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~ ANALYSIS OF NONLINEAR REACTIONS IN
MODULATED MOLECULAR BEAM-SURFACE EXPERTMENTS

by D. R. Olander, InorganicvMaterials Research Division of the Lawrence Berkeley
Laboratory and thé Department of Nuclear Engineering, University of California,
Berkeley, CA 94720 ' ' '

and Alan Ullman, Energy and Kinetics Department, School of Engineering and
Applied Sciences, University of California, Los Angeles, CA - 90024

ABSTRACT

An apprqximate‘method of aﬁélyzing nbnlinear reaction models in modulated
molecular beam“surfacé kinetic studies is developed. The.exact method for
_treating-nonlinear surface mechanisms is tedious and almost always requifes
computer analysis."The proposed approximate method is a simple extension of
the Fourier expansion technique valid for linear surface.reactionsé it quickly
pgovides analyﬁical expressions for the phase lag and amplitude ofvthe reaction
product for any type of nonlinear surface mechanism, which greatly facilitates
comparison of theory and expéfiment. The approximate and exact methods are
.coﬁpared for.a numbef of prbtotypical adsorption-desorption reactions which
include coverage-dependent adsorption ahd desorption kinetics of ordér.greater
than unity. Except for certain extreme forms of coverage—dependeht aasorption,
fhe approximatevmethqd provides_a good representation of the exact solution;

" The errors increase as the nonlinéarities become stroﬁgep. Forﬁunately,-When
the discfepancy between the'two méphods_is substantial, the reaction product
signal is so highly demodulated that reliable.ekperimental data.uéually cénnnt

be obtained in these regions anYway.



Recent review$ (1,2) have-showh-that the combinatibn of moaulated molecular
beams, mass spectrometry, and high'vacuuﬁ techniques provides a powerful tool
for studying heterogeneous or catalytic gas/solid reactions in a degree of de-~
tail unattainable by conventional chemical kinetic methods. One of the main
problems with the modulated beam e#periments.is the interpretation of the experi-
méntal results (i.e., the phase. and amplitude ofvthe reaction product sigﬁal).
The pfocedure is a circular one; a féaction mechanism is éssumed and theoretical
values of the phase and amplitude are calculated. The theoretical values are
compared with the'data;. If agreement is unsatisfactory, a new or modified sur-
face mechanism is assumed and the procesé is reéeated until theory and data agree.

For linear surface procésses, translation of the reaction model to predicted .
phase and amplitude is relatively simple (1,3).- Thé éohcentrations of all species
involved in the reaction and the gatiﬁg function of the molecular beam are re-
preéented by the fundamental modes of their Fourier expansions, which are then
substituted into the surface mass balances representing the propbsed mechanism.
‘The resultéﬁt aléebraic equétion is solved for the fundamental mode'of the pro-
'duét vaporization rate, which is a cdmplex number. vBy converting the complex
qﬁantity to polér fofm, the phase and amplitude predicted by the model can be -
identified.

For nonlinear sﬁrfaée reaction mechanisms, the labgrious-prdcess.of-solving
the surface kinetic equations in the time domain followed by Fourier énalysis of
the product waveform for the fundamentai'mode is réquired fér an exact-soluﬁion
_'t2,4). ‘The computational manipulations involved in analyzing»even the simplést
bnonlinear'proéesses by this method are substantial; with the result that the
trial-and-error process of hunting for the ﬁech&hiSm which best fits the data

is inordinately time consuming. We have found that this laborious procedure is



unnecessary; certain nonlinear processes can be treated approximately by simple
extension of the methods developed for analyzing linear reaction mechanisms;
with an enormous saving in data analysis'time and effort.

The approximate method involves expanding in complete Fourier series all
pertinent‘time dependent’quantities appearing in the eurface mass balance repre-

senting the reaction mechanism. Thus, the gating function is written as:

'

o1 '
vg(t) = 5—[1 + glcoswt + gze052wt f ..J (1)

The cotresponding sine series (or, equivalently, a phase lag in the cosine terms
of Eq. (1)) does not appear because the gating function forﬁs the reference sig-
nal,'whieh by‘definitién has zero phase lag. Assuming for simplicity that there '
is but ene adsorbed species in the reaction mechanism, the expansion of its sur-

face . concentration, n(t), in a complete Fourier series is:

cos (2wt - ¢,) + ... o (2)

h'(t) =n. + N ces(wt - ¢1)_+ N2

0 1

When Egs. (1) and (2) are substituted into the time dependent surface mass
balance for a particular reaction mechanism, the coefficients of coswt, sinwt,

cos2wt, sin2wt,.., and the zero order term must each be equated to zero. If the

surface process is linear, the coefficients'of cosWt and sinwt contain only the

amplitude factor N and the phase lag ¢l. These quantities, which are determined

1
experimentally by the phase sensitive detection method} are thus uniquely deter-
mined theoretically. However, when the surface reaction is nonlinear, the co-

efficients of coswt and sinwt contain ng» the higher order amplitude factors

N2, N3

higher order coefficients in the fundamental mode solutions preVents ready

... and the higher order phase 1ags_¢2, ¢3,... -The presence of these

determination of N, and ¢1.

1



_Iﬁstead of using sines and cosines, the Fourier representation of the
gating functiqn and .the concentration of the surface intermediate may be ex-
pressed as épmplex exponentials using the relation: eiwt = coswt + 1 sinwt.

In nonlinear pfoceéses, the amplitude and phase of each harmonic will be a
fun;tion of the.amplitudes and_phases of all otﬁer harmonics. The complete
expansions of the géting’énd surface cpncentration functions, (Egs. (1) and
(2)),'cannot'be approximated by truncated Fourier expansions without introducing
some error. However, because of the simplicity of usihq such truncations, we

‘have explored the accuracy of expansions of the type:

' 1 iwt, |
‘g(t).— 5 [1.+ g, ] (3) .

for the éating function, and:

n(t) = n + n.e - : (4)

for the surface intermediate. ?he éésential difference between the approximate
nonlinear analysis and the treatﬁent of linear reactions is that in the former
the steady state terms in the Fourier expansions are retained. Comparisons are
made for several simple nonlinear surface reactions for whiéh exact solutions
are available. Since Egs. (3) and (4) are sufficient to reproduqe the exact
solutions in fhe linear case, we start with a weakly nonlinéar system ang

proceed through increasingly strong nonlinearities.



1. Adsorption and Parallel First and Second Order Desorption

The reaction:

2A(qg)
k
n .. 1
A, (g) — 2A(ad5)\
: k
: 2
\‘Az(g)

represents the dissociative adsorption of a diatomic molecule on a surface
~followed by competitive desorption as. atoms and molecules. The surface mass -

balance on the concentration of adsorbed atoms (denoted by n) is:

2

dn _ 2T g(t) - kon = 2k,n | - (5)

dt 1
Here n is the sticking probability (assumed to be independent of n) and I0 is
the intensity of the molecular beam of A2 striking the surface. kl and k2 are
the first and second order desorption rate constants, respectively.
Egs. (3) and (4) are substituted into Eq. (5) and the coefficients of the

zeroth and first powers of elwt are collected and equated ihdependently to zero.

For the dc component-and the fundamental mbde,'there results:

]
1}

5 _. |
[ k] + 8k,nI, - kl} /(4k,) S (6)

1l
m o 2o%
1 wi + kl + 4k2n

(7
0 .

The theoretical phase and amplitude depend upon the reaction product that
is detected. If atom vaporization is conéidered, the reaction product vector,
deécribed by the apparent reaction probability € and the phase lag ¢, is:

-ip _ 1M Ny - (8
+ 4k n_
2"0

te i T io+ K,
2091 o



where the subscript "1" on the phase lag symbol-has been removed because only'
the fundamental mode of the output signal is considered. Casting Eq. (8) .into

polar form and idéntiinng € and ¢ yields:

-1/2

e S
€=nll+_%i) D | (9)
2 kl

and
| ,m/kl | )
tan¢ = — {10)
1+ b/2 ' '
where
b = 16nI k. /k° | ' (11)
= MR* | . '
Eqs. (1) and (10) reproduce the plots on Figs. 4 and 5 of Ref. 5 with high
accuracy.

2. Adsorption and mth‘order desorption

The surface mass balance for this class of reactions is:

dn Lm : -
T nIOg(t) - kn » ‘ | | (12)

Substitution of Egs. (3) and (4) into Eq. (12) pérmits n, and Ei to be determined.

The fundamental mode of the desorbed product flux referenced to the impinging

reactant flux {(i.e., the reaction product vector) is:

T mkng-l ny o
e -2 1 S | (13)

)
2109
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from which the amplitude factor (the apparent'reagtion probability) and the

reaction phase lag may be identified as:

_ n i |
€ = X 1/2 (14)
w
1+ ( )
[ keff ]
tan¢=k“’ s ' : . (15)
' eff,

For second order desorption (m = 2),

o i 12 N
kege = (2nIgk) (16)
and for third order desorption (m = 3):
’ 1/3 :
81 2_2 , .
egge = (g KN Ig) - o | ooan

ﬁe have obtaihed the exacf solutions.for this general class of reaétions
by the method outlined at the beginning of this paper and have compared the cal-
culated amplitudesvand'phases with those predicted by Egs. (14) and (15) of the
approximate method. The results are sﬁ;wn in Fig. 1 form = 2 and m = 3.

. for.secona order desorption, the maximum deviation of the approximate
solution from the exéct résult is 5% in the amplitude and 3° in phase. For
third order desorption, the corresponding errors are 6% and 4°. These cases
represent rather severe tests of fhe approximate méthod because of the_ét;ong
nonlinearity in the desorption steps. If the reaction mechénismbcontains_
linear teims (such:as diffusion) in additionvto the nonlinéar steps, ﬁhe effect

of the latter is reduced and the agreement between the approximate and exact

solution methods is improved.



3. Langmuir Adsorption-Desorption

A class of nonlinear reactions involving coverage-dependent adsorption
followed by simple desorption may be written as:

n k )
A——3 A(ads) —> A(qg)

In the simplest'case, the sticking probability varies linearly with the fraction

of unoccupied surface and the mass balance on adsorbed atoms is:

dn . _ _
ac - no(l Q)Iog(t) | kn - | (18) |

where no is the bare surface sticking probability and 6 = n/Né is the coverage,
Ns being the site density on theISurface. In an equilibrium system, this mech-
anism leads to the Langmuir adsorption isotherm. Solution of Eg. (18) for the

fundamental mode of the coverage 0 by substitution of Egs. (3) and (4) and refer~:

encing the desorption flux to the incident flux yields:

-1
2

n 2
0 w/k
(1 + q/2)2 1+ q/2

- wk ' ©(20)

where:

q = 00 | ) _ ‘ . o (21)

Comparison of the approximate solutions for € and ¢ given by Egs. (19) and (20)
with the exact solution is shown in Fig. 2. The two solution methods give iden-
tical results for q = 0, in which case the coverage is zéro and the process is
linear. Even for substantial coverages (large q), the approximate method follows

the exact solution reasonably well. The largest errors in amplitude occur in

Pé senebo s



regions of large g and‘small w/k. At g = 3, for example, the approximate'méthod
predicts amplitude factofs which are as chh as v 35% lower than the correct
values. Because of these discrepancies, it is of interest to examine how inter-
pretation of data collected from a modulated molecular beam experiment would be
affected'by uéing the épproximate theory. We suppose that the surface proéesses
are actually those of Langmuir adsorption-desorption and concentrate upon fhe |
amplitude data only. Three types of experiments are’usually,coﬁducted'in a
molecular beam experiment: surface temperature‘variatiohs, beam intensity
variation,'and.modulation'frequehcy variation, each Qith the other two variables
held constant. Typical trajectories fér these three types of experiments are
shown in the lower éart.of'Fig. 2. The arrows indicate the direction followed
as the indicated variable is increased.

Each point on the liﬁe lébelled "temperature variatipn" in Fig.v2 corre-
sponds to a differént'surface témperature T. Assuminé Arrhenius form of thé
desorption'rate constant k, the abcissa of Fig. 2 is related to T by{

w/k = Aexp(E/RT), where A is the ratio.of the fixed modulation frequency and

the pre-eXponential'factor pf k. E is the activation energy fo: desorption and
R is the gas.éonstant. Since the beam intensity is fixed in this series of ex-
periments, Eq._(Zl) shows that the parameter q is also of the form:. g = Bexé(E/RT).
At sufficiéﬁtly high temperature, w/k and g approach the small values of A and B,
fespecfively;'in this limit, the temperaturef§ériétion of the measured amplitude
approaches that characteristic of simple adsorption-desorption on a bare surface.
As temperature is_reduced, both w/k and g are simultaneously increased; and the
temper&ture variation curve in Fig. 2 begins to deviate from the g = 0 curve.

The temperéture variation curve cuté the €(w/k,q) family of theoretical curvés
in regions_where there is not much difference betﬁeen the approximate and exact

analyses of this surface reaction model. -



The vertical iine.with arrows in Fig. 2 represeﬁts a trajectory of a beam
intensit& variation experiment. In thié cése, the experiméntal’parametgrs may
place the systeﬁ in é.region of the e€(w/k,q) plot where the approximate‘method
is in éignificant error. The follqwing effecté on interpretaﬁion of the data
would be expected. Since we have supposed that the reaction meqhénism is a
perfect Langmuir adsorption-desorption process, it should be possible to select
yalues.of no, k and Ns for which thé ampliﬁude versﬁs beam intensity data fit
the exact theory. On the other hand, if Eq. (19) is used for interpreting these
data, deviatiohs between theory and experiment will éppear at high beam inten-
sities, Since molecular beam daﬁa (in common with most chemical kinetic data)
are usually not of very high precision, the effect of utilizing the approximate
-theory instead of the exact theory would most probably be the determination of
somewhat different parameters (no, k and Ns for the beém intensity variation
experiment) in tﬁe two cases.

The major difference between the effect of modulation frequency changes in
tﬁe approximate and exact theories is the magnitude of the change in € §ver a
given frequency range. Suppose, for example, that measurements of amplitude
versus frequency exhibit a factor of * 6 décrease as the frequency is increased
by a factor of 100 (e.g., for the range 0.1 < w/k £ 10 in Fig. 2). If the approx-
imate theory were used in interp:eting these data, one would decide from the plots'
of Fig. 2 that the correct value of q is v 1. However, if the exact theory were
used to interpret thé same data, the curve for g '-‘-"3 wquld prdvidg the obseﬁed
factor of 6 change in € over the modulation frequency ;anée studiéd.'

The magnitude of the errors incurred in interpreting molecular beam aata
with the approximate theory instead of the éxact solutioh of coverage—depéndent
surface mechanisms increases as the beam intensity parameter q increases. How-
ever, there is a natural.limitation to the maximum values of q which can be ex-
plored by the molecular beam experiment. As q becomes large (whether due to a

6 eenepnnpg
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temperature decrease or to a beam intensity increase) the apéarent reaction
probability € diminishes and the reaction product signal becomes more difficult
to detect above noise and background. Thus the large-q regions where the approx--

- imate theory begins to fail often correspond to regimes where the experimental

data are poor because of signal detection limitations.

4. Generalized Coverage-Dependent Adsorption-Desorption

The general class of first order reaction with adsorption probabilities de-

pendent on the coverage are included in the surface mass balance:

g% = n(®) I,g(t) - kn (22)

The adsorption probabiiity can be expressed as a Taylor series about the mean

—

coverage, 0:

- — 2 _2
ne =n® + §H_© -9 +%(9—'2‘) 0 -8 + ... (23)
0 a0 ) ‘ .

and may be approximated to lowest order in (6 - 53 as a linearized adsorption

- probability,
n@ =n [1-a( - 8] | (24)
where
a= - %:f(ggﬁ__ ' (25)
n 6
and T = n(8).

The mean coverage appearing in Eqgs. (24) and (25) is defined by:

/W
f B (t)dt ' (26)

~T/W

- w
o=

The amplitude and phase may be evaluated to one of three levels of accuracy.
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Fully linear analysis -

In the least accurate, or "fully linear" level of approximation, the.
linearized adsorption probability, Eq. (24), is combined with the approximafe
solution of Eq. (22) using Egs. (3) and (4). The following phase lag and

apparent reaction probabilities are obtained by equating the coefficient of

Wt o zero:
21
— w/k 2 2 i
€= — 2 |1 +’(1 ¥ ‘-/2) - 27
(1 +q'/2) q
= Wk : 2
tan¢ 1+qg'/2 : (28)
where:
- ant _
q' = alyq = =2 o | (29)
n0 s

The time-independent term obtained by substituting Egs. (3), (4), and (24) into
Eq. (22) provides the following relation between the mean coverage and the stick-
ing probability at the mean coverage:
- nx , , |
8 =6 =2 o (30) .
where the first equality is a consequence of Eq. (26). simultaneous solution' of
Eq. (30) and the known variation of the sticking probability with coverage, n(8),
yields the appropriate value of N to be used in Egs. (27) and (29) .

The gquasilinear analysis

When the linearized sticking probability of Eq. (24) is utilized in the exact
solution method, the résulting'mbdel predictions are called "quasilinear".

Exact

In the present case,_the "exact" solution refers to the:results obtained by

R
& & 5

Fom b

f‘éﬁ@{’@ﬁ“gﬁ@
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solving Eq; (23) exactly using the exact functional dependence of sticking
probability on coverage rather than the linearized form of Eq. (24).

Adjacent site adsorption

To illustrate the accuracy of the fully linearized and quasilinear approx-
imations just described, we consider the common case of adsorption occurring on

m adjacent sites. Here, the sticking probability is given by:
. m ' . .
n(e) =ny(1 - 6" _ (31)

Application of Egs. (25) énd (26) gives:

n=n, 1-8" o (32)

T | ' (33)
1 -6 '
For m = 0, all three calculation methods give_the same result, since thé

problem is linear. When m =’1; the mechanism reverts to adsorption followiné
the Langmuir isotherm, which waé analyzed in the preceding section. In this case,
the quasilinear method is identical to the exact method. For m > 2, however, all
three methods yield different results, as shown for m = 2 and g = 1 in Fig. 3.
The fglly linearized method is iﬁ error by as much as 33% in amplitude and 7°
in phase. ‘The corresppnding efrors incurred by using'the quasilinear analysis
are 6% and 3°.

~ Under even more adverse-circumstances, the discfepéncies between the three
éolutions can becqme much larger. Such a situation arises in the limit: w/k >

but w/q'k + 0. In this limit, Egs. (27) and (28) yield:

e/n = (1 + q'/2)°2; ¢ = 0°

On the other hand, the quasilinear analysis in the same limit yields:
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- ) -1/2
e/m=0+q)ta+wxd ;¢ =900

The phase lags differ by 90°, but since both q' and w/k aré large, this divergence
only occurs when the amplitude approaches zero, and fhe quality of the experi-
mental data suffers from the approach‘to the signal detection limit.

A pathological case

It is not at all difficuit to construct physically reasonable models for
the.coverage—dependenée‘of the adsorption.probability for which the fully
linearized and quasilinear analyses are both in substantial error. One such
mechanism involvesvadsorption by two parallel routes, the first by direct
chemisorpfion on vacant sites and the second by physisorption on the chemisorbed

reactant. The adsorption steps of this mechanism may be written as:

. no(l - 0)
A(g) + § ———————> sa
' (34)
n.o

A(g) + SA —=—3 sa + a*

where SA and A* are chemisorbed and physisorbed species, respectively, and 8 is

the fraction of éites on which cheﬁisorption has occurred. no(l -'e) and nle

are the édsorption probabilities for chemisorption and physisorption, respectively.
The conversion of a physisorbed species to a chemisorbed one is assumed to

occur via a hopping méchanism, with a characteristic time tH for hopping to an

adjacent site, and tD for desorption of the physisé6rbed species. Conversion

occurs when a vacant site is reached. The probability of desorption of a physi-'

sorbed species during a single hop.is therefore l-exp(—ﬁn/tD), and the prébability

of éonversion from.physisorbed to chemisorbed state is (1 - B)exp(—tﬁ/tD). Con-

sidering all such hopé until the physisorbed species has either desorbed or been

chemisorbed, the ultimate fate of the physisorbed species can be described by:
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nl(l-P)e

(1-p0)
> A(g) + s
.nle |
A* + S ' : o (35)
—3 SA

nle(l—O)P

(1-PO)

where P = exp(—tH/tD). The sticking probability to be used in Eq. (22) for
this pafticular mechanism is:

nle(l—e)P

— <
150 for O 1

‘N (1-0) +
nee) = o | | (36)
0 for 6 > 1

The expression for "a" needed in the fully linear

nl(l“P) - (nl - ﬂo)(l - po) ) |
as= = — — o - (37)
(1-pB) (1-6) Enl-[nl - ngl 1 - 281} |

The pathologicél nature of this reaction mechanism (from the pbint of view of
the approximate method of solving the surface mass balance) can immediately be
seen by examining the limit in which hopping of the physisorbed species is rapid

(i.e., P = 1) and in which nj = n In this instance, Egs. (36) and (37) reduce

1
to:
<
No. for 0 <1 »
n= ' (38
0 for 6 > 1
and
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Thus, the fully linearized approxlmeﬁlen predicts no effect of the coverage
dependent,adserption_P:obability on the amplitude attenuation and the phase lag.
These quantlfies are governed entirely by the desorption kinetics (i.e., by the
magnifudevof fhe fate constant k). Examinatien of the exact solution method
shows that when 6'+.l,'the phase lag and amplitude”attentuation are controlled
almost completely by the adsorption proeess,.with llttle contribution from the
desorption step. The appquimate method of solving the surface mass balance .

fails dramatically for this particular case, and the exact method must be used

when the mechanism exhibits singularities of the type evident from Eq. (38).

Conclusions
Although the proposed method of analyzing nenlinear surface reaction

mechanisms in modulated molecular beam experiments is not exact, the errors

~ introduced by the use of the truncated Fourier expansions represented by Egs.

(3) and (4) ere usually well within the precision of phase and amplitude ﬁeasure—
ments. The‘new method, howeve:, is substantially fasﬁer to use than the exact
eolution technique, and in'eddition, produces analytical formulae which are
useful invvisualizing trends as various parameters (temperature, beam intensity,
frequency) are changed. The method appears to be general and applicable to any
nonlinear kiﬁetic process. ‘The second harmonic of the reaction product signal

is as easily calculated as the first harmonic, or fundamental mode. The presence
of a second harﬁonic contribution (either in the data or iﬁ the model‘calculation)
is a sensitive test of the linearity of the system.. Surface érocesses in which
all elementary steps are first erder produce modulated reaceion product'signals
which have no even harmonie content. The application of thie ﬁethod to parametric
nonlinearities lntrodueed through the dependence of the adsorption probability on
the coverage.appears to be less sound, giving results which may be both quanti-

tatively and qualitatively in error. - Even in these situations, hOWever, the

o 0o
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large errors apéear to occur only when the signal is strongly attenuated, and

hence may be lost due to signal detection limits.

This work was supported by the US Energy Research and Development

Administration.
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FIGURE CAPTIONS

Phase lag and amplitude attenuation for first, second and third order
desorption kinetics :

Phase lag and amplitude attenuation for Langmuir adsorption-desorption

Phase lag and amplitude attenuation for adsorption probabilitieé depending
upon (1-0)™, where m = 0, 1, or 2. The beam intensity parameter (Eq. (22))

is unity
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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