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"ANGULAR DISTRIBUTTONS FROM mJLTf[IPARTICI_E _i?RoDUCTIoN MODELS
| o :Donald E."Lyon,'Jr.,
Department of Ihyéics _
.. University of Michigan .
Ann Arbor, Michigan 48104
| and |
Clifford Risk and Don M. Tow
awrence Radistion Iabdratory
University of California
Berkeley, California 94720
 Juy 9, 1970
" ABSTRACT
Using exp(-ApTE)(dap/E)- as the momentum distribution
éf:secondarieé prdduced in .ultr&highpénefgy collisiong--a
result predicted b& the multiperipheral modei, by‘Feynman's
parton modei, and byVCheng‘and Wufs consideration of hadrons
as extended objects with many internal dégrees of freedom-~-we
obﬁain the characteristic features of the angular distribution.
We discuss the dependence on incident‘energy3 mass of secondaries,
and the value of A.. We find that the c.m. angular distri-
5ution in the variable 1, = - in tan(ecﬁ/2) " has avtwo—bump
structure, vwerés the lab angular distribupioh in = - %h tan 6,
is flat. This differénce leads us to a discussioﬁ of the trﬁns-

formation between c.m. and lab angular distributions. We find

théf the usual relativistic approximaﬁion of the exact trans-

formation leads to incorrect results. Finally, we show that

these momentum and angular distributions approach limiting .

distributions. .
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. In ‘the last two years advances have been made in the development
of theoretical models of multiparticle production in high-energy collisions.
The multiperlpheral model (MIM) of ABFSTl has been revived and studied in

the form with elementary pion exchange as well as the form with Reggelzed

5 Further developments have been mede by Feynmanu with his

parton model, and by Cheng and Wu5 through the study of Feynman diagrams.

meson‘eXchange.

At the same time, the Mich1gan-W1scons1n collaboratlon6 has collected
~800 interactions of cosmic ray hadrons in liquid hydrogen, in the range
100 £o, 800 CeV.. Among other things, they measured the angular dis-
tribution of the produced secondaries.7 These new data have offered the
opportunity to test thevpredictione made by these models regarding angular
distributions. In an earlier Work8 this test wes performed. In fhis paper
we exploré in detail the characteristic features of the angular distri-
bution predicted by these theoretical models..

:Rather than be constrained by the specific features of any

one-model, we discuss the-general features common to all three models.

- They all predict that the momentum distribution of the secondaries is

given by9 o
" 3 g |
’N = e ‘ER s | (1a)

and hence that the double differential momentum distribution is given by

- Ap 2
- _ b e T
aa g = 1/z2 (1)
PrOPp 2 2 2 ,
pL + pT + m

Here, pL"and Pp are the longitudinal and transverse momentum
components of the secondary, m is its mass, and E 1is its energy.

Of course, this distribution does not hold for all secondary momenta up
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to the_kinematical boundary because of phase space effects. The overall

delta function of energy-momentum conservation‘mo&ifies4the distribution

near the boundary, and, hence, Eq. (1) holds.only'for secondaries

sufficiently far from it. For eXample, in the center-of-mbméntum system -

(see Fig. 1la) we expect the distribution (1) to’hqld inside the region

2 - 3, with modifications outside. In the‘labbra#ory system (see Fig. 1b)

we'expectvﬁhe distribution (1) t

o hold inside the region 2'--i3', with

modifications outside. [We emphasize that (1) holds only for the

produced.éecondaries; the incident particle, which has an elasticity

~ 0.5, must be handled separately.]

- . It is not hard to anticipate the generalvfeatures of the angular.

distribution predicted by Eq. (1

{
- over some range 0 << P, << Prax

). In the lab system Eq. (1) is valid

= s/2,'where ,s .is the center-of-mass

energy squared. Since the transverse momentum distribution is peaked

about some small value pTo‘,'and since in'the'labv 193 >> pTO s the

lab angle, 8ys of emission of se

will be predominantly small. Th

1 & -in tan 8

condaries relaﬁiVé‘to the beam direction

is leads us to_uSé,the variable 1 :

(2)

2
P P

= in —;L- ad in '—L— ’y
Pr Pro

‘which stretches the 6, axis in

the region of interest.lo ,Then,:noting

that in-theJab,syStan Py, ~ E for the secondaries in the range- of validity

of Eq. (1), we obtain

aN. ~ oN
on Sl en(p; /ppg )]

Therefore, the 7 distribution

oN_ _
Pr, 55£'~ constant .

is flat over the range of - 71 corresponding

v
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to the Pr from region 2' - 3' of Fig. lb, and drops to zero on either .
side.'_.'

In the center-of-momentum system, Eq. (1) is valid over the

e _ c 1/ | ,
| symmetr;c»region lle. << Prax = 8 /2 , and the peasking of P
? now leads predominantly to forward-backward emission. Hence we use the
varlable em
- . ~em - ,
Tlcm - v &n tan [2) 2 , : (3)

where ’QQQL is the c.ﬁ.vangle of emission of Secqndaries relative to the
beam, _The regions pp '~ = E now give two flAf sections in the ‘ncm
distribution that are located oﬁ either side of n, =0 (ecm_= 90 deg),
with SOﬁe,other behavior around Mo = 0. TFor ncm'vnear the kinematical
boundary, the distribution drops to zero. |

o Thése general features can be seen:invdetail By deriving a closed
form‘fpf‘ﬁhe angﬁlar distribution. We begin with the cenﬁer-of?momentum
system; and, as a first appfoxiﬁation, we heglect.the phase-space
modifications to Eq. (1). Changing variables to p = (pL2 + pTe)l/2

and ncmf’ we obtain from (1b)

cm
Fuax 2 2
an__ _ 1 p exp -Ap dp .
an 2 1/2 2
cm cosh 1 2 cosh™ 1
em  J, (p- +m) cm
/4 (h)
Integration leads to
g .
) AN _ . .
- an _ 1 X [ J cm 2
B B e g0 - 5] - e /m) | ¢

cm. <

(5)
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-where X = L (m?A/cosh? ﬁ .)' and K ' Ki are“modified.HEnkel fﬁnctions."
i 2 , em’” o : - - _
- : . X ' ] ! cm 2 .
For large ' 1, (but small enough so.that ¢ > exp[-2x(p /m)‘l),
K, dominates Eq. (5) and gives a flat distribution, independent of m.

2 cm 2 [‘ ‘ A 1/2 cm
] ~~ .8, =~ &n
When-_eosp nc, Alp ) i.e., when _nc n(A Prax

)]-,vthe first v
and thini1nrms cancel and'the distribution drops'to‘zero. The width of.
the Qisﬁfibution is ﬁherefore proportionalrto .&n p;:i er to ’&hlé. |
Figure 2e'ehows the 'néﬁ. distributioh for seyeral_valuesAof' p;:k, with
A and ‘m 'fiked; and Figs. 2b, 2c illustrate'ﬁhe dependence on eA and
m. ﬁheni:p;:x is-fixed. We see that the distribution has a twerbemp
structure, with the dip at 0, = O proportional to A and m. Finally,
from Fig; la we knew that the correcf distfibution (With phase~-space |
effects included) deViatesvfroﬁ Eq. (5) for large 'ncml ‘(i.e., fof ’
large Tle); but. the deviations occur at the ends of the distribﬁﬁion
and do,neﬁ change the shape of the internal portion (see Fig. lc)f

'-:In the lab system, because Eq. (1) is‘ihﬁariant under a z boost
(z is the beam direction), the distribution in-fhe lab variable

ﬁz = -fn tan (6£/2) " is again given bvaq..(k):

. P .
max 2
an | 1 P -Ap

= d .
an, p

- ‘ : exp -
CQsh? Ny (p2 + m?)l]é ' COSh? U
_ 0

(ur)

However, as previously discussed, the energy-momentum conservation

-

& function now restricts the region of validity of Eq. (1) to some | SV

positive range (i.e., N, > 0) so that the distribution is just the

i)
right-hand portion of the n_ distribution, stretched by the larger
~P£ax = s/2 . Here the phase-space effects cause the cqrrectldistribution‘
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 to deviate from Eq. (4') in the regions'of small p. and very large pr

(i.e., for nz =~ 0 and 1arge nz). The nz distribution is therefore
aASingleedﬁmp distribution (see Fig. 1d). The 1 = -fn tan 6, distribution,
whieh is related to the nz distribution by avJacdbian that effectively

stretches the, n£  axis; is then also a single-bump distribution (see

’ Fig. 3)

The dlfference between the, n and ﬁ ‘distributions (the two-

bump structure of dN/dncm and the single-bump structure of.,dN/dn)

shows thetba relativistic approximation that has often been used to
transform angular distributions from lab to c.m. can give misleading
results.v This transformation states that the dN/dn and dN/dn
dlstributlons are related by a simple translation of the n axis by an
amount ﬂn y . This comes about in the following way: The angles ez
and ©_  are related by

cm

sin ©

tan ez = ;L' cm ’ (7)
c cos @, + BC/B

where B is the velocity of the secondary in the ¢.m. and /B is the
=1/2

veloc1ty of the c.m. relative to the lab [70 = (1 - Bcg) . For

large incident energy Bc =~ 1; if the secondary is also relativistic,

then B =~ 1 and one obtains

tan 6 ) —g—> éL- tan ng (8a)
c c
B 1
or ,
| no=dny, o+ Ny - (8p)

However, from our derivations of the correct distributions (Figs. 2a, 3),
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we know that this transformation éannot bé valid;' Thié cgﬁ be unders£obd
by examinihg a c.m. Eejrou plot generated from the distribution.(l)

v(see Fig. 4). Note that in this plot many secondafies p§puléte the
région #eér the origiﬁ, and hencevare-ndnrelatiViétic. The relativistic
'transformétioh (8) cannot>h61d‘for-thém; they ﬁﬁst‘bé trénsformedvby‘the
exact ffénsformation (7. | | | -
| 100smic-ray physiéists e#perimentally measﬁre the angular

_diétribution (lacking momentum analysis) of éecondaries in the lab;
then théy often use the transformation (8) tovget‘the'"experimental" c.m.
angulat;distribution and compare with various theqreticél models. As
we have-shown, this relativistic transformatioﬁ is a poor appfoximation,'
Therefore; a better-approach ié to develop theoretical models>in the 1ab
and cbmpare directly with the meﬁsured lab data. If somé theofetical
models, such as the two-fireball model,12 are most naturally formulated
in theic.m.; then one should transforﬁ to the laB’withcuﬂ,using this
relativiétic'approximation. One method is to spécify the c.m. momentum
" distribution in the model, and transform it exactly into the 1ab by Eq_.‘ (7).
For example, in Ref. 8, the c.m.‘momentum distribution was Monte Carlced,and
the individual sécohdaries generated were transformed into the lab by |
Eq. (7).

‘The possibility of a simple transformation between the laﬁ and
c.m. is retained by using a variable w, called rapidity, which was

recently introduced by Feynman:h

4/ P E-»p
w =  tanh l(-l;) = - 4n L .
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This variable satisfies

e
wm=-ﬂn<1—r§) " Viap - (12)

c

(In the limit of pT2 >> m?, w reduces to -£n tan g .) Using this
. variable and the distribution (1), we obtain a flat distribution for dN/dw
in both the c.m. and the lab systems that scales with 4n s (see Fig. 5). When

'experiménts are done with stbrage rings or at the Nétional Accelerator

Iaboratcry, wheré mbmentum distributions can be measured, the Feymman
rapidity variable should replace the usual zﬁ tan © wvariables.

| | Finally, since the distribution (1) is derivéd'for large s and
is indepéndent of s, it obviously satisfies thefhypothesis of limiting
fragmeﬁtation.lE' This hypothesis states that the momentum distribution
of.secoﬁdafies in any definite region of phase spacé approachés a iimitiﬁg
distribution as s = . Furthermore, the momentum distribution. (1)
alsofiéads to a limiting angular distribution; in Fig. 2a we see that the
distributions, excépt for end effects; apfroach”the_same value. This
approachlfo a limit at smaller ﬂ» comes aboutvfrom the shéfp P cutoff

of Eq. (1).
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Unéil_how the only_sdurce of angular distributions from ultrahigh-
enérgy'collisibns has been from the interaétions of.cosmic-ray hadrons
With.cbmﬁlex‘nucléi. However, this type of expériment has produced -
on;jra small_number of events suitable for analysis, and ﬁhese vere
oﬁtaihed without a direct measureﬁent of thevincident'energy.

L. Ca‘néschi, D. E. Lyon, Jr., and Clifford Ri_sk, Ahgular Distribution
ovaulﬁipérticle Events ét High Energy, Laﬁrence Radiation Laboratory
Rv‘e'péz.'fc» UCRL-19814, 11970, submitted to Phys. Rev. Letters.

These three models actuaily predict a N =‘f(pT2) Q%E . waevef,

Tow, in Ref.2, has shown numerically er_the‘ABFST‘multiperipheral
mbdélbthat f(pTe) is of the form exp(-AbTe)r (here we have ignored
the small second bump in the pT _distrlbutlon found in this paper.)

In the lab system almost all events lie within 90 deg of- the beam.direction.

.Thls flat lab dlstrlbutlon has raised doubt as to whether the

multiperipheral model can explain the two bump structure observed in
sdme-cbsmic ray events. However, O. Czyzéwski and A. Kriywicki,

Nuovo Cimento 30, 603 (1963), using.a flat distribution *

-in 71 to generate events by a Monte Carlovmethod, found that the

experimental two-bump structure can be explained as statistical

fluctuations of the multiperipheral flat distribution. Recently,

E. I. Daibog and I. L. Rozental, Soviet J. Nuel. Phys. 10, b 3
475 (1970), claimed that, using the momentum distribution e ‘-1-52 ,

: ‘ . L
th?y get a two-bump distribution in the lab. However, they incorrectly

evaluated the Jacobian by replacing dpr with dp . If they had not .
made this replacement, they would get éssentially'mmasame distribution

as ours for the case m = 0. They also claimed that Czyzewski and
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Kriywiéki made a mistake in changing from _. pL to p by neglecting
‘ thg vt’wo valued property of Py - However, Cz&zeﬁsk’i é,nd Krzywicki made

' this"approximation’ in the lab system, where pL, excv:ept‘ for_ a very sma.ll
‘ fraction of partlcles, is always of the same sn.gn.

12'. P. vCiok et al., Nuovo Cimento 8, 166 (1958), _12, 711-1 (1958), G. Cocconi,
| Phys. Rev. 111, 1699 (1958); K. Niu, Nuovo Clmento 10, 944 (1958).

13. J.'.”Benecke, T. T. Chou, C. N. Yang, and E. Yen, Phys. Rev. _JQB_, 2159
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FIGURE CAPTIONS

‘Longitudinal momentum and angular distributions. Solid lines are

V_predictions of Eq. (1) without phése-spa@e'corrections; dashed

lines include phase-space corrections.

(a) %ﬂ = % in c.m.,
, S A .
dN 1
(b) — = = in lab.,
: dpL E
‘ (C) — s
| iy
(a) T
\ an,
o plot. The distribution is symmetric about "ch = 0.
~lem ‘ : : :
K (a) p;: varies; A and m are fixed;
iy : ' i om ' e
(p) A  varies, . Pp, 2nd m are fixed;
(e) m varies, p°®  and A are fixed.
. R max :
an plot.

Fig. k4.

Fig. 5.

féyrdu pldt in c.m. Lines are level -curves of constant density; -
'numbérs denote densities of particles per unit area along each

curve.

dw
effects included by the method of Ref. 8.

in lab syétem for two incident energies; with phase-space

in c.m. is related
dw :

o the lab distribution through Eq. (12) by a translation.
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