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December 18, 2002

Abstract

We present the calculation of the generating functions and the rth-order moments for densities of the
form ρ(x) ∝ g(s(x)) where g(s) is a non-negative function of the quadratic “action” s(x) =

∑
i,j
Hijxixj ,

where x = (x1, x2, · · · , xn) is a real n-dimensional vector and H is a real, symmetric n× n matrix whose
eigenvalues are strictly positive. In particular, we find the connection between the (r + 2)th-order
and rth-order moments, which constitutes a generalization of the Gaussian moment theorem [1], which
corresponds to the particular choice g(s) = e−s/2. We present several examples for specific choices
for g(s), including the explicit expression for the generating function for each case and the subspace
projection of ρ(x) in a few cases. We also provide the straightforward generalizations to: 1) the case
where g = g(s(x) + a·x), where a = (a1, a2, · · · , an) is an arbitrary real n-dimensional vector, and 2)
the complex case, in which the action is of the form s(z) =

∑
i,j
Hijz

∗
i zj where z = (z1, z2, · · · , zn) is an

n-dimensional complex vector and H is a Hermitian n×n matrix whose eigenvalues are strictly positive.
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1 Introduction.

The Gaussian density plays an ubiquitous role in many areas of physics. For example, consider a system
of n degrees of freedom characterized by the real n-dimensional vector x = (x1, x2, · · · , xn) and a quadratic
“action” of the form s(x) =

∑
i,j Hijxixj where H is a real, symmetric, positive-definite matrix1. A Gaussian

density, given by ρ(x) ∝ exp(−s(x)/2), yields a 2nd-order moment 〈xixj〉 = H−1
ij . Since the entire physical

contents of the model is embodied in the matrix H, all higher-order moments are recursively expressed in
terms of the 2nd-order moments by means of the well-known recursion formula

〈xixjxk · · ·xm︸ ︷︷ ︸
r x’s

〉 = 〈xixj〉〈xk · · ·xm︸ ︷︷ ︸
r−2 x’s

〉+ permutations (1.1)

where the “permutations” are such as to make the right-hand side a fully symmetric function of the r indices
i, j, k, · · · , m. Eq. (1.1) is isomorphic with Wick’s expansion of the vacuum expectation value of a product
of bosonic operators [2], and with Mayer’s cluster expansion for a gas with two-body potentials [3]. By
successive application of this recursion, one arrives at the Gaussian moment theorem [1], which expresses
any even-order Gaussian moment purely in terms of 2nd-order moments. For example, the 4th-order moment
is given by the fully symmetrized product of 2nd-order moments

〈xixjxkxm〉 = 〈xixj〉〈xkxm〉+ 〈xixk〉〈xjxm〉+ 〈xixm〉〈xjxk〉 (1.2)

In beam physics it is sometimes the case that the particle distribution in phase space is not Gaussian
but it is, nevertheless, matched to the lattice optics in linear order, and one may want to study the time
evolution of the moments of the canonical coordinates (qi, pi) [4, 5]. The linearly-matched condition implies
that the density is a function of the quadratic part of the Hamiltonian, hence it is of the form described
above. Motivated by such cases, we consider in this article a more general density ρ(x) ∝ g(s), where
g(s) is any real, non-negative function of the quadratic action s(x). As in the Gaussian case, the entire
information of the model is contained in H, hence all moments must be expressible in terms of the 2nd-order
moments 〈xixj〉. Furthermore, since the rth-order moment is a fully symmetric tensor of r indices, and
the only ingredients to construct it are the 〈xixj〉’s, it must be the case that a higher-order moment must
proportional to the fully symmetrized product of these. Indeed, in this article we show that, in this more
general case, the main expressions are given by

〈xixj〉 = aH−1
ij (1.3a)

〈xixjxk · · ·xm〉 = b [〈xixj〉〈xk · · ·xm〉+ permutations] (1.3b)

= c [〈xixj〉〈xkxm〉〈· · ·〉 · · ·+ permutations] (1.3c)

The main purpose of this article is the calculation of the coefficients a, b, and c given the dimensionality n,
the order of the moment r, and the function g(s) (the Gaussian density is unique in that a = b = c = 1 for all
n and r). Although in beam physics [4, 5] the only interesting cases are 1 ≤ n ≤ 6, the calculation is just as
simple for any value of n, hence we allow it to be an arbitrary number whose only requirement is n > 0. We
also compute the generating functions for the moments, and present a discussion of the subspace projection
of ρ(x), which is useful when averaging a function that depends only on a subset of the components of x.

In Sec. 2 we set up the general formalism. In Sec. 3 we consider the strictly quadratic action s(x) =∑
i,j Hijxixj . In Sec. 4 we extend the analysis to the general quadratic action of the form

∑
i,j Hijxixj +∑

i aixi, where (a1, a2, · · · , an) is an arbitrary real n-dimensional vector. Section 5 describes the subspace
projection of a distribution. Section 6 contains results for specific choices of the function g(s). Section 7
contains the generalization of the above results to densities ρ(z) defined over the complex plane whose points
are described by the complex n-dimensional vector z. Section 8 summarizes our conclusions. Appendix A
contains the definition and basic properties of spherical coordinates in n dimensions, along with some other
mathematical details, and Appendix B extends some of these results to the complex case.

1A positive-definite matrix is, by definition, one whose all eigenvalues are real and strictly > 0.
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We use throughout Dirac’s “bra-ket” notation [6] interchangeably with the conventional notation for
the matrix and scalar product. Thus, for example, if a and b represent two real n-dimensional vectors
with components (a1, · · · , an) and (b1, · · · , bn), respectively, then the scalar product 〈a|M |b〉 stands for∑
i,jMijaibj , where M is an arbitrary real n × n matrix. If u and v represent complex vectors, then

〈u|M |v〉 stands for
∑
i,jMiju

∗
i vj where M is an arbitrary complex n × n matrix (we use interchangeably

the asterisk and the overbar to denote complex conjugation).

2 Averages, Moments and Generating Functions.

Let ρ(x) be a real function of the n-dimensional vector x such that ρ(x) ≥ 0 for all x. We assume that ρ(x)
is normalizable and we chose, without any loss of generality, unit normalization, i.e.

∫
dnx ρ(x) = 1 (2.1)

The average of any function f(x) with respect to the density ρ(x) is given by

〈f(x)〉 =

∫
dnx ρ(x)f(x) (2.2)

The rth-order moment is, by definition, the average of the product of r components of x,

C
(r)
ij··· ≡ 〈xixj · · ·〉 =

∫
dnx ρ(x)(xixj · · ·) (r indices) (2.3)

with r = 1, 2, · · ·. If ρ(x) is nonzero only over a finite region of x, then obviously the moments exist for all
r. If, on the other hand, ρ(x) extends over all space and vanishes as x→∞ as ρ(x) ∼ x−2p, where x = |x|
and p > 0, then the rth-order moment exists only if r < 2p− n. In particular, the normalizability property
of ρ(x) requires 2p > n. If ρ(x) vanishes at infinity faster than any power of x, the moments exist for all r.
If ρ(x) is of even parity, i.e., ρ(−x) = ρ(x), then all odd-order (r = odd) moments vanish.

The C(r)’s are fully symmetric tensors whose generating function is the Fourier transform of ρ(x),

G(k) =

∫
dnx ρ(x) e−ik·x =

〈
e−ik·x〉 (2.4)

hence

C
(r)
ij··· = ir

∂rG(k)

∂ki∂kj · · ·

∣∣∣∣
k=0

(r indices) (2.5)

Note that G(k) exists for all k provided only that ρ(x) vanishes as x → ∞ faster than x−n. However, as
seen above, the existence of the moments requires a faster falloff of ρ(x) at ∞. In other words, although
G(k) itself exists, its rth derivative at k = 0 is finite only if r < 2p− n.

The normalization condition (2.1) implies G(0) = 1. In case that all moments exist, we can expand
e−ik·x in (2.4) and integrate term by term to obtain

G(k) =

∫
dnxρ(x)


1− i

∑

i

kixi +
(−i)2

2!

∑

i,j

kikjxixj + · · ·




= 1− i
∑

i

kiC
(1)
i +

(−i)2

2!

∑

i,j

kikjC
(2)
ij + · · · (2.6)

If we express f(x) in terms of its Fourier transform,

f(x) =

∫
dnk

(2π)n
eik·xf̃(k) (2.7)
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then we also have

〈f(x)〉 =

∫
dnk

(2π)n
〈
eik·x〉 f̃(k) =

∫
dnk

(2π)n
G(−k)f̃(k) (2.8)

3 Strictly Quadratic Density and Moments.

Given a real symmetric n× n matrix H, we consider the quadratic form s(x)

s(x) = 〈x|H|x〉 ≡
n∑

i,j=1

Hijxixj (3.1)

where x is an arbitrary real n-dimensional vector. Then we can state the following theorem [7, 8]:

Theorem 3.1 s(x) > 0 for all x 6= 0 if and only if all eigenvalues of H are strictly > 0 (i.e., H is a
positive-definite matrix). Furthermore, s(x) = 0 if and only if x = 0.

Proof. Since H is real and symmetric, it has n real eigenvalues and n nontrivial orthogonal eigenvectors,
called hk and vk, respectively, with k = 1, 2, · · · , n. Choosing x = vk yields s(x) = hkv

2
k. Since s(x) > 0

and vk is nontrivial, one obtains hk > 0 for any k. For the proof of the converse theorem, we assume hk > 0
for all k and use the fact that the vk’s form a complete orthogonal set to express x as a linear combination
x =

∑
i aivi, hence

s(x) =

n∑

i,j=1

aiaj〈vi|H|vj〉 =

n∑

i=1

a2
ihiv

2
i (3.2)

which is > 0 provided at least one of the ai’s is 6= 0. Setting s(x) = 0 in this equation yields ai = 0 for all i,
which corresponds to x = 0.

Corollary 1: Define a “submatrix” H ′ of H to be the matrix obtained from H by eliminating an arbitrary
subset of columns and the corresponding subset of rows. By construction, H ′ is a symmetric matrix hence
the above theorem applies to H ′ as well. This corollary is proven by choosing vectors x whose components
corresponding to the eliminated rows and columns are 0. This implies that any submatrix of a positive-
definite matrix is itself a positive-definite matrix. In particular, by eliminating all but one of the columns
and the corresponding rows, this corollary implies that the diagonal elements of H are > 0.

Corollary 2: The above theorem and corollary apply to H−1 as well. This follows from the obvious fact
that H−1 exists (because detH > 0) and is symmetric. In particular, this implies that the inverse of a
positive-definite matrix is itself a positive-definite matrix.

We now consider a density function ρ(x) that depends on x only through s(x), i.e.,

ρ(x) = Ng(s(x)) (3.3)

where g(s) is a real function of s such that g(s) ≥ 0 for 0 ≤ s ≤ ∞, and N is a normalization constant
determined by (2.1),

N−1 =

∫
dnx g(〈x|H|x〉) (3.4)

Now H can be diagonalized by a matrix U , H = U−1HDU where HD = diag(h1, h2, · · · , hn). Since H is

symmetric, U is orthogonal, i.e. U−1 = UT . Since hi > 0 for all i, the matrix H
1/2
D exists unambiguously

hence we can define the change of variables v = H
1/2
D Ux yielding s(x) = 〈v|v〉 = v2. Using the integrals in

Appendix A one obtains

N−1 =
1√

detH

∫
dnv g(v2) =

Ωng0√
detH

(3.5)
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where Ωn = 2πn/2/Γ(n/2) is the area of the n-dimensional unit sphere and

g0 ≡
∞∫

0

dv g(v2)vn−1 =
1

2

∞∫

0

ds g(s)sn/2−1 (3.6)

Using the positivity of s(x) (Theorem 3.1) one can write (3.3) in the form

ρ(x) = N

∞∫

0

ds g(s) δ(〈x|H|x〉 − s) (3.7)

Using again the results in Appendix A and the change of variable s = v2 one obtains

G(k) = N

∞∫

0

ds g(s)

∫
dnx δ(〈x|H|x〉 − s)e−ik·x

=
Γ(n/2)

g0

(
2

q

)ν ∞∫

0

dv g(v2)vn/2Jν(qv) , ν = n/2− 1 (3.8)

where Jν(z) is the ordinary Bessel function of order ν, and q is a vector defined by q = H
−1/2
D Uk whose

magnitude is given by
q2 = 〈q|q〉 = 〈k|H−1|k〉 (3.9)

If ρ(x) falls off as x → ∞ faster than any power of x, then g(v2) falls off faster than any power of v,
hence we can expand the Bessel function in Eq. (3.8) in its Taylor series and integrate term by term to yield

G(k) =

∞∑

`=0

A(n; `)
(−q2/2)`

`!
(3.10)

where A(n; `) is given by

A(n; `) =
g`/g0

2`(n/2)`
(3.11)

where the symbol (z)` is defined by [9]

(z)` =
Γ(z + `)

Γ(z)
=

{
1, ` = 0

z(z + 1) · · · (z + `− 1), ` ≥ 1
(3.12)

and where g` is a moment of the function g(s),

g` ≡
∞∫

0

dv g(v2)vn+2`−1 =
1

2

∞∫

0

ds g(s)sn/2+`−1 (3.13)

Defining G ≡ H−1 and writing q2 explicitly in the right-hand side of (3.10) and comparing with (2.6)
taking into account the symmetry2 of G yields

C
(r)
ij··· =

{
A(n; `)S

(r)
ij··· for r = 2` indices

0 for r = odd
(3.14)

2G is symmetric because H is symmetric.
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where S
(r)
ij··· is, by definition, the fully symmetric tensor of rank r formed out of products of G’s. This tensor

can be defined recursively by

S
(r)
ijkm··· = GijS

(r−2)
km··· + permutations (3.15)

with S(0) = 1. For example,

S
(2)
ij = Gij (3.16a)

S
(4)
ijkm = GijGkm +GikGjm +GimGjk (3.16b)

etc. The tensor S(r), with r = 2` indices, has (2`)!/2``! = 1 · 3 · 5 · · · (2`− 1) monomials, each formed out of
a product of ` G’s. Alternatively, it is straightforward to prove that

∂r〈k|G|k〉`
∂ki∂kj · · ·︸ ︷︷ ︸

r k’s

∣∣∣∣∣
k=0

=

{
2``!S

(r)
ij··· for r = 2`

0 otherwise
(3.17)

which, when combined with definition (2.5) applied to the formula (3.10), yields (3.14).
If ρ(x) vanishes as x → ∞ as x−2p then C(r) exists and is given by expression (3.14) only as long as g`

exists, i.e., only for r < 2p− n.

3.1 Recursion Formulas for the Moments.

Note that Eqs. (3.14) and (3.16) imply that all moments with ` > 1 are determined by the second-order
(` = 1) moments as long as g` exists. Thus Eq. (3.14) implies the fundamental recursion relation

C
(r)
ijkm··· = B(n; `)

[
C

(2)
ij C

(r−2)
km··· + permutations

]
(3.18)

with C(0) = 1 or, equivalently,

〈xixjxkxm · · ·〉 = B(n; `) [〈xixj〉〈xkxm · · ·〉+ permutations ] (3.19)

where

B(n; `) =
A(n; `)

A(n; `− 1)A(n; 1)
=

g`g0

g1g`−1
· n

n+ 2(`− 1)
(3.20)

By recursive applications of Eq. (3.18) to its right-hand side, one can reach an expression for C(r) purely
in terms of C(2)’s,

C
(r)
ijkm··· = D(n; `)

[
C

(2)
ij C

(2)
km · · ·︸ ︷︷ ︸

` C(2)’s

+ permutations
]

(3.21)

or, equivalently,

〈xixjxkxm · · ·〉 = D(n; `)
[
〈xixj〉〈xkxm〉 · · ·︸ ︷︷ ︸

` factors

+ permutations
]

(3.22)

where

D(n; `) =
A(n; `)

(A(n; 1))`
=
g`g

`−1
0 (n/2)`

g`1(n/2)`
(3.23)

It is straightforward to verify that A(n; 0) = B(n; 1) = D(n; 1) = 1, as consistency demands. As an
example we consider the 4th-order moments by setting ` = 2. In this case we have

D(n; 2) = B(n; 2) =
n g2g0

(n+ 2) g2
1

(3.24)
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hence
C

(4)
ijkm =

n g2g0

(n+ 2) g2
1

[
C

(2)
ij C

(2)
km + C

(2)
ik C

(2)
jm + C

(2)
imC

(2)
jk

]
(3.25)

where
C

(2)
ij =

g1

ng0
Gij (3.26)

Equations (3.10–3.16), complemented by Eqs. (3.18–3.23), constitute the central results of this article.

3.1.1 Special Case: 2nd-order Moments.

Eq. (3.26) and the definition of G can be cast in matrix form,

G = H−1 =
ng0

g1
C(2) (3.27)

where C(2) is the “correlation matrix”

C(2) =




〈x2
1〉 〈x1x2〉 · · · 〈x1xn〉

〈x1x2〉 〈x2
2〉 · · · 〈x2xn〉

...
...

. . .
...

〈x1xn〉 〈x2xn〉 · · · 〈x2
n〉


 (3.28)

which is, obviously, symmetric. Since H is positive-definite, Corollary 2 implies that so is C(2).
For the specific case n = 2 we obtain

detG =

(
2g0ε

g1

)2

(3.29)

where we have defined
ε2 = 〈x2

1〉〈x2
2〉 − 〈x1x2〉2 (3.30)

which is guaranteed to be positive by Schwarz’s inequality. The matrix H is, therefore,

H = G−1 =
g1

2g0ε2

( 〈x2
2〉 −〈x1x2〉

−〈x1x2〉 〈x2
1〉

)
(3.31)

with eigenvalues

h± =
g1

4g0ε2

[
〈x2

1〉+ 〈x2
2〉 ±

√
(〈x2

1〉 − 〈x2
2〉)2 + 4〈x1x2〉2

]
(3.32)

Note that h± > 0, as it should be the case.

4 General Quadratic Density and Moments.

We now consider a density function ρ(x) that depends on x through the combination

ρ(x) = Ng(〈x|H|x〉+ 〈x|a〉) (4.1)

where H is a positive-definite symmetric matrix, a is a constant vector and g ≥ 0 for all x. The normalization
constant N is determined by

N−1 =

∫
dnx g(〈x|H|x〉+ 〈x|a〉) (4.2)

The linear term can be eliminated by a shift of origin in x defined by x = y + h where h is a constant
vector to be determined. Using the symmetry property of H we obtain

〈x|H|x〉+ 〈x|a〉 = 〈y|H|y〉+ 2〈y|H|h〉+ 〈h|H|h〉+ 〈y|a〉+ 〈h|a〉 (4.3)
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It is clear that the term linear in y is eliminated by the choice 2Hh + a = 0, thus h = −H−1a/2 hence

〈x|H|x〉+ 〈x|a〉 = 〈y|H|y〉+ ∆ (4.4)

where ∆ = − 1
4 〈a|G|a〉 and G ≡ H−1, hence

N−1 =

∫
dny g(〈y|H|y〉+ ∆) (4.5)

Following the same steps as in Sec. 3, using the results from Appendix A and defining the change of variables

y = U−1H
−1/2
D v, one obtains

N−1 =
1√

detH

∫
dnv g(v2 + ∆) =

Ωng0(∆)√
detH

(4.6)

where

g0(∆) =

∞∫

0

dv g(v2 + ∆) vn−1 (4.7)

The generating function is given by (2.4). Following the same procedure as above one obtains

G(k) =

∫
dny ρ(y + h) e−ik· (y + h) (4.8a)

=
N e−ik·h√

detH

∫
dnv g(v2 + ∆) e−iq·v (4.8b)

=
Γ(n/2) e−ik·h

g0(∆)

∞∫

0

dv g(v2 + ∆)vn−1

(
2

qv

)ν
Jν(qv) , ν = n/2− 1 (4.8c)

where q = H
−1/2
D Uk. If g(s) → 0 as s → ∞ faster than any power of s we can Taylor-expand the Bessel

function above and integrate term by term to obtain

G(k) = e−ik·h
∞∑

`=0

A(n; `)
(−q2/2)`

`!
(4.9)

where A(n; `) is formally identical to Eq. (3.11) except that g` is now given by

g`(∆) =

∞∫

0

dv g(v2 + ∆) vn+2`−1 (4.10)

rather than by (3.13).
The exponential term e−ik·h in Eq. (4.9) leads to nonvanishing odd-order moments. An easy way to

compute the moments is obtained by setting x = y + h so that, from Eq. (4.8a), one gets

〈xixj · · ·〉 = 〈(yi + hi)(yj + hj) · · ·〉 (4.11)

Now Eq. (4.8a) is suggestively written in the form

G(k) = e−ik·h Gy(k) (4.12)

where Gy(k) is the generating function for the y-moments. Eq. (4.9) implies that

Gy(k) =

∫
dny ρ(y + h) e−ik·y =

∞∑

`=0

A(n; `)
(−q2/2)`

`!
(4.13)
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which, in turn, implies that the even-order moments for the y’s are given by (3.14). For example,

〈xi〉 = 〈yi + hi〉 = hi (4.14a)

〈xixj〉 = 〈(yi + hi)(yj + hj)〉 = 〈yiyj〉+ hihj = (g1/ng0)Gij + hihj (4.14b)

〈xixjxk〉 = 〈(yi + hi)(yj + hj)(yk + hk)〉 = 〈yiyj〉hk + 〈yjyk〉hi + 〈ykyi〉hj + hihjhk

= (g1/ng0) (Gijhk +Gjkhi +Gkihj) + hihjhk (4.14c)

etc.

5 Subspace Projection.

Suppose now that the arbitrary function f(x) depends only on a subset of components of x, namely f = f(x′)
where x′ is the m-dimensional vector x′ = (x1, x2, · · · , xm) such that 1 ≤ m ≤ n − 1. Then a projected
density ρ′(x′) can be defined such that

〈f(x′)〉 =

∫
dmx′ρ′(x′)f(x′) (5.1)

This implies that

ρ′(x′) =

∫
dn−my ρ(x′,y) (5.2)

where y = (xm+1, xm+2, · · · , xn).
For the general quadratic density, ρ(x) = Ng(〈x|H|x〉 + 〈x|a〉), we start by partitioning H, x and a in

the form

H =




S E

F K


 , x =




x′

y


 , a =




c

d


 (5.3)

where the vectors c and d are of dimension m and n−m, respectively, and where S is m×m, E is m×(n−m),
F is (n−m)×m and K is (n−m)× (n−m), with ST = S, KT = K and ET = F . This partition leads to

〈x|H|x〉+ 〈x|a〉 = 〈y|K|y〉+ 2〈y|F |x′〉+ 〈y|d〉+ 〈x′|S|x′〉+ 〈x′|c〉 (5.4)

Next we shift the origin of y by setting y = y′ + h, substitute this in Eq. (5.4), and choose h such that the
term linear in y′ vanishes. A straightforward examination of the resultant expression shows that that the
choice h = −K−1(Ex′ + d/2) accomplishes the desired cancellation, hence

〈x|H|x〉+ 〈x|a〉 = 〈y′|K|y′〉+ ∆′(x′) (5.5)

where
∆′(x′) = 〈x′|H ′|x′〉 − 〈x′|EK−1|d〉+ 〈x′|c〉 − 1

4 〈d|K−1|d〉 (5.6)

where we have defined
H ′ ≡ S − EK−1F (5.7)

In the above formulas, K−1 is guaranteed to exists on account of Corollary 1, which implies that K

is a symmetric positive-definite matrix. For this reason, we can set y′ = V −1K
−1/2
D v where V is the

orthogonal matrix that diagonalizes K, namely V KV −1 = KD. Since V T = V −1 we obtain 〈y′|K|y′〉 =

〈v|K−1/2
D V KV −1K

−1/2
D |v〉 = v2 hence the projected density is

ρ′(x′) =

∫
dn−my′ρ(x′,y′ + h)
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=
N√

detK

∫
dn−mv g(v2 + ∆′(x′))

=
NΩn−m√

detK

∞∫

0

dv g(v2 + ∆′(x′))vn−m−1 (5.8)

where N is given by Eqs. (4.6-4.7), hence the full expression for the projected density is

ρ′(x′) =
Ωn−m

Ωng0(∆)

√
detH

detK

∞∫

0

dv g(v2 + ∆′(x′))vn−m−1 (5.9)

where g0(∆) is given by Eq. (4.7).
In Fourier space, subspace projection is straightforward. If ρ̃(k) if the Fourier transform of ρ(x), then

the Fourier transform ρ̃′(k′) of ρ′(x′) is simply

ρ̃′(k′) = ρ̃(k1, k2, · · · , km, 0, 0, · · · , 0) (5.10)

or, equivalently, the generating function G′(k′) is simply given by

G′(k′) = G(k1, k2, · · · , km, 0, 0, · · · , 0) (5.11)

where k′ is the vector k′ = (k1, k2, · · · , km). As a result,

〈f(x′)〉 =

∫
dmk′

(2π)m

〈
eik
′ ·x′〉 f̃(k′) =

∫
dmk′

(2π)m
G′(−k′)f̃(k′) (5.12)

This result confirms the obvious fact, which is true by the construction of ρ′(x′), that the moments C
(r)′
ij···,

derived from ρ′(x′), are exactly the same as the C
(r)
ij··· derived from ρ(x) provided the indices i, j, · · · are

constrained to the range 1 ≤ i, j, · · · ≤ m. In other words, for the specific case of r = 2, we can state that
the correlation matrix C(2)′ is the m×m upper-left submatrix of C(2).

Consider now the case of a strictly quadratic action, namely a = 0. In this case ∆ = 0 and Eq. (5.9)
yields

ρ′(x′) =
Γ(n/2)

g0πm/2Γ((n−m)/2)

√
detH

detK

∞∫

0

dv g(v2 + s′(x′))vn−m−1 (5.13)

where g0 is given by Eq. (3.6) and s′(x′) is the “reduced action,” given by

s′(x′) = 〈x′|(S − EK−1F )|x′〉 (5.14)

Defining ρ′(x′) = N ′g′(s′(x′)) we obtain, up to an irrelevant multiplicative ambiguity,

g′(s′(x′)) =

∞∫

0

dv g(v2 + s′(x′))vn−m−1 (5.15)

We can now apply the general result (3.26) to compute the 2nd-order moment for the m-dimensional density
(5.13) to obtain

〈x′ix′j〉 = C
′(2)
ij =

g′1
mg′0

G′ij (5.16)

where G′−1 = H ′.
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According to the general formula (3.13), the moment g′` obtained from (5.15) is

g′` =

∞∫

0

duum+2`−1

∞∫

0

dv g(v2 + u2)vn−m−1 (5.17)

where we made the change of variables s′ = u2. Using now the change of variables (u, v) = (t cosφ, t sinφ)
where 0 ≤ t <∞ and 0 ≤ φ ≤ π/2 yields

g′` =
g`
2
B

(
n−m

2
,
m+ 2`

2

)
(5.18)

where B(µ, ν) is Euler’s beta function. This result implies g′1/g
′
0 = mg1/ng0 so that Eq. (5.16) yields

C ′(2) =
g1

ng0
G′ =

g1

ng0
H ′−1 (5.19)

Since ρ′(x′) is normalized to unity we conclude, following the same integration procedure applied to
Eq. (5.13), that

detH ′ = det(S − EK−1F ) =
detH

detK
(5.20)

To prove this, we integrate Eq. (5.13) to obtain

∫
dmx′ρ′(x′) =

Ωn−m
Ωng0

√
detH

detK
×
∞∫

0

dv vn−m−1

∫
dmx′g(v2 + ∆′(x′))

=
Ωn−mΩmg

′
0

Ωng0

√
detH

detK detH ′
(5.21)

where

g′0 =

∞∫

0

duum−1

∞∫

0

dv g(v2 + u2)vn−m−1

=
g0

2
B

(
n−m

2
,
m

2

)
(5.22)

Substituting the definition of B(µ, ν) into (5.21) we obtain

1 =

√
detH

detK detH ′
(5.23)

which completes the proof.
Comparing Eq. (5.19) with C(2) = (g1/ng0)H−1 we arrive at the following theorem:

Theorem 5.1 Consider a real, symmetric, positive-definite, n × n matrix G whose inverse is G−1 = H.
Consider the upper-left m×m submatrix G′ of G, with 1 ≤ m ≤ n− 1. Then G′−1 = S−EK−1F , where S,
E, F and K are the matrices that result from partitioning H in the form shown in Eq. (5.3). Furthermore,
det(S − EK−1F ) = detH/ detK.

Corollary 3: The above theorem, combined with Corollary 2, implies that S−EK−1F is a positive-definite
matrix since G′ is a positive-definite matrix.

A simplified proof of this theorem follows from computing the subspace projection of a Gaussian density
of a strictly quadratic action, as shown in Sec. 6.1.1 below.
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6 Examples.

In this section we provide several explicit examples of strictly-quadratic densities, and compute the normal-
ization N according to Eq. (3.5), their moments g` according to Eq. (3.13), and their generating function
G(k) according to Eq. (3.8). Table 1 summarizes the results.

6.1 Gaussian Density.

In this case g(s) = e−s/2 and the explicit form of ρ(x) is

ρ(x) =

√
detH

(2π)n/2
exp

{
− 1

2 〈x|H|x〉
}

(6.1)

from which it follows that
g` = 2n/2+`−1Γ(n/2 + `) (6.2)

A(n; `) = 1 (6.3)

The fact that the g`’s exist for all ` is a consequence of the fact that g(s)→ 0 as s→∞ faster than any power
of s, hence all moments exist. The fact that A(n; `) = 1 for all n and ` implies that B(n; `) = D(n; `) = 1
hence we recover the well-known results for the recursion formulas for the higher-order moments, Eq. (1.1).

The generating function is

G(k) =

∞∑

`=0

(−q2/2)`

`!
= exp(−q2/2) (6.4)

which can also be obtained from the familiar Gaussian integration formula

G(k) =

√
detH

(2π)n/2

∫
dnx exp

{
− 1

2 〈x|H|x〉 − i〈k|x〉
}

= exp
{
− 1

2 〈k|G|k〉
}

(6.5)

The 2nd-order moment 〈xixj〉 = H−1
ij or, indeed, any even-order moment, can also be obtained by

differentiating both sides of the equation

∫
dnx exp{− 1

2 〈x|H|x〉} =
(2π)n/2√

detH
(6.6)

with respect to Hij and using the formula ∂ detM/∂Mij = (detM)M−1
ji , valid for any nonsingular matrix

M .
Eq. (6.3) implies that

G = H−1 = C(2) =




〈x2
1〉 〈x1x2〉 · · · 〈x1xn〉

〈x1x2〉 〈x2
2〉 · · · 〈x2xn〉

...
...

. . .
...

〈x1xn〉 〈x2xn〉 · · · 〈x2
n〉


 (6.7)

6.1.1 Subspace Projection for the Gaussian Density.

Using Eqs. (5.13-5.14) we obtain

ρ′(x′) =
1

(2π)m/2

√
detH

detK
exp

{
− 1

2 〈x′|H ′|x′〉
}

(6.8)

where x′ = (x1, x2, · · · , xm) and H ′ = S − EK−1F . Here the matrices S, E, F and K are defined by the
partition of H shown in Eq. (5.3). This result states that the dimensionally-projected Gaussian density is
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also Gaussian. This unique property of the Gaussian density is a direct consequence of the composition rule
exp(x) exp(y) = exp(x+ y) of the exponential function.

Since ρ′(x′) is normalized to unity we conclude, comparing Eq. (6.8) with (6.1), that

detH ′ =
detH

detK
(6.9)

in accordance with the general Theorem 5.1.
The generating function for the dimensionally-projected Gaussian density is

G′(k′) = exp
{
− 1

2 〈k′|G′|k′〉
}

(6.10)

where k′ = (k1, k2, · · · , km) and G′ is the m×m upper-left submatrix of G, obtained from G by eliminating
all rows and all columns higher than m.

6.2 Gamma-Function Density.

This is a slight generalization of the Gaussian density, defined by g(s) = sαe−s/2, for which all moments
exist provided α is large enough, as explained below. We find

g` = 2n/2+α+`−1Γ(n/2 + α+ `) (6.11)

A(n; `) =
(n/2 + α)`

(n/2)`
(6.12)

G(k) = 1F1(n/2 + α;n/2;−q2/2) (6.13)

where 1F1 is the confluent hypergeometric function [10]. Clearly, if α is sufficiently negative the density
will not be normalizable as a consequence of the divergence of ρ(x) in the neighborhood of x = 0. The
normalization exists (i.e., g0 is finite) if α > −n/2. This condition ensures the existence of all the g`’s.

6.3 Exponential Density.

This case is defined by the choice g(s) = e−
√
s; defining ν = (n+ 1)/2 we obtain

g` = Γ(n+ 2`) (6.14)

A(n; `) = 2`(ν)` (6.15)

G(k) = (1 + q2)−ν (6.16)

6.4 Generalized Lorentzian Density.

Here we choose g(s) = (s+ 1)−p. This density extends over all space, but ρ(x) falls off as |x|−2p at infinity.
Defining µ = p− n/2 we obtain

g` =
Γ(n/2 + `)Γ(µ− `)

2Γ(p)
, ` < µ (6.17)

A(n; `) =
Γ(µ− `)
2`Γ(µ)

, ` < µ (6.18)

(the g`’s and A(n; `)’s do not exist for ` ≥ µ).
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In this case it is not legitimate to obtain G(k) by term-by-term integration of the Taylor expansion of
the Bessel function in Eq. (3.8). Instead, we have :

G(k) =
2Γ(p)

Γ(µ)

(
2

q

)ν ∞∫

0

dv
vn/2Jν(qv)

(v2 + 1)p
, ν = n/2− 1 (6.19a)

=
2

Γ(µ)

(q
2

)µ
Kµ(q) (6.19b)

“ = ”
1

Γ(µ)

∑

0≤`<µ
Γ(µ− `) (−q2/4)`

`!
+ infinite terms (6.19c)

where Kµ(z) is the usual modified Bessel function [10] of order µ = p−n/2. For the distribution to exist, i.e.,
to be normalizable, the condition p > n/2, or µ > 0, must be satisfied. Eq. (6.18) shows that the moments
exist only for values of ` such that ` < µ, or r < 2p − n, in consequence of the behavior ρ(x) ∼ |x|−2p as
x→∞. Although the generating function G(k), given by Eq. (6.19b), exists for all k when µ > 0, its Taylor
expansion at k = 0 does not formally exist because its rth derivative at k = 0 is finite only as long as r < 2µ,
in full agreement with the discussion on densities with a power-law fall-off at infinity following Eq. (2.3).
This is the meaning of the symbol “ = ” in Eq. (6.19c).

6.4.1 Subspace Projection for the Lorentzian Density.

For the strictly quadratic action (a = 0), Eq. (5.13) yields

ρ′(x′) =
2Γ(p)

√
detH ′

πm/2Γ(µ)Γ ((n−m)/2)

∞∫

0

dv
vn−m−1

(v2 + s′(x′))p

=

√
detH ′

πm/2Γ (µ)

Γ(p′)
(s′(x′) + 1)p′

(6.20)

where p′ = p− (n−m)/2 and where s′(x′) is given by Eq. (5.14). The projected density is to be compared
with the original,

ρ(x) =

√
detH

πn/2Γ(µ)

Γ(p)

(s(x) + 1)p
(6.21)

which shows that the form is maintained (the projected density is also a Lorentzian), although the power
p is shifted by (n −m)/2. Note that µ = p − n/2 can be rewritten in the suggestive form µ = p′ −m/2,
hence Eq. (6.20) can be obtained from (6.21) by the replacements s(x) → s′(x′), detH → detH ′, n → m
and p→ p′, as it should be expected.

6.5 Microcanonical Density.

This case corresponds to the choice g(s) = δ(s− 1) in the general formula (3.7). We call it “microcanonical”
because it corresponds to the microcanonical distribution in statistical mechanics for quadratic Hamiltonians.
It also corresponds to the “airbag,” or KV, distribution in beam physics [11]. We obtain

g` = 1/2 (6.22)

A(n; `) =
1

2`(n/2)`
(6.23)

G(k) = Γ(ν + 1)

(
2

q

)ν
Jν(q) , ν = n/2− 1 (6.24)
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6.5.1 Subspace Projection for the Microcanonical Density.

Setting a = 0 in Eq. (5.13) yields, for this particular example,

ρ′(x′) =
2Γ(n/2)

√
detH ′

πm/2Γ ((n−m)/2)

∞∫

0

dv δ(v2 + s′(x′)− 1)vn−m−1

=
Γ(n/2)

√
detH ′

πm/2Γ(β + 1)
(1− s′(x′))βθ(1− s′(x′)) (6.25)

where β = (n −m)/2 − 1 and where s′(x′) is given by Eq. (5.14). The projected density is a generalized
waterbag density (see Sec. 6.6.2) of dimension m and power β = (n−m)/2− 1.

6.6 Beta-Function Density.

By “beta-function density” we mean the choice g(s) = sα(1− s)βθ(1− s). This density is of finite extent, as
it vanishes, by definition, for s > 1, hence all moments exist provided α and β are appropriately restricted,
as spelled out below. We obtain:

g` =
Γ(n/2 + α+ `)Γ(β + 1)

2Γ(n/2 + α+ β + `+ 1)
(6.26)

A(n; `) =
(n/2 + α)`

2`(n/2)`(n/2 + α+ β + 1)`
(6.27)

G(k) = 1F2(n/2 + α;n/2, n/2 + α+ β + 1;−q2/4) (6.28)

where ν = n/2− 1 and 1F2 is a generalized hypergeometric function (not to be confused with the ordinary
hypergeometric function 2F1) [10]. The normalizability condition of ρ(x) demands α > −n/2 and β > −1.

6.6.1 Waterbag Density.

This case corresponds to the choice α = β = 0 in the beta-function density, i.e., g(s) = θ(1 − s), so that
ρ(x) is uniform for 0 ≤ s ≤ 1. We obtain from the general formulas above

g` =
1

n+ 2`
(6.29)

A(n; `) =
1

2`(n/2 + 1)`
(6.30)

G(k) = Γ(ν + 1)

(
2

q

)ν
Jν(q) , ν = n/2 (6.31)

6.6.2 Generalized Waterbag Density.

This corresponds to setting α = 0 in the beta-function density, i.e., g(s) = (1− s)βθ(1− s), and we obtain

g` =
Γ(β + 1)Γ(n/2 + `)

2Γ(n/2 + `+ β + 1)
(6.32)

A(n; `) =
1

2`(n/2 + β + 1)`
(6.33)

G(k) = Γ(ν + 1)

(
2

q

)ν
Jν(q) , ν = n/2 + β (6.34)

The normalizability condition of ρ(x) demands β > −1.

16



          

6.6.3 Power Density.

This corresponds to setting β = 0 in the beta-function density, i.e., g(s) = sαθ(1− s) so that

g` =
1

n+ 2α+ 2`
(6.35)

G(k) = (n+ 2α)
∞∑

`=0

(−q2/4)`

(n+ 2α+ 2`)(n/2)` `!
(6.36)

The normalizability condition of ρ(x) demands α > −n/2.

7 Extension to the Complex Space.

In this section we will consider an action of the form

s(z) = 〈z|H|z〉 ≡
n∑

ij=1

Hij z̄izj (7.1)

where z is a complex n-dimensional vector and H is an n×n positive-definite Hermitian matrix (H∗ = HT ),
so that s(z) is real. In this case the n-dimensional complex vector z is z = (z1, z2, · · · , zn), the bra 〈z| and
ket |z〉 are defined by |z〉 = col(z1, z2, · · · , zn) and 〈z| = (z̄1, z̄2, · · · , z̄n) (we use interchangeably the notations
z∗ and z̄ to denote complex conjugation). Although we could add a linear term to the action, of the form
〈a|z〉+ 〈z|a〉, we shall restrict the discussion to strictly quadratic action of the form (7.1).

A real density is defined by
ρ(z) = Ng(s(z)) (7.2)

where g(s) is a real non-negative function of the real variable s. It is straightforward to prove that The-
orems 3.1 and 5.1, along with Corollaries 1, 2 and 3 carry over to the complex case with the replacement
“real symmetric matrix” → “complex Hermitian matrix” and “orthogonal matrix” → “unitary matrix.” In
particular, we conclude that s(z) ≥ 0, the equality holding if and only if z = 0.

The normalization constant N , as well as any statistical average of a function of z, is determined by an
n-fold surface integral, one for each of the components zi of z, i.e.

N−1 =

∫
d2nz g(s(z)) (7.3)

where

d2nz =

n∏

i=1

dxidyi (7.4)

where xi and yi are the real and imaginary parts of zi.
The most straightforward way to extend the results from the real to the complex case is by casting the

latter in terms of a real 2n × 2n matrix. This is accomplished by splitting H and z into their real and
imaginary parts, H = A+ iB and z = x + iy, where A, B, x and y are real, so that

A =
1

2
(H +H∗) = AT (7.5a)

B =
1

2i
(H −H∗) = −BT (7.5b)

hence

s(z) =

n∑

i,j=1

(A+ iB)ij(xi − iyi)(xj + iyj)

=

n∑

i,j=1

(Aij(xixj + yiyj)−Bij(xiyj − xjyi)) (7.6)
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This expression can be cast in the form s(z) = XT ·MX = 〈X |M |X〉 where M is the real symmetric 2n×2n
matrix

M =

(
A −B
B A

)
(7.7)

and X is the real 2n-dimensional vector

X =

(
x
y

)
(7.8)

It is now straightforward to prove that the eigenvalues of H are the same as those of M : let z be an
eigenvector of H with eigenvalue h, that is Hz = hz or

(A+ iB)(x + iy) = h(x + iy) (7.9)

Separating the real and imaginary parts and using the fact that h is real, this equation is written in the
form MX = hX which shows that h is an eigenvalue of M . Now this equation, combined with Eq. (7.7),

implies that MX̃ = hX̃ where X̃ = col(y,−x), i.e. the vector X̃ is also an eigenvector of M with eigenvalue

h. Since X̃ is orthogonal to (and therefore linearly independent of) X, we conclude that each eigenvalue h
of H is a doubly degenerate eigenvalue of M . A corollary of this result is that, if H is positive-definite, so is
M . Another corollary is that detM = (detH)2. With these observations, the results of all previous sections
carry over to this case with the replacements n → 2n, H → M and detH → (detH)2. All moments are
expressed in terms of the matrix elements of M−1, which is given, in terms of A and B, by

M−1 =

(
(A+BA−1B)−1 (B +AB−1A)−1

−(B +AB−1A)−1 (A+BA−1B)−1

)
=

(
Re(H−1) −Im(H−1)

Im(H−1) Re(H−1)

)
(7.10)

where we have used the decomposition of H−1 into its real and imaginary parts,

H−1 = (A+ iB)−1 = (A+BA−1B)−1 − i(B +AB−1A)−1 (7.11)

This result implies that Re(H−1) is symmetric while Im(H−1) is antisymmetric, as it should be the case.
As an example, consider a Gaussian density ρ(z) = N exp{−〈z|H|z〉} = N exp{−〈X|M |X〉}. The 2nd-

order moments are given by the results of Sec. 6.1,

〈xixj〉 = 〈yiyj〉 = 1
2 (A+BA−1B)−1

ij = 1
2Re(H−1)ij (7.12a)

〈xiyj〉 = −〈yixj〉 = 1
2 (B +AB−1A)−1

ij = − 1
2 Im(H−1)ij (7.12b)

where the factors 1/2 arise from the absence of the factor 1/2 in the exponent of exp{−〈X|M |X〉} (cf.
compare with Eq. (6.1)). In terms of the z’s, this implies

〈zizj〉 = 〈(xi + iyi)(xj + iyj)〉 = 0 (7.13a)

〈ziz̄j〉 = 〈(xi + iyi)(xj − iyj)〉 = H−1
ij (7.13b)

As an equivalent alternative to the real 2n-dimensional space of the x’s and y’s, one may deal with
the action (7.1) directly in the n-dimensional complex space of the z’s. For example, we compute the
normalization constant N , given by

N−1 =

∫
d2nz g(〈z|H|z〉) (7.14)

by noting that H, being Hermitian, is diagonalized by a unitary matrix U , namely H = U−1HDU where

HD = diag(h1, h2, · · · , hn) and U−1 = U†. Since hi > 0 for all i, the matrix H
1/2
D exists unambiguously

hence we can define the change of variables |v〉 = H
1/2
D U |z〉, or 〈v| = 〈z|U†H1/2

D , yielding s(z) = 〈z|H|z〉 =
〈v|v〉 = v2 hence

N−1 =
1

detH

∫
d2nv g(v2) =

Ω2n g0

detH
=

2πng0

Γ(n) detH
(7.15)
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where now

g0 =

∞∫

0

dv g(v2)v2n−1 =
1

2

∞∫

0

ds g(s)sn−1 (7.16)

The moment of the zi’s and z̄i’s is defined by

C
(`1,`2)
ij···,km··· ≡ 〈 zizj · · ·︸ ︷︷ ︸

`1 z’s

z̄kz̄m · · ·︸ ︷︷ ︸
`2 z̄’s

〉 =

∫
d2nz ρ(z)( zizj · · ·︸ ︷︷ ︸

`1 z’s

z̄kz̄m · · ·︸ ︷︷ ︸
`2 z̄’s

) (7.17)

This expression implies that, if ρ(z) is of finite extent, or if it falls off as |z| → ∞ faster than any power of z,
then the moments exist for any `1, `2. If, on the other hand, ρ(z) ∼ |z|−2p as |z| → ∞, then the moments

exist only if `1 + `2 < 2(p− n). Eq. (7.17) also implies that the moment C
(`1,`2)
ij···,km··· is fully symmetric under

any permutation of the first group of indices (i, j, · · ·) and/or the second (k,m, · · ·). Furthermore, these sets
of indices are exchanged under complex conjugation, namely

C
(`1,`2)∗
ij···,km··· = C

(`2,`1)
km···,ij··· (7.18)

The generating function for the moments is defined by

G(k,q) =

∫
d2nz ρ(z)e−i(〈k|z〉+〈z|q〉) (7.19)

where k and q are two real,3 independent, n-dimensional vectors, so that

C
(`1,`2)
ij···,km··· = i`1+`2

∂`1+`2G(k,q)

∂ki∂kj · · ·︸ ︷︷ ︸
`1 k’s

∂qk∂qm · · ·︸ ︷︷ ︸
`2 q’s

∣∣∣∣∣
k=q=0

(7.20)

In case that ρ(z) is of finite extent, or if it falls off as |z| → ∞ faster than any power of |z|, then all moments
exist and we can Taylor-expand the exponential factor in (7.19) about k = q = 0 to obtain

G(k,q) = 1− i
n∑

i=1

(ki〈zi〉+ qi〈z̄i〉)

+
(−i)2

2!

n∑

i,j=1

(kikj〈zizj〉+ qiqj〈z̄iz̄j〉+ 2kiqj〈ziz̄j〉) + · · · (7.21a)

= 1− i
n∑

i=1

(
kiC

(1,0)
i, + qiC

(0,1)
,i

)

+
(−i)2

2!

n∑

i,j=1

(
kikjC

(2,0)
ij, + qiqjC

(0,2)
,ij + 2kiqjC

(1,1)
i,j

)
+ · · · (7.21b)

In what remains of this section we confine our attention to strictly quadratic actions, of the form (7.1).
In this case we note that the moment C(`1,`2) vanishes if `1 6= `2. To prove this assertion, we make the
change of variable zi → zie

iα in the right-hand side of (7.17), where α is a real constant. Since the integral
over z extends over all space, and the Jacobian of this transformation is unity, and s(z) is invariant under
this transformation, we obtain the identity

C
(`1,`2)
ij···,km··· = ei(`1−`2)α C

(`1,`2)
ij···,km··· (7.22)

3The analytic extension to complex k and q is straightforward but not necessary for our discussion.

19



           

which implies C(`1,`2) = 0 if `1 6= `2 in consequence of the arbitrariness of α. Using now the positivity of s
one can write, in complete analogy with Eq. (3.7),

ρ(z) = N

∞∫

0

ds g(s) δ(〈z|H|z〉 − s) (7.23)

hence

G(k,q) = N

∞∫

0

ds g(s)

∫
d2nz δ(〈z|H|z〉 − s)e−i(〈k|z〉+〈z|q〉)

=
Γ(n)

g0un−1

∞∫

0

dv g(v2)vnJn−1(2vu) (7.24)

where we have used Eq. (B.10), made the change of variable s = v2, and defined u =
√
〈k|G|q〉 and G = H−1.

Although 〈k|G|q〉 is not, in general, positive, no ambiguity arises in the definition of its square root since
only even powers of u appear in Eq. (7.24).

If g(s) falls off as s → ∞ faster than any power of s, we can Taylor-expand the Bessel function in
Eq. (7.24) and integrate term by term yielding

G(k,q) =

∞∑

`=0

A(n; `)
(−u2)`

`!
(7.25)

where A(n; `) is defined by

A(n; `) =
g`

g0(n)`
(7.26)

and g` is given by

g` =

∞∫

0

dv g(v2)v2(n+`)−1 =
1

2

∞∫

0

ds g(s)sn+`−1 (7.27)

In consequence of the vanishing of C(`1,`2) for `1 6= `2, only the even terms contribute to the Taylor
expansion (7.21), and of these, only those for which `1 = `2, thus

G(k,q) = 1 +
(−i)2

2!

(
2
1

) n∑

i,j=1

(kiqj)C
(1,1)
i,j +

(−i)4

4!

(
4
2

) n∑

i,j,k,m=1

(kikjqkqm)C
(2,2)
ij,km + · · · (7.28a)

=

∞∑

`=0

(−)`

`!2

n∑

i, j, · · · = 1
k,m, · · · = 1

(kikj · · · qkqm · · ·)C(`,`)
ij···,km··· (7.28b)

By using the formula

∂`(xi1xi2 · · ·xi`)
∂xj1∂xj2 · · · ∂xj`

= δi1j1δi2j2 · · · δi`j` + permutations (total of 2` indices) (7.29)

where the x’s represent here either the k’s or the q’s, and where the “permutations” are such as to make
the right-hand side a fully symmetric tensor of rank 2` (total of `! terms), one recovers the result (7.20) (the
derivatives with respect to the k’s in (7.20) will yield a factor `!, as will the derivatives with respect to the
q’s; these two factors of `! will just cancel the `!2 in the denominator of (7.28b)).
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The moment C
(`,`)
ij···,km··· is obtained from Eqs. (7.20) and (7.25) by setting `1 = `2 and using the easily-

proven result
∂2`〈k|G|q〉`

∂ki∂kj · · ·︸ ︷︷ ︸
` k’s

∂qk∂qm · · ·︸ ︷︷ ︸
` q’s

= `!S
(`,`)
ij···,km··· (7.30)

where S
(`,`)
ij···,km··· is defined to be

S
(`,`)
ij···,km··· =

[
GikGjm · · ·︸ ︷︷ ︸

` G’s

+ permutations
]

(`! terms, 2` indices) (7.31)

where the “permutations” are such as to make the right-hand side fully symmetric4 under any permutation
of the first set of indices (i, j, · · ·) and simultaneously under any permutation of the second set (k,m, · · ·).
When this result is applied to either (7.24) or (7.25) we obtain the fundamental result

C
(`,`)
ij···,km··· = 〈 zizj · · ·︸ ︷︷ ︸

` z’s

z̄kz̄m · · ·︸ ︷︷ ︸
` z̄’s

〉 = A(n; `)S
(`,`)
ij···,km··· (7.32)

A few examples are:

C
(1,1)
i,j = 〈ziz̄j〉 = A(n; 1)Gij (7.33a)

C
(2,2)
ij,km = 〈zizj z̄kz̄m〉 = A(n; 2) [GikGjm +GimGjk] (7.33b)

C
(3,3)
ijk,αβγ = 〈zizjzkz̄αz̄β z̄γ〉 = A(n; 3) [GiαGjβGkγ + · · · ] (6 terms) (7.33c)

If g(s) ∼ s−p as s → ∞, corresponding to ρ(z) ∼ |z|−2p as z → ∞, the moment C
(`,`)
ij···,km··· exists only

if g` exists, and is given by expression (7.32), only if ` < p − n, in agreement with the discussion following
Eq. (7.17).

7.1 Recursion Formulas for the Moments.

Eq. (7.32) can be cast in the recursive form

C
(`,`)
ijk···,αβγ··· = B(n; `)

[
C

(1,1)
i,α C

(`−1,`−1)
jk···,βγ··· + permutations

]
(7.34)

or, equivalently,

〈zizj · · · z̄kz̄m · · ·〉 = B(n; `)
[
〈ziz̄k〉〈zj · · · z̄m · · ·〉 + permutations

]
(7.35)

where consistency demands the definition C(0,0) = 1, and where

B(n; `) =
A(n; `)

A(n; `− 1)A(n; 1)
=

ng0g`
(n+ `− 1)g1g`−1

(7.36)

From Eq. (7.32), the moment C(`,`) can also be expressed purely in terms of the C(1,1)’s,

C
(`,`)
ijk···,αβγ··· = D(n; `)

[
C

(1,1)
i,α C

(1,1)
j,β · · ·

︸ ︷︷ ︸
` C(1,1)’s

+ permutations
]

(7.37)

or, equivalently,

〈zizj · · · z̄kz̄m · · ·〉 = D(n; `)
[
〈ziz̄k〉〈zj z̄m〉 · · ·︸ ︷︷ ︸

` terms

+ permutations
]

(7.38)

where

D(n; `) =
A(n; `)

A`(n; 1)
=
g`g

`−1
0

g`1(n)`
(7.39)

4Note that G is Hermitian rather than symmetric, hence Gji = G∗ij .
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7.2 Example: the Complex Gaussian Density.

For the case of the complex Gaussian density we choose g(s) = e−s (it is convenient not to include the factor
1/2 in the exponent in this complex case), thus

ρ(z) = N exp{−〈z|H|z〉} (7.40)

The normalization constant N is determined by Eqs. (7.15-7.16), yielding

N−1 =

∫
d2nz exp{−〈z|H|z〉} =

πn

detH
(7.41)

The generating function follows from the integrals computed in Appendix B,

G(k,q) = N

∫
d2nz exp{−〈z|H|z〉 − i〈k|z〉 − i〈z|q〉} = exp{−〈k|H−1|q〉} (7.42)

and the g`’s are

g` =
1

2

∞∫

0

ds e−ssn+`−1 =
1

2
Γ(n+ `) (7.43)

which implies A(n; `) = 1 for all n and `, as expected from the comparison of Eqs. (7.25) and (7.42).
Taking ∂/∂ki∂qj or ∂/∂ki∂kj or ∂/∂qi∂qj of (7.42), then setting k = q = 0 yields

〈ziz̄j〉 = H−1
ij (7.44)

and 〈zizj〉 = 〈z̄iz̄j〉 = 0, in agreement with Eqs. (7.13). The moment 〈ziz̄j〉 or, indeed, any even-order
moment, can also be obtained by differentiating both sides of Eq. (7.41) with respect to Hij and using the
formula ∂ detM/∂Mij = (detM)M−1

ji , valid for any nonsingular matrix M .

7.3 Subspace Projection.

The subspace projection of ρ(z) is obtained in a similar fashion as in the real case, thus

ρ′(z′) =

∫
d2(n−m)y ρ(z′,y) (7.45)

where y = (zm+1, zm+2, · · · , zn). For the strictly quadratic density, ρ(z) = Ng(〈z|H|z〉), we partition H and
z in the form

H =




S E

F K


 , z =




z′

y


 , (7.46)

where S is m×m, E is m× (n−m), F is (n−m)×m and K is (n−m)× (n−m), with S† = S, K† = K
and E† = F . This partition leads to

〈z|H|z〉 = 〈y|K|y〉+ 〈y|E|z′〉+ 〈z′|F |y〉+ 〈z′|S|z′〉 (7.47)

By shifting y by a constant vector h in the form y = y′ + h and choosing |h〉 = −K−1F |z′〉 or 〈h| =
−〈z′|EK−1, we cancel the terms linear in y′ hence

〈z|H|z〉 = 〈y′|K|y′〉+ s′(z′) (7.48)

where we have defined the reduced action

s′(z′) = 〈z′|(S − EK−1F )|z′〉 (7.49)
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hence

ρ′(z′) = N

∫
d2(n−m)y′ g(〈y′|K|y′〉+ s′(z′)) (7.50)

In the above formulas, K−1 is guaranteed to exist on account of Corollary 1, which implies that K is

a Hermitian positive-definite matrix. For this reason we can set y′ = V −1K
−1/2
D v where V is the unitary

matrix that diagonalizes K, namely V KV −1 = KD. Using V † = V −1 we obtain 〈y′|K|y′〉 = 〈v|v〉 ≡ v2

hence the projected density is

ρ′(z′) =
N

detK

∫
d2(n−m)v g(v2 + s′(z′))

=
Γ(n) detH

g0πmΓ(n−m) detK

∞∫

0

dv g(v2 + s′(z′))v2(n−m)−1 (7.51)

where g0 is given by Eq. (7.16). This result should be compared with (5.13).

8 Conclusions.

We have presented the computation of the moments and their generating functions for n-dimensional densities
of the form ρ(x) ∝ g(s(x)), where s(x) is a positive quadratic form of the vector x = (x1, x2, · · · , xn) and
g(s) is a non-negative function of s. In particular, we have found the recursion relation that relates the
rth-order moment with the (r− 2)th-order moment. This result constitutes a generalization of the Gaussian
moment theorem, which corresponds to the specific choice g(s) = e−s/2. We have presented the extension
of the above analysis to densities ρ(z) defined over the n-dimensional complex space of vectors z.
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A Certain n-Dimensional Integrals.

Consider the n-dimensional vector x with Cartesian coordinates (x1, x2, · · · , xn). The vector x can also be
fully specified by its length x = |x| plus n− 1 angles θ1, θ2, · · · , θn−1 such that [12]

x1 = x cos θ1

x2 = x sin θ1 cos θ2

x3 = x sin θ1 sin θ2 cos θ3

...

xn−1 = x sin θ1 sin θ2 · · · cos θn−1

xn = x sin θ1 sin θ2 · · · sin θn−1





where

{
0 ≤ θi ≤ π , i = 1, 2, · · · , n− 2

0 ≤ θi ≤ 2π , i = n− 1
(A.1)

The generalized coordinates (qi) = (x, θ1, θ2, · · · , θn−1) are orthogonal in the sense that

∂x

∂qi
· ∂x

∂qj
= 0 for i 6= j (A.2)

The volume element is dnx = xn−1dxdΩn where

dΩn = (sin θ1)n−2(sin θ2)n−3 · · · (sin θn−1)0dθ1dθ2 · · · dθn−1 (A.3)

The surface of the unit sphere in n dimensions, Ωn, is

Ωn =

∫
dnx δ(|x| − 1) =

∫
dΩn

=

π∫

0

dθ1 (sin θ1)n−2

π∫

0

dθ2 (sin θ2)n−3 · · ·
2π∫

0

dθn−1

=
2πn/2

Γ(n/2)
(A.4)

This result follows from repeated application of the formula

π∫

0

dθ (sin θ)ν =

√
π Γ
(
ν+1

2

)

Γ
(
ν
2 + 1

) (A.5)

which is valid for general complex ν provided only that Re ν > −1. A shortcut method to compute Ωn is as
follows: consider the integral

In =

∫
dnx e−x2

(A.6)

By making use of the factorization property of the exponential function it is straightforward to carry out this
integral in Cartesian coordinates, yielding In = πn/2. On the other hand, going to n-dimensional spherical
coordinates, we obtain

In =

∫
dΩn

∞∫

0

dx xn−1e−x
2

= 1
2Ωn

∞∫

0

dt tn/2−1e−t = 1
2ΩnΓ(n/2) (A.7)

By equating the two results we obtain (A.4).
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The volume of the unit sphere is

Vn =

∫
dnx θ(1− |x|) =

1∫

0

dx xn−1

∫
dΩn =

Ωn
n

=
πn/2

Γ (n/2 + 1)
(A.8)

If a function f(x) depends only on |x| and/or on a few components of x, the integral
∫
dnx f(x) can be

reduced by integrating out the components on which f(x) does not depend, e.g.,

∫
dnx f(x) = Ωn

∞∫

0

dx xn−1f(x) (A.9)

∫
dnx f(x,k·x) = Ωn−1

∞∫

0

dx xn−1

π∫

0

dθ1 (sin θ1)n−2 f(x, kx cos θ1) (A.10)

etc. (in this last integral we chose the “1” axis of x aligned with the vector k).
With these results, the computation of the integral found in Eq. (3.8),

I(k) ≡
∫
dnx δ(〈x|H|x〉 − s)e−ik·x (A.11)

proceeds as follows: we first make the change of variables x = U−1H
−1/2
D Uv where U is a real orthogonal

matrix that diagonalizes H, namely H = U−1HDU , hence

I(k) =
1√

detH

∫
dnv δ(v2 − s)e−iq·v (A.12)

where we used 〈x|H|x〉 = v2, defined the vector q = H
−1/2
D Uk, and where the prefactor (detH)−1/2 is the

Jacobian of the transformation x→ v. This integral is now in the form of Eq. (A.10), hence

I(k) =
Ωn−1√
detH

∞∫

0

dv vn−1δ(v2 − s)
π∫

0

dθ1 (sin θ1)n−2e−iqv cos θ1 (A.13a)

=
πn/2√
detH

(
2
√
s

q

)ν
Jν(q
√
s) (A.13b)

=
πn/2sν√

detH

∞∑

`=0

(−q2s/4)`

`!Γ(n/2 + `)
(A.13c)

where ν = n/2 − 1, q = |q| =
√
〈k|H−1|k〉, and we used a standard definition [10] of the ordinary Bessel

function Jν(z).

B Complex Integrals.

In this section the area element d2z for a surface integral over the complex plane of the variable z = x+ iy
is defined as d2z = dxdy. The n-dimensional complex vector z is z = (z1, z2, · · · , zn), the ket |z〉 and bra
〈z| are defined by |z〉 = col(z1, z2, · · · , zn) and 〈z| = (z̄1, z̄2, · · · , z̄n), respectively, and H is a Hermitian
positive-definite matrix. We denote complex conjugation by either a bar or an asterisk.

The two basic integrals are ∫
d2z e−a|z|

2

=
π

a
, Re a > 0 (B.1)
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and ∫
d2z e−a|z|

2+uz+vz̄ =
π

a
euv/a , Re a > 0; u, v complex (B.2)

which can be proven by elementary methods.
The gaussian integral ∫

d2nz exp{−〈z|H|z〉} (B.3)

is carried out by first noting that H, being Hermitian, is diagonalized by a unitary matrix U , namely
H = U†HDU , where U† = U−1. We then perform the change of variables

|z〉 = U−1H
−1/2
D |v〉 (B.4)

so that 〈z|H|z〉 = 〈v|v〉 = |v|2, hence

∫
d2nz exp{−〈z|H|z〉} =

1

detH

∫
d2nv e−|v|

2

=
πn

detH
(B.5)

The integral

L(k,q) ≡
∫
d2nz δ(〈z|H|z〉 − s)e−i(〈k|z〉+〈z|q〉) (B.6)

is carried out in similar fashion. Although in Sec. 7 we are only interested in real k and q, we can allow
them to be, in general, complex vectors. The change of variables (B.4) yields

L(k,q) =
1

detH

∫
d2nv δ(|v|2 − s)e−i(〈k′|v〉+〈v|q′〉) (B.7)

where 〈k′| = 〈k|U−1H
−1/2
D and |q′〉 = H

−1/2
D U |q〉. Defining the 2n-dimensional real vector V and the

2n-dimensional complex vector Q as

V =

(
vx
vy

)
, Q =

(
k′∗ + q′

i(k′∗ − q′)

)
(B.8)

we obtain

L(k,q) =
1

detH

∫
d2nV δ(V 2 − s)e−iV ·Q (B.9)

which is of the form (A.12), except that now Q is complex. However, Eq. (A.13c) shows that I(k) is an
analytic function of q2, hence it is valid for complex q2 as well. Therefore we obtain

L(k,q) =
1

detH

∫
d2nV δ(V 2 − s)e−iV ·Q (B.10a)

=
πn

detH

(
2
√
s

Q

)n−1

Jn−1(Q
√
s) (B.10b)

=
πnsn−1

detH

∞∑

`=0

(−s〈k|H−1|q〉)`
`!Γ(n+ `)

(B.10c)

where Q is interpreted as
√

Q2, not as |Q|. The final result, Eq. (B.10c) was obtained by substituting k′

and q′ in terms of k and q, i.e.,

Q2 = 4k′∗ ·q′ = 4〈k′|q′〉 = 4〈k|H−1|q〉 (B.11)

No ambiguity should arise in the definition of Q in (B.10b) because it involves only even powers of Q.
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