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Lieb-Robinson bounds, the spectral flow, and stability of the
spectral gap for lattice fermion systems

Bruno Nachtergaele, Robert Sims, and Amanda Young

ABSTRACT. We prove Lieb-Robinson bounds for a general class of lattice ferm-
ion systems. By making use of a suitable conditional expectation onto sub-
algebras of the CAR algebra, we can apply the Lieb-Robinson bounds much
in the same way as for quantum spin systems. We preview how to obtain
the spectral flow automorphisms and to prove stability of the spectral gap for
frustration-free gapped systems satisfying a Local Topological Quantum Order
condition.

1. Introduction

In the past dozen years, a considerable number of mathematical results on
quantum spin systems made use of Lieb-Robinson Bounds [26] in an essential way.
These include extensions of the Lieb-Schultz-Mattis theorem to higher dimensions
[18, B7], the exponential decay of correlations in gapped ground states [36], [20],
Area Laws for the entanglement entropy [19}, @], construction of the spectral flow
and adiabatic theorems [8], [6], (5], stability results for gapped ground states [30]
and more.

It is quite clear that in many cases it should be possible to answer the same
type of questions for lattice fermion systems based on the same principles that apply
to quantum spin systems. Indeed, there are several special cases where the close
analogy between lattice systems of spins and of fermions allowed for the successful
application of Lieb-Robinson bounds. For example, a proof of the quantized Hall
effect for interacting lattice fermions [21], [16], and linear response theory for lattice
fermion systems [13].

In this paper, we discuss several crucial ingredients which enter the proof of
stability for gapped, frustration-free models of lattice fermions. First, we prove a
Lieb-Robinson bound for a general class of models. Variants of this quasi-locality
estimate enter the proof of stability in many different stages. Next, we introduce a
conditional expectation which enables strictly local approximations of quasi-local
observables; this can be seen as an analogue of the normalized partial trace famil-
iar in the context of quantum spin systems. Then, we provide a version of the
martingale method suitable to prove lower bounds for the spectral gap of fermion
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models. Equipped with this, a wealth of potential unperturbed models can be ex-
plored. After giving a few specific classes of gapped fermion models, we overview
the main tool of analysis for stability: the spectral flow. More detailed estimates
and additional results will be provided in forth-coming papers [32], [41].

The methods discussed in this paper can be applied to the Aubry-André model
studied by Mastropietro in a recent series of papers [27) 28], 29]. Both the molec-
ular and the free fermion limit can be shown to be stable under general, uniformly
small, short-range perturbations. This is more general than the class of pertur-
bations studied by Mastropietro, but the general result is weaker. In particular
the renormalization group method of Mastropietro takes into account the quasi-
periodicity of the potential, in a way that allows for an estimate of the correlation
length that is indicative of many-body localization. The details of the interactions
are ignored by the general approach discussed here and adapting the method to
study many-body localization will require further research.

2. Lattice fermion systems

Spinless fermions on a countable set I', which is often referred to as ‘the lat-
tice’, are described by the CAR algebra Ar = CAR(¢?(T")). Ar is the C*-algebra
generated by creation and annihilation operators aX,a,, € I', which satisfy the
canonical anti-commutation relations, i.e. the CAR:

(2.1) {az,ay} ={a},a;} =0 and {as,a;} =6, 41 foranyz,yel.

Here {A, B} = AB+ BA denotes the anti-commutator of A and B. As is discussed
in detail in [10], this CAR algebra can be represented as the collection of bounded
linear operators over the Hilbert space corresponding to the anti-symmetric Fock
space generated by ¢?(I"). Furthermore, we note that spin and/or band indices can
be included in this description by extending T', for example, to T =T x {1,...,n}.

For X C I', Ax is naturally embedded as a subalgebra of Ar by identifying
¢?(X) with the subspace of £2(T") consisting of the functions that vanish on T'\ X.
Let Py(T") denote the set of finite subsets of I'. For any X € Py(T), it is useful to
define the parity automorphism of Ax, which we denote by ©x, by setting

(2.2) Ox(A) = (=) A=) for any A € Ax .

Here Nx = ) . x @ja; is the local number operator. Using the quasi-local struc-
ture of Ar, we see that there is a unique automorphism © of Ar for which © [ 4, =
Ox for any X € Py(I). It is clear that ©2 = id. The even and odd elements of Ar
are the eigenvectors of © with eigenvalue 1 and —1, respectively. By Aif and Ar,
we denote the corresponding eigenspaces. Similarly, for any A € Py(T), we set AL
and A} to be the even and odd eigenspaces of ©, on the subalgebra A,. Note that
Af is a C*-subalgebra of Ay, but A} is not a subalgebra. In fact, it is immediate
that (A3)* C A}.

A convenient basis for the local subalgebra Aj is the one consisting of all
monomials. Recall that A € A, is a monomial if

(2.3) A= H Ay with Ay € {1, a,,a},a%a,} -
zEA

Since each monomial is either even or odd, we conclude that any A € Aj can be
written as A = At + A~ where AT € Af and with each of AT, resp. A~, being
a linear combination of even, resp. odd, monomials. Many of the results we will
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present depend on the support of the observable under consideration. The following
proposition describes some useful commutation properties related to support.

PROPOSITION 2.1. Let X, Y € Py(T) with X NY = 0.
(i) If A € A% and B € Ay, then [A, B] = 0. Moreover, if A € Ax, B € Ay, and
[A, B] = 0, then either A€ A% or B € A
(it) If Ae Ay and B € Ay, then {A, B} =0. Moreover, if A€ Ax, B € Ay, and
{A,B} =0, then either A or B is identically zero, or A€ Ay and B € Ay

PROOF. The first statements in (i) and (ii) above are easy to check for mono-
mials, and they extend to general observables by linearity. Now, suppose A € Ax,
B € Ay, and [A, B] = 0. Using the first part of (i), it is clear that

(24) 0=[AB)=[A"+A" ,B"+B |=[A",B|=24"B" —{A",B7}

and therefore, A~B~ = 0 by the first part of (ii). The claim now follows by
expanding A~ and B~ in the monomial basis. Proving the second part of (ii) is
similar. O

An interaction ® for a system of fermions on I' is defined similarly to that of
an interaction for a quantum spin system. Specifically, a map ® : Po(I") — Ar is
an interaction if ®(X)* = ®(X) € Ax for all X € Py(T"). For the results we are
interested in here, we will restrict our attention to even interactions. An interaction
@ is said to be even if ®(X) € A% for all X € Py(T). As such, each term ®(X) is
itself a sum of terms of the form

(2.5) ay-h(Y,Z)az + azh(Y, Z)ay,
where YU Z = X, |Y| + |Z| is even, h(Y,Z) € C, and ay = ay, ---ay, for a
suitable enumeration of Y = {y1,...,yx}. This assumption of even interactions

has a physical justification; it follows from the conservation of angular momentum
that the parity of the number of particles with half-integral spin is preserved. In
other words, fermions can only be created or annihilated in an even number at a
time.

Given an interaction ® and A € Po(T), a local Hamiltonian Hy is defined by

(2.6) HY = > ®(X).

XCA

When the interaction ® is understood, we often drop its dependence in the lo-
cal Hamiltonians. These finite-volume Hamiltonians generate a local Heisenberg
dynamics which is a one-parameter group of automorphisms of Ay :

(2.7) TMA) = s AemMHA e R, A € Ap.

If a dynamics TtA is generated by an even interaction, it leaves Af invariant. In
the next section we will show that for such dynamics that Lieb-Robinson bounds
identical to the well-known bounds for quantum spin systems hold with essentially
the same proof. One could also consider lattice fermion systems with an infinite
number of bands, but for simplicity we will not do this here. In the finite band case,
it is not a loss of generality to assume that the time-dependence of each interaction
term is continuous in the operator norm, and this allows for a more straightforward
presentation.



4 B. NACHTERGAELE, R. SIMS, AND A. YOUNG

3. Lieb-Robinson bounds

Lieb-Robinson bounds provide an upper bound on the speed of propagation of
disturbances in an extended many-body system. Such bounds can be proved under
quite general conditions on the many-body interactions. In fact, the argument we
describe below applies to time-dependent interactions as well, and so we introduce
this now. Let I C R be an interval; often I = R, but this is not necessary. An even,
time-dependent interaction ® is a mapping @ : Po(I") x I — Ar for which

(3.1) O(X, 1) =®(X,t) e AL forall X € Po(I') and t € I,
and moreover,
(3.2) t — ®(X,t) is continuous for each X € Py(T).

Associated to any even, time-dependent interaction ® and each A € Py(T),
there is a corresponding finite-volume, time-dependent Hamiltonian

(3.3) Ha(t)= > ®(X,t) foralltel.
XCA

As is well-known, see e.g. Theorem X.69 in [43], the solution of
d
(3.4) EUA(t’ s) = —iHp(t)Up(t,s) with Up(s,s) =1 and s,t €I,

produces a two-parameter family of unitary propagators Ux(t,s) € Aa, and in
terms of these unitaries, a co-cycle of automorphisms of A, is defined by

(3.5) Tt/}S(A) =Ua(t,s)*AUx(t,s) forall Ae Ay and t,s € I.

These automorphisms th}s are commonly referred to as the finite-volume Heisenberg

dynamics associated to ®, and it is to these dynamics that the Lieb-Robinson
bounds apply. As we previously observed in the time-independent case, since H (t)
in 34) is even, Ux(t,s) is even and so the map 77, leaves A} and Ay invariant.

Lieb-Robinson bounds are valid for interactions that decay sufficiently fast. A
precise formulation of these bounds requires a notion of distance. For this reason,
we will further assume that the countable set I' is equipped with a metric d. In
many physically interesting models, I' = Z" for some integer v > 1, and we may,
for instance, take d to be the ¢!-metric.

It is convenient to express the decay of interactions in terms of a function
G:T xTI' — (0,00) with the following properties:

(i) for all z,y € T, G(z,y) = G(y, x);

(ii) for all z,y € T', 3. . G(2,2)G(2,y) < G(,y);

(iii) @ = >, .p G(z,2) is a uniformly bounded function on I'.
We will denote the supremum of the bounded function described in (iii) by ||G|.

Given such a function G, we define a set of even interactions, denoted B (I),
for which we can prove a Lieb-Robinson bound: an even interaction ® belongs to
BZ(I) if there is a locally integrable function ||®||¢ : I — [0,00) for which

(3.6) Z 12(Z, )| < |1®|lc(t)G(x,y) forall z,y €T andt € I.

ZePo(T)
x,YyeZ

Here ||®||¢(t) plays the role of a time-dependent norm on the space of interactions.
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Two further definitions are useful in the statement of the Lieb-Robinson bounds.
For X C A C I, we define a collection of surface sets associated to X in A by

(3.7) SA(X)={ZePo(A): ZNX #0and ZN(A\ X) £ 0}.

Furthermore, if ® is a time-dependent interaction, then the ®-boundary of a set
X € Pp(T) is defined by

(3.8) 9o X ={x € X |3Z € Sp(X),t € Ist. x € Z, and ®(Z,t) #0}.

If ® is long-range, then it is often the case that 9 X = X, and |03 X | is not a good
measure of surface effects on the dynamics. However, when @ is finite-range, the
above definition is of more consequence.

THEOREM 3.1 (Lieb-Robinson Bound for Fermions). Let I' be a countable set
equipped with a metric d and a function G satisfying (i) - (iii) above, and let
® € BEL(I). For A € Po(T), let 7, be a finite-volume dynamics associated to ®, as
defined in [33). Let X, Y C A with X NY = 0.

(1) If Ae Ax, B € Ay, and [A,B] =0, then

39) [0 B)] < 204118 (o0 2 [ 18lear| ~1) 35 ¥ Gl

r€dp X YyeY

forallt,sel, s <t.
(i) If Ae Ax, B € Ay, and {A, B} =0, then for any s < 't, one has that
(3.10)

I B} <2018 (e [2 [ flotrar] -1) 3 S G,

€0 X yeyY

A number of remarks are in order.

First, the proof of this theorem mimics techniques that are well-known in the
context of quantum spin systems, i.e. tensor product algebras. In fact, given
Lemma[3.2land Lemma[3.3] both proved below, the proof of Lieb-Robinson bounds
in both settings proceeds almost identically. This was noted already in [13], where
a variant of Theorem ] (i) is proved along the same lines as what we present here
(see [13][Theorem 5.1-Corollary 5.2(ii)]. It has been known for some time that to
treat odd observables for fermionic systems, one should consider anti-commutators
in addition to commutators. See, e.g., the discussion in [20].

Next, as explained in Proposition[2.1] the assumptions on the observables above
can be re-formulated: for (3.9), one has assumed that either A or B is even, whereas
for (BI0), excepting trivialities, one has assumed that both A and B are odd.

Further, the existence of a function G satisfying properties (i)-(iii) above is,
implicitly, a condition on I'. In many applications, the function G is defined as a
function of the distance between sites. More precisely, let F' : [0,00) — (0,00) be a
non-increasing function with the following two properties:

(iv) F is uniformly integrable on T, i.e.

(3.11) IF|| = sup » F(d(x,y)) < oo,
zel yer

and
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(v) F satisfies the convolution condition

(3.12) C = sup Z Fld(z,2))F(d(z,y) < 00.

e 2= Fd(w.y)
Any function F' as above is called an F-function on I". Moreover, it is clear that,
in terms of any such F', we can define a function G with the properties (i)-(iii), by
setting G(z,y) = C~ F(d(z,v)).

For technical estimates, it is often convenient to consider classes of decay
functions on I'. Note that if F' is an F-function on I', then for any subadditive
function f : [0,00) — [0,00), ie., f(r+s) < f(r) + f(s) for all r,s € [0,00),
the function Fy(r) = e~ F(r) also satisfies (iv) and (v) with || Fy|| < ||F|| and
Cy < C. Similarly, given G satistying (i)-(iii) and any ¢ : I' — (0, 1], the function
Gy(z,y) = g(2)g(y)G(x,y) also satisfies (i)-(iii). In this latter case, the function g
can be used to introduce a spatial dependence in the decay of the interaction.

For I' = Z" and d(x,y) = |v — y|, i.e. the ¢!-distance, a typical example of an
F-function is given by

_
(14 7)vte

where € > 0 can be arbitrary. In fact, it is clear that this F-function is uniformly
integrable, i.e. (BI)) holds, and moreover, for (312) one may take

(3.14) C = 2v+||F||.

(3.13) F(r) =

In combination with f(r) = ar, a > 0, we obtain a useful family of F-functions F,
given by F,(r) = e~ /(1 + r)V*e.

Before proving Theorem [3.I] we state two simple lemmas. First, in Lemma [3.2]
below, we prove a basic estimate for solutions of certain B(#)-valued differential
equations. Next, Lemma [3.3] summarizes an application of Lemma demonstrat-
ing a one-step locality estimate for the dynamically evolved quantities of interest.
Theorem [B1] will then follow by iterating the result from Lemma

We start with the following solution estimate.

LEMMA 3.2. Let H be a complex Hilbert space, I C R an interval, and A, B :
I — B(H), be norm continuous with A self-adjoint, i.e. A(t)* = A(t) for allt € I.
Then, for any ty € I, the solution of the initial value problem

(3.15) L F(t) = iAW), £+ B with [(t0) = fo € BH)

satisfies the estimate

(3.16) £ < 1 (Eo)ll + / "B(s)ds for any t e 1.

Here we have set t4 = max{t,to} and t_ = min{¢,¢o}.

The assumption of norm continuity above is convenient because it guarantees
that the mapping s — || B(s)|| is continuous and thus measurable. A variant of this
result in the case that A and B are merely strongly continuous is proved in [39].

PROOF. Since A is self-adjoint, the unitary propagator corresponding to
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is well-defined for any ¢ € I. In this case, the function g : I — B(#) given by

(3.18) 9(t) = U(t,t0)goU (¢, t0)"
is the unique solution of the initial value problem
d . .
(3.19) 79(0) = ilA(t), g(t)] with g(to) = go € B(H).

From this, one readily checks that

(3.20) f&) =U(t, to) (fo +/ U(s,to)*B(s)U(s,to)ds) Ul(t,to)*

to

is the unique solution of (BIH) from which (BI6) follows. O

We now use Lemma[B.2lto provide estimates on two families of operators. Let ®
be an even, time-dependent interaction. For any A € Py(T"), consider the dynamics
Tt . on Ay, as in B3] above. Given X C A and any B € Ay, we define maps

gt s 7hX B Ax — Ay as follows:
(3.21) ¢;.%(A) = [7\(A),B] and 1P (A) = {/,(A), B} forall A€ Ax.

LEMMA 3.3. Let ® be an even, time-dependent interaction and take A € Py(T).
For X C A, A € Ax, and s,t € I, with s < t, the mappings g,i{s’B and hffS’B :
Ax — A, defined in (321), satisfy the bounds

3.22) g AN < 75, B+ 2114 > /Ilg Z,r))| dr
ZeSA(X)

B23) IR < {75 (A), B + 2014 ) IIQE;B@(Z,T))IIdn
ZeSa(X)"?®

where 7%, (A) is the finite-volume dynamics associated to Hx (t), see (3.3) and (3.3).

As will be the case in our applications, these bounds are particularly useful
when the first term on the right-hand-sides above vanish.

Proor oF LEMMA [3.3] Let A € Ax,B € Ax and s € I be fixed. To derive
the two bounds in parallel, define two functions:

(3.24) fi(t) = [ 0 705(A), Bl and  fo(t) = {7}, 0 7{,(4), B}.

Here, %{g denotes the inverse dynamics of the system restricted to X, i.e.

(3.25) 75 (A) = Ux (t, s) AU (t, 5)*,
which is the inverse of [B3]). One readily checks that for f:
Lhy = i ([Hal) — Hx(0), 75(A)]) . B
= Z Z [[Tt s(q)(Z t)) TtsoTixs(A)} 7B]
ZeSA(X)
= iy [N@Z) AM] —i Y [ e fN(A), [Hh(2(2,1), B]].
Z€eSA(X) ZeSA(X)

In the first equality above, we use that the adjoints of the unitary propagators
satisfy the adjoint of (34). For the second, we use that supp(77(4)) C X, and for
the final equality we use the Jacobi identity.
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An almost identical calculation for fa(t) gives:

SR = (i ((Ha) - Hx(0),775(4)]) , B)
= Z {[T{}S(Q(Z,t TtAsoTts ]B}
ZeSa(X)
= iy [@(Z,1), f200)] =i Y {r 07N (A), [F(®(Z,1)), B}
ZESA(X) ZeSA(X)

We note that the only change here is that, instead of the Jacobi identity for com-
mutators, we use the following identity which holds for any three elements x,y, z
in an associative algebra:

(3.26) {lz,9], 2} = {lz, 2], y} + {y, 2}, 2] = 0
Both differential equations above are of the form required to apply Lemma
The claimed bounds follow from this and the substitution A — 775 (A). O

We can now present the proof of the Lieb-Robinson bounds for lattice fermions
for which the following notation will be useful: for XY C T, set

if XNY =
(3.27) sy(x)= |0 TXNY=0
1 if XNY #0.
PROOF OF THEOREM [B1]l We first prove (8.9). Lemma B3] implies
¢
(3:28) [l (A), BII| < I[r5(A), Bl + 204 > 72 (@(Z, 7)), B]| dr.
ZeSA(X) S

Since the observables A and B have disjoint support and one of them is even, it is
clear that [775(A), B] = 0. More generally, if A € A}, then 77,(A) € A}, for all
r,s € I and so the bound ||[7,(A), B]| < 2||Al|||B||0y(Z) follows. In this case, by
iterating (B:228) N > 1 times, we obtain

(3.29) 7 (A4), BIIl < 2/l All] Bl ( )+ Zan ) + Ry1(t)

where

an(t) =2" > oo // /

Z1E€SA(X) Z2€SA(Z1) Zn GSA(Zn 1)

(3.30) < | TT1®(Zr)| | drodrn s ---dry

Jj=1

and

Rxn(=2%1 Y 3 Y N// T

Z1E€SA(X) Z2€Sx(Z1) ZN+1ESAN(Z

(3.31) HH‘I) 5 75)| H[TTANH,S(@(ZNH,TNH)),B]||d7"N+1d7"N"'dTl-
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The remainder term Ry41(t) is estimated as follows. First, we observe that

(3.32) 1750 s (@(Znga, ), Bl < 2Bl I19(Zn11, )] -

Next, we note that the sums above are actually sums over chains of sets Z1, -+ - Zn 41
that satisfy Z1 N9eX # 0 and Z; N Zj_1 # 0 for 2 < j < N + 1. As such, there
are points wi, wa, -, wn41 € A with wi € Z; N0 X and w; € Z; N Z;_; for all
2 < j < N+ 1. A simple upper bound on these sums is then obtained by over
counting;:

(3.33)
)IRED DD DL NN DD > *
Z1€SA(X) Z2€Sn(Z1) ZNn4+1€SA(ZN) w1 € X Way..,wN 42 EA Z1. 2N CA:

W, Wk+1€Zk,k=1,...,N+1

where * denotes an arbitrary non-negative quantity. Note that we have also used
that the last set Zy41 must contain more than one point since Zy1 € SA(Zn).
Now, from (B.6) we have that

(3.34) Yo ko)l < 1@l (re)Glwk, wiea)

Z), CA:
Wi, Wk+1€Zk

holds for each 1 < k < N + 1. We conclude that

R < s [T % >
S w1€0p X wa,...,wN42EA Z1,....ZN 41 CA:
Wi Wh1€ 2k k=1, N+1
N+1
XHH‘I) o)l drng - - dry
< 2||B||2N+1/ JRD DS
w1 €09 X wa,...,wN42EA
N+1
< [T I1®lla(r)Glw;, wj1)dry - - dry
< 2||B||2NJrl Z Z G(w1, wN+2)

w1 €0p X wN+2€EA
rn N+1

/ -/ I 1olctryhdryaa -
(2 [ty

(N+1)!
Since ||®||¢(+) is locally integrable on I, this remainder clearly goes to 0 as N — oo.
A similar estimate can be applied to the terms a,(t). Note that these terms

are also sums over chains of sets. However, there is a restriction: only those chains
whose final link Z,, satisfies Z, N'Y # () contribute to the sum. The bound

2 [ @lle(r)dr)"
( p L 5 seen

€0 X y€Y

< 2| Bll|loa X]l|C]l

(3.35) an(t) <
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follows as above. Since dy (X) =0 and n > 1, the bound in (3] is now clear.
The proof of (BI0) proceeds similarly. In fact, Lemma B.3] implies

t
(3:36) {7’ (A), B < [{7%(A), B} + 214 / Il7(@(Z, 7)), B|| dr
ZeSa(Xx)"®
Since {A, B} = 0, the first term on the left-hand-side above vanishes. Using ([3.28))
to estimate the second term and iterating in exactly the same way as above, yields

as claimed. O
B10)

Theorem [B1] gives an estimate of H [Ttl}s (A), B H for commuting observables A
and B with disjoint supports. As a function of |t — s|, this estimate grows exponen-
tially and for small |t — s| vanishes linearly. A few additional comments are in order.
First, note that when the supports of A and B have non-empty intersection, in gen-
eral, one cannot expect to improve on the trivial bound: ||[77,(A), B] || < 2||A|/|| B].
On the other hand, given a lower bound on the distance between the supports of
A and B, and if the interaction is of finite range, a slight modification to the proof
of Theorem [31] shows that the behavior for small |t — s| is o(|t — s|™), where n is
the minimum number of interactions terms necessary to connect the supports of
A and B with a chain of sets, see e.g. ([B30). For similar reasons, one can also
show that single-site terms in the Hamiltonian do not contribute to the estimate
of Lieb-Robinson velocity. This can easily be seen using the interaction picture as
is done, e.g., in [38]. Of course, this is not the statement that single-site terms
in the Hamiltonian do not affect the velocity associated to certain time-evolved
observables; rather it is the fact that this general upper bound is insensitive to such
terms. For example, in specific models with a random external field, the speed of
propagation has been shown to vanish [17].

4. Conditional expectation and local approximations

In many applications to quantum spin systems, the commutator estimates pro-
vided by Lieb-Robinson bounds are used to approximate quasi-local observables by
strictly local ones. These local approximations are given by a conditional expecta-
tion with respect to a suitable product state (see, e.g., [12] [34} [35]). In the setting
of lattice fermions, the conditional expectations that come to mind are those with
respect to a product state such as, e.g., the tracial state, which is also the quasi-free
state on Ar determined by w'(aga,) = 0, and w' (aja,) = 305, for all z,y € I.
This state has the following product property [1, Theorem 6.12]: for any finite set

of distinct z1,...,zx € I', and A, € Ay,,), we have
k
(4.1) W (Ag, -+ Agy) = [[ w0 (Az)).
i=1

It is not difficult to see that for all A € Py(T"), w' restricted to A, is the state
of maximal entropy. It was shown in [4][Theorem 4.7] that for each finite X C T,
there is a unique conditional expectation Fx : Ar — Ay that leaves w'' invariant,
meaning

(4.2) W (Fx(AB)) = w"(Fx(A)B), A€ Ar,Be Ax.

The same result for arbitrary even product states w was proved in [3]. The family
of conditional expectations {Fx : Ar — Ax | X € Py(I')} determined by ([@.2),
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satisfies the commuting diagram:

Axoy —X— Ax
(4.3) ﬁy JFXW :

Fxny
Ay ——— Axny

The commutativity of this diagram is the essential property that allows one to use
the maps Fx in the same role as the partial trace in the case of of quantum spin
systems. We note however, that for applications one often only needs these relations
for even observables, in which case there are other options for the local algebras
and the conditional expectations. For our purposes, it will be useful to introduce a
slightly different set of conditional expectations, which we will now explain.

Under the isomorphism Aj = My, w™ coincides with the normalized trace
on Msya;. For even observables, the conditional expectation acts exactly as in
the situation of spin system. The anticommutation properties of odd observables,
however, introduce a small twist, which implies that the Krauss form of the map
Fx contains global operators (see (LI9) below). This creates a complication for
the proof of Lemma Therefore, we introduce another family of conditional
expectations which, as we will show, also satisfy a commuting diagram similar to
([#3), and which coincide with the maps Fx on even observables.

The remainder of this section is devoted to describing the conditional expecta-
tions of interest for finite volume systems. Given a C*-algebra A, and a subalgebra
B of A, by a conditional expectation of A onto B, we mean a unity-preserving, com-
pletely positive map E : A — A with ran(E) = B, such that E(BAC) = BE(A)C
forall Ae Aand B, C € B. Let X C A C T" with X and A finite. We will show
that the range of the relevant conditional expectation E4 : Ay — Ajp is given by
the C* -subalgebra:

AN ={A+Bb) : Ac AL, Be Ay},

where 05 = (—1)V2 is the parity operator used to define ©, in ([ZZ). Since we
only consider Hamiltonians defined by even interactions, in applications it will
be sufficient to only consider the restriction of E[)‘( to .AX. In the restricted case
E% : AT — A, will be a conditional expectation with range equal to A%.

We define Ef}( by giving its Krauss form. For each site z € A, define
(4.4) uwl® =1, ul) =af +a,, u?=da—a,, uP)=1-2a"a,.
It follows from the CAR that these are unitary. Clearly, u§f> € Azrz} for i = 0, 3,

and ug) IS AEI} for i = 1, 2. Therefore, ug)

for 7 = 0, 3, and ug) commutes with AX\ (o} and anti-commutes with AX\ (o} for

i=1,2.

For a subset X C A, let I\ x = {0,1,2, 3}"\X and fix an ordering of the sites
of A\ X = {z1,...,2,}. Then, for each o € I\ x define the unitary operator
u(a) € Ay\x by

commutes with the elements of A\ (4}

(4.5) u(a) = wla@) g (a(@n))

x1 Tn
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We will show that the following unity-preserving, completely positive map IE‘)\( :
Ap — Ay is the conditional expectation of interest associated with X on A:

1
= oK Z u(a)*Au(a), A€ A,.

aEIA\X

(4.6) EX (4)

It is important to notice that the map IEJ)\( does not depend on the ordering chosen
for the site in A \ X. Since the unitaries ugck),uz(f), x £y, ke {01,263}, either
commute or anti-commute, any reordering () of u(«) equals either u(a) or —u(«).
Either way, the a-term in () is not affected.

The first important property for IE‘)\( is that

(4.7) E%(A) = w™(A)1 for all A€ Ay x.

It is easy to verify that Eﬁ\{z}(A) = w"(A)1 for a monomial A € Ay,,. Using this,

the product property of w* given in ([@1), and the CAR it follows that ([@.7)) holds

for any monomial A € Ax\ x. The property then extends to Ax\x by linearity.
To establish that Eﬁ\( is a conditional expectation, it is left to verify that

(4.8) E4 (BAC) = BEY (A)C
for all A € Ay and B, C € ran(EY). In the situation that ran(E%) is a C*-
subalgebra of Ay, a theorem by Tomiyama [44] shows that ([@8) is satisfied if E4

is a norm-1 projection. In the next lemma we establish that Tomiyama’s result
applies to both IEJ)\( : Axn — Ap and the restriction Eﬁ\( : AX — Ajp.

LEMMA 4.1. For X, A € Po(T") with X C A, the map EY : Ay — Ap defined
in [{.0) satisfies

(i) IEX | =1;

(ii) (E%)? = EY;

(iii) Ex (Ar) = A% ;

(iv) EX (AX) = A}

PROOF. Property (i) follows immediately from the fact that E4 is an average

of unitary conjugations.
To prove (ii)-(iv) we consider observables of the form A = [[ ., A; where

A, € Ai}, for all x € A. We refer to such operators as product observables. Since

the monomials defined in (Z3)) satisfy this condition, computing E4 (A) for product
observables completely describes the map.

By (anti-)commuting the factors A,, A can be written in the form A = BC
where B and C' are product observables in Ax and Ay x, respectively. Then, using
the CAR:

(4.9)  EX(A) = B@ ety U0V Cule) TEeA
B mvxt ZQGIA\X m(u(a))u(e)* Cu(a) if B € Aj.
Here, 7(u(a)) = £1 denotes the parity of u(a). For all a € I\ x
~(u(0))u(0)* Cu(a) = u(0) oy xu(@)fx x.

so applying (1) to (@) we find:

Buwtr if B +
(1.10) By (4)= DY 1) 84
Bw“(C@A\X)HA\X lfBEAA.
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Applying ([@I0) a second time shows (E4 )2(A) = E4 (A) for any product observable
A, and so property (ii) holds. Alternatively, (ii) also follows from the observation
that E4 is defined as the average of the adjoint actions {Ady(a) | @ € I\ x }, which
form a group.

For property (iii), we see from (@I0) that E4(Ax) C A% by noting that
Oa\x = O0x0,. The opposite containment follows from observing that

EX (A + BOp) = A+ By

for any pair of product observables A € A} and B € A.

For (iv), if A € A} then the factors B and C above are either both even or both
odd. If they are both odd, then E4(A) = 0 since w'" is zero for odd observables.
It follows that E4 (AY) C A%. The opposite containment holds since Ej (4) = A
for all A € A%. O

Several comments are in order. First, an important consequence of (LI0) is
that

(4.11) A7 C ker(EY).

AX
Second, we will want to consider the family of all conditional expectations E4
such that X C A € Py(T"). Since the definition of E4 is independent of the ordering

of the sites x € A\ X, given any two sets Y, Z C A such that A\ X is the disjoint
union of A\ Y and A\ Z it immediately follows that

(4.12) EY = EY o B4 = E4 o ES.

LEMMA 4.2. The family of conditional expectations {Ey : X C A € Po(T')}
defined as in ([{Q) satisfy the following properties:
(i) For any X, Y CA,

(4.13) EX o B4 =EX.y.

(ii) For any X C A and A € A}, and B € Ay with ZNY =0,

(4.14) E?( (AB) = EJ)X(UY (4) 'EA/)\(UYC (B) = EA/)\(UZC (4) 'EJ)X(UZ(B)'
(iii) Given X C Ay C Ay and A € Aj{l,

(4.15) E (A) = ER2(A).

PROOF. For (i), since A\ X is the disjoint union of A\ (XUY) and A\ (XUY©),
({12 implies

A A A
(416) Ey = ]EXUYC e} ]EXUY'
Analogously, E& = E4 - o EX. . Using that E} - is a projection, we find
EX o B =EY o EXe )y

The result follows from noticing that A\ (X NY") is the disjoint union of A\ X and
A\ (XeUY).
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For (ii), we first use (I6) to rewrite Ex(AB). Then, using the commutation
properties of even observables we find

1

EYAB) = qmr DL () ule) Au(a) Bu(f)
o
1
= g Y wl@) Au(@) u(B) Bu(B)
a€lxecnyc
BElxcny

= EI)X(UY(A) 'EI)X(UYC (B).
An analogous argument holds for showing the final equality in ([@I4]).
Finally, (iii), since A’ = E}!(A) € A%, and A% C AX, C AL, it is clear that
E(A) =E(A) = A
O

Recall that the motivation for introducing these conditional expectations was
to produce local approximations of global observables. Since we consider even inter-
actions, it is sufficient to just localize even observables. The final result we provide
shows that IE‘)\( does indeed produce local approximations of even observables.

LEMMA 4.3. Let A € AL, X C A, and € > 0. If ||[A,B]|| < €||B]| for all
B € Axe, then there exists A' € A% such that ||[A — A'|| <e.

This lemma is proved by a straightforward estimate using A’ = E4 (A):

T O wle) ule), 4]

OzEIA\X

(4.17) 1A - EX(A)] =

Since u(a) € Ap\x and is unitary, for all a € Iy\x, by the assumption in the
lemma we have the bound

(4.18) 1A, u(@)]]] <,

which is sufficient to prove lemma.

Since A is even, using the Krauss forms of E4, see (L6), and of F4, see (I9)
below, one can easily check E4 (4) = F4 (A). Note, however, that the Krauss form
for IFJ}( on all of A, involves global operators and, as such, is not suitable for the
above argument. To present a Krauss form for F4, we first define 7(0) = 7(3) = 1,
m(1) =7(2) = —1 and for a € Iy, m(a) = [[,cy m(ay), and denote by I the sets
of a € Iy for which m(«) = £1. Then we have

1 ok g~
(4.19) F4 (A) = PSS Z w(a)*Au(a), A€ Ay,
aEIA\X
with
(4.20) i) = u(a) ifa e IX\X '
Oxu(a) ifae Iy x

Clearly, the support of fxu(a) is all of A and there is no obvious way to apply a
Lieb-Robinson bound to estimate a commuator with it.
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5. Martingale method for lattice fermions

Before we address the question of stability of a spectral gap in the presence of
perturbations, we would like to demonstrate the existence of a wealth of models for
which one can prove the existence of a spectral gap. These models can then serve
as the ‘unperturbed model.’

As in the situation of quantum spin systems, it is helpful to consider frustration-
free models. Examples of frustration-free fermion models in one dimension are
easily found by making use of the Jordan-Wigner transformation [25], to translate
the abundance of frustration-free quantum spin chains into fermion Hamiltonians.
An example of this type is Kitaev’s Majorana chain [24] and also the path of
frustration-free fermion chains connecting Kitaev’s Majorana chain to a family of
interacting fermion chains introduced by Katsura et al. [23].

In Section [l we will also introduce a class of frustration-free fermion models in
arbitrary dimension that have a quasi-free ground state and a spectral gap above it.
In the latter case, for the quadratic Hamiltonians associated to these models, one
can often determine a lower bound for the spectral gap by inspection. For models
with interactions of a more general form, however, proving a volume-independent
lower bound for the spectral gap above the ground state is generally a challenging
problem. For spin systems the martingale method has often been applied to es-
tablish a nonzero spectral gap above the ground state energy [15], [33) [7]. In this
section we give a formulation of the method suited for lattice fermions. Although
the tensor product structure of quantum spin systems is not available, under general
conditions, one can still obtain the commutation relations required for the method.
The approach we introduce here was first used in [45].

Let A be finite and Hy € AJ be the lattice fermion Hamiltonian acting on
a fermionic Fock space. Note further that for any self-adjoint, even observable
A€ AX that the spectral projections associated to A also belong to A;{. This
follows immediately from the fact that the spectral projections can be expressed
as a polynomial of A. From this, we conclude that the spectral projections of two
self-adjoint even observables with disjoint support commute.

Now consider an increasing sequence of non-negative Hamiltonians

Hy<H <...<Hy

with Hy = 0, Hy = Hyp, and H, € Aj{ for all 0 < n < N. More generally, it
is sufficient to consider an increasing, non-negative sequence of Hamiltonians for
which

(5.1) cHy < Hy — EA1< CHy

where ¢,C > 0 and FEj is the ground state energy of Hy. When the conditions
of the martingale method are met, it produces a lower bound for the spectral gap
above the ground state energy of Hy.

To apply the martingale method, it is necessary that the Hamiltonians H,, each
have a non-trivial kernel. Since these Hamiltonians are non-negative and increasing,
the kernels G,, = ker H,, form a decreasing sequence of subspaces:

Har =Go DGy Dgz"'DgN:ker(HN).
In order to state the assumptions of the martingale method we define

(5.2) hp = H, — H,_1, forn=1,...,N.
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Clearly, (5.2)) implies H,, = Y_,_, hi, and H,, is increasing if and only if h > 0, for
all k =1,..., N. Furthermore, define GG,, and g,, to be the orthogonal projections
onto ker H,, and ker h,,, respectively, and let

1-G, ifn=0
(5.3) E,={Gn—Gny1 ifl<n<N-1.
GN ifn=N

It is easy to verify that the E, are a mutually orthogonal family of orthogonal
projections that form a resolution of the identity, i.e., E} = E,, EpEp, = 0pmEn,
and Y E, =1
Assumptions for the Martingale Method:

(i) There is a constant v > 0 such that h, > v(1—g,) for 1 <n < N.

(ii) There is an integer £ > 0 such that whenever 0 < n < N—1land k ¢ [n—¢, n],
[Ek, gnt1] = 0.

(iii) There exists a positive € < 1/v/Z+ 1, such that E,g,1E, < €2E,, for
0<n<N-1.

THEOREM 5.1 (Martingale Method). Suppose that Assumptions (i)—(i) hold
for a sequence of Hamiltonians Hy,, n = 0,..., N as described above. If 1 € Hp
such that Gy =0, then

(¥, Hyy) > 7(1— eV1+0)%[9]*.
PRrROOF. By assumption Env = GyY = 0. Hence

v
(5.4) 1917 =D 1)
Given this, for any 0 < n < N — 1, we ;ie that
IBI? = (0, (1= g Et) + (8 s Bt
(55) (1= gorn) Bt + (8, (Z E) i1 Bt

where we have set ny = max(0,n — £). For the last equality above, we inserted the
resolution of the identity, used Assumption (ii), and applied the mutual orthogo-
nality of the projections E,,. Two applications of the inequality

1 c
(56) ore2)l < 5 llonl? + Sleal’, o102 € Hoe > 0,

now show that

1
1Bl < g (U= guia)) + 5 (9, Bt

2
1 c 2
+2—CQ<¢,Engn+1En¢> + ;W, (Z Ek) ¥)-

k=ny

We estimate each of the four terms above as follows. For the first term, we apply
Assumption (i), whereas the second term is immediately combined with the left-
hand-side. With the third term, we use Assumption (iii), and for the fourth term,
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we again use the mutual orthogonality of the E,,. After some reordering, we have

2

G7) 0= G 5B - Z 1Bl < —<w, hos19).

k=ny
Summing both sides of (B.1) fromn =0,..., N — 1, yields

c €2 1+/
6.5 (0 Hyw) 2 200y 1= 5 = - 202D e

2

Maximizing this lower bound leads to the choice of ¢; = 1 — ey/1+ £ and ¢ =
€/+v/1+ €. This produces the inequality stated in the theorem. (I

6. Discussion: stability, examples, and the spectral flow

Recently, methods were introduced, see e.g. [11, [30], which allow for a proof
of stability for gapped ground states of frustration-free quantum spin systems sat-
isfying a Local Topological Quantum Order (LTQO) condition. Here, the term
stability refers to the property that the there is a lower bound of the spectral gap,
uniform in A, for finite-volume Hamiltonians of the form

Ha(s) = ) @(X)+s¥(X),
XCA
where U is any other short-range interaction and |s| < s¢ for some sy > 0. Roughly
speaking, this LTQO condition on ® amounts to a precise formulation of the notion
that, in this situation, degenerate ground states cannot be distinguished by local
operations. In a forth-coming work [40], a systematic refinement of these tech-
niques will be presented which generalize previous results. For example, a stability
result for gapped ground state phases of quantum spin models with a spontaneously
broken discrete symmetry is contained in [40].

In this section, we give an indication of how analogous results extend to models
of lattice fermions. More details on this extension will be given in [41]. We begin
by defining general frustration-free fermion models. Next, we give a large class
of examples of gapped, frustration-free fermion which may serve as unperturbed
models for stability results. Then, we introduce several types of symmetry, which
may or may not be broken in a given model, and discuss briefly how the LTQO
condition should be modified in this context. Lastly, we discuss the construction of
the spectral flow automorphism which is main tool of analysis in proofs of stability.

In the same way as for quantum spin systems, an even fermion interaction ®
on I is defined to be frustration-free if ® is ﬁnite—range and for A € Py(T") we have

(6.1) inf spec(Hyp) = Z inf spec(®(X)).
XCA

It is standard to normalize the interactions so that each interaction term is non-
negative, i.e. ®(X) > 0 for each X € Py(I'), and further that the ground state
energy of Hj vanishes. In this case, a ground state eigenvector for Hy is neces-
sarily in the kernel of each of its terms. Since we do not assume the existence of
simultaneous eigenvectors for other energy values, this set-up does not imply that
the interaction terms commute.

We now consider two classes of gapped frustration-free fermion models with
finite-range interactions. As already indicated in Section[d] a first class of examples
are those one-dimensional fermion systems with finite-range interactions that are
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mapped to a gapped, frustration-free quantum spin chain by the Jordan-Wigner
transformation. Note that even interaction terms ®([a, b]) € A[‘; ) are mapped into

®([a,b]) € Afgj;. Here evenness of the interactions is important to preserve its
finite-range property. It also implies a local discrete symmetry for the quantum
spin model; more on this below. The properties of the ground states of such models
can be used to verify the conditions of the martingale method discussed in Section
This provides a wide class of gapped fermion systems in one-dimension. Another
approach for constructing frustration-free one-dimensional fermion systems defines
fermionic Matrix Product States using graded vector spaces [14].

A second class of interesting frustration-free fermion models with a spectral gap
is obtained by considering quasi-free systems with two (or more) bands separated by
a gap v > 0. For clarity, we will use two sets of fermion creation and annihilation
operators {by,b; | k € B} and {¢;,¢; | | € C}, labeled by index sets B and C,
respectively, which together span Ap, where I' is a lattice of arbitrary dimension.
These operators are defined as follows. There are two subsets of ¢2(T"), { fx|k € B},
and {g; | | € C} such that:

) I fell =1L, |lgi]l = 1, for all k € B and | € C;

(ii) span({fx | k € B} U{g, |l € C}) is dense in ¢*(T);

(ili) (fx,q1) =0, for all k € B and | € C;

(iv) there exists R > 0, and zx,y; € T, such that supp fr C By, (R), and
supp g; C By, (R), for all k € Band l € C.

Then, the new creation and annihilation operators are defined by

(6.2) P= Y fi@a; b= fiu@)as

zel xzel
(6.3) =Y a@a a=) g(r)a.
zel zel’

Next, define an interaction ® by setting
(6.4) O(By, (R)) = 1 = bibs,  ®(By,(R)) = cja,

and ®(X) = 0if X is not a ball of radius R centered at a site z, or y;, for any k € B,
or | € C. In a standard application, the functions f; and g; are the orbitals in the
valence and conduction band, respectively. It is then straightforward to construct
a quasi-free state wp on Ay satisfying

(6.5) wa(bpbe) =1, wa(cga) =0.

Clearly, the Hamiltonians

(6.6) Hy= Y ®(X)
XecA

are non-negative. Since (6.5) implies that wp (Ha) = 0, these models are frustration-
free. The orthogonal complement to the ground state given by wy, is spanned by
the Fock space vectors with at least one hole in the valence band or one particle in
the conduction band. In this case, the gap above the ground state energy is v = 1.

An interesting class of examples of models of this type are the so-called flat-
band Hamiltonians studied by Mielke and Tasaki [31]. A thorough study of the
conditions under which there exists a spanning set of compactly supported orbitals
for a band structure was recently carried out by Read [42]. He shows that certain
band structures in two or more dimensions, which yield ground states with certain
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types of topological order, cannot be spanned by compactly supported orbitals. It
is also worth noting that if the goal is to show stability of the gap under small
perturbations, one can also deal with some cases in which the bands are spanned
by orbitals that are not compactly supported. If the orbitals are well approximated
by compactly supported functions and the gap is not too small, then one can treat
the error as part of the perturbation.

We now turn to symmetry. In the classification of gapped ground state phases
it is often important to consider symmetries of the model. These may or may not
be spontaneously broken in the ground state. Common examples of the symmetries
we will consider include the following:

(1) Parity of the fermion number: We will always assume that all terms in
the interaction are even: ®(X) € A%. This means that all interaction
terms supported in X € Py(T") commute with (—1)Vx.

(2) Local symmetries: A local symmetry is described by a representation of
a finite group G consisting of automorphisms, g for g € G, acting on
Af(z,k)|k=1,...n}, for each z € I". This invariance can equivalently be de-
scribed by the commutation of the interaction terms with a unitary rep-
resentation of G: Ux(g)®(X) = ®(X)Ux(g). The parity of the fermion
number is an example of such a discrete local symmetry.

(3) Translation invariance: Often T is a lattice such as £L = Z" or L =
7Y /(LZ"), or T contains a lattice as a factor: I' = £ x T'y. In either case,
there is a natural action of £ on I' which, for simplicity, we will denote by
addition. Then, £ acts on Ar as a group of translation automorphisms
Bz, x € L. Translation invariance of the interaction is then expressed by
B(®(X)) = &(X + x).

(4) Space inversion and other lattice symmetries: Besides translations, I' may
often possess other discrete symmetries, such as inversion (z — —z) or
rotation by certain angles.

(5) Time reversal invariance: If there is a basis in Fock space with respect
to which the matrix of the Hamiltonian is real, meaning that there is
a complex conjugation with which it commutes, we have a symmetry
between the forward and backward dynamics, i.e., 7(8(4)) = B(7—+(A)),
for the corresponding anti-automorphism.

When the goal is to prove stability of the gapped ground state phases in cases
that allow for a spontaneously broken discrete symmetry, one is led to assume a
slight modification of the LTQO condition introduced in [I1]. For example, it no
longer makes sense to assume LTQO for arbitrary local observables; one should
restrict attention to those observables that preserve the symmetry. Mimicking
methods in [40], one can prove that the spectral gap and the structure of the ground
state phases are stable under sufficiently small perturbations of the interaction, if
one additionally assumes that perturbations preserve the symmetry. A precise
statement of this result will appear in [41].

Finally, we turn to the main tool used in the recent proofs of stability of gapped
phases [11}, [30], the so-called spectral flow or quasi-adiabatic continuation [22), [§].
To define the spectral flow, consider a one-parameter family of interactions @ :
Po(T") — Ar, such that for each X € Py(T'), ®5(X) is differentiable with respect to
s € [0,1]. In this case, Hamiltonians of the form Hy(s) =Yy, ®s(X) are defined
on any finite volume A € Py(T"). -
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The situation of interest is where the spectrum of Hy(s) is composed of two
parts, X1(s) and X5(s), separated by a gap bounded below by a constant v > 0,
for all s € [0, 1]. Let P(s) denote the spectral projection of Hy (s) corresponding to
the set 31 (s). Due to the spectral gap assumption, general results imply that P(s)
is unitarily equivalent to P(0) for all s € [0, 1], i.e., there exists a curve of unitaries
U(s) satisfying

(6.7) P(s) = U(s)P(0)U(s)*.

The spectral flow is constructed in terms of a particular choice of unitaries satisfying
©D).

As discussed e.g. in [8], one choice for a family of unitaries satisfying (6.1
is obtained as the solution of the Schrodinger equation for unitaries U(s), with s
playing the role of time. The Hamiltonian for this Schrodinger equation, Da(s), is
defined by an expression of the following form:

(6.8) Dats) = [ NS (B () W (1)

where W, (t) € L'(R) is a well-chosen function which decays faster than any power
law as t — 4o00. In terms of the corresponding unitaries, the spectral flow auto-
morphism is then defined as a(A) = U(s)*AU(s) for all A € A,.

A crucial technical result, used in all proofs of stability, is the fact that this
spectral flow satisfies a Lieb-Robinson bound with a decay function that is explicit.
Since the Hamiltonian terms corresponding to (6.8)) are not strictly local, such an
estimate is not a direct application of known results. With some effort, one can
show that if the family of interactions ®, and @/ decay sufficiently fast (usually
expressed in terms of an F-function that decays at an exponential rate), then Dy (s)

can be realized as a local Hamiltonian associated to an interaction W

(6.9) Da(s) = ) WA(X,s).

XCA

Moreover, there exists an F-function, denoted by Fy, for which [T (s)|p, < o0
uniformly in the finite volume A. As the explicit Fy decays sub-exponentially, one
obtains Lieb-Robinson bounds, i.e. locality estimates, for the spectral flow that
decay as fast.

In the construction of the interaction Wy (-, s), for fermions, one uses the con-
ditional expectation discussed in Section [ in combination with the Lieb-Robinson
bounds of Section Bl As far as we are aware, the first use of a conditional expec-
tation to construct an interaction ® from a set of local Hamiltonians of a quantum
system appeared in [2]. To decompose Dj(s) into strictly local terms, it is crucial
that the initial interaction terms ® (X, s) be even. In this case, U, (-, s) is also even.
Of course, for models with other symmetries, one must check that this localizing
operation preserves the symmetry. Given that this is the case, the proof of stability
then proceeds in the same way as in the case of quantum spin systems. Explicit
estimates and further applications will be given in [41].
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