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Abstract

We use Pauli—Villars regularization to evaluate the conformal and chiral anomalies in the effective field
theories from Z3 and Z7 compactifications of the heterotic string without Wilson lines. We show that
parameters for Pauli—Villars chiral multiplets can be chosen in such a way that the anomaly is universal in
the sense that its coefficient depends only on a single holomorphic function of the three diagonal moduli.
It is therefore possible to cancel the anomaly by a generalization of the four-dimensional Green—Schwarz
mechanism. In particular we are able to reproduce the results of a string calculation of the four-dimensional
chiral anomaly for these two models.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

On-shell Pauli—Villars regularization of the one-loop divergences of supergravity theories was
used to determine the anomaly structure of supergravity in [1]. Pauli—Villars regulator fields
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allow for the cancellation of all quadratic and logarithmic divergences [2], as well as most lin-
ear divergences [1]. If all linear divergences were canceled, the theory would be anomaly free,
with noninvariance of the action arising only from Pauli—Villars masses. However there are lin-
ear divergences associated with nonrenormalizable gravitino/gaugino interactions that cannot be
canceled by PV fields. The resulting chiral anomaly forms a supermultiplet with the correspond-
ing conformal anomaly, provided the ultraviolet cut-off has the appropriate field dependence, in
which case uncanceled total derivative terms, such as Gauss—Bonnet, do not drop out from the
effective action. The resulting anomaly term that is quadratic in the field strength associated with
the space—time curvature, as well as the term quadratic in the Yang—Mills field strength, was
shown in [1] to be canceled by the four-dimensional version of the Green—Schwarz mechanism
in Z3 and Z7 compactifications, in agreement with earlier results [3]. However, the terms in the
anomaly that are quadratic and cubic in the parameters of the anomalous transformation are pre-
scription dependent [4,1]. The choice of PV fields with noninvariant masses used in [1] did not
achieve full anomaly cancellation.

Every contribution to the chiral anomaly has a conformal anomaly counterpart, with which
it combines to form an “F-term” anomaly. In addition there are “D-term” anomalies associated
with logarithmic divergences that have no chiral partner. In a generic supergravity theory, these
include terms [1] that are nonlinear in the holomorphic functions Fi(T’) of the three diagonal
Kihler moduli 77 that characterize modular (or T-duality) transformations:

. ._'b.Ti
”=%, aib; — cidi =1, ai, b, ci,di €Z,
l l
O = Lid P M ga  plrhy ZIn(ic; T + dy), (1.1)

where ®¢ is any chiral supermultiplet other than a diagonal Kéhler modulus, and g{' are its
modular weights. Only terms in the anomaly that are linearin F =), F I can be canceled by the
Green—Schwarz term.

In addition, in generic supergravity there are anomalous terms that involve the dilaton super-
field S in the chiral supermultiplet formulation or L in the linear multiplet formulation [5] for
the dilaton. Specifically, one expects [6] a term quadratic in the Ké&hler field strength

X = (Dud D" = Dy DuE") Ky — i Fi (T2 K, (12)

where 7/ = Z! | is the scalar component of a generic chiral superfield Z!, F v 18 the gauge field
strength, T, is a gauge group generator, and K (Z, Z) is the Kihler potential. The term quadratic
in X, was actually found to vanish in [1], but there remained terms linear in X,, as well
as terms involving the Kihler potential in the nonlinear F' terms mentioned above. Anomaly
cancellation by a Green—Schwarz mechanism, to be outlined in the next section, requires that the
operators appearing in the anomaly also appear in the real superfield 2 of the (modified) linearity
condition for the superfield L:

(752 - 8R) (L+Q) = (D2 - 8R) (L+9Q)=0, D>=D"D,,

D? =D D* = (D), (1.3)
where D, is a spinorial derivative and R = R is the auxiliary field of the supergravity multiplet
whose vev determines the gravitino mass: (R|) = %m; . The action written in terms of L is
related to the action written in terms of S by a superfield duality transformation; the standard
derivation of the duality transformation requires that €2 be independent of S. It was shown in
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appendix E of the first reference in [1] that the duality transformation still goes through with a
slight modification if this is not the case. On the other hand it might perhaps be reasonable to
impose

02

s
which is in fact the case for the chiral anomaly found in the string calculation of [4]. We show that
it is possible to eliminate all terms that depend on the full Kihler potential K, as well as all terms
nonlinear in F, and to reproduce the result given in [4]. However, as discussed in Appendix B,
there may be a residual S-dependent contribution of the part of the “D-term” anomaly that arises
from uncanceled logarithmic divergences.

In the following section we outline the four-dimensional Green—Schwarz mechanism. In Sec-
tion 3 we briefly recall the results of [1] and the differences obtained with the present approach.
In Sections 4 and 5 we introduce the relevant set of PV fields, outline the conditions for cancel-
lation of ultraviolet divergences and present our results for Z3 and Z7 orbifolds. We summarize
our results in Section 6. Some details are relegated to Appendices.

0, (1.4)

2. The 4-d Green—-Schwarz mechanism

The four dimensional version of the Green—Schwarz (GS) mechanism was originally formu-
lated [3] as a means of canceling the anomaly term quadratic in Yang—Mills fields, using the
chiral formulation for the dilaton. The classical Lagrangian for the Yang—Mills field strength
reads

S ~
ﬁYM=—~/§§Z<F5v —iF;;V) F*™ +he., s=5|. @.1)
a

Under the anomalous modular transformation (1.1) the quantum corrected Lagrangian varies
according to

ALyy = —64—*/52 SF |:Ca +>° (200 - 1) cg] (Fa —iFs) Fi" b, @2)
a,i b

where C, is the quadratic Casimir in the adjoint representation of the gauge group factor G, and
C g is the Casimir for the representation of the chiral supermultiplet ®”. In Z3 and Z7 orbifolds
one has the universality condition:

Ca+Z<2q;’—1)Cé’:8n2b V oia, 2.3)
b

with b = 30/872 in the absence of Wilson lines. The dilaton is classically invariant under the
modular transformation (1.1). However if we impose the transformation property:

As:—bF:—bZFf(ﬂ'), th =T, (24
i

the variation of the classical Lagrangian (2.1) cancels (2.2).
Now consider the superspace Lagrangian'

1 We use the Kiihler superspace formulation of supergravity [5].
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_ 4 Q _ 1 4 E N2
L_/d 0E(S+S)Q_—§/d = (D? - 8R) (59 +h.c.

1/ 49E5d>+h (2.5)
= —— — .C., .
8 R

where E is the superdeterminant of the supervielbein, €2 is the real superfield appearing in (1.3),
@ is its chiral projection:

(152 - 8R) Q=o, (2.6)

and we used superspace integration by parts [5]. When @ is replaced by the Yang—Mills super-
field strength bilinear WY W¢, (2.5) is just the Yang—Mills Lagrangian that includes the term in
(2.1). If, under the modular transformation (1.1) the quantum Lagrangian varies according to

ALanom =b / dO[F(T)+ F(D)]Q= —g f d40%F(T)d> +hec., 2.7)
the full Lagrangian is invariant provided

AS=—bF(T). (2.8)
However the classical Kéhler potential for the dilaton is no longer invariant and must be modified:

kelass(S, 8) = —In(S + §) — (S, §) = —In(S + S + Vgs), (2.9)
where Vg is a real function of the chiral supermultiplets that transforms under (1.1) as

AVgs=b(F +F). (2.10)
A simple solution consistent with string calculation results [3] is

Vos =bg(T.T), @2.11)

where
g(T, T):Zgl’(T",Tf), ¢ =—In(T' +TH (2.12)
i

is the Kihler potential for the moduli. The modification (2.9) is the 4d GS term in the chiral
formulation.

The 4d GS mechanism is in fact more simply formulated in the linear multiplet formalism for
the dilaton. The linear superfield L remains invariant, its Kihler potential is unchanged, and one
simply adds a term to the Lagrangian. Using (1.3) and (2.6):

Los = —/d40ELVGS,

b E /-
ALgs = —b/d49ELF +he = g/CJ“QEF (D2 - SR) L+hec.

b E
=3 /d4GEFd> +h.c. = —ALmom (2.13)
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3. The anomaly in supergravity

As mentioned in the introduction, the quadratic and logarithmic divergences of supergravity
can be canceled [2] by a suitable set of Pauli—Villars (PV) supermultiplets. It is straightforward to
see [1], by an examination of the quadratic divergences, that not all of these fields can have large
PV masses that are invariant under nonlinear transformations on the fields that effect a Kihler
transformation, such as the modular transformations (1.1), as we will illustrate with an example
below.

It was shown in [ 1] that modular noninvariant masses can be restricted to a subset of PV chiral
supermultiplets ®€ with diagonal Kihler metric:

K(@¢, 0% = ¢z, 2)|9¢ 2. 3.1

In particular, those PV fields that have superpotential couplings to light fields and contribute to
the renormalization of the Kéhler potential can be chosen to have invariant PV masses. The fields
in (3.1) acquire masses through superpotential terms:

W(dC, &' C) = pcdCd'c, (3.2)

with e constant (in the absence of threshold corrections, as for the cases considered here). We
can define a superfield”

Mz =exp(K — f€ — f'O)=exp(K —2f°), fC= 3<fc + 119, (3.3)

whose lowest component 2 c= = M2 \ is the €, @’ € squared mass. Then the anomalous part of
the one-loop corrected supergravity Lagranglan takes the form [1]

Lanom = Lo+ L1+ L, =fd49E(L0+L1 +L,), (3.4)

1 1
Lo= 52 [Trnln/\/lzﬂo—{—K(QGB—i—QD)] L, = ~ 1927 2Tlrr)/dln./\/lQr,

(3.5)
where 1 = +£1 is the PV signature,
Q= — - Qap+ Qyn — G G4 LRR - (DZR+®2R) (3.6)
24 12 Be 3 48 ’ ’
Q =——" <D2lnMD lnMDﬁlnM—i—hc)—ZG D In MDP In M
dln M ap
(ln/\/l { —D?*D?’In M + D*(RD, ln./\/l)} +h.c. )
1 .
+ ED"‘ In MDq In MD;; In MDP In M
1
— (InM)? <ZD"‘LN —i—lnMD"‘XO,)] (3.7)

2 The constants ¢ in (3.2) drop out of the variation A Lanom of the effective action (3.4), and we ignore them through-
out.
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with
1 - _
Xy = —g(pz —8R)DyK, Ly = (D*>=8R)DyIn M, (3.8)

G g, 1s an auxiliary superfield of the gravity supermultiplet, and €2p represents the “D-term”

anomaly (see Appendix B) that, together with a contribution to the Gauss—Bonnet term Qgg:
4 ; _
Qcp = —8Qw — ggx - GﬂaG"‘ﬁ +4RR, (3.9)

arises from uncanceled total derivatives with logarithmically divergent coefficients as discussed
in the introduction. Supersymmetry of these terms requires a field-dependent cut-off:

A = poeX/4. (3.10)

The constant p( drops out of the effective action (3.4).
The Chern—Simons superfields Qy, Qx and Qyy are defined by their chiral projections:

(D> —8R)Qw = WP Wyg,,  (D* —8R)Qx = XX,
(D* —8R)Qym = WEWY, (3.11)

where Wyg,, is the superfield strength for space—time curvature.
L is defined by its variation:

11 1 1
L TrnAln M2Q, = TrnHS, 4 h. 3.12
1= 82 Top AIMMER = o Ty T H S +hie., (3-12)

where under (1.1) In M? transforms as
AlnM?>=H +H, (3.13)

with H holomorphic. Defining

(D —8R)Qy = f"fu.  (D*—8R)Qf=f"fu. (D’ —8R)Qjy= f"Xa,
l - _ 1 - -
fo=—g(@D*=8R)DoInf,  [o==2(D*—8R)DeIn ], (3.14)
we have
Q) =192Q — 128Q 7 — 64Q 7.
1 2 1
AL = @TrnH Qp— ng — ngX + h.c. (3.15)
The general form of f€ is taken to be
Inf€=a“K(Z,2Z)+pCg(T.T)+6k(S.5)+ ) qSg" (1", T,
n

In f¢ =a®kK + B¢ g+8ck+2qng ,

HEC = ( )F(T) 23 G, 7€ =ac + pC (3.16)
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The traces in ALznom can be evaluated using only PV fields with noninvariant masses or using
the full set of PV fields, since those with invariant masses, H¢ = 0, drop out. The contribution
ALy to the anomaly is linear in the parameters af, ,BC, qnc ; as a consequence the traces are
completely determined by the sum rules [2]

N'=)"n=-N-29, Ng =Y n)=-12-Ng.
C 14
> nInfC=-10K - ) qhg". (3.17)
C q

that are required to assure the cancellation of all quadratic and logarithmic divergences. In (3.17)
the index C denotes any chiral PV field, the index y runs over the Abelian gauge PV superfields
that are needed to cancel some gravitational and dilaton-gauge couplings, and the sum over p
includes all the light chiral multiplet modular weights with q;f =0, an ‘= 28,’;. N and Ng are
the total number of chiral and gauge supermultiplets, respectively, in the light sector. All PV
fields with noninvariant masses have § = 0, and most® with § % 0 have a = 8 = g,, = 0. For the
purposes of the present analysis we can ignore the latter.

To see that not all the PV chiral multiplets can have invariant masses, there is a quadratically
divergent contribution from the light sector given by

A2
£Q9 —ﬁ@(:;‘i‘NG—N)DaXa y (318)
where X, is defined in (3.8). The Pauli—Villars contribution to the operator in (3.18) is
PV A?
! /
Ly > Ve (NG = N'—=20) D*Xq |, (3.19)

where @ = " 7n¢aC. The PV chiral multiplets include a subset #¢ with N; = N, which form
massive vector supermultiplets with the PV Abelian gauge supermultiplets; these cancel in
(3.19). The remainder get superpotential masses as in (3.2). The pair ®¢, ®’'€ will have an in-
variant mass if In f C=a¢= %, in which case the total contribution of the pair to (3.19) vanishes
identically. Therefore chiral fields with noninvariant masses are needed to cancel (3.18).

In contrast to Lo, the contributions to the anomaly from £; and £, are nonlinear in the pa-
rameters o, 3, ¢, and depend on the details of the PV sector. In [1] the PV sector was constructed

in such a way that

C C C
FOo O] (3.20)
for the PV fields with noninvariant masses. In this case (3.15) reduces to
/ N2
@ =64 (7 - 2y ) =R~ 162x,  (D* 8RR =L Ly, (3.21)
and, for example,
3 There is a set of chiral multiplets in the adjoint representation of the gauge group that has In f = K — k; these
get modular invariant masses though their coupling in the superpotential to a second set with In f = k. These cancel

renormalizable gauge interactions and gauge-gravity interactions, respectively. Together with a third set, that has f =1
and contributes to the anomaly, they cancel the Yang—Mills contribution to the beta-function.
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TiHQF =Y ne [(1 —2;70) F —ZquF":| x
C n
( X"+ B + qugm> ( X+ B2+ af ga) : (3.22)

l

The Pauli-Villars modular weights g¢ are related to the modular weights g, of the light fields
by the conditions for the cancellation of UV divergences. In the Z3 and Z7 orbifolds considered
below, the latter satisfy sum rules of the form:

> ah = Al an = Az + Badun. (3.23)

The first sum rule in (3.23) assures the university of the anomaly proportional to Q¢ — Qym.
However, in the PV sector used in [1] the second equality led to a nonuniversal term:

TmHR; > —4 Y afahFgs (8 Xe + 54 )

p,m,n
= —4(A2Fg" + BaF"g3) ( Xa + B gu) (3.24)

The sum rule cubic in the modular weights is more complicated, but in general leads to addi-
tional nonuniversal terms. These can be avoided by imposing (jf = 0 for fields with noninvariant
masses, but if (3.20) is imposed we get

TrnHQ) = F (aX*Xo + bX“ga + 8% 8a) , (3.25)

which does not include the term proportional to

FY gign (3.26)
n

found in the string calculation® of [4].

In the following we relax the assumption (3.20), impose E]nc =0, but with ¢ = —¢’€ #0.
This still assures a universal anomaly, but allows more freedom in determining its coefficient; in
particular, we are able to reproduce the term (3.26).

4. Cancellation of UV divergences

The full set of PV fields needed to regulate light field couplings is described in Section 3
of [1]. Among those, here we are primarily concerned with the set Z¥ = Z!, Z4, with negative
signature, nZ = —1, that regulates most of the couplings, including all renormalizable couplings,
of the light chiral supermultiplets Z? = T, &“. Covariance of the Z” Kihler metric requires
that these fields transform under (1.1) like dZ”:

2=l pA=e T ZA N ez | =) FIT) @)
- .

4 In fact the four-form ¢~vP0 8liv8po With g, = (31" 3v’_ﬁ)g;‘n[ﬁ — (u <> v), that appears in the chiral part of (3.26),
vanishes identically. We find it curious that the authors of [4] neglected to comment on this fact. However the associated
conformal anomaly is nontrivial.
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Invariance of the full PV Kéhler potential for the 7" and covariance of their superpotential under
(1.1):

K(Z)=K(2), wWZh)=e TDw (), 4.2)
can be made manifest if we supplement [1] these fields with three additional PV fields AR
N =1, 2, 3, with Kihler potential

. . L2 ) . .
K@M =Y |2V +axahz| @ =" (T + ), 4.3)
i=n
and that transform under (1.1) according to

Z'N =7N —aF"TH7Z!, (4.4)
where & is a nonzero constant.’

We wish to giye these PV fields modular invariant masses. The simplest way to do this is to
introduce fields Yp, Yy with the same signature, opposite gauge charges and the inverse Kéhler
metric. However this would have the effect of canceling the Z contributions that are linear in the
generalized field strength

Gp,v = [Dp,a Du]» (45)

and doubling the quadratic Z contributions. Instead we introduce fields Yp, Yy with gauge
charges

(To)y =—(T]); ==z, (4.6)
and Kihler potential

K(¥)=e¢¢ (Zeg”mnz +3 e —ax" (T Yy P+ |YN|2> :

A 1
¢ =3ql¢". G=aK+hg a+p=1 @)
n

(4.7) is modular invariant, and the PV mass superpotential
W(Z, V) =4 (ZA - a—lqgcbaz'N) Yat+ i (z”f/, + Z'NYN) : (4.8)
i=n

is covariant, provided under (1.1)
Vi=e PV ¥ = FRF (Y fam YY), V= P 4.9)

It remains to cancel the divergences introduced by the fields Y. This was achieved in [1] by an
additional set of chiral PV fields, collectively called W, with diagonal metric (3.1), superpotential
(3.2), with prefactors (3.16) satisfying (3.20) and «¥ = 6% = 0. In addition & = 0 in (4.7) was
assumed. Here we use a different set of fields, for which we assume only 8€ =0, as well as
allowing & # 0. For this reason we also include in the present analysis the set of fields ¢ with
prefactors

5 Depending on the choice of the functions x™(T"), one might need to introduce [1] several copies of the sets Zf ‘N,
with constraints on the parameters ¢, _in such a way that no new divergences are introduced by the fields ZN.
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In 9" =aCK (4.10)

that regulate certain gravity supermultiplet loops. These must be included together with the PV
fields introduced below in implementing the sum rules (3.17). We take the following set:

" =Ygl =a®k + 8% ¥ @® =1,
n

e I =g K+ B g +qy8". g +By=v,. 4y, =0,
TP Inff =afK+Bre.  of +Bf =vf. (4.11)

The pairs &%, &' ¥ have modular invariant masses and do not contribute to the anomaly, but they
play an important role in canceling certain divergences. In the case of Z7 orbifolds we take them
to be charged under the two U (1)’s of that theory. They have no other gauge charges, the v
are taken to be gauge neutral, and the T have a priori arbitrary gauge charges. For those in real
representations of the gauge group one can take 77 = T’ ” . In Appendix A we display a simple
solution to the constraints with some 7’s in the fundamental and antifundamental representation
of the non-Abelian gauge group factors, some with U (1) charges in the Z7 case, and some gauge
singlets.

The quadratic and logarithmic divergences we are concerned with here involve the superfield
strengths —i (T,)W¢, X, and

1 - .
re, = —g(D2 —8R)D,Z'T,, (4.12)

associated with the Yang—Mills, Kéhler and reparameterization connections, respectively. Since
the theories considered here have no gauge anomalies, cancellation of quadratic divergences
requires

Trnl'y =0, (4.13)
and cancellation of logarithmic divergences requires
Tl g = Trnle T =Tr(T%)* =0, (4.14)

where n = +1 for light fields. Cancellation of all contributions linear and quadratic in X, is
assured by the conditions in (3.17) together with (A.5) of Appendix A. The Yang-Mills contri-
bution to the term quadratic in W, is canceled by chiral fields in the adjoint (see footnote on
page 202) that we need not consider here. Finally, cancellation of linear divergences requires
cancellation of the imaginary part of

~ ~ 1
T X, =Tme¢G - G, GHY = Ee””p”Gm, (4.15)

where G, is the field strength associated with the fermion connection®; for left-handed
fermions:

, 1
Guv=—TG,, +iF (T)G + EX,w(sg, (4.16)

and for a generic PV superfield € with diagonal metric, its fermion component x € transforms
under (1.1) as

6 Here we neglect the spin connection which is considered in Appendix B.
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x'€ = e? €, ¢C=(__ac_ﬁC>F_ZF"(Ti)qf. (4.17)

The full set of conditions is extensive, and we evaluate them in Appendix A. In this section
we simply outline how to obtain a universal anomaly using PV regularization. For this purpose
we focus on terms contributing to UV divergences that could potentially spoil universality. An
important feature in our results is the fact that the expression

hvpo gi Vgp(7 =0, (4.18)
vanishes identically, and the expressions

XV = e“”p"ImF’gwgéf 46"”’0"ImF"8MgL8pg£ =49, (EMUPUImFi angig;’;> ,

X7 = 2T g} X po = 40, (77 ImF 1T ).

Xiazep_vpalmFi i F¢

8uwFpe =40, (e’””“lmF iaugiAf‘,) , (4.19)

are total derivatives, where Aj is an Abelian gauge field,

Byt — 3,1 : , , i
Gu=—"m e G =0ug—del Tu=g

g, _ Mg _
141 (DMZ Kl DMZ Km) )

(4.20)
and X, =2i (8, "y — 0,T",,) is defined in (1.2).
If, for example, we replaced g” (T", T") everywhere by the Kihler potential for the nth un-

twisted sector, a possibility considered in [ 1], the above would not hold, and we would be unable
to obtain a universal anomaly coefficient. Specifically, we would be not be able to cancel the

terms cubic in ¢/ that appear in X ))(7, suggesting that the present construction is the only viable
possibility. This agrees with the results of [4], where it was found that the untwisted Kéhler mod-
uli are the only chiral supermultiplets that appear in the chiral anomaly (see however footnote on
page 203).

4.1. Reparameterization curvature terms

The functions x™(7T?) in (4.3) and (4.7) do not contribute to the quantities in (4.12) and (4.16)
(see footnote on page 204), and, using (3.23), one obtains

Traly = — [(N +2)8 — A1] g,
TrTY T = =24 [AV +2) = A1] Xags — [V +2) = fA1 + 42| gpea

—Bzzgggg. 4.21)
n
In addition we have

:—(N+2)FG G- qu,{’G &+ = F > gmarg" &
p.m,n
—Zqé’F"G G+2 Zq GV F"G-g = Y qlqngiFle" 7. (422)

p.n.m p.lm,n
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In addition to the sum rules listed in (3.23), we have

qu alal = Az + Bsijdu + Ca [ (5167 + 678 + 878] ) + eyelic(ijin) |

+ D3 [ 87 (5780 + 6757 + 6/87) + eyelieijb) ). (4.23)
with C3 = D3 for Z3, C3 # D3 for Z7. Then using (4.18) and (4.19), (4.22) reduces to
Xﬁ:%(N+2)FG-5—A1FG-g+%Ang-g—AIFG-E
+2A2FG - § — A3Fg - § + total derivative. (4.24)

Since §® = g¥ =0, terms cubic in these modular weights do not contribute to X g’, X Xw Further,
since

an'al" = (q)) ;. (4.25)
there are no contributions to X ;/(/ quadratic in ¥ modular weights, and since qf; is independent
of n, XX‘/’ depends only on F, g, and X,,,,. Then imposing

donfaf=ai, D nqlq) =ar+brdn. (4.26)

P P

Xg’ can also be made to depend only on F, g,, and X,,. The terms linear in the ® and

modular weights drop out of (TrnI'y) e, and one obtains’

(Trnlal'g) an,G‘I’Gﬂ —ar (GLep +gaGﬂ)+za2gagﬁ+2szgagﬁ,

G® —aq)K +,3 g,
(TrylaTg),, Z’]v, [3GPG,3 +4y, (G g8 +gaG,3)] +By ) gugh
n

GP =ozPK+ﬂ g By =) nhqy)’. (4.27)
P

To cancel the last term in (4.21) we require
2by + By = Bs. (4.28)

The Y and @ fields do not contribute to the anomaly, and the coefficient of the term (3.26) is
determined by By . The remaining terms in (4.21) and (4.22) can be canceled by a combination
of the full set of PV fields in (4.10) and (4.11), as shown in Appendix A.

4.2. Yang—Mills field strengths

The gauge charges® and modular weights in Z3 and Z7 orbifold compactifications without
Wilson lines are given in [4] and Appendix D.5 of [1]. The universality of the anomaly term

7 In (4.26) and for @ in (4.27), the sum is over P only, while for ¥, ZP = Zp +ZP/, since P and P’ are inter-
changeable in the latter, but not in the former.

8 We use the standard charge normalization such that (2.3) is satisfied with Cb (TrT2) R(b)> Where R(D) is the gauge
group representation of the chiral supermultiplet @, this differs by a factor /2 from the normalization used in [4].
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quadratic in Yang-Mills fields strengths is guaranteed by the universality condition (2.3), as
illustrated in Appendix A. Since gauge transformations commute with modular transformations,
a set of chiral multiplets ®? that transform according to a nontrivial irreducible representation R
of a non-Abelian gauge group factor G, have the same modular weights q,f such that

Z a2 (T)h = gR(TrT, )R = 0. (4.29)
beR
Therefore terms linear in Yang—Mills field strengths occur only for Abelian gauge group factors.
There are none in Z3, but two in Z7, which we refer to as U(1),, a = 1, 2, with charges Q.
These are anomaly free; their traces vanish when taken over the full spectrum of chiral multiplets.
Defining

Oun = qu QZ: Qanm = an Clm (4.30)
b
we have for Z7:
1 1
n==(8,2,—10), =——(12,—18,6), =(1,2,3),
Qin 2( ) Oon zﬁ( ) n=( )
1 1
= =(5,—4,-1), = —(-3,-6,9),
anm 2( ) Q2nm 2\/§( )
nm = (12,23,31). 4.31)
These satisfy
1
Z Qun =0, Qanm = _E l€nmi| Qai- (4.32)
n

We wish to cancel the Y-loop contribution to logarithmic divergences

(Trngl Ta) an Qb =—Qungl- (4.33)

and, dropping terms proportional to the last expression in (4.19), Y contributions to linear diver-
gences:

R )

= FiF! {(Qazgzw +0ug™") +20u1 [(a - %) X4 B (2 + g““)}
-2 (Qalzgz”” + Qu 13g3’”)} + cyclic(1, 2, 3) + total derivative. (4.34)
Using (4.32), (4.34) becomes
X; > Fy, F! {(Qazgz’w + Qa383’w> +20a1 [(d - %) X" 4+ B <g2’” + g3‘“’>}
+ (Qa3g2“v + Qa283w)} + cyclic(1, 2, 3) + total derivative

= F4,F! [(Qaz + Qa3 +2BQ41) (gZ'” + g3'”) + Qa1 Q& — 1) Xxw]
+ cyclic(1, 2, 3) + total derivative. (4.35)
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Now we assign U (1), charges Q‘f and —Q,f to ®F and @7, respectively. This gives a
contribution to logarithmic divergences

2 nfqf 0Fer= 0040 (4.36)
P
Cancellation of (4.33) requires

an = Qun- (4.37)

The ® contribution to linear divergences is

X252 0" 0F gl iy [ ~ DX 4 525
P

=0 Fit, F [@® = DX 4 B (g2 + g7 )]

+ cyclic(1, 2, 3) + total derivative. (4.38)
To cancel the X*¥ term we require
R P . I o 1 4 1
=_—a®, =1——g®="= Z. 4.39
a=-a B Je =387+ (4.39)

Then

XJ 5 B, FU{[0u2 + s + (8% +1) Q] (62 + %) + Qur (® — 1) X
+ cyclic(1, 2, 3) + total derivative
= i, ' Qar [B® (62 + g% ) + (@ — 1) x|
+ cyclic(1, 2, 3) + total derivative = — X7, (4.40)

up to a total derivative.

Note that this is a highly nontrivial result. In addition to the importance of the properties in
(4.19), the relations (4.32), that are specific to the Z7 orbifold we are considering, are crucial
to the cancellations in this section. Since the ® have modular invariant masses, the ¥’s have no
gauge charges, and the 7’s have n-independent prefactors £, no terms linear in the gauge field
strengths appear in the anomaly.

Finally we remark that a pair of PV fields ®, ®’'€ with superpotential coupling (3.2) con-
tributes an amount

(¢>C + ¢’C) cC = AMACC (4.41)

to the coefficient of F¢ - I:"a in (4.15). This vanishes for pairs with invariant masses, and its form
assures that the anomaly arising from PV masses in the regulated theory matches the anomaly
due to linear divergences in the unregulated theory. In particular it makes no difference whether
or not we assign non-Abelian gauge charges to the @, and their U (1), charges have no effect
on the term in the anomaly quadratic in the U (1), field strengths.

5. The anomaly in Z3 and Z7 orbifolds
In Appendix A we show that is possible to cancel all the ultraviolet divergences from the Y

fields with a simple choice of the set (4.11) such that the fields with noninvariant masses have
the properties
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Trn(In M) ! = ATrp(In M) ! = Trp(A In M) (fo)"° =0, (5.1

and the anomaly due to the variation of (3.4) reduces to

8 Lanom = bfd49EFQ,

1 bspin 3 S 2 =2 5
Q= Qym — — QB — <4G~ G _16RR + D*R DR)
YMT g 0P T gy (T b TERE
—i—i(Qf-i-QD), (5.2)
30 W

where (see Appendix B)
872 bspin = 87%b + 1 =31. (5.3)

The results for the Gauss—Bonnet and Yang—Mills terms are well-established [3] and result from
the universality conditions (2.3) and (B.7), as illustrated in the appendices. The only other term
in (5.2) that contains a chiral anomaly is €2 7, which, using the set (4.11) of PV fields, is a priori
a product of the chiral superfields X, g, and gJ;. We show in Appendix A we may choose the
PV parameters such that

Q=30 g¥gn. (5.4)
n

in agreement with the string calculation of [4].

The anomaly is canceled provided the Lagrangian for the dilaton S, S is specified by the
coupling (2.5) and the Kéhler potential (2.9), or, equivalently, the linear superfield L satisfies
(1.3) and the GS term (2.13) is added to the Lagrangian.

6. Conclusions

We have shown that a suitable choice of Pauli—Villars regulator fields allows for a full can-
cellation of the chiral and conformal anomalies associated, respectively, with the linear and
logarithmic divergences in the effective supergravity theories from Z3 and Z7 compactifica-
tion of the weakly coupled heterotic string without Wilson lines. In particular we were able to
reproduce the form of the chiral anomaly found in a string theory calculation [4] for these two
models.

In a future study we will extend our analysis to an example of Z3 orbifold compactification
with Wilson lines and an anomalous U (1).

Note added in proof. After this work was completed we became aware of earlier studies of
anomalies and anomaly cancellation in Z3 [10] and Z7 [11] compactifications of the heterotic
string.
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Appendix A. Cancellation of ultraviolet divergences and evaluation of the anomaly

In this appendix, we will specify a choice of PV fields that cancel leftover divergences from the
invariant mass PV sector of [1] (referred to in what follows as BG) and reproduce the universal
chiral anomaly of [4]. Aside from the residual divergences discussed in Appendix B, the PV fields
introduced in BG eliminate all the divergences from the light sector of the two string models we
are considering, but have some leftover divergences arising from the Y fields if one excludes the
noninvariant mass PV sector of BG. Since we must alter the noninvariant mass sector of BG to
produce a universal anomaly, our strategy here will be to introduce fields with parameters that
decouple as much as possible from the BG fields but still cancel the divergences of the Y. These
new fields replace the BG set that was collectively denoted by W. We expand the sum rules of
BG to accommodate the more general Kihler potential of PV fields we consider in (3.16), and
find that the sum rules that the PV fields must satisfy to cancel divergences are

Y ¢ =N=-N-29 (A.1)
C
Z”X =N/ =—-12—Ng (A2)
Y
> n€a€=-10 (A.3)
C

> ¢ (ﬁcg + ar g") =—Aig (A4)
C n

chacac —_4 (A.S)
C
> nfs¢ =2 (A.6)
C
> ¢ (Oécﬁc(Xagﬂ +8aXp)+ Y g (ehXp+ Xag,@) =0 (A7)
C n

> o€ (ﬁcﬂcgagﬁ + Y BCqS (ghes + gugh) + quqnfgﬁg,’é’>
C n n,m

=—A2gags — B2 Y gush (A8)
n
> n€cG =clt, (A.9)
C
> nf (Tt =0 (A.10)
C

S0 @E (B +a) ==Y ak (T} (A1)
C p
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:FZ(%—A2>X~§ (A.13)
p

F ~ ~Nn n ~m
3 (5 ror - Sar) (30 54 asase s Tasaker o)
C P n n,m
4 )

F (7 _ A3) -7 (A.14)
F I I (F
> (5 ~yeF =) 4 F" <ac— 5) (T)e = 52(5 —Z#F") (To)p
c n P "

(A.15)

c E_ Cr __ C n CaC _
chn 5 —¥CF Zq,,F>(T(G>)Cﬂ =0 (A.16)

F
(Te)eas ==Y <5 - Zq,fF"> (T6)pan
14 n

(A.17)
F F
n¢ (5 —yCF - Zq,,CF”> TS T)E == (5 - ZqﬁF”) (Ta)g (To)p
c,J n p.q n
(A.18)

where we have used the sum rules for the light field modular weights (3.23), (4.23) and Eq. (4.18)
and Eq. (4.19). F is defined by Eq. (2.4). On the left hand side of each condition we are summing
over all PV fields, while the right hand sides correspond to summing over the parameters of
the light fields. Since a subset of the BG PV fields already eliminate divergences from the light
sectors of the string models, we can recast the above conditions by setting the right hand side of
all conditions to zero and summing over only the Y, ®, ¢, T, and  fields. To match the anomaly
calculated in SS, we also require

0=2C:nc(1 -279) <aCaC — %&C&C - %&C> (A.19)
_ Ci1_nsC c c_‘_‘-c—c_l-c

o_;n (1-2y )(2ﬁ o — 2" - 3B ) (A.20)
_ Ci1 _n5C c c_z-c-c

0—;7 (1-2y )(ﬂ B — 3PP ) (A21)
0=>"n¢ (1 —2;70)2 (A22)
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0= chqc a1 -29% (A.23)

0="2 0y B ~27) (A.24)
C

0=> na( -2y’ (A.25)
C

0=2 701 -27)’ (A.26)
C

0=ZnC&C(1—2)70)(1 —2a%) (A.27)
C

0=> 7B -2a%)1-279 (A.28)

0=> na“p(1-279 (A.29)

0=> BB -2y (A.30)
C

0=> na‘a‘(1-27%)? (A.31)
C

0=2 0B (127’ (A.32)
C

0=> na“pca 27> (A.33)
C

0=2 np1-27) (A.34)
C

0=> n“B BB (1-27%) (A.35)
C

Bum = Z n ay 4y (1 =27°) (A.36)

2) af +3-N+Ng=) n°(1-2a +2q) (A.37)
C

In this second set of conditions, only fields with noninvariant masses contribute to the sums
since y = L for fields with invariant masses. We now describe a particular choice of {®, T, ¥}
fields that lead to an easily solvable system for their parameters. We must also supplement these
fields with the ¢ fields, since some of these have noninvariant masses. Starting with divergences
related to gauge interactions, we introduce a pair of T fields for each non-Abelian simple factor of
the string model gauge group: (T(g)l’ /(g)l) (T(g)zv T/(}g))z) where G specifies the simple group
factor. We take the T g); (T(g)l) to be in the fundamental (antifundamental) representation of G
while the T g); are gauge singlets. Then Eq. (A.9) gives
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M __ f P
Cg =2Clg, ) i, (A.38)
P

s _ s r _No
CigNG =2N1g, Cigy D Mgy =5 (A.39)
P

for non-Abelian gauge groups and

doolol =23 "ma)"(@MEME +2) )" @D LY (A.40)
p P P

for Abelian groups. These are just the conditions needed to cancel the ¥ factor of Cg . The ®’s
enter in Eq. (A.40) since they are given U(1), charges as per the prescription in Section 4.2.
Note also that Eq. (A.39) works for the two models considered here since the number N(g) of
fundamentals in G is even for all the gauge groups. We will constrain these T fields so that they
do not contribute to any divergences other than those arising from gauge interactions. To do this,
we enforce the following

(@1gp) = (@Tg)) (A.41)
(Brgy) = (Brg)) (A.42)
(@14,) = (@15, (A.43)
Brign) = Brg) (A44)
1) " ==’ (A45)

For the T fields charged under non-Abelian group factors, we impose that )7{: o is independent of
P so that we can cancel all remaining divergences from non-Abelian interactions by demanding

7
Cos —Cg _ CigN9

2 2
for every non-Abelian group factor G, where

(1-29rgy), (A.46)

Cgs = 87%b =30 (A.47)

is the adjoint Casimir for Eg, which is the gauge group of the pure Yang—Mills hidden sector
of the models considered here. For the Abelian divergences, we will not force ?le on t0 be inde-

pendent of P, but we will require Eq. (A.43) and that the primed and unprimed parameters are
identical:

(@1g)" = (@r,)" (A.48)
B = Br )"

With these conditions, the remaining divergences from Abelian interactions are canceled by im-
posing
Ces
=Y " (1-20F,,) @F @ (A.49)
M
With the above restrictions, the charged T fields will eliminate only gauge-related divergences
and not contribute to any of the other sum rules listed above. Turning to the ¢ and ¢ fields, we
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choose parameters such that
7l =af =Bf =0

Then the second set of conditions reduces to

P C
0=>"(ny)" (ay)" (oy)
P
+ XC:ﬁC(l — 245 (&C&C — %écéc _ %éc)
_ 2
0=Y 5" (1 —2&C)
C
2
0=3"7%"a" (1-2")
C

0= o) @)@y’
P

0=> ()" (@)’ By"
P

0=> )" B"BN°
P

0=> ) qy el
P

0=> my'a, B,
P

30=2> () qpq;
P

215

(A.50)

(A.51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)

Finally, to cancel all the divergences as required by the sum rules in (A.1)—(A.14), we intro-
duce gauge singlet T fields (TZ, Tgp ) with invariant masses. These fields, along with the ® and
¥ fields, are enough to regulate those divergences of the Y fields that do not involve gauge
couplings. While we have solved this system to obtain numerical solutions, the results are not

particularly enlightening and we will not reproduce them here.

Appendix B. Residual linear and logarithmic divergences

There are two sources of the chiral anomaly involving space—time curvature. The first arises
from the spin connection in the fermion covariant derivatives. The three sum rules in (3.17)
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assure that the linear divergent terms from the PV fermion spin connection cancel those from
the light fields, and the residual anomaly arises from the PV masses, giving a supersymmetric
contribution

ALgpin = —bsp/EFQGB +he, (B.1)

which is the variation of the first term in Lg in (3.5), with

1 1
8n2b5p=ﬁ (N’—Ng;—zaJrzZq;) =5 (2Zq,§’+3—N+NG> =31 Vn
p p
(B.2)

for Z3 and Z; orbifolds without Wilson lines. The second contribution arises from the affine
connection in the gravitino covariant derivative; it has no PV counterpart and is not canceled.
However there is a residual conformal anomaly associated with the linear divergence arising
from the Gauss—Bonnet term which is a total derivative, and which is uniquely determined [7]
by the spins of the particles in the loop. For PV regulated supergravity we have

b
LGB = \/§2 BG (rwp(,r’“"o‘7 —4ry,rt 4+ r2) InA, (B.3)
with
1
8n2bGB=&(N+N’—3NG—3N’6+41)= 1. (B.4)

The variation of (B.3) forms a supersymmetric operator with the chiral anomaly from the grav-
itino affine connection provided the cut-off takes the value in (3.10), giving a contribution

ALt = bgp / EFQgg +hec., (B.5)
which is the variation of the K Qg term in (3.5), and combines with (B.2) to give
ALznom 3 —b/ EFQgp +h.c., (B.6)
where
1
2 2
872b =87 (bsp—bGB)zﬂ(2§q,’,’—N+NG—21)=3O vn. (B.7)

There is also a linear divergence arising from an off-diagonal gravitino—gaugino connection in the
fermion covariant derivative. This also combines with an uncanceled logarithmically divergent
total derivative to form an anomaly supermultiplet if the cut-off satisfies (3.10). It was shown
in Appendix B.3 of [1] that this anomaly can be canceled for a particular choice of masses for
certain PV fields that regulate gauge and gravity sector loops.

Finally, there are “D-term” anomalies that arise from uncanceled logarithmically divergent
terms with no chiral anomaly counterpart. These were simply dropped in the evaluation of on-
shell ultraviolet divergences in [8] and [9]. Since they have no chiral anomaly partner they are
more difficult to identify than the above terms. With the cut-off (3.10), the conformal anomaly
includes a contribution

ALeont %ReFKi,;, D" [:Dﬂz"" (2Fl'

R|=D,D"Z) + D,D,Z"D"2 +he.], (BS)
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where
. 1 .

Fi= —ZDZZ’ (B.9)
is the auxiliary field of the chiral supermultiplet Z, that was identified in [1] as arising from
a total derivative dropped in the evaluation [8] of UV divergences for gravity coupled to chiral
matter. When Yang—Mills couplings are included [9], there are many more terms, and digging
out total derivatives is much more difficult. We find the additional light field contribution:

3 - N I
ALconf > — L‘iReFD“ Z KinDuZ" DY (Ty2) + — DD, || +hec., (B.10)
8 2 s+5
where
1
D" == Do W (B.11)

is the auxiliary field for the superfield strength W¢, and we evaluated the result of [9] using the
classical Kéhler potential in (2.9) for the dilaton. We also find a contribution [2] from the PV
sector

V8
1672

With the classical Kihler potential in (2.9) the equations of motion give

_ . 9,5 .- _
ALeont 3 ReF D* [Ki@DMZmD“(Taz)’ — % (F’Fi - 8RR>]‘ +he  (B.12)
S S

_ _ 2
F*|=2(s+5)R|, Fy|= _R‘ (B.13)
s+s
and the dilaton-dependent contribution can be written
_ 8 - _
ALconf(s,5) = —&ILQRCFD“ [(aﬂst —9,0,50"s + h.c.)
1 9,5 _ _
= FPF,—12RR+2D“D . B.14
+3o (FPF, + a)l} (B.14)

However we cannot be certain that we have identified all the uncanceled total derivatives. It is
also possible that one might be able to modify the PV sector parameter such that the dilaton
dependence can be canceled, as was the case for F-term anomaly arising from the off-diagonal
gaugino—gravitino connection mentioned above.
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