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Solution of a Poker Variant

EDWARD O. THORP
Mathematics Department, University of California at Irvine
Irvine, California

Communicated by Frank B. Cannonito

ABSTRACT

In one variation on poker, each player is dealt one card which he places exposed on
his forehead. Thus each player knows every other hand but does not see his own. We
call this variation ‘“‘inverse poker”. We show that, under certain restrictions, two-person
inverse poker and two-person ordinary poker are isomorphic games. In particular, the
existing solutions to two-person poker variants all yield solutions to two-person inverse
poker variants.

1. THE ISOMORPHISM

We begin with the isomorphism between the ordinary poker variant
f1, 19.4-19.6; 2, pp. 13-30] and a form of inverse poker. Notation is as in
[1], to which it will be necessary to refer in order to follow the exposition.
The ordinary and inverse games both begin with the two players each posting
an ante b. Then they each receive a hand, a number s =1, ..., S, each having
the same probability 1/S. In the ordinary version, we denote the hands of
players 1 and 2 by s, and s,, respectively. In the inverse version, we denote
the hands by 1,, t,, respectively. In the ordinary game player | sees s,, which
he also holds, and player 2 sees s,, which he also holds. In the inverse game,
player 1 sees ¢;, which is held by player 2, and player 2 sees 7,, which is held
by player 1. The subsequent betting and payoffs are as in the ordinary game.

Now let t=¢(s)=S—s+1, which is a one-one correspondence of
1, 2, ..., S onto itself. Then ¢ induces a one-one correspondence between
2y, ..., Is), the set of pure strategies in the ordinary game for player k, and
2/ (i1, ..., is), the set of pure strategies in the inverse game. The correspondence
is

Zk(ils [ IS) - Zk,(i¢(1), seey i¢(S))'
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Similarly, ¢ induces a correspondence between the matrix elements of the
ordinary and the inverse games given by

H(ih ey iSle’ . -,js) - H,(iqb(l), R i¢($)|j¢(l)’ .- "j¢(S))'

Now observe that

1 S

H,(i¢(l)’ (KR} i¢(S)|j¢(l)9 .. "j¢(S)) = Ez’ z "Ys»gn(tz—tl)(it,s irz)

t),12=1
1 S
= ‘S_z z stgn(sl—sz )(it,’ itz)
ty,t2=1
S

l . 3
=§ z "gszn(s,—sz)(ls,,lsz)

sy, 82=1

Thus corresponding matrix elements are equal in the two games so they are
isomorphic as games. In particular, to translate an optimal solution of the
ordinary game into one for the inverse game, a player of the inverse game
takes the hand A which his opponent holds and plays as though he himself
held ¢(#) in the original game.

One sees intuitively and can verify by similar procedure that the ordinary
(continuous) game of [1, 19.7-19.10.4] is isomorphic to an inverse game via
#(z) =w=1—z. The discussion of solved variants of ordinary two-person
poker givenin [1, 19.11-19.16.2], [2, pp- 30-50], [3] and numerous other sources
carries over via ¢(s)=t=S—s+1 for the cases of finitely many distinct
equiprobable hands and via ¢(z) = w =1 — z for the cases of hand distributed
uniformly on [0, 1].

If the hands are not equiprobable or uniformly distributed, the iso-
morphism carries over if we remember to induce a transformation of the
probability distribution of hands, as well.

2. LIMITATIONS OF THE METHOD

If the form of ordinary poker under consideration has a “draw” phase,
we encounter difficulties in forming an isomorphic inverse poker. How shall
a player draw when he does not know what he holds ? This can be resolved
in principal by having each player announce his drawing procedure in all
circumstances. A referee then makes the appropriate draw and gives the player
his new hand. This can be done in a way which gives the player no information,
even whether or not he has drawn. However, it may be impractical to fully
specify the player’s drawing procedure.



SOLUTIONS OF A POKER VARIANT 301

This establishes the

Duality principle for two-person poker: For each version of two-person
poker there is an isomorphic version of two-person inverse poker (and
conversely).

The difficulty in extending the isomorphism to more than two players arises
from the fact that each player sees a subset of hands, rather than a single
hand, and that the various subsets seen on a deal are probabilistically depen-
dent, unlike the hands in the two-person case.
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