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ABSTRACT OF THE DISSERTATION

Distributed Tracking Algorithms for Multi-Agent Systems to Solve the Leader-Follower Flocking
of Lagrange Networks and Dynamic Average Tracking Problem of Second-Order Systems

by

Sheida Ghapani

Doctor of Philosophy, Graduate Program in Electrical Engineering
University of California, Riverside, December 2016

Prof. Wei Ren, Chairperson

A multi-agent system is defined as a collection of autonomous agents which are able to interact

with each other or with their environments to solve problems that are difficult or impossible for an

individual agent. Coordination in multi-agent systems attracts significant interest in the realm of

engineering. Examples of cooperative tasks include mobile sensor networks, automated parallel de-

livery of payloads, region following formation control and coordinated path planning. One common

feature for these systems is acting the agents in a distributed manner (using only local information

from their neighbors) to complete global tasks cooperatively so as to increase flexibility and robust-

ness. In this work, two distributed tracking issues in multi-agent systems are investigated in detail:

leader-follower flocking with a moving leader for Lagrange networks and distributed average track-

ing of physical agents.

Flocking of multi-agent systems is the motion of a group of agents cohesively to maintain

connectivity and avoid collisions. This dissertation proposes novel distributed tracking algorithms

to solve the leader-follower flocking problem with a moving leader. The problem is investigated

for networked Lagrange systems with parametric uncertainties under a proximity graph. Two cases
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are considered: i) the leader moves with a constant velocity, and ii) the leader moves with a vary-

ing velocity. In the first case, a distributed continuous adaptive control algorithm accounting for

unknown parameters is proposed in combination with a distributed continuous estimator for each

follower. In the second case, a distributed discontinuous adaptive control algorithm and estimator

are proposed to track the varying leader, where only a group of followers have access to the leader.

However, in the proposed algorithm the agents use the two-hope neighbors’ information and need

some global information to determine the control gains. Thus, the algorithm is improved in the next

step to use one-hop neighbors’ information and to be fully distributed with the introduction of gain

adaptation laws. In all proposed algorithms, flocking is achieved as long as the connectivity and

collision avoidance are ensured at the initial time and the control gains are designed properly.

In the distributed average tracking problem, each agent uses local information to calculate

the average of individual varying input signals, one per agent. In this dissertation, two distributed

average tracking problems for physical second-order agents are investigated. First, distributed aver-

age tracking problem is studied for double-integrator agents with reduced requirement on velocity

measurements and in the absence of correct position and velocity initialization. Two algorithms

are introduced, where in both algorithms a distributed discontinuous control input and a filter are

proposed. In the first algorithm, the requirement for either absolute or relative velocity measure-

ments is removed. The algorithm is robust to initialization errors and can deal with a wide class of

input signals with bounded deviations in input signals, input velocities, and input accelerations. In

the second algorithm, the requirement for communication. However, the algorithm can deal with a

smaller group of input signals. Second, distributed average tracking problem of physical second-

order agents with heterogeneous nonlinear dynamics is investigated, where there is no constraint on
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input signals. The agents’ dynamics satisfy a Lipschitz-like condition that will be defined later and

is more general than the Lipschitz-type condition. In the proposed algorithm, a control input and

a filter are designed for each agent. Since the input signals are arbitrary and the nonlinear terms

in agents’ dynamics can be unbounded, novel state-dependent time varying gains are employed in

agents’ filters and control inputs to overcome these unboundedness effects.

The dissertation provides a rigorous stability analysis of the introduced control algorithms

for both issues and presents simulations that validate the effectiveness of the proposed algorithms.
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Chapter 1

Introduction

The objective of this dissertation is the study of collective behaviors in multi-agent sys-

tems. A multi-agent system is a system or network of agents, where each agent has an associated

dynamical equation describing its behavior in relation to itself, a subset of the other agents in the

network and the environment. Control of multi-agent systems has received a growing interest from

researchers during the last decades. Two approaches are commonly used for controlling the multi-

agent systems: a centralized approach and a distributed (decentralized) approach. In the centralized

approach, a powerful central station collects all of the information from other agents to control the

whole group of agents. While, in the distributed approach, local information is used by each agent

to achieve the collective group behavior. Compared to the centralized approach, the distributed ap-

proach brings a number of benefits, such as increased robustness, efficiency and flexibility as well

as easy maintenance, to many engineering systems. However, the inherently distributed nature of

these systems makes the design of effective algorithms very challenging as the global performance

depends significantly on the complex interactions among the agents. Due to the cooperation among
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agents, control of distributed multi-agent coordination may also be referred to as cooperative con-

trol.

A basic behavior in cooperative control is consensus. Consensus is the agreement on

certain quantities, such as position and velocity, by a group of agents. Some cooperative tasks

in which consensus algorithms are employed include formation control [25,57,62], flocking theory

[56,77], rendezvous [30,73], and distributed average tracking problems [28,72]. For example, in the

formation control, all agents maintain their relative positions to one another (consensus on relative

position), thus maintaining the desired formation configuration. In this dissertation, we address the

following subjects which are listed in the order appearance

1. Leader-follower flocking with a moving leader for Lagrange networks,

2. Distributed average tracking for physical second-order multi-agent systems with linear and

nonlinear dynamics.

Thus, we continue with a short introduction and overview of flocking and distributed average track-

ing problems.

1.1 Flocking

Flocking is a collective behavior of large number of interacting agents with a common

group objective. This collective behavior can be observed in nature like flock of birds, swarm of

insects, and school of fish. The key idea behind flocking relies on substituting a complex and expen-

sive single agent such as a robot with a more affordable and flexible set of agents. In 1987, Reynolds

characterized the flocking of multi-agent systems by describing the following three heuristic rules:
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Figure 1.1: Three heuristic rules of the flocking of multi-agent systems, [66].

(1) Cohesion: attempt to stay close to nearby flockmates; (2) Separation: avoid collisions with

nearby flockmates; and (3) Alignment: attempt to match velocity with nearby flockmates, [66]. In

1995, Vicsek proposed a flocking model in which mobile agents regulate their headings to match

the average of the headings of their nearest neighbors. The flocking of multi-agent systems has

engineering applications such as massive mobile sensing in an environment; parallel and simulta-

neous transportation of vehicles or delivery of payloads; and performing military missions such as

reconnaissance, surveillance, and combat using a cooperative group of Unmanned Aerial Vehicles

(UAVs). In the reminder of this subsection, we talk about the works that have been done on flocking

of multi-agent systems.

1.1.1 Overview of Related Works

The focus of many flocking-related research works has been on multi-agent systems in

which the agents are governed by linear dynamics. For example in [78], a flocking algorithm is

introduced for a group of agents, where there is no leader. However, in some applications there

is an objective of interest for the whole group that can be represented by a real or virtual leader.

Therefore, [56] studies the flocking problem with a leader with constant velocity, where all of the

followers have access to the leader. Ref. [74] considers a more general condition, where the leader
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has a constant and a varying velocity. When the leader has a constant velocity, [74] relaxes the

constraint that the leader is a neighbor of all followers. However, if the leader has a varying velocity,

it still requires that the leader be a neighbor of all followers. Unfortunately, this is an unrealistic

restriction on the distributed control design, especially when the number of the followers becomes

large. In [5], distributed control algorithms for swarm tracking are studied via a variable structure

approach, where the moving leader is a neighbor of only a subset of the followers. In [44], the

flocking control and communication optimization problem are considered for multi-agent systems

in a realistic communication environment and the desired separation distances between neighboring

agents are calculated in real time.

Note that all above references focus on linear multi-agent systems with single- or double-

integrator dynamics. However, in reality, many physical systems are inherently nonlinear and cannot

be described by linear equations. Among the nonlinear systems, Lagrange models can be used

to describe a large class of physical systems of practical interests such as autonomous vehicles,

walking robots, and rotation and translation of spacecraft formation flying. But due to the existence

of nonlinear terms with parametric uncertainties, the algorithms for linear models cannot be directly

used to solve the coordination problem for multi-agent systems with Lagrange dynamics.

Recent results on distributed coordination of networked Lagrange systems focus on the

consensus without a leader [16, 37, 51, 61, 80, 82], coordinated tracking with one leader [20, 22, 47],

containment control with multiple leaders [46, 48, 50], and flocking or swarming without or with

a leader [8, 17, 49]. Ref. [17] proposes a control algorithm based on potential functions for net-

worked Lagrange systems to achieve collision avoidance and velocity matching simultaneously in

both time-delay and switching-topology scenarios. However, parametric uncertainties are not con-
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sidered and there is no leader. Ref. [8] presents a region-based shape controller for a swarm of

Lagrange systems. By utilizing potential functions, the authors design a control scheme that can

force multiple robots to move as a group inside a desired region with a common velocity while

maintaining a minimum distance among themselves. However, the algorithm relies on the strict

assumption that all followers have access to the information of the desired region and the common

velocity. A leader-follower swarm tracking framework is established in [49] in the presence of mul-

tiple leaders. However, only a compromised result can be obtained, where the group dispersion,

cohesion, and containment objectives are considered together. In the proposed algorithms, the vari-

ables of the estimators must be communicated among the followers. Furthermore, more information

is used in the controller design, for example, the second-order derivatives of the potential functions.

In our introduced algorithm, a group of followers move cohesively with a moving leader

to maintain connectivity and avoid collisions for whole time and also eventually achieve velocity

matching. The leader can be a physical or virtual vehicle, which encapsulates the group trajectory.

We consider two cases: i) the leader moves with a constant velocity, and ii) the leader moves with a

varying velocity. In the first case, a distributed continuous adaptive control algorithm accounting for

unknown parameters and a distributed continuous estimator are proposed for each follower. In the

second case, we propose distributed discontinuous adaptive control algorithms to drive the agents

to track the varying leader, where only a group of agents have access to the leader.

1.2 Distributed Average Tracking

The idea of distributed average tracking is that multiple agents track the average of multi-

ple varying input signals, one input signal per each agent, under local interactions. The problem has
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Figure 1.2: Example of region following formation control [36]

found applications in distributed sensor fusion [58], feature-based map merging [2], and distributed

Kalman filtering [3], where the scheme has been mainly used as an estimator. However, there are

some applications such as region following formation control [8] or coordinated path planning [76]

that require the agents’ physical states instead of estimator states to converge to a varying network

quantity, where each agent only has a local and incomplete copy of that quantity. For example, in

region-following formation control each agent has the knowledge of a sub-area Si(t) ⊆ S(t), where

S(t) ∈ Rp is a dynamic region that the agents should move into. Let pi(t) ∈ Si(t) be the vary-

ing center of Si(t), then 1
n

n∑
j=1

pj(t) can be viewed as the center of the dynamic region (Fig. 1.2).

Therefore, the distributed average tracking algorithm can be employed to drive yi(t) to 1
n

n∑
j=1

pj(t)

for the ith agent, where yi(t) = xi(t) − δi, xi is the ith agent’s position and δi is a constant vector

used by the ith agent to specify the formation of the agents. Compared with the consensus problem,

distributed average tracking poses more theoretical challenges, since the tracking objective is vary-

ing and is not available to any agent. In the reminder of this subsection, we talk about the works

that have been done on distributed average tracking problem.
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1.2.1 Overview of Related Works

In the literature, linear distributed algorithms have been employed for special types of

varying input signals. Ref. [72] uses frequency domain analysis to study consensus on the average of

multiple input signals with steady-state values. In [28], a proportional algorithm and a proportional-

integral algorithm are proposed to achieve distributed average tracking with a bounded tracking

error, where accurate estimator initialization is relaxed in the proportional-integral algorithm. In [4],

the internal model principle is employed to extend the proportional-integral algorithm to a special

group of varying input signals with a common denominator in their Laplace transforms, where the

denominator also needs to be used in the estimator design. In [89] and [52], two discrete-time

distributed average tracking algorithms are addressed, where [52] extends the proposed algorithm

in [89] by introducing a varying sequence of damping factors to achieve robustness to initialization

errors. In [43], the authors propose first- and second-order-input consensus algorithms to allow

the agents to track the average of their dynamic input signals with a pre-specified rate, where the

interaction is described by a strongly connected and weight-balanced directed graph.

However, linear algorithms cannot ensure distributed average tracking for general input

signals. Therefore, some researchers employ nonlinear tracking algorithms. In [53], a class of non-

linear algorithms is proposed for input signals with bounded deviations, where the tracking error

is proved to be bounded. A nonsmooth algorithm is proposed in [9], which is able to track arbi-

trary varying input signals with bounded derivatives. All the above references primarily study the

distributed average tracking problem from a distributed estimation perspective, where the agents im-

plement local estimators through communication with neighbors freely without the need for obey-

ing certain physical agent dynamics. However, there are applications where the distributed average
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tracking problem is relevant for designing distributed control laws for physical agents. One appli-

cation is the region-following formation control [8], where a swarm of robots is required to move

inside a dynamic region while keeping a desired formation. Here, the dynamics of the physical

agents must also be taken into account in the control law design and the dynamics themselves in-

troduce further challenges to the distributed average tracking problem. For example, the control

law designed for physical agents with single-integrator dynamics can no longer be used directly for

physical agents subject to more complicated dynamic equations. Distributed average tracking for

physical agents with double-integrator dynamics is studied in [14], where the input signals are al-

lowed to have bounded accelerations. Distributed average tracking for physical agents with general

linear dynamics is addressed in [87] and [12]. Ref. [12] proposes a discontinuous algorithm, while a

continuous algorithm is employed in [87] with, respectively, static and adaptive coupling strengths.

It is noted that in [14] both relative position and relative velocity measurements are re-

quired in the control laws designed for double-integrator agents. While double-integrator dynamics

can be viewed as a special case of general linear dynamics, the distributed average tracking algo-

rithms in [11], when applied to double-integrator systems, still need relative position and velocity

measurements. In practice, velocity measurements are usually less accurate and more expensive

than position measurements. In addition, relative velocity measurements are often more challeng-

ing and expensive than absolute velocity measurements. We are hence motivated to solve the dis-

tributed average tracking problem for physical double-integrator agents with reduced requirement

on velocity measurements. Two distributed algorithms (controller design combined with filter de-

sign) are introduced to achieve distributed average tracking with reduced requirement on velocity

measurements. In the context of distributed average tracking, reducing velocity measurements poses
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significant theoretical challenges. The reason is that unlike the consensus on single-leader coordi-

nated tracking problems, there are significant additional inherent challenges in distributed average

tracking as none of the agents has the tracking objective available. It will be explained that each

algorithm has its own relative benefits and is feasible for different application scenarios.

However, in real applications, the agents have more complicated dynamics rather than

single- or double-integrator dynamics. In [11] a proportional-integral control scheme is extended to

achieve distributed average tracking for physical Euler-Lagrange systems for two different types of

input signals with steady states and with bounded derivatives. It should be noted that the introduced

algorithms in [11] work for a limited group of input signals. Thus, in next step, we introduced a

distributed average distributed algorithm for physical second-order agents with heterogeneous non-

linear dynamics, where there is no constraint on the input signals. The nonlinear terms in agents’

dynamics satisfy a Lipschitz-like condition that will be defined later and is more general than the

Lipschitz-type condition. Since the unknown terms in agents’ dynamics can be unbounded and the

input signals are arbitrary, we are faced with extra challenges. Therefore, a local filter is introduced

for each agent to estimate the average of the input signals and reference velocities, where time vary-

ing state-dependent gains are employed in each agent’s filter and control input to overcome these

unboundedness effects. In the special case, where the agents have double-integrator dynamics, the

filter is not required anymore. An algorithm is proposed, where the agents’ positions and velocities

are driven directly to track the average of the input signals and the reference velocities. Here, by

employing the novel time varying state-dependent gains in the control input, the distributed average

tracking is achieved in the presence of arbitrary input signals.

9



1.3 Contributions of Dissertation

In this dissertation, we focus on the following two tracking problems:

1. Leader-follower flocking with a moving leader for Lagrange networks,

2. Distributed average tracking for second-order linear and nonlinear multi-agent systems.

Some materials from this dissertation have been published in three conferences [31, 33, 34] and the

journal [32]. In this subsection, we briefly talk about the contributions of this dissertation as follow.

• In the first part of the dissertation, we focus on the distributed leader-follower flocking prob-

lem with a moving leader for networked Lagrange systems with unknown parameters under a

proximity graph defined according to the relative distance between each pair of agents. Here

a group of followers move cohesively with the moving leader to maintain connectivity and

avoid collisions for all time and also eventually achieve velocity matching. The leader can

be a physical or virtual vehicle, which encapsulates the group trajectory. We consider two

cases: i) the leader moves with a constant velocity, and ii) the leader moves with a varying

velocity. In the first case, a distributed continuous adaptive control algorithm accounting for

unknown parameters and a distributed continuous estimator are proposed for each follower.

In the second case, we first propose a distributed discontinuous adaptive control algorithm

and estimator, where we use two-hop neighbors’ information and common control gain for

all followers. Hence the system is not completely distributed. We then improve the algorithm

to use one-hop neighbors’ information. Further, by proposing gain adaption schemes, the

algorithm is improved as a fully distributed algorithm. In all proposed algorithms, flocking

is achieved as long as the connectivity and collision avoidance are ensured at the initial time

10



and the control gains are designed properly.

Compared with the results in the existing literature, this paper has the following novel fea-

tures.

1) Each agent is considered as a nonlinear Lagrange system with parametric uncertainties

which is more realistic. While in [5,44,56,78], the agents’ dynamics are assumed to be

single- or double-integrators. The results for single- or double-integrator dynamics are

not applicable to Lagrange systems with parametric uncertainties.

2) This dissertation considers the combination of flocking (considering connectivity main-

tenance, collision avoidance, and velocity matching with a moving leader in the mean-

time) and the constraint that the leader’s information is available to only the followers in

its proximity. The above constraint introduces further complexities since not all follow-

ers know the leader’s velocity. Even for the case with single- or double-integrator agents,

the problem is very challenging [5], not to mention the case of nonlinear Lagrange sys-

tems with parametric uncertainties. In contrast, in [17], parametric uncertainties are not

considered and there is no leader and in [8], it is assumed that the leader’s information

is available to all followers (against the local interaction nature of the problem).

3) To overcome the coexistence and coupling of the above mentioned challenges, in this

dissertation, we propose an adaptive control law in combination with a new distributed

estimator for each follower. The novelty of the estimators is that the partial derivatives

of the potential functions are integrated into the estimators. In [5, 49], the variables of

the estimators must be communicated between the neighbors. For the case of a moving

leader with varying velocity, the proposed algorithms in [5, 47] require both one-hop
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and two-hop neighbors’ information. In contrast, in the second proposed algorithm for

tracking the leader with varying velocity, only one-hop neighbors’ information (e.g.,

the relative position and velocity measurements between the neighbors and the absolute

position and velocity measurements) is required. These measurements can be obtained

by the sensing devices carried by the agents and hence the need for communication can

be removed. Further, this algorithm is fully distributed and global information is not

required, while the results in [5, 47, 49] rely on some global information.

• In the second part of dissertation, two groups of distributed average tracking algorithms are

introduced for, respectively, second-order linear and nonlinear multi-agent systems.

First, two distributed algorithms (controller design combined with filter design) are introduced

to achieve distributed average tracking with reduced requirement on velocity measurements

and in the absence of correct position and velocity initialization. Each algorithm has its own

relative benefits and is feasible for different application scenarios. In the first algorithm de-

sign, there is no need for either absolute or relative velocity measurements. Each agent’s

algorithm employs its local relative positions with respect to neighbors, its own and neigh-

bors’ filter outputs accessed through communication and its own input signal, input velocity

and input acceleration. The algorithm allows the agents to track the average of a wide class

of time-varying input signals with bounded deviations among the input signals, among the

input velocities, and among the input accelerations. Using this algorithm, distributed average

tracking can be achieved in the absence of velocity measurements and correct initialization.

In addition, it will be shown that if the agents can be correctly initialized, the algorithm can

be modified to achieve the distributed average tracking with even a larger class of input sig-
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nals with only bounded input accelerations’ deviations. In the second algorithm design, there

is still no requirement for correct initialization and relative velocity measurements. Further-

more, inter-agent communication is not necessary and the algorithm can be implemented us-

ing only local sensing, which is desirable for certain applications (e.g., deep-space spacecraft

formation flying), where communication might not be desirable or available. Each agent’s

algorithm only employs its local relative positions with respect to neighbors, its own velocity,

input signal, input velocity and input acceleration. In this algorithm, the input signals, input

velocities and input accelerations should be all bounded.

Second, a distributed algorithm is introduced to achieve distributed average tracking for phys-

ical second-order agents with heterogeneous nonlinear dynamics, where there is no constraint

on the input signals. Here, the nonlinear terms in agents’ dynamics satisfy a Lipschitz-like

condition that will be defined later and is more general than the Lipschitz-type condition.

Since the unknown terms in agents’ dynamics can be unbounded and the input signals are

arbitrary, we are faced with extra challenges and hence a local filter is introduced for each

agent to estimate the average of the input signals and reference velocities. The novelty of the

local filters is that by employing the time varying state-dependent gains, the agents can track

the average of a group of input signals with no constraint on their dynamics. In the special

case, where the agents have double-integrator dynamics, the filter is not required anymore.

Therefore, the algorithm is modified, to drive the agents’ positions and velocities directly to

track the average of the input signals and the reference velocities.
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1.4 Preliminaries

In the reminder of this chapter, we introduce notations used in the dissertation, Lagrange

dynamics and algebraic graph theory.

1.4.1 Notations

R set of real numbers

Rp set of p× 1 real vectors

Rm×n set of m× n real matirces

1n n× 1 column vector of all ones

0n n× 1 column vector of all zeros

λmin(·) minimum eigenvalue of a square real matrix with real eigenvalues

λmax(·) maximum eigenvalue of a square real matrix with real eigenvalues

diag(z1, . . . , zp) diagonal matrix with diagonal entries z1 to zp

A > 0 a positive matrix A

A ≥ 0 a nonnegative matrix A

A > B A−B is positive definite

A ≥ B A−B is nonnegative definite

‖ · ‖ Euclidean norm

‖ · ‖p p-norm of a real vector

14



⊗ Kronecker product

sgn(·) signum function defined component-wise

f(t) ∈ Ll if for a vector function f(t) : R 7→ Rm, (

∫ ∞
0
‖f(τ)‖ldτ)

1
l <∞ for

f(t) ∈ L∞ if for each element of f(t), noted as fi(t), sup
t≥0
|fi(t)| <∞, i = 1, . . . ,m

1.4.2 Lagrange Dynamics

Suppose that n followers are described by Lagrange equations of the form [40]

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = ui, i = 1, . . . , n, (1.1)

where qi ∈ Rp is the vector of generalized coordinates1, Mi(qi) is the p × p symmetric inertia

matrix, Ci(qi, q̇i)q̇i is the Coriolis and centrifugal force, gi(qi) is the vector of gravitational force,

and ui is the control input. The dynamics of the Lagrange systems satisfy the following properties:

(P1) There exist positive constants kM , kM , kC , kg such that kMIp ≤Mi(qi) ≤ kMIp, ||Ci(qi, q̇i)|| ≤

kC ||q̇i|| and ||gi(qi)|| ≤ kg .

(P2) Ṁi(qi)− 2Ci(qi, q̇i) is skew symmetric.

(P3) The left-hand side of the Lagrange dynamics can be parameterized, i.e.,Mi(qi)x+Ci(qi, q̇i)y+

gi(qi) = Yi(qi, q̇i, x, y)θi, ∀x, y ∈ Rp, where Yi ∈ Rp×pθ is the regression matrix and

θi ∈ Rpθ is the unknown but constant parameter vector.

In this dissertation, there exist n+ 1 agents (e.g., autonomous vehicles) consisting of one

leader and n followers. The leader is labeled as agent 0 and the followers are labeled as agent 1 to
1In the context of autonomous vehicles, qi denotes the position of agent i.
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n. Note that the leader can be a physical or virtual vehicle, which encapsulates the group trajectory.

The leader’s position and velocity are denoted by, respectively, q0 ∈ Rp and q̇0 ∈ Rp.

1.4.3 Graph Theory

With k agents in a team, a graph is used to characterize the interaction topology among

the agents. A graph is a pair G = (V,E), where V = {1, . . . , k} is the node set and E ⊆ V × V is

the edge set. In a directed graph, an edge (j, i) ∈ E means that node i can obtain information from

node j but not necessarily vice versa. Here node j is a neighbor of node i. In an undirected graph

(i, j) ∈ E ⇔ (j, i) ∈ E. A directed path in a directed graph is an ordered sequence of edges of the

form (i1, i2), (i2, i3), . . . , where ij ∈ V . A subgraph of G is a graph whose node set and edge set

are subsets of those of G. Ni = {j|(j, i) ∈ E} denotes the set of neighbors of agent i.

The adjacency matrix A = [aij ] ∈ Rk×k of the graph G is defined such that the edge

weight aij = 1 if (j, i) ∈ E and aij = 0 otherwise. For an undirected graph, aij = aji. The

Laplacian matrix L = [lij ] ∈ Rk×k associated with A is defined as lii =
∑

j 6=i aij and lij = −aij ,

where i 6= j. For an undirected graph, L is symmetric positive semi-definite [18]. To simplify

our analysis, we assign an orientation to an edge by considering one node the positive end of the

edge and the other node the negative end of the edge. We recall that the n × N incidence matrix

D = [dik] ∈ Rn×N of a graph is defined as [67]

dik =



+1 if node i is the positive end of the edge Ek,

−1 if node i is the negative end of the edge Ek,

0 otherwise,

where Ek ∈ E is the kth edge. Then the Laplacian matrix of the graph can be denoted byL = DDT .
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1.4.4 Nonsmooth Analysis

Consider a vector-valued differential equation

ẋ(t) = f(t, x(t)), (1.2)

where t ∈ R and x(t) ∈ Rn.

Definition 1 For the differential equation (1.2), define the Filippov set-valued map K[f ](t, x(t)) ,

∩δ>0 ∩u(N)=0 c̄o
(
f(t, B(x(t), δ) − N)

)
, where c̄o denotes the convex closure, ∩u(N)=0 denotes

the intersection over all sets of Lebesgue measure zeros and B(x, δ) is the open ball of radius δ

centered at x [27].

Definition 2 Replace the differential equation (1.2) by the differential inclusion

ẋ(t) ∈ K[f ](t, x(t)). (1.3)

A vector function x(·) : R→ Rn is called a Filippov solution of (1.2) on [t0, t1], t1 ≤ ∞, if x(·) is

absolutely continuous and satisfies (1.3) for almost all t ∈ [t0, t1].

Lemma 3 Suppose thatf(t, x(t)) in (1.2) is measurable and locally essentially bounded, that is,

bounded on a bounded neighborhood of every point excluding sets of measure zero. Then, for any

x(0) ∈ Rn, there exists a Filippov solution of (1.2) with initial condition x(0) = x0 [27].

Let W [(x(t))] : Rn → R be a locally Lipschitz function of x(t). The generalized gradient of

W [x(t)] is defined

∂W̃ , co
{

lim
w→x
∇W (w) : w ∈ Rn, w /∈ ΩW ∪ S

}
,
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where co(·) is the convex hull, ΩW is the set of points in which W [x(t)] is not differentiable and

S is a set of measure zero that can be arbitrarily chosen so as to simplify the calculation. The set-

valued Lie derivative of W [x(t)] with respect to x(t), the trajectory of (1.2), is defined as ˙̃W ,

∩ζ∈∂W̃ ζ
TK[f ].

18



Chapter 2

Distributed Flocking with a Moving

Leader for Lagrange Networks with

Parametric Uncertainties

In this chapter, the leader-follower flocking problem with a moving leader is investigated.

The problem is investigated for networked Lagrange systems with parametric uncertainties under

a proximity graph. Two cases are considered: i) the leader moves with a constant velocity, and

ii) the leader moves with a varying velocity. In both cases, a distributed adaptive control algorithm

accounting for unknown parameters is proposed in combination with a distributed estimator for each

follower.
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2.1 Problem Statement

In this section, the goal is to design ui for each follower to achieve the leader-follower

flocking. That is, the followers move cohesively with the leader (connectivity maintenance) and

avoid collisions for all time and eventually achieve velocity matching with the leader (‖q̇i(t) −

q̇0(t)‖ → 0) in the presence of unknown parameters under only local interaction defined by the

proximity graph. Before moving on, the following auxiliary variables are defined:

si = q̇i − vi, q̃i = qi − q0, ṽi = vi − q̇0, (2.1)

where vi is agent i’s estimate of the leader’s velocity to be designed later. Note that

si = ˙̃qi − ṽi. (2.2)

In this chapter, we assume that the neighbor relationship among the leader and the follow-

ers is based on their relative distance and hence the graph characterizing the interaction topology

is a proximity graph. We also assume that the leader has no neighbor and its motion is not neces-

sarily dependent on the followers. In particular, followers i and j are neighbors of each other if

||qi − qj || < R and the leader is a neighbor of follower i if ||qi − q0|| < R, where R denotes the

sensing radius of the agents. Let GF be the proximity graph characterizing the interaction among

the n followers with the associated Laplacian matrix LF . Note that by definition GF is undirected

and hence LF is symmetric positive semi-definite. Then the Laplacian matrix of the graph can be

denoted by LF = DFD
T
F .

Let G be the directed graph characterizing the interaction among the leader and the n

followers corresponding to GF . Also let the edge weight ai0 = 1 if the leader is a neighbor of

follower i and ai0 = 0 otherwise. Define Λ
4
= diag(a10, . . . , an0). Note that Λ2 = Λ because ai0

20



is either 1 or 0. Also define the leader-follower topology matrix associated with the graph G as

H = LF + Λ. It is obvious that H is symmetric positive semi-definite. Before moving on, we need

the following lemmas.

Lemma 4 [64] If the leader has directed paths to all followers, the matrix H is symmetric positive

definite.

Lemma 5 Let Ha and Hb be the leader-follower topology matrix associated with, respectively the

graph Ga and Gb. If Ga is a subgraph of Gb, then Ha ≤ Hb.

Proof : When Ga is a subgraph of Gb, Hb can be written as Hb = Ha + P , where P is a

positive semi-definite matrix. Therefore, it can be concluded that Ha ≤ Hb.

2.1.1 Flocking of Lagrange Networks, Where the Leader Moves with a Constant

Velocity

In this subsection, we consider the case, where the leader has a constant velocity. We

propose the following distributed control algorithm

ui =ûi + Yi(qi, q̇i, v̇i, vi)θ̂i, (2.3)

ûi =−
n∑
j=0

∂Vij
∂qi
− γ

n∑
j=0

aij(t)(q̇i − q̇j), (2.4)

v̇i =−
n∑
j=0

∂Vij
∂qi
− γ

n∑
j=0

aij(t)(q̇i − q̇j), (2.5)

˙̂
θi =− ΓiY

T
i (qi, q̇i, v̇i, vi)si, (2.6)

where Vij is the potential function between agents i and j to be designed, θ̂i is the estimate of

the unknown but constant parameter θi, si is defined in (2.1), γ is a positive constant, and Γi is a

symmetric positive-definite matrix representing the adaptation gain.
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Remark 6 Here vi is the reference velocity, which introduces the partial derivatives of the poten-

tial functions in the estimators and it is a key to our problem. It is worthy mentioning that (2.5) has

a similar form of the reference velocity derivative proposed in [81], where the partial derivatives

are replaced by the position synchronization term. Compared to the position and velocity synchro-

nization problem considered in [81], here we study the flocking problem (connectivity maintenance,

collision avoidance, and velocity matching with a moving leader whose information is available to

only the followers in its proximity).

The potential function Vij is defined as follows (see [5])

1. When ‖qi(0)−qj(0)‖ ≥ R, Vij is a differentiable nonnegative function of ‖qi−qj‖ satisfying

the conditions (Fig. 2.1.a)

i) Vij = Vji achieves its unique minimum when ‖qi − qj‖ is equal to the value dij , where

dij < R.

ii) Vij →∞ as ‖qi − qj‖ → 0.

iii) ∂Vij
∂(‖qi−qj‖) = 0 if ‖qi − qj‖ ≥ R.

iv) Vii = c, i = 1, . . . , n, where c is a positive constant.

2. When ‖qi(0)− qj(0)‖ < R, Vij is defined as above except that condition iii) is replaced with

the condition that Vij →∞ as ‖qi − qj‖ → R (Fig. 2.1.b).

The motivation of Vij is to maintain the initial connectivity pattern and to avoid collision.

In the control algorithm (2.3)-(2.6), the term −
∑n

j=0
∂Vij
∂qi

is used for collision avoidance

and connectivity maintenance while the term −
∑n

j=0 aij(t)(q̇i− q̇j) is used for velocity matching.
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(a) Potential function Vij when ‖qi(0)− qj(0)‖ ≥ R

(b) Potential function Vij when ‖qi(0)− qj(0)‖ < R

Figure 2.1: Potential function [5]

The control algorithm (2.3)-(2.6) is distributed in the sense that each agent uses only its own position

and velocity and the relative position and relative velocity between itself and its neighbors.

Theorem 7 Suppose that at the initial time t = 0, the leader has directed paths to all followers and

there is no collision among the agents. Using (2.3)-(2.6) for (1.1), the leader-follower flocking is

achieved.

Proof : By using the property (P3) of the Lagrange dynamics (1.1), it follows thatMi(qi)v̇i+

Ci(qi, q̇i)vi + gi(qi) = Yi(qi, q̇i, v̇i, vi)θi. Then using (1.1), (2.1) and (2.3), we have the following

closed-loop dynamics

Mi(qi)ṡi + Ci(qi, q̇i)si = ûi − Yi(qi, q̇i, v̇i, vi)θ̃i, (2.7)
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where θ̃i = θi − θ̂i. We first define the following non-negative function, which is a common

Lyapunov function candidate used in the literature [48, 54, 80, 82] with different definition of si

V1 =
1

2

n∑
i=1

sTi Mi(qi)si +
1

2

n∑
i=1

θ̃Ti Γ−1i θ̃i. (2.8)

The derivative of V1 is given as

V̇1 =

n∑
i=1

[sTi Mi(qi)ṡi +
1

2
sTi Ṁi(qi)si − θ̃Ti Γ−1i

˙̂
θi] =

n∑
i=1

sTi ûi, (2.9)

where we have used the property (P2) and (2.6) to obtain the second equality. To maintain the initial

connectivity pattern and to avoid collision, we then define the following non-negative function by

the combination of the potential functions

V2 =
1

2

n∑
i=1

n∑
j=1

Vij +
n∑
i=1

Vi0. (2.10)

The derivative of V2 can be written as

V̇2 =
1

2

n∑
i=1

n∑
j=1

(q̇Ti
∂Vij
∂qi

+ q̇Tj
∂Vij
∂qj

) +
n∑
i=1

(q̇Ti
∂Vi0
∂qi

+ q̇T0
∂Vi0
∂q0

)

=
n∑
i=1

n∑
j=1

q̇Ti
∂Vij
∂qi

+
n∑
i=1

(q̇Ti
∂Vi0
∂qi
− q̇T0

∂Vi0
∂qi

)

=

n∑
i=1

n∑
j=1

(q̇i − q̇0)T
∂Vij
∂qi

+

n∑
i=1

˙̃qTi
∂Vi0
∂qi

=

n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi

,

where we have used Lemma 3.1 in [5] and the fact that ∂Vij∂qi
= −∂Vij

∂qj
to obtain the second equality,

and have used the fact that
∑n

i=1

∑n
j=1 q̇

T
0
∂Vij
∂qi

= q̇T0
∑n

i=1

∑n
j=1

∂Vij
∂qi

= 0 to obtain the third

equality.

Now consider the following Lyapunov function candidate

V = V1 +
1

2

n∑
i=1

ṽTi ṽi + V2. (2.11)
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Then the derivative of V is given as

V̇ =
n∑
i=1

sTi ûi +
n∑
i=1

ṽTi ˙̃vi +
n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi

.

Since the leader’s velocity q̇0 is constant, we have ˙̃vi = v̇i = ûi according to (2.4) and (2.5). It

follows that

V̇ =

n∑
i=1

˙̃qTi ûi +

n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂q̃i

= −
n∑
i=1

n∑
j=0

γaij(t) ˙̃qTi ( ˙̃qi − ˙̃qj), (2.12)

where we have used (2.2) to obtain the first equality and have used (2.4) and q̇i − q̇j = ˙̃qi − ˙̃qj to

obtain the second equality. Eq. (2.12) can be written in a compact form as

V̇ = −γ ˙̃qT [H(t)⊗ Ip] ˙̃q, (2.13)

where q̃ is a column stack vector of q̃i, i = 1, . . . , n, and H(t) is the leader-follower topology

matrix at time t defined in Sub-section 1.4.3. Note that H(t) is symmetric positive semi-definite. It

follows that V̇ is negative semi-definite. Therefore, from V ≥ 0 and V̇ ≤ 0, it can be concluded

that V is bounded and thus si, θ̃i, ṽi, Vij ∈ L∞. Since Vij is bounded, it is guaranteed that there is

no collision and no edge in the graph G(0) will be lost. In other words, for any pair of agents i, j,

there exist positive constants 0 < Rmin ≤ Rmax < R, such that

‖qi(t)− qj(t)‖ ∈ [Rmin, Rmax], if ‖qi(0)− qj(0)‖ < R,

‖qi(t)− qj(t)‖ ∈ [Rmin, (n− 1)Rmax], otherwise. (2.14)

Hence, we can conclude that the graphG(0) is a subgraph of the graphG(t) for all t ≥ 0. It follows

from Lemma 5 that H(0) ≤ H(t). Therefore, we can get from (2.13) that

V̇ ≤ −γ ˙̃qT [H(0)⊗ Ip] ˙̃q. (2.15)
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Since in G(0) the leader has directed paths to all followers, it follows from Lemma 4 that H(0)

is symmetric positive definite. Integrating both sides of (2.15), we can obtain that ˙̃q ∈ L2. Note

that q̇0 is constant and hence bounded. Combining the above boundedness arguments we can get

from (2.1) that q̇i, ˙̃qi, vi ∈ L∞. Since Vij is continuously differentiable, we can get from (2.14) that

∂Vij
∂qi
∈ L∞. From (2.4) and (2.5), we have ûi, v̇i ∈ L∞. Then from (2.7) and the property (P1), it

can be concluded that ṡi ∈ L∞. By noting that ṡi = q̈i − v̇i, it follows that q̈i ∈ L∞. Overall, we

have ˙̃qi ∈ L∞
⋂
L2 and ¨̃qi ∈ L∞. From Barbalat’s lemma [69], we can conclude that ˙̃qi → 0, that

is, ‖q̇i − q̇0‖ → 0 asymptotically.

Remark 8 As it can be seen, by using the control law (2.3)-(2.6) for (1.1), the followers can track

the leader with the same velocity while avoiding collision and maintaining the initial connectivity.

Note that with our algorithm design, as long as at the initial time the connectivity is maintained

and there is no collision, the connectivity maintenance and collision avoidance are ensured for all

time. The proposed algorithm is continuous and accounts for unknown parameters of the agents’

dynamics.

2.1.2 Flocking of Lagrange Networks, Where the Leader Moves with a Varying Ve-

locity

In this subsection, we consider the case where the leader moves with a varying velocity.

In this case, the problem is more difficult to tackle since all followers must track the leader while

the leader’s velocity changes over time and the leader is a neighbor of only a subset of the followers.

In the remainder of this chapter, we have the following assumption on the leader.

Assumption 9 The leader’s velocity q̇0 and acceleration q̈0 are both bounded. It is assumed that
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‖1n ⊗ q̈0‖ ≤ σl, where σl ∈ R+ is constant.

We propose the following distributed control algorithm

ui =ûi + Yi(qi, q̇i, v̇i, vi)θ̂i, (2.16)

ûi =−
n∑
j=0

∂Vij
∂qi
− γ

n∑
j=0

aij(t)(q̇i − q̇j)− βχi − αsgn(si), (2.17)

v̇i =−
n∑
j=0

∂Vij
∂qi
− γ

n∑
j=0

aij(t)(q̇i − q̇j)− βχi, (2.18)

˙̂
θi =− ΓiY

T
i (qi, q̇i, v̇i, vi)si, (2.19)

where γ, α, β ∈ R+ are control gains to be designed, aij(t), Vij , si and Γi are defined in Subsection

2.1.1 with the additional assumptions that a0i = 0, i = 1, . . . , n and

χi =
n∑
j=0

aij(t){sgn[
n∑
k=0

aik(t)(q̇i−q̇k)]−sgn[
n∑
k=0

ajk(t)(q̇j−q̇k]}.

Theorem 10 Suppose that at the initial time t = 0, the leader has directed paths to all followers

and there is no collision among the agents. Using the control law (2.16)-(2.19) for (1.1), if α ≥ σl

and β ≥ σl
λmin[H(0)]

1, then the leader-follower flocking is achieved asymptotically.

Proof: Using (2.16) for (1.1), we will have

Mi(qi)ṡi + Ci(qi, q̇i)si = ûi − Yi(qi, q̇i, v̇i, vi)θ̃i. (2.20)

Define the same function V1 as in (2.8). The derivative of V1 can be written as (2.9). By

substituting (2.17) to (2.9), V̇1 can be rewritten as

V̇1 = −
n∑
i=1

sTi

n∑
j=0

∂Vij
∂qi
− γ

n∑
i=1

n∑
j=0

aij(t)s
T
i (q̇i − q̇j)− β

n∑
i=1

sTi χi − α‖s‖1. (2.21)

1Since at the initial time t = 0, the leader has directed paths to all followers, we can get from Lemma 4 that
λmin[H(0)] > 0, and thus the term σl

λmin[H(0)]
is well defined.
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Now we consider the following Lyapunov function candidate

V = V1 +
1

2

n∑
i=1

ṽTi ṽi +
1

2

n∑
i=1

n∑
j=1

Vij +
n∑
i=1

Vi0, (2.22)

where ṽi is defined in (2.1). The derivative of V is given as

V̇ =V̇1 +

n∑
i=1

ṽTi ˙̃vi +

n∑
i=1

n∑
j=1

˙̃qTi
∂Vij
∂q̃i

+

n∑
i=1

˙̃qTi
∂Vi0
∂q̃i

=−
n∑
i=1

˙̃qTi

n∑
j=0

∂Vij
∂qi

+
n∑
i=1

ṽTi

n∑
j=0

∂Vij
∂qi
− γ

n∑
i=1

n∑
j=0

aij(t) ˙̃qTi (q̇i − q̇j)

+ γ
n∑
i=1

n∑
j=0

aij(t)ṽ
T
i (q̇i − q̇j)− β

n∑
i=1

˙̃qTi χi + β
n∑
i=1

ṽTi χi − α‖s‖1

+

n∑
i=1

ṽTi ˙̃vi +

n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂q̃i

=
n∑
i=1

ṽTi

n∑
j=0

∂Vij
∂q̃i
− γ ˙̃qT [H(t)⊗ Ip] ˙̃q + γṽT [H(t)⊗ Ip] ˙̃q − β ˙̃qT {H(t)⊗ sgn([H(t)⊗ Ip] ˙̃q)}

+ βṽT {H(t)⊗ sgn([H(t)⊗ Ip] ˙̃q)} − α‖s‖1 + ṽT ˙̃v, (2.23)

where ṽ is a column stack vector of all ṽi’s, i = 1, . . . , n. According to (2.18), we can rewrite (2.23)

as

V̇ =
n∑
i=1

ṽTi

n∑
j=0

∂Vij
∂q̃i
− γ ˙̃qT [H(t)⊗ Ip] ˙̃q + γṽT [H(t)⊗ Ip] ˙̃q − β ˙̃qT {H(t)⊗ sgn([H(t)⊗ Ip] ˙̃q)}

+ βṽT {H(t)⊗ sgn([H(t)⊗ Ip] ˙̃q)} − α‖s‖1 −
n∑
i=1

ṽTi

n∑
j=0

∂Vij
∂q̃i
− γṽT [H(t)⊗ Ip] ˙̃q

− βṽT {H(t)⊗ sgn([H(t)⊗ Ip] ˙̃q)} − ṽT (1n ⊗ q̈0)

=− γ ˙̃qT [H(t)⊗ Ip] ˙̃q − β‖[H(t)⊗ Ip] ˙̃q‖1 − α‖s‖1 − ˙̃qT (1n ⊗ q̈0) + sT (1n ⊗ q̈0)

≤− γ ˙̃qT [H(t)⊗ Ip] ˙̃q − β‖[H(t)⊗ Ip] ˙̃q‖1 − α‖s‖1 + ‖1n ⊗ q̈0‖ · ‖ ˙̃q‖+ ‖1n ⊗ q̈0‖ · ‖s‖1,

(2.24)
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where we have used the Cauchy-Schwartz inequality and ‖·‖ ≤ ‖·‖1 to obtain the inequality. Since

‖1n ⊗ q̈0‖ ≤ σl, we have

V̇ ≤− γ ˙̃qT [H(t)⊗ Ip] ˙̃q − β‖[H(t)⊗ Ip] ˙̃q‖1 + (σl − α)‖s‖1 + σl‖ ˙̃q‖

≤ − γ ˙̃qT [H(t)⊗ Ip] ˙̃q − β‖[H(t)⊗ Ip] ˙̃q‖+ (σl − α)‖s‖1 + σl‖ ˙̃q‖

≤ − γ ˙̃qT [H(t)⊗ Ip] ˙̃q − βλmin[H(t)]‖ ˙̃q‖+ (σl − α)‖s‖1 + σl‖ ˙̃q‖. (2.25)

where we have used ‖·‖ ≤ ‖·‖1 and the fact thatH(t) is positive semidefinite to obtain, respectively,

the second and the third inequalities. Since at the initial time, t = 0, the leader has directed paths

to all followers, we can get from Lemma 4 that H(0) is symmetric positive definite and hence

λmin[H(0)] > 0. Thus, by using the two conditions α ≥ σ1 and β ≥ σ1
λmin[H(0)] , we have at t = 0

that,

V̇ (t) ≤ −γ ˙̃qT [H(0)⊗ Ip] ˙̃q ≤ 0. (2.26)

Although the control input ui is discontinuous, the positions of the agents are continuous and H(t)

changes according to the relative positions among the agents. Suppose that H(t) changes at some

times, then there exists a time t1 > 0 such that, H(t) = H(0) for t ∈ [0, t1) and H(t1) 6= H(0).

Therefore, we have

V̇ (t) ≤ −γ ˙̃qT [H(0)⊗ Ip] ˙̃q ≤ 0, t ∈ [0, t1), (2.27)

which implies that Vij ∈ L∞ for all pairs of qi(t), qj(t), when t ∈ [0, t1). Since Vij is continuous,

it can be concluded that Vij ∈ L∞ at t = t1. Thus, by using the definition of Vij for t ∈ [0, t1],

there is no collision and no edge in the graph G(0) is lost. Therefore, the only possibility that H(t)

changes at t = t1 is that, some edges are added to the graph. It implies that G(0) is a subgraph
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of G(t1) which means from Lemma 5 that H(0) ≤ H(t1) and hence λmin[H(0)] ≤ λmin[H(t1)].

Therefore, at time t = t1,

V̇ (t) ≤− γ ˙̃qT [H(t1)⊗ Ip] ˙̃q − βλmin[H(t1)]‖ ˙̃q‖+ σl‖ ˙̃q‖

≤ − γ ˙̃qT [H(0)⊗ Ip] ˙̃q − βλmin[H(0)]‖ ˙̃q‖+ σl‖ ˙̃q‖

≤ − γ ˙̃qT [H(0)⊗ Ip] ˙̃q ≤ 0. (2.28)

From the same statements, if H(t) changes at t = ti > t1, i = 2, . . ., we can get that Vij will

always be bounded. Hence there is no collision and no edge in the graph G(0) will be lost. This

in turn implies that for all t ∈ [ti, ti+1), G(0) is a subgraph of Gi(t). It thus follows that for all

t ∈ [ti, ti+1), H(0) ≤ Hi(t) and λmin[H(0)] ≤ λmin[Hi(t)]. That is, β ≥ σ1
λmin[H(0)] ≥

σ1
λmin[Hi(t)]

for all t ≥ 0. Hence (2.28) holds for all t ≥ 0. We then can get that si, θ̃i, ṽi ∈ L∞. Since V (t) ≥ 0

and V̇ (t) ≤ 0, it is concluded that V∞
4
= limt→∞ V (t) ∈ [0, V (0)] exists. Thus, integrating both

sides of (2.28), we can obtain that ˙̃q ∈ L1. Note from Assumption 9 that both q̇0 and q̈0 are bounded.

Combining the above boundedness arguments, we can get from (2.1) that q̇i, ˙̃qi, vi ∈ L∞. Following

the same statements from the proof of Theorem 7, we can conclude that ∂Vij∂qi
∈ L∞. From (2.17)

and (2.18), we have ûi, v̇i ∈ L∞. Then from the closed-loop dynamics for each follower and (P1),

we have ṡi ∈ L∞. By noting that ṡi = q̈i − v̇i, it follows that q̈i ∈ L∞ and thus ¨̃qi ∈ L∞. Overall,

we have ˙̃qi ∈ L∞
⋂
L1 and ¨̃qi ∈ L∞. From Barbalat’s lemma [69], we can conclude that ˙̃qi → 0.

That is, ‖q̇i − q̇0‖ → 0 asymptotically.

Remark 11 As it can be seen, the proposed algorithm (2.16)-(2.19) guarantees that leader-follower

flocking is achieved, where the leader has a varying velocity in the presence of unknown parameters.

Therefore, despite the hard restrictions such as nonlinear Lagrange dynamics, unknown models’
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parameters, and the existence of a moving leader with a varying velocity, the control input (2.16)-

(2.19) solves the flocking problem.

Remark 12 Due to the existence of the signum function, the closed-loop dynamics of (1.1) using

(2.16) is discontinuous. The solution should be investigated in terms of differential inclusions. Note

that the signum function is measurable and locally essentially bounded. Therefore, from the nons-

mooth analysis in [27], the Filippov solutions for the closed-loop dynamics always exist. Because

the Lyapunov function candidate in the proof of Theorem 10 is continuously differentiable and the

set-valued Lie derivative of the Lyapunov function is a singleton at the discontinuous point, the

proof of Theorem 10 still holds. To avoid symbol redundancy, we do not use the differential inclu-

sions in the proof. It is worthy mentioning that the drawback of the signum function is the potential

chattering behavior. In practice, a simple and useful way to avoid the discontinuous control action

is to replace the signum function with a smooth function such as tanh(·), with which satisfactory

performance can still be achieved, as confirmed in our later simulation.

Remark 13 The case of a leader with a constant velocity is a special case of a leader with a vary-

ing velocity. Hence we can also use the algorithm (2.16)-(2.19) for the leader-follower flocking

problem, where the leader has a constant velocity. However, the algorithm (2.3)-(2.6) is continu-

ous. In contrast, the algorithm (2.16)-(2.19) is discontinuous and may cause the chattering issues.

Therefore, when the leader has a constant velocity, the algorithm (2.3)-(2.6) is more favorable than

the algorithm (2.16)-(2.19).
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2.1.3 Fully Distributed Flocking of Lagrange Networks with One-hop Neighbors’

Information, Where the Leader Has a Varying velocity

In Subsection 2.1.2, each follower needs its two-hop neighbors’ information to track the

leader. Besides, all followers use common gains in their control inputs and the gains should be above

certain bounds which are actually determined by the global information (λmin[H(0)], σl). There-

fore, the algorithm (2.16)-(2.19) is not fully distributed. In this subsection, the previous algorithm

is improved to be fully distributed and use one-hop neighbors’ information.

The following control algorithm and gain adaptation law for each follower is designed as

ui = ûi + Yi(qi, q̇i, v̇i, vi)θ̂i, (2.29)

ûi = −
n∑
j=0

∂Vij
∂qi
−

n∑
j=0

αijaij(t)sgn(q̇i − q̇j)− βisgn(si), (2.30)

v̇i = −
n∑
j=0

∂Vij
∂qi
−

n∑
j=0

αijaij(t)sgn(q̇i − q̇j), (2.31)

α̇ij = γ1ijaij(t)‖q̇i − q̇j‖1, (2.32)

β̇i = γ2i‖si‖1, (2.33)

˙̂
θi = −ΓiY

T
i (qi, q̇i, v̇i, vi)si, (2.34)

where aij(t), Vij , si and Γi are defined in Subsection 2.1.1, γ1ij , γ2i are positive constants with

γ1ij = γ1ji, and αij(t), βi(t) are varying gains with initial values αij(0) = αji(0) ≥ 0 and

βi(0) ≥ 0.

Remark 14 The gain adaptation laws (2.32) and (2.33) are inspired by recent results on adaptive

gain design for multi-agent systems [45, 46, 84]. The intuition behind (2.32) and (2.33) is that the

control gains in Theorem 10 must be above certain lower bounds. Under (2.32) and (2.33), as

32



long as the velocity matching is not achieved, the gains will always increase, eventually rendering

the agents to achieve velocity matching. The drawback of (2.32) and (2.33) is that the 1-norm

of the signals will result in the non-stop increase of the gains in the presence of disturbances or

measurement errors. Here we just show the theoretical analysis in the ideal situation. In practice,

one alteration is to introduce a small bound on the right hand sides (RHSs) of (2.32) and (2.33).

When the RHSs of (2.32) and (2.33) are within some given bound, αij and βi stop increasing.

Theorem 15 Suppose that at the initial time t = 0, the leader has directed paths to all followers and

there is no collision among the agents. Using (2.29)-(2.34) for (1.1), the leader-follower flocking is

achieved.

Proof : Define V3 =
∑n

i=1

∑n
j=1

1
4γ1ij

(αij−ᾱ)2+
∑n

i=1
1

2γ1i0
(αi0−ᾱ)2+

∑n
i=1

1
2γ2i

(βi−

β̄)2, where ᾱ and β̄ are chosen such that ᾱ > σl√
λmin[H(0)]

2 and β̄ > σl. The derivative of V3 is

given as

V̇3 =

n∑
i=1

n∑
j=1

1

2
aij(t)(αij − ᾱ)‖q̇i − q̇j‖1 +

n∑
i=1

ai0(t)(αi0 − ᾱ)‖ ˙̃qi‖1 +

n∑
i=1

(βi − β̄)‖si‖1

=
n∑
i=1

n∑
j=1

1

2
aij(t)(αij − ᾱ)(q̇i − q̇j)T sgn(q̇i − q̇j) +

n∑
i=1

ai0(t)(αi0 − ᾱ)(q̇i − q̇0)T sgn(q̇i − q̇0)

+
n∑
i=1

(βi − β̄)‖si‖1

=

n∑
i=1

n∑
j=1

aij(t)(αij − ᾱ) ˙̃qTi sgn(q̇i − q̇j) +

n∑
i=1

ai0(t)(αi0−ᾱ) ˙̃qTi sgn(q̇i−q̇0)+

n∑
i=1

(βi−β̄)‖si‖1

=

n∑
i=1

[

n∑
j=0

aij(t)(αij−ᾱ) ˙̃qTi sgn( ˙̃qi− ˙̃qj)+(βi−β̄)‖si‖1]. (2.35)

2Since at the initial time t = 0, the leader has directed paths to all followers, we can get from Lemma 4 that
λmin[H(0)] > 0, and thus the term σl√

λmin[H(0)]
is well defined.
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Now we introduce the following Lyapunov function candidate

V =V1 +
1

2

n∑
i=1

ṽTi ṽi + V2 + V3,

where V1 is defined in (2.8) and V2 is defined in (2.10). Note that using (2.29) for (1.1), where ûi is

given by (2.30), both (2.7) and (2.9) still hold. The derivative of V is given as

V̇ =
n∑
i=1

sTi ûi +
n∑
i=1

ṽTi ˙̃vi +
n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi

+ V̇3. (2.36)

Note from (2.30) and (2.31) that

v̇i = ûi + βisgn(si).

Also note from (2.1) that ˙̃vi = v̇i − q̈0. Thus, it follows from (2.36) that

V̇ =
n∑
i=1

sTi ûi +
n∑
i=1

ṽTi [ûi + βisgn(si)− q̈0] +
n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi

+ V̇3

=

n∑
i=1

˙̃qTi [ûi + βisgn(si)− q̈0]−
n∑
i=1

sTi [βisgn(si)− q̈0] +

n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi

+ V̇3, (2.37)

where we have used ṽi = ˙̃qi − si to obtain the second equality. Substituting (2.30) and (2.35) to

(3.13) and by doing some mathematics manipulation, we can get

V̇ =−
n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi
−

n∑
i=1

n∑
j=0

αijaij(t) ˙̃qTi sgn( ˙̃qi − ˙̃qj)−
n∑
i=1

˙̃qTi q̈0 −
n∑
i=1

βi‖si‖1 +

n∑
i=1

sTi q̈0

+

n∑
i=1

n∑
j=0

˙̃qTi
∂Vij
∂qi

+

n∑
i=1

n∑
j=0

aij(t)(αij−ᾱ) ˙̃qTi sgn( ˙̃qi− ˙̃qj)+

n∑
i=1

(βi−β̄)‖si‖1

=− ᾱ ˙̃qT [DF (t)⊗ Ip]sgn([DT
F (t)⊗ Ip] ˙̃q)− ᾱ ˙̃qT [Λ(t)⊗ Ip]sgn([Λ(t)⊗ Ip] ˙̃q)− ˙̃qT (1n ⊗ q̈0)

− β̄‖s‖1 + sT (1n ⊗ q̈0)

=− ᾱ‖[DT
F (t)⊗ Ip] ˙̃q‖1 − ᾱ‖[Λ(t)⊗ Ip] ˙̃q‖1 − ˙̃qT (1n ⊗ q̈0)− β̄‖s‖1 + sT (1n ⊗ q̈0)
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≤− ᾱ‖[DT
F (t)⊗ Ip] ˙̃q‖ − ᾱ‖[Λ(t)⊗ Ip] ˙̃q‖+ ‖1n ⊗ q̈0‖ · ‖ ˙̃q‖ − β̄‖s‖+ ‖1n ⊗ q̈0‖ · ‖s‖,

(2.38)

where q̃ and s are, respectively, column stack vectors of q̃i and si, i = 1, . . . , n, and we have used

the Cauchy-Swartz inequality to obtain the inequality. Since ‖1n ⊗ q̈0‖ ≤ σl, we will have

V̇ ≤− ᾱ‖

[DT
F (t)⊗ Ip]

[Λ(t)⊗ Ip]

 ˙̃q‖+ σl‖ ˙̃q‖ − β̄‖s‖+ σl‖s‖

=− ᾱ

√√√√√√√ ˙̃qT
[
[DF (t)⊗ Ip] [Λ(t)⊗ Ip]

][DT
F (t)⊗ Ip]

[Λ(t)⊗ Ip]

 ˙̃q + σl‖ ˙̃q‖ − (β̄ − σl)‖s‖

=− ᾱ
√

˙̃qT [H(t)⊗ Ip] ˙̃q + σl‖ ˙̃q‖ − (β̄ − σl)‖s‖

≤ − ᾱ
√
λmin[H(t)]‖ ˙̃q‖+ σl‖ ˙̃q‖ − (β̄ − σl)‖s‖

where we have used the equationDF (t)DT
F (t)+Λ2(t) = LF (t)+Λ(t) = H(t) to obtain the second

equality and have used the fact that H(t) is positive semi-definite to obtain the last inequality. Note

that at the initial time t = 0, the leader has directed paths to all followers. We can get from Lemma

4 that H(0) is symmetric positive definite and thus λmin[H(0)] > 0. Since at time t = 0 the

parameters ᾱ and β̄ satisfy ᾱ > σl√
λmin[H(0)]

and β̄ > σl, we will have at time t = 0 that,

V̇ (t) ≤ −(ᾱ
√
λmin[H(0)]− σl)‖ ˙̃q‖ ≤ 0.

Similar to the proof of Theorem 10, suppose that there exists t1 > 0 such that, H(t) = H(0) for

t ∈ [0, t1) and H(t1) 6= H(0). Therefore, we can get that

V̇ (t) ≤ −(ᾱ
√
λmin[H(0)]− σl)‖ ˙̃q‖ ≤ 0, t ∈ [0, t1),

which implies that for t ∈ [0, t1), Vij ∈ L∞ for all pairs of qi(t) and qj(t). By using the same

analyses as the proof of Theorem 10, it is concluded that ∀t ∈ [ti, ti+1), H(0) ≤ Hi(t) and
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λmin[H(0)] ≤ λmin[Hi(t)]. Thus, it is concluded that ᾱ > σ1√
λmin[H(0)]

≥ σ1√
λmin[Hi(t)]

and V̇ (t) ≤

0 for all t ≥ 0. Again by using the same analyses as the proof of Theorem 10, it is proved that

˙̃qi ∈ L∞
⋂
L1 and ¨̃qi ∈ L∞. Hence from Barbalat’s lemma, we conclude that ‖q̇i − q̇0‖ → 0

asymptotically.

Remark 16 In the fully distributed algorithm (2.29)-(2.32) adaptive gain schemes are introduced.

This algorithm guarantees that the leader-follower flocking is achieved, where the leader has a

varying velocity in the presence of unknown parameters and there is no requirement of any global

information. Therefore, despite the hard restrictions due to uncertainty in followers’ dynamics and

the existence of a moving leader with a varying velocity, the fully distributed control input (2.29)-

(2.32) solves the flocking problem.

Remark 17 In [5], the distributed flocking problem with a moving leader has been solved for multi-

agent systems with single- or double-integrators. Here in the proposed algorithm (2.29)-(2.32),

we address the problem for networked nonlinear Lagrange systems with parametric uncertainties,

which is more challenging. The algorithms in [5] cannot deal with nonlinear Lagrange dynamics

and account for fully distributed gain design. Besides, the algorithms in [5] rely on both one-

hop and two-hop neighbors’ information, while only one-hop neighbors’ information is required in

(2.29)-(2.32). In [47] a distributed coordinated tracking problem is studied for Lagrange systems

with parametric uncertainties. However, the algorithms in [47] cannot deal with the nonlinear flock-

ing behavior or account for fully distributed gain design and still requires the two-hop neighbors’

information.
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2.2 Simulation

In this section, numerical simulation results are given to illustrate the effectiveness of the

theoretical results obtained in Section 2.1. We consider the formation flying of four spacecraft,

where the formation control is based on the relative translation with respect to a virtual point or

chief spacecraft following a circular reference orbit [1]. The relative dynamics of the ith spacecraft

is considered in a chief-fixed, LVLH rotating frame, which can be written as

miẍi − 2min0ẏi −min
2
0xi +

miµe(r0 + xi)

r3i
− miµe

r20
= uix,

miÿi + 2min0ẋi −min
2
0yi +

miµeyi
r3i

= uiy,

miz̈i +
miµezi
r3i

= uiy,

where mi is the unknown but constant mass of the ith spacecraft, µe is the gravitational con-

stant of Earth, r0 is the radius of the chief, n0 =
√
µe/r30 is the angular velocity of the refer-

ence orbit, qi
4
= [xi, yi, zi]

T is the position of the ith spacecraft in the LVLH frame, and ui
4
=

[uix, uiy, uiz]
T is the control input. Let Mi = miI3, Ci = mi


0 −2n0 0

2n0 0 0

0 0 0

, gi =

mi


−n20xi + µe(r0+xi)

r3i
− µe

r20

−n20yi + µeyi
r3i

µezi
r3i

, then the relative translation dynamics can be written in the form

of (1.1), with the unknown parameter θi = mi.

In the simulations, we let mi = 30 + 5i kg, r0 = 7000 km, and R = 200 m. The initial

positions of the leader and the four spacecraft are, respectively, q0(0) = [−80, 200, 0]Tm, q1(0) =

[−80, 90, 0]Tm, q2(0) = [100, 90, 0]Tm, q3(0) = [100,−100, 0]Tm, and q4(0) = [−80,−100, 0]Tm.
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The initial velocities are assumed to be zero. The unique minimums of Vij are assumed to be 80 m.

Following [5], when ‖qi(0) − qj(0)‖ ≥ 200, the potential functions are defined whose partial

derivatives satisfy

∂Vij
∂qi

=



0, ‖qi − qj‖ > 200;

(qi−qj) cos(0.1π(‖qi−qj‖−80))
250‖qi−qj‖ , 80 < ‖qi − qj‖ ≤ 200;

(qi−qj)(‖qi−qj‖−80)
250‖qi−qj‖2 , ‖qi − qj‖ ≤ 80.

When ‖qi(0)− qj(0)‖ < 200, the potential functions are defined whose partial derivatives satisfy

∂Vij
∂qi

=


(qi−qj)(‖qi−qj‖−80)

25‖qi−qj‖(‖qi−qj‖−200)2 , 80 < ‖qi − qj‖ ≤ 200;

(qi−qj)(‖qi−qj‖−80)
250‖qi−qj‖2 , ‖qi − qj‖ ≤ 80.

In the first case, we simulate the case where the leader has a constant velocity under the control

algorithm (2.3)-(2.6). The constant velocity of the leader is assumed to be q̇0 = [0.1, 0.1, 0.2]T .

The initial values for the estimates of the leader’s velocity are all zero. The control parameter is

chosen as γ = 0.04 and Γi = 5I3, i = 1, . . . , 4. Fig. 2.2 shows the trajectories of the leader and the

followers. Clearly, all followers move cohesively with the leader without colliding with each other.

Fig. 2.3 shows the velocity of the followers and the leader. It can be seen that the velocities of the

followers converge to that of the leader and all agents move with the same velocity. There are two

new edges added to the graph and no edge is lost.

In the second case, we simulate the case where the leader has a varying velocity under

the control algorithm (2.16)-(2.19). The initial states of the followers are chosen as above and the

leader’s velocity is chosen as q̇0(t) = [0.1 sin(2π60 t), 0.1 cos(2π60 t), 0.2]T . The initial position of

the leader is chosen as q0(0) = [−80, 200, 0]T . The control parameters are chosen as α = 0.04,

and Γi = 5I3, i = 1, . . . , 4. We use tanh(1000·) to replace the function sgn(·). Fig. 2.4 shows
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the trajectories of the followers and the leader. The agents maintain the initial connectivity while

avoiding collisions. Fig. 2.5 shows that each follower eventually moves with the same velocity as

the leader. Similarly, there are two new edges added to the graph and no edge is lost.

In the third case, we simulate the case where the leader has a varying velocity under the

fully distributed control algorithm (2.29)-(2.34). Here the initial states and the leader’s trajectory

are chosen as the second case. The control parameter is chosen as Γi = 5I3, γ1ij = γ2i = 0.003,

i = 1, . . . , 4, where agent j is the neighbor of agent i. Fig. 2.8 shows the trajectories while Fig. 2.9

shows the velocities of the followers and the leader. It can be seen that the leader-following flocking

is achieved and there is no edge added or lost.
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Figure 2.2: The trajectories of the followers and the leader in the first case. The leader is represented

as a square while the followers are represented as circles. An edge between two followers denotes

that the two are neighbors, and an arrow from the leader to a follower denotes that the leader is a

neighbor of the follower.
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Figure 2.3: The velocity errors between the followers and the leader using (2.3)-(2.6).
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Figure 2.4: The trajectories of the followers and the leader in the second case.
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Figure 2.5: The velocity errors between the followers and the leader using (2.16)-(2.19).
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Figure 2.6: The trajectories of the followers and the leader in the second case
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Figure 2.7: The velocities of the followers and the leader in the second case
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Figure 2.8: The trajectories of the followers and the leader in the third case.
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Figure 2.9: The velocity errors between the followers and the leader using (2.29)-(2.34).
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Chapter 3

Distributed Average Tracking for

Physical Second-Order Linear and

Nonlinear Systems

In this chapter, we study the distributed average tracking of physical double-integrator

agents. We propose distributed algorithms with reduced requirement on velocity measurements to

drive the agents to track the average of these input signals. Two tracking algorithms are introduced,

where each algorithm has its own advantages.

48



3.1 Distributed Average Tracking for Double-Integrator Multi-Agent

Systems with Reduced Requirement on Velocity Measurements

3.1.1 Problem statement

Here we consider n physical agents described by double-integrator dynamics

ẋi(t) = vi(t), v̇i(t) = ui(t), i = 1, . . . , n, (3.1)

where xi(t) ∈ Rp and vi(t) ∈ Rp are, respectively, agent i’s position and velocity, and ui(t) is its

control input. Let x(t) = [xT1 (t), . . . , xTn (t)]T and v(t) = [vT1 (t), . . . , vTn (t)]T .

Assumption 18 The undirected graph G is connected.

Lemma 19 [67] Under Assumption 18, the Laplacian matrix L has a simple zero eigenvalue such

that 0 = λ1(L) < λ2(L) ≤ . . . ≤ λn(L), where λi(·) denotes the ith eigenvalue. Furthermore, for

any vector y ∈ Rn satisfying 1Tny = 0, λ2(L)yT y ≤ yTLy ≤ λn(L)yT y.

Suppose that each agent has a time-varying input signal ri(t) ∈ Rp, i = 1, . . . , n, satisfying

ṙi(t) = vri (t), v̇ri (t) = ari (t), (3.2)

where vri (t) ∈ Rp and ari (t) ∈ Rp are, respectively, ith agent’s input velocity and input acceleration.

Here, we assume that the input signals are generated internally by the agents and each agent has ac-

cess to its own input signal, input velocity, and input acceleration. Define x(t) = [xT1 , . . . , x
T
n ]T ,

v(t) = [vT1 , . . . , v
T
n ]T , r(t) = [rT1 , . . . , r

T
n ]T , vr(t) = [vr1

T , . . . , vrn
T ]T , and ar(t) = [ar1

T , . . . , arn
T ]T .

We study the distributed average tracking problem for the double-integrator agents. The

goal is to design ui(t) for agent i, i = 1, . . . , n, to track the average of the input signals and input
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velocities, i.e.,

lim
t→∞
‖xi(t)−

1

n

n∑
j=1

rj(t)‖2 =0p,

lim
t→∞
‖vi(t)−

1

n

n∑
j=1

vrj (t)‖2 =0p, (3.3)

where each agent has access to its own input information and has only local interaction with its

neighbors. We are interested in controller design with reduced requirement on velocity measure-

ments. First, we consider the scenario that each agent has communication capabilities but without

the need for either absolute or relative velocity measurements. The agents achieve distributed av-

erage tracking for a wide class of input signals with bounded deviations among the input signals,

among the input velocities, and among the input accelerations in the absence of velocity measure-

ments and correct position and velocity initialization. Second, we consider the scenario that each

agent has sensing but not necessarily communication capabilities without the need for relative ve-

locity measurements. The agents achieve distributed average tracking in the absence of relative

velocity measurements and correct position and velocity initialization.

3.1.2 Velocity Free Distributed Average Tracking in the Absence of Correct Initial-

ization

In this subsection, we consider the case where the agents can communicate with each

other. To remove the requirement on velocity measurements, we introduce the following filter for

agent i

ψ̇i(t) = κ
(
xi(t)− ri(t)

)
− 2κ

(
ωi(t) + vri (t)

)
+ α

∑
j∈Ni

[xi(t)− xj(t)]− α2
∑
j∈Ni

[ωi(t)− ωj(t)]

− γ
∑
j∈Ni

sgn[ωi(t)− ωj(t)]− ari (t), (3.4)
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ωi(t) = ψi(t)− κ
(
xi(t)− ri(t)

)
− α

∑
j∈Ni

[xi(t)− xj(t)], (3.5)

where ψi ∈ Rp is an auxiliary filter variable, ωi ∈ Rp is the filter output, and κ, α, and γ ∈ R+ are

control gains to be designed.

We propose the following distributed control law for agent i

ui(t) = −κ
(
xi(t)− ri(t)

)
+ κ
(
ωi(t) + vri (t)

)
− αβ

∑
j∈Ni

[xi(t)− xj(t)] + α2
∑
j∈Ni

[ωi(t)− ωj(t)]

+ γ
∑
j∈Ni

sgn[ωi(t)− ωj(t)] + ari (t), (3.6)

where β ∈ R+ is another control gain to be designed. For notational simplicity, we will remove the

index t from variables in the reminder of the paper. Here, xi − ri and
∑
j∈Ni

(xi − xj) are filtered

through the first-order filter (3.5). The the relative filter output ωi − ωj with respect to neighbors is

employed to substitute the absolute and relative velocity measurements, vi and
∑
j∈Ni

(vi − vj). The

term
∑
j∈Ni

(xi−xj) is employed in (3.6) to drive the agents’ positions to consensus. The terms xi−ri,

ωi+v
r
i , and ari in (3.6) are used to guarantee that

n∑
j=1

xj →
n∑
j=1

rj and
n∑
j=1

vj →
n∑
j=1

vrj in the absence

of correct position and velocity initialization. The term
∑
j∈Ni

sgn(ωi − ωj) is employed in (3.6) to

determine how much effort and in which direction agent i should adopt to guarantee consensus in

the presence of ri, vri , and ari . The terms in (3.4) are designed accordingly to carry out the proof

as shown later. To implement (3.4)-(3.6), each agent needs the relative position with respect to

its neighbors, its own and neighbors’ filter outputs as well as its own input signal, input velocity,

and input acceleration. There is no need for either absolute or relative velocity measurements.

Because each agent needs its neighbors’ filter outputs, which cannot be measured by the agent

itself, communication is necessary between neighbors.
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Assumption 20 The deviations among input signals, among input velocities, and among input ac-

celerations are bounded, i.e., supt∈[0,∞)‖ri(t) − rj(t)‖2 ≤ r̄d, supt∈[0,∞)‖vri (t) − vrj (t)‖2 ≤ v̄rd,

supt∈[0,∞)‖ari (t)− arj(t)‖2 ≤ ārd, i, j = 1, . . . , n, where r̄d, v̄rd, ārd ∈ R+.

Theorem 21 Using the control law given by (3.4)-(3.6) for system (3.1), distributed average track-

ing is achieved asymptotically, provided that Assumptions 18 and 20 hold and the gains κ, β, α,

and γ are chosen such that κ > 0, β > 1, α > 1
λ2(L)

+ max{λ
2
max(L)
λ22(L)

, 3λmax(L)−1
λ2(L)

, 1
12κλ2(L)

}, and

γ > n(n− 1)(κr̄d + κv̄rd + ārd), where λ2(L) and λn(L) are defined in Lemma 19.

Proof : The proof contains two steps. First, we prove for each agent xi → 1
n

∑n
j=1 xj and vi →

1
n

∑n
j=1 vj . Then by proving that

∑n
j=1 xj →

∑n
j=1 rj and

∑n
j=1 vj →

∑n
j=1 v

r
j , it can be

concluded that xi → 1
n

∑n
j=1 rj and vi → 1

n

∑n
j=1 v

r
j , i = 1, . . . , n, and hence distributed average

tracking is achieved.

Now, we prove the first step. Using the control law (3.6) for (3.1), we can get

ẋi = vi,

v̇i = −κ
(
xi − ri

)
+ κ
(
ωi + vri

)
− αβ

∑
j∈Ni

[xi − xj ] + α2
∑
j∈Ni

[ωi − ωj ] + γ
∑
j∈Ni

sgn[ωi − ωj ]

+ ari . (3.7)

Due to the existence of the signum function in the algorithm, the closed-loop dynamics is discon-

tinuous. Thus, the solutions should be investigated in terms of differential inclusions by using non-

smooth analysis [21, 26]. Since the signum function is measurable and locally essentially bounded,

it follows from Lemma 3 that the Filippov solutions for the closed-loop dynamics (3.7) always exist

and are absolutely continuous.
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Define ξx = [M ⊗ Ip]x, ξv = [M ⊗ Ip]v, ξω = [M ⊗ Ip]ω and ξ =

[
ξTx ξTv ξTω

]T
, where

M = In − 1
n1n1

T
n and ω = [ωT1 , . . . , ω

T
n ]T . It follows from (3.4), (3.5) and (3.7) that

ξ̇ ∈a.e. K[f ](ξ) (3.8)

where a.e. stands for “almost everywhere”, f =

[
fTx fTv fTω

]T
and

fx(ξ) =ξv,

fv(ξ) =− κξx + κ(M ⊗ Ip)r + κξω + κ(M ⊗ Ip)vr − αβ(L⊗ Ip)ξx + α2(L⊗ Ip)ξω

+ γ(D ⊗ Ip)sgn [(DT ⊗ Ip)ξω] + (M ⊗ Ip)ar,

fω(ξ) =κξx − κ(M ⊗ Ip)r − 2κξω − κ(M ⊗ Ip)vr + α(L⊗ Ip)ξx − α2(L⊗ Ip)ξω

− γ(D ⊗ Ip)sgn[(DT ⊗ Ip)ξω]− (M ⊗ Ip)ar − κξv − α(L⊗ Ip)ξv,

where we have used M ×M = M , L×M = L and D ×M = D to obtain fx(·), fv(·) and fω(·).

Consider the function V = 1
2ξ
T


µ[L⊗ Ip] + κInp Inp Inp

Inp Inp Inp

Inp Inp βInp

 ξ, where µ ∈ R+.

Since ξTx 1np = 0, using Lemma 19, we have V ≥ 1
2ξ
T (


µλ2(L) + κ 1 1

1 1 1

1 1 β

 ⊗ Inp)ξ. It can be

proved that if µ > 1
λ2(L)

, κ > 0, and β > 1, then

µλ2(L) + κ 1

1 1

 − 1
β

1

1

[1 1

]
> 0. Thus,

using Shur complement, it is concluded that V is positive definite. Since V is a continuous function,

its set-valued Lie derivative, ˙̃V , along (3.8) is given as

˙̃V = K
[
µξTx (L⊗ Ip)ξTv − κξTx ξω − αβξTx (L⊗ Ip)ξx + αξTx (L⊗ Ip)ξx + ξTv ξv − κξTv ξω
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− αβξTv (L⊗ Ip)ξx − κξTv ξv − αξTv (L⊗ Ip)ξv + ξTω ξ
T
v − κξTω ξx + κξTω (M ⊗ Ip)r + κξTω ξω

+ κξTω (M ⊗ Ip)vr + α2ξTω (L⊗ Ip)ξω + γξTω (D ⊗ Ip)sgn
[
(DT ⊗ Ip)ξω

]
+ ξTω (M ⊗ Ip)ar

+ βκξTω ξx − βκξTω (M ⊗ Ip)r − 2βκξTω ξω − βκξTω (M ⊗ Ip)vr − α2βξTω (L⊗ Ip)ξω

− βγξTω (D ⊗ Ip)sgn
[
(DT ⊗ Ip)ξω

]
− βξTω (M ⊗ Ip)ar − βκξTω ξv − αβξTω (L⊗ Ip)ξv

]
=
{
µξTx (L⊗ Ip)ξTv − κξTx ξω − αβξTx (L⊗ Ip)ξx + αξTx (L⊗ Ip)ξx + ξTv ξv − κξTv ξω

− αβξTv (L⊗ Ip)ξx − κξTv ξv − αξTv (L⊗ Ip)ξv + ξTω ξ
T
v − κξTω ξx + κξTω (M ⊗ Ip)r + κξTω ξω

+ κξTω (M ⊗ Ip)vr + α2ξTω (L⊗ Ip)ξω + γξTω (D ⊗ Ip)sgn
[
(DT ⊗ Ip)ξω

]
+ ξTω (M ⊗ Ip)ar

+ βκξTω ξx − βκξTω (M ⊗ Ip)r − 2βκξTω ξω − βκξTω (M ⊗ Ip)vr − α2βξTω (L⊗ Ip)ξω

− βγξTω (D ⊗ Ip)sgn
[
(DT ⊗ Ip)ξω

]
− βξTω (M ⊗ Ip)ar − βκξTω ξv − αβξTω (L⊗ Ip)ξv

}
,

(3.9)

where (M⊗Ip)ξx = (M2⊗Ip)x = (M⊗Ip)x = ξx and using the same analysis (M⊗Ip)ξv = ξv

and (M ⊗ Ip)ξω = ξω. Also we have used the fact that K
[
ξTω (D ⊗ Ip)sgn

[
(DT ⊗ Ip)ξω

]]
=

K
[
‖(DT ⊗ Ip)ξω‖1

]]
=
{
‖(DT ⊗ Ip)ξω‖1

}
, since ‖(DT ⊗ Ip)ξω‖1 is continuous during the

whole time. We can analyze the term ξTω (M ⊗ Ip)(κr + κvr + ar) as

ξTω (M ⊗ Ip)(κr + κvr + ar) = ξTω (M2 ⊗ Ip)(κr + κvr + ar)

≤ ‖(M ⊗ Ip)ξω‖2‖(M ⊗ Ip)(κr + κvr + ar)‖2

≤ (κr̄d + κv̄rd + ārd)
n∑
i=1

n∑
j=1,j 6=i

‖ξωi − ξωj‖2

≤ (κr̄d + κv̄rd + ārd)

n∑
i=1

max
i
{

n∑
j=1,j 6=i

‖ξωi − ξωj‖2}

≤ n(κr̄d + κv̄rd + ārd) max
i
{

n∑
j=1,j 6=i

‖ξωi − ξωj‖2}
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≤ n(n− 1)

2
(κr̄d + κv̄rd + ārd)

n∑
i=1

∑
j∈Ni

‖ξωi − ξωj‖2

≤ n(n− 1)

2
(κr̄d + κv̄rd + ārd)

n∑
i=1

∑
j∈Ni

‖ξωi − ξωj‖1, (3.10)

where we have used Assumption 20 and ‖ · ‖2 ≤ ‖ · ‖1 to obtain the second and the last inequalities,

respectively. Let µ = αβ. Therefore, α > 1
λ2(L)

and β > 1 ensures that µ > 1
λ2(L)

. Note that ˙̃V is

a singleton and the function V is continuously differentiable.

Combining (3.9) and (3.10), it follows from V̇ ∈ ˙̃V , where V̇ denotes the derivative of V ,

that

V̇ ≤κ(β − 2)ξTx ξω − α(β − 1)λ2(L)ξTx ξx +
(

1− κ− αλ2(L)
)
ξTv ξ

T
v + ξTv

(
(1− κ− κβ)Inp

− αβ(L⊗ Ip)
)
ξω +

n(n− 1)(β − 1)(κr̄d + κv̄rd + ārd)

2

n∑
i=1

∑
j∈Ni

‖ξωi − ξωj‖1

+
(
κ− 2κβ + α2(1− β)λ2(L)

)
ξTω ξω − γ(β − 1)

n∑
i=1

∑
j∈Ni

ξTωisgn(ξωi − ξωj)

=κ(β − 2)ξTx ξω − α(β − 1)λ2(L)ξTx ξx +
(

1− κ− αλ2(L)
)
ξTv ξ

T
v + ξTv

(
(1− κ− κβ)Inp

− αβ(L⊗ Ip)
)
ξω +

n(n− 1)(β − 1)(κr̄d + κv̄rd + ārd)

2

n∑
i=1

∑
j∈Ni

‖ξωi − ξωj‖1

+
(
κ− 2κβ + α2(1− β)λ2(L)

)
ξTω ξω −

γ(β − 1)

2

n∑
i=1

∑
j∈Ni

(ξωi − ξωj)T sgn(ξωi − ξωj),

where we have used ξTω (D⊗Ip)sgn[(DT⊗Ip)ξω] =
∑n

i=1

∑
j∈Ni ξ

T
ωisgn(ξωi−ξωj) and Lemma 19

to obtain the first inequality. The gain β should satisfy the inequality β > 1; however, to make the

proof easier, here we choose β = 2 without loss of generality. Thus, if γ > n(n−1)(κr̄d+κv̄
r
d+ā

r
d),

we will have

V̇ ≤ξTQξ, (3.11)

whereQ , [Qij ], i, j = 1, . . . , 3,Qij ∈ Rnp×np,Q11 = −αλ2(L)Inp,Q22 = [1−κ−αλ2(L)]Inp,
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Q23 = Q32 = 1−3κ
2 Inp−α[L⊗ Ip], Q33 = −[3κ+α2λ2(L)]Inp and Q12 = Q13 = Q21 = Q31 =

0np. Therefore, if α satisfies the condition α > 1
λ2(L)

+ max{λ
2
max(L)
λ22(L)

, 3λmax(L)−1
λ2(L)

, 1
12κλ2(L)

}, it

can be seen that V̇ is negative definite. Using Theorem 3.1 in [68], it is concluded that ξ = 03np

is globally asymptotically stable, which means xi → 1
n

∑n
j=1 xj , vi →

1
n

∑n
j=1 vj , and ωi →

1
n

∑n
j=1 ωj , i = 1, . . . , n.

Now, it is proved that
n∑
j=1

xj →
n∑
j=1

rj and
n∑
j=1

vj →
n∑
j=1

vrj . Define the variables Sx =

n∑
j=1

(xj − rj), Sv =
n∑
j=1

(vj − vrj ), and Sω =
n∑
j=1

(ωj + vrj ), we can get from (3.4), (3.5), and (3.7)

that

Ṡ =
(


0 1 0

−κ 0 κ

κ −κ −2κ

⊗ Ip
)
S = (A⊗ Ip

)
S,

where S = [STx , S
T
v , S

T
ω ]T . If κ > 0, the matrix A is Hurwitz. Therefore, lim

t→∞
S = 0p,

which means lim
t→∞

n∑
j=1

xj =
n∑
j=1

rj and lim
t→∞

n∑
j=1

vj =
n∑
j=1

vrj . Combining the two parts shows

that xi → 1
n

∑n
j=1 rj and vi → 1

n

∑n
j=1 v

r
j asymptotically. Therefore, distributed average tracking

is achieved asymptotically.

Remark 22 Compared with [14], using the algorithm defined by (3.4)-(3.6), the requirement for

both absolute and relative velocity measurements is removed, which could lower the cost of the

system and save space by completely removing the velocity sensors. In addition, the algorithm

in [14] relies on correct initialization. While, the introduced algorithm (3.4)-(3.6) is robust to

initialization errors.

Assumption 23 The deviations among the input accelerations are bounded, i.e., supt∈[0,∞)‖ari (t)−

arj(t)‖2 ≤ ārd, i, j = 1, . . . , n, where ārd ∈ R+.
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Assumption 24
∑n

j=1 xj(0) =
∑n

i=1 rj(0) and
∑n

j=1 vj(0) =
∑n

j=1 v
r
j (0).1

Corollary 25 Suppose that each agent’s position and velocity are initialized such that Assumption

24 holds 2. If the filter dynamics (3.4)-(3.5) and the control input (3.6) are modified as

ψ̇i = α
∑
j∈Ni

[xi − xj ]− α2
∑
j∈Ni

[ωi − ωj ]− γ
∑
j∈Ni

sgn[ωi − ωj ]− ari ,

ωi = ψi − α
∑
j∈Ni

[xi − xj ],

ui = −αβ
∑
j∈Ni

[xi − xj ] + α2
∑
j∈Ni

[ωi − ωj ] + γ
∑
j∈Ni

sgn[ωi − ωj ] + ari , (3.12)

the distributed average tracking can be achieved for a larger group of input signals that satisfy

Assumption 23 provided Assumption 18 holds and the gains α, γ and β are chosen such that β > 1,

α > max{1, 1
λ2(L)

+ β2λ2max(L)+1
4λ22(L)(β−1)

}, and γ > n2(n − 1)ārd, where λ2(L) and λn(L) are defined in

Lemma 19. Proof: Similar to the proof of Theorem 21, the proof contains two steps. In the first step,

the Lypanov function is replaced with V = 1
2ξ
T


µ[L⊗ Ip] Inp Inp

Inp Inp Inp

Inp Inp βInp

 ξ, where µ > 1
λ2(L)

.

In the second step, by using the control law (3.12) for (3.1), the derivative of
∑n

j=1 xj and∑n
j=1 vj can be calculated as

∑n
j=1 ẋj =

∑n
j=1 vj and

∑n
j=1 v̇j =

∑n
j=1 a

r
j , where we have used

the fact that the graph G is undirected. Therefore, it can be proved that
∑n

j=1 xj =
∑n

j=1 rj and∑n
j=1 vj =

∑n
j=1 v

r
j provided Assumption 24 holds. Distributed average tracking can be concluded

by combining the two parts.

Remark 26 Here, the discontinuous signum function, which switches instantaneously at 0, is used

to compensate for input signals, input velocities and input accelerations for each agent so that the
1A special choice is xj(0) = rj(0) and vj(0) = vrj (0), j = 1, . . . , n.
2For example, each agent first achieves its own initial input signal and input velocity before the mission starts.
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agents can reach consensus. However, by employing the signum function in the control law, there

might be chattering in each agent’s states in practice. To reduce the effects of chattering caused

by the discontinuous control actions, many analytical design methods have been proposed. The

boundary layer approach is one of the most cited approaches among the existing methods [23, 79],

which approximates the switching function by a continuous (or smooth) function such as z
‖z‖2+εe−φt

,

sat(xε ) or tanh(xε ), where z ∈ Rn, ε and φ ∈ R+. In our simulation, we have used the function

h(z) = z
‖z‖2+εe−φt

as a smooth approximation of the signum function. The size of the boundary

layer, εe−φt is time-varying and as t → ∞ the continuous function h(z) approaches the signum

function. In the following corollary, it is proved that by replacing the signum function with the

continuous function h(·) the distributed average tracking can still be achieved with zero error.

Corollary 27 With sgn(·) in (3.4)-(3.6) replaced with h(·) defined in Remark 26, by employing

(3.4)-(3.6) for system (3.1), distributed average tracking is achieved asymptotically, provided that

Assumptions 18 and 20 hold and the gains κ, β, α, and γ are chosen as in Theorem 21.

Proof: If the signum function is replaced with the function h(·), the Lie derivative of

the Lyapunove function is replaced with it derivative and the proof steps before equation (3.9) for

Theorem 21 remain unchanged. However, since then we will have

V̇ ≤κ(β − 2)ξTx ξω − α(β − 1)λ2(L)ξTx ξx +
(

1− κ− αλ2(L)
)
ξTv ξ

T
v + ξTv

(
(1− κ− κβ)Inp

− αβ(L⊗ Ip)
)
ξω +

n(n− 1)(β − 1)(κr̄d + κv̄rd + ārd)

2

n∑
i=1

∑
j∈Ni

‖ξωi − ξωj‖2

+
(
κ− 2κβ + α2(1− β)λ2(L)

)
ξTω ξω − γ(β − 1)

n∑
i=1

∑
j∈Ni

ξTωih(ξωi − ξωj)

=κ(β − 2)ξTx ξω − α(β − 1)λ2(L)ξTx ξx +
(

1− κ− αλ2(L)
)
ξTv ξ

T
v + ξTv

(
(1− κ− κβ)Inp

− αβ(L⊗ Ip)
)
ξω +

n(n− 1)(β − 1)(κr̄d + κv̄rd + ārd)

2

n∑
i=1

∑
j∈Ni

‖ξωi − ξωj‖2
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+
(
κ− 2κβ + α2(1− β)λ2(L)

)
ξTω ξω −

γ(β − 1)

2

n∑
i=1

∑
j∈Ni

(ξωi − ξωj)Th(ξωi − ξωj),

(3.13)

where we have used the property that h(p − q) = −h(q − p). By replacing the definition of the

function h(·) in (3.13) and doing some mathematical manipulation, we can get that

V̇ ≤ξTQξ +
n(n− 1)(β − 1)(κr̄d + κv̄rd + ārd)

2

n∑
i=1

∑
j∈Ni

εe−φt
‖ξωi − ξωj‖2

‖ξωi − ξωj‖2 + εe−φt

≤ξTQξ +
n(n− 1)(β − 1)(κr̄d + κv̄rd + ārd)

2

n∑
i=1

∑
j∈Ni

εe−φt,

where Q is defined in the proof of Theorem 21. Define Q′ = −Q and λM as the maximum eigen-

value of the matrix 1
2


µ[L⊗ Ip] + κInp Inp Inp

Inp Inp Inp

Inp Inp βInp

. Therefore, V ≤ λMξ
T ξ. Since Q is a

negative definite matrix, it is concluded that ξTQξ = −ξTQ′ξ ≤ −λmin(Q′)ξT ξ ≤ −λmin(Q
′)

λM
V .

Thus, by knowing that e−φt → 0 as t → ∞, Lemma 2.19 in [59] implies that the closed-loop

dynamics (8) is exponentially stable. The rest of the proof is the same as Theorem 21.

3.1.3 Distributed Average Tracking in the Absence of Relative Velocity Information

and Communication

In the previous section, the proposed algorithm solves the distributed average tracking

problem in the presence of communication without velocity measurements. In this section, we deal

with the distributed average tracking problem without communication in the absence of the relative

velocity information and correct initialization constraint.

Assumption 28 Each input signal, its velocity and acceleration are bounded, i.e., supt∈[0,∞)‖ri(t)‖2 ≤

r̄, supt∈[0,∞)‖vri (t)‖2 ≤ v̄r and supt∈[0,∞)‖ari (t))‖2 ≤ ār, i = 1, . . . , n, where r̄, v̄r, ār ∈ R+.
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We introduce the following filter for agent i

ψ̇i = α
∑
j∈Ni

(xi − xj)− α2ωi − κri − κvri − ari − γsgn(ωi), (3.14)

ωi = ψi − α
∑
j∈Ni

(xi − xj), (3.15)

where ψi ∈ Rp is an auxiliary filter variable, ωi ∈ Rp is the filter output, and κ, α, γ ∈ R+ are

control gains.

We propose the following control input for agent i

ui = −κ(xi − ri)− κ(vi − vri )− αβ
∑
j∈Ni

(xi − xj) + α2ωi + γsgn(ωi) + ari , (3.16)

where β ∈ R+ is another control gain to be designed. In (3.16), the terms κ(xi − ri), κ(vi − vri )

and ari are used to drive the two errors
n∑
j=1

(xj − rj) and
n∑
j=1

(vj − vrj ) to zero because the correct

initialization condition does not hold. The term sgn(ωi) is employed to guarantee consensus in

the presence of ri, vri and ari in each agent’s closed-loop dynamics. To implement (3.14)-(3.16),

each agent needs its own position, velocity, and relative position between itself and neighbors, and

its own input signal, input velocity and input acceleration. There is no need for relative velocity

measurements between neighbors. Note that here the relative positions are the only information

related to neighbors, which can be obtained by using only local sensing, and hence communication

between neighbors is not necessary. The following theorem presents sufficient conditions to solve

distributed average tracking without neighbors’ velocity and communication.

Theorem 29 Distributed average tracking is achieved for system (3.1) using (3.14)-(3.16) asymp-

totically, under Assumptions 18 and 28 and provided that the gains κ, β, α, and γ are chosen such

that κ > 0, β >
√
n, γ > 1+β

β−
√
n

(κr̄+κv̄r+ār), α > 1
λ2(L)

+max{ β2λ2max(L)
4(β−1)λ2(L) ,

βλmax(L)(κ−1)
2κ , 2k2

λ2(L)
},

where λ2(L) and λn(L) are defined in Lemma 19.
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Proof : Similar to Section 3.1.2, the proof contains two steps. In the first step, it is proved that

xi → 1
n

∑n
j=1 xj , vi →

1
n

∑n
j=1 vj , and ωi → 0 asymptotically. Again due to the existence of the

signum function in the algorithm, the closed-loop dynamics is discontinuous. Thus, the solutions

should be investigated in terms of differential inclusions by using nonsmooth analysis Define ξx, ξv,

M , and ω as in the proof of Theorem 21. Let ξ′ =
[
ξTx ξTv ωT

]T
and f ′ =

[
f ′x
T f ′v

T f ′ω
T

]T
.

By rewriting the dynamics (3.1) using (3.16) in vector form, it follows from (3.14) and (3.15) that

ξ̇′ ∈ K[f ′](ξ′) (3.17)

where

f ′x =ξv,

f ′v =− κξx + κ(M ⊗ Ip)r − κξv + κ(M ⊗ Ip)vr − αβ[L⊗ Ip]ξx + α2(M ⊗ Ip)ω

+ γ(M ⊗ Ip)sgn(ω) + (M ⊗ Ip)ar,

f ′ω =α[L⊗ Ip]ξx − α2ω − κr − κvr − ar − γsgn(ω)− α[L⊗ Ip]ξv.

Consider the following function

V =
1

2
ξ′
T


µ[L⊗ Ip] + 2κInp Inp Inp

Inp Inp Inp

Inp Inp βInp

 ξ
′,

where µ ∈ R+. Using the same analysis as in Section 3.1.2, if µ > 1
λ2(L)

, κ > 0, and β > 1, the

function V is positive definite. Since V is a continuous function, its set-valued Lie derivative along

(3.17) is given as

˙̃V =K
[
µξTx [L⊗ Ip]ξv − κξTx ξx − αβξTx [L⊗ Ip]ξx + αξTx [L⊗ Ip]ξx + ξTv ξv − κξTv ξv
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− αβξTv [L⊗ Ip]ξx − αξTv [L⊗ Ip]ξv + ωT ξv − κωT ξx + κωT (M ⊗ Ip)r − κωT ξv

+ κωT (M ⊗ Ip)vr + α2ωT (M ⊗ Ip)ω + γωT (M ⊗ Ip)sgn(ω) + ωT (M ⊗ Ip)ar − α2βωTω

− βκωT r − βκωT vr − βωTar − βγωT sgn(ω)− αβωT [L⊗ Ip]ξv
]

=
{
µξTx [L⊗ Ip]ξv − κξTx ξx − αβξTx [L⊗ Ip]ξx + αξTx [L⊗ Ip]ξx + ξTv ξv − κξTv ξv − αβξTv [L⊗ Ip]ξx

− αξTv [L⊗ Ip]ξv + ωT ξv − κωT ξx + κωT (M ⊗ Ip)r − κωT ξv + κωT (M ⊗ Ip)vr

+ α2ωT (M ⊗ Ip)ω + γωT (M ⊗ Ip)sgn(ω) + ωT (M ⊗ Ip)ar − α2βωTω − βκωT r

− βκωT vr − βωTar − βγωT sgn(ω)− αβωT [L⊗ Ip]ξv
}
, (3.18)

where, we used the fact that K
[
ωT sgn

(
ω
)]

= K
[
‖ω‖1

]
=
{
‖ω‖1

}
. Here,

κωT (M ⊗ Ip)r + κωT (M ⊗ Ip)vr + ωT (M ⊗ Ip)ar + γωT (M ⊗ Ip)sgn(ω)− βκωT r − βκωT vr

− βωTar − βγωT sgn(ω)

=ωT
[
(M − βIn)⊗ Ip

][
κr + κvr + ar + γsgn(ω)

]
≤[(1 + β)(κr̄ + κv̄r + ar) + γ

√
n] · ‖ω‖2 − βγ‖ω‖1

≤[(1 + β)(κr̄ + κv̄r + ar) + γ
√
n] · ‖ω‖1 − βγ‖ω‖1. (3.19)

Combining (3.18) and (3.19), if β >
√
n, γ > 1+β

β−
√
n

(κr̄ + κv̄r + ār) and µ = αβ, it follows from

V̇ ∈ ˙̃V that

V̇ ≤− κξTx ξx − α(β − 1)λ2(L)ξTx ξx + ξTv ξv − κξTv ξv − αλ2(L)ξTv ξv + ωT ξv − κωT ξx − κωT ξv

+ α2ωT (M ⊗ Ip)ω − α2βωTω − αβωT [L⊗ Ip]ξv

=

[
ξTx ξTv ωT

]
P


ξx

ξv

ω

 , (3.20)

62



where P , [Pij ], i, j = 1, . . . , 3, Pij ∈ Rnp×np, P11 = −[κ + α(β − 1)λ2(L)]Inp, P22 =

[1−κ−αλ2(L)]Inp, P12 = P21 = 0np P13 = P31 = −1
2κInp, P23 = P32 = 1

2 [(1−κ)Inp−αβL],

and P33 = −α2(β − 1)Inp and we have used the fact that M < In and Lemma 19 to obtain the

inequality. If the control gains κ, α, and β satisfy the constraints mentioned in Theorem 29, the

matrix P and thus V̇ are negative definite. Similar to the proof of Theorem 21, by using Theorem

3.1 in [68], it is concluded that


ξx

ξv

ω

 = 03np is globally asymptotically stable, which implies that

xi − 1
n

∑n
j=1 xj → 0, vi − 1

n

∑n
j=1 vj → 0 and ωi → 0 as t→∞.

In the second step, we prove that
∑n

j=1 xj →
∑n

j=1 rj and
∑n

j=1 vj →
∑n

j=1 v
r
j asymp-

totically. Define Sx, and Sv as in the proof of Theorem 21. Then, we can get from (3.2) and (3.16)

that

Ṡx =Sv,

Ṡv =− κSx − κSv + α2
n∑
i=1

ωi + γ

n∑
i=1

sgn(ωi). (3.21)

We then use input-to-state stability to analyze the system (3.21) by treating the term α2
∑n

i=1 ωi +

γ
∑n

i=1 sgn(ωi) as the input and Sx and Sv as the states. If κ > 0, the matrix

 0p Ip

−κIp −κIp

 is

Hurwitz. The system (3.21) with zero input is exponentially stable and hence input-to-state stable.

Since ωi → 0 as t → ∞ for each agent, it follows that Sx → 0 and Sv → 0, which implies that∑n
j=1 xj →

∑n
j=1 rj and

∑n
j=1 vj →

∑n
j=1 v

r
j , respectively. Employing the result of first step,

it is concluded that xi → 1
n

∑n
j=1 rj and vi → 1

n

∑n
j=1 v

r
j and the distributed average tracking is

achieved.
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Remark 30 Using the algorithm defined by (3.14)-(3.16), there is no need for relative velocity

measurements, communication and correct initialization. Therefore, the algorithm (3.14)-(3.16)

can rely on only local sensing that lowers the cost of the system by removing the communication

devices and the system is robust to initialization errors.

Remark 31 Both algorithms in Sections 3.1.2 and 3.1.3 have their unique features and advantages

while with trade-offs. Depending on the application scenarios, one might be more appropriate than

the other. The advantages of the algorithm (3.4)-(3.6) are that it can deal with more general input

signals, and both absolute and relative velocity measurements are removed. However, the trade-

off of the algorithm is that it necessitates communication between neighbors. Here, if the agents’

positions and velocities satisfy an initialization condition, the algorithm was modified to deal with a

even larger group of input signals. It should be noted that, this assumption is not very restrictive for

some applications. In fact, the setup of the distributed average tracking problem is that each agent

knows its own input signal and input velocity accurately. Even for the simpler static distributed

averaging problem (computing the average of constant values), each agent still needs to know its

own quantity to be averaged accurately. Otherwise, it is hard to imagine how the problem can even

be solved. Here, correct initialization means that before a mission starts, each agent adjusts its

initial position and velocity to achieve the initial conditions of its input signal and input velocity.

The advantages of the algorithm (3.14)-(3.16) are that the needs for relative velocity measurements

and communication are removed. However, the trade-off of this algorithm is that it still requires

absolute velocity measurements and is limited to bounded input signals with bounded velocities and

accelerations.
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Remark 32 While the lower bounds of the control gains in both algorithms in Sections 3.1.2 and

3.1.3 depend on global information, the bounds are used to show the existence of such control gains.

If the control gains are chosen large enough, the distributed average tracking can be achieved by

both algorithms. Despite the dependence of the lower bounds on some global information, the

gains themselves are constant and can be determined off-line before a mission starts. Hence both

algorithms are implementable. One conservative approach is to select large enough gains based on

the worst case scenario of the graphs (e.g., considering the finite number of all possible connected

graphs and checking the eigenvalues of the Laplacian matrices in all cases). Also to obtain a better

estimate of the lower bounds of the gains, it is possible to run an average consensus algorithm

to estimate n and a max consensus algorithm to figure out the largest bounds of ri, vri and ari ,

respectively.

Corollary 33 With sgn(·) in (3.14)-(3.16) replaced with h(·) defined in Remark 26, by employing

(3.14)-(3.16) for system (3.1), distributed average tracking is achieved asymptotically, provided that

Assumptions 18 and 28 hold and the gains κ, β, α, and γ are chosen as in Theorem 29. Proof: The

proof is very similar to Corollary 27 and is omitted here.

Remark 34 The introduced algorithm in Section 3.1.3 is still valid for the case of a strongly con-

nected weight balanced directed graph. However, in order for the introduced algorithm in Section

3.1.2 to be valid for a strongly connected weight balanced directed graph, the term
∑

j∈Ni sgn[ωi−

ωj ] in (3.4)-(3.6) should be replaced with sgn[
∑

j∈Ni(ωi − ωj)]. In the proof, L can be replaced

with the symmetric matrix L + LT as xTLx = 1
2x

T (L + LT )x. Since the graph G is strongly

connected weight balanced, L + LT is positive semidefinite with a simple zero eigenvalue. Note

that applying the introduced algorithms for directed graphs, we need to redefine λ2 as the smallest
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nonzero eigenvalue of L+ LT .

3.1.4 Simulation

In this section, simulation results are given to illustrate the effectiveness of the theoretical

results obtained in Sections 3.1.2 and 3.1.3. Assume that there are ten agents (n = 10), where the

network topology is an undirected ring. In the first case, the input acceleration for agent i is given

by 0.1× [i sin(5t) + mod(t, 2), i cos(5t) + mod(t, 2)]T , and the initial position and velocity of the

agents are chosen as x(0) = [0.1× b,−0.15× b]T and v(0) = [0.15× b, 0.1× b]T , ri(0) = [0.2×

b,−0.4×b]T and vri (0) = [0.2× i, 0.3× i]T , i = 1, . . . , 10, where b = [−4,−3,−2,−1, 0, 1, 2, 3, 4, 5]T .

Denote the jth component of xi as xij . Similar notations are used for vi, ri, and vri . The control

parameters for all agents are chosen as κ = 1, β = 2, α = 10, and γ = 5. We simulate the

algorithm defined by (3.4)-(3.6). Fig. 3.1 shows the positions of the agents and the average of the

input signals. Fig. 3.2 shows the velocities of the agents and the average of the input velocities.

Clearly, all agents’ positions and velocities track, respectively, the average of the input signals and

input velocities in the absence of velocity measurements.
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Figure 3.1: The positions of 10 agents and the average of the input signals, where the states are

initialized correctly. The initial average of input signals is represented as a dot while the initial

positions of the agents are represented as squares.
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Figure 3.2: The velocities of 10 agents and the average of input velocities, where the agents’ velocity

are initialized correctly.

In the second case, we simulate distributed average tracking when the agents’ positions

and velocities are not initialized correctly. The input acceleration for each agent is described by

0.1i× [sin(t), cos(t)]T . We simulate the algorithm defined by (3.14)-(3.16). The initial values are

set the same as previous algorithm and the control parameters are chosen for all agents as κ = 2,

α = 80, γ = 1 and β = 10. Fig. 3.3 and Fig. 3.4 show that the distributed average tracking is

achieved for both agents’ positions and velocities in the absence of neighbors’ velocity information

and accurate initialization.
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Figure 3.3: The positions of 10 agents and the average of input signals in the absence of correct

initialization. The initial average of input signals is represented as a dot while the initial positions

of the agents are represented as squares.
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Figure 3.4: The velocities of 10 agents and the average of input velocities in the absence of correct

initialization.

3.2 Distributed Average Tracking of Physical Second-order Agents

Without Constraint on Input Signals

In this subsection, I study distributed average tracking of physical second-order agents

with linear and heterogeneous nonlinear dynamics, where there is no constraint on input signals.
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3.2.1 Problem Statement

Consider a multi-agent system consisting of n physical agents described by the following

heterogeneous nonlinear second-order dynamics

ẋi(t) =vi(t),

v̇i(t) =fi(xi(t), vi(t), t) + ui(t), i = 1, . . . , n, (3.22)

where xi(t) ∈ Rp, vi(t) ∈ Rp and ui(t) ∈ Rp are ith agent’s position, velocity and control input,

respectively and fi : Rp×Rp×R+ → Rp is a vector-valued nonlinear function which will be defined

later. As it was mentioned, there are applications, where the physical agents should track the average

of a group of time varying signals. While, the physical agents and time varying signals might be

described by more complicated dynamics rather than the single- or double-integrator dynamics.

Here, we investigate the distributed average tracking for a more general group of agents and input

signals.

Lemma 35 For any vector x ∈ Rn, we have

xTLDW sgn(DTx) ≥λ2(L)xTDW sgn(DTx), (3.23)

where W is a positive definite diagonal matrix.

Proof : If DTx = 0n, the equality holds. However, if DTx 6= 0n, then we replace L by

DDT in (3.23). Thus, we will have

xTLDW sgn(DTx) = xTDDTDW sgn(DTx) = (DTx)TDTDW sgn(DTx).

Note that both DTD and DDT have the same set of nonzero eigenvalues s = {λ2, . . . , λn} [85].

Suppose that S is the space spanned by the eigenvectors belong to the nonzero eigenvalues ofDTD.
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If DTx ∈ S, there is a λi(DTD) ∈ s such that (DTx)TDTD = λi(D
TD)(DTx)T . Thus, we get

that

(DTx)TDTDW sgn(DTx) =λi(D
TD)(DTx)TW sgn(DTx)

≥λ2(DTD)(DTx)TW sgn(DTx)

=λ2(D
TD)xTDW sgn(DTx).

If DTx /∈ S, it follows that DTx belongs to the null space of DTD. Based on Lemma 3 in [13],

the null space of the incidence matrix D coincides with null space of DTD. Thus, D(DTx) = 0n

which means Lx = 0n. It follows that x belongs to the space spanned by vector 1n and hence

DTx = 0n. This contradicts with DTx 6= 0n and hence DTx ∈ S.

3.2.2 Distributed Average Tracking for Physical Heterogeneous Nonlinear Second-

order Agents

In this subsection, I study the distributed average tracking problem for a group of hetero-

geneous nonlinear second-order agents, where the nonlinear term fi(·, ·, t) satisfies the Lipschitz-

like condition and there is no constraint on the input signal.

Assumption 36 The vector-valued function fi(·, ·, t) is continuous in t and satisfies the following

Lipschitz-like condition ∀t ≥ 0
‖fi(x, v, t)− fi(y, z, t)‖1 ≤ ρ1‖x− y‖1 + ρ2‖v − z‖1 + ρ3,

‖fi(0p,0p, t)‖1 ≤ ρ4,

where x, v, y, z ∈ Rp, and ρ1, ρ2, ρ3, ρ4 ∈ R+.

Remark 37 Note that Assumption 36 is more general than the Lipschitz-type condition, satisfied by

many well-known systems such as the pendulum system with a control torque, car-like robots, the
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Chua’s circuit, the Lorenz system, and the Chen system [46]. In fact, the term fi(·, ·, t) is general

enough to represent both the nonlinear dynamics and possible bounded disturbances.

It should be noted that the nonlinear term fi(·, ·, t) is unknown and the input acceleration is ar-

bitrary and can be unbounded. Therefore, a novel filter is introduced with state-dependent time

varying gains to estimate the average of the input signals and input velocities in the presence of

these challenges. Consider the following local filter for agent i

pi =zi + ri,

z̈i =− κ
(
pi − ri

)
− κ
(
qi − vri

)
− β

n∑
j=1

aij(ψi + ψj)sgn
[
(pi + qi)− (pj + qj)

]
, (3.24)

where pi, qi ∈ Rp are the filter outputs, qi = ṗi, zi ∈ Rp is an auxiliary filter variable, ψi =

‖ri‖1 + ‖vri ‖1 + ‖ari ‖1 + γ, and β, γ ∈ R+ will be designed later.

The control input ui is designed as

ui =− η(‖xi‖1 + ‖vi‖1 + ‖ari ‖1 + γ)
{
x̃i + ṽi + sgn(x̃i + ṽi)

}
+ z̈i, (3.25)

where x̃i = xi−pi, ṽi = vi−qi, and ηi is a varying gain with ηi(0) ≥ 0. Let ψ′i = ‖xi‖1 +‖vi‖1 +

‖ari ‖1 + γ. It should be noted that under Assumption 36, the unknown term fi(·, ·, t) might be

unbounded. Further, the input acceleration ari is arbitrary and hence might be unbounded. Thus, the

state-dependent time varying gains ψi and ψ′i are employed in the filter’s dynamics and the control

input to overcome these unboundedness challenges.

Theorem 38 Under the control algorithm given by (3.24)-(3.25) for system (3.22), the distributed

average tracking goal (3.3) is achieved asymptotically, provided that Assumptions 18 and 36 hold

and the control gains β > κ, κ > max
{

1, λ
2
max(L)
2λ22(L)

}
, γ > ρ3 + ρ4, η > max{1, ρ1, ρ2} i =

1, . . . , n.
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Proof : The proof contains two steps. First, it is proved that lim
t→∞

pi = 1
n

n∑
j=1

rj and lim
t→∞

qi =

1
n

n∑
j=1

vrj .

Using qi = ṗi, the local filter’s dynamics (3.24) can be rewritten as

ṗi =qi,

q̇i =− κ
(
pi − ri

)
− κ
(
qi − vri

)
− β

n∑
j=1

aij(ψi + ψj)sgn
[
(pi + qi)− (pj + qj)

]
+ ari , (3.26)

Due to the existence of the signum function in the algorithm, the closed-loop dynamics is discon-

tinuous. Thus, the solutions should be investigated in terms of differential inclusions by using non-

smooth analysis [21, 26]. Since the signum function is measurable and locally essentially bounded,

the Filippov solutions for the closed-loop dynamics (3.26) always exist and is absolutely contin-

uous, Lemma 3. Let r(t) = [rT1 , . . . , r
T
n ]T , vr(t) = [vr1

T , . . . , vrn
T ]T , ar(t) = [ar1

T , . . . , arn
T ]T ,

p = [pT1 , . . . , p
T
n ]T , q = [qT1 , . . . , q

T
n ]T , p̃i = pi −

n∑
j=1

pj and q̃i = qi −
n∑
j=1

qj . Defining

M = In − 1
n1Tn1n, we get that  ˙̃p

˙̃q

 ∈a.e. K[f ](p̃, q̃) (3.27)

where a.e. stands for “almost everywhere”, p̃ = (M ⊗ Ip)p, q̃ = (M ⊗ Ip)q and f =

[
fTp fTq

]T
and

fp̃ =q̃,

fq̃ =− κp̃+ κ(M ⊗ Ip)r − κq̃ + κ(M ⊗ Ip)vr − β(DW ⊗ Ip)sgn[(DT ⊗ Ip)(p̃+ q̃)]

+ (M ⊗ Ip)ar,

where W is a diagonal matrix and MD = D. The kth diagonal element of matrix W describes the

kth edge that is between node i and node j and it equals to (ψi + ψj).
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Consider the following Lyapunov function candidate

V1 =
1

2

[
p̃T q̃T

] (
L⊗

2κIp Ip

Ip Ip

)
p̃
q̃

 . (3.28)

Since (1n ⊗ Ip)T p̃ = 0np and (1n ⊗ Ip)T q̃ = 0np, by using Lemma 19, we will have

V1 ≥
1

2

[
p̃T q̃T

]2κλ2(L)Inp L⊗ Inp

L⊗ Inp λ2(L)Inp


p̃
q̃

 .

It can be proved that if κ > λ2max(L)
2λ22(L)

, then

2κλ2(L)Inp L⊗ Inp

L⊗ Inp λ2(L)Inp

 is positive definite and

hence V1 is positive definite. Since V1 is a continuous function, its set-valued Lie derivative along

(3.27) is given as

˙̃V1 =K
[
2κp̃T (L⊗ Ip)q̃ + q̃T (L⊗ Ip)q̃ − κp̃T (L⊗ Ip)p̃+ κp̃T (L⊗ Ip)r − κp̃T (L⊗ Ip)q̃

+ κp̃T (L⊗ Ip)vr − βp̃T (LDW ⊗ Ip)sgn[(DT ⊗ Ip)(p̃+ q̃)] + p̃T (L⊗ Ip)ar

− κq̃T (L⊗ Ip)p̃+ κq̃T (L⊗ Ip)r − κq̃T (L⊗ Ip)q̃ + κq̃T (L⊗ Ip)vr

− βq̃T (LDW ⊗ Ip)sgn[(DT ⊗ Ip)(p̃+ q̃)] + q̃T (L⊗ Ip)ar
]

=− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ − β(p̃T + q̃T )(LDW ⊗ Ip)K
[
sgn[(DT ⊗ Ip)(p̃+ q̃)]

]
+ (p̃T + q̃T )(L⊗ Ip)(κr + κvr + ar). (3.29)

If (DT ⊗ Ip)(p̃+ q̃) = 0mp, then (L⊗ Ip)(p̃+ q̃) = 0np. Therefore, it is concluded that −β(p̃T +

q̃T )(LDW ⊗ Ip)K
[
sgn[(DT ⊗ Ip)(p̃+ q̃)]

]
= 0. If (DT ⊗ Ip)(p̃+ q̃) 6= 0mp, then K

[
sgn[(DT ⊗

Ip)(p̃+ q̃)]
]

=
{

sgn[(DT ⊗ Ip)(p̃+ q̃)]
}

. Thus, in both cases the set-valued Lie derivative of V1 is

a singleton and the function V1 is continuously differentiable. By using Lemma 35, it follows from
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V̇1 ∈ ˙̃V1, where V̇1 denotes the derivative of V1, that

V̇1 ≤− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ − βλ2(L)(p̃T + q̃T )(DW ⊗ Ip)sgn[(DT ⊗ Ip)(p̃+ q̃)]

+ (p̃T + q̃T )(L⊗ Ip)(κr + κvr + ar)

=− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃

− β
n∑
i=1

n∑
j=1

aij(ψi + ψj)
[
(p̃i + q̃i)− (p̃j + q̃j)

]T
sgn
[
(p̃i + q̃i)− (p̃j + q̃j)

]
+ (p̃T + q̃T )(L⊗ Ip)(κr + κvr + ar)

=− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ − β
n∑
i=1

n∑
j=1

aij(ψi + ψj)
∥∥∥(p̃i + q̃i)− (p̃j + q̃j)

∥∥∥
1

+
n∑
i=1

[ n∑
j=1

aij

{
(p̃i + q̃i)− (p̃j + q̃j)

}]T
(κri + κvri + ari ),

where we have used pi + qi− pj − qj = p̃i + q̃i− p̃j − q̃j to obtain the second equality and we have

used (3.23) to obtain the inequality. By using the triangular inequality, we can get that

V̇1 ≤− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃ − β
n∑
i=1

n∑
j=1

aij(ψi + ψj)
∥∥∥(p̃i + q̃i)− (p̃j + q̃j)

∥∥∥
1

+

n∑
i=1

n∑
j=1

aij

∥∥∥(p̃i + q̃i)− (p̃j + q̃j)
∥∥∥
1

(
κ‖ri‖1 + κ‖vri ‖1 + ‖ari ‖1

)
=− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃

+

n∑
i=1

(κ‖ri‖1 + κ‖vri ‖1 + ‖ari ‖1 − βψi)
n∑
j=1

aij

∥∥∥(p̃i + q̃i)− (p̃j + q̃j)
∥∥∥
1

− β
n∑
i=1

n∑
j=1

aijψj

∥∥∥(p̃i + q̃i)− (p̃j + q̃j)
∥∥∥
1
.

Since ψi = ‖ri‖1 + ‖vri ‖1 + ‖ari ‖1 + γ and β > κ > 1, we will have

V̇1 ≤− κp̃T (L⊗ Ip)p̃− (κ− 1)q̃T (L⊗ Ip)q̃

≤− κλ2(L)p̃T p̃− (κ− 1)λ2(L)q̃T q̃ < 0, (3.30)
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where we have used κ > 1 and Lemma 19 and the fact that (1n ⊗ Ip)T p̃ = 0np and (1n ⊗ Ip)T q̃ =

0np to obtain the second inequality. Integrating both sides of (3.30) , we can obtain p̃, q̃ ∈ L2.

Therefore, by using Theorem 4.10 in [41], it is concluded that

p̃
q̃

 = 02np is globally exponentially

stable which means lim
t→∞

pi = 1
n

n∑
j=1

pj and lim
t→∞

qi = 1
n

n∑
j=1

qj for i = 1, . . . , n.

Now, it is proved that
n∑
j=1

pj →
n∑
j=1

rj and
n∑
j=1

qj →
n∑
j=1

vrj . Define the variables Sp =

n∑
j=1

(xj − rj) and Sq =
n∑
j=1

(vj − vrj ), we can get from (3.26) that

Ṡp
Ṡq

 =
( 0 1

−κ −κ

⊗ Ip)
Sp
Sq

 = (A⊗ Ip
)Sp
Sq

 .

If κ > 0, the matrix A is Hurwitz. Therefore, lim
t→∞

Sp
Sq

 = 0p, which means lim
t→∞

n∑
j=1

pj =
n∑
j=1

rj

and lim
t→∞

n∑
j=1

qj =
n∑
j=1

vrj . Combining the two parts shows that pi → 1
n

∑n
j=1 rj and qi → 1

n

∑n
j=1 v

r
j

asymptotically.

Second, it is proved that by using the control law (3.25) for (3.22), lim
t→∞

xi = pi and

lim
t→∞

vi = qi in parallel and hence it can be concluded that lim
t→∞

xi = 1
n

n∑
j=1

rj and lim
t→∞

vi =

1
n

n∑
j=1

vrj . Define x̃ = [x̃T1 , . . . , x̃
T
n ]T , ṽ = [ṽT1 , . . . , ṽ

T
n ]T , and f(x, v, t) = [fT1 (x1, v1, t), . . . , f

T
n (xn, vn, t)]

T .

Using the control law (3.25) for (3.22), we get the closed-loop dynamics in vector form as

˙̃x =ṽ, (3.31)

˙̃v =f(x, v, t)− η(x̃+ ṽ)− η(ψ′ ⊗ Ip)sgn(x̃+ ṽ)− ar, (3.32)
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where ψ′ , diag(ψ′1, . . . , ψ
′
n). Consider the Lyapunov function candidate

V2 =
1

2

[
x̃T ṽT

] (2η 1

1 1

⊗ Inp)
x̃
ṽ

 . (3.33)

It is easy to see that V2 is positive definite. By taking the set-valued Lie derivative of V2, ˙̃V2, along

the Filippov set-valued map of (3.31), we will have

˙̃V2 =K
[
2ηx̃T ṽ + ṽT ṽ + x̃T f(x, v, t)− ηx̃T (x̃+ ṽ)− ηx̃T (ψ′ ⊗ Ip)sgn(x̃+ ṽ)− x̃Tar

+ ṽT f(x, v, t)− ηṽT (x̃+ ṽ)− ηṽT (ψ′ ⊗ Ip)sgn(x̃+ ṽ)− ṽTar
]

=
{
− ηx̃T x̃− (η − 1)ṽT ṽ + (x̃T + ṽT )f(x, v, t)− η(x̃T + ṽT )(ψ′ ⊗ Ip)sgn(x̃+ ṽ)

− (x̃T + ṽT )ar
}
,

where we have used the fact thatK
[
(x̃T + ṽT )(ψ′⊗Ip)sgn(x̃+ ṽ)

]
= K

[ n∑
i=1

ψ′i(x̃i+ ṽi)
T sgn(x̃i+

ṽi)
]

= K
[ n∑
i=1

ψ′i‖x̃i + ṽi‖1
]

=
{ n∑
i=1

ψ′i‖x̃i + ṽi‖1
}

. Note that the set-valued Lie derivative of V2

is a singleton and the function V2 is continuously differentiable. It follows from V̇2 ∈ ˙̃V2, where V̇2

denotes the derivative of V2 , that

V̇2 =− ηx̃T x̃− (η − 1)ṽT ṽ +

n∑
i=1

(x̃i + ṽi)
T fi(xi, vi, t)− η

n∑
i=1

ψ′i
∥∥x̃i + ṽi

∥∥
1
−

n∑
i=1

(x̃i + ṽi)
Tari

=− ηx̃T x̃− (η − 1)ṽT ṽ +
n∑
i=1

(x̃i + ṽi)
T (fi(xi, vi, t)− fi(0p,0p, t)) +

n∑
i=1

(x̃i + ṽi)
T fi(0p,0p, t)

− η
n∑
i=1

(‖xi‖1 + ‖vi‖1 + ‖ari ‖1 + γ)
∥∥x̃i + ṽi

∥∥
1
−

n∑
i=1

(x̃i + ṽi)
Tari

≤− ηx̃T x̃− (η − 1)ṽT ṽ

− η
n∑
i=1

(‖xi‖1 + ‖vi‖1 + ‖ari ‖1 + γ)
∥∥x̃i + ṽi

∥∥
1

+
n∑
i=1

(
ρ1‖xi‖1 + ρ2‖vi‖1 + ρ3 + ρ4 + ‖ari ‖1

)∥∥x̃i + ṽi
∥∥
1
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≤− ηx̃T x̃− (η − 1)ṽT ṽ < 0,

where we have used Assumption 36 to obtain first equality and η > max{1, ρ1, ρ2} and γ > ρ3+ρ4

to obtain last inequality. Therefore, by using Theorem 4.10 in [41], it is concluded that

x̃
ṽ

 = 02np

is globally exponentially stable. Thus, by combining the two steps, it is concluded that for agent i,

lim
t→∞

xi = 1
n

n∑
j=1

rj and lim
t→∞

vi = 1
n

n∑
j=1

vrj .

Remark 39 As it can be seen, by using algorithm (3.24)-(3.25), each agent can achieve the dis-

tributed average tracking, where there is no constraint on the input signals and the nonlinear terms

in agents’ dynamics are unknown and heterogeneous. Due to the presence of the unknown term

f(·, ·, t) in the agents’ dynamics, the proposed algorithms for double-integrator agents are not ap-

plicable to achieve the distributed average tracking. For example, by employing the algorithm

in [14] for (3.22), the two equalities
∑n

j=1 xj =
∑n

j=1 rj and
∑n

j=1 vj =
∑n

j=1 v
r
j do not hold

anymore. In fact, the unknown term f(·, ·, t) functions as a disturbance and it will not allow the

average of the positions and velocities to track the input signals and the reference velocities, respec-

tively. This shows the essence of using the local filter (3.24) in our algorithm.

Remark 40 In the proposed algorithm (3.24)-(3.25), correct position and velocity initialization is

not required, where the initialization of physical variables might not be feasible for real applica-

tions.

3.2.3 Distributed Average Tracking for Physical Double-Integrator Agents

In the proposed algorithm in Subsection 3.2.2, the agents are described by heterogeneous

nonlinear second-order dynamics, where the nonlinear term fi(·, ·, t) satisfies a Lipschitz-like con-
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dition. However, in some applications the agents’ dynamics can be linearized as double-integrator

dynamics. Therefore, I modify the proposed algorithm (3.24)-(3.25) for double-integrator systems.

Since the nonlinear term fi(·, ·, t) does not exist in agents’ dynamics, the local filter is not required

here. We can directly design ui to drive the agents’ positions and velocities to track the average of

the input signals and reference velocities, respectively. The control input for agent i, i = 1, . . . , n,

is designed as

ui =− κ(xi − ri)− κ(vi − vri )− β
n∑
j=1

aij(ψi + ψj)sgn
[
(xi + vi)− (xj + vj)

]
+ ari , (3.34)

where ψi is defined in Subsection 3.2.2 and β, κ, γ ∈ R+ will be designed later.

Theorem 41 Under the control input given by (3.34) for system (3.1), the distributed average

tracking goal (3.3) is achieved asymptotically, provided that Assumption 18 holds and β > κ,

κ > max
{

1, λ
2
max(L)
2λ22(L)

}
, γ > ρ3 + ρ4.

Proof : Here the proof contains two steps. First, it is proved that for ith agent, lim
t→∞

xi = 1
n

n∑
j=1

xj

and lim
t→∞

vi = 1
n

n∑
j=1

vj . Using the control input (3.34) for (3.1), we get the closed-loop dynamics as

ẋi =vi,

v̇i =− κ(xi − ri)− κ(vi − vri )− β
n∑
j=1

aij(ψi + ψj)sgn
[
(xi + vi)− (xj + vj)

]
+ ari . (3.35)

Let ex = (M ⊗ Ip)x and ev = (M ⊗ Ip)v, where x, v and M are defined in Subsection 3.2.2. Then,

we can rewrite (3.35) in vector form as

ėx =ev,

ėv =− κex + κ(M ⊗ Ip)r − κev + κ(M ⊗ Ip)vr − β(DW ⊗ Ip)sgn[(DT ⊗ Ip)(ex + ev)]

+ (M ⊗ Ip)ar, (3.36)
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where W is defined in Subsection 3.2.2 and we have used MD = D. Consider the Lyapunov

function candidate

V =
1

2

[
eTx eTv

] (
L⊗

2κIp Ip

Ip Ip

)
ex
ev

 .

Using the same procedure as the first part of proof of Theorem 38, it is concluded that

ex
ev

 = 02np

is globally exponentially stable which means lim
t→∞

xi = 1
n

n∑
j=1

xj and lim
t→∞

vi = 1
n

n∑
j=1

vj for i =

1, . . . , n.

In the second step, we prove that lim
t→∞

n∑
j=1

xj =
n∑
j=1

rj and lim
t→∞

n∑
j=1

vj =
n∑
j=1

vrj asymptot-

ically. Defining the variables Sx =
∑n

i=1(xi − ri) and Sv =
∑n

i=1(vi − vri ), then we can get from

(3.2) and (3.35) that

Ṡx =Sv,

Ṡv =− κSx − κSv. (3.37)

If κ > 0, the system (3.37) is exponentially stable. Therefore, lim
t→∞

Sx
Sv

 = 0p, which means

lim
t→∞

n∑
j=1

xj =
n∑
j=1

rj and lim
t→∞

n∑
j=1

vj =
n∑
j=1

vrj . Combining the two parts shows that xi → 1
n

∑n
j=1 rj

and vi → 1
n

∑n
j=1 v

r
j asymptotically.

Remark 42 The introduced algorithm in [14] can achieve the distributed average tracking pro-

vided that ari is bounded. However, the algorithm (3.34) is more general and solves the problem

regardless of any constraint on ari .

Corollary 43 Suppose that each agent is described by the following heterogeneous double-integrator
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dynamics

ẋi =vi,

miv̇i =ui, 0 ≤ mi ≤ m̄i, i = 1, . . . , n,

where m̄i ∈ R+. Let m̄ = max
i=1,...,n

m̄i. If the input acceleration ari in (3.2) is arbitrary, by employing

the local filter and the control input defined in, respectively, (3.24) and (3.25), where κ > 1 and

γ ∈ R+, the distributed average tracking is achieved.

Proof: The proof is similar to the proof of Theorem 38, where (3.33) is replaced with

V2 =
1

2

n∑
i=1

[
x̃Ti ṽTi

] 2η
mi
Inp Inp

Inp Inp


x̃i
ṽi

 ,
and η > m̄.

3.2.4 Simulation

In this section, numerical simulation results are given to illustrate the effectiveness of the

theoretical results obtained in Subsections 3.2.2. It is assumed that there are five agents (n = 5),

where the network topology is described by Fig. 1.1. The nonlinear term fi(·, ·, t) for each agent is

chosen as [70]

f(x, y, t) =


0

0

−βε sin(ωx1)

+


δ(y2 − y1h(y1))

y1 − y2 + y3

−βy2 − µv3

 ,
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where δ = 10, β = 19.53, µ = 0.1636, ε = 0.2, ω = 0.5 and h(y1) = −0.7831y1 − 0.324(|y1 +

1| − |y1 − 1|). The initial values are set as

x(0) =


0.1b

−0.2b

0.3b

 , v(0) =


0.15b

0.35b

−0.4b

 , r(0) =


0.3b

0.1b

−0.15b

 , vr(0) =


−0.25b

0.45b

0.1b

 ,

where b = [−2;−1; 0.5; 1.5; 2.5]. The control parameters for all agents are chosen as α = 10

and η = 1. We simulate the algorithm defined by (3.24)-(3.25). Fig. 3.5 shows the positions of

the agents and the average of the reference inputs. Clearly, all agents have tracked the average of

the reference inputs in the presence nonlinear term fi(·, ·, t) in their dynamics. Fig. 3.6 shows

the velocities of the agents and the average of the reference velocities. We see that the distributed

average tracking is achieved for the agents’ velocities too.

Figure 3.5: The positions of 5 agents and the average of the reference inputs. The solid lines and

the dashed lines describe, respectively the average of reference inputs and the position of agents.
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Figure 3.6: The velocities of 5 agents and the average of reference inputs. The solid lines and the

dashed lines describe, respectively the average of reference velocities and the velocity of agents.
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Chapter 4

Conclusions

In this work, the following two distributed tracking issues in multi-agent systems were

investigated in detail:

• leader-follower flocking with a moving leader for Lagrange networks,

• distributed average tracking of physical double-integrator systems with linear and nonlinear

dynamics.

To solve the first issue, three novel distributed tracking algorithms were proposed for two cases: i)

the leader moves with a constant velocity, and ii) the leader moves with a varying velocity. In the first

case, a distributed continuous adaptive control algorithm accounting for unknown parameters was

proposed in combination with a distributed continuous estimator for each follower. In the second

case, two distributed discontinuous adaptive control laws and estimators were proposed to track the

varying leader, where only a group of followers have access to the leader. In the first algorithm the

agents used the two-hope neighbors’ information and needed some global information to determine

the control gains. While, in the second algorithm, by introducing gain adaptation laws a fully
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distributed algorithm was introduced for each agent, where only one-hop neighbors’ information

was employed in the algorithm.

In the second part of the dissertation, two groups of distributed average tracking algo-

rithms were introduced for, respectively, second-order linear and nonlinear multi-agent systems.

First, two distributed algorithms (controller design combined with filter design) are introduced to

achieve distributed average tracking with reduced requirement on velocity measurements and in the

absence of correct position and velocity initialization. Second, a distributed algorithm was intro-

duced to achieve distributed average tracking for physical second-order agents with heterogeneous

nonlinear dynamics, where there was no constraint on the input signals. Due to unknown terms

in agents’ dynamics and unbounded input signals, a local filter was introduced for each agent to

estimate the average of the input signals and reference velocities. The novelty of the local filters

was that by employing the time varying state-dependent gains, the agents can track the average of a

group of input signals with no constraint on their dynamics.
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