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Abstract

We use Pauli–Villars regularization to evaluate the conformal and chiral anomalies in the effective field 
theories from Z3 and Z7 compactifications of the heterotic string without Wilson lines. We show that 
parameters for Pauli–Villars chiral multiplets can be chosen in such a way that the anomaly is universal in 
the sense that its coefficient depends only on a single holomorphic function of the three diagonal moduli. 
It is therefore possible to cancel the anomaly by a generalization of the four-dimensional Green–Schwarz 
mechanism. In particular we are able to reproduce the results of a string calculation of the four-dimensional 
chiral anomaly for these two models.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

On-shell Pauli–Villars regularization of the one-loop divergences of supergravity theories was 
used to determine the anomaly structure of supergravity in [1]. Pauli–Villars regulator fields 
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allow for the cancellation of all quadratic and logarithmic divergences [2], as well as most lin-
ear divergences [1]. If all linear divergences were canceled, the theory would be anomaly free, 
with noninvariance of the action arising only from Pauli–Villars masses. However there are lin-
ear divergences associated with nonrenormalizable gravitino/gaugino interactions that cannot be 
canceled by PV fields. The resulting chiral anomaly forms a supermultiplet with the correspond-
ing conformal anomaly, provided the ultraviolet cut-off has the appropriate field dependence, in 
which case uncanceled total derivative terms, such as Gauss–Bonnet, do not drop out from the 
effective action. The resulting anomaly term that is quadratic in the field strength associated with 
the space–time curvature, as well as the term quadratic in the Yang–Mills field strength, was 
shown in [1] to be canceled by the four-dimensional version of the Green–Schwarz mechanism 
in Z3 and Z7 compactifications, in agreement with earlier results [3]. However, the terms in the 
anomaly that are quadratic and cubic in the parameters of the anomalous transformation are pre-
scription dependent [4,1]. The choice of PV fields with noninvariant masses used in [1] did not 
achieve full anomaly cancellation.

Every contribution to the chiral anomaly has a conformal anomaly counterpart, with which 
it combines to form an “F-term” anomaly. In addition there are “D-term” anomalies associated 
with logarithmic divergences that have no chiral partner. In a generic supergravity theory, these 
include terms [1] that are nonlinear in the holomorphic functions F i(T i) of the three diagonal 
Kähler moduli T i that characterize modular (or T-duality) transformations:

T ′ i = ai − ibiT
i

iciT i + di

, aibi − cidi = 1, ai, bi, ci , di ∈ Z,

�′ a = e− ∑
i qa

i F i (T i )�a, F i(T i) = ln(iciT
i + di), (1.1)

where �a is any chiral supermultiplet other than a diagonal Kähler modulus, and qa
i are its 

modular weights. Only terms in the anomaly that are linear in F = ∑
i F

i can be canceled by the 
Green–Schwarz term.

In addition, in generic supergravity there are anomalous terms that involve the dilaton super-
field S in the chiral supermultiplet formulation or L in the linear multiplet formulation [5] for 
the dilaton. Specifically, one expects [6] a term quadratic in the Kähler field strength

Xμν =
(
DμziDν z̄

m̄ −Dνz
iDμz̄m̄

)
Kim̄ − iF a

μν(Taz
i)Ki, (1.2)

where zi = Zi
∣∣ is the scalar component of a generic chiral superfield Zi , Fa

μν is the gauge field 
strength, Ta is a gauge group generator, and K(Z, Z̄) is the Kähler potential. The term quadratic 
in Xμν was actually found to vanish in [1], but there remained terms linear in Xμν as well 
as terms involving the Kähler potential in the nonlinear F i terms mentioned above. Anomaly 
cancellation by a Green–Schwarz mechanism, to be outlined in the next section, requires that the 
operators appearing in the anomaly also appear in the real superfield � of the (modified) linearity 
condition for the superfield L:(

D̄2 − 8R
)

(L + �) =
(
D2 − 8R̄

)
(L + �) = 0, D2 =DαDα,

D̄2 =Dα̇Dα̇ = (D2)†, (1.3)

where Dα is a spinorial derivative and R = R̄† is the auxiliary field of the supergravity multiplet 
whose vev determines the gravitino mass: 〈R|〉 = 1

2m 3
2
. The action written in terms of L is 

related to the action written in terms of S by a superfield duality transformation; the standard 
derivation of the duality transformation requires that � be independent of S. It was shown in 
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appendix E of the first reference in [1] that the duality transformation still goes through with a 
slight modification if this is not the case. On the other hand it might perhaps be reasonable to 
impose

∂�

∂S
= 0, (1.4)

which is in fact the case for the chiral anomaly found in the string calculation of [4]. We show that 
it is possible to eliminate all terms that depend on the full Kähler potential K , as well as all terms 
nonlinear in F , and to reproduce the result given in [4]. However, as discussed in Appendix B, 
there may be a residual S-dependent contribution of the part of the “D-term” anomaly that arises 
from uncanceled logarithmic divergences.

In the following section we outline the four-dimensional Green–Schwarz mechanism. In Sec-
tion 3 we briefly recall the results of [1] and the differences obtained with the present approach. 
In Sections 4 and 5 we introduce the relevant set of PV fields, outline the conditions for cancel-
lation of ultraviolet divergences and present our results for Z3 and Z7 orbifolds. We summarize 
our results in Section 6. Some details are relegated to Appendices.

2. The 4-d Green–Schwarz mechanism

The four dimensional version of the Green–Schwarz (GS) mechanism was originally formu-
lated [3] as a means of canceling the anomaly term quadratic in Yang–Mills fields, using the 
chiral formulation for the dilaton. The classical Lagrangian for the Yang–Mills field strength 
reads

LYM = −√
g

s

8

∑
a

(
Fa

μν − iF̃ a
μν

)
Fμν

a + h.c., s = S| . (2.1)

Under the anomalous modular transformation (1.1) the quantum corrected Lagrangian varies 
according to

�LYM = −
√

g

64π2

∑
a,i

F i

[
Ca +

∑
b

(
2qb

i − 1
)

Cb
a

](
Fa

μν − iF̃ a
μν

)
Fμν

a + h.c., (2.2)

where Ca is the quadratic Casimir in the adjoint representation of the gauge group factor Ga and 
Cb

a is the Casimir for the representation of the chiral supermultiplet �b. In Z3 and Z7 orbifolds 
one has the universality condition:

Ca +
∑

b

(
2qb

i − 1
)

Cb
a = 8π2b ∀ i, a, (2.3)

with b = 30/8π2 in the absence of Wilson lines. The dilaton is classically invariant under the 
modular transformation (1.1). However if we impose the transformation property:

�s = −bF = −b
∑

i

F i(t i), t i = T i
∣∣∣ , (2.4)

the variation of the classical Lagrangian (2.1) cancels (2.2).
Now consider the superspace Lagrangian1

1 We use the Kähler superspace formulation of supergravity [5].



M.K. Gaillard, J. Leedom / Nuclear Physics B 927 (2018) 196–218 199
L =
∫

d4θE
(
S + S̄

)
� = −1

8

∫
d4θ

E

R

(
D̄2 − 8R

)
(S�) + h.c.

= −1

8

∫
d4θ

E

R
S� + h.c., (2.5)

where E is the superdeterminant of the supervielbein, � is the real superfield appearing in (1.3), 
� is its chiral projection:(

D̄2 − 8R
)

� = �, (2.6)

and we used superspace integration by parts [5]. When � is replaced by the Yang–Mills super-
field strength bilinear Wα

a Wa
α , (2.5) is just the Yang–Mills Lagrangian that includes the term in 

(2.1). If, under the modular transformation (1.1) the quantum Lagrangian varies according to

�Lanom = b

∫
d4θ

[
F(T ) + F̄ (T̄ )

]
� = −b

8

∫
d4θ

E

R
F(T )� + h.c., (2.7)

the full Lagrangian is invariant provided

�S = −bF(T ). (2.8)

However the classical Kähler potential for the dilaton is no longer invariant and must be modified:

kclass(S, S̄) = − ln(S + S̄) → k(S, S̄) = − ln(S + S̄ + VGS), (2.9)

where VGS is a real function of the chiral supermultiplets that transforms under (1.1) as

�VGS = b
(
F + F̄

)
. (2.10)

A simple solution consistent with string calculation results [3] is

VGS = bg(T , T̄ ), (2.11)

where

g(T , T̄ ) =
∑

i

gi(T i, T̄ i), gi = − ln(T i + T̄ i ) (2.12)

is the Kähler potential for the moduli. The modification (2.9) is the 4d GS term in the chiral 
formulation.

The 4d GS mechanism is in fact more simply formulated in the linear multiplet formalism for 
the dilaton. The linear superfield L remains invariant, its Kähler potential is unchanged, and one 
simply adds a term to the Lagrangian. Using (1.3) and (2.6):

LGS = −
∫

d4θELVGS,

�LGS = −b

∫
d4θELF + h.c. = b

8

∫
d4θ

E

R
F

(
D̄2 − 8R

)
L + h.c.

= b

8

∫
d4θ

E

R
F� + h.c. = −�Lanom (2.13)
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3. The anomaly in supergravity

As mentioned in the introduction, the quadratic and logarithmic divergences of supergravity 
can be canceled [2] by a suitable set of Pauli–Villars (PV) supermultiplets. It is straightforward to 
see [1], by an examination of the quadratic divergences, that not all of these fields can have large 
PV masses that are invariant under nonlinear transformations on the fields that effect a Kähler 
transformation, such as the modular transformations (1.1), as we will illustrate with an example 
below.

It was shown in [1] that modular noninvariant masses can be restricted to a subset of PV chiral 
supermultiplets �C with diagonal Kähler metric:

K(�C, �̄C) = f C(Z, Z̄)|�C |2. (3.1)

In particular, those PV fields that have superpotential couplings to light fields and contribute to 
the renormalization of the Kähler potential can be chosen to have invariant PV masses. The fields 
in (3.1) acquire masses through superpotential terms:

W(�C,�′ C) = μC�C�′ C, (3.2)

with μC constant (in the absence of threshold corrections, as for the cases considered here). We 
can define a superfield2

M2
C = exp(K − f C − f ′ C) = exp(K − 2f̄ C), f̄ C = 1

2
(f C + f ′ C), (3.3)

whose lowest component m2
C = M2

C

∣∣ is the �C, �′ C squared mass. Then the anomalous part of 
the one-loop corrected supergravity Lagrangian takes the form [1]

Lanom = L0 +L1 +Lr =
∫

d4θE (L0 + L1 + Lr) , (3.4)

L0 = 1

8π2

[
Trη lnM2�0 + K (�GB + �D)

]
, Lr = − 1

192π2 Trη
∫

d lnM�r,

(3.5)

where η = ±1 is the PV signature,

�0 = − 1

24
�GB + �YM − 1

12
Gβ̇αGαβ̇ + 1

3
RR̄ − 1

48

(
D2R + D̄2R̄

)
, (3.6)

�r = − ∂

∂ lnM

[
1

4

(
D2 lnMDβ̇ lnMDβ̇ lnM+ h.c.

)
− 2Gαβ̇Dα lnMDβ̇ lnM

+
(

lnM
{

1

8
D̄2D2 lnM+Dα(RDα lnM)

}
+ h.c.

)
+ 1

2
Dα lnMDα lnMDβ̇ lnMDβ̇ lnM

− (lnM)2
(

1

4
DαLα + lnMDαXα

)]
, (3.7)

2 The constants μC in (3.2) drop out of the variation �Lanom of the effective action (3.4), and we ignore them through-
out.
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with

Xα = −1

8
(D̄2 − 8R)DαK, Lα = (D̄2 − 8R)Dα lnM, (3.8)

Gβ̇α is an auxiliary superfield of the gravity supermultiplet, and �D represents the “D-term” 
anomaly (see Appendix B) that, together with a contribution to the Gauss–Bonnet term �GB:

�GB = −8�W − 4

3
�X − Gβ̇αGαβ̇ + 4RR̄, (3.9)

arises from uncanceled total derivatives with logarithmically divergent coefficients as discussed 
in the introduction. Supersymmetry of these terms requires a field-dependent cut-off:

� = μ0e
K/4. (3.10)

The constant μ0 drops out of the effective action (3.4).
The Chern–Simons superfields �W , �X and �YM are defined by their chiral projections:

(D̄2 − 8R)�W = Wαβγ Wαβγ , (D̄2 − 8R)�X = XαXα,

(D̄2 − 8R)�YM = Wα
a Wa

α , (3.11)

where Wαβγ is the superfield strength for space–time curvature.
L1 is defined by its variation:

�L1 = 1

8π2

1

192
Trη� lnM2�′

L = 1

8π2

1

192
TrηH�′

L + h.c., (3.12)

where under (1.1) lnM2 transforms as

� lnM2 = H + H̄ , (3.13)

with H holomorphic. Defining

(D̄2 − 8R)�f = f αfα, (D̄2 − 8R)�f̄ = f̄ αf̄α, (D̄2 − 8R)�f̄ X = f̄ αXα,

fα = −1

8
(D̄2 − 8R)Dα lnf, f̄α = −1

8
(D̄2 − 8R)Dα ln f̄ , (3.14)

we have

�′
L = 192�f − 128�f̄ − 64�f̄ X,

�L1 = 1

8π2 TrηH

(
�f − 2

3
�f̄ − 1

3
�f̄ X

)
+ h.c. (3.15)

The general form of f C is taken to be

lnf C = αCK(Z, Z̄) + βCg(T , T̄ ) + δCk(S, S̄) +
∑
n

qC
n gn(T n, T̄ n),

ln f̄ C = ᾱCK + β̄Cg + δ̄Ck +
∑
n

q̄C
n gn,

HC =
(

1 − 2γ̄ C
)

F(T ) − 2
∑

q̄C
n Fn(T n), γ̄ C = ᾱC + β̄C. (3.16)
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The traces in �Lanom can be evaluated using only PV fields with noninvariant masses or using 
the full set of PV fields, since those with invariant masses, HC = 0, drop out. The contribution 
�L0 to the anomaly is linear in the parameters αC, βC, qC

n ; as a consequence the traces are 
completely determined by the sum rules [2]

N ′ =
∑
C

ηC = −N − 29, N ′
G =

∑
γ

ηV
γ = −12 − NG,

∑
C

ηC lnf C = −10K −
∑
q

q
p
n gn, (3.17)

that are required to assure the cancellation of all quadratic and logarithmic divergences. In (3.17)
the index C denotes any chiral PV field, the index γ runs over the Abelian gauge PV superfields 
that are needed to cancel some gravitational and dilaton-gauge couplings, and the sum over p
includes all the light chiral multiplet modular weights with qS

n = 0, qT i

n = 2δi
n. N and NG are 

the total number of chiral and gauge supermultiplets, respectively, in the light sector. All PV 
fields with noninvariant masses have δ = 0, and most3 with δ 
= 0 have α = β = qn = 0. For the 
purposes of the present analysis we can ignore the latter.

To see that not all the PV chiral multiplets can have invariant masses, there is a quadratically 
divergent contribution from the light sector given by

LQ � −√
g

�2

64π2 (3 + NG − N)DαXα

∣∣∣∣ , (3.18)

where Xα is defined in (3.8). The Pauli–Villars contribution to the operator in (3.18) is

LPV
Q � −√

g
�2

64π2

(
N ′

G − N ′ − 2α
)
DαXα

∣∣∣∣ , (3.19)

where α = ∑
ηCαC . The PV chiral multiplets include a subset θa with N ′

θ = N ′
G which form 

massive vector supermultiplets with the PV Abelian gauge supermultiplets; these cancel in 
(3.19). The remainder get superpotential masses as in (3.2). The pair �C, �′ C will have an in-
variant mass if ln f̄ C = ᾱC = 1

2 , in which case the total contribution of the pair to (3.19) vanishes 
identically. Therefore chiral fields with noninvariant masses are needed to cancel (3.18).

In contrast to L0, the contributions to the anomaly from L1 and Lr are nonlinear in the pa-
rameters α, β, q , and depend on the details of the PV sector. In [1] the PV sector was constructed 
in such a way that

f C = f ′ C = f̄ C (3.20)

for the PV fields with noninvariant masses. In this case (3.15) reduces to

(�′
L)[1] = 64

(
�f̄ − �f̄ X

)
= �L − 16�X, (D̄2 − 8R)�L = LαLα, (3.21)

and, for example,

3 There is a set of chiral multiplets in the adjoint representation of the gauge group that has ln f = K − k; these 
get modular invariant masses though their coupling in the superpotential to a second set with ln f = k. These cancel 
renormalizable gauge interactions and gauge-gravity interactions, respectively. Together with a third set, that has f = 1
and contributes to the anomaly, they cancel the Yang–Mills contribution to the beta-function.
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TrηH�f̄ =
∑
C

ηC

[(
1 − 2γ̄ C

)
F − 2

∑
n

q̄C
n Fn

]
×(

ᾱCXα + β̄Cgα +
∑
m

q̄C
mgα

m

)(
ᾱCXα + β̄Cgα +

∑
l

q̄C
l gl

α

)
. (3.22)

The Pauli–Villars modular weights qC
n are related to the modular weights qp

n of the light fields 
by the conditions for the cancellation of UV divergences. In the Z3 and Z7 orbifolds considered 
below, the latter satisfy sum rules of the form:∑

p

q
p
n = A1,

∑
p

q
p
n q

p
m = A2 + B2δmn. (3.23)

The first sum rule in (3.23) assures the university of the anomaly proportional to �0 − �YM. 
However, in the PV sector used in [1] the second equality led to a nonuniversal term:

TrηH�f̄ � −4
∑

p,m,n

q
p
n q

p
mFngα

m

(
ᾱCXα + β̄Cgα

)
= −4

(
A2Fgα + B2F

ngα
n

)(
ᾱCXα + β̄Cgα

)
. (3.24)

The sum rule cubic in the modular weights is more complicated, but in general leads to addi-
tional nonuniversal terms. These can be avoided by imposing q̄C

n = 0 for fields with noninvariant 
masses, but if (3.20) is imposed we get

TrηH�′
L = F

(
aXαXα + bXαgα + cgαgα

)
, (3.25)

which does not include the term proportional to

F
∑
n

gα
ngn

α (3.26)

found in the string calculation4 of [4].
In the following we relax the assumption (3.20), impose q̄C

n = 0, but with qC = −q ′ C 
= 0. 
This still assures a universal anomaly, but allows more freedom in determining its coefficient; in 
particular, we are able to reproduce the term (3.26).

4. Cancellation of UV divergences

The full set of PV fields needed to regulate light field couplings is described in Section 3 
of [1]. Among those, here we are primarily concerned with the set ŻP = ŻI , ŻA, with negative 
signature, ηŻ = −1, that regulates most of the couplings, including all renormalizable couplings, 
of the light chiral supermultiplets Zp = T i, �a . Covariance of the ŻP Kähler metric requires 
that these fields transform under (1.1) like dZp:

Ż′ I = e−2F i

ŻI , Ż′ A = e−Fa

⎛⎝ŻA −
∑
j

F a
j �aŻJ

⎞⎠ , F a =
∑

i

F i(T i) (4.1)

4 In fact the four-form εμνρσ gn
μνgn

ρσ with gn
μν = (∂μtn∂ν t̄ n̄)gn

tnt̄ n̄
− (μ ↔ ν), that appears in the chiral part of (3.26), 

vanishes identically. We find it curious that the authors of [4] neglected to comment on this fact. However the associated 
conformal anomaly is nontrivial.
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Invariance of the full PV Kähler potential for the ŻP and covariance of their superpotential under 
(1.1):

K(Ż′) = K(Ż), W(Ż′) = e−F(T )W(Ż), (4.2)

can be made manifest if we supplement [1] these fields with three additional PV fields ŻN , 
N = 1, 2, 3, with Kähler potential

K(ŻN) =
∑
i=n

∣∣∣ŻN + ȧχn(T i)Żi
∣∣∣2

, χn(T ′ i ) = e2Fn
(
χn(T i) + Fn

i

)
, (4.3)

and that transform under (1.1) according to

Ż′ N = ŻN − ȧF n
i (T i)ŻI , (4.4)

where ȧ is a nonzero constant.5

We wish to give these PV fields modular invariant masses. The simplest way to do this is to 
introduce fields ẎP , ẎN with the same signature, opposite gauge charges and the inverse Kähler 
metric. However this would have the effect of canceling the Ż contributions that are linear in the 
generalized field strength

Gμν = [Dμ,Dν], (4.5)

and doubling the quadratic Ż contributions. Instead we introduce fields ẎP , ẎN with gauge 
charges

(Ta)Ẏ = −(T T
a )Ż = −(T T

a )Z, (4.6)

and Kähler potential

K(Ẏ ) = eĠ

(∑
A

e−ga |ẎA|2 +
∑
I

e−2gi |ẎI − ȧχn(T i)ẎN |2 + |ẎN |2
)

,

ga =
∑
n

qa
ngn, Ġ = α̇K + β̇g, α̇ + β̇ = 1. (4.7)

(4.7) is modular invariant, and the PV mass superpotential

W(Ż, Ẏ ) = μ̇
(
ŻA − ȧ−1qa

n�aŻN
)

ẎA +
∑
i=n

μ̇n

(
ŻI ẎI + ŻN ẎN

)
, (4.8)

is covariant, provided under (1.1)

Ẏ ′
A = e−F+Fa

ẎA, Ẏ ′
I = e−F+2F i (

ẎI + ȧF n
i ẎN

)
, Ẏ ′

N = e−F ẎN . (4.9)

It remains to cancel the divergences introduced by the fields Ẏ . This was achieved in [1] by an 
additional set of chiral PV fields, collectively called �, with diagonal metric (3.1), superpotential 
(3.2), with prefactors (3.16) satisfying (3.20) and α� = δ� = 0. In addition α̇ = 0 in (4.7) was 
assumed. Here we use a different set of fields, for which we assume only δC = 0, as well as 
allowing α̇ 
= 0. For this reason we also include in the present analysis the set of fields φC with 
prefactors

5 Depending on the choice of the functions χn(T i ), one might need to introduce [1] several copies of the sets ŻP,N
λ , 

with constraints on the parameters ȧλ in such a way that no new divergences are introduced by the fields ŻN .
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lnf φC = αCK (4.10)

that regulate certain gravity supermultiplet loops. These must be included together with the PV 
fields introduced below in implementing the sum rules (3.17). We take the following set:

�P : lnf �P =
∑
n

qP
n gn = α�K + β�g − lnf �′ P

, α� + β� = 1,

ψPn : lnf Pn = αP
ψ K + βP

ψ g + qP
ψ gn, αP

ψ + βP
ψ = γ P

ψ , q̄P
ψ = 0,

T P : lnf P
T = αP

T K + βP
T g, αP

T + βP
T = γ P

T . (4.11)

The pairs �P , �′ P have modular invariant masses and do not contribute to the anomaly, but they 
play an important role in canceling certain divergences. In the case of Z7 orbifolds we take them 
to be charged under the two U(1)’s of that theory. They have no other gauge charges, the ψPn

are taken to be gauge neutral, and the T P have a priori arbitrary gauge charges. For those in real 
representations of the gauge group one can take T P = T ′ P . In Appendix A we display a simple 
solution to the constraints with some T ’s in the fundamental and antifundamental representation 
of the non-Abelian gauge group factors, some with U(1) charges in the Z7 case, and some gauge 
singlets.

The quadratic and logarithmic divergences we are concerned with here involve the superfield 
strengths −i(Ta)W

a
α , Xα and

�C
Dα = −1

8
(D̄2 − 8R)DαZi�C

Di, (4.12)

associated with the Yang–Mills, Kähler and reparameterization connections, respectively. Since 
the theories considered here have no gauge anomalies, cancellation of quadratic divergences 
requires

Trη�α = 0, (4.13)

and cancellation of logarithmic divergences requires

Trη�α�β = Trη�αT a = Trη(T a)2 = 0, (4.14)

where η = +1 for light fields. Cancellation of all contributions linear and quadratic in Xα is 
assured by the conditions in (3.17) together with (A.5) of Appendix A. The Yang–Mills contri-
bution to the term quadratic in Wα is canceled by chiral fields in the adjoint (see footnote on 
page 202) that we need not consider here. Finally, cancellation of linear divergences requires 
cancellation of the imaginary part of

TrηXχ = TrηφG · G̃, G̃μν = 1

2
εμνρσ Gρσ , (4.15)

where Gμν is the field strength associated with the fermion connection6; for left-handed 
fermions:

Gμν = −�C
Dμν + iF a

μν(Ta)
C
D + 1

2
Xμνδ

C
D, (4.16)

and for a generic PV superfield �C with diagonal metric, its fermion component χC transforms 
under (1.1) as

6 Here we neglect the spin connection which is considered in Appendix B.
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χ ′ C = eφC

χC, φC =
(

1

2
− αC − βC

)
F −

∑
i

F i(T i)qC
i . (4.17)

The full set of conditions is extensive, and we evaluate them in Appendix A. In this section 
we simply outline how to obtain a universal anomaly using PV regularization. For this purpose 
we focus on terms contributing to UV divergences that could potentially spoil universality. An 
important feature in our results is the fact that the expression

εμνρσ gi
μνg

i
ρσ = 0, (4.18)

vanishes identically, and the expressions

Xij = εμνρσ ImF igi
μνg

j 
=i
ρσ = 4εμνρσ ImF i∂μgi

ν∂ρgj
σ = 4∂ρ

(
εμνρσ ImF i∂μgi

νg
j
σ

)
,

Xi = 1

2
εμνρσ ImF igi

μνXρσ = 4i∂ρ

(
εμνρσ ImF i∂μgi

ν�σ

)
,

Xia = εμνρσ ImF igi
μνF

a
ρσ = 4∂ρ

(
εμνρσ ImF i∂μgi

νA
a
σ

)
, (4.19)

are total derivatives, where Aa
μ is an Abelian gauge field,

gi
μ = −∂μti − ∂μt̄ ı̄

t i + t̄ ı̄
, gi

μν = ∂μgi
ν − ∂νg

i
μ, �μ = i

4

(
DμziKi −Dμz̄m̄Km̄

)
,

(4.20)

and Xμν = 2i
(
∂μ�ν − ∂ν�μ

)
is defined in (1.2).

If, for example, we replaced gn(T n, T̄ n̄) everywhere by the Kähler potential for the nth un-
twisted sector, a possibility considered in [1], the above would not hold, and we would be unable 
to obtain a universal anomaly coefficient. Specifically, we would be not be able to cancel the 
terms cubic in qp

n that appear in XẎ
χ , suggesting that the present construction is the only viable 

possibility. This agrees with the results of [4], where it was found that the untwisted Kähler mod-
uli are the only chiral supermultiplets that appear in the chiral anomaly (see however footnote on 
page 203).

4.1. Reparameterization curvature terms

The functions χn(T i) in (4.3) and (4.7) do not contribute to the quantities in (4.12) and (4.16)
(see footnote on page 204), and, using (3.23), one obtains

Trη̇�Ẏ
α = − [

(N + 2)β̇ − A1
]
gα,

Trη̇�Ẏ
α�Ẏ

β = −2α̇
[
β̇(N + 2) − A1

]
Xαgβ −

[
β̇2(N + 2) − β̇A1 + A2

]
gβgα

− B2

∑
n

gn
αgn

β. (4.21)

In addition we have

XẎ
χ = 1

2
(N + 2)F Ġ · ˜̇G − F

∑
p,n

q
p
n Ġ · g̃n + 1

2
F

∑
p,m,n

q
p
mq

p
n gm · g̃n

−
∑
p,n

q
p
n FnĠ · ˜̇G + 2

∑
p,n,m

q
p
mq

p
n FmĠ · g̃n −

∑
qa
l qa

mqa
nF lgm · g̃n. (4.22)
p,l,m,n
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In addition to the sum rules listed in (3.23), we have∑
p

q
p
i q

p
j q

p
k = A3 + B3δij δik + C3

[
δij

(
δ1
i δ

2
k + δ2

i δ
3
k + δ3

i δ
1
k

)
+ cyclic(ijk)

]
+ D3

[
δij

(
δ2
i δ

1
k + δ3

i δ
2
k + δ1

i δ
3
k

)
+ cyclic(ijk)

]
, (4.23)

with C3 = D3 for Z3, C3 
= D3 for Z7. Then using (4.18) and (4.19), (4.22) reduces to

XẎ
χ = 1

2
(N + 2)F Ġ · ˜̇G − A1FĠ · g̃ + 1

2
A2Fg · g̃ − A1FĠ · ˜̇G

+ 2A2FĠ · g̃ − A3Fg · g̃ + total derivative. (4.24)

Since q̄� = q̄ψ = 0, terms cubic in these modular weights do not contribute to X�
χ , Xψ

χ . Further, 
since

qPn
m qPn

l = (qP
ψ )2δn

mδn
l , (4.25)

there are no contributions to Xψ
χ quadratic in ψ modular weights, and since qP

ψ is independent 

of n, Xψ
χ depends only on F, gμν and Xμν . Then imposing∑
P

ηP qP
n = a1,

∑
P

ηP qP
n qP

m = a2 + b2δmn, (4.26)

X�
χ can also be made to depend only on F, gμν and Xμν . The terms linear in the � and ψ

modular weights drop out of (Trη�α)�,ψ , and one obtains7(
Trη�α�β

)
�

=
∑
P

ηP
�G�

α G�
β − a1

(
G�

α gβ + gαG�
β

)
+ 2a2gαgβ + 2b2

∑
n

gn
αgn

β,

G� = α�K + β�g,(
Trη�α�β

)
ψ

=
∑
P

ηP
ψ

[
3GP

α GP
β + qP

ψ

(
GP

α gβ + gαGP
β

)]
+ Bψ

∑
n

gn
αgn

β,

GP = αP K + βP g, Bψ =
∑
P

ηP
ψ(qP

ψ )2. (4.27)

To cancel the last term in (4.21) we require

2b2 + Bψ = B2. (4.28)

The Ẏ and � fields do not contribute to the anomaly, and the coefficient of the term (3.26) is 
determined by Bψ . The remaining terms in (4.21) and (4.22) can be canceled by a combination 
of the full set of PV fields in (4.10) and (4.11), as shown in Appendix A.

4.2. Yang–Mills field strengths

The gauge charges8 and modular weights in Z3 and Z7 orbifold compactifications without 
Wilson lines are given in [4] and Appendix D.5 of [1]. The universality of the anomaly term 

7 In (4.26) and for � in (4.27), the sum is over P only, while for ψ , 
∑

P ≡ ∑
P + 

∑
P ′ , since P and P ′ are inter-

changeable in the latter, but not in the former.
8 We use the standard charge normalization such that (2.3) is satisfied with Cb

a = (TrT 2
a )R(b) , where R(b) is the gauge 

group representation of the chiral supermultiplet �b ; this differs by a factor 
√

2 from the normalization used in [4].
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quadratic in Yang–Mills fields strengths is guaranteed by the universality condition (2.3), as 
illustrated in Appendix A. Since gauge transformations commute with modular transformations, 
a set of chiral multiplets �b that transform according to a nontrivial irreducible representation R
of a non-Abelian gauge group factor Ga have the same modular weights qR

n such that∑
b∈R

qb
n(Ta)

b
b = qR

n (TrTa)R = 0. (4.29)

Therefore terms linear in Yang–Mills field strengths occur only for Abelian gauge group factors. 
There are none in Z3, but two in Z7, which we refer to as U(1)a , a = 1, 2, with charges Qa . 
These are anomaly free; their traces vanish when taken over the full spectrum of chiral multiplets. 
Defining

Qan =
∑

b

qb
nQb

a, Qanm =
∑

b

qb
nqb

mQb
a, (4.30)

we have for Z7:

Q1n = 1

2
(8,2,−10), Q2n = 1

2
√

3
(12,−18,6), n = (1,2,3),

Q1nm = 1

2
(5,−4,−1), Q2nm = 1

2
√

3
(−3,−6,9),

nm = (12,23,31). (4.31)

These satisfy∑
n

Qan = 0, Qanm = −1

2
|εnml |Qal. (4.32)

We wish to cancel the Ẏ -loop contribution to logarithmic divergences(
Trηgn

αTa

)
Ẏ

= −
∑

b

qb
nQb

ag
n
α = −Qang

n
α, (4.33)

and, dropping terms proportional to the last expression in (4.19), Ẏ contributions to linear diver-
gences:

XẎ
χ �

∑
b

F̃ a
μνQ

b
a

[
gnμνqb

n

(
F − 2qb

mFm
)

+ 2qb
nFn

{(
α̇ − 1

2

)
Xμν + β̇gμν

}]
= F̃ a

μνF
1
{(

Qa2g
2μν + Qa3g

3μν
)

+ 2Qa1

[(
α̇ − 1

2

)
Xμν + β̇

(
g2μν + g3μν

)]
− 2

(
Qa12g

2μν + Qa13g
3μν

)}
+ cyclic(1,2,3) + total derivative. (4.34)

Using (4.32), (4.34) becomes

XẎ
χ � F̃ a

μνF
1
{(

Qa2g
2μν + Qa3g

3μν
)

+ 2Qa1

[(
α̇ − 1

2

)
Xμν + β̇

(
g2μν + g3μν

)]
+

(
Qa3g

2μν + Qa2g
3μν

)}
+ cyclic(1,2,3) + total derivative

= F̃ a
μνF

1
[(

Qa2 + Qa3 + 2β̇Qa1
)(

g2μν + g3μν
)

+ Qa1 (2α̇ − 1)Xμν
]

+ cyclic(1,2,3) + total derivative. (4.35)
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Now we assign U(1)a charges QP
a and −QP

a to �P and �′ P , respectively. This gives a 
contribution to logarithmic divergences

2
∑
P

ηP qP
n QP

a gn
α ≡ Q�

ang
n
α. (4.36)

Cancellation of (4.33) requires

Q�
an = Qan. (4.37)

The � contribution to linear divergences is

X�
χ � −2

∑
P

ηP QP
a qP

n F̃ a
μνF

n
[
(α� − 1)Xμν + β�gμν

]
= −Q�

a1F̃
a
μνF

1
[
(α� − 1)Xμν + β�

(
g2μν + g3μν

)]
+ cyclic(1,2,3) + total derivative. (4.38)

To cancel the Xμν term we require

α̇ = 1

2
α�, β̇ = 1 − 1

2
α� = 1

2
β� + 1

2
. (4.39)

Then

XẎ
χ � F̃ a

μνF
1
{[

Qa2 + Qa3 + (
β� + 1

)
Qa1

](
g2μν + g3μν

)
+ Qa1

(
α� − 1

)
Xμν

}
+ cyclic(1,2,3) + total derivative

= F̃ a
μνF

1Qa1

[
β�

(
g2μν + g3μν

)
+ (

α� − 1
)
Xμν

]
+ cyclic(1,2,3) + total derivative = −X�

χ , (4.40)

up to a total derivative.
Note that this is a highly nontrivial result. In addition to the importance of the properties in 

(4.19), the relations (4.32), that are specific to the Z7 orbifold we are considering, are crucial 
to the cancellations in this section. Since the � have modular invariant masses, the ψ’s have no 
gauge charges, and the T ’s have n-independent prefactors f T , no terms linear in the gauge field 
strengths appear in the anomaly.

Finally we remark that a pair of PV fields �C, �′ C with superpotential coupling (3.2) con-
tributes an amount(

φC + φ′ C)
CC

a = �M2CC
a (4.41)

to the coefficient of Fa · F̃a in (4.15). This vanishes for pairs with invariant masses, and its form 
assures that the anomaly arising from PV masses in the regulated theory matches the anomaly 
due to linear divergences in the unregulated theory. In particular it makes no difference whether 
or not we assign non-Abelian gauge charges to the �P , and their U(1)a charges have no effect 
on the term in the anomaly quadratic in the U(1)a field strengths.

5. The anomaly in Z3 and Z7 orbifolds

In Appendix A we show that is possible to cancel all the ultraviolet divergences from the Ẏ
fields with a simple choice of the set (4.11) such that the fields with noninvariant masses have 
the properties
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Trη(lnM)n>1 = �Trη(lnM)n>1 = Trη(� lnM)(f̄α)n>0 = 0, (5.1)

and the anomaly due to the variation of (3.4) reduces to

δLanom = b

∫
d4θEF�,

� = �YM − 1

24
�GB − bspin

48b

(
4Gβ̇αGαβ̇ − 16RR̄ +D2R + D̄2R̄

)
+ 1

30

(
�f + �D

)
, (5.2)

where (see Appendix B)

8π2bspin = 8π2b + 1 = 31. (5.3)

The results for the Gauss–Bonnet and Yang–Mills terms are well-established [3] and result from 
the universality conditions (2.3) and (B.7), as illustrated in the appendices. The only other term 
in (5.2) that contains a chiral anomaly is �f , which, using the set (4.11) of PV fields, is a priori 
a product of the chiral superfields Xα , gα and gn

α . We show in Appendix A we may choose the 
PV parameters such that

�f = 30
∑
n

gα
ngn

α, (5.4)

in agreement with the string calculation of [4].
The anomaly is canceled provided the Lagrangian for the dilaton S, S̄ is specified by the 

coupling (2.5) and the Kähler potential (2.9), or, equivalently, the linear superfield L satisfies 
(1.3) and the GS term (2.13) is added to the Lagrangian.

6. Conclusions

We have shown that a suitable choice of Pauli–Villars regulator fields allows for a full can-
cellation of the chiral and conformal anomalies associated, respectively, with the linear and 
logarithmic divergences in the effective supergravity theories from Z3 and Z7 compactifica-
tion of the weakly coupled heterotic string without Wilson lines. In particular we were able to 
reproduce the form of the chiral anomaly found in a string theory calculation [4] for these two 
models.

In a future study we will extend our analysis to an example of Z3 orbifold compactification 
with Wilson lines and an anomalous U(1).

Note added in proof. After this work was completed we became aware of earlier studies of 
anomalies and anomaly cancellation in Z3 [10] and Z7 [11] compactifications of the heterotic 
string.
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Appendix A. Cancellation of ultraviolet divergences and evaluation of the anomaly

In this appendix, we will specify a choice of PV fields that cancel leftover divergences from the 
invariant mass PV sector of [1] (referred to in what follows as BG) and reproduce the universal 
chiral anomaly of [4]. Aside from the residual divergences discussed in Appendix B, the PV fields 
introduced in BG eliminate all the divergences from the light sector of the two string models we 
are considering, but have some leftover divergences arising from the Ẏ fields if one excludes the 
noninvariant mass PV sector of BG. Since we must alter the noninvariant mass sector of BG to 
produce a universal anomaly, our strategy here will be to introduce fields with parameters that 
decouple as much as possible from the BG fields but still cancel the divergences of the Ẏ . These 
new fields replace the BG set that was collectively denoted by �. We expand the sum rules of 
BG to accommodate the more general Kähler potential of PV fields we consider in (3.16), and 
find that the sum rules that the PV fields must satisfy to cancel divergences are∑

C

ηC = N ′ = −N − 29 (A.1)

∑
γ

ηV
γ = N ′

G = −12 − NG (A.2)

∑
C

ηCαC = −10 (A.3)

∑
C

ηC

(
βCg +

∑
n

qC
n gn

)
= −A1g (A.4)

∑
C

ηCαCαC = −4 (A.5)

∑
C

ηCδC = 2 (A.6)

∑
C

ηC

(
αCβC(Xαgβ + gαXβ) +

∑
n

αCqC
n (gn

αXβ + Xαgn
β)

)
= 0 (A.7)

∑
C

ηC

(
βCβCgαgβ +

∑
n

βCqC
n (gn

αgβ + gαgn
β) +

∑
n,m

qC
n qC

mgn
αgm

β

)
= −A2gαgβ − B2

∑
n

gn
αgn

β (A.8)∑
C

ηCCC
(G) = CM

(G) (A.9)

∑
C

ηC(Ta)
C
CαC = 0 (A.10)

∑
ηC(Ta)

C
C

(
βC + qC

n

)
= −

∑
q

p
n (Ta)

p
p (A.11)
C p
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∑
C

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)(
αC − 1

2

)2

X · X̃ = −1

4

(
N

2
− A1

)
FX · X̃ (A.12)

∑
C

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)(
αC − 1

2

)(
2βCX · g̃ +

∑
n

2qC
n X · g̃n

)

= F
∑
p

(
A1

2
− A2

)
X · g̃ (A.13)

∑
C

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)(
βCβCg · g̃ +

∑
n

2βCqC
n g · g̃n +

∑
n,m

qC
n qC

mgn · g̃m

)

= −F

(
A2

2
− A3

)
g · g̃ (A.14)

∑
C

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)(
αC − 1

2

)
(Ta)

C
C = 1

2

∑
p

(
F

2
−

∑
n

q
p
n Fn

)
(T(G))

p
p

(A.15)∑
C

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)
(T(G))

C
CβC = 0 (A.16)

∑
C

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)
(T(G))

C
CqC

n = −
∑
p

(
F

2
−

∑
n

q
p
n Fn

)
(T(G))

p
pq

p
n

(A.17)∑
C,J

ηC

(
F

2
− γ CF −

∑
n

qC
n Fn

)
(Ta)

C
J (Tb)

J
C = −

∑
p,q

(
F

2
−

∑
n

q
p
n Fn

)
(Ta)

p
q (Tb)

q
p

(A.18)

where we have used the sum rules for the light field modular weights (3.23), (4.23) and Eq. (4.18)
and Eq. (4.19). F is defined by Eq. (2.4). On the left hand side of each condition we are summing 
over all PV fields, while the right hand sides correspond to summing over the parameters of 
the light fields. Since a subset of the BG PV fields already eliminate divergences from the light 
sectors of the string models, we can recast the above conditions by setting the right hand side of 
all conditions to zero and summing over only the Ẏ , �, φ, T, and ψ fields. To match the anomaly 
calculated in SS, we also require

0 =
∑
C

ηC(1 − 2γ̄ C)

(
αCαC − 2

3
ᾱCᾱC − 1

3
ᾱC

)
(A.19)

0 =
∑
C

ηC(1 − 2γ̄ C)

(
2βCαC − 4

3
β̄CᾱC − 1

3
β̄C

)
(A.20)

0 =
∑
C

ηC(1 − 2γ̄ C)

(
βCβC − 2

3
β̄Cβ̄C

)
(A.21)

0 =
∑

ηC
(

1 − 2γ̄ C
)2

(A.22)

C
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0 =
∑
C

ηCqC
n αC(1 − 2γ̄ C) (A.23)

0 =
∑
C

ηCqC
n βC(1 − 2γ̄ C) (A.24)

0 =
∑
C

ηCᾱC(1 − 2γ̄ C)2 (A.25)

0 =
∑
C

ηCβ̄C(1 − 2γ̄ C)2 (A.26)

0 =
∑
C

ηCᾱC(1 − 2γ̄ C)(1 − 2ᾱC) (A.27)

0 =
∑
C

ηCβ̄C(1 − 2ᾱC)(1 − 2γ̄ C) (A.28)

0 =
∑
C

ηCᾱCβ̄C(1 − 2γ̄ C) (A.29)

0 =
∑
C

ηCβ̄Cβ̄C(1 − 2γ̄ C) (A.30)

0 =
∑
C

ηCᾱCᾱC(1 − 2γ̄ C)2 (A.31)

0 =
∑
C

ηCβ̄Cβ̄C(1 − 2γ̄ C)2 (A.32)

0 =
∑
C

ηCᾱCβ̄C(1 − 2γ̄ C)2 (A.33)

0 =
∑
C

ηCβ̄C(1 − 2γ̄ C) (A.34)

0 =
∑
C

ηCβ̄Cβ̄Cβ̄C(1 − 2γ̄ C) (A.35)

30δnm =
∑
C

ηCqC
n qC

m(1 − 2γ̄ C) (A.36)

2
∑
p

q
p
n + 3 − N + NG =

∑
C

ηC(1 − 2αC + 2qC
n ) (A.37)

In this second set of conditions, only fields with noninvariant masses contribute to the sums 
since γ̄ = 1

2 for fields with invariant masses. We now describe a particular choice of {�,T,ψ}
fields that lead to an easily solvable system for their parameters. We must also supplement these 
fields with the φC fields, since some of these have noninvariant masses. Starting with divergences 
related to gauge interactions, we introduce a pair of T fields for each non-Abelian simple factor of 
the string model gauge group: (TP

(G)1, T
′P
(G)1), (T

P
(G)2, T

′P
(G)2), where G specifies the simple group 

factor. We take the T(G)1 (T′
(G)1) to be in the fundamental (antifundamental) representation of G

while the T(G)2 are gauge singlets. Then Eq. (A.9) gives
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CM
G = 2C

f

(G)

∑
P

ηP
T(G)1

(A.38)

C
f

(G)
N(G) = 2NT(G)1C

f

(G)
,

∑
P

ηP
T(G)1

= N(G)

2
, (A.39)

for non-Abelian gauge groups and∑
p

Q
p
a Q

p
a = 2

∑
P

(η�)P (Q�)Pa (Q�)Pa + 2
∑
P

(ηTa1)
P (QT)Pa (QT)Pa (A.40)

for Abelian groups. These are just the conditions needed to cancel the Ẏ factor of CM
G . The �’s 

enter in Eq. (A.40) since they are given U(1)a charges as per the prescription in Section 4.2. 
Note also that Eq. (A.39) works for the two models considered here since the number N(G) of 
fundamentals in G is even for all the gauge groups. We will constrain these T fields so that they 
do not contribute to any divergences other than those arising from gauge interactions. To do this, 
we enforce the following

(αT(G)2) = (αT(G)1) (A.41)

(βT(G)2) = (βT(G)1) (A.42)

(α′
T(G)2

) = (α′
T(G)1

) (A.43)

(β ′
T(G)2

) = (β ′
T(G)1

) (A.44)

(ηT(G)2)
P = −(ηT(G)1)

P (A.45)

For the T fields charged under non-Abelian group factors, we impose that γ̄ P
T(G)1

is independent of 
P so that we can cancel all remaining divergences from non-Abelian interactions by demanding

CGS − C(G)

2
= C

f

(G)
N(G)

2

(
1 − 2γ̄T(G)1

)
, (A.46)

for every non-Abelian group factor G, where

CGS = 8π2b = 30 (A.47)

is the adjoint Casimir for E8, which is the gauge group of the pure Yang–Mills hidden sector 
of the models considered here. For the Abelian divergences, we will not force γ̄ P

T(G)1
to be inde-

pendent of P , but we will require Eq. (A.43) and that the primed and unprimed parameters are 
identical:

(αT(G)1)
P = (α′

T(G)1
)P (A.48)

(βT(G)1)
P = (β ′

T(G)1
)P .

With these conditions, the remaining divergences from Abelian interactions are canceled by im-
posing

CGS

2
=

∑
M

(ηT(a)1)
P

(
1 − 2γ P

T(a)1

)
(QT)Pa (QT)Pa . (A.49)

With the above restrictions, the charged T fields will eliminate only gauge-related divergences 
and not contribute to any of the other sum rules listed above. Turning to the ψ and φ fields, we 
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choose parameters such that

γ̄ P
ψ = ᾱP

ψ = β̄P
ψ = 0. (A.50)

Then the second set of conditions reduces to

0 =
∑
P

(
ηψ

)P +
∑
C

η̂C
(

1 − 2 ¯̂αC
)2

(A.51)

0 =
∑
P

(
ηψ

)P (
αψ

)P (
αψ

)P

+
∑
C

η̂C(1 − 2 ¯̂αC
)

(
α̂Cα̂C − 2

3
¯̂αC ¯̂αC − 1

3
¯̂αC

)
(A.52)

0 =
∑
C

η̂C ¯̂αC
(

1 − 2 ¯̂αC
)2

(A.53)

0 =
∑
C

η̂C ¯̂αC ¯̂αC
(

1 − 2 ¯̂αC
)2

(A.54)

2
∑
p

q
p
n + 3 − N + NG =

∑
C

η̂C(1 − 2α̂C) (A.55)

0 =
∑
P

(ηψ)P (A.56)

0 =
∑
P

(ηψ)P (αψ)P (αψ)P (A.57)

0 =
∑
P

(ηψ)P (αψ)P (βψ)P (A.58)

0 =
∑
P

(ηψ)P (βψ)P (βψ)P (A.59)

0 =
∑
P

(ηψ)P qP
ψ αP

ψ (A.60)

0 =
∑
P

(ηψ)P qP
ψ βP

ψ (A.61)

30 = 2
∑
P

(ηψ)P qP
ψ qP

ψ (A.62)

Finally, to cancel all the divergences as required by the sum rules in (A.1)–(A.14), we intro-
duce gauge singlet T fields (TP

3 , T′P
3 ) with invariant masses. These fields, along with the � and 

ψ fields, are enough to regulate those divergences of the Ẏ fields that do not involve gauge 
couplings. While we have solved this system to obtain numerical solutions, the results are not 
particularly enlightening and we will not reproduce them here.

Appendix B. Residual linear and logarithmic divergences

There are two sources of the chiral anomaly involving space–time curvature. The first arises 
from the spin connection in the fermion covariant derivatives. The three sum rules in (3.17)
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assure that the linear divergent terms from the PV fermion spin connection cancel those from 
the light fields, and the residual anomaly arises from the PV masses, giving a supersymmetric 
contribution

�Lspin = −bsp

∫
EF�GB + h.c., (B.1)

which is the variation of the first term in L0 in (3.5), with

8π2bsp = 1

24

(
N ′ − N ′

G − 2α + 2
∑
p

qn
p

)
= 1

24

(
2
∑
p

q
p
n + 3 − N + NG

)
= 31 ∀ n

(B.2)

for Z3 and Z7 orbifolds without Wilson lines. The second contribution arises from the affine 
connection in the gravitino covariant derivative; it has no PV counterpart and is not canceled. 
However there is a residual conformal anomaly associated with the linear divergence arising 
from the Gauss–Bonnet term which is a total derivative, and which is uniquely determined [7]
by the spins of the particles in the loop. For PV regulated supergravity we have

LGB =
√

gbBG

2

(
rμνρσ rμνρσ − 4rμνr

μν + r2
)

ln�, (B.3)

with

8π2bGB = 1

48
(N + N ′ − 3NG − 3N ′

G + 41) = 1. (B.4)

The variation of (B.3) forms a supersymmetric operator with the chiral anomaly from the grav-
itino affine connection provided the cut-off takes the value in (3.10), giving a contribution

�Laff = bGB

∫
EF�GB + h.c., (B.5)

which is the variation of the K�GB term in (3.5), and combines with (B.2) to give

�Lanom � −b

∫
EF�GB + h.c., (B.6)

where

8π2b = 8π2(bsp − bGB) = 1

24

(
2
∑
p

q
p
n − N + NG − 21

)
= 30 ∀ n. (B.7)

There is also a linear divergence arising from an off-diagonal gravitino–gaugino connection in the 
fermion covariant derivative. This also combines with an uncanceled logarithmically divergent 
total derivative to form an anomaly supermultiplet if the cut-off satisfies (3.10). It was shown 
in Appendix B.3 of [1] that this anomaly can be canceled for a particular choice of masses for 
certain PV fields that regulate gauge and gravity sector loops.

Finally, there are “D-term” anomalies that arise from uncanceled logarithmically divergent 
terms with no chiral anomaly counterpart. These were simply dropped in the evaluation of on-
shell ultraviolet divergences in [8] and [9]. Since they have no chiral anomaly partner they are 
more difficult to identify than the above terms. With the cut-off (3.10), the conformal anomaly 
includes a contribution

�Lconf �
√

g
ReFKim̄Dμ

[
Dμz̄m̄

(
2F i

∣∣∣ R| − DνDνzi
)

+ DνDμz̄m̄Dνzi + h.c.
]
, (B.8)
8π2
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where

F i = −1

4
D2Zi (B.9)

is the auxiliary field of the chiral supermultiplet Zi , that was identified in [1] as arising from 
a total derivative dropped in the evaluation [8] of UV divergences for gravity coupled to chiral 
matter. When Yang–Mills couplings are included [9], there are many more terms, and digging 
out total derivatives is much more difficult. We find the additional light field contribution:

�Lconf � −
√

g

8π2 ReFDμ

[
3

2
Kim̄Dμz̄m̄Da(Taz)

i + ∂μs̄

s + s̄
DaDa

]∣∣∣∣ + h.c., (B.10)

where

Da = −1

2
DαWa

α (B.11)

is the auxiliary field for the superfield strength Wa
α , and we evaluated the result of [9] using the 

classical Kähler potential in (2.9) for the dilaton. We also find a contribution [2] from the PV 
sector

�Lconf �
√

g

16π2 ReFDμ

[
Kim̄Dμz̄m̄Da(Taz)

i − ∂μs̄

s + s̄

(
F iF̄i − 8RR̄

)]∣∣∣∣ + h.c. (B.12)

With the classical Kähler potential in (2.9) the equations of motion give

F s
∣∣ = 2(s + s̄)R̄

∣∣ , F̄s

∣∣ = 2

s + s̄
R

∣∣∣∣ , (B.13)

and the dilaton-dependent contribution can be written

�Lconf(s, s̄) = −
√

g

8π2 ReFDμ
[(

∂μs̄�s − ∂ν∂μs̄∂νs + h.c.
)

+ 1

2

∂μs̄

s + s̄

(
FpF̄p − 12RR̄ + 2DaDa

)∣∣] . (B.14)

However we cannot be certain that we have identified all the uncanceled total derivatives. It is 
also possible that one might be able to modify the PV sector parameter such that the dilaton 
dependence can be canceled, as was the case for F-term anomaly arising from the off-diagonal 
gaugino–gravitino connection mentioned above.

References

[1] D. Butter, M.K. Gaillard, Phys. Rev. D 91 (2) (2015) 025015;
D. Butter, M.K. Gaillard, Phys. Lett. B 679 (2009) 519.

[2] M.K. Gaillard, Phys. Lett. B 342 (1995) 125;
M.K. Gaillard, Phys. Lett. B 347 (1995) 284;
M.K. Gaillard, Phys. Rev. D 58 (1998) 105027;
M.K. Gaillard, Phys. Rev. D 61 (2000) 084028.

[3] I. Antoniadis, K.S. Narain, T.R. Taylor, Phys. Lett. B 267 (1991) 37;
L. Dixon, V. Kaplunovsky, J. Louis, Nucl. Phys. B 355 (1991) 649;
J.-P. Derendinger, S. Ferrara, C. Kounnas, F. Zwirner, Phys. Lett. B 271 (1991) 307;
G.L. Cardoso, B.A. Ovrut, Nucl. Phys. B 369 (1992) 351;
M.K. Gaillard, T.R. Taylor, Nucl. Phys. B 381 (1992) 577;
I. Antoniadis, E. Gava, K.S. Narain, Phys. Lett. B 283 (1992) 209;

http://refhub.elsevier.com/S0550-3213(17)30398-X/bib6267s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib6267s2
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib7076s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib7076s2
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib7076s3
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib7076s4
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s2
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s3
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s4
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s5
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s6


218 M.K. Gaillard, J. Leedom / Nuclear Physics B 927 (2018) 196–218
I. Antoniadis, E. Gava, K.S. Narain, Nucl. Phys. B 383 (1992) 93;
G.L. Cardoso, B.A. Ovrut, Nucl. Phys. B 392 (1993) 315;
G.L. Cardoso, B.A. Ovrut, Nucl. Phys. B 418 (1993) 535;
G. Girardi, R. Grimm, Ann. Phys. 272 (1999) 49.

[4] C.A. Scrucca, M. Serone, J. High Energy Phys. 0102 (2001) 019.
[5] P. Binétruy, G. Girardi, R. Grimm, M. Müller, Phys. Lett. B 265 (1991) 111;

P. Adamietz, P. Binétruy, G. Girardi, R. Grimm, Nucl. Phys. B 401 (1993) 257.
[6] G.L. Cardoso, B.A. Ovrut, Ref. [3];

D.Z. Freedman, B. Kors, J. High Energy Phys. 0611 (2006) 067.
[7] I. Antoniadis, E. Gava, K.S. Narain, Ref. [3].
[8] M.K. Gaillard, V. Jain, Phys. Rev. D 49 (1994) 1951.
[9] M.K. Gaillard, V. Jain, K. Saririan, Phys. Rev. D 55 (1997) 833.

[10] F. Gmeiner, S. Groot Nibbelink, H.P. Nilles, M. Olechowski, Nucl. Phys. B 55 (2003) 35.
[11] M. Blaszczyk, N.G. Cabo Bizet, H.P. Nilles, F. Ruehle, J. High Energy Phys. 10 (2011) 117.

http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s7
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s8
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s9
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib70726576s10
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib7373s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib6C696E656172s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib6C696E656172s2
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib6B61686C6572s2
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib676As1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib676A73s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib67676E6F77s1
http://refhub.elsevier.com/S0550-3213(17)30398-X/bib62676E72s1

	Anomaly cancellation in effective supergravity theories from the heterotic string: Two simple examples
	1 Introduction
	2 The 4-d Green-Schwarz mechanism
	3 The anomaly in supergravity
	4 Cancellation of UV divergences
	4.1 Reparameterization curvature terms
	4.2 Yang-Mills ﬁeld strengths

	5 The anomaly in Z3 and Z7 orbifolds
	6 Conclusions
	Acknowledgements
	Appendix A Cancellation of ultraviolet divergences and evaluation of the anomaly
	Appendix B Residual linear and logarithmic divergences
	References




