge there has so far been no ob-
servation of Josephson oscillations between driven reservoirs of weakly-interacting condensed
bosons separated by nanoaperture arrays, nor indeed of any Josephson effects under driving
flow conditions for weakly interacting Bose condensate systems. However, the Josephson ef-
fect has been observed for weakly coupled Bose-Einstein condensates [81, 97], and persistent
currents have been observed in toroidally trapped condensates [82]. Taken together with the
recently demonstrated ability to make arbitrary potentials in such geometries [98], the rapid
progress in experimental study and manipulation of rotating BECs in toroidal traps holds
out the prospect of future realization of Josephson phenomena in confined atomic BECs.
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Part III

Numerical simulations of constrained
liquid 4He
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Chapter 4

The path integral (quantum) Monte
Carlo method

4.1 Imaginary time picture and major approximations

The mathematical and algorithmic details of the path integral Monte Carlo (PIMC) method
as applied to liquid 4He are reviewed in many places (Ref.[37] being the most frequently
cited), so I will not cover them here. However, because of the widespread use of this method
for finite temperature simulations of He II and because of the convenient framework it
provides for describing the equilibrium properties of He II (here, “equilibrium” is defined by
fixing the number of atoms, the temperature, and the volume), it is useful to discuss briefly
the mathematical approximations in the PIMC algorithm which constrain its applicability,
and mention interesting phenomena exhibited by He II which are not within the range of
applicability of the algorithm.

The Hamiltonian under consideration is

H =
N∑
i=1

p̂i
2

2m
+ V (r̂1, . . . , r̂N), (4.1)

i.e., the quantum theory of everything for nonrelativistic massive particles. In this Hamil-
tonian, V takes into account both an external potential and the interatomic potential. In
its most basic formulation, the many body path integral (which does have a well defined
measure when the momenta and positions are discretized in time due to the finite number
of particles in the simulation) for the quantity

tr(Oρ) =

∫
dRdR′ 〈R|Ô|R′〉〈R′|ρ|R〉 (4.2)

is calculated under certain mathematical approximations using the Metropolis algorithm
[99], where O is an observable, R := (r1, . . . , rN) ∈ R3N and ρ is the full, unnormalized
density operator ρ := e−βH . The partition function Z(β) := trρ, and the trace can be taken
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with respect to any basis, as usual, although for the purposes of a PIMC simulation, it is
usually taken in the particle position basis. The R0, RM matrix element of the density matrix
satisfies:

ρ(R0, RM ; β) =

∫
dR1 · · · dRM−1 ρ(R0, R1; τ) · · · ρ(RM−1, RM ; τ) (4.3)

with τ := β/M the time step of the simulation. This equivalence of the low-T density matrix
and a matrix product of M high-T density matrices allows one to consider for a single atom
i, the positions r

(i)
kτ , k ∈ {0, . . . ,M}. Because one can write Z(β) :=

∫
dRρ(R,R; β) the

matrix product of Eq.(4.3) gives rise to the “ring polymer” picture of an atom (the positions

r
(i)
kτ being called “beads at the k-th time slice”) in a PIMC simulation of expectation values

of observables taken with respect to the partition function. The name “ring polymer” is due
to the integrand of Z(β) containing the NM particle position vectors in the integrand with
the requirement that the set of final particle positions coincide with the set of initial particle
positions.

The first mathematical approximation implemented in the PIMC algorithm is the “prim-
itive approximation,” in which the density matrix is factorized into a kinetic part T and
potential part V and assumes that these factors commute as Hermitian operators. This
approximation has roots in the Trotter expansion

e−β(T+V ) = s-limM→∞(e−τT e−τV )M (4.4)

where s-lim signifies convergence in the strong operator topology (i.e., |e−β(T+V )|ξ〉‖ =
limM→∞‖(e−τT e−τV )M |ξ〉‖ for |ξ〉 an arbitrary vector), the Euclidean norm of the left hand
side and right hand side of Eq.(4.4) . The matrix elements of the kinetic factor e−τT and
the potential factor e−τV are easily calculated. For x > 0, it is clear that the factorization
e−x(T+V ) → (e−xT e−xV )M becomes a better approximation when x is very small. Hence, a
small timestep τ reduces the error made in the primitive approximation. However, for a
given β, a small τ means that more beads are involved in the simulation, i.e., the configura-
tion space is larger, and hence that the simulation takes longer computer time to complete.
Without parallelization (the numerical simulations reported in this Part are sequential), the
PIMC simulations reported in this dissertation are limited to N ∼ 100 atoms. This restric-
tion must be considered to be of the utmost importance among all restrictions of the PIMC
method; physical behavior of the liquid requiring collective motion of O(102) atoms will not
be visible in the output of the simulation.

Eq.(4.3) allows for the PIMC method to be applied to systems with large β (low T ) while
maintaining a small Trotter error, i.e., small timestep τ , due to the availability of numerous
approximations to the high-temperature density matrix. It has been found that τ ≤ 1

40
K−1

provides reasonable agreement between the numerical simulations and experiments on liquid
4He [100]; it corresponds to neglecting any physics of the liquid occuring on a length scale
. 0.5Å. Within the primitive approximation, the density matrix is given by:

ρ(R0, RM ; β) =

∫
dR1 · · · dRM−1(4πλτ)−

3NM
2 e−

∑M
i=1

(Rm−1−Rm)2

4λτ
+ τ

2
(V (Rm−1)+V (Rm)) (4.5)
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where λ := ~2

4m4
, with m4 the helium-4 atom mass. The potential V (R) is symmetrized

between neighboring time slices. Once the matrix product property is applied to the above
density matrix, various approximations to the high-temperature density matrix are available
and are necessary to implement in order that the simulation not take an unreasonable amount
of computer time. The derivations of these approximations and their standard errors (from
an “exact” density matrix which is computed directly from the Feynman-Kacs formula)
are documented in Ref.[37]. In the simulations reported here, we implement two successive
approximations to the primitive approximation: the pair-product approximation and the
endpoint approximation. For simplicity, consider for now the case in which there is no
external potential so that V contains only contributions from interatomic interactions, which
are themselves numerically calculated from highly-accurate quantum chemistry calculations.

In the pair-product approximation to the interatomic potential, one keeps only two-atom
interactions and then calculates the two-body density matrix to high accuracy. Because
three- and higher-body interactions are infrequent even in the strongly interacting liquid
4He system, this approximation not only allows for convenient calculations, but does not
cause a great loss of accuracy in results. The end-point approximation comes from applying
the primitive approximation to achieve Eq.(4.5) and subsequently applying the pair-product
approximation to the potential:

τ

2
(V (Rm−1) + V (Rm))→ τ

2

∑
i<j

u2(|ri,m−1 − rj,m−1|) + u2(|ri,m − rj,m|). (4.6)

On the right hand side of this expression, u2 is obtained from a separate numerical calculation
of the two-body interaction between 4He atoms. Use of the end-point approximation can
result in a significant loss of the precision gained by use of the exact two-atom density matrix,
but allows for greater simulation speed.

Besides providing a way to calculate observables of small systems of liquid helium with
high accuracy, the representation of atoms via ring polymers in the PIMC method for cal-
culating equilibrium observables allows for an alternative general physical picture for many
aspects of many-body quantum mechanics. For example, the atomic distribution over mo-
mentum states can be obtained by cutting one ring polymer at a predetermined time slice
and calculating the end-to-end distance of its open configurations. In particular, the conden-
sate (k = 0) fraction is calculated by taking the ratio of the values of the end-to-end distance
distribution for large separation and for zero separation. A polymer (i.e., “classical picture”)
interpretation for the global and local superfluid density will be discussed in Section 4.3.1.

However, the ring-polymer picture is not completely isomorphic to the two fluid picture
and microscopic picture of liquid 4He, i.e., there are phenomena easily describable by the
latter theories which are not describable (at least by a näıve extrapolation) by the PIMC
picture. Hydrodynamic phenomena involving superfluid and normal fluid flow, e.g., second
sound, thermomechanical effects, etc. [1], involve temperature gradients in the system and
are not easily pictured in terms of the ring polymer picture. The modifications to the PIMC
algorithm necessary to accommodate such situations are quite extensive.
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Even the elementary excitations of He II do not have well-defined counterparts in the ring-
polymer picture; it is not known how a roton or vortex appears in a PIMC simulation. For
the latter excitations, and for visualizing transverse phonons, a calculation of the vorticity
estimator in Section 4.3.3 could prove useful. One would try to associate values of the
estimator with the configuration of ring polymers. At this point, the ring polymer picture is
mostly useful for justifying the equilibrium thermodynamic properties of He II without any
external field.

4.2 PIMC for weakly-coupled 4He reservoirs

Unlike the case of normal-metal weak links between superconductors or weak links between
reservoirs of liquid 3He, the construction of superfluid weak links between reservoirs of liquid
4He presents a considerable engineering challenge.[89] As mentioned in Chapter 3, this is due
to the difference in the orders of magnitude for the healing length, ξ, deep in the condensed
phase between those BCS-type systems and liquid 4He (e.g., the value of ξ(T = 0) is on
the order of 1.0 µm for a type-II BCS superconductor [23], 64 nm for 3He, and 0.3 nm for
4He). If two reservoirs of liquid helium are separated by an array of nanoapertures with
average cross-sectional diameter 10 nm, normal fluid can completely fill the array to create
a weak link only at temperatures T such that Tλ − T . 0.05 mK, where Tλ ≈ 2.17K is the
temperature of the lambda transition [67]. Engineering of aperture arrays with apertures
tens of angstroms in diameter would allow probing of 4He weak link formation deep in the
superfluid phase.

The presence of an array of ∼ 10Å diameter apertures allowing for coherent superflow
between reservoirs is an experimental necessity for the observation of the expected Josephson
oscillations deep in the He II phase because of the noisiness of measurements of a small mass
current through a single aperture. It has been shown theoretically using both the classical
pendulum analogy for the d.c. Josephson equation and mean-field methods that the presence
of multiple apertures in an array can lead to suppression of decoherence in the macroscopic
phase differences across the array [69, 70]. In addition, a recent quantum field theoretical
analysis predicts a linear scaling of the amplitude of Josephson oscillations with the number
of apertures in an array [2].

In this Chapter, we report on the use of a path-integral Monte Carlo (PIMC) algorithm to
compute, locally and globally, the superfluid density of 4He reservoirs (consisting of N =35-
123 4He atoms inside a tube with diameter of ∼20 Å and length of 18-24 Å) separated
by nanoaperture arrays. A periodic boundary condition is imposed along the longitudinal
direction, i.e., along the tube axis, to minimize finite size effects and allow for simulation
of estimators of certain physical observables which require this geometry. We study the
longitudinal and rotational global superfluid responses of systems containing arrays of up
to five nanoapertures arranged in various spatial distributions, with characteristic aperture
cross-section diameter 3 − 10 Å. The specified temperatures (0.25K ≤ T ≤ 2.0K) and
calculated pressures (∼ 3.5 bar, calculated with the estimator of Ref.[37]) lie well within the
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bulk He II superfluid phase.

4.2.1 PIMC in cylindrical geometry

For our PIMC study of 4He atoms contained in a nanoscale tube, we use the 4He-tube
potential described by:

Vtube(R, φ, Z) =
V0

2

[
1 + tanh

(R−Rt

σR

)]
, (4.7)

where the cylindrical coordinates R, φ, and Z represent the distance from the tube center,
the azimuthal angle, and the coordinates along the tube axis, respectively. Here V0 (potential
strength) and σR (steepness of potential) are set to be 150 K and 0.25 Å. For the 4He-4He
interaction, we use a well-known Aziz potential.[101] In the path-integral representation,
the thermal density matrix at a low temperature T is expressed as a matrix product of M
high-temperature density matrices with an imaginary time step τ = (MkBT )−1. In the high-
temperature density matrix the 4He-4He potentials are incorporated with the pair-product
form of the exact two-body density matrices while the 4He-tube interaction in Eq.(4.7) is
analyzed within the primitive approximation.[37] We use a time step of τ−1/kB = 40 K and
periodic boundary conditions are imposed in the Z direction to minimize finite size effects.

We first computed the density distributions of N = 123 4He atoms contained by the
tube potential of Eq.(4.7). Figure 4.1(a) shows a contour plot of the density distribution at
T = 1.25K averaged over the azimuthal angle φ, with the tube radius Rt set to be 10 Å and
length L = 18 Å. One can observe a layering structure around the tube axis (R = 0).
Recently PIMC calculations for 4He atoms inside an amorphous Si3N4 nanopore have been
performed with the aim of investigating the possibility of Luttinger liquid behaviour in the
liquid helium system [102]. An intriguing result of this numerical analysis is that the helium
density distribution exhibits a series of cylindrical shells or layers around the pore axis,
similar to that observed in Fig. 4.1. The layered structures for 4He inside the nanopore are
understood to be due to the interplay of the 4He-4He interaction and the van der Waals
interations of 4He atoms with the pore wall. The latter interaction provided attractive
adsorption sites for 4He in the vicinity of the wall and caused two outermost 4He layers to
be solidified without any contribution to superfluidity at low temperatures.

Noting that the lowest value of the tube potential of Eq. (4.7) occurs at the center of
the tube (R = 0) and that Vtube increases monotonically as R increases, we understand that
unlike in the situation of Ref.[102], the layering shown in Fig. 4.1 is due to the interparticle
interaction between 4He atoms confined inside a nanoscale tube, rather than to the interac-
tion of 4He atoms with the tube wall. Figure 4.1(b) shows the radial density distributions
computed as a function of radius R, for several temperatures between 0.625 K and 2 K. It
is evident that there is no thermal effect on the 4He density distribution at temperatures
below 2 K.
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Figure 4.1: 2-D density distributions of 4He atoms at T = 1.25K contained inside a tube of
radius Rt = 10 Å and length L = 18 Å, with periodic boundary conditions along Z. (a)
Atomic density distribution averaged over the azimuthal angle φ (red: high density, blue: low
density), computed at T = 1.25 K (units of Å−3). (b) One-dimensional density distribution
in (units of Å−3) computed as a function of R for a range of temperatures below the bulk
Tλ ≈ 2.17 K.
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4.3 Local hydrodynamic estimators

The basic quantity used for deriving PIMC estimators of physical quantities of an N -particle
bosonic system is the n-reduced thermal density matrix (n-RDM). An n-RDM is uniquely
defined from a full thermal density matrix by “forgetting” about N − n of the particles; the
“forgetting” is implemented mathematically by integrating over the positions of N − n par-
ticles. Because bosonic particles having the same internal quantum numbers and occupying
the same space are indistinguishable, it is irrelevant which N − n particle coordinates we
choose to integrate over. Let us define this precisely. Take R := (r1, . . . , rN) ∈ R3N and
dR :=

∏N
i=1 d

3ri. The full, N -atom density matrix elements in the position basis are given
by

ρ(R,R′; β) := ρ(r1, . . . , rN , r
′
1, . . . , r

′
N). (4.8)

We average over the action of the symmetric group on N letters to obtain the Bose sym-
metrized full density matrix:

ρB(r1, . . . , rN , r1, . . . , rN ; β) :=
1

N !

∑
s∈SN

ρ(r1, . . . , rN , r
′
s1, . . . , r

′
sN) (4.9)

where we use interchangeably the notation rsi and sri. Then the n-RDM is defined by:

η[n](r1, . . . , rn, r
′
1, . . . , r

′
n) =

N !

(N − n)!

∫
ρ(r1, . . . , rn, rn+1, . . . , rN , r

′
1, . . . , r

′
n, rn+1, . . . , rN ; β)

(4.10)
where the integral is over repeated arguments in the integrand. The n-RDM is normalized
to N !

(N−n)!
, representing the number of particles for η[1], the number of particle pairs for η[2],

etc.
In the PIMC algorithm, the bosonic symmetry is incorporated by allowing the positions

of the terminal beads RM to coincide with any permutation of the initial bead positions R0:

(r1(β), . . . , rN(β)) ∈ {sr1(0), . . . , srN(0)}s∈SN (4.11)

with SN the symmetric group on N letters and β = Mτ . Actually, if one splits the density
matrix into time slices, one can take the sum over permutations at any time slice without
affecting the result.

4.3.1 Superfluid density

The most relevant physical observables for determination of weak link behavior in the aper-
ture array are the local and global superfluid densities. In any geometry, an estimator of
global superfluid density in response to rotation about an axis can be written which in-
volves the mean squared area of closed polymer paths projected onto a plane of the system
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orthogonal to the axis. Let us consider rotation about the z-axis:(
ρs
ρ

)
z

=
2mT 〈A2

z〉
λIc

. (4.12)

Here Az = 1
2
Pz
∑N

`=1

∑β/τ
j=1 r`,j× r`,j+1 is the z-component of the vector ~A of projected areas,

with magnitude equal to the polymer area projected onto the R, φ plane (Pi is the projection

of the ~A onto the i axis), λ := ~2/2m, and Ic = 〈
∑N

`=1

∑β/τ
j=1m(r`,j−Pzr`,j)·(r`,j+1−Pzr`,j+1)〉.

Recall that in the cylindrical geometry considered here, the z-axis is taken to be the line
of central symmetry. The area estimator can be evaluted without the presence of periodic
spatial boundary conditions in the simulation.

In a system with periodic boundary conditions, the longitudinal global superfluid fraction
along the tube axis, e.g., the periodic Z-axis, may be computed by using the winding number
estimator [37]:

ρs,z = ρ
mL2〈W 2

z 〉
~2βN

, (4.13)

where m, L, and N are the bare mass of a 4He atom, the length of the tube, and the number
of helium atoms inside the tube, respectively. Here the winding number W is defined by
Wz = 1/L

∑N
i=1

∑M
k=1(zi,k+1 − zi,k), where M is the number of time slices in the discrete

path-integral representation, the sums are over particle index i and imaginary-time slice
index k, and zi,k is the projection of the bead position ri,k onto the cylinder axis. If the
length of the periodic z-axis is L, one can also write the winding number by

Wz =
1

L

N∑
i=1

zsi(β)− zi(0) (4.14)

where s ∈ SN . LWz is clearly an integer due to the periodic boundary conditions in
imaginary time. The estimator of Eq.(4.13) can be derived by considering the change in
free energy of the system in response to translation along the z-axis [103]. Alternatively, one
can provide an order of magnitude argument for why it is true [37] by calculating Eq.(4.12)
in an annular column (say, with center on the z-axis) with width d << R, where R is the
mean radius of the annulus. In this case, the classical moment of inertia is mNR2 and the z
projection of the total area Az (where L = 2πR is the length) from polymers with nonzero
winding number is (R/2)(2πR)Wz. Using these two expressions in Eq.(4.12) gives Eq.(4.13).
Contributions to Eq.(4.13) from nonwinding polymers vanish in the limit R→∞.

Figure 4.2 shows the global superfluid fractions of liquid 4He inside tubes with two dif-
ferent diameters, Dt = 2Rt, as a function of temperature. Both 4He systems are seen to
show complete superfluid response below 1.25 K, as expected for bulk liquid 4He. On the
other hand, the PIMC calculations of Ref.[102] for 4He atoms in a Si3N4 nanopore showed a
saturated superfluid fraction of only ρs/ρ ∼ 0.2 for T . 1 K, which was understood to be due
to the presence of the inert solid layers adsorbed on the pore wall. Our result showing com-
plete superfluid response for the present 4He-nanotube system at the lowest temperatures
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Figure 4.2: Global superfluid fraction of 4He fluid contained inside tubes of diameter
Dt = 16 Å (open circles) and Dt = 20 Å (filled circles) as a function of temperature. The
calculations were made for N = 80 atoms (open circles) or N = 123 atoms (filled circles) in
a cylinder of length L = 18 Å, with periodic boundary conditions in Z.

(T ≤ 0.625 K) can be considered (in a general sense) as due to the fact that in contrast to
Ref. [102], the tube potential of Eq.(4.7) does not adsorb layers of solid 4He. From a hydro-
dynamic perspective, lack of short-range van der Waals attraction to the boundary means
there is no entrainment of the liquid helium as normal fluid, so the mass fraction of the
liquid participating in superflow is higher. Alternatively, from considering the helium atoms
in a path integral Monte Carlo perspective (i.e., as polymers in a 3 dimensional container
with length parametrized by imaginary time kτ , k ∈ {0, . . . ,M}), it becomes clear that an
attractive van der Waals interaction with the container pins imaginary-time polymers at the
surface-liquid interface, rendering unlikely the acceptance (in the Metropolis algorithm for
sampling of the path integral) of a permutation move creating an extended polymer which
contributes to a nonzero value of the total winding number in Eq.(4.13). The superfluid
fraction is observed to decrease for T ≥ 1.25 K in both Dt = 16 Å and Dt = 20 Å tubes,
similar to the decrease seen for bulk 4He in Ref.[37].

An analysis of global superfluid fraction and local superfluid density may be undertaken
for reservoirs of liquid 4He separated by a septum pierced with one or more apertures; a
cross-sectional view of a single aperture in the septum is shown in Fig. 4.3. The external
potential due to the boundary in this case described by

Vwall(R, φ, Z) =
V0

2

[
1 + tanh(

R−Rt

σR
)
]

+
V0

8

[
1 + tanh(

Z + δ

σZ
)
][

1− tanh(
Z − δ
σZ

)
][

1 + tanh(
R−Ra

σR
)
]
,(4.15)

with the following parameters (set equal to the specified fixed values if they are held constant
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Figure 4.3: Cross-sectional view of a single aperture in a septum separating cylindrical
reservoirs of liquid 4He with Dt = 13 Å. 2δ is the thickness of the septum, Rt is the radius
of the container, Ra is the radius of the aperture allowing for transport of fluid between the
reservoirs.

in the simulations):

1. maximum potential strength: V0 = 150 K,

2. tube radius: Rt

3. steepness of potential at cylinder boundary: σR = 0.2 Å,

4. septum thickness: 2δ,

5. steepness of potential at septum boundary: σZ = 0.2 Å,

6. aperture radius: Ra = Da/2.

We computed the superfluid fraction in a system of N = 35 atoms with a single inter-
vening aperture of various diameters Da (see Fig. 4.8 b) in Section 4.3.5). Here the aperture
center coincides with the center of the septum (both on the cylinder axis). At temperatures
T = 0.625 K and T = 1.25 K, no superflow is observed through apertures with diameters
less than 3 Å. As the aperture diameter is increased, the superfluid fraction increases to
reach the values corresponding to those of reservoirs without a septum (see Fig. 4.2). At
T = 0.625 K, the simulations show non-negligible superflow through the hole with diameter
larger than 4Å while the diameter of the aperture should be larger than ∼5 Å to observe
significant superfluid fraction at T = 1.25 K.

The reduction of global superfluid response to translations along the cylinder axis is due to
solely to the intervening aperture array. This is illustrated in Figure 4.4 a) by comparison of
the longitudinal winding number estimator Eq.(4.13) with the estimator of global superfluid
response to rotation about the cylinder axis in Eq.(4.12), which is written in terms of the
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Figure 4.4: a) Comparison of global superfluid fraction for response to rotation about the
cylinder axis, computed by the projected path area estimator in Eq. (4.12) (squares) with
the superfluid fraction for response to translation along the cylinder axis, computed by the
winding number estimator (inverted triangles), for reservoirs of 4He (N = 100) separated
by a septum containing a single aperture with δ = 1.5 Å and Da = 6Å. Red symbols
denote results with the aperture on-axis, black symbols results with the aperture off-axis by
4 Å.) b) Local superfluid densities ρs(Z,R) for response to translation along the cylinder
axis (obtained by averaging Eq.(4.16) over the angular coordinate φ), shown as functions of
(Z,R) in cylinders (L = 18Å, Dt = 20Å) with a single off-center aperture having δ = 1.5
and Da = 6 Å at T = 0.25K (top) and T = 1.00K (bottom).

mean squared projected areas of imaginary-time polymers on the plane perpendicular to
that axis.

Evaluating the projected area estimator along the cylinder axis gives the upper traces
in Fig. 4.4 a) (square symbols). The rotational response is consistently larger than the
translational response (lower traces, triangular symbols) and also shows saturation of global
superfluid response for low T , whereas the translational response shows only a small increase
at lower temperatures and remains less than 0.4 for all temperatures studied. This difference
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Figure 4.5: One-dimensional radial superfluid density distributions in a cylindrically symmet-
ric potential for four temperatures below bulk Tλ. The units are Å−3 because the variables
Z and φ are averaged over, not integrated.

reflects the fact that the rotational response about the cylinder axis is determined primarily
by rotation in the tube away from the septum and is not significantly affected by the presence
of weak links within the septum. The latter reduce the translational flow along the axis
and thus significantly reduce the translation response along this axis. To further probe
this difference, we report in Fig. 4.4 calculations for two locations of the aperture (red
symbols for on-axis and black symbols for 4 Å off-axis). Within statistical error, it appears
that neither the global superfluid fraction for rotational response (upper traces) nor that
for the translational response (lower traces) are significantly affected by the position of the
aperture in the array. This is consistent with the above analysis of the translational response
being determined by a weak link (see Section 4.3.5), while the rotational response is largely
independent of both the septum and aperture structure.

Fig.4.4 b) shows the local superfluid densities for aperture-coupled reservoirs at two
temperatures. There are two estimators for the local superfluid density, both integrating to
the total superfluid density, which are to be found in the recent literature [102, 4]. Here,
we employ an estimator for the local superfluid density for response to translation in the Z
direction that is based on the following local decomposition of the winding number estimator
in Eq.(4.13):

ρs(~r)z =
mL2

~2β

〈 1

MNw

Nw∑
i=1

M∑
k=1

W 2
z δ(~r − ~ri,k)

〉
, (4.16)

where Nw is the number of 4He atoms comprising winding paths, M is the number of time
slices. In this estimator of local superfluid density, all beads (i.e., atoms on an imaginary-time
polymer) constituting the winding paths are assumed to contribute equally to superfluidity.
The estimator of Eq.(4.16) is consistent with the fact that individual atoms cannot be said
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to contribute solely to either the superfluid or normal fluid parts of the liquid. It is also
locally positive semidefinite, which makes interpretation of regions of negative local superfluid
density unnecessary,1 and also exhibits lower statistical noise then the estimator of Eq.(4.17),
making the PIMC estimation more robust. When integrated over space, the estimator used
in Ref.[102] (see Eq.(3) of that paper) and Ref.[104] and the one used in this work give
the same proper value for the mass of atoms contributing the superfluid part , that is, the
global superfluid fraction multiplied by mN , the two estimators for the local superfluidity are
based on different local decompositions of the winding number estimator. The estimator in
Ref.[102] can be generalized to a local superfluid density estimator in three spatial dimensions
in the cylinder:

ρs(r) =
mL2

~2β
〈WzWz(r)〉 (4.17)

where

Wz(r) =
1

N

N∑
i=1

∫ ~β

0

dτ
dzi
dτ
δ(ri − r). (4.18)

A local decomposition of the area estimator analogous to the above local decomposition of
the winding number estimator was introduced in Ref.[105].

In Figure 4.5, we show averages over the cylindrical coordinates Z and φ of the local
superfluid density, ρs(R), and radial superfluid fractions, (ρs/ρ)|R, computed using the local
estimator of ρs(~r) in Eq.(4.16). Notice that the local error decreases near the boundary.

4.3.2 Momentum and momentum correlations

As the temperature of He II reservoirs coupled by a nanoaperture array is increased toward
Tλ, the mass current across each of the individual apertures begins to synchronize [3, 67],
eventually giving way to Josephson oscillations (see also Section 3.4). In particular, one ex-
pects that for low temperatures, the fluid velocities in each nanoaperture of the array should
be uncorrelated for low T and nearly perfectly correlated at this transition to weak-coupling.
In a PIMC simulation, this behavior should be reflected in the momentum-momentum cor-
relation function 〈p̂(x)p̂(y)〉 where x is a point in one aperture and y is a point in another
and the expectation is taken with respect to a thermal state of the liquid. An estimator
for this correlation function has been derived by Pollock and Ceperley in Ref.[103], but the
proof was not given there, so it is provided in this Section.

We use the following formula to explicitly calculate the thermodynamic expectation value
of the local momentum-momentum correlation:

〈p̂(x)p̂(y)〉 =
−~2

4
lim
x′→x
y′→y

(∇x −∇x′)(∇y −∇y′)η
[2]
B (x, y, x′, y′; β) (4.19)

1This situation occurs in calculations of the estimator of Eq.(4.17) which are not well-converged in
sampling the space of bosonic permutations.
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where η
[2]
B is the two-particle Bose-symmetrized density matrix

η
[2]
B (x, y, x′, y′; β) =

N(N − 1)

N !

∑
s∈SN

∫
dR δ(r1 − x)δ(r2 − y)

·δ(sr1 − x′)δ(sr2 − y′)ρ(R, sR; β)

=
1

N !

∑
i 6=j

∑
s∈SN

∫
dR δ(ri − x)δ(rj − y)

·δ(sri − x′)δ(srj − y′)ρ(R, sR; β). (4.20)

For ρ we use the pair-product form:

ρ(R, sR; β) =
1

(4λπτ)
3NM

2

∫
dR1 · · · dRM−1e

−
∑M
m=1

[
(Rm−1−Rm)2

4λτ
+ 1

2

∑
i6=j u2(rij,m−1,rij,m;τ)

]

and, for simplicity, neglect the external potential. Remember that R0 = R = (r1, . . . , rN)
and RM = sR = (sr1, . . . , srN). rij,m = |ri,m− rj,m| stands for the difference of the positions
of particles i and j at time slice m. Note that the density matrix in the presence of a velocity
field is not used. Ceperley shows that one can get the local momentum expectation in the
presence of a velocity field to first order using linear response theory with the 〈p̂(x)p̂(y)〉 as
a kernel (see Eq. (29) in Ref.[103]).

First we carry out the derivatives in Eq.(4.19).

∇x∇yρ =

(
−∇x∇yu2(|y − x|, |r2,1 − r1,1|; τ)

)
ρ

+

(
−(y − r2,1)

2λτ
−
∑
j 6=2

∇yu2(|y − rj|, |r2,1 − rj,1|; τ)

)
·
(
−(x− r1,1)

2λτ
−
∑
j 6=1

∇xu2(|x− rj|, |r1,1 − rj,1|; τ)

)
ρ (4.21)

In the above equation, remember that r1 = x and r2 = y.

−∇x∇y′ρ = −
(
−(r2,M−1 − y′)

2λτ
−
∑
j 6=2

∇y′u2(|r2,M−1 − rj,M−1|, |y′ − srj|; τ)

)
·
(
−(x− r1,1)

2λτ
−
∑
j 6=1

∇xu2(|x− rj|, |r1,1 − rj,1|; τ)

)
ρ (4.22)

In the above equation, remember that sr1 = x′ and r2 = y.
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−∇x′∇yρ = −
(
−(y − r2,1)

2λτ
−
∑
j 6=2

∇yu2(|y − rj|, |r2,1 − rj,1|; τ)

)
·
(

(r1,M−1 − x′)
2λτ

−
∑
j 6=1

∇x′u2(|r1,M−1 − rj,M−1|, |x′ − srj|; τ)

)
ρ (4.23)

In the above equation, remember that r1 = x and sr2 = y′.

∇x′∇y′ρ =

(
−∇x′∇y′u2(|r2,M−1 − r1,M−1|, |y′ − x′|; τ)

)
ρ

+

(
r2,M−1 − y′

2λτ
−
∑
j 6=2

∇y′u2(|r2,M−1 − rj,M−1|, |y′ − srj|; τ)

)
·
(
r1,M−1 − x′

2λτ
−
∑
j 6=1

∇x′u2(|r1,M−1 − rj,M−1|, |x′ − srj|; τ)

)
ρ (4.24)

In the above equation, remember that sr1 = x′ and sr2 = y′.
First, to see that we’re on the right track, let’s get the contributions to the final result

from only the products of blue terms of Eqs.(4.21,4.22,4.23,4.24) above. This will give a taste
for how I’m going to treat the full multiplication calculation. The sum of the contributions
from the blue parts we will call ♣.

♣ =

(
−∇x∇yu2(|y − x|, |r2,1 − r1,1|; τ)−∇x′∇y′u2(|sr2,M−1 − sr1,M−1|, |y′ − x′|; τ)

)
ρ

+

[
(y − r2,1)(x− r1,1)

(2λτ)2
+

(sr2,M−1 − y′)(x− r1,1)

(2λτ)2
+

(y − r2,1)(sr1,M−1 − x′)
(2λτ)2

(sr2,M−1 − y′)(sr1,M−1 − x′)
(2λτ)2

]
ρ (4.25)

Here I have moved the permutations to the (M − 1) time slice, which is allowed because of
Bose symmetry.2 Taking the limits x′ → x and y′ → y gives:

♣ =

(
−∇x∇yu2(|y − x|, |r2,1 − r1,1|; τ)−∇x∇yu2(|sr2,M−1 − sr1,M−1|, |y − x|; τ)

)
ρ

+

[
(r1,1 − sr1,M−1)(r2,1 − sr2,M−1)

(2λτ)2

]
ρ (4.27)

2To see this, one simply uses the matrix product property of the Bose symmetrized density matrix:

1

N !

∑
s∈SN

ρ(R, sR′;β) =
1

N !

∑
s∈SN

∫
dRM−1

ρ(R, sRM−1; (M − 1)τ)ρ(sRM−1, R
′; τ) (4.26)

with sRM−1 := (rs1,M−1, . . . , rsN,M−1).
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If one looks at Eq. (38) and how the Fi are defined in Eq. (39) of Pollock and Ceperley,
one sees that we’re doing okay– we just need to finish multiplying out the mixed partial
derivatives, again move the permutations to the (M − 1) time slice, take the limit, and then
finally resymmetrize.

We now expand the products of non-blue terms and (blue × non-blue) terms in Eq.
(4.21), (4.22), (4.23), and (4.24) to give our second contribution, which we call ♥. I will
forego writing every resulting term and instead proceed to the simplified expression in which
permutations have been moved to the (M − 1) time slice and the limits x′ → x and y′ → y
have been taken.

♥ =

[
−
(
r2,1 − sr2,M−1

2λτ

)∑
j 6=1

∇xu2(|x− rj|, |r1,1 − rj,1|; τ)

−
(
r1,1 − sr1,M−1

2λτ

)∑
j 6=2

∇yu2(|y − rj|, |r2,1 − rj,1|; τ)

+

(
r1,1 − sr1,M−1

2λτ

)∑
j 6=2

∇yu2(|sr2,M−1 − srj,M−1|, |y − rj|; τ)

+

(
r2,1 − sr2,M−1

2λτ

)∑
j 6=1

∇xu2(|sr1,M−1 − srj,M−1|, |x− rj|; τ)

+
∑
j 6=1

∇xu2(|x− rj|, |r1,1 − rj,1|; τ)
∑
j 6=2

∇yu2(|y − rj|, |r2,1 − rj,1|; τ)

−
∑
j 6=1

∇xu2(|sr1,M−1 − srj,M−1|, |x− rj|; τ)
∑
j 6=2

∇yu2(|y − rj|, |r2,1 − rj,1|; τ)

−
∑
j 6=2

∇yu2(|sr2,M−1 − srj,M−1|, |y − rj|; τ)
∑
j 6=1

∇xu2(|x− rj|, |r1,1 − rj,1|; τ)

+
∑
j 6=1

∇xu2(|sr1,M−1 − srj,M−1|, |x− rj|; τ)
∑
j 6=2

∇yu2(|sr2,M−1 − srj,M−1|,

|y − rj|; τ)

]
ρ. (4.28)

The following quantities are defined for consistency with Eq. (39) of Pollock and Ceperley
[103]:

F1 :=
r1,1 − sr1,M−1

2λτ
−
∑
j 6=1

∇xu2(|x− rj|, |r1,1 − rj,1|; τ)

+
∑
j 6=1

∇xu2(|sr1,M−1 − srj,M−1|, |x− rj|; τ) (4.29)
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and

F2 :=
r2,1 − sr2,M−1

2λτ
−
∑
j 6=2

∇yu2(|y − rj|, |r2,1 − rj,1|; τ)

+
∑
j 6=2

∇yu2(|sr2,M−1 − srj,M−1|, |y − rj|; τ) (4.30)

We now write

♣+♥ =

(
F1F2 −∇x∇yu2(|y − x|, |r2,1 − r1,1|; τ)

−∇x∇yu2(|sr2,M−1 − sr1,M−1|, |y − x|; τ)

)
ρ

Because the limits x′ → x and y′ → y have already been taken, we have:

〈p̂(x)p̂(y)〉 =
−~2N(N − 1)

4 ·N !

∑
s∈SN

∫
dRdRM−1 δ(r1 − x)δ(r2 − y)

ρ(R, sRM−1; (M − 1)τ)ρ(sRM−1, R; τ)

·
(
F1F2 −∇x∇yu2(|y − x|, |r2,1 − r1,1|; τ)

−∇x∇yu2(|sr2,M−1 − sr1,M−1|, |y − x|; τ)

)
Resymmetrizing the above expression over all pairs of particles gives the result:

〈p̂(x)p̂(y)〉 =
−~2

N ! · 4N
∑
s∈SN

∑
i 6=j

∫
dRdRM−1 δ(x− ri)δ(y − rj)

ρ(R, sRM−1; (M − 1)τ)ρ(sRM−1, R; τ)(
FiFj −∇i∇ju2(|ri − rj|, |ri,1 − rj,1|; τ)

−∇i∇ju2(|sri,M−1 − srj,M−1|, |ri − rj|; τ)

)
(4.31)

where the 1
N

prefactor comes from overcounting contributions N times in the sum
∑

i 6=j.
Like any correlation function in a translation symmetric geometry, the left side (which we
now call G(r)) should be a function of r = ri − rj (to be precise, its magnitude) only. We
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can write this as:

G(r) =
−~2

N ! · 4N
∑
s∈SN

∑
i 6=j

∫
dRdRM−1 δ(r − (ri − rj))

ρ(R, sRM−1; (M − 1)τ)ρ(sRM−1, R; τ)

·
(
FiFj −∇i∇ju2(|ri − rj|, |ri,1 − rj,1|; τ)

−∇i∇ju2(|sri,M−1 − srj,M−1|, |ri − rj|; τ)

)
(4.32)

which is the desired result.
The result for 〈p̂(x)p̂(y)〉 in the presence of an external potential V (R) is thus a simple

modification of the Pollock and Ceperley result:

〈p̂(x)p̂(y)〉 =
−~2

4N ·N !

∑
s∈SN

∑
i 6=j

∫
dR δ(ri − x)δ(rj − y)

ρ(R, sRM−1; (M − 1)τ)ρ(sRM−1, R; τ)[
Fi · Fj −∇i∇ju2(|rj − ri|, |rj,1 − ri,1|; τ)

−∇i∇ju2(|srj,M−1 − sri,M−1|, |rj − ri|; τ)− τ∇i∇jV (R)

]
(4.33)

which could have been predicted from the contribution of the external potential to the total
potential.

It is simple to incorporate relative motion of reference frames in the calculation of es-
timators. If the system is boosted by velocity v, the many-body density matrix becomes

ρv(R,R
′; β) := ei

m
~ v

∑
j rj−r′jρ(R,R′; β). (4.34)

Under such a Galilei boost, the equal-time momentum correlation function is transformed
in a way which reminds us of our discussion in Chapter 3 of the implementation of a constant
Galilei boosts in the WIBG field theory by incorporation of a u(1) gauge field v via the
minimal coupling:

〈p̂(x)p̂(y)〉v ≡
−~2

4
lim
x′→x
y′→y

[
∇x −∇x′

][
∇y −∇y′

]
η

[2]
vB(x, y, x′, y′; β)

=
−~2

4
lim
x′→x
y′→y

[
(∇x +

im

~
v)− (∇x′ −

im

~
v)

]
[
(∇y +

im

~
v)− (∇y′ −

im

~
v)

]
η

[2]
B (x, y, x′, y′; β). (4.35)
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This formula can be interpreted as showing that correlation functions are invariant under a
Galilei boost of the fluid by velocity v if and only if the derivatives are transformed in the
expected way (i.e. ∇x/y → ∇x/y − im

~ v and ∇x′/y′ → ∇x′/y′ +
im
~ v).

4.3.3 Circulation and vorticity

We use the following formula to calculate in the position representation the thermodynamic
expectation value of local vorticity due to a constant velocity field:

ω(r) = ∇× 〈v̂(r)〉

=
~
im

lim
r′→r

(∇′ ×∇) η
[1]
vB(r, r′)

=
~
im

lim
r′→r

εijk∂
′

j∂kη
[1]
vB(r, r′) (4.36)

The proof of the second line requires some calculations which are provided in Lemma 2
and Proposition 3. We recall some useful expressions for the single particle density matrix
without permutations (take R ≡ {r1, . . . , rN}):

η[1](r, r′) = N

∫
dR

dr1

ρ(R− {r1}+ {r}, R− {r1}+ {r′}; β)

=
N∑
i=1

∫
dR

dri
ρ(R− {ri}+ {r}, R− {ri}+ {r′}; β)

=
N∑
i=1

∫
dRdR′ δ(ri − r)δ(r′i − r′)

∏
j 6=i

δ(r′j − rj)ρ(R,R′; β) (4.37)

To include permutation symmetry in this expression, remember that

ρB(R,R′; β) =
1

N !

∑
s∈SN

ρ(R, sR′; β) (4.38)

where SN is the symmetric group on N elements and s is short for the usual representation
of SN on R3N . Then the Bose symmetrized single particle density matrix is:

η
[1]
B (r, r′) =

N∑
i=1

∫
dR

dri
ρB(R− {ri}+ {r}, R− {ri}+ {r′}; β)

=
1

N !

∑
s∈SN

N∑
i=1

∫
dR δ(ri − r)δ(sri − r′)ρ(R, sR; β) (4.39)

We will include a constant velocity driving the system. The density matrix in the presence
of constant flow is ρv(R,R

′; β) = e
im
~ v

∑N
i=1(ri−r′i)ρ̃(R,R′; β) (where ρ̃(R,R′; β) is the density
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matrix without flow, but with modified boundary conditions depending on v) [103]. This

implies that η
[1]
v (r, r′) = e

im
~ v(r−r′)η[1](r, r′). Combining permutations and a constant boost

velocity, one obtains for the general density matrix and the single-particle density matrix:

ρvB(R,R′; β) =
1

N !

∑
s∈SN

e
im
~ v

∑N
i=1(ri−sr′i)ρ̃(R, sR′; β)

η
[1]
vB(r, r′) =

1

N !

∑
s∈SN

N∑
i=1

∫
dR δ(ri − r)δ(sri − r′)e

im
~ v

∑N
i=1(ri−sri)

ρ̃(R, sR; β). (4.40)

This result can be simplified further to give:

η
[1]
vB(r, r′) =

e
imv
~ (r−r′)

N !

∑
s∈SN

∑
i

∫
dR δ(ri − r)δ(sri − r′)ρ(R, sR; β). (4.41)

We also write sri := rsi for the effect of the permutation s on a particle initially at ri.

Lemma 2. Let |ψn〉 be the eigenvectors (assume discrete) of the Hamiltonian

Hv :=
N∑
i=1

(p̂i −mv)2

2m
+ V (r̂1, . . . , r̂N). (4.42)

Then,

ω(r) =
~
im

∑
n

N∑
j=1

∫
dR

drj
dR′ ψ∗n(R′)

(
∇ρvB(R′,Rj; β)×∇ψn(Rj)

)
. (4.43)

Proof. The local vorticity is defined by ω(r) = ∇× 〈v̂(r)〉 using

v̂(r) =
~

2im

N∑
j=1

[∇jδ(r − rj) + δ(r − rj)∇j]. (4.44)

We first calculate the expectation of the local velocity in the laboratory frame:

trv̂(r)ρ̂vB =

∫
dRdR′ 〈R|v̂(r)R′〉ρvB(R′, R; β)

=
∑
n

∫
dRdR′ 〈R|v̂(r)ψn〉ψ∗n(R′)ρvB(R′, R; β)

=
~

2im

∑
n

N∑
j=1

∫
dRdR′

([
∇jδ(r − rj) + δ(r − rj)∇j

]
ψn(R)

)
ψ∗n(R′)

ρvB(R′, R; β). (4.45)
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I have used the identity operator in two different representations- position in the second line,
and in the third line in terms of the eigenvectors of the v 6= 0 Hamiltonian. Carrying out
the derivatives:

=
~

2im

∑
n

N∑
j=1

[ ∫
dRdR′ δ(r − rj)ψ∗n(R′)ρvB(R′, R; β)∇jψn(R)

−
∫
dRdR′ δ(r − rj)ψn(R)

(
ρvB(R′, R; β)∇jψ

∗
n(R′) + ψ∗n(R′)∇jρvB(R′, R; β)

)]
=

~
2im

∑
n

N∑
j=1

∫
dR

drj
dR′ ψ∗n(R′)

[
ρvB(R′,Rj; β)∇ψn(Rj)

−ψn(Rj)∇ρvB(R′,Rj; β)

]
(4.46)

where we have made use of the fact that ∇jψ
∗(R′) = 0 and also defined Rj := R−{rj}+{r}.

To calculation ω(r), one computes the curl of the resulting expression, which gives the
result.

Proposition 3.

ω(r) =
~
im

lim
r′→r

(∇′ ×∇) η
[1]
vB(r, r′) (4.47)

Proof. Consider eigenvectors |ψk〉 of the v 6= 0 Hamiltonian (i.e. Hv 6=0|ψk〉 = Ek|ψk〉). Then

ρvB(R′,Rj; β) =
1

N !

∑
s∈SN

∑
k

e−βEkψ∗k(sRj)ψk(R
′) (4.48)

where by sRj we mean sR− {srj}+ {r}. Taking the derivative gives:

∇ρvB(R′,Rj; β) =
1

N !

∑
s∈SN

∑
k

e−βEkψk(R
′)∇ψ∗k(sRj) (4.49)

Then, using Lemma 2, we find:

ω(r) =
~

imN !

∑
s∈SN

∑
n,k

N∑
j=1

∫
dR

drj
dR′ e−βEkψk(R

′)ψ∗n(R′)

(
∇ψ∗k(sRj)×∇ψn(Rj)

)
(4.50)

Integrating over R′ and using orthonormality of the v 6= 0 eigenvectors results in:

ω(r) =
~

imN !

∑
s∈SN

∑
n

N∑
j=1

∫
dR

drj
dR′ e−βEn

(
∇ψ∗n(sRj)×∇ψn(Rj)

)

=
~

imN !
lim
r′→r

(
∇′ ×∇

) ∑
s∈SN

∑
n

N∑
j=1

∫
dR

drj
e−βEnψ∗n(sr1, . . . , srj−1, r

′, srj+1,

. . . , srN)ψn(Rj) (4.51)
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where r′ is a dummy variable used to simplify the expression. We’ve already integrated out
the primed positions of individual particles, R′. Using the definitions of ρv and ρvB, then:

=
~

imN !
lim
r′→r

(
∇′ ×∇

) ∑
s∈SN

N∑
j=1

∫
dR

drj
ρv(r1, . . . , rj−1, r, rj+1, . . . , rN ,

sr1, . . . , srj−1, r
′, srj+1, . . . , srN ; β)

=
~
im

lim
r′→r

(
∇′ ×∇

) N∑
j=1

∫
dR

drj
ρvB(r1, . . . , rj−1, r, rj+1, . . . , rN ,

r1, . . . , rj−1, r
′, rj+1, . . . , rN ; β)

=
~
im

lim
r′→r

(
∇′ ×∇

)
η

[1]
vB(r, r′). (4.52)

There is one more technical point to cover before computing the local vorticity estimator
in spatial coordinates. This is the question of whether the estimator ω(r) calculated by
∇× 〈v̂(r)〉 is the same as the estimator “〈∇ × v̂(r)〉,” i.e.,

ω(r) = 〈ω̂(r)〉 =

〈
~

2im

∑
j

(∇×∇jδ(r − rj) +∇× (δ(r − rj)∇j))

〉
. (4.53)

As one would expect from the smoothness of the density matrix in spatial coordinates, this
question can be answered affirmatively. To show this rigorously, it is convenient to work
with the eigenfunctions ψn(R) of Hv and compute each estimator.

In the system under consideration, the density matrix in spatial coordinates is:

ρ(R, sR′;β) =
1

(4λτ)
3NM

2

∫
dR1 · · · dRM−1 exp

(
−
[ M∑
m=1

(Rm−1 −Rm)2

4λτ

+
1

2

∑
ij

u2(|ri,m−1 − rj,m−1|, |ri,m − rj,m|; τ)

]
e
−

[
τ
2

(V (Rm−1)+V (Rm))

]
(4.54)

where V (Rm) is the external potential at time-slice m and u2 is the pair-product action. The
interaction in the pair-product approximation is

Um(Rm−1, Rm; τ) =
1

2

∑
ij

u2(|ri,m−1 − rj,m−1|, |ri,m − rj,m|; τ). (4.55)

Remember that R0 = R and RM = sR′. If R′ = R, then RM = sR (this is the condition
used in the rest of this calculation). However, this condition does not allow for a valid trace
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to be taken. For this reason, we will move the permutations to the (M − 1) time slice at the
end of the calculation.

Although we will resymmetrize our final expression, it is convenient for computational
purposes to single out a particle (in this case, particle 1). Using (4.36), (4.41), and (4.54),
the expression for vorticity is:

ω(r) =
N~
N !im

∑
s∈SN

lim
r′→sr1

(
∇′ ×

)(
imv

~
e
imv
~ (r−r′) ·∫

dr2 · · · drN ρ(r, r2, . . . , rN , r
′, sr2, . . . , srN ; β)

+e
imv(r−r′)

~

∫
dr2 · · · drN ∇ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)

)
(4.56)

We will write ω(r) =
N~
N !im

∑
s∈SN

lim
r′→sr1

∫
dr2 · · · drN

(
∇′ ×

)
(♣+♠) with the stars cor-

responding to the terms in (4.56) (in that order). The following gradients will be of use:

∇ρ(r, r2, . . . , rN , r
′, sr2, . . . , srN ; β) =

(
−(r − r1,1)

2λτ
−

N∑
j=2

∇u2(|r − rj|, |r1,1 − rj,1|; τ)

− τ

2
∇V (r, r2, . . . rN)

)
ρ(r, r2, . . . , rN , r

′, r2, . . . , rN ; β)

∇′ρ(r, r2, . . . , rN , r
′, sr2, . . . , srN ; β) =

(
(r1,M−1 − r′)

2λτ

−
N∑
j=2

∇′u2(|r1,M−1 − rj,M−1|, |r′ − srj|; τ)

− τ

2
∇′V (r′, sr2, . . . srN)

)
ρ(r, r2, . . . , rN , r

′, r2, . . . , rN ; β)



Section 4.3. LOCAL HYDRODYNAMIC ESTIMATORS 106

We now begin carrying out the curls:

∇′ ×♣ = ∇′ ×
(
imv

~
e
imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)

)
= ∇′

(
im

~
e
imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)

)
× v

+
im

~
e
imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)

(
∇′ × v

)
=

m2

~2
ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)e
imv
~ (r−r′)v × v

+
im

~
e
imv
~ (r−r′)∇′ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)× v

=
im

~
e
imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β)

[(
(r1,M−1 − r′)

2λτ

−
N∑
j=2

∇′u2(|r1,M−1 − rj,M−1|, |r′ − srj|; τ)− τ

2
∇′V (r′, sr2, . . . srN)

)
×v (4.57)

where the fact that ∇′ × v = ∇× v = 0 because v is a constant vector has been used. Also
v × v = 0 by the exterior algebra. In the last line we have plugged in the second useful
gradient.

For the second term:

∇′ ×♠ = ∇′ ×
(
e
imv
~ (r−r′)∇ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ;β)

)
= − imv

~
e
imv
~ (r−r′) ×∇ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ;β)

+e
imv
~ (r−r′)∇′ ×∇ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ;β)

=
im

~
e
imv
~ (r−r′)v ×

[
(r − r1,1)

2λτ
+

N∑
j=2

∇u2(|r − rj |, |r1,1 − rj,1|; τ)

+
τ

2
∇V (r, r2, . . . rN )

]
ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ;β)

+

[
e
imv
~ (r−r′)∇′ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ;β)

×
(
−(r − r1,1)

2λτ
−

N∑
j=2

∇u2(|r − rj |, |r1,1 − rj,1|; τ)− τ

2
∇V (r, r2, . . . rN )

)]
In the 3rd equality, we have used

∇′ × −(r − r1,1)

2λτ
−

N∑
j=2

∇u2(|r − rj|, |r1,1 − rj,1|; τ)− τ

2
∇V (r, r2, . . . rN) = 0. (4.58)
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Expanding the last

[
· · ·
]

of the right hand side using the second useful gradient gives:

∇′ ×♠ =
im

~
e
imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β) v ×
[

(r − r1,1)

2λτ

+
N∑
j=2

∇u2(|r − rj|, |r1,1 − rj,1|; τ)

+
τ

2
∇V (r, r2, . . . rN)

]
+ e

imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β) ·(
(r1,M−1 − r′)

2λτ
−

N∑
j=2

∇′u2(|r1,M−1 − rj,M−1|, |r′ − srj|; τ)

−τ
2
∇′V (r′, sr2, . . . srN)

)
×
(
r1,1 − r

2λτ
−

N∑
j=2

∇u2(|r − rj|, |r1,1 − rj,1|; τ)− τ

2
∇V (r, r2, . . . rN)

)
(4.59)

One can now write down the full expression for ω(r). Remember that this expression
has yet to be symmetrized even though we are now considering all permutation boundary
conditions.

ω(r) =
N~
N !im

∑
s∈SN

lim
r′→r

∫
dr2 · · · drN

[
im

~
e
imv
~ (r−r′)ρ(r, r2, . . . , rN , r

′, sr2, . . . , srN ; β) ·

[
v ×

(
r′ + r − r1,M−1 − r1,1

2λτ
+

N∑
j=2

∇u2(|r − rj|, |r1,1 − rj,1|; τ)

+
τ

2
∇V (r, r2, . . . rN)

+
N∑
j=2

∇′u2(|r1,M−1 − rj,M−1|, |r′ − srj|; τ)

+
τ

2
∇′V (r′, sr2, . . . srN)

)]
+

(
(r1,M−1 − r′)

2λτ
−

N∑
j=2

∇′u2(|r1,M−1 − rj,M−1|, |r′ − srj|; τ)

−τ
2
∇′V (r′, sr2, . . . srN)

)
×
(
r1,1 − r

2λτ
−

N∑
j=2

∇u2(|r − rj|, |r1,1 − rj,1|; τ)− τ

2
∇V (r, r2, . . . rN)

)]
(4.60)
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This expression is easily resymmetrized, i.e., by replacing the factor of N by a sum over
atom indices:

N lim
r′→r

∫
dr2 · · · drN →

N∑
l=1

lim
r′l→rl

∫
dR δ(rl − r). (4.61)

The resymmetrized limit (r′l → rl) is then taken to give the result:

ω(r) =
1

N !

∑
s∈SN

N∑
l=1

∫
dR δ(rl − r) ρ(R, sR; β) ·

[
v ×

(
2rl − rl,M−1 − rl,1

2λτ

+
∑
j 6=l

∇lu2(|rl − rj|, |rl,1 − rj,1|; τ) +
∑
j 6=l

∇lu2(|rl,M−1 − rj,M−1|, |rl − srj|; τ)

+
τ

2
(∇lV (R) +∇lV (sR− {srl}+ {rl}))

)
+

~
im

(
rl − rl,M−1

2λτ
+
∑
j 6=l

∇lu2(|rl,M−1 − rj,M−1|, |rl − srj|; τ)

+
τ

2
∇lV (sR− {srl}+ {rl})

)
×
(
rl − rl,1

2λτ
+
∑
j 6=l

∇lu2(|rl − rj|, |rl,1 − rj,1|; τ) +
τ

2
∇lV (R)

)]
. (4.62)

Moving the permutations to the (M − 1)-th time slice (so that the trace is valid) gives
the sought after result:

ω(r) =
1

N !

∑
s∈SN

N∑
l=1

∫
dR δ(rl − r) ρ(R,R; β) ·

[
v ×

(
2rl − srl,M−1 − rl,1

2λτ

+
∑
j 6=l

∇lu2(|rl − rj|, |rl,1 − rj,1|; τ) +
∑
j 6=l

∇lu2(|srl,M−1 − srj,M−1|, |rl − rj|; τ)

+τ∇lV (R)

)
+

~
im

(
rl − srl,M−1

2λτ
+
∑
j 6=l

∇lu2(|srl,M−1 − srj,M−1|, |rl − rj|; τ)

+
τ

2
∇lV (R)

)
×
(
rl − rl,1

2λτ
+
∑
j 6=l

∇lu2(|rl − rj|, |rl,1 − rj,1|; τ)

+
τ

2
∇lV (R)

)]
. (4.63)

We can express the result in Eq.4.63 as an expectation value of a random variable
with respect to a probability distribution. Remembering here that ρ({ri}Ni=1, {sri}Ni=1; β) =
ρ(R, sR; β) and that we have taken 1

N !

∑
s∈S
∫
dR ρ(R, sR; β) = 1, we can write a p.d.f. f
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as:

f =
ρ(r1, . . . , ri, . . . , rN , sr1, . . . , sri, . . . , srN ; β)

1
N !

∑
s∈S
∫
dR ρ(R, sR; β)

=

∏M
m=1 ρ(Rm−1, Rm; τ)

1
N !

∑
s∈S
∫
dR ρ(R, sR; β)

(4.64)

(remember that R0 = R and RM = sR). We can then write the vorticity as a thermal
expectation value:

ω(r) =
1

N !

∑
s∈SN

N∑
l=1

〈
δ(rl − r)

[
v ×

(
2rl − srl,M−1 − rl,1

2λτ

+
∑
j 6=l

∇lu2(|rl − rj|, |rl,1 − rj,1|; τ) +
∑
j 6=l

∇lu2(|srl,M−1 − srj,M−1|, |rl − rj|; τ)

+τ∇lV (R)

)
+

~
im

(
rl − srl,M−1

2λτ
+
∑
j 6=l

∇lu2(|srl,M−1 − srj,M−1|, |rl − rj|; τ)

+
τ

2
∇lV (R)

)
×
(
rl − rl,1

2λτ
+
∑
j 6=l

∇lu2(|rl − rj|, |rl,1 − rj,1|; τ)

+
τ

2
∇lV (R)

)]〉
f

. (4.65)

The imaginary term in the average is actually zero as one can see by the following
argument. Rewriting the imaginary contribution explicitly results in:

~
im

N∑
i=1

〈
δ(r − ri)

(
ri − sri,M−1

2λτ
+
∑
ij

∇iu2(|sri,M−1 − srj,M−1|, |ri − rj|; τ)

)
×

(
ri − ri,1

2λτ
+
∑
ij

∇iu2(|ri − rj|, |ri,1 − rj,1|; τ)

)〉
f

=
~
im

∫
dRdR1 · · · dRM−1 ρ(R,R1; τ) · · · ρ(sRM−1, R; τ)

N∑
i=1

δ(r − ri)
[(

ri − sri,M−1

2λτ

+
∑
ij

∇iu2(|sri,M−1 − srj,M−1|, |ri − rj|; τ)

)
×
(
ri − ri,1

2λτ
+
∑
ij

∇iu2(|ri − rj|, |ri,1 − rj,1|; τ)

)]
. (4.66)

Since R2, . . . , RM−2 do not appear in the integrand except as the identity operator in the
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position basis in the product of density matrices, we can carry out those integrations:

=
~
im

∫
dRdR1dRM−1 ρ(R,R1; τ)ρ(R1, sRM−1; (M − 2)τ)ρ(sRM−1, R; τ)

N∑
i=1

δ(r − ri)[(
ri − sri,M−1

2λτ
+
∑
ij

∇iu2(|sri,M−1 − srj,M−1|, |ri − rj|; τ)

)
×
(
ri − ri,1

2λτ
+
∑
ij

∇iu2(|ri − rj|, |ri,1 − rj,1|; τ)

)]
. (4.67)

Due to the self-adjointess of the density matrix, the product ρ(R,R1; τ)ρ(R1, sRM−1; (M−

2)τ)ρ(sRM−1, R; τ) is invariant under swapping R1 ↔ sRM−1. The term in

[
. . .

]
goes to

−
[
. . .

]
. Since the integration over dR1 and dRM−1 is over the same subset of R3N , the

integral is zero.
An estimator of circulation can be obtained from the vorticity by defining in the container

a two-dimensional surface and computing the surface integral of the vorticity on this surface.
Equivalently, by Stokes’ theorem, one could calculate the line integral of the estimator of
velocity on the boundary of such a surface. A principal goal of such a calculation would be
to observe singly quantized vortices and associate a local polymer structure with the vortex
excitation.

4.3.4 Local and global healing lengths

It is clear from Fig. 4.4 b) and Fig. 4.5 that the length scale characterizing the decay of
superfluidity at the boundary of the reservoir increases as temperature approaches Tλ from
below. This behavior is expected from the experimentally-verified fact that the lambda
transition in liquid 4He is a second order phase transition characterized by a singularity in
the heat capacity at constant volume, CV (T ) [106]. At such second order phase transitions,
this nonanalyticity in the heat capacity appears side by side with a divergence of the healing
length, i.e., the length over which the order parameter (here, working in the Ginzburg-
Pitaevskii macroscopic wavefunction picture, the order parameter is given by the superfluid
density) changes significantly. In the case of a weakly-interacting Bose gas below TBEC, the
healing length ξ(T ) is defined as the length scale characterizing the decay of the condensate
density mode around a pointlike disturbance to its bulk value [88]. In contrast, the healing
length of a spatially inhomogeneous superfluid is not uniquely defined [43]. In particular, for
the case of the superfluid in some compact container, there are four relevant characteristic
length scales: the length at which the superfluid density decays at a boundary (there are two
types: the healing length as derived empirically from measuring the superfluid response in an
annular container [107], and the displacement length reflecting the length scale of superfluid
mass density decay at a boundary), the vortex core parameter a0, and the inverse of the
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T = 0 roton energy gap. Each of these length scales diverges as T → T−λ . In this Section,
we focus on extracting the first two types of length scale from the local superfluid density
data of cylinders with and without intervening aperture arrays.

The temperature dependence of a healing length for liquid 4He defined through mea-
surements of superfluid density in 4He films flowing through a slit formed by two concentric
cylinders was experimentally determined in Ref. [107]. This empirical ξ(T ) is given by

ξ(t) = 0.34 nm/t0.67 (4.68)

with t = (1−T/Tλ) the reduced temperature [107, 67, 108]. This scaling form has also been
fit to data from geometrically constrained liquid 4He, under the assumption that the ratio
of the observed superfluid density (obtained from measurement of the angular momentum
of the persistent current) to the expected bulk superfluid density behaves as

ρs,obs(T )

ρs,bulk(T )
= 1− 2ξ(T )/D, (4.69)

with D the width of the slit [107]. A healing length has also been extracted from measure-
ments of fourth sound velocity in porous alumina under some simple physical assumptions
about the pore geometry [109].

In liquid 4He in three spatial dimensions, there is another length scale associated with
the spatial correlations of superfluid density which is lesser known and referred to as a
“displacement length.” In stationary liquid 4He, a displacement length d that measures the
superfluid mass displacement at an interface can be introduced as follows [110]: in a half
space z ≥ 0 of R3, with superfluid density ρs(z) = 0 at z = 0 and ρs(z) → c = const. as
z →∞, the displacement length d is the length satisfying∫

R3

cθ(z − d) =

∫
R3

ρs(r)θ(z), (4.70)

where ρs(r) is the local superfluid distribution. This superfluid mass displacement definition
of d was shown in Ref. [110] to scale near Tλ as the reciprocal of the (roton) energy gap. d
and related notions of superfluid displacement constitute alternative measures of healing of
the superfluid at a wall boundary and are much easier to compute directly from PIMC data
than ξ(T ) as it is defined in Ref. [107].

In the general context of liquid 4He in a compact, connected space defined by an irregular
external potential, these definitions of length scales characterizing the decay of superfluid
density at the boundaries must be generalized by introducing the notion of a “healing sur-
face”. For example, in a cylindrically symmetric system of length L parameterized by height
Z and variable cylinder radius Rt(Z), one can define the radial superfluid density at each
point along the cylinder axis by

ρs(R,Z) = (1/2π)

∫ 2π

0

dφ ρs(R,Z, φ). (4.71)
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Figure 4.6: Healing surfaces for T = 0.625 K (purple) and T = 2.00K (orange) computed
using a local version of the superfluid mass displacement estimate of Method III (see text).
The outer cylinder with radius 10 Å is a guide to the eye. Simulation parameters: N = 123,
L = 18Å, Rt = 10Å.

Let us assume that ρs(R = 0, Z) = c for all Z ∈ (0, L). The radial superfluid density can be
used to define a displacement length d(Z) at each Z coordinate by generalizing Eq.(4.70).
Let d(Z) := Rt(Z)−D(Z) where:

cD(Z) =

∫ Rt(Z)

0

dR′ρs(R
′, Z) , ∀Z ∈ (0, L). (4.72)

Because the assumption that ρs(R = 0, Z) = c for all Z ∈ (0, L) may be too restrictive, one
can replace c by (max0≤R′≤Rtρs(R,Z)) for each Z. We will show how this definition of local
displacement length can be used to define a global displacement length (Method B, below).
Fig.4.6 contains examples of healing surfaces defined by this local displacement length.

Another definition of healing surface can be obtained by introducing a different notion
displacement length d(Z), where d(Z) = Rt(Z) −max {d : R < d ⇒ ρs(R,Z) ≥ 0.9f(Z)},
with f(Z) := maxR ρs(R,Z) and the local superfluid density is given by Eq.(4.71). The
nonexistence of a positive value of d(Z) at a given cross-section (d(Z) = 0) can then be
taken as indication of the presence of a weak link (see Section 4.3.5). This definition can be
used to generate a global displacement length via Method A below.

We now introduce and analyze various definitions of global displacement lengths in a
cylinder containing various intervening aperture arrays (including the no-aperture case) at
various temperatures below the bulk lambda point.

• Method A1: a decay length is defined in terms of ρs(R), the azimuthally and longi-
tudinally averaged superfluid density, by d := Rt − Rmax, where Rmax is the largest
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radius for which ρs(R) ≥ 0.9 max
0≤R≤Rt

ρs(R), with maxR ρs(R) being the maximum value

of ρs(R).

• Method A2: this is a local version of Method I, where Rmax(Z) is now found at each
point of the cylinder axis Z and ξ is the average of value of ξ(Z) = Rt−Rmax(Z) over
the cylinder.

• Method B: this is an application of the “superfluid mass displacement” definition dis-
cussed above. For each cylindrical coordinate Z, we seek D(Z) such that(

max
0≤R≤Rt

ρs(R,Z)

)
·D(Z) =

∫ Rt

0

dR ρs(R,Z) (4.73)

is satisfied. In practice, the right hand side of this equation is evaluated by trapezoid
rule integration of the spatially discrete ρs(R,Z) data obtained by integrating ρs(~r)
over φ. The distance Rt−D(Z) is then averaged over Z to determine a global estimate
of the displacement length. Alternatively, the averaging over Z can be performed prior
to calculating the displacement length.

• Method C1: we perform a least squared fit of the functional form f(R; a, b, c) =
a tanh(b(R−c)) to the radially averaged ρs(R) data (Figure 4.5(a) at each Z-coordinate.
A global displacement length can then be defined by ξ := 1/b

√
2. If we consider a sub-

set of R3 defined by, e.g. {~r = (x, y, z)|z ≥ 0}, the function f(z) is a solution to
the Ginzburg-Pitaevskii equation [111]. Here we consider f as the macroscopic order
parameter for 4He in the superfluid phase; although the form of solution used to fit
the data is not a true solution in a cylindrical geometry, it is nevertheless useful to use
this functional fit to the radial superfluid density in order to show that the radial oscil-
lations in the total and superfluid densities deriving from the interatomic interactions
do not completely obscure the displacement of superfluid density from the boundary.

• Method C2: from the functional form f(R; a, b, c) = a tanh(b(R − c)), a displacement
length is defined as the average distance from the cylinder wall at which f(R) obtains
90% of its maximum value.

Note that Methods B and C1, C2 have the feature of “washing out” the radial oscillations
in superfluid density observed in Fig.4.5, while Methods A1, A2 do not. In this sense, they
are more suited to the task of measuring the displacement of superfluid mass from the
boundary, because Method A is susceptible to significant discrepancies among experiments
in different cylindrically symmetric containers.

We do not expect the bulk scaling of Eq.(4.68) near the lambda point to be applicable
to the displacement length estimators in the confined liquid considered in this paper, due
to finite size effects and the long wavelength cutoff imposed by the external potential (as
Rt); in particular, limT→T−λ

d(T ) = ∞ is not expected in our simulations, rather, d(T )
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T (K) Eq.(4.68) A1 A2 B C1 C2 n0

0.625 4.27 5.41 6.32 3.84 1.33 3.33 0.17
1.25 6.04 5.88 7.23 3.98 1.61 3.83 0.16
1.60 8.33 6.12 7.58 4.13 1.99 4.57 0.14
2.00 18.73 5.41 6.72 4.27 1.76 4.10 0.08

Table 4.1: Decay lengths d (Å) of liquid 4He subject to the one-body potential in Eq.(4.7)
calculated from radial local superfluid density according to Methods A1,A2,B,C1,C2 (see
text for detailed descriptions). The empirical healing length, Eq. (4.68) is given in the first
column. The column labeled n0 is the effective global condensate density estimate obtained
at a given T from the least squares fit of a Ginzburg-Pitaevskii equation solution to the
radial superfluid density ρs(R).

T (K) d d+ d−
0.625 2.81 2.78 2.83
1.25 2.95 2.92 2.98
1.60 3.50 3.53 3.47
2.00 2.82 2.77 2.89

Table 4.2: Displacement lengths d, d± calculated by Method B (see text) for four tempera-
tures below Tλ with a radial cutoff of Rt = 10Å

should remain a smooth function in any neighborhood of the lambda point. Thus, for all
displacement length measures considered here, we see a smaller rate of increase of d(T ) for
low T than is expected from Eq.(4.68) for ξ(T ). We note that the displacement length from
a planar boundary calculated from the free energy of the Hills-Roberts theory [112] also
increases more slowly with temperature than the empirical healing length.

The results of calculations of the various displacement lengths are tabulated in Table 4.1
for a system with N = 123, L = 18Å, and Rt = 10Å.

Because the global and local superfluid densities are calculated via their respective esti-
mators in the PIMC algorithm and the displacement lengths are, in turn, calculated from
the results of these estimators, the displacement lengths must be subject to some statistical
errors. In Fig.4.5, one can see the error in the radial superfluid density. This allows one to
calculate displacement lengths d, d± from the data ρs(R), ρs(R)± σ(R), respectively, where
σ(R) is the radial error (see Fig.4.7). Values of d, d± are tabulated for various temperatures
for a cylindrical geometry with simulation parameters N = 90, L = 18Å, Rt = 10Å in Tables
4.2,4.3.

We now consider the more subtle case of defining healing surfaces and displacement
lengths in cylinderical systems with intervening aperture arrays. In the case of an off-axis
aperture, it is clear from Fig. 4.4 b) that the displacement length estimators introduced
in this Section are ambiguous; the superfluid density decays with a different characteristic



Section 4.3. LOCAL HYDRODYNAMIC ESTIMATORS 115

0 1 2 3 4 5 6 7 8 9 10
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

Figure 4.7: Radial superfluid density ρs(R) (blue trace) and radial error traces ρs(R)±σ(R)
(black traces). Dotted lines are fits of the function a tanh(b(R−c)) to the traces. Simulation
parameters: T = 0.625K, N = 90, L = 18Å, Rt = 10Å.

T (K) d d+ d−
0.625 0.65(1.65) 0.66(1.65) 0.65(1.65)
1.25 1.08(2.35) 1.10(2.35) 1.06(2.35)
1.60 2.21(4.24) 2.32(4.24) 2.08(4.47)
2.00 1.42(3.06) 1.68(2.59) 1.14(3.53)

Table 4.3: Displacement lengths d, d± calculated by Method C1 (C2) (see text) for four
temperatures below Tλ.

length in the half-cylinder containing the aperture from that in the half-cylinder without it.
As a consequence, the healing surfaces mentioned above are asymmetric about the cylinder
axis. This observation has as a consequence that the superfluid mass density may be dis-
placed asymmetrically from the boundaries in a manner which depends on the geometry of
the confining potential. Global estimates of healing behavior cannot account for the asym-
metry; this is why the introduction of the notion of a healing surface, which reveals the local
structure of healing, is necessary for the analysis of decay of superfluidity at the boundaries
of these systems.

4.3.5 Evidence for weak-link formation

A weak-link is usually defined in terms of the transport dynamics of a junction between
two superfluids or superconductors [113]: a connection between two bulk superfluids is a
weak link if the mass supercurrent through the connection in response to an external field
(e.g., mechanical driving in superfluids, voltage bias in superconductors) is much smaller
than the response of the bulk supercurrent. A generic weak link consists of two condensed
fluids separated by a junction consisting of noncondensed matter, e.g., the same fluid in a
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noncondensed phase. Because the superfluid mass-current density depends linearly on the
superfluid density, the suppression of the superfluid density in an aperture array system below
the expected bulk value is thus an indicator of weak link formation. In this Section we provide
evidence that the decrease of the global superfluid fraction with increasing temperature in
nanoscale reservoirs of He II confined by a non-adsorbing, cylindrically symmetric external
potential (specifically, the case of an array of nanoapertures) is governed by the formation
of weak links in the system.

More specifically, an increase in the length scale characterizing the decay of superfluid
density at a boundary, i.e., an increase in the healing length ξ(T ), provides a mechanism
for the formation of a weak link between aperture-connected reservoirs of superfluid as T
increases towards Tλ from an initial temperature defining a state deeper in the superfluid
phase. The mechanism is as follows: when the healing length scale becomes of the order
of the aperture radius, the superfluid mass density does not reach its maximum value in
the aperture. Hence there cannot be a mass current through the aperture without some
dissipation through normal fluid flow.

A first indication that the single aperture defined in Eq.(4.15) can become a superfluid
weak link as the temperature increases toward the lambda point comes from a PIMC simu-
lation of a system of N = 35 atoms with a single intervening aperture of various diameters
Da (Fig. 4.8 a)). Here the aperture center coincides with the center of the septum (both
on the cylinder axis). At both T = 0.625 K and T = 1.25 K, no superflow is observed
through apertures with diameters less than 3 Å. As the aperture diameter is increased, the
superfluid fraction increases to reach the values corresponding to those of reservoirs without
a septum (see Fig. 4.2). At T = 0.625 K, the simulations show non-negligible superflow
through the hole with diameter larger than 4Å while the diameter of the aperture should be
larger than ∼5 Å to observe significant superfluid fraction at T = 1.25 K. The empirical
healing length of the 4He fluid at T = 0.625 K and T = 1.25 K are calculated from Eq.(4.68)
to be 4.27 Å and 6.04 Å, respectively. Hence it is clear that for Da = 4Å (Da = 5Å ),
Da . 2ξ(T ) for T = 0.625K (T = 1.25K). The data of Fig.4.8 shows that that ρs/ρ is re-
duced below unity for both temperatures. Conversely, for Da larger than 2ξ(T = 0.625 K),
the superfluid fraction reaches unity (within statistical error), see Fig.4.8 a).

It seems possible, then, to consider the equation Da . 2ξ(T ) as a sufficient criterion
for weak link behavior. Consider again Fig.4.4 a) and note that for the lowest temperature
simulated, T = 0.25K, we have ξ(T = 0.25K) = 3.69Å. Because for these simulations,
Da = 3.0Å, the working hypothesis would allow us to predict the observed depression in
longitudinal global superfluid fraction for all temperatures simulated.3 Is it possible that
one of the estimators of displacement length introduced in Section 4.3.4 can also signal for
weak link behavior? That is, could the inequality Da . 2d(T ) be the sufficient condition for
weak link behavior for some definition of the displacement length? The answer appears to be

3Note that for these simulations, the superfluid fractions (by both estimators) appear to be independent
of the 4Å shift in aperture center in the septum. This behavior is not expected to manifest generally due
to the radial oscillations in local superfluid density observed in the tube.
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Figure 4.8: a) Superfluid fraction of reservoirs (Dt = 13 Å, L = 24 Å) of liquid 4He connected
by a single atomic-scale aperture as a function of aperture diameter at temperatures T =
0.625 K (black squares) and 1.25 K (red squares). b) Global superfluid fraction of 4He
reservoirs (Dt = 20 Å, L = 24 Å) connected by multiple apertures of atomic dimensions
at T = 0.625 K: (black filled squares) ρs/ρ for arrays with Da = 5 Å as a function of Na,
the number of the apertures; (red filled squares) on-axis aperture, area-equivalent to the
Na-aperture array; (blue triangles) 1 Å off-axis aperture, area-equivalent to the Na-aperture
array. All the apertures are of the same thickness 2δ = 3 Å and all calculations use periodic
boundary conditions in Z.
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T (K) 0.250 0.417 0.625 0.833 1.000 1.250 1.430 1.600 2.000

d(T )(Å) 4.39 4.62 4.78 4.95 4.98 5.34 5.42 5.93 6.38

Table 4.4: Displacement lengths (Å) calculated in the left hand side of a reservoir of liquid
4He subject to the one-body potential in Eq.(4.15) calculated by Method B from Section
4.3.4. The simulation parameters are the same as for the on-axis case in Fig.4.4 a).

“yes.” When applied to the single, on-axis aperture system in Fig. 4.4 a), the displacement
length calculated by Method B of the previous Section is greater than the aperture radius
for all temperatures studied (Table 4.4). This is consistent with weak-link formation due to
the lack of superfluidity in the aperture, because it is clear from the definition of Method
B that d(T ) quantifies the minimal distance from the boundary at which superfluid density
begins to assume bulk values.

Another test of the weak link criterion Da . 2ξ(T ) comes from comparing the global
superfluid fraction in aperture arrays with several small apertures (say, with radius below
ξ(T )) to the same for a single aperture having cross-sectional area equal to the sum of the
cross-sectional areas of the several small apertures. One hypothesizes that if the “area-
equivalent” single aperture has Ra ≥ ξ(T ) that the global superfluid fraction will be closer
to the expected value for nonconstrained He II than for the system with the several small
apertures each having radius less than ξ(T ).

As of the present, we have performed this experiment, but with inconclusive results due to
the large error in estimating the global superfluid fraction in these geometrically constrained
systems. The tube length of 24Å also prevents many large winding polymers from existing
in the system. In Fig. 4.8 b), we show (black filled squares) the global superfluid fraction of
liquid 4He reservoirs composed in total of N = 90 atoms connected by arrays of Na = 1, 2, 3, 4
apertures where all apertures have the same diameter, Da ≡ 2Ra =5 Å and their centers are
equiangularly distributed on a circumference of R =4 Å from the tube axis. As expected,
the superfluid fraction is seen to increase with Na. However this increase is not simply
determined by the total cross-sectional area of all apertures. We test this by comparing
the results of calculations of single intervening apertures having equivalent total area to the
Na = 2, 3, 4 aperture arrays, respectively, to this data. The red and blue symbols in Fig. 4.8
b) show the superfluid fraction for area-equivalent apertures located on axis (red squares)
and off axis by 1 Å (blue triangles). It is evident that reservoirs with a single interrupting
aperture having the same total cross-sectional area as an aperture array with Na = 2, 3, 4
can exhibit a different global longitudinal superfluid fraction from the area-equivalent array,
implying that the total cross-sectional area of the apertures does not uniquely determine the
temperature-dependent global superfluid fraction ρs/ρ.

We find that two factors influence this interesting feature, namely the displacement of the
single aperture from the cylinder axis, and the diameter of the single aperture relative to the
temperature-dependent empirical healing length in Eq.(4.68). For the latter consideration,
note that 5 Å > ξ(T = 0.625K) > 2.5 Å. The left hand side of this inequality is the radius
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of a single aperture which is area-equivalent to four apertures with Ra = 2.5 Å each. It is
clear from the Na = 4 column of Fig. 4.8 b) that at T = 0.625K, a single aperture with
Ra = 5 Å that is displaced 1 Å off the cylinder axis exhibits much larger ρs/ρ then an area-
equivalent 4-aperture array (Ra = 2.5 Å for each individual aperture). On the other hand,
the Na = 2 column shows that a single aperture with Ra = 5/

√
2 Å < ξ(T = 0.625K), which

has the same total cross-sectional area as an array of two apertures, each with Ra = 2.5 Å,
does not exhibit such a large increase in global longitudinal superfluid fraction, whether it is
located on- or off-axis. We explain this difference by invoking our notion of a weak link as a
connection which has a characteristic radius smaller than the empirical healing length at a
given temperature. In the present example, while all apertures in both Na = 2 and Na = 4
are weak links, the area-equivalent single aperture centered 1 Å off-axis for the Na = 4
aperture array is not a weak link (Ra > ξ(T )), while the analogous single area-equivalent
aperture for the Na = 2 array is a weak link (Ra < ξ(T )). The area-equivalent aperture for
the Na = 4 array allows for strong coupling between the reservoirs and thus can support
greater superfluid flow across the septum.

However, it is also evident that consideration of the ratio ξ(T )/Ra does not suffice to
explain the dependence of this difference in ρs/ρ between an aperture array and its area-
equivalent single aperture on the displacement of the single aperture center from the cylin-
der axis (Fig. 4.8 b)). This dependence is especially evident for the single apertures area-
equivalent to the two largest aperture arrays, having Na = 3 or Na = 4. In particular,
for Na = 4, the on-axis area-equivalent aperture (red square) shows a considerably smaller
increase in ρs/ρ than the the 1 Å off-axis area-equivalent aperture. For Na = 3, the radius
of the area-equivalent single aperture is very close to ξ(T = 0.625K) and so this case must
be considered as intermediate between the independence of superfluid fraction increase on
area-equivalent single aperture location seen for Na = 2 and the strong dependence on this
location for Na = 4. We ascribe the dependence of the increase in ρs/ρ for an area-equivalent
single aperture on its position within the septum to the inhomogeneity of the radial atomic
density due to the confining potential (see, e.g. Fig.4.1 b)). It is clear that the radial density
of atoms at 1 Åfrom the cylinder axis is greater than the density on the cylinder axis; we
therefore expect that the same system with a 2 Åoff-axis aperture, which is centered at a
radius with relatively high atomic density, should exhibit a larger global superfluid fraction.
Hence, the relative weights of the contributions of healing and inhomogeneous atomic den-
sity to the global superfluid density of a weak link separating nanoscale superfluid reservoirs
merits further study.

In this Part, we have introduced the PIMC method and its major approximations which
make it useful as a practical technique for calculating the properties of strongly interacting
bosonic liquids. Applying this method to cylindrically symmetric reservoirs separated by an
array of atomic-scale apertures, we calculated the distribution of superfluidity and global
superfluid density. The length scale characterizing the decay of superfluid density at the
boundary of the system, calculated from the radial superfluid density distribution by various
methods of estimation, appears to better coincide with Roberts’ notion of a displacement
length [110] than the healing length ξ(T ).
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The global superfluid density is seen to decrease as the diameter of the apertures in the
aperture array is decreased (Fig.4.8). Preliminary data from a numerical experiment testing
the hypothesis that this decrease is due to the presence of weak-links in the array is incon-
clusive, so it is still an open question whether the PIMC technique can reveal the presence of
weak links at O(1 nm) length scale. It is known from other PIMC simulations that around
this length scale, Luttinger liquid behavior begins to set in [102], so the possibility that weak
link behavior at this length scale is not the same as weak link behavior at the > O(10nm)
scale must be considered.

We have also shown detailed derivations of the vorticity (Subsection 4.3.3) and momen-
tum correlation function (Subsection 4.3.2) of the fluid. We have not yet implemented the
vorticity estimator and an integration surface in a PIMC simulation, but it could potentially
allow for a numerical observation of circulation quantization in a nanoaperture array system.
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Part IV

Measures of superposition size in
separable Hilbert space
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Chapter 5

How big is Schrödinger’s cat?

5.1 Background on large quantum superposition

states

The notion of a Schrödinger cat state arises from extrapolating the quantum superposition
principle for microscopic (e.g., small de Broglie wavelength) systems to classically distin-
guishable macroscopic states. In physical systems comprised of a large (N � 1) but finite
number of identical, distinguishable degrees of freedom, i.e., the total Hilbert space of the
system Hsys = H⊗N is the N -th tensor product of the single-particle Hilbert space H, the
|GHZN〉 states comprised of orthogonal single particle states |φ1〉, |φ2〉 ∈ H are the proto-
typical examples of cat states:

|GHZN〉 :=
1√
2

(
|φ1〉⊗N + |φ2〉⊗N

)
(5.1)

Given a measure of superposition size with definite value (say, N) for |GHZN〉, it is
natural to determine the superposition sizes of generalized |GHZN(ε)〉 states, macroscopic
superpositions of the same form as Eq.(5.1) except that they are nonorthogonal, with
|〈φ1|φ2〉|2 = 1 − ε2, ε < 1, and appropriate normalization. Dür, Simon, and Cirac [114]
have shown that an effective size Nε2 can be attributed to these states by comparing the
actions of three maps on the |GHZN(ε)〉 state to their actions on an ideal |GHZN〉 state:
1) decoherence to the macroscopic mixed state, 2) distillation to a |GHZn(N)〉 state as in
Eq.(5.1) but with n(N) < N , and 3) particle loss according to binomial statistics. The same
scaling of the effective size has been derived by other authors by calculating the maximal
quantum distinguishability of the branches of the superposition [115], by calculating the
maximal quantum Fisher information [116] per mode of the superposition, and by consider-
ing unitary evolution (generated by an appropriately chosen operator) of the superposition
to an orthogonal state [117]. In each of these cases the calculation of superposition size
depends on identifying a positive, self-adjoint operator on the tensor product space which is
optimal for the given definition and so we refer to these measures of Schrödinger cat state
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size as being defined in a “measurement-based” way. Yet another measurement-based mea-
sure has been introduced which involves associating to each composition of d single-particle
operators, a probability p(d) that this composition applied to one branch of a Schrödinger
cat state produces the other branch [118]. The measurement-based measures contrast with
the “comparison-based” effective sizes of [114] in that the latter require a reference superpo-
sition state, exhibiting a standardized value of superposition size (usually established in an
effectively empirical way by noting the agreement in the values of various superposition size
measures when applied to the standard state). One of the primary purposes of this Chapter
is to show that the methods mentioned above can be extended to describe Schrödinger cat
states of photonic systems.

In defining measures of superposition size, as in introducing a measure of any physical
quantity in quantum mechanics, it is important to stay as close to the axioms of quantum
theory as possible; introduction of ad hoc constructions which may be applicable to only a
small subset of quantum states is to be avoided. Sources of potentially unnecessary compli-
cation can include: constraining optimizations over measurements to a subset of all possible
measurements, or introducing a standard state for comparison (especially in an infinite-
dimensional Hilbert space). Even if physically well-motivated, these complications have the
potential to obscure the underlying physics of the property of the quantum state that one
wishes to understand.1 Ideally, given a quantum superposition, one would like to extract
its size directly from the measured matrix elements of its corresponding pure quantum state
(i.e., its full tomography). In experimental settings, these measured matrix elements are
usually used to reconstruct a quasiprobability distribution associated with the state. Hence,
in this Chapter, we also consider notions of superposition size based on geometric properties
of the unique quasiprobability distribution corresponding to a given quantum state and the
change of these properties under dynamical maps [119, 120].

Previous authors have suggested that any notion of superposition macroscopicity (e.g.,
based on a measure of superposition size) must be predicated on a choice of quantum prop-
erty exhibited by the superposition which either is not exhibited by its branches individually
[116, 117] or which is otherwise important for the state to be considered macroscopic [118].
The quantum property is not necessarily unique; so one may form theoretically-motivated
definitions of superposition size of greater (weaker) strength by combining (separating) the
conditions. For example, Leggett [121] has combined the requirements of “disconnectivity”
of a superposition state with existence of a self-adjoint operator exhibiting an extensive
difference in expectation value in the branches of the superposition to form his notion of
macroscopic distinctness [121]. The measurement-based measures of size for Schrödinger
cat states discussed in this paper are each predicated on a quantum property of the su-
perposition, e.g., optimal distinguishability of superposition branches by measurement of a
minimal number of elementary particles [115], metrological usefulness of the superposition

1While allowing for the possibility that the most general formulation of superposition size as a resource
in quantum information processing is actually quite complicated, e.g., when the system has many modes it
may be fundamentally related to measures of entanglement, theoretical physicists have historically done well
to strive for parsimony.



Section 5.2. SUPERPOSITION SIZE VIA QUANTUM BINARY
DISTINGUISHABILITY 124

relative to its branches [116], and the number of elementary one-particle processes required
for transforming one branch into another [118]. On the other hand, some quantum proper-
ties lead to facile recognition of superpositions which are clearly “largest” and in these cases,
comparison-based superposition size measures lead to reasonable results for a given superpo-
sition. Finally, in the third class of superposition size measures, the quantum properties are
intrinsic to the superposition state, e.g., a geometric property of a quasiprobability distribu-
tion associated to the state, which is determined experimentally or by an interference-based
measure.

Measures of macroscopicity for quantum superposition states [122] and arbitrary quantum
states [116] have resulted in several physically motivated orderings of quantum mechanical
states based on a notion of effective size. The study of the equivalence of these orderings
is essential to the development of a structure theory for macroscopic quantum states; com-
parisons among measures of state macroscopicity and superposition size [123] reveals that
mathematically (and conceptually) closely-related measures give equivalent orderings, while
mathematically disparate measures usually require a case-by-case comparison. From a prac-
tical perspective, measures of macroscopicity are crucial for determining the extent to which
quantum states of physical systems exhibiting large quantities of mass, spatial extent, or
average number of elementary particles or mode excitations, can be exploited for use as a
quantum resource in metrology [124, 125], probing the validity of quantum mechanics in
macroscopic settings [122] and pure state quantum information processing [126]. For ex-
ample, macroscopic quantum superpositions are useful for performing Heisenberg limited
metrology [127, 128, 129] and for quantum computation [130, 131]. If a system exhibits
macroscopic quantum behavior in an experiment, an appropriate measure of macroscopicity
should reveal this behavior. However, because many superposition size measures are defined
by an optimization over a set of observables or set of positive operator-valued measurements
(POVMs), they can be difficult to calculate, especially for infinite dimensional Hilbert spaces.

In this Chapter, all logarithms are in base e unless otherwise noted, and all multivalued
functions are taken on their principal branches. Mathematical notations for certain operator
algebras are accompanied by a citation.

5.2 Superposition size via quantum binary

distinguishability

In order to motivate a definition of superposition size, we first consider the simple problem of
optimally distinguishing two distinct classical discrete probability distributions P = {pi}Ni=1

and Q (defined in the analogous manner). A classical communication channel described by P
(Q) with probability πP (πQ), contains an atomic word (i.e., a single letter, one of N possible)
and Bob is asked to take his best guess at which probability distribution defines the channel
by knowing only the single letter in the channel. What is the chance that Bob guesses the
correct distribution? His total probability of success is psucc =

∑N
j=1 max{πPpj, πQqj} and his



Section 5.2. SUPERPOSITION SIZE VIA QUANTUM BINARY
DISTINGUISHABILITY 125

total error probability is 1− psucc = perr =
∑N

j=1 min{πPpj, πQqj}. This probability is based
on the assumption that if letter j is in the channel, Bob chooses P if πPpj > πQqj and vice

versa for πPpj < πQqj. This expression implies that psucc − perr = 2psucc − 1 =
∑N

j=1 |πPpj −
πQqj|. If πP = πQ = 1

2
, then psucc = 1/2 + (1/2)D1(P,Q), where D1(P,Q) := 1

2

∑N
j=1 |pj− qj|

is the Kolmogorov (`1(N)) distance between the discrete probability distributions P and Q.
It is important to note that to obtain this result, we have assumed a certain strategy for
Bob. Different strategies are possible and lead to different values of the success and error
probabilities.

The problem of quantum binary distinguishability is the same except for the channel
being now a quantum channel containing ρA ∈ B1(H) (ρB) with probability πA (πB), where
B1(H) is the ideal (in the C∗-algebra of bounded operators on H, denoted B(H)) of trace
class operators (see Ref.[132] for the definitions of the functional analysis terms)

B1(H) := {x ∈ B(H)|x ≥ 0, tr(x) = ‖x‖1 <∞}. (5.2)

In this expression, we have used that the trace norm ‖ · ‖1 (defined in B(H) by ‖x‖1 := tr|x|
where |x| is the positive part in the polar decomposition [132] of x into a product of a
positive operator and a partial isometry, which is unitary for self-adjoint operators such
as density operators) of a positive operator is just its trace. In practice, the trace norm is
usually computed by summing the magnitudes of the eigenvalues of the operator. Sometimes,
we consider the norm D1(·) := 1

2
‖ · ‖1 which is a noncommutative version of the `1 norm

between discrete probability distributions (the Kolmogorov norm). Given that Bob has at
his disposal any possible positive operator-valued measure (POVM, definition given below)
{Ei}i∈N, what is the probability that he successfully guesses the state defining the quantum
channel? To this end, let us prove a theorem:

Theorem 1. (Fuchs, Ref.[133]) Bob’s success probability is psucc , H = 1
2

+ 1
2
‖Γ‖1, where

Γ := πAρA − πBρB, which is achieved if he uses a POVM containing the projectors Q+, Q−
onto the positive and negative eigenspaces of Γ.

In the statement of this theorem, I have appended an H to the symbol for the success
probability because in the quantum binary distinguishability problem, it is frequently referred
to as a Helstrom probability after C. Helstrom [134]. For the sake of completeness, I note
that a POVM is defined [20] as an affine map R : S → P(U) from the quantum states
S ⊂ B1(H) on a Hilbert space H to measures on a measurable space U with σ-algebra [132]
A. One can show that this map is uniquely implemented by a set of bounded operators
{E(R)(B)|B ∈ A} satisfying (if the reader is not familiar with measure theory, just consider
the B to be subsets of U):

• ∀B ∈ A, E(R)(B) ≥ 0 and E(R)(B) ∈ B(H)

• E(R)(∅) = 0, E(R)(U) = IH
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• E(R) is σ-additive, i.e., if B1, B2, . . . are pairwise disjoint, then E(R)(B1 ∪B2 ∪ . . .) =∑
iE

(R)(Bi). In particular, if B1 ∪B2 ∪ . . . = U , then
∑

iE
(R)(Bi) = IH.

The map R is implemented in the following way: for ρ ∈ S, B ∈ A, the measure µR(B) =
Tr(ρE(R)(B)). The map R is usually implied and the superscripts are usually omitted. The
most commonly encountered case in quantum information theory is U a discrete space with
the discrete Borel σ-algebra [132] and the implementation of the map given by the POVM
elements {Ej}j∈N. It is important to note that, in general, H is allowed to be a sub-Hilbert
space of a larger Hilbert space, and so can be expressed as a finite rank projection. An
important caveat about POVMs is in order: the Ei are not necessarily projections. Given a
POVM, one can define a quantum operation [135], i.e., a physically realizable superoperator,

on any ρ ∈ S by defining Ki := UiE
1/2
i where Ui is unitary and taking ρ 7→ KiρK

†
i /tr(KiρK

†
i )

is the outcome of the measurement corresponds to Ei. Clearly,
∑

iK
†
iKi = I. The Ki are

usually called “Kraus operators.” In the case that the POVM elements are projections (i.e.,
Ei = E†i , E

2
i = Ei), the measurement is called “von Neumann,” or ”simple,” or ”projective,”

and the corresponding measurement operators are given by Ki = E
1/2
i = Ei (when all Ui are

taken to be I) since, by the definition of a projection, E2
i = Ei. Conversely, given a quantum

operation, one can construct a POVM.

Proof. Either the state ρA or the state ρB occupies a quantum channel (with probability
πA and πB respectively). Let Bob apply the elements of a POVM E = {Ei}i∈N (N is the
natural numbers) to the channel. Assume that Bob guesses the quantum state according
to the following simple rule: “If result i occurs, choose ρA if πAtr(ρAEi) > πBtr(ρBEi) or
choose ρB if πBtr(ρBEi) > πAtr(ρAEi).”

The total success probability is psucc,E :=
∑

i max
[
πAtr(ρAEi), πBtr(ρBEi)

]
while the

total error probability is perr,E :=
∑

i min
[
πAtr(ρAEi), πBtr(ρBEi)

]
. The difference between

these success and error probabilities is

psucc,E − perr,E = 1− 2perr,E =
∑
j

∣∣∣πAtr(ρAEj)− πBtr(ρBEj)
∣∣∣

=
∑
j

∣∣∣tr(ΓEj)∣∣∣ (5.3)

where Γ := πAρA − πBρB. Now write Γ = Q+ − Q−, where Q+ and Q− are positive
operators (this decomposition is allowed because πA(B)ρA(B) are positive operators). Then
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the following inequality follows:

1− 2perr,E(ρA, ρB) =
∑
j

|tr(ΓEj)|

=
∑
j

|tr[(Q+ −Q−)Ej]|

≤
∑
j

tr(Ej(Q+ +Q−))

=
∑
j

tr(Ej|Γ|)

= tr(|Γ|) (5.4)

The third line in the above inequality follows first from the triangle inequality |tr[(Q+ −
Q−)Ei]| ≤ |tr[Q+Ei]| + |tr[Q−Ei]| and second from the fact that the trace of a product of
positive operators is positive, so we have |tr[(Q+ − Q−)Ei]| ≤ |tr[(Q+Ei]| + |tr[Q−Ei]| =
tr((Q+ + Q−)Ei). The last equality in Eq.(5.4) follows from

∑
iEi = I. We define the

Helstrom error probability as the miminal probability of error in distinguishing ρA and ρB:

perr,H(ρA, ρB) := minE{perr,E(ρA, ρB)}, (5.5)

where the minimization is carried out over all POVMs. Rearranging the above inequality
results in

psucc,E ≤
1

2
+

1

2
‖Γ‖1 (5.6)

We now show that equality can be obtained by use of some POVM and that the POVM
which gives the Helstrom (i.e., minimal) error perr,H(ρA, ρB) = 1 − psucc,E(ρA, ρB)1

2
− 1

2
‖Γ‖1

is not unique. It is easy to check that the finite POVM {E1 = PQ+ , E2 = PQ− , E3 =
I−PQ+−PQ−}, where PQ+ (PQ−) is the projector onto the support2 of Q+ (Q−), achieves the
required equality. This can be seen by: 1) appealing to the spectral theorem for self-adjoint
operators [132] for πAρA − πBρB to infer that the supports of Q+ and Q− are orthogonal,
i.e., PQ+PQ− = PQ−PQ+ = 0, and 2) noting that Q−PQ+ = Q+PQ− = 0. These facts are
combined to give:

3∑
j=1

|tr(Ej(Q+ −Q−))| = |tr(PQ+Q+)|+ |tr(PQ−Q−)|

=
3∑
j=1

tr(Ej(Q+ +Q−))

= ‖Γ‖1 (5.7)

2By support of a linear operator is meant the set of vectors which the linear operator maps to nonzero
vectors.
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with the first equality following from Q+E3 = Q−E3 = 0 because the projection onto the
union of the supports of Q+ and Q− is PQ+ + PQ− , from which it follows that E3 is the
projection onto the intersection kerQ+ ∩ kerQ−. From the analysis of this optimal POVM
in Eq.5.7, it is easily inferred that any POVM which can be partitioned into three parts,
each having sum equal to one of the Ei also saturates the minimal error probability (i.e.,
Helstrom probability). Hence, the optimal POVM is not unique.

5.2.1 Distinguishability of branch n-RDMs

For a superposition state of the form |ψ〉 = |A〉+ |B〉 ∈ H⊗N , the branch-distinguishability
superposition size Cδ(|ψ〉) is defined by [115]

Cδ(|ψ〉) =
N

neff(δ, |ψ〉)
(5.8)

where

neff(δ, |ψ〉) = min
{
n
∣∣1
2

+
1

4
‖ρ(n)

A − ρ
(n)
B ‖1 ≥ 1− δ

}
(5.9)

in which ‖·‖1 signifies the trace norm on bounded operators on H⊗n and ρ
(n)
A := trN−n|A〉〈A|

(mutatis mutandis for |B〉) is the n-reduced density matrix (n-RDM) of |A〉〈A|. This su-
perposition size measure has been applied to, e.g., superposition states of phases of an
interacting BEC in a double well potential [115], electronic supercurrents in a superconduct-
ing flux qubit [136], and coherent states of a finite chain of electromagnetic cavities, i.e., to
photonic superposition states [2]. The expression on the left hand side of the inequality in

Eq.(5.9) is the maximal probability pH,succ(ρ
(n)
A , ρ

(n)
B ) over all possible n-mode measurements

of successfully distinguishing the n-RDM corresponding to the branches |A〉〈A| and |B〉〈B|
[134]. This fact leads us to the following interpretation: given δ ∈ (0, 1/2), Cδ(|ψ〉) is the
largest number N

neff(δ)
of subsystems of quantum system existing in a state of superposition

such that an optimal neff(δ)-mode measurement can be used to distinguish the branches with
probability of success equal to 1 − δ. This branch distinguishability measure of Eq.(5.8) is
simplest to evaluate when the individual modes are distinguishable, i.e. every subsystem is
individually addressable.

There are two important subtleties which must be taken into account when using Eq. (5.8)
and Eq. (5.9). The first is that given a number of modes, N , the precision δ cannot be
chosen independently while still maintaining a physically reasonable value of the effective
size neff(δ). The reason for this is as follows: the result of calculating the trace norm in
the brackets of Eq.(5.9) is a continuously differentiable function of n, but if the δ-dependent
minimization procedure results in a value of neff(δ) > N or neff(δ) < 1, this value does not
have a physical interpretation (one cannot trace over a fractional number of modes, nor
more modes than present in the system). Therefore, one desires to know which values of δ
necessarily produce these unphysical values of neff(δ) and then retroactively excludes them
from the allowed values of δ. Given N ∈ Z+ defining |Ψ〉, we must have that neff(δ) ∈
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Figure 5.1: Qualitative graphs of the functions f(δ) = 4δ2 − 4δ + |z|2N (lower graph),
g(δ) = 4δ2− 4δ+ |z|2 (upper graph) on the interval [0, 1/2]. The shaded region shows where
the system of inequalities f(δ) < 0, g(δ) > 0 is satisfied.

{1, 2, . . . , N}. For any value for the precision δ ∈ (0, 1/2), one obtains the general formula
neff(δ) = dlog(4δ − 4δ2)/2 log |z|e, and so it is clear that in order for a small value of δ to
make sense, the number of modes, N , must be sufficiently large (at least neff(δ)). For the
state |Ψ〉, this constrains the precision δ in the following way:

δ ∈
(

1

2
− 1

2

√
1− |z|2N , 1

2
− 1

2

√
1− |z|2

)
. (5.10)

If δ is chosen less than the infimum (greater than the supremum) of this interval, then
neff(δ) > N (neff(δ) < 1). In Fig.(5.1), the interval for which δ gives an integral value of neff

is shown.
The second subtlety is the indeterminate value of Cδ obtained in the case of a GHZ-

type state (i.e., a superposition |Ψ〉 with |ψ1〉⊗N orthogonal to |ψ2〉⊗N). For a GHZ-type
state, the only reasonable choice of the precision is δ = 0. This is because the reduced
density matrices of the branches at any order can be optimally distinguished with unit
probability. In physical terms, states of the form |ψ1〉⊗N and |ψ2〉⊗N with 〈ψ1|ψ2〉 = 0 can
be distinguished as optimally by performing a measurement of a single elementary particle
as by performing measurements of any subset of particles. For this reason, the spin-1/2 GHZ
state |GHZN〉 ∝ |0〉⊗N + |1〉⊗N ∈ (C2)⊗N has been defined to have neff = 1 so that Cδ = N
[136]. According to the above argument, there is good reason to generalize this definition to
GHZ-type states in general Hilbert spaces by defining Cδ to be equal to the total number
of elementary particles in the state. Since Cδ is defined in a measurement-based way, by
“elementary particle” is simply meant the most fundamental particle in the given experiment
or energy scale [115]. This generalized definition is also necessary for extending the following
statement, true for spin systems, to two-branch superpositions in `2(C)⊗N : macroscopicity
of a quantum superposition measured by its metrological usefulness relative to that of its
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branches (i.e., a value of N rF scaling linearly with the total number of elementary particles,
see Section 7) implies Cδ also scaling in this manner.

Another motivation for the branch distinguishability measure was provided by the con-
jecture [115] that applying the measurement for optimally distinguishing the branches of
the superposition to the superposition state itself results in a “collapsed superposition.” By
“collapsed superposition,” can be meant a number of things. For a many-branch superposi-
tion |a〉 := 1√

n
(|φ1〉+ . . .+ |φn〉) composed of orthogonal branches, the process of collapse can

be defined as a dynamical map (e.g., given by a certain quantum operator) taking |a〉 to a
final pure state Pk|a〉 with Pk := |φk〉〈φk|. For a superposition with nonorthogonal branches,
the definition must be generalized. Here, we will consider the collapse process to produce
from the initial superposition (with generally nonorthogonal branches), a final pure state
(the collapsed state) which has a single component with amplitude close to the unit circle
in C, while the other components have nearly negligible amplitude. Intermediate states can
be considered as “partially collapsed” states. We have not chosen a well-defined cutoff for
what constitutes a collapsed state from what constitutes a partially collapsed state.

It was shown in Ref. [2] that in order produce a collapsed superposition from an even
coherent state via measurement, it is sufficient to apply the optimal measurement for dis-
tinguishing the two branches of the coherent state superposition to the superposition itself.
The POVM formalism was introduced after the statement of Theorem 1 above.

Proposition 4. Let |Ψ〉 := |Ψ1〉+|Ψ2〉√
A

be a normalized two-branch superposition of product
states in a separable Hilbert space H. Then the POVM which allows for distinguishing the
pure states |Ψ1〉〈Ψ1|, |Ψ2〉〈Ψ2| probabilistically collapses the superposition.

Proof. Instead of proving the Proposition in full generality, we provide an explicit proof that
the measurement which optimally distinguishes the branches of the even coherent state

|ψ+〉 :=
1√

2 + 2e−2|α|2
(|α〉+ |−α〉) (5.11)

considered as pure states (ρα = |α〉〈α|, ρ−α = |−α〉〈−α| present with equal a priori prob-
ability) collapses |ψ+〉 to |±α〉 with high probability under the optimal measurement. Of
course, this is only a special case of the proposition. One can consider collapse to be a
small (potentially in some operational sense) value of the minimal distance between the
post-measurement state and either of the pure states corresponding to the branches of the
original superposition.

We work in an orthonormal basis {|ψ+〉, |ψ−〉} for a 2-D subspace of `2(C) where |ψ+〉 is
given above and

|ψ−〉 =
1√

2− 2e−2|α|2
(|α〉 − |−α〉) . (5.12)

The POVM which gives the minimal probability of error (maximal probability of suc-
cess) for distinguishing ρα from ρ−α consists of the projectors onto the 1-D eigenspaces
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of the operator ρα − ρ−α =
√

1− exp(−4|α|2)σx, with σx defined in the orthonormal ba-

sis {|ψ+〉, |ψ−〉}. The eigenvectors of this operator are |ξ±〉 = 1/
√

2(|ψ+〉 ± |ψ−〉), which
implies that the optimal POVM is {Ei = |ξi〉〈ξi|}i=±. The measurement results E± ob-
tained on the pure cat state |ψ+〉〈ψ+| occur with equal probability and because the optimal
POVM (in the sense of providing the Helstrom error for distinguishing ρα from ρ−α, see
Theorem 1) consists of rank-1 projectors onto spanC|ξ+〉 and spanC|ξ−〉, the resulting state

is |ξ±〉〈ξ±| ∝ E
1/2
± |ψ+〉〈ψ+|E∗ 1/2

± = E±|ψ+〉〈ψ+|E± with probability 1/2. Explicitly:

|ξ±〉 =

(
1

2
√

1 + e−2|α|2
± 1

2
√

1− e−2|α|2

)
|α〉

+

(
1

2
√

1 + e−2|α|2
∓ 1

2
√

1− e−2|α|2

)
|−α〉 (5.13)

It is then clear that for any physical number of photons (|α|2 > 1), the optimal measure-
ment very nearly produces either ρα or ρ−α with equal probability, i.e. it collapses the cat
state to one of the two branches.

In the above proof, we have noted that the optimal POVM is {Ei = |ξi〉〈ξi|}i=± instead
of merely containing these operators (recall from the proof of Theorem 1 that, in general, the
optimal POVM for the quantum binary distinguishability problem is not unique. However, in
the present case, we are only concerned with a two (complex) dimensional Hilbert subspace
of `2(C) spanned by |ψ±〉. Instead of requiring the POVM elements to sum to the identity
operator on `2(C), we require it to sum to the projection |ψ+〉〈ψ+| + |ψ−〉〈ψ−|. This is a
simple generalization of the notion of a POVM.

Some alternative choices of binary decision problem which could be thought to reflect
the size of a Schrödinger cat state (e.g., distinguishing the cat state from the mixed state of
the branches, or distinguishing either of the branches from the cat state) do not have this
nice property. Quantitatively, applied to |ψ+〉〈ψ+|, the POVM which distinguishes |ψ+〉〈ψ+|
from 0.5|α〉〈α|+0.5|−α〉〈−α| returns |ψ+〉 with unit probability. For |α|2 →∞ (and already
nearly so for |α|2 & 10), applying the POVM which distinguishes the cat state from |α〉〈α| to
the cat state and subsequently performing a projective measurement in the approximately
orthonormal basis {|α〉, |−α〉} gives |α〉 with probability 1/2 + 1/2

√
2 and |−α〉 with the

complementary probability.

5.3 Branch distinguishability examples

5.3.1 General equal-amplitude two branch superpositions

We consider mainly equal-amplitude, two branch quantum superposition states of the fol-
lowing form:

|Ψ〉 =
(I + V )|Φ〉√
2 + 2Re(zN)

(5.14)
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where |Φ〉 := |φ〉⊗N is a product state in the N -th tensor product of a single-mode Hilbert
space H, V := U⊗N is a tensor product of the same local unitary operator, and z := 〈φ|U |φ〉.
We assume the dimension of the single-particle Hilbert space is at most countably infinite.
The state |Ψ〉 can be considered as a generalization of GHZ-like states with nonorthogonal
branches [114] to separable Hilbert space. However, the large variety of states in separable
Hilbert space allow for interesting values of the inner product z which depend on physical
quantities described by the quantum state. In particular, the general formula Eq.(5.18) for
branch distinguishability superposition requires an exponential decay of z with respect to
an extensive physical quantity of the system in order for the superposition to exhibit an
extensivity in superposition size. This exponential decay in an overlap parameter would
have to be specifically contrived in a spin system, whereas in separable Hilbert space, this
value of inner product appears quite naturally when one considers coherent states of the
electromagnetic field (i.e., U(1) coherent states) or field theory on a compact space.

The class of states of the form |Ψ〉 contains many equal-amplitude superposition states
which have been previously characterized as macroscopic. For example, the N -mode GHZ
(Greenberger-Horne-Zeilinger) state can be written in the general form |Ψ〉 by using |φ〉 = |0〉
and U = σx. Certain entangled bosonic states can be written in this way; e.g., the N00N
state ∝ |0〉|M〉 + |M〉|0〉 (M ∈ Z≥0) can be obtained by applying the unitary operator
I ⊗ (|0〉〈M | + |M〉〈0|) to the state |Ψ〉 with N = 2, |φ〉 = |0〉 and U = |0〉〈M | + |M〉〈0|.
The entangled even coherent states of the electromagnetic field, which are proportional to
|α〉⊗N + |−α〉⊗N [2], can be written by using |φ〉 = |α〉 and U = exp(−iπa†a) (Section
5.3.2). Superpositions of the form |Ψ〉 also appear in quantum condensed matter contexts.
For example, interference between two weakly-interacting Bose-Einstein condensates can
be described by considering the order parameter field as a single mode and evaluating the
sinusoidal term in the condensate density for a superposition of two order parameter fields
with nearly disjoint supports [39]. Superpositions |Ψ〉 also appear in the context of modern
condensed matter theory; we calculate an explicit example from two (Euclidean) dimensional
quantum field theory describing a quantum critical point in Section 5.3.5. In this work, we
will focus primarily on the case in which |φ〉 and U |φ〉 are nonorthogonal, although we will
briefly discuss interesting examples of superpositions with orthogonal branches. As we show
below, a value of the inner product z which decays exponentially with a physical quantity
defined by the state |Ψ〉 implies a linear dependence of superposition macroscopicity on
the same quantity according to measures based on branch distinguishability or metrological
usefulness.

There is another, more subtle, reason for first considering two branch superpositions when
applying measures of superposition macroscopicity. This is that two branch superpositions
are the only states which satisfy parameter based uncertainty relations such as the Aharanov-
Anandan time-energy uncertainty relation [137, 138, 139]. A consequence of this is that,
compared to other pure states, two branch superpositions evolve fastest to an orthogonal
state. This instability to coherence is a trademark of large superposition states.

Eq. (5.8) can be applied to the state |Ψ〉 by first defining an orthonormal basis {|e1〉 =
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|Φ〉, |e2〉 = V |Φ〉−zN |Φ〉√
1+|z|2N

} for a 2-dimensional subspace of H⊗N . Analogous 2-dimensional sub-

spaces can be made for each n ∈ {1, . . . , N} by writing:

|e(n)
1 〉 := |φ〉⊗n

|e(n)
2 〉 :=

U⊗n|φ〉⊗n − zn|φ〉⊗n√
1− |z|2n

. (5.15)

For 1 ≤ n < N , the n-RDMs trN−n|Φ〉〈Φ| and trN−nV |Φ〉〈Φ|V † can be written in this
basis. For example,

trN−kV |Φ〉〈Φ|V † = U⊗k|φ〉⊗k〈φ|⊗kU †⊗k

= (1− |z|2k)|e(k)
2 〉〈e

(k)
2 |+ |z|2k|e

(k)
1 〉〈e

(k)
1 |

+ zk
√

1− |z|2k|e(k)
2 〉〈e

(k)
1 |

+ zk
√

1− |z|2k|e(k)
1 〉〈e

(k)
2 |. (5.16)

The trace norm of trN−n|Φ〉〈Φ| − trN−nV |Φ〉〈Φ|V † is computed by calculating its eigen-
values in the corresponding 2-dimensional subspace. The result is the following formula for
the maximal probability of successfully distinguishing the n-RDMs of the branches of |Ψ〉
by the results of an n-mode POVM:

pH,succ(trN−n|Φ〉〈Φ|, trN−nV |Φ〉〈Φ|V †) =
1

2
+

1

2

√
1− |z|2n (5.17)

with z defined as in Eq.(5.14). Finally, one obtains neff(δ) by minimizing n to saturate the
inequality in Eq. (5.9). The result is the general formula:

Cδ(|Ψ〉) =
2 log |〈Φ|V |Φ〉|
log(4δ − 4δ2)

=
2N log |z|

log(4δ − 4δ2)
(5.18)

We use this formula in subsequent sections as a fast method of extracting the branch
distinguishability superposition size from the overlap z of the branches. As examples, we
primarily focus on two-branch, multimode photonic pure states, although at the end of this
Section, we branch out into modern condensed matter theory for a demonstration of the
wide applicability of Eq.(5.18).

5.3.2 Entangled coherent states

Instead of GHZ states, which are by all measures the largest cat states of spin systems, we
will consider the entangled coherent state to be the paradigmatic example of a cat state
for a photonic system (which has Hilbert space (`2(C))⊗N , N ∈ N). Unlike the case for
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spin systems, however, we will see that there are superpositions inequivalent to entangled
coherent states (in the sense of not being related by a local rotation) in photonic systems
which exhibit the same superposition size according to various measures. Hence the choice
of entangled coherent state as a paradigmatic cat state of a photonic system is made on
account of their well-studied properties.

An N -mode entangled coherent state is defined by [140, 141]:

|ECS±N(α)〉 :=
1√

2± 2 exp(−2N |α|2)

(
|α〉⊗N + |−α〉⊗N

)
. (5.19)

It is important to note that the reflected pair of coherent states |α〉 and |−α〉 belong to a
two-dimensional subspace (isomorphic to C2) of the single mode Hilbert space `2(C) with
orthonormal basis given by, for example:

|e1〉 := |α〉

|e2〉 :=
|−α〉 − e−2|α|2|α〉√

1− e−4|α|2
. (5.20)

As mentioned in Section 5.3.1, the entangled coherent states |ECS±N(α)〉 have the form of
Eq.(5.14). They can be considered as a type of generalized spin state (i.e., as |GHZN(ε)〉 ∈
(C2)⊗N , with ε = 1 − exp(−2|α|2)) but we will view the entangled coherent state from the
point of view that under measurement-based measures of superposition size, its size depends
on the total number of bosonic particles (specifically, photons) comprising the superposition
state, not just the number of modes of the system. The field amplitude α can be taken on
the real line for convenience. The branches of this cat state are semiclassical in that they
are composed of N modes, each mode exhibiting a coherent state of the electromagnetic
field with amplitude ±α. In fact, the branches can be considered completely classical in that
their Glauber-Sudarshan P function defined a true probability distribution on C [142]. In this
way, they are the most classical quantum states of all the Gaussian states (Gaussian states
include squeezed states, which exhibit certain truly quantum features) of the multimode
electromagnetic field. This is discussed further below.

The semiclassical macroscopic states which are superposed to create |ECSN(α)〉 are pa-
rameterized by the amplitudes and phases of one or more classical electromagnetic modes;
the Hilbert space of each mode is that of a quantum harmonic oscillator `2(C) [143]. These
intriguing superpositions have been generated experimentally using nonlinear optical Kerr
media [144] or nonresonant coupling between Rydberg atoms and a high-Q optical cavity
[145], and their properties, including their quasi-probability distributions and photon number
distributions, have been studied theoretically [146, 141, 147]. Although notions of intrinsic
size based directly on static properties of quasiprobability distributions in phase space or
evolution under decoherence have been considered for Schrödinger cat states comprised of co-
herent states, these notions have not been assessed in terms of the existing comparison-based
or measurement-based approaches. In order to apply to coherent state superpositions, these
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comparison-based and measurement-based approaches must take into account subtle prop-
erties of coherent states, including indefinite particle (photon) number, the lack of natural
subsystems of particles, and nonorthogonality of the coherent state basis of `2(C).

It is useful to note that |ECS±N(α)〉 withN = 2M forM a natural number can be generated
by application of a sequence of beamsplitters and phase-shifters from a state |Ω′〉 composed
of a product of a single-mode superposition of coherent states with amplitude increased by
a factor of

√
N and N − 1 auxiliary vacuum modes [148]:

|Ω′〉 ∝
(
|
√
Nα〉1 + |−

√
Nα〉1

)
⊗

N⊗
m=2

|0〉m (5.21)

In fact, this equation is true for any positive integer N as we now show.
To this end, consider M ∈ N photon cavities with respective creation/annihilation oper-

ators a†i , ai and let Bij(θ) := Pi(π/2)Bij(θ)Pj(π/2) where Pi(φ) = eiφa
†
jaj is a phase-shifter

on the i-th mode and and Bij(θ) = eiθ(a
†
iaj+a

†
jai) is a beamsplitter acting on modes i and j.

Then we have the following:

Lemma 3.

|α〉⊗M =
M−1∏
q=1

Bq,q+1(θq)
(
|
√
Mα〉1 ⊗ |0〉⊗M−1

)
(5.22)

where θq = (tan−1 ◦ sec)M−1−q(π/4).3

Proof. Using the fact that for any two coherent states |α〉i, |β〉j, and φ ∈ [0, π/2],

Bij(φ)|α〉i|β〉j = |α cosφ+ β sinφ〉i|α sinφ− β cosφ〉, (5.23)

one can evaluate the right hand side of Eq.(5.22) as:

|
√
Mα cos θ1〉1 ⊗ |

√
Mα sin θ1 cos θ2〉2

⊗ . . .⊗
∣∣√Mα

M−2∏
i=1

(sin θi) cos θM−1

〉
M−1

⊗
∣∣√Mα

M−2∏
i=1

(sin θi) sin θM−1

〉
M
. (5.24)

Each of the kets in this product is seen to be equal to |α〉 by using the rules for composition
of trigonometric functions and inverse trigonometric functions, e.g. in the M − 1 ket: the

3By the notation (f ◦ g)n(x) is meant (f ◦ g ◦ f ◦ g ◦ . . . f ◦ g)︸ ︷︷ ︸
2n function compositions

(x)
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identity sin((tan−1 ◦ sec)n(π/4)) = sin
(
tan−1

(
(sec ◦ tan−1)n−1(

√
2)
))

=
√

n+1
n+2

can be used

to simplify to the product to

α
√
M cos θM−1

M−2∏
i=1

√
M − i

M − i+ 1
= α

√
M√
2

(√
M − 1√
M

√
M − 2√
M − 1

. . .

√
2√
3

)
= α (5.25)

These manipulations prove the lemma.

Therefore, the entangled coherent state ∝ |α〉⊗N + |−α〉⊗N is produced by replacing
|
√
Mα〉1 in the first mode in Eq.(5.22) with the unnormalized superposition |

√
Mα〉1 ±

|−
√
Mα〉1, since the product of beamsplitters is a linear operator. One then normalizes the

resulting state to achieve the (±) N -mode entangled coherent state. The two-mode (N = 2)
case of this method of producing entangled coherent states was introduced in Ref.[149];
its advantage over other schemes for producing N = 2 entangled coherent states is briefly
discussed in Ref.[150].

It is clear that we could extract the branch distinguishability superposition size of |ECSN(α)〉
from Eq.(5.18) because we have already computed the overlap z. However, the calculation
of Cδ for this state was done initially “by hand,” without making use of the general formula,
so we show it explicitly. In addition, to evaluate Cδ(|ECSN(α)〉), we write ρ±α ≡ |±α〉〈±α|
and note that trN−n(ρ⊗Nα − ρ⊗N−α ) = (ρα − ρ−α)⊗n, which can be viewed as a product of
measurements in the computational basis {|α〉, |−α〉} when coherent states are used as
qubits [151]. We do not have to change the Hilbert space from (C2)⊗N for which Cδ is
defined to `2(C)⊗N because the relevant trace norm can be computed in an orthonormal
basis {|e1〉 = |α〉, |e2〉 ∝ |−α〉 − exp(−2|α|2)|α〉} for a 2-D subspace of `2(C) which contains
e.g. |α〉, |−α〉 and superpositions thereof, in particular the eigenvectors of ρα − ρ−α. The
precision-dependent quantities appearing in the above definition of superposition size are:

neff(δ, |ECSN(α)〉) =
⌈ log(4δ − 4δ2)

−4|α|2
⌉

Cδ(|ECSN(α)〉) ≈ −4N |α|2

log(4δ − 4δ2)
(5.26)

Although the general formula Eq.(5.18) allows for the case of a single mode, N = 1, it is
not clear that the original definition allows for this case, due to the fact that calculation of
neff(δ) requires the ability to trace over modes. The identity Eq.(5.21) allows one to map the
problem of determining the size of a single-mode (N = 1) coherent state superposition onto
the same problem for entangled coherent states (and vice versa) if one admits the following
axiom: any size measure of a Schrödinger cat state is invariant under appending auxiliary
vacuum modes to the state and mixing these modes with the state. This axiom is important
because superposition size is clearly not invariant under arbitrary unitary operations in the
product space (which can create a macroscopic superposition from, e.g. a product state), so
this axiom identifies a set of unitaries under which the size of a superposition is invariant.
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It is clear that given δ, the entangled coherent state |ECSN(α)〉 in Eq.(5.21) with N =
neff(δ, |ECSN(α)〉) (integer) modes can be obtained from mixing a single-mode superposition
∝ |
√
neff(δ, |ECSN(α)〉)α〉 + |−

√
neff(δ, |ECSN(α)〉)α〉 with neff(δ, |ECSN(α)〉) − 1 vacuum

modes. The maximal probability over all single mode measurements for distinguishing the
branches of the latter single-mode superposition is 1− δ, the same as the probability for dis-
tinguishing the branches of the N -mode entangled coherent state with N−neff(δ, |ECSN(α)〉)
modes traced over. Hence, the following revised definition for superposition size allows one
to consider both an arbitrary success parameter and a noninteger effective size:

Alternative definition of Cδ for |ECSN(α)〉: Given 0 < δ < 1/2, the superposition
size C̃δ(|ECSN(α)〉) is

C̃δ(|ECSN(α)〉) =
N

ñeff(δ, |ECSN(α)〉)
(5.27)

where

ñeff(δ, |ECSN(α)〉) = minn∈R+

{
1

2
+

1

4
‖ |
√
nα〉〈
√
nα| − |−

√
nα〉〈−

√
nα| ‖1 > 1− δ

}
(5.28)

Notably, C̃δ(|ECSN(α)〉) depends on both the number of modes N involved in the en-
tangled coherent state and also on the intensity |α|2 of the single-mode field in each branch
(i.e. the expected photon number). An effective superposition size which depends solely
on either the number of modes in the superposition or on the number of particles will fail
to apply in general to superpositions with some macroscopic character. Under the axiom
that superposition size be invariant under appending auxiliary vacuum modes and applying
linear quantum optical operations, we can generalize the alternative definition to N -mode
states which are producible in this way from a single mode state.

Before moving on to an analysis of more complicated photonic superpositions, one may
ask whether other notions of reduced density matrix are more appropriate for considering the
distinguishability of quantum states of separable Hilbert space. Defining the matrix elements
of the n-RDM using n-element multi-indices i, j (this definition of n particle density matrix
is common in the study of quantum field theories):

(ρ
(n)
A/B)ij :=

1

trρ
(n)
A/B

tr(a†i1 · · · a
†
in
aj1 · · · ajnρA/B) (5.29)

one could apply a variant of the effective size measure of Eq.(5.9), based on the condition
that an n-photon measurement was made on the system instead of the condition of N − n
modes having been traced over. However, this definition is not useful for our purposes (i.e.
to determine an effective size for |ECSN(α)〉), because it is clear that the n-RDMs of the two
branches of |ECSN(α)〉 have the same matrix elements for all n. Physically this is due to the
fact that every n-photon measurement outcome occurs with the same probability in a product
of coherent states as in a product of the same coherent states that have been π-rotated. It
is also clear that any n-photon measurement leaves |ECSN(α)〉〈ECSN(α)| invariant; there is
no collapse of the cat state from these measurements.
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5.3.3 Gaussian product state superpositions

Gaussian states of `2(C) are defined as those states having Gaussian characteristic function
[152]. Of course, this implies that states having a Gaussian Wigner function (introduced
in Section 1.2.3) are Gaussian states, by the fact that the complex Fourier transform of a
Gaussian function on C is also a Gaussian function. Superpositions of products of pure,
single-mode Gaussian states (including displaced and squeezed vacuum) thus represent the
quantum states of photonic systems which are closest in spirit to Schrödinger’s original
gedankenexperiment. An ideal squeezed state is defined by D(α)S(ξ)|0〉 for α, ξ ∈ C, while
a two-photon coherent state is defined by S(ξ)D(α)|0〉.

For example, consider the following photonic superpositions of N -mode Gaussian states
that can be obtained by application of mode squeezing operators and mode displacement
operators:

|Ψ0〉 =

(⊗N
i=1 Si(−ξ)Di(α) +

⊗N
i=1 Si(ξ)Di(−α)

)
|0〉⊗N

A0

|Ψ1〉 =

(⊗N
i=1 Si(ξ)Di(α) +

⊗N
i=1 Si(−ξ)Di(−α)

)
|0〉⊗N

A1

|Ψ2,±〉 =

(⊗N
i=1 Di(α)Si(ξ) +

⊗N
i=1Di(−α)Si(±ξ)

)
|0〉⊗N

A2,±
(5.30)

with S(ξ) := exp( ξa
2−ξa†2

2
) the single-mode squeezing operator, D(α) = exp(αa† − αa) the

single-mode displacement operator. The branches of these superpositions are products of
Gaussian states, i.e., quantum states of the oscillator which are equivalent to classical Gaus-
sian probability distributions on the complex plane. In these states, the squeezing parameter
ξ and the coherent state parameter α are independent. Taking the displacement parameter
α ∈ R+ and the squeezing parameter ξ ∈ R+ for simplicity, the normalization constants are

A0 =

√
2 + 2 cosh

−N
2 (2ξ)e−N

α2

2
(1+e−2ξ)2(1+tanh 2ξ) (5.31)

A1 =

√
2 + 2 cosh

−N
2 (2ξ)e−N

α2

2
(1+e2ξ)2(1−tanh 2ξ) (5.32)

for the two-photon coherent state superpositions |Ψ0〉 and |Ψ1〉, respectively, and

A2,+ =
√

2 + 2e−2Nα2e2ξ (5.33)

A2,− =

√
2 + 2 cosh

N
2 (2ξ)e−2Nα2e−2ξ(1−tanh 2ξ) (5.34)

for the superpositions of ideal squeezed states |Ψ2,±〉 [7].
The superpositions of Eq.(5.30) are clearly of the form |Ψ〉 up to a product unitary

operator; e.g., |Ψ0〉 ∝ (S(−ξ)D(α))⊗N(I + (D(−α)S(2ξ)D(−α))⊗N)|0〉⊗N . From Eq.(5.18)
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it is clear that the branch distinguishability superposition sizes of these states can be ex-
tracted from a calculation of the normalization constants of the superpositions because such
a calculation requires solving for z in each case. This yields the following superposition sizes:

C̃δ(|Ψ0〉) = N(α2(1 + e2ξ)2(1 + tanh 2ξ)− log cosh(2ξ))

C̃δ(|Ψ1〉) = N(α2(1 + e−2ξ)2(1− tanh 2ξ)− log cosh(2ξ))

C̃δ(|Ψ2,+〉) = Nα2e2ξ

C̃δ(|Ψ2,−〉) = N(4α2e−2ξ(1− tanh 2ξ)− log cosh 2ξ) (5.35)

where we have used C̃δ = −Cδ log(4δ−4δ2) to put all dependence on the precision δ on the left
hand side. From Eq.(5.35), it is clear that although all the superposition sizes scale linearly
with the square modulus of the coherent state amplitude when ξ = 0, nonzero quadrature
squeezing has different effects on the different states. Specifically, a large squeezing parameter
results in exponential growth of the superposition size for |Ψ0〉 and |Ψ2,+〉 while for |Ψ1〉 and
|Ψ2,−〉, a large squeezing parameter destroys the dependence of the superposition size on
|α|2 and results in linear scaling with ξ, the squeezing parameter. In view of the simple
structure of the individual branches, these mathematical expressions for the superposition
sizes are rather complicated. We show below that for Gaussian branches, the simple phase
space structure of the quasiprobability distributions (e.g., Husimi’s Q-function) allows for a
simplified picture of the branch distinguishability superposition size.

Note that for real values of α and ξ, the adjoint action of the squeezing operator on
the displacement operator is S†(ξ)D(α)S(ξ) = D(αexp(ξ)). This relation allows one to eas-
ily visualize the branches of these superpositions in phase space and to gain an intuitive,
quasi-classical picture of the branch distinguishability superposition size. We illustrate this
in Figure 5.2, which qualitatively shows the quadrature ellipses of the branches of the states
in Eq.(5.30). If the oscillator has unit frequency in natural units, the radius of the circle
representing the coherent state |0〉 (Fock vacuum) can be viewed as having radius 1

2
because

all quadratures have equal variance. These quadrature ellipses could also be visualized as
appropriately chosen level curves of the Husimi Q-functions for the branches of the superpo-
sitions. Eq.(5.35) shows that the superposition sizes for these states clearly exhibit different
behaviors as the magnitude of the squeezing parameter ξ goes to infinity. These plots indi-
cate that one may associate the appearance of asymptotically exponential scaling of Cδ in
the squeezing parameter ξ with the absence of overlap between the squeezed branch ellipse
and the coherent state circle as ξ → ∞. In Fig.5.2 a) and c), the quadrature ellipses do
not asymptotically overlap as ξ → ∞, while for b) and d), they do (note that in d), we
have assumed that ξ is large in order to illustrate that the centers of the quadrature ellipses
coincide as ξ →∞.

If the squeezing parameter is taken to be dependent on the coherent state parameter,
more interesting functional forms are encountered for the scaling of superposition size of the
states in Eq.(5.30). In particular, it is clear from the superposition size of |Ψ2,+〉 in Eq.(5.35)
that for the special case ξ = k logα ∈ R, where the squeezing ξ scales logarithmically with the
displacement α, polynomial scaling O(αk+1) of the branch distinguishability superposition
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Figure 5.2: Qualitative phase space representations of the variances of x and p quadratures
in the vacuum branches (blue) and displaced branches (red) of the states |Ψ0〉, |Ψ1〉, |Ψ2,±〉
written in the form ∝ (I + U)|0〉 for N = 1 (axes are not to scale). The semimajor and
semiminor axes of the ellipses in a), b), and d) are equal to e4ξ and e−4ξ respectively, cor-
responding to the variances of the respective quadratures. a) U = S(2ξ)D(−α(1 + e2ξ)) ,
b) U = S(−2ξ)D(−α(1 + e2ξ)), c) U = D(−2αeξ), d) U = S(−2ξ)D(−2αe−ξ) with ξ taken
to be large enough that the squeezed branch quadrature ellipse overlaps that of the vacuum
branch.
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size with the displacement α may be obtained. Finally, we note that it is also possible to
generate exponential superposition size scaling using only logarithmic increase of a squeezing
parameter independent of the displacement. For example, the superposition |Ψ〉 with U =∏∞

k=0 S(− log x)kD( α
k!

)S(log x)k and |φ〉 = |0〉 gives a value of Cδ in O(αex), where ξ = log x

and is independent of α. From this example, one sees that superexponential scaling O(αee
ξ
)

of the superposition size of |Ψ〉 can be obtained by taking U =
∏∞

k=0 S(−ξ)kD( α
k!

)S(ξ)k and
|φ〉 = |0〉.

One can consider the superposition sizes of multimode photonic states which are more
complicated than superpositions of N -mode product Gaussian states, but which are still of
the form |Ψ〉. For instance, one could consider pairwise two-mode squeezing on an N -mode
entangled state. In the simplest case of N = 2, one could envision forming the superposition
state:

S1,2(ξ)|ECS±2 (α)〉√
2± 2e−4|α|2

(5.36)

or, in general [153],
S1,2(ξ) (|α〉|β〉 ± |−α〉|−β〉)√

2± 2e−2|α|2−2|β|2
(5.37)

where
S1,2(ξ) := eξa1a2−ξa†1a

†
2 (5.38)

is the two-mode squeezing operator [154]. Two-photon processes are useful for establishing
nonlocal correlations between two photonic modes [155]; in terms of two mode parametric
amplifiers, there are three types of coherent two-photon processes: two corresponding to
independent squeezing in the modes and one two-mode squeezing process.

5.3.4 Hierarchical and concatenated cat states

Hierarhical cat states are defined as states of the form

|φ1〉⊗N + |φ2〉⊗N√
2

(5.39)

where |φi〉 is itself a two branch, single mode superposition. In the original formulation [2],
|φ1,2〉 are the even and odd coherent states and the hierarchical cat state is expressed as:

|HCS±N(α)〉 :=
1√
2

((
|α〉+ |−α〉√
2 + 2e−2|α|2

)⊗N
±
(
|α〉 − |−α〉√
2− 2e−2|α|2

)⊗N)
(5.40)

It is clear from its similarity to a GHZ state, that unlike the single mode even and odd cat
states or the entangled coherent state, which have their roots in the study of parametric
oscillators and multimode dynamics in nonlinear media, respectively, the inspiration for
the hierarchical cat state comes from photonic quantum information. One mathematical
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motivation for introducing HCS states is that they provide an example of GHZ-type states
(i.e., those of the form 1√

2
(|φ1〉⊗N + |φ2〉⊗N) with 〈φ1|φ2〉 = 0) which are not superpositions

of product Fock states. Although HCS is a two-branch, multimode photonic pure state,
the orthogonality of the branches requires that the condition of extensive scaling in particle
number be invoked when applying the branch distinguishability measure of superposition
size. We will see in Section 5.4.2 that the most intriguing measure of superposition size for the
hierarchical cat state, i.e., the one which gives the best physical picture of the superposition,
is based on the ratio of the maximal quantum Fisher information in the superposition to the
mean of the maximal quantum Fisher information of its branches.

A comparison of the most salient properties of the entangled coherent states and the
hierarchical cat state is in order. While the expected number of photons in |ECS+

N(α)〉 is
N |α|2 tanhN |α|2, the expected number of photons in |HCS±N(α)〉 is:

tr

(
|HCS±N(α)〉〈HCS±N(α)|

N∑
i=1

a†iai

)
=
N |α|2

2

(
tanh |α|2 + coth |α|2

)
. (5.41)

Clearly, these values become equal for |α| → ∞. In addition, |ECS±N(α)〉 retains the even
(+) or odd (−) character of the even and odd coherent states:

|〈n, . . . , n|ECS+
N(α)〉|2 =

{
0 , nN = 1 mod2
2e−N|α|

2 |α|2Nn

n!N (1+e−2N|α|2 )
, nN = 0 mod2

(5.42)

while the hierarchical cat state does not retain the parity of its component even and odd
kittens:

|〈n, . . . , n|HCS+
N(α)〉|2 =


2e−N|α|

2 |α|2Nn

n!N (1−e−2|α|2 )N
, nN = 1 mod2

2e−N|α|
2 |α|2Nn

n!N (1+e−2|α|2 )N
, nN = 0 mod2

. (5.43)

It is natural to wonder what the hierarchical cat state looks like if expanded (e.g., bi-
nomially) into a superposition of product states involving |α〉 and |−α〉. This will high-
light in algebraic terms its structural difference from the entangled coherent state. The
relation of the branch structures of the hierarchical cat state to those of the entangled
coherent state |ECS+

N(α)〉 can be clearly seen by carrying out the following basis transfor-
mation on a 2-D subspace of `2(C) for each mode: {|α〉 + |−α〉/A+, |α〉 − |−α〉/A−} →
{|α〉, (|−α〉 − e−2|α|2|α〉)/k} where k =

√
1− exp(−4|α|2). In the latter basis, we have (as-

suming even N):

|HCSN(α)〉 =
1√
2

(
1 +

(
1

e4|α|2 − 1

)N
2

)
|α〉⊗N

+
1√
2

((
1

1− e−4|α|2

)N
2

)
|−α〉⊗N

+ (exponentially suppressed vectors) (5.44)
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The last term consists of a linear combination of N − 2 tensor products which are exponen-
tially suppressed relative to the first two tensor products. Thus the state |HCSN(α)〉 retains
two dominant branches when transformed to a sum of tensor products of coherent states. It
is evident from Eq. (5.44) that the two dominant branches correspond to the two branches
of |ECS+

N(α)〉. However, the exponentially suppressed terms are important in the behavior
of superposition size measures applied to these two states, as can be seen from the fact
that limN→∞ lim|α|→∞〈ECS+

N(α)|HCS+
N(α)〉 = lim|α|→∞ limN→∞〈ECS+

N(α)|HCS+
N(α)〉 = 0

and that the ratio of the scaling forms of the superposition sizes of |ECS+
N(α)〉 and |HCS+

N(α)〉
is infinite under the same limiting procedures.

By using the composition of beam splitters and phase shifters of Eq.(5.22) followed by
application of the local measurement which will be introduced in Section 5.5, we see that the
N -mode hierarchical cat state (with the “+” sign, without loss of generality) can be distilled
from a single mode even coherent state having amplitude ∼

√
N with high probability.

In general, hierarchical states can be formed using any two branch superposition as the
“embedded kitten.” For example, the entangled coherent states can be built upon to form
hierarchical entangled coherent states:

|HECS±N〉 :=
1√
2

(
|ECS+

N〉 ± |ECS−N〉
)

(5.45)

A superposition of ideal squeezed states,

|SISS±N〉 :=

(⊗N
i=1Di(α)Si(ξ)±

⊗N
i=1Di(−α)Si(ξ)

)
|0〉⊗N

A2,±
, (5.46)

having branch distinguishability cat size O(N |α|2 exp |ξ|), can be used to form a hierarchical
cat state:

|HSISS±N〉 :=
1√
2

(
|SISS+

N〉 ± |SISS−N〉
)

(5.47)

Note that the branches of the above superposition are orthogonal (i.e., the normalization
constant is 1/

√
2) if and only if sin(2Arg(α)− Arg(ξ)) = 0.

A concatenated GHZ (C-GHZ) state is created from an N mode “logical” C2 basis |0L〉 :=
1√
2

(
|0〉⊗N + |1〉⊗N

)
∈ (C2)⊗N , |1L〉 := 1√

2

(
|0〉⊗N − |1〉⊗N

)
∈ (C2)⊗N :

|C-GHZ±m,N〉 :=
1√
2

(
|0L〉⊗m ± |1L〉⊗m

)
(5.48)

Fröwis and Dür were the first to show that concatenated GHZ states are stable to single
mode dephasing [156], unlike unencoded GHZ states. In terms of superposition sizes for spin
systems, one can interpret the original concatenated GHZ states as the largest Schrödinger
cat state of a chain of m “spins,” each “spin” being defined by two orthonormal largest
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Schrödinger cat states of a “spin” chain of N spins. Instead of GHZ states as the logical
basis, we can use |ECS±N(α)〉⊗m to form concatenated entangled coherent states:

|C-ECS±m,N〉 :=
1√
2

(
|ECS+

N(α)〉⊗m ± |ECS−N(α)〉⊗m
)

(5.49)

These states contain (on average) a number of photons given by:

Nm|α|2

2

(
tanhm|α|2 + cothm|α|2

)
(5.50)

HCS± states, HSISS± states, or any pair of orthonormal states can be used as the logical
basis same way. The choice of cat state that one uses to build the concatenated state depends
on the properties of the concatenated state one wishes to exploit. For example, the expected
photon number of |C-HCS+

m,N〉 is N times the expected photon number of |HCS+
N〉. Note

that the hierarchical states can be considered as special cases of the concatenated states,
e.g., |HCS±N(α)〉 = |C-GHZ±N,1〉 when |0L〉 and |1L〉 are given by the single mode even and
odd coherent states, respectively. Of course, one can use concatenated states as the logical
bases for other concatenated states. One can keep going by embedding cat states into cat
states, the goal presumably being to engineer these states for specific tasks. However, we
are selling the hierarchical cat states somewhat short if we consider them as special cases
of concatenated states. If we return to the notion of concatenated state for spin systems as
the largest Schrödinger cat state of a chain of m “spins,” each “spin” being defined by two
orthonormal largest Schrödinger cat states of a “spin” chain of N spin, we are led to consider
generalizing this notion as the largest Schrödinger cat state of Fock space (possibly cut off
at a finite mode number), each mode of Fock space parameterized by orthonormal largest
Schrödinger cat states of another Fock space (possibly cut off at a finite mode number), et
cetera. Whether such states can be well-defined is a topic of further research; it lies within
the study of parametrizing a space of quantum states with another space of quantum states.

Returning to more quotidian considerations, the scaling of the branch distinguishability
superposition sizes of the hierarchical or concatenated states must be calculated by finding
the expected photon number of each of the states because the branches of these superpositions
are orthogonal. The behaviors of hierarchical cat states and concatenated cat states in linear
interferometers are not well-studied. The Wigner function of the N = 2 hierarchical cat state
is derived in Section 5.6.

5.3.5 (2 + 1)-D quantum critical superpositions

The examples of states |Ψ〉 given so far lie in separable Hilbert space, specifically in a
finite tensor product of `2(C). One may wonder if the formula of Eq.(5.18) can be applied
to states of a quantum field theory, i.e., a system with uncountably infinite dimensional
Hilbert space. In certain cases for which field configurations of the quantum field theory
can be mapped to pure quantum states of a finite number of modes (e.g., by considering
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functional eigenvectors of the Hamiltonian), the macroscopicities of superpositions of field
configurations can be calculated using the methods of this Chapter.

Consider a 2 spatial dimensional quantum model with Hamiltonian:

H =

∫
Ωx0=0

d2xQ†(x)Q(x) (5.51)

where Ω ⊂ R3 is a cylinder symmetric about the x0 = 0 plane (the imaginary time x0 ∈
[−β/2, β/2]) and intersecting this plane in the region Ωx0=0. We will show that the quantum
Lifshitz Hamiltonian satisfies this form. The quantum Lifshitz Hamiltonian is given (in
natural units) by:

HqL =

∫
Ωx0=0

d2x
1

2
Π̂2 +

κ2

2
(∇2ϕ̂)2 (5.52)

and corresponds to the following action in the imaginary time coherent state path integral:

SqL =

∫
Ω

d3x
1

2
(∂0ϕ)2 +

κ2

2
(∇2ϕ)2. (5.53)

This action is a 3-D classical field theory describing Lifshitz points. The product of Heisen-
berg algebras can be denoted by {ϕ̂(x), Π̂(x), I(x)}x∈Ωx0=0 with

[φ̂(x), Π̂(x′)] = iI(x)δ(x− x′). (5.54)

In the Schrödinger picture, we have for any functional ψ[ϕ] that Π̂(x)ψ[φ] = −i δ
δϕ
ψ[ϕ]. Then

it is clear that if we define

Q† =
1√
2

(iΠ̂ + κ∇2ϕ̂)

Q =
1√
2

(−iΠ̂ + κ∇2ϕ̂) (5.55)

that HqL is of the required form.
The ground state of HqL is found by solving Q(x)ψ[ϕ(x)] = 0. By the definition of Q(x),

this equation is a first order ordinary functional differential equation, and can be solved by
functional integration in the same way that a first order ordinary differential equation is
solved by integration. The solution is:

ψ0[ϕ] =
1√
Z

∫
D[ϕ] exp

(
−
∫
dx1dx2

κ

2
(∇ϕ(x))2

)
(5.56)

where

Z =

∫
D[ϕ] exp

(
−κ
∫
dx1dx2(∇ϕ(x))2

)
(5.57)

is the partition function of a compactified free boson (e.g., a phase variable) and κ is pro-
portional to the stiffness or superfluid density. We want to consider the functional ψ[ϕ] as
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〈ψ|[ϕ]〉, i.e., to build a Hilbert space. We can do this using the method of coherent states
by defining |[ϕ]〉 such that

ϕ̂(x)|[ϕ(x)]〉 = ϕ(x)|[ϕ(x)]〉. (5.58)

The basis states |[ϕ(x)]〉 are eigenvectors of the quantum field operator so that the single-
mode Hilbert space is now a space of sufficiently smooth real-valued functions. In this
formalism, we have the “charge operators” An := exp(inϕ̂(x)) which create a coherent state
from the vacuum and the “field translation operators” O[f ](x) = exp(i

∫
d2yf(y − x)Π̂(y))

which satisfy:
O[f ](x)|[ϕ(x)]〉 = |[ϕ(x)− f(x)]〉. (5.59)

A special case of the field translation operator is the vortex operator

Om[α](x) := exp(i

∫
d2y mArg(y − x)Π̂(y)). (5.60)

Here we have defined α(z) = mArg(z − x) with m ∈ Z.
We see that the field ϕ(x) plays two roles:

• It is an eigenfunction of the field operator ϕ̂.

• A classical field configuration of the free compactified boson.

The value of the inner product 〈[ξ]|[ϕ]〉 can be found by noting that

〈[ξ]|O[f ](x)|ψ0〉 =
1√
Z

∫
D[ϕ]e−

∫
dx1dx2

κ
2

(∇ξ(x)+∇f(x))2

(5.61)

while

〈[ξ]|O[f ](x)|ψ0〉 =
(
O[f ](x)†|[ξ]〉, |ψ0〉

)
= (|[ξ + f ]〉, |ψ0〉)

=
1√
Z

∫
D[ϕ]e−

∫
dx1dx2

κ
2

(∇ϕ)2〈[ξ + f ]|[ϕ]〉. (5.62)

We conclude that 〈[ξ + f ]|[ϕ]〉 = δ[ϕ− (ξ + f)] and hence that (take f = 0):

〈[ξ]|[ϕ]〉 = δ[ϕ− ξ]. (5.63)

It can be shown that in the quantum Lifshitz model (which mathematically describes, e.g.,
2-D quantum dimers [157]), a normalized superposition of the ground state |ψ0〉 and a single
vortex Om[α](x)|ψ0〉 having circulation m ∈ Z in the quantum Lifshitz model (recall that

α(x′) = mArg(x′ − x)) is of the form |Ψ〉 with N = 1, U = U(x) := ei
∫
dx′1dx

′
2mArg(x′−x)(i δ

δφ(x)
)

and

|φ〉 =
1√
Z

∫
D[ϕ] exp

(
−
∫
dx1dx2

κ

2
(∇ϕ(x))2

)
|[ϕ(x)]〉. (5.64)
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The important feature of the state Om[α](x)|[ϕ(x)]〉 = |[ϕ(x)− α(x)]〉 is that it is just a
gauge transformation; it makes ϕ(x) a multivalued field which hops by m each time a closed
path is traversed about x. One can also write the field corresponding to |[ϕ(x)− α(x)]〉 by
φ(z) − mArg(x − z). Hence, the ground state with an m-vortex at x can be described by
using an arbitrary gauge field A which has a line integral with value 2πm on any closed path
containing x in its interior. One can write for x ∈ Ωx0=0:

〈[ϕ]|Om[α](x)|ψ0〉 =
1√
Z

∫
D[ϕ]e

−
∫
Ωx0=0

dy1dy2
κ
2

(∇ϕ(y)−A(y))2

. (5.65)

Now we will calculate the branch distinguishability superposition size of this superposition.
All that is needed is the overlap 〈ψ0|Om[α](x)|ψ0〉. Performing the functional integration
gives (with the spatial integrations over the usual domain Ωx0=0:

〈ψ0|Om[α](x)|ψ0〉 = e−
κ
2

∫
d2xA2〈e−κ

∫
d2xA∇φ〉κ

= e−
κ
2

∫
d2xA2〈e−κ

∫
d2xφ∇·A〉κ

= e−
κ
2

∫
d2xA2

(5.66)

where we have used the divergenceless of A and we denote by 〈·〉κ an expectation value with
respect to the classical compactified boson with stiffness κ.

The result is

Cδ =
−κ
∫

Ωx0=0
d2xA2

log(4δ − 4δ2)
. (5.67)

One can construct a general vector field A satisfying the quantization condition by writing
A(x′1, x

′
2) = ~r × ~a with ~a := (0, 0, a) and ~r := (x′1 − x1, x

′
2 − x2, 0). Then the quantization

condition requires that

a =
πm

Area(Ωx0=0)
. (5.68)

With Ωx0=0 taken as a disk of radius R, the result for branch distinguishability superposition
size simplifies to

Cδ =
−κπ2R2m2

log(4δ − 4δ2)
. (5.69)

5.4 Other measurement-based measures

5.4.1 Marquardt’s measure

More evidence for O(N |α|2) scaling of the superposition size of |ECSN(α)〉 based on branch
distinguishability is provided by the two branch superposition size measure of Marquardt,
Abel, and von Delft [118]. Let |ψ〉 ∝ |A〉+ |B〉 ∈ K⊗N (with K a single-mode Hilbert space)
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be a such a state. Define the 1-D Hilbert space H0 := C|A〉 ⊂ K⊗N and define the Hilbert
space Hn recursively by:

Hn := span {|v(n)
ξ,ij〉
∣∣|ξ〉 ∈ Hn−1}

|v(n)
ξ,ij〉 ∝

(
IHn −

n−1∨
`=0

PH`

)
a∗i aj|ξ〉 (5.70)

where PHi is the projection onto the i-th Hilbert space and “∨” is the join of the lattice of

these projections. Defining an orthonormal basis for Hk by {|e(k)
i 〉} (where |e(0)〉 = |A〉), one

can write |B〉 =
∑

d,i λ
(d)
i |e

(d)
i 〉 so that the probability p(d) of obtaining the outcome of a

projective measurement of |B〉 ontoHd is
∑

i |λ
(d)
i |2. We define by s the expected value of the

Hilbert space label of the outcome of the countable POVM {PH`}∞`=0 (applied to |B〉). The
Hilbert space containing the expected result of this projective measurement can be reached
from |A〉 by application of s single-photon operations of the form a†jai. Although the s
calculated in the process of obtaining |B〉 from |A〉 can, in general, be different from the
analogous quantity calculated in the opposite direction [118, 116], we consider the |A〉 → |B〉
procedure carried out on |Ψ〉 (see next paragraph) to be instructive in demonstrating how
this method works in infinite-dimensions.

Let |Ψ〉 ∝ |0〉⊗N + |2α〉⊗N and append an auxiliary mode (with states denoted by |·〉(0))
containing a coherent state of amplitude β to the system so that the cat state becomes
|β〉(0)|0〉⊗N + |β〉(0)|2α〉⊗N . The auxiliary mode is necessary so that not all single-photon

operators a†jai vanish on the branches of the superposition. Set the first Hilbert space
H0 = C|β〉(0)|0〉⊗N . Following the procedure outlined above, one finds for the n-th Hilbert
space:

Hn = span {|β〉(0)|a1〉 · · · |aN〉
∣∣ai ∈ Z ∀i ,

N∑
i=1

ai = n} (5.71)

Using the expansion of products of coherent states in the Fock basis of `2(C)⊗N , a pro-
jective measurement of |β〉(0)|2α〉⊗N with outcome contained in Hd is found to occur with
probability:

p(d) = e−N |α|
2

∑
a1+...+aN=d

|α|2a1 · · · |α|2aN
a1! · · · aN !

= e−N |α|
2 (N |α|2)d

d!
(5.72)

which is a Poisson distribution with parameter s = N |α|2. To show that this s value
can be carried over from |Ψ〉 to |ECSN(α)〉, we must remove the constraint of generating
Hn from Hn−1 by using photon number-conserving operations. |β〉(0) ⊗ |Ψ〉 is mapped to

|β〉(0) ⊗ |ECSN(α)〉 by the unitary operator D = I(0) ⊗
⊗N

i=1 Di(−α). In particular, the
unitarity of D implies that |β〉(0) ⊗ |2α〉⊗N has the same amplitudes on Hn as D(|β〉(0) ⊗
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|2α〉⊗N) = |β〉(0) ⊗ |α〉⊗N has on DHn. Explicitly, we now have a modification of Eq.(5.70)
to:

DH0 = C|β〉(0)|−α〉⊗N

DH1 = spanC
{
|β〉(0)|−α〉 · · ·Di(−α)a†i |0〉 · · · |−α〉

∣∣i = 1, . . . , N
}

...

DHn := span {|ṽ(n)
ξ,ij〉
∣∣|ξ〉 ∈ DHn−1}

|ṽ(n)
ξ,ij〉 ∝

(
IHn −

n−1∨
`=0

PDH`

)
(Dj(−α)ajDj(α))†Di(−α)aiDi(α)|ξ〉 (5.73)

In Eq.(5.73), the commutation relations [a†, D(α)] = αD(α), [a,D(α)] = αD(α) of the
displacement operators and creation/annihilation operators can be used to the effect of
showing that we are now considering (a†j + αIj)(ai + αIi) to be the operators which when
composed s = N |α|2 times takes the |β〉(0) ⊗ |−α〉⊗N branch of |β〉(0) ⊗ |ECSN(α)〉 to the
Hilbert space of the expected outcome of the POVM {PDHi} on the |β〉(0) ⊗ |α〉⊗N branch.

It is clear that the recursive procedure defined in Eq.(5.70) and Eq.(5.73) depends on
both the number of modes, N , and the number of photons in the system. Due to the simple
structure of the Hi, we can interpret the Poisson parameter s as the expected number of
single photons required to transfer from the auxiliary coherent state and add to |0〉⊗N to get a
large overlap with |2α〉⊗N . In Ref.[118], |A〉 and |B〉 were assumed to have the same number
of particles. Here we see that in passing to the infinite-dimensional Hilbert space associated
with optical cavities, this measure can be useful in spite of having indefinite photon number
in the cat state; in fact, we exploited an auxiliary coherent cavity as a source of an arbitrary
number of single photons.

It has been shown qualitatively for spin systems that a superposition is macroscopic (i.e.,
of size O(N) with N the number of modes) according to the measure presented in this section
if and only if it is macroscopic according to Cδ [116]. Although it is clear that the measures
are closely related even in infinite dimensions, it is not known whether they are equivalent
in this case.

5.4.2 Relative quantum Fisher information

Recently, a measure of the effective size of a quantum state was introduced [116] with the
intention of defining macroscopicity of a quantum state by the existence of an extensive
scaling (∝ N−1 with N the number of modes) of the maximum achievable precision of an
estimator of a parameter defining the quantum state. In particular, the maximal achievable
precision of an estimator of the evolution parameter of a state ρ is determined by the quantum
Fisher information F(ρ,A) [158]. This measure of effective size of a quantum state ρ in
(C2)⊗N is given by:

NF (ρ) := maxA=A†
~2F(ρ,A)

4N
(5.74)
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where the maximization is carried out over 1-local observables (A =
∑N

i=1A
(i) ⊗ IN\{i} with

‖A(i)‖ = 1). A quantum state ρ is considered macroscopic if it satisfies NF (ρ) ∈ O(N).
Note that the quantity maxA=A†F(ρ,A) gives the smallest lower bound for estimation of the
parameter defining the unitary evolution path in the quantum Cramér-Rao inequality (see
Appendix A) when the Hamiltonian is 1-local and norm one. In Ref.[116], NF was used as
a measure of superposition size for states of the form |ψ〉 ∝ |A〉+ |B〉 by taking the ratio of
the value of NF in |ψ〉 to the average of the NF values of |A〉 and |B〉:

N rF (|ψ〉) =
NF (|ψ〉〈ψ|)

1
2

(NF (|A〉〈A|) +NF (|B〉〈B|))
. (5.75)

In terms of metrology, this measure calculates the relative maximal possible precision for
parameter estimation when the superposition state is estimated versus the mean of the
maximal possible precision when its branches are estimated. The reason for taking the quo-
tient with respect to the mean of the quantum Fisher informations of the branches is to
avoid considering many-branch superpositions as macroscopic. If a many branch superposi-
tion is divided into two branches, each having maximal variance in O(N2), then the many
branch superposition will exhibit N rF in O(1). Note that if a superposition is macroscopic
(i.e., having N rF ∈ O(N)) then as a pure state it is macroscopic according to NF because
NF (|A〉 + |B〉) ∈ O(N2) is necessary for N rF (|A〉 + |B〉) ∈ O(N). However, there are
macroscopic quantum states (according to NF ) which are not superpositions.

The inspiration behind utilizing the quantum Fisher information in a measure of superpo-
sition size follows from two facts: 1) the quantum Fisher information satisfies the inequality

F(ρ,A) ≤ 4〈(∆A)2〉ρ
~2

(5.76)

with equality holding when ρ is pure, and 2) the largest superposition for a finite spin chain,
the GHZ state, has a large maximal variance (N2) over all local observables. The first
measures of quantum state macroscopicity featuring the maximal variance of an observable
in a pure state is the index-p (this measure has been extended to mixed states by the
index-q measure)[159]. A less general measure, requiring some notion of “usefulness” of
a quantum state for a particular task (in their case, linear interferometry), employs the
variance of the observable corresponding to the particular task in the individual branches of
a superposition [117]. We do not consider these measures in detail because the latter measure
can be considered as equivalent to N rF under appropriate conditions, while the index-p
measure agrees with NF for general quantum states [123]. Although it may be instructive to
mathematically consider these measures applied to quantum states of an infinite dimensional
Hilbert space, we consider them to be subsumed under the header of measurement based
measured which reflect “metrological” usefulness.

Hence we note that if ρ is a pure state, then the quantity maximized over in the definition

of NF is tr(ρ(∆A)2)
N

. The usual examples demonstrating the application of the N rF measure
are the cases of |GHZN〉 state and |GHZN(ε)〉 state. For |GHZN〉, it is clear that the 1-local
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operator
∑N

i=1 σ
x
i has a variance of N in each of the branches |0〉⊗N and |1〉⊗N and that

this is the largest achievable variance over all 1-local, unit norm spin observables. Hence
the denominator of N rF (|GHZN〉) is N . An elementary calculation shows that

∑N
i=1 σ

z
i has

variance of N2 in |GHZN〉 and that this value is the maximal possible variance. Hence
N rF (|GHZN〉) = N . The case of |GHZN(ε)〉 is treated similarly by maximizing (over α) the
variances of the operator

∑N
i=1 cos(α)σzi + cos(α)σxi in the branches and in the superposition

state [116].
We now state and prove a theorem for spin systems which is useful for relating the

superposition size measures in Eq.(5.8) and Eq.(5.75) for the case of equal-amplitude super-
position states of the general form |Ψ〉 in these systems. The main point of the theorem is
to show that in spin systems, both a large (i.e., O(N)) metrological size and a large branch
distinguishability size of |Ψ〉 may be achieved for a small overlap of the branches. In terms
of the logical connections among common quantum superposition macroscopicity measures
[123, 116], the following Theorem singles out |Ψ〉 a subclass of quantum superpositions in
(C2)⊗N for which macroscopicity according to the relative metrological usefulness measure
N rF implies macroscopicity according to the branch distinguishability based cat size Cδ and
vice versa, as long as the value z = 〈φ|U |φ〉 is small.

Theorem 2. Given a state of the form |Ψ〉 ∈ (C2)⊗N with U 6= I, let P+ (P−) be the
projector onto the subspace of the single-mode Hilbert space H associated with the positive
(negative) eigenvalue of |φ〉〈φ| − U |φ〉〈φ|U †. Then the 1-local observable A =

∑
iA

(i) with
A(i) = P+ − P− for all i satisfies:

〈(∆A)2〉|Ψ〉 =
N2(1− |z|2) +N(|z|2 + Rez)

1 + Re(zN)
, (5.77)

where z was defined previously in Eq.(5.14).

Proof. To prove Eq.(5.77), we find the normalized eigenvectors |ξ+〉 and |ξ−〉 of |φ〉〈φ| −
U |φ〉〈φ|U †. With z := 〈φ|U |φ〉, they are:

|ξ+〉 =
|z|√

2− 2
√

1− |z|2

(
1√

1− |z|2
|φ〉+

√
1− |z|2 − 1

z
√

1− |z|2
U |φ〉

)

|ξ−〉 =
|z|√

2 + 2
√

1− |z|2

(
−1√

1− |z|2
|φ〉+

√
1− |z|2 + 1

z
√

1− |z|2
U |φ〉

)
(5.78)

corresponding to the eigenvalues ±
√

1− |z|2, respectively. Let H :=
∑N

i=1A
(i)⊗ IN\{i} with

A(i) = |ξ+〉〈ξ+| − |ξ−〉〈ξ−|

=
1√

1− |z|2
(|φ〉〈φ| − U |φ〉〈φ|U †) (5.79)
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for all i. A(i) clearly has unit operator norm, and so H is a valid operator for optimization
in the definition of N rF for spin systems. Because the pure state |ψ〉 ∝ (I + U)|φ〉 satisfies
〈ψ|(|ξ+〉〈ξ+| − |ξ+〉〈ξ+|)|ψ〉 = 0, it follows that 〈Ψ|H|Ψ〉 = 0. Hence the variance of H in
|Psi〉 is then obtained by calculating the expectation value in |Ψ〉 of

H2 =
∑
i 6=j

A(i) ⊗ A(j) ⊗ I⊗N\{i,j}

+
N∑
i=1

A(i)2 ⊗ I⊗N\{i} (5.80)

which is a simple computation. This result gives the formula in Eq.(5.77).

An important feature of this result is that as |〈φ|U |φ〉| is decreased from 1 to 0, the
variance of this 1-local observable increases from N to N2. For spin systems, H = C2, and
the branches of |Ψ〉 themselves have maximal variance (over the set of 1-local observables with
unit operator norm) scaling linearly with N because they are product states. Then we may
conclude that as long as the overlap 〈φ|U |φ〉 is small, the superposition |Ψ〉 is “metrologically
macroscopic” according to the measure N rF . Note that a POVM containing P+ and P−
is sufficient for achieving the maximal probability over any measurement of successfully
distinguishing the states |φ〉〈φ| and U |φ〉〈φ|U † (i.e., the branches of the superposition ∝
|φ〉+U |φ〉) [133]. It is intriguing that given |〈φ|U |φ〉| � 1, one may then use this POVM to
construct (via Theorem 2) a 1-local observable for which the superposition has a large value
of N rF . In Section 7.2, we will make use of the following result for the variance in the state
|φ〉⊗N (the same for U⊗N |φ〉⊗N) of A =

∑
iA

(i) with A(i) = P+ − P− for all i:

〈(∆A)2〉|φ〉⊗N = NVar|φ〉(P+ − P−) = N |z|2. (5.81)

It must be emphasized that the simultaneous dependence of the superposition size mea-
sures N rF and Cδ on the overlap of the branches demonstrated here is restricted to states
of the form |Ψ〉. In general, there exist superpositions exhibiting O(N) branch distinguisha-
bility superposition size while simultaneously exhibiting a microscopic O(1) value of N rF

[116, 123]. This happens when one or both of the branches in the superposition exhibit large
O(N2) maximal variance while the branches remain distinguishable (with high maximal
probability) by measurements of a small (O(1)) number of modes.

We will examine calculations of N rF for superpositions of the form |Ψ〉 in photonic
systems in more detail in Section 7.2 because when considered in the context of Theorem 2,
they reveal interesting criteria for a photonic superposition to be macroscopically useful.

The results of Chapter 6, in particular Eq.(6.7), can now be used to reformulate the defi-
nition of N rF to also take into account the probability of error δ of an optimal measurement
for distinguishing the branches of the superposition. For a pure state |ψ〉 that time evolves

according to U(t) = e−it
H
~ , a distinguishability time τdist(|ψ〉, δ,H) := ~Sin−1(1−2δ)√

〈(∆H)2〉|ψ〉
can be

introduced as in Proposition 5 of Section 6. Noting that the maximal variance (over 1-local
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observables) in a product state is the same as that in a rotated state, we then have the
following expression for N rF (|Ψ〉):

N rF (|Ψ〉) =

(
min τdist(|Φ〉, δ,H)

min τdist(|Ψ〉, δ,H)

)2

, (5.82)

where |Ψ〉 and |Φ〉 are as in Eq. (5.14) and the minimizations in the numerator and denom-
inator are carried out over the same set of observables as are the maximizations implicit in
the definition of N rF via Eq.(5.74).

5.5 Comparison based measures

In contrast to measurement-based notions of superposition size, comparison-based definition
require a reference state which has a known size under that definition. For spin systems,
i.e., H = (C2)⊗N , all superposition size measures discussed in this work concur on a max-
imal superposition size of N , occurring for the |GHZN〉 state or global rotations thereof.
Previous comparison-based superposition size measures developed for spin-1/2 systems [114]
can be extended to two branch superpositions of product states of (`2(C))⊗N by restrict-
ing each single-mode Hilbert space to a two-dimensional subspace using the Gram-Schmidt
orthogonalization scheme.4

Example 1. (distillation to GHZ state)
An example of a comparison based measure is provided by the distillation protocol imple-

mented in Ref.[114] which assigns a number n(N) (representing the largest number of modes
comprising a GHZ state which is distillable from the pure state under local operations and
classical communication) to any pure state of a system of N spin-1/2 particles. To apply this
measure to the entangled coherent state, one considers the orthonormal basis for a 2 dimen-
sional subspace of `2(C) given by {|e1〉 := |α〉, |e2〉 := (|−α〉 − e−2|α|2|α〉)/k}, and identifies
a rank-2 operator E1 = k[|e1〉〈e2| + |e2〉〈ϕ−|] in which 〈ϕ−| − α〉 = 0 and k is chosen such

that the complementary element (E†2E2)
1
2 := (I − E†1E1)

1
2 in the POVM {E†1E1, I − E†1E1}

is rank one. Specifically, we have that

|φ−〉 =
|α〉 − e−2|α|2|−α〉√

1− e−4|α|2
(5.83)

In order to choose k appropriately, note that E2 will be such that E†2E2 has the form of
a rank one projector, hence: E2 = 1

‖|χ〉‖ |χ〉〈χ| for some |χ〉 ∈ H. The value of k in this case

is k =
√

(1− exp(−2|α|2))−1 and E†2E2 = |χ〉〈χ| with

|χ〉 =
1√

e|α|2 cosh |α|2
(
e−|α|

2|e1〉+ e−|α|
2
√

tanh(|α|2)|e2〉
)

(5.84)

4Note: in terms of practical computations, both measurement-based and comparison-based measures
can be technically demanding to compute, as the present examples show.
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Note that if E1 is applied to each mode of |ECSN(α)〉, a GHZ state ∝ |e1〉⊗N + |e2〉⊗N
will result whereas E2 applied to each mode results in a product state. The goal is to find
the expected value of n(N) when applying the POVM above to each mode, transforming
|ECSN(α)〉 to (1/

√
2)|χ〉⊗N−n(N) ⊗

(
|e1〉⊗n(N) + |e2〉⊗n(N)

)
.

The only subtlety in this computation is that the first successful E1 outcome changes
the normalization of the post-measurement state; after the first E1 outcome, the measure-
ments are binomially distributed: the probability of an E1 outcome being 1 − exp(−2|α|2)
(exp(−2|α|2) for an E2 outcome). So, let us assume that the measurement is carried out on
the first mode, then the second, etc., and compute the probability of an E1 result arriving
first at mode M . Call pl the probability that the first mode giving an E1 result is l and pj|l
the probability of getting a total of j E1 results given that l is the first mode to give an E1

result. In addition, define qk to be the probability that the distillation procedure results in
an k-mode GHZ factor in the resulting product state. It is clear that

qk =
N∑
l=1

pk|lpl (5.85)

and the expected number of modes comprising the GHZ factor in the resulting state is
n(N) =

∑N
k=1 kqk. Our job is to find q0, q1, . . . , qN (all except q0 must be found by first

calculating pl for all l).

Lemma 4. (What is q0?) q0 = 1
coshN |α|2

Proof. q0 is the probability that we end up with no GHZ factor after the local measurement
is carried out, i.e., the resulting state is ∝ |χ〉⊗N . Equivalently, it is the probability that the
E2 result occurs for every mode. The probability of E2 occuring for the first mode is:

tr
(
E2|ECS+

N(α)〉〈ECS+
N(α)|E†2

)
= e−2|α|2 (1 + e−2(N−1)|α|2)

1 + e−2N |α|2 , (5.86)

the resulting normalized state being√
e|α|2 cosh |α|2

2 + 2e−2(N−1)|α|2 |χ〉1 ⊗
(
|e1〉⊗N−1 + |−α〉⊗N−1

)
. (5.87)

The probability of obtaining E2 on the second mode, given that the same was obtained for
the first mode, is given by

e|α|
2

cosh |α|2

2 + 2e−2(N−1)|α|2 ‖I1 ⊗ |χ〉2〈χ|2 ⊗ I⊗N−1
(
|e1〉⊗N−1 + |−α〉⊗N−1

)
‖2 =

e−|α|
2
(1 + e−2(N−2)|α|2)

1 + e−2(N−1)|α|2 .

(5.88)
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By induction, it is clear that we have

q0 =
N∏
m=1

e−|α|
2
(1 + e−2(N−m)|α|2)

1 + e−2(N−m+1)|α|2

=
N∏
m=1

cosh((N −m)|α|2)

cosh((N −m+ 1)|α|2)

=
1

cosh(N |α|2)
(5.89)

�

Lemma 5. The probability that the first E1 result occurs at mode M is

pM = e(N−2M+1)|α|2 sinh(|α|2)

cosh(N |α|2)
(5.90)

Proof. This result is an immediate consequence of Lemma 4. The probability that modes
1, . . . ,M − 1 give E2 result is:

M−2∏
m=0

e−(M−1)|α|2 cosh((N −m− 1)|α|2)

cosh((N −m)|α|2)
. (5.91)

Given this result on the first M − 1 modes, the probability to get E1 on the M -th mode is
(note that |e1〉 := |α〉 and that E

(k)
1 is the E1 measurement operator acting only on mode

k):

‖E(M)
1

e|α|
2

cosh |α|2

2 + 2e−2(N−M)|α|2 |χ〉
⊗M−1

(
|e1〉⊗N−M+1 + |−α〉⊗N−M+1

)
‖2

= e(N−M)|α|2 sinh |α|2

cosh((N −M + 1)|α|2)
. (5.92)

Multiplying the results gives the Lemma.
We can finally compute qk for k ≥ 1 by using

qk =
N−k−1∑
l=1

(
N − l
k − 1

)
(e−2|α|2)N−l−k+1(1− e−2|α|2)k−1α|pl (5.93)

which should be read from right to left as the probability that the l-th mode is the first to
hit an E1 result times the probability that E1 hits only k − 1 times further, summed over
all possible occurrences of the mode for which E1 hits first. Of course, this formula has to



Section 5.5. COMPARISON BASED MEASURES 156

be simplified by using Pascal’s triangle in the following way: to compute
(
m+1
k+1

)
for k < m,

note that we can choose all k + 1 from m or choose only k from m so
(
m+1
k+1

)
=
(
m
k+1

)
+
(
m
k

)
;

in the first term, we can choose all k + 1 from m − 1 or only k from m − 1, so we get(
m+1
k+1

)
=
(
m−1
k+1

)
+
(
m−1
k

)
+
(
m
k

)
, and so on. Hence

∑m
j=k

(
j
k

)
=
(
m+1
k+1

)
. The result for qk is:

qk =

(
N

k

)
e−(N−1)|α|2(e2|α|2 − 1)k−2 sinh |α|2

coshN |α|2
. (5.94)

Hence, the probability of the final state having
∑N

j=1 jqj =: n(N) = n is(
N

n

)
e−(N−1)|α|2(e2|α|2 − 1)

sinh(|α|2)

cosh(N |α|2)
(5.95)

so 〈n(N)〉 = N 1−e−2|α|2

1+e−2N|α|2 ≈ N(1− e−2|α|2) for N � 1.

�

The distillation protocol applied to entangled coherent states is not very useful; an en-
tangled coherent state has an integer number of modes and the above result indicates the
unsurprising fact that for |α| even moderately large, the N -mode |GHZN〉 state

1√
2

(
|α〉⊗N + |e2〉⊗N

)
(5.96)

can be distilled with very low error from |ECSN(α)〉 due to the near orthogonality of the
branches. According to this comparison-based size, the state in Eq.(5.1) is equivalent to the
same state except with the single particle states replaced by single-mode states |α〉 and |e2〉–
the structure of the modes has not been considered. In addition, it is not physically clear
how the distillation process affects the superposition size. What is interesting about this
procedure is that the state in Eq.(5.96) can be transformed into the “hierarchical” cat state
of Eq.(5.40) by the local unitary rotation

⊗N
i=1 Ui, where

Ui = e
−|α|2

2

( √
cosh |α|2

√
sinh |α|2√

sinh |α|2 −
√

cosh |α|2

)
∀ i (5.97)

is the unitary matrix taking the orthonormal basis in Eq.(5.20) to the even and odd coherent
state orthonormal basis

|e′1〉 :=
|α〉+ |−α〉√
2 + 2e−2|α|2

|e′2〉 :=
|α〉 − |−α〉√
2− 2e−2|α|2

(5.98)

for the same subspace of `2(C). Because of the fact that a product of linear optical operators
can be used to generate entangled coherent states from a single mode even or odd coherent
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state (see Eq.(5.22)), the distillation protocol discussed in this section provides the final
step in a method for generating |HCS±N〉 from a single-mode even (+) or odd (−) coherent
state using beam splitters, phase shifters, and local measurements. However, this method
of generating such hierarchical cat states is probably not practical due to the difficulty in
experimentally implementing the operators in the distillation procedure.
Example 2.(probabilistic mode loss)

Another comparison-based measure of superposition size can be applied to entangled co-
herent states by comparing the magnitude of off-diagonal elements of the n-RDM of standard
GHZN states to those of the n-RDM of entangled coherent states after probabilistic loss of
N − n modes [114]. Consider the following decision process: either one traces over a mode
of Eq.(5.1) with (small) probability λ or one leaves it alone with probability 1 − λ. If this
decision is made for each of the N modes, the expected value of the off-diagonal elements
of the density matrix is 1

2
(1− λ)N ≈ 1

2
e−Nλ. The expectation value has such a simple form

because if any of the modes is traced over, the resulting state is mixed, i.e. the amplitude
of off-diagonal elements vanishes. Among superpositions of spin states, the coherences of
the GHZN state behave most drastically under mode loss, completely disappearing if even
a single mode is traced over. One can associate a superposition size M to a superposition
by calculating the amplitude of the off-diagonal elements after probabilistic mode loss and
finding a GHZ state in (C2)⊗M which gives the same expected off-diagonal amplitude after
probabilistic mode loss. For example, if a superposition in (C2)⊗N has expected off-diagonal
amplitude 1

2
e−Nλx after probabilistic mode loss, the same amplitude would have been ob-

tained using a GHZNx state in (C2)⊗Nx, and the superposition size can be reported as Nx.
Carrying out the probabilistic mode loss procedure for |ECS±N〉 ∈ `2(C)⊗N , one expects to

trace over Nλ modes. Taking into account the normalization factor of |ECS±N〉, the expected
off-diagonal amplitude is:

e−2Nλ|α|2

2 + 2e−2N |α|2 =
1

2
e−2Nλ|α|2−log(1+exp(−2Nλ|α|2)). (5.99)

Up to a negligible logarithmic term, the expected off-diagonal amplitude of the entangled
coherent state after probabilistic mode loss is the same as that of a |GHZM〉 state with
M = 2N |α|2, under the assumption that |α|2 ∈ Z+. This result for probabilistic mode
loss can be compared to the change in the amplitude of the fringes of the N -mode Wigner
function of |ECS±N〉 (see Section 5.6). Integrating over the phase space of n < N modes
results in a new Wigner function on CN−n with the oscillating (i.e., non-Gaussian) term
suppressed by exp(−n|α|2/2). One sees that the partial trace over a mode corresponds to
tracing out all of the constituent particles and excitations in the mode.
Example 3. (spin decoherence channel)

The final comparison based measure we will discuss is another attempt at directly trans-
ferring a measure introduced in Ref. [114] to the case of a C2 subspace of `2(C). This measure
is motivated by comparing the magnitude of coherences of a given superposition under the
action of a depolarizing channel to the magnitude of coherences of a “standard” superposi-
tion, e.g., (|0〉+ |1〉)/

√
2 in the basis {|0〉, |1〉}. If the coherences of the given superposition
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are smaller after depolarization than the standard superposition, the given superposition is
considered larger.

In this measure, we consider the orthonormal basis of Eq.(5.20) for C2 and a depolariza-
tion channel

E : x→
(

1 + e−γt

2

)
x+

(
1− e−γt

2

)
σzxσz

x ∈ B(C2) (5.100)

and compare the post-operation trace norm of the coherence5 of the pure state given by a
σx eigenvector (|e1〉+ |e2〉)/

√
2 to the trace norm of E(|−α〉〈α|+ |−α〉〈α|). One can consider

the operator |−α〉〈α| + |−α〉〈α| to be for the even or odd coherent states |ψ+〉 := |ECS+
1 〉

what |e1〉〈e2|+ |e2〉〈e1| is to the eigenvector of σx with largest eigenvalue. Note that we have:

‖E(|e1〉〈e2|+ |e2〉〈e1|)‖1 = e−γt. (5.101)

Expanding the even coherent state |ψ+〉 over the orthonormal basis we have:

|−α〉〈α| = e−2|α|2 |e1〉〈e1|+
√

1− e−4|α|2|e2〉〈e1|. (5.102)

Putting |−α〉〈α|+h.c. through the depolarization channel results in the following trace norm
for the output:

‖E(|−α〉〈α|)‖1 =
√
e−2γt + e−4|α|2(1− e−2γt). (5.103)

The result is that under the spin depolarization channel, the even and odd coherent states
behave in effectively the same way as the state 1√

2
(|e1〉+|e2〉) due to the near orthogonality of

their branches. This is to be expected because the spin depolarization map does not depend
on the photon intensity of the coherent state superpostion. One may object that we did not
consider the actual coherences of |ψ+〉〈ψ+|, but this does not matter, as the coherence of
this projector is given by

√
1− e−4|α|2

2
(|e1〉〈e2|+ |e2〉〈e1|) (5.104)

so that, using Eq.(5.101), the trace norm of its coherence after depolarization is seen to be√
1−e−4|α|2

2
e−γt, a value close to that obtained for the coherence of the highest eigenvector of

σx.
Any two branch superposition having branches with small overlap will have off-diagonal

elements which are reduced by about the same magnitude by the spin depolarization map.
On `2(C), however, one has access to many more decoherence channels than on C2 and so

5By coherence of an operator A ∈ B(C2) we mean the operator A− trA
2 I− tr(σzA)

2 σz, the trace norm of
which is usually referred to as coherence or coherence amplitude.
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difference classes of superpositions (e.g., Fock state superpositions, squeezed state superposi-
tions) may be distinguished by comparing the decay of their coherences under an appropriate
decoherence channel. As a simple example, consider the C2 subspace of `2(C) with orthonor-
mal basis given by Eq.(5.98). In this subspace, the action of σz is equivalent to the action of
a scalar multiple of the annihilation operator: α−1a. The different between these operators
is that σz is not sensitive to the internal structure of the C2 basis used. In this subspace,
the decoherence rates due to single photon loss and “effective spin” depolarizing processes
will be different by a factor depending on the strength of the decoherence and the expected
number of photons in the chosen subspace. We will return to the topic of equivalences of
operator algebras under projections to subspaces in Section 7, where it will be used to de-
fine a minimal metrological macroscopicity algebra over observables corresponding to a given
two-branch superposition state.

An empirical measure of superposition size of coherent state superpositions reflecting the
decay rate of coherences under single photon decoherence is discussed in Section 5.6.

5.6 Measures based on the Wigner function

For a single electromagnetic mode, empirical definitions (i.e., requiring neither optimization
over measurements nor comparisons to other states) of effective superposition size can be
obtained from the Wigner function of the state itself [119]. For example, the phase-space
interference fringes of the Wigner function of the even superposition ∝ |α〉 + |−α〉, α ∈ R+

are parallel to the imaginary axis and have wavelength π/2α. The distance between Wigner
function peaks is 2α. For the sake of reference, we note the Wigner function for the Glauber
coherent state |α〉:

W (β) =
2

π
e−2|α−β|2 (5.105)

and the even cat state ∝ |α〉+ |−α〉 for α ∈ R:

W (β) =
1

π(1 + e−2|α|2)

(
e−2|α−β|2 + e−2|α+β|2 + 2e−2|β|2 cos(4Im(β)α)

)
(5.106)

The effective size of Lee and Jeong [119] takes both of these factors into account and
was written with general multimode quantum states in mind. For M oscillator modes, the
Wigner function W (~β) := W (β1, . . . , βM) is defined as in Section 1.2.3 as an entire function
from CN → R. For quantum superposition states, the coherence terms in the density matrix
are reflected in the Wigner function by oscillatory terms. The frequencies defining each
oscillatory term depends on the inverse of the photon amplitude in the state. Therefore,
Lee and Jeong use the following expression to quantify the superposition size of multimode
photonic superposition states:

I =
πM

2

∫ ( M∏
i=1

dReαdImα

π

)
W (~α)

(
M∑
m=1

−∂2

∂αm∂αm
− 1

)
W (~α) (5.107)
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The second derivative term measures the contributions from the oscillatory terms in the
Wigner function. They have shown that one does not have to calculate the full Wigner
function in order to evaluate this measure. Indeed, they prove:

I(ρ) = −tr(ρL(ρ)) + tr(
ρ2

2
) (5.108)

where L(·) is the superoperator generator of non-Hamiltonian evolution of the quantum state
ρ (i.e., the Lindbladian).

The Wigner function N -mode entangled coherent state has peaks separated by 2
√
Nα.

The square of this distance agrees with the scaling of the superposition size of the entangled
coherent state according to the measurement-based measure of superposition size and also
the comparison-based measure based on distillation efficacy. For the sake of reference, we
provide the Wigner function for the two mode entangled coherent state |ECS2(γ)〉, γ ∈ R:

W (α, β) =
4

π2(2 + 2e−4|γ|2)

(
e−2|γ+β|2e−2|γ+α|2 + e−2|γ−β|2e−2|γ−α|2

+ 2e−2(|β|2+|α|2) cos(2Im(α + β)γ)
)

(5.109)

Other intrinsic notions of superposition size in terms of the field decoherence time Td ∝
Tc/〈n̂〉 [145, 160] of the cavity state (where Tc is the cavity decoherence time) have been
introduced based on experimental results and simple models of nonunitary cavity state evo-
lution of quasiprobability distributions. These notions are less well-defined for nonlocal
superpositions, i.e. superpositions in the Hilbert space of many cavity modes, for the follow-
ing reason: a description of decoherence of the hierarchical cat state Eq.(5.40) must include
the intermode decoherence time (the decoherence time of the device coupling the modes)
and all of the intramode (cavity) decoherence times. A more immediate difficulty in defining
superposition sizes from decoherence times is the difficulty in calculating the full multimode
Wigner function given an arbitrary generator of the non-Hamiltonian evolution (e.g., the
Lindblad superoperator) of an initial multimode quantum state. If the dissipation involves
simultaneous first order photon emission and absorption processes, one must solve coupled
Fokker-Planck equations [142]; if the dissipation involves simultaneous higher order photon
processes, one must solve the system of large-order, linear PDEs.

Other geometric properties of the Wigner function can be used to identify quantum
behavior of a given quantum state. In particular, the support of the function N(ρ) =
|Wρ(β)| −Wρ(β) 6= 0 for any quantum state ρ consists of the region for which W (β) < 0.
The existence of regions of negativity for the Wigner function is necessary for quantum
behavior (e.g., photon bunching, non-Gaussian correlations) of the state. A cat size can be
defined by simply taking the ratio of N(ρ) of the state of interest and a reference state [161]:

C(ρ, ρref) =
N(ρ)

N(ρref)
. (5.110)
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In a similar vein, if one is considering photonic superpositions with Gaussian branches |A〉
and |B〉, one can analyze the quantum nature of the superposition due to solely coherence
between the branches (to the exclusion of quantum properties which may be exhibited by
the individual branches) by considering the difference in Wigner functions:

W|A〉+|B〉 −W|A〉 −W|B〉 (5.111)

which leaves only interference terms.
We note that the Wigner function of |HCSN(α)〉 (Eq.(5.40)) does not exhibit the same

peak distribution as the Wigner function of |ECSN(α)〉. Here we explicitly write the Wigner
function for |HCS2(α)〉:

WHCS2(α)(γ1, γ2) :=
4

π2

〈
D1(γ1)D2(γ2)eiπ

∑2
i=1 a

†
iaiD1(−γ1)D2(−γ2)

〉
|HCS2(α)〉

=
2

π2

∑
ε∈{1,−1}

1

(2 + 2εe−2|α|2)2

2εe−2|γ2|2 cos(2αImγ2)(e−2|α−γ1|2 + e−2|α+γ1|2)

+2εe−2|γ1|2 cos(2αImγ1)(e−2|α−γ2|2 + e−2|α+γ2|2)

+4e−2(|γ1|2+|γ2|2) cos(2αImγ2) cos(2αImγ1)

+
∑

κ,τ∈{1,−1}

e−2|α+κγ1|2−2|α+τγ2|2


+

2

π2

1

2(1− e−4|α|2)2

(
e−2|α−γ1|2−2|α−γ2|2 + e−2|α+γ1|2−2|α+γ2|2

−e−2|α+γ1|2−2|α−γ2|2 − e−2|α−γ1|2−2|α+γ2|2

−4e−2(|γ1|2+|γ2|2) sin(2αImγ1) sin(2αImγ1)
)

(5.112)

with Di the displacement operator of the i-th mode, and Ptot = eiπ
∑2
i=1 a

†
iai the total parity

operator. The many-mode Wigner function defined above is the same as that defined by the
Fourier transform of the symmetric-order characteristic function as noted in Section 1.2.3.
The Wigner function for the hierarchical cat state is visualized in Fig.(5.3).

5.7 Entanglement of |Ψ〉
Another interesting feature of the largest superposition states of spin systems and photonic
systems is that they exhibit nonzero entanglement entropy. In fact, the GHZ state in spin
systems is the maximally entangled state. This fact elicits the question of whether a measure
of superposition size or, in general, quantum state macroscopicity, can be formulated in
terms of an entanglement monotone. This avenue of research has the goal of formulating
and answering the question of whether quantum state macroscopicity is a quantum resource
distinct from entanglement, heretofore considered the most rich quantum resource. Recently,
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Figure 5.3: Graphs of the Wigner function WHCS2(α)(γ1, γ2) ((γ1, γ2) ∈ C×C) of |HCS2(α)〉
(with |α| = 3) for a) γ2 = 0, b) γ2 = 3, c) γ2 = −3. See Eq.(5.112) for the explicit form of
this function on C× C.
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it has been shown that for greater than 2 modes, there are pure entangled states which
do not achieve sub-shot-noise scaling of the quantum Cramér-Rao bound for parameter
estimation of unitaries defining a Mach-Zehnder interferometer [162]. Conversely, examples
of nonentangled states which provide improvement over the standard quantum limit include:
single-mode even coherent states of large amplitude [163], and product states evolving by
certain unitaries generated by interacting Hamiltonians [164]. Hence, one can safely conclude
that there are measures of entanglement and measures of metrological usefulness which
define different quantum resources (i.e., for such measures, entanglement is not necessary
nor sufficient for metrological usefulness). However, mathematical relationships between
relative entropy and classical Fisher information [165], and relative entropy and the trace
distance (such as Fannes’ inequality) [135] suggest that superposition size in a multimode
system may be useful as an information or thermodynamic resource.

One can easily compute the entanglement entropy of |Ψ〉 with N = 2 in terms of the
overlap z. The reduced von Neumann entropy after tracing over the second mode is given
by

S := −〈log ρ(1)〉ρ(1) (5.113)

where ρ(1) := tr2|Ψ〉〈Ψ|. Taking, for simplicity, z ∈ [0, 1] ⊂ R, we find that

S = −
[

(1 + z)2

2(1 + z2)
log

(
(1 + z)2

2(1 + z2)

)
+

(1− z)2

2(1 + z2)
log

(
(1− z)2

2(1 + z2)

)]
(5.114)

from which we conclude that a small overlap z gives an entanglement entropy which is near
to the maximal value log 2.

Before we discuss other calculations of entanglement entropy for multimode photonic
states, recall that if a state is separable under a mode bipartition its partial transpose is also
a state (i.e., the positive partial transpose criterion). For an infinite dimensional Hilbert
space K = ⊗∞i=1Hi, a state ρ on K is defined to be separable if

∃ a net {ρλ}λ∈Λ s.t. ‖ρ− ρλ‖1 → 0 (5.115)

where each ρλ is separable on a finite dimensional Hilbert space. In quantifying bipartite
entanglement via entanglement measures (i.e., entanglement monotones which agree with the
von Neumann entropy of the reduced density matrix of one party) one must usually perform
a maximization or minimization over a large operator algebra. Examples of entanglement
measures which are algebraically simple to calculate are the negativity of a bipartite state
ρ ∈ B1(HA ⊗HB)

N(ρ) :=
‖ρTB‖1 − 1

2
(5.116)

and the logarithmic negativity
LN(ρ) := log2N(ρ) (5.117)

where ATB is the partial transpose of a linear operator A onHA⊗HB [166, 167]. Logarithmic
negativity is useful because it provides an upper bound to distillable entanglement [167]. We
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have calculated the logarithmic negativity for |ECS2(α)〉. For convenience, the even and odd
cat state basis for a C2 subspace of the single mode Hilbert space was used:

LN(|ECS2(α)〉〈ECS2(α)|) = 2 + log2

(
tanh(2|α|2) +

1

1 + e−4|α|2

)
. (5.118)

The Wehrl entropy is a differential entropy6 with the measure given by Husimi’s Q func-
tion (see Section 1.2.3). For N electromagnetic modes, this function is given by:

Qρ({zi}, {zi}) =

(
N⊗
i=1

|zi〉, ρ
N⊗
i=1

|zi〉

)
(5.119)

with zi ∈ C for all i and we temporarily use (·, ·) for the inner product. The N -mode Wehrl
entropy is defined by

SW = − 1

πN

∫
d2z1 · · · d2zNQρ logQρ. (5.120)

An interesting point about the Wehrl entropy is that even though the von Neumann entropy
of a pure quantum state is zero, a single mode pure state can have nonzero Wehrl entropy.
In fact, calculating Q for the even coherent state ∝ |α〉+ |−α〉 for α ∈ R one finds

Q =
e−(|z|2+α2)

1 + e−2|α|2 (cosh(2Re(z)α) + cosh(2Im(z)α)) (5.121)

which results in a Wehrl entropy of 1+log 2π. Many-branch superposition of coherent states
distributed on the unit circle have been studied in Ref.[168]. The Wehrl entropy is at least
as large as the von Neumann entropy of a given state [169].

It should also be noted that certain geometric properties of Wigner function for a state
of `2(C)⊗ `2(C) are useful for understanding entanglement. If a two mode state has Wigner
function Wα1,α2 and is separable, then positive partial transpose criterion requires that
W (α1, α2) is a valid Wigner function [166].

6A differential entropy is defined as an entropy functional S[f ] = −
∫
S
f(x) log(f(x))dµ(x) for some

measure space S and probability measure f(x)dµ(x) on S.
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Chapter 6

Dynamical binary distinguishability

We now consider the situation when the unitary U appearing in |Ψ〉 of Eq.(5.14) is the
unitary time evolution operator. This allows analysis of superpositions of states lying on
a path C := {U(t)|φ〉|0 ≤ t ≤ T}. In fact, many of the superpositions mentioned as
examples in Section 5.3.1 can be shown to be of this form for a specific time t. Because
the superposition size measure of Eq.(5.8) depends on the maximal probability pH,succ of
distinguishing the branches of the superposition (considered as pure states themselves), it
is useful to know how long it takes for a state to time evolve to a state from which it can
be probabilistically distinguished, within a prescribed precision. The primary results of this
analysis are generalizations the well known orthogonalization times of Mandelstam-Tamm
[170] and Margolus-Levitin to quantities which we call “distinguishability times.” The use of
the concept of distinguishability time is to answer the question: “What is the minimal time
that must elapse for a given pure quantum state to evolve to a state from which it is optimally
distinguishable with a predetermined success probability?” The minimal distinguishability
times that we introduce in this Chapter were utilized in Section 5.4.2 to show that the
metrologically-motivated relative quantum Fisher information measure of superposition size
[116] may be expressed operationally in terms of the minimal distinguishability times of the
superposition |Ψ〉 and its branches.

6.1 Mandelstam-Tamm uncertainty relation

Considered classically, frequency and time are Fourier transform pairs. It is clear that if a
wavepacket f̃(ω) 6= δ(ω − ω0) (in a weak or distributional sense) for some ω0 ∈ R+ then the
same wavepacket vanishes at infinity. In a continuous sense, the greater number of frequency
components of a wavepacket, the more temporally localized it is. In particular,

∆ω∆t & 1 (6.1)
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where & is roughly understood to mean “of the same order of magnitude.” Associating the
energy with integral multiples of E0 = ~ω a la Planck, one naively obtains

∆E∆t & ~. (6.2)

From a modern quantum mechanical, but still qualitative point of view, it is clear that
given a self-adjoint operator A, any of its eigenvectors is stationary in time considered as an
element of projective Hilbert space so it is useless for determining a time interval. However,
a state |ψ〉 having 〈(∆A)2〉|ψ〉 6= 0 will allow for the estimation of a decay time through
the fidelity |〈ψ(t)|ψ〉|2. From a measurement-based perspective, assume you have access to
the POVM obtained from the spectral measure of A (e.g., discrete and finite, so that the
POVM has M elements). You are told that a quantum system is in an eigenstate of A and
are asked to determine the state based on the results of the POVM measurement. If M is
large, it could take a long time to determine the state because the result is usually that the
measurement annihilates the state! If A has continuous spectrum, then the time required
to answer this question is infinite because the quantum state has measure zero in the set of
eigenstates. However, if the variance of A is nonzero in the given pure quantum system, you
will be able to determine the state in less time.

Mandelstam and Tamm derive two time-enery uncertainty relations in their 1944 pa-
per (Ref.[170]), each following from their general relation (which itself follows from the
Schrödinger equation) √

〈(∆H)2〉ρ
√
〈(∆R)2〉ρ ≥

~
2
| d
dt
〈R〉ρ| (6.3)

where ρ is a quantum state, H is the Hamiltonian, and R = R† a self-adjoint (not necessarily
bounded) operator. Let ρ(t = 0) = ρ be a quantum state on Hilbert space H. Then
Mandelstam and Tamm’s first inequality gives a time t(R) which must elapse in order for
the expectation value of R to change from 〈R〉ρ by an amount equal to

√
〈(∆R)2〉ρ. The

result is:

t(R)
√
〈(∆H)2〉ρ ≥

~
2
. (6.4)

It is clear that minR t(R) gives the smallest such time, i.e., R must have the largest value
of 〈[H,R]〉ρ. Mandelstam and Tamm’s second inequality (from which an orthogonalization
time can be derived) defined a half-life τ for a given pure state |ψ(t = 0)〉 := |ψ〉 ∈ H. Let
R = L in Eq.(6.4), where L = |ψ〉〈ψ| is a rank-1 projector. Then the time τ for which
tr(L|ψ(t)〉〈ψ(t)|) = 1/2 satisfies

τ
√
〈(∆H)2〉ψ ≥

π~
4
. (6.5)

There is no mention in Ref.[170] of an “orthogonalization time,” i.e., an answer to the
question posed in the introduction to the present chapter, but it follows almost immedi-
ately from their results [171]. The Mandelstam-Tamm inequalities highlight the differences
between physically motivated time intervals in quantum mechanics. In Eq.(6.4), the time
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interval is based on the kinetics of an expectation value of an observable, while in Eq.(6.5)
the half-life τ is the time required in order for a certain measurement result to be obtained
with probability 1/2. The question arises if there is a unified description of time-energy
uncertainty. The answer is that such a description exists; it requires an analysis of the
quantum mechanical analog of classical statistical estimation theory [20]. We now generalize
Eq.(6.5) in one fell swoop to mixed states and also answer the question: “What is the min-
imal time that must elapse for a given pure quantum state to evolve to a state from which
it is optimally distinguishable with a predetermined success probability?”

Lemma 6. Given a t = 0 quantum state ρ and a quantum state ρ(t) := e
−iAt

~ ρe
iAt
~ with

A = A∗ a bounded operator, then

1− 1

4
‖ρ(t)− ρ‖2

1 ≥ cos2

(√
F(ρ,A)t

2

)
(6.6)

where F(ρ,A) is the quantum Fisher information of the state ρ on the one-parameter path
generated by A.

Proof. The proof is given by F. Fröwis [172]. The proof is based on two facts: 1) mixed state
fidelity is less than the trace distance, 2) the inverse cosine of the square root of the mixed
state fidelity gives a distance shorter than the Bures distance between two states.

The quantum Fisher information is defined and its properties briefly discussed in Ap-
pendix A. We use Lemma 6 to prove the following Proposition:

Proposition 5. Given δ ∈ (0, 1/2) and U(t) := e−i
H
~ t with H = H†, if the t = 0 pure state

|φ〉〈φ| is optimally distinguishable from the pure state U(t)|φ〉〈φ|U †(t) (t > 0) with probability
1− δ, then

t ≥ ~Sin−1(1− 2δ)√
〈(∆H)2〉|φ〉

=: τdist (6.7)

with ∆H := H − 〈φ|H|φ〉.

Proof. We rearrange Eq.(6.6) to

2 sin

(√
F(ρ,A)t

2

)
≥ ‖ρ− ρ(t)‖1 (6.8)

Let t be the time at which the maximal probability (over all possible measurements) of
distinguishing two quantum states ρ and ρ(t) (say, with equal a priori probabilities) is 1− δ.
Then we have [134]:

1

2
‖ρ− ρ(t)‖1 = 1− 2δ. (6.9)
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So, we have the following inequality:

t ≥ 2Sin−1(1− 2δ)√
F(ρ,A)

(6.10)

with Sin−1(x) ∈ (0, π/2) for x ∈ (0, 1) being the principal branch of the inverse sine. Ap-
plication of Eq.(6.6) and Eq.(6.10) to a pure state ρ = |φ〉〈φ| and its unitarily time-evolved

(by A = A†) image gives Eq.(6.7) because F(ρ,A) =
4〈(∆A)2〉|φ〉

~2 for ρ = |φ〉〈φ|.

This proof can easily be extended to consider the distinguishability of a general initial
quantum state from its time evolved counterpart by not specializing to the pure state case
in Eq.(6.8).

Proposition 5 defines the distinguishability time τdist which is the minimal time to op-
timally distinguish a pure state from its unitarily time evolved image using unrestricted
measurements to precision δ. We note that if the pure state and its time-evolved image are
required to be completely distinguishable (δ = 0), then Eq.(6.7) becomes the well known
Mandelstam-Tamm inequality for the orthogonalization time [170], namely, t ≥ π~

2
√
〈(∆H)2〉|φ〉

.

We can also use the variance of the generator of evolution H to bound the rate of change
of Cδ(|Ψ〉) through the following inequality:

Proposition 6. √
log(4δ − 4δ2)

−
√
N

d
√
Cδ
dt

∣∣∣
t=0
≤
√
〈(∆H)2〉|φ〉

~
. (6.11)

Proof. The inequality follows from noting that for δ ∈ (0, 1
2
):

1 +

(
log(4δ − 4δ2)Cδ(t)

−N

)
≤ exp(

log(4δ − 4δ2)Cδ(t)

−N
)

= |〈φ|U(t)|φ〉|−2

=

(
1−
〈(∆H)2〉|φ〉

~2
t2 + g

)−1

(6.12)

where g ∈ O(t3). Thus, log(4δ−4δ2)Cδ(t)
−N ≤ (〈(∆H)2〉|φ〉t2/~2− g)((1− 〈(∆H)2〉|φ〉

~2 t2 + g)−1 and it
follows that√

log(4δ − 4δ2)
√
Cδ(t)

−t
√
N

≤

√(
〈(∆H)2〉|φ〉

~2
− |g|
t2

)(
1−
〈(∆H)2〉|φ〉

~2
t2 + g

)−1

(6.13)

Noting that Cδ(t = 0+) = 0 for the state |Ψ〉 and that Cδ(t) is continuous, the limit t → 0
can be taken in the above inequality, resulting in Eq.(6.11).
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6.2 Margolus-Levitin orthogonalization time

Unlike Mandelstam and Tamm, Margolus and Levitin directly derived an orthogonalization
time which depends on the expected total energy of the system. From a classical perspective,
it is clear that the length of time required to determine the frequency of an oscillator is larger
for smaller frequencies (e.g., imagine you sit at a spot within the range of the oscillator ). A
similar argument can be made for a quantum mechanicaml oscillator. However, parameter
estimation was not the motivation for Margolus and Levitin’s inequality.

According to the Margolus-Levitin inequality [173], if the expected energy content of a
pure state is less than the energy variance in the same state, then the orthogonalization
time is bounded below more tightly than in the Mandelstam-Tamm inequality. Hence,
one can define another distinguishability time τdist,ML which depends on the total energy.
τdist,ML is the appropriate distinguishability time to use if and only if the Margolus-Levitin
orthogonalization time gives the shortest time to evolution to an orthogonal state (given
that the state actually evolves to an orthogonal state).

Proposition 7. Let δ ∈ (0, 1/2) and U(t) := e−i
H
~ t with H = H† a bounded observable. If

the t = 0 quantum state ρ on a Hilbert space HA is optimally distinguishable from the pure
state ρ(t) = U(t)ρU †(t) (t > 0) with probability 1− δ, then

t ≥
π~(1−

√
1− (1− 2δ)2)

2 min〈H ⊗ IB〉|ψ〉
=: τdist,ML (6.14)

where the minimization is over all pure states |ψ〉 ∈ HA ⊗HB such that ρ = trB|ψ〉〈ψ|, i.e.,
such that |ψ〉 is a purification of ρ.

Proof. Let HA and HB be Hilbert spaces with at most countably infinite dimension and let
ρ be a quantum state on HA. We require that ρ evolves in time by a unitary generated by
the bounded observable H. Let |ψ〉 ∈ HA ⊗ HB be a purification of ρ (so that |ψ(t)〉 :=

e−
i
~ (H⊗IB)|ψ〉 is a purification of ρ(t)) which achieves the minimal value of 〈H ⊗ IB〉|ψ〉.

According to Ref.[173], if {En} are the eigenvalues of H, then for t ∈ [0, ~
max{En} ],

|〈ψ|ψ(t)〉|2 ≥ Re〈ψ|ψ(t)〉

≥
(

1−
2〈H ⊗ IB〉|ψ〉t

π~

)2

. (6.15)

We now use the following chain of inequalities:

1− 1

4
‖ρ− ρ(t)‖2

1 ≥
(

tr(
√√

ρρ(t)
√
ρ)

)2

= max|〈λ|λ(t)〉|2

≥ |〈ψ|ψ(t)〉|2

≥
(

1−
2〈H ⊗ IB〉|ψ〉t

π~

)2

(6.16)
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where the maximization in the second line is over all purifications of ρ in HA ⊗HB. In the
first line, we have used an inequality derived in Ref.[172] second line, and in the second line,
we have used Uhlmann’s theorem [135]. Requiring that ρ and ρ(t) be distinguishable with
maximal success probability 1− δ, it follows that

1− (1− 2δ)2 ≥
(

1−
2〈H ⊗ IB〉|ψ〉t

π~

)2

. (6.17)

Rearraging the above equation produces Eq.(6.14).

Unlike Proposition 5, which can easily be extended to mixed states by using the quantum
Fisher information, we prove Theorem 2 in the general mixed state case. It is intriguing that
our derivation of a Margolus-Levitin type distinguishability time produces, in general, a
tighter lower bound than π~

〈H〉ρ , which depends on the average energy in ρ. Note that τdist,ML

is equal to the minimal orthogonalization time for the minimal purification state when the

Hamiltonian is replaced by its higher energy counterpart H 7→ H(
√

1−
√

1− (1− 2δ)2)−1.

6.3 Independent branch evolution

It is also instructive to consider the superposition size of a state of the form (U1(t)⊗N +
U2(t)⊗N)|φ〉⊗N . These are superpositions of states along two different time-evolution paths
in H⊗N . Because the trace norm is unitarily invariant, this superposition exhibits the
same branch distinguishability based superposition size as the general state |Ψ〉 with U =
U †1(t)U2(t). In this case, the value of |z|2 is simply the Loschmidt echo [174] of |φ〉 when
the forward evolution is given by U1 and backward evolution is given by U2. This situation
also appears when one wants to construct states which have the same form as |Ψ〉 except

for having a relative phase between the branches. To this end, let U1(2) = exp(
−iH1(2)t

~ ) and

H1|φ〉 = λ1|φ〉. Then (U1(t)⊗N + U2(t)⊗N)|φ〉⊗N is equal to (I + e
iNλ1t

~ U2(t)⊗N)|φ〉N .
A physically important corollary of this observation is that if the unitary U1(t) is gener-

ated by observable H1 and U2(t) is generated by observable H2 with H1 6= H2 and [H1, H2] =
0, then the branch distinguishability superposition size for the state (U1(t)⊗N+U2(t)⊗N)|φ〉⊗N
is the same as for |Ψ〉 with U = e−i(H2−H1)t/~.

By considering the general case of distinguishing two quantum states time-evolving ac-
cording to different paths U1(t) and U2(t), one is led to important bounds on the time deriva-
tive of the maximal success probability of distinguishing two independently evolving quantum
states. Making use of Eq.(6.6) and the reverse triangle inequality (|‖x‖ − ‖y‖| ≤ ‖x − y‖
for x and y in some normed vector space) for the trace norm, it is easy to see that if

ρA(B)(t) = e
−iHA(B)t

~ ρA(B)e
iHA(B)t

~ are the unitarily time-evolved quantum states ρA (ρB), then

∣∣‖ρA − ρB‖1 − ‖ρA(t)− ρB(t)‖1

∣∣ ≤ 2
∑

k∈{A,B}

sin

(√
F(ρk, Hk)t

2

)
(6.18)
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in which we have used F(ρ,A) to denote the quantum Fisher information of the state ρ
on a path generated by time-independent observable A [158]. Recall that for ρ a pure

state, F(ρ,A) = 4tr(ρ(∆A)2)
~2 [175]. In using Eq.(6.18) to derive meaningful results, we first

assume that ρA 6= ρB and that F(ρA, HA) > F(ρB, HB) so that Eq.(6.18) makes sense for
t ∈ [0, 2π√

F(ρA,HA)−
√
F(ρB ,HB)

] (which results in a positive semidefinite right hand side of the

inequality). From Eq.(6.18) and the definition of pH,succ it follows that:

∣∣ (dpH,succ(ρA(t), ρB(t))

dt

)
t=0

∣∣ = lim
t→0

∣∣‖ρA(t)− ρB(t)‖1 − ‖ρA − ρB‖1

4t

∣∣
≤ 1

4

(√
F(ρA, HA) +

√
F(ρB, HB)

)
≤ 1

~

√
tr(ρA(∆HA)2) +

√
tr(ρB(∆HB)2)

2
, (6.19)

with the second inequality becoming an equality for ρA and ρB pure states.
From Proposition 5, Eq.(6.19), and Eq.(6.11), it is clear that there is a close relation-

ship between the binary distinguishability of pure states on a path {|φ(t)〉 = U(t)|φ〉 =

e
−iHt

~ |φ〉|0 ≤ t ≤ T} in Hilbert space and the Fubini-Study distance ds2
FS =

4〈(∆H)2〉|φ〉
~2 dt2

on this path. This relationship can be established by noting that |〈φ|U(dt)|φ〉|2 = 1 −
〈(∆H)2〉|φ〉

~2 dt2 +O(dt3) [176] and using Eq.(5.17) with n = 1 to write the Fubini-Study line ele-
ment on the projective single-mode Hilbert space (i.e., the single-mode Hilbert space modulo
the equivalence relation identifying vectors which are complex scalar multiples of each other)
in terms of the maximal probability of distinguishing infinitesimally separated states on a
path:

ds2
FS = (2pH,succ(|φ〉〈φ|, U(dt)|φ〉〈φ|U †(dt))− 1)2. (6.20)
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Chapter 7

Deeper look at metrological
macroscopicity

7.1 Spin systems

7.1.1 Cat state basis for (C2)⊗N

Given a 1-local observable A =
∑N

i=1 A
(i) on (C2)⊗N with A(i) = aσx + bσy + cσz for all i

and a2 + b2 + c2 = 1, we will construct an orthonormal basis for (C2)⊗N in which each basis
element is of the form |A〉+ |B〉/

√
2 (with |A〉 and |B〉 product states of eigenvectors of A(i)

for each i) and the basis is ordered by the variance of A in the basis states. Without loss of

generality, we will consider A =
∑N

i=1 σ
(i)
z . The traditional basis of (C2)⊗N used in quantum

computation which is constructed from eigenvectors of the local magnetization operator σz
is {|x1〉1 ⊗ . . . ⊗ |x2N 〉2N}, where xk ∈ {0, 1} and σ

(j)
z |xj〉j = (−1)xj |xj〉j. In the cat state

basis, the Hilbert space will decompose into a direct sum of symmetrical and antisymmetrical
(under the action of the discrete group Z2 := Z/2Z. We will see that each of these subspaces
contains a basis element which is maximally macroscopic (according to the relative quantum
Fisher information measure).

For a given number of modes N ∈ N, choose 2N−1 states from {|x1〉1 ⊗ . . . ⊗ |x2N 〉|xi ∈
{0, 1} ∀ i} and form the symmetric superposition state

|e(S)
x1,...,x2N

〉 :=
|x1〉1 ⊗ . . .⊗ |x2N 〉+ |x1 + 1〉1 ⊗ . . .⊗ |x2N + 1〉√

2
(7.1)

where addition is understood modulo 2. The state |e(S)
x1,...,x2N

〉 is symmetric under the action
of the nonidentity element of Z2 which takes |xi〉 → |xi + 1〉. We call the subspace formed

by the span of states of the form |e(S)
x1,...,x2N

〉 by the label H(S). Note that the symmetric GHZ

state ∝ |0〉⊗N + |1〉⊗N is in H(S). Now, for each sequence defining a state |e(S)
x1,...,x2N

〉, one can
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form the antisymmetric superposition state:

|e(A)
x1,...,x2N

〉 :=
|x1〉1 ⊗ . . .⊗ |x2N 〉 − |x1 + 1〉1 ⊗ . . .⊗ |x2N + 1〉√

2
, (7.2)

which is antisymmetric under the above action of the nonidentity element. Let H(A) be the
subspace of (C2)⊗N spanned by states of this form. Note that the antisymmetric GHZ state
∝ |0〉⊗N − |1〉⊗N is in H(A). To make the actions of the elements of Z2 more precise, it is
convenient to label the elements by e and a, so that e + e = e, a + e = e + a = a, and
a+ a = e where the addition is modulo 2. Define a representation ρ : Z2 → End((C2)⊗N) of
Z2 by

ρ(e)|e(S/A)
x1,...,x2N

〉 := |e(S/A)
x1,...,x2N

〉

ρ(a)|e(S/A)
x1,...,x2N

〉 := |e(S/A)
x1+1,...,x

2N
+1〉. (7.3)

Then we have that ρ(a)|e(A)
x1,...,x2N

〉 = −|e(A)
x1,...,x2N

〉, while the symmetric basis elements are
invariant.

It is clear that (C2)⊗N ∼= H(S) +H(A). Decomposing the many spin Hilbert space in this
way reveals some interesting properties of this basis. For instance, a k-local longitudinal
magnetic interaction (i.e., of the form σ

(1)
z ⊗ · · · ⊗ σ(k)

z ⊗ IN\{1,...,k}, where the modes 1,. . .,N
have been chosen without loss of generality) has zero matrix elements between subspaces

H(A) and H(S). In addition, the expectation value of the 1-local operator
∑N

i=1 σ
(i)
z in any of

the basis states (recall that we use σz|0〉 = |0〉 and σz|1〉 = −|1〉) is zero. This fact has an
important consequence for the metrological usefulness of the basis states: the basis states
for each subspace can be ordered by the value of the variance of the 1-local magnetization
operator. Explicitly, we find that:

〈e(S/A)
x1,...,x2N

|Var

(
N∑
i=1

σ(i)
z

)
|e(S/A)
x1,...,x2N

〉 = 〈e(S/A)
x1,...,x2N

|
∑
i 6=j

σ(i)
z ⊗ σ(j)

z +NI(C2)⊗N |e(S/A)
x1,...,x2N

〉

= N +
∑
i 6=j

(−1)1+δxi,xj (7.4)

where I have defined 〈·|Var(A)|·〉 := (A − 〈·|A|·〉)2. The general expression for the variance

can be determined explicitly via a simple counting argument. Consider a given |e(S)
x1,...,x2N

〉
which in the left branch has the number of xi = 0 (spin up modes) being equal to M . The
subspace of H(S) spanned by such states has dimension

(
N
M

)
(of course,

∑N
M=0

(
N
M

)
= 2N).

We can then count the number of spin pairs having the same value and the number of spin
pairs having opposite values to calculate:∑

i 6=j

(−1)1+δxi,xj = M(M − 1) + (N −M)(N −M − 1)−M(N −M)− (N −M)M

= (N − 2M)2 −N , M ∈ {0, . . . , N}. (7.5)
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Hence, from Eq.(7.4), the variance of
∑N

i=1 σ
(i)
z in the given state is (N − 2M)2.

The same analysis is valid in the subspace H(A). We have constructed an basis ordered
by quantum Fisher information along the path generated by the local observable

∑N
i=1 σ

(i)
z .

In a similar way as the present example, the construction of a “variance ordered” basis of
(C2)⊗N is possible for any 1-local spin observable by simply performing a global rotation
(i.e., a tensor product of the same unitary operator) to the basis constructed above. If N is
even, then the subspace spanned by superpositions of opposite zero-magnetization product
states

(
N
N/2

)
dimensional and the 1-local magnetization variance is zero. If N is odd, then

the smallest variance of the 1-local magnetization in a basis state is 1, which occurs for
M = N±1

2
. By the calculating N rF for elements of the cat state basis, we see that the

“variance ordering” could also be called a “metrological macroscopicity” ordering.
In addition, the cat state basis is actually useful for proving some theorems about entan-

glement distillability and mixed states formed from this basis have interesting entanglement
properties [166].

7.2 Algebras for metrological macroscopicity

We have postponed the discussion of application of the N rF measure of superposition size to
photonic systems because it requires a substantially more involved analysis than the case for
spin systems. The subtlety involved in this case is that observables such as the energy or the
electric field are not bounded. Returning to the definition of N rF in Eq.(5.75), one notices
that applying the definition directly would require the maximization over 1-local self-adjoint
operators to be restricted to the unit sphere in B(`2(C)). Clearly, this procedure trivializes
the continuum structure of the electromagnetic field by considering only evolution along
“spin” Hamiltonians instead of oscillator Hamiltonians. It is well-known that superposition
states of the quantum harmonic oscillator can be used for estimation of parameters in a
linear interferometer with lower fundamental error than the bound given by the standard
quantum limit.

From the definition of N rF , it is clear that if a two branch superposition of an N -mode
spin system exhibits N rF ∈ O(N) then the Heisenberg limit for parameter estimation can
be achieved by the superposition, but not by its branches. This fact carries over to photonic
systems in a more dramatic form. Specifically, it was shown in Ref.[2], that if the restriction
of unit operator norm in the maximization in the definition N rF is removed by allowing the
inclusion of certain unbounded observables in the maximization, there exist equal amplitude,
two branch, N -mode superpositions of photonic states with N rF ∈ O(N〈a†a〉) where 〈a†a〉
is the expected number of photons in the state. This improvement implies that for such
states, the quantum Cramér-Rao bound is given by the total number of photons instead of
just the number of modes (one could call this “sub-Heisenberg” limited precision). Given
a two-branch photonic superposition, a general construction of the appropriate algebra of
observables to use in the definition of N rF in order to give such extensive scaling was provided
in Ref.[5].
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In view of Theorem 2, which is formulated explicitly for spin systems, one may ask if an
observable O (in an algebra a) with variance ∈ O(N2〈a†a〉) may be found for a photonic
state having the form |Ψ〉 in the similar way that an observable with variance ∈ O(N2)
was constructed for a spin system superposition |Ψ〉 having small branch overlap |z| (see
Eq.(5.77)). If this is possible, then N rF ∈ O(N〈a†a〉) when the maximization is restricted
to the algebra a such that O ∈ a and

maxA∈a〈(∆A)2〉|Φ〉 + maxA∈a〈(∆A)2〉V |Φ〉 ∈ O(N) (7.6)

where A is a 1-local self-adjoint operator. Here we illustrate a procedure to find the appro-
priate algebra a for entangled coherent states, N00N states, and the hierarchical cat states.

7.2.1 Entangled coherent states

We consider here N -mode entangled coherent states and restrict our attention to the even
states |α〉⊗N + |−α〉⊗N . As noted above these may be written as

|ECSN(α)〉 ∝ (I +⊗Nk=0e
−iπa†kak)|α〉⊗N (7.7)

with normalization constant 1/
√

2 + 2e−2N |α|2 . When 1-local quadrature operators x(θ) :=
1√
2
(ae−iθ +a†eiθ) are included in the maximization defining N rF , we claim that N rF satisfies

N rF ≥ N |α|2 tanhN |α|2 + |α|2 + 1
2N

, i.e., the superposition size scales ∈ O(N〈a†a〉). We
now proceed to prove this claim in a way which allows for generalization to many two-branch
photonic superpositions.

To this end, consider an orthonormal basis {|ψ+〉, |ψ−〉} which defines a 2-D subspace K of
`2(C), where |ψ±〉 ∝ |α〉 ± |−α〉 are the even (+) and odd (−) coherent states, respectively
[177]. It is then clear that |α〉〈α| − |−α〉〈−α| =

√
1− e−4|α|2σx, with σx the appropriate

Pauli matrix in the subspace defined by {|ψ+〉, |ψ−〉}. According to Theorem 3, the operator∑N
i=1 P

(i)
+ − P

(i)
− (where P± = (1/2)(|ψ+〉 ± |ψ−〉)(〈ψ+| ± 〈ψ−|) are the projectors onto the

orthogonal eigenspaces of
√

1− e−4|α|2σx in the given basis of K so that the spectral decom-
position of σx is σx = P+ − P−) is a 1-local observable having variance in O(N2) in the
entangled coherent state. In the individual branches of |ECSN(α)〉, the maximal variance
over the spin-1/2 observables of the Hilbert subspace K is N because they are product states.

Because the N -mode electric fields corresponding to the branches of |ECSN(α)〉 are π out
of phase, we expect that a quadrature operator should exhibit a large variance in |ECSN(α)〉
but a small variance in each of its branches. We now note that in the subspace K, the
operator σx is weakly equivalent to an unbounded operator (i.e., has the same expectation
value in all states of K), as follows:
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σx ∼
1

2|α|
(ae−iArg(α) + a†eiArg(α))

√
1− e−4|α|2

=

√
1
2
− 1

2
e−4|α|2

|α|
x(Arg(α))

=
1

2|α|2
(αa+ αa†)

√
1− e−4|α|2 (7.8)

Here we have used the quadrature operator x(θ). Writing PK = P+ + P− as the projection

onto the subspace K, we have the equality σx = cPKx
(Arg(α))PK, with c =

√
1
2
− 1

2
e−4|α|2/|α|.

It is clear that if one can write P+ − P− = cPKOPK for an unbounded observable O = O†

and c ∈ R, then for a state of the form |Ψ〉 in (`2(C))⊗N , the operator A of Theorem 3 has
at least 1

c2
times the variance when A(i) = O as when A(i) = P+ − P−. Specifically, this is a

consequence of the fact that for any |ϕ〉 ∈ K ⊂ `2(C), one has 〈ϕ|O|ϕ〉 = 1
c
〈ϕ|P+ − P−|ϕ〉

while at the same time

〈ϕ|O2|ϕ〉 − 1

c2
〈ϕ|(P+ − P−)2|ϕ〉

= 〈ϕ|O(IH − PK)O|ϕ〉 > 0 (7.9)

because IH − PK > 0. Hence, 〈(∆O)2〉|ϕ〉 ≥ 1
c2
〈(∆(P+ − P−))2〉|ϕ〉. In the present case,

Eq.(7.8) shows that 1/c2 ∈ O(|α|2). Hence, the maximal variance of 1-local quadrature
operators in the entangled coherent state is in O(N2|α|2).

As discussed in Ref.[2], 1-local quadrature operators have at most O(N) variance in each
of the branches |α〉⊗N and |−α〉⊗N of the entangled coherent state, since these are product
states. The lack of dependence on photon number of the variance of the 1-local quadrature
operator in the branches may also be viewed as resulting from the fact that the coherent state
is an intelligent state for the Heisenberg uncertainty relation [178], i.e., it saturates the lower
bound in the Heisenberg uncertainty relation. The individual branches will then have values
of NF which are “microscopic,” in O(1). This feature of the individual branches combined
with the fact that the maximal variance in the entangled coherent state is in O(N2|α|2)
when quadrature operators (i.e., a representation on `2(C) of the complexification of the
Heisenberg algebra h3) are included in the maximization over 1-local observables, yields a
value of N rF ∈ O(N〈a†a〉) [2].

We note further that if we were to extend the optimization in the definition of N rF to
the 1-local observables derived from the oscillator Lie algebra h4 = (span{a, a†, a†a, I}, [·, ·]),
the entangled coherent state |ECSN(α)〉 would now have an N rF value of only O(N), due
to the fact that in the product state branch |α〉⊗N , the observable A =

∑N
i=1A

(i) with
A(i) = a†a for all i, has a variance scaling linearly with the number of photons, |α|2. Hence,
h3 is a “minimal” algebra allowing for 1-local observables to exhibit a maximal variance in
O(N〈a†a〉) for the entangled coherent state.



Section 7.2. ALGEBRAS FOR METROLOGICAL MACROSCOPICITY 177

7.2.2 Multimode superposition of Fock states

It should be noted, however, that there are other quantum superpositions of the form of |Ψ〉,
for which h4 is the smallest algebra containing an observable allowing for a value of N rF

which depends on the excitation number. To see this, one may write a general Hamiltonian

of h4 by L(`, β) := `a†a + βa+βa†√
2

with ` ∈ R and β lying on the unit circle in the complex
plane. Taking the frequency ` = 1 for simplicity, one finds that the N -mode superposition
of Fock states given by (1/

√
2)(|0〉⊗N + |n〉⊗N) has N rF = Nn

4(1+ 1
n

)
+ 1

2
when n > 2 and the

maximization over 1-local observables is carried out over h4.1 This result can be made to
follow the example of the entangled coherent state. To this end we note the following facts:

1) By the spectral theorem for observables on K, the Pauli operator σz is equal to
P+ − P− = |n〉〈n| − |0〉〈0|, where the action of σz in K is σz|0〉 = −|0〉 and σz|n〉 = |n〉,
and so coincides with the difference of the POVM elements which allow for distinguishing
|0〉 from |n〉 with unit probability.

2)
∑N

i=1 σ
(i)
z has variance N2 in (1/2)(|0〉⊗N + |1〉⊗N) so that N rF ∈ O(N) if the maxi-

mization is carried out over su(2,C).
3) PK(2a∗a− nI)PK = nσz.
Hence the 1-local observable

∑N
i=1 2a†iai−nI formed from h4 has variance in O((Nn)2) for

the N00N state. Since the observables of h4 have variance at most in O(Nn) in the branches
of state (1/

√
2)(|0〉⊗N + |n〉⊗N), we conclude that N rF of this state is in O(Nn) if the

maximizations are carried out over h4, in the same way that N rF (|ECSN(α)〉) ∈ O(N |α|2)
when the maximizations are carried out over 1-local h3 observables.

7.2.3 Hierarchical cat states

We note that different two-branch superpositions in the same Hilbert space may require
maximization over different algebras in the definition of N rF in order to obtain a value of
N rF which scales linearly with the number of elementary particles. As an example of this
in the Hilbert space `2(C)⊗N , we compare the state (1/

√
2)(|0〉⊗N + |n〉⊗N), analyzed above,

to the hierarchical cat state |HCSN(α)〉, which was introduced in Ref. [2]:

|HCSN(α)〉 :=
1√
2

(
|ψ+〉⊗N + |ψ−〉⊗N

)
(7.10)

Both states clearly have orthogonal branches. It is clear that P+ − P− for |HCSN(α)〉 is
simply σz, where the action of σz is defined in the 2-D Hilbert subspace K of `2(C) given
by K := span{|0〉 := |even〉, |1〉 := |odd〉}. In this sense, the P+ − P− operator is equivalent
to that for the GHZ state for a chain of N spin-1/2 degrees of freedom. To show that
|HCSN(α)〉 can exhibit a value of N rF scaling with the expected total number of photons
in the state and not simply the number of modes, N , we proceed as above and identify an

1Note that for N = 2, this state can be converted to the N00N state by a product of local unitary
operators.
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unbounded operator which is weakly equivalent to σz in K. To this end, it follows from the
identity eiθa

†a|ψ±〉 = ±|ψ±〉 for any coherent state |γ〉 that:

σz =
1

2Re(α2)
PK(eiπa

†aa2 + a†2e−iπa
†a)PK, (7.11)

i.e., σz is weakly equivalent to eiπa
†aa2 +a†2e−iπa

†a in the subspace K. Because σz = P+−P−,

the variance of 2Re(α2)
∑N

i=1 σ
(i)
z in |HCSN(α)〉 is in O(N2|α|4).

We now identify a minimal algebra of observables which allows for the ratio of the
maximal variance (over 1-local Hamiltonians constructed from elements of the algebra) in
|HCSN(α)〉 to the maximal variance in |ψ±〉⊗N to be O(N |α|2). To this end, note the fol-
lowing commutation relations:

[eiπa
†aa2, a†2e−iπa

†a] = 4a†a+ 2 (7.12)

[a†a, eiπa
†aa2] = −2eiπa

†aa2 (7.13)

[a†a, a†2e−iπa
†a] = 2a†2e−iπa

†a. (7.14)

Hence, under an appropriate rescaling of eiπa
†aa2 and a†2e−iπa

†a by 1/2, we have repro-
duced the Lie algebra sl(2,C) := (span{1/4(2a†a + I), a2/2, a†2/2}, [·, ·]) except we now use
{1/4(2a†a + I), e−iπa†aa2/2, a†2e−iπa

†a/2} as a basis. By writing a general Hamiltonian of
sl(2,C) in the latter basis and calculating its variance in |ψ±〉, it is seen that the maximal
variance in the individual branches of |HCSN(α)〉 is in O(N |α|2). We therefore conclude that
N rF (|HCSN(α)〉) ∈ O(N |α|2) when the maximizations in the definition of N rF are carried
out over 1-local Hamiltonians from sl(2,C).

In both the cases of (1/
√

2)(|0〉⊗N + |n〉⊗N) and |HCSN(α)〉, the value of N rF scales in
the same way as its value of Cδ if the generalized definition of Cδ for GHZ-type states is used
(see Section 5.2.1).

The introduction of the two photon operator appearing in Eq.(7.11) is necessary in order
to derive the metrological macroscopicity algebra starting from an operator weakly equiv-
alent to P+ − P− = σz. One might have pursued another method by trying to use the
su(2,C) commutation relations to produce an unbounded operator weakly equivalent to σz.
In Eq.(7.8), we have already derived an unbounded operator weakly equivalent to σx in K.
Similarly, it is easy to see that

σy =
e|α|

2
√

sinh(2|α|2)

|α|
PKx

(Arg(α)+π
2

)PK. (7.15)

Using σz = i
2
[σy, σx], one forms:

σz =
i sinh(2|α|2)

2|α|2
(
PKx

(Arg(α)+π
2

)PKx
(Arg(α))PK − PKx(Arg(α))PKx

(Arg(α)+π
2

)PK
)
. (7.16)

Then it is true that
(
x(Arg(α)+π

2
)PKx

(Arg(α)) − x(Arg(α))PKx
(Arg(α)+π

2
)
)

is weakly equivalent to

( i sinh(2|α|2)
2|α|2 )−1σz. The prefactor of σz in this expression, however, goes to zero for |α| → ∞
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and so will not allow for a value of N rF scaling with the total number of particles. In
addition, although the weakly equivalent operator is unbounded, it contains a projection
separating two quadrature operators. It is not clear how rigorously define a metrological
macroscopicity algebra (e.g., as a Lie algebra of observables) in this case.

We now note an important corollary of these analyses: the optimal POVMs for distin-
guishing the branches of photonic states of the form |ψ〉 with maximal probability can be
implemented either by directly designing the appropriate projection operators or by per-
forming certain photonic measurements in an appropriate 2-D subspace containing |φ〉 and
U |φ〉. For example, the optimal POVM {P± = (1/2)(|ψ+〉 ± |ψ−〉)(〈ψ+| ± 〈ψ−|)} providing
the maximal probability of successfully distinguishing |α〉 and |−α〉 in the Hilbert space
K = span{|ψ+〉, |ψ−〉} gives the same measurement results as the following POVM {P̃±} on
K:

{P̃± := PK

(
a2e−2iArg(α) + a†2e2iArg(α)

4|α|2
±
√

1 + e−4|α|2 ae
−iArg(α) + a†eiArg(α)

4|α|

)
PK}. (7.17)

This compression of observables to the subspaceK does not define a POVM onH = `2(C).
Likewise, the optimal POVM {P+ = |n〉〈n|, P− = |0〉〈0|} for distinguishing |0〉 from |n〉 gives
the same measurement results as:{

P̃+ := PK
a†a

n
PK , P̃− := PK − PK

(
a†a

n

)
PK
}
. (7.18)

Finally, the same equivalence can be formulated for the POVM which is used for distin-
guishing the branches of |HCSN(α)〉. The optimal POVM for distinguishing |ψ±〉 is clearly
{|ψ±〉〈ψ±|}. Using the fact that in the subspace K, we have |ψ±〉〈ψ±| = I±σz

2
it is clear that

the equivalent POVM on the subspace K is given by:

{
P̃± :=

PK
2
± PKe

iπa†aa2 + a†2e−iπa
†aPK

2Re(α2)

}
. (7.19)

7.2.4 Algebras for N rF macroscopicity

The above analysis of three types of photonic states defined in the infinite dimensional space
`2(C)⊗N show that the metrological size N rF is strongly dependent on the algebra used in
its definition. This has significant implications for the optimal precision of measurements of
an evolution parameter when these states are used as probes, since the Hamiltonian being
estimated must be an element of the appropriate minimal algebra of operators. Conversely,
given an experimentally available set of parametric Hamiltonians, one can determine what
is the maximum estimation precision accessible with a given photonic superposition state.

Consider for example the entangled coherent state, |ECSN(α)〉. The analysis in Sub-
section 7.2.1 above shows that if |ECSN(α)〉 is used as a probe in a parameter estimation



Section 7.2. ALGEBRAS FOR METROLOGICAL MACROSCOPICITY 180

protocol for an evolution operator which is generated by a 1-local Hamiltonian constructed
from elements of h4, the precision will have optimal scaling of O(1/N). However, if the
algebra h3 is used instead of h4, then an experiment using |ECSN(α)〉 as probe can yield
optimal parameter precision scaling in O(1/N |α|2) according to the quantum Cramér-Rao
bound. Hence, the Lie algebra h3 (i.e., its complex representations as linear operators on
`2(C)) should be considered as a “metrological macroscopicity algebra” for |ECSN(α)〉. Like-
wise, the two algebras h4 and sl(2,C) can be considered as the metrological macroscopicity
algebras for 1√

2
(|0〉⊗N + |n〉⊗N) and |HCSN(α)〉, respectively, because each of the algebras

allows N rF to scale with the total number of photons for its corresponding state. From this
analysis, we conclude that a photonic superposition state |Ψ〉 may serve as a more valuable
practical resource for quantum metrology than its product state branches, but this increase
in utility depends on the set of Hamiltonians accessible in the experimental parameter esti-
mation protocol, the intrinsic structure of the state, and of course, the measurements which
can be made on the state.

The dependence of the metrological usefulness of |Ψ〉 on the set of implementable Hamil-
tonians revealed by this analysis allows one to draw a quantitative parallel between N rF

and the branch distinguishability measure for |Ψ〉 in `2(C)⊗N . Recall that for spin systems,
Theorem 3 gives instructions on how N rF ∈ O(N) can be achieved if Cδ ∈ O(N) for |Ψ〉. In
the case of photonic systems, one can consider the values of N rF obtained for, e.g., the super-
position of multimode Fock states (1/

√
2)(|0〉⊗N + |n〉⊗N) and the entangled coherent state

|ECSN(α)〉, by maximization over their respective metrological macroscopicity algebras. The
former state has orthogonal branches, so it is straightforward to apply the generalized branch
distinguishability measure, Eq. (5.18), which yields Cδ equal to the expected total number
of particles in the state, in agreement with the results of N rF . For |ECSN(α)〉, the fact that
log |z| scales linearly with |α|2 produces Cδ ∈ O(N |α|2); our result for N rF above was seen to
produce the same scaling. Hence, the results of this Section show that N rF for these states
scales in the same way as Cδ. In general, we conjecture that if log |z| scales linearly with a
given physical quantity g encoded in |Ψ〉, a corresponding metrological macroscopicity alge-
bra can be utilized in the definition of N rF to achieve scaling of N rF that is N times that
physical quantity, i.e., Ng. We note that interaction induced reduction of the Heisenberg
limit (for entangled states) and the standard quantum limit (for product states) [125, 179] is
one specific example of the way in which using an extended algebra of observables (e.g., by
taking tensor products of k copies of the algebra) can allow for greater precision in metrology
protocols.

We further note that removal of the boundedness restriction in the definition of N rF is
not the only method to arrive at a superposition size value that is extensive in the excitation
number. In Ref.[123], a state of a single-mode radiation cavity (with Hilbert space `2(C)) is
“imprinted” on a spin system state (in the Hilbert space (C2)⊗M for M much greater than
the number of photons in the cavity) by coupling the cavity and spin system with a Jaynes-
Cummings interaction. This attachment of a spin vacuum to the cavity state followed by
rotation preserves the size of a photonic superposition state, given that the unitary mixing
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of a photonic state with a product state of photonic or spin vacuum cannot change the
superposition size [2]. This procedure therefore provides a means of measuring the photon
number in an arbitrary photonic state.

7.2.5 General construction of |Ψ〉 with N rF (|Ψ〉) > N

The examples of this Section, give a clue as to how a superposition of the form |Ψ〉 with
N rF (|Ψ〉) greater than N , may be generated for any Hamiltonian lying in a Lie algebra g.
First choose a pair of self-adjoint units (i.e., canonically conjugate observables), say H1,
H2 in g and construct the single-mode intelligent states (e.g., |λ〉, |β〉) for these units for
which the variance of H1 and of H2 takes equal values. A superposition of a product of the
intelligent states ∝ |λ〉⊗N + |β〉⊗N will have a value of N rF greater than or equal to N if
three criteria are fulfilled:

1) the maximization is carried out over the union of 1-local spin observables on span{|λ〉, |β〉}
and the subalgebra of g spanned by H1, H2 and the unit element I,

2) either of cH1 or cH2 is weakly equivalent to the operator P+−P− with proportionality
constant c < 1,

3) the overlap 〈λ|β〉 � 1 (to obtain the O(N2) maximal scaling of the variance in
Theorem 3).

These criteria are very restrictive– it would be useful to develop a general construction of
the largest N -mode superposition states, given a semisimple Lie algebra and its representa-
tion on a Hilbert space. Conversely, a general method for finding the minimal macroscopicity
algebra for a given two branch superposition in `2(C)⊗N would be beneficial for maximally
exploiting the given superposition for metrology.
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Part V

Functional integrals for QD-SNS-QD
system
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Chapter 8

The QD-SNS-QD system

8.1 Motivation

In this Chapter, the real-time nonequilibrium (Keldysh) action and also the equilibrium
action of a superconductor containing a Josephson junction coupled to two quantum dots
(i.e., d-level quantum spins), one on each side of the normal metal, is derived. We call this
system the QD-SNS-QD (quantum dot - superconductor - normal metal - superconductor -
quantum dot), Fig.(8.1). The motivation for studying this system comes from the fact that
the branch distinguishability measure of superposition size has been calculated microscopi-
cally for supercurrent superpositions in superconducting flux qubits (rf SQUID devices) [74]
and also in spin systems; hence, one is naturally led to consider the prospect of transferring
superposition size between such systems. For instance, one may wonder the extent to which
superpositions in a flux qubit can be used for high-precision parameter estimation. To actu-
ally compute the maximal quantum Fisher information for such a state by optimizing over
an appropriate operator algebra is a daunting task. However, if the superposition can be
“distilled” to the spin system, the task becomes routine. A mapping of superposition states
of an oscillator to superposition states of a finite (but potentially quite large) dimension spin
system has been discussed in [123].

The traditional arena for metrology in mesoscopic systems is parameter estimation for
beam splitters in quantum optics. The QD-SNS-QD system can be considered as a beam
splitter in two ways: 1) electrons from the QD⊗QD system (e.g., one from each arm) tunnel
into the superconductor (which has different macroscopic phases across the junction) and
produce interference upon readout (similar to Ref.[180]), and 2) Cooper pairs split into
spatially separated quantum dots [181]. One could use this arrangement for estimation of
the parameters of the superconductor, e.g., the pairing field amplitude or phase. Given
the ability to generate entangled states of systems equivalent to quantum dots and also
superpositions of supercurrent states [182], one may wonder if sub-Heisenberg limit metrology
is possible in these systems. The usefulness of such quantum superpositions for metrology
can be calculcated using the measures introduced in Chapter 5.
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The theory of tunnel coupling of normal electronic systems, e.g., normal metals, quantum
dots, to superconductors is well-developed [113]. In particular, coupling parameter regimes
have been considered in which such phenomena as Coulomb blockade or Kondo effect are
predicted [183]. In general, mesoscopic electronic systems consisting of spin systems coupled
to condensed electronic quantum matter are the analog in quantum electronics of CQED in
quantum optics. However, certain phenomena occurring exclusively in strongly correlated
electron systems, which cannot be probed in CQED (or would require a clever encoding
to do so), can be probed using mesoscopic electronic devices . For instance, proximity to
superconductors is predicted to allow for control of Majorana fermions in 1-D quantum wires
and topological insulator edges [184].

The principal transport mechanism allowing for exchange of information (at energies
below the superconducting gap) between the quantum dots and the superconductor and
across the SNS junction is Andreev reflection [185]. While there are many variants, the
generic process can be described as Cooper pair creation in an s-wave superconductor via
the following mechanism: an electron, with spin up (down), originating in a normal metal and
having energy lower than the superconducting gap forms a Cooper pair in the superconductor
when it is incident on a normal-superconductor interface. For the process to conserve charge,
momentum, and angular momentum, a hole is reflected into the normal metal with opposite
momentum to the electron and down (up) spin. The hole and the Cooper pair are entangled,
at least for some length of time.

Recall that the transport of charge via Andreev reflection is the principal carrier of the
Josephson current in the SNS junction [186], while crossed Andreev reflection (CAR) [187],
which is expected to occur in the QD-SNS-QD system if the spacing between the dots is less
than the coherence length, allows for the production of nonlocal entanglement between two
normal metal leads separated by a distance smaller than the healing length, due to fact that
formation of a Cooper pair in the superconductor from normal current can coincide with the
production of a retroreflected hole appears at the opposite lead from which the tunneling
electron is introduced into the superconductor.

Some questions regarding the QD-SNS-QD system are:

• How does entanglement between the quantum dots affect the transport across the
Josephson junction? If a voltage difference is applied to the quantum dots, how does it
affect the voltage difference across the junction (this would affect a.c. Josephson flow
in the SNS junction)?

• What is the difference (e.g., to the answers to the questions above) between the dots
being within a coherence length (ξ(T ) = ~vF

π∆(T )
for s-wave superconductor, where vF is

the Fermi velocity and ∆(T ) is the temperature-dependent gap) of the junction and
being outside a coherence length from the junction? Can crossed Andreev reflection
[187] occur between the dots separated by a distance � ξ(T ) if special dynamics are
imposed on the superconductor?
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• How does the voltage across the quantum dots affect Andreev reflection amplitudes
(especially multiple Andreev reflection and crossed Andreev reflection) in a given cir-
culation state |�〉?

• Which two-mode equilibrium quantum states can be set up in the QD ⊗ QD system
by coherent transport in the SNS junction?

• What is the ratio of amplitude for coherent Cooper pair splitting (via crossed Andreev
reflection) to amplitude of localized Andreev reflection at each QD?

To answer these questions, one needs to construct and then manipulate the Hamiltonian
for the system. In this Chapter, we derive a perturbation expansion of the microscopic action
of the QD-SNS-QD system so that various one-loop processes are visible. This provides the
answer to the question, “What are the first-order quantum effects in the system?” The results
of this Chapter are preliminary and should be considered as an effort toward a microscopic
description of the system from which one can proceed to characterize all physical properties.
Again, natural units are used throughout: ~ = c = kB = 1.

8.2 Coherent state path integrals for QD-SNS-QD

8.2.1 Keldysh action for QD-SNS-SD system

Recall that the role of the real time action in the coherent state path integral formalism of
quantum field theory is to provide an explicit expression for the transition amplitude from
a product state of, say, m particles at t = −∞ to a product state of, say, ` particles at
t = +∞, i.e., to express the S-matrix. Instead of having a direct physical interpretation, the
Keldysh action plays a mathematical role as the exponent of a generating function which
is used to produce (from an initial thermal state ρ = exp(−βH)

Z
) the expectation values of

physical observables in a time-evolved state. The mathematical setup of a calculation in
the Keldysh formalism consists of constructing a contour θ : [0, 2T ] → [0, T ] by θ(t) = t
for 0 ≤ t ≤ T and θ(t) = 2T − t for T < t ≤ 2T and calculating the path ordered1 time
evolution operator

U(2T, 0) = Tθ(t)e−i
∫ 2T
0 dt F (θ(t)) (8.1)

where F = F † is a time-dependent Hamiltonian which is defined by a Hamiltonian H which
gets continuously reflected, i.e., H(t) is adiabatically increased from zero, subsequently re-
duced to zero at t = T , and then retraces in reverse its form except with spectrum reflected.

1By “path ordering” along θ(t) is meant that for any two operators A(θ(t)), B(θ(t)) defined on the range
of θ,

Tθ(t)(A(θ(t))B(θ(t′)) =

{
A(θ(t))B(θ(t′) , t′ < t
B(θ(t′)A(θ(t)) , t′ > t
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F (θ(t)) =


H(t) , t ∈ [0, T )

0 , t = T
−H(2T − t) , t ∈ (T, 2T ]

. (8.2)

The result of this is that the function Z = tr(U(2T, 0)ρ is merely an expression of the
identity operator. The main idea is then that by inserting operators into F with support
on the closed contour θ, Z becomes a generating function for expectation values of these
operators and their products. Usually, the Keldysh action does not itself contain the time
integral on [0, 2T ], but rather contains + and − versions of matter and gauge fields in the
action depending on whether they are defined on the forward or backward part of θ. The sign
of the Hamiltonian H is reversed for the − fields. This continuum formulation is actually
misleading because it neglects the information contained in the initial state ρ. However, we
refer to Refs.[188, 11] for technical discussions of this approach.

The action of the system can be written S = SSC+
∑

i=1,2 S
(i)
QD+

∑
i=1,2 S

(i)
SC−QD+SSC−SC ,

the sum of the bulk superconductor action, the electronic quantum dot action, and the

coupling actions respectively. We use the Nambu spinors ψ(r) =
( ψ↑(r)
ψ↓(r)

)
, ψ(r) =

( ψ↑(r)
ψ↓(r)

)T

and the n-level quantum dot spinors ξ(i) =



ξ
(i)
1,↑
...

ξ
(i)
n,↑

ξ
(i)
1,↓
...

ξ
(i)
n,↓

, ξ
(i)

=



ξ
(i)
1,↑
...

ξ
(i)
n,↑

ξ
(i)
1,↓
...

ξ
(i)
n,↓



T

. We include a spin-

1/2 degree of freedom in the quantum dots. It should be noted that in both the real time
Keldysh functional integral and in the equilibrium function integral that we discuss below,
the electron fields ψσ(r), ψσ(r), {ξ`,σ}, {ξ`,σ} take values in a Grassmann algebra [189], as
expected from a theory consisting solely of elementary fermions. The detailed properties of
Grassmann algebras will not be discussed here; the only property which will be of use is that
if x, y are nonequal elements of a Grassmann algebra, then [x, y]+ = 0, i.e., the anticommute.

Decoupling the attractive quartic interaction appearing in the action of an s-wave super-
conductor (due to the electron-phonon coupling) [15] by a Hubbard-Stratonovich transforma-
tion gives the real-time, local U(1) gauge-invariant BCS action for the s-wave superconductor:

SSC =

∫ T

0

dt

∫
d3r ψ

(
i∂t + 1

2m
D2 − eφ+ µ g∆

g∆ i∂t − 1
2m
D

2
+ eφ− µ

)
ψ

− g|∆(r, t)|2. (8.3)

The matrix Green’s function associated to this action is called the Gor’kov Green’s function
[11].

The action describing the coupling between the superconductors through the normal
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Figure 8.1: Schematic of the QD-SNS-QD system. The coupling constants are labeled and
spatial coordinate systems are given. The superconductor geometry is toroidal, while we
do not specify the specific nature of the quantum dots. A voltage is applied between the
quantum dots.

junction is:

SSC−SC =

∫ T

0

dt

∫
d3rd3r′ ψ(r, t)

(
Tr,r′e

ie
∫ r
r′ dr·A(r,t) 0

0 −T r,r′e−ie
∫ r
r′ dr·A(r,t)

)
ψ(r′, t)

+ ψ(r′, t)

(
Tr′,re

ie
∫ r′
r dr·A(r,t) 0

0 −T r′,re−ie
∫ r′
r dr·A(r,t)

)
ψ(r, t) (8.4)

whereD = ∇−ieA, D = ∇+ieA are U(1) covariant derivatives, Ai(r, t) is the i-th component
of the U(1) gauge field, A0(r, t) = φ(r, t) is the local voltage and the zero-component of the
U(1) gauge field, µ is the chemical potential of the superconductor, g is the coupling constant
of the attractive Bardeen, Cooper, Schrieffer (BCS) interaction. All details of the junction are

incorporated into the tunneling coupling constants. Note that
∫
ψσD

2ψσ = −
∫
ψσD

2
ψσ.

In order to observe crossed Andreev reflection (CAR) within this assumption, the QDs
must have opposite spin polarization. The tunnelling amplitudes we will consider are the
gauge-invariant tunnelling amplitude between the superconductors, Tr,r′e

ie
∫ r
r′ dr·A(r,t) (where

Tr,r′ is nonzero only when r and r′ are on different sides of the junction; let’s say r′ is on the
right side and r is on the left side when the apparatus is viewed from above) and the quantum

dot channel amplitudes {T (1)
r,νσ, T

(2)
r′,νσ|ν = 1, 2, . . . , n ;σ =↑, ↓} which are the spin-dependent

hopping strengths between a quantum dot channel (labeled by νσ) and an electron at point
r. These amplitudes are assumed to be time-independent.

In SSC−SC , we define (T ∗)r,r′ := Tr′,r and the minus signs in certain terms of the (2,2)
entry of the Gor’kov inverse Green function in Eq.(8.3) and the minus sign in the (2,2) entry
of the tunneling matrix come from the anticommuting Grassmann numbers. We now absorb
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the phase information of the ∆(r, t) field into the action be performing the following gauge
transformation: ∆ → |∆|e−2iθ(r,t), ψσ → ψσe

−iθ(r,t), ψσ → ψσe
iθ(r,t) with the gauge field

changing appropriately. We can define the superfluid velocity by vs(r, t) ≡ 1
m

(eA+∇θ(r, t))
and the gauge invariant phase difference by ∆γ(t) = (θ(r, t)− θ(r′, t)) + e

∫ r
r′
dr ·A. The real

time action of the superconductor becomes:

SSC =

∫ T

0

dt

∫
d3rd3r′ ψ(r, t)G−1(r, r′)ψ(r′, t)− g|∆(r, t)|2 (8.5)

where

G−1(r, r′) = δ(r − r′)
(
i∂t − ∂tθ + 1

2m
D2
vs − eφ+ µ g|∆|

g|∆| i∂t + ∂tθ − 1
2m
Dvs

2
+ eφ− µ

)
(8.6)

and Dvs := ∇− imvs. The tunneling coupling across the normal junction is now given by:

SSC−SC =

∫ T

0

dt

∫
d3rd3r′ ψ(r, t)

(
Tr,r′e

i∆γ(t) 0
0 −T r,r′e−i∆γ(t)

)
ψ(r′, t)

+ ψ(r′, t)

(
Tr′,re

−i∆γ(t) 0
0 −T r′,rei∆γ(t).

)
ψ(r, t) (8.7)

If we require that H(i), the quantum dot Hamiltonians, are invariant under time-reversal
and time-independent, we can write a generic action functional for the quantum dot:

S
(i)
QD =

∫ T

0

dt

(
iξ

(i)
∂tξ

(i) −H(i)(ξ
(i)
, ξ(i))

)
(8.8)

It may be useful to incorporate into H(i) an energy for charging the quantum dot. We
can set

H(i)[ξ
(i)
, ξ(i)] =

∑
α,σ

ε(i)α ξ
(i)

α,σξ
(i)
α,σ + E

(i)
C

(∑
α,σ

ξ
(i)

α,σξ
(i)
α,σ −N (i)

)2

= ξ
(i)
E(i)ξ(i) + E

(i)
C

(
ξ

(i)
diag(1, . . . , 1,−1, . . . ,−1)ξ(i) −N (i)

)2

(8.9)

where E
(i)
C is the charging energy of QD i, N (i) is the energetically preferred number of

electrons on QD(i), and E(i) is an 2n × 2n matrix of spin-independent single-particle ener-

gies E(i) = diag(ε
(i)
1 , . . . , ε

(i)
n ,−ε(i)n , . . . ,−ε(i)n ). diag(1, . . . , 1,−1, . . . ,−1) is a 2n× 2n matrix

required to compensate for the anticommutation of the Grassmann numbers. In this Hamil-
tonian, if the electron number on QD(i) is different from N (i) by m electrons, an energy cost
ECm

2 is incurred. The coupling between the SC and QD(i) is given by the following action

(the spatial integration can be restricted to the left side of the SNS junction for S
(i)
QD−SC and

the right side for S
(2)
QD−SC):
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S
(i)
QD−SC =

∫ T

0

dt

∫
d3rψ(r, t)

(
T

(i)
r↑ e

iθ(r,t) 0

0 (−1)nT
(i)
r↓ e

−iθ(r,t)

)
ξ(i)

+ ξ
(i)

(
(T

(i)
r↑ )T e−iθ(r,t) 0

0 (−1)n(T
(i)
r↓ )T eiθ(r,t)

)
ψ(r, t) (8.10)

where T
(i)
rσ is a 1×n vector (with the amplitudes T

(i)
rσ,α). Eq.(8.5)-Eq.(8.10) define the Nambu

action of the system. We are principally concerned with the quantum effects associated with
vs and ∆γ, e.g., a quantum superposition of supercurrents with each branch characterized
by distinct superfluid velocity vs and phase difference ∆γ across the SNS junction, affecting
the the transport of electrons between the quantum dots. If we integrate over the Nambu
spinors of the superconductor, we generate a quadratic action for the quantum dots, part
of which affects the quantum dots individually and part of which couples the quantum dots
through the superconductor.

As mentioned above, in the Keldysh prescription, the time integral is taken on an oriented
path of length 2T where the Lagrangian is time-reversed (t→ −t) on the backward contour
of the path. At T = 0, we take the initial state ρ to consist of decoupled flux qubit and
quantum dots. The tunnelling matrices are turned on adiabatically on the Keldysh contour.
We do not include the electromagnetic field action here nor a one-body disorder potential,
due, e.g., to local impurities, but such terms can be easily included. The Pauli matrices in
Keldysh space will be denoted τµ while the Pauli matrices in the original Nambu (spin) space
will be denoted σµ. Mathematically, we incorporate Keldysh’s prescription by doubling the

cardinality of the set of generators {ψσ(r), ψσ(r)}σ=±1/2∪{ξ(i)
νσ , ξ

(i)
νσ}i=1,2,σ=±1/2,ν=1,2,...,n of our

Grassmann algebra by adding ± indices to each generator. The fields in Nambu ⊗ Keldysh

space are defined by Ψ(r, t) =

(
ψ+

ψ−

)
=


ψ↑,+
ψ↓,+
ψ↑,−
ψ↓,−

 and

Ξ(i)(t) =

(
ξ
(i)
+

ξ
(i)
−

)
=



ξ
(i)
1↑,+
...

ξ
(i)
n↑,+

ξ
(i)
1↓,+
...

ξ
(i)
n↓,+

ξ
(i)
1↑,−
...

ξ
(i)
n↑,−

ξ
(i)
1↓,−
...

ξ
(i)
n↓,−



. (8.11)
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Ξ(i)(t) is in Quantum Dot ⊗ Keldysh space, with the Keldysh space decomposed into +
and − subspaces containing fields on the first half and second half of the Keldysh contour,
respectively. We must allow for the gauge field and the order parameter to take different
values on the forward and backward contour. Aˇ(“check”) on a quantity signifies that we have

split the quantity into ± Keldysh part and put it in a 2 × 2 matrix: (e.g. v̌s =

(
vs+ 0
0 vs−

)
,

θ̌ =

(
θ+ 0
0 θ−

)
, ∆̌ =

(
|∆|+ 0

0 |∆|−

)
). We now write the action of the superconductor in

Keldysh ⊗ Nambu space:

SSC =

∫ T

0

dt

∫
d3rΨ

(
i∂t(τ

3 ⊗ σ0)− ∂t(τ 3θ̌ ⊗ σ3)

+
1

2m
(τ 3 ⊗ σ3)(τ 0 ⊗ σ0∇− iτ 0v̌s ⊗ σ3)2

+ µ(τ 0 ⊗ σ3)− τ 3φ̌⊗ σ3 + gτ 3∆̌⊗ σ1

)
Ψ− g

2
tr

(
∆̌τ 3∆̌⊗ σ0

)
(8.12)

Using W := diag(1, . . . , 1,−1, . . . ,−1) to be the 2n× 2n matrix in quantum dot Nambu
space accounting for the Grassmann number anticommutation, we write the Keldysh action
for the quantum dot and the tunneling actions:

S
(i)
QD =

∫ T

0

dtΞ
(i)

(t)
[
τ 3 ⊗ i∂tIQD

]
Ξ(i)(t)− Ξ

(i)
(t)
(
τ 3 ⊗ E(i)

)
Ξ(i)(t)

− E(i)
C

(
Ξ

(i)
(t)(τ 0 ⊗W )Ξ(i)(t)− 2N (i)

)
·
(

Ξ
(i)

(t)(τ 3 ⊗W )Ξ(i)(t)
)

(8.13)

In Eq.(8.13), we have used that

(ξ
(i)

+ Wξ
(i)
+ −N (i))2 − (ξ

(i)

− Wξ
(i)
− −N (i))2

=
(

Ξ
(i)

(t)(τ 0 ⊗W )Ξ(i)(t)− 2N (i)
)(

Ξ
(i)

(t)(τ 3 ⊗W )Ξ(i)(t)
)
. (8.14)

The superconductor-quantum dot actions take the following form; matrix dimensions
have been concluded for simplicity:

S
(i)
SC−QD =

∫ T

0

dt

∫
d3rΨ(r, t)

[
τ 3 ⊗

(
T

(i)
r↑ 0

0 (−1)nT
(i)
r↓

)
· eiθ̌⊗W

]
︸ ︷︷ ︸

(4×4n)·(4n×4n)

Ξ(i)(t)

+ Ξ
(i)

(t)

[
τ 3 ⊗

(
(T

(i)
r↑ )T 0

0 (−1)n(T
(i)
r↓ )T

)
· e−iθ̌⊗σ3

]
︸ ︷︷ ︸

(4n×4)·(4×4)

Ψ(r, t) (8.15)
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while the action governing the SNS junction is:

SSC−SC =

∫ T

0

dt

∫
d3rd3r′Ψ(r, t)

[
τ 3 ⊗

(
Tr,r′ 0

0 −(T ∗)r,r′

)
· ei( ˇ∆γ(t)⊗σ3)

]
Ψ(r′, t)

+ Ψ(r′, t)

[
τ 3 ⊗

(
Tr′,r 0

0 −(T ∗)r′,r

)
· e−i( ˇ∆γ(t)⊗σ3)

]
Ψ(r, t). (8.16)

We assume that all tunneling amplitudes are time-reversal invariant. It is also useful to
consider the possibility of voltage biasing of the quantum dot ”leads” by potentials V (i), i =
1, 2 on the quantum dots. The resulting one-body electronic term can be removed from the
quantum dot Hamiltonians by associating with each quantum dot a phase variable (bosonic)
χ(i) satisfying the Josephson-Anderson relation dtχ

(i) = eV (i) as a hard constraint and by

carrying out the Grassmann change of basis ξ
(i)
n,± 7→ ξ

(i)
n,±e

iχ
(i)
± . Here, as elsewhere, the + (−)

component of the phase field is the forward contour (backward contour) copy of the field.

With this additional feature, the only changes to the action above occur in SiQD and S
(i)
SC−QD:

S
(i)
QD =

∫ T

0

dtΞ
(i)

(t)
[
τ 3 ⊗ i∂tIQD − τ 3dtχ̌

(i) ⊗W
]

Ξ(i)(t)

− Ξ
(i)

(t)
(
τ 3 ⊗ E(i)

)
Ξ(i)(t)

− E(i)
C

(
Ξ

(i)
(t)(τ 0 ⊗W )Ξ(i)(t)− 2N (i)

)
·
(

Ξ
(i)

(t)(τ 3 ⊗W )Ξ(i)(t)
)

(8.17)

S
(i)
SC−QD =

∫ T

0

dt

∫
d3rΨ(r, t)

[
τ 3 ⊗

(
T

(i)
r↑ 0

0 (−1)nT
(i)
r↓

)
· ei(θ̌+χ̌(i))⊗W

]
︸ ︷︷ ︸

(4×4n)·(4n×4n)

Ξ(i)(t)

+ Ξ
(i)

(t)

[
τ 3 ⊗

(
(T

(i)
r↑ )T 0

0 (−1)n(T
(i)
r↓ )T

)
· e−i(θ̌+χ̌(i))⊗σ3

]
︸ ︷︷ ︸

(4n×4)·(4×4)

Ψ(r, t) (8.18)

It is crucial to remember that this Keldysh-Nambu continuum action is simply a short-
hand for the discretized spacetime expression for the path-integral on the Keldysh contour.
In particular, it neglects the off-diagonal element (coupling, respectively, the + and - com-
ponents of the superconductor and the quantum dots) which specifies the non-interacting
state of the system at t = 0, e.g. through the temperature. Because carrying out a pertur-
bative calculation in real time with so many fields is complicated venture, we pursue a more
pragmatic route to analyze the QD-SNS-QD system. Namely, this alternative route involves
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calculating the equilibrium action defined by temperature and chemical potentials, identi-
fying the quantum processes of interest at a certain order in perturbation theory, deriving
the effective action taking these processes into account, and finally returning to the Keldysh
formalism to calculate nonequilibrium properties.

8.2.2 Equilibrium action for QD-SNS-QD system

We begin by finding an equilibrium theory (with a given β and µ) for the QD-SNS-QD
system containing the appropriate physics (e.g., phase coherent electron transport processes
between the quantum dots and the superconductor) for the questions posed in Section 8.1.
The resulting theory can potentially be used as the t = 0 state of the system in a subsequent
calculation of nonequilibrium properties of the system using the Keldysh formalism. A sim-
pler alternative (which is pursued in this Subsection) is to integrate over the superconductor
fields and produce the first terms in a one loop perturbative expansion [189] for the resulting
action for the two quantum dots. This action will depend on the superfluid velocity of the
superconductor and also the tunneling matrix elements. This action is more manageable in
a calculation of nonequilibrium properties.

The Euclidean action of the QD-SNS-QD system is:

S =

∫ β

0

dτ

∫
d3r ψG−1ψ

+
1

g
|∆(r, t)|2

+

∫ β

0

dτ

∫
d3rd3r′ ψ(r, t)

(
Tr,r′e

i∆γ(τ) 0
0 −(T ∗)r,r′e

−i∆γ(τ)

)
ψ(r′, t)

+
2∑
i=1

∫ β

0

dτ

∫
d3r ψ(r, τ)

(
T

(i)
r,↑e

iθ(r,τ) 0

0 (−1)nT
(i)
r,↓e

−iθ(r,τ)

)
ξ(i)(τ)

+ ξ
(i)

(τ)

(
(T

(i)
r,↑ )

T e−iθ(r,τ) 0

0 (−1)nT
(i)
r,↓

T
eiθ(r,τ)

)
ψ(r, τ)

+
2∑
i=1

S
(i)
QD (8.19)

(8.20)

where

G−1 =

(
∂τ − ieφ− i∂τθ − 1

2m
(∇− ivs)2 − µ |∆|

|∆| ∂τ + ieφ+ i∂τθ + 1
2m

(∇+ ivs)
2 + µ

)
.

(8.21)
This kernel should not cause confusion with the kernel in Eq.(8.5), as the latter is in real time.
The two kernels are related by a Wick rotation. The (1, 1) ((2, 2)) element in the integral
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kernel in Eq.(8.21) should be considered as governing the thermodynamics of free electrons
(holes) in an effective magnetic field, while the offdiagonal elements, i.e., the superconducting
gaps which reflect the expectation value of the Cooper pair field 〈ψ↑ψ↓〉 are a result of the
BCS interaction, which in turn is a result of the electron-phonon interaction in the metal.

We use 1
g

to multiply the Hubbard-Stratonovich term |∆|2 in the first line so that the

partition function Z =
∫
e−S converges in the noninteracting limit. The superconductor part

of this action (including all except the last term of Eq.(8.20)) has the form
∫
ψG−1ψ+jψ+jψ,

where, in momentum space:

j = ξ
(1)

(τ)

(
T̃

(1)
−k,↑e

−iθL(τ) 0

0 (−1)n(T̃ )
(1)
−k,↓e

iθL(τ)

)
+

[
(1, L)→ (2, R)

]

j =

(
T̃

(1)
k,↑ e

iθL(τ) 0

0 (−1)n(T̃ )
(1)
k,↓e

−iθL(τ)

)
ξ(1)(τ) +

[
(1, L)→ (2, R)

]
. (8.22)

Here the SC phase has been taken to be spatially constant on each side of the SNS
junction. The full inverse Green’s function isG−1 = G−1

0 +G−1
vs +G−1

θ̇
+G−1

T so that integrating
over the superconductor results in the self-energy for the effective QD-QD system:

SQD−QD =
2∑
i=1

S
(i)
QD +

∫ β

0

dτ j
(
G−1

0 +G−1
vs +G−1

θ̇
+G−1

T

)−1

j

=
2∑
i=1

S
(i)
QD +

∫ β

0

dτ j
(

1 +G0

(
G−1
vs +G−1

θ̇
+G−1

T

))−1

G0j

=
2∑
i=1

S
(i)
QD +

∫ β

0

dτ j
[ ∞∑
i=1

(−1)i
(
G0

(
G−1
vs +G−1

θ̇
+G−1

T

))i
G0

]
j (8.23)

There is actually a determinant multiplying the left side of this expression, but it can-
cels when calculating the free energy from a properly normalized partition function. The
components of the Green’s function kernel in Eq.(8.21) are local in space and imaginary
time:

G−1
0 =

(
∂τ − 1

2m
∇2 − µ −|∆|

−|∆| ∂τ + 1
2m
∇2 + µ

)
(8.24)

G−1
vs =

(
ivs · ∇+ mv2

s

2
0

0 ivs · ∇ − mv2
s

2

)
(8.25)

G−1

θ̇
=

(
−i(∂τθ + eφ) 0

0 ∂τθ + eφ

)
(8.26)

G−1
T =

(
Tr,r′e

i∆γ(τ) 0
0 −Tr,r′e−i∆γ(τ)

)
(8.27)

where we have used the ∇ · vs = 0.
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The free Green’s function is nonlocal in imaginary time and is of the familiar Gor’kov
form [11, 190], but due to its importance we reproduce its derivation here. Requiring that
the matrix product (sum over matrix indices and internal momenta and imaginary time) of
G̃−1

0 and G̃0 is equal to (2π)6δ(k′ − k)δ(τ ′ − τ), one can obtain an ansatz:

G̃0(k′, τ ′; k′′, τ ′′) = (2π)3δ(k′ − k′′)(C+θ(τ
′ − τ ′′) + C−θ(τ

′′ − τ ′))e−E(τ ′−τ ′′). (8.28)

In this equation, the exponential is given by

E = (
k2

2m
− µ)σ3 + |∆|σ1. (8.29)

The step functions give the free Green’s function a discontinuity at equal times. The bound-
ary conditions on Eq.(8.28) follow from the canonical anticommutation relations for fermion
fields:

G̃0(k′, τ ′ + β; k′′, τ ′′) = G̃0(k′, τ ′; k′′, τ ′′ + β)

= −G̃0(k′, τ ′; k′′, τ ′′). (8.30)

Substituting the ansatz into Eq.(8.28) produces the matrix condition

C+ + C− = I. (8.31)

To obtain a second condition, we use the boundary condition in the form

lim
τ ′−τ ′′→0−

G̃0(k′, τ ′; k′′, τ ′′) = − lim
τ ′−τ ′′→β±

G̃0(k′, τ ′; k′′, τ ′′) (8.32)

which implies that
C− + C+e−βE = 0. (8.33)

Combining Eq.(8.31) and Eq.(8.33) produces the sought after coefficients:

C+ =
1

2
I +

tanh
(
βΩk′

2

)
2Ωk′

E

C− = −1

2
I +

tanh
(
βΩk′

2

)
2Ωk′

E (8.34)

where

Ωk′ =

√(
k′2

2m
− µ

)
+ |∆|2. (8.35)
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Importantly, we consider the limit β � Ωk :=
√

( k
2

2m
)2 + |∆|2 (in particular, T � |∆|)

so that the free Green’s function in momentum space is simply [190]:

G̃0(k, τ ; k′, τ ′) =
(2π)3

2
δ(k − k′)e−Ωk|τ−τ ′|



(
G+(k) F(k)

F(k) −G−(k)

)
if 0 < τ − τ ′ < β

2(
G−(k) F(k)

F(k) −G+(k)

)
if −β

2
< τ − τ ′ < 0

.

(8.36)

with G±(k) =
k2

2m
−µ

Ωk
± 1 and F(k) = |∆|

Ωk
. We will frequently consider the case τ − τ ′ → 0−

in order to obtain a time local QD-QD action; in this case we use the bottom entry of G̃0.
For the i = 1 contribution to the series in Eq.(8.23), it is useful to note the following result
for τ = τ ′ for ease in carrying out internal momentum summations:∫

d3k′ G̃0(k; k′)G̃0(k′, k′′) =
(2π)6

4
δ(k−k′′)

(
G−(k)2 + F(k)2 −2F(k)
−2F(k) −G+(k) + F(k)2

)
. (8.37)

We now proceed to calculate the i = 1 contribution to the effective action from Eq.(8.23).
The G−1

θ̇
will not contribute because we use the Josephson-Anderson equation as a hard

constraint on the superconductor. So, a first term to calculate is −
∫ β

0
dτ jG0G

−1
vs G0j. The

result is cumbersome to write in full, so we will write here only the factors of the matrix
product in momentum space and discuss the terms which result:

G̃−1
vs (q, τ ; k, τ)1,1 = −k · ṽs(q − k) +

m

2

∫
d3p

(2π)3
ṽs(p)ṽs(q − p− k) (8.38)

G̃−1
vs (q, τ ; k, τ)2,2 = k · ṽs(q − k)− m

2

∫
d3p

(2π)3
ṽs(p)ṽs(q − p− k) (8.39)

G̃−1
vs (q, τ ; k, τ)2,1 = G̃−1

vs (q, τ ; k, τ)1,2 = 0. (8.40)

G̃0(k, τ ; k, τ)j(τ) =
(2π)3

2

(
G−(k)T̃

(1)
k,↑ e

iθL(τ) (−1)nF(k)T̃
(1)
−k,↓e

−iθL(τ)

F(k)T̃
(1)
k,↑ e

iθL(τ) (−1)n+1G+(k)T̃
(1)
−k,↓e

−iθL(τ)

)
ξ(1)(τ)

+ (L→ R, (1)→ (2)) (8.41)

j(τ)G̃0(q, τ ; q, τ) =
(2π)3

2
ξ(1)(τ)

(
G−(q)T̃

(1)
−q,↑e

−iθL(τ) F(q)T̃
(1)
−q,↑e

−iθL(τ)

(−1)nF(q)T̃
(1)
q,↓ e

iθL(τ) (−1)n+1G+(q)T̃
(1)
−q,↓e

iθL(τ)

)
+ (L→ R, (1)→ (2)) (8.42)
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Upon multiplying the expressions above and integrating over internal momenta, one is led
to simple interpretations of each matrix element. The diagonal elements are contributions
to the effective action from direct tunneling of electron-like and hole-like quasiparticles from
the superconductor into the quantum dot and electron-to-quasiparticle tunneling from the
quantum dot into the superconductor. Unlike the case of a superconductor with no current,
however, the present case allows momentum to be imparted to and derived from the super-
current during the tunneling process. The off-diagonal terms correspond to local Andreev
reflection, in which the momentum transferred depends on the supercurrent momentum.

Crossed Andreev reflection between QD(1) and QD(2) appears at first order in G−1
T in the

expansion Eq.(8.23). In order for crossed Andreev reflection to occur, we simply need a term
in the perturbation series to consist of a product of electron tunneling from QD(2) to, e.g.,
the right superconductor, electron tunneling across the SNS junction, and hole tunneling
from the left superconductor into QD(1). Clearly, a term jG0G

−1
T j suffices for this. The

part of the full Green’s function kernel describing the SNS junction is:

G−1
T (k, τ ; k′, τ) =

(
T̃k,k′e

i∆γ(τ) 0

0 −T̃k,k′e−i∆γ(τ)

)
(8.43)

where k and k′ are on opposite sides of the junction. We calculate −
∫ β

0
dτ jG0G

−1
T G0j by

performing the appropriate matrix multiplication and internal momentum integration with
Eq.(8.41) and Eq.(8.42). For example, the (1, 2) entry of this contribution to the effective
QD(1)-QD(2) action is:

(2π)6(−1)n

4

∫
d3kLd

3kR

(
G−(kL)T̃kL,kRe

i∆γ(τ)F(kR)

+ F(kL)T̃kL,kRe
−i∆γ(τ)G+(kR)

)
T̃

(1)
−kL,↑ ⊗ T̃

(2)
−kR,↓e

−i(θL+θR) + ((1)→ (2), L→ R,∆γ → −∆γ).(8.44)

This contribution can be read from right to left by saying that a Cooper pair is annihilated
on the left side of the SNS junction, with creation of an electron in QD(1) and creation of
a hole in QD(2). The sum of the offdiangonal elements contains contributions from each of
the possible crossed Andreev reflections in the system. There are eight possible processes
corresponding to the following combinations: whether the Cooper pair is annihilated on L/R,
and the three momentum conserving processes that can occur:

• Electron created in QD(1), hole annihilated in QD(2)

• Electron created in QD(2), hole annihilated in QD(1)

• Electron created in QD(1), electron created in QD(2)

hence 23 processes.
To summarize, we have formulated both the real-time Keldysh action of the QD-SNS-

QD system and derived an equilibrium one-loop effective theory for quantum dots coupled
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through an SNS junction. These calculations set the stage for extracting such observables as
the quantum dot density of states and cross-correlation between the dots. It may be possible
to engineer entanglement between the quantum dots by preparing the supercondutor in a
superposition of current states.
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Chapter 9

Conclusion

9.1 Looking ahead

Classified by their scientific motivations, the subjects presented in this thesis roughly split
into two groups: Parts II, III, and V are directly motivated by experimental results or
hypothesized experimental results for weakly- and strongly-interacting Bose liquids and su-
perconductor devices, while Part IV is motivated by extending measures of superposition
size to two-branch superposition states of multimode photonic systems and relating these
measures for a certain large class of superpositions. As mentioned in the Preface, the inter-
face between highly degenerate phases of matter and superposition size is an active area of
research. Here, I will mention a few problems of special interest at this interface and, at the
same time, remind the reader of the central results of the dissertation.

Although the branch distinguishability measure of superposition size Cδ has been es-
timated for left/right electric current superpositions in low-energy rf -SQUID devices [74],
other measures of superposition size (e.g., N rF ) have not. Therefore, it is not known whether
Cδ and N rF give the same result for these paradigmatic macroscopic quantum superposi-
tions. Recall that for superpositions of the form |Ψ〉, these measures were shown to agree
both for quantum spin-1/2 chains and coupled quantum harmonic oscillators when the inner
product of the branches is small. Faced with the task of clarifying the connection between the
measures for electric current superposition states, one must determine their corresponding
metrological macroscopicity algebra. We expect that this algebra will contain observables
outside of the bounded, self-adjoint operators on the low energy two-dimensional subspace
commonly used to describe rf -SQUID devices; the reason for this is that, e.g., the total
current density operator, which exhibits a large difference in expectation value between the
branches, is not in this algebra.

The QD-SNS-QD device described in Part V has the potential to serve as a test system
for creating, reading out, and transferring large superpositions. A detailed knowledge of the
nonequilibrium dynamics of this system, e.g. via the Keldysh functional integral formalism,
would produce a microscopic picture of the dynamics of superposition size. Because of the
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relationship between large superposition size and metrological usefulness, one would expect
their dynamical behavior to be closely related. As a long term goal, the behavior of measures
of macroscopicity along dissipative evolutions of initial superposition states is of great interest
for understanding how to achieve known limits to noisy quantum metrology.

It should be noted that the internal Josephson effect between spin states of an atomic
BEC has been exploited in proposals for creating large quantum superpositions of cold atom
reservoirs [62]. Microscopic calculations leading to an effective theory for the phase differ-
ences between internal BECs are quite similar to those presented in Part II. In fact, when two
weakly-interacting Bose gas reservoirs are spatially coupled through a Josephson junction,
the macroscopic order parameter is well-approximated by a superposition of nonorthogonal
solutions to the time-dependent Gross-Pitaevskii equation which allows for an analysis of
interference fringe distribution, and density and phase fluctuations. A calculation of super-
position sizes of these states within a quantum field theoretical framework would be useful
for a microscopic understanding of the structure of macroscopic superpositions and the re-
lationship between superposition size and entanglement in quantum liquids.

Geometrical quantities1 such as fidelity across a phase transition [191]and quantum Fisher
information at critical points [192] are known to divulge information about critical behavior.
The fidelity appears in the general formula for Cδ for states |Ψ〉 as the single-mode overlap
z, hence, we conclude that the superposition size of two-branch superpositions where the
branches are, e.g., ground states of two different phases of the same Hamiltonian, should
reflect the critical dynamics of the phase transition separating the branches. The quantum
Fisher information appears in the generalization of the Mandelstam-Tamm orthogonalization
time to a “distinguishability time,” which allows for an analysis of N rF for superpositions
of the form ∝ |φ〉⊗N + ei

t
~A|φ〉⊗N , with A = A† a 1-local self adjoint operator A =

∑N
j=1 h

(i).
So in this instance, the size of such a superposition along a unitary time-evolution path at a
given point in a phase diagram depends on the dynamics governing the phase. We conclude
that superposition size can be a useful quantity for understanding quantum phases of matter.

Finally, measurements of liquid 4He current in a toroidal container containing nanoaper-
ture arrays in series with a generator of superfluid flow (a SHeQUID) can be used to estimate
the Sagnac shift due to the Earth’s rotation [193]. The quantum Cramér-Rao limit for the
estimation of this phase at various temperatures below the lambda transition temperature is
unknown. Because of the large number of atoms in the superfluid 4He gyrometer, even the
classical O( 1√

N
) bound is very small. Because of the lack of a microscopic theory for liquid

4He, physical properties of the superfluid are best calculated using numerical simulations.
For example, the path integral Monte Carlo numerical simulations presented in Part III re-
veal the local and global superfluid density (and hence, the distribution of the “quantum
mechanical part” of the liquid) in nanoscale reservoirs separated by aperture arrays of atomic
dimensions. Thus, the following question, concerning a geometrical property of the quantum
state of a liquid simultaneously exhibiting macroscopic quantum and classical behavior, is

1It should be obvious that all superposition size measures discussed in this dissertation, whether
measurement- or comparison-based, stem from some notion of distance or rate!
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natural: can a path integral Monte Carlo calculation reveal the ultimate limit to estimation
of the Sagnac phase shift in liquid 4He throughout the superfluid phase?
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Appendix A

Brief overview of the quantum Fisher
information

A.1 Quantum Fisher information

In this Appendix, I briefly review the geometric construction of the quantum Fisher infor-
mation (QFI) and its central importance in defining an ultimate physical limit to precision
parameter estimation. The QFI is a fundamental quantity in quantum mechanics and it
arises in a variety of contexts, e.g., quantum state distinguishability and metrology. We first
focus on the latter approach, since, in this context, the maximal QFI quantifies the physical
resource provided by large quantum superpositions.

The source of the motivation of introducing the QFI comes from the classical theory
of parameter estimation, specifically, the classical Cramér-Rao inequality which provides
a lower bound for the mean squared variance of an estimator of a single parameter of a
probability distribution in terms of the classical Fisher information [165]:

Var(T (x1, . . . , xn) ≥ 1

nF (θ)
(A.1)

with {x1, . . . , xn} independent random variables, independently distributed according to the
probability distribution pθ(x) and the classical Fisher information is given by

F (θ) :=

∫
dx pθ(x) (∂θ log pθ(x))2 = Eθ[(∂θ log pθ(x))2]. (A.2)

The classical Cramér-Rao theorem can be easily extended to many-parameter estimation. If
T is an unbiased maximum likelihood estimator (i.e., T maximizes

∑n
i=1 log pθ(xi) and 〈T 〉θ =

θ) and {x1, . . . , xn} independent, identically distributed, then as n → ∞, T saturates the
Cramér-Rao bound. This is the most important theorem for classical parameter estimation.
Interestingly, one can write for the asymptotic variance of a maximum likelihood estimator:

1

nF (θ0)
=

1

[Eθ(∂2
θ`n(θ)]|θ=θ0

for large n (A.3)
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where θ0 is the true value of the parameter and `n(θ) =
∑n

i=1 log pθ(xi) is the log likelihood
(the log likelihood is a sum of score functions, each having variance equal to the classical
Fisher information). This relationship connects the classical Fisher information to the cur-
vature of the log likelihood and provides an intimation of the importance of classical Fisher
information as a geometric quantity. For example, given a statistical manifold {pξ(x)|ξ ∈ Ξ}
with Ξ an open subset of RM may be equipped with a Riemannian structure given by

gij(pξ) := Eξ[∂ξi log pξ(x)∂ξj log pξ(x)] (A.4)

at each point pξ, with i, j ∈ {1, . . . ,M}. This metric tensor has classical Fisher informa-
tions Eq.(A.2) on the diagonal and score covariances on the offdiagonal [194]. The Fisher
information is also useful from the perspective of quantum state distinguishability, but in a
sense different from the trace norm. The applicability of the latter to quantum state distin-
guishability is a noncommutative analog of distinguishing classes probability distributions
via the Kolmogorov (`1) distance. In contrast, one can also distinguish discrete probabil-
ity distributions by considering one of them as observed frequencies in an experiment and
considering whether one can tell these frequencies from the other probability distribution.
Mathematically, this procedure leads to a line element on a Riemannian manifold of discrete
probability vectors [195]

ds2 =
∑
i

dp2
i

pi
=
∑
i

pid log pid log pi. (A.5)

A similar approach can be taken to derive a quantum Cramér-Rao inequality. One recalls
that probability measures are obtained from trace-class operators on a Hilbert space by a
measurement, i.e., a set of bounded operators indexed by an outcome space which form
a resolution of the identity in the C*-algebra B(H) (this is not a definition of quantum
measurement, but is rather a structure theorem following from the definition of a quantum
measurement as an affine map from B1(H) to probability measures on the outcome space
[20]). So, one can ask what is the largest possible (over all measurements {Mλ}) classical
Fisher information obtainable given a quantum state ρθ which depends on a parameter θ,
e.g., as a parameter defining a unitary evolution. An achievable upper bound, called the
quantum Fisher information F(ρ,A), was derived in Ref. [158].

Not surprisingly, the line element arising from the QFI is related to other important
metrics on quantum state spaces: it is the line element for the Bures metric up to a scalar
multiple and, when restricted to pure states, it is the line element of the Fubini-Study metric.
The explicit form of the QFI is:

F(ρ,A) := max
{Mλ}

F (θ) = max
{Mλ}

∫
dλ pθ(λ) (∂θ log pθ(λ))2 (A.6)

where pθ(λ) := tr(Eλρθ) and we have assumed that ρθ = e−iθAρeiθA with A† = A.
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F(ρ,A) :=
ds2

DO

dθ2

= tr

(
dρθ
dθ

Lρθ

(
dρθ
dθ

))
=

(
Lρθ

(
dρθ
dθ

)
, Rρθ

(
Lρθ

(
dρθ
dθ

)))
HS

= gρθ

(
Lρθ

(
dρθ
dθ

)
, Lρθ

(
dρθ
dθ

))
=

〈
Lρθ

(
dρθ
dθ

)2 〉
ρθ

= tr

(
ρθLρθ

(
dρθ
dθ

)2
)

= 〈
(

∆Lρθ

(
dρθ
dθ

))2

〉ρθ (A.7)

where (·, ·)HS is the Hilbert-Schmidt inner product and the last line follows from the fact
that 〈Lρθ

(
dρθ
dθ

)
〉ρθ = 0. The line element ds2

DO agrees with the square infinitesimal distance
between quantum states given by the Bures metric up to a constant factor: ds2

B = 1
4
ds2

DO.
In these expressions, Lρ is the superoperator inverse of the superoperator Rρ defined by
Rρ(A) := 1

2
A ◦ ρ = 1

2
[A, ρ]+. Lρ(dρθ/dθ) is an explicit expression for the symmetric logarith-

mic derivative [20]. An important feature of the QFI is that if ρ = |ψ〉〈ψ| is a pure state,
then F(ρ,A) = (4/~2)〈(∆A)2〉|ψ〉. A simple version of the quantum Cramér-Rao inequal-

ity relating the variance of an unbiased estimator θ̃ of a single parameter θ defining ρθ by
ρθ = e−iθAρeiθA (A† = A as above) to the QFI for n identical copies of the state is as follows:

〈(θ̃ − θ)2〉θ = 〈θ̃2〉θ ≥
1

nF(ρ,A)
. (A.8)

θ̃ can only depend on the N outcomes of the chosen quantum measurement.
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