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Department of Physics 
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and 
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July 9, 1970 

ABSTRACT 

Using exp( -APT2 )(d3p/E) as the momentum distribution 

of secondaries produced in ultrahigh-energy collisions--a 

result predicted by the multiperipheral model, by Feynman's 

parton model, and by Cheng and Wuts consideration of hadrons 

as extended objects with many internal degrees of freedom_-we 

obtain the characteristic features of the angular distribution. 

We discuss the dependence on incident energy, mass of secondaries, 

and the value of A. We find that the c.m. angular distri-

bution in the variable 1) = - .e.n tan( e . /2) has a two-bump cm cm 

structure, ~~ the.lab angular distribu~ion in 1) = - .e.n tan a.e. 

is flat. This difference leads us to a discussion of the trans-

formation between c.m. and lab angular distributions. We find 

that the usual relativistic approximation of the exact trans-

formation leads to incorrect results. Finally, we show that 

these momentum and angular distributions approach limiting 

distributions. 
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In the last two years advances have been made in the development 

of theoretical models of multiparticle production in high-energy collisions. 

The multiperipheral model (MIM) of ABFS~ has been revived and studied in 

the form with elementary pion exchange2 as well as.the form with Reggeized 

meson exchange. 3 Further developments have been made by Feynman 4 with his 

parton model, and by Cheng and Wu5 through the study of Feynman diagrams. 

At the same time, the Michigan-Wisconsin collaboration
6 

has collected 

:::::Boo interactions of cosmic ray hadrons in liquid hydrogen, in the range 

100 to 800 GeV." Among other things, they measured the angular dis­

tribution of the produced secondaries. 7 These new data have offered the 

opportunity to test the predictions made by these models regarding angular 

distributions. In an earlier work
8 

this test was performed. In this paper 

we explore in detail the characteristic features of the angular distri-

but ion predicted by these theoretical models.· 

Rather than be constrained by the specific features of any 

one model, we discuss the general features common to all three models. 

They all predict that the momentum distribution of the secondaries is 

given by9 

(Ia) 

and hence that the double differential momentum distribution is given by 

(lb) 

Here, PL and PT are the longitudinal and transverse momentum 

components of the secondary, m is its mass, and E is its energy. 

Of course, this distribution does not hold for all secondary momenta up 
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to the_ kinematical boundary because of phase sJace effects. The overall 

delta function of energy-momentum conservation modifies ' the distribution 

near the boundary, and, hence, Eq. (1) holds only fOr secondaries 

sufficiently far from it. For example, in the center-of-momentum system 

(see Fig. la) we expect the distribution (1) to-hold inside the region 

2 - 3, with modifications outside. In the laboratory system (see Fig. Ib) 

we expect the distribution (1 ) to hold inside the region 2 '-- ; 3' , with 

modifications outside. [We emphasize that (1) holds only for the 

produced secondaries; the incident particle, which has an elasticity 

~ 0.5, must be handled separately.] 

It is not hard to anticipate the general features of the angular 

distribution predicted by Eq. (1). In the lab system Eq. (1) is valid 

over some range 0« PL «pt ~ s/2, where s is the center-of-mass max 

energy squared. Since the transverse momentum distribution is peaked 

about some small value PTO -, and since in the lab PL» PTO ' the 

lab angle, at' of emission of secondaries relative to the beam direction 

will be predominantly small. This leads us to use the variableT) : 

T) e 

= 

-tn tan at 

PL tn - ~ 
PT 

which stretches the at axis in the region of interest. lO Then, noting 

that in the Jab systan PL ~ E for the secondaries in the range- of validity 

of Eq. (1), we obtain 

= constant • 

Therefore, the T) distribution is flat over the range of T) corresponding 

I.;' 

'" " 
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to the PL from region 2' - 3' of Fig. lb, and drops to zero on either 

side. 

In the center-of-momentum system, Eq. (1) is valid over the 

t I I c sl/2/2 . symme ric region PL'« Pmax ~ , and the peaking of' PT 

now leads 'predominantly to forward-backward emission. Hence we use the 

variable " "cm' 

e 
o t cm. 

" - - "'n an -2 ' "cm -

where 8 is the c.m. angle of emission of secondaries relative to the cm 

beam. The regions PL ~ ± E now give two flat sections in the T)cm 

distribution that are located on either side of T) = 0 cm ( e cm = 90 deg), 

with some other behavior around T) = O. For T) near the kinematical cm cm 

boundary, 'the distribution drops to zero. 

These general features can be seen in detail by deriving a closed 

form for the angular distribution. We begin with the center-of-momentum 

system"and, asa first approximation, we neglect the phase-space 

modifications to Eq. (1). Changing variables to p = (PL2 + PT2 )1/2 

and T) ,we obtain from (lb) cm 

cm 

dN 1 [~x 2 
\ A2 )dP . E exp - p = 2 2 1/2 dT)cm cosh T)cm (p2 cosh

2 
T) + m ) cm 

( 4) 

Integration leads to 

d.N ~ fx x 
[IS.(x) - KO(Xtl - _[-2X(p:X/ml21 } = e , 

dT)cm 
(5 ) 
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1(2/ 2) . where x = 2' m A cosh l1cm' and KG' IS. are modified Hankel functions. 

For large· l1cm (but small enough so that eX » exp[-2x(p~/m)2J), 

K2 dominates Eq. (5) and gives a flat distribution, independent of m. 

When cosh2 11. ~ A(pcm )2 fi.e., when 11 ~ tn:(A1/~ pcm )]., the first 
. . cm max l:. cm max 

and third "tErms cancel and the distribution drops to zero. The width of 

the distribution is therefore ~roportiona1 to tn P:x or to . tn·s. 

cm Figure 2a shows the 11 . distribution for several values of . p , with cm max 

A and m fixed, and Figs. 2b, 2c illustrate the dependence on A and 

m when pcm is fixed. We see that the distribution has a two-, bump max 

structure, with the dip at 11 = 0 proportional to A and m. Finally, 
cm '. 

from Fig. la we know that the correct distribution (with phase-space 

effects included) deviates from Eq. (5) for large /l1cm/ (i.e., for 

large 1PL/); but the deviations occur at the ends of the distribution 

and do not change the shape of the internal portion (see Fig. 1c). 

In the lab system, because Eq. (1) is invariant under a z boost 

(z is the beam direction), the distribution in the lab variable 

'11£ - -.en tan (e/2) is again given byEq. (4): 

.e 

[max .2 
( 2 ~J dN ' 1 -Ap 

;E dp • = 
. h2 (p2 2)1/2 exp 2 

d'l).e cos 11.e +m cosh 
0 

(4') 

However, as previously discussed, the energy-momentum conservation 

5 function now restricts the region of validity of Eq. (1) to some 

positive range (i.e:, 11.e > 0) so that the 11.e distribution is just the 

right-hand portion of the l1cm distribution, stretched by the larger 

P!ax ~ s/2. Here the phase~space effects cause the correct distribution 
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to deviate from Eq. (4') in the regions of small PL and very large PL 

(i.e., for ~£ ~ 0 and large D£). The ~£ distribution is therefore 

a single~dump distribution (see Fig. ld). The ~ = -£n tan Q£ distribution, 

which is related to the ~£ distribution by a Jacobian that effectively 

stretches the ~£ axis, is then also a single-bump distribution (see 

Fig • .3).ll 

The difference between the ~ and ~ distributions (the two-cm 

bump structure of dN/d~ and the single-bump structure ofdN/d~) cm 

shows that a relativistic approximation that has often been used to 

transform angular distributions from lab to c.m. can give misleading 

results. This transformation states that the dN/dT) and dN/dD cm 

distributions are related by a simple translation of the D axis by an 

amount £n /'. This comes about in the following way: The angles e.e 

and e are related by cm 

tan 9.e = 
sin e cm 

where ~ is the velocity of the secondary in the c.m. and ~ 

. [ . 2-l /J 
velocity of the c.m. relative to the lab I'c = (1 - ~c ) • 

is the 

For 

large incident energy ~ ~ 1; if the secondary is also relativistic, 
c 

then ~ ~ 1 and one obtains 

or 
= £n I' + ~ • c cm 

e 
tan ...£!!!. 

2 
(8a) 

However, from our derivations of the correct distributions (Figs. 2a, 3), 



-6- UCRL-19B84 

we know that this transformation cannot be valid. This can be understood 

by examining a c.m. Peyrou plot generated from the distribution (1) 

(see Fig. 4). Note that in. this plot many secondaries populate the 

region near the origin, and hence are nonrelativistic. The relativistic 

transformation (8) cannot hold for them; they must be transformed by the 

exact transformation (7). 

Cosmic-ray physicists experimentally measure the angular 

distribution (lacking momentum analysis) of secondaries in the lab; 

then they often use the transformation (8) to get the "experimental" c.m. 

angular distribution and compare with various theoretical models. As 

we have shown, this relativistic transformation is a poor approximation. 

Therefore, a better approach is to develop theoretical models in the lab 

and compare directly with the measured lab data. If some theoretical 

12 models, such as the two-fireball model, are most naturally formulated 

in the c.m., then one should transform to the lab without using this 

relativistic approximation. One method is to specify the c.m. momentum 

distribution in the model, and transform it exactly into the lab by Eq. (7). 

For example, in Ref. 8, the c .m. momentum distribution was Monte Carloed,and 

the individual secondaries generated were transformed into the lab by 

The possibility of a simple transformation between the lab and 

c .m. is retained by using a variable w, called rapidity, which was 

recently introduced by Feynman: 
4 

-tnt tanh-l ( P~) E - P J w = = ~ 1/2 2 
(PT + m) . 

(9) 

v 

.. . ' 

.J 
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(12) 

Using this 

variable and the distribution (1), we obtain a flat distribution for dN!dw 

in both. the c.m. and. the lab systems that scales with tn s (see Fig. 5). When 

experiments are done with storage rings or at the National Accelerator 

Laboratory, where momentum distributions can be measured, the Feynman 

rapidity variable should replace the usual .en tan e variables. 

Finally, since the distribution (1) is derived for large sand 

is independent of s, it obviously satisfies the hypothesis of limiting 

fragmentation. 13 . This hypothesis states that the momentum distribution 

of secondaries in any definite region of phase space approaches a limiting 

distribution as s -+- co. Furthermore, the momentum distribution (1) 

also leads to a limiting angular distribution; in Fig. 2a we see that the 

distributions, except for end effects, approach the same value. This 

approach to a limit at smaller TJ comes about from the sharp PT cutoff 

of Eq. (1). 
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FIGURE CAPl'IONS 

Fig. 1. Longitudinal 'momentum and angular distributions. Solid lines are 

predictions of Eq. (1) without phase-space corrections; dashed 

Fig. 2. 

lines include phase-space corrections. 

(a) dN 1 in = c .m., 
dPL E 

dN 1 in lab., = 
dPL E 

(c) d..~ 
~, 

cm 

(d) dN 

dTl.e, 

dN 
-d- plot. , Tlcm 

The distribution is symmetric about Tl = O. cm 

(a) cm va;t'ies; A and fixed; Prriax m are 

(b) A varies, cm and are fixed; Pmax m 

(c) varies, cm and A are fixed. m Pmax 

Fig. 3. ~ plot. 

Fig. 4. Peyrou plot in c.m. Lines are level curves of constant density; 

numbers denote densities of particles per unit area along each 

curve. 

Fig. 5. ~ in lab system for two incident energies, with phase-space 

effects included by the method of Ref. 8. '~ in c.m. is related 

'to the lab distribution through Eq. (12) by a translation. 
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