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A UNIFIED FRAMEWORK FOR TESTING HIGH
DIMENSIONAL PARAMETERS: A DATA-ADAPTIVE
APPROACH

By CHENG ZHOU!, XINSHENG ZHANG!, WENXIN ZHou® AND HAN Livé

Department of Statistics, Fudan Universityt and Department of Operation
Research and Financial Engineering, Princeton University}

High dimensional hypothesis test deals with models in which the
number of parameters is significantly larger than the sample size. Ex-
isting literature develops a variety of individual tests. Some of them
are sensitive to the dense and small disturbance, and others are sen-
sitive to the sparse and large disturbance. Hence, the powers of these
tests depend on the assumption of the alternative scenario. This pa-
per provides a unified framework for developing new tests which are
adaptive to a large variety of alternative scenarios in high dimensions.
In particular, our framework includes arbitrary hypotheses which can
be tested using high dimensional U-statistic based vectors. Under this
framework, we first develop a broad family of tests based on a novel
variant of the L,-norm with p € {1,...,00}. We then combine these
tests to construct a data-adaptive test that is simultaneously pow-
erful under various alternative scenarios. To obtain the asymptotic
distributions of these tests, we utilize the multiplier bootstrap for U-
statistics. In addition, we consider the computational aspect of the
bootstrap method and propose a novel low cost scheme. We prove
the optimality of the proposed tests. Thorough numerical results on
simulated and real datasets are provided to support our theory.

1. Introduction. Modern data acquisition routinely produces massive
datasets in many scientific areas, e.g. genomics, astronomy, functional Mag-
netic Resonance Imaging (fMRI), and image processing. Effective analysis
of such data requires us to test high dimensional parameters ([47, 58, 71,
76, 29, 18]). Though specific methods have been developed to infer high
dimensional mean and covariance parameters. It is unclear how to choose
the best test when the parameter of interest has a complex structure and
the pattern of possible alternative hypothesis is unknown. In particular, we
need a unified framework for constructing tests of high dimensional param-
eters which are simultaneously powerful under a large variety of alternative
assumptions. This paper provides such a framework.

Keywords and phrases: High dimensional hypothesis tests, U-statistics, multiplier
bootstrap methods, data-adaptive tests
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1.1. General setup. Our framework considers a generic setup for high
dimensional inference. More specifically, let X = (Xq,... ,XUZ)T and Y =
(Y,... ,Yd)T be two d-dimensional random vectors independent of each
other. X1,..., X, are independent and identically distributed (i.i.d.) ran-
dom samples from X with X = (X1, X2, ..., Xpq) . Similarly, Y7, ..., Y,
are i.i.d. random samples from Y with Y = (Y1, Yio, ..., Yia) . We set
X={Xy,.... X, }, Y={Y1,...,Y,,}, and

~ -1
ul,s - (Zﬁ) Z (I)S(Xk‘lv"')ka)a
1<k1 < <km<ni
(1.1) S
u2,s — (m) Z q)s(lfkp"'aYk‘m)?

1<k < <km<n2

where s = 1,...,q, and ®, is a m-order symmetric kernel function. We
assume that ® is symmetric and that each kernel function is of the same
order m only for notational simplicity.!+?

We then define two U-statistic based vectors as

~ ~ ~ AT ~ ~ ~ AT
(12) u = (um, Uu1,2, .- - ,ul,q) and U9 = (U/271, Uu2,2,. .. ,'LLQ’q)
We use u, to denote the expectation of u, i.e., Uy = (Uy,1,Uy2, .., u%q)T
with uy s = E[t, 5] for vy = 1,2 and s = 1,...,q. We are interested in testing

the hypotheses:

(i) (One-sample problem) For a given ug € RY,

(1.3) Hp:u; =y V.S. Hi : ui # ug;
(ii) (Two-sample problem)

(1.4) Hy:up =uy V.S. Hi: uy # us.

We consider the high dimensional setting that d/n (or ¢/n) does not
necessarily go to zero. These two kinds of hypotheses are quite general and
include most existing studies as special cases.

f ®, is an asymmetric kernel function, it gives a U-statistic 1. =

% (7:;) -1 S ®(Xey,...,Xe,,), where the summation is over all permutations of
distinct elements {¢1,...,¢n} from {1,...,m1}. By setting ®%(x1,...,%xmn) =
(m)~t S @ (g, . .., Xk, ), where the summation is over all permutations of {1,...,m},

we rewrite U1 s as a U-statistic with a symmetric kernel <I>2. For Y, we can rewrite U2, s as
a U-statistic with a symmetric kernel similarly.

2 If {®s}s=1,...,¢ have different kernel orders, we require that the kernel orders are
uniformly bounded.
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1.2. Special cases and applications. In this section, we provide several
special cases of the above general testing problem.

e Matrix-based one-sample test:
(15) HO : U1 == Id V.S. H1 . U1 75 Id,

where Uy’s entries are estimated by U-statistics and I; is an identity
matrix of size d. The hypothesis (1.5) is often used to infer the indepen-
dence of random variables. This problem plays a fundamental role in
many fields including multiple testing ([9]), naive Bayes classification
([69, 32]), and independent component analysis([25]). Under the Gaus-
sian setting, testing (1.5) with U; as covariance matrix is well studied
both in low ([60, 57, 1]) and high ([45, 42, 10, 62, 3, 22, 12, 43, 17])
dimensions. Moreover, [42, 48, 75, 51, 16, 12, 65] consider the high
dimensional independence test under more general distribution. Con-
sidering robustness, rank-based U-statistics such as Kendall’ s tau and
Spearman’s rho are introduced to describe the dependence of random
variables. As for their definitions and basic theoretical properties, we
refer to the book [46]. Recently, [35, 6] study how to utilyze general
U-statistics for high dimensional independence test.
e Matrix-based two-sample test:

(1.6) HO H U1 = U2 V.S. H1 . U1 75 Uz,

where U; and U, are matrices such that their entries are estimated by
U-statistics. The hypothesis (1.6) is often used before the discriminant
analysis ([1, 64, 13, 55, 33, 54, 36]) to simplify the test statistics. For
low dimensional two-sample covariance matrix test, we refer its theo-
retical properties to [1]. In recent years, [63, 68, 49, 14, 21] study how
to perform the two-sample covariance matrix test in high dimensions.
Moreover, [46, 35, 6, 74] consider how to use general U-statistics to
replace covariance coeflicients.
e Means test:

(i) (One-sample problem)
(1.7) HO R = 0 V.S. H1 5} 75 0;
(ii) (Two-sample problem)

(1.8) Hy: p1 = po v.S. Hi: 1 # po,



where g1 and po are mean vectors of X and Y. Testing the mean
vector is a special case of (1.7) and (1.8). The testing of mean values
is very fundamental. We refer their low dimensional properties to [1].
Recently, a large amount of literature work on high dimensional means
test ([4, 67, 66, 22, 15, 20]).

For (1.5) and (1.6), we can convert the matrix into a column vector by
vectorization to obtain equivalent tests with the same form as (1.7) or (1.8).
Therefore, (1.5) and (1.6) fall in our framework.

Testing high dimensional U-statistic parameters also has many important
practical applications. For example, in gene selection, we use it to detect gene
differences [37, 39, 38, 14, 15] or rare variants [8, 50, 70, 47, 58] between
the diseased and non-diseased population. In finance, we use it to detect
anomalies ([19]) and test the market efficiency ([28, 30, 31]).

1.3. Background and existing work. In the low dimensional setting with
d < n fixed, the Hotelling’s T2 test enjoys certain kind of optimality and
has been widely used. To test two-sample mean vectors, the Hotelling’s 72

is defined as
ning

X-V)Si(X-Y
X Y8 3K -Y),

where X =n; 'Y 0 X5, Y =ny ' Y02, Vi, and

1 ni o o na o o
S12 = o —2 (K~ DX = X) T+ 30 - )% - 1))

As for the limiting distribution, large and moderate deviations of Hotelling’s
T2, we refer to [1, 27, 52].

In the high dimensional setting, many tests have been proposed to test
high dimensional vectors and matrices. These tests fall in two categories:
the Lo-type versus Loo-type tests. Specifically, for (1.7) and (1.8), the Lo-
type tests are based on ||A(u; —ug)||2 or [|[A(u; — u2)l|2, and the Loo-type
tests are based on ||A(u; — ug)|lec Or ||A(u; — u2)||ee for some operator
A. On one hand, the Lo-type tests [4, 63, 66, 68, 22, 49] aim to detect
relatively dense signals, as the Ls-norm accumulates small deviations of all
entries. On the other hand, the Lo-type tests [14, 15] are more sensitive to
sparse signals, where some strong perturbations exist on a small number of
entries. [52, 14, 15] illustrate that the L..-type tests are reasonably more
powerful than the Lo-type tests and enjoy certain kind of optimality when
the alternative is sparse.
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1.4. Our contributions. Theoretically, there is no uniformly most pow-
erful test under different scenarios of the alternatives ([26]). Therefore, de-
pending on the unknown truth of alternatives, a given and fixed test may
or may not be powerful. In this paper, we aim to develop a broad family
of tests such that at least one of them is powerful enough in a given situa-
tion. We then combine these tests to obtain a data-adaptive test that will
maintain high power across a wide range of alternative scenarios. We de-
velop our family of tests based on a new family of adjusted L,-norms with
p = 1,2,...,00, so that there is at least one test in our family is power-
ful no matter the signal is dense or sparse. The limiting distribution of the
data-adaptive test is very complex that we cannot obtain its explicit form.
Therefore, we use the bootstrap method to approximate the limiting distri-
bution, so that we can obtain the critical value and valid P-value of the test.
More specifically, to obtain a better approximation in the high dimensional
setting, we adjust L,-norm while building the test statistics. In detail, we
introduce it as follows.

DEFINITION 1.1. For v = (vi,...,v5)" € R% we define ||v||(s,,) =

(Z;-l:dfsoﬂ(v(j))p)l/p, where v, 0@ . v(@ are the order statistics of

lvil, ...y |vg] with 0 < v <@ < < pld),

By this definition, for any positive integer so, we have [|[v||(s).00) = |V[oo;
where [|v||ooc = max;_1, 4 |v4|. Moreover, the following proposition shows
that || - ||(sy,p) is @ norm for any 1 < p < oo.

PROPOSITION 1. For any 1 < p < oo, |- || is a norm on RY.

50,D)

The detailed proof of Proposition 1 is in Appendix B.1 of supplementary
materials. In this paper, we assume 1 < p < oo to make || - [|(5,p)
Therefore, similarly to Ly-norm, we can call ||v||(s, ) the (so,p)-norm of v
in this paper. To construct the above family of tests, we use the (sg, p)-norm
as the adjusted L,-norm. More details on this testing procedure is in Section
2. This paper has four major contributions:

a norm.

e First, we introduce a new family of tests based on the (sg,p)-norm.
As is shown in the simulation experiment of Section 4, the power of
traditional L,-norm based test decreases tremendously (especially for
small p) as ¢ — oo. The reason is that the Ly-norm with small p is
easy to accumulate the noise of all entries. Therefore, we introduce sg
to increase the signal-noise ratio of test statistics. The introduction
of sy is also crucial in establishing our theoretical results for high



dimensional multiplier bootstrap. Moreover, we obtain the required
scaling between sg, p, ¢, and n for the proposed bootstrap methods.

e Secondly, as it is hard to obtain the joint distribution of test statis-
tics with various (sg, p)-norm, we use the multiplier bootstrap method
to obtain its asymptotic distribution. In low dimensions, this boot-
strap method is well studied for both the sum of random variables
([61, 53, 59, 7]) and U-statistics (][44, 2, 56, 41, 40, 34]). In high di-
mensions, the multiplier bootstrap is also useful for approximating the
sum of random vectors ([23]). Motivated by these results, we generalize
multiplier bootstrap method for U-statistics to the high dimensional
setting with theoretical guarantees.

e Thirdly, for adapting to the possible alternatives, we propose a new
approach to combine these (sg,p)-norm based tests. Our combined
test automatically chooses the most powerful test within the chosen
combination according to the data. Therefore, we call this test the
data-adaptive combined test. However, to obtain the P-value for the
combined test, we originally need a double-loop bootstrap procedure,
which suffers from high computational cost. To avoid this, we propose
a novel computationally efficient scheme which generates nonindepen-
dent bootstrap samples. We also provide theoretical guarantees for this
new bootstrap scheme in the high dimensional setting.

e Finally, combining the developed theory for the proposed methods and
exiting lower bounds in the literature, we present that our methods
are rate-optimal in many settings.

1.5. Notation. Weset ||v||, as the L,-norm of a vector v = (vy,...,vq4)" €
R?. We denote the spherical surface in R? by S¥! := {v € R?: ||v|| = 1}.
For two sequences of real numbers {a,} and {b,}, we write a, = O(b,) if
there exists a constant C' such that |a,| < C|b,| holds for all sufficiently
large n, write a, = o(b,) if a,/b, — 0, and write a,, < b, if there exist
constants C' > ¢ > 0 such that c|b,| < |a,| < C|b,| for all sufficiently large
n. For a sequence of random variables {£1,&a, ...}, we use &, — £ to denote
that the sequence {,} converges in probability towards & as n — oo. For
simplicity, we also use &, = 0,(1) to denote &, — 0.

1.6. Paper organization. The rest of this paper is organized as follows. In
Section 2 we propose the new testing procedures: the individual (s, p)-norm
based test and the data-adaptive combined test. In Section 3, we develop a
theory to analyze the size and power of the proposed tests. Section 4 provides
some numerical results on simulated data to justify our proposed methods’
size and power. In Section 5, we discuss some potential future work. Sup-
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plementary materials provide both proofs and additional numerical results
on both simulated and real data.

2. Methodology. This section introduces the (sg,p)-norm based indi-
vidual tests and the data-adaptive combined test for testing high dimen-
sional U-statistic based parameters. We also introduce how to exploit the
multiplier bootstrap method to obtain the critical values and P-values for
both individual and combined tests. In the following, we introduce individ-
ual tests based on the (sg,p)-norm in Section 2.1 and the data-adaptive
combined test in Section 2.2.

2.1. Individual tests based on the (sg, p)-norm. We introduce the (sg, p)-
norm based tests which are basic components of the data-adaptive combined
test. First, we explain the construction motivation in Section 2.1.1 and de-
scribe the test statistics in Section 2.1.2. We then introduce bootstrapping
scheme for U-statistics in high dimensions in Section 2.1.3 and use it to
obtain critical values and P-values for the proposed tests.

2.1.1. Motivation of the construction of the (sg,p)-norm. We first intro-
duce the motivation of the proposed individual tests. In the existing litera-
ture, there are two types of tests (Lo-type and Loo-type tests) to test high
dimensional vectors or matrices. The Lo-type tests are sensitive to dense
signals and the L.o-type tests are sensitive to sparse signals. Therefore, the
performance of these tests depends on the pattern of possible alternatives.
If such pattern is unknown, it is more desirable to construct a data-adaptive
test which is simultaneously powerful under various alternative scenarios.
For this, we need to construct a family of versatile tests so that for a given
alternative at least one test wiithin the family is powerful. Inspired by the
existing Lo-type and Lo-type tests, we build the test family based on the
L,-norm. Importantly, as p increases, the L,-norm puts more weight on
the larger entries while gradually ignoring the remaining smaller entries. As
p — 00, we have ||v||, = ||V s for any v € R, where ||[v||o’s value only de-
pends on the largest entry of v. More generally, as p increases, we put more
weight on the larger entries, eventually realizing the L-type test. Hence,
by properly choosing p from the proposed test family, there exists at least
one test within the family that is powerful in each alternative situation.

However, it is problematic to directly use the L,-norm (p < co) to con-
struct the test statistics in high dimensions. For example, when d/n /4 0,
Hotelling’s T? test (Lo-type) performs poorly, as the Pearson’s sample co-
variance matrices no longer converge to their population counterparts under
the spectral norm ([5]). For high dimensional testing problems, we need to
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adjust the test statistics or make structured assumptions on the popula-
tion covariance matrix to obtain better asymptotic distributions of the test
statistics. We face the same problem while using L,-norm (p < co0) to con-
struct the test statistics. Hence, to avoid making unnecessary assumptions
on the covariance structure of the random vector, we introduce the (sg, p)-
norm to adjust the original L,-norm. As is shown by numerical simulations
in Section 4, the L,-norm based test with small p has significant power loss
when the dimension of the parameter of interest ¢ — oo. The introduc-
tion of sy can boost the power of L,-norm based test especially for small p.
More specifically, when p is small, the L,-norm accumulates noise from all
the entries, which leads to significant power loss. By exploiting the (sg, p)-
norm, we can enhance the signal-noise ratio for the obtained test statistics.
When p is large, the choice of sy becomes less critical. In theory, for the
bootstrap scheme to work properly under any 1 < p < oo, we require that
s¢log(gn) = O(n®) holds for some 0 < § < 1/7. Therefore, s can also go
to the infinity as n — oo. By simulation, sg close to s, which is the true
unknown number of entries violating Hy, is preferable. More details on the
choice of sg are provided in Section 3 and 4.

2.1.2. The (sg,p)-norm based test statistics. Before presenting the test
statistics, we first introduce the following jackknife variance estimator for
the U-statistic @ defined in (1.1) with v = 1,2 and s = 1,2...,¢. As
m > 2, we define

ni n2
(21) i)\l,s = m2n1_1 Z(Qlk,s - al,s)2a 62,3 = m2n2_1 Z(QZk,s - a2,s)27
k=1 k=1

where we set

ni—1\y—1
Qlk,s = (771_11) Z q)S(leXZlv"wX@mfl%

1<y <<y 151
LiF#k,j=1,...,m—1

(2.9 o
QQk,S = (T»,er_ll) Z q)S(Yk)nla"'vamf1)‘

We use v, s to estimate the variance of /nyu, . Therefore, v, s/n, is the
variance estimator for u, . As m =1, u, s and v, s are reduced to

ni ni
Urs =ny" Y Bs(Xp), Drs =m0 (Po(Xp) — Uns)?,

k=1 k=1
(2.3) R o R | n2 I
U2,s = TNy Z (I)s(}fk)a V2,5 = Ty Z ((I)S(Xk) - UQ,S) .

k=1 k=1
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After introducing these notations, we present our (sg, p)-norm based test
statistics. For this, we define W = (W7, ..., T/Vq)T and N = (IVq,... ,Nq)T,

where we set W, and Ny as

Wy = (al,s - UO,S)/ 61,5/”17

(2.4)
Ns = ('I/ELS - a?,s)/\/’/u\lvs/nl + 6275/”‘2'

For the one-sample problem in (1.7), we propose the test statistic Wisop) ==
W ll(so,p)- Similarly, for the two-sample problem in (1.8), we propose the
test statistic Ny ) = [[IV|[(s,p)- Throughout this paper, if not specially
specified, we require 1 < p < oo to make || a norm, which is also
required by the theory.

Nl(so)

2.1.3. Bootstrap procedure for the asymptotic distribution. In the high
dimensional setting, [23] introduce the multiplier bootstrap method for the
sum of independent random vectors. In detail, let Z1,..., Z, be indepen-
dent random vectors in R? with Z = (Zy1,..., Zrq) | and E[Z;] = 0 for
k =1,...,n. Let €1,e9,...,6, be independent standard normal random
variables, the multiplier bootstrap sample for Z1,...,Z, ise1Z1,...,,Z,.
The bootstrap sample for the sample mean n~! > 1 Z) then becomes
n~! > p—q€kZy. To fully utilyze this result, we use multiplier bootstrap
scheme for for high dimensional U-statistics. In detail, we generate inde-
pendent samples sl{,l, . ,51{7,11 and 6371, . ,527,12 from ¢ ~ N(0,1) for b =
1,...,B and set

~] —1 ~

Ul{’sz (%) Z (El{Jﬂ +”'+€Z{7km)(®5(Xk17"‘7ka)_u1,8)7
. 1<k1 < <km<ni

ag,s: (?j) Z (sg,kl +ot Eg,km)(@S(Y;ﬂa ) Ykm) - a?,s)-

1<k < <km<ng

Correspondingly, we set ﬁg = (ﬂgyl, - ,ﬂzg)T for v = 1,2. After introduc-

ing @?, we define W = (W}, ..., Wh)T and N® = (N{,..., N))T, where

(25) W=/ \fora/n, NP = (@, —a5,)/y/0re/n1 + Da/ma.

Bootstrap samples become {N(bso p)}bzl,_._,B and {W?

(s0.) Y=L, B With

(2.6) Wi = WPl

50,P

and N(bso,p) = | N?||

50,p) 50,p)"
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Given the significance level oo and the bootstrap samples, we set the critical
values of W and N, ) as

50,P)

W .
ta’(SO,p) = inf {t cR:

T{w? )St}>1—a},

(s0,p

|~
M=

S8
Il
-

1
B

M ®

a,(s0,p (s0,p

o ):inf{teR: T{N? )gt}>1—a}.

S8
Il
-

Therefore, we obtain the (s, p)-norm based tests for (1.7) and (1.8) as

w I ini%4 N o N
(2'7) Ta,(so,p) =1 {W(S(hp) > ta,(so,p)}’ Ta,(so,p) =1 {N(SOJ?) > ta,(so,p)}'

We reject Hy of (1.7) if and only if TO‘ZV(SO ) = 1 and reject Ho of (1.8) if and
only if Tév(so » = 1. Accordingly, we estimate Wy, ) and N, y’s oracle
P-values P(‘;[g ») and P(];fo ) by

B
Py = (BT WL > W)
b=1

(2.8)

B

DN -1 b

Py = (BT N, ) > Nso) -
b=1

Therefore, given a significance level «, we reject Hy of (1.7) if and only if
DW . . ¢ DN
Plsypy < @ and reject Ho of (1.8) if and only if Ploop) <

2.2. Data-adaptive combined test . We now introduce the data-adaptive
combined test. In Section 2.2.1, we present the test procedure. In Section
2.2.2, we introduce a double-loop bootstrap procedure to obtain the P-value
of the data-adaptive test. To reduce the expensive computation cost of the
double-loop bootstrap procedure, in Section 2.2.3 we introduce a low cost
bootstrap procedure which obtains nonindependent bootstrap samples. The
theory of this new low cost bootstrap procedure is provided in Section 3.3.

2.2.1. Test statistics. Wy, ) and N ) have different powers for dif-
ferent p and alternative scenarios. For example, W, ) and N, o) are
sensitive to large perturbations on a small number of entries of u; — ug and
u1 — ug. Moreover, W, o) and N, 2) are sensitive to small perturbations
on a large number of entries of w; — ug and w; — us. We aim to combine
these tests to construct a data-adaptive test which is simultaneously pow-
erful under different alternatives.
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For the one-sample problem, as small P-values of Wy, ) lead to the re-
jection of Hy in (1.7), we construct the data-adaptive test statistic Woq by
taking the minimum of P-values of all individual tests, i.e.,

. PW
(2.9) Waa = bep Plsop)
where P C {1,2,...,00} is a candidate set of p. A bootstrap procedure
to obtain W,q is described in Algorithm 1. For the two-sample problem in
(1.8), we construct the data-adaptive test statistic N,q as

. DN
(2.10) Nagq = gélg Plsow)-

Throughout this paper, we require that #(P) < oo is a fixed constant,
which is also required by the theory and discussed in Section 3.3. If the alter-
native pattern is unknown, we recommend using the balanced P including
both small and large values of p € [1, c0]. For example, P = {1,2,...,5,00}
is used in the later simulation experiments. If the alternative pattern is
known, we can boost the power of the data-adaptive combined test by choos-

ing P accordingly. For example, for possible sparse alternatives, P should
consist of large values of p.

Algorithm 1 A bootstrap procedure to obtain Wq
Input: X.
Output: W(lsoyp), ey W(}fo’p) with p € P, and Waq.
1: procedure
W(So’p) = HWH(so,p) With W = (VV17 .. .,V[/'q)T and Ws = (’/LL\LS — UQ,S)/\/@\LS/HL
3 for b+ 1to B do
4: Sample independent standard normal random variables {EZ{J, ceey 8117,"1}.
5 W=7 Y (B e+ ) (O Xy X)) — Us)-

1<k <+ <km<ny

6: Wb =a} ,/\/1,s/n1 for s=1,...,q.

7 for p in P do

8: Wi m = IWPll(so.p) With WP = (W¢, ..., W2)T.
9: end for

10: end for

11: P(Vs‘f)yp) =37, E{W(ba‘o,p) > Wiso.p) }/(B+1) for p e P.
12:  Waa = mingep P ).

13: end procedure

2.2.2. Double-loop bootstrap procedure. We present how to obtain P-
value of W,q. By setting Fiy.q(z) as the distribution function of Wyq, Waq’s
oracle P-value becomes Fyyaq(Waq). As Fiyaq(z) is unknown, we need to
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use the bootstrap method to estimate it, which leads to a double-loop boot-
strap procedure. In the outer loop, by Algorithm 1 we obtain the bootstrap

samples for Wiy, i.e, {WSOp .. WSOp } In the inner loop, for each

be{l,...,B}, we use Algorithm 2 to obtain bootstrap samples for W( o)

{WSO,p)’ e W(SO ) } and construct the bootstrap samples for W,q as
S ]I{W >Wwho )
Wb, = min = ) (s0.p) for b=1,...,B.
pEP L —|— 1

With the bootstrap samples, we can estimate the oracle P-value of Wyq by

B
. ((Z WY < Waa} ) + 1)-
b=1

Figure 1 illustrates this double-loop bootstrap method. By this double-loop
bootstrap procedure, to guarantee the independence of I/Va1 e Wﬁl, we to-
tally need LB+ B samples from (2.1.3), which is computationally expensive
when L and B are large.

Algorithm 2 A double-loop bootstrap procedure to obtain bootstrap sam-
ples of Wyq

Input: X and I/I/(lsom)7 e W(fo,p) forp e P.
Output: W)y, ..., W5,

1: procedure

2: for b+ 1to B do

3: for {< 1to L do
4: Sample independent standard normal random variables {El{’ﬁ, .. 5? il}
5: awi=T Y (et si’im)(@s(xkl,...7ka) U,s).-
1<k <---<km<ng
6: Wht = Abg/\/vl s/ny for s =1,.
T for pin P do
bt bt
8: Wi = WP (o p) with W = (W4, Wi
9: end for
10: end for
byt
11: PWb (s0.p) = El 1 ]I{W(50 » > W(bso,p)}/(L +1) forpeP.
12: W2y = mingep PWb (50.p)

13: end for
14: end procedure

2.2.3. A low cost bootstrap procedure. To handle the computational bot-
tleneck of the double-loop bootstrap, we propose to replace Algorithm 2
with Algorithm 3, which is computationally more efﬁcient but obtains non-
independent bootstrap samples for W,q, denoted as {WV, d,, .. Wad,}
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Algorithm 1. P-vaule:
Input: X. —_— (Z ][{W,ilg\/i/’,u.}) +1

B+1

Ouput: W(lswl), . ,W(’f“‘p) for p € P, and W,gq. b=1
4 .
Algorithm 2.

No. of generated random variables: n, B.
/Tteration 1.

Input: X, VV(1 ) for p € P.

s0.p
Output: W}

. No. of generated random varibles: n, L.
P

" Iteration B.

Input: X, W/(Eu,p) for p e P.

Output: W5. i
i No. of generated random variables: n; L. /

Fic 1. Flowchart for the double-loop bootstrap procedure and total number of gen-
erated standard normal random variables.

In detail, in Algorithm 1 by (2.1.3), (2.5), and (2.6) we generate bootstrap
samples for W, ), i.e., VV(lSO P ,Wé”o )" To avoid the double-loop boot-
strap procedure, we need to more effectively utilize the generated bootstrap

samples W(lswp), cee W(fo,p)' For this, we set

b b
o 2bzo Wi oy > Wi )
(so.p) B

forb=1,...,B and peP.

We use Wi’d, = minpep ﬁ(llj?;) as the bootstrap sample for W4, and estimate
the oracle P-value by

B
(2 11) ﬁW — (ZbZI ]I{Wal,)d/ S Wad}) + 1
' d B+1 '

a

The samples Wa}d,, ceey Waﬁ, are nonindependent. However, we can prove that
they are asymptotically independent as ny, B — oo, which plays a pivotal
role in proving the consistency of ﬁavg .

Figure 2 illustrates the process of the low cost bootstrap procedure. To
obtain the P-value of W,q, we don’t need to generate new bootstrap samples.
In total, to perform the data-adaptive test we only need to generate B
bootstrap samples from (2.1.3).

We similarly deal with the two-sample problem. By generating bootstrap
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samples for Ny, 1), i.e., N} (s0.p)7 " " , N (Jgo ) and setting
>0 TN }
(2.12) PWN = Z0A T (o) N rb=1,...,Band peP,
(s0,p) B
we use N = min,ep P(’ p) 88 the bootstrap sample of N,q. Therefore, we

can sumlarly estimate the oracle P-value of N,q by
(24i1 I{Nay < Naa}) +1
B+1 '

With the estimated P-values of the data-adaptive tests Wada and Nag,
given significance level a, we reject Hy of (1.7) if and only if Pavg < « and

(2.13) PN =

a

reject Hy of (1.8) if and only if ﬁé\é < «. Therefore, we set

(2.14) VW = 1{P¥ < a} and TN = 1{PN < a}.

Algorithm 3 A low cost bootstrap procedure
Input: X and W(lso,p)7 e W(Ifo,m for p e P.
Output: W2,,...,WE,.

1: procedure

2: for b+ 1 to B do

3: for p 1n P do
. b1 b
4 (50 p) Zbﬁﬂl ][{W(So P) > W(Soyp)}/B
5: end for
. b s
6: Wy = mingep P(SO 0
T end for
8: end procedure
Algorithm 1. P-vaule:
Input: X. — > B
Ouput: W (s0.0)7 - W Gop) for p € P, and Wgq. (bzz:l W, ﬂ“<Wad})
No. of generated 1andom variables: n; B. B+1 :

Algorithm 3.

Input: X and W (s0.p)?" (50 P)

Output: W2, ... qu,
No. of generated random variables: 0.

for p € P.

Fic 2. Flowchart for the low cost bootstrap procedure with low computation cost and
total number of generated standard normal random variables.
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REMARK 2.1.  To construct test statistics W, ) and Ny, 1,), we normal-
ize U1 s —u1,s and Uy s — Uz s by dividing their standard deviation estimators.
If we assume that U-statistics have the same variance under the null hypoth-
esis (homogeneity assumption), we can build Wiso,p) and Ny, ) without the
normalization to avoid introducing unnecessary estimation error. Therefore,
W, and Ng become

Wy = U1, — Up,s and Ny := Uy, — Uss.
For the same reason, we set W2 = ﬂli ,and NY = ﬁl{,s —ﬁg,s when performing
bootstrap procedure of Sections 2.1.3 and 2.2. As the proof is similar for
the test statistics without normalization, in Section 3 we only analyze the
theoretical properties of the test statistics with normalization.

3. Theoretical properties. In this section, we discuss the theoretical
properties of the proposed testing methods including the (sp, p)-norm based
test and data-adaptive combined test. We first introduce several assump-
tions in Section 3.1. We then analyze the asymptotic size and power of the
(s0, p)-norm based test in Section 3.2. At last, we analyze the data-adaptive
combined test in Section 3.3.

3.1. Assumptions. Before presenting the theoretical properties, we in-
troduce the assumptions that are needed in this paper. We also explain the
intuitions of these assumptions. Throughout this paper, for the two-sample
problem, we assume nj < ng < n := max(nj, ng), which means that nq,no,
and n are of the same order. We then introduce some other assumptions.
Assumption (A) characterizes the scaling of sg, ¢, and n. Assumptions (E),
(M1) and (M2) specify the requirements of the kernel functions. In detail,
we introduce Assumption (A) as follows.

e (A) For the one-sample problem in (1.7), we assume that there is some
0 < § < 1/7 such that s3log(q) = O(n?) holds. For the two-sample
problem in (1.8), we similarly assume that there is some 0 < 6 < 1/7
such that s2logq = O(n%) holds.

Assumptions (A) also allows ¢ and sy to go to the infinity, as long as
s¢log(qn) = o(n?) holds with some 0 < § < 1/7.

We then introduce the assumptions on the kernel functions of the U-
statistics. For x,X1,...,Xm € R?, define

W(X1,...,Xm) 1= (\Ill(xl, e Xm)s e, Walxa, . ,xm))T

h(x) : (hl(x)a cees hq(x))—rﬂ
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where ¥, and hg are
\I/S(Xkl, .. .,ka) = Qs(Xkla oo ,ka) — Ul,s

(3.1) he(Xp) = E[Us(Xp, ..., X5, )| X3

Also, set Vs, := {v € ST : ||v]lo < so}. With these introduced notations,
by setting 0 < K,b < oo as some positive constants, we are now ready to
state Assumptions (E), (M1), and (M2).

e (E) For different indexes 0 < i1,...,4, <ni and 0 < ji,...,Jm < no,
we require
1123;((1E[exp (\\IIS(Xil, ... ,le)|/K)] <2,
e i < 2.
11235[11@[6}{1) (‘\I,S(Y;U 7Y7m)|/K)] —2

e (M1) E[[v"h(X)?)] > b and E[|[v'h(Y)|?] > b hold for any v € V,.
e (M2) For ¢ = 1,2, we require
max E[[h (O] < K, max B[lh, (V)] < K"

Assumption (E) requires that U,(X;,,..., X, ) and U, (Yj,,...,Y;,) follow
the sub-exponential distribution. Especially, bounded Wy including useful
rank-based U-statistics such as Kendall’s tau and Spearman’s rho satisfy this
condition. Assumption (M1) excludes degenerate U-statistics. Moreover, it
also requires that the inner product of h(X) (or A(Y)) and any v € Vs,
is not degenerated. The distribution assumptions (E), (M1), and (M2)
are useful for applying high-dimensional central limiting theorem (CLT) in
Lemma A.1. These assumptions are also justified by [24].

3.2. Theoretical properties of (so,p)-norm based test statistics. After in-
troducing the assumptions in Section 3.1, we now state the theoretical prop-
erties of the (sp,p)-norm based test. Firstly, we consider the asymptotic
size. The following theorem justifies the multiplier bootstrap for Wy, ) and
N which is crucial for the size control.

50,P.

50,p)?
THEOREM 3.1. Suppose all assumptions in Section 3.1 hold. Under Hy
of (1.7), we have

(3.2) s(up | ‘]P’(W(Smp) <z)-— IP’(W(bSO’p) < z]?()’ =o0p(1), as ny — oc.
2€(0,00

Similarly, under Hy of (1.8) we have

(3.3)  sup ‘P(N(w)gz)—P(N(”

sop) = z|X,y)‘ = 0p(1), as n — oo.
z€(0,00)
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PROOF. The proof of (3.2) is similar to that of (3.3). For simplicity, we
only present the proof of (3.3), which consists of three steps. We first analyze
the approximate distribution of N. We then obtain the distribution of the
bootstrap sample N? given X’ and ). At last, we analyze the approximation
error between N and N?|X,) to yield (3.3). We only sketch the proof
here. More detailed proof is presented in Appendix B.2 of supplementary
materials.

Step (i) (Sketch). In this step, we aim to obtain the approximate dis-
tribution of N under the null hypothesis. Under the null hypothesis we have
u1,s = u2 . Therefore, we rewrite N, as

Ns = (al,s - ’17275)/ i)\l,s/nl + 62,5/77/27

where Uy s 1= Uy s — Uy is the centered version of u, . As @, is also a
U-statistic, by the Hoeffding’s decomposition we can approximate s by a
sum of independent random variables. In detail, we use (m/n1) > "L, he(Xy)
and (m/n2) Y 12, hs(Ys) to approximate @ s and Uy 5. By setting

(3.4) o1st = E(hs(X)h(X)) and o4 =E(hs(Y)h(Y))

for 1 < s,t < q, as n — oo we have 6%5 — ’I’)’LQO'%SS, which motivates us to
define

ni n2
(35) HY = (nl1 kzlhsm) - ;2 ; Bo(Ye)) [ \Jornes/m + 03,56/

By setting HY = (H{, ... ,HéV)T, we use HY as an approximation of N.
However, we don’t know the exact distribution of HY. As H" is a sum of
independent random vectors with zero mean, by the central limit theorem
we can use a normal random vector to further approximate HY.

Let GV be a Gaussian random vector with the same mean vector and
covariance matrix as H” . By setting ¥ := (01,5t), B2 1= (02,5t) € RI*Y, we
have

(36)  GN~N(0O,Ryy) with  Ryy:=Dp,/*5,D,)7%
where we set
(3.7) Yip=3%1/n1+X3/np and  Djp; = Diag(Z12).

We then use the distribution of GV to approximate that of N.
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Step (ii) (Sketch). In this step, we aim to obtain the distribution of
N X,). We rewrite ﬂlis and ﬂg”s in (2.1.3) as

ni n2
~b m ~ b b m ~ b
(3.8) Uy g = — E (Qir,s — ul,s)51,ka Ug g = — E (Qak,s — “2,s)52,ka
ni n2
k=1 k=1
where Qs and Qo s are defined in (2.2). Considering that 59,,1, e ,si’ml

b .
o

are independent standard normal random variables, by (3.8) we have u
(ag717 .o ,/'ng,q)‘X7 y ~ N(O, m2§7/n’y) Wlth 27 = (6'\,778t) c quq and

. 1 < ~ -
(3.9) Oy,st = e Z(ka,s — Uy,s) (Qrykt — Uryt),

7 k=1

for v = 1,2. Apparently, by the definition of v, in (2.1) we have v, , =
mQE%SS. By setting

1o =31/n1 +a/ng and Dyy = Diag(E12),
given X and )Y we have
(3.10) N’ = m D * (@b — ab) ~ N(0,Ryy),

where we set ﬁlg = ]31_21/2212]51_21/2.

Step (iii) (Sketch). In this step, we aim to obtain the approximation
error between N and N° /X, Y. For this, we analyze the estimation error
between Ry and Rys. We then combine results from Steps (i) and (ii) to
finish the proof of (3.3). The detailed proof is in Appendix B.2 of supple-
mentary materials. O

REMARK 3.2. Assumption (A) requires that 58 log(q) = O(n°) holds
with ¢ = 2 and 0 < 6 < 1/7. However, ( = 2 is not optimal for each
individual p. By the proof of Theorem 3.1, { depends on the facet number
of a polytope to approximate By, py(z) = {v € R? : [|v|[(5y ) < 2} If p =1,
By p) () itself is a polytope, which makes ( = 1 is enough for obtaining
(3.2) and (3.3). Similarly, If p = oo, ¢ = 0 is sufficient. To make (3.2) and
(3.3) hold for any p € [1,00], by Lemma A.3 in Appendix A, we set ( = 2
in Theorem 3.1.

As an implication of Theorems 3.1, the following corollary shows that
under mild moment conditions on the kernel functions of U-statistics, by
using the multiplier bootstrap introduced in Section 2.1.3, the size of (sg, p)-
norm based test is asymptotically «, as desired.



19

COROLLARY 3.1. Suppose all assumptions in Section 3.1 hold. For the
one-sample problem in (1.7), under Hy of (1.7) we have

w 5114 w
(311) IP)HO (Ta,(so,p) = 1) —a and P(SO,P) a P(

so.p) 0, as ny, B — o0.

as ni, B — oo. Similarly, for the two-sample problem in (1.8), under Hy of
(1.8) we have

(3.12) Py, (Tg(%p) =1) - a and ]3(];70717) - P(];[O’p) — 0, asn, B — oo.

The detailed proof of Corollary 3.1 is in Appendix B.3 of supplementary
materials. After analyzing the asymptotic size of the (sg, p)-norm based test,
we now turn to the analysis of its power. For this, we need the following
notations: Dy = (D11,...,D14)" and Dy = (Da1,...,Ds,)" with

Dl,s = ’ul,s - UO,S‘/ mQUl,ss/nly
(3.13)

D2,s = ’ul,s - U2,s‘/\/m20'l,ss/nl + m20'2,ss/n2’

where 0 55 is defined in (3.4). We need new Assumption (A)’ to describe
the scaling between s, g, and n for test statistics Wy, ;) and N, ;) to reject
with overwhelming probability under the alternative.

S0,P

e (A)’ For the one-sample problem in (1.7), we assume logq = o(n}/?’)
and n; = O(¢%) with some §; > 0, as ny,q — oo. For the two-sample
problem in (1.8), we assume log ¢ = o(n'/3) and n = O(¢*) with some
01 > 0, as n, ¢ — co. Moreover, we also assume that there is a constant
82 > 0 such that so = O(log?(¢)) holds for both problems.

After the introduction of Assumption (A)’, we then state the theorem that

characterizes the power of W, y and Ny, ).

THEOREM 3.3. Suppose Assumptions (A)’, (E), (M1), and (M2) hold.
For the one-sample problem in (1.7), we assume €,,, = o(1) with €,,,1/log ¢ —
oo as ni,q — oo. If Hy of (1.7) holds with

(3.14) 1D ll(s9.) = 50(1 + €ny) (v/210g g + v/2log(1/a)),
we have Py, (T(I;‘g 0 = 1) — 1l as ny,q, B — oco. Similarly, for the two-sample

problem in (1.8) we assume &, = o(1), and &,+/logq — oo as n,q — oo. If
H; of (1.8) holds with

(3.15) 1Dl (s0,) = s0(1 + £5)(v/2log g + \/210g(1/a)),

we have Py, (T(];[O,p) = 1) —lasn,qg,B— 0.
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The detailed proof of Theorem 3.3 is presented in Appendix B.4 of sup-
plementary materials. The scaling of ¢ and n in Theorem 3.3 is weaker than
Assumption (A), allowing larger ¢ for proposed tests to correctly reject
the null hypothesis. Moreover, by the proof of Theorem 3.3, for m = 1,

we can further relax the conditions logq = o(ni/g) and logq = o(n'/?) by
logq = o(niﬂ) and log ¢ = o(n'/?) in Assumption (A)".

3.3. Theoretical properties of W,oq and N,q. In Section 2.2, we introduce
the data-adaptive test by combining the (sg, p)-norm based tests with p € P,
where P C {1,2...,00} is a finite fixed set specified by users. Intuitively,
by combining tests with various norms, the data-adaptive test enjoys high
power across various alternative hypothesis scenarios. In (2.9) and (2.10),
we introduce the data-adaptive tests as

— i PW _ i DN
(3.16) Waa = gg?l;l Plson) and Nog = glelg Pgop):
where ﬁg),p) and ]3(];[0#,) are defined in (2.8). By setting Fyy(s,p)(2) =

P(W(SOJ’) < Z) and FN,(so,p)(z) = P(N(
cle P-values of Wy, ,,y and N, ., are

sop) < Z), we have that the ora-

w L N o
Pl =1 = Fwsop) Wisop) and  Pig o i=1=Fn (505 (N(so,p))-

By the definitions of ]3(122’1)) and ]3(];’0717) in (2.8), 13(%;9) and ﬁ(]go,p) estimate

P(‘;[g ») and P(];fo )" Therefore, by (3.16) W,q and N,q estimate
(3.17) Waa = min Plsop) and Nag = min Plsop):

By setting ﬁw,ad(z) = P(Wad < z) and E\Lad(z) = }P’(]\Nfad < z), considering
that the small values of W,q and N,q yield the rejection of the null hypothe-
ses, we have that the oracle P-values of Woq and N,q are ﬁWad(Wad) and
FN,ad(Na )

After introducing these notations, we aim to justify the bootstrap proce-
dure in Section 2.2 by showing that ﬁgg and ]3521’ (defined in (2.11) and
(2.13)) are consistent estimators of the oracle P-values ﬁWad(Wad) and
E\Lad(ﬁad). For this, we introduce Assumption (A)” to specify the scal-
ing between sg, ¢ and n for the data-adaptive combined test.

To state Assumption (A)”, we need some additional notations. For the
two-sample problem, we introduce G ~ N(0,R12) € R?in (3.6) to approx-
imate N. We set fan (s (2) and cgn (5 ) () as the probability density
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function and the a-quantile of |G| (s, »)- We then define hq y(€) as

50,P
h = oA
a.v(€) = max . f?jz “ Fan (so.p)(®)>
where I(]govp)(e) = [eaN (so,p)(€)s €GN (s9,p) (1 — €)]. For the one-sample prob-

lem, we define hyyy (€) similarly for G ~ N(0,R;) € R, where
Ry = (r1,5) € R”? with 715 = Corr(hs(X), h(X)).

By definition, R; and R are the asymptotic correlation matrices of W and
N, where W and N are defined in (2.4). With these additional notations,
we then state Assumption (A)” as follows.

e (A)” Under (1.7), as n; — oo, we assume that hg;gv(e)sg logg =

o(n%/lo) holds for any 0 < € < 1. Under (1.8), as n — oo, we as-
sume that hg;?v(e)s% log ¢ = o(n'/19) holds for any 0 < € < 1.

Compared to Assumption (A), the required scaling in Assumption (A)” is
more stringent. This is because when analyzing the combined test, we need
not only the convergence of distribution functions of the test statistics but
also their uniform convergence of the quantile functions on [e, 1 — €].

REMARK 3.4. Let 1 < s0,#(P) < oo. If there are 0 < Cy < oo and
0 < n < 1 such that C’O_1 < Amin(R12) < Amax(Ri2) < Cp and max;+j 14| <
n, we have hyn(e) = O(1) for any € € (0,1), as ¢ — oo. Similarly, if
C'O_l < Amin(R1) < Anax(R1) < Cp and max;»; |[ri;| < 7, we also have
hgw(e) = O(1) for any € € (0,1), as ¢ — oo. The detailed proof is in
Appendix B.6 of supplementary materials.

The detailed proof of Remark 3.4 is in Appendix B.6 of supplementary
materials, in which we obtain a joint asymptotic distribution for the order
statistics of nonindependent Gaussian random variables. This result is non-
trivial and of independent technical interest. After introducing additional
assumptions, we then justify the data-adaptive combined test by the follow-
ing theorem.

THEOREM 3.5. Suppose Assumptions (A)”, (E), (M1) and (M2) hold.
For the one-sample problem, under Hy of (1.7) we have

(3.18) [EDHO (T;g = 1) — « and ﬁW,ad(Wad) - ﬁ;ﬁ/ — 0 as ni, B — .
Similarly, for the two-sample problem, under Hy of (1.8) we have

(3.19) Ph, (T,ﬁ = 1) — o and ﬁN,ad(Nad) — ]33% — 0 asn,B — oco.
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The detailed proof of Theorem 3.5 is in Appendix B.5 of supplementary
materials.

REMARK 3.6. To prove Theorem 3.5, we first show that for any fixed
0 < € < 1, not only the distribution function of N,q but also its quantile
function on [¢, 1 —¢] converge to those of Naq. By choosing e sufficiently small,
we then prove that the probability of Ny € (0, ¢) is negligible to finish the
proof. If #(P) — oo, we cannot guarantee N,q € (0, €) is negligible any more.
Moreover, it is also very hard to prove the convergence of quantile functions
on (€,1 —¢) for Nyq with ¢ — 0. Hence, when constructing the combined
test, we require 0 < #(P) < oo. By simulation, we recommend using P =
{1,2,3,4,5,00}. The simulation also shows that there is no significant power
advantage to add more elements to P (see Appendix F.3). Therefore, the
assumption of finite #(P) is enough for the practical usage.

We now turn to the analysis of the power of the combined test. For this,
we have the following result.

THEOREM 3.7. Suppose Assumptions (A)’, (E), (M1), and (M2)) hold.
For the one-sample problem in (1.7), we assume loggq = o(n}/Q), €n, = 0(1),

and €,,v/log ¢ — 00 as ni,q — oo. If H; of (1.7) holds with
(3.20) 1D1 (50,5 = s0(1 + €ny) (V2log g + v/ 210g(#{P} /),

we have Pg, (Tavc[{ = 1) =1 as n1,q, B — oco. Similarly, for the two-sample

problem in (1.8) we assume logq = o(n'/?), &, = o(1), and ,/Togq — oo
as n,q — oo. If H; of (1.8) holds with

(3.21) 1D2ll(s9.p) = 50(1 +€0) (v/210g g + /2log(#{P}/a)),

we have Py, (Tﬁ = 1) —lasn,q, B— oo.

The detailed proof of Theorem 3.7 is presented in Appendix B.7 of sup-
plementary materials.

REMARK 3.8. On one hand, by Theorems 3.3 and 3.7, we require |lu; —
o[ (s,p) = S0v/10g(q)/n1 or [lur —uz||(s p) = s04/log(q)/n for our proposed
methods to reject the null hypothesis with overwhelming probability. On the
other hand, by Theorem 3 in [14, 15], Theorem 4.3 in [35], and Theorem
3.5 in [74], for both vector-based and matrix-based high dimensional tests,
any a-level test is unable to reject the null hypothesis correctly uniformly
over ||p1 — polleo > cov/log(d)/n or |1 — polleo = coy/log(d)/n with ¢y
sufficiently small. Therefore, we have that our proposed methods with finite
s are rate-optimal for these sparse alternatives.
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4. Simulation results. The goal of this section is to investigate the
numerical performance of the proposed tests. For this, we compare our
methods with several existing methods from the literature. In this section,
we only consider the high dimensional mean test under different settings.
We put additional simulation results for testing high-dimensional covari-
ance/correlation coefficients in Appendix F to illustrate the proposed meth-
ods’ generality. Apart from simulated datasets, Appendix F also includes
the experimental results on real world fMRI datasets.

In the context of high dimensional mean test, we compare the proposed
tests with four existing methods: Hotelling’s T test, the Lo-type tests given
in [5] and [67], and the Loo-type test give in [15]. We refer these four tests
as T2, BY, SD, and CLX. For simplicity, we only consider the two-sample
problem. We generate synthetic data from a wide range of covariance struc-
ture including both sparse and non-sparse settings. We also consider a wide
range of alternative scenarios including both sparse and dense settings to
investigate the power of the proposed methods.

Under the null hypothesis, we sample n; + ny data points from the fol-
lowing models.

e Model 1. (Gaussian distribution with block diagonal 3) We set ¥* =
(07) € R™? with o, "% U(1,2), of; = 0.5 for 5(k — 1) +1 < i #
j < 5k, where k =1,...,[d/5], and o;; = 0 otherwise. In this model,
under the null hypothesis we generate ny 4+ no random vectors from
N(0,3%).

e Model 2. (Gaussian distribution with banded X) We set X' = (07,) €
R4 with a;j = 0.41"7Jl for 1 <,j < d. In this model, under the null
hypothesis we generate ny + ng random vectors from N (0, X).

e Model 3. (Gaussian distribution with non-sparse ¥) We set F =
(fij) € R with fi; = 1, fiie1 = fiz1: = 0.5, and fi; = 0 otherwise.
We also set that U ~ U(Agy) follows the uniform distribution on
the Stiefel manifold Agqy (ie., Agr = {H € R>F : H'TH = I,;}).
After introducing F and U, we then set the correlation matrix as
R = (D/)"Y*(F + UUT)(D/)~/2 with D/ = Diag(F + UU"). By
setting D = (d;;) € R¥? as a diagonal matrix with d;; ~ U(1,2), we
generate nj + ny random vectors from N (0, X) with ¥ = D/2RD'/2,

e Model 4. (Multivariate ¢ distribution) We generate n; + ny random
vectors from the multivariate ¢ distribution ¢(v, u, ) according to p+
Z /\/W/v, where we have W ~ x?(v) and Z ~ N(0,X) with W and
Z independent of each other. In the simulation, we set u = 0, v = 5,
and 3 = 3*.
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We use the above models to show that the proposed methods are valid
given a fixed size o« under various covariance structures and distributions. To
present the empirical power of the proposed methods, we introduce a random
vector V' € R? with exactly s nonzero entries, which are selected randomly
from d coordinates. Each nonzero entry follows an independent uniform
distribution U(uq,ug). Under the alternative hypothesis, we set p; = 0 and
p2 = V. By choosing different s, u1, and us, we compare the power of the
proposed methods with that the existing methods under both the sparse
and non-sparse settings.

TABLE 1
Empirical sizes for Model 1 with o = 0.05, B = 300, and n1 = n2 = 100 based on 2000
replications.

Empirical size (%)

d so p=1 p=2 p=3 p=4 p=5 p=oco TH T2 BY SD CLX
75 5 550 5.85 6.5 635 630 6.60 6.50 5.05 5.85 4.65 5.25
30 420 4.45 490 530 570 6.90 5.90 5.05 5.85 4.65 5.25
75 3.70 3.95 475 510 565 6.75 5.50 5.05 5.85 4.65 5.25
200 10 475 450 4.85 520 525 6.55 5.75 - 485 385 5.35
50 2.80 290 3.55 3.80 4.35 645 4.75 - 485 385 5.35
100 1.90 2.25 250 360 385 645 4.80 - 485 3.85 5.35
150 2.35 245 2.75 370 415 6.85 4.90 - 485 3.85 5.35
200 230 235 295 365 435 710 5.15 - 485 3.85 5.35
400 10 420 430 470 530 540 7.60 5.90 - 535 455 6.65
50 2.45 2,50 2.80 345 425 825 5.00 - 535 455 6.65
100 2.05 230 225 265 395 7.90 4.75 - 535 455 6.65
200 145 1.60 1.90 270 3.60 7.75 4.55 - 535 455 6.65
400 140 140 1.75 270 3.80 7.85 4.70 - 535 455 6.65
800 10 4.75 495 520 550 595 9.10 6.30 - 5.65 4.65 7.45
100 0.75 1.20 140 1.80 265 885 4.45 - 5.65 4.65 7.45
200 040 050 0.75 1.40 2.00 8.85 4.45 - 5.65 4.65 7.45
400 055 045 070 1.20 210 815 3.95 - 5.65 4.65 7.45
600 040 035 080 1.20 2.00 870 4.00 - 5.65 4.65 7.45
800 040 055 0.75 135 1.85 8.65 3.65 - 5.65 4.65 7.45

In Table 1, we present the empirical sizes of introduced methods for
Model 1. We set n; = ng = n = 100 and ¢ = d = 75,200,400, 800.
The nominal significance level is 0.05. We compare our methods with four
other tests: T2, BY, SD, and CLX. Moreover, 72, BY, and SD are Lo-type
and CLX is Loo-type. The T? test requires d < n, so that we don’t per-
form T2 test as d > n. In the current setting, the four existing methods can
control the size correctly, except that CLX test suffers a size distortion as
d is significantly larger (d = 800) than n. For the (sg,p)-norm based tests,
when s is significantly smaller (so = 5,10) than d, they can control the size
correctly, except that the (sg,00)-norm based test suffers a size distortion
as d is significantly large (d = 800). As sg increases, the empirical size of
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TABLE 2
Empirical power of Model 1 with o = 0.05, B = 300, and n1 = ne = 100 based on 2000
replications.

Empirical power (%) with g1 = 0 and po = V with s =5, u1 =0, and uz = 44/log(d)/n

d s p=1 p=2 p=3 p=4 p=5 p=oc TN 72 BY SD CLX
75 5 82.10 84.35 85.70 86.50 86.80 85.10 86.90 73.7 67.85 66.45 83.5
30 49.10 69.20 78.75 83.80 85.40 85.50 84.50 73.7 67.85 66.45 83.5
75 32.70 64.25 78.20 83.25 85.15 85.00 83.70 73.7 67.85 66.45 83.5
200 10 75.85 81.05 83.85 84.95 86.10 86.40 85.65 - 55.65 53.90 85.25
50 36.20 59.65 75.35 81.50 84.00 86.05 84.40 - 55.65 53.90 85.25
100 23.60 48.90 72.65 80.75 84.20 86.45 84.35 - 55.65 53.90 85.25
150 18.70 45.40 72.10 81.15 84.45 86.45 84.35 - 55.65 53.90 85.25
200 17.55 45.20 72.40 81.00 84.20 86.15 84.25 - 55.65 53.90 85.25
400 10 77.90 82.15 85.20 87.25 88.05 &7.80 87.90 - 4425 4275 87.05
50 34.25 56.40 71.85 79.65 84.05 87.90 85.55 - 44.25 42.75 87.05
100 18.45 40.45 65.15 77.30 83.50 87.60 85.55 - 44.25 42.75 87.05
200 9.85 29.35 60.25 76.25 83.35 88.10 85.45 - 44.25 42.75 87.05
400 6.95 25.60 60.00 75.90 83.60 87.50 85.05 - 44.25 42.75 87.05

Empirical power (%) with 1 = 0 and pwe = V with s = 100, u; = 0, and uz = 34/1/n
d so p=1 p=2 p=3 p=4 p=5 p=oco TN T2 BY SD CLX

200 10 87.55 86.05 85.00 83.50 81.75 51.25 82.30 - 96.20 96.05 47.45
50 93.25 93.80 93.40 92.05 89.40 51.05 90.20 - 96.20 96.05 47.45
100 92.75 93.85 93.80 92.55 89.80 51.55 91.35 - 96.20 96.05 47.45
150 90.95 93.55 94.35 92.35 89.90 52.75 90.65 - 96.20 96.05 47.45
200 90.05 93.75 93.80 92.45 89.55 51.70 91.10 - 96.20 96.05 47.45
400 10 70.40 69.95 68.75 67.90 66.00 42.70 64.00 - 85.10 84.25 38.70
50 72.60 73.95 7495 74.85 73.35 4230 70.25 - 85.10 84.25 38.70
100 69.85 72.80 73.95 74.45 73.30 4235 69.45 - 85.10 84.25 38.70
200 61.55 68.25 73.05 74.45 73.90 42.45 68.30 - 85.10 84.25 38.70
400 54.40 67.15 73.00 74.50 73.40 43.15 67.15 - 85.10 84.25 38.70

(s0, p)-norm based tests decreases dramatically especially for small p, mak-
ing the (sg,p)-norm based tests with small p overly conservative. Although
the (s, p)-norm based tests perform differently with different sg and p, the
data-adaptive combined test T a]g can control the size correctly under various
settings of d and n.

In Table 2, we compare these methods under different alternative scenar-
ios. In the sparse alternative setting, we set uo = V with s = 5 nonzero en-
tries. Each entry follows independent uniform distribution U(0, 44/log(d)/n).
In this setting, the Lo-type test achieves a higher empirical power than the
Lo-type tests. In the dense alternative setting, we set po =V with s = 100
nonzero entries of the magnitude U(0, 3n~Y 2). In this setting, the Lo-type
tests are more powerful. This similar pattern also appears in the (sg, p)-norm
based tests. As p increases, the (sg, p)-norm based test is more sensitive to
the sparse alternative. The influence of sy is more complicated. However,
by choosing sg close to s, the tests always enjoy good performance. For the
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data-adaptive combined test Tég, we choose a balanced P including both
small and large values of p. Hence, in various settings of the alternative sce-
narios, d, and n, it always has a high power. Although Tég with balanced P
may not be the most powerful option for some alternatives, Téfg is adaptive
to the alternative setting and powerful enough in various kinds of alternative
scenarios. Theoretically, there is no uniformly most powerful test in all the
alternative scenarios [26]. If the alternative pattern is unknown, the data-
adaptive test with balanced P (including small and large p) is a good choice.
If the alternative pattern is known, by choosing P accordingly we can still
construct a powerful test. For the choice of sg, similarly to the (sg, p)-norm
based tests, Tig with sg close to s is always powerful.

We put the numerical results of Models 2-4 in Appendix F of supple-
mentary materials. Their experimental results are similar to Model 1 and
indicate that the proposed methods work well in various settings.

5. Summary and discussion. This paper considers the problem of
testing high dimensional U-statistic based vectors. We construct a family
of tests based on the (sg,p)-norm. By the introduction of sy, when ¢ is
large, we can increase the power compared to the tradition L,-norm based
test (especially for small p). Moreover, by choosing p properly, we can fur-
ther enhance the power under different alternatives. We also introduce a
data-adaptive combined test, which is simultaneously powerful under a wide
variety of alternatives. Moreover, We also develop a trick for avoiding the
high computational cost of the double-loop bootstrap for the data-adaptive
combined test with theoretical guarantee in high dimensions.

We then discuss the choice of sy and P. Theoretically, for individual
(s0, p)-norm tests we generally require that sg log ¢ = o(n?) holds with ¢ = 2
and 0 < § < 1/7 for all p € [1,00]. We also point out that it is possible to
reduce ( for some specified p. For combined tests, we require 0 < #(P) < oo
to prevent the test statistic from going to 0. By simulation, we also see
that the proposed tests with sy close to s (true unknown number of entries
violating Hy) enjoy high power, which makes s a good candidate for sg.
In practice, we recommend choosing sg and s as close as possible without
violating theoretical conditions.

There are several possible future directions of this work. For instance,
how to generalize the idea to the k-sample testing problems (k > 2) has
been for a future investigation. This may require a nontrivial extension of
the theoretical analysis. Moreover, our theory is based on the Gaussian ap-
proximation for the sum of high dimensional independent random vectors
from [23]. [73] and [72] further study Gaussian approximations for high di-
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mensional time series, which allow to generalize our methods for dependent
data. As a significant amount of additional work is still needed, we shall
report the results elsewhere in the future.
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ABSTRACT

The supplementary materials contain additional details of the paper “A
Unified Framework for Testing High Dimensional Parameters: A Data-
Adaptive Approach” authored by Cheng Zhou, Xinsheng Zhang, Wen-
Xin Zhou, and Han Liu. After introducing some useful lemmas in Ap-
pendix A, We prove main results in Appendix B. In Appendices C and
D, we prove lemmas required by the proofs in Appendix B. In Appendix
E, we prove lemmas introduced in Appendix A. In Appendix F, we
present additional numerical experimental results. Throughout supple-
mentary materials, we use C, Ci, C2,... to denote constants which do
not depend on n, d, and q. These constants can vary from place to place.

APPENDIX A: USEFUL LEMMAS

In Appendix A, we introduce some useful lemmas that will be used many
times for proving main results. We put their proof in Appendix E. To present
these lemmas, we need some additional notations. Let Z1,..., Z, be inde-
pendent random vectors in R? with Z = (Zy1, ..., Zra) " and E[Z}] = 0 for
k=1,...,n. Let Wy,..., W, be independent Gaussian random vectors in
R? such that W), has the same mean vector and covariance matrix as Zj. By
setting Vg, := {v € S¥71 : ||v|o < s0}, we require the following conditions:

o (M1) n= '3 | E[(V/Zk)?] > b> 0 for any v € Vy;
o (M2)'n '3 | E[|Z[*] < Kffort=1,2and j=1,...,d.
e (E) E[exp(|Zkj|/K)] <2forj=1,....,dand k=1,...,n.

LEMMA A.1.  Assume sZlog(dn) = O(n¢) with0 < ¢ < 1/7.1f Zy,..., Z,
satisfy (M1)’, (M2)/, and (E)’. By setting SZ = nf1/2 >k Zand SY =
nl_l/ 2 Y o1 Wy, for 1 < p < oo and sufficiently large n, there is a constant
Co > 0 such that

0 s (157 2) B2l <) <00,

where C depends on b and K.



LEMMA A.2. (Corollary 1.2 in [2]) For any compact and symmetric con-
vex set C € RY with non-empty interior and v > e/4v/2, there exist a
polytope P € R% and a constant €y > 0 such that for any 0 < € < ey, we
have

1\ d
PcCc(l+eP  and V<(\%ln;),

where V is the vertex number of P.

We call a set A™ is m-generated if it is the intersection of m half-spaces.
Therefore, A™ is a polytope with at least m facets. We then set V(A™) as
the set of m unit vectors that are outward normal to the facets of A™. For
€ > 0, we then define

A™E = Nyeyam){w € RY:w' o < Spm(v) + €},
where Spm (v) := sup{w'v:w € A™}.

LEMMA A3, Let £f?4 = {x € R? : ||x| < R} and Vz’d) = {x ¢

(so:p
R : 1%/l (s0,p) < 2} For any ~ > e/4v/2, there is a m-generated convex set
A™ € R? and a constant €4 such that for any 0 < € < €4, we have

m R,d z,d
AT CEMTNV »

m,Re S i 1 8(2)
(5 )CA and mgdo(\fln7> .

€

LeEMMA A.4. (Nazarovs inequality in [11]) Let W = (Wy,...,W,)T €
R? be centered Gaussian random vector with infr—1 4 E[W,?] >b> 0. For
any x € R? and a > 0, we then have

P(W <x+a)—P(W <x) < Cay/logd,
where C only depends on b.

LEMMA A5. W = (W1,...,W,) " is a random vector with the marginal
distribution N(0,0?). For any ¢ > 0, we have

2
} < log(2d) N to

(A.2) E[ max |Wj| 7 -

1<i<d

To estimate the covariance matrix of U-statistic based vector, we intro-

duce 04,4 and 74 ¢ in (3.4) and (3.9). The following lemma then analyzes the

estimation error of 7, . To analyze the correlation matrix, we also provide
the approximation error of 7 4, where

(A.3) Toy,st = Ory,st//Or,s50,11 and Try,st = Uv,st/\/ 0,550 ,tt-



LEMMA A.6. Assumptions (E), (M1), and (M2) hold. For log(¢qn) =
o(n'/?) and m > 1, when n is sufficiently large,

N 10g3/2
(A.4) ,nax max (‘O',y st — Onyst|y |T,st — r%st‘) < C\/ﬁ()’
v=1,2

holds with probability 1 — Cyn~!. For log(gn) = o(n'/?) and m = 1, when
n is sufficiently large,

9

log(gn log?(qn
(A.5) max max (‘awst a%St} ‘r%st rwt}) C ggl )_|_C gTECI)
~=1,2

holds with probability 1 — Cyn~!

APPENDIX B: PROOF OF MAIN RESULTS

In Appendix B, we present the detailed proofs of main results including
Proposition 1, Theorems 3.1, 3.3, 3.5 3.7, Remarks 3.4, and Corollary 3.1.

B.1. Proof of Proposition 1 .

PRrROOF. We need to prove that for any 1 < p < 0o, a € R and x,y € R?,
we have (1) [[ax[|(so.p) = lalllx[l(so,p); (1) 1%+ ¥l (s0,) < Xl (50,0) + 1Y (50,3

(iii) [xl(so,p) = O implies x = 0. By Definition 1.1, for x = (z1,. .. ,xq) | we
have 1y
d , P
) p)
Ichisam = (2o o @9P)
We use ki to denote the index of z(d—sotl) pld=so+2) — 2(d) Therefore,
we have [|x||(sy ) = Xk, [lp, where x, € R*°. We then separately prove (i),

(ii), and (iii). For (i), we have
laxl[(so.p) = llax; [lp = lal[[x [lp = lall[[xl](s,p)-

For (iii), from |x||(s, ) = 0, we have 2@ = 0, which implies x = 0. There-
fore, to prove Proposition 1, we only need to prove

1%+ Yllso.0) < 1%l s0.0) + 15[l 50,

Similarly to the definition of k1, we define ko, k15 for y and x +y. We then
have

(B.1) 1¥ll(so.p) = 1Yk llp  and x4+ ¥ll(so.) = 1+ ¥)kers llp-
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For 1 <p < oo, |- ||, is a norm. Hence, we have

(B'2) ”(X =+ Y)k:m”p = kam =+ yk12”p < ||Xk12||p + Hykap'
By the definition of ki and ko, we have

(B3) ki llp < 1%k llp = [%ll(so.)  and - ([ykrzllp < 1Yk llp = 151l 50.0)-
Combining (B.1), (B.2), and (B.3), we have (iii), which finishes the proof. [

B.2. Proof of Theorem 3.1.

PROOF. In Theorem 3.1, we aim to prove (3.2) and (3.3). For simplicity,
we only present the detailed proof of (3.3). According to the proof sketch
in Section 3.2, the proof proceeds in three steps. In the first step, we obtain
the approximate distribution of IN. In the second step, given X and ) we
obtain the bootstrap sample N?’s distribution. In the last step, we analyze
the approximation error between N and N°|X,) to yield (3.3).

Step (i). In this step, we aim to obtain the approximate distribution
of N. As u,, is a U-statistic, by the Hoeffding decomposition we approx-
imate IN by a sum of independent random vectors. Hence, we can further
approximate the sum by its Gaussian counterpart. In detail, under the null
hypothesis we have u1 s = u2 s. Therefore, we rewrite N as

(B.4) Ns = (U1,s — U2,s)/1/V1,s/T1 + V2,5/n2,
where U, s 1= Uy s — Uy is the centralized version of u, . For introducing

Hoeffding decomposition, we define
he(Xy) = E[Vs( Xk, -y Xk )| Xk

where Wy are defined in (3.1). Hence, by the Hoeffding decomposition, we
decompose s as

ni —1
~ m n
e = ;1: he(X3) + (%) An, s,

n2 -1
~ m n
U2,.s = ;2 kzl hs(Yk) + <T7j> An2,87

where we define A, s and A, ; as

(B.5)

Ay s = 3 (0o Xy, Xi,) = i ho(Xk,)).

1<k <ko<...<km<ni 1

=
Apys = 3 (0¥, Vi) —ihs(m)).

1<k <ko<...<km<ng /=1
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We then use m Y ;L hs(Xy)/ni and m Y12, hs(Yy)/no to approximate uy
and g 5. By setting 31 := (01,5¢), X2 := (02,5¢) € R7*? with

(B.6) 01,5t = E(hs(X)h(X)) and 024 = E(hs(Y)he(Y)),

considering vy, = m23%53, as n — oo we have Uy, — ’ITLQO'%SS, which
motivates us to define

1 & 1 &
B.7) HY = (771 > he(Xi) = = hs(Yk)> 70188 /101 + T2.55 /0.
k=1 k=1

Moreover, by setting HY = (H{V, e ,HéV)T, we have that H"V approx-
imates IN, and the approximation error is characterized by the following
lemma.

LEMMA B.1. Assumptions (A), (E), (M1), and (M2) hold. Under Hj
of (1.8) there is a constant C' > 0 such that as n — oo, we have

(B:3) P(IIN = HY () > £) = o(1),
where € = C'sglog?(qn)n=1/2.

The proofs of Lemma B.1 is in Appendix C.1 of supplementary materials.
By the definition of HY in (B.7), H" is a sum of random vectors with zero
mean and covariance matrix Rq9, where we set

(B.9) Rig := DI21/2212D1721/2

with 319 = ¥1/n; + 29 /ng and D19 = Diag(312). Therefore, by the central
limit theorem, we can use the Gaussian random vector GV ~ N(0, Ry2)
to approximate H”. To characterize the approximation error, considering
A, =V, [Vll(so,p) < 2} € Asy, by Lemma A1, there is (o > 0 such that

sop) $2)| < O~

N N

(B.10) sup |P([[LH ™ [[(s0,5) < 2)-P(I1 G|

z
where the constant C' only depends on K and b. We then use GV as the
approximation for IN.

Step (ii). In this step, we aim to obtain the distribution of N?|X’, ). For

this, we rewrite ﬁl{’s and ﬂg}s in (2.1.3) as

m e m <

~b ~ b =~b 7 b

(Bll) Uy = n—l ;(Qlk,s — ul’s)ng’ Uy g = an kz_l(QQk,s - U2,s)527k7
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where Q1 and Qg s are defined in (2.2). Considering that EW Lree- ,egﬂﬂ{

are i.i.d. standard normal random variables, therefore given X and ), ag =

~

(ugm T q) follows N (O, mQEW/n,Y) with Ev = (Gy.5t) € RI¥Y where

~ 1 < ~ _
(B.12) Oy,st = 771 Z(ka,s = Uys) Qe — Uryt)-
k=1
Apparently, by the definition of . Uy, s in (2. 1) we have vy, s = = m?G. ss. There-
fore, by setting 212 = 21/n1 + Zg/ng and D12 = Dlag(Zlg) we have

Nb|X, Y =m D, *(@ — ab)|X, Y ~ N(0,Rua),

where ﬁlg = ﬁ 1/2 ElgD_l/ .
Step (iii). In this step, we combine results from previous two steps to
justify the bootstrap procedure, i.e., we aim to prove

zes(hllzo) ‘]P’(N(So,p) > z) — IP)(N(I’SM) > z|X,y)‘ = 0p(1).

For this, we need both the lower and upper bounds of ]P’(N(Smp) > z) -
P(N(”SO » > z| X, y). We first presents how to obtain the upper bounds. By
the triangle inequality, we have

(B.13) P([|N1lso,)>2) SPIHN (50, > 2 = €) + PN = H ||, ) >¢).

p1

By Lemmas B.1, we have p; = o(1). We then bound ]P’(HHNH (s0,p) > %2 — €)-
For this, we have

B.14)  POHY ) > 2~ 2) < p2 + BUG ) > 2 — ),
where py = supyg [P(IHY | (s > @) = BIG |50 > )| By (B.10), we
have py < Cn~% which yields

(B.15) P([Nllso.0) > 2) < PUIGY [[(s0.) > = — ) +0(1),

p3
as n — oo. We then decompose p3 as p3 = IP’(||GN||(SO’p) > z) + ps with
pr=P(z — & <[GV|(s50,) < 2)-

To control py, by utilizing the anti-concentration inequality for the the Gaus-
sian random vector in Lemma A.4, we introducing the following lemma.
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LEMMA B.2. Assumptions (A) and (M1) hold. For any z > 0 and
e = O(splog?(gn)n=/?), we have P(z — ¢ < 1GN|, < z) = o(1) as
n — 0.

50,P)

The proof of Lemma B.2 is in Appendix C.2 of supplementary materials.
By Lemma B.2, we then have

P(IN 5oy > 2) < PUIGY[[59,) > 2) +0(1),

as n — 00. As is shown in Step (ii), under the null hypothesis we have
N’ X,Y ~ N(0,Ry2). Considering G ~ N(0,R12), we have

(B.16) P(|Nl(sop) > 2) = BUN" () > 21X, ) < D5+ o(1).

with D5 = sup.g [P(|GN (55 > 2) — P(INl(50p) > 2|, V)|. The fol-

lowing lemma presents the upper bound of 135.

LEMMA B.3.  Assumptions (A), (E), (M1) and (M2) hold. With prob-
ability at least 1 — Cin~!, we have D5 = 0,(1) as n — oo.

The proof of Lemma B.3 is in Appendix C.3 of supplementary materials.
Therefore, we have

B17)  sup (B(IN i) > 2) = BN s > 21¥,3)) = 0p(1),

uniformly for any z > 0. We can similarly construct the lower bound and
obtain

sup P(IINll(s0.0) > 2) = PUIN"ll s > 21X, V)| = 0p(1),

which finishes the proof of (3.3) in Theorem 3.1. O
B.3. Proof of Corollary 3.1 .

Proor. In Corollary 3.1, we aim to prove (3.11) and (3.12). As the proof
of (3.11) is similar, we only prove (3.12). As P(];]o,p) — P(];To,p) — 0 implies
Py, (Té\f(sO 0 = 1) — «, for proving (3.12) we only need to prove that as
n, B — oo, we have

AN N
(B.18) Ploow) = Plsow) = 0
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where P( )

By mtroducmg

(B.19) Fw (50 (2) = P(IN 50, < 2)
) - B
FN”,(so,p)(Z) = (B + 1)_1(21;:1 I {N(bSO,p) < 2|4, y} + 1)’

is defined in (2.8) and P(N p) is the oracle P-value of N(

50,p)"

consider the definitions of ]3( 0.0) and PV we have

(s0,p)’

(B.20) P(JSV0 p=1- Fab (o) Nisop))s P(];g’p) =1—Fn (s00) Nisop))-

According to Theorems 3.1, under Assumptions (A) (S), (E), (M1), and
(M2), by setting Ty = |1 — Enb (s0.) (Nsop)) — ‘ with

SOP
(B.21) Fp (50, (2) 7= P(IN"[l(s0.p) < 2[ X, D),

we have T3 — 0 as n — oo. Considering (B.19) and (B.20), we use the
triangle inequality to obtain ‘P(JZO p) 80 p)‘ < Ty + 15 with

= ‘FN*’ (so.0) Niso)) = Ent, s (N(so,p))‘
By Massart’s inequality (see Section 1.5 in [10]), we have

(B.22) ilelﬂg Fy (so.p)(2) — FNb,(So,p)(Z)‘ — 0, as n, B — oo.

Therefor, as n, B — oo, we have To — 0, which finishes the proof.

B.4. Proof of Theorem 3.3.

ProOF. For simplicity, we only consider the two-sample problem. The
proof proceeds in two steps. In the first step, we give an upper bound of the
oracle critical value

tN

Nop = i {t € REP(IN (s, ) X, D) > af.

In the second step, with the obtained upper bound of tV ( we construct

a,(s0,p)’
a lower bound of ]P’(N(SO ») > tg(SO p)). By showing that this lower bound

goes to 1 under (3.15), we have

IED(‘N(So » = ta (so,p)) — 1,



as n,q — oo. Considering that /t\év (s0.0) is a bootstrap estimator for ¢

a,(so,p)’
under (3.15) we then have P(N(y, ) > tg’(SO’p

Step (i). In this step, we give an upper bound of tg(so ) By the definition

))—>1, as n, B — oo.

of N’ in (2.5), N®X,) is a g-dimensional Gaussian random vector with
standard normal entries. According to Lemma A.5, by setting ¢ = 1 and

t = +/2log q we have

(B.23) E[||N?||o|X, Y] < \/210gq+

1
N = /2logq(1+{2logq} ™).

By Theorem 5.8 of [4], we have
(B.24) IP’(||Nb||OO > B[ N?|oolX, V] + u‘X,Ji) < exp(—u?/2).

By setting ¢, as the a-quantile of ||[IN?||o|X,), combining (B.23) and
(B.24), we have

(B.25) cl—a < v/2logq(1 4+ {2logg} ™) + v/2log(1/a).
Considering that té\{(so’p) is the 1 — a quantile of ||Nb||(50’p)|.)(, Y, by the in-

) < s(l)/pHNbHoo, we then have ¥ < sé/pcl_a. There-

equality ||N?|| (50,p a,(s0,p)

fore, by (B.25) we have

(B.26) té\{(s(w) < s(l)/p(\/Qlogq(l +{2logq} ") + 2log(1/a)).

Step (ii) In this step, we aim to obtain an lower bound of P(N, ,) >

)- By (B.26), we have P(N(y, ) >t ) > LY, where

N
¢ o, (s0,p)

a,(s0,p) 50,P

(B.27) LY = P<N(507p) > s(l]/p(\/Qlogq(l—i—{Zlogq}_l)—|— 210g(1/a))).

To obtain the lower bound of L, we need some additional notations. By
setting Ny as Ny = (U1,s — U2,5)//V1,s/n1 + Va,s/n2, in (2.4), we define
Nisop) = [N ]l (s9,p)» Where N = (N1,...,N,)". Under the alternative hy-
pothesis, u; s = us s cannot hold for all s € {1,...,q}, which motivates us
to define

171,5 : aQ,s - U/l\,s + ug s and Nl — (N11’ o ,Nl)T.
\/Ul,s/nl + V2 5/

1
(B.28)  N!= p

S
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Considering that v, is the variance estimator for ,/n i, and that v, g
has the limit m?2 Ty,55 8S Ty — 00, We introduce Dy = (D21, .. ,Dg,q)T and
D2 (D2 1y - D2 q) where

Dy s =|uis — u2,s|/\/m201,ss/nl + m209 55 /N2
(B.29)

Dy =|uys — Uz,s|/\/51,s/n1 + Va5 /2.

Without loss of generality, we assume that largest sg entries of Ds is k1, ko,
.., ks,. Therefore, by setting k = (ki,...,ks,) under (3.15) we have

(B:30)  1D2ll(sop) = (D2)elly = s0(1 + ) (v/2loga + v/2Iog(1/a)),

where we set €, — 0 and €,+/logg — 0o as n — oo. By the definition of
(s0,p) distance and the triangle inequality, we have

(B.31) Nisop) 2 I Nkllp = [(D2)kllp — 1N

(s0,p)

As we impose conditions on Dy not on 132, by the definitions of Dy and .ﬁQ
in (B.29) we need the estimation error of v, ;. By Lemme A.6, considering
Assumption (M1), for m > 1, with probability at least 1 — Cyn~!, we have

= 3/2
(B.32) max Vrs 1( < cloe lan).
252 Y miess vn

when n is sufficiently large. Similarly, for m = 1 and sufficiently large n with
probability at least 1 — Cin~! we have

(B.33) max | ]-2re 1)<c loa(qn) , - loa*(4n)
' 2 o n no

Therefore, we introduce the event & (z) as

0.
Eo(r) =< max %—1’ <z
0 TV T O ss

We set = log®?(qn)//n for m > 1 and & = +/log(qn)/n + log?(qn) /n for
m = 1. We then have P(£y(z)¢) < n~!. By (B.31), under &(z) we have

(B34) N(So,p) = ?HDQH so,p) - HNIiHP

Ly




11

Therefore, by partitioning the event based on (), we use (B.34) to obtain

Ly > P<L§V > so(1+ {2logq} ™) (\/2 log q + /2 log(l/a)),é’o(a:)>.

Considering (B.30), by choosing u satisfying (1 + z)(1 4+ u + {2logq} ') =
(1+&,) we have

(B.35) V> P(HN;HP < souy/2log q).

By the triangle inequality, for ¢ € {1,...,sp} we have

(B.36) ]P’(HN,%HZ) > souy/2log q) < s max ]P’(|N,;| > uy/2log q).
<i<so

Therefore, combining (B.35) and (B.36) we have

LY >1- IP>(HN;i||p > SOu\/2logq) >1—s0 1r<r;g>§oP(|N/§i| > uy/2log q>'

By the definition of Ly in (B.27), to prove L; — 1 we only need to obtain

(B.37) soP(| Ny, | = uy/2logq) — 0,

uniformly as n,q — oo. For this, we introduce the following lemma.

LEMMA B.4. Under Assumptions (A)’, (E), (M1), and (M2), as n,q —
oo, we have

(B.38) so max P(|N{| > uy/2logq) — 0.

=1l,...

The detailed proof of Lemma B.4 is in Appendix C.4 of supplementary
materials. By Lemma B.4, we finish the proof. O

B.5. Proof of Theorem 3.5.

PROOF. In Theorem 3.5, we aim to prove (3.18) and (3.19). As the proof
of (3.18) is similar, we only prove (3.19). The proof proceeds in two steps.
In the first step, by setting Fadq(z) = P(Nag < 2|X,)) and ﬁN,ad(z) =
}P’(]vad < z), we prove that as n, B — oo, we have

(B.39) ﬁN,ad(ﬁad) — Fnad(Nag) — 0,
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where Noq and N,q are defined in (3.16) and (3.17). In the second step, we
prove that

(B.40) FN,ad(Nad) - ﬁajg - 07

as n, B — oo. Combining (B.39) and (B.40), we can easily obtain (3.19).

Step (i). In this step, we aim to prove (B.39). For this, we need the fol-
lowing lemma to analyze the difference between the cumulative distribution
functions of N,q and Nad.

LEMMA B.5.  Assumptions (A)”, (E), (M1) and (M2) hold. Under Hj
of (1.8), we have that for any € > 0

(B.41) sup |Fnad(z) — ﬁNyad(z) =0,

z€[e,1—¢€]

asn, B — oo.

The proof of Lemma B.5 is in Appendix C.5 of supplementary materials.
After introducing Lemma B.5, we then prove (B.39). In detail, we aim to
prove that for any ¢, ¢ > 0 we have

(B'42) IP>(|}71N,8Ld(j\7ad) - FN,ad(Nad)’ > 5) < 6/

~~

A

as n — 00. By plugging in Fy aq(Naq), we use the triangle inequality to
obtain A1 < Ay + Ag, where

AQ :P(|ﬁN7ad(]\N/vad)_FN,ad(NadN > 5/2)7

(B.43) B
A :P(|FN,ad(Nad)_FN,ad(Nad)| > 5/2)-

We then separately bound Ag and As. To prove (B.42). We only need to
show both Ap < €'/2 and Az < ¢//2 hold as n and B are sufficiently large.
For A, by setting 5 ,(€) := {Naq € [¢,1 — €]}, we can bound Az by

(B44)  Ag < P(|Fyaa(Naa) = Fraa(Naa)l = 6/20Ex 4()) + A,

where Ay = P((E5 ad(e))c). By the definition of Nuq in (3.17), by choosing

€ small enough, we have Ay < ¢//4. By Lemma B.5 and the definition of
E5 .q(€), we also have

(B.45) P(|ﬁN,ad(Nad) — Fiyaa(Naa)| > 6/20 gﬁ,ad(ﬁ)) < €/4,
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for sufficiently large n and B. Hence, we have Ay < € /2 holds as n and
B are sufficiently large. After the proof foe Ay, we then bound Aj. By the
definition of N,q in (3.17) and Corollary 3.1, we have

(B.46) |j\7ad — Nagq| — 0, as n, B — oc.

Therefore, we obtain that fyad(z) = Fjy 4(2) is uniformly bounded for
sufficiently large n, B. Hence, there is a constant C' such that

(B.47) |FN 2d(Nad) = FNad(Nad)| < C|Naa — Naal-

Combining (B.43), (B.46), and (B.47), we have Az < € /2 for sufficiently
large n and B. Therefore, we finish the proof of (B.39).
Step (ii). In this step, we aim to prove (B.40). For this, we introduce

— b
FNb?(Sovp) - ]P)(N(So,p) S Z’X7 y)’

(B.48) b b

where N (bsO p) is defined in (2.6). Therefore, we define the cumulation distri-
bution function of N§d|X, Y as

(B.49) Fyp pa(2) = P(NDy < 2|X,Y).

Considering the definition of ]38% in (2.13), by setting
R B
(B50) FN’ad/(z) = <ZH{N§d’ < Z|X,y}+1>/(B+1),
b=1

we have ﬁa{g = ﬁN@d/(Na ).
To prove Fn ad(Nad) — Pﬁ — 0, by plugging in Fib ,q(Nag) and using
the triangle inequality, it is sufficient to prove

(B.51)  Fnad(Nad) — Fyb aq(Nag) = 0 and  Fys uq(Naa) — PN — 0,
as n, B — oco. To prove (B.51), we introduce the following two lemmas.

LeEMMA B.6.  Assumptions (A)”, (E), (M1), and (M2) hold. Under Hj
of (1.8), by setting Fiada(2) = P(Nag < 2[X,Y) and Fys ,q(2) = P(NYy <
z|X,Y), we have

(B.52) sup |Fnad(2) — Finb aq(2)] = 0, as n, B — oo,
z€[e,1—¢€] ’

for any € > 0.
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LEMMA B.7. For any ¢ > 0, we have that as n, B — oo,

(B.53) sup  |Fibaa(2) — Fyaa(2)] = 0,
z€[e,1—¢]

where ﬁN’ad/ (2) is defined in (B.50).

The proofs of Lemmas B.6 and B.7 are in Appendices C.6 and C.7 of
supplementary materials. Let Enaq(€) = {Nag € [6,1 — €]}. Considering
Lemmas B.6 and B.7, by replacing Eﬁ’ad(e) with En ad, similarly to (B.44)
and (B.45) we can prove (B.51), which finishes the proof of Theorem 3.5.

O

B.6. Proof of Remark 3.4 .

PrOOF. For G ~ N(0,R) € R? with ¢ > 1 fixed, the distribution of
|Gl(sy,p) is absolutely continuous with respect to the Lebesgue measure
and its density function fgo ») is positive everywhere. This implies that for

any € > 0, minceg <2<cG fg()’p)(z) > 0. To prove the result after

(s0.p) 1—e,(s0,p)
taking infimum over all positive integers ¢, it suffices to show that as long

as R € R, the limiting distribution of |G||(s, ) as ¢ — oo exists with an
absolutely continuous density function. For this, we prove a stronger result,
which characterizes the joint asymptotic distribution of the top sy order
statistics of weakly dependent standard normal random variables. In detail,
let v, 0@ . 0@ be an ascending sequence of the magnitudes of the
coordinates of v € RY such that 0 < v < v < .. < 0@, Set G =
(G1,...,Gg)T ~ N(0,R) with R € R and G! = (GY, ... ,G’é)T ~ N(0,I,).
Moreover, let ¢;(G) = Gt for j=1,...,q and aq = 2log g—log(logq).
For any x = (z1,%2,...,%s,) With 1 > x93 > -+ > zs, > 0, by setting
Joxt(ti, - teg) = exp (= 33000 1) g(tsg) I(tr > t2 > -+ > ty,), where
g(t) = 2777/ 2exp(—t/2 — 7~ 1/2¢7%/2), we shall prove that as ¢ — oo,

P((G) < a1+ ag 93, (G) < gy + )

(B.54) 1 so—1 pzq Tsq
— ext (T1, -, tsy) dts, « - - dity,
— <2ﬁ> /OO /OO f t( 1 O) 0 1

holds uniformly for R € R.
For simplicity, we only prove (B.54) for sy = 2, as the general case can be
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dealt with similarly. Let y;q = \/z; + aq for j = 1,2, and note
{cm(G) > /T + ag, p2(G) > \/M}
2q
= U {(|Gz’|a‘Gj|) > (qu,ygq)} = {(|Gik|,|0jk|) > (qu,yzq)},
1<i#j<q Pt

where {(ik,jk)}zqzl ={(1,2),(1,3)...,(1,9),(2,1),(2,3)...,(2,9),...,(q,q—
1)} and ¢ = q(q — 1)/2. By the Bonferroni inequality, for any fixed k < ¢,
we have

2k
Z(—l)g_lEg < P(gol(G) > \/x1 + aq,ch(G) > /T2 + aq>
(=1
(B.55) -
<) (-1)'E,
/=1
where

E= ) P(!GikJ > Y1, Gl | > Y2g5 - |Gy, | > 9105 1Gyy, | > yzq)-
1<k1 < <kp<2q

Moreover, for every 2 <t < 2/, define

B.56) Ey; = E P min |G;, | > y14, min |G, | > yoq | -
( ) B ) 1gu§e| ik, | yq’1§u§£| | > Y20
1§k1<‘“<k[§2q
ik kg ook Tk Y= Py iy

We define index sets Z¢, Z, and Zj in the same way as in the proof of Lemma 6
in [6]. Therefore, we have Z = U};_:lll'k. Further, for 1 <4 <--- <4, < g, by
defining

Q(il,...,it):{l ki< <he <20 {irysdhrs ks die} = {il,...,it}},

with #Q(i1, ...,i) < ("), we have

Epy = Z Z Py ook t+ Z Z Pk

(i17...7it)EIC (kqsees kg) (i17...7’it)EI (Kqseees kp)
€EQi,.--s i) €EQi1,.e-s it)
Ml(ezt) MQ(th)

For (k1,...,k¢) € Q(i1,...,3;) with (i1,...,4;) € Z°, a straightforward adap-
tation of the arguments used to prove (20) in [6] yields that, as ¢ — oo,

(B.57) Piyoty = {1+ 0(}PL 4,



16

where Pkfl,m’ke is defined in the same way as Py, , in (B.56) by replacing
G; with GY.
For (ki,...,k¢) € Q(i1, ... i) with (i1,...,4;) € I forsome 1 < k < t—1,
considering y14 > ¥24, We have
Pry oty SP(Giy| > yog - |Gil > y2q) == Py iy

Now, it follows from (21) in [6] with slight modification that, as ¢ — oo,
(B.58)

t(t—1)\ ~ t(t—1 ~
Ms(¢,t) < Z < ( 0 )> P i = ( ( ’ )> Z P i, —0.
(il,...7’it)€I (i17...,’it)EI

We define M (¢,t) by replacing entries of G' with the corresponding entries
of G! in My(¢,t). Similarly to (B.58), we have MJ(¢,t) = o(1) as ¢ — oo.
Therefore, as ¢ — oo, we have

20
By =Y Ey={l+01)} Y Pl 4 +o(l).
t=2

1<k <-<kg<2q

This, together with (B.55) implies that, as ¢ — oo,

2%
{T+oW}Y (D" > B xto()
=1

1<k < <ke<2q

(B.59) SP(gpl(G) >\/x1 + aq, p2(G) > /x2 + aq)
2%—1
<{U+oM} Y (D" Y Pk +oll).
/=1 1<k < <ke<2q

On the other hand, observing

IP’((pl(GI) > \/x1 —|—aq,<p2(GI) > \/x9 —i—aq)

(B.60) 2k . .
o e
kggOE (-1) > Py ke
=1 1<k <---<kg<2q

and a, = 2log g—log(log q), by [8], the bivariate vector (¢%(G!)—ay,, p3(GT)—
aq) has a limiting distribution with joint density function

gt)g(ts) _ e/
G(t1) 2/ ?

where G(t) = exp(—n~Y2¢7%2) and g(t) = G'(t). Therefore, the limit in

(B.60) is equal to [ ;20 g2(t1,t2)I(t1 > t2)dtadty, which together with

1

(B.59) proves (B.54) by letting ¢ — oo first and then k& — oo. O

g2(t1,t2) = (t2), for t1 > to,
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B.7. Proof of Theorem 3.7.

Proor. For simplicity, we only consider the two-sample problem. In de-
tail, we aim to prove
(B.61) Py, (Toy=1) =1, asn, B— .

a

under (3.21) and some assumptions. By the definition of 7 in (2.14), for
proving (B.61), it is equivalent to prove

(B.62) Py, (]33% <a) -1, as n, B — oo.
By the definition of ﬁﬁ and ﬁN,ad/(Z) in (2.13) and (B.50), (B.62) becomes
(B.63) P, (Fyaq(Nag) < @) =1,  asn, B — 0.

Therefore, to obtain (B.61), it is sufficient to prove (B.63). By setting o =
a/#{P}, we can prove that « is also an upper bound of Fi 4q4/(¢), i.e.,

(B.64) Py, (ﬁN@d/ (o/) < a) — 1, as n, B — oo.
By (B.64), to obtain (B.63) it is sufficient to prove

(B.65) Pa, (Nag < ') — 1, as n, B — oo.
By the definition of N,q in (2.10), we have

(B.66) Pr, (13(];[071,) < a') <Py, (Nag < o),

for any p € P. By Theorem 3.3, under (3.21) we have

(B.67) Py, (P}

/
sO’p)Sa)—>1, asn, B — oco.

Combining (B.66) and (B.67), we prove (B.65).
To complete the proof, we now prove (B.64). By Lemma B.7, for any
0 < a <1, we have

(B.68) ]P’(ﬁN’ad/ (o) < a) = P(FNb@d(al) < a), asn, B — oo.

Moreover, by the definition of Fiys ,q(2) in (B.49), we have that Fiys ,q(a’) <
a holds with probability 1, which yields (B.64). O
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APPENDIX C: PROOF OF LEMMAS IN APPENDIX B
C.1. Proof of Lemma B.1.

PROOF. To prove Lemma B.1, we need to bound ]P’(HN—HNH(SOJ,) > 5),

where ¢ = C'sglog?(qn)n~1/?

HN = (H),....HN)T with

. We first prove for m > 1. For this, we set

ni n2
I A > ha(xi) - . > o0} o/ +

By plugging HY, we have P(IN — HY |5, ) >¢) < D1 + Dy with
D, = P(HN - ﬁNH(so,p) > 5/2)7 Dy = P(HEN - HNH(so,p) > 5/2)'

Therefore, we only need to separately prove D; = o(1) and Dy = o(1) as
n — oo.
For proving D; = o(1), by setting &2 := {min, , 0,5 > b/2}, we have

(C.2) D, < IP’(HN—I/LI\NH(SM,) > s/zmslg) +P(ES).

I

Considering Assumptions (A) and (M1), by Lemma A.6, we have P(£f,) =
o(1) as n — oo. Hence, we only need to prove I; = o(1) as n — oo. By
the Hoeffding’s decomposition, considering 0y,s = m?ay s and [|V||(5,p) <
s(l)/pHvHoo, we have

-1 -1 1/2
b /1 1
I <P| max ‘(TM) Apys — <n2> Apys| > 77171/E —+ — ],
1<s<g I\ m m \/580 Pymny ng

where A, s and A,,, s are residuals of the Hoeffding’s decomposition. For
bounding the residuals, we threshold the kernel by B,, = C'log(gn). For this,
we introduce

(C 3) Vli,ls““’im = \IIS(Xilv T inm) ]I{|\I’S(Xi1’ s 7Xim)| < Bn}v
' By, = IE(\I/S(XZ»I, X V(X X )| < Bn}),

and denote the thresholded kernel and Hoeffding’s projection by
Uy(Xiy, ..o, Xi,) = VU — By,

(C.4) ha(Xi) = E(@S(Xil, . .,Xim)|Xi>.
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Hence, the corresponding residuals become
m
Bus= 2 (WX X)) = Yo he(Xa)).
1< <...<tm<ni /=1

By the definitions of both A, s and £n1,57 we then have

m
‘Anl,s - Anl,s < Anl,s - ( Z ‘/11718’"'7“” - ZE(V;;’JT”’XW))‘
1<i1 <. <im<na =1
+ =211
Considering that ¢ = Csg logZ(qn)n*1/2, we have

1/2
”\;;1; 4 L= O(log?(qn) /n).
S 1 2
By choosing a proper constant C' in B, considering Assumption (E), we
have maxg(|E1 5| + |E2s|) < log®(gn)/n. Hence, when n is sufficiently large,
we use the triangle inequality to get Iy < Iy 1 + Iy 2, where

A ng\ '« log®(qn)
Il,l = P| max ’( > Anl,s — < ) Anz,s >(C—————=
1<s<q m m

n
I = Can™max (B(VA(Xiy, .., X3, > B4RV, Y;,)|> By)
=1,..., m

By choosing a proper constant C' in B, considering Assumption (E), we
have I; 2 = o(1). For I 1, by Proposition 2.3 (c) in [1], we obtain

(C.5) L1 < Cqexp (— Cin'~m log%(qn)).

Considering m > 2 and Assumption (A), we then have I ; = o(1). There-
fore, we prove that D; = o(1), as n — cc.
After the proof for Dy, we then prove that Dy = o(1). Considering

(C.6) IHY — HY| (5 < so/PIHY — HY|oc,

we have Dy < IP’(||HN HY| s > 0. 550 p €). By the definitions of H" and
HY in (B.7) and (C.1), we have HHN HV|| o < I3 with

|2 kms hs(Xk) = p 2y hs (Vi)

L2 = 1252 ’
(C 7) 534 \/nlalss+p Nn202 ss
3 = - = = )
1<s<q \V01,ss T P0O2ss
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where p = nj/ny. By Assumption (E) and exponential inequality, we have
that I < C'v/log(qn) holds with probability 1 — Cin~1.

For bounding I3, we introduce the following lemma.

Lemma C.1. &,...,& € R are positive random variables with £ > 0.
For y € (0,1], we have

. — &l < < —¢h< )
(C.8) P(gggqll £s|_y/2)_19’(1rgg§qll & 1<y

The detailed proof of Lemma C.1 is in Appendix D.1. Motivated by
Lemma C.1, we introduce

vV 81,55 + 032,55
I} := max ‘1 — .
1<s<gq V01,55 + P02 ss

By Assumption (M1), considering (a + b)(a — b) = a® — b?, we use the
triangle inequality to obtain

/ 1A ~
I3 < max (Ul,ss + ,002,55) |Ul,ss + pO2ss — 01,55 — P02,35|

1<s<q

< (1 + p)ilbil < 11232{(1 ‘al,ss - Ul,ss’ +p 11232((1 ‘82788 - 0'2,55’) .

Therefore, by Lemma A.6, I} < C'log®/ 2(gn)n=1/2 holds with probability
1 —Cin~!. By Lemma C.1, we then have that I3 < Clog3/2(qn)n_1/2 holds
with probability 1 —Cyin~! for sufficiently large n. Combining (C.6) and the
bound for I and I3, we then have

log?(qn)

NG

with probability 1 — Cyn~"! for sufficiently large n. Therefore, we have Dy =
o(1) as n — oo, which finishes the proof for m > 1.

By Lemma A.6 and similar proof, we can also prove for m = 1. As the
proof is much easier and similar to the proof for m > 1, we omit the proof
here. O

|HYN — HY |5 < Cso

C.2. Proof of Lemma B.2.
PROOF. For notational simplicity, we set

Lee = P(|Gllsop) < 2 +€) = PIG (s < 2),
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where z > 0 and € = O(sglog?(gn)n=/?). Let £%7 = {x € R? : ||x|| < R}
and V(zs qp = {x € RY: [|X]|(5yp) < 2}. We then have

R, z+e, R, z,

L.. <P(GeRNEM)+P(G e V(SO;)Q NEM) —P(G € V(SO‘{p)

Ly Lo

neRa).

By the tail probability of Gaussian distribution, we have
L < q(27rR2q_1)_1/2 exp(—R?*q71/2).

For Lo, by Lemma A.3, there is a m-generated convex set A™ € R? such
that

2
m 2,9 R,q m,Re sof V. 1 S0
(C9 A CVipNE€CA and mgqo(\/gln€> .
Hence, there is a constant C' such that
z4e R,q m,Re+Ce
(C.10) V(SM?) NEYTCA

By setting R = gn and € = (¢gn)~2, we have Re < € and L; = o(1). By

Lemma A.4, we combine (C.9) and (C.10) to obtain Ly < Cesgy/log(qn) =
O(s¢10g”?(qgn)n=1/2). By Assumption (A), we have Ly = o(1), which fin-
ishes the proof. O

C.3. Proof of Lemma B.3.
ProoOF. In Lemma B.3, we aim to bound 135, where

Ds = sup P(IG" I (so,p) > 2) = PUIN"[l(s0,p) > 21X, V).

To bound Djs, we need to analyze the distributions of GV and N°|X,).
Considering the definitions of X, and 27 in (3.4) and (3.9), by setting

Y9 =3%1/n1 + Xg/ny  and Sy = ij1/?”&1 + 22/712,

we have G ~ N(0,Ry3) and N?|X,Y ~ N(0,Ry3), where Rz and Ry,
are defined as

ng—Dlag(Z 2) " Y/2%15Diag(T12) V2 = (r12,45)1<i.j<q>

C.11
( ) R12 = D1ag( 2)” 1/2212]313@(2 2)” 172 = (7"12713)19,1@-

LEMmMA C.2.
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After analyzing the distributions of G" and N°|X, Y, we then bound D5
For this, we rewrite D5 as D5 max (sup (0, 1., SUD, ¢ (7 00) 1 ) where

L = [PUIG™ [l (s > 2) = PUIN lls9,) > 21%, V)]

and R = Csgy/n. For sup

50||V||co, we have

1
(o) L» comsidering (Vs < 557 [V]oo <

(C.12) sup I, <P(|GV]|oo > CVn) + P(|N"[|o > CV/n|X, D),
z€(R,00)

Considering 7124 = 7124 = 1, by the tail probability of Gaussian distribu-
tion, we further have

(C.13) sup I, < Cgexp(—Cin) =o(1).
z€(R,00)

We now bound sup__, = ID Let 79 = [x e RY: ||x < R} and V24
€(0,R] /2 (so.p) —
|

{xeR?: Hx||(50p < z}. Hence, considering ||x|| < ¢'/%(|x||oc < q1/2\|x||(807p),

we have V( » C gha'%a for » < R, Therefore, Considering Lemma A.3,
there is a m—generated convex set A™ and € > 0 such that

m z,d m,Rq'/%e
A" C V( o) < cA4

€ €

1\ 55
and m < d% (l In 7> ’
Ve
Let ¢/ = Rq'/%e. By setting € = (qn) /2, we have &’ = so(qn)~'. We then
have I, < Lz,l + Lz,g with
L.1 = max (P(GY € A™\A™), P(N® € A™<\ A™))
(C.14) L. 2 = max (‘IP’(GN € Am@’) _P(N'e Am,gl‘X’y) 7

B(GY € A™) ~ B(N* € A™|X,)]),

for 2 < R. We then separately bound L, 1 and L, . For L, 1, by Lemma A.4
and Assumption (A), we have

(C.15) L.1 < C&'\/log(m) = Cs3(qn) ™ y/log(gn) = o(1).
Considering Vs, 1= {v € ST : ||v|lo < s¢}, we have

sup  |v] (Ri2 — Ri2)va| < [|Riz2 — Raalool|vi 1] v2lls

v1,v2€Vs

< SoHﬁm - Ri2l/co-
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Therefore, combining Theorem 4.1 and Remark 4.1 in [7], by Lemma C.2,
with probability at least 1 — Cin~!, we have

1Og / (qn) 1/ 2/3 é(lJ 10g (qn) 1/
(C 16) Lz72 C(SO \/ﬁ ) log (mn) C(*n )

From Assumption (A), we have L, 9 = o(1), which finishes the proof. [
C.4. Proof of Lemma B.4.

PROOF. We first prove for m > 1. By the definition of N} in (B.28), we
have

al,s - aQ,s —Uls + U s \/m201,ss/nl + m202,ss/n2

\/m20'1,ss/n1 + m?09 55 /M2 \/51,3/711 + Va5 /12

-~

(C.17) Nl =

S

N

By Lemma A.6 and Lemma C.1, for sufficiently large n with probability at
least 1 — Cyn~! we have

(018) 1— \/mQO}\’SS/nl + T2027ss/n2 < Clog3/2(qn) .
VO1s/n1 + D25 /02 vn
By setting

E(z) = {|1 = (Brs/n1 + Va5 /n2) 2 (mP01 55 /11 + MP0255/12)' /2| < 2}
and z = log®?(qn)/\/n, we can bound P(|[N!| > z) by
(C.19) P(IN!| > z) <P(IN}| > 2,E(2)) + Cn 1.
By the definition of £(z) and (C.17), we then have

’ﬂl,s - aZ,s —u1s+ u2,s|

P(|N}| > 2,E(2)) < IP< > (1+ z)_1x>

\/mzal,ss/nl + m202,ss/n2 B

Considering z = o(1) and x = uy/2log ¢ in Lemma B.4, to prove (B.38), we
only need to prove that as n,q — co, we have

zo@) S0,

|al,s - ,I/I2,S —Uls + U2 s
S(]P 5 5
\/m Ul,ss/nl +m 0'2,55/”2

Ay
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uniformly for s. By triangle and Hoeffding’s inequalities, we have

TR hs(Xk) — = k2 he(YR|
soAs §50P<|m EU A PH L ’2* logq>
\/m201,ss/n1 + m202,ss/n2
Az
() A = (02) " Apa| €
+ 80]P>< m ni,s m 2 2 - logq) .
\V/m2o1 s /n1 + mPogss /g 2

Az

By the exponential inequality for sub-exponential distribution, considering
Assumption (A) we have spds < sgexp(—Clog!/?(¢q)) — 0. As Az does
not exist for m = 1, we only need to deal with m > 1. Similarly to (C.3),
we threshold the kernel of u, s — u, s by B, = Clog(q) and construct the
threshold residual ﬁnms. Similarly to the proof of bounding \(%)_IAM,S —

(nz)_lAnz,s] in Lemma B.1, by setting

m

—1 —1
aer((2) 3 (2) 5

Az = max (P(|Vs(X5,,..., Xi,)|>Bn)+P(:(Y),, ..., Y;,)|>By)),

>C logq)

n

For proving soAs — 0, we only need to prove spAz 1 — 0, son"" A3 2 — 0, and
|E1 5|+ |E2,s| < \/logq/n, where E, , is defined in (C.3). By by Proposition
2.3 (¢) in [1], under Assumption (A)’, we have

s0ds1 < Crsoexp (= (0”7 log5(q)) 7 ) 0.

As U (X;,,..., X)) and ¥y(X;,, ..., X;,, )| have sub-exponential tails from
Assumption (E), similarly to the proof in Lemma B.1, under Assumption
(A)" we have son™As o — 0, and |E 5| + |E2s| < v/logg/n, which finishes
the proof.

O

C.5. Proof of Lemma B.5.

PROOF. In Lemma B.5, we aim to prove (B.41). For this, we need to
bound B
sup |1 — Fnad(2) — P(NVaa > 2|X, V)|
z€[e,1—¢€]
By the definition of N,q in (3.16), we have Nyq = min,cp ﬁ(];fo7p), where P
is a finite set. Therefore, without loss of generality, we assume P = {p1, p2}
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~

with 1 < p; # pa < 0o. We then have N,q = min (P(]X0 o) ﬁ(];fo pQ)). We then
have P(Nua > 21, %) = P({BY, ) > 2} N {PY ) > 2}|4,Y). In (B.19)

and (B.21), we introduce Fys (5 ,,)(2) and F\Nb7(80,p£)(2’) as

Fivt (s0.0)(2) = PUIN [ (50,p) < 21X, ),
(C.20) _ S T{ND, ) < 2X, V)4
FNbv(So,pz)(Z) = B+1 )

for ¢ = 1,2. By the definition of ﬁ{;’o ) 0 (2.8), we then have PN =

( (So’pf)
1= Fyo )(N( ))- Therefore, we can rewrite P(Naq > z|X,)) as

50,P¢ 50,P¢

(C.21) P(ﬁm(sm)(]\f@mm)) <1 =2, Py 59 o) (Niso o)) < 1= 2|, y).

50,P¢

Similarly, by setting Fiy, (sp,)(2) = P(N( ) < z) we can also rewrite

1- FN,ad(z) as

(C.22) P<FN7(507PI) (N(507p1)) <1 =2, FN (s0,p2) (N(Soypz)) <1l- z)

Combining (C.21) and (C.22), by setting
Dy (z) = P(FN7(807P1)(N(507PI)) <1l- Z’FN,(SO,Pz)(N(Soypz)) <1l- Z)’
DQ(Z) = P(ﬁNb,(so,m)(N(sO,m)) <1l-—z ﬁNb,(So,pz)(N(smm)) <1- Z),

we have ‘1 — ﬁNyad(z) —P(Nag > Z\X,y)’ = ‘Dl(z) - Dg(z)‘. By Glivenko-

Cantelli Theorem, we have limp 00 SUPcr [Fnb (50 p,) (2) = FNb (s0,p,) (2)] = 0
almost surely, which motives us to introduce

Ds(z) = P<FN5,(so,p1)(N(So,p1)) <1- Z,FNb’(SO7p2)(N(SO’p2)) <1- Z).

We then use the triangle inequality to bound ‘1—ﬁN7ad(z)—IP’(Nad > z| X, y)‘
by
(C.23) ‘l—fN@d(z)—]P’(Nad > Z|X,y)‘ < | Dy(2)~Ds(2)|+| Ds(2)—Da(2)].

By (C.23), to prove (B.41), it is sufficient to prove that as n, B — oo, we
have

(C.24) sup |Di(z) — D3(z)| = 0and sup |Ds(z) — Da(z)| — 0,
2€[e,1—¢€] z€[e,1—¢€]
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for any fixed € > 0.
By Lemma 5 in [3], we can prove

(C.25) lim sup |Ds(z) — Da(z)| =0.

B—00 sele,1—¢]

Hence, we only need to prove limy, oo Sup.ci,1—q [D1(2) — D3(2)| = 0. For
this, we introduce the following lemma.

LeMma C.3.  Assumptions (A)”, (E), (M1), and (M2) hold. Under Hj
of (1.8) for any € > 0 we have

sup |Di(z) — D3(z)] — 0, as n — oo.
z€[e,1—¢]

The proof of Lemma C.3 is in Appendix D.2 of supplementary materials.
Combining (C.25) and Lemma C.3, we prove (C.24), which finishes the proof
of Lemma B.5. O

C.6. Proof of Lemma B.6.
PROOF. In Lemma B.6, we aim to prove (B.52). We set
Fnad(2) =P(Naa < 2|X,Y) and  Fyuq(z) = P(NY < 2|X,Y),

where Noq and N2, are defined in (2.10) and (B.48). Hence, to prove (B.52),

it is sufficient to prove

(C.26) sup
z€[e,1—¢€]

P(Nag > 2|X,Y) —P(N2, > 2|X, V)| = 0 as n, B — .

Without loss of generality, we assume P = {p1,p2} with 1 < p; # py < 0.
We can then rewrite P(N,q > 2|X,)) as

(C.27) ]P)<ﬁNb,(So,p1)(N(SO,P1)) <1- Z’ﬁNb,(SO,pz)(N(SmPQ)) <1- Z|X,y),

where ﬁNb7(SO’m)(z) is defined in (C.20). Similarly, we can rewrite P(N?; >
2| X, ))

(C.28) P(FNb7(507p1)(N(”80,p1)) <=2 Fr gy (VB ) <1 — z|x,y>,

807p2)( (s0,p2)

where Fiyb (5 5,)(2) is defined in (B.48). Let

L= P<FNb,(So,p1)(N(SO,P1)) <l—z, FNb,(So,pz)(N(So,pQ)) < 1—Z|X, y) .
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By Massart’s inequality (see Section 1.5 in [10]) and Lemma 5 in [11], under
Assumptions (A)”, (E), (M1), and (M2), for any fix € > 0, we have

(C.29) sup
z€le,1—¢]

P(Nog > 2|X, D) —L‘ 50 asn, B— .

Similarly to the proof of Theorems 3.1, considering (C.28), we also have

(C.30) sup ’IP’ o > 2| XY) — L’ — 0, as n, B — oo.
z€[0,1]

Combining (C.29) and (C.30), we use the triangle inequality to obtain (C.26),
which finishes the proof of Lemma B.6.
O

C.7. Proof of Lemma B.7.

Proor. In Lemma B.7, we aim to prove (B.53). By the definitions of
Fyb 0q(2) and Fp aq/(2) in (B.49) and (B.50), we have

1 — Fyb aq(2) = P(N, Ny > 2|X, D)

C.31 B
(C.31) 1— Fyaa(z Z by > 2, V}/(B+1),
b=

where N?, and N?,, are defined in (B.48) and (2.12). Therefore, for (B.53)
it is sufﬁment to prove

(C.32) sup
z€[e,1—¢]

p(Ngd > z|2(,y) _ (1 _ ﬁN7ad/(z))| -0,

as n, B — oo. Without loss of generality, we assume P = {p;,p2} with
1 < p1 # ps < o0, which yields

b pb,.N o, N
(C.33) N, = min (P(Soypl), P(Sm)),
where P(S’ p) 18 defined in (2.12). Combining (C.31) and (C.33), we then
have
R S P> 2 P> 2| X, V)
(C.34) 1 — Pyaq(z) = =2 (s0:P2) .

B+1
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By setting ﬁ(b’N )(z) <Zb17&b I{N? (sop) < < zZ|X, V) + 1>, consider-
ing the definition of P(’ ) n (2.12), we have P(S’ o = 1= ﬁ(lz(]]vp)(]\f(bso p)).

Therefore, by (C.34), we rewrite 1 — FN,ad/ (z) as

zflﬂ{ N ND ) < L=z BN (N ))<1—zyx,y}

(s0,p1 (s0,p2)\" " (s0,p2

(C.35) o ,

As ﬁfs’évp)(z) — Fiyb (59,0 (%), to approximate 1 —F\N’ad/(z) we introduce S(z)
as

B
S T Pt (e (N g ) <12 P s ) (N ) <121, 9}

(C.36) . ,

where Fyb (g0 ,) 18 defined in (B.48). To analyze the difference between
1-F Nad (2) and S(z), we introduce the following lemma.

LEMMA C.4. Let € be any positive real number, we have

sup |1 — ﬁN,ad/(z) - S(z)| =0, asn, B— .
z€[e,1—¢]

The proof of Lemma C.4 is in Appendix D.3. Considering N? o = Minyep (1—
FNb’(Sojp)(N(bsO p))) from (B.48), we can rewrite S(z) as

B
S(z) = (B+1)""> M{N > 2|, V}.

b=1

By Massart’s inequality (see Section 1.5 in [10]), we have

(C.37) sup |S(z) — (Nbd > z|X, V)| = 0,
z€[0,1]

as n, B — oo. Combining Lemma C.4 and (C.37), we plug in S(z) and use

the triangle inequality to obtain (C.32), which finishes the proof of Lemma

B.7. O
APPENDIX D: PROOFS OF LEMMAS IN APPENDIX C

D.1. Proof of Lemma C.1.
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PRrOOF. Under the event {maxj<s<q |1—&;| < y/2}, we have |15 < y/2
for any s € {1,...,q}. Considering y € (0, 1], by the simple calculation,
|1 —&| < y/2 implies

_ Y Y
1—¢67H<m <7 7)<
[1—¢& 7| < max T

for any s € {1,...,q}. Therefore, we have
— &l < C —¢h< }
{gggqll &l _y/2} - {gggqll &<y,
which implies (C.8). Hence, we finish the proof of Lemma C.1. O
D.2. Proof of Lemma C.3.

ProoOF. Without loss of generality, we assume P = {p1,p2} with 1 <
p1 # p2 < 0. We set

Dy (z) :P<FN7(807P1) (Nso)) <12 FN s0,02) Nisop)) < 1*2)’
D3<z) :P<FNb,(so,p2)(N(so7p1)) <l—z, FNb,(So,pQ)(N(S()7p2)) < 1—2),

where Fiy (syp,)(2) and Fys (5 ,)(2) are defined in (B.19) and (B.21). In
Lemma C.3, we aim to prove

(D.1)

(D.2) lim sup |Di(z) — Ds(z)| =0.

N0 2€le,1—¢]

By following the proof of Theorem 3.1, under Assumptions (A)”, (E), (M1),
and (M2), by setting

Fna2(z1,22) = P(N(Smpl) < 215 Nigo pa) < 22)7
meaﬁgzpmaﬂmwﬂngawmwﬂgﬁﬂ

with G ~ N(0,R12) with Ris defined in (B.9), we have

(D.3) sup ‘FN,12(21, z2) — Fa2(z1, 22)‘ —0, as n — 0.
217Z2€(0700)

(D.3) motives us to introduce

Da(2) :P(FN’(SO,M) (HGNH(SO,Pl)) <l-z, FN7(507p2) (HGN”(SO,;DQ)) < 1_Z>7

Ds(2)=P(Ext ) (16N o)) < 1= Fav ) (1GV ) < 1-2)
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Combining (D.1) and (D.3), we then have

sup |Di(z) — Da(z)] =0  and sup |D3(z) — Ds(z)| = 0,
z€(0,1) z€(0,1)

as n — oo. Therefore, by using the triangle inequality, to prove (D.2) we
only need to prove

(D.4) sup |D4(z) — Ds(2)] — 0, as n — oo.
z€[e,1—¢€]

By Assumption (A)”, considering Theorems 3.1, for any ¢ > 0 and suffi-
ciently large n, we have

Ze?eulp_d Fy 50 ) = Fxo (509 (%) ) < hg,n(e) sup [N, (s0.0) (1) = Fve (s0.0) (D]

Moreover, by the proof of Lemma B.2 we have

Sup ]\D4(2)—D5(2)| < Chg,n(€)s0v/1og(ng) Sup FN (s0.0) ()= Fe (5,) ()
z€le,1—€ €

)

for sufficiently large n. By the proof of Lemma A.1, B.2, B.3 and Theorem
3.1, under Assumption (A)”, (E), (M1), and (M2), we have

814 O, 7 n
sup |Da(z) = Ds(2)] < Chq,N(e)som(oli@))%_

z€[e,1—¢]
In Assumption (A)”, we set hg;?\,(e)sg log(qn) = o(n'/10). Therefore, we have

sup |D4(z) — Ds(2)] — 0, as n — 0o,
z€[e,1—¢]

which finishes the proof.

D.3. Proof of Lemma C.4.

ProOOF. In Lemma C.4, we aim to prove SUP¢e,1—¢] ‘1 — ﬁN,ad/(z) —
S(z)‘ — 0, as n, B — oco. For this, we need to prove that for any 4, > 0

(D.5) IP’( sup |1 — Eaar(2) — S(2)| > 5) <&
z€[e,1—¢]
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holds for sufficient large n and B. By setting
b, N _ p-1 b
Flom () =B Z;; I{N( ) < 21X,V +1),
b1 #£b

considering Massart’s inequality (Section 1.5 in [10]), we have

Zb,N
122)3 F(Smp)(z) - FNbV(SO’p)(Z)’ — 0, as n, B — co.
zZ€R

Considering Lemma 5 in [3], for any fixed €,¢’ > 0, by setting

A) = { S,
z€[e,1—¢]

2b,N— -
f%w%@—PNumm@wSy}’

as n and B are sufficiently large, we have P(A(d")¢) < £/2. Therefore, con-

sidering that Fy, (Soyp)(z) is Lipschitz continuous on z € [e,1 — €], by the

definitions of 1 — Fiy ,ar and S(z) in (C.35) and (C.36), under A(d") there is
a constant C' such that S(z 4+ C¢') < 1 — Fyaa(z) < S(z — C¢’) holds for
any z € [e,1 — €] and sufficiently large n and B. Hence, under A(¢’) we have

SUPzcle,1—¢] 1_ﬁN,ad’(Z)_S(z)} < L with

(D.6) Ezmax( sup ‘S(z—i—Cé')—S(z)

z€[e,1—¢]

, sup ‘S(z - C’5')—S(z)‘>.

z€[e,1—€]
Therefore, to prove (D.5), we only need to prove
(D.7) P(L >4, A(8')) <&/2,

for sufficiently large n and B. By Massart’s inequality (Section 1.5 in [10])
and the definition of S(z) in (C.36), we have

(D.8) sup |S(z) — Fyb aa(2)] — 0, as n, B — oo,
z€[0,1]

where Fyb ,q4(2) is defined in (B.49). By (D.8), the limit of £ is

max( sup ’FNb7ad(Z+C5/)—FNb,ad(z)
z€[e,1—€]

»sup [Py aa(5—CO)Fyaa(2)).
z€[e, 1]

As Fib 4q4(2) is uniformly Lipschitz contentious on [e,1 — €], there is a con-
stant C7 such that

(D.9) 0<L<Cid,

holds for sufficiently large n and B. By setting ¢’ small enough and (D.9),
we obtain (D.7), which finishes the proof of Lemma C.4. O]
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APPENDIX E: PROOF OF USEFUL LEMMAS IN APPENDIX A
E.1. Proof of Lemma A.1. By setting £#? = {x € R? : ||x|| < R},
from Assumption (E)’, we have

P(SZ € (ER) VIP(SY e (£79)°) = Cydexp(—CoRd™/?).

By setting Vé’odp) ={xeR?: 1%l(so,p) < 2}, We then have

(E.1) sup [P(sZ e Vi) = P(SW e V)| < Av+ As,

where 4; = Cldexp(—Cngfl/Q) and Ay = sup, P, with

_ Z o cRd ~17d W c gRdy2d
P, =|P(S; € £MN V(so,p)) P(s,” € £%n V(SO:P))"

We then approximate £f4 N V('Z’Odp) with m-generated convex set. According

to Lemmas A.3 and A.4, by setting

we have P, < CRelog!/?(m) + p, where C only depends on b. By high
dimensional CLT for Hyperreactangles in [7], we have

5< C<10g7(mn)>1/6’

n

where C' only depends on b. Considering (E.1), we then have

50,P 50,P

sup [B(SE € Vi, ) = P(SIY €V, )
7 1/6
<CRelog"?(m) + C(log(nmm) " L Crdexp(—CyRd12),

By setting ¢ = (dn)~%/? and R = (dn)'/?, considering s?log(dn) = O(nS)
with 0 < ¢ < 1/7, we have

log” (mn) log” (mn) ) 1/6

n

1/6
Relog!/2(m) < ( )", dexp(-Cora1?) < (

n
which yields (A.1).
E.2. Proof of Lemma A.3.

PROOF. By the definition of m-generated convex sets A™ and A™¢, Lemma
A.3 is an immediate corollary of Lemma A.2. O
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E.3. Proof of Lemma A.5.
ProoOF. By the Jensen’s inequality, we have

(E.2) exp (ﬂE[ max \WZ|D < E[exp (t max ]WZ\)} < dE[exp(t|W;])].

1<i<d 1<i<d

By (23) of [12], we have

02t2

(E.3) Elexp(t|Wi])] = 272 [1 — ®(—ot)] < 2672

Combining (E.2) and (E.3), we have

02 2
exp (tE[ max |WZ|D < ZdGTt,

1<i<d

which yields (A.2).

E.4. Proof of Lemma A.6.

ProoF. We first prove for m > 1. For simplicity, we only present the
proof for X. In (3.4), we set 31 = (01,4) with

(E.4) O1,st = E[hs(X)ht(X)]’

where hg is defined in (3.1). To estimate ¥, in (3.9) we introduce =
(01,5¢) € R, where al,st =n1 Y P (Quk,s—TUn,s) (Qit—Ur,e)- By setting
al,s = al,s — Ui, and Qlk,s = Qlk,s — Ul,s, WE rewrite a'\l,st as

~ -1 n = ~ ~ ~
(E.5) O1,st =NJ Zk:l Qk,sQ1k,t — UL,sUT ¢

To provide an upper bound for max;<s¢<q ‘81& — 01 6t|, by combining (E.4)

and (E.5), we use the triangle inequality to obtain

~ — n =~ =~
max |G1,s — 01,5 < max ‘nl 1(21;1 Qi,sQkt) — Elhs(X)he(X))]

1<s,t<q T 1<s,t<q

Ly

-+ max ’HLSEM‘.
1<s,t<q

Lo
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We then bound L; and Lo separately. For bounding Ly, we introduce
nl _1 . .
n-(2) X wit-m
1<ii <.y, <im<ni

where Vll’ i and B s are defined in (C.3) with threshold Bn = Clog(gqn).
For any & > 0, by choosing proper C, we have E; s < (qn)~°. We then have

-1
~ ~ ~ ny ; i
! 115--5tm
i = h o] < [ - (m) > WL

1<i1 <., <im<ni

~
L2,S

-0

By setting z > (qgn)~°, we have

(B6)  max B(fins| > 2) < max ( ([, > 2/3) + P(Las > 2/3))

By using the exponential inequality for bounded U-statistics we have

(E.7) max P(|a 4| > 2/3) < C exp(—Cinz?/B2).
<s<q

By Assumption (E), we also have

(E.8) max P(Lgs > z/3) < Cn'" exp(—C1By,)

1<s<q
Combining (E.6), (E.7), and (E.8), we then have

P(L < P < 2¢° P
(E5) (Ly > y) < ¢ Jax ([tr,stre| > y) < 2¢ max ([ar,s| > )
< Cq? exp(—=Ciny/B2) + C¢*n’ exp(—C1 B,,).

Therefore, for sufficiently large n; with probability 1 — C’nl_l we have Lo <
log®(gn) /n.

We now bound L;. Considering that ny ' 3"3%, hs(Xx)hi (X)) approxi-
mates E[hs(Xk)hi(Xk)], we use triangle 1nequahty again to bound L; by

ny

Ly £ max ‘nfl(zz; Qur.sQurs) —nyt Zhs(Xk)ht(Xk)’

1<s,t<
=5t k=1

(E.10) ks

ny
+ max ‘nl_l ; ho (X1 e (X3) — E[hs(X)ht(X)]‘ .

Ly
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By Assumption (E), hs(X) has sub-exponential tails. Therefore, by Theo-
rem 6 in [9], we have

(E.11) P(Ly > z) < O¢® exp(—Cimi2%) + Cq? exp ( — Ca(n12)"/?).

Therefore, for sufficiently large ny, with probability 1 — C’nl_l, we have

1 log?
Li<C og(qn) Loy los (qn)_
n n

After bounding L4, we now deal with Lg. For this, we decompose @1;@8 as

~ ng—1\*
(E.12) Qs = (ﬂi - 1) (Ahs(Xk) + BSy, + rg’fs)),
with A = (211:11) - (:Lrlbj)’ B = (m 1) Sty 1= Zg 1 hs(X) and
ni
(E.13) =" N rpheetey

with ROt — g (X Xy, X, 1) — (ho(XR) + z he(Xo, )))

Uy (Xk,,---, Xk, ), the centralized version of ®4(Xy,,.. ka), is defined
n (3.1). For notational simplicity, by setting

n1
(E.14) Vlst —Zh (Xr)he(Xk), AIS'_ZTlsﬁ 1,st - _Zles)Tlt’
k=1 k=1

and D = (:2 11) we have Lg = max;<s¢<q L3 st, where L3 o is defined as

L (LSS () + B+ 1) (an (X0 + 1+ 1)

\S

ni

=Y h(Xh( X)),

k=1

After introducing these notations, we can expand L3 4 as

‘AQ—D 1

L =7
S5t T D? n1D? EOEL

2AB+n1B )Sl sslt+ A% st

1
nyD?

A k k B
+ o kg_jlm,ght(Xk) (X)) o (Ao + AveSis)



36

By using the triangle inequality on L3 4, we have L3 o < J1 ot +J2 st + 3,66+
J4,st + J5,st7 where

A2 D2 2AB + ny B?
J1st ’W‘fLSt y J2st -—JlnlDQSLsSLt )
_ 2 ._ n (k) (k)
S35t = ‘mAmt s Jast = ‘m Sy (T1ohe(Xe) + 115 hs(Xk))‘a

B
5.5t = ‘W(Al,ssl,t + A14S1s)

We now bound Ji g, ..., Js5 « separately. By the definitions of A and D,
we obtain

A=00y™, D=0m"") and D — A = (Zi : ;) = O(n"2).

Thus, for Ji 4, by the definition of Vi o in (E.14), by Assumption (M2)
we easily have that maxi<s<q J1,st = Op(nfl). For Jj 4, considering B =
O(nT_Q), we use the exponential inequality to have

S1.55 .
(E.15) P(Joe > y) = P(% > Cy) < Oy exp(—Cang min(y, 1/y)).
1

With probability 1 — C’nl_l, we then have maxi<g <4 J2,5t < log(qnl)nl_l for

sufficiently large ni. We then bound J3 4. Recalling Aist = T@Tft)

in (E.14), we have

2 n
(s > ) = B( it = 0y) = (31T = cntn )
1 k=1

< SR(TT 2 nfn ).
k=1

)

By the definition of ngs) in (E.13), given X}, we can treat

m—1

Uo( X, Xo, o Xo,m1) — (hig(Xe) + ) hij(Xy,)),

r=1

as a symmetric kernel function. Therefore, Tglfs) /D| X}, is a U-statistic with
a kernel function of zero mean and m — 1 order. Hence, similarly to Lo,
we threshold the kernel with C'log(gni) and use the exponential inequality
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for U-statistics to obtain that for sufficiently large n; with probability with
1 —Cinyt, we have

log?(qn
max J3 g < C’M.
1<s,t<q n

We now bound J4 st and J5 g. For Jy s, we use the Cauchy-Swartz in-
equality on Y ;2 Ty 3ht(Xk) and > L Tg{?hs(Xk) to obtain

A
(E.16) Jyst < ‘ 5 (A1ssVige + A1 Viss) |-

For Js s, by using the Cauchy-Swartz inequality on A s and 57 s, we have

B
(E.17) 5.5t < ’ﬁ(ALssVLtt + A1t Viss)|-

Combining (E.16) and (E.17), we have

A+nmB
71(1\1 ss Vit + Mt Viss)| -

-~

J6,5t

(E.18) Jast + Jsst < ‘

Considering A = O(n™™'), B = O(n?), and D = O(n" '), by the
triangle inequality we have

2 2
Al,ss‘/l,tt Al Ss ‘/1,55 1/2
max Jgo < C max — " = ax ———— ma
1<s,t<q 1<sit<q nf 1<s<gq nfm*i%/? 1<s<q n?/2
—_—— ~—~—
J/ J//
6,s 6,s

Similarly to Ly, from Assumption (IM2), we have maxi<s<q Jg ; = Op(nl_l/Q).

For J; ,, we have

2 n (k)
(E.19) P(Qj}nl_sgp > y) < zl:IP’(’TWILSSl' > Cn1—1/4y1/2>.
ny k=1 M

By thresholding kernel with C'log(¢qn) and exponential inequality for U-
statistics, for sufficiently large ni, maxi<s<q4 JéS < 10g3(qn1)n1_1/2 holds
with probability 1 — Clnl_l. Therefore, we have

max Jg g < C’log3/2( )nl_l/z.
1<s,t<q
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From all above results, for sufficiently large nq, with probability 1 — C’lnfl,
we have

(E.20) max |01,s — 01,5t] < C

1<,s8,t<q DA /N1
After analyzing the approximation error of oy 4, we then prove for 7y 4.

y (AB)’ we have st = Ul,st/\/ 01,s501,tt and Tl,st = Ul,st/\/al,ssal,tt-

Therefore, we have

Froot = at] = [t — — 21|
01,5501,tt \/m
‘ al,st . a'\1,st ‘ ’ a'\1,575 . O1,st
\/6175581@& \/Ul,sso'l,tt \/Ul,sso'l,tt \/Ul,ssgl,tt ‘
Ap Az

Hence, to bound |7 o — 71| we bound A; and Ag separately. For A;, we

rewrite it as
&l,st V o1 ssal Jtt
A = ’ ——
V01,5501t g1 ssal tt

Considering |71 s¢| < 1 and a? — b?> = (a + b)(a — b), we have

1 1|~ o~
A < Ul’ssgl,tt‘al,ssal,tt - Jl,ssal,tt‘-

By Assumption (M1) and (M2), there are constants b and B, such that
0<b<o14 <B<oofors=1,...,q. Hence, we have

(E.21) A <b? max \01 ss — 01 ss|2 +2Bb2 max |01 ss — O1,ss|-

For Ay, by 0155 > b > 0 from Assumption (M1) we have

(E.22) Ay < b~ 1112ax 51,5t — 01t

Combining (E.20), (E.21), and (E.22), we then have that

1 3/2
max |7,e — 71,6t] < Cw

1<,s,t<q N T

holds with the overwhelming probability, which finishes the proof for m > 1.
We then prove for m = 1. We decompose o1 ¢ as

n1

Gra=n7" > Wo(Xp)Wi(Xp) — U101y,
k=1
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where W,(X}) = ®5(Xy) —urs and Uy 5 = ny ' Y 0L, Uy (Xy). Considering
01,5t = E[¥s(X)U:(X)], by setting

By = IP’( max_|n; ! i: U, (X)W (X) — B[, (X)W, (X)]| > $/2)

1<s,t<q p
By = IP’( 1g%§q@1’5@1’t > :c/2)
we then have
(E.23) IP’( max 35— 0] > x) < By + Bs,

By Theorem 6 in [9], we can bound B; by
(E.24) B; < C¢? exp(—Ciniz?) + Cq? exp (- C’z(nlx)l/Q).

Similarly, for the term By in (E.23), we use the same argument to obtain

(E.25) IP’( max W1’S@17t>x/2>§0q2 exp(—CimaHCq? exp(—C2(n1v/x)).

1<s,t<q

Combining (E.23), (E.24), and (E.25), for sufficiently large n;, with proba-
bility 1 — C’lnl_l, we have

1 log?
(E.26) max |61 — o1u] < C og(gm) , log”(am)
1S7S7tSq nl nl

Similarly to m > 1, we also have that

Y

- log(gn log2(qn
max [Froe — ra] < C glan) | ~log™(gm)
1<,s,t<q ni ni

holds with the overwhelming probability for m = 1. O

APPENDIX F: MORE SIMULATION RESULTS

This section consists of three parts. Firstly, we present the empirical size
for high dimensional mean tests based on Models 2-4, which are introduced
in Section 4. Secondly, we apply our methods to test high dimensional covari-
ance/correlation coefficients to illustrate the generality of proposed methods.
At last, we apply our methods to analyze resting-state functional magnetic
resonance imaging (fMRI) data.
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TABLE 3
Empirical sizes of Models 2, 3 and 4 with o = 0.05, B = 300, and n1 = n2 = 100 based
on 2000 replications.

Model 2
d so p=1 p=2 p=3 p=4 p=5 p=oo TN T2 BY SD CLX
75 5 620 6.50 6.55 6.85 7.00 6.65 7.10 5.25 6.50 5.40 5.05
30 430 475 535 6.00 635 6.75 6.25 5.25 6.50 5.40 5.05
75 455 475 560 6.00 6.25 6.50 6.30 5.25 6.50 5.40 5.05
200 10 520 545 5.75 5.65 6.20 6.65 6.30 - 535 460 6.10
50 3.30 3.40 3.80 450 530 6.25 5.30 - 535 4.60 6.10
100 2.85 3.05 335 395 475 710 5.10 - 535 460 6.10
150 3.00 3.10 3.55 4.50 510 7.00 5.50 - 535 460 6.10
200 270 290 3.40 420 505 7.0 5.15 - 535 460 6.10
400 10 4.85 500 545 545 595 071 6.90 - 510 410 6.25
50 1.90 2.15 2.60 3.30 3.90 7.40 545 - 510 410 6.25
100 1.35 150 1.85 2.80 3.85 720 4.75 - 510 410 6.25
200 1.05 1.15 1.70 265 3.70 7.00 4.45 - 510 410 6.25
400 130 1.65 1.75 270 3.55 7.10 4.50 - 510 4.10 6.25
Model 3
d so p=1 p=2 p=3 p=4 p=5 p=oco TH 72 BY SD CLX
75 5 525 b5.65 625 6.15 6.30 690 6.75 530 6.10 5.40 5.90
30 470 4.70 535 575 620 6.95 5.65 5.30 6.10 5.40 5.90
75 425 480 505 510 575 7.00 5.75 5.30 6.10 5.40 5.90
200 10 3.75 4.05 4.65 520 535 7.05 5.85 - 570 490 5.50
50 2.80 2.60 3.20 3.50 4.15 6.70 4.65 - 570 490 5.50
100 245 250 2.75 3.50 435 6.60 4.20 - 570 490 5.50
150 240 255 2.75 3.70 4.40 7.05 4.50 - 570 4.90 5.50
200 215 230 275 360 435 6.70 4.65 - 570 490 5.50
400 10 3.95 430 480 485 530 7.35 6.05 - 525 395 6.25
50 140 1.80 215 255 370 715 4.75 - 525 395 6.25
100 1.10 120 1.65 225 3.05 7.05 4.45 - 525 395 6.25
200 0.90 0.95 1.25 1.95 320 7.10 4.35 - 525 395 6.25
400 0.95 0.75 1.30 210 3.20 7.15 3.80 - 525 395 6.25
Model 4
d so p=1 p=2 p=3 p=4 p=5 p=o Tiﬁ T2 BY SD CLX
75 5 410 4.05 4.05 470 495 550 5.05 410 3.90 3.60 4.40
30 3.05 3.00 320 355 390 515 5.00 410 3.90 3.60 4.40
75 275 3.5 330 375 410 560 4.65 4.10 3.90 3.60 4.40
200 10 245 275 280 3.10 3.30 530 4.20 - 175 150 4.35
50 1.05 1.05 130 1.75 235 550 3.30 - 175 150 4.35
100 1.10 1.10 120 1.65 235 560 3.00 - 175 150 4.35
150 0.85 090 1.10 145 225 565 3.35 - 175 150 4.35
200 1.00 1.10 1.10 1.65 195 565 2.75 - 175 150 4.35
400 10 2.85 3.05 3.35 3.40 4.15 570 420 - 085 045 4.20
50 095 095 1.05 1.30 1.80 5.65 3.20 - 085 045 4.20
100 045 065 0.60 0.75 1.20 545 2.80 - 085 045 4.20
200 0.30 030 035 1.00 160 540 2.70 - 085 045 4.20

400 0.30 030 0.50 0.70 1.50 5.50 2.45 - 085 045 4.20
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F.1. Additional simulation results of testing high dimensional
mean values. In Section 4, we introduce Models 1-4 for high dimensional
mean tests. In this section, we show the numerical results for Models 2-4
in Table 3.

F.2. Simulation results of testing high dimensional covariance
and correlation coefficients . In this section, we carry out the simula-
tion of the marginal test using the Pearson’s covariance and Kendall’s tau
correlation matrices. For simplicity, we consider the one-sample problem. In
the simulation, Z and X € R¢ are the response variable and the explanatory
vector. We generate n; data points of (Z, X )T from the following models.

e Model 5. Let Bf, B1 € REFDx(A+1) 6 he

1 0" 1 v’
EL_ EL_
0~ o (D*)_1/22*(D*)_1/2 ) 1=y (D*)_1/22*(D*)_1/2 )

where V' € RY has s nonzero entries with the magnitude U(u1,uz). Un-
der the null hypothesis, we generate nj random vectors from (v, pu, 3)
with v =5, p =0, ¥ = EOL as the samples of (Z, XT)T. Under
the alternative hypothesis, we generate the samples of (Z, X ") " from
(5,0, 25 + 61,1 1) with § = [Amin(ZF)| + 0.5.

The experimental results of Model 5 are in Table 4. In Model 5 we com-
pare the proposed tests based on Pearson’s covariance and Kendall’ tau
correlation matrices. The pattern of empirical size and power for Model 5
is similar to Models 1-4. Moreover, the experiment shows that Kendall’s
tau based test is more powerful than the Pearson’s covariance based one for
distributions with the heavy tails and strong tail dependence.

F.3. Simulation results of increasing #(P). In this section, we
discuss the impact of #(P) by simulation. In Sections 2.2 and 3.3, we require
fixed P for the data-adaptive combined test. In Remark 3.6, we discuss
theoretical difficulties of increasing #(P). In this section, we present the
performance of proposed methods under various P.

For this we generate the data based on Model 1 in Section 4. We consider
various P. In detail, we set P; = {1,2}, Po = {1,2,00}, P3 ={1,2,3,4,5},
Py ={1,2,3,4,5,00}, P5 = {1,2,...,10,00}, and Ps = {1,2,...,20,00}.
We also consider various alternatives with s = 5,50,100, from sparse to
dense. The simulation results are in Table 5.

From Table 5, we recommend using Py = {1,2,3,4,5,00}. It has good
performance for both sparse and dense alternatives. Table 5 also shows that
there is no power advantage to add more elements to Py.
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Empirical size and power of Model 5 with o = 0.05, B = 300, and n1 = 200 based on

TABLE 4

2000 replications.

Empirical size (%)

Pesrson’s sample covariance

Kendall’s tau

d sop p=1p=2 p=3 p=4 p=5 p=oco T4 p=1 p=2 p=3 p=4 p=5 p=o0 Tog
200 10 0.00 0.00 0.00 0.15 0.15 2.65 1.50 3.75 430 4.75 5.40 6.05 8.20 6.85
50 0.00 0.00 0.00 0.00 0.05 2.60 1.30 1.20 1.75 1.90 3.35 4.35 8.75 5.25

100 0.00 0.00 0.00 0.00 0.00 2.10 1.35 0.60 0.85 1.70 2.55 3.95 8.60 5.65

150 0.00 0.00 0.00 0.00 0.00 2.65 1.25 0.60 0.85 1.50 2.65 3.75 8.35 4.75

200 0.00 0.00 0.00 0.00 0.00 2.40 1.20 0.60 0.90 1.40 2.80 3.55 8.20 5.25

Empirical power (%) with s =5, u; = 0, and uy = 44/log(d)/n1

d sp p=1 p=2 p=3 p=4 p=5 p=o© T_ﬁ’i p=1 p=2 p=3 p=4 p=5 p=o Tz{:’i
200 10 13.70 20.7 27.95 34.00 38.85 55.20 50.60 73.20 78.75 81.40 83.45 84.05 84.20 84.00
50 0.40 1.50 5.50 14.00 24.40 55.95 49.05 26.90 52.75 70.55 78.50 81.80 84.05 81.85

100 0.05 0.40 3.20 11.55 23.65 55.65 48.85 11.85 39.20 66.35 77.05 81.90 84.15 82.00

150 0.05 0.30 2.80 12.00 22.90 55.20 48.25 8.30 35.00 65.65 77.25 81.55 84.25 82.15

200 0.05 0.40 3.05 11.85 23.30 55.20 47.55 6.95 34.95 65.55 76.55 81.70 84.05 81.45

Empirical power (%) with s =5, u; = 0, and ug = 3y/1/n1

d sp p=1 p=2 p=3 p=4 p=5 p=x Ta{\c[l p=1 p=2 p=3 p=4 p=5 p=o0 Ta{\é
200 10 10.25 10.55 11.35 11.65 12.80 16.80 13.95 75.85 75.05 74.15 72.90 70.65 46.55 68.20
50 4.90 5.55 6.85 8.40 9.6 16.25 12.60 78.30 79.80 80.60 79.50 77.10 47.15 74.50

100 2.95 4.05 4.85 6.45 8.2 17.20 11.15 73.80 78.65 80.90 80.35 77.60 46.85 75.10

150 2.70 4.00 5.15 6.50 8.60 16.90 11.15 69.55 78.00 80.75 79.70 77.90 47.45 73.75

200 2.75 3.65 535 6.85 8.60 16.45 11.15 68.00 78.45 81.15 80.70 77.60 46.95 74.25

TABLE 5

Empirical size and power of TY under Model 1 with a = 0.05, B = 300, d = 400, and

n1 = ng = 200 based on 1000 replications.

Empirical size(%) with

Empirical power (%) with

s =5, ur =0, ug = 44/log(d)/n1
Ps

so Pr Pa Ps Ps Ps Ps Pr P2 P3P Ps
10 5.1 56 53 52 53 54 82.8 86.3 86.6 86.4 86.5 86.5
50 3.7 46 48 46 51 46 60.4 84.0 824 84.7 85.0 85.1
100 29 39 37 45 46 4.5 442 837 81.6 845 84.8 850
150 26 36 35 38 41 42 33.6 83.3 80.8 83.6 84.6 84.5
200 23 40 35 39 40 41 29.1 835 81.1 841 84.2 848
Empirical power (%) with Empirical power (%)with
s =150, u1 = 0,uz = 44/1/n1 s =100, u1 =0, uz = 3y/1/n1
so  P1 P2 Ps Pa Ps Ps P1 Po Ps Py Ps Ps
10 76.0 752 786 773 748 751 71.1 651 0.1 695 64.1 64.8
50 758 752 79.0 782 78.0 78.0 79.6 73.8 779 763 727 743
100 70.1 711 794 783 T7.3 76.1 786 T72.0 77.0 76.0 73.1 742
150 65.0 675 781 772 753 75.3 75.8 685 769 758 T73.1 73.7
200 60.2 659 76.8 76.5 74.6 74.0 745 685 76.0 75.1 73.8 738
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F.4. Real data example. In this section, we apply our methods to
analyze resting-state functional magnetic resonance imaging (fMRI) data.
We aim to compare the resting-sate fMRI scans between the attention deficit
hyperactivity disorder (ADHD) and normal children. For each subject, the
resting-state fMRI scan is a high dimensional time series. Instead of dealing
with the time series directly, we alternatively use an index named amplitude
of low frequency fluctuation (ALFF) to yield a high dimensional vector for
each subject. Each entry of ALFF is defined as the total power within the
frequency range between 0.01 and 0.1 Hz of the corresponding entry of the
original fMRI time series, which reflects the slow fluctuation. In general,
ALFF reflects the intensity of regional spontaneous brain activity. As for
the detailed definition of ALFF, we refer to [13]. Existing literature [13, 14]
utilizes univariate two-sample t-tests to detect differentially experessed brain
areas between the diseased and control groups based on ALFF. Before we
conduct the univariate two-sample tests, it is a common practice to perform
a global test to verify that there is significant difference of ALFFs between
two groups. By the definition of ALFF, we utilize the high dimensional mean
test to perform the global test.

Our experiment is based on the first dataset of Peking University from
the ADHD-200 sample.?> The sample consists of 85 subjects, in which 24
subjects have ADHD. Therefore, the control group has 61 subjects. ALFF
analysis is performed by using the C-PAC software. The C-PAC software
preprocesses the data by registering each person’s fMRI scan to the stan-
dard MN152 template. To increase the signal-noise ratio, the software also
performs slice timing correction, body motion correction, nuisance signal
correction, and temporal filtering. Because of the difference of individual
brain baseline activity, we standardize the ALFF for each subject. We then
use the Gaussian kernel to perform the spatial smoothing for each subject.
Moreover, existing literature and psychological knowledge suggest that the
ALFF of brain’s gray matter is related to the mental disease. Hence, we
restrict the testing area to the gray matter of the brain. For detailed de-
scription of the processing procedure, we refer to [13], [14], and the user
guide of C-PAC software.*

Figure 3 illustrates P-values of univariate two-sample ¢-tests. Figure 3(A)
illustrates the P-value map to the standard MIN152 brain template with the
slice thickness 3mm at the given threshold (P-value < 0.2). Moreover, Figure
3(B) illustrates the estimated density of these P-values. Figure 3 shows there
are significant ALFF differences between the diseased and control groups in

3 The website for ADHD-200 sample is http://fcon_1000.projects.nitrc.org/indi/adhd200/.

* The website for the C-PAC software is http://fcp-indi.github.io/.
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Density estimation of P-values for (B)
marginal two-sample t-tests.
© |
| Minimal value: 6.9e-09
First quartile: 0.14

> ,“_' - Median value: 0.38
@ | Third quartile: 0.68
8 Maximal value: 1.0
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Fic 3. P-values of the marginal two-sample t-tests on ALFFs between ADHD and
control groups. (A) The P-value map on the standard MN152 brain template with
the slice thickness 3mm at the given threshold (P-value < 0.2). (B) The estimated
density of the P-values and some summary statistics.
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some brain areas.

TABLE 6
P-values of the (so,p)-norm tests and data-adaptive combined test with
so = 40,400, 4000, 8000 and B = 1000 on the ALFF data.

P-values of global tests between the ADHD and control groups
S0 p=1 p=2 p=3 p=4 p=5>5 p=x Tﬁ

40 0.001 0.001 0.001 0.001 0.001 0.001 0.000
400 0.013 0.013 0.012 0.011 0.010 0.000 0.000
4000 0.016 0.015 0.015 0.015 0.013 0.000  0.000
8000 0.016 0.015 0.013 0.011 0.008 0.000 0.000

P-values of global tests within the control group
So p=1 p=2 p=3 p=4 p=>5 p=o0 TN
40 0.192 0.192 0.193 0.195 0.196 0.254  0.237
400 0.301 0.295 0.290 0.288 0.284 0.299 0.355
4000 0.373 0.362 0.352 0.337 0.323 0.273 0.354
8000 0.406 0.394 0.387 0.375 0.360 0.282  0.370

We then use both the individual (sg, p)-norm test and data-adaptive com-
bined test with balanced P = {1,...,5,00} to perform the global test. We
also randomly split the sample for the control group into two subsamples
with 30 and 31 subjects. We then perform the global mean test between the
two subsamples of the control group to confirm the validity of our proposed
methods. As is shown in Figure 3, at most 20% of the gray matter is poten-
tially different between the diseased and control groups. Therefore, consid-
ering that the voxel size is about 40000, we set sg = 40,400, 4000, 8000 in
the experiment. The experiment result is presented in Table 6, which shows
that our proposed methods are quite powerful to distinguish the ADHD and
control groups.
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