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Abstract

Stochastic nonzero-sum duopoly games with economic applications
by

Liangchen Li

We study a class of stochastic duopoly games inspired by the two time-scale feature of
many markets. The firms convert their short-term “local” advantage driven by exogenous
infinitesimal shocks into a more durable gain through long-term market dominance. As an
extension of existing literature, we consider two asymmetric players each of whom adopts
timing strategies to increase her profitability and possibly bring negative externality
to the rival. In turn, this leads us to more general settings of nonzero-sum games.
Characterizing Nash equilibrium as a fixed-point of each player’s best-response to her
rival, we construct threshold-type Feedback Nash Equilibrium via best-response iteration.
Our main contribution is explicitly constructing equilibria for types of duopoly games
that represent a wide range of industries. Motivated by the competition among sectors
of power generators, we consider a duopoly of producers with finite options to increase
their production capacity. We study nonzero-sum games in which two players compete for
market dominance via switching controls. We also study mixed switching and impulses
games inspired by the vertical competition among the producers and consumers of a
commodity. Our analysis quantifies the dynamic competition effects and brings economic

insights.
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Chapter 1

Introduction

Guidance and attributions: The topic of my thesis concentrates on the study of
nonzero-sum duopoly games in stochastic environments. We consider the competition
between asymmetric players with various types of controls, motivated by well-discussed
economic applications. Chapter [I] introduces the problem we studied and provides an
overview of this thesis. Rigorous formulation and building blocks that help us solving
the problem are stated in Chapter 2] Three types of solvable games are discussed re-
spectively. The content of Chapter [3]is the result of a collaboration with René Aid and
Mike Ludkovski, and has appeared as [6]. The content of Chapter [4] is of a submitted
paper [56] that I had with Mike Ludkovski. Chapter |5 summarizes the ongoing work [4]
collaborated with René Aid, Luciano Campi and Mike Ludkovski. They are reproduced

here with permissions.

1.1 Background

We consider firms in a competitive market who aim to maximize their profit while

being exposed to exogenous stochastic shocks. The uncertainty may come from uncertain
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market development, exogenous demand /supply shocks, unpredictable costs, etc. In turn,
one main problem faced by administrators of the firms is to make decisions reacting to
the stochastic environment, e.g. building additional production capacity, investing in
R&D to be on the cutting edge, switching on/off production to maintain solid profit and
so on, with the anticipation that they would gain more revenue in the foreseen future.
Such problems have been extensively studied as stochastic optimal control problems since
the late 1950s. Existing research has considered a variety of approaches to the choices
faced by the firm, including singular control by Steg [73] in which firms repeatedly make
investments of arbitrary size to increase their respective capital stocks; timing control by
Grenadier [39] in which firms determine the optimal time to make investment; impulse
control by Baccarin [I1] in which agents make timing decisions to shift the underlying
process to a desired level, and two-sided optimal switching control by Hamadéne and
Jeanblanc [41] in which a power station decides to switch between operating and closed
modes.

Furthermore, firms’ profits are affected not only by her choices but also by decisions
of other participants of the competitive market. In the electricity market, investor of
coal-fired plants and renewable power plants compete to provide base-load power gener-
ation, while the competitiveness of non-emissive energies highly relies on a substantial
price for carbon emission. Smartphone producers like Apple and Samsung compete for
increasing market shares via investing in high technology devices and advertising, while
the global demand of smartphones grows in a stochastic way. Another representative
example could be the auto market of fuel cars and hybrid cars. As the price of crude
increases considerably, one may expect that costumers will switch to hybrid cars, thus
the producers have to adjust their capacity accordingly. To the extent that the profits
of the firm are affected by decisions of others, it is important to consider the strategic

interaction across firms. Assuming that firms take into account the other firms’ reactions
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to their own actions and they know their rivals think the same way, their decisions can
be treated as a dynamic game.

Such dynamic competition under uncertainty provides a natural generalization from
the classical one-agent optimization problems and hence is applicable in a large variety
of applied settings. One classical example of dynamic games would be that producers
of substitutable goods (e.g. steel, electricity, cars, etc.) compete a la Cournot on the
product market. To wit, the producers compete on the amount of product they produce
whose price is determined by their aggregate output. As one producer invests to increase
her capacity, she will lower the good price which brings negative externality to the others
and herself. Therefore, in such a competitive market, every single producer must take
the strategic interaction across all producers into consideration when making decisions.
The general problem of capacity expansion under uncertainty has been extensively stud-
ied as a stochastic optimal control problem and offers a natural link to the theory of
real options. Single-agent models for multi-stage capacity expansion were initiated in
Dixit [32] and Var-llan et al. [12]. See also the very recent work Aid et al. [5] using
a continuous-control framework. Early pioneering works to mix concepts from both the
real options frameworks and the game theory were Smets [72], who first introduced the
effect of competition in the real option literature, and Williams [77], who provided the
first rigorous derivation of a Nash equilibrium in a real option framework. See also the
books [40, 25]. The “standard” real option game features two symmetric firms competing
to invest in a non-exclusive underlying project over the infinite (continuous) time horizon.
The competition is of the leader/follower type: at the time of the first investment, one
firm becomes the leader; the follower is then able to invest at a later date [33, 46, [63].
We refer to the survey by Azevedo and Paxson [10] who present a catalog of more than
fifty articles dealing with variants of this setup. A simpler version is the preemption

game introduced by Grenadier [39], where two identical firms compete to be the first to
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initiate a new project. To our knowledge the first paper to explicitly consider competi-
tive capacity expansion was Bashyam [13]. Another notable contribution is Huisman and
Kort [48] who allow for joint optimization of the timing and project size, demonstrating
that the first mover over-builds to delay entry of the other firm. More examples include:
(i) Boyer et al. [I7] model capacity-building investments, via irreversible addition of
production units, in a homogeneous product duopoly facing uncertain demand growth.
They demonstrate equilibrium paths of the investment game may include episodes dur-
ing which firms invest at different times, a preemption pattern, and episodes in which
firms invest simultaneously, a tacit collusion pattern; (ii) Huisman and Kort [47] study a
dynamic duopoly in which firms compete in the adoption of new technologies to provide
a framework where firms take into account technological progress in making their invest-
ment decisions; (iii) Huberts et al. [45] examine a dynamic incumbent-entrant framework
with stochastic evolution of the inverse demand and find incumbent invests earlier than
the entrant in equilibrium while the size of investment plays an important role of the

game.

1.2 Stochastic Nonzero-sum Duopoly Games

This thesis focuses on studying nonzero-sum games, in which the interacting firms’
aggregate gains and losses can be less than or more than zero (cf. Morgenstern and
Neumann [60]). Comparing to zero-sum games in which each firm’s gain or loss is exactly
balanced by the losses or gains of the other firms, nonzero-sum games draw our interest
because: (i) nonzero-sum games are more flexible to better fit the motivating economic
examples, since the aggregate revenue of the market may change as one firm makes
investment. For instance, additional capacity may decrease the overall revenue through

a lower product price, while new technique developed by one firm will bring extra welfare

4
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to the whole industry; (ii) technique-wise solving nonzero-sum games is more complicated
while zero-sum games are usually solved via minimax theorem (cf. Aumann and Hart [9,
Chapter 2]). Though much less than studies on zero-sum games, such features have drawn
many studies in stochastic nonzero-sum games. Some recent related works are: Aid et
al. [2] who consider nonzero-sum games of two players with impulse controls, Hamadene
and Zhang [42] and Attard [8] who study a two player nonzero-sum game on stopping
times, De Angelis et al. [30] and Martyr and Moriarty [59] who construct threshold-type
Nash equilibrium for nonzero-sum stopping games, while Riedel and Steg [69] develop a

subgame-perfect equilibrium of stochastic timing games in mixed strategies.

1.2.1 Markets with Two Time-scales Feature

We concentrate on a specific class of dynamic games which are inspired by the two
time-scales feature of many markets. Indeed, dynamic competition is often driven by
infinitesimal shocks that determine the rapidly fluctuating short-run market conditions.
These fluctuations yield “local” advantage to firms, e.g. high carbon emission price
benefits non-emissive power plants, a material gas price makes the producer of hybrid cars
more competitive and so on. After a sustained period of advantageous market conditions
we expect the respective firm to become dominant. To wit, the firms convert such short-
term effect into a more durable gain through market dominance, e.g. longer-term capacity
gains, technological edge, advertising to increase market shares, etc. Thus, the two time-
scales link the immediate competitive advantage and the long-run market organization.
The novelty of our setup is to fully integrate this well-known idea within a non-cooperative
game model, by considering a “microeconomic” stochastic factor (X;) that drives market
conditions, e.g. carbon emission price, aluminum price for aluminum producers and

automakers, crude price, domestic R&D costs, etc, vis-a-vis the “macroeconomic” market
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regime (M) that determines market power and relative profits of the firms, for instance
the numbers of coal-fired power plants and renewable power plants built reflect not only
the electricity market organization but also profitability of each generation sector. One
can also consider (M) as a direct index of the proportion of market shares the firms are

taking, or an index of their R&D level.

1.2.2 Competition of Asymmetric Players

We consider a duopoly of two firms, dubbed player i,j € {1,2},7 # j, that natu-
rally mirrors the two-sided nature of the up/down market conditions represented by the
one-dimensional X. Players compete continuously by exercising discrete controls. They
collect continuous-time profit at their respective rates 7*’s driven by both the “microe-
conomic” market condition X and the “macroeconomic” market regime M. Meanwhile,
they may take actions (we also say they exercise controls) at any time as the local mar-
ket condition develops, e.g. building additional capacity, switching to expanding mode,
increasing advertising investments and so on, which yield instantaneous “one-shot” effect
on the market regime M. This assumption creates a feedback effect between X and M:
e.g. as X varies, one player gets more motivated to enhance her market dominance,
eventually triggering her to act and moves M, towards her preferred direction. From the
narrative of two time-scale feature, it follows that the long-run market organization is
then fully controlled by the players, while the local market fluctuation is fully exogenous!T|

These players’ actions yield sunk-cost K. For simplicity, we assume such acting cost
is lump-sum and adjusted to reflect both the instant cost occurred at the acting time
and any operating cost in the future. Consequently, the integrated total profit of the

players is given by their future cash flow received over an infinite time horizon, minus all

L An extension to this setting, in which the local market fluctuation X is partially controlled by these
players, is represented in Chapter
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the acting costs. Taking the time value of money and the risk of future uncertainty into
consideration, we assume these two players aim to optimize the net present value (NPV)
of their expected integrated total profit, at an exogenous discounting rate » > 0. In the
context of game theory, such quantities are accordingly defined to be the game payoffs
these players receive (see Definition .

Distinct to most of the literature that considers games of identical players (though
see Takashima et al. [75], Aid et al. [2], De Angelis et al. [30]), one of our contributions
is that we consider asymmetric players. In terms of the profit rates, they may have
different preference on the micro/macro market. For instance, higher carbon emission
price and higher proportion of renewable powers in the base-load power generation imply
a higher profit rate 7 of the corresponding energy generators, while the coal-fired power
plants investors desire the opposite. Moreover, impact yielded by these players’ actions
is supposed to be distinct. As an example, new technology developed by one smartphone
producer enhances her own dominance in the industry described by the process M. To
wit, innovation made by different producer leads to a different macro market regime
M,, whereas both producers may get benefit from the macro market development due to
increased aggregate demand of phones. In turn, this asymmetry leads us to a more general
nonzero-sum game, and combines dynamic competition with (possibly) cooperation or
immediate preemption, e.g. the coal-fired power generators might build capacity, when

emission is cheap, to prevent her rival from expanding in the future.

1.2.3 Equilibrium: Emerging Macro Market

Let o' denote a game strategy of player i, which specifies when and how she drives
the macro market regime M (i.e. exercises a control). A strategy profile (o', a?) then

fully specifies these two players’ action in the game. Recall that the long-term market
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organization M is considered to be fully controlled by these players, while the short-term
market condition X captures the exogenous stochasticity. Given the players’ strategy
profile, one is able to infer the dynamic of M from the dynamic of X. In particular,
the discrete nature of the macro regime M, following from the setting that the players
make discrete/lumpy actions, allows a high degree of analytic tractability which brings
us insights of the competitive market. For instance, we find that a static uptrend of
the carbon emission price X grants long-term market advantage to the renewable power
generators, and may exclude the coal-fired power generators from building more capacity,
i.e. convergent M in the long-run (see Section . Such inference motivates us to
explicitly construct equilibria of the duopoly game which allow structural insights into
the strategic interaction between the players, the short-term fluctuations in X, and the

emerging M.

1.2.3.1 Nash Equilibrium: Fixed-point of Best-response

In the context of game theory, solving a game often amounts to identifying one (or all)
possible equilibrium(s) of the game. We utilize the standard concept of Nash equilibrium
to describe the optimal behavior. Letting (o', @?) be a strategy profile of these two
players, we denote the corresponding game payoff received by player i by Ji(a!, @?). Here
we use the term strategy profile to emphasize the joint dependence of the players’ game
payoffs upon both of their strategies, as opposed to the single-agent control problems.
The strategy profile (a™*, a®*) is said to be a Nash equilibrium of the duopoly game if

for any strategy a' of player i such that (o, a?*) is admissible

Ji (o', ad*) < J (", o), ic{1,2}, j#i. (1.1)
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The corresponding game payoff V' := J'(a**, a/*) is then named the equilibrium payoff
of player i € {1,2}. We would like to make a note here that above definition of Nash
equilibrium is informal because it strongly depends upon the definition of admissibility
(i.e. the types of controls the players are allowed to exercise). In Chapter , we rigorously
formulate admissible strategies and accordingly define a Nash equilibrium in Definition
24

Notice that the Nash equilibrium criterion characterizes equilibrium strategies
as a fixed point of each player’s best-response to her rival’s strategy. Specifically, given

an arbitrary rival’s strategy o’ define the resulting best-response payoff of player i

Vi(ad) = sup J' (o' ad), (1.2)
{o':(af,ad) €A}

where we use A to denote the set of all admissible strategy profiles. Under some restric-
tive assumptions, one can guarantee the single-agent control problem to be solved
uniquely, and the corresponding unique maximizer &' defines a so-called “best-response
map” accordingly. In turn, if such maps can be well-defined in this way, a strategy profile
is a Nash equilibrium if and only if it is a fixed-point of the best-responses. Unlike most
approaches studied in the field of game theory which look at the equations in equilibrium
directly, the fixed-point characterization inspires us to determine a Nash equilibrium of
the game via best-response iterating. To wit, we first derive the players’ best-response to
the rival’s strategies, which boils down to solving a (constrained) single-agent optimizing
problem. Then we attempt to obtain an equilibrium by finding the best-response of the

players iteratively. Consequently, equilibrium payoffs (if are attained) satisfy:

Vi=Viad), ie{l,2}, j#i, (1.3)
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and the strategy profile (a'*, a®*) is a Nash equilibrium of the game.

On one hand, the fixed-point characterization allows us to break down the problem
into single-agent optimizing sub-problems which we can attack by using classical meth-
ods (introduced in Chapter . On the other hand, it allows us to concentrate on a
specific class of strategies instead of the whole set of admissible strategies. The latter
is either not feasible to enumerate in general, or makes the control problem (|1.2) not
solvable. Nevertheless, by looking at a specific class of strategies which is closed under
the best-response maps (i.e. given the rival’s strategy one player’s best-response is in the
same class), we are able to obtain a Nash equilibrium among all admissible strategy pro-
files. Unfortunately, such an iterative approach is not enough to directly justify neither
existence nor uniqueness of a Nash equilibrium. For related discussion, we refer to De
Angelis et al. [30] who show existence of a unique Nash equilibrium for a nonzero-sum
duopoly game, and our discussion of multiple Nash equilibria in Section [3.2.2]and Section
44dl

In terms of the optimality, we would like to mention that Nash equilibrium is not
the only choice. Though not being discussed in this thesis, Pareto efficiency is another
type of game equilibrium, very popular in economics literature and in operations research
application. In words, it is a strategy profile from which there is no strategy that makes
every player at least as well off and at least one player strictly better off. As a recent
reference, Carmona in [22] discusses such equilibria for stochastic differential games with

N players, as well as mean-field games.

1.2.3.2 Acting Order: Endogenous or Pre-determined

It is well-known that the order of players’ actions is essential in determining the
solution of a game. Comparing to existing literature (e.g. Siddiqui and Takashima [71]

who consider optimal expansion timing between symmetric firms with pre-determined

10
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investment order), we contribute by studying endogenous equilibria in which the acting
order is stochastically determined. As discussed, we expect fluctuations of the micro
market condition X grant local advantages to one player and motivate her to act, thus
the players’ acting order in an equilibrium is determined from their dynamic cooperation
and preemption. Note that it is perfectly possible that both players are incentivised to
preempt under some specific market condition. One way to address this is to assume
preemptive priority of one player, e.g. coal-fired power plants are easier to build so
that corresponding generators are prior to preempt. Grasselli et al. [38] propose an
infinitesimal coordination game in which firms attempt to invest over an infinitesimal
round. See also Steg and Thijssen [74], and Riedel and Steg [69] who construct mixed
strategies that the players decide to preempt immediately or at a specific rate.

We also consider other types of game solutions. Inspired by Grasselli et al. [38], we
study the situation that one player is granted a priority option, which guarantees her
to act first without concerning that the rival may preempt. We find that the player
assigned to be the leader intends to act later (than that in a more competitive game)
to reap more game payoffs. Moreover, we consider a cooperative solution, which can be
viewed a regulator who controls both players and optimizes aggregate profit (a related
problem was treated in Aid et al. [I]). We observe that such a regulator will let the
players act later, even present one player from acting, which corroborate that competition
leads to preemption and over-investment. Comparing these scenarios with endogenous
competitive equilibria, we obtain an “apples-to-apples” quantification for the value of
being the leader, and the cost of competition.

Stackelberg competition (cf. Von Stackerberg [76]) is another classical and well-
discussed strategic game in which the predetermined leader acts first and the follower acts
sequentially. The follower observes the leader’s action and makes decisions accordingly,

whereas she must have no means of committing to a future non-Stackelberg follower

11
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action. A priority game as mentioned above in which each player acts once and one
player has one priority is of Stackelberg-type, but a game that each player acts twice
and one player has one priority is not. Note that such a designated acting order allows
these players to signal to each other. Following such an idea, we discuss the selection
among multiple equilibria in Section [3.2.2] We also mimic a Stackelberg competition by

constructing a two-regime switching game (see detailed illustration in Section {4.2.4)).

1.2.3.3 Extension: Partially Controlled Local Market Condition X

In above narrative, we assume that the players take actions to change the macro
market regime M while the local market condition X is a purely exogenous stochastic
process. In fact, one may speculate that the macro economic affects the micro market
fluctuation (cf. Joéts et al. [50]). Namely, the dynamic of X may depend on the current
regime M;, which creates a mixed feedback effect between X and M. On the other hand,
the players may directly impose shocks to the local market, e.g. demand/supply shocks,
discounts, etc. Consequently, given a strategy profile of the players, not only the dynamic
of M but the dynamic of X as well will emerge from the strategic interaction. In Chapter

[l we represent such a mixed duopoly game.

1.3 Tractable Games from Economic Applications

Inspired by well-discussed economic applications, we now introduce three types of
duopoly games that can fit in the generic setup introduced in preceding sections. These
games are mainly distinguished in terms of the choices (i.e. controls to be exercised)
faced by the players and the strategic interaction between the micro/macro market X
and M. Explicit game equilibria and corresponding numerical case studies are presented
in the following chapters respectively.

12
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1.3.1 Capacity Expansion: Finite Controls

The need to reduce carbon emission to achieve the 2 Celsius degree target puts under
pressure power systems of many countries. Lowering the carbon content of electricity
requires the development of competitive non-emissive energies for base-load generation.
The most immediately viable alternative to provide dispatchable base-load power would
be nuclear power plants. But, as shown in the 2005 and 2010 editions of the Projected
Cost of Electricity Generation by the International Energy Agency, the relative com-
petitiveness of nuclear power compared to coal-fired generation strongly depends on the
existence of a material price for carbon emission. Indeed, a carbon price of 30 USD/tCO2
would definitively make nuclear power plants much more economical than coal-fired plants
for electricity base-load generation. Unfortunately for the nuclear industry, as Figure|l.1
shows, the carbon price of the European Union Emission Trading System (EU-ETS) has
fallen to a low of 5 €/tCO2 since mid-2012, and has not recovered since then to a value
high enough to sustain emission reduction based on economic efficiency. Nevertheless,
ongoing political developments, market design changes and technological advances might
change this situation and benefit the nuclear producers. A crucial dilemma thus arises
for the nuclear industry: either wait for a significant rise in the carbon price at the risk
of base-load generation being preemptively taken by coal-fired plants, or intervene now
at the cost of enduring short-term losses.

In line with the above narrative, we consider a duopoly game takes place between
two players, representing sectors of electricity generators. Producer 1 invests in nuclear
power plants with unit expansion cost K, while producer 2 invests in coal-fired plants
with expansion cost K2. We consider that those costs include the Operation & Main-
tenance costs since once the decision is made to invest, they become sunk costs. These

investment costs are so massive that projects can be considered as a one-shot decision.

13
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Figure 1.1: Price (in euros per ton of C'O3) of the one year-ahead emission allowance
on the EU-ETS. Source: Thelce.

To give an order of magnitude, the Hinkley Point Project of two nuclear power plants
being built in the UK carries a cost of approximate 15 billion USD, and the cost of a
1 GW-capacity supercritical coal-fired plant is approximately 1 billion USD. Moreover,
given the enormous sunk costs and plant lifetime of 404 years, investments are viewed
as irreversible. We focus on the carbon price X; as the main state variable. Higher X,
benefits nuclear producers, while lower X; benefits coal-fired plants. To reflect the signif-
icant uncertainties associated with the carbon price (see again Figure which can be
viewed as a historical trajectory of X;), we work in a continuous-time stochastic setting.
Thus, firms’ investment strategies correspond to stopping times related to X;. The game
aspect of the model arises from the negative externality of capacity expansion. Namely,
the competitive price is driven by the aggregate capacity of the producers, so that when
one of the firms expands, electricity prices decline, hurting her competitor. This creates
a preemptive motive for the investors and converts our framework into a non-zero-sum
duopolistic game of timing.

Beyond the two profit-maximizing investors, we also aim to understand the role of

14
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(a) Stages (b) Sample Trajectory of X

Figure 1.2: S5 o denotes the equilibrium threshold of firm ¢ at stage (n;, ng) (Left:

a) Sketch of the various stage thresholds as a function of (n1,n2). (Right: b) A sample

trajectory of X with Xo =0, My = (2,2). The corresponding macro market evolution

is (2,2) — (1,2) — (1, 1) — (0, 1) — (0, 0) with expansions at the first hitting times

of the corresponding thresholds.
the third-party regulator, or government in the game outcome. Carbon emission markets
remain highly politicized, with a fluid market design. For instance, we can mention
initiatives to prevent carbon price collapse, such as the Stability Reserve Mechanism in
the ETS, and the United Kingdom carbon price floor of approximately 18 GBP/tCO2
institutionalized since 2016. France is following the same path. Thus, the establishment
of a high and steady value for carbon strongly depends on the political will and ability
of each state. Our purpose is thus to analyze the effect of such commitment on the
market equilibrium. In particular, we are interested in the deviation of this equilibrium
compared to the decision a benevolent planner would do.

To sum-up, we consider a duopoly of two distinct producers, each of whom has options

to irreversibly increases her current production capacity ) by paying a fixed lump-sum
capital K, so as to generate more revenue. Consequently, since the producers’ profitabil-

ities are contingent upon number of options they exercised, the macro market regime in

this case can be modeled in terms of numbers of options left for each producer, denoted
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by M, = (N}, N?). Such capacity expansion is modeled in terms of timing strategies
characterized through threshold rules and solved through dynamic programming-like ar-
guments. The framework necessitates to specify the initial finite number of possible
expansions. This can be justified by assuming a fixed demand curve, so that one can
infer the maximum additional capacity that is economically feasible. In other words,
financially we work backwards, starting from potential end-game capacities (i.e. stages
where no more investment will take place) to determine the maximum number of initial
options needed (see a related discussion in [I7, Sec 2.5]). As a illustration, Figure [1.24]
shows a schematic for all the different thresholds starting at My = (2,2), namely each
firm has two options to expand her capacity. To better visualize the game evolution, a
simulated state trajectory is presented in Figure with the firms’ thresholds Sf;im
denoting the equilibrium threshold of firm ¢ at stage (nq,n2). As the state process X hits
her threshold 521; (the first time X, exceeds 5'21; ), firm 1 invests to expand her production
capacity by exercising one option, which in turn moves the macro market to the regime
(1,2), namely one option left for firm 1 and two options left for firm 2. Sequentially,

the firms exercise their options at the hitting times of their thresholds and the resulting

macro market evolution is (2, 2) — (1, 2) — (1, 1) — (0, 1) — (0, 0).

1.3.2 Optimal Switching: Infinite Controls

The problem of determining an optimal sequence of stopping times to switch between
several regimes (or modes), e.g. entry/exiting from a market, starting/shutting down
a production, different investing modes, etc, is called optimal switching problem. The
theory of optimal switching, as a special case of impulse control, was extensively studied
in the past decades, as an important subject both in mathematics and economics. Opti-

mal two-regime switching problems (or starting and stopping problems) were introduced
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into the study of real options by Brennan and Schwarz [20], and by Dixit [31] to analyze
production facility problems. An example of multiple switching problems is Ludkovski
[57] who applies to energy tolling agreement. Mathematically, Brekke and (Okesendal
[19] apply a verification approach for solving the variational inequality associated with
the switching problem, which is generalized by Pham and Ly Vath [58] by using a vis-
cosity solution approach, Pham [66] and Pham et al. [67] studies smooth-fit principle in
the context of optimal multi-regime switching problem via dynamic programing princi-
ple and systems of variational inequalities, Hu and Tang [44] study a multi-dimensional
backward stochastic differential equation (BSDE) with oblique reflection which arises in
the study of optimal switching problem, while Bayraktar and Egami [I4] construct the
optimal value functions by utilizing the dynamic programming principle and construct
explicit solutions using the smallest concave majorant method. See also Carmona and
Ludkovski [23] who study operational flexibility of energy assets and propose a method of
numerical solutions relying on Monte Carlo regression; Johnson and Zervos [51] who de-
rive an explicit characterization of optimal tactics with relaxed smoothness requirements
of payoffs.

Characterized by system states (i.e. the macro regime M) and the evolution of state
variables (i.e. the micro market fluctuation X), such switching problems are naturally
linked to the market with two time-scale feature. Most relevant are the multi-mode
models [57], 66 67, [44] mentioned above. Moreover, considering the players dynamically
react to actions of their rivals by strategically switching the system states (i.e. moving
the market regime) leads us to a switching game, which merges the single-agent switching
models and the nonzero-sum stopping games [42] 8, [59] [69] accordingly. The overall model
then links exogenous stochastic shocks with the endogenized players’ decisions to obtain
the dynamic equilibrium for the macro market organization. In Figure[I.3] we sketch the

emerging equilibrium associated to one of our case studies as an illustration. Player 1
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increases M; by +1 whenever (X;) hits her thresholds (the dashed lines in the bottom
panel) from below, while P2 decreases M; by —1 whenever (X;) hits her thresholds from
above. The top panel shows the resulting macro stage (M;") along one realized trajectory
of the local market fluctuations (Xj).

Our methodological interest in this model stems from three different directions. First,
it extends our work on multi-stage capacity expansion games discussed in Chapter [3] In
that version, the number of controls available to the players was a priori restricted; here
we consider the more plausible situation of an infinitely-repeated game. One economic
motivation is the capacity expansion problem under a growing stochastic environment
(e.g. demand) X. This yields a non-stationary model but the ultimate number of ag-
gregate investments is unbounded, and must be modeled by a switching game. Second,
we are interested in a stationary switching game, where the market undergoes cyclical
shocks (in the sense of X being a recurrent Markov process). We wish to find the en-
dogenous dynamic equilibrium that will mirror this cyclicality through the strategically

adjusted market regime. Describing such a recurrent stochastic investment-timing com-

Stage
N=0=N
|

State
N

. L
s

Figure 1.3: A trajectory of X and equilibrium M* starting at Xo = 0, M5 = 0.
Here X is an Ornstein-Uhlenbeck process and M = {-2,-1,0,1,2}. The equilib-
rium strategies are of threshold-type; the dashed lines in the bottom plot indicate the
respective switching thresholds.
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petition naturally links to switching duopoly games. Third, our model is motivated by
the desire for tractability while allowing for dynamic cross-effects due to competition and
stochastic shocks. The repeated stationary nature of the competition allows to remove
the time-variable but still maintain the stochastic dynamics. In particular, we leverage
the related analytical results about the variational inequalities satisfied by the value func-
tions [19, 58] and the construction of threshold-type strategies. We also make extensive
use of the finite-control approximation inspired by Bayraktar and Egami [14] to establish
the dynamic programming principle. As a result, the equilibrium structure is intuitive

(summarized through switching thresholds) yet brings novel insights.

1.3.3 Mixed Optimal Switching and Impulse Controls

Under a typical setting of stochastic impulse control problem, the controller receives
continuous and instantaneous reward/cost according to the underlying diffusion process.
By exercising impulse controls which results costs bounded from below, she is able to
move the underlying process by a certain amount. Therefore, optimality of impulse con-
trol problems involves both the choice of optimal sequence of intervening times and the
choice of optimal impulse amounts in every time instant. Such stochastic impulse control
problem has attracted a growing interest of many researchers over the last decades, and
has been widely studied in inventory control [43], exchange rate problem [21], dividend
payout problems [49] and portfolio optimization with transaction costs [61]. We refer to
the work of Korn [53] which surveys the applications of impulse control in mathematical
finance. The appropriate mathematical framework to cover these problem is in Bensous-
san and Lions [I5]. The controlled underlying process is described as an It6 diffusion
in many economic and financial applications, solving which generally exploits a study

of related Hamilton-Jacobi-Bellman (HJB) equations and quasi-variational inequalities.
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Alternatively, Egami [34] shows a new mathematical characterization of the value func-
tion through the smallest concave majorant viewing the impulse control problem as a
sequence of optimal stopping problems.

Surprisingly, there is a lack of literature in the field of stochastic impulse games. In
very recent work, Aid et al. [2] extend the single-agent optimization to a general nonzero-
sum impulse duopoly game and provide a verification theorem for the value functions and
the players’ optimal strategies; Ferrari and Koch [36] model pollution control problem
between a firm and a regulator as a stochastic impulse nonzero-sum game. See also a
related work Aid et al. [3] who present a policy iteration algorithm to tackle nonzero-
sum stochastic impulse games. As an extension to the existing literature, we consider a
duopoly of two players with different types of controls. In particular, we assume Player
1 can directly shift the underlying process X to her desired level (i.e. impulse controls),
while Player 2 can affect X through switching the macro market regime M (unlike games
we discuss in the preceding subsections, only Player 2 may exercise controls on the macro
market). Their expected future profits depend on the jointly controlled process X, leading
us to a nonzero-sum duopoly game.

Our motivation comes from the vertical competition among producer P1 and con-
sumer P2 of a commodity. The producer extracts the commodity and sell it for a price
X. The consumer buys the commodity and converts it into a final good with price P.
This situation could represent a range of industries, e.g. extraction of crude oil, which is
then consumed by refineries and chemical industries into final consumer goods. Or the
production of aluminum that is converted by automaker into vehicles. Indeed, produc-
ers directly influence the supply yielding shocks to X, while consumers can be in either
austerity or expansion mode that determines the drift of X. An illustration is sketched
in Figure. [I.4 This cyclic behavior continues ad infinitum, yielding a stationary distri-

bution for the pair (X, 11;). Note that in Expand/Reduce regime, the consumer uses her
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_______

Figure 1.4: An illustration of the vertical competition between the producer and the
consumer. The blue arrows represent drift-switching controls exercised by the con-
sumer at levels y; ,, while the red curved arrows represent impulse controls exercised
by the producer at levels a:ljfh.

switching control to keep X from going too high or too low, and the producer acts as a

“back-up”, explicitly forcing prices from becoming extreme.

1.4 Overview of the Thesis

We study nonzero-sum duopoly games in the market with two time-scale feature: a
“microeconomic” stochastic factor (X;) and the “macroeconomic” market regime (M,).
Compared to existing literature, we consider asymmetric players whose strategies are
completely endogenous. Explicit Markovian Nash equilibria are constructed in three
specific games motivated by economic applications, which bring novel insights. The rest
of this thesis is organized as follows.

In Chapter [2 we provide rigorous formulation of the duopoly game in a recursive
manner, introduce techniques used to tackle optimal stopping problems, and compute
fundamental functions and quantities related to the underlying diffusion process which
are building blocks to construct and analyze game equilibria.

In Chapter [3] we consider competitive capacity investment for a duopoly of two dis-
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tinct producers, who are exposed to stochastically fluctuating costs and interact through
aggregate supply. Capacity expansion is irreversible and modeled in terms of timing
strategies characterized through threshold rules. Section formalizes the nonzero-sum
timing game we are led to, describing the transitions among the discrete investment stages
(i.e. the macro market regime). Working in a continuous-time diffusion framework, we
characterize and analyze the resulting Nash equilibrium and game values in Section [3.2]
Our analysis quantifies the dynamic competition effects and yields insight into dynamic
preemption and over-investment in a general asymmetric setting. A case-study consider-
ing the impact of fluctuating emission costs on power producers investing in nuclear and
coal-fired plants is also presented in Section [3.3]

In Chapter [4, we study nonzero-sum stochastic switching games, in which two players
compete for market dominance through controlling (via timing options) the discrete-
state market regime M. Switching decisions are driven by a continuous stochastic factor
X that modulates instantaneous revenue rates and switching costs. This generates a
competitive feedback between the short-term fluctuations due to X and the medium-
term advantages based on M. In Section we construct threshold-type Feedback
Nash Equilibria which characterize stationary strategies describing long-run dynamic
equilibrium market organization. Section describes two sequential approximation
schemes linking the switching equilibrium to (i) constrained optimal switching; (ii) multi-
stage timing games. We provide illustrations using an Ornstein-Uhlenbeck X that leads
to a recurrent equilibrium M™* in Section and a Geometric Brownian Motion X that
makes M* eventually “absorbed” as one player eventually gains permanent advantage
in Section 4.4.2, Explicit computations and comparative statics regarding the emergent
macroscopic market equilibrium are also provided.

In Chapter o} we study vertical impulse competition between the producer and con-

sumer of a commodity. The two players receive continuous and instantaneous profit
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based on their jointly controlled process X, leading us to a nonzero-sum game. As for-
mulated in Section [5.1], both players can exercise their influence on the commodity price
X, although their actions of distinct types, specifically impulse control by the producer
and switching-drift control by the consumer. This extends the framework that X is fully
exogenous. Section discusses our heuristics on possible structure of the resulting
equilibrium, and characterizes the best-responses of the players through solving a cou-
pled system of quasi-inequalities. In Section [5.3] we provide some numerical examples in
which explicit equilibria are obtained. Further research based on the preliminary results
achieved is discussed in Section 5.4

Overall, we provide a rigorous and generic formulation of nonzero-sum duopoly games
with closed-loop strategies, which can be fitted by numerous economic examples. The
exogenous stochastic shocks reflecting the micro local market condition are modeled by
general diffusion processes possessing strong Markov property. Case studies related to
specific widely used processes, e.g Brownian motions, Geometric Brownian motions, and
Ornstein-Uhlenbeck (OU) processes, are also represented. In order to solve optimal
control problems rising from determining the game solutions, we implement not only the
verification approach via variational inequalities, but also a direct solution method via the
smallest concave majorant. Employing tatonnement, i.e. best-response iteration, rather
than looking into the equilibrium equations directly, we construct explicit threshold-
type equilibria. High tractability of such equilibria allows us to analyze the dynamics
of the short-term market X and the long-term market M emerging in the equilibrium,
and brings us structural insights of competitive markets, e.g the long-run behavior of
the micro/macro market, the pattern of transitions of the macro market regime, the
strategic interaction between X and M, etc. Numerical studies of the game solutions are
also implemented, which allow us to quantify several features of competitive markets: loss

due to competition, impact of local market dynamics on competitive behavior, impact of
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the acting cost and so on.
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Chapter 2

Formulation and Building Blocks

In this chapter, we provide a generic formulation of duopoly games in Section [2.1] Par-
ticularly, we model the exogenous risk factor by an It6 diffusion process X and the
macro market regime by an endogenous discrete-state process M, define the admissibility
of these players strategy profiles in a recursive manner, and construct explicit Marko-
vian Nash equilibrium via best-response iteration. Section provides two classical
approaches: via the smallest concave majorant and via solving variational inequalities
(VIs), to tackle single-agent control problems, which are involved in searching for the
players’ best-response. In Section we calculate fundamental solutions to ordinary
differential equations (ODEs), expected first passage time, and first hitting probabilities
related to the underlying process X. These results are critical in the search of a Nash

equilibrium and the analysis of the market organization in the emerging equilibrium.
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2.1 Generic Game Formulation

2.1.1 Exogenous Factor X and Endogenous Regime M

To capture the local fluctuating market condition, we introduce an ezogenous diffusion
process (X;),5, on a probability space (€2, F,P), satisfying the stochastic differential
equation (SDE)

where (W}),5, is a standard Brownian motion under P. Denote by D := (d,d), with
—o0 < d < d < 400, the domain of (X;) and F := (Ft)y>0 the natural filtration generated
by (X;). The coefficients p: D — R and ¢ : D — R, are assumed to ensure a unique
strong solution to (2.1). Moreover, let 7, := inf{t > 0 : X, = 2} denote the hitting time
of the one-point set {z}, we assume that X is regular in D, i.e. for any x € D\ 9D and
yeD,

Plr, < 00| Xo=1] >0,
which informally means that starting at any x, X will reach any y with positive proba-
bility, and the the boundaries are natural, i.e. for any ¢t > 0 and y € D \ 9D

limP[r, <t|X,=2x] =0, limP[r, <t|Xo=x] =0,
zld ztd

which means d,d can neither be reached in finite time nor be a starting point of the
process; see [16, Ch. 2] and [68, Ch. VII] for detailed exposition.

On the other hand, the macro market regime is fully controlled by the players through
actions. Suppose that the two players exercise discrete/lumpy controls, by paying a
cost K*, to move the macro market toward their preferred direction (and possibly carry
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negative externality to the rival in the meantime). The macro market regime is then
described by a discrete-state endogenous process (M;) with domain M. To each regime
m there is an associated action set C°, C M that determines the potential new regimes
that player ¢ can drive M into. In a general setting, players are allowed to act on M, in
multiple ways and the corresponding player must determine the optimal new regime. In
this thesis, we focus on the simple case where C* = {m’} is singleton, or C?, = () (player

i will not change market regime away from m).

Remark 2.1 As stated in Section the process (X;), in a more general setting,
may be partially controlled by the players, e.g one may take the coefficients u, o in
to depend on My, or the players may move X; by exercising impulse controls. Such an
extension requires refining our definition of the action set C ’s to include both the level
of M to move into and the desired amount to move the underlying process X. We discuss

this extension in Chapter |5

2.1.2 Admissible Strategies and Game Payoff

To define game strategies, we need to introduce some technical constructs needed
to precise closed-loop equilibrium. Informally, closed-loop strategies are based on the
history of (X;) and the history of players’ past actions. Note that due to the possibility
that one player may act immediately following her rival, (M,) is not sufficient on its own
for this purpose.

In particular, we postulate the players adopt timing strategies and denote a strategy
of player i by a' := {7%(n) : n > 1} where 7%’s are certain stopping times. Admissibility
of 7(n) is defined recursively, based on the initial state (x, m). Let (F;);>0 be the natural

filtration generated by (X;). Set oy = 0, Xo = &, My = m. For n > 1, we require 7/(n)
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to be F-adapted and set

.7:}(”) =F vg{(ak, Py, ]\Z/k), k< n}, (2.2a)
o, =1 (n) AT3(n), (2.2b)
Po=1Tnm<rmy + 2 Ln@sremy + Ha - Lnm=re), (22¢)
M,=Cy, - lp—y+Ch - lip_y. (2.2d)
The meaning of n = 1,..., is the counter for the overall “round” of the game, with o,

recording the corresponding n-th acting time, P, the identity of the player who exercises
the n-th control, and M, the macro market regime after n total controls are exercised.
Note that C’j@n_1 denotes the regime, to which player ¢ would change the macro market
from M,, ;.

In we address scenarios that both players intend to intervene at the same time
by letting H,, denote the identity of the resulting leader. As a simple example, H,, = 1
if Player 1 has the instantaneous priority to intervene. In general, resolving H,, requires
consideration of auxiliary discrete-stage game [38, [69] that happens instantaneously at
7,, on the event {7!(n) = 7%(n)}; the latter could involve mixed strategies, i.e. there is
an additional random variable w,; that determines the value of H,,. This is another reason

why we must explicitly augment the history of (Py) to the history of (X;) in (2.2a)).

Definition 2.2 (Admissible Strategies) The set of admissible closed-loop strategies A is
o = {ri(n) : n > 1} where 7i(n) is adapted to (F™) with o,, P,, M, constructed in

(2.2), and satisfying
e no-acting regimes: 7'(n) = +oo if C', = 0,ie{1,2}, Vn=>1;
e ordered in time: T'(n) > 0,_1,i € {1,2}, Vn>1;

28



Formulation and Building Blocks Chapter 2

e defined for all times: lim,, ., 0, = +00.

Note that strategies in A are of Closed Loop Perfect State (CLPS) type, see a detailed
exposition in [22, Ch. 3]. The three admissibility conditions state that a player will not
act at the regime where her action set is empty and also rule out a clustering of actions in
finite time. The latter restriction lim,,_,o, 0,, = +0o0 is mild, as it would be sub-optimal to
make infinite controls, as soon as there are some intervening costs. Note that Definition
is joint over the profile (', @?) and also depends on the initial condition. In the
sequel we suppress this dependence for lighter notation.

Let us revisit the construction (2.2)) with (a!, @?) denoting these players’ strategies.

Given the strategy profile (!, @?), the evolution of (M;) is admitted as

My == M), with 7(t) = max{n >0:0, < t}. (2.3)

It is entirely possible and feasible that one player acts immediately, 7'(n) = o,_;, in
which case 0,, = 0,,_1, hence (M;) formally undergoes multiple changes simultaneously.
Furthermore, we describe the sequence of acting times realized by each player, denoted

by oi, 1 € {1,2}, k > 1 as

o} = oyip, with n(i,k) = min{n >1: Z]l{pl:i} = k}. (2.4)
=1

As explained in the preceding chapter, the game payoffs J*’s received by these players
are the total net present value (NPV) of future profits, namely the expected future
cashflow discounted at an exogenous, constant interest rate r > 0, minus the discounted

lump-sum costs K paid at each action epoch.

Definition 2.3 (Game Payoffs) Given a strategy profile (o', a?), the NPV of future
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profits received by player i is

- Z Iip,=iye " - K’ (Xam Mn—l)

n=1

J (r;a',a®) :=E

+/ €_Tt7ri (Xt, Mn(t))dt X(] =T, MQ =mj, (25)
0

where o' denotes the n-th acting time and P, denotes the identity of the player who

exercises the n-th control.

Note that the intervening costs K%’s are deterministic functions to be defined in specific
games and we use (Mn(t)) defined in (2.3) to emphasize the discrete nature of the macro

market regime (M,).

2.1.3 Threshold-type Markov Nash Equilibrium

From Definition [2.3] game payoffs received by these players are functions of the initial
local market condition X and the macro regime My. Accordingly, we refine our definition

of the optimal behavior in the game as a Markov Nash Equilibrium (MNE).

Definition 2.4 (Markov Nash Equilibrium) Let Xo = x, My = m. The strategy profile
(ab* a®*) € A is said to be a Markov Nash equilibrium of the duopoly game if for

Vo € D,Vm € M and strategy o' of player i such that (o', a?*) is admissible
T (™) < Tl (x; @, adY),  ie {12}, 44 (2:6)

with V! (x) := J (z; &, a?*) denoting the corresponding equilibrium payoff.

In Section [1.2.3.1} we demonstrate that a Nash equilibrium can be characterized as
a fixed-point of the best-response maps among these two players, which allows us to

focus on a special class of strategies and explicitly construct an equilibrium. To do so,
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two key properties of the class are needed. First, given a strategy from this class, the
corresponding single-agent optimal control problem should be uniquely solved so that
we are able to construct a best-response map. Second, this class of strategies should
ideally be closed under the the best-response map. In this thesis, we introduce the class
of strategies, which are stationary and of threshold-type, as follows and exploit it to
construct explicit Nash equilibria for specific games.

The time-stationary Markovian strategies, also known as Feedback Perfect State
(FPS) type defined in [22, Ch. 3] depend only on the current X; and M,. Follow-
ing the idea of a similar construction in [2], we define a strategy of player i € {1,2} by
o' = ('), ,cpm»> where T ’s are fixed subsets of D. Specifically, when M, = m, player
i adopts the (feedback) acting region I : player i exercises a control at the first hitting
time 7! of (X;) to I'", (with the convention that the hitting time of an empty set is 00).
Moreover, for a simpler asymmetry in their profit rates, we assume that Player 1 is in
favor of high X;, while Player 2 prefers the opposite; it is therefore natural to assume

that P1 acts when X becomes high enough and P2 acts when X becomes low enough.

Definition 2.5 (Threshold-type Strategies) Let 8 := (8! )mer be a vector which char-
acterizes subsets of D for the acting regions Tt of player i € {1,2} according to

I} =Tl (s'):=s},d), and — T% =12 (s%) :=(d,s2) (2.7)

m

A strategy associated to (T )menm is called of threshold-type and denoted by s'.

Note that such mononicity assumption could be extended. In Chapter 5, we consider
a game in which players’ profit rates are both quadratic in X;, nevertheless explicit
threshold-type Nash equilibria are attainable.

One notable merit of such threshold-type strategies is the time homogeneity, which

combining with the Dynamic Programming Principle (DPP) provides us effective ap-
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proaches to explore the players’ best-response. In particular, given a threshold-type
strategy o = s’ of player j, the best-response value function of player i, Vi(-;s%)
defined in (4.6)), solves a system of coupled stopping problems (see [14]). Namely letting

T = Th A T2 (with 7J, pre-specified hitting times according to s7), we expect that

Vilw;s?) = sup B,
TTinET

/ et (X, m)dt
0
+ 6—Tlm]l{7_}n>7_3n} (‘77;2” ()(7_7%L ; S-]) — ]].{i:Q}Ki(X’T.,%L? m))

+e "l 2y (‘77;/ (Xr}n ; 'Sj) - ]l{i=1}Ki(XT}n’ m))] . (28)

for i € {1,2},j # 4, Vo € D and all m € M. We use the shorthand notation E, [-] :=
E[-|Xo = 2], and the subscript in V' to indicate the conditioning on My = m, which is
unchanged until 7,,. Intuitively, at regime m player ¢ implements a timing strategy to
exercise her control at 77,, and a realization of these two stopping times yields a “leader”
who acts first and changes the market regime into her desired regime (m' for Player 1
and m” for Player 2). Note that the case {T! = 7%} requires ad hoc discussion, which we
provide in the following chapters respectively.

Another favorable aspect of such a strategy class is that we reduce dimension of the
players’ acting regions by characterizing them through threshold vectors. Moreover, in
specific games considered in this thesis, we are able to either directly demonstrate the
best-response of a threshold-type strategy is of threshold-type, or justify this statement
via verification arguments. In turn, the best-response of player i solving the system of
problems is characterized by a threshold vector denoted by §‘(s’). Furthermore,

a Markov Nash equilibrium of the game (s*, s%*) is indicated as a fixed-point of the
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threshold map

st =35'(s"),  ie{l,2}, j#i (2.9)

2.2 Building Block: Method of Solution

In fact approaching the coupled system ({2.8)) requires handling the solutions of optimal
stopping problems with an exit constraint. As an essential building block, the set of

optimal stopping problems is narrowed to considering

V(z) =supE, {e""h(X;)}, and (2.10a)
TET
Vr(z) = suIﬁIEz {1parme (X)) + Lpsrgye (X)) (2.10b)
TE
where 7y is restricted to be an ezit time associated to a given interval R := (a, d) or

R := (d, a) with a € int(D) (accordingly a hitting time associated to a threshold-type

acting region (d, a] or [a, d)), h(-) is the first-mover payoff, and [(-) corresponds to the

resulting second-mover payoff.

2.2.1 Smallest Concave Majorant

One technique we implement is of smallest concave majorants (see e.g. [29]), which
has been used for zero-sum games in [64], [35] and [54], and for nonzero-sum games
in recent works [30, [7]. A key advantage of the method, which characterizes the value
functions via the smallest concave majorant associated to transformed first-mover payoff
h, is that it directly determines the value function, as well as the structure of the optimal

stopping region, which allows us to explicit construct a MNE.

33



Formulation and Building Blocks Chapter 2

The method proceeds by standardizing (X;) via the transformations:

V)= 50),  ela)= ) @.11)

where F' and G are respectively the fundamental increasing and decreasing solutions to

the diffusion ODE:

(L —r)u(x) =0, xz €D, (2.12)

o2 (x)
2

where £ = b(x)% + % is the infinitesimal generator of X. These linearly inde-
pendent solutions are positive, continuous, strictly monotone and convex and admit the

representations (see [70} vol.II, p.292])

%, if z < a,
E, {e "™ Lirco0}} = (2.13)
g%z;, if z > a.

Moreover for d and d natural boundary points one also has (see [16], Sec.2)

lim F(x) =0, lim G(x) = +o0, lim F(z) = +o0, limG(x) =0. (2.14)
xld zld zhd ztd

In Section [2.3.1] we derive such fundamental solutions associated to three well-studied
diffusion processes.
It follows from properties of F' and G that ¢ (resp. ¢) : D —— RT is positive,

strictly increasing (resp. decreasing), continuous, and twice differentiable on D. Define
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the 1-transform operator ¥ as:

%ogb’l(y), ity >0,
Vh(y) == h(z) (2.15)
gy e

and similarly the o-transform operator ® by

Lop7(z), if >0,

Dh(z) := h(z) (2.16)
lim , if z=0.
ztd F(l’)

Applying the operator ¥ (& resp.) transforms the optimal stopping problem from x
coordinate to the y = ¥ (z) (z = ¢(x) resp.) coordinate.

Recalling the optimal stopping problem , if x were to be in the region R, since
X is regular in D, it reaches the R-boundary a with positive probability. Therefore,
one can consider X as a living on the restricted domain R := [a, d) or (d, a], where the
boundary at a is absorbing, i.e. the process X is stopped when it reaches the level a.

Accordingly, we impose a boundary condition on the first-mover payoff A by defining

h(z), if v € R,
hr(z) :== (2.17)

l(z), if x = a.

Thanks to the work of [29] and [30], if  were to be in the region R = (a,d) (resp. R =

(d, a)), the value function Vz(x) is associated to the smallest concave majorant of trans-

formed payoff Whg(y) (resp. ®hg(z)) over (R) = [(a), +00) (resp. ¢(R)), denoted by
WU sh(y) (resp. W®zh(z)). If = were to be in the exit region D\ R (i.e 7 = 0), the

value function Vg(z) is equivalent to the instant second-mover payoff I(z). To recap, we

state the following proposition for the case R = (a, d).
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Proposition 2.6 The value function Vg(z) defined in (2.10b) is

. G(z) - [W@Rh o 1/;(1;)} . ifreR, 015

I(z), ifreD\R.

Moreover, if l(a) > h(a), then lim Vg(x) = (a) and an optimal stopping rule T can be

defined as
I''={z€R: Vg(x)=h(z)} and " :=inf{t >0: X, €'} (2.19)

Note that the unconstrained value function V' (z) defined in (2.10al) corresponds to the

special case that R =D and h=h.

Definition 2.7 Let L be the infinitesimal generator of the state process X; Let H be the

class of real valued functions h € C*(D) such that

: h(z)| . h(z)
i i3] = 0= msw | 5 | (220
and  E, [/ e”|(/j—r)h(Xt)|dt] < o0, (2.21)

for all x € D. We denote by Hine (resp. Haee) the set of all h € H such that x —
(L — r)h(x) is strictly positive (resp. mnegative) on (d,by) and strictly negative (resp.

positive) on (by,d) for some b, € D.

In order to obtain threshold-type equilibrium, one would expect the optimal stopping
rule 7* to be of threshold-type. To do so, some regularity of the underlying payoff
functions is required. Similar to De Angelis et al. [30], we introduce two classes of
functions Hj,e and Hgee in Definition and apply operators ¥ and ® to payoffs in these

classes. The following lemma states key properties of the resulting transformed payoft
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functions. Proof of the first statement can be done by multiple approaches and we give

one as follows; for the rest of the statements we refer to [30, Lemma 3.1].

Lemma 2.8 Let h € Hipe (resp. Haec) and set § :=1(by,) (resp. z2 := @(by)). Then the
transformed function H := Wh (resp. ®h):

(i) is convex on [0,7) (resp. [0,2)) and concave on (y,+o0) (resp. (Z,400)),
(i) satisfies H(0+) = 0 and H'(04) = —oo,

(iii) has a unique global minimum at some g € [0,7) (resp. Z € [0, 2)) and lim,_,, H(y) =

+00, hence it is monotonic increasing on (y,+00) (resp. (Z,4+00)).

Proof: We take up the i-transform Wh(y) as an example; the proof for p-transform
function can be done following the same scheme. The continuity and differentiability of

Wh(y) follow directly from those of h, G and 1, and it is equivalent to show that

i = 2 —7r)hlx r =) .
(U (4) = s (£ =) ), ). (222)
By definition of the operator ¥ (2.15)),
)0 = (5756 @) = e |0 - @] e

On the other hand, by direct differentiation (and dropping the x-argument for typo-

graphical convenience)

an <2b(9€) n 2@) _<ﬁ)/] , (2.24)
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Meanwhile,

€-nF=(t-n(6g) = -(Go)

2
= b(z)Y'G + %W’ + ()G + (L —1)G
= b(z)'G + ﬂ%w” + o?(z)'G" = 0. (2.25)

Equations (2.24) and (2.25)) follow from the fact that F' and G are solutions to the ODE
(2.12), and equation (2.25)) yields that

(2.26)

Substituting (2.26)) into (2.24]) and comparing with (2.23)), we obtain (2.22)) and complete

the proof. In the case h € Hgec and using ¢-transformed (®h) (y) it follows by similar

arguments that

(®h)" (2) = 5 (L —r1)h(x), = (2). (2.27)

02(2)G(x) (¢'(2))’

Note that since ¢’ < 0, the interval (0, by) on x coordinate corresponds to (¢(by), +00)
on z = ¢(x) coordinate, which completes the proof accordingly. [ |

If the first-mover payoff h is in Hine (resp. in Hgee), it follows from Lemma that
the transformed H is convex and then concave. Consequently, its smallest concave ma-
jorant is a straight line which is tangent to H at a unique point, and then coincides with
H as sketched in Figure (see a similar work by Leung and Li [55]). This construc-
tion reduces to determining the tangency point of H , corresponding to the transformed

threshold. However, given 7x being a hitting time of (d, a] (resp. [a,d)), the behavior at

a is crucial for the existence of an optimal stopping rule 7* defined in (2.19)). We claim
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1,82
/’( %

WHY, WHIS?

W) wel)

Fows) vV

7 yloly) ‘
0 Yy =w(S],) y

S/

(a) (b)

Figure 2.1: ¢ corresponds to transformation defined in , and b denotes the
reflection point where transformed payoff H switches concavity. (Left: a) H 11’0 and its
smallest concave majorant (WH 1170), sketched according to Lemmawith uppercase
S denotes the optimal investment threshold. (Right: b) The transformed payoff H 11f2
and its smallest concave majorant over ((s2), +0o)with se denote given thresholds
of firm 2 and S; denotes the best-response threshold of firm 1.

that such 7* is a hitting time to a threshold-type acting region (a, d] (resp. (d, a)), if the
agent is not incentivised to preempt, namely [(a) > h(a). See a sketch of the transformed
payoff and its smallest concave majorant in Figure [2.1b| and related details in Section
B.41

On the contrary, the agent will try to preempt right before 75 if she foresees second-
mover payoff less than being the first-mover at a. In the content of a duopoly game, this
phenomenon can be interpreted as one player’s best-response is to preempt if her rival
behaves aggressively. Such a preemptive response leads us to lack of optimal 7. We

formulate this observation in Remark 2.9

Remark 2.9 (Preemptive Best-response) If l(a) < h(a), the payoff h has a negative
jump at the boundary a, and therefore the value function is also discontinuous there:
lim,\ o Vr(z) > l(a) (see a case study sketched in Figure . This down-jump rules
out since in fact one ought to stop before reaching a € I'. In that case, there is

no optimal stopping time; however for any € > 0, an e-optimal rule can be defined as the

39



Formulation and Building Blocks Chapter 2

first hitting time of I = {x € R : Vr(x) < h(z) + €}.

2.2.2 Variational Inequalities

A typical solution approach for optimal stopping problems driven by diffusion pro-
cesses involves studies of variational inequalities (VIs). Such an approach has been widely
implemented in solving optimal switching problems [19, 58, 66} [67], optimal impulse con-
trol problems [15, I8 11], and nonzero-sum games [2].

Let V' be the value function associated to the control problem . Then it solves

the following variational inequality

max{LV —rV,h =V} =0. (2.28)

Let Vi be the value functions associated to the control problem with constraint (2.10b)).

Then it solves the following variational inequality

{—Vzp =0, in D\ R, (2.29a)

max{LVr — rVg,h — Vg} =0, in R. (2.29b)

We refer to the books [65], 62] which provide verification theorems of above arguments.
Furthermore, solving these VIs can be reduced to looking for solutions of the ODE ([2.12))
subject to certain free boundary and smooth pasting regularities. Assuming that h

is smooth we know that the optimal stopping problem defined in (2.10bf) leads to the
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following free-boundary problem:

(L —7)Vg =0, in R\ T, (2.30a)
Ve = h, in T, (2.30D)

Vi = ¢, in D\ R, (2.30c)

% = %, at T, (2.30d)

where I' := {z € R : Vg(x) = h(x)} is the optimal stopping region and 7* := inf{t >
0 : X; € I'}. Analogously, the unconstrained value function V(x) defined in ([2.10al)
corresponds to the special case that R = D.

This method requires a priori assumptions about the shape of the stopping region
and may lead to analytic challenges accordingly. Specifically, the method in general is as
follows: One speculates forms of the stopping region and the associated value function,
then determines the value function by using appropriate boundary conditions and verifies
optimality of the candidate. Recall that for the sake of threshold-type equilibria we expect
the optimizer to the problem to be a hitting time of an acting region characterized

by a threshold a. Taking R = (a,d) as an example, we conjecture Vj is of the form

h(z), r<a,
Ve(®) = wF(2) + vG(z), a<z<a, (2.31)
((x), r<a,
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with the smooth pasting and boundary conditions:

(

wF(a) +vG(a) = h(a), (C%-pasting at a)
wF(a)+vG(a) = l(a), (C%-pasting at a) (2.32)
\wa(d) +vG.(a) = hy(a), (C'-pasting at a)

where F' and G are fundamental solutions to the ODE (2.12). If such a function can
verified to be a solution to the VIs , we conclude Vp is the value function associated
to the control problem (2.10b]) and the optimal stopping rule is the hitting time to [@, d).

Back to the system (2.8)), we assume the best-response of player i to be the hitting
time of a threshold-type region with threshold 3¢ (s? ) and her corresponding game pay-
offs to be in form at each regime m € M. Combining the smooth pasting and
boundary conditions , we obtain a coupled non-linear system of thresholds and
coefficients that characterize her value functions. In turn, we parameterize the corre-
sponding coupled optimal stopping problem and boil it down into solving the non-linear
system. If the value functions associated to a solution of the system solves a system of
Quasi-variational Inequalities (QVIs) derived from , we can conclude, via a verifi-

cation approach similar to the classical uncoupled problems, that the best-response of

player i is of threshold-type with §'(s?) (we refer to the closely related work [2]).

2.3 Building Block: Elementary Computations

2.3.1 Fundamental Solutions to ODE

From the preceding subsection, it follows that the fundamental solutions F' and G to
the ODE (2.12)) is critical to determine the best-response of the players and furthermore

explicitly construct MNEs of the duopoly game. In this thesis, we consider three classical
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diffusion processes that are widely implemented to model the stochastic risk factor.
Suppose that (X;) is a Brownian motion with a drift term, i.e. the strong solution

to the SDE

dX; = pdt + ocdWy, (2.33)

with D =R, o0 > 0. The fundamental solutions for the ODE

pu' (x) + %JQu”(x) —ru(z) =0, (2.34)
are
FBM(l') = €9+m, GBM($) = 69_‘76, (235)

where 6, and 6_ are the positive and negative roots of the quadratic equation %0292 +
pl —r=0.
Suppose that (X;) is a Geometric Brownian motion (GBM), i.e. the strong solution

to
dXt = ,UXt dt + O'Xt th, (236)
with D = (0,00), 0 > 0. The fundamental solutions for the ODE

1
pru'(x) + 502x2u"(x) —ru(z) =0, (2.37)
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are:

Fopu(z) = o™, Gepu(z) :=2"", (2.38)

where ;. and 7_ are the positive and negative roots of the quadratic equation § (n—

)+ un—r=0.

Suppose that (X;) is an Ornstein-Uhlenbeck (OU) process, i.e. the strong solution to
with D =R, u, 0 > 0 and # € R. The fundamental solutions for the ODE

(0 — x)u'(z) + %0’2’1/1(1') —ru(z) =0, (2.40)

are:

(2.41)

Notice that direct differentiation yields that F'(z) > 0, F”(z) > 0, G'(x) < 0,
G"(x) > 0. It follows that both F(z) and G(z) are strictly positive and convex, and
F(z) is strictly increasing while G(x) is strictly decreasing. One can also easily check

their limits at the corresponding natural boundary points of the domain D satisfy the

condition ([2.14)).
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2.3.2 First Passage Times and Hitting Probabilities

The macro market evolution M* emerging in equilibrium is a time inhomogeneous
non-Markovian process with discrete state space M. Thanks to the stationary nature
of the threshold-type equilibria, the behavior of M* is highly tractable. As a quick
glimpse, we analyze the long-run market organization via a jump chain M defined on
an extended regime space M* traverses (see detailed discussion in Section . Since
these players act when the process (X;) hits their acting thresholds, the expected first
passage times associated to those thresholds are linked to the average sojourn times of
the chain M. In effect, the threshold characterization of the players’ strategies highlights
the importance of first passage times and hitting probabilities in describing the long-run
market organization. Therefore we demonstrate these essential computations related to

the underlying process X in this subsection for later use.

2.3.2.1 First Passage Times

Let us first consider the one-sided passage time 7(z;s) ;= inf{t > 0 : X7 = s}. We

condition on the exit time 7 being finite, denoting

5.(x) = Elr (2 )L s sy - (2.42)

Then, we implement the well-known result by Darling and Siegert in [28] about the

Laplace transform of 7(z; s),

ey, if v <s,

E, [eipT(z;S)]l{T(:v;s)<oo}j| = v (243>
G(zip) ;
o) if z > s,
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where F'(-; p) and G(+; p) are solutions to (£L—p)u = 0 and we emphasize their dependence

on the Laplace parameter p, to compute ds(z)

O (ZL’) =——k, [e_pT(x;s)l{T(x;s)<oo}} , (244)

p=0

Example 2.10 (Brownian motion). Suppose that the drift term is not trivial, i.e. p # 0.
Taking 11 > 0 as an example, from (2.44) we obtain

2p

_x;se?(xfs)’ Zf.ilf <s,

53(«T) =K |:T(JI; S)]]'{T(.Z’;S)<Oo}i| =
s if v > s.

(Geometric Brownian motion). Suppose that p — %O’Q > 0 so that for s < x the
expected one-sided first passage time is infinite, i.e. E[r(x;s)] = co. Newvertheless, from

(2.44)) we compute

122

ds(x) = E[T(x; 3>]l{‘r(x;s)<00}] = 11 ;o (E) ' <£> .

/,L—§O' S S

(Ornstein- Uhlenbeck process.) Following from (2.44)), the expected first passage time

ds(x) to a level s is admitted as

s(x) = ——

D (2) eéz2dz] Lis>ay +
m >

(0=9) c% 1,2
Q(z) e dz| Ljscay ¢
(0-2)\/ 2%

(2.45)

z—0) i—g

s
(

where @ is the standard Gaussian cumulative distribution function.
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Now let us look into the two-sided first passage time defined as follows
T(x;a,b) :=inf{t >0 : X7 <aor X > b}, (a,b) D x,

and accordingly its expectation dq(z) := E[T(ZL‘; a, b)] Applying Dynkin’s formula, it is

well known that d,(+) solves the ordinary differential equation
£5 + 1= 0, with 6ab(a) == 5ab(b) =0.

In addition, we would like to mention that Darling and Siegert in [28] show that the

expected exit time from an interval x € (a,b), dup(2) can then be obtained via

0a(@)(a) + (234 (b) = 3u(b)d(a)

das() = 5y(a) + 04 (D)

(2.46)
Example 2.11 (Brownian motion.) The expected exit time dqp(+) as a solution to
!/ ]' 2¢Nn
Néab(w) + 50- 5ab<x) +1= 07

is in the form

ag 2p s
Oap(T) = —C1 - — - € 027 — — + 9,
) = e 5 :
where ¢y, ¢y are constants such that the boundary conditions du(a) = du(b) = 0 are

fulfilled.

(Geometric Brownian motion.) The expected exit time dqp(-) is a solution to

1
pxd, (z) + 50'25525;/1)(1‘) +1=0, x € (a,b), and Ogp(a) = dqp(b) =
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Solving that we obtain

1 , 1 . a <x1—2p/a2 _a1—2u/02>
5ab($) = (50’ — IU) In (g) -+ ln(g) bl_QM/U'z — a1_2ﬂ/02 s xr € (CL, b)

2.3.2.2 First Hitting Probabilities

Given an interval (a,b) D x, we are interested in the probabilities that the under-
lying process X starting from Xy = 2 hits one of the two boundaries rather than the
other. Recalling the threshold characterization of the players’ strategies, one can natu-
rally interpret these probabilities as the likelihood that one player acts faster than her
rival.

According to Revuz and Yor in [68, Ch VII.3], these first hitting probabilities can be
evaluated via the scale functions S(-):

S(b) — S(x)

SO 5@’ (2.47)

P[X (g0 = 0] = P[X (ap) = a] =

Recall that S is the general solution to the ODE LS = 0 that is available in closed-form

for linear diffusions.

Example 2.12 (Brownian motion). The scale function S(-) solves

1
wS'(x) + 5023"(95) =0, = Spu(z)=e" xR
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(Ornstein-Uhlenbeck Process). The scale function S(-) solves
1 z ©w
(6 —2)S"(z) + 5025"(90) =0, = Souv(z) = / e? 0y xeR.

Note that since (X;) is continuous in D the probability that (X[) hits a threshold

s < x can be evaluated as the limiting probability as follows
P(X® hits s) = imP[X?,.. ) = u].

utd 7

Similarly, one can handle the threshold s > z.
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Chapter 3

Capacity Expansion (Games

In this chapter, we consider competitive capacity investment for a duopoly of two distinct
producers. The producers are exposed to stochastically fluctuating costs and interact
through aggregate supply. Capacity expansion is irreversible and modeled in terms of
timing strategies characterized through threshold rules. Because the impact of changing
costs on the producers is asymmetric, we are led to a nonzero-sum timing game describing
the transitions among the discrete investment stages. Working in a continuous-time
diffusion framework, we characterize and analyze the resulting Nash equilibrium and
game values. Importantly, depending on the competition strength, we find that both
threshold-type and preemptive equilibria may arise. Our analysis quantifies the dynamic
competition effects and yields insight into dynamic preemption and over-investment in
a general asymmetric setting. A case-study related to the motivating economic example
considering the impact of fluctuating emission costs on power producers investing in

nuclear and coal-fired plants is also presented.
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3.1 Problem Formulation

We consider a duopoly of two producers, dubbed firm 1 and firm 2. Each firm
has options to irreversibly increase her current production capacity Q'(t) by paying a
fixed lump-sum capital K¢, so as to generate more revenue. However, because the firms
compete on the same market, expansion decisions of one firm carry negative externality
(via lower market prices P(t)) for both of them, which leads to a nonzero-sum duopoly

game.

3.1.1 Relative Cost X and Game Stage M

In this chapter, to capture market uncertainty, we introduce the relative cost between
the production expenses of the two firms as a one-dimensional diffusion process (X;),~,

on a probability space (2, F,P), satisfying the Ito stochastic differential equation

dXt = b(Xt>dt + O'(Xt)th, (31)

where (W3),5, is a standard Brownian motion under P. Denote by D := (d,d), with
—00 < d < d < 400, the domain of X; and F := (Ft);0 the natural filtration generated
by X;. The coefficients b : D — R and o : D — R, are assumed to be Lipschitz so as
to ensure a unique strong solution to .

To describe dynamic capacity expansion, we decompose the overall model into stages.
Let M, € {(N},N2)so : Ni = 0,1,...,Ni}, where N/ counts how many expansion
options remain for firm 7, denote the game stage at date t. Irreversible investment implies
that starting at My = (N}, N2), each coordinate of M, is piecewise constant and non-
increasing. We postulate that firm capacities are fully determined by the investment game

stage Q'(t) = QZ(]\Z,:), and market price is solely a function of aggregate supply Q(t) :=
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Q'(t) + Q*(t) (here equated with aggregate production capacity). This is equivalent to
assuming constant (or at least deterministic) demand, which is not far from the truth for

base-load electricity generation where revenue is determined by fixed long-term contracts.

Remark 3.1 Since we will rely on dynamic programming-like arguments, the framework
necessitates to specify the initial number of possible expansions (N}, NZ). This can be jus-
tified by assuming a fixed demand curve, so that one can infer the maximum additional
capacity that is economically feasible. In other words, financially we work backwards,
starting from potential end-game capacities (i.e. stages where no more investment will
take place) to determine the maximum number of initial options needed (see a related
discussion in [17, Sec 2.5]). Given the long-run electricity demand forecasts, power gen-
erators can in aggregate determine how much capacity could be added, with the competi-
tion centered about who and when will expand (but not how far). If a total of AQN extra

capacity is required, one can set M, = (N,N).

It follows that price is a function of game stage, P(t) = P(M;). Consequently
Q(M,) > Q(M,), P(M,) < P(M,) for s > t are piecewise constant as well. For typo-
graphical convenience, we henceforth use subscripts (n, ns) to index above stage quanti-
ties, e.g. Q},, ., = Q'(7). As a simple example, one may take Q;, . = ¢'+(AQ)(Nj—n;)
at a stage (ni, n2), where AQ is the size of each expansion, and gi’s are the initial

capacities. For the clearing prices, a typical setting is a linear inverse-demand curve:

Pn17n2 = D(]‘ - T’[Q}’Ll,ng + Q?’Ll,ng])7 (32)

where 1 > 0 is the demand elasticity and D is a price multiplier.
When X; is large, firm 1 has the comparative advantage in production, while when X,

is close to d firm 2 has the advantage. Since X; lives on the real line, this monotonicity
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assumption is rather natural. Specifically we shall assume that production costs of firm
1 decrease (linearly) in X;, while the production costs of firm 2 increase (linearly) in X,

which leads to profit rates of the form

7T1 (Xt) = (PTH,TZQ - Cl + plXt) ,

ni,n2’

(3.3)
7T2 (Xt) = (Pm,ﬂz - 02 - p2Xt) ;

ni,n2’

at stage (n1, ny), where C%, p* > 0 are the firm-specific fixed production cost, and sensi-
tivity of relative costs to X, respectively. The monotonicity of 7(+) in x will be important

for the analytic derivations in the sequel.

Remark 3.2 In energy markets literature, market uncertainty is usually captured by
stochastic electricity prices (see e.g. [37]). In the context of supply-demand equilibrium
this can be interpreted as stochastic demand [17]. Our setting could similarly accom-
modate a general stochastic power price of the form P(}_,Q', X;), assuming that the
factor Xy is also negatively affecting one of the firm’s costs. For example if X, represents
oil prices, then power prices are positively linked to X and nuclear production cost is
independent of X;, giving overall positive sensitivity p' > 0 of w' to x. In contrast, an
oil-fired competitor has costs denominated in X; and hence has overall a negative exposure

—p? < 0 to oil.

3.1.2 Game Policies and Game Payoffs

By expanding capacity, firms shift the game to a subsequent stage and henceforth

change the profit rates they receive. From the definition of game stages M , it follows
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that the firms’ acting sets at the stage (ni,ns) are

(n1 — 1,%2), if ny >0, (nl,nQ — ].), if ny > 0,
c? = (3.4)

(n1,n2)

@, if ny = O, (D, if Ng = 0.

Cl

(n17n2) =

Following from Definition 2.2 we recursively determine admissible strategy profiles A :=
{(a!, a?)} of the firms.

The time-homogeneity of X; and the feedback form of prices in terms of M is the
natural motivation to restrict attention to time-homogenous investment strategies. Thus,
we postulate actions of the firms to be of time-stationary Feedback Perfect State (FPS)

or Markov type, namely the strategy set of firm 7 is
Al = {a" = oﬁ(Xt,]\Z/t)} L =12 (3.5)

Since the market price declines as aggregate capacity rises, investment by firm ¢ will take
place only once X; moves sufficiently towards her preferred direction. Accordingly, we
model capacity investment in terms of timing strategies. Due to the piecewise-constant
feature of ]\th, it is sufficient to consider the F-stopping times 7 for the expansion epochs
at each stage (n1, n2). As a result, the strategy sets can be represented as:

At ={a' = (1) ,.,) |n1 >0V}, A*={a’:= (7] ,,)|n2>0,Yni}, (3.6)

ni,n2

maintaining the structure of .

Meanwhile, we assume that the firms evaluate their decisions based on the total net
present value of future profits (NPV), namely the expected future cashflow discounted
at an exogenous, constant interest rate r > 0, minus the discounted lump-sum costs K*

paid at each expansion epoch. Therefore, the game payoffs they received are constructed
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through Definition . Given a strategy profile (a!, a?) and Xy = x, My = (nq, ny), the
NPV of firm 7 is

J (r;at,a?) =E

ni,n2

00 n1
/ e " nz (Xs) ds — 5 K*'- e | Xg =z, My = (nq1,n2) |,
0
k=1

where o}, is the k-th investment time of player 7. For brevity, we denote J}, . (z;a', a?)

by Ji, n,(x) henceforth.

This, combining with the definition of A in , leads to a recursive formulation
of equilibrium expected profits in analogue to dynamic programming. Let us consider
the interior stages where both firms have at least one expansion option left, namely

My = (ny,n2) where ny,ne > 0. Thanks to (3.5) and the strong Markov property of X,

the NPV of firm 1 can be decomposed as (letting 7 := 7} , A77 . and a = (a',a?))

T
1 _ —rs__1
Jmm(x,a) =E, [/ RN S (Xs)ds
0
—rT 1 o 1
+ {e ]l{Tvlll,n2<Tr27,1,n2} (Jnl_lanZ (XT'rlbl,n27a> K”l)
—rT 1
+€ ]l{T'rlLl,n2>T72Ll,n2}Jnlan2_1 <X7—7%1,n2 ) a)

—rT 1 1
+e 7]1{7_%1,7L2:7—%1,n2} <Jn1_11n2_1 (XTrltl,nQ’ a) - Kﬂl) }] :

We use the shorthand notation E, {-} := E{-|X, =z} and the subscript of J , to
indicate the conditioning on My = (ny,ns). In the boundary stages (ny,0), or similarly
(0,n2), one firm has no options left, which can be represented via e.g. 7'3170 = +o0in (3.8),

removing the last two cases/terms. For future use we introduce the static discounted

future cashflows D%’s. The latter capture the situation where capacities are forever fixed,
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which is associated with the first term in (3.8]):

Damu%=E[A a”ﬁmxxgw}

i Pn ng ~ “Yi 1 o —
_ o X{LCHA)ZHM/ R [X, | Xp = ] dt}. (3.9)
0

ni,n2 r

In order to characterize corresponding smallest concave majorant, some regularity of

1

the underlying payoff functions are required. We henceforth assume that all D,  — are

increasing, and their differences D, _, , — D} . — K} are contained in the class Hinc,

: 2 - 2 2 2 : :
while all Dy . are decreasing and Dy, .. —D; . — K, are contained in the class Haec

(see Definition . For the sake of concise exposition, we further concentrate on the case
where the discounted cashflows D! (z) are affine in x. This essentially corresponds to

ni,n2

the expectation E,[X;| being affine in z,
E,[X:] :=x- A(t) + B(t). (3.10)

Substituting into (3.9)) leads to:

i i Pn,n -G i i Oo—rs
D) = Qo % |22 (11 [T (A + Bl ds
0
=Cn T (—1)"+l—p an -, (3.11)

where ¢ and ¢ are defined via

Py ny — C Y 1
ni,m 2 _1 i+1 z/ —rsB d 5 = = .
r (=D 0 c () S} ’ J e A(s)ds

0

Cz o 7
ni,n2 ° ni,n2

Example 3.3 Under a GBM model (2.36), we have E.[X;] = zet, and consequently

DV’s are of the form (3.11)) with [;~ e ™*B(s)ds =0, 0 =r — p.
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Under an OU model (2.39), we have E,[X;] = ze ™ 4+ 0 (1 — e ), and consequently

D¥’s are of the form (3.11)) with [}~ e " B(s)ds = # d=r+p.

3.1.3 Game Equilibrium

Because decisions of one firm affect the other through the joint dependence of J%s
on ]\7[t, capacity expansion becomes a non-zero-sum stochastic game driven by the state
variable X; and endogenous game stage M,. To describe optimal behavior in this game
we rely on the standard concept of Markov Nash equilibrium.

Let Vi ., (x) == J. ., (z,a%) denote the equilibrium game values at game stage
(n1, ng). Recursive construction of J"s revealed by equation and the time ho-
mogeneity of the state process X; motivate dynamic programming methods that charac-
terize V! .., Dy looking at the single-stage timing game defined by 7, . ’s. The resulting
stopping time (if it exists) which yields the single-stage equilibrium is in turn part of the
dynamic equilibrium strategy of firm ¢ at stage (n;, ny), and so denoted by 7" " ny- Indeed,

fixing 7, ", the stopping time 7, is the maximizer of the RHS in (3.8). This can be

nl no
seen most simply in the boundary stages, where one of the strategy sets is empty and
(3.8)) reduces to the traditional situation of a single-agent optimization. In our context,

this optimization is an optimal stopping problem for X; via 7,  (resp. 73,,,):

an O( ) Dn1 0( ) + SlelgE {6 [ nll 1 O(X ) ‘DTILl, (XT) - KTILl] } ? (312)
%2,712( ) D(Q) TLQ( ) + Sup Ex {B_TT [‘/()%RQ—I(X ) Dg ,n2 (XT) - KTQZQ] } ? (313)
TET

where T := Tjo ) denotes the collection of all F-stopping times with values in [0, +00),

and D"’s are from (3.9). For the firm who has no remaining expansion options, her game
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value is obtained as

Vo (2) = Diy () + B [0 {L s (X ) = Db (X )} 319)
—7’7'1’*
V2 o(@) = D2 of@) + By [0 {V2 g (X0 ) = D20 (X0 )} (319)

Notice that these game values are determined by their rivals’ game strategies T(?;m or 7',1 1":0

respectively, thus there is no more any optimization.
In the interior game stages (n1,n2), by the Nash equilibrium criterion (2.6)) the equi-
librium strategy of each firm is the best-response to her rival’s action, and we denote

the resulting NPVs by ‘71( -;77"). Namely, based on (3.8)), given the rival’s game policy

2

as 7. ., (resp. 7, ), firm 1 (resp. firm 2) solves the optimal stopping problem:

Ve (z;r2 )= D (x)

- s [t { <> Dl (2.}
+]1{T<r,%1, - { a—1.ms ( D7ll1 oy (X7) — Kil}
Fhprrz e Vit (X2) = Dl (X = KLY (316)
V2 (@i ) — D2 ()
= sup, []1{7>Tgl,n2}€_”’%l’"2 {Vn21—1,n2 (Xrgm) Dy, o, (XTgW)}
Fgrany, €T V2 o (X2) = D2, (X)) — K2,
Pl e VA et (X2) = D2, (X) = K2} (317)

Observe that simultaneous investment can be ruled out since on the event {r =72 1}

it is strictly dominated by the strategy of first waiting 7 > and then optimally

nl n2

investing as a follower: V! >V pe1—

a1 = Kﬁl. Assuming that the suprema above are

attained, we obtain the best-response policy 7, . = 75 . (7,/..) that maximizes (3.16)-

ni,n2 ni,n2
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(3.17), where we emphasize the dependence on the rival’s strategy. The condition for a
Nash equilibrium at (ny,ns) (as defined in Definition [2.4)) is then characterized as a fixed
point of the best-response strategies: Tﬁ;‘nz =7l wz(ﬂf;’fm) and Tgi’fm = %317,12(7711’?”2). By

induction on the discrete stages (nq,n2), we may patch these local equilibria to construct

a global one:

ar* = (7} . (TE,) s 1 > 0,Vn,)

ni,n2 ni,n2

(3.18)
a®* = (72 (7h..) . n2 > 0,VYn;)

ni,n2 ni,n2

3.2 Constructing Equilibria

In this section, we will specify game strategies and game values of each firm at each
game stage (n1,n2) by dynamic programming. The boundary game stages, at which only
one firm has expansion option(s), can be solved directly as in ([3.12))-(3.13)), allowing us
to determine — accordingly. For the interior game stages at which both firms
have expansion options, we first derive their best-response to the rival’s action and then

obtain the equilibrium strategies via the Nash equilibrium fixed-point characterization.

3.2.1 Equilibria at Boundary Stages

In the scenarios where one firm has expansion options while her rival does not, deriving
game values and policies boils down to solving a series of single-agent optimization prob-
lems —. Note that because capacities are forever constant after Mt = (0,0),
Vio(z) = Djjo(z) for i = 1,2, which serves as an inductive starting point to solve the
multiple-stopping problems associated to boundary stages. Solutions to optimization
problems at stage (1, 0) and (0, 1) are classical and stated in Section for complete-

ness. We then extend inductively to the general boundary case (ny,0) and (0,ns), with
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a full proof in Section |3.4.2]

Theorem 3.4 (Boundary Cases) The game value of firm 1 at stage (ny, 0) and the

game value for firm 2 at stage (0, ny) for ni, ng > 1 are admitted as:

.

Drlzl 0( ) + F(lgiz n1 (Sn1 O) fo S ( Sn1 0)
Violr) = FlSwo) 0 (3.19)
anl—1,0<x) - Kv%p fo € [ n1 0’ d)v
’
%%TLQ*l('CC) - K’?LQ’ Zf:c e ( SO TLQ]
Vorns () = (3.20)
G(z) 2% 7
D8n2( ) + G(S(Z),’ZQ) ’ h(Q),ng(SO,ng)7 wa € ( 0n27 d)’

with first-mover payoff functions

hy 0 () = Vi, 10(@) = Dy o) = K,

n1,0 n n1,0

h(ZJng( ) %2,11271( ) Dgng( )_Kg,g
Their corresponding policies are characterized by threshold-type stopping times

Ty =inf{t > 0: X7 > 5,70}

Ton2 inf{t >0: X7 < Som}

where the series of optimal stopping levels Sl * So ny Satisfy the equations

1, h'Tlll, 1,% /
F(Sn1,0> (h}bl’ )/(Snl, ) F (Snl O) (321)
h2
G(Simy) = 7527 (Sms) % G'(Soin,): (3.22)
’ (hO m)

Remark 3.5 We do not assume any order of the threshold sequences (5711’1*70)”121 or
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(SQ,*

07”2)71221' If firm 1’s thresholds are not increasing (resp. decreasing for firm 2), she

would simultaneously exercise multiple expansion options if X; moves in her preferred

direction. This might happen for example if the market prices are non-convex in M.

We have shown that the optimal game policies of the “follower” who is the only firm

with expansion options left are of threshold-type. Her “leader” rival’s game values are

then accordingly determined from ([3.14))-(3.15):

Corollary 3.6 (Leader Game Value) The game values of firm 1 at stage (0,ns) and

game values of firm 2 at stage (ny,0) for ny, ny > 1 are admitted as:

(

‘/E)l,n _1(1'), fo € (C_iv Sg::; ]7
Vo, (7) = ’ . T (323
| Db, (@) + Gla) - [ | (832) 0 ifa e (Sin,. d)
\
V'r? — _Dil, Sk - Sk
, D2, o(w) + Fla) - [ 2228200 ) (S)e) if € (d, S,70),
Vinolz) = (329
\Vnglfl,o<37>> ifx e [571171*,07 d).

3.2.2 Equilibria at Interior Stage (1, 1)

In the scenarios that each firm has available expansion options, i.e. at stages (ny, ns)
with nq, ny > 0, the firms interact through the negative externality of expansion on the
electricity price. In the given context of Nash equilibrium, we will obtain equilibrium
policies as the fixed-point of the firms’ best-response to each other’s strategy. We first
derive the solution at stage (1, 1), then extend to an arbitrary interior stage.

Based on (3.16]) with ny = ny = 1, firm 1’s first-mover payoff is admitted as hj , (z) =
Vo (z)— Dy (x)— K7, and her second-mover payoffis I} ; () = V}'y(x)— Dy , (). Following
preceding results for boundary stages, one can easily verify that If,(z) > hy,(z) for z

small enough, and [} , (z) < hj,(z) for z large. Assuming that h —[ is strictly monotone,
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we accordingly define a “leadership” point Lil where first-mover payoff of firm 1 equals

her second-mover payoft:
Ly :=inf{z € D : hy () > lj,(x)}. (3.25)

The meaning of the leadership point arises from the competitive aspect: when z < Lil,
firm 1 does not compete to be first, since she is in fact (instantaneously) better-off being
a second mover. On the other hand, when x > Lil, firm 1 would prefer to be a leader

than a follower. Similar considerations lead to the leadership threshold of firm 2:

L, :=sup{z € D : hi,(x) > 17 (2)}. (3.26)

Recall that the game strategy of firm 2 at stage (1,1) is defined as a F-stopping time
71271. Since the first-mover payoff of firm 2 is greater than her second-mover payoft if and

only if the level of X; is low, it is reasonable to assume that 77, is of threshold-type:
i =inf{t > 0: X, < 55}, (3.27)

i.e. expansion of firm 2 takes place once X; drops below ss.

Depending on relationship between hy ,(s2) and Iy (s2), the payoff of firm 1 would
experience a jump up/down at the exercise threshold of firm 2. In particular, in the case
that sy < Ly, i.e. hy; <l at x = s9, firm 1 actually benefits from having firm 2 invest

at s9, accordingly is not incentivized to preempt when firm 2 intends to invest. She now
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solves the optimal stopping problem following ([3.16]):

‘A//ll,l(xa 32) - Dil(l‘) = Slel’?E [ {r<ri, }6 {h 7’)} + ]1{7'>7'12Y1}€_TT12’1 {l% 1(X7—121)}:| .

(3.28)

Proposition 3.7 (threshold-type best-response of firm 1 at stage (1,1)) If sy < L1, the
best-response of firm 1 associated to 7'1271 = T, specified in (3.27) is the stopping time

given by
T11(s2) = inf{t > 0: X, > S} ,(s2)}, (3.29)

where the optimal stopping level 5’1171(32) = 51 > 89 18 a function of so, characterized by

the following equation:

[(hi1 V111) (52)G(S1) = hi(S1)G(s2)] F'(Sh)
+ [h11(S1)F(s2) = (hiy V11 ,) (s2)F(S1)] G'(S) (3.30)

= (ht,) (S1) [G(S1)F(s2) — G(s2)F(S1)] -

Consequently, the optimal stopping problem (3.28)) admits the value function

(

‘/11,0(1')7 fo € (C_i, 32):
Vii(z,52) = 4 DY (2) + &, F(x) + 5}, G(a), if € (s5, 1), (3.31)
‘/E)l,l(l‘) - Kllv fo € (517 J)v
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where O | == @1 1(s2) and v}, := D (sy) are defined as

hi,(S1) Vi G(S
o, = M) — (i1 V1) (22)G( 2 (3.32a)
’ ( ) (32) F(s )G(Sl)
hi V1 F hi (S1)F
]7111 _ ( 1,1 1,1) (52)F(S1) — 1,1 (1) F (s ) (3.32h)
’ F(51)G(s2) — F(52)G(51)
Conversely, in the case that s, > Lil, ie if hy; > If, at = s;, then firm 1

is better off preemptively exercising right before firm 2, since her first-mover payoff is
higher than her second-mover one. Recalling the definition of the leadership points L,
we see that firm 1 is incentivized to preempt immediately 7'11’1 = 0 when the state process

is in (L, s2] (see also [52]). On (s2,d), firm 1 again solves an optimal stopping problem

following (]3.16]).

Proposition 3.8 (preemptive best-response of firm 1) If s > L1 1, the best-response of

firm 1 is
7'117’{3(82) =inf{t>0: L1; < X; < (s24) or X; > 51 1(s2)}, (3.33)

where the optimal stopping level Slljf(SQ) =S¢ > sy is a solution to (3.30)).

Note that the infinitesimal preemption of firm 1 corresponds to “stopping at so+” which
can be considered as a limit of e-optimal strategies. This is because the value function on
(s2,d) is admitted in terms of concave majorant which yields :}1\/‘% ‘71171(.7:, s2) — Di1(s2) =
hii(s2) > li1(s2). Therefore, stopping at s, is too late and firm 1 prefers to preempt
right before sy. Proof of this proposition is in Section [3.4.3 and very similar steps for
the best-response of firm 2 are stated in Section [3.4.4] As expected, the best-response of
firm 2 depends on the relationship between threshold s; of firm 1 and Lil.

To determine Nash equilibria of these firms’ strategies, we start by deriving the best-
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response of firm 2 corresponding to 7'1116 (s2) defined in (3.33). Since the state process
X; is assumed to be regular in D, from firm 2 perspective, 7'1116 (s2) is indifferent from
the situation that firm 1 invest at 7, = inf{t > 0 : X; > Lj,}. From Section ,
if Lil > Lil, the corresponding best-response of firm 2 is a threshold-type stopping
time of threshold S? < L%’l, which leads us to a threshold-type equilibrium (if it exists)
following Proposition Otherwise, if Lil < Lil, the corresponding best-response of

firm 2 is admitted as

ey =inf{t>0: L1; <X, < Lj; or X; < Sff* : (3.34)
where Sff* = Sff(L}l) Note that firm 1 (resp. firm 2) is not incentivized to invest

when X; = Ly, (resp. X; = L7 ). Back to firm 1, since L}, > Li,, her best-response to

72 is then admitted by Proposition as:

ni,n2
mrt=inf{t >0: L}, <X, <L}, or X; > S{'7*}, (3.35)

1,e,%

where S777 = Sllf(Lfl) To summarize, when Lil < L3, we always have the preemptive
equilibrium defined by (7'1116 ’*, 7'12{3 ™). Under that equilibrium, one or more firms invest
immediately when Lil <z < Lil, otherwise the investment happens either at the
thresholds Sﬁ* or at the leadership points L} ,. It remains to specify the outcome of
the first situation, # € (L}, L} ;). This is similar to an infinitesimal coordination game

which admits multiple solutions. One approach proposed by [38] involves instantaneous

mixed strategies and leads to the following proposition (see proof in Section |3.4.5)).

Proposition 3.9 (coordination game at stage (1,1)) Let (p1(z), p2(x)) be a mized
strategy profile, with p;(x) denoting the probability that firm i attempts to invest at X, = x

over an infinitesimal round, played repeatedly. There are three equilibrium strategies:

65



Capacity Expansion Games Chapter 3

(1) (pi(x), p3(x)) = (0,1);
(i) (pi(x), p3(x)) = (1,0);

vi vl —Kl V2, V2, —K?2
(B, (@) g, @)

(i) (pi(x), p3(x))

Note that there is a positive probability that the firms will invest simultaneously if they
implement the third equilibrium, and firm 1 is more likely to invest when X, is close to
Lil while firm 2 is more likely to invest when X, is close to Lil. Moreover, the third

equilibrium coincides with the first/second equilibrium when v = Ly, (x = L7, resp.).

Choices (i) and (ii) above can be interpreted via a preemptive priority that pre-
determines the winner of the instantaneous competition. For example, in our original
economic example, a coal-fired plant is easier to build than a nuclear power plant, so
one may assume that firm 2 has a preemptive priority, i.e. the coordination equilibrium
selected is of type (i) above. Under that assumption firm 1 receives her second-mover

value when Lil < X; < Lil, which yields an upward jump in her resulting game value at

—— Threshold-type / —— Threshold-type /
60 1— Preemptive ste/ 60 1— Preemptive ste/
- |- First-mover - | First-mover
g 50 - - Second-mover g 50 - - Second-mover
ic ic
ks ks
$ 40 1 $ 40 1
=) =
© ©
=30 1 =30 1
© ©
§ §
A 20 & 20
10 L2 s" 10 L2 s
0 5 10 15 20 25 0 5 10 15 20 25
Xo Xo
(a) (b)

Figure 3.1: Game values of the nuclear industry investor (cf. Section for details)
for both threshold-type equilibrium and preemptive equilibrium at stage (2,2) and
= 0.23. S~* denote equilibrium thresholds of these two power generators, and L?
denotes the leadership threshold of the coal-fired investor as in (Left: a) Firm
2 has a preemptive priority. (Right: b) Firm 1 has a preemptive priority.
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r= Lil. In the converse scenario that firm 1 has a preemptive priority, she receives her
first-mover value on [Lil, Lil) and the resulting game value is continuous at z = L%l.
Figure |3.1] illustrates these choices.

Returning to Nash equilibria involving threshold-type strategies, the fixed-point char-

acterization ([3.18)) boils down to solving the following system of equations:

(

[11.1(82)G(S1) — h11(S1)G(S2)] F'(S1) + [h11(S1)F(S2) — U1 ,(S2)F(S1)] G'(Sh)
= (h1,)' (S1) [G(S1)F(S2) — G(S2) F(Sh)],

13 1(82)G(S1) — 17 1 (S1)G(Sa)] F'(S2) + [I71(S1)F(S2) — I3 1(S2)F(S1)] G'(S2)

= (h2,) (S2) [G(S1)F(S2) — G(S2) F(S1)]
(3.36)

for (S1,5:) € [L3,,d) x (d, Li,], and solutions to this system correspond to pairs of
investment thresholds at stage (1,1). To discuss the existence of such equilibria, we state

the following corollary characterizing the best-response curves.

Corollary 3.10 (best-response curves)

(i) Forsy < L}, (resp. sy > L3 ), the best-response function sy — St (s2) (resp. sy —

St 1(s1)) is continuous.

(ii) As sy | d (resp. s; 1 d), the best-response of firm 1 (resp. firm 2) converges to a

finite threshold Sllf* (resp. Slzf)*)

The first statement is a simple application of the implicit function theorem. An interpre-
tation of S“P* is provided in Section [3.2.4.1 Existence of solutions to the system ([3.36)
then corresponds to existence of crossing points of these best-response curves. Depend-

ing on the relation between Lj, and L3, there are three scenarios of the best-response
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curves, sketched in Figure |3.2]

Scenario I: Lil > Lil. In this case there is guaranteed at least one crossing point
of the best-response curves, which corresponds to a threshold-type equilibrium at stage
(1,1) ( Figure [3.2a). Only threshold-type equilibria exist in this scenario, matching the
setting studied by [30, Section 3.1].

Scenario II: L, < L7, and the best-response curve cross (see Figure which has
2 crossings). Consequently, both threshold-type equilibria and a preemptive equilibrium
characterized by — exist.

Scenario III: L}, < L}, and no crossing points between the best-response curves (

Figure [3.2¢)), which implies that only a preemptive equilibrium exists.

If Li, < L3, (i.e. beyond of Scenario I), existence of threshold-type equilibria is not
guaranteed. From Corollary 3.10} one sufficient condition for existence is that S, (L) >

L3, and S} (L7,) < Ly,. The latter condition does not actually hold in the numerical

2,P* 2P| 2P
5 S 5] Sl s
4 \ 4+ \ 41 \e2
SR \S%(s+) SR S%(sy) stP S°(s)
KIS a— 3 R X =l N
7.~ — _\ Equilibrium {7~ _ \ hreshold-type ey~
& ol S'(s) Tme M & ol S'(s2)” T~ 5 21 S'(s2) ">
N . A
1 \ N 1 N \
. \ ~\ 04 \'" Preemptive
0- N 0 \ N 1 Equilibrium
Preemptive ' 4
-1 -1
T T T T T T T T T T T T T _2 1 T T T T
5 -4 -3 -2 -1 0 1 5 -4 -3 -2 -1 0 1 -4 -2 0 2
Sz Sz S2
(a) Scenario I (b) Scenario IT (¢) Scenario 111

Figure 3.2: Equilibrium scenarios for the best-response curveswith lowercase s denote
given thresholds of one firm and uppercase S denote the other firm’s best-response
threshold. The red dashed lines represent best-response of firm 1, while the green
solid lines represent best-response of firm 2. The dotted lines represent the limiting
1L,Px  o2,Px 1. . . 1
thresholds 5y, 577" discussed in Section 3.2.4.1f Note that for s; > L ; and
51 < Lil there is no threshold-type best-response and the “A” marks a preemptive
equilibrium which corresponds to (Li17 Lil) in this numerical example.
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example sketched in Figure[3.2bl Numerical examples in Section [3.3|suggest that Scenario

1T occurs under high volatility o.

Remark 3.11 In Scenarios I & II there are multiple Nash MPFEs, so equilibrium se-
lection is an important issue. From monotonicity of payoff functions, typically a higher
threshold of firm 1 and a lower threshold of firm 2 yield higher game values to both
firms.  This assumption combining with the sequential nature of investment decisions
with a flavor of a Stackelberg competition preferences the latest equilibrium, i.e. select-
ing the highest threshold 51171 and the corresponding lowest threshold Sil. To understand
the logic for this preference, consider two equilibria termed the later (higher threshold of
firm 1 and lower threshold of firm 2) and the earlier. Now consider firm 1 currently at
her early threshold S1 <l and contemplating whether to expand now, i.e. pick the early
equilibrium, or wait. Conditional on firm 2 implementing Si’iat, best-response optimality

implies that
1 lerl, 2 Jat 1 lerl, 1 Jat 2 Jat 1 lerl, 1 erl _2laty 1 l,erl 1
‘/11(811 ; 11 ) Jll(Sll ) 11 ) 11 )>J (Sll ) 11 77-1,1 >_%,1<Sl,l )_Kl'

So under that assumption, firm 1 can extract higher expected NPV by waiting and not
wvesting immediately.  Of course, there is a risk that the assumption is false, firm 2

will tmplement the early threshold Sf frl, whereby firm 1 will lose by waiting. However,

by symmetry, when in the future, X; were to reach Si’f”, firm 2 would face the same
dilemma, and (by then knowing that firm 1 did not invest in the past) would also prefer
to wait, in the hope of realizing the later equilibrium. It follows that the sequential nature
of decisions encourages mazimization of game values — each firm can rationally assume
that in the future her rival will refrain from the earlier equilibrium, and hence rationally

commit to waiting right now, and not expanding early. In effect, a firm can credibly signal

to her rival that she is implementing the later equilibrium, yielding a higher game value
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to both.

Note that the above argument works when firms make decisions sequentially, but does
not work for simultaneous actions where threat of preemption takes precedence. Namely,
the Stackelberg logic cannot rule out preemptive equilibria. For example, in Scenario
IT, when X, hits Lil, firm 1 has no time to signal that she prefers a threshold-type
equilibrium, as she faces the immediate threat of firm 2 investing which would at once

generate a loss in her (firm 1) NPV,

3.2.3 Equilibria at General Stage (n1,n2)

To generalize to further interior stages (ny,ny) we assume that for all nj < ny,nf <
ng, there is a threshold-type equilibrium (which has been selected, if necessary, among
available choices) at stage (n},nj). Under this assumption we can inductively apply the
concave majorant method.

To fix ideas, consider stage (2, 1); we use (Sl 15 Sf;‘) to denote investment thresholds
of the threshold-type equilibrium strategies adopted at stage (1,1). Then given firm 2’s

strategy with threshold s, < Ly, firm 1 solves:

Via( ) = D3(a) = supBe [ Lprrs o™ {3 (X)) + gy 0 {11 (X3 )

with hy,(z) = Vi) (z) — Dy, (x) — K3, where V], is the equilibrium game value received

by firm 1 at stage (1,1). Since 51 1< S from Proposition E from (3.31) the corre-
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sponding first-mover payoff is derived as

p

Dil@) - D%,l(i) - K21 + Vfo@) - Di1<x)7 if z < 512,’;
hay(r) = { D! (x) — D}, () — K} + Wl F(z) + v1,G(x), if ST <@ < S17,
Di1(l') - D%,l(x) - Kj + hil(@a if © > Sllik
\

(3.38)

Since F' and G terms do not contribute to (£ —7)hyy, and (£ —r)h,(z) < 0 for
x> Sllf, we conclude that hj(z) is in the class Hin. Similarly, one can check that the
first-mover payoff of firm 2, h%jl(:c) is in the class Hge.. Consequently, Proposition
and Lemma allow us to apply similar arguments as Proposition and Appendix

to derive threshold-type best-response of these firms. Similar arguments yield

Theorem 3.12 Let hil and [t be the first-mover payoffs and second-mover payoffs

;12 ni,n2

associated to optimal stopping problems (3.16)-(3.17), for i = 1,2. The threshold-type

equilibrium policies implemented by the firms at stage (nq, ng) are the stopping times

T —=inf{t>0: X, > Sh*

ni,n2 n17n2}’

2o =inf{t >0: X, < S¥* 1

ni,n2 — ni,n2

where (Srl;l"jm, S,QL’l*m) is a solution to the system of equations

(

[0y (S2)G(S1) — L, (S1)G(S2)] F'(S1) 4 [Ad, 1y (S1)F(S2) = 13, (S2) F(S1)] G'(S1)

n1,m2 ni,n2

= (hh,ny) (S [G(S1)F(S2) — G(S2)F(S)],

ni,n2

(B2, 0, (S2)G(S1) = 12, ,,,(S1)G(S2)] F'(S2) + [12,,,,(S1)F(S2) — hi, ,,(S2)F(S1)] G'(S2)

ni,n2 ni,n2

= (h2,,,,) (S2) [G(S1)F(S2) — G(S2)F(Sy)).
(3.39)
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Consequently, the equilibrium game values are

V’n,ll,ng—l(x)7 fo E ( S7’211*n2]
an1,n2 (J:) - DrlLl,ng (I) + w}u,ngF(‘r> =+ Vrlzl,ngG(x)7 fo € (STQLl*TL27 51111*n2) (340)
\anl—l,ng (:U) - K?%N fo E [5’7111*”2, J)’
(
Van,’I’LQfl(x) - K’?LQ’ fo e ( S?Ll*nz]
Vn21’n2 (x) - D7211,n2 (J)) + wil,nzF(x) + V’?u,ngG("L‘)? fo € (Szbl*ny S’rlu*ng) (341>
kvnzlfl,’ng (I‘), fo e [S’r%,;inQ? _)7
where
Sl * G Sz * o 52 * G Sl *
wrlLl ny = 2( ILi?w) ( Qni,nz) ni n;(* ni, n2) 1(* ni nz)7 (342)
’ F(Sm, 2)G(Snins) — F(Sning)G(Snin,)
SQ * F Sl * hl Sl * 52 *
Vian — n2( ni, n2) ( ni, ng) n1 n;(* ni, TLQ) 1(* ni1 ng)’ (343)
’ F(Sm, 2)G(Siin) = F(Suiing) G (Snina)
Sl* GSQ* —h, 52* GSl*
WTQLl ny = ( ﬂll; 2) ( T;1*n2) ni n;(* ni, nz) 1(* ni ng)7 (344)
’ (Sniona )G (Sninz) — (Sm n2)G(Snina)
5«2 * F Sl * - Sl * 5«2 *
V21n2 — 2( n1n2) ( ni, TLQ) nl n;(* ni, ng) 1(* ni ng). (345)
7 F(thnz)G(Snl,nQ) (thnQ)G(Sn’l,nQ)

To recap, the overall dynamic expansion game proceeds in discrete stages. At each
interior stage, there are two thresholds Sy;*, . which determine the investment level of
firm ¢ = 1,2. Figure [3.3a] shows a schematic for all the different thresholds starting
at My = (2,2). To better visualize the game evolution, a simulated state trajectory is
presented in Figure with the firms’ thresholds for the case AQ" = 0.25 (in which
interior stage equilibria correspond to Scenario II and we assume the firms implement the

latest threshold-type equilibrium). The firms’ equilibrium policies determine a two-sided

exit region for each interior game stage and one-sided exit region for the boundary cases.
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(a) Stages (b) Sample Trajectory of X

Figure 3.3: S5 o denotes the equilibrium threshold of firm ¢ at stage (n;, ng) (Left:
a) Sketch of the various stage thresholds as a function of (n1,n2). (Right: b) A sample
trajectory of X with Xg =0, My = (2,2). The corresponding macro market evolution
is (2,2) — (1,2) — (1, 1) — (0, 1) — (0, 0) with expansions at the first hitting times
of the corresponding thresholds.

As the state process X hits one of the firms’ expansion threshold, the game jumps to the

subsequent stage and yields a new exit region.

3.2.4 Predetermined Priority and Central Planner
3.2.4.1 Predetermined Expansion Priority

In a competitive situation, the threat of the rival investing first causes the firms to
act preemptively. As a result, competition leads to loss of value compared to a first-best
strategy without any rivalry. To quantify this loss, we compare the derived equilibrium
game values to the setting where the order of investment is pre-assigned. In the latter
model, one firm is granted a priority option [38] meaning that she is allowed to single-
handedly optimize her investment level without worrying about preemption. After the
pre-assigned leader invests, the rival obtains a chance to invest as well. Thus, the priority

option removes the preemption threat, but still maintains the multi-stage competition
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aspect.

With multiple investment options one may consider a combination of several priority
options; to fix ideas we focus on the simplest situation where each firm starts with one
expansion option My = (1,1), and therefore priority grants leadership status, making the
rival a follower. Assuming that the priority option is given to firm 1, her decision now

reduces to solving the optimal stopping problem:

Vii (x) = Di(z )—SLG{I;E {e7hy (XD)}, (3.46)

where the payoff function is specified in (3.64)—after her investment the game will be in

stage (0,1) with the associated game value V{!;.

Proposition 3.13 (Policy and value function with priority option) The value function

associated to the optimal stopping problem ([3.46|) is:

Diy(e) + mostths - hhy (SUP) . fwe @ Si),
Vi )= T e A (3.47)

Dy (x) = K, if v e[S177, d).

The corresponding investing policy is 7'113 =inf{t >0: X} > Sl P*}, where the optimal

stopping level S P solves F(SIP*) X (hil)/ (Sl, ) =hy, 1(SIP*) X F’(SIP*)

The proof matches that of Proposition and hence is omitted. An important
property is that the optimal priority threshold Sll ’f " is no less than the leader’s threshold
S1 1, which implies that competition causes preemption: if X, € (S1 £ Sp P*) then firm 1
chooses to invest now even though without competition she would be better off to wait
until X rises up to S1 el

Note that pre-assigning firm 1 as the first-mover is mathematically equivalent to

taking sy — d, i.e. best-response when firm 2 never invests. It follows that 57’ P > 51(s,)
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for Vsg, i.e. SUP* is the limiting value of the best-response curve limg, 4.S'(s2), see the

earlier Figure [3.2

3.2.4.2 Central Planner

A different perspective on competition is offered by considering the difference be-
tween the primary non-cooperative setting and its cooperative analogue. The latter can
be thought of as a central planner (or state-controlled holding company) that jointly
optimizes the aggregate expected profits. Since there is no more rivalry, this “monopoly”
model reduces to a classical sequential real option problem; a related problem was treated
in [1].

Treatment of the cooperative investment problem is analogous to the problems con-
sidered after we aggregate the profit rates via

M () =7 (x) + 72 (7). (3.48)

ni,n2

If 7¥’s are linear in z, then so is 7™ and hence the solution structure remains the same.
In particular, in states (1,0), (0,1) we have investment thresholds S%’*, Sé\ﬁ’*. To handle
the investment decision in stage (1,1) and beyond, we can view it as optimizing the

. . . 1,M 2.M 1,M . . . . .
two-sided stopping time 7,7 A7y, where 777" is the time to invest in firm 1-expansion,
while 7121M is the time to invest in firm 2:

M 1 2 —rrtM 1M

Vii(z) = Dyy(x) + Diy(x) +  sup K, []1{711’{‘4012’1]”}6 e {hl 1 <X 17M>}

LM _2,M ) ; 11
T T eT

M 2.M
+]].{T11’,iM>Tl2’,1M}6 "1 {hl,l (XT121M>}] : (3.49)
Section W presents the resulting solution for V% and the optimal investment
thresholds Sijlw* that define 71”1\4 Since the cooperative solution is first-best, V"] >
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Vll’l + Vfl, see Figure m

3.3 Numerical Examples

We assume in all following numerical examples that when available, the (latest)
threshold-type equilibria are selected at each stage. Economically this means that the

firms are not very aggressive and refrain from preemptive equilibrium strategies.

3.3.1 Dynamic Preemption and Over-investment for 1-shot Ex-
pansions

In this section, we use a symmetric example to compare competitive investment strate-
gies to their counterparts where competition is constrained (priority option) or firms co-
operate. To focus on the preemption effect, we assume that each firm possesses only one
option to expand her capacity. The firm parameters are identical, except that one prefers

positive X; and the other negative Xj.

Parameter \ Meaning Value
6 | mean-reversion level 0

|4 | mean-reversion rate 0.06

o | volatility 0.70

r | interest rate 0.03

pi | cost sensitivity +1.60

i1 | initial capacity of firm i 1.00

wa expanded capacity of firm ¢ 1.50

K' | expansion cost 5

xo | initial state of X; 0

Table 3.1: Numerical setting for Section [3.3.1]

The relative cost X; is a mean-reverting OU process with zero mean-reversion level

0 = 0. As a consequence of these choices, all the equilibrium thresholds will be symmetric
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about x = 0. The price model is:

Pryny =30(1 = 0.17(Q1, ., + Q2 ,)).

Starting with stage (1,1) we compare three competition models: (i) non-cooperative
game, where both firms compete to become the “leader” by investing first, the follower
then has a chance to invest second; (ii) priority case where firm 1 is pre-determined to

be the leader and hence can optimize her threshold Si’f "

without worrying about threat
of preemption; (iii) cooperative game or the central planner model where the aggregate
profit of the two firms is optimized. Thanks to the symmetry present in the example, in
the competitive model the thresholds are symmetric about zero Sllf = —Si’f; also the
second-investment thresholds are the same in case (i) and (ii) since the follower does not

care if there was an initial priority option or not.

Non-cooperative | Predetermined Leader | Central Planner
First-stage Policy Spp = 2.1822 Spt = 2.964 Sp = 2.886
Second-stage Policy | Sy5 = —0.0387 — S = 10.5209
Expected time of me,’LSi,’f(O) msll),*(O) = 107.448 mSil:{W,*7Sf:i\/1,*<O)
the first investment =16.125 =39.372
. I, I,Px\ 1,M %
Expected time of mSﬁ;I< 1) ms§;{(51,1 ) = 23.269 msﬁ;{”’*@l,l )
the second investment =18.943 = 7.280 x 108

Table 3.2: Equilibrium thresholds of firm 1 and expected times of sequential invest-
ments. By symmetry, equilibrium thresholds of firm 2 are the same values with
opposite signs at each game stage. Stage (1,1) equilibrium corresponds to Scenario I
and is therefore unique.

With parameter values stated in Table the equilibrium thresholds of firm 1 as-
sociated to each competition model are presented in Table [3.2] For example, her game
strategy at stage (1,1) is: 7'111* =inf{t > 0: X; > Sllik = 2.1822}, and so forth.

We remark that under these parameters, stage (1,1) yields Scenario I and the resulting

threshold-type equilibrium is unique.
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We observe that firm 1’s threshold in a competitive market, Sllf = 2.1822, is lower
than her thresholds corresponding to other situations, i.e. competition leads to earlier
expansion. With a priority option, firm 1 would not invest until X; > 2.964, and under
central planner, firm 1 would not invest until X; > 2.886. In other words, when the
state process X, is in (Sy7,S11") = (2.182,2.964), the firm over-invests immediately,
rather waiting for her first-best (i.e. non-competitive) threshold. Figure quantifies

the resulting impacts on expected profits, which decline due to the above pre-emption

effect that reduces the value of the timing flexibility. The left panel compares Vﬁl to

V11,1($)+V12,1($))

1,P*
1 V11}/{($)

Vﬁ’lp—note that the two are equal for z > Sy . The right panel shows (1 —
which is the difference between the net profit of the central planner and the sum of two
competitive firms’ net profit. Cooperation increases profits, and the above ratio quantifies
the aggregate loss caused by competitive preemption. This loss is maximized when the
initial state Xy = z is equal to the expansion thresholds Si’j, whereby one of the firms

overinvests immediately.

S
[ 3TeY ]
E B6% -
S S
[} Q
£8- 2
o @
- e
e (0]
S Q
ic 81 5%
<
St
N I T . I I
Xo Xo
(a) Game values of firm 1 (b) Percentage loss

Figure 3.4: Impact of competition on game values. (Left: a) Equilibrium game
value of firm 1 predetermined as the leader V117’1P (red dashed curve), versus firm
1 game value in a competitive market V}'; (solid black). (Right: b) Percentage loss
1— (Vi (o) + Vfl(xo))/Vlj\{(wo) in the firms’ aggregate profit due to competition.
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To convert the above thresholds into a more economic context, we compute the aver-
age timing of an investment. For example, the first investment takes place at 7/, A 77;.
The respective expected value can be obtained by viewing this quantity as the first exit
time from an interval (a,b) D z, 7, = inf{t > 0 : X7 < aor XJ > b}. Denote its
expectation as m(z;a,b) := E, [7,)] (see detailed computation in Section [2.3.2). Then
the expected time of the first investment in a competitive market, the priority case,
or the central planner are m(0; Spy, S17), m(0; —o0, Sp1™*) and m(0; Spi7*, i), e
spectively. We also will consider the time between the first and the second investments
(i.e. between the leader and follower times).

Table shows that there is in fact a very significant wedge between average in-
vestment under competition, and average investment by the central planner. With an
initial state Xy = 0, the expected time to finish expansion in a competitive market,
Mger g (0)+m s21 (Sllf ) = 35.068, is much shorter compared to the priority/cooperative
analogues, so overall capacity build-up is hastened throughout the game, not just due
to first-stage preemption. Indeed, because the first investment occurs sooner, the leader
gets less time to enjoy her competitive advantage, i.e. lowered msgy,f(Sllv’f ), which is an-
other way to explain the harmful impact of competition on industry profitability. An
interesting observation is that the expected time of the second investment for a central
planner (7.280 x 10%) is so long that it is almost equivalent that the central planner will
invest only once. Therefore, competition can alter not only the timing of investment, but

even the long-run market organization.

3.3.2 Effects of Market Fluctuation

We next discuss the effect of market fluctuations which can be parameterized by the

volatility o of the OU process (2.39). Higher volatility of the relative costs X; implies
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more fluctuations in market conditions.
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Figure 3.5: Effect of cost volatility o. (Left: a) Equilibrium thresholds of firm 1
S’H ,Sll”g ,Slljf ™ as the volatility o of (X;) varies. (Right: b) Respective equilibrium
game values of firm 1 at Xy = 0 versus o.

Figure [3.5| shows that as the volatility ¢ increases, the expansion threshold at stage
(1,0) Si;g of firm 1 increases, while her stage (1, 1)-threshold Sllf decreases. With a prior-
ity option, the corresponding threshold of firm 1 is positively related to o. In Figure [3.5D]
the equilibrium expected profit of firm 1 increases if she gets first-mover priority, which
coincides with the intuition that more market fluctuations lead to higher average revenue.
In particular, with higher o, the pre-determined leader can wait longer until the state
process moves to her preferred direction and then reap higher rewards. On the contrary,
in a competitive market, game values decline as o increases. This discrepancy highlights
the effects of competition. Namely, in the face of a more volatile market, firms become
more aggressive and expand capacity much sooner, to the extent that their expected
net profits drop. We observe that for o large, the preemptive equilibrium —
becomes the only available game strategy the firms can adopt (i.e. we are in scenario
IIT from Section . The financial interpretation is that under high profit volatility,
firms wish to delay their expansion in order to be certain that X will not quickly move
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against them. Consequently, they are more concerned about pre-emption by the com-
petitor which is another way for future gains to dissipate. As a result, the competition

effect gets stronger and eventually takes over, ruling out threshold-type equilibria.

3.3.3 Case Study: Impact of Multi-part Investments

As discussed, investments in generation capacity are done on a very large-scale with
multi-billion dollar commitments. These massive single-shot decisions carry a lot of risk,
so more flexible technologies might be preferable (see also [26] and [48]). We interpret
flexibility as the ability to split a large investment into smaller ones, for example by
sequentially installing several small plants. In this section we present a numerical example
to discuss the respective effect of expansion size and the number of expansion options.
This analysis also links the sequential, discrete-stage model herein to a continuous control
formulation where capacity is added incrementally in infinitesimal amounts.

We maintain the symmetric parameter setting with the OU process X; from the
previous section. Capacity expansion is modeled by Q% ., = 7 — (AQ)n;, where § is the
terminal capacity to be reached, and A() is the unit investment. We now compare the
previous single-expansion situation that used AQ = 0.5 and n; € {0,1}, ¢ = 1.5, with a
two-stage expansion for firm i, modeled by AQ* = 0.25 and n; € {0, 1,2}. The expansion
lump-sum costs K* are proportional to the expansion size AQ", allowing a direct ceteris

paribus comparison. We remark that with added flexibility, the game in interior stages

now features Scenario II with multiple threshold-type equilibria.

3.3.3.1 Single-Firm Increased Flexibility

We first consider the case that only firm 1 is allowed to split her project, namely

(AQ', AQ?) = (0.25,0.5). The resulting best-response curves are sketched in Figure
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‘ firm 1 firm 2
Stage (2, 1) 321 =1.133 Sy =—2.1312
Stage (1,1) | Sy =3.323 S;) =-1.2083
Stage (2,0) 5213‘ = —1.043 —
Stage (1,0) 521 — 1.064 —
Stage (0,1) — Sys = 0.0387

Table 3.3: Investment thresholds for the case AQ' = 0.25, AQ? = 0.5. Interior stage
equilibria correspond to Scenario IT with multiple threshold-type equilibria; according
to Remark we always pick the latest one.
and the equilibrium expansion thresholds are summarized in Table[3.3] Compared to the
case (AQ', AQ?) = (0.5,0.5) in Table[3.2] thanks to increased flexibility firm 1 will begin

adding capacity sooner, and is much more likely now to invest first: Py (7'2 1 < T 1) =

0.6853; recall that in the base case that probability was 50/50.
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Figure 3.6: Best-response curves in the case (AQl, AQQ) = (0.25,0.5) with lowercase
s denote given thresholds of one firm and uppercase S denote the other firm’s best-re-
sponse threshold. Interior stage equilibria correspond to Scenario II with multiple
threshold-type equilibria; the latest ones are highlighted in the plot.

As expected, additional flexibility increases the game value of firm 1, see the red
dashed line in Figure [3.7al The extra profit is maximized when the initial X, is be-
tween 5’21:1‘(0.25,0.5) and Slljf(O.5,0.5). Surprisingly, additional flexibility for firm 1

also increases game value of firm 2. This can be partly understood by supposing that

Xy = Sllf(O.5, 0.5), in which situation under AQ' = 0.5 firm 1 will expand her capacity
82



Capacity Expansion Games Chapter 3

to 1.5 immediately, putting firm 2 into the undesirable “follower” state; with AQ! = 0.25,
the expansion is only to QiQ = 1.25, reducing the negative impact on firm 2. As a re-

sult, in this numerical example, both firms benefit from one of them gaining additional

flexibility:.
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Figure 3.7: (Left: a) Impact of firm’s 1 increased flexibility on game values received
by each firm. The two “cusps” of the red dashed line are due to the game values
not being smooth at the thresholds 8227?(0.25, 0.5) and Si’f(O.S, 0.5). (Right: b) The

expected capacity Eo[Q%(t)] of each firm starting with Xo = 0.

3.3.3.2 Marco Market Organization: Expected Capacity

Another question we are interested in is the expected capacity E,[Q(¢)] of each firm at
time ¢, or equivalently the distribution of M, = (N'(t), N%(t)). The exact answer depends
on P(7* < t) and requires computing the running maximum of an OU process which is not
available in closed form. For our purposes we accordingly use Monte Carlo simulation
to estimate the expected capacity of firm 1 in the cases (AQ', AQ?*) = (0.25,0.25),
(0.25,0.5) and (0.5,0.5), assuming that X, = 0.

To compute E,[Q"(t)], we employ a Monte Carlo method based on the Euler scheme
with At = 1/120 and 10000 simulated trajectories of the state process X. The estimated
capacities at time ¢ for each case are presented in Figure [3.7b] from which we observe

that added flexibility allows firms to smooth out their investment profiles over time,
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installing more capacity early on, and less (on average) later. Comparing the curves for
(AQ', AQ?) = (0.25,0.25) against those of (AQ', AQ?) = (0.5,0.5) we see that smaller

project size A(Q) makes aggregate capacity grow slower.

3.3.4 Case Study: Political Will for Meaningful Carbon Prices

We return to the motivating economic example where firm 1 is the nuclear power
generator and firm 2 is a coal-fired plant investor. With X; representing the carbon
emission price, higher X; implies higher net profit made by the nuclear investors (who
are carbon-neutral), while lower profit is made by the CO,-emitting coal-fired plant. As
mentioned in Remark [3.2] we can also interpret the firms’ sensitivity to the carbon price

via the correlation between CO2 allowance price and electricity prices

Parameter ‘ Value Unit
Private discount rate r 10%

Public discount rate rpypic | 3%

Nuclear expansion cost K | 1400 USD/MWe
Coal expansion cost K? 850 USD/MWe
Revenue rate P ; 24 USD/MWh
Revenue rate P, 22 USD/MWh
Revenue rate Fp ; 22 USD/MWh
Revenue rate Fp 10 USD/MWh
Cost Sensitivity p 0.25

Long-run carbon price 6 30 USD/tCO2
Political will p [0.1,0.25]

Initial carbon price X 5 USD/tCO2

Table 3.4: Parameter values for Section

As in the previous example, we model X; as a mean-reverting OU diffusion. Such
dynamics are interpreted in terms of the government policy to target a carbon price of
$6 per ton of CO,. Market conditions generate fluctuations around this long-run average

price, and the mean-reversion parameter p represents the strength of the political will
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to keep prices around 6. Specifically, in light of recent experiences around the world,
policy makers have tried to impose significant carbon prices (6 = 30), while the actual
prices have been rather low (X, = 5). The mean-reversion rate p in determines
the expected time to reach the carbon price target, with the time-scale proportional to

-1

1

In the short-run, market conditions are favorable for the coal-fired plants, reflected
in the fact that their investment costs are lower, K? < K'. In the long-run, the carbon
price will rise and erode this favorable situation. For the social planner, the nuclear
investment is therefore preferable (and can be justified through a lower social discount
factor rpupic). However, private investors have much larger discounting r = 10%. There-
fore, depending on the political will, coal-fired investment might still be made in the near
future. To sharpen this conflict, we assume that the leveraged costs of electricity gener-
ation (LCOE) and the nominal electricity prices are such that at most one investment
is profitable. Thus, starting at stage My = (1,1), stages (1,0) and (0,1) are both ab-
sorbing. Consequently, the two firms are competing to make the first and only expansion
(i.e. become the “leader” in this asymmetric single-shot setting). Namely, the coal-fired
investor might want to preempt the base-load market before the carbon price makes her
less competitive. Knowing this, one wonders whether the “green” nuclear power plant
generator will hasten her own investment.

The nominal levels of prices P, ,, are designed in the following way. Noting 7, the

r-K;
N

discount rate, the LCOE for player 7 is p; := , where N is the number of hours per year
to get a price in USD/MWh. In words, LCOE is the price level for which the net present
value of building a new plant is zero. We have ps < p; and take P;; > max(pi,p2),
but Py < min(p;,p2). Thus, nominal prices after a first investment are set in such a

way that once one player has invested, a second investment will lead to a nominal price

much lower than the LCOE’s of both players, making it unlikely that the price plus
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the carbon premium will rise above investment levels again. The intermediate nominal
prices Fp 1, Pi are right around p;’s, so that investment is possible, but is conditional
on a favorable carbon price (low enough for the coal-fired investor, high-enough for the
nuclear investor).

It turns out that with the above parameters, stage (1,1) leads to a unique non-
preemptive equilibrium (scenario I). To explain the long-term structure of the market,
we consider the end stage lim; . M,. With the parameter settings given, it is only
profitable to make (exactly) one investment, so that lim; M, € {(1,0),(0,1)}. Figure
plots the probability Proby; = P, (lim;_,« M, = (0,1)) that the coal-fired producer
is the one to build. We see that this quantity is highly sensitive to u. If u is too low, the
competition will “choose” to preemptively build coal-fired plants (Si’f > Xy =5), while
the public decision-makers will still be struggling to establish a high and steady value of

carbon price. As p rises, the investment threshold of the coal-fired investor Sff falls as
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Figure 3.8: Game equilibrium at stage (1,1) for the nuclear-coal generation capacity
market. Equilibrium is based on Scenario I with a unique threshold-type equilibrium.
(Left: a) Investment thresholds Sll’f,S% 7 as the mean-reversion rate u varies. For
convenience we also indicate the level of initial carbon price Xg. (Right: b) Probability
that the coal-fired investor invests first Prob;o as p varies for the given X = 5.
For small p the coal-fired producer is guaranteed to invest first; for large p nuclear
producer 1 is almost guaranteed to invest first, Prob; g ~ 0.
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she anticipates lower future profits, and hence demands larger short-term gains (possible
only if carbon price is minimal) as compensation. Of course, with strong political will,
carbon prices are unlikely to fall from X, = 5, so that the likelihood of coal-fired investor
making an investment becomes negligible. This confirms the strong impact of policy-
making on power plant investments. At the same time, the investment threshold of the
nuclear investor is insensitive to p, because nuclear capacity is not added until X; ~ 6,
whereby the mean-reversion rate is less relevant.

We next consider a multi-stage situation, whereby each of the two producers can
build up to two equal-sized smaller-scale plants. We again assume that expansion costs
are proportional to plant size, and also that the overall market demand economically
supports aggregate capacity up to two plants. Specifically, we assume that with a sin-
gle small plant, market price will decline to P,; = P2 = 23 and with any two small
plants, P,y = Fy2 = P = 22, matching the large-plant setting in Table Beyond
that, investment becomes impractical, i.e. Py and Fy; are too low to ever be prof-
itable. Therefore, starting at stage (2,2), either (i) the nuclear producer builds 2 small
nuclear plants; (ii) the coal-fired investor builds two small coal-fired plants; or (iii) each
firm builds one plant apiece. The probabilities of the respective outcomes are labeled
Proby o, Prob; 1, Probg 2, with Prob,,, », := P(lim;_,« M, = (n1,m2)). In contrast to the
original large-scale investment competition, the initial competitive market at stage (2, 2)
corresponds to Scenario IT (unless p is close to 0.1) supporting both a threshold- and
preemptive-type equilibria. This occurs because smaller scale investments make nuclear
investment profitable at lower carbon prices, sharpening the competition to install capac-
ity first (algebraically it turns out that with given parameter values L;Q < L%Q). Stages
(2,1) and (1, 2) still correspond to Scenario I with a unique non-preemptive equilibrium.

We first assume the threshold-type equilibrium is selected. Figure shows that the

coal-fired investor will increase her investment threshold S;:;mall’* for a smaller project
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Figure 3.9 (Left: a)  Distribution of the terminal stages

Proby, n, = P(lim_ e M, = (n1,n2)) under AQ’ = 0.25. The solid lines rep-

resent probabilities of terminal stages in a competitive market. The dashed line

represents the probability Probg, = P(limoo My = (0,2)|[Mp = (1,2)) that two

nuclear plants are built if a small nuclear plant is built at Xy = 5 preemptively.

(Right: b) Investment thresholds 5217’;, S;; and Si’;, as u varies. For convenience we

also indicate the level of initial carbon price Xy = 5.
compared to the preceding single large plant Sf;iarge7*. As aresult, for u < p* = 0.181, the
coal-fired investor is going to build one small plant at once and wait for a moment that
the carbon price drops to expand her existing plant. Moreover, even for large u, the coal-
fired investor still has a good chance to build one small plant (leading to terminal stage
(1,1)), which means that only a very strong policy can guide the market to exclusively
“oreen” power plants.

From Figure [3.9b| we also observe that the investment threshold of coal-fired investors
at stage (1,2) is significantly lower relative to the threshold at stage (2,2). This is the
opposite effect from what was observed in Section |3.3.3, due to the different relationship
between stages and prices. Thus, one way for the public decision-makers to guide the
industry could be via preempting the base-load market by a small “green” power plant

at the initial time (e.g. built with government subsidies). In turn, the lowered electricity

price reduces anticipated future profits of the coal-fired investor, and makes them less

88



Capacity Expansion Games Chapter 3

likely to ever invest (see also [13]). In Figure [3.94] as the dashed line shows, public
decision-maker’s preemption sharply increases the probability that two (small) nuclear
power plants will be built. Another alternative for policy makers is to grant a priority
option to nuclear investors at the first stage (2,2). Distinguished from the preemption
case, nuclear investors with a priority can simply wait until a high-enough carbon price
to make their investment. Since the long-run carbon price is taken to be 8 = 30, once
it is high, it will likely remain high. Consequently, a single priority option is enough
to guide the market to the (0,2) terminal stage, since the coal producer becomes very
unlikely to invest in the (1, 2)-stage.

Figure shows that the social planner (equivalent to a cooperative game, or
a generator monopoly) is likely to build two nuclear plants, consistent with the idea
that “green” generation is more profitable in the long-run. Significantly, Figure
illustrates that the percentage loss caused by competition can be as high as 40% at
moderate levels of u (when a small coal-fired plant is built instantly). This confirms the
anecdotal evidence of very significant losses incurred by producers in newly deregulated
markets, and the accompanying capacity over-investment (due to the preemptive race to
build first). It also illustrates the dramatic impact that the short-term driven competition
can have on the long-term market organization; here over-investment drastically alters
the mix of power plants likely to be built, hurting long-run profits of both producers. We
also observe that such losses are reduced to almost zero for p large enough, which again
corroborates the strong impact of public policy.

Coming back to the equilibrium type at stage (2, 2), suppose instead that the investors
are aggressive and implement the preemptive equilibrium strategy. Since a coal-fired
power plant is cheaper to build, it is natural to assume that the coal-fired investor pos-
sesses preemptive priority. For pu < p* = 0.181, this makes no difference: an aggressive

coal investor will behave exactly the same as before because she will build a small plant
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at once and there is no preemptive equilibrium at stage (2,1). For larger p, it turns out

that L%}2 < Xo = 5, which prevents firm 2 from immediate investment, as the NPV of

an expansion is negative. Meanwhile, the nuclear investor will choose to preempt right

before the carbon emission price drops down to Lg’2 (see resulting game value of firm

1 in Figure [3.1a)). Consequently, exclusively “green” power plants are more likely to be

established.

0.20 0.25 0.30

Figure 3.11: Resulting equilibrium types at stage (2,2) in the small-scale power plants
case, as the political will ;4 and carbon volatility o vary.
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Finally, we end this section by illustrating which equilibrium scenario takes place
during stage (2,2) as the political will g and carbon market fluctuation o vary. As
Figure shows, we observe that only a preemptive equilibrium exists (Scenario I1I)
under low carbon volatility . Also, the impact of u is non-monotone: when p is very
small or very large, the competition between industries is less preemptive (as one industry
is clearly ahead in the short-term) and hence threshold-type equilibria exist. However,
for intermediate values of u, the equal-strength competition raises benefits of aggressive
investment and generates preemptive equilibria. The impact of ¢ is harder to explain
and is ultimately linked to its recursive effect on the leadership thresholds Lj , of the two

industries.

3.4 Propositions and Proofs

3.4.1 Optimization at Stage (1, 0) and (0, 1)

In the game stage (1,0) firm 2 has already invested and firm 1 now optimizes her
expected discounted profits. Substituting (3.11) into (3.12)) for ny = 1, firm 1 solves the

optimal stopping problem:

‘/11,0@) - Di,()(x) = SEQE:E {G_TThio (XT)} ) (3.50)

where the first-mover payoff is:

P AQ]
5

hi,o(x) = D(l),o(x) - D%,o(x) - Kll = C L (K11 + Cll,O - C&,o) )

and we set AQ1 as the expansion size of firm 1 when she has one option left. The payoff

hio is linear and increasing in x, similar to a Call option payoff. Thus, this optimal
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stopping problem can be considered as an analogue to pricing a perpetual American Call.
In order to solve this problem, we apply the operator W (2.15) and then Proposition

with R = D, see Section for the details.

Proposition 3.14 (firm 1 at stage (1,0)) The value function associated to the optimal

stopping problem (3.50|) is admitted as:

Dio(z) + Ko hio (S%E)k) ; if z € (d, Si7),
Vi) ={ P 0 B (3.51)
Djo(x) — Ki, if € [S13, d).

The corresponding policy is characterized by a threshold-type stopping time

1,%

Ty =inf{t >0: X7 > S{3}, (3.52)

where the expansion threshold 511:8 satisfies the equation

—(S17) < F'(S1g). (3.53)

In the converse scenario, at stage (0,1) firm 2 possesses the only expansion option.
Substituting (3.11)) into (3.13|) for ny = 1, she solves the following optimal stopping

problem:

Voa(@) — Dy (2) = sup I, {e7 g (X0)} (3.54)

The first-mover payoff is derived as:

PPAQT
5

hg@(w) = D(%,o(m) - D(Q),l(x) - K12 = - T — (K12 + ng - C&o) )
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where we set AQ? as the expansion size of firm 2 when she has one option left. Since
th is decreasing and linear in x, the single-agent optimizing problem can be considered

as an analog to the perpetual American Put. The following Proposition readily follows,

see Section B.4.1.2]

Proposition 3.15 (firm 2 at stage (0, 1)) The value function associated to the optimal

stopping problem (3.54)) is admitted as:

) Dio(x) — K7, if v € (d, Sg,’ﬂ;
V() = ) (3.55)
T 2% . 2% 7T
D(Q),l(l’) + G(b%,)r) 'h3,1(50,1)7 if v € (So,u d).

The corresponding policy is characterized by a threshold-type stopping time
o7 =inf{t > 0: X7 < SH1}, (3.56)

where the expansion threshold ngf satisfies the equation

* h2 * ! *
G(So1) = (hf’l),wé;l) x G'(S). (3.57)
0,1

Example 3.16 Under a GBM model (2.36), the game value of firm 1 at stage (1,0) is

derived as:
1,1 1 M+
Dly(o) + flerse (), pec sty
Vi) =4 " |
Dé,o(x) - Klla ifiE € [Sll:g’ +OO)’
% 5 1 1 _ 1 . .
where 5'117’0 _ Sl oo is the expansion threshold of firm 1 at stage (1, 0). The

PLAQT (n+—1)
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game value of firm 2 at stage (0, 1) is derived as:

D%,O(x) - K127 if:)? S (O’ Sg,’ik]v

S\

2,2 2 -
D3 () + U 1-60) ( ) L fae (8, +oo),

6(K12+{§’1—C§70)77,
P?AQ7 (n-—1)

Under an OU model (2.39)), there is no explicit formula. The thresholds and game

where Sg”ik = is the expansion threshold of firm 2.
values can be obtained by plugging F' (2.41) and G (2.41)) into preceding propositions and

solving the resulting equations numerically.

3.4.1.1 Proof of Proposition |[3.14

Proof: This is a canonical single agent optimal stopping problem. In this thesis,
we prove it following the work of [55]. Recall that the optimal stopping problem (3.50)
corresponds to the case R = D discussed in Proposition 2.6 Applying operator W
to hyg, we obtain H{y(y) := Whiy(y), which is continuous and twice differentiable on
Y(D) = (0,400). Meanwhile, denoting the smallest concave majorant of Hj, over R*

by WH{ ,(y), and referring to Proposition , we obtain
Vio(x) = Dig(z) = G(z) - [WHgo¥(x)], reD. (3.58)

Since h%,o is a linear increasing function which is in the class Hi,., the transformed
payoftf y — H 1170(y) possesses properties stated in Lemma , namely it is convex on
0,4 (b)) and concave on (¢ (b1 ) ,+00). Therefore, we conclude that there exists a
unique number y* > ¢ (bj 4), such that the smallest concave majorant WH]  is a straight

line from the origin tangent to H{, at (y*, H{y(y*)) on [0,y*), and then coincides with
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H| on [y*,+00) (see Figure [2.1al):

Y=, ify <y,
WH{) (p) =3 " (3.59)

Hll,O(y)7 1fyZ?J*
Define 5117’3 := 171 (y*). By direct differentiation, we obtain

dH (y) 1 _(h}o)'(Sllg‘)G(Sllg) It o(S1)G'(S175)
Ty |re(sin) F'(S15)G(S1y) — F(S15)G"(S17)

To match the first derivative at the tangent point, it must hold that

Hio(y") .
1,;* = (Hy)'(y"), (3.60)
where by ([2.11) the LHS is admitted as

o) _ Hlo(W(St) _ ho(Sts)
yr oSy F(sT)

(3.61)

Consequently, we can rewrite condition (3.60) in terms of S};g , and simplify it to

(3.53)). Substituting (3.61)) into (3.59)), we get

HLoW") _ Fa) ho(515) . »
WH!, o(z) = vlz) v G F(Syp) if € (d, Sip),
1,0 -

hl o (x) . -
Hiy(h(2)) = He) it 2 € Sk, d)

Combining above with (3.58) we obtain the expression for the value function Vi'j(z) in
(3.51). This also yields the structure of the optimal stopping region as (3.52)) and the
smooth pasting condition at the threshold Sl1 o via ([3.60). [
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3.4.1.2 Proof of Proposition |3.15

Proof: The optimal stopping problem (3.54]) corresponds to the special case R = D.

Applying ® operator and referring to Proposition [2.6] yields that
Voa(z) = Dy, (2) = Fz) - [WHg, 0 p(2)], 2 €D, (3.62)

where Hg,(z) == ®hg,(2) = iF’low_l(z) is continuous and twice differentiable on p(D) =

(0, 400), and WH{, is its smallest concave majorant in the z-coordinate. Since hf, is

in Mgee, Lemma [2.8 implies that z — H{,(z) possesses the same shape as y — H{ (y)

sketched in Figure , and consequently its smallest concave majorant VVH&1 has the

same shape as WHllyo. Similar arguments as in the proof of Proposition m yield that
HE o ()

G(z) h31(S57) . 2% T
o) = TS e e (S d),

WHgl © 90<I> =
’ h3 1 (x) . *
Hg,l(‘ﬂ(z)) = %Ez) ) lffL‘ € (C_Z> 53,1]7

where ng’f is obtained by matching the first derivative at z* := ¢ (Sg:f )

Hg,l (2*)

Z*

= (Hg,l)/ (z%).

Finally, the value function V{7, (z), as well as the stopping region (3.56) stated in ([3.55)
is obtained by (3.62)). |

3.4.2 Proof of Theorem [3.4]

We use induction to prove the result for the case where only firm 1 has expansion
options. Suppose that at stage (ny —1, 0) firm 1 implements game strategy characterized

by threshold S}L’:LLO and receives game value V! | ;. Following (3.12)), at stage (n1, 0)
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firm 1 solves an optimal stopping problem with first-mover payoft:

h, ( ):Vl 10( ) Drluo( )_Krlzl

n1,0 n

Dy, 10(x) = Dy, ol@) — K;, + —hnl_l’o(snl_l’o)F@% if v < S 1,00
_ ni s ni, ni F(Svqul,o) niy—
D1111—1,0( r) — D:L10( T) — Kl +hn1 10( ), 1fx>S n1—1,00

where AQ), is the expansion size of firm 1 when she has n; options and h), _, o(z) =
Vi o0(®)=Dy i o(x)— K} _, is her first-mover payoff at stage (n,—1,0) and is contained
in the class Hine. Also note that ), is smooth at the point S _ o following the smooth
pasting condition. This problem corresponds again the case R = D in Proposition

and therefore yields a value function

Viro(@) = Dy o(2) = G() - [WH,, g0 v ()], (3.63)
where H) (y) == Wh), o(y) and WH, ,(y) is its smallest concave majorant over R*.

Since F is a solution to the ODE (2.12), the F term in h, o does not contribute to
L—1r)h! From the assumption that all increasing linear functions are in H;,. and
( n1.0- p g

(L—1) hn1 1o(r) <0 for x> Si[l*—1 0, we then conclude that h}bl o(z) is in the class Hinc

such that H!

and there exists bl n1,0

(y) is convex over (0, (b}

. 0)) and concave over

n1,00
(¢ (b}“ 0) +00), cf. Lemma . Repeating the proof of Proposition then gives the
game value and strategy of firm 1 stated in Theorem Identical arguments work for

firm 2, using the ®-transform.
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3.4.3 Proof of Proposition and

From the definition of 77, in (3.27)), the optimization problem (3.28) corresponds to
the case R = (32, E) in Proposition The first-mover payoff is:

h%,l(@ = Voll(x) - Di,l(@ - Kl1
Dio(w) = Di, (@) — K, if o € (d, S37),
1 1 1 Dgo—Dg 4 2,% : 2% 7
Di(x) = Dhy(@) = K+ Glo) - [ 22522 (857), ifw e (S35, d).

(3.64)

Given the strategy of firm 2 stated in (3.27]), we define
I (2) = L) (0)h11 (2) + Lamapli 1 (2)- (3.65)

Applying the operator ¥ defined in (2.15)), we denote the transformed function by
1,s9

Hi’fQ(y) = \I/ﬁ}?(y), and its smallest concave majorant over [1)(sz), +00) by WH,1*.

Following Proposition [2.6], the corresponding value function is admitted as
Vii(2,8) — Di(2) = G(z) - [WH P ogp(x)], sy < <d. (3.66)

Let us first consider the case s, < Lj,. Since G is a solution to the ODE (2.12), we
conclude that hy, is in the class Hine. Following Lemma , there exists a fixed point
bi, such that y — Whi,(y) is convex on (0, ¢(bi;)) and concave on (1(b ), +00).
Consequently (see Figure [2.1b)), there exists a unique 7* > Yﬂ(b%,l): such that the smallest

concave majorant WHll”fz(y) is a straight line from (¢(sz), Wiy (¢(s2))), tangent to
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Hlli”(y) at (g%, hy (")) and then coincides with Hi’fQ(y):

g I ((s2)) + (y — d(s) (WIL,) (5), iy € [(sa), 77),
WH (y) = (3.67)

Whi  (y), if y > ¥(y7),

which yields the optimal stopping region characterized in (3.29). To match the first

derivative at the tangent point, it must hold that

‘I’hh(?j*) - \I’l},l (¥(s2))

7 — (sa) = (\Ijh%,l) (7). (3.68)

Define S; := ¢~ !(g*). Substituting (3.65) and ) = g into the LHS of (3.68)), we obtain:

~y h%,l(s ) l%,1(32)
Whty (i) — W, (V(s2)) G — o Ma(S1)G(s2) — 11 (52)G(Sh)

~x - F(S1 F(s2 o —
g —(s2) Ggslg - GEJ F(51)G(s2) — F(s2)G(51)

|
P wl,l.

(3.69)

Differentiating the RHS directly, it follows that

dH (y) _ (h) (81)G(8) = b, ()G (S)

dy ‘w—l(g*):Sl F'(S1)G(S1) — F(S1)G'(S1)

hence we can rewrite condition (3.68)) in terms of S; and simplify it to equation (3.30]).

Finally, for = € (sq, S1), (Hllv’fQ)/ (7) = @1, implies that

Wi ((2)) = Ul ((s2)) + (¥(x) = P(s2))1y & () + 04y, s2<a < Sy,

where @}, and 7] can be verified to match (3.32). From Proposition , the value
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function is then admitted as

71 1 G(x)wll,’isz (¥ (2)) = 01 F(2) + 1,G(2), if 55 <& <5y,
Vl,l(xa 52) — Dl,l(x) =

hh(‘”% if x > 54,

which coincides with , and completes the proof of Proposition

Next, suppose that sy > Lil. For Lil < x < 89, firm 1 will try to preempt her rival
since her corresponding first-mover payoff is higher than her second-mover payoff. For
x > sg, the value function of firm 1 is again admitted as according to Proposition
. However, since there is a negative jump at y = 1(sz) in Hll”f2 (y), the smallest
concave majorant VVHllf2 (y) is now a straight line from (¢(sz), Uhi, (¥(s2))), tangent

to Hlly’fQ (y) at (5, Whi,(7")) and then coincides with Hll”fz (v):

» WA ((s2)) + (y — ¢(s2)) (WA1,) (5), if y € (V(s2), §7),
Wi (y) = (3.70)

Whi,(y), if y > (7).
And the first derivative is matched at the tangent point

\I’h%,l@*) - ‘I’h%,l(d}(@))
7" — ¥(sa)

= (Uht,) (7). (3.71)

Repeating the preceding steps then yields the threshold S§. Note that if s, > bil,

equation (3.71)) yields S{ = s;. Meanwhile, following from ([3.66]), li\m 171171(:1:,32) —
Di(s2) = hi(s2) > li1(s2), which implies stopping at s, is too late, and firm 1 would

prefer to preempt right before sy. Therefore, with an e-optimal stopping rule defined as

I¢:={z € (s9,d) : ‘71171(1:, s2) — Dy (z) < hz)+¢e} and 7°:=inf{t >0: X, € [},
(3.72)
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the best-response of firm 1 in this situation is li{‘ré 7¢ which corresponds to (3.33)).
€

3.4.4 Best-response of Firm 2 at stage (1, 1)

Similar to previous discussion, we start with the assumption that firm 1’s policy is
of threshold type: 7|, = inf{t > 0: X; > s;}. For s; > L}, firm 2 solves the optimal

stopping problem:

Vir(e,51) = Do) = supEe [Lpert e {]0(X0)} 4 st e {0 (X ) ]

(3.73)

The resulting threshold-type best-response of firm 2 is
71271(51) =inf{t>0: X; < Sil(sl)},
where the optimal stopping level is characterized as the solution to:

[h11(82)G (s1) — (PT, V 1E,) (51)G(S2)] F'(S2)
+ [(A11 VL) (51)F(S2) — hi1(S2)F(s1)] G'(Sa)

= (h71)" (S2) [G(51) F(S2) — G(S5) F(s1)] - (3.74)
Consequently, the optimal stopping problem ({3.73) admits the value function

Vio(z) — K7, if © < Sy(s1),

Vii(z,51) = D2 () + @2, F(x) + 72,G(x), if © € [Sy(s1), s)), (3.75)

‘/()2,1(13)7 if £ > sq,
\
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where &F | := @7 (s1) and 77, := Df (s1) are defined as

9 (h% 1V l% 1) (51)G(S2) — h ,1(52)G( 1)
L Fs))G(Ss) — (52)G<sl) ! (3.762)
o hE(Se)F(s1) — (B, VIR ;) (s1)F(S2)
A= T )8 — F(S2)0) (3.76b)

For s; < L7, firm 2 is incentivized to preempt when s; < X; < L7, or right before X;

hits s;. To wit, the preemptive best-response of firm 2 is a “stopping time” admitted as
7'12”16(81) =inf{t>0: (s,—) <X, <L, or X; < Si’f(sl)}, (3.77)

where the optimal stopping level S1 } =85 < 51 is a solution to (3.74).
The proof is a symmetric repetition of the proof of Proposition [3.7] and [3.8] except
the fact that the first-mover payoff of firm 2, h?,(z), is in the class Hae, and z = ¢(z)

coordinate has opposite direction from y coordinate.

3.4.5 Proof of Proposition

Proof: The coordination game is used to model instantaneous competition without
imposing simultaneous action. It is played over infinitely many rounds, each of which
lasts an infinitesimal amount of time. If at any round at least one firm invests, the game
stops. Otherwise, we move on to the next round. Firm strategies are assumed to be fixed,
i.e. stationary, across rounds; namely firm i attempts to invest with probability p;(z) €
[0,1]. Given the strategy profile (p;(x),pa(z)), the outcome of a given round is that
firm 1 invests first with probability p;(z)(1 — p2(x)), firm 2 invests first with probability
(1 — p1(z))pa2(z), and both firms invest simultaneously with probability p;(x)ps(z). The

fourth outcome is that nobody invests and we continue to the next round. Over infinitely
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many rounds, the game will eventually terminate and the final outcome will be

= pi(z)(1 = pa(z)) rm 1 invests firs
M = W ma - pop e s,
p2(z)(1 = pa(2)) :
P o(z) = 100+ 12(2) = 1 (@)pa(a) (firm 2 invests first),
p1(2)p2(x) . .
Pyo(x) = (0 F pal®) =y (D)) (simultaneous investment).

Consequently, the NPV of firm 1 is

Via(@) = Poa(@)(Vou(x) — K') + Pro(2)Vig(x) + Poo(x)(Dyg(w) — K')

_ (@) (Vou(®) = K5 + pa(2) Vi (x) — (Viig(w) + Vo (x) — Doo(2))pr(w)pa(2)
p1(z) + pa(z) — pr(z)pa(z) '

(3.78)

Differentiating w.r.t. p;(x), we get

vy (z) = pa(@) (Vi (x) = Vig(2)) — (Vi (x) — Dgo(x))p3(x)
op1 (p1(x) + pa(z) — pr(2)p2(x))?

)

which is free of p;(z). Finally, we obtain the best-response strategy for firm 1 as

p
‘/01,1_‘/11,0_K1

if pa(x) > W(x), then pj(z) =0,

. Vi, —Vit,— K1 .

o) < BBy -,

. Vi =Vt —K1 .
xlf pa(x) = ﬁ(x), pi(x) € (0,1) is free.

Since in this scenario we have V', (z) — K* > V!, > D{,— K, combining similar results

obtained for firm 2, we obtain the three stated equilibrium strategies. [ |
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3.4.6 Central Planner Cooperative Monopoly

A

plQl _p2Q2
Denote by DY | (z) £ (G}, + G2 ny) + 122122 . g the aggregate expected

profits for the central planner in stage (nq,n2). In stage (1,0) the payoff is

1A 1
() = D) — DY (XE) — Ky = L2 g
and using Proposition the value function is
D (x) + 7 sM - b (S 0) if v < SM:
Vi (x) = ( (3.79)

where the optimal stopping level S{{ satisfies (3.53)) after substituting h{, by h{f. In

stage (0,1) the payoff is hy' (z) = —’F%{Q% -z — K. Using Proposition [3.15| the corre-

sponding value function is:

DM _ 2, if o < S
V() =4 " o (3.80)

G(x) .
DY () + (;M) hal (S8, if & > S,

where the optimal stopping level S} ", satisfies equation (i3 , substituting h(2),1 by h&”l
In stage (1,1) the payoffs become hy}" (x) = VM (z) — DI (z) — K* and 1Y (z) =
Vi (x) — DY (z) — K?, which can be easily verified to belong to Hine and Hee, respec-
tively. With 7'12 M* fixed (vesp. 7/ ’1 ™), the optimal problem ([3.49) converts to an optimal
stopping problem with an exit level , where the function h%]lw (resp. hi{w) acts
as the second-mover payoff. Consequently, the first-stage policy of the monopoly is the

paired stopping time given by

i =inf{t > 0: X, > S, o =inf{t > 0: X, <SP} (3.81)
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The overall value function of the central planner in stage (1,1) is:

Vi (), if € (d, S77")
Vi (@) = § DM () + wn F () + v Glx), if 2 € (57177, SP) (3.82)
Vil (@), it z € (517", d)
\
where

oy iy (St )GST) = iy (ST)G(S)
F(Spr)G(ST"™) = F(S1")G(S1377)

o P S E(S) — (51 P51
F(Si)G(ST™) = F(Stasi™)

The thresholds (Sllfw ” Sffw ™) solve the system of equations (compare to (3.39))

(

[P (S)G(S1) = B (SG(S2)| F(S1) + [AE (S)F(S2) = B (S2) F(S1)] 6/(81)
= (117) (51) [G(S)F(S:) ~ G(S2)F(S1)]

[P (S2)G(S1) = B (SDG(S2) | F(S2) + [ (S)F(S2) = B (S2) F(81)| 6/(82)

= (w2 ) (S5) [G(S1)F(Ss) — G(S2)F(S1)] .
(3.83)

The extension to general (ny,ns) stage is analogous.
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Stochastic Switching Games

We study nonzero-sum stochastic switching games, which extends our work on multi-stage
capacity expansion games discussed in Chapter [3] Rather than a priori restricted number
of controls available to the players, here we consider the situation of an infinitely-repeated
game. Two players compete for market dominance through controlling (via timing op-
tions) the discrete-state market regime M. Switching decisions are driven by a continuous
stochastic factor X that modulates instantaneous revenue rates and switching costs. We
construct threshold-type Feedback Nash Equilibria which characterize stationary strate-
gies describing long-run dynamic equilibrium market organization. Two sequential ap-
proximation schemes link the switching equilibrium to (i) constrained optimal switching;
(ii) multi-stage timing games. We provide illustrations using an Ornstein-Uhlenbeck X
that leads to a recurrent equilibrium M* and a Geometric Brownian Motion X that
makes M* eventually “absorbed” as one player eventually gains permanent advantage.
Explicit computations and comparative statics regarding the emergent macroscopic mar-

ket equilibrium are also provided.
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4.1 Problem Formulation

We consider two firms, dubbed player i,j € {1,2},7 # j, competing on the same
market. As discussed, we introduce an exogenous diffusion process (X;) t>0 On & prob-
ability space (€2, F,P) to capture the local fluctuating market condition, which satisfies
the following SDE

dXt = ,u(Xt) dt + O'(Xt) th, (41)

with domain D := (d,d). We refer Section for detailed regularity of X.

The macro market regime is described by a discrete-state process (M;) and represents
the relative market dominance of each player. The domain of (M) is a finite set M; for
simplicity we consider integer-valued M; and M = {m,m + 1,...,m}. The players
exercise switching-type controls to enhance their market dominance; thus, Player 1 can
increase M, by +1, and Player 2 can decrease M; by -1. To exercise a switch, player ¢
must pay a cost K*(X;, M;). Note that a switch by Player 1, followed by a switch by
Player 2 completely neutralize each other and bring the market to its original state. The
interpretation of M; as a relative dominance can be motivated by taking M; = M}! — M2,
where M; € N represents the production capacity, or technology level of firm i. Thus,
players repeatedly make competing investments to increase their capacity; investments
by Player 1 raise M; and those by Player 2 lower it.

To match the intuition about the role of (M;), we postulate that: (i) Player 1
(resp. P2) is dominant when M; > 0 (resp. M; < 0); (it) Player 1 (resp. P2) prefers
higher (resp. lower) X,;. The last assumption creates a positive feedback effect between
X and M: as X rises, Player 1 gets more motivated to enhance her market dominance,

eventually triggering her to act and make M, higher too; when X falls sufficiently Player
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2 gains short-term advantage and moves M, towards her preferred negative direction.

By way of illustration, we consider the following two representative examples:

Example 4.1 (Mean-reverting Advantage) Local market fluctuations are mean-reverting,

modeled by an Ornstein-Uhlenbeck process

dX, = u(6 — X,)dt + odW,

with D = R, p,0 > 0 and 8 € R. Thus, the long-run market is stationary and mar-
ket organization is expected to undergo a cyclical behavior as X stochastically oscillates
around 0. The players receive constant profit rates based on deterministic profit ladders

7t that are independent of X; with

1 1 2 2
T < i1 and Ty > Moy VL

Thus, Player 1 maximizes her revenue when M, is high and Player 2 when M; is low. In
complement, the present market conditions X, affect the switching or investment costs.
Thus, when X; is high/low, K is low/high (K? is high/low). Economically this could be
interpreted as X representing exchange rate, with dollar-denominated investment costs
both for the domestic firm P1 and foreign firm P2. For concreteness, we suppose the

switching costs are exponential in X;:

where ¢'(m), a’(m) > 0, B(m) <0 and $*(m) > 0.

Example 4.2 (Long-run Advantage) In the second example we suppose that in the

long-run one player will possess the competitive advantage and become dominant. How-
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ever, in the medium-term fluctuations X creates uncertainty in M. This is captured by

using a Geometric Brownian Motion (GBM) for X

dXt - ,LLXt dt + O'Xt th, (42)

with D = (0,400), u € R and 0 > 0. The players receive profit rates according to
predetermined profit ladders 7' as well; for the sake of diversity we use linear switching

costs,

where B (m) < 0 and 5%(m) > 0.

In line with the discrete nature of M we postulate the players adopt timing strategies,
denoted by a' := {7%(n) : n > 1},i € {1,2} where 7' are certain stopping times.
Admissibility of a's is defined recursively as introduced in Definition where the

players’ acting sets at a regime m are as follows

We suppose the players aim to maximize their expected future (discounted) profits on
[0,00) defined through revenue rates s that are driven by (X;, M;). The integrated
total profit, i.e. the game payoff, is then given by fooo e "1 (X,, My)ds minus the net

present value of switching costs. Given a strategy profile (a!, @?), the NPV of future
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profits received by player ¢ is

J (r;at,a?) :=E

— Z Lip,—iye """ - K’ (Xana Mn—l)
n=1

+/ e it (Xt, Mn(t))dt ' Xo=uz,My= m} ,
0

- Z e’”’i KZ (Xali, Mn(i,k)—l)
k

=K

+/ e "t (Xt, Mt) dt ' Xo=ux, My = m} (4.4)
0

where r > 0 is the constant discount rate. Let us also introduce the static discounted

future cashflows
D! (r):=E {/ e "t (X, m)dt ‘ Xo = x} : (4.5)
0

which are assumed to satisfy the growth condition D! () < C(1 + |z|) for i € {1,2}
and all m € M. Because switching costs are non-negative, game payoffs are also of
linear growth since they are dominated by D"s, in particular J!(z) < DL(x) while
J2(x) < D2 (a).

The Nash equilibrium criterion stated in Definition characterizes equilibrium
strategies as a fixed point of each player’s best-response to her rival’s strategy. Specifi-
cally, given an arbitrary rival’s strategy o’ define the resulting best-response payoff of

player ¢

Vi(z;ad) = sup J (2, ), xr€D,me M. (4.6)
{at:(at,ad)eA}

Because (taking Player 1 as an example) game payoffs satisfy DL (z) > \7,711(% a?) >

Jh(z;at, &) > D) (z), such best-response values are always well-defined. Equilibrium
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payoffs then satisfy:

Vi) =Vi(z:a?*), ie{l,2}, j#i (4.7)

4.2 Constructing Equilibria

We now focus on the special class of stationary and threshold-type strategies as intro-
duced in Section which allow us to explicitly construct a MNE (see Definition [2.4)).
To do so, two key properties are needed. First, one must show that this class of strategies
is closed under the best-response map . Second, a verification theorem is needed
to show that the resulting fixed point of , defined through a system of equations,
is indeed a MNE of the game. The programme starts in Section where we define
threshold-type strategies and then characterize the best-response to such strategies as a
solution to a system of coupled optimal stopping problems. Next, in Section we
state the verification theorem which provides a system of nonlinear equations for the
equilibrium threshold vectors s%*, s?*. Lastly in Section we study the emerging

equilibrium macro state M*.

4.2.1 Stationary and Threshold-type Strategies

Recall that Player 1 is in favor of high X; and large M;, while Player 2 prefers the
opposite; it is therefore natural to assume that P1 switches up when X becomes high
enough and P2 switches down when X becomes low enough. Following the idea of a
similar construction in [2], we define a strategy of player i € {1,2} by o' := (I',,),.c >
where I ’s are threshold-type subsets of D introduced in Definition . Given a strategy
profile (!, @?), a sequence of switches is uniquely determined as follows:

— when M; = m, player i adopts the (feedback) switching region I'! : player i exercises
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a switch (changes M by +1) at the first hitting time 7¢ of (X;) to ! (with the

convention that the hitting time of an empty set is oo);
— if both players want to switch, Player 1 has the priority.
Admissibility of the strategy profile (!, @?) in Definition now reduces to
— IL=T% =0 (M, e M)

— I, N2, =0form<mandI,,_; NTZ =0 for m > m. This rules out simulta-

2

neous switching loops; for instance if there were an x € 'L N2,

41 then starting in
regime m, we would have that P1 switches up to m + 1, but them immediately P2

switches back down to m, generating an infinite sequence of instantaneous switches.

Relying on the resulting Markov structure of threshold-type strategies, we revisit the

formal game evolution which can now be constructed using independent auxiliary copies

XM p=1 , of the strong Markov X. Below, X? denotes the X-process started at

PARIRER

Xo=z. Let z € D, m € M, and a strategy profile (a',a@?) € A. Set 09 =0, Xg =z

and My = m. For n > 0, define

XM =X . fort>0, (4.8a)
Fr—inf{s >0: XM el }, ie{1,2}, (4.8Db)
Opy1 = Op + 7V AFH, (4.8¢)
Popi =1 Tgsincsamy + 2 Lpztnsseny + HpprLppinsseny, (4.8d)
Mygr =M, +1-1p, o1y — L I(p,, 2. (4.8¢)

Then the evolution of (M;) and the sequence of switching times of each player (o7} )>1

are obtained as in (2.3) and (2.4). The strong Markov property of X implies that each
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X can be considered as a fresh (independent) copy of X starting at Xo(n) = X7 .
Consequently, given these players’ strategies, the pair (X;, M;) is Markovian.

In Figure [4.1] we sketch the emerging equilibrium based on threshold-type strategies
associated to one of our case studies. The players make a switch whenever the process
(X¢) hits the threshold s%* from below or s%* from above when at stage m, see the dashed
lines in the bottom plot. The switching times 0% are described through the respective
hitting times. The top panel shows the resulting macro stage (M) driven by o%’s along
one realized trajectory of the local market fluctuations (X;). These players are “at equal
strength” in the beginning, Mj = 0; as (X;) drops, it enters Player 2’s switching region
first (7%(1) < 7%(1)) leading her to exercise a switch and change M:% = —1. The players
then recursively wait for (X,) to hit either the threshold s% or 5% (71(2) A 72(2)), to
make further switches.

Note that in the above definition we require I'!, to be connected, so that they are

fully characterized by their boundary s’ . In turn, threshold-type strategies allow to

move from looking at the unstructured (in the sense of optimization) switching strategies

Stage
N=0=MN
|

State
N

. L
T

Figure 4.1: A trajectory of X and equilibrium M* starting at Xo = 0, Mj = 0.
Here X is an Ornstein-Uhlenbeck process and M = {-2,—1,0,1,2}. The equilib-
rium strategies are of threshold-type; the dashed lines in the bottom plot indicate the
respective switching thresholds.
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defined by general I'" to searching for equilibria parametrized by the | M |-vectors s', s2.
In particular, this reduces the search for MNE to a 2|M|-dimensional setting where
numerical resolution becomes possible. Towards this goal, the main aim in this section
is to constructively find such threshold equilibria.

As discussed, given a threshold-type strategy o’ = s/ of player j, we expect the best-
response strategy of player i to be consistently of threshold-type (see Corollary . The
Dynamic Programming Principle (DPP) implies that her corresponding value function,
17’(, s’) defined in ([4.6)), solves a system of coupled stopping problems . To approach
the coupled system, we first consider the corresponding generic local constrained optimal
stopping problem (which uncouples by removing 177;71, ‘77; 41 from the right-hand-
side) and then the game equilibrium that is characterized as the best response to s’*.

See [14] for a related analysis of unconstrained optimal switching problems.

Remark 4.3 (Boundary Stages) Recall that admissible strategies defined in Definition
imply Player 1 (resp. Player 2) cannot make any switches at stage T (resp. at stage
m). In terms of threshold-type strategies this is equivalent to simply taking st = d and

s2 = d which can be viewed as a constraint on possible admissible controls.

To find the best-response of player i, we consider a local optimal stopping problem of

the form

W(I; Tj) = sup E, []I{T¢<Tj}€_r7ihi(XTi) + ]l{Ti>7-j}€_Tlei(X7-j) + ]l{Ti:Tj}e_TTigi(XTi) ,
TieT

(4.9)

where 77 is a given stopping time, h’() is the leader payoff from switching before 77, and
I*(+) is the follower payoff from switching after 77. ¢‘(-) denotes the payoff of player i
when both players want to switch simultaneously. In our setting, g' = h', while ¢? = [?

due to the priority of Player 1.
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In order to obtain threshold-type equilibrium, one would expect the optimizer to
[4.9), 7 to be of threshold-type, given 77 is of threshold-type. However, as discussed at
length in Section this is not always true. If player j behaves aggressively, player ¢

would try to preempt right before, leading to lack of optimal 7°.

Assumption 4.4 (i) The exogenous stopping time 77 is of threshold-type,

o=inf{t >0 : X, €V},5€{1,2}, withT':=[s',d) and T? := (d, s*.

(ii) h' € Hipe and h?* € H 4o introduced in Definition .
(iii) player i is not incentivized to preempt at s7, i.e. hi(s?) < I'(s7).

Under the above assumptions, it is known that the solution of is of threshold-
type. Specifically, this can be established using the smallest concave majorant method,
see e.g. [29, [30]. Let us remark that Assumption is essential for this result and
would be hard to check in the sequel. Nevertheless, if the rest of Assumption [£.4] is

fulfilled, there exists uniquely a preemptive best-response, see Section [3.2.2]

Proposition 4.5 Suppose that all conditions of Assumption [].]] are satisfied. Let F,G

be the solutions to (L — r)u =0, where L is the infinitesimal generator of X. Set

W(xy, ma) := F'(11)G(22) — F(21)G' (22) (4.10)

W(xq,x9) = F(x1)G(23) — F(29)G(21). (4.11)
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Then the value function of (4.9)) is admitted as

;

hi(x), for z € T,
0 (a5 77) = I'(z), for x € TV,
O'F(z) + V"G (x), forz e D\ (I"UTY),

\

where the optimal stopping region T = T'(5%) is of threshold-type and defined uniquely

through the threshold §' := §'(s’) (with ' > s* and 5% < s') that satisfies
R(SYW (5, s7) — I'(s")W (8", 8") — (h") (3YW(5', ) = 0. (4.12)
The coefficients &' := @'(§',s) and V' := V'(§',s’) are defined as
. h(EHG(s) = 11(s))G(5) _ V($F(5) — hi(s")F(s%)

o= W& ) RS W) . (4.13)

Moreover, the coefficient @’ in Proposition corresponds to the slope of the straight
line segment and 7 corresponds to the y-intercept (see Figure [2.1b). From the fact that

being a follower is assumed to sub-optimal, it follows that @', 7? > 0 and 7', &% < 0.

Remark 4.6 The above proposition subsumes the case where only one player is able to
act. In this situation we may simply take s' = d or s*> = d, and player i then effectively
solves a standard optimal stopping problem as a special case of (4.9). See related dis-

cussion in Section |3.2.1. These cases arise in the boundary stages m,m associated to

23).
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4.2.2 Best-response Verification Theorem

By construction of MNEs in Definition[2.4] game payoffs and threshold-type strategies
associated to an equilibrium necessarily solve the local optimizing problems stated in
(2.8). Moreover, they necessarily are fixed-points to the following pair of optimizing

problems at each regime m:

(

Vi(z)= supE,

ThHET

/m e_rtﬂin(Xt)dt + e_TIm]l{Tyln>7"r2n’*} <Vn11—1(Xr72n*)>
0

+6_7“Im]l{7_71n§7_727{*} (V%Jrl (Xﬂln> — K}TL(XT}n))] ,

V2(z)= sup E,

T2, €T

/ e e (V2 (Kg) — KX
0

eIl e oy (Verl (XTm*))] ,

(4.14)
where 71* 72* are the stopping times associated to the thresholds sb*, s?;L*. Comparing
to the generic problem in and subtracting D! ( [ fo il dt} we then
wish to set

h (@) 2= Vi1 () = Dy () = K, (), (@) == Vo (x) — Dy (2) — K7, (2),
I (%) == Vi (2) = Dy (), (@) == V3, (2) — D ().
(4.15)

Plugging above into (4.12) and (4.13) for all m and combining, we obtain a coupled

nonlinear system of s’ w! 1 in (4.18), whose solutions are expected to be a MNE of
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the switching game. First for each m ¢ {m,m} there are 6 equations:

7

{Vinir = Do = Ko} (s5) - Wilsy'si) = {Vino = Do} (s50) - Wlsys s57)

mm m ) Tm

— Vi = Do = Ko} (57 - Wsiitsi) = 0,

Ve = Doy = K} (s37) - = {Viier = D} (s2) - Glsi?)

_wl . W(Sl’* 82’*) — O,

m ) Tm

{Vioor = Do} (s5t) - Fsy®) = {Vinia — Doy — Ko} (si) - Fs%)

m

_Vl . W(Sl’* 82’*) — 0’

(4.16a)

{VZ = D2 — K2} (sZ) - W(sZr skr) — {V2 — DA} (skr) - W(sZr, s27)
V2. = D2 — K2} (s%) - W(skr, s%7) = 0,

m ) m

(Vs = D, = KR} (s0) - Glsyt) = {Vim — Do} (s7) - G(sy)

m

(Vi = Dt (s3) - Fsi?) = {Vinoa = D3y = K3 (s37) - Fsy')

(4.16b)
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where F' and G are the solutions to the ODE ([2.12)), and W (-,-), W(-,-) are from (4.10)).

In boundary regimes m = m and m = m we have the following systems of 3 equations:

st =d,wh =0, v, =0,
(Va1 = Dy} (s2) — v G(s3) = 0,

(4.17a)
)
sor=d, wa =0, v2 =0,
(V2. - D% — K2} (s2) - G'(s2') = {Vi2,1 — D% — K&} (s2) - G(s%') = 0,
(V2. — D& — K2} (s3)) —v&-G(sp') =0,

(4.17h)

We now propose a verification theorem which confirms that this is indeed the case.
Our proof in Section follows the methods in [2] who considered nonzero-sum games

with impulse controls.

Theorem 4.7 (Verification Theorem) Let I'}* := [sL* d), %" 1= (d, s%"], sb* > s2*

=) “m
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and w}, > 0,w? < 0,v) <0,02 > 0. Define
.
Vi () = K, (@), for x € T,
Vo(r) = v5io(x), for x € T2*, (4.18a)
\D}n(x) +wh F(z) + v G(z), forzeD\(TL*UT%%),
”
V2 (), for x € TL*,
Va(z) = V2 . (z)— K2(x), for x € T2*, (4.18b)
\Dfn(.r) +w? F(x)+12G(z), forxzeD\ (TL*uT2%).

Assume that (cf. Assumptz'on

- D} .. — D}, — K}, € Hine form <m, and D2,_, — D2, — K2 € Haee for m > m;

- anzfl(SQ’w > an1+1(3727%*) - K,%l(s%;*), Jor m > m, and Vn21+1(51’*) > Vn%fl(sgﬁ*) -

K2 (s57), form <m;

— thresholds s%* and coefficients w! v i € {1,2}, m € M satisfy a system of

m’ T m?’

non-linear equation stated in (4.16)) - (4.17)).

Then, (s**, s**) :== (T, T%*),.em 45 a Markov Nash Equilibrium, and V*'’s in (4.18)

are the corresponding equilibrium payoffs.

We slightly abuse the notation in (£.18) as Vi, and V2., do not exist. However,

. . 1 - 1 . . .
since in fact s;* = d and s%* = d, so that I'; = I'2* = (), the respective equations in

(4.16)) - (4.17)) are indeed well-defined.

The proof of Theorem [4.7) can be repeated to obtain an analogous verification theorem
for the system of equations corresponding to the best-response value function ‘7;1(:1: ;87)

as defined in (2.8) for any threshold-type rival strategy s7:
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Corollary 4.8 Let s? be the fized switching thresholds of P2 and Y~/,1(-; s%) be constructed

as in (4.18al). Suppose that
— DL, — DL — K} € Hin. form <m;
— V(535 8%) 2 Vi (53 8%) — K, (s2,), for m > m;

— (8',8%, &', DY) is a solution to (£.16a]) & (4.174).

Then 8' = §'(s?) are the best-response thresholds, and v%(x) are the corresponding best-

response value function of P1.

Theorem provides a direct approach to find a MNE of the switching game via solv-
ing the system of equations for the threshold vectors s and equilibrium payoffs defined
through w' and v'. Unfortunately, because this is a large system of equations (namely
there are 6| M — 1| equations in total), the latter is non-trivial even numerically. In par-
ticular, most standard root-finding algorithms require a reasonable initial guess. In our
experience, providing such a guess is not easy, so that the high-dimensional optimization
algorithm frequently does not converge. Thus, in Section we propose two approaches

to obtain threshold vectors and game payoffs close to those in equilibrium.

Remark 4.9 As discussed in Section[2.1.1], players are allowed to act on M in multiple
ways in a more general setting. When C has multiple elements, the corresponding player
must choose how to switch, not just when. In the latter case we need to specify the
respective switching costs, i.e. to consider K'(m,m') which defines the cost of switching
from m to m'. Such an extension can be handled by replacing the leader payoff in
with h,(z) = max,yecr [V (x) — D) (x) — K'(z,m,m)] and the follower payoff with
(L (x) = V1% (z)—D} (x), where m' = argmax{m” € C? : V2,(s2)—D2 —K?*(s%,,m,m’)}.

The above max-terms resemble the intervention operators in impulse control.
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4.2.3 Equilibrium Macro Dynamics

The macro market evolution M* emerging in equilibrium is a time inhomogeneous
non-Markovian process with discrete state space M. Thanks to the stationary nature of
the threshold-type strategies, the behavior of M* is highly tractable and is the subject
of this subsection.

Recall that in (4.8¢) we define the sequence of regimes M* traverses, i.e. M:{ =M; .
According to , M; has memory: the next transition of M;L* is affected by the last
transition. For example, if M} = +1 and the previous regime was M} , = +2, this
implies that the latest switch was due to Player 2, and hence we begin the sojourn in
regime +1 at location si’; le. X(()") = X7 = si’z, while if the previous state was
Mn*_l = 0 then it was Player 1 who switched last and we begin the sojourn at sé’*, ie.
xm = X7 = sy

To capture this 1-step memory we define the extended state space

E = {miv (m+ 1)77 (m_‘_ 1>+> U ,mﬂm*, o 7(m_ 1)77 (m_ 1)+7m+} U {ma’ ma}’

(4.19)

where the superscript “+” corresponds to the previous transition being made by Player

2

1 (“up move in M”) and “—” corresponds to Player 2 making a “down move in M”. We
discuss the last two states m®, m® below.
Instead of M} we now define its extended jump chain M,, that takes values in E and

represents (M?*_,, M?*). Note that M, is undefined, as we need to know the previous

n—1
transition to know the state of M. Let us use Figure to explain how M behaves. The
macro market starts at X, = 0 and M} = 0, while M* starts when (X;) hits s;”* with
M; = (=1)~. The first sojourn begins at s3* and ends when (X,) hits s>}, leading us to

M3 = (—2), and so forth.
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We proceed to compute the qualitative behavior of M* via M,. In the case that X
is recurrent, the nature of threshold strategies implies that M* will also have recurrent
dynamics. To quantify the dynamic macro equilibrium we then compute the long-run
distribution of M* on M. The latter is summarized via the transition probabilities of
M and the sojourn times &,, of M.

In the case when X is transient, M* should be transient too. Specifically, we should
encounter the situation that 7" A 72" = 400 (see (4.8d)), so that no more switches take
place and M* remains constant forever or “absorbed”. Under the assumption that X is
continuous and regular, this phenomenon can only occur at the boundary states of M,
whereby one player is a priori restricted from switching. This yields a one-sided switching
region and hence the possibility of a scenario that M, = m (or m), for all ¢ conditional
on M§ = mm, i.e. that X never hits s2; starting at s;,_, (or s, starting at s7,,,). Note
that given X; = =, M} = m (recall that the pair (X;, M;) is Markovian) one can not
determine whether M* is absorbed or not. This is handled via taboo probabilities [27,
Ch. Taboo Probabilities] which are taken into account by adding the two “absorbing”
states {m?, m®} to E. Probabilistically, when switching up from (m — 1)*, potential
absorption can be captured by nature tossing a coin to decide whether the new state of
M is mt or m®.

Returning to the case of recurrent X, let I1 denote the invariant distribution of M *,
solved from [P = ﬁ, where P is the transition probability matrix of A*. Furthermore,

let 5 be the vector of expected sojourn times at each state of M, defined as
§n- =E[FAP My =m™], & =E[FY AP M =m'], (4.20)

where the threshold hitting times 74" are defined in (4.8b)). It follows that the long-run

proportion of time that M* spends at regime m (recall that M, = m is captured by
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M*

() = m¥) is given by:

P = 1_[m+€m7L + Hmfgm*
T jend M G A T}

for all m € M. (4.21)

Now let us consider X to be non-recurrent so that one or both of the boundary
regimes are absorbing, w.l.o.g m" for example. In the long-run we then trivially have
lim;_,o, M} =m and the quantities of interest in this situation are the expected number
of controls exercised by player ¢ before M* gets absorbed, i.e.

N! (z) := lim E{Zl{oi@} | M = m] i€ {1,2}, (4.22)
k

T—o0

and the expected time until absorption,
T, (x) = E, [min {t>0: M;(t) € {m*, m*}} | M; = m]. (4.23)

Analytic evaluation of these quantities is given in Section which also provides ex-
pressions for the transition matrix P of M* and sojourn times 5’ Computations specific

to the OU Example and the GBM Example [£.2] processes are also discussed.

4.2.4 Stackelberg Switching

We emphasize that the order of switches is never pre-determined and so the identity
of the n-th switcher, P,, is resolved endogenously based on game evolution and the
realization of (X;). A variant of the switching game would be to pre-specify the identity
of the player making the next switch, but not its timing, akin to a Stackelberg equilibrium
where the leader and follower roles are fixed but timing strategy remains. The latter

situation also arises organically if we restrict M; € {—1,+1} which implies that players
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will alternate in their actions: ... < o) < 0} < 04,y < 07y < ... Indeed, at any given
stage only one firm can control (M;) so no consideration of simultaneous competition is
needed (See [17]).

It is instructive to consider a stationary threshold-type equilibrium in this setting,
which reduces to characterizing the two thresholds s} and sﬁ Furthermore, if their
profit rates and switching costs depend on the local market environment (X;) symmetri-
cally around 0 and (X;) is a process symmetric around 0 (like the OU process), we may
search for a symmetric equilibrium with s>} = —si”{ =: § and V!(x) = V*(—x) for any
x € D. In turn this reduces finding the MNE to solving a single nonlinear equation in 3,

providing some insight into the respective structure.

Examining Theorem [£.7] for Player 1, the system of equations is simplified to

p

Vi(z) - K (z), =>3,
Vi) =4 1

Dly(z) +wl F(x), =<3,

\

(

DYi(z) +vi,G(z), = > -3,
Vi(z) =

\Vfl(aj), x < —3,

where §,w!,, v}, satisfy the following system (compare to ([4.17))

(Vi = DYy~ K1) (3) - F'(5) — (Vi - D' — KL)'(5) - F(5) =0, (4.24a)
(V= DL — K1) (35) —w! F(35) =0, (4.24b)
(V2 = DY) (=3) — v}, G(=3) = 0. (4.24¢)

Note that the last two equations specify w! |, v1; in terms of V', (+3). One can now show

that this system admits at least one solution.
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Corollary 4.10 Suppose that profit rates and switching costs are continuous and depend
on the local market environment (X;) symmetrically about 0, and (X;) is a process sym-
metric around 0. Then there exists a threshold-type MNE for the switching game with
M ={-1,+1}.

Proof: See Section |4.5.4] [ |

4.3 Sequential Approach to MNEs

To approximate the system of nonlinear equations - proposed in Section
[4.7 we provide two sequential approaches. The first approach is through best-response
iterations among threshold-type strategies, while the other inducts on equilibrium in
finite-switch strategies. The latter links multi-stage timing game equilibrium discussed
in Chapter|3|to the switching equilibrium. The resulting threshold vectors s’ can be used

as initial guesses in a root-finding algorithm.

4.3.1 Constructing MNE by Best-response Iteration

Given the rival’s strategy, determining the best-response of one player is similar to
a single-agent optimal switching problem, which has been studied in [I4, 24]. Let us
assume that Player 2 implements a threshold-type strategy s? as in Definition The
best-response of Player 1 is then expected to be characterized through , which is a
system of coupled optimal stopping problems.

We then decouple this system, in particular to apply Proposition that provides
the best-response threshold and game payoff of Player 1 once the leader/follower payoffs
are fully specified. To do so, we consider auxiliary problems where the number of ac-

tions/switches available to Player 1 is bounded. Namely, Player 1 is constrained to ever
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use at most N'(> 1) controls. Her corresponding set of strategies is defined as
AP = Lol s?) € A: 7Y (n) = +oo,n > (1, NV}, (4.25)

where 71(n) is the stopping rule Player 1 adopts at the n-th “round” of the game and
n(1, N') defined in denotes the round at which Player 1 exercises her N1-th switch.
Note that now the stopping sets are allowed to explicitly depend on the remaining number
of controls left (equivalent to number of switches already used plus an initial constraint).

The best-response of Player 1 with N! controls is then admitted as

VetM(z;s®) = sup Jh(x;a") 8%, VreD, (4.26)

al(VH e g1, (N1

for all m € M. When Player 1 has zero controls N! = 0, her payoff at any stage m is

fully determined by s2, for instance at regime m + 1

V(8% =R, +E, |:€_TTi+1] - DL (s210), (4.27)

Téﬂ
/ e_rtﬂ_lm_'_l (Xt) dt
0

where the last term is the NPV of fixed-market-state cashflows defined in (4.5)).

Proposition 4.11 Given a threshold-type strategy s’ of player j, the best-response game

payoffs of player i with finite controls converge as N* — 0o, i.e. Vo € D,
Vi) (g:87) AVi(zys7), for allm e M as N 7 oo.

Proof of Proposition is inspired by [I4] and stated in Section Moreover,
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strong Markov property of X and Dynamic Programming Principle (DPP) imply that

Vi(z;8%) = sup E,
TI(1)eT

/m el (Xt + e L sy V(X 5 8%)
0

~ 1
+ eirzmﬂ{Tl(l)ST?n} <VT}L’£J¥ 1) (X.,.l(l) ; 32) — K;,L(Xrl(l)))] )

(4.28)

for all m € M, Vz € D, with 72 the first hitting time of I'2, = (d, s%,], and dependence
of 71(1) on N'! omitted for brevity. We refer to [14, 24] who proved that DPP holds in
this problem and our analysis of finite-control stopping games in Chapter [3|

Notice that game payoffs can be treated as starting points to implement a back-
ward Dynamic Programming scheme to solve the finite-control optimal stopping problem
introduced in (£.28)). Suppose that ‘N/T}Lgﬂ)( ;87) and XN/%’J(FT_U(- : 87) are determined, and
Assumption [4.4] holds. We denote

0N (s r) = VN (e 87) = Dy (o),

W () = VI D (20 87) — DY (2) — KL (2),

m

PN (2) = VY (2 87) — D} (2)

m

and apply Propositionwith leader /follower payoffs hN" [VN" to obtain best-response

game payoff ‘7%’(]\[1)(1’ : %), which is parameterized by &#(Nl),ﬁrl,;(Nl), §,1,;(N1). Thanks to

Proposition we know \7,,11’(]\[1)(20 ; 8%) converges, thus expect §iﬁ<N1) — 51 would con-

LIV to define a time-

verge as well as N! — oo. Thus, for N' large, we may use 8
stationary strategy that is a proxy for the best response.
Building upon the preceding convergence result, we propose the following algorithm

to determine a threshold-type Markov Nash equilibrium. FEssentially, we apply the
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tatonnement approach, alternating in finding the best-response strategies of the two
players, expecting to converge to an associated best-response fixed point. These alter-
nating best-responses are indexed by “rounds” a =1,2,..., A. At odd rounds, Player 1
solves for her best response (i = 1,5 = 2); at even rounds, Player 2 solves for her best

response (i =2,j = 1):

®: Set the strategy of player j to be of threshold-type as s/

1 as the monopoly thresholds of P2, i.e. when P1 is not

— For a = 1, set s*
allowed to switch (N' = 0 case). The thresholds s*! can then be obtained by

solving a single-agent optimal switching problem.

— For a > 1 set s/ = gha~l,
@®: Solve for ¢ and value function Viz™ (- : s7) for all m € M:

— Solve optimal stopping problems when player ¢ is allowed at most n switches

and player j applies s/ using Proposition iteratively forn =1,..., N.

— Record \7@(]\[)(-) and the approximate best-response strategy s%%(s/¢~1) ~

®@: Change the roles of 7 and j (alternate which player is solving for the best response)

@: Repeat steps @ - @ as a = 1, ..., until the maximum change in |§5(V)@ — gH(N).a=2|

i € {1,2} are both less than a predetermined tolerance level Tol (or simply for A

rounds).

Figure |4.2]illustrates the above best-response induction in one of our case-studies. In
each round we iterate to find the best response assuming player 7 has up to N* switches.
During the odd rounds a = 1, 3, ... Player 2 implements the stationary strategy s%¢ and

her game values (gray ‘+’) decrease as the number of Player 1’s controls N* =1,...,30
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. . . . 52,(N?
increases. In contrast, during the even iterations, Player 2 game values Vm( ) converge

upwards as N? = 1,...,30. The corresponding thresholds s%* are shown on the right
panel. We observe that both game values and thresholds converge after 30 inner iterations
over N', and over A = 30 outer tatonnement rounds (a total of 30 x 30 x 2 optimal

N),A

stopping problems solved via Proposition . In particular, we may take sind as an

approximation of a best response fixed-point and hence of the equilibrium s%*.

4.3.2 Constructing MNEs by Equilibrium Induction

Another approach to construct an (approximate) threshold-type MNE of the switch-
ing game is to take limits in a finite-control game of timing. This links to our work
in the preceding chapter. Suppose that both players are constrained to finite control

strategies with respective bounds n', n? on total allowed number of switches. Specifically

5,
40 4
sV |
o) |
F3gm 4
o
© £ o
® 36 & 31
& - u
> R | ] » L 4
%34’ b BN BN PN PN RN RN 5 ‘,,1#"
(O]
32+
T T T T T T 1 T T T T T T
0 5 10 15 20 25 30 -2 -1 0 1 2 3
S2

(a) Approximations of Game Values (b) Approximations of Thresholds

Figure 4.2: Finding fixed point of best-response maps via the tatonnement process
over a with M = {—1,0,+41}. Squares represent rounds a = 1, 3,... where player’s 2
strategy is fixed. Triangles represent even rounds a = 2,4, ... where player’s 1 strategy
is fixed. (Left): Game values of Player 2 with My = 0 and Xy = 0 indexed according
to VN2 (z; s1) with No = 1,2,...,30. (Right): Thresholds sj* as a function of a at
m = 0 and N = 30. The enlarged square represents the first round ¢ = 1 and the
enlarged triangle represents the last a = 30 round which appears to be close to a fixed
point.
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we consider strategies of the form

1 nl 2 ’fl2 .
o) (F%k%k%)k <M’k = With THOA) = ¢ (4.29)
me

where k' < n' denotes the number of controls remaining for player ¢, and index stages of

this game as

(M, N}, N?) :={macro market regime,
# controls remaining for P1,

# controls remaining for P2},

with M; € M, and N/ is a non-increasing piecewise-constant process on N with N} = &
for i € {1,2}. Duopoly games of this type were studied in Chapter [3, in which we
determine local equilibria at each game stage by backward dynamic programming and
patch them to construct a global one.

At sub-stage (m, k', k%), the local equilibrium is characterized as a fixed point of these
players’ best-response based on Proposition Taking Player 1 as an example again,
her leader and follower payoffs are related to her equilibrium game payoffs at adjacent
stages which are known when implementing backward dynamic programming;:

hi™ @) = VT (@) - D) () - K (a),

m

(4.30)
1,(k' k2 ) 1,(k' k2 -1
M @) =V @) - D),
and their equilibrium strategies (T,}{(kl’kz)’*, r,?;(’“l”“2)’*) and game payoffs solve a pair of
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optimal stopping problems:

(

1 1.2
V77:!-L7(k 7k )<:U) _— D}n(x) = Sup Ex |:]1{Tl’(kl’k2)<T2’(k1’k2)’*} . hlv(k17]{;2)(X 1,(k1,k2))

1,(k1,k2) " Tm
Tm: eT

1,(k1,k2)
1 (X .
RETENCROREXENORSE (X 22).0) |

2, kl,k‘Q 2. (k1 k2
Vm( )<m) - D?TL('Z‘) - Sup EI |:1{T.,ln’(kl’k2)'*<7',,2,{(k1’k2)} . l?’T’L( ’ )<XT.,%1’(k1’k2>’*)

152
7'72,{(]C FeT

2,(k' k?)
+]]-{7'71r{(k1’k2)'*>7}2r2(k1’kz)} . hm (X’Tfn’(kl’kQ)) .

(4.31)

Note that simultaneous switches can be ruled out since on the event {Tfﬁ(kl’m) = Tﬂ{(kl’k%’*},
stopping by Player 1 is strictly dominated by the strategy of first waiting, and then op-
timally switching as follower. In Chapter 3| we show that the local equilibrium exists
under some regularity conditions on D¥’s and K*’s, however uniqueness cannot be guar-
anteed. Moreover, such a local equilibrium is not always of threshold-type, as preemptive
equilibria may emerge.

In the example sketched in Figures [4.3a], we implement a forward scheme to generate

a sequence of equilibria starting at sub-stage (m, k', k%) = (—1,0,0) where the payoffs

are V_Z’I(O’O)(x) = D", (x). With this known, we can solve for the local equilibria at stages

(0,0,1) and (—2,1,0) utilizing . Iterating, we find local equilibria for all triplets
(m, k', k%) shown in the Figure (Throughout, we make the ansatz that local equilibria are
all of threshold-type at any sub-stage (m, k', k?)). These triplets can be characterized as
k? = k' + A,,, where the auxiliary parameter A,, is the difference between the number of
switches available to the players at regime m. For instance A_; = 0 in Figure[4.3a, so that
the players are equally endowed whenever they are at regime M; = —1, cf. the sub-stages
(—1,1,1),(—=1,2,2),.... The sub-stages (m, k', k?) that are not reachable from (—1, 0, 0)

are omitted and in this instance we need not consider the respective local equilibria.
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Using the terminal game stage (—1,0,0) and continuing up to k' < N, the above

forward scheme iteratively yields a sequence of equilibrium thresholds shmntlm) and

f,’l(n’nJrAm), pb(mntAm)) - The resulting game payoffs are shown in Figure

game coefficients (w
[4.3b] As mentioned, the parameter A,, influences all the equilibria in Figure [4.3a] For
example, in the presented scheme, the game will eventually end with M; = —1 for ¢ large

enough. Nevertheless, as N increases, we expect that this effect vanishes, so that the

limits are independent of A,,:

i, (n,n+A
S;n(nn‘f' m)

S
S | B0 i | e {1,2),m e M. (4.32)
Vi,(n,nJrAm) V;’L*

This convergence can be observed in Figure [4.3] where the underlying symmetries imply

81
— Player 1
© Player 2
(+2,0,3) (+2,1,4) » <
7 A" 7 N S
(+1,0,2) (+1,1,3) é_“ 3’
7 N /! N Pl E
(0,0,1) (0,1,2) (0,2,3) g 3
(-1,0,0) (-1,1,1) (-1,2,2) O o
w ™7
N V N / W /
(-2,1,0) (-2,2,1) (-2,3,2) )
w4

20 40 60 80 100 120 140
Controls of Playver 1

(a) Induction on local timing equilibria (b) Eqm Payoffs VOZF(”’"H)( Xo)

k2 0 1 2 3 4 5 )

Figure 4.3: Left: A schematic diagram illustrating induction on local timing equilibria
of Section starting at (—1,0,0) and with m = —2 and m = +2, which leads to
Aoy=-1,A1=0,...,A,9 =3 1in . The diagram illustrates the reachable
stages (m, k', k?) relative to (Mo, 0,0) and using the “forward” dynamic programming
scheme. Blue circles denote single-agent optimization sub-stages that correspond to
optimal stopping problems, while red circles denote interior stages where local timing
equilibrium is determined according to . Boundary stages are those where k! = 0
or k2 = 0 or m € {m,m}. Stages not reachable from (—1,0,0) are omitted. Right:
Equilibrium payoffs VX/’[E)N&’N‘%)(XO) with Xo = 0, My = 0 indexed by Nj. Player 2
is given one extra control, N3 = N} +1 < Ag = —1. The dashed line denotes the
limiting payoff V¢(Xp) in the original infinite-control game.
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vt () = y2 M 0). Thus, we may interpret the top curve in Figure as the
game payoff in the finite-stage setup when the player has one more switch than her rival,
and the bottom curve as her game payoff when she has one fewer switch relative to the

rival. As n — oo, the relative benefit vanishes and both Voi’("’”ﬂ)(

x) approach Vi (z).
Two issues arise with the above scheme. First, the associated equilibrium payoffs
V5(No.N8) are not monotone in terms of N} or N2. For instance, higher N} benefits P1,
while higher N2 harms her since her rival now has more flexibility. Changing both N*’s
simultaneously leads to ambiguous results: in Figure P1’s payoff decreases first, then
increases in terms of Ny = NZ — 1. Thus convergence in is hard to prove. Second,

the local timing game might generate multiple threshold-type equilibria as explained in

Chapter 3] As a result, equilibrium selection becomes important when inducting on NJ’s.

Remark 4.12 Setting A, = m (resp. Ay, =) is equivalent to granting P2 (resp. P1)
infinite number of allowed switches, while her rival is restricted to finite number of con-
trols. This of course confers an ultimate advantage to the privileged player who will
ultimately “win out” the competition. For example, taking (My, Ny, NZ) = (0,4,2) in
the running example means that P2 only has 2 switches, while P1 has four, so she will
ultimately succeed in driving to the best possible regime lim;_,oo My = +2 and will never
require more than 4 switches anyway (recall that m = +2). Thus this setting resembles the
auziliary game discussed in Section [{.5.1], except that both players are now dynamically

optimizing their thresholds.
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4.4 Numerical Examples

4.4.1 Case Study: Mean-reverting Market Advantage

Continuing Example[4.1] we describe the local market fluctuation (X;) by an Ornstein-

Uhlenbeck (OU) process mean-reverting to 6 = 0:
dXt = —ILLXtdt + O'th, (433)

with 4 = 0.15,0 = 1.5, D = R (i.e. natural boundaries d = —o0o and d = 4+o0). This
implies that the stationary distribution of X is Gaussian, N'(0,7.5). For the discounting
rate we take r = 10%. The profit rates 7', are constant and listed in Table Note
that 7¥’s are monotone but concave in terms of the regime m. A motivating economic
context is the advertising competition between two firms. They can make an advertising
campaign by paying K*, with the cost dependent on the exchange rate (X;). The effect
of advertising (i.e. exercising a change in M) is to enhance one firm’s dominance in the
market, bringing her higher profit rates. Due to diminishing returns to scale, improve-
ment in the profit rate decreases as the firm captures more and more market share, so

that 7, is concave in m.

m[-3 -2 -1 0 +1 +2 43
00 1.5 28 40 51 59 6.0
6.0 59 51 4.0 28 15 00

IVE

s
s
Table 4.1: Profit rate ladders 7% for Section m

In Table our intent is that the profit ladder extends to the right and to the left
forever, however the above concavity makes it uneconomical to reach extreme levels of
dominance. Thus, we progressively enlarge the number of market regimes considered:
M, € {-1,0,1} (Case 1), M; € {—2,—1,0,1,2} (Case II), and M; € {-3,...,3} (Case
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I1T). Below we also consider an asymmetric situation with M, € {—1,0, 1, 2}.

The switching costs K’s are affected by X;:
K (z) :=c;- (L4000 e {1,2}, (4.34)

where ¢; = 0.5, 5; = 0.5, 7 € {1,2}. Thus, Player 1 can make cheap switches to dominate
the market when = > 0 and Player 2 has the advantage when x < 0. For simplifica-
tion, K”’s are not directly affected by (M;). By construction, the profit rates and all
other parameters are symmetric (about zero), so in equilibrium we expect players to act
symmetrically as X fluctuates from positive to negative and vice versa.

Best-response induction associated to this case study with M = {—1,0,1} was the
one sketched in Figure and explained in Section[4.3.1] We also implement the equilib-
rium induction (see Section for both Case I & II and observe that players behave
aggressively when they have more controls than their rivals in the finite-control scenario.
As sketched in Figure 4.3 Player 2 will have the “last word” and lim, o M; = —1.
Consequently, she can behave more aggressively, be the leader more frequently, and reap

higher payoff already in the medium-term.

4.4.1.1 Equilibrium Thresholds

Table lists the computed equilibrium thresholds for the three cases. Recall that
in Case I M is restricted to be in {—1,0,1}, so Player 1 (P2) is not allowed to act when
M, = +1 (M, = —1, respectively), hence there is no s;™ or s>;. Thus, there are 4 total
thresholds to be computed, and 12 equations in the system . Due to the symmetric
parameter setting, thresholds of Player 1 are symmetric to thresholds of Player 2 around

0, so in principle the equilibrium is fully characterized by the pair 5(1)’*, slj Similarly, in

Case II there are 8 thresholds (4 unique ones) and 24 equations, and in Case III there
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are 12 thresholds and 36 equations.
Regime | ! | 72 Case 1 Case 11 Case 111
m|om | Player 1| Player 2 | Player 1| Player 2| Player 1 Player 2
+3 6.0 0.0 — 3.47853
+2 59| 1.5 — | 0.25184 | 13.16216 0.25184
+1 51|28 — | —0.56688 | 1.90352 | —0.56688 | 1.90352 | —0.56688
0 4.0 | 4.0 | 0.94861 | —0.94861 | 0.94861 | —0.94861 | 0.94861 | —0.94861
-1 2.8 (5.1] 0.56688 — | 0.56688 | —1.90352 | 0.56688 | —1.90352
-2 1.515.9 —0.25184 — | —0.25184 | —13.16216
-3 0.0]6.0 —3.47853 —

Table 4.2: Equilibrium thresholds i for Cases I, IT & III of Section m

A major finding is that the players implement the same thresholds at each interior
regime in all cases. For example, 3(1)’* = 0.94681 in all three Cases I/II/III. Therefore,
when in regime 0, Player 1 “does not see” whether stage 42 is reachable or not, and only
makes her decision based on 7. This phenomenon is un-intuitive in the following two
aspects. On the one hand, Player 1 adopts the same equilibrium threshold 5[1)’* = 0.94861
despite the fact that she can further exercise switches to enhance her dominance at state
+1 in Cases II & III. The latter would be expected to make the switch from 0 to +1 more
valuable and therefore make P1 more aggressive in regime 0. As we see, this intuition,
while valid in single-agent contexts, fails in the constructed equilibrium. On the other
hand, players are also myopic about the multi-step threat from the switches of the other
player. For example, P2 implements the same threshold si*{ = —0.56688, though in
Cases II & III she is facing the threat that P1 may switch the market to an even more
disadvantageous regime.

Figure plots equilibrium payoffs of Player 1 z — V{}(z) (constructed as (4.18))
when they are at equal strength My = 0 for Case I & II. As expected, V,1’s are continuous,

increasing and bounded: Vol’(l) is bounded by D!, and D!, while VOL(H) is bounded by

D!, and DZ,. Note that when these players are at equal strength locally (i.e. Xy = 0)
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Player 1 has lower equilibrium payoff in Case II, which can be interpreted as an influence
of heavier competition between them.

The right panel of Figure illustrates the nature of the variational inequalities
for V1. Dashed lines represent leader payoff V1! (z) — K} from switching (M) to (+1)
and the follower payoff V1, (x). We have that V! (z) coincides with V1, (x) for x < s%*
(stopping region of P2), and smooth-pastes to V', (z) — K (x) at the switching threshold

1

s, of P1. As explained, this switching threshold is the same in Case I and II even though

all the game payoffs (in particular V! and V,) change.

4.4.1.2 Macroscopic Market Structure in Equilibrium

Due to the mean-reverting property of the OU process in (4.33)), the resulting M*
is recurrent. In particular, at the extreme regimes M is guaranteed to move back to-

wards zero. Table presents the resulting long-run proportion of time M™* spends at

601,
+2 w__’_
0],
) Case | ]
8 s g
5404 =
e g
2] 2
5] 5]
20 1
D1
10 ) * T T T T T T T T T T
-20 -10 0 10 20 30 40 -15 -1.0 -05 0.0 0.5 1.0 1.5
X X
(a) Equilibrium payoff Vi}(z) of Player 1 (b) Zoomed-In view of Vj ()

Figure 4.4: Equilibrium payoff Vil (z) of Player 1 for Case I and Case II. Left panel:
the dashed levels indicate D]; DL, are the asymptotes of V,} for Case I, and DL,
are the asymptotes of V! in Case II. The box denotes the region corresponding to the
zoomed-in right panel. Right: Dashed curves denote the leader payoffs V1, (z) — K§ ()

and the follower payoffs V!, (x) for each Case. The same resulting thresholds 56’*,
i € {1,2} are adopted in both Cases.
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each regime, p,, given by . The table also lists the transition matrix P of the
extended jump chain M, and mean sojourn times é’ for Case I, whence M takes values
in {—17,07,0",4+17}. Note that due to the limited number of regimes, the invariant
distribution of M is uniform, i.e. the original jump chain M spends half the time at
regime 0 and 25% of its time at regimes +1. Of course, the corresponding sojourn times

are not equal, so the long-run distribution of M* is more complex.

Regime | 7} | @2, | Case I | Case II | Case III
+3 6.0 | 0.0 0.00002
+2 5.9 | 1.5 0.34476 | 0.34474

+1 5.1|281]0.47186 | 0.12711 | 0.12711
0 4.0 | 4.0 | 0.05628 | 0.05628 | 0.05628
—1 2.8 |5.1]047186 | 0.12711 | 0.12711

2 | 15]509 0.34476 | 0.34474
—3 1 0.06.0 0.00002
- (=D~ (O* (0 (+n*
-7/ 0 1 0 0
* L (=) O (0 (+DF
P= Eg;- 8?8? 8 8 8;82 , £=(4431 0264 0264 4.431).
+D*\ 0 0 1 0

Table 4.3: Equilibrium stationary distribution p,, of M* for Cases I, II & II1. Bottom:
Dynamics of M* in Case 1.

From Table we observe that the thresholds sé’* are quite low, so that M* does
not spend much time in regime 0 and the market is typically not at “equal strength”. In
Case I, only one level of market dominance is possible and so we observe rapid switches
from “equal strength” to “P1 dominant” or “P2 dominant”, each of which occurs around

pg = 47% of the time. In Case II, because si* remain the same, we have the same

p((]H), so the market continues to be dominated (but now by different degrees) by one
player around 47% of time. Thus, the long-run distribution of regimes {+1,+2} in Case

II can be considered as “splitting” of those 47% of regime +1 in Case 1. Moreover, when
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one player dominates the market, she will max-out her dominance most of the time
(pD = 34% out of 47%).

A second finding is that one can effectively endogenize the domain M of M. Recall
that concavity of profit rates ', in terms of m reduces players’ incentive to make further
switches if the game stage is already advantageous. On the contrary, the rival becomes
more incentivized to switch M back towards 0. In the presented example, we make the
marginal gain in profit rates minimal when going from +2 to +3 (and -2 to -3 for Player
2, respectively). As a result, in Case I1II there is very little incentive for P1 to switch from
+2 to +3, reflected in the very high equilibrium threshold Si; = 13.1621594. Because
this threshold is far above the mean-reverting level § = 0, it follows that these players
are not likely to enhance their dominance up to the maximum level and regimes +3 will
take place extremely rarely; according to Table [4.3) M* spends less than 0.001% of time

in those extreme regimes. Consequently, from a financial perspective it is reasonable to

simply restrict M to be in {—2,—1,0,+1,2}, since effectively p,(én) ~ p%l) for all m.

4.4.1.3 Effect of Profit Ladder

To isolate the effect of the profit rates 7’ , we construct threshold-type equilibria with
M restricted to MUY) = {—1,0,+1,+2}, and vary profit rate ms of Player 1 at stage +2
(all other profit rates remain as in Table . Resulting equilibrium thresholds of these
players are sketched in Figure by solid lines. As expected, when 77, increases, there
is more benefit to being in regime +2 and as a result, Player 1 is more willing to make a
switch up from +1. Consequently, she implements lower switching thresholds and si’{ is
decreasing in 7},. On the contrary, she does not change her threshold 3(1)’* at regime 0,
confirming the myopic nature of equilibrium thresholds discussed in the previous section.
However, eventually 7}, — 7}, is large enough (or alternatively sﬁ is low enough) to

trigger simultaneous switches (sy* > sﬁ), so that P1 will pass directly from regime 0
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to regime 2 (recall that we assume that this incurs two switching costs, linearly added).
In the latter situation, she switches sooner already in regime 0, see the extreme right of
Figure , where s,* starts changing, as soon as sﬁ < sy

Turning attention to Player 2, her switching threshold sg’* in regime 0 is never affected
by 7T_1|_2. Moreover, while her profit rate in regime +2 is unaffected, more aggressive
behavior of P1 who switches into M; = +2 more frequently, causes her to respond
by lowering si; Additionally, in the situation where P1 goes straight from 0 to +2
(W}rz > 6.25), P2 increases Si”{, adjusting his strategy in response to a more aggressive
strategy of P1 which reduces his anticipated gain from switching M from +1 to 0. These
observations illustrate the complex feedback effects between thresholds in different market

states and the underlying 7’ ’s.

4.4.1.4 Effect of Switching Costs

Another essential parameter is the switching cost K. To study the effect of K, we

vary the overall level of switching costs in K*(x) = ¢; - (1 + e"1'%). Specifically, we try

2.0 1 2.0

— g%’
st
15 15 51
S
1.0 1.0 4
—
%05 8,05
0.04 0.04
— 1"
051 _ 2;,‘* 051
- qu‘
_1 .0 ] T T T T 1 _1 .0 ] T T T T
5.9 6.0 61 , 62 6.3 5.9 6.0 61 , 62 6.3
T2 T2
(a) Thresholds of Player 1 (b) Thresholds of Player 2

Figure 4.5: Equilibrium switching thresholds sk (P1 on the left, P2 on the right) as
the profit rate 7T_1~_2 of P1 varies in Case IV. We use the same type of line for each
regime m across the two panels.
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¢; € [0.1,1], i.e. from 20% to 200% relative to the baseline ¢; = 0.5 used in preceding
setup, with all other parameters unchanged. The resulting equilibrium thresholds of
Player 1 and her equilibrium payoff at the “equal strength”, V' (0) are sketched in Figure
for Case I where M = {—1,0,+1}. Observe that as ¢; decreases (from the right to
the left in Figure P1 adopts lower thresholds while P2 adopts higher thresholds by
symmetry, which means they switch the macro market environment more frequently. For
instance, the expected sojourn time of M* at regime (+1)" drops from 6.522 at ¢; = 1.0
to 1.887 at ¢; = 0.1, while the expected sojourn time at regime (0)" drops from 0.422 at
¢; = 1.0 to 0.105 at ¢; = 0.1. Recall that K}(z) is a function of z, so that lowering the
threshold is equivalent to paying more. While lower (single) switching cost induces more
frequent switching, the overall cost of switching still declines, so that equilibrium payoffs

increase as ¢; declines.

1.2 o
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(a) Switching thresholds of Player 1 (b) Equilibrium payoff of Player 1

Figure 4.6: Left: Equilibrium thresholds adopted by P1 as ¢; varies in [0.1, 1]. Thresh-
olds of P2 are anti-symmetric about 0. Right: Equilibrium payoff at “equal-strength”,
i.e. Vit (0) = VZ(0) due to symmetry.
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4.4.1.5 Multiple Threshold-type Equilibria

As mentioned, existence of multiple threshold-type equilibria is highly likely. Accord-
ing to Theorem [4.7, any suitable solution to the system of non-linear equations is an
MNE of the switching game. This situation arises in Case Il above and is “detected”
by selecting different local equilibria during the equilibrium induction of Section [4.3.2]
Specifically, in some sub-stages there are two different threshold-type equilibria in the
local stopping game, which can be interpreted as “Sooner” (players behave more aggres-
sively and switch quickly once (X;) deviates from zero) and “Later” (players are more
relaxed and s’ are larger in absolute value). This phenomenon was already discussed
for stopping games in Section [3.2.2l Then during equilibrium induction we consistently
choose (i) later equilibria (this is what was done and reported above in Tables 4.24.3));

%
m

(#i) sooner equilibria. This generates two different sequences of s-* which ultimately

yield two different solutions to the nonlinear system, reported in Table

| -2 —1 0 +1 +2 | V{(0)
sbeL1 025184 0.56688  0.95861  1.90352 -
Later | s%*L — —1.90352 —0.94861 —0.56688 0.25184 | 33.98

m

pL 1 034476 0.12711  0.05628  0.12711  0.34476

sLeST0.17983  —0.19139  1.38933  1.02891 —
g2xS — —1.02891 —-1.38933 0.19139 —0.17983 | 33.65
o] 0.41143 0 0.17714 0 0.41143

Sooner

Table 4.4: Equilibrium thresholds s’ and long-run distribution 7 of (M) associated
to two distinct equilibria in Case II

We note that in the “Sooner” equilibrium which was described previously, players
effectively skip regimes £1 as 5™ > st and s < 5%, For example, starting at M = 0
and Xo = 0, P1 will not switch up until X; = 1.389 = sé’*’s, but then directly go

to M* = +2 because 1.389 > 1.029 = sﬁ’s. As a result, the alternative stationary

distribution §° of M%* is only supported on {—2,0,2} (interestingly, p§ > p& so in
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the aggressive equilibrium the market is more frequently at “equal strength”). Such
multiple instantaneous switches are indicative of their aggressiveness—once (X;) moves
in their preferred direction, players attempt to extract maximum dominance by switching
into regime 4+2. In line with previous analysis, the Sooner equilibrium carries lower
equilibrium payoffs, as players are penalized for aggressive interventions that leads to

“wasted” effort, e.g. V"°(0) = 33.65 < V"*(0) = 33.98.

Remark 4.13 In Case I there seems to be a unique equilibrium, which we conjecture
15 due to having only a single interior regime where players compete simultaneously.
Thus, with M = {—1,0,1} we always observe a unique local threshold-type equilibrium
during either of the finite-control inductions. It remains an open problem to establish
more precise conditions regarding equilibrium uniqueness in the infinite-control switching
game. Similarly, we do not have the machinery to check whether further threshold-type

equilibria exist in Case II.

4.4.2 Case Study: Long-run Advantage

Returning to Example [4.2] we now consider local market fluctuations X to follow a
Geometric Brownian motion ([2.36]) with drift g = 0.08, volatility o = 0.25, and discount-
ing rate r = 10%. Because pu — %O’Q > 0, limy_, ., X; = 400 a.s., and so in the long-run
Player 1 will dominate the market since she will eventually have the advantage in terms
of X.

The profit rates 7 are constant and given by

144



Stochastic Switching Games Chapter 4

The switching costs K’ ’s are again independent of m and driven by X:

K*(z) = (10 — x),, K*(x) = (=2+2),. (4.35)

This case study can be interpreted as competition between an energy producer using a
renewable resource (Player 1) and a producer using exhaustible resources (Player 2). The
competition is in terms of generating capacity, with M; denoting the relative production
capacity. Here X, represents the marginal cost of exhaustibility which connects to the
relative cost of increasing capacity. We expect that X; — +oo (“peak 0il”); as non-
renewable resources are depleted, P2 becomes noncompetitive. In the long run, P1 will
therefore dominate, however there is no upper bound on how many times the competing
investments in new capacity will take place. Thus, the market will first go through a
transient phase where both producers compete, and then will eventually enter the high-

X regime where the renewable P1 dominates and (endogenously) never relinquishes her

advantage.
1.0
T +1
0
S o
N 087 — - _1
T4 =
ks
0.6
S
40 =
804 1
30 S
x 8
20 0.2 1 ~ o -
- - -
104 .. - - - -
s SV - A S 0.0 -
0 5 1 15 20 25 30 0 10 20 30 40 50
t t
(a) Sample Trajectory (b) Distribution of M}

Figure 4.7: Left: A trajectory of (X, M) for the GBM example, starting from Xy = 5,
Mg = 0. Right: Distribution of M; € {—1,0,1} as a function of ¢.
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4.4.2.1 Macroscopic Market Structure in Equilibrium

Expansion Thresholds s’ Ave Plants Built

-1 0 +1
Player 1 5.9796 8.9594 - 3.8151
Player 2 - 4.1296 5.9574 2.8151

Table 4.5:  Equilibrium in the GBM case study. Average Plants Built refers to the
expected number of switches by player ¢ starting at Xg = 5, My = 0.

Table [4.5] shows the resulting equilibrium thresholds, and Figure plots a tra-
jectory of (X;) and (M) starting at Xo = 5, Mg = 0. The right panel Figure [4.7D]
shows the distribution of M* via t +— P(M; = m). We observe that Player 2 is likely to
make the first expansion (P(M; = —1) increases for low t), while in the medium-term
Player 1 becomes more and more likely to be dominant. In line with X; — 400 (due to
p—a?/2 > 0) we have P(M; = +1) — 1 as t grows. The probability of absorption for
M* when moving up from the states (0)* is (see Section

1,0\1— 24 2,4y 1— 2L 1,% 2u
. Sy’ o2 — (87 o2 Sq \ 1=z
P(H)a—hm(Ol)QH 2132“ :1-( g*) 7 =10.4709,
uToo uT o2 — (S+’I> ) 81’

leading to the transition probability matrix P of M* as

(=D~ (OF O DT (+n°

(-1~ o 1 0 0 0
OF 0374 0o 0 0331 0205
P= "o losw 0o 0 030 02902 (4.36)
D+ o 1 0 0
(+1)* \ 0 0 0 1

Note that in the scenario plotted in Figure [{.7a] M; = +1 after ¢ = 15 which can be
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interpreted as “absorption”. The theoretical average time until absorption (defined in
(4.23))) is To(5) = 30.775. In the Figure we also note that P1 makes 5 switches up and P2
makes 4 switches down. Recall that on the infinite time horizon P1 will always make one
more switch since M;" = +1 eventually. The last column of Table shows the average

number of expansions implemented by each producer, Nj(5) defined in (4.22)).
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Figure 4.8: Left: Average total number of switches exercised by P2. Right: Estimated
proportion of time that (M) spends in regime m in the next T' = 30 years, pn,(T)
from (4.37)), for each m € M. In all cases we take Xo =5, Mj = 0.
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4.4.2.2 Effect of the Drift ; and Volatility o

We examine the effect of the drift p and volatility ¢ in on the equilibrium
strategies and the macro market regime M*. To do so, we evaluate the expected number
of expansions carried out by Player 2 conditional on My = 0, N2(5) (which always satisfies
N2(5) = N}(5)—1). Additionally, we also compute the proportion of time that M* spends

at each regime m € {—1,0,1} in the next T = 30 years, p,,(T):

1

T
0

om(T) :=E 7

Figure shows the results as we vary p from 0.05 to 0.15 with fixed ¢ = 0.25, or
in complement vary o € [0.20,0.25] with fixed p = 0.08. As expected, higher p increases
the tendency of (X;) to go to +00 and hence enforces the dominance of Player 1; thus
Player 2 expands less. A similar effect holds as o falls —with less fluctuations there
are fewer opportunities for P2. As a result, the overall number of switches, which can
be viewed as the “observable competition”, decreases as u increases or o decreases. A
related effect is observed in Figure the dominance of P1, p,(T), increases as p
rises or o falls. For p low (o high), the transition to long-run advantage takes place more
slowly, so the players are more even-handed in the medium term on [0,T). Note that
higher volatility hurts Player 1, intensifying the medium-term competition and causing
both players to expend a lot of capital on repeated expansion. Finally, we remark that
the proportion of time M* spends in regime 0, po(T) is quite stable with respect to

different combinations of ;1 and o.
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4.5 Computations and Proofs

4.5.1 Proof of Theorem 4.7

Proof: To begin with, we argue that by construction of V*’s in (4.18)) we have:
1. Vi e C* D\ (s*Us))NC (D\ ¢/)NC (D), for Ym € M, i € {1,2}, i # j;

2. V' is at most linear growth, i.e.

m

\Vi(x)| < C(1+ |z]), for Vo € D; (4.38)

3. V¥s satisfy the following system of variational inequalities (VIs) for m < m:

Voo — K, =V <0, in D, (4.39a)
v —Vvi=o, in T2*, (4.39b)
V2, —V2=0, in 2% (4.39¢)
max {(L—r) V) + 70, Vi — Ky, =V} =0, in D\ I'%*, (4.39d)

and for m > m,

Vi — Ki = Vi <0, in D, (4.40a)
Vi1 = Vi =0, in T2* (4.40D)
V2 —V2=0, in T}* (4.40c)
max {(L—r) V2 + 7, Vi — K, —V2} =0, in D\ T'L* (4.40d)

The smoothness of V' follows directly from the regularity of F(-) and G(-) and the

piecewise construction. The second statement follows from the linear growth assumption
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imposed on D"s in (4.5) and signs of coefficients w’,v*. Note that this is a natural
property of correct equilibrium payoffs since the best-response game payoff of player ¢
satisfies

in D! <Vi(ral) < Dt 4.41

and a MNE is characterized as a fixed-point of best-responses. The key is the last
assertion; we show (4.39)), with (4.40|) then following analogously. Comparing the system

(4.16)) for fixed m with (4.12) and (4.13)), one can see that V! — D! is indeed the solution
to the optimal stopping problem (4.9)) with

hin (%) 1= Vi 41 (2) = Dy (2) — Ko (),
I (%) = Vi1 (2) = Dy, (2),

1

which in turn brings the restriction on signs of w’,v’. Taking P1 as an example, w!

corresponds to the slope of the straight line segment of its transformed smallest concave
majorant which ought be positive for m < m and equal to zero for m = m. Similarly, v},
corresponds to the y-intercept of that line segment which ought to be negative for m > m
and equal to zero for m = m. Furthermore, the signs of the derivatives of F(-), G()
imply that V,} — D}, is increasing. The assumption V,}_,(s**) > VL (s2*) — K (s%F),

for m > m plus the smallest concave majorant characterization then yields

Vi-D) =1 >h =V —-D —K., in T2*,
Vo—DL=h,=V)  —D} — K, in TL*
Vo—DL>h, =V,  —D.—K), in D\ ([ UT%Y),
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which shows (4.39a)). (4.39b)) and (4.39¢|) are obtained directly from the construction of

Vs, reflecting the payoff in z-states where the rival switches immediately. Lastly, to

check (4.39d), recall that the discounted cash flows in (4.5)) satisfy (£ —r) D! = —x

and by their definition (L —7)F = (L —7r)G = 0. For z € D\ (I'%* UTL*) (“the no-
action region”) we have by (4.18)) that V!(z) = D} (z) + w! F(z) + v} G(x), so applying

the operator (£ — ) we get
(L—r)Vi+al =(L—-r)D: + 7t = -7t + 7L =0, reD\ (T UTHY.

For x € TL*\ F,l,;’;l, we have V\(z) = VL. () — K},(z) = D}, .1 (x) + w}, 1 F(z) +

vl 1G(z) — K}, so that

(L—=r)Vy+my,=(L—=71) (Vo — K,) + 7,
=(L—r)D)+(L—71)(-K,,) +m, (4.42)

= (L ~7) (Dpyr — Dy — K;) <0, (4.43)

where the last inequality is due to D}, ., — D}, — K}, € Hinc. Similar arguments
apply to x € F}?’{il \ F,l;liz where two simultaneous switches by P1 will take place; by
induction we conclude that (£ —r) V) + 7} <0 for z € I'L*, establishing (4.39d).

We now prove (s'* s**) is a Nash equilibrium. To do so, we first consider the
point of view of P1, letting @' = {7'(n) : n > 1} be her arbitrary strategy satisfying

(a!, s**) € A, and (0,,),>0 be the sequence of resulting switching times defined in (2.2),
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with Xy =z, My = m. As a first step, we use induction to establish that

V(z) > E[ / e m N (XE, Myw)dt = Lip—ye "™ - K (Xq,, My 1)
0 k=1

—Tron 1
+e VMn

(X® )] Vn > 1. (4.44)

On

For n = 1, since o1 = 7!(1) A 72*, applying It6’s formula to the process e "V} (X7¥)

over the interval [0, 0;] and taking expectations yields
_ o1
Vi(z)=E| - / e (L =)V (X])dt + e—mvnﬁ(xgl)}
- Jo

> K / e (XE, My)dt + e anl(Xffl)} (4.45a)
-Jo

g1

_ o1 B 5
>E / G_Tt’iTl(Xf,Mo)dt + e—rm{_Kl(Xw MO) . ]]_{al:Tl(l)} + V]\%1 (Xgl)} ,
-J0

(4.45b)

where the inequality (4.45a)) follows from (4.39d)) and the fact that o; < 72*, and the
inequality (4.45b) is due to (4.39al) and (4.39b)):

E|Va(X2)| 2 B Lo { Vika (X2,) = KM (X5, Mo) 4+ 1,z Vb1 (X5

(4.46)

Next we show (4.44) for n = 2. By construction, we have oo = 71(2) A (07 + T]%/[T)

Consider the second-round sub-game started at initial state X7 ; applying Ito’s formula

Xz , : :
to the process e "V}, (X, ™) over the interval [0, 0, — 01] and taking expectation con-
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ditional on F52, cf. (2.2a)), we obtain

anerl(Xz ) > E[/O 2—01 eiTtﬂ_l (thgl,m + 1)dt + efr(azfal)v]\l;[2 (ng)

— Lppyrpe " KN (X, m 1)‘ fff)} :

g2

analogously to (4.45b)) and replacing X

o2— :71

by X7, based on the strong Markov property

of (X¢). Furthermore, using [ e~"*7" (X}, m+1)dt = e~ [ e~ "'x! (X;Xg1 ,m+1)ds

we have
E[ﬂ{m:‘rl(l)} mlvnlw-kl(Xx )}
o2
> B\ 1gp—r - [/ e (X m o+ 1)dt+ eV (X))

— ]1{02:7_1(2)}]1{01:7_1( )} Kl (X;EQ, m + 1) (447)

Similarly, we have
e~ o 1 T
B[Loyeye Vi (X))
: —rt__1 x —ro2 x
>E|1y,, e [/ e (XE m = 1)de+ eV (X2
o1
~igymri@y Ly, mpzeye 7 - KH(XG,,m 1)] . (4.48)
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Substituting (4.47)) - (4.48)) into (4.45b|), we obtain

o1 - g2
Viz) > E[/ e " (XF, Mo)dt + / e "t (XE,m + 1)dt
0

o1

+ G_TUQVA%[Q (Xég) — ]l{al:Tl(l)}e_TJlKl(Xx MO)

g1

— 1{02:71(2)}]1{01171(1)}6_r02 K1 (Xz m + 1)

o9

e 7 K'XZ.m— 1)]

—Loy—rronly,, —2

1

o2 B
=E |:/ e_rtﬂ'l(Xf7 Mn(t))dt
0

2
- Z ]l{szl}e*TJk ) Kl (Xo'k’ Mk*l) + e’ Vl\l;fz (ng)] .
k=1

Iterating this argument for n = 3,..., establishes . Let us remark that the
above works without any modifications in the boundary regimes m € {m,m}, where
7(n) or T4* are set to be infinite. Since V! is at most of linear growth from and
admissibility of (', s**) requires lim,_,o, 0, = +00, dominated convergence theorem

implies

Vo(z) > E[/ e TN (XE My)dt =Y Lipnye " - K (Xoy, Mk—l)]
0 k=1

= J! (z;at, s%%). (4.49)

m

Similarly for P2 we obtain that

VZ2(z) > J2(z; 85", a?), for V(s™* a?) € A.

*

Last but not least, one can verify that replacing a! by s'* in above argument leads

to oy = 7% A 73* so that (£ —r) V) (XF) = —n'(XF, M) on [0,01) and V}(X7) =
Vi (XF) = KL(X]) at o = 75 and VL (X]T) = VL (XF) at 01 = 72*. These turn

m m
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inequalities in (4.45a)) and (4.45b]) into equalities, and inductively yield
V() = Ty (23877, 877,
which, combining with (4.49)), completes the proof. [

4.5.2 Proof of Proposition [4.11

Let Xo =2 € D, My =m € M, and fix s/. The best-response of player i with

N? > 1 controls is

Vil (@ 8) = sup (w0t 8), (4.50)

m . .
Qb (N € A6, (N7)

where
AN = {(a,8") € A: 7' (n) = +o00,n > n(i, N')}, (4.51)

with (i, N*) defined in denotes the round at which player ¢ exercises her N'-th
switch. Since AN C AN+ we have that N — Vi) (z;s7) is non-decreasing.
Moreover, since V™" (x; 87) is bounded from above by max,, D! (x), lim,, VL) (z;8%)
is well-defined. It remains to show that this limit is Vi (z ; s7).

Because A" C {a : (o, s7) € A}, we trivially obtain

lim Vo) (z:87) < Vi(x;s?). (4.52)

Ni—oo

To obtain the opposite inequality, for any ¢ > 0, let o’ := {7f(n) : n > 1} (which

£
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depends on x) be a e-optimal strategy satisfying (a, s’) € A and
Ji(z 0,87 > Vi(x:s)) —e. (4.53)
(N9)

Now for a fixed N* > 1 we define the respective truncated N’-finite strategy ol =

{Tg’(Ni)(n) :n > 1} as

7N (n) = ) (4.54)

Thus, the truncated strategy stops switching completely after the first N* switches. De-

note by Mt(N " the resulting macro regime and by ( U]i,(Ni)

Jk<ni the sequence of switching
times of player i, cf. (2.4), based on (a?(Ni), s’), which we compare against the corre-
sponding M* and (o.>);=1 based on the non-truncated (e, s7). By the construction

of the truncation,

JZ’(Ni) =0}, for k <N, Mt(Ni) = M,, fort <oy,

and the two cashflows completely match up to O’j\’,(,ioo). In the truncated version, there-

)

after only the other player ¢ applies her controls. Since aj\’ﬁ — 00 as N' — oo from

admissibility of a, it follows that there exists N¢ > 1 s.t. for VN > N°¢

Eom / e "t (Xy, M) | dt | < (4.55a)
ol 1
Eim / e_”|7ri(Xt,Mt(N))|dt < g (4.55Db)
oty 1
= —Tai’(oo) ) ~r(c0)
Ee | D ¢ K (X o, MG )| < 2 (4.55¢)
k=N+1 i
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For the second bound we use the fact that M has a finite state space so that
[ (3, M) < max [ (X, m)|
which still satisfies the growth condition. Using (4.55)) and (2.5)) we have for N > N¢

| T2z ™) ,87) = T (z;al, 87|

gEx,m[/oo et (| <Xt, )|+|7r (X, MINY)|)dt

> ,(o00) . ~ (00
+ 3 e TR (X, M) )] <82 (4.56)

k=N+1

By Fatou’s lemma and (4.56|) we obtain

lim inf J? (2 ; a2 s7)

N—o0
o0 ) ~ i, (N)
/ e_rtﬂ-z(Xt, dt - Z KZ < i, (N), 75(7, )k) ) . e—T‘O'k N ]
0

> J (z;al,87) — 3e. (4.57)

= liminfE, ,,
N—oo

In turn, from (4.53)), we get

lim inf V5 (2 87) > liminf Ji (z;00™), 7)) > Vi (2 87) — 4e, (4.58)

N—o0 N—o0

which along with (4.52)) and letting € | 0 completes the proof.

4.5.3 Dynamics of M* in Threshold-type Equilibrium

In this subsection, we present computational details related to the macro market

equilibrium described in Section 4.2.3] While the computations are largely classical, we
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state them for the completeness and the reader’s convenience. For ease of presentation
we consider the case where s’*’s are in strictly ascending/descending order in terms of

m

m, so that all transitions of M* are by +1.

4.5.3.1 Transition probabilities of A/* in interior states
Conditional on M*_ | € {m~,m*} and m ¢ OM, we have that (X being defined
in (1:53))

(m+1)*, if X[™ hits sb* before s2*,
N = (4.59)

(m—1)", if X™ hits s2* before sl*,

with the starting position X\ = sh*, if M* = m* and X" = st if M =m~. Let
us use X7* to denote a generic copy of X started at Xy = x and consider the two-sided

passage times
T(x;a,b) :=inf{t >0 : X7 <aor Xy > b}, (a,b) D x.

Thus we have:

1,% 1,%
Sm—1 1,% _ Sm—1 o2,
Pm+7(m+1)+ = ]P)[XTmL* 2% 1,y — S :|; Per,(m—l)* - ]P)[X ml,* 2% 1,y — S ]a

(Sm,ﬁsm »Sm T(Smfﬂsm »Sm

2,% 2,%

_ Sm+41 I _ Sm+41 2.
Pm*,(m+1)+ = ]P)[X " , 2% 1 — S }, me’(mfl)f = P[X m27* 2k 1 Sy, ]

5 =
T(Smiﬁsm »Sm T(3m+1§3m »Sm )

(4.60)

Evaluation of (4.60]) via the scale function S(-) of (X;) is stated in Section [2.3.2.2
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4.5.3.2 Transition probabilities of M* in boundary regimes

Recall that at regimes m ™, m" only one player can switch. For a recurrent X, she is

guaranteed to do so eventually and we simply have
Po (mi1)+ = Pyt m-1)- = 1. (4.61)

When X is transient, one player will be permanently dominant in the long-run and
at least one of the following absorbing probabilities
82,* 82,*
Ppe :=P[X,™" < s*Vt] =lmP[X *}! =dJ,

dld T(Smﬂ?dv&i*) o

(4.62)

1,%
Pre :=lmP[X 70 o =,

utd T(S57 1587

are strictly positive. Namely, when M™* enters a boundary regime, there is a positive prob-
ability that M* will stay constant henceforth. To address this, we use the states {m*, m®}
of the extended M that are entered from the regime adjacent to the corresponding bound-

ary. For instance, three transitions are possible from M’ , € {(m — 1), (m — 1)*}:

p

up to m?, if X™ hits s2* | before s2*, and M* gets absorbed,
My={upto m, if X" hits s2* | before s2* | and M* is not absorbed,
\down to (m—2)", if X\™ hits s2* | before sb* | .
(4.63)

Probabilistically, we may interpret absorption as an independent “coin toss” at the tran-
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sition out of (M — 1)*, so that using (4.62)

1,%*

P(m_l)Jr’ma = ]P)[X e 2a Lx = S%*_J X Ppa, (464)

T(slm’*_Q;s

S.

m—15m—1
1%

Py =P[XT00 L. 4 =s50] X (1= Pe), (4.65)

T(557_ 23Sm_ 1,5

P+ m-2- =1 — Pm-1)+me — Pa_1)+ m+ (4.66)
Similar computations are used for Pm_1)- ., Pimy1)-,.» Pan—1)+,.-

4.5.3.3 Average sojourn times of M*

The expected sojourn times 5 of M* in (4.20]), or equivalently expected inter-arrival
times between jumps of M* correspond to the mean two-sided exit time, dap() =
E[T(az;a,b)},az € (a,b), namely

En- = E[7(so5 827, s8], G = E7(sy 1827, 5], (4.67)

m ) m

for m ¢ OM. We refer Section [2.3.2.1] for detailed evaluation.

4.5.3.4 One-sided exit times and sojourn times in boundary regimes

To compute mean sojourn times &,,-, &+ we make use of the one-sided passage times
T(x;s) ==1inf{t > 0 : X} = s}.
If the corresponding absorbing probability (4.62)) is zero, we have

Em— = E[T(Séil; S;n;*)]a §mt = E[T(S%*—ﬁ 5%*)]
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Otherwise, we condition on the exit time 7 being finite, denoting d,(x) = E[7(; $) 1 {7(z;s)<o0} -

Then, e.g.

1, 2, 1% 2 _
: ") T<5m*—17 Sm*) < OO} = m 52 (81

St = E[T(Sm—ﬁ S

Computation of ds(z) is stated in Section [2.3.2.1

Geometric Brownian motion. GBM is non-recurrent; suppose that pu — %02 > 0 so

that m* is the absorbing regime. Then from ([2.44)) we compute

1 Sl,* Sl,* 1_2n

Lx y Ly | 2% _ . m—1\  (2m—1 4

b (s) = B[r(s s e ey | = 1 () - (5) 7
H—3 m 7

4.5.3.5 Expected number of switches until absorption under non-recurrent

(X:)

Without loss of generality, let us assume that m is the absorbing regime, so that

lim;_,o, M = m. Define
vP = [#up-moves before M* hits m* | M = e] : ee€ E\ {m"},

dn . _
v =K

[#down-moves before M* hits m® | M = e} , ee B\ {m"},

where E is the state space of M from ([#.19) and P is the transition matrix of M*.

Let P_, be the sub-matrix with the row and column corresponding to m® removed.
5, ot = o o )T puw = [P .. P]T and

Y

Define 0" := [0 ... 0P
m
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Pdn = [Pdn ... Pin]T with
P = Pyt (my1y+, form <m —1, P =0,
qul’j[ = Pz (m_1)-, for m >m, Pé"_ =0,
and P(“mp_l)i = Pm_1y= m+ + Pa-1)+me. Then we obtain
T = (I —P_g)'P” and ¢ = (I — P_,) 'P™, (4.69)

and after taking care of the initial condition X, = x which leads to a non-standard first
transition probability, obtain the expected number of switches defined in (4.22))
Npu () = Pon [M = (m 4 1] 5 (v aye + 1)+ Pan [M] = (m = 1) 7] x 07y
N2 (2) = Pon [M} = (m + 1)F] x i1y + P [M} = (m —1)7] x (vfi_y)- +1).
(4.70)

In general B, ,,, [M; = (m+1)*] = P(Xf(x 20 Loy = sh*); however one must also consider

3Sm sSm

the situation when Mj =m — 1, so that Ml* = m® becomes possible, and also M = m,
in which case one must assign M, = m® or My = mT according to the probability

Pre(z) = lim ;3 P (X

— ).
st )

4.5.3.6 Non-recurrent (X;): expected time until absorption

To begin with, we need the expected number of visits to each non-absorbing regime.
Define

V., er i= B |#visits to ey before M* reaches m® | M = el} , forall eg,eq € E\ {m"},
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and let V denote the matrix of V., ., with rows ]_}61,~ = [Vel’mf, - ,Vel’m@, for e; €

E\ {m"}. Then from standard Markov chain arguments,
V=(I-P,) "

where P_, is the transient transition sub-matrix defined in the preceding subsection.
Multiplying by the respective sojourn times &,,, the expected absorption time starting
from an arbitrary regime e € E \ {m°} is T, := ]_}e,- - € ,, where £, is the vector of
expected sojourn times excluding &7«. Finally, the expected time until M* gets absorbed,

as defined in (4.23)), is admitted as (cf. (4.70))

To(z) = By [7(2; 527, 507)] + P [Ml* = (m+1)*"] x 'ﬁ‘(m+1)+

Y m T Tm

+ Py [M} = (m —1)7] X Tpp_1)-

Again further adjustments are needed when Mj =m — 1 or Mj = m as discussed in the

preceding subsection.

4.5.4 Proof of Corollary [4.10|

Proof: From ([4.24b)) and (4.24d), we write V!, (z) explicitly for z > § by substituting

: : : 1 1.
in the respective expressions for v} ; and w_;:
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The above gives an equation relating V1, (z) to V!, (8); therefore, if one defines

G(s —s
Di(s) = G((,i) |:(D£1(S) + Kil(s)) F}«E(s)) + Diy(=s) = DLy (=s)
Q(s) := | _ GG FCs) ) (4.71)
G(—s) F(s)

and let § be a solution to the system (4.24)), then it holds Q(3) = V!, (3). Similarly, after
differentiating with respect to x (guaranteed by Corollary which requires smoothness
of D} (-) and K (-)), one can define

F(=s)

(@(s) = DLy(s) = KL(5)) i + Dla(=9) = Dha(=9)].

q(s) == D}rll(s) +

(4.72)

and conclude ¢(3) = V!{(3). Then replacing V1, (z) by Q(z) and (V,)(z) by g(x) in

(4.24a) we obtain that solving the system (4.24)) is equivalent to finding the root(s) of

Z(s) := [Q(s) = DLi(s) = KL (s)] F'(s) — [a(s) — (DL,)'(s) — (K1,)'(s)] F(s) = 0,
(4.73)

Since § > sii = —5 = § > 0 (otherwise the switching regions would overlap), we seek
positive solutions to (4.73). We shall show that Z(0) < 0 and Z(s) > 0 for s large
enough, which by continuity (as each term in (4.73)) is continuous) implies the existence
of a root.

On the one hand, the numerator of Q(s) at s = 0 is admitted as

Di,(0) — % [(Dil(()) + Kil(o))m + D}, (0) = D1, (0)| = —K*,(0) <0,

while the denominator 1— )2 is strictly positive (F(+) is increasing)

164



Stochastic Switching Games Chapter 4

for s > 0 and tends to zero as s | 0, so that lim,o Q(s) = —oo. Furthermore,
. G'0)r,.. F(0)
(Pl y Y ! 1 ol
lima(s) = (D4)(0) + g | (m@s) — D4 (0) = K24(0)) gy + D (0) = DL(0)
= —|—OO7

since G(-) is positive and decreasing (G'(-) < 0) while all other terms beyond limg o Q(s)
are finite. Putting everything together,

- T _pt e oy Pl el v

lim 2(s) = [lm Q(s) — D2,(0) = KL,(0) F(0) — [lima(s) — (DL, = K2))'(0)] F(0)

= —00,

since F'(-) is positive and increasing, and all other terms are finite.
On the other hand, for s large enough and using the property of F' and G at natural
boundary points (2.14)), we have Q(s) &~ D!,(s), q(s) ~ (D1,)(s) asymptotically as s 1 d

and hence

Z(s) = [Diy(s) = DLy(s) = KL, ()] F'(s) — [Di5(s) — DLy (s) — KL ()] F(s),

Dlls —D£18 —KllS / 2

The last inequality follows from AD := D}, — D', — K!; € Hinc (cf. Definition 2.7),

thus

lim sup AD(s) _ 0
st F(s) == (AD(S)> <0 as stTd.

F(s)
AD(s) > 0, for s large,
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Vertical Impulse Competition

In this chapter, we consider the dynamic competition between the producer and the con-
sumer of a commodity. As an extension to our work stated in Chapter [3] and Chapter [4]
these two players possess distinct types of controls and are allowed to intervene the local
market condition. In particular, the producer is able to move X; to her desired level by
exercising impulse control, while the consumer can change the macro market regime (e.g.
the overall demand level) which would increase/decrease the commodity price on aver-
age. The process X is then (partially) jointly controlled by the players rather than being
fully exogenous. Moreover, the macro market regime M, though fully endogenously de-
termined, affects not only the players’ profitabilities but also the underlying commodity
price X, which leads us to a more complex feedback effect between these two processes.
By hypothesizing structure of the dynamic competition in equilibrium, we obtain reason-
able threshold-type Nash equilibria by iteratively applying the best-response maps. The
preliminary results represented here are based on the ongoing work [4] without rigorous

mathematical proof, which will be completed in future research.
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5.1 Problem Formulation

We consider vertical competition among producers, Player 1, and consumers, Player
2, of a commodity. The producer extracts the commodity at cost ¢, and sells it for a
price X. The consumer buys the commodity and converts it into a final good that has
price P. This situation could represent a range of industries, for example extraction of
raw oil, which is then consumed by refineries and chemical industries into final consumer
goods. Or the production of aluminum that is converted by automakers into vehicles. We
focus on the role of the commodity price X that intrinsically creates competition between
the two players (which should be thought of as representative agents of the respective
industry sectors). Indeed, producers prefer high X, while consumers prefer low X. This
competition is dynamic and manifests itself through strategic price effects actuated by the
two industries. Therefore, X is (partially) jointly controlled by the producer/consumer,
leading to game-theoretic impacts.

On the production side, the producer needs X; to be high enough to make a profit
margin, and can directly influence the supply (think of OPEC). Such production capacity
shocks lead to disinvestment/investment shocks summarized by N; := ngt s, wWhere
&, denotes the amount by which the producer shifts the price X,;. On the consumption
side, consumers can be in austerity or expansion mode that lowers demand for the com-
modity and influences the drift of X, (think building more fuel efficient cars when oil
prices become high, or substituting aluminum with other materials when aluminum is too
expensive). Thus, we assume that the drift p, € {u_, uy } of (X;) fluctuates over time ac-
cording to consumer behavior, with . > 0 > p_. Because such consumer shifts are slow
and expensive, the drift term is persistent (i.e. piecewise constant in time) and changing
it incurs heavy switching costs. In fact, it follows from above narrative that the drift

term reflects the macro market. We then model the macro market regime by a process
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M taking values in {u,, _} and name them as Reduce/Expand regime. Consequently,

the price follows the dynamics

dXt = —Mtdt + O'th + dNt, (51)

where N; := ), {; summarize impulses of the producer and the Brownian motion (W;)
captures exogenous price shocks due to speculators, geopolitical events, etc. We note
that both players can push X in either direction, although their actions of distinct types,
namely impulse control by the producer and switching-drift control by the consumer.
However, the consumer is the only player who may exercise switching controls to change
M. Notice also that the commodity price follows a Brownian motion with drift if no

impulse exercised by the producer.

5.1.1 Instantaneous Profit Rates

The price X of the commodity also influences the volume of trade. This is captured by
the demand function Q(X). A similar phenomenon plays out in the final-good market:
the goods price P leads to sales volume Q4(P). Since the consumer is in effect the
intermediary between the commodity and the goods market, she will pass some of her
price shocks to P = P(X).

Based on the above discussion, the instantaneous profit rate of the producer is

(@) = (2 - ¢)Q(a) (5.2)

while the instantaneous profit rate of the consumer is

72(x) := Q(P)P — aQ(z)(x + cq) (5.3)
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where « is the proportion of commodity consumed by the consumer (e.g. percentage
of overall crude oil used to produce gasoline) and ¢, is the processing cost from input

commodity to final good. We shall consider linear inverse demand

Q(X) = do — d1 X,

which leads to a quadratic profit rate of the producer

7 (z) = —dy2° + (do + cqdy)x — cydp. (5.4)

If we further assume that P(X) = pg + p1 X (the price of the final good is linearly
proportional to the commodity price), and Qa(P) = dj — d} P (final good demand is

linearly decreasing in its price P), the profit rate of the consumer becomes:

m(x) = Qa(P(2))P(z) — aQ(z)(z + cq)
= Po(df) - dﬁpo) — adycq + (Zh(dg —2dipo) — a(dy — dicg))x + (oudy — dﬁpf)xz

=: 7 + Nz + Yo’ (5.5)

To ensure that the consumer profit is concave (downward parabola) in x is equivalent
to assuming that the output market is more elastic to the price x than the intermediary
market: ad; < d\p? & v, < 0.

To sum up, the profit rates of both producer and consumer are concave and quadratic
in z, implying that each player has their preferred commodity levels X, X, that maximize

their profit rates:
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Typically, we expect that Xy < X, so that the preferred commodity price by the con-
sumer is lower than that of the producer. In turn this implies that the stochastic fluctu-

ations coming from (W;) can generate three different market conditions:

X, < Xy abnormally low prices
X< X, < )_(q vertical competition
X > X'q very high prices

In the first case, both players wish to raise X;; in the last setup both wish to lower it. In

the most interesting and relevant intermediate case, they compete against each other.

5.1.2 Admissible Strategies and Game Payoff

In line with above motivating economic narrative, we postulate the players adopt

timing strategies:
a' ={(7'(n), &(n)) : n > 1}, o’ ={r*(n) : n > 1}, (5.6)

where £(n)’s denote the amounts Player 1 will intervene X by exercising impulse controls.
To define admissibility recursively, we require all 7/(n)’s and £(n) to be adapted to F(™)

defined in (2.2)) with a minor change in ({2.2d))
M, = M, _; - Lip,=1y + 0]2\271—1 Lp.=2y, (5.7)
where the consumer’s action sets are

Ci-={u"}, O ={u}
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Note that action sets of the producer, which is in effect considered as the set of impulses,
are not empty though she is not able to change the macro market regime. Consequently,
admissibility of these players’ strategy profiles follows from Definition [2.2]

The objective functionals of the players consist of integrated profit rates 7' (x), dis-
counted at constant rate » > 0 and subtracting the control costs. We take the invest-
ment cost function of the producer to be K'(§) = ko + r1/£| and of the consumer as
K?(uu) = hg > 0. Given a strategy profile (a!, a?) and Xy = x, My = p, the producer’s

game payoff is given by:

“+oo

JLral o?) =K, / e (X QU — Y Lp e K (€m)]. (59)

n=1

and similarly the representative consumer’s game payoff is:

[e's) 400
Ji(z;al, o) =R, [/ eirt(% + 11Xy + X7 )dt — Z Lyp,=ppe™"" - K*(M,-1)|,
0 n=1

(5.9)

where we use the subscript to denote the initial drift ug being positive/negative. Recall
the construct that n is the counter of the overall “round” of the game and o,
records the corresponding n-th acting time (either of the producer or the consumer).
(X;) is jointly controlled by these two players as defined in with M; = Mn(t) and
Ne =32, §(k)L o1 <4y, Where oi indicates the producer’s k-th intervention times and &(k)
denotes the corresponding impulse.

Lastly, we mention the scenario that no player exercises any control which leads us

to the micro market condition modeled by a Brownian motion with a static drift term
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Ha, 1.e.
dX, = —pydt + odW,,
and the corresponding static discounted future cashflows received by these players
Di(z):=E { /0 h et (X, )dt ’ X = 4 . (5.10)
We compute them here for future usage. For the producer, we have
Dl (z) = Ax® + Bix + C., (5.11)
where

ae b g ]
T

2 pg dy
r

1
(d0+ +ch1), Cs = ~( = peBi+ Ao® = cydo).

-
Similarly for the consumer, we obtain

Di(x) = Ex® + Fyx + Gy, (5.12)

where

5.2 Constructing Equilibria

We aim to construct explicit equilibria for the vertical competition between the pro-

ducer and the consumer. In particular, we shall aim to construct threshold-type Feedback
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Nash equilibria which allow structural insights of the competition and the resulting two
time-scale market dynamics. To begin with, we conjecture the shape of players’ acting
regions, illustrate the resulting possible competitive dynamics and characterize players’
game values via variational inequalities in Section [5.2.1 Best-response of the players are
discussed in Section and Section which allows us to determine Nash equilibria
by implementing tatonnement, i.e. iterating best-response. Reasonable Nash equilibria

constructed are also discussed in Section [5.3l

5.2.1 Heuristics on Threshold-type Equilibrium

We concentrate on a specific class of strategies which are stationary and of threshold-
type. Similar to Definition , these players exercise their controls (impulse or switch-
type) at the first hitting times of their action regions I'”’s which are characterized by
thresholds. For lighter sub-/superscripts, we now use letter x to denote a threshold of
the producer, and letter v to denote her game values. For the consumer, we use letter y
to denote a threshold and letter w to denote her game values.

The action regions are expected to be as follows. The impulse continuation region
(I‘,l)c = (@, xp) is two-sided: the producer will act whenever X; reaches z;, from below
or drops to z, from above. Note that these thresholds xzt, If are p~dependent. Such a
conjecture follows naturally from the producer’s quadratic profit rate 7! in . When
the producer intervenes, she will bring X; to her impulse level a:ﬁl* so that the impulse
amount is always £+ = xﬁl* — xlj,i When M; = p,, we have the intuition that if X, is
very low, the consumer has an interest in switching from a decreasing to an increasing
demand, i.e. when X; < gy, for some endogenous threshold gy, the consumer wants to

switch to p_. Similarly, when M; = u_, the consumer would want to switch to u, only

when X; > y; for another endogenous threshold y;,. To wit, the consumer’s switching
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regions are I'> = [y, +00) and I'7 = (—o0, y/

The natural ordering we expect is that for the producer

vy <afr < X, < art <o (5.13)

and for the consumer

ye < Xq < yn (5.14)

so that when acting both players try to move X towards their preferred levels. However,
the precise ordering between the impulse thresholds % and the switching thresholds y’s

is not clear a priori and will emerge as part of the overall equilibrium construction.

5.2.1.1 Illustrating Competitive Dynamics

To understand the market evolution under competition of the producer and consumer,
we focus on the case where both players are active. The producer’s strategy is summarized

via a 2 x4 matrix C* which lists the thresholds xéi, i and the target levels xéi*, ziF*. Thus,

the no-intervention regions are [xjt, x}ﬂ and impulse amounts are x}jf* — xf, xf* — mjcz

Cl = : (5.15)

The consumer has two switching thresholds v, y;, satisfying the following order among

the thresholds

T <y < yn < T (5.16)
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Note that in the Expand regime (drift p_), we assume that x, > y;,. Therefore, coming
from below, X; hits y, first, causing the consumer to switch into the Reduce regime with
drift py. When y, < X; <z, , the consumer switches first as well. To define the players’
behavior when X; > x, (i.e. the situation both players want to intervene), we assume
that the consumer has the priority for simplicity. As a result, the impulse threshold
x, is not effective, i.e. will never get triggered along a controlled path of (X;). Similar
argument could be applied to claim that z is not effective either if 27 < y,. In Fig. [.1]

we provide an illustration to describe the vertical competition among the two players.

Figure 5.1: An illustration of the vertical competition between the producer and the
consumer. The blue arrows represent drift-switching controls exercised by the con-
sumer at levels y; ,, while the red curved arrows represent impulse controls exercised
by the producer at levels xi[h.

To illustrate equilibrium dynamics, Figure

1.0, 1.3, 2.0, 1.7

shows a sample trajectory of (X3)

with producer strategy C! = and consumer strategy (ys, yn) =

1.0, 1.3, 2.0, 1.7
(1.2,1.8). The effective thresholds are (y,, z;7) when M; = ., or (z;,ys) when M, = pu_.

In other words, in the Reduce regime, (X;);~¢ will be between [1.2,2.0], in the Expand
regime it will be between [1.0,1.8], and overall we expect it will be bounded between
[1.0,2.0]. Extreme commodity price at the beginning of the game X is still possible.

Nevertheless, the game is well-defined following from above discussion. For instance, if
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t

Figure 5.2: A sample path of the controlled market price (X;) under competitive
equilibrium. Observe that X; € [1,2] for all t
My = py, Xo = 2.2, the consumer (with the priority) will switch first the drift M, to p_,
then the producer will move the price to z,* = 1.7.

In Figure [5.2] we start in the Reduce regime with X, = 1.5 and My = pu*. On this
trajectory, (X;) moves down (due to negative drift) and so the consumer switches to a
positive drift to draw the price up. Nevertheless, the price keeps decreasing and hits
x, = 1.0, whereby the producer intervenes and pushes it to z,* = 1.3. Prices then
continue to rise up to y, = 1.8 at which point the consumer switches again and starts
pushing them back down (supposedly she wishes to keep them somewhere around 1.5).
This cyclic behavior continues ad infinitum, yielding a stationary distribution for the
pair (X;, M;). Note that in Expand/Reduce regime, the consumer uses her switching
control to keep X; from going too high or too low, and the producer acts as a “back-up”,
explicitly forcing prices from becoming extreme. The resulting mean-reversion behavior
(due to M, essentially alternating between p_, u, as X; moves up and down) is clearly
evident. The additional interventions by the producer further make the domain of (X;)

to be bounded.
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5.2.1.2 Heuristics on Game Values

We develop first some heuristics about possible Nash equilibria on the producer side
by analyzing the value functions v (z) and v~ (x) resp. corresponding to a positive and
negative drift. Ignoring for the moment the consumer, the value functions v* of the

producer satisfy the quasi-variational inequality:

sup{ —rvt — pevE + %a%fx + 7! (z);sup {vF(z + &) — v (z) — Kl(ﬁ)}} =0. (5.17)
£

Note that as written, the two variational inequalities are automonous, hence uncoupled
from each other. The game coupling comes from the additional boundary condition that

when the consumer switches, the producer payoffs are unaffected:

v (y) =v7(y,), € {lh} (5.18)
The general solution of the ODE

1
—TV — Uy + 5021)” + 7T1(£L‘) =0

is of the form v*(z) = DL(x) + u*(z) where D.(x) is the static discounted cashflow

functions and u* satisfies the homogenous ODE
L,
—TU — Uy + 50 Uy = 0,

i.e. the fundamental solutions computed in Section [2.3.1} Letting 67 > 0 and 63 < 0 be

the two real roots of the quadratic —r — uqz + 50222 = 0, we use the ansatz that

vE(z) = DL(2) + Alieelix - /\3[692%, (5.19)
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for the solution of each equality in the continuation regions. When applying the impulse
&, which are treated temporarily as unknowns, at the boundary :czt the producer brings
the system back to the point xf* = m}t + flft, resp. :l:f* Making the hypothesis that the

value function is continuous at xzth we have:

H(ap) = vH (@) = ko — kalaf” — ), (5.20)

o) = vH(@y") = ko — k(g — 2y"). (5.21)

And making the hypothesis that the value function is differentiable at the borders of the

intervention region, we have:

vE(xF) = vE (a7 + K, (5.22)

vE () = vE(a7) — K. (5.23)

x

Finally, the optimal investment impulse £ is given by the first order condition at xﬁ*

vf(xzt + @t) = K1, (5.24)

vy (@ + &) = =k (5.25)

Hence on producer’s side the parameters to be determined are: A, A\F, the thresholds
xf, v and the targets 7%, 27 (12 = 4 + 4 + 4 parameters).
For the consumer, there are two quasi-variational inequalities satisfied by her value

functions w*(x) depending on the sign of y:

1

sup { —rwt = pwf + ot + n(@)w (@) —wt(@) - K2} =0,
1

sup { —rw” = powy + gotwg, + (@) et () —w(2) — KQ} =0,
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where 72(z) is as in (5.5]). Our ansatz of the solution in the continuation region is as

follows
w(z) = D2(z) + v’ * 4+ vEel 7, (5.26)

where D2 (7) is the static discounted cashflow, and 67, 05 are as before. When M, = p1_,
the consumer will switch to puy if X; > y;, and similarly when M; = u, she will switch

to p_ if Xy < y,. These switches translate to

w™(y) = w (yn) —ho, Y > yn, (5.27)

w(y) = w (ye) — ho, ¥ < e (5.28)

together with the smooth pasting C! regularity

wiy,) =wy (), re{lh}. (5.29)

Hence, on consumer’s side we have 6 parameters: v, v and the two thresholds g, yy,.

Like in (5.18]) when the producer impulses nothing happens to consumer payoff:

= wh(aF), re{h}, (5.30)

T

notice that equations and also correspond to C° smooth fit conditions of
equilibrium payoffs of each player at his/her competitor’s thresholds. This is due to the
fact that there is no cross-term intervention cost in our model.

To sum up, we have 18 = 12 + 6 parameters to determine. By substitution of the

parametric formulae for v* and w* in the equations (5.20)) to (5.25)) (for the producer),

(5.27) to (5.29)) (for the consumer) and (5.18))-([5.30) (cross effects) above, we obtain two
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coupled systems of 22 equations in total, which are more than unknowns. Nevertheless,
as we discussed in the previous subsection, the order of players’ thresholds makes some
of their thresholds ineffective. We can in turn get rid of the corresponding boundary

conditions.

5.2.2 Consumer Best Response

Fixing 2, the consumer faces a two-state switching control problem on the bounded
domain (:cz , xh) To proceed with analysis of the different sub-cases that are possible, we
start with the case where the consumer is completely inactive. In that case, she simply
collects the payoff based on the strategy (xfh), and can be considered as a “follower”. As-
suming that the consumer never makes any switching, her corresponding value functions,

denoted by wi, are of the form

wit(r) = D2(x) + Vlioee T+ Vfoee ’ (5.31)

on [zF, r], with boundary conditions

wi (2F) = wif (zF), r e {l h}. (5.32)

T

For # > x7- we take wi (z) = wi (z;*) and similarly for < zF. In turn, from (5.32) we

can solve for the coefficients V1i,07 l/fo via the following uncoupled linear system:

Vi [efF — ) pugy - [ — %] = DA (aF) — DA(a),

(5.33)
+ + + .
yfo«[exh—ee ]+u§0‘[9%—e‘9 }zDi(mf)—Di(zf)

Fig. illustrates the shape of wg—L(x). In the left panel, we have monotonicity
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between w™ and w™: the consumer is incentivised to switch to = when X, is low and to
1T when X; is high. In that situation, we expect that a threshold-type strategy is a best
response. In contrast, on the right panel two other cases are illustrated. First, we see that
it is possible that w*(-) < w™(+), in other words the consumer has a strong preference
to one regime over the other. In that case, the Expand regime could be absorbing, i.e. it
is optimal to never switch to py. In the plot this would happen if hg is low (dashed
line), whereby w™(x) > w™(z) — ho and it is optimal to switch to x_ at any z (therefore
i+ would never be observed in the resulting game evolution). At the same time, we
see that if hy is moderate (the solid line), then the region where wy (z) > wy (z) — hg is
disconnected, so it is likely that a two-threshold switching strategy is an optimal response.
This illustrates the fact that a threshold switching strategy might not be optimal in all

potential situations.

R |
— op| 95

— O

310 4

310 4
300 1

290 o
305 1

280 1

300 +

270 4

1.5, 3.0, 4.0, 2.8

B ~[12, 30, 35, 28
T 1.2, 25, 42, 2.6

1
(a) C T 1.0, 28, 32, 24

(b) C*

Figure 5.3: No-Switch payoffs w(:)t (x) of the consumer given the producer’s strategy C!.
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5.2.2.1 Consumer’s single-switch best-response

In the scenario when the payoff in the Expand regime is higher for any price z, she
will never switch to the Reduce regime. We then expect the consumer’s corresponding
best-response to be either a single-switch strategy (to the preferred regime) or no-switch
(if already there), cf. Figure . Economically, this corresponds to y, > xf so that
as the price rises, the producer impulses X down, and the consumer is not intervening
to increase her demand. As a result, the consumer never switches (except perhaps the
first time from positive to negative drift) and lim; M; = p_. This can be observed when
demand switching is very expensive, so that producer has full market power and is able
to keep prices consistently high. The consumer is forced to be in the Expand regime
forever but is not able to influence X any further.

Suppose that the consumer prefers Reduce regime (M; = u, ) and adopts threshold-

type strategies. We represent her thresholds as
Yo = —0OQ, mzt <yh<xf7

given the producer’s strategy C!, and posit that her best-response is of the form

(@) = wif (1) (5.342)
(wo*(w) — ho, T2 Yn,

W (1) = QD2 (2) + A\[ef T+ Ajef 7, ;7 < <y, (5.34b)
Kcu’(oﬁg*), x <z,
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with the smooth pasting and boundary conditions:

p

D2(x) + Arefi™e 4+ Agefar = D2 (a") + Apelim 4 A e
(CY-pasting at z,)
D2 (yy) + Ay el ¥ + Az e®2 ¥ = D2 (y,) + Af o€ ¥ + A ye% ¥ — hy,
(5.35)
(CO-pasting at yp)

D? (yn) + AL 07 el rvn + XS 05 €9 = DY (yn) + Afoefe‘)ﬁ'h + A;(ﬂ;e@;yh,

(C'-pasting at yp,)

where )\io, )\{ o are coefficients of the consumer’s payoff associated to the no-switch strat-
egy in (5.31). The system ([5.35) is to be solved for the three unknowns y,, A7,. It can

be re-written as first solving for A;, from the linear system

eol—yh 692_yh AT w UYp) — D% Yp) — h
B o (Un) (yn) = ho (5.36)
efrze — iz ez _ efay Ay D?(z,*) — D% ()
and then determining gy, from the smooth pasting C'-regularity
wy (Yn) = wg - (Yn)- (5.37)

The overarching plan is that such w™ should be a solution to the variational inequality

1
sup { —rw” — p_w, + §azw;x + 7% wi —ho—w”} =0. (5.38)

Note that while the above equation for w™ depends on wq, the equation for wy is au-

tomonous —the system of equations becomes decoupled because the two regimes of M
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no longer communicate.

5.2.2.2 Double-Switch best-response of the consumer

Finally, we consider the main case where the consumer adopts threshold-type switches
at both regimes, i.e. the ordering in (5.16]) holds. Given the producer’s strategy C', we

make the ansatz that the consumer’s best-response value is of the following form

(

wh (@), x>y,
wH(x) = D2 (x) + AT + M\, gy < <, (5.39)
w™(z) — ho, z <y,
\
(
wh(z) — ho, T >y,
w(z) = { D2(x) + A\Teh ™ + NPT 1, <a <y, (5.39b)
w(z, ™), x <z,
\
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with the smooth pasting and boundary conditions:

D2 () + AFelT ot + Afefiol = D2 (x)*) + AFefi o 4 el (CO at )
D% () + A\peio 4 Agef2m = D2 (x;%) + Apelr®e 4 A el2 o, (CY at x,)
D2 (ye) + A e + Afe%5 v = D2 (y,) + Areli v+ Agefave — hg,  (C° at yp)
D2 (yn) + Ay el ¥ 4+ Agela v = D2 (y) + Ay e o 4+ e — Ry, (C at y)
D2 ,(ye) + AT OF v + X505 v = D2 (yg) + Ay 07 e/ ve + Ay 0 b2 ve,

(C'-pasting at y)
D? (yn) + Ay Oy v 4 Xy 05 e% 0 = D2 () + ATOF /0 4 AJ 05 e v,

(C'-pasting at yp,)

(5.40)

The six equations can be split into a linear system for the coefficients A’s and the smooth-
pasting conditions determining the two switching thresholds y, (viewed as free bound-

aries)

wy(yr) =w, (yr), 1 E€{LR} (5.41)
The w® are supposed to be a solution to the coupled variational inequalities

+ 2+

1
— pyw) + zotwl + 7% max{w” — ho,wi} —wt} =0,

sup{—rw 5 e

1
sup { —rw” — pow, + So%wy, + 7% max{w’ —howy } —w ) =0,

which would then indeed lead to the consumer’s best-response by a verification argument.
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5.2.3 Producer Best Response

We now consider the best-response of the producer, given the consumer’s switching
strategy denoted by C? := [y,, yp]. For simplification, we assume pre-specified impulse
amounts (also with a fixed cost denoted specifically by K,), e.g. £ = £0.2, and :Ezth* =
xﬁ +&. This simplification reduces the dimension of searching solutions to the QVIs
by eliminating the first-order conditions (5.24)-(5.25), and leads us to the simplified QVIs
as follows

sup{ —rv* — pyvy + %021};2 + 't (z); 05 (2 4+ &) — v (x) — Kl(f)} =0. (5.42)

5.2.3.1 Monopoly Best-response

To begin with, we determine the monopoly-like strategy of the producer assuming
the consumer adopts a no-switch strategy. In that case M, is constant throughout.
Intuitively, this is the case when the thresholds y, — oo,r € {¢,h}. We obtain two
uncoupled QVIs to solve following from (5.42). Assuming the producer adopts threshold-

type impulse strategies, her expected payoff is of the form:

(

Ui(mf*) - Kq> T > mi
v(z) = DL(z)+ eref:x + Vzieazix, Ty <1<, (5.43)
vE(x7) = Ky, x < g,

\
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with the smooth pasting and boundary conditions:

.

DY (2F) + vEefi o 4 vt e = DL (o) + vEelien 4 gl — K,
(C° at xf)

Di(xF) + v} Eefiwr —1—1/i69 T = = DL (aF*) + l/iee T —I—Viee - K,,
(C° at xf)

D', 2(xF) + vEOF T 4 vEOE T = DL (a") + vEOEIT T 4 yEoF et
(C'-pasting at x7")

Dlix(xz)—l-l/l@i@zf—i-lfi@ie”—Dix( )—i—Vl(gigml —|—l/29i0$4.

(C'-pasting at )

(5.44)

These are 2 linear systems of 2 equations each in the coefficients VfQ plus two nonlinear
equations each in xfh.

In Fig. we sketch the producer’s monopoly payoffs when she exercises two-sided
impulse controls (along arrows) and pushes the commodity price to z* (dashed lines)
automonously. These two payoffs cross at X, since we take symmetric 4 in this example.
Notice that we observe the orders x, < z; and z; < x}. An interpretation could be
that when the price drift is negative (—p, ) the producer is more tolerant toward the
high values X could take before intervening as, apart from her intervention, she can also
rely on a negative drift which could keep X away from high values on average. A similar

reasoning would justify z,; < z;7. One also notice that the producer, though not able to

switch the drift, would benefit from the consumer’s switching with y, < X, and y, > X,,.
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Monopoly Payoff

Figure 5.4: Monopoly payoffs of the producer. The arrows indicate directions of her
impulse controls and the dashed lines denote the price level she would push to.

5.2.3.2 Non-preemptive Response

We now consider the main case supposing the ordering (5.16)) holds. To obtain the
producer best-response it suffices to identify the two active impulse thresholds [z}, z;].

Our ansatz is

(
’U+($Z*) o va T ﬁ»
v (@) = { DL(x) + vf e 4 vf Ty < o < aif, (5.45a)
v (x), z <y,
;
U+<x)’ x Z yh;
v (x) = DY (2) + vy 4 vy el r, <<y (5.45b)
v (x, ") — Ky, r < x,,

\
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with the smooth pasting C! regularity and boundary conditions:

)
D (ye) + vy el v + v €% ve = D () + vy el v + vy elave,  (CO at y)

D! (yn) 4 vy €1 v + vy eP2 v = D1 (yy,) + v e v 4y elan, (C° at yp)
DY () + v 70 4 v i = DY () + 0 e puf et — K,
(C° at z;)
DL (xy) + vy e fvy et = DL (a™) + vyl yy e — K,
(C° at x,)
DL ,(wf) + v 0f P 4005 % = DY (") + v 0F e v O e
(C'-pasting in z;)
DL (x7) + vy 0re ™ +vy0ye% e = DL (a7") +vifreh ™ + vy 0y e,

(C'-pasting in z; ).

(5.46)

Unlike the monopoly (i.e. single-agent) setting, here the equations are coupled. The coef-
ficients Vit,Q are the solution to a linear system and the thresholds z}, 2, are determined
by the C' smooth-pasting at z;* and x,*. Lastly, to justify above v* and corresponding
C! are the producer’s best-response payoffs and strategy, one need to show they solve the
following QVIs .

Note that, though hidden in the system of equations above, the producer’s thresholds
[z, 2; ] are essential to define her best-response. On one hand, taking M; = p_ as an
example, the players’ behavior need to be defined when X; > z,  since both of them want
to exercise a control, hence the payoff v~ needs to be defined for z > z; as well. On

the other hand, the consumer’s best-response are highly contingent upon the thresholds
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[z, 2, ]. For the sake of simplicity, we assume that the consumer possesses the priority
to intervene when they both want to act. Consequently, if the producer decides not
to prevent the consumer from switching, it is equivalent for her to set z; = —oo and

x, = +o00. The producer’s strategy associated to the payoffs (5.45) is in effect

+ +
_OO, Ty [L’h, th

—%

T,, X, , +00,

Preemptive Response In the case when the static discounted future profits of the
producer satisfy D! (z) > D2 (x) for any z, one possible strategy for her is to preempt
in order to prevent the consumer from switching the drift to pu,. Such a strategy can
be realized by taking x, < y,. However, imposing this constraint might not solve the
system . In the latter situation the best response is to impulse X right before it
hits yp, i.e. z, = yn — .

In general, we need to manually verify whether x, > y;, (the main case) or =) = y,—
(the pre-emptive case) whenever consider the producer best-response. The two situations
lead to different boundary conditions at the upper threshold, and hence cannot be directly

compared.

5.3 Numerical Examples

In this section, we represent some numerical examples in which reasonable threshold-
type Nash equilibria are obtained. The results are preliminary and future discussion is

expected in our ongoing work.

190



Vertical Impulse Competition Chapter 5

300 300 -
280 280 -
() ()
= =
< 260 < 260
[ [0
£ £
© ©
O 240 O 240
220 220
\
200 \L- 200 |
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
X X
() ()
= =
g g
[ [
£ £
© ©
(O (O
/
04 -7
— Vv'(x) — v(x)
. i
15 4 - - V(x-E)-Kq 154 - = V(x+E)-Kq
T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
X x
(¢) Producer’s Payoffs at My = py (d) Producer’s Payoffs at My = p_

Figure 5.5: Equilibrium payoffs of the producer and consumer.

5.3.1 Double-Switch + Non-preemptive Impulse

The corresponding parameter values are dy = 10/3,dy = 2/3,po = 1.044,p; = 1,d}, =
23,dy =11/3,¢, =c4 =0, =1.0,7 =0.1,u_ = —0.1, uy = 0.1,0 = 0.25, hy = 10, with
fixed impulse amounts ¢ = 0.2 and impulse cost K, = 3, which yield X; = 2.0, X, =
2.5. To construct an interior, non-preemptive equilibrium satisfying the ordering ([5.16))

we employ tatonnement, i.e. iteratively apply the best-response maps. The resulting
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equilibrium is

X —00, —, 47991, 4.5991 ,
clr = . C¥=[1.2134,27632).  (5.47)

0.21281, 0.41281, +oo0,  —

In Fig. [5.5| we verify that the ansatz (5.39)) and (5.45)) associated to above strategies solve

corresponding QVIs.

In the equilibrium (see Figure , the commodity price X* increases on average due
to the positive drift in the Expand regime (M, = p_). When it exceeds y, = 2.76, the
consumer switches to the Reduce regime which makes the price decrease on average. The
producer benefits from such switches, thus decides to act as a “back-up”, i.e. impulse
up when X* is extremely low (< 0.21), rather than preempting to prevent the consumer
from switching. Similarly, in the Reduce regime, the price decreases on average due to the
negative drift and triggers the consumer to switch to the Expand regime when it drops
below y, = 1.21. The producer will not intervene until the price becomes extremely high

(> 4.80). In turn, the players’ strategy profile yields a stationary distribution for the

5 +

TTtottotts o - p .
4 — U
3_—-
2_
;- -
0ol -

T T T 1
0 50 100 150 200

Figure 5.6: A sample path of the controlled market price (X;) under a Double-Switch
equilibrium
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pair (X;, M;). The macro market M* would switch between the Expand regime and
the Reduce regime back and forth, while the jointly controlled price X*, bounded in the

range [z, ,z;'], fluctuates at a mean-reverting pattern (due to the changes of its drift).

5.3.2 Single-Switch + Monopoly/One-sided Impulse

There is another type of equilibrium in which the consumer decides to switch from one
regime to the other only. For instance, suppose that the consumer chooses to switch to
the Reduce regime (1, negative drift) only, then the producer’s best-response is expected
to be acting like a monopoly at the Reduce regime and exercise one-sided impulse at the
Expand regime (assuming that she is not incentivised to preempt).

To construct such an equilibrium, we increase the switching cost hy = 25 and keep
all other parameters unchanged. We start with assuming the consumer is passive and
solving for the monopoly impulse thresholds a:g? of the producer. Next, we fix that

impulse strategy and solve for yé}lL)

switch strategy (i.e. yél) = —00). Then we revert back to the producer and find her best

response to xé}l), and so forth. The resulting equilibrium is

switching thresholds, which in effect imply a single-

1 1.0250, 1.2250, 4.8954, 4.7954 )
cl = Cx o =[-00,2.8869],  (5.48)

single , single
0.1608, 0.3608, 400, —
where we use the subscript to denote that this strategy profile corresponds to a single-
switch case. In turn, when there exists a heavy switching cost, the consumer would only
switch off from the Expand regime (u_) and decrease the commodity price. Instead
of switching to the Expand regime, she relies on the producer who would impulse the
commodity price up when X is too low. In Fig. we verify that the ansatz and
associated to above strategies solve corresponding QVIs.
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Figure 5.7: Equilibrium payoffs of the producer and consumer.

In the single-switch equilibrium (see Figure , the players act similarly to the
double-switch equilibrium when the macro market is in the Expand regime (M; = p_).
Namely, the commodity price X* increases on average due to the positive drift. When it
exceeds yp, = 3.46, the consumer switches to the Reduce regime which makes the price
decrease on average. The producer acts as a “back-up” by impulsing up when X* is
extremely low (< 0.19). However, in the Reduce regime, the heavy switching cost makes
it not optimal for the consumer to switch to the Expand regime. The price drops on
average due to the negative drift and the producer acts to prevent it from being too low

(< 1.03). In turn, the jointly controlled commodity price X* decreases in the long-run,
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Figure 5.8: A sample path of the controlled market price (X;) under a Single-Switch
equilibrium

and the producer would intervene more frequently to maintain a sound price.
One interesting observation is that there also exists a double-switch equilibrium with

the following strategy profile:

1 —00, -, 4.8182, 4.6182 )
Caoubte = ; Civunie = [0.8487,3.0788],  (5.49)
0.2099, 0.4099, oo, —

which is obtained by starting from a double-switch strategy of the consumer and itera-
tively apply the best-response maps. One direct observation is that the producer does
not move the price X up at the Reduce regime (1) so that the consumer has to switch
to the Expand regime. Equilibrium selection is not trivial in this situation, since one can
observe that the consumer collects more payoff in the double-switch equilibrium when X,
is high but prefers the opposite when X; is low, though the producer consistently favors

the double-switch equilibrium.
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Figure 5.9: Equilibrium payoffs in two types of equilibria.

5.3.3 Effect of Market Fluctuation

In this subsection, we study how the volatility of the commodity price may affect
the players’ decisions in double-switch equilibria constructed. Recall that the parameters
used in preceding sections are r = 0.1, X; = 2.0,)_(q =25pu_ =—-01pu. =010 =
0.25, hy = 10, with fixed impulse amounts § = 0.2 and impulse cost K, = 3. We now
vary o from 0.2 to 0.4. As o increases, both the consumer and the producer decide to

wait longer, which is also observed when their acting costs hg, K, increase.
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Figure 5.10: Double-Switch equilibrium thresholds of the players as o variates.
5.4 Future Research

The work represented in this chapter is still ongoing. The assumption of fixed impulse
amount should be extended. In fact, with linear impulse costs, such amount can be
optimally determined via -. Meanwhile, one essential task to be done is to
provide rigorous game formulation and mathematical proofs of the best-response maps
we constructed in Section 5.2l Though analytical inference for equilibria of the general
competition is hard to approach, we are interested in solving some limiting cases, e.g.
free actions by the consumer hg = 0 which should lead to y, = yp.

We shall aim to analyze dynamics of the pair (X, M;) in the emerging equilibrium.
In this model, the commodity price is partially controlled by the players which brings
difficulty for us to obtain analytic results about the short-/long-term market condition.
Nevertheless, explicit constructed threshold-type equilibria allow us to investigate the
resulting competition via numerical approach (e.g. Monte Carlo methods).

Another notable extension we aim to do is an economic case study. We would like
to consider a simplified vision of the crude oil market and its refined products. The
model would be calibrated in the vicinity of the current world consumption of oil and
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gasoline. Switching from the Expand regime to the Reduce regime is considered as
replacing gasoline cars by electricity cars which lowers the yearly grow rate of gasoline
consumption. We expect that this calibrated case study would bring us insights about
the future regime of the oil market (will it be switched into the Reduce regime?), the

existence of vertically integrated companies (BP, Shell, etc.), and so on.
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