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ABSTRACT OF THE DISSERTATION
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Professor Chad J. Hazlett, Chair

In both observational and experimental studies, common methods for estimating treatment

effects can be statistically biased if certain assumptions are not met. Moreover, the

assumptions required for some methods to be unbiased can be difficulty to satisfy. This

dissertation explores two common pitfalls in assessing treatment effects, and provides

straightforward solutions to issues with current methods. The first chapter of this

dissertation discusses the issues with using regression adjustment to estimate treatment

effects for an observational study, focusing on the “weighting problem” that arises in the

estimated effect from this method. The second and third chapters of this dissertation move

to an experimental setting, in which researchers would like to condition on a post-treatment

variable of interest, but cannot as this would lead to a statistically biased estimate. We

propose a framework for accounting for post-treatment variables and obtaining a valid range

of estimates for the treatment effect among a subgroup of interest. We demonstrate the use

of this approach through both simulated and applied examples.
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CHAPTER 1

Introduction

Applied quantitative researchers are often interested in estimating the effect of a treatment

on some outcome of interest. In observational studies, in order to get a valid causal effect

estimate researchers must identify and adjust for confounders of the treatment effect. It is

regular practice to adjust for these confounders by including them as independent variables

in a linear regression of outcome on treatment. The first chapter of this dissertation analyzes

the issues with this approach in estimating causal effects for observational studies. Even

without unobserved confounding, the coefficient on treatment in the described regression

yields a conditional-variance-weighted average of strata-wise effects, not the average

treatment effect. Scholars have proposed characterizing the severity of these weights,

evaluating resulting biases, or changing investigators’ target estimand to the conditional-

variance-weighted effect. We aim to demystify these weights, clarifying how they arise, what

they represent, and how to avoid them. Specifically, these weights reflect misspecification

bias from unmodeled treatment-effect heterogeneity. Rather than diagnosing or tolerating

them, we recommend avoiding the issue altogether, by relaxing the standard regression

assumption of “single linearity” to one of “separate linearity” (of each potential outcome in

the covariates), accommodating heterogeneity. Numerous methods – including regression

imputation (g-computation), interacted regression, and mean balancing weights – satisfy

this assumption. In many settings, the efficiency cost to avoiding this weighting problem

altogether will be modest and worthwhile.

While the first chapter focuses on causal inference in an observational setting, the second

1



and third chapters of this dissertation aim to tackle an important problem in the causal

analysis of randomized experiments. Even when treatment is randomized, researchers can

face issues when estimating the causal effect of the treatment. It is possible, for example,

that the assigned treatment was not implemented sufficiently for some subjects in the treated

group, or that some subjects dropped out of the experiment before an outcome was measured.

In these cases, we cannot condition on implementation, or subset to the group that did not

drop out, because there may be variables that affect implementation or dropout that also

affect the outcome. The second chapter of this dissertation introduces a new quantity of

interest for these settings, the Treatment Reactive Average Causal Effect (TRACE), defined

as the total effect of the treatment in the group that, if treated, would have a particular

value of the relevant post-treatment variable. By reasoning about the effect among the “non-

reactive” group, we can identify and estimate the range of plausible values for the TRACE.

We demonstrate the use of this approach with three examples: (i) learning the effect of

police-perceived race on police violence during traffic stops, a case where point identification

may be possible; (ii) estimating effects of a community-policing intervention in Liberia, in

communities that meaningfully implemented it, and (iii) studying how in-person canvassing

affects support for transgender rights, among participants for whom the intervention would

result in more positive feelings towards transgender people.

The proposed framework for estimating the TRACE can also be useful in assessing the

benefit of early screening for cancer on mortality among those who would have had detected

cancer if screened. The third chapter of this dissertation focuses on the application of the

TRACE in this and related screening settings. In these settings, the total effect of screening

on mortality is difficult to interpret – it would be the effect of screening on mortality among

all the people who were screened. If a person has cancer, screening will help with early

diagnosis and could increase their life span, but if a person does not have cancer, that

person’s life span without screening might not be any different. The more pertinent question

may be: “Does screening reduce mortality for those who have detectable cancer at the time

2



of screening?” We propose using the TRACE framework to partially identify the total effect

of screening on mortality for those who, if screened, would have had cancer detected. To do

this, we need to reason about the total effect among those who, if screened, would not have

had cancer detected. We detail the use of this method to assess effects of screening in the

third part of this dissertation.

3



CHAPTER 2

Demystifying and avoiding the OLS “weighting

problem”: Unmodeled heterogeneity and

straightforward solutions

2.1 Introduction

When estimating the effect of a treatment on an outcome of interest by adjusting for

covariates (X), researchers typically hope to interpret their result as a well-defined causal

quantity, such as the average effect over strata such as the average treatment effect (ATE).

Despite the introduction of many more flexible estimation procedures, regression adjustment

remains the “workhorse approach” when adjusting for covariates to make causal claims in

many disciplines [Aronow and Samii, 2016].1 For a binary treatment (D) and outcome (Y ),

a simple bivariate regression of Y on D gives the difference in means estimate (the mean of

Y when D = 1 minus the mean of Y when D = 0). However, this equivalence breaks down

when covariates X are included in the regression (as in Y ∼ D + X), if the treatment effect

may vary across values of X. Instead, the coefficient produced by this regression represents a

weighted average of strata-specific difference in means estimates, where the weights are larger

1In political science, for example, Keele et al. [2010] found that regression adjustment was used in
analyzing 95% of experiments in American Political Science Review, 95% in Journal of Politics, and 74%
in American Journal of Political Science. The ubiquity of regression adjustment approaches in practice is
echoed by authors in economics and other disciplines as well, such as Angrist and Pischke [2009], Humphreys
[2009], Chattopadhyay and Zubizarreta [2023]. This is perhaps due to familiarity, ease of use, the efficiency
of OLS and its suitably good performance in many contexts [Hoffmann, 2023, Green and Aronow, 2011,
Kang and Schafer, 2007], and well-established uncertainty estimation considerations and tools.

4



for strata with probability of treatment closer to 50% [Angrist, 1998, Angrist and Pischke,

2009]. Such a weighted average is not typically of direct interest, and under severe enough

heterogeneity in treatment effects, this can lead to widely incorrect substantive conclusions,

as demonstrated below.

An ongoing literature regards these weights as a nuisance to be coped with or incorporated

into analysis. Accordingly, authors have proposed diagnostics that index the potential for

bias due to these weights or tools to aid interpretation given these weights [Aronow and

Samii, 2016, S loczyński, 2022, Chattopadhyay et al., 2023, Chattopadhyay and Zubizarreta,

2023, Kline, 2011], and have analyzed the behavior of proposed regression estimators in

different settings in light of these weights (e.g. Chernozhukov et al., 2013).

In this article, we seek to demystify these weights, offering a simple derivation and

conceptual clarification of why they arise, what they represent, and how to avoid them.

We offer two main theoretical clarifications. First, under heterogeneous treatment effects

(and varying probability of treatment), the linear regression of Y on D and X will be

misspecified (e.g. Rubin, 1979, Imbens and Wooldridge, 2009, Imbens, 2015). Re-expressing

the regression coefficient as a weighted average of strata-wise effects simply offers a way

to see how this misspecification causes the regression coefficient to diverge from the ATE.

Such weights emerge, as we show, simply by relying on the Frisch-Waugh-Lowell (FWL)

theorem [Frisch and Waugh, 1933, Lovell, 1963] to first construct the unit-level (not strata-

level) weights. We can then group these weights to form a new expression of the strata-wise

weights. Our expression does not rely on the usual assumption (as in Angrist [1998] and later

sources) that D is linear in X, but reduces to that expression in the special case where D is

linear in X. This result corroborates the recent independent contribution of Hahn [2023].

Second, we clarify the assumption under which approaches can avoid these weights,

which determines what (existing) estimators avoid this problem. Rather than attempting

to diagnose, interpret, or otherwise cope with the undesired affect of these weights on

interpretation, they can be avoided by any estimator that works under the separate linearity
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assumption, meaning each potential outcome Y (d) is assumed to be linear in X, as opposed

to the single linearity assumption that required Y itself to be linear in X and D. Equivalent

assumptions have been stated in analyses by Hahn [2023], S loczyński [2022], Kline [2011] and

Imbens and Wooldridge [2009]. Fortunately, many well-known estimation approaches can

be justified under the separate linearity framework including (i) regression imputation/g-

computation/T-learner/multi-regression [Peters, 1941, Belson, 1956, Robins, 1986, Künzel

et al., 2019, Chattopadhyay and Zubizarreta, 2023]; (ii) regression of Y on D and X and their

interaction [Lin, 2013], and (iii) balancing/calibration weights that achieve mean balance on

X in the treated and control groups (e.g. Hainmueller, 2012). Approaches (i) and (ii) are

shown to be identical in the context of OLS models without regularization. Mean balancing

weights (iii), when constructed to target the ATE, can be justified by the same assumption

of separate linearity, but uses a different estimation approach and produces different point

estimates. All three of these strategies produce unbiased ATE estimates under separate

linearity, without the “weighting problem” suffered under the single linearity regression.

These benefits do come at an efficiency cost, though it is low in settings with few covariates

relative to sample size.

These considerations apply broadly to observational research in which an assumption of

no unobserved confounding is relied upon. However, they can also apply to the analysis of

even randomized experiments, concurring with Lin [2013]. In particular, we illustrate these

implications and recommendations for block-randomized experiments.

2.2 Background: OLS weights

2.2.1 Setting and notation

We consider settings where we are interested in estimating the average effect of binary

treatment D on outcome Y , while accounting for confounder X. The average treatment
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effect is defined as

τATE = E[Yi(1)− Yi(0)] (2.1)

where Yi(1) and Yi(0) denote the potential outcomes under treatment and control,

respectively [Neyman, 1923, Rubin, 1974]. In order to estimate this average treatment effect

using observed data, we require an absence of unobserved confounders, concisely expressed

as the conditional ignorability assumption,

Di ⊥⊥ {Yi(1), Yi(0)}|Xi (2.2)

For some discrete variables X that satisfy conditional ignorability, and given consistency

of the potential outcomes, the ATE can be identified according to:

τATE =
∑
x∈X

E[Y (1)− Y (0)|X = x]P (X = x) (2.3)

=
∑
x∈X

(E[Y |D = 1, X = x]− E[Y |D = 0, X = x])P (X = x)

=
∑
x

DIMxP (X = x) (2.4)

where we suppress the i subscripts for legibility and DIMx is the estimand for the

difference in means in the stratum where X = x. In a given sample, this is approximated

using the analog estimator,2

τ̂ATE =
∑
x

D̂IMxP̂ (X = x) (2.5)

The term P̂ (X = x) gives the empirical proportion of units in each stratum in the sample,

and can be thought of as the “natural” strata-wise weights, as they marginalize over the

stratum according to the fraction of units falling in that stratum. It would be natural to form

2This quantity could also properly be labeled as the (estimate of) the sample average treatment effect
(SATE) rather than the ATE. However, we maintain the ATE notation for simplicity as its expectation
over-samples is still the ATE, presuming the sample in question is a probability sample from the population
of interest.
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an analog estimator for this through sub-classification/stratification, simply computing the

difference in means in each stratum of X and compiling them per expression 2.5. However,

suppose we instead attempt to estimate the treatment effect by fitting a regression according

to the model

Y = β0 + β1X + τregD + ϵ (2.6)

While regression-based estimation of treatment effects has been widely used in practice

across disciplines for decades, as Angrist [1998] and many scholars since then have

emphasized, τ̂reg do not in general yield τ̂ATE, even when conditional ignorability holds.

Rather, it can be understood as a version of Expression 2.5 but with weights on each D̂IMx

that differ from P̂ (X = x). We now turn to a ground-up analysis of these strata-wise

weights intended to demystify them and to recognize them as the natural consequence of

misspecification of the linear model under heterogeneous effects.

2.2.2 The unit-level weighting representation of OLS

While our plan is to (re-)derive strata-wise weights on the D̂IMx components, we start with

“unit-level weights”, which arise simply because the regression coefficient is a weighted sum

of Yi values. Specifically, let d̂(Xi) = p̂(Di = 1|Xi) = Xiβ̂ where Xi =
[
1 Xi

]
, and β̂ is the

estimated coefficients from a linear regression of D on X. The unit-wise weighting formula

that corresponds to the OLS estimate is defined according to

τ̂reg =
∑
i

wiYi (2.7)

for some weights wi. By the FWL theorem [Frisch and Waugh, 1933, Lovell, 1963],

τ̂reg =
Ĉov(Yi, D

⊥X
i )

V̂(D⊥X
i )

=

∑
i Yi(Di − d̂(Xi))∑
i(Di − d̂(Xi))2

(2.8)

(2.9)
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which already takes the form of Equation 2.7, with weights given by

wi =
Di − d̂(Xi)∑
i(Di − d̂(Xi))2

(2.10)

Connection to propensity score. Though these individual-level weights are an intermediate

step in our analysis, we give some consideration to their form here. First, as the denominator

is a scalar, the behavior of these weights is revealed through the numerator, Di − d̂(Xi).

This is simply 1 − d̂(Xi) for treated units and d̂(Xi) for control units. Compare this to

inverse-propensity score weights (IPW), which are proportional to 1/d̂(Xi) for treated

units and 1/(1 − d̂(Xi)) for control units. Like the IPW weights, these unit-level weights

in Expression 2.10 place greater weight on units when their treatment status is more

“surprising” given the covariate values. Unlike IPW, the linear regression weights do not

require constructing a ratio that has a denominator that can become close to zero, which

can create explosive weights under IPW.3 This similarity of the unit-level weights to the

propensity score approach is explored in detail in Kline [2011].

Negative individual-level weights. The weights wi are constructed to be both positive and

negative because Equation 2.7 is structured as a single weighted sum/average. An isomorphic

but useful way of signing the weights is to instead seek the weights that would appear in a

“weighted difference in means” estimator,

τ̂wdim =
∑
i:D=1

w̃iYi −
∑
i:D=0

w̃iYi (2.11)

where w̃i = Diwi + (1−Di)(−wi), which simply changes the sign for control units in order

to accommodate the subtraction rather than the summation in the form of Expression 2.7.

3Equivalent unit-level weights are explored in depth by Chattopadhyay and Zubizarreta [2023] and in
Chattopadhyay and Zubizarreta [2024], where the authors usefully employ these weights to analogize how
OLS implicitly compares (weighted) mean outcomes for the treated to (weighted) mean outcomes for the
controls, sharpening the analogy to the difference-in-means estimator one might apply in a randomized
experiment and discussing implications for qualities such as effective balance and sample size.
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The weights w̃ signed as in Expression 2.11 will often be positive, and any positive weight

may be naturally interpreted as the relative contribution of each observation. However, they

can be negative as well. Chattopadhyay and Zubizarreta [2024] note that negative weights

“translate into forming effect estimates that may lie outside the support or range of the

observed data”, or that they “[leave] room for biases due to extrapolation from an incorrectly

specified model.” Borusyak and Hull [2024] also discuss negative weights, emphasizing that

under randomization, these weights will all be non-negative, and so do not pose a problem

for the resulting estimand.

We note that the meaning of negative individual weights is closely tied to estimates one

would obtain from a linear probability model regressing the treatment indicators on X, even

though that model is not run. Specifically, weights will be negative for a treated unit when

d̂(Xi) > 1, and for control units when d̂(Xi) < 0. If a treated unit lies at an X position “so

unique to treated units” that a linearly-fitted model produces a predicted value greater than

1 there, it will have a negative weight. This can be thought of as indicating that a treated

unit is “more like treated units than any control units”, so that it cannot be well compared

to control units. The symmetric argument holds for control units with a negative value.

In this way, negative individual level weights do indicate extreme non-overlap, but in a

very peculiar, model dependent sense and not in any non-parametric way that corresponds

to broader notions of common support. These weights are also not a sure diagnostic for

poor overlap or extreme counterfactuals: one could easily imagine a situation where all units

above a certain value of X are treated and all those below another value of X are controls,

indicating poor overlap. However, there can be many (or all) units outside the area of

common support but with positive weights, because the fitted linear probability model for D

given X does not exceed 1 (for treated units) or drop below 0 (for control units). Thus, we

emphasize that negative weights can provide a warning that “some units look too much like

treated units to have valid comparisons” (and likewise for controls), but a positive weight

is not a guarantee of meaningful comparability in the sense of finding units of the opposite
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treatment value nearby in the covariate space.

2.2.3 From individual to strata-wise weights

With the individual-level weights in hand, we can now construct the strata-level weights

of interest to our analysis. These weights are interesting because they allow us to see how

the regression coefficient compares to ATE as a combination of average treatment effects by

stratum as in Equation 2.5. To do so we consider the case of discrete X and the strata-wise

weights, meaning those that can be expressed as,

τ̂reg =
∑

wxτ̂x (2.12)

where wx is the weight for the strata in which X = x and τ̂x = Ê[Yi(1) − Yi(0)|Xi = x] is

the conditional average treatment effect for subgroup Xi = x. The resulting τ̂reg correspond

to the ATE only when wx = P (X = x). The best known expression for such strata-wise

weights of OLS arises from Angrist [1998],

τ̂reg =

∑
x τ̂xd̂(Xi)(1− d̂(Xi))P̂ (Xi = x)∑
x d̂(Xi)(1− d̂(Xi))P̂ (Xi = x)

(2.13)

This form shows that regression weights strata-wise D̂IMx components not according to

P̂ (Xi = x) as required to represent the ATE, but proportionally to d̂(Xi)(1− d̂(Xi))P̂ (Xi =

x). Such a regression puts the most weight on strata in which the conditional variance

of treatment status is largest, i.e. when d̂(Xi) is nearest to 50%. An intuition for this

notes that OLS seeks to minimize squared error, and the opportunity to learn the most

from strata with middling probabilities of treatment [Angrist and Pischke, 2009]. Absent

treatment effect heterogeneity, this is unproblematic. However, if there are high levels of

effect heterogeneity in our data, then depending on how they correspond to strata of X

and the probability of treatment in those strata, these weights could move the regression

coefficient far from the average treatment effect [Aronow and Samii, 2016, Humphreys, 2009,
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Angrist and Pischke, 2009, S loczyński, 2022]. Goldsmith-Pinkham et al. [2022] also discusses

similar weights in the context of estimating effects for multiple treatments at once, where

this leads to “contamination” of effect estimates.

These weights, however, are obtained under the additional assumption that the

probability of treatment is linear in X, and not just modeled that way. Angrist and Pischke

[2009] satisfy this by assuming the corresponding outcome regression can be saturated in

X. This is often a reasonable assumption with discrete, low-dimensional X. Nevertheless

we may wish to have a more general expression for the weights that does not rely on

such an assumption, either for completeness or in service of generalizing to the case where

X is not discrete or is otherwise infeasible to include in a saturating form (i.e. X with

numerous multiple dimensions and levels). The issues that could arise when this type

of assumption is not satistifed are highlighted by Blandhol et al. [2022], who similarly

analyze the weighted average representation of the two stage least squares estimate for the

local average treatment effect presented by Angrist and Pischke [2009], and show that the

equivalent linearity assumption that is invoked is often not satisfied in practice.

To obtain a more general expression for the weights, we simply organize the individual-

level weights above into strata,

τ̂reg =
∑
i

wiYi (2.14)

=

∑
i Yi(Di − d̂(Xi))∑
i(Di − d̂(Xi))2

(2.15)

=

∑
x P̂ (Xi = x)Ê[(Di − d̂(Xi))Yi|Xi = x]∑
x P̂ (Xi = x)Ê[(Di − d̂(Xi))2|Xi = x]

(2.16)

Rearranging these terms in the form τ̂reg =
∑

x wxτx is not in general possible, as the expected
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outcome under treatment and the expected outcome under control are weighted differently:

Ê[(Di − d̂(Xi))Yi|Xi = x] = Ê[Di(1− d̂(Xi))Yi − (1−Di)d̂(Xi)Yi|Xi = x] (2.17)

= (1− d̂(Xi))Ê[DiYi|Xi = x]− d̂(Xi)Ê[(1−Di)Yi|Xi = x]

(2.18)

= (1− d̂(Xi))πxÊ[Yi|Xi = x,Di = 1] (2.19)

− d̂(Xi)(1− πx)Ê[Yi|Xi = x,Di = 0]

where πx = P̂ (Di = 1|Xi = x) is the true, or correctly specified, probability of treatment

in the sample for a given stratum. Thus the strata-wise weighting generally imposed by

OLS for a given sample involves a combination of the true probability of treatment in the

sample given X, and the probability of treatment given X estimated using a linear model.

This result is equivalent to the weighted representation independently developed by Hahn

[2023], who also considers a special case for when the outcome model for the control group

is linear. We can also formulate our result in terms of the discrepancy, ax, between the true

and linearly-approximated probability of treatment given X, so that d̂(Xi) = πx + ax. The

general strata-wise weights corresponding to OLS are then

τ̂reg =

∑
x P̂ (Xi = x)πx(1− πx)τx − axÊ[Yi|Xi = x]∑
x P̂ (Xi = x)(πx(1− πx − ax) + ax(πx + ax))

(2.20)

Appendix A.1 gives additional details. Notice that this expression is infeasible to compute

when D is not linear in X, as πx is unknown. However, if ax = 0 (i.e. D is truly linear

in X), this representation reduces to the variance-weighted representation of the regression

coefficient given by Angrist [1998]. For many purposes then the Angrist [1998] representation

provides a clear and intuitive conception of the weights. Nevertheless, we found it necessary

to have this more complete formulation in order to obtain the correct answer, as our

simulations below show.
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2.2.4 From single linearity to separate linearity

An OLS model regressing Y on D and X alone would be correctly specified if the true

conditional expectation function, E[Y |X,D] is linear in D and X as in E[Y |X,D] = β0 +

β1X + β2D. We call such an assumption the single linearity assumption, because it requires

a single assumption about Y being linear in some terms. Note that this allows for random

variation in treatment effects not correlated with X, but it does not accommodate treatment

effect variation that is correlated with X.

Accordingly, if the ATE rather than the regression coefficient is the target of inference,

a natural solution is not to characterize or diagnose or bound the difference between the

coefficient and the ATE, but rather to avoid the underlying misspecification problem. The

strata-wise weights above merely describe the regression coefficient in other terms, and as

such, elucidate the impact of misspecification for the difference between the coefficient and

the ATE. Resolving this misspecification bias is a natural solution.

Here we consider the minimal change to regression practice that an investigator otherwise

comfortable with a linear model could employ to avoid this misspecification concern and the

resulting weighting behavior. We first define the separate linearity assumption, requiring

that each of the potential outcomes is separately linear in X,

E[Y (0)|X] = α0 + αX (2.21)

E[Y (1)|X] = γ0 + γX (2.22)

This assumption is slightly weaker than single linearity, which effectively forces α = γ. While

we label this assumption for easy reference and to distinguish it from single linearity, it is

not intended to be novel, and further can be understood as the (often implicit) motivation

for a number of longstanding approaches described next [Imbens, 2015, Kline, 2011, Imbens

and Wooldridge, 2009].

We turn next to a variety of known and straightforward estimation approaches that are
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in keeping with this assumption and that wholly avoid the awkwardness of “regression’s

weighting problem” rather than employing diagnostic or interpretational aids.

2.2.5 Estimation approaches suitable for separate linearity

Interactions, imputation, g-computation, and stratification. Fortunately, a number

of existing approaches are suggested by such an assumption. One alternative estimation

approach, proposed by Lin [2013] initially to mitigate bias in covariate-adjusted estimates

from randomized experiments, is to use a regression model that includes an interaction

term for the treatment and confounder. Goldsmith-Pinkham et al. [2022] similarly propose

interacted models in the context of multi-valued treatments.

In the binary treatment setting we consider, the treatment effect estimate, τ̂interact, is the

estimated coefficient on the treatment variable Di in the regression of Yi on Di, Xi− X̄, and

Di(Xi − X̄). The centering of X in these terms is useful for interpretation: while the fitted

models with and without centering X are isomorphic, centering X allows the coefficient on

D to represent the average effect “when X is at its mean”. By linearity, this is also exactly

the average marginal effect of D on Y taken across observations at their observed values of

X.4

Another straightforward approach to estimate the ATE under separate linearity is to run

separate regressions of Y on X for the treatment group and the control group, and use the

results from each regression to predict the unobserved outcomes in the other group. Then,

using these predicted outcomes, we can estimate the individual treatment effect for each

subject, and take the average of the estimated individual treatment effects to get the ATE.

This is also known as g-computation, meaning that an estimate from g-computation will also

be unbiased for the ATE in settings with high levels of heterogeneity in treatment effect and

4This centering procedure and the resulting interpretation is complicated when one level of X (or the
intercept) must be dropped, as when X represents block indicators or more generally group fixed effect. We
describe this concern and propose a solution for this in Section 2.3.3.
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probability of treatment assignment [Robins, 1986, Snowden et al., 2011]. It has also been

referred to even more recently as “multi-regression” [Chattopadhyay and Zubizarreta, 2024],

who note earlier uses of this approach as far back as Peters [1941] and Belson [1956]. It is

also equivalent to the Oaxaca-Blinder decomposition [Oaxaca, 1973, Blinder, 1973].

Specifically, let µ̂0(Xi) be the model fit to the control units and µ̂1(Xi) be the model fit

to the treated units,

τ̂imp =
1

n

(∑
Di=1

(Yi − µ̂0(Xi)) +
∑
Di=0

(µ̂1(Xi)− Yi)

)
(2.23)

=
1

n

(∑
Di=1

((µ̂1(Xi) + ϵ1i)− µ̂0(Xi)) +
∑
Di=0

(µ̂1(Xi)− (µ̂0(Xi) + ϵ0i))

)
(2.24)

=
1

n

(∑
i

µ̂1(Xi)− µ̂0(Xi)

)
(2.25)

Because this explicitly puts weights of 1/N on every unit, the estimate does not suffer

from the “weighting problem”.5 Further, the Lin estimate and the regression imputation

estimate are easily shown to be identical in this context. Specifically, the Lin estimate

models E[Y |D,X] as β0 + β1D + β2X + β3DX, and thus implies

E[Y |X,D = 0] = β0 + β2X (2.26)

E[Y |X,D = 1] = (β0 + β1) + (β2 + β3)X (2.27)

Meanwhile, the imputation estimate is based on two regression models, one for the untreated

group and one for the treated group:

µ̂0(Xi) = E[Y |X,D = 0] = α0 + α1X (2.28)

5We note the equality of Expression 2.23 to Expression 2.25 above implies that one may either (i) compare
each unit’s observed outcome under the realized treatment status to the modeled outcome for that unit under
the opposite, or (ii) for each unit, compare the modeled outcome under treatment to the modeled outcome
under control, without using the observed outcome. This is a result of relying on OLS for each outcome
model, since the average fitted value from a given model will be precisely equal to the average observed
outcome over the same group. Such a property does not hold with estimators that cannot guarantee ϵ̂ = 0.
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µ̂1(Xi) = E[Y |X,D = 1] = γ0 + γ1X (2.29)

Comparing this to the above equations, we can prove α0 = β0, α1 = β2, γ0 = β0 + β1,

and γ1 = β2 + β3 by showing the equivalency of the minimization problems in question (see

Appendix A.2 for details). Using these equivalencies, we can show that the ATE estimate

from regression imputation is equivalent to the estimate from the interacted regression,

τ̂imp =
1

n

n∑
i=1

(γ0 + γ1Xi − (α0 + α1Xi)) (2.30)

= (γ0 − α0) + (γ1 − α1)X̄ (2.31)

= (β0 + β1 − β0) + (β2 + β3 − β2)X̄ (2.32)

= β1 = τ̂interact (2.33)

Since these two estimation methods are identical under OLS, they can be used

interchangeably. One can directly show the unbiasedness of either under assumptions

of consistency and conditional ignorability,

E[τ̂imp] = E

[
1

N

N∑
i=1

(µ̂1(Xi)− µ̂0(Xi))

]
(2.34)

= E[E[Yi|Di = 1, Xi]]− E[E[Yi|Di = 0, Xi]] (2.35)

= E[Yi(1)− Yi(0)] (2.36)

Both are also identical to the stratification estimate when X is discrete,

τ̂interact = τ̂imp =
1

N

N∑
i=1

(
µ̂1(Xi)− µ̂0(Xi)

)
(2.37)

=
∑
x∈X

P̂ (X = x)Ê[µ̂1(Xi)− µ̂0(Xi)|Xi = x] (2.38)

Mean balancing weights. We can also connect the separate linearity assumption to a

justification for calibration/balancing weights. Consider mean balancing weights for both
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the treated and control units, so that weighted average of covariates for each is equal to the

overall unweighted average of covariates,

∑
i:Di=0

wiXi =
∑

i:Di=1

wiXi =
1

N

N∑
i=1

Xi (2.39)

While many choices of weights can satisfy these constraints (when feasible), it is desirable

to minimize some measure of their variation. In the case of maximum entropy weights

[Hainmueller, 2012], this is done by maximizing the entropy,
∑

i wilog(wi/qi). The key idea

is that by achieving equal means on X in the treated and control group (both equal to the

full samples mean on X), then any linear function of X—which include Y (1) and Y (0) if

separate linearity holds— will also have equal means in these groups. A difference in means

estimator using these weights is then unbiased for the ATE, without requiring any appeal

to the relationship between this weighting procedure and propensity score modeling.6 Kline

[2011] discusses how the regression imputation approach can be formulated as a weighting

estimator that balances the means of covariates. An interesting feature of the mean balancing

approach is that while it is justified by the same assumptions as regression imputation or the

interactive regression above, their estimation strategies are different. Balancing weights do

not require estimating the (nuisance) coefficients of any model. This may improve tolerance

to misspecification (i.e. non-linear conditional expectations for each potential outcome) at

the cost of variance, as borne out in simulations below.

2.3 Simulations

To verify that these estimators behave as our analysis claims, we explore the performance of

different estimation approaches under three different data generating processes, first with a

discrete covariate X and then with a continuous one.

6See Appendix A.3 for proof, with similar results targeting the ATT in Hazlett [2020]. See Zhao and
Percival [2017] for a detailed analysis of identification and double-robustness of mean balancing weights.
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2.3.1 Discrete covariate

The first three DGPs involve a binary treatment variable D, a discrete covariate X in the

range [−3, 3], and an outcome Y which depends on D and X. For each simulation setting,

the tables in Figure 2.1 show the possible values of X, the corresponding probability of

treatment, probability that X = x, and the average treatment effect τx for the subgroup

where X = x. In all simulations, noise is added to the outcome to achieve an R2 of 0.33

between the systematic (noiseless) portion of Y and the final Y with noise.

As expected, when there is a high level of heterogeneity in treatment effect and in

probability of treatment, the regression adjustment estimate will have a substantial amount

of bias. Figure 2.1 shows the effect estimates when there is heterogeneity in both treatment

effect and probability of treatment between subgroups. In the first two settings, the potential

outcomes are linear in X. Here we see that the OLS estimate (reg) is heavily biased,

and would lead investigators to conclude there is a statistically significant positive effect,

though the true ATE is zero. Notably, slightly more extreme simulations would even make it

possible for OLS to produce the incorrect sign for the treatment effect estimate. Meanwhile,

regression imputation (impute), the Lin estimator (interact), mean balancing (meanbal),

and matching (match) all successfully address this concern. We recommend the use of

regression imputation or equivalently the Lin/interacted adjustment as a simple way to

improve on conventional OLS estimation.

Naturally, in the case where the potential outcomes are not linear in the treatment and

covariates, the estimates from the interacted model, imputation, and mean balancing are all

biased for the ATE. This is expected, as the assumptions of both single and separate linearity

are violated. Addressing such non-linearity requires non-linear estimators, such as matching.

We also note that the variance-weighted estimate (using Expression 2.13) does not always

reproduce the actual OLS estimate, as in the first simulation setting, where P (D = 1|X) is

not linear in X. This is easily avoided by fully saturating the model in X, although such a
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DGP1: P (D|X) increasing in X; {Y (1), Y (0)} linear in X

X P (D|X) P (X = x) τx

1 -3 0.100 0.143 -9
2 -2 0.100 0.143 -6
3 -1 0.100 0.143 -3
4 0 0.500 0.143 0
5 1 0.500 0.143 3
6 2 0.500 0.143 6
7 3 0.500 0.143 9 stratify reg impute interact meanbal match

−
6

−
4

−
2

0
2

4
6

DGP2: P (D|X) increasing linearly in X; {Y (1), Y (0)} linear in X

X P (D|X) P (X = x) τx

1 -3 0.100 0.143 -9
2 -2 0.200 0.143 -6
3 -1 0.300 0.143 -3
4 0 0.400 0.143 0
5 1 0.500 0.143 3
6 2 0.600 0.143 6
7 3 0.700 0.143 9 stratify reg impute interact meanbal match

−
6

−
4

−
2

0
2

4
6

DGP3: P (D|X) increasing in X; nonlinear Y (1), Y (0)

X P (D|X) P (X = x) τx

1 -3 0.100 0.143 5
2 -2 0.200 0.143 5
3 -1 0.300 0.143 0
4 0 0.400 0.143 -5
5 1 0.500 0.143 0
6 2 0.600 0.143 5
7 3 0.700 0.143 5 stratify reg impute interact meanbal match

−
6

−
4

−
2

0
2

4
6

Figure 2.1: Estimates over 500 samples of size n = 1000. The dashed red line indicates

the true ATE. The dashed blue and green lines show the (expected) regression coefficients

reconstructed using the Angrist and Krueger [1999] weights (blue), or our more general

weights (green).
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manuever would not work for the continuous cases below.

The more general (but infeasible) weighting representation (Expression 2.20) reproduces

the OLS estimate exactly regardless of the functional form of P (Di|Xi).

Standard errors

While these results show the expected variability in estimates under resampling from the

given DGP, for an investigator working with one observed dataset, some form of estimated

standard error is vitally important to inference. Table 2.1 reports the average analytically

estimated standard errors for DGP1 above, still with discrete X. Results are similar in other

settings.

For stratification, we take a weighted sum of strata-specific Neyman variances. Here and

below we write expressions in the plug-in/analog sample estimator form.

V̂(τ̂strat) =
∑
x∈X

p̂(X = x)2

(
V̂(Yi|D = 1, X = x)

n1

+
V̂(Yi|D = 0, X = x)

n0

)
(2.40)

For the simple and interacted regression, we calculate the HC2 standard error of the

coefficient on the treatment variable. For regression imputation, we calculate the standard

error again in the Neyman style,

V̂

(
1

n

∑
i

(µ̂1(Xi)− µ̂0(Xi))

)
= V̂

(
1

n

∑
i

(γXi − αXi)

)
(2.41)

= V̂(γX̄ − αX̄) (2.42)

= X̄T Σ̂1X̄ + X̄Σ̂0X̄ (2.43)

where Σ̂1 and Σ̂0 are the estimated variance-covariance matrices for the treatment model

and the control model, respectively.

For mean balancing we show two types of analytical standard errors. First, we use the

(HC2) standard error from the weighted regression of just Y on D. Second, meanbal-adj
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uses the HC2 standard errors from a regression of Y on D and X, again with the estimated

weights. Both methods produce identical point estimates (when perfect mean balance is

achieved by the weights), but the analytical standard errors of the meanbal-adj approach

benefit from partialing out the X. This is akin to how conventional OLS standard

errors, under a fixed design, partial X out of Y so that the estimates are built on the

conditional/residual variance of Y rather than the total variance. For matching we use the

Abadie-Imbens standard error [Abadie and Imbens, 2006].

bias rmse avg analytical SE empirical SE

stratify -0.021 1.431 1.478 1.432

reg 2.021 2.376 1.264 1.250

impute 0.005 1.315 1.321 1.316

interact 0.005 1.315 1.321 1.316

meanbal -0.001 1.328 1.812 1.329

meanbal-adj -0.002 1.328 1.379 1.329

match -0.005 1.434 1.514 1.436

Table 2.1: Simulation results under DGP1. The bias and rmse columns repeat information

shown graphically in Figure 2.1. The empirical SE gives the actual standard deviation of

the estimates across resamples. The average analytical SE is the average of the standard

errors that would have been computed analytically in each iteration, using the estimators

described in the text.

We find, first, that the empirical standard errors are extremely similar across the methods

relying on single or double linearity (reg, impute, interact, meanbal, meanbal-adj). The

approaches not relying on single or separate linearity (stratify and match) show somewhat

larger standard errors, as expected given their greater flexibility. Second, each method’s
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average analytical standard is within 5% of the empirical standard error, with the exception

of meanbal, with an average analytical standard error almost 40% larger than the empirical

value. This is repaired, however, by using meanbal-adj.

Finally, some investigators may be concerned with efficiency in the sense of sampling

variability in the estimate and its consequences for inference. This can be understood as a

bias-variance tradeoff. The comparison between OLS (reg) and the Lin/interaction approach

(interact) offers a simple starting point, since the later will add one additional parameter

to the regression for every covariate dimension. Because the number of observations is large

relative to the number of covariates, this has very little impact on the estimate’s variability

across resamples. For example in DGP 1, Table 2.1 shows that the empirical SE is only

about 5% larger for interact than for reg. The behavior of impute is of course identical.

The empirical SE from meanbal and meanbaladj are similarly only 6% larger than from

reg. If an investigator is primarily concerned with root mean square error (RMSE) of the

estimates around the true value, RMSE values fall by nearly half for each of these methods

relative to reg. That is, the small loss of efficiency in these settings (increasing variance) is

more than made up for by reductions in bias as they factor into the RMSE.

It is important to recognize, however, the favorable nature of our simulation setting in this

regard. If the number of covariates was large enough relative to the sample size, if treatment

probability varied little by stratum of X, and/or if efficiency was a greater concern than bias

or RMSE, then investigators might have cause to prefer OLS and adopting its weighted-ATE

as the target estimand for their inferential purposes.

2.3.2 Continuous covariate

While we have considered discrete X thus far, we do so for the sake of intuition regarding

strata, but the lessons apply to settings with continuous X as well. In the simulations

shown in Figures 2.2a and 2.2b, X is randomly sampled from uniformly from [−3, 3], and

Y (1) = Y (0) + 3X. However, P (D|X) takes on a different form in each setting. For the
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(a) X is randomly

sampled from Unif[-

3,3], P (D|X) =

1
1+e−2−x , and

Y (1) = Y (0) + 3X
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(b) X is randomly

sampled from Unif[-

3,3], P (D|X) =

0.1X + 0.4, and

Y (1) = Y (0) + 3X
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(c) X is randomly sampled

from Unif[-3,3], P (D|X) =

0.1X+0.4, and Y (1) = Y (0)+

X2.

Figure 2.2: Effect estimates for 200 samples of size n=1000 under data generating processes

where X is continuous and different estimation strategies. The dashed red line is set at the

true ATE. The dashed blue line shows the average (over population) value for the variance-

weighted formulation of the weights per Angrist and Krueger [1999]. The dashed green line

shows the (expected) regression coefficients reconstructed using our more general weights.

first continuous specification, P (D|X) takes a logistic form. In the second, P (D|X) increase

linearly with X. For the third specification, P (D|X) increases linearly in X, but Y (1) is

nonlinear in X.

In each of these settings, we see that the OLS estimate is biased for the true ATE. As

before, the interaction, imputation, and mean balancing estimators perform well, except in

Figure 2.2c where even separate linearity fails.
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2.3.3 Covariate adjustment in experiments, block randomization, and baseline-

free average marginal effects

These lessons may at first seem to be directed to researchers working with observational data

such that conditioning on X is a requirement. However, they also apply in settings where

conditioning on X is used to improve precision/ minimize finite sample differences from the

expected result. Our advice essentially echoes that of Lin [2013] and a broad subsequent

literature calling for a model that interacts treatment with the (centered) covariates. As

noted above, this is identical to analogous imputation/g-computation/T-learner approaches

when using OLS for the underlying models.

Consider first the cases where investigators have a randomized experiment, but adjust for

covariates in the analysis to improve precision. When D is fully randomized, the probability

of treatment across values of X will typically not vary greatly, except by chance. This implies

that the bias due to regression’s weighting behavior will typically be small. Nevertheless,

any discrepancy between the ATE and coefficient on account of these weights can be avoided

entirely.

Second, block randomization is a powerful tool often employed by experimentalists to

reduce finite sample deviations from expectation. For the estimates to reflect the reduced

variance this affords, it is standard to regress the outcome (Y ) on the treatment (D) and

block indicators (B) as fixed effect covariates. The weights implied by regression of Y on D

and block indicators B would be given by

τ̂BFE =

∑P
b=1 τ̂bP (Di = 1|Bi = b)(1− P (Di = 1|Bi = b))P (Bi = b)∑P
b=1 P (Di = 1|Bi = b)(1− P (Di = 1|Bi = b))P (Bi = b)

(2.44)

where it is innocuous to assume that P (D = 1|B) is linear in the block indicators, as

this regression would be fully saturated in B. If all blocks have the same probability of

treatment, the weights are equal, so the regression coefficient will represent the difference in

means per block, averaged over the size of each block, i.e. the ATE. This will often be the
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case. However, if the treatment probability varies by block, either by design or otherwise,

then the resulting coefficient estimate would not in general be the ATE. Rather, regression

will put higher weight on blocks with probabilities of treatment nearer to 50%.

As above, this is simply a consequence of misspecification generated by heterogeneous

treatment effect estimates by block. Including interactions between the treatment and the

block fixed effects would address this, under the separate linearity assumption,

E[Yi(1)|Bi] = α0 + α11{Bi = 1}+ .. + αb1{Bi = P} (2.45)

E[Yi(0)|Bi] = γ0 + γ11{Bi = 1}+ ... + γb1{Bi = P} (2.46)

One complication when applying the interacted approach here is that care must be taken

regarding the interpretation due to the interaction. In typical usage, one block indicator will

be omitted to avoid co-linearity with the intercept. If no centering/de-meaning is done on

the block indicators, the coefficient estimate would represent the estimated effect (difference

in means) in whichever block had its indicator omitted. The solution of centering covariates

[Lin, 2013] as utilized above is now complicated by this omission. It is possible to omit

the intercept, rather than the indicator for one block, and utilize the centering. However, a

more general solution is to avoid any consideration of centering and omitting one level/the

intercept, and works when dealing with one or multiple categorical variables. This is to

simply compute the marginal effect estimate for each observation, in whatever block it is

in, ∂Y
∂D

∣∣
B=b

. Averaging these across observations (giving equal weight to each observations)

produces the average marginal effect (AME),

τ̂AME =
1

n

n∑
i=1

∂̂Y

∂D

∣∣∣∣
B=b

(2.47)

where ∂̂Y
∂D

∣∣
B=b

is the estimated marginal effect in block b where this individual unit is found.
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For example, in the regression

Yi = β0 + τD + β11{Bi = 1}+ β21{Bi = 2}+ ... + βP1{Bi = P} (2.48)

+ α11{Bi = 1}D + α21{Bi = 2}D + ... + αP1{Bi = P}D + ϵi (2.49)

the estimated marginal effect in block B = b is τ̂ +αp, and so the average marginal effect of

interest over the whole sample is simply

τ̂AME = τ̂ +
1

n

n∑
i=1

P∑
b=1

(α̂p1{Bi = b}) (2.50)

Using this approach to interpret the fitted regression with interactions always produces

an estimate with the desired interpretation of “the estimated marginal effect, which can differ

by block, averaged over blocks according to how many observations fall in each.” In the case

of block indicators or other categorical variables, this approach avoids errors in relation to

choices about what levels to omit in the regression, whether to omit the intercept, or having

to center these variables. The variance for this estimator is

V(τ̂AME) = V(τ̂) +
P∑

p=1

P (Bi = p)2V(α̂p) + 2
∑
k<j

P (Bi = k)P (Bi = j)Cov(α̂k, α̂j) (2.51)

+ 2
P∑

p=1

P (Bi = p)Cov(τ̂ , α̂p) (2.52)

For comparison, we also consider two other approaches. One practice is to weight the blocked

fixed effects regression by the (stabilized) inverse probability of treatment assignment for each

block,

wIPW
i =

P (Di = 1)

P (Di = 1|B = bi)
Di +

P (Di = 0)

P (Di = 0|B = bi)
(1−Di) (2.53)

These weights are constructed so that within each block, the treated and control units make

up equal weighted proportions. They therefore neutralize any differences in the P (D = 1|B)

across blocks. If we perform a weighted regression of Y on D and the block dummy variables
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using these weights, the coefficient estimate for D will be unbiased for the ATE.7

Finally we also the stratification estimator (Expression 2.5) but with blocks as strata,

τ̂blockDIM =

|B|∑
b=1

P̂ (B = b)(ȲD=1,B=b − ȲD=0,B=b). (2.54)

Figure 2.3 compares estimates from the “plain” block fixed effects (block FE) regression

to the interacted regression with the average marginal effect interpretation (block FE

interact), the IPW-weighted regression (block FE IPW), and the block DIM average

(mean block DIM) in a simulation setting where treatment probability varies by block and

there is heterogeneity in treatment effect. As expected, the block fixed effects OLS model

suffers from the weighting problem. All three alternative approaches produce unbiased and

identical estimates.

We recommend the use of one of these alternative estimators to improve upon estimation

of the ATE under block randomization.8

2.4 Conclusion

Given the wide use of OLS regression of Y on D and X in practice, and the potential

gap between the coefficient and target quantities like the ATE, prior work has provided

several forms of guidance to practitioners regarding this weighting problem. Humphreys

[2009] notes the conditions under which the OLS result will be nearer to ATT or ATC, and

observes monotonicity conditions under which the coefficient estimate will fall between these

7A weighted difference in means (rather than regression including B) with these weights would produce
the same point estimate, but the improvement in efficiency obtained under the block randomization design
will not be fully reflected in the estimated standard error. This occurs because the block indicators will be
orthogonal to treatment (once weighted) and so do not affect the coefficient estimate on treatment, but the
omission of B prevents the model from reducing the residuals that enter the standard error.

8These results are consistent with those demonstrated in https://declaredesign.org/blog/posts/biased-
fixed-effects.html, which use the DeclareDesign simulation approach [Blair et al., 2019] and conclude that
the mean blockwise DiM/ stratification approach is suitable.
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Figure 2.3: Effect estimates for 500 samples of size n = 1200 each. D is assigned by

(complete) randomization within each block with probability P (D|B), and Y = 2 + D∗τ .

For blocks 1-6, P (D|B) = (0.25, 0.25, 0.5, 0.25, 0.25, 0.5) respectively, and τ = 4∗P (D|B).

The black line indicates the true ATE.

two endpoints. Aronow and Samii [2016] suggest characterizing the “effective sample” for

which the regression coefficient would be an unbiased estimate of the ATE by applying the

variance weights to the covariate distribution. Other papers have provided diagnostics for

quantifying the severity of this bias. Chattopadhyay and Zubizarreta [2023] characterize the

implied unit-level weights of regression adjustment (as we do as an intermediate result), and

propose diagnostics that use these weights to analyze covariate balance, extrapolation outside

the support, variance of the estimator, and effective sample size. These ideas relate closely to

those of Aronow and Samii [2016] in that they compare the covariate distribution targeted

by the estimator to that of the target population. S loczyński [2022] derives a diagnostic

related to variation in treatment probability,

δ =
ρ2V[P (D|X)|D = 1]− (1− ρ)2V[P (D|X)|D = 0]

ρV[P (D|X)|D = 1] + (1− ρ)V[P (D|X)|D = 0]
(2.55)

where ρ is the unconditional probability of treatment. The bias due to heterogeneity will

be δ(τATC − τATT ) where τATC and τATT are the average treatment effect among treated

and control, respectively. Thus δ captures one aspect of the potential for bias—variation in
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treatment probability—but reasoning about the severity of bias requires knowledge of the

heterogeneity in treatment effects, which is unknown to the investigator.

However, investigators could instead consider different modeling choices that avoid this

“weighting problem” altogether. We have sought to clarify the theoretical considerations

required to do so, first by understanding the weighting problem as a symptom of

misspecification when the treatment effect (and probability of treatment) vary with X.

We provide a more general expression for the “weights of regression” by algebraically

manipulating a representation of the OLS coefficient. The key fact is that the apparent

“weights of regression” simply account for the way misspecification alters the coefficient

away from the ATE. Second, viewed this way, a natural proposal for research practice is to

rely instead on specifications that will not necessarily be violated by effect heterogeneity.

To focus on minimal changes in practice, the conventional single linearity assumption (that

Y is linear in D and X) can be relaxed at least to the separate linearity assumptions (each

potential outcome is separately linear in X). This recapitulates equivalent assumptions

employed in analyses by Hahn [2023], S loczyński [2022], Kline [2011] and Imbens and

Wooldridge [2009]. It also clarifies which estimators are suitable to avoid these weights,

and whose properties we can consider by comparison. Fortunately, a number of existing,

straightforward estimation approaches produce unbiased ATE estimates under this

assumption. First, regression imputation (including g-estimation and the T-learner) with

OLS as well as including the interaction of X and D (as in Lin, 2013) are all suitable,

and identical to each other in this setting. This longstanding approach dates back to at

least Peters [1941] and Belson [1956], as noted by Chattopadhyay and Zubizarreta [2024]

who label it as “multi-regression”. In addition, “mean balancing” estimators applied to

the ATE—those that choose weights to achieve the same mean of X for the treated and

control group as in the full sample—are also unbiased under separate linearity. These are

not identical to the above as they avoid fitting any model, and our simulations suggest this

property can partially mitigate bias when even the separate linearity assumption fails. These
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approaches can be useful not only in observational studies (so far as investigators can claim

conditional ignorability), but also when using covariate adjustment after randomization,

including the special case of analyzing block randomized experiments.

Avoiding these weights through these alternatives may be desirable in many cases, but is

not without cost of limitation. The natural cost to first consider (relative to regression under

single linearity) is the potential loss in efficiency. The interact/imputation/g-computation/T-

learner approach adds an additional nuisance parameter per covariate. The circumstances

investigated here—with just one covariate, a high degree of treatment effect heterogeneity,

and large variation in treatment probability—clearly favor these approaches, where they

eliminate bias and reduce RMSE by roughly half, while increasing the standard error by

only about 5% in our settings. However, there may be settings in which the improved bias

does not so assuredly dominate the efficiency cost. For example, where there are many

covariates relative to the sample size, little difference in the probability of treatment by

stratum, or little theoretical reason to expect treatment effect heterogeneity, investigators

may have cause to prefer OLS if efficiency concerns are of paramount interest. In those

cases, diagnostics or interpretational aids that gauge the severity of the misspecification bias

(weights) may be useful, depending on how investigators prefer to tradeoff bias and efficiency

in their inferential or decision-making goals.

Finally, when the linearity in potential outcomes assumption is not satisfied, none of

these methods can guarantee unbiasedness. Our work here regards only the relaxation from

single linearity to separate linearity. Investigators not satisfied with the linear approximation

to treatment effects in this way could reasonably consider more flexible approaches—though

doing so may incur additional uncertainty costs as illustrated in Table 2.1. Nevertheless,

we agree with assessments such as Keele et al. [2010] and Aronow and Samii [2016] that

current practice largely remains reliant on linear approximations to adjust for covariates

while hoping to interpret the result as a meaningful causal effect. Our analysis suggests

that, especially where there are enough observations relative to covariates to support
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imputation/g-computation/T-learner, interactive regression, or mean balancing, this may

be preferable to suffering regression’s “weighting problem”, as it avoids this form of bias

under slightly weaker assumptions and requires only a small change to current practice.
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CHAPTER 3

Post-treatment problems: What can we say about the

effect of a treatment among sub-groups who (would)

respond in some way?

3.1 Introduction

It is widely understood that, even in a randomized trial, limiting the analysis to a sub-

group defined by a post-treatment variable compromises treatment effect estimates—even

within that sub-group.1 Yet, as cataloged by Montgomery et al. [2018], many investigators

have attempted such analyses regardless. The temptation to consider such questions is

understandable because, in many scenarios, the effect within such a sub-group is of great

interest. For example, we may be interested in the average effect among those who complied

with a treatment, who received a well-implemented treatment, who were attentive, or who

demonstrated some other mechanistic reaction considered important or even a pre-requisite

for a treatment effect. In some cases, these “effect among those who...” questions are of

primary interest. In other cases, they arise as post hoc but important questions, particularly

if no effect was detected among all study units but we recognize that implementation

challenges, low compliance, or inattentive participants may have attenuated the estimated

effect.

1The term “post-treatment” denotes here any variable that may be influenced by treatment. Variables
measured after treatment assignment are not necessarily post-treatment, if they cannot be affected by
treatment. Conditioning on such unaffected variables does not introduce the inferential problems discussed
here.
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We propose a straightforward approach for making bounded inferences about the

”Treatment-Reactive Average Causal Effect” (TRACE), the total effect within the sub-

group that, if treated, would have realized a specified value of a post-treatment variable.

This differs from existing estimands such as the survivor average causal effect (SACE),

mediation-related quantities (e.g. the controlled direct effect, CDE), “as-treated” or

“per-protocol” estimands, and the local average treatment effect (LATE). The resemblance

between the TRACE and the LATE is of particular interest to those familiar with

the instrumental variables (IV) framework. As we examine below, the TRACE differs

definitionally from the LATE in that it averages over both compliers and always-takers,

rather than compliers alone. More importantly, while IV requires the exclusion restriction,

meaning here that treatment can have no “direct effect” on the outcome, we are interested

in a total effect of treatment on the outcome, which arises in part or whole from that direct

effect.

Our partial identification approach for the TRACE relies on positing the total effect

of the treatment in the sub-group that would not have met that specified criterion even

if treated (TRACE(0)). Researchers are not expected to know TRACE(0), but we argue

that they are often positioned to place restrictions on it. For example, it may be possible to

reasonably argue about the sign of TRACE(0), that it is near zero, or that it is no larger than

the TRACE. Such arguments limit the possible range for the TRACE. In situations where

researchers estimate a null average effect, our approach can help reason about whether this

reflects a true null effect or instead results from poor implementation. In addition, where the

mediator is observed for all units and is monotonically related to treatment, an alternative

set of bounds can be derived that does not rely on assumptions on TRACE(0). When these

bounds partially overlap with those derived by reasoning about TRACE(0), their intersection

provides a more informative range than either approach alone.

Finally, in circumstances where the mediating event must occur in order for the

outcome to occur, it is sometimes plausible to argue that TRACE(0) = 0, which leads to
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point identification of the TRACE. This is an especially useful result because it provides

identification in circumstances where the direct effect of D on Y in the “reactive” sub-group

is thought to exist and is of interest, violating the exclusion restriction of IV.

We illustrate our approach, first, by demonstrating how a small number of sample

statistics could allow point identification of the effect of police-perceived race on police

violence during traffic stops, an area where post-treatment selection into the data has been

a serious problem [Knox et al., 2020]. We then analyze a randomized trial of a community

policing program that produced largely null average effects, but in which investigators

observed limited implementation of key components of the prescribed intervention [Morse,

2024]. Finally, we examine the persuasive effects of a 10-minute conversation on support

for transgender rights, among participants whose feelings toward transgender individuals

became more favorable following the intervention [Broockman and Kalla, 2016].

3.2 Background

3.2.1 The problem

Consider the graph in Figure 3.1. For concreteness, and previewing one of our applications,

let D be the treatment assignment for a community policing program we wish to study. Let

M be some measure of whether or not the program was implemented in the community.

Finally, let Y be an outcome of interest, such as crime rates. If we were interested in the

effect of the program on the outcome, it would be natural to compare the outcomes in the

treated group (D = 1) with the outcomes in the control group (D = 0). However, in doing

so, we would include communities in the treated group that did not actually implement the

program, likely attenuating the treatment effect.

A natural temptation is to look at only the group that implemented the program,

effectively, i.e. selecting/conditioning on M . However, this is problematic for two reasons.

First, since M is post-treatment, conditioning on it might block part of the effect of D on
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Y . Second, it introduces a new bias. We cannot typically rule out unobserved confounders

of M and Y (shown as U). Because M is a consequence of both D and U , it is a collider

[Pearl, 2009], and conditioning on it can create an association between D and U , leading D

and Y to become associated (via D ← U → Y ) for reasons other than the causal effect of

D.

D YM

UX

Figure 3.1: Causal structure of concern. A treatment (D), which is unconfounded with the

outcome of interest (Y ) may affect M in some sub-group. While some confounders of M and

Y may be measured (X), we cannot rule out the presence of unobserved common causes of

M and Y (U).

To avoid confusion when comparing this approach to IV below, note that the estimand

of interest here is the effect of the treatment (D) on the outcome (Y ) within a sub-group

that will be related to M . While the causal structure resembles that assumed in the IV

framework (if the direct effect D → Y can be ruled out), in that setting the effect of interest

is that of M on Y , while D plays the role of instrument. That is, the total effect in our

setting corresponds to the intent-to-treat, or reduced form effect in the analogous IV setting.

3.2.2 Examples

This arrangement appears in a wide variety of settings, which we organize into four broad

types.

Type 1. Manipulation, attention, and implementation checks. In these cases,

M represents a variable that, while not fully necessary for an effect of D on Y , lies on
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a path thought to be of central importance for D to be effective. This encompasses our

motivating example: a randomized trial in which some communities are assigned to receive

a community policing program (D), and where the realization of that program on the ground

(M) varies widely. We may wish to examine the effects of the program in communities that

implemented it to some satisfactory degree. 2 Other examples include cases where M

measures participants’ compliance with a protocol, or responses to manipulation checks or

attention screens performed after the treatment.

Type 2. Mechanism of interest. In some settings, the way a participant reacts to the

treatment is thought to be important to the treatment’s effect. For example, in our analysis

of Broockman and Kalla [2016] below, we wish to learn if the effect of a perspective-taking

intervention on support for transgender non-discrimination policies depends on whether

the intervention reduced animus toward transgender individuals. This setting resembles

questions in the mediation literature regarding direct vs. indirect effects, but as we describe

in Section 3.3.5, the TRACE addresses an entirely different causal question. Our approach

also avoids problematic assumptions regarding the absence of mediator-outcome confounders,

albeit at the cost of partial rather than point-identification.

Type 3. “Necessary condition” mediators. In this setting, M is a necessary condition

for Y to possibly equal 1. An example can be found in studies of the effect of a driver’s race

(D), as perceived by police, on the potential for police violence (Y ) during a traffic stop (M).

The chance of a traffic stop occurring (M = 1) may be itself a function of police-perceived

race. Police violence (Y ) can be defined specifically as “police violence during a traffic stop,”

which ensures that no police violence of this kind can occur if there is no stop, i.e. Y = 0 if

M = 0. While this is merely an extreme case of M being a mediator, we give it a separate

2Note that in some cases, M variables capturing implementation may only be measurable in the treated
group. For example, if the program entails facilitated community meetings with police, a variable like
“attendance” at such meetings may be poorly defined in the control group. Such M variables are difficult
to integrate into conventional analyses but can still be utilized for the TRACE.
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category because the necessity of M = 1 in order for Pr(Y = 1) > 0 can lead to point

identification as detailed below.

Type 4. Treatment-responsive measurement of M . In another setting, we may wish

to know the effect of D on Y among those with some value of M , where measurement of M

is affected by D. For example, suppose we wish to know the effect of cancer screening on

survival, among those who would have received a positive result for cancer in that screening

(thus ruling out always-takers). The result here depends on our ability to reason about the

effect of screening on survival for patients who, if screened, would have screened negative, on

its own or by comparison to the effect in the group who would screen positive. This engages

a complicated set of concerns about the effects of screening on behaviors, the false negative

rate, potential harms due to false positives, and other challenges that we examine elsewhere.

3.3 Proposal

3.3.1 Setup and Notation

Continuing with the notation defined above, the total effect (TE) of D on Y is defined as

TE ≡ E[Yi(1,Mi(1))− Yi(0,Mi(0))] (3.1)

where Mi(d) denotes the “potential mediator” [Imai et al., 2010b, 2014]. That is, Mi(1) is

the value unit i would have for M if treated, and Mi(0) the value of M for the same unit

i had it not been treated. Because Mi(d) is the value of Mi under treatment D = d, by

consistency Yi(d,M(d)) = Yi(d). Thus we can simply write the TE as

TE ≡ E[Yi(1)− Yi(0)] (3.2)

where Yi(·) in our usage always refers to Yi(d). When it is necessary to consider a value of M

other than M(d), we explicitly write both arguments in the form Yi(D = d,M = m). This is
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not needed for the quantities we propose; however, it becomes relevant for mediation-related

estimands we consider by comparison.

3.3.2 Defining the TRACE

Our target quantity of interest is a total effect (TE) of D on Y , but averaged over only units

with Mi(1) = 1, i.e. those that if treated would have M = 1.3

TRACE ≡ E[Yi(1)− Yi(0) |Mi(1) = 1] (3.3)

= TE[Mi(1) = 1] (3.4)

We also define the total effect among the units who, if treated, would have M = 0, which

we call TRACE(0):

TRACE(0) ≡ E[Yi(1)− Yi(0) |Mi(1) = 0] (3.5)

= TE[Mi(1) = 0] (3.6)

3.3.3 Partial identification of the TRACE

Identification of the TRACE is complicated by M ’s status as a post-treatment variable

combined with the possible existence of unobserved common cause confounders of M and

Y . If investigators believed all common causes of M and Y were observed (i.e., there was

no U on Figure 3.1), it would be possible to identify the effect of D on Y conditioning

on M , because all the paths opened by this conditioning could be closed again. However,

we consider this unrealistic in many settings, and of no interest for the problems on which

we focus. For example, if D is a community-driven development program, and M is an

indicator of whether a project chosen by the community was actually built, one expects many

3Representing the TRACE on a graphical causal model similar to Figure 3.1 is possible but complicated,
as it requires modifications to show M(d) on the graph; see B.2.
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unobservable features to be common causes both of “which places manage to implement the

project” and the outcomes of interest Y . We therefore focus on the case in which such M−Y

confounding cannot be ruled out.

By the law of iterated expectations,

TE = TRACE · Pr(M(1) = 1) + TRACE(0) · Pr(M(1) = 0) (3.7)

TRACE =
TE − TRACE(0) · Pr(M(1) = 0)

Pr(M(1) = 1)
(3.8)

Given randomization of D, the TE is identifiable, as are Pr(M(1) = 1) and Pr(M(1) = 0):

Pr(M(1) = m) = Pr(M(1) = m | D = 1) randomization of D

= Pr(M = m | D = 1) consistency of M(d)

The only unknown on the right hand side of Expression 3.8 is TRACE(0). Thus, for

any postulated ranges of values on TRACE(0), we can recover the implied range of values

for the TRACE. Note that the range of resulting TRACE values will be narrower when

Pr(M(1) = 0) is smaller, i.e. when the fraction of “implementers” is higher. Additionally,

the entire procedure can be done conditioning on values of X, i.e. X = c.

Anticipated types of assumptions on TRACE(0)

We emphasize that the investigator is not expected to know, nor postulate a single value

of, the effect of D on Y in the group with M(1) = 0, i.e. TRACE(0). On the contrary,

maintaining conservative uncertainty over this quantity is central to the approach and its

credibility. Nevertheless, inferences can sometimes be made for the price of defensible claims

regarding the reasoned bounds on this quantity. Our experience to date suggests several

common forms of assumptions, though others are possible.

• Arguments that TRACE(0) = 0. In some cases we have reason to believe that, absent

the activation of M , there can be no effect of D on Y . For example, in the policing
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application, if the police do not make a stop (M = 0), there cannot be police violence

during that stop. Together with an assumption of no defiers (or no effect among

defiers), this would support the assumption of TRACE(0) = 0. This assumption is

distinct from the exclusion restriction as it allows a direct effect. We elaborate on this

distinction in Section 3.3.5.

• Arguments that TRACE(0) ≈ 0. In other circumstances we cannot argue that an

effect is precisely impossible when M = 0, but are equipped to argue there should

be at most a very small effect. For example, if the treated are enrolled in an exercise

program but never participate, it would be unlikely to have a substantial effect on their

health. However, we cannot rule out some small effect, e.g. through triggering other

behavioral changes.

• Arguments that |TRACE(0)| < |TRACE|. In many other cases, we cannot be certain

about the impact of D on Y in units with M(1) = 0, but we can be convinced that this

effect is less than the effect among those for which M(1) = 1. This means that, while

we do not know the TRACE, we may be willing to argue that TRACE(0) is smaller

(in absolute value) than it. For example, in the community policing application below,

we argue that a community randomly assigned to receive the community policing

intervention but not showing evidence for its implementation or awareness of the

program in the community will not have as large an effect as in those places where we

do see evidence that the program occurred and was seen to occur.

• Arguments that TRACE(0) is opposite in sign to the TRACE. In some cases

investigators may argue that those with M(1) = 0 show an effect opposite in direction

to that in the group with M(1) = 1. For example, if a development program in a

village promises to provide something (D = 1) but this fails to materialize (M = 0),

it may engender greater mistrust or anger.

Investigators may argue for one of these assumptions or others to arrive at a defensible
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range of TRACE results. Alternatively, this approach allows users to transparently show

what values of TRACE(0) are required to reach a particular conclusion about the TRACE

(e.g. a significant effect in the intended direction among implementers). The researcher (and

reader) can then reason about plausibility and defensibility of these assumed values.

3.3.4 Estimation and inference

For estimation, we use sample analogs for each element in Equation 3.8, i.e. T̂E = Y D=1 −

Y D=0, and P̂ r(M(1) = m) = P̂ r(M = m | D = 1). When conditioning on covariates X is

required, T̂E can instead be estimated via a suitable model. Postulated values of TRACE(0)

are then plugged in to produce corresponding values of the TRACE. For inference we employ

the percentile bootstrap: resampling the data with replacement, re-estimating the TRACE in

each replicate (holding TRACE(0) fixed at its postulated value), and forming 95% confidence

intervals using the 2.5th and 97.5th percentiles of the resulting empirical distribution.

3.3.5 Connections to other approaches

Several existing estimands address queries related to post-treatment variables, but differ from

the TRACE in the groups they include and the identification opportunities they present. In

making these comparisons, it is helpful to follow the structure of the principal stratification

framework [Frangakis and Rubin, 2002], on which our estimand and others we consider

here can be constructed. Specifically, imagine that all units fall into one of four possible

strata: compliers (M(1) = 1,M(0) = 0), defiers (M(1) = 0,M(0) = 1), always-takers

(M(1) = 1,M(0) = 1), and never-takers (M(1) = 0,M(0) = 0). The TRACE is the average

treatment effect for always-takers and compliers, while TRACE(0) is the average effect over

never-takers and (if present) defiers.

Table 3.1 compares related estimands. Though ours is unique (excepting equivalences in

special cases), the primary emphasis of our contribution lies in the relatively straightforward
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Estimand Definition Among

Whom

Identification Assumptions

LATE

(IV)

E[Y (1)− Y (0) |M(0) = 0,M(1) = 1] compliers relevance, exogeneity, exclusion

restriction

SACE E[Y (1)− Y (0) |M(0) = M(1) = 1] always-

takers

monotonicity, M(1) ⊥⊥ M(0),

E[Y (1) | AT] = E[Y (1) | C],

E[Y (0) | AT] = E[Y (0) | D]

given X

CDE(m) E[Y (D = 1,M = m)−Y (D = 0,M =

m)]

all units unconfoundedness of M − Y

g-est./

per-

protocol

ExE[Y (1)− Y (0) |M(0) = 0,M(1) =

1, X]

compliers (conditional) ignorability on

M − Y path

TRACE E[Y (1)− Y (0) |M(1) = 1] compliers,

always-

takers

postulated TRACE(0))

Table 3.1: Comparison of different estimands for settings in which post-treatment variables

are relevant. AT: always-taker; C: complier.

partial identification strategy it allows.

Comparison to instrumental variables. The Local Average Treatment Effect (LATE),

also called the Complier Average Causal Effect, (Angrist et al., 1996, Imbens and Angrist,

1994, Baker and Lindeman, 1994) is

E[Yi(1)− Yi(0) |Mi(0) = 0,Mi(1) = 1] (3.9)
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These estimands differ in two primary ways.4 First, the LATE and TRACE differ

definitionally in that the LATE considers the average effect among compliers, while the

TRACE considers the average effect among compliers and always-takers. These estimands

become equivalent when we can rule out always-takers (through one-way non-compliance),

or when compliers and always-takers have the same effects.

Second, the LATE is the target estimand for the IV approach, which requires that D

only affects the outcome through M , i.e. that there is no direct effect of D on Y . The

existence of the D → Y path in our setup (see Figure 3.1) violates this core IV assumption,

and is an important contributor to the total effect we are seeking to learn.5 Consider, for

example, cases where the investigator argues that TRACE(0) = 0. This may occur in “Type

3” settings where it is impossible for D to affect Y when M = 0, and we can further argue

either for monotonicity (no defiers) or for no effect among defiers. The assumption of “no

effect of D on Y when M = 0” may sound quite similar to the exclusion restriction, but

they differ in a key way: the exclusion restriction requires the total absence of a direct

D → Y effect, while TRACE(0) = 0 requires no direct effect only for those with M(1) = 0

(never-takers and, if present, defiers). This difference is critical in the settings we examine,

where we do expect a direct effect of D on Y in the “reactive” sub-group. In the police

stop violence case below, for example, we wish to study—not rule out—a possible effect of

police-perceived race (D) on the use of violence (Y ) when a stop occurs (M = 1).

Comparison to survivor average causal effect. The “survivor average causal effect”

(SACE) arises in settings where the outcome is censored due to a post-treatment factor, such

4As noted briefly above, the IV causal structure relevant here would be the one that regards our M as
the treatment, and our D as the instrument for it. Relatedly, the Yi(·) in Expression 3.9 refers to Yi(m) in
the IV setting, and the causal effect among compliers is thus the effect of M on Y , not the effect of D on
Y we are investigating. That said, for compliers D and M are required to be the same, so the notational
difference is immaterial in this particular case.

5For such settings, partial identification strategies have been developed for bounded potential outcomes
[Manski, 1990, Manski and Pepper, 1998].
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as survival [Tchetgen, 2014, Egleston et al., 2009, Imai, 2008, Hayden et al., 2005, Zhang

and Rubin, 2003, Rubin, 2000, Robins, 1986], or sample selection/attrition [Semenova, 2020,

Lee, 2005]. The SACE is defined as

SACE = E[Yi(1)− Yi(0) |Mi(0) = 1,Mi(1) = 1] (3.10)

This considers only the effect among always-takers, i.e. “always-survivors” when M = 1

is survival to endline. Because we cannot observe which units are always-takers, point

identification strategies rely on assumptions that ensure mean values of Yi(1) or Yi(0) do not

differ between certain principal strata. As an estimand, the TRACE differs from the SACE

only by including compliers. However, the survival settings in which the SACE originates

differ from those we have considered thus far because missingness in the outcome makes even

the total effect unidentified, which poses a problem for our approach. Outside of the survival

setting, the SACE is relevant when reinterpreted as the average effect among always-takers,

i.e. where the M in question does not affect loss to follow-up (see e.g. Hudgens and Halloran

[2006]). Existing work on partial identification for the SACE has proposed trimming bounds

[Samii et al., 2025, Semenova, 2020, Lee, 2005, Imai, 2008, Zhang and Rubin, 2003, Horowitz

and Manski, 1995] using worst-case values for E[Y (d) | AT]. We discuss similar bounds for

the TRACE in Section 3.3.6.

Comparison to mediation analysis. A variety of mediation approaches decompose the

total effect into changes in the outcome caused directly by treatment and those caused

indirectly through changes in the mediator (e.g. Robins and Greenland, 1992, Pearl, 2001,

Imai et al., 2010a, 2014, Pearl, 2014, Acharya et al., 2016). Our causal query is not the

same: we seek a total effect, for a subgroup defined by the potential value of the mediator.

Given this important distinction, efforts we made to directly translate between these two

approaches proved more complex than illuminating.
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Intention to treat, as-treated, and per-protocol analyses. The intention-to-treat

(ITT) approach evaluates causal effects based on the assigned treatment when not all

participants adhere to treatment assignment, which is simply the total effect in our

setting. Our proposal is essentially a formalization of the understanding that the ITT is

“diluted”, and a means of exploring the “un-diluted” values implied by varying quantitative

assumptions on TRACE(0). Another approach to estimation under nonadherence is

“as-treated” analysis, which estimates the effect of the realized treatment rather than

the assigned treatment. This estimate will suffer bias from confounding if characteristics

that moved a participant to treatment implementation are associated with characteristics

that affect a participant’s outcome. Similarly, some investigators employ “per-protocol”

analyses, including only participants who adhered to treatment assignment. This is simply

conditioning on the implementation variable, and thus introduces the biases described

above.

G-estimation under a “no unmeasured M − Y confounders” assumption.

For both as-treated and per-protocol analyses, if all confounders of the compliance-

outcome relationship are known, they can be adjusted for using standard methods

like inverse probability weighting or g-estimation. These would target the quantity

E[Y | D = 1,M = 1, X] − E[Y | D = 0,M = 1, X], where X satisfies conditional

ignorability. However, by conditioning on post-treatment variables, these approaches forego

the identification benefits of the initial randomization, and require strong assumptions

regarding the absence of mediator-outcome confounders (see e.g. Sheiner and Rubin, 1995,

Hernán and Hernández-Dı́az, 2012, Hernán et al., 2013).

A related approach is to model M(1) for all units based on available (pre-treatment)

covariates. The estimated M̂(1) can be conditioned on (e.g. Vanacore et al., 2024). This

characterizes the total effect across groups defined by their pre-treatment covariates. The

predicted M̂(1) is at best an imperfect proxy for M(1), nevertheless, this approach may prove
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valuable when it is less important to precisely learn the TRACE but desirable to have some

directional estimate of how it changes as a function of relevant pre-treatment covariates.

Applicability to partial identification using AutoBounds. Duarte et al. [2024]

describe a general framework for obtaining bounds on causal estimands by solving a

polynomial optimization problem. When formulated as minimization and maximization

problems, these programs yield lower and upper bounds on causal queries subject to

assumptions and observed data. Although the TRACE is not among the estimands

considered explicitly in Duarte et al. [2024], users could treat the TRACE as the target

estimand and encode postulated values or constraints on TRACE(0). AutoBounds would

then provide a convenient way to obtain bounds on the TRACE, and to combine the

assumptions used here with any additional restrictions an investigator is willing to impose,

revealing their joint identifying power.

3.3.6 Complementary monotonicity and trimming bounds

Where M is observed for all units, it may seem wasteful that our approach does not seek to

learn anything from the naive comparison, E[Y | D = 1,M = 1] − E[Y | D = 0,M = 1].

However, we show here that the bias separating this quantity from the TRACE involves

other unobservable quantities.6 Consider the following breakdown of this naive comparison,

in which “AT”, “C”, and “Def” refers to always-takers, compliers, and defiers respectively,

E[Y | D = 1,M = 1]− E[Y | D = 0,M = 1]

= E[Y (1) |M(1) = 1]− E[Y (0) | Def+AT]

= E[Y (1) |M(1) = 1]− E[Y (0) |M(1) = 1] + E[Y (0) |M(1) = 1]− E[Y (0) | Def+AT]

(3.11)

= TRACE + E[Y (0) | AT+C]− E[Y (0) | Def+AT] (3.12)

6As discussed in B.1), we could choose to reason about these quantities instead of TRACE(0).
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Even when we can rule out defiers, we are left with

E[Y | D = 1,M = 1]− E[Y | D = 0,M = 1] = TRACE + E[Y (0) | AT+C]− E[Y (0) | AT]

= TRACE+

[
E[Y (0) | AT]

Pr(AT)

Pr(AT) + Pr(C)
+ E[Y (0) | C]

Pr(C)

Pr(AT) + Pr(C)

]
− E[Y (0) | AT]

= TRACE+ [E[Y (0) | C]− E[Y (0) | AT]]
Pr(C)

Pr(AT) + Pr(C)
(3.13)

This is not fully identified simply because we cannot learn E[Y (0) | C] from the data.7

However, we can bound this quantity using the observed distribution of outcomes among

units with D = 0,M = 0 (compliers and never-takers).8 To do this, we first need to determine

what proportion of this group is made up of compliers. We can estimate P̂ r(NT) = P̂ r(M =

0 | D = 1), where ”NT” refers to never-takers.

Then,

P̂ r(C | D = 0,M = 0) =
P̂ r(C)

P̂ r(C) + P̂ r(NT)
(3.14)

Let π̂ denote this proportion. We can place simple bounds on the mean Y (0) among

compliers by taking the mean of the upper and lower π̂ percentiles of Y in the group with

D = 0 and M = 0. By randomization, E[Y (0) | C] = E[Y (0) | C, D = 0,M = 0].9

Substituting these bounds for E[Y (0) | C] in Expression 3.13 yields corresponding bounds

on the TRACE. We call these the “monotonicity and trimming” (MT) bounds.

A similar logic has been used to bound the survivor average causal effect under

monotonicity [Lee, 2005, Imai, 2008, Zhang and Rubin, 2003, Horowitz and Manski, 1995]

7Under monotonicity (no defiers), we can identify and estimate Pr(C) using P̂ r(C) = P̂ r(M = 1 | D =

1)− P̂ r(M = 1 | D = 0) and Pr(AT) using P̂ r(AT) = P̂ r(M = 1 | D = 0).

8We thank an anonymous reviewer for suggesting this approach.

9Let C denote membership in the complier stratum. By randomization of D, E[Y (0) | C] = E[Y (0) |
C, D = 0]. By Law of Iterated Expectations, E[Y (0) | C, D = 0] = E[Y (0) | C, D = 0,M = 0]Pr(M =
0 | C, D = 0) + E[Y (0) | C, D = 0,M = 1]Pr(M = 1 | C, D = 0). By the definition of compliers,
Pr(M = 0 | C, D = 0,M = 0) = 1 and Pr(M = 1 | C, D = 0,M = 0) = 0. Therefore, E[Y (0) | C] =
E[Y (0) | C, D = 0,M = 0].
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or “conditional monotonicity” [Samii et al., 2025, Semenova, 2020]. Where we can plausibly

assume (conditional) monotonicity and M is measured for all units, this approach offers a

separate route to bounding the TRACE, alongside bounding by reasoning about TRACE(0).

This is especially useful when the two bounding regions overlap incompletely, as valid

results would then need to fall in the intersection of the two.

3.4 Examples

3.4.1 Hypothetical demonstration: Perceived race, police stops, and violence

Here we provide a brief hypothetical example to demonstrate the use of this approach in the

challenging and widely discussed example of understanding the influence of perceived race

on police behavior (see e.g. Knox et al. [2020]).10 Consider a scenario in which police officers

observe drivers and have a perception (accurate or not) of each driver’s race. Let D = 1

designate that the police perceived the driver to be from a minority group. The police may

then choose to stop the vehicle (M). During that stop, police violence may or may not occur

(Y ). Note that if a stop does not occur (so M = 0), then there can be no violence, and thus

no effect of perceived race on violence. This is a “necessary condition mediator” (Type 3)

case.

Recall that TRACE(0) is the total effect among never-takers (with {M(1) = 0,M(0) =

0}), and defiers (with {M(1) = 0,M(0) = 1}). Suppose we can rule out defiers, arguing

that if a person is not stopped when perceived to be a minority, they would not be stopped

when perceived to be non-minority. Consequently, the M(1) = 0 group includes only never-

takers. Because this group is not stopped (regardless of perceived race) there can be no police

violence, and thus no effect of perceived race on violence. This makes TRACE(0) = 0, point

10This setting is not experimental, so in an actual empirical study of this question, unobserved confounding
would pose additional problems beyond the identification concerns related to post-treatment conditioning
discussed here and elsewhere.
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identifying the TRACE.11

Estimation requires only the sample moments required to estimate (i) the total effect, and

(ii) the proportion with M(1) = 1. The former requires knowing what fraction of encounters

with perceived-minority drivers resulted in violence (Pr(Y = 1 | D = 1)), and the fraction of

encounters with perceived-non-minority drivers resulting in violence (Pr(Y = 1 | D = 0)).

This may not be directly available, but could be backed-out from alternative combinations of

information, such as the fraction of cases with violence involving perceived minority drivers

(Pr(D = d | Y = 1)), the overall proportion of police-perceived minority drivers (Pr(D = 1))

in the relevant population, and the overall proportion of encounters that result in violence

(Pr(Y = 1)). However, we cannot estimate the second quantity, Pr(M(1) = 1), in cases

where data on encounters are not available. This is similar to conclusions reached by other

means in Knox et al. [2020], who show that the total effect can be point identified in this

setting given additional data on the total number of perceived minority and the total number

of white encounters (“encounters” describing any possible stop/nonstop). Using the count

of total encounters among minority-perceived drivers, we could also estimate Pr(M(1) = 1)

using Pr(M = 1 | D = 1), identifying the TRACE.

3.4.2 Effects of community policing on mob violence in Liberia

Setting. Our first empirical application is an experimental study by Morse [2024]

examining the effects of a community policing intervention in Monrovia, Liberia on mob

violence, overall instances of crime, perceptions of security, and crime reporting.12 The

11Even when we cannot rule out defiers, we may still be able to argue that TRACE(0) is nearly zero,
which may inform inference. Consider cases in which a police officer would stop an individual only if they
were perceived as non-minority, e.g. during a manhunt for a white suspect. Information about the nature
of these stops and how often such manhunts occur could put reasonable limits on the ratio of never-takers
to defiers. If the proportion of defiers is expected to be much smaller than the proportion of never-takers,
TRACE(0) will be very close to 0, even if the effect among defiers is not. Partial identification can then
proceed with TRACE(0) values near 0. We thank an anonymous reviewer for raising this consideration.

12This study was part of a coordinated multi-site trial across six countries [Blair et al., 2021].
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intervention, implemented in collaboration with the Liberian National Police (LNP),

involved community town hall meetings, increased foot patrols, and the formation and

training of local security groups known as Community Watch Forums. Forty-five out of 93

eligible communities in the capital Monrovia were randomly selected to receive the program

over a period of 10 months. Outcomes were measured primarily using community surveys

administered three months after the end of the intervention. Morse [2024] finds that the

intervention meaningfully reduced instances of mob violence, but did not affect overall

crime, perceptions of security, or crime reporting.

The intervention was designed to reflect a coproduction-based approach to policing,

aimed at simultaneously increasing reliance on the police and improving communities’

abilities to respond to security issues in a lawful manner. This model is tailored to

contexts with low existing police capacity, where promoting cooperation with police as the

sole legitimate means of addressing community security issues can be ineffective, or even

backfire, if police lack the capacity to effectively respond. To avoid these potential pitfalls,

the intervention incorporated training and capacity building for Community Watch Forums

(CWFs), groups of citizens who cooperate directly with the police, including by sharing

information, facilitating police investigations, and conducting joint security patrols. 13Morse

[2024] attributes the success of the intervention at reducing mob violence to this component

in particular.

We use (community awareness of) the presence of a CWF as our primary mediator of

interest M , setting M = 1 if more than 20% of community survey respondents at endline

reported the existence of a CWF. Our main outcome of interest Y is the average number

of instances of mob violence reported by community survey respondents in the past year.

The TRACE represents the effect of the community policing intervention on reported mob

violence in communities where assignment to the intervention would have resulted in the

13Community security groups existed in some form in many areas prior to the intervention. As a result,
it is possible for respondents in control communities to report the presence of a CWF.

51



formation of a successful CWF (hereafter “implementing types”).

Results. Figure 3.2 illustrates what can be claimed about the effect among implementing

types (TRACE) given any assumption about the effect among non-implementing types

(TRACE(0)). The vertical axis represents postulated values of TRACE(0), while the

horizontal axis represents corresponding estimates of the TRACE.

To illustrate interpretation, consider three possible assumptions. First, suppose

we assume that the effect of the community policing intervention is the same among

implementing and non-implementing types (i.e. that TRACE = TRACE(0)). Under this

assumption, our point estimate of the TRACE is equivalent to that of the ITT, represented

by the intersection of the dashed lines at an estimate of -0.23.14 HC2-based confidence

intervals for the ITT are shown using the (blue) vertical line segments around the point

estimate. Note that confidence intervals for the TRACE are larger than for the ITT even

where the two point estimates are equivalent. This is because the former represents an

inference about a sub-group (those with M(1) = 1).

Second, if we are willing to posit that the intervention had no effect on mob violence

in non-implementing type communities (i.e. that TRACE(0) = 0), we recover an effect

size among implementing types of -0.57, more than twice the magnitude of the ITT, in the

hypothesized direction (a reduction in mob violence).

Third and more practically, we would likely be unwilling to endorse either of the

assumptions above in this case, especially using an arbitrary cutoff for the community

awareness indicator of implementation (M). However, we are more willing to entertain the

assumption that the intervention produced a larger benefit (a more negative effect on mob

14Our point estimate of the ITT (-0.23) differs slightly from the estimate of -0.28 in Morse [2024] for
two reasons. First, while Morse [2024] analyzes outcome data at the individual level and clusters standard
errors at the community, we measure the outcome at the community level, using the community-level mean,
avoiding the clustering requirement. Second, while we use OLS, Morse [2024] uses weighted least squares,
weighting by the product of inverse probability of community assignment to treatment and inverse probability
of individual selection for the survey.
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violence) among implementing types than among non-implementing types. Researchers

may argue this directly based on the necessity of M to achieving a meaningful effect.15 If

true, this implies estimates for the TRACE that fall to the left of the vertical dotted line.16

If we wish to further assume that TRACE and TRACE(0) have the same sign, we bound

the TRACE on the left at the point where TRACE(0) = 0. This range is represented by

the grey shaded region on the plot, and corresponds to point estimates of TRACE between

-0.23 and -0.57 (Figure 3.2, shaded region).

The results also imply that any argument for a TRACE estimate larger (more beneficial)

than -0.57 would require us to believe that the intervention produced an average increase in

mob violence in non-implementing type communities. This could be possible, for example,

if police lacked the capacity to respond to increased demand for law enforcement resulting

from other aspects of the intervention and – in the absence of a viable lawful community-

based alternative – communities (would have) resorted to vigilante justice. Investigators and

subject experts can reason about the plausibility of such opposite-directional effects among

non-implementing types in this or any given setting.

Assessing null findings. Our approach can also be informative in the interpretation of

null results. For example, in contrast to the encouraging findings regarding the effects on

mob violence, Morse [2024] does not find evidence that the community policing intervention

reduced crime, improved perceptions of security, or increased crime reporting. Given uneven

15More rigorously, the assumption can be supported by reference to a combination of direct and indirect
effects and their signs. To simplify, suppose we can rule out defiers, as is reasonable here. Then TRACE(0)
is simply the effect among never-takers, which is a direct effect of D on Y in that group without the indirect
effect through M . We might expect this to be small if D is an intervention that cannot reasonably have a
large (direct) effect in the absence of M . Meanwhile, the TRACE is due to both always-takers and compliers.
The always-takers again contribute only a direct effect, which may arguably be small. However, compliers
can provide both a direct effect and the key indirect effect of interest, which might be much larger when M
is clearly important to achieve an effect.

16TRACE estimates to the right of the vertical dotted line imply a more beneficial (negative) effect of the
community policing intervention on mob violence among non-implementing types than among implementing
types.
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Figure 3.2: Estimated TRACE of community policing intervention on reported mob violence,

among communities for which the intervention would have produced a successful Community

Watch Forum (implementing types), across postulated values of the treatment effect among

non-implementing types (TRACE(0)). Line segments represent 95% confidence intervals.

The number on the far right represents the “naive” ITT estimate, assuming constant

treatment effects across strata of M . The grey shaded region represents the range of estimates

assuming a value for TRACE(0) less than or equal to the value of the TRACE, in the same

direction. The pink bounds represent the MT bounds described in Section 3.3.6, and the pink

crosshatch shows the intersection of the MT bounds with the assumptions on TRACE(0). All

models include police zone (block) fixed effects and baseline levels of reported mob violence,

averaged at the community-level, as a covariate.

54



implementation, we might wonder “what would we have to believe about the effects of the

intervention among non-implementing types to recover an effect in hypothesized direction

among implementing types?” Figure 3.3 answers this question when using crime incidence

as the outcome.17 In panel 3.3a, we again use CWF-awareness for M (M = 1 if 20%

of community survey respondents reported awareness of a CWF registered with police at

endline). In order to obtain a significant beneficial (negative) effect among implementing

types, we would have to assume a harmful effect among non-implementing types larger in

magnitude than the corresponding beneficial effect among implementing types. We expect

this is unlikely.

Panel 3.3b repeats this analysis replacing M with an alternative implementation measure

capturing another major component of the intervention: community town hall meetings.

Here, M = 1 if more than 20% of community survey respondents reported being aware of

or having attended a community security meeting with police at endline. The results show

that we cannot obtain a significant beneficial effect among implementing types (TRACE)

even if the non-implementing group had a harmful effect (TRACE(0)) almost twice as large

as the beneficial effect among implementers. This increases our confidence that the failure

to find an effect of the intervention on crime is not a result of uneven implementation across

treated communities, at least insofar as we can consider the implementation “good enough”

in those with M = 1.

Additional monotonicity and trimming bounds. Results using the alternative MT

bounds described in Section 3.3.6 are also shown in Figures 3.2, 3.3a, and 3.3b. This approach

relies on an additional “no defiers” assumption, meaning here that no communities would

have formed a police-registered CWF only if not assigned to the intervention. For the effect

of the intervention on mob violence (Figure 3.2), the upper MT bound on the TRACE

17For a list of crimes, survey respondents were asked whether they or anyone in their family were a victim
of that type of crime in the past 6 months. The individual-level variable captures the total number of crimes
reported across all categories. In our analysis, this variable is averaged at the community level.
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Figure 3.3: Estimated TRACE of community policing intervention on reported

incidents of crime among implementing type-communities, across postulated values of

the treatment effect among non-implementing-type communities(TRACE(0)), using two

different implementation measures (M).
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is −0.04, which corresponds to assuming TRACE(0) = −0.11. The lower MT bound is

−0.40, which corresponds to assuming TRACE(0) = −0.38. In this case, combining the MT

bounds with the originally proposed bounds results in tighter bounds than either approach

alone. Meanwhile, in Figures 3.3a and 3.3b, we see that the MT bounds remain wide, while

reasonably defensible assumptions on TRACE(0) lead to more informative conclusions.

3.4.3 Empirical application 2: Effects of in-person canvassing on support for

transgender rights

Setting. Our second empirical application is a field experiment by Broockman and Kalla

[2016], examining the effects of a door-to-door perspective taking intervention on attitudes

toward transgender people and support for a transgender non-discrimination law. The

intervention involved a ten-minute conversation between canvassers and voters in Miami,

Florida, during which canvassers employed strategies meant to encourage “active processing,”

asking voters to talk about a time when they were judged for being different, and encouraging

them to see connections between their own experiences and those of transgender people.

Registered Miami voters who completed a baseline survey (n = 1,825) were randomly

assigned to receive either the perspective taking intervention or a placebo intervention

involving a conversation about recycling. Among the 501 voters who answered the door

in either condition, outcomes were measured in follow-up online surveys administered three

days, six weeks, and three months after the intervention.

Broockman and Kalla [2016] find evidence that the intervention both reduced prejudice

against transgender people and increased support for policies benefitting them: six weeks

and at three months post-intervention, treated individuals were significantly more tolerant of

transgender people and more supportive of an ordinance protecting them from discrimination

in housing employment and public accommodations.18

18The authors did not find positive effects on support for the non-discrimination law during the first and
second waves of outcome measurement. Beginning in the third wave (six weeks post-intervention), they
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Investigators may then wish to know what the effect of the intervention on policy

attitudes would be if they could look just at individuals for whom the intervention (would

have, if treated) produced a positive effect on attitudes toward transgender people. For this

application, we term this subset “reactive types,” noting that this shorthand is imperfect.

We consider this an example of a “mechanism of interest” (type 2) question described

above. Our primary outcome Y is support for the transgender non-discrimination law

six weeks after treatment (wave 3), measured on a seven-point scale. Our mediator (M)

captures the change in subjective feelings toward transgender people from baseline. The

authors measure attitudes toward transgender people during all waves using a standard

0-100 feeling thermometer, where a higher number represents “warmer” feelings. We code

M = 1 if an individual’s thermometer score increased between baseline and wave 3, and

M = 0 otherwise. In the treatment group, thermometer scores increased between baseline

and wave 3 for approximately 43% of respondents.

Results. Figure 3.4 shows the results from this analysis. We illustrate interpretation

with the same three assumptions employed in the previous application. First, if we assume

the intervention was equally effective in increasing support for the non-discrimination law

among individuals for whom it (would have) produced an improvement in subjective feelings

towards transgender people and those for whom it would not have, our estimate of the

TRACE is equal to the ITT (in this case, 0.27).19 Second, if we instead assume no effect

of the intervention on policy support among non-reactive types, we recover an effect among

reactive types of 0.63. Finally, if we merely wish to assume that the effect on policy support

among reactive types is greater than that among non-reactive types (but that the latter is

still positively-signed), we obtain a range of estimates for the TRACE between 0.27 and 0.63.

revised the survey to define the term “transgender.” Positive effects on support are detected only after this
point. We therefore focus our re-analysis on the third survey wave.

19The original paper reports the Causal Average Complier Effect (CACE) rather than the ITT, adjusting
for limited non-compliance with treatment assignment. While the CACE estimate reported in the paper
(0.36) is larger than the ITT, the ITT estimate is still statistically significant.
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Any estimate greater than 0.63 would require an assumption of a negative (e.g. “backlash”)

effect among non-reactive types.20

3.5 Conclusions

Investigators frequently face questions that require reasoning about treatment effects

within subgroups defined by post-treatment characteristics, such as implementation quality,

compliance, and attentiveness. Yet, directly conditioning on post-treatment variables

introduces problematic biases (e.g. Montgomery et al., 2018). The TRACE provides a

principled way to partially identify treatment effects for the subgroup that, if treated, would

have taken on a particular value of a relevant post-treatment variable. In comparison to

existing approaches to utilizing post-treatment variables, ours does not require strong and

untestable assumptions such as the exclusion restriction or the absence of mediator-outcome

confounders. Additionally, it is possible to use in cases where the relevant post-treatment

variable is or can only be measured in the treatment group.

The primary limitation of this approach is that it offers only partial identification,

excepting the special case where we can argue for no effect in the “non-reactive” group

(TRACE(0) = 0). We emphasize that it is neither necessary nor desirable for users to

postulate and defend a single value of TRACE(0), in order to produce a point estimate of

the TRACE. Instead, the results show what TRACE values are possible given beliefs we can

defend about TRACE(0). For example, in some cases investigators may be able to argue

that the TRACE(0) is near zero, exactly zero, has a smaller absolute value but same sign as,

or has the opposite sign as that of the TRACE. A defensible assumption of this kind may

sometimes lead to an informative boundary; in other cases it may not.

20We do not attempt the alternative MT bounds here because we find it unlikely that monotonicity holds.
Specifically, some individuals may become irritated with the door-to-door canvassing, developing a more
negative attitude towards transgender people in response, while their attitudes may have remained level or
improved slightly over-time otherwise.
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Figure 3.4: Estimated TRACE of in-person canvassing intervention on support for

transgender non-discrimination law, among those for which the intervention would have

led to an improvement in feelings toward transgender people from baseline (reactive types),

across postulated values of the treatment effect among non-reactive types (TRACE(0)). Line

segments represent 95% confidence intervals. The number on the far right represents the

“naive” ITT estimate, assuming constant treatment effects across strata of M . The shaded

region represents the range of estimates assuming a value for TRACE(0) less than or equal

to the value of the TRACE, in the same direction. All models include control variables used

in Broockman and Kalla [2016], including baseline levels of both transgender attitudes and

policy support.
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One area of particular interest may be the interpretation of null results from experimental

studies in which implementation was uneven. For example, finding no average effects of

community policing on citizen-police trust, cooperation with police, or crime across multiple

countries, Blair et al. [2021] reasonably suggest that “implementation challenges common

to police reforms may have contributed to these disappointing results.” In such cases, the

approach we propose enables researchers to precisely characterize what we would have to

assume in order to attribute null effects to implementation challenges.
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CHAPTER 4

Estimating effects of cancer screening among those

who would be diagnosed if screened: an application of

the Treatment Reactive Average Causal Effect

4.1 Introduction

The effects of early cancer screening on severity of illness and cancer-related mortality

are of interest to researchers, physicians, and policymakers alike. In 1999, the Korean

government funded the implementation of the Korean National Cancer Screening Program,

which provided free biennial Pap smear tests for the screening of cervical cancer. Bui et al.

[2021] investigated the effects of early screening on development of invasive cervical cancer

and carcinoma in situ (non- or pre- invasive, an earlier stage of cancer) by comparing

women who participated in KNCSP to those who did not. They found that women in

the ever-screened group were more likely to be diagnosed with carcinoma in situ than with

invasive cervical cancer. Similar studies in other countries have found that early screening

is associated with reductions in risk of more severe diagnoses of cancer [Amri et al., 2013,

Bretthauer et al., 2022].

When assessing a randomized controlled trial on effects of cancer screening on severity

and mortality outcomes, it is standard to compare outcomes in the treated group to the

control group for all eligible units in the experimental sample to estimate an effect [Bui

et al., 2021, Amri et al., 2013] or on incidence of cancer [Bretthauer et al., 2022]. However,
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in thinking about the effect of screening on severity of diagnosis, we would ideally like to

compare outcomes for only the subset of the population for whom the screening would lead

to diagnosis – for those who are never diagnosed with cancer, we expect that screening will

have a negligible effect. Focusing on this group would help us to isolate the effect of screening

on outcomes of interest, without masking or overstating the effect.

A natural inclination, then, may be to condition on diagnosis in the analysis, i.e. subset

the analysis to those who were diagnosed with some stage of cancer. However, this type of

conditioning introduces statistical biases that render an invalid causal estimate. Instead, we

propose conditioning on “potential” diagnosis, that is, the diagnosis status that an individual

would have if they were screened. We describe a partial identification approach that targets

the Treatment Reactive Average Causal Effect (TRACE), defined as the effect of treatment

among those who, if treated, would have a particular value of the post treatment variable

of interest [Hazlett et al., 2025]. Given the proportion of people who screen positive among

those screened and the total effect of screening on severity, and by reasoning about the effect

of screening for those who, if screened, would not be diagnosed, we can estimate a range of

plausible values for the TRACE. There may be reason to believe that the effect of screening

for the “screen negative” group is equal to or close to 0. In this case, we can achieve point

identification of the TRACE.

In the sections that follow, we detail the use of this approach in estimating the effects

of screening on mortality outcomes, both in comparing different types of screening and in

comparing screening to no screening. By reasoning about the effect among the group that

would not be diagnosed if screened, we can identify and estimate the range of plausible

values for the TRACE. We compare our proposed estimand with related estimands in the

literature, notably the survivor average causal effect (SACE) and the local average treatment

effect (LATE) targeted by instrumental variables. We demonstrate the use of the proposed

approach through (i) a simulated example estimating the effects of early screening for cancer

on life span and (ii) an applied example estimating the effects of low dose CT screening on
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lung cancer mortality, compared to chest radiography screening.

4.2 Background

D YM

UX

Figure 4.1: Setting of interest

Consider the setting in Figure 4.1. Researchers may be interested in the effect among a

group with a particular value of M , but cannot condition on M as it would induce collider

bias and/or selection bias. This is especially relevant when estimating the effects of cancer

screening or in comparing effects of different types of screening, as we expect that the effect

will the strongest among those for whom the screening detects cancer or a precancerous

nodule.

There are many related settings in which disease progression analyses are useful,

and corresponding estimands have been proposed for analyses of effects in these settings

[Gonçalves and Suzuki, 2025]. One proposed estimand is the survivor average causal effect,

or the effect among the “always-infected” group. Several identification strategies have been

developed for the survivor average causal effect [Tchetgen, 2014, Egleston et al., 2009, Imai,

2008, Hayden et al., 2005, Zhang and Rubin, 2003, Rubin, 2000, Robins, 1986]. However,

for our setting, the survivor average causal effect does not fully capture the effect of the

exposure. Consider the case where we compare screening to no screening – in this case, it is

impossible to screen positive if one is not assigned screening. There is no “always-infected”

group, but we still are interested in the effect for those who would screen positive if screened.

For this type of setting, Gonçalves and Suzuki [2025] propose the controlled direct effect
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(CDE) as a possible quantity of interest. The CDE estimates the effect of screening on

outcome for all units when we set diagnosis to 1, which could be useful if correctly identified

[Robins and Greenland, 1992, Pearl, 2001, Imai et al., 2010a, Acharya et al., 2016]. However,

the identification approach relies on assumption of no unobserved M-Y confounders, which

we do not wish to make.

Existing analyses of cancer screening trials mostly focus on intention-to-treat analysis and

per-protocol analysis [Bretthauer et al., 2022]. Intention-to-treat analysis is known to be a

conservative estimate of effect, and in the case of cancer screening where so few people will

be diagnosed with cancer, the ITT estimate is likely to mask any true effects of the exposure

[Hernán and Hernández-Dı́az, 2012]. Per-protocol analysis focuses on just those people who

were screened and did screen positive, this essentially conditions on diagnosis and relies on

accurate adjustment for all M-Y confounders. Similar to the CDE, identification of the per-

protocol effect is possible only if the corresponding conditional ignorability assumptions hold

[Hernán and Robins, 2017, Hernán et al., 2013]. We instead propose a partial identification

approach that does not require these assumptions.

Partial identification and sensitivity analysis approaches targeting different estimands

have been proposed for the cancer screening setting. Swanson et al. [2015] target the per-

protocol effect in estimating the effect of colorectal cancer screening on colorectal cancer

incidence and mortality over 10 years of follow-up using data from the Norwegian Colorectal

Cancer Prevention trial. Key to this setting is that not all people assigned screening actually

did the screening, thus the need for the per-protocol effect, which focuses on the group

that was assigned to and did do the screening. In order to estimate bounds without any

further assumptions on the setting, they impute the most extreme scenarios for unobserved

counterfactual probabilities to get lower and upper bounds. In a similar vein, partial

identification strategies have been developed for the survivor average causal effect that use a

trimming approach that imputes worst-case values for the expected outcome under treatment

for the always-survivor group [Samii et al., 2025, Semenova, 2020, Lee, 2005, Imai, 2008,
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Zhang and Rubin, 2003, Horowitz and Manski, 1995]. These trimming approaches rely on

an additional assumption of monotonicity (no defiers).

Our approach targets partial identification of a novel estimand, defined as the total effect

among the group that would take on a particular value of the post-treatment variable if

treated. In the framework of principal stratification [Zhang and Rubin, 2003], this is the

effect among always-takers and compliers. This differs from the existing literature in both

the quantity of interest that we are targeting, and in the partial identification opportunity

that it allows.

4.3 Proposed approach

4.3.1 Setup and notation

Let D be the randomized assignment to screening, M be the detection of cancer from that

screening, and Y be an outcome of interest that is defined for all units. We denote the

potential outcomes for unit i as Yi(d,m) for d = 0, 1 and m = 0, 1 and potential mediator

values as Mi(d) for d = 0, 1. The total effect is defined as

TE = E[Yi(1,Mi(1))− Yi(0,Mi(0))] (4.1)

For our purposes, because we are not interested in manipulating M , we use shorthand

Y (1,M(1)) = Y (1) and Y (0,Mi(0)) = Yi(0). We can then write the total effect as follows:

TE = E[Yi(1)− Yi(0)] (4.2)

The estimand of interest is the Treatment Reactive Average Causal Effect, defined as the

effect of assigned treatment among the group that “if screened, would have been diagnosed”,

TRACE = E[Yi(1)− Yi(0)|Mi(1) = 1] (4.3)
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In order to partially identify this quantity, we need to reason about the treatment effect

among that group that “if screening, would not be diagnosed,”

TRACE(0) = E[Yi(1)− Yi(0)|Mi(1) = 0] (4.4)

4.3.2 Partial identification of TRACE

Given randomization of D, the total effect (TE) of D on Y is identifiable, as is Pr(M(1) = m)

for d = 0, 1. Using these quantities, we can partially identify the TRACE:

TE = Pr(M(1) = 1)TRACE + Pr(M(1) = 0)TRACE(0) (4.5)

TRACE =
TE − Pr(M(1) = 0)TRACE(0)

Pr(M(1) = 1)
(4.6)

We can estimate TE as T̂E = Y1− Y0 and Pr(M(1) = m) as P̂ r(M(1) = m) = P̂ r(M =

m|D = 1). We are left to reason about the total effect among the M(1) = 0 or “screened

but not diagnosed” group, TRACE(0). Given a range of plausible values for TRACE(0),

we can estimate bounds on TRACE. Note that information on M is only required when

D = 1. This allows us to use this approach in settings where M is not measured or is ill

defined for units that do not receive treatment. For example, in comparing screening to no

screening, if M is defined as the result from screening, the group that is not screened will

not have a measurement for M . Regardless, we can reason about TRACE(0), and estimate

all other quantities necessary for partial identification of TRACE.

4.3.3 Reasoning about TRACE(0)

In a general setting, there are many different assumptions we can make on TRACE(0)

– notably, we can often plausibly assume that the effect of treatment among the “non-

implementer” group (or in this case the “not diagnosed” group) will be smaller in magnitude

than the effect among the implementer, or diagnosed, group: |TRACE(0)| < |TRACE|.

For example, and previewing one of our applications, suppose we are interested in the effect
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of a new, more sensitive type of screening in comparison to an older screening method. We

would expect that the effect of the new screening on mortality among those who would not

be diagnosed by the new screening would be smaller in magnitude than the effect for those

who would be diagnosed.

We also may be able to assume that TRACE(0) will be opposite in sign from the

TRACE. Consider the situation where a government plans to provide a program for the

community, but fails to properly implement the program. The lack of implementation could

engender mistrust or anger among the community where it was not implemented. This would

result in a negative effect of the program on trust in the government among communities

where it was assigned but not implemented, but a positive effect among those were it was

assigned and well implemented.

In some special settings, we can plausibly make the assumption that TRACE(0) = 0. We

can see an example of this type of setting when estimating the effect of screening compared

to no screening. We can plausibly assume that the effect of screening among those who would

not be diagnosed if screened is equal to or close to zero. This could be violated if receiving a

negative screening result induces people to change their behaviors, e.g. pursue a less healthy

lifestyle. In our application in Section 4.4.1, we argue that these kinds of “backlash” effects

are minimal if not null. When TRACE(0) = 0, our approach allows for point identification,

̂TRACE =
T̂E

P̂ r(M = 1|D = 1)
(4.7)

Comparison to exclusion restriction Note that the identification result from

postulating that TRACE(0) = 0 is similar to the identification result achieved by

instrumental variables (IV) approaches that make the exclusion restriction assumption

[Imbens and Angrist, 1994, Baker and Lindeman, 1994]. The two results will be equivalent

when we can rule out always-takers, that is, P̂ r(M = 1|D = 1) = P̂ r(complier). However,

stating that TRACE(0) = 0 is not the same as the exclusion restriction. The exclusion

restriction states that D can only affect Y through M . Meanwhile, TRACE(0) = 0 allows
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D to affect Y through M when M(1) = 1, but not when M(1) = 0.

Breaking this down further, in potential outcomes notation, the exclusion restriction is

written as:

Y (m, d) = Y (m, d′) = Y (m) (4.8)

for all m and d, d′ Imbens and Angrist [1994]. In the setting where we compare screening to

no screening, where it is impossible for M = 1 when D = 0, this is equivalent to stating:

Y (complier|D = 1) = Y (M = 1) (4.9)

and

Y (never-taker|D = 1) = Y (never-taker or complier|D = 0) = Y (M = 0) (4.10)

Equation 4.9 holds as there are no always-takers or defiers, so the only group with M = 1

is the compliers. Equation 4.10 does not hold. In this setting, never-takers are those who

would not be diagnosed with cancer if screened, while compliers are those who would be

diagnosed with cancer if screened. The expected mortality outcome will be very different for

those who would be diagnosed if screened compared to those who would never be diagnosed.

The exclusion restriction is violated in this case, but we are still able to use our identification

approach. This allows us to recover an effect when the IV approach cannot be used, and

also suggests that the IV assumptions may be overly restrictive.

Practical Considerations Reasoning about TRACE(0) in the screening settings is

complicated by the fact that the results from screening are not always accurate. Figure 4.2

shows the different latent types that are represented by the groups M(1) = 0 and M(1) = 1.

Notably, these groups can include false negatives and false positives, which may result in

opposite effects than what we would expect for individuals with incorrect screening results.

For example, consider the individuals in the M(1) = 0 group who receive a false negative

screening. These individuals will continue living with undetected cancer, and it is possible
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C = 0

D = 0 D = 1

M(1) = 0 M(1) = 1 M(1) = 0 M(1) = 1

C = 1

D = 0 D = 1

M(1) = 0 M(1) = 1 M(1) = 0 M(1) = 1

Figure 4.2: Trees representing 8 possible latent groups in the data. In practice, we only

observe 4 groups as C (whether a person has cancer) is unknown prior to the screening

that receiving a negative screening result makes them less likely to do another screening in

subsequent years. For these individuals, doing the screening and receiving a negative result

may be worse than an alternative of not doing the screening. Meanwhile, for individuals

who receive false positives, it is possible that they undergo unnecessary treatment and this

has negative effects on life span and other relevant outcomes.

If the false positive and false negative rates are relatively small, it is possible to still

make reasonable assumptions about TRACE(0). We can break down the TRACE(0) as

a weighted combination of the effect among those who actually have cancer and the effect

among those who do not:

TRACE(0) =E[Yi(1)− Yi(0)|Mi(1) = 0, Ci = 0]P (Ci = 0|Mi(1) = 0) (4.11)

+ E[Yi(1)− Yi(0)|Mi(1) = 0, Ci = 1]P (Ci = 1|Mi(1) = 0)

If P (Ci = 1|Mi(1) = 0) is very small in comparison to P (Ci = 0|Mi(1) = 0), then

TRACE(0) will be close to the expected effect among the “true negatives”. Knowledge

about the false negative rate of the screening in question can then help us in reasoning

about TRACE(0).

4.3.4 Sharpening bounds under additional assumptions

Under additional assumptions, we may be able to sharpen our bounds using a “trimming”

approach [Lee, 2005, Imai, 2008, Zhang and Rubin, 2003, Horowitz and Manski, 1995].
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Specifically, consider a monotonicity (no defier) assumption. In this case the first term in

the TRACE—the expected treatment potential outcome for always-takers and compliers—is

readily identifiable from the data,

E[Y (1) | always-takers, compliers] = E[Y |always-takers, compliers, D = 1] (4.12)

= E[Y |M = 1, D = 1] (4.13)

The difficulty lies in the contrasting term, the expected non-treatment outcome among

always-takers and compliers, or

E[Y (0) | always-taker]Pr(always-taker) + E[Y (0) | complier]Pr(complier) (4.14)

= E[Y | D = 0,M = 1]Pr(M = 1 | D = 0) + E[Y | complier, D = 0]Pr(complier) (4.15)

Under monotonicity we know that those with D = 0, M = 1 are always-takers and

so can identify and estimate E[Y (0) | always-taker]. However, we cannot directly estimate

E[Y (0) | complier], because we cannot know if those with D = 0,M = 0 are compliers or

never-takers.

We can use the observed distribution of outcomes among the D = 0,M = 0 (compliers

and never-takers) group to estimate bounds on the expected outcome for the compliers as

follows. First, we need to determine what proportion of this group is made up of compliers.

This is identifiable as follows: We can estimate P̂ r(always-taker) = P̂ r(M = 1 | D = 0),

P̂ r(never-taker) = P̂ r(M = 0 | D = 1), and P̂ r(complier) = 1 − P̂ r(always-taker) −

P̂ r(never-taker). Then,

P̂ r(complier | D = 0,M = 0) =
P̂ r(complier)

P̂ r(complier) + P̂ r(never-taker)
(4.16)

Knowing that π̂ ≡ P̂ r(complier | D = 0,M = 0) of this group are compliers, we

can place simple bounds on the mean Y (0) of compliers by taking the mean of the upper

and lower π̂ percentiles of Y in the group with D = 0 and M = 0. We can use these

bounds directly in Expression 4.15 to obtain bounded on the mean Y (0) among always
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takers and compliers. Differencing these from the estimate of Y (1) among the compliers and

always-takers (Ê[Y |D = 1,M = 1]) (Expression 4.13) produces bounds for the final TRACE

estimate.

When these bounds can be calculated (when monotonicity holds and M is measured for

all units), they provide a separate approach to partial identification that, in some cases, could

lead to narrower bounds. In other cases, these bounds will be wider than those that we can

estimate by reasoning about TRACE(0). Nevertheless, the intersection of our bounds with

the trimming bounds could be informative, especially when the bounding regions overlap.

4.4 Applications

4.4.1 Hypothetical example: effect of early screening for cancer on severe

cancer incidence

Suppose we are interested in the effect of cancer screening (compared to no screening) on

life span, among a group of high-risk individuals. Let D represent screening, where Pr(D =

1) = 0.5. Let C be a latent variable representing whether a person actually has cancer at

screening time, with Pr(C = 1) = 0.1. Let M represent the detection of cancer at the

screening time point, where Pr(M = 1|D = 1) = 0.6. Suppose the screening test has 85%

probability of detecting cancer or a pre-cancerous nodule. Then, for the people with cancer,

Pr(M(1) = 1) = 0.85. Finally, let Y represent life span, and assume average life span with

no screening is 70 years and with screening, if the screening detects cancer, is 80 years. We

simulate a data set of size n = 100, 000 for this setting using the following data generating
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process:

D ∼ Bernoulli(0.5) (4.17)

C ∼ Bernoulli(0.1) (4.18)

M(0) = 0 (4.19)

M(1)|C = 0 = 0 (4.20)

M(1)|C = 1 ∼ Bernoulli(0.85) (4.21)

Y (0) ∼ Lognormal(4.2, 0.152) (4.22)

Y (1) = Y (0) + 12∗C∗M(1) (4.23)

As reflected in Equation 4.23, the ground truth for this data is that TRACE = 12 and

TRACE(0) = 0. Figure 4.3 shows the estimated TRACE (x-axis) for a range of possible

values of TRACE(0) (y-axis). The estimated intention-to-treat effect, or the total effect of

D, is 0.924 (this is shown by the intersection of the dotted blue lines).

In this setting, without a priori knowledge, we could reason that TRACE(0) is close to

0 as the screening is unlikely to change anything for the people who would not be diagnosed

from the screening. If we assume that TRACE(0) = 0, we see that our approach estimates

that the TRACE is close to 12. This is very different from the total effect of 0.924, and

highlights how the effect among those diagnosed can differ greatly from the effect among the

whole sample.

If we do not believe that TRACE(0) = 0, and instead believe that |TRACE(0)| <

|TRACE|, then we estimate that the TRACE is between 0.924 and 12. This provides us

a range of plausible estimates for TRACE, while also taking into account our knowledge of

the relationship between TRACE and TRACE(0).

Monotonicity and trimming bounds We can also calculate the monotonicity and

trimming (MT) bounds described in Section 4.3.4 for this simulated example. Figure 4.4
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Figure 4.3: Results with simulated data.

shows the results from the MT approach, in addition to our original results. We see that in

this particular setting, our bounds from reasoning about TRACE(0) are strictly better than

those obtained from the MT approach. This is because the probability of cancer diagnosis is

very low, and so the proportion of compliers in the distribution of compliers and never-takers

is small. This means that when we look at the lower and upper percentiles corresponding to

this proportion, we will likely get values that are on both extremes of our overall outcome

distribution, leading to wide bounds. This is not true of most settings – although the MT

bounds are uninformative here, they are useful in other settings (see e.g. Hazlett et al.,

2025).
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Figure 4.4: Results for simulated data, including Monotonicity and Trimming (MT) bounds.

The pink data points show the lower and upper bounds (and confidence intervals) on TRACE

from the MT approach. The light blue data points show the corresponding TRACE(0) values

for those lower and upper bounds on TRACE. The pink crosshatch shows the overlap between

our bounds and the MT bounds.
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4.4.2 Empirical application: Effects of low-dose CT screening compared to chest

radiography on lung cancer mortality

Our empirical application involves estimating the effects on lung-cancer related mortality

of low-dose helical computed tomography (CT) for lung-cancer screening. When low-dose

CT was introduced for screening, many studies showed that the method detects tumors

at earlier stages compared to other screening methods. The National Lung Screening

Trial (NLST) aimed to determine whether low-dose CT screening could reduce lung-cancer

related mortality among high-risk persons when compared to the previous standard screening

method, single-view posteroanterior chest radiography [NLST Research Team, 2011].1

Setting. The study was conducted over 33 sites in the United States from August 2002

to April 2004, with 53,452 participants who were each randomly assigned to either low-dose

CT or single-view posteroanterior chest radiography. Eligible participants were those with

a smoking history of at least 30 pack-years2, were between 55 and 74 years of age, and if

they had quit, had done so in the last 15 years. Participants were invited to three annual

screenings, and the rate of adherence to these screenings was more than 90%. The NLST

research team found a relative reduction of 20.0% in lung-cancer related mortality for the

low-dose CT screening group compared to the radiography group. This corresponds to an

absolute reduction of 62 deaths per person-years in the low-dose CT group compared to the

radiography group. The analysis included all participants, including those for whom none

of the screenings detected cancer and/or any nodules. For those participants who had no

detection at any screening, it is plausible to say that the screening had a much smaller effect

– in that case, this effect estimate for CT screening would be attenuated by the inclusion of

these participants.

1The authors thank the National Cancer Institute for access to NCI’s data collected by the National Lung
Screening Trial (NLST), under Project Number NLST-1459.

2packs-per-day*number of years smoked
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For this reason, we are interested in focusing on the group of participants that have

detectable lung cancer, that is, the participants who, if screened with low-dose CT, would

have a detected nodule. Focusing on this group will help to isolate the effect of the low-dose

CT screening, in the cases where the screening would matter the most.

Let D be the assigned type of screening (D = 1 is low-dose CT, D = 0 is chest

radiography) and let M denote whether a person had cancer or a nodule detected at any of

the screenings. Suppose we are interested in the binary outcome Y of whether a person died

due to lung cancer. We can use our proposed approach to partially identify and estimate the

TRACE, which is the effect of the low-dose CT screening on lung cancer mortality among

those who, if screened with low-dose CT, would have had detected cancer or a pre-cancerous

nodule.

The relevant quantity of interest from the original NLST analysis is the relative reduction

in mortality rate (deaths per person-year) from lung cancer with low-dose CT screening,

calculated as

Relative reduction =
1

MD=1

∑
i:Di=1 Yi − 1

MD=0

∑
i:Di=0 Yi

1
MD=0

∑
i:Di=0 Yi

(4.24)

where MD=1 is the total person-years in the low-dose CT group and MD=0 is the total

person-years in the radiography group. In our application, we focus instead on the absolute

reduction in mortality rate,

Absolute reduction = TE =
1

MD=1

∑
i:Di=1

Yi −
1

MD=0

∑
i:Di=0

Yi (4.25)

In order to have comparable results to the original analysis, we use an adjusted outcome,

Ỹi =
YiND=d

MD=d

(4.26)

where d is the treatment group to which unit i belongs, ND=d is the total number of units

in that treatment group, and MD=d is the total number of person-years in that treatment

group. This ensures that the coefficient on D from an unadjusted regression of Ỹ on D will
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be equivalent to the estimated effect in Equation 4.25. We estimate a total effect of −63.3, or

a reduction in 63.3 lung cancer deaths per 100,000 person years in the low-dose CT screening

compared to the radiography group.3 This is equivalent to a relative reduction of 20.3% in

mortality from lung cancer in the low-dose CT group compared to the radiography group.

This aligns with the intention-to-treat effect estimated in the original NLST results, with a

small discrepancy due to the use of an updated (more complete) database compared to the

one used for the primary paper.

TRACE Results. Figure 4.5 shows the estimated TRACE and corresponding confidence

intervals at different postulated values of TRACE(0). In this case, TRACE(0) is the effect

of the low-dose CT on lung cancer mortality among those who, if screened with the low-

dose CT, would not have been diagnosed with cancer. When TRACE(0) = TRACE, the

estimate for TRACE is equivalent to the estimate for the total effect. The total effect

estimate and the corresponding confidence interval is shown in Figure 4.5 by the blue text.

Note that the confidence interval for the total effect is smaller than that for TRACE when

TRACE(0) = TRACE. This is because the TRACE is estimating the effect for a subgroup

of the sample, while the total effect is considering the whole sample, and this reduction in

sample size results in an increase in the standard error of our estimate.

We are more interested in values of the TRACE when TRACE ̸= TRACE(0), that is,

when there is a different effect for the group who would be diagnosed compared to the group

who would not be diagnosed. It is plausible in this setting that TRACE(0) ≈ 0, as the

new type of screening would have little to no effect for those people who received no new

information from it 4. When TRACE(0) = 0, our TRACE estimate is −168.3. This means

3All rates are calculated as deaths per 100,000 person-years, adjusted for a calendar date cutoff for the
follow-up time variable.

4It could be possible that a person had cancer that was not detected in any of the screenings, in which
case their outcome would be the same as if they had never been screened. It is also possible that a person
did not have cancer and so there was no cancer detected in any screening, in which case their outcome would
likely be the same if they hadn’t been screened. One could argue for a “backlash” effect, for example if
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Figure 4.5: Effect of low-dose CT screening on mortality for lung cancer, among the group

who would have been diagnosed with cancer or a precancerous nodule if screened.

that, for the group who would have detected cancer if screened with low-dose CT, there was

a reduction of 168.3 deaths due to lung cancer (per 100,000 person-years) with low-dose CT

screening compared to radiography. This estimated effect is larger than the intent-to-treat

(or total effect) estimate, and suggests that the benefits from screening with low-dose CT

for those who would be diagnosed are greater than previously established.

Suppose we do not believe that TRACE(0) ≈ 0 but we believe it is plausible that

|TRACE(0)| ≤ TRACE, that is, the effect among those who would not be diagnosed if

screened with CT is less than the effect among those who would be diagnosed if screened

with CT. We could then estimate a range of plausible values for TRACE, shown by the

screening negative encouraged a person to live an unhealthy lifestyle, but we argue that these effects are
negligible in this case.
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shaded grey region in Figure 4.5. We see that, if |TRACE(0)| ≤ TRACE, the TRACE is

between −63.3 and −168.3. Substantively, this means that for those who would be diagnosed

if screened with CT, we estimate that the reduction in lung cancer mortality from CT

screening compared to radiography is between 63.3 and 168.3 deaths per person-years. This

indicates that the estimated effect for those who would be diagnosed if screened with low-

dose CT is larger than that for the entire sample, and additionally puts an upper bound

on how much larger the effect is for the subgroup of interest. For the “diagnosed” group to

have a relative reduction in lung cancer mortality that is larger than 168.3, it would require

that the “not diagnosed” group had an effect opposite in sign to the “diagnosed” group.

This could happen if many people in this group had a “backlash” effect, for example, if they

changed their behaviors to live a less healthy lifestyle in response to a negative screening.

Monotonicity and Trimming bounds In this setting, because the outcome of death is a

rare event, the lower bound on E[Y (0)|complier] produced by the MT approach is equivalent

to assuming that the average outcome among compliers is 0 – that is, nobody in the complier

group dies from lung cancer. The upper bound on E[Y (0)|complier] is equivalent to assuming

that nobody in the never-taker group dies from lung cancer. As both of these are infeasible

assumptions to make, we do not apply the MT bounds in this setting. However, we may be

able to apply partial identification approaches developed for settings with bounded outcomes

to supplement our results (see e.g. Manski, 1990).

4.5 Conclusions

Randomized trials assessing the effects of cancer screening on severity and mortality often

focus on the total effect of screening, which compares outcomes in the treated group to the

control group. The total effect can be useful as a measure of effect, however, in the settings

described, the total effect of the randomized intervention is often diluted as we expect the
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effect to be strong only among a subgroup of the population defined by a post-treatment

variable of interest. Conditioning on the post-treatment variable of interest will result in a

biased effect estimate, so we must turn to alternative solutions. We propose the use of the

Treatment Reactive Average Causal Effect, which is the total effect among the group who

would realize a particular value of the post-treatment variable of interest if treated. In the

screening setting, this allows us to focus on the group of people that would be diagnosed

with cancer or a pre-cancerous nodule if screened.

Our approach is novel compared to existing approaches in that the choice of estimand

allows for an identification strategy that does not rely on conditional ignorability assumptions

or the exclusion restriction. The tradeoff is that we can only achieve partial identification,

and must reason about the unknown TRACE(0) to use our approach. We emphasize that it

is not necessary for researchers to determine one specific value for TRACE(0) – the bounds

provided by partial identification are useful as they provide a truthful range of plausible effect

estimates given minimal assumptions. Additionally, in some special cases, our approach

allows for point identification of the TRACE, even when assumptions required for other

point identification strategies do not hold.

The TRACE approach can be used to assess whether estimates of screening effects are

being diluted by those who would not be diagnosed with cancer or a pre-cancerous nodule if

screened, and allow us to determine how strong the effect could be for those who would be

diagnosed. This is especially important in the screening setting, where the group of people

who are diagnosed is very small in comparison to the group of those who are not. In the

examples discussed, we show that the effect among the “diagnosed” subgroup can be quite

different from the overall total effect. The proposed approach for partial identification of the

TRACE addresses this issue by providing researchers with a principled way to reason about

effects in a subgroup defined by a post-treatment variable.
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APPENDIX A

Appendix for Chapter 1

A.1 Derivation of more general weights

The above weights rely on the assumption that E[Di|Xi] is linear. We can derive more

general weights that do not involve this assumption by using a more general representation

of D⊥X :

τ̂reg =
Ĉov(Yi, D

⊥X
i )

V̂(D⊥X
i )

(A.1)

D⊥X = D −X(XTX)−1XTD = D −Xθ (A.2)

where X =
[⃗
1 X⃗

]
. We first derive the unit-wise weights, which are somewhat trivial.

Ĉov(Yi, D
⊥X
i ) = Ê[YiD

⊥X
i ]− Ê[Yi]Ê[D⊥X

i ] (A.3)

= Ê[YiD
⊥X
i ] (A.4)

=
∑
i

Yi(Di −Xiθ) (A.5)

=
∑
i

Yi(Di − d̂(Xi)) (A.6)

(A.7)

where d̂(Xi) = Xiβ where Xi =
[
1 Xi

]
and Xi = x.
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V̂(D⊥X
i ) = Ê[D⊥X2

i ]− Ê[D⊥X
i ]2 (A.8)

= Ê[D⊥X2

i ] (A.9)

=
∑
i

(Di −Xiθ)2 (A.10)

=
∑
i

(Di − d̂(Xi))
2 (A.11)

(A.12)

So, the unit-wise weighted representation is as follows:

τ̂reg =
Ĉov(Yi, D

⊥X
i )

V̂(D⊥X
i )

=

∑
i Yi(Di − d̂(Xi))∑
i(Di − d̂(Xi))2

(A.13)

Let πx = P (Di = 1|Xi = x) and d̂(Xi) = Xiθ where Xi =
[
1 Xi

]
and Xi = x. We can try

to manipulate the above representation to get the strata-wise weights:

Ĉov(Yi, D
⊥X
i ) =

∑
x

P (X = x)Ê[Yi(Di − d̂(Xi))|Xi] (A.14)

=
∑
x

P (X = x)Ê[YiDi|Xi]− d̂(Xi)Ê[Yi|Xi] (A.15)

=
∑
x

P (X = x)(P (Di = 1|Xi)Ê[Yi|Di = 1, Xi]− d̂(Xi)Ê[Yi|Xi]) (A.16)

=
∑
x

P (X = x)(πxÊ[Yi|Di = 1, Xi]− d̂(Xi)(πxÊ[Yi|Di = 1, Xi] (A.17)

+ (1− πx)Ê[Yi|Di = 0, Xi))

=
∑
x

P (X = x)(πx(1− d̂(Xi))Ê[Yi|Di = 1, Xi] (A.18)

− d̂(Xi)(1− πx)Ê[Y |Di = 0, Xi])
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This can be rewritten in a couple different ways, where τx is the ATE given X = x:

Ĉov(Yi, D
⊥X
i ) =

∑
x

P (X = x)(Ê[Yi|Di = 1, Xi](πx(1− d̂(Xi))) (A.19)

− Ê[Y |Di = 0, Xi](d̂(Xi)(1− πx))

=
∑
x

P (X = x)(πxÊ[Yi|Di = 1, Xi]− d̂(Xi)Ê[Yi|Di = 0, Xi]− d̂(Xi)πxτx

(A.20)

=
∑
x

P (X = x)πx(1− d̂(Xi))(Ê[Yi|Di = 1, Xi] (A.21)

− d̂(Xi)

1− d̂(Xi)

1− πi

πi

Ê[Yi|Di = 0, Xi])

Next, to get the full expression for τ̂reg, we calculate V(D⊥X
i ).

V̂(D⊥X
i ) =

∑
x

P (X = x)Ê[D⊥X2

i |X] (A.22)

=
∑
x

P (X = x)Ê[Di|Xi]− 2XiβÊ[Di|Xi] + (Xiβ)2 (A.23)

=
∑
x

P (X = x)(πx − 2d̂(Xi)πx + d̂(Xi)
2) (A.24)

=
∑
x

P (X = x)(πx(1− d̂(Xi)) + d̂(Xi)(d̂(Xi)− πx)) (A.25)

So we end up with the following expression for τ̂reg.

τ̂reg =

∑
x P (X = x)(Ê[Yi|Di = 1, Xi](πx(1− d̂(Xi)))− Ê[Y |Di = 0, Xi](d̂(Xi)(1− πx))∑

x P (X = x)(πx(1− d̂(Xi)) + d̂(Xi)(d̂(Xi)− πx))
(A.26)

Suppose we let d̂(Xi) = πx + ax, where ax is the difference between the true probability

of treatment given X = x and the probability of treatment estimated by a linear model. We
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can then write Ĉov(Yi, D
⊥X
i ) in terms of ax:

Ĉov(Yi, D
⊥X
i ) =

∑
x

P (X = x)πxÊ[Yi|Di = 1, Xi]− d̂(Xi)Ê[Yi|Di = 0, Xi]− d̂(Xi)πxτx

(A.27)

=
∑
x

P (X = x)πxÊ[Yi|Di = 1, Xi]− (πx + ax)Ê[Yi|Di = 0, Xi] (A.28)

− (πx + ax)πxτx

=
∑
x

P (X = x)πxÊ[Yi|Di = 1, Xi]− πxÊ[Yi|Di = 0, Xi]− axÊ[Yi|Di = 0, Xi]

(A.29)

− π2
xτx − axπxτx

=
∑
x

P (X = x)πx(1− πx)τx − ax(Ê[Yi|Di = 0, Xi] + πxτx) (A.30)

=
∑
x

P (X = x)πx(1− πx)τx − axÊ[Yi|Xi = x] (A.31)

(A.32)

Using this, we can write the weighted representation of the regression coefficient in terms of

ax:

τ̂reg =

∑
x P (X = x)πx(1− πx)τx − axÊ[Yi|Xi = x]∑

x P (X = x)(πx(1− πx − ax) + (πx + ax)(πx + ax − πx))
(A.33)

A.2 Equivalency of impute and interact

We can show that the regression imputation estimate is equivalent to the Lin/interacted

regression estimate by showing that the minimization problems solved by the two methods

are equivalent.

We can start with the Lin estimate. We want to estimate β̂ in the equation:

E[Y |D,X] = β̂0 + β̂1D + β̂2X + β̂3DX
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We do this by minimizing the least squares error, in other words, β̂ is the solution to the

minimization problem:

min
β

n∑
i=1

(Yi − (β0 + β1Di + β2Xi + β3DiXi))
2

Now let’s look at the regressions involved in the imputation estimate. The imputation

estimate is θ̂ = 1
N

∑N
i=1 Ŷi(1) − Ŷi(0) = 1

N

∑N
i=1 γ0 + γ1X − (α0 + α1X). Here, γ and α are

found by solving the following minimization problems:

min
γ

∑
Di=1

(Yi − (γ0 + γ1Xi))
2 (A.34)

min
α

∑
Di=0

(Yi − (α0 + α1Xi))
2 (A.35)

(A.36)
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This is equivalent to solving the single minimization problem:

= min
γ,α

∑
Di=1

(Yi − (γ0 + γ1Xi))
2 +

∑
Di=0

(Yi − (α0 + α1Xi))
2 (A.37)

= min
γ,α

n∑
i=1

Di(Yi − (γ0 + γ1Xi))
2 + (1−Di)(Yi − (α0 + α1Xi))

2 (A.38)

= min
γ,α

n∑
i=1

Di(Y
2
i − 2Yi(γ0 + γ1Xi) + (γ0 + γ1Xi)

2) + (1−Di)(Y
2
i − 2Yi(α0 (A.39)

+ α1Xi) + (α0 + α1Xi)
2)

= min
γ,α

n∑
i=1

Y 2
i − 2Yi(α0 + α1Xi + (γ0 − α0)Di + (γ1 − α1)DiXi) + (α0 + α1Xi + (γ0 − α0)Di

(A.40)

+ (γ1 − α1)DiXi)
2

= min
γ,α

n∑
i=1

(Yi − (α0 + α1Xi + (γ0 − α0)Di + (γ1 − α1)DiXi))
2 (A.41)

= min
β

n∑
i=1

(Yi − (β0 + β1Di + β2Xi + β3DiXi))
2 (A.42)

where β0 = α0, β1 = γ0 − α0, β2 = α1, and β3 = γ1 − α1

A.3 Unbiasedness of weighted DiM using mean balancing weights

Assume the potential outcomes are separately linear in X:

E[Yi(1)|Xi] = γXi (A.43)

E[Yi(0)|Xi] = αXi (A.44)
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Then we can show that the ATE estimate from using mean balancing weights is unbiased:

E [τ̂meanbal] = E

[∑
Di=1

Yiwi −
∑
Di=0

Yiwi

]
(A.45)

=
∑
Di=1

E[Yiwi|Di = 1]−
∑
Di=0

E[Yiwi|Di = 0] (A.46)

=
∑
Di=1

E[Yi(1)wi|Di = 1]−
∑
Di=0

E[Yi(0)wi|Di = 0] (A.47)

=
∑
Di=1

E[(γXi + ϵi)wi|Di = 1]−
∑
Di=0

E[(αXi + ϵi)wi|Di = 0] (A.48)

= γ
∑
Di=1

E[Xiwi|Di = 1]− α
∑
Di=0

E[Xiwi|Di = 0] (A.49)

= γE

[∑
Di=1

Xiwi

]
− αE

[∑
Di=0

Xiwi

]
(A.50)

= γE
[
X̄
]
− αE

[
X̄
]

(A.51)

= E[Yi(1)]− E[Yi(0)] (A.52)

= E[Yi(1)− Yi(0)] (A.53)

where X = 1
N

∑N
i=1Xi is the sample mean of the covariates.

A.4 Unbiasedness of impute and interact

We can show that both the regression imputation method and the interacted regression are

unbiased for the ATE. We start with regression imputation. We have one model for Y among

the treated, µ̂1 , and one among the controls, µ̂0.
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Then,

τ̂imp =
1

n

(∑
Di=1

(Yi − µ̂0(Xi)) +
∑
Di=0

(µ̂1(Xi)− Yi)

)
(A.54)

=
1

n

∑
i

(µ̂1(Xi)− µ̂0(Xi)) (A.55)

=
∑
x∈X

1{X=x}

n
(µ̂1(x)− µ̂0(x)) (A.56)

=
∑
x∈X

P̂ (X = x) (µ̂1(x)− µ̂0(x)) (A.57)

=
∑
x∈X

P̂ (X = x)DIMx (A.58)

We see that the imputation approach weights each stratum by the probability of inclusion

in that stratum – these weights result in an estimate that is unbiased for the ATE.
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APPENDIX B

Appendix for Chapter 2

B.1 Equivalent alternative quantities to reason about

While we regard the TRACE(0) as entirely unknown, it has two components, one of which

(E[Y (1) | M(1) = 0] ) can be identified (by E[Y (1) | D = 1,M = 0]) under randomization.

The difficulty comes with the second component, E[Y (0) |M(1) = 0]. Randomization allows

this to be written as E[Y (0) | D = 1,M = 0], but it remains unidentified. Assuming no

defiers, E[Y (0) | D = 1,M = 0] is simply the expected non-treatment outcome among never-

takers (”NT”), E[Y (0) | NT]. Thus, one has the choice of either reasoning directly about

E[Y (0) | NT], or reasoning about the entirety of TRACE(0).

Second, one could also choose to reason about the average non-treatment outcome among

compliers. This is because we observe an estimate of E[Y (0) | D = 0,M = 0], which is

composed of averages among compliers (”C”) and never-takers (”NT”),

E[Y (0) | D = 0,M = 0] = E[Y (0) | NT]
Pr(NT)

Pr(NT) + Pr(C)
(B.1)

+ E[Y (0) | C]
Pr(C)

Pr(NT) + Pr(C)

Having observed the left-hand side, assuming a value for either E[Y (0) | C] or E[Y (0) | NT]

is enough to fix the other. That is, one could make an assumption on E[Y (0) | C], use the

value of E[Y (0) | D = 0,M = 0] to back-out E[Y (0) | NT], and use that in turn to compute

the TRACE(0) and identify the TRACE.

This leaves us with a choice among three different quantities that we could reason about
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in order to get a range of estimates for TRACE: TRACE(0), E[Y (0) | NT], or E[Y (0) | C].

Note, however, that using the latter two quantities depends on an assumption of no defiers,

which is not required if we directly reason about TRACE(0). All three of these routes

to (partial) identification are equivalent, but some may be better suited to reasoning and

argumentation than others in a given context. In the cases examined here, we found it

profitable to reason directly about TRACE(0) because it refers to a substantive causal effect

in a sub-group, and the nature of this sub-group can support arguments about TRACE(0),

e.g. that is might have the opposite sign as the TRACE, that it is likely to be zero, negative,

smaller than the effect in the other group, or something else useful for bounding.

B.2 Latent DAG representation

One difficulty of using DAGs in this context is that the estimand we propose conditions on

membership in a group—those units with M(1) = 1—that cannot be conditioned on using

observed variables, and thus cannot be directly represented by a conditioning procedure on

the DAG. To represent our estimand thus requires modifying what appears on the DAG.

Specifically, consider the value of {M(1),M(0)} for each unit i as a (latent) variable. The

characteristic M(1) = 1 represents a latent “type”, or membership in either of two principal

strata—that with {M(1) = 1,M(0) = 1} (or “always-takers”) and that with {M(1) =

1,M(0) = 0} (“compliers”). The value of M(1) is a function of the unobservables, U , and

can therefore be represented as a descendant of U on the graph. The realized M = M(d)

is a (deterministic) function of M(1), M(0), and D. These relationships are encoded in

Figure B.1. A key feature of this relationship is that there is no D → M(1) edge, so

conditioning on M(1) (and/or M(0)) does not jeopardize identification of the D → Y effect.
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Figure B.1: Latent DAG representation

B.3 Comparing to CDE

In the canvassing application (see Section 3.4.3), our approach and estimand can be compared

with that of Blackwell et al. [2024], who use the same empirical application to examine

the controlled direct effect (CDE) of the canvassing intervention on support for the non-

discrimination law, hypothetically holding constant each participant’s feeling thermometer

score, leaving only the direct effect of the intervention not through subjective feelings.

As noted above, this is very different from our estimand, which is the total effect of the

canvassing intervention on policy support, among those whose feelings thermometer scores

would have increased from baseline if given the intervention. In other words, while the CDE

attempts to eliminate the effect through “changes in warmth,” we are interested in how the

intervention works both directly and through changing warmth, in the sub-group that would

show increased warmth due to the intervention. We could expect our TRACE estimate to

be larger in magnitude than the CDE, as we are considering both direct and indirect effects

and focusing on the group which we believe to have stronger effects. However, this may not

be the case if the direct and indirect effects are in opposite directions. Our estimand also

differs from the “indirect effect” quantities found in mediation settings, again because we are

interested in both the indirect and direct effects, but for a subgroup that cannot be parsed

out in mediation analysis.

92



APPENDIX C

Appendix for Chapter 3

C.1 Calculating variance of TRACE

We want to find

V( ̂TRACE) = V

Y1 − Y0 − TRACE(0)
ntrt−

∑
j∈trt Mj

ntrt

1
ntrt

∑
j∈trt Mj

 (C.1)

Let

B =

b1

b2

 =

Y1 − Y0 − TRACE(0)
ntrt−

∑
j∈trt Mj

ntrt

1
ntrt

∑
j∈trt Mj

 (C.2)

and

β =

TE − TRACE(0)(1− Pr(M = 1|D = 1))

Pr(M = 1|D = 1)

 (C.3)

It follows from established results about the difference-in-means estimate that β = E[B]. We

will use the delta method to find the asymptotic variance of TRACE. In order to do this,

we first need to establish that

√
n(B − β)

D−→ N (0,Σ) (C.4)

We can do this using a multidimensional version of the Central Limit Theorem. Let

probability of treatment be fixed at p = Pr(Di = 1). We can then approximate ntrt ≈ np.
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The elements of B can then be re-written as follows:

b1 = Y1 − Y0 − TRACE(0)
ntrt −

∑
i∈trtMi

ntrt

(C.5)

=
1

np

∑
i∈trt

Yi −
1

n− np

∑
i∈ctrl

Yi − TRACE(0)(1− 1

np

∑
trt

Mi) (C.6)

=
1

n

(
1

p

∑
i∈trt

Yi −
1

1− p

∑
i∈ctrl

Yi − nTRACE(0) + TRACE(0)
1

p

∑
trt

Mi

)
(C.7)

=
1

n

n∑
i=1

(
1

p
YiDi −

1

1− p
Yi(1−Di)− TRACE(0) +

TRACE(0)

p
MiDi

)
(C.8)

b2 =
1

np

∑
i∈trt

Mi (C.9)

=
1

n

n∑
i=1

1

p
MiDi (C.10)

Define Ti :=

t
(1)
i

t
(2)
i

 =

1
p
YiDi − 1

1−p
Yi(1−Di)− TRACE(0) + TRACE(0)

p
MiDi

1
p
MiDi

.

Then, B = Tn = 1
n

∑n
i=1Ti, where Ti are random vectors that are independent and

identically distributed. By the Central Limit Theorem,

√
N(B − β)

D−→ N (0,Σ) (C.11)

where β = E[B] is defined above and Σ =

 V(t
(1)
1 ) Cov(t

(1)
1 , t

(2)
1 )

Cov(t
(1)
1 , t

(2)
1 ) V(t

(2)
1 )

.

The delta method implies that, if
√
N(B − β)

D−→ N (0,Σ), and h is a scalar valued function

of B such that h′(β) exists and is non-zero valued, then

√
n(h(B)− h(β))

D−→ N (0,∇h(β)TΣ∇h(β)) (C.12)

This follows from calculating the variance of h(B) using its first order Taylor approximation.

If we know Σ, we can then use delta method to get the variance of TRACE by defining
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h(B) = b1
b2

= ̂TRACE. Then,

√
n( ̂TRACE − TRACE)

D−→ N (0,∇h(β)TΣ∇h(β)) (C.13)

In order to get this quantity, we first need to estimate Σ, and then apply the delta method.

We leave this calculation for future work.
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Jersey Neyman. Sur les applications de la théorie des probabilités aux experiences agricoles:

Essai des principes. Roczniki Nauk Rolniczych, 10(1):1–51, 1923.

The NLST Research Team. Reduced lung-cancer mortality with low-dose computed

tomographic screening. New England Journal of Medicine, 365(5):395–409, 2011. doi:

10.1056/NEJMoa1102873.

Ronald Oaxaca. Male-female wage differentials in urban labor markets. International

Economic Review, 14(3):693–709, 1973. ISSN 00206598, 14682354.

103



Judea Pearl. Direct and indirect effects. In Proceedings of the Seventeenth Conference on

Uncertainty in Artificial Intelligence, UAI’01, page 411–420, San Francisco, CA, USA,

2001. Morgan Kaufmann Publishers Inc. ISBN 1558608001.

Judea Pearl. Causality. Cambridge University Press, 2009.

Judea Pearl. Interpretation and identification of causal mediation. Psychological Methods,

19(4):459–481, 2014. ISSN 1939-1463, 1082-989X. doi: 10.1037/a0036434.

Charles C Peters. A method of matching groups for experiment with no loss of population.

The Journal of Educational Research, 34(8):606–612, 1941.

James Robins. A new approach to causal inference in mortality studies with a sustained

exposure period—application to control of the healthy worker survivor effect. Mathematical

Modelling, 7(9):1393–1512, January 1986. ISSN 0270-0255. doi: 10.1016/0270-0255(86)

90088-6.

James M Robins and Sander Greenland. Identifiability and exchangeability for direct and

indirect effects. Epidemiology, 3(2):143–155, 1992.

Donald B Rubin. Estimating causal effects of treatments in randomized and nonrandomized

studies. Journal of Educational Psychology, 66(5):688, 1974.

Donald B. Rubin. Using multivariate matched sampling and regression adjustment to control

bias in observational studies. Journal of the American Statistical Association, 74(366):

318–328, 1979. ISSN 01621459, 1537274X.

Donald B. Rubin. Causal Inference Without Counterfactuals: Comment. Journal of the

American Statistical Association, 95(450):435–438, 2000. ISSN 0162-1459. doi: 10.2307/

2669382. Publisher: [American Statistical Association, Taylor & Francis, Ltd.].

104



Cyrus Samii, Ye Wang, and Junlong Aaron Zhou. Generalizing trimming bounds for

endogenously missing outcome data using random forests. Political Analysis, page 1–15,

2025. doi: 10.1017/pan.2025.10001.

Vira Semenova. Generalized lee bounds. arXiv preprint arXiv:2008.12720, 2020.

Lewis B. Sheiner and Donald B. Rubin. Intention-to-treat analysis and the

goals of clinical trials. Clinical Pharmacology & Therapeutics, 57(1):6–

15, 1995. ISSN 1532-6535. doi: 10.1016/0009-9236(95)90260-0. eprint:

https://onlinelibrary.wiley.com/doi/pdf/10.1016/0009-9236%2895%2990260-0.

Jonathan M. Snowden, Sherri Rose, and Kathleen M. Mortimer. Implementation of G-

Computation on a Simulated Data Set: Demonstration of a Causal Inference Technique.

American Journal of Epidemiology, 173(7):731–738, April 2011. ISSN 0002-9262. doi:

10.1093/aje/kwq472.

Sonja A Swanson, Øyvind Holme, Magnus Løberg, Mette Kalager, Michael Bretthauer, Geir

Hoff, Eline Aas, and Miguel A Hernán. Bounding the per-protocol effect in randomized

trials: an application to colorectal cancer screening. Trials, 16(1):541, 2015.
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