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Cognitiv e Processin g Strategie s fo r  Comple x Additio n 

Keit h F .  Widaman ,  Davi d C .  Geary ,  Pierr e Cormier ,  &  Tod d Littl e 
Departmen t  o f  Psycholog y 
Universit y o f  Californi a 

Riverside ,  C A 9252 1 

Abstract 
Simpl e an d comple x additio n problem s wer e presente d fo r  true/fals e 

verificatio n t o 2 2 subject s acros s tw o time s o f  measuremen t  t o tes t  th e 
genera l  mode l  fo r  simpl e an d comple x additio n propose d b y Widaman ,  Cormier , 
& Gear y (1985) .  Model s fi t  t o averag e R T dat a reveale d tha t  subject s wer e 
processin g comple x problem s columnwise ,  beginnin g wit h th e unit s column . 
Column sum s seeme d to  b e obtaine d throug h a n incrementin g process ,  an d 
subject s exite d problem s a s soo n a s a  colim n erro r  wa s encountered .  Grou p 
leve l  model s wer e th e sam e acros s comple x proble m type s an d fo r  bot h time s 
of  measurement .  However ,  individua l  leve l  analyse s suggeste d tha t  nearl y 
hal f  o f  th e subject s use d a  differen t  processin g strateg y t o obtai n colum n 
sums fo r  th e secon d tim e o f  measurement .  Result s suppor t  th e multi-stage d 
model  propose d b y Widama n e t  al .  (1985) ,  bu t  individua l  leve l  result s 
sugges t  tha t  informatio n processin g model s develope d fro m grou p dat a ma y 
not  represen t  th e processin g strategie s use d b y al l  subjects ,  o r  th e sam e 
subject s a t  differen t  times . 

Information processing models for cognitive addition in adults include 
countin g based ,  direc t  memor y access ,  an d memor y networ k model s (Parkma n & 
Groen ,  1971 ;  Ashcraft ,  1982) .  Groe n &  Parkma n (1972 )  foun d tha t  th e tru e 
sum o f  simpl e additio n problems ,  an d th e smalle r  adden d (MIN )  o f  thes e 
problem s predicte d nearl y equa l  amount s o f  reactio n tim e (RT )  variance . 
Groe n &  Parkma n (1972 )  interprete d thes e result s a s suggestin g tha t  al l 
simpl e additio n fact s wer e retrieve d directl y for m memory ,  bu t  a  countin g 
base d (MIN )  procedur e wa s use d wit h memor y retrieva l  failure . 

Ashcraf t  &  Battagli a (1978 )  foun d tha t  th e true-sum-square d wa s th e bes t 
predicto r  o f  simpl e additio n RT .  Th e author s conclude d tha t  ther e wa s a 
networ k representatio n fo r  simpl e additio n tha t  resemble d a  square ,  printe d 
additio n tabl e wit h entr y node s fo r  th e digit s 0- 9 o n tw o adjacen t  sides . 
The poin t  o f  intersectio n o f  th e tw o entr y node s represente d th e correc t 
sum.  Entr y node s wer e assume d t o b e unevenl y spaced ;  th e networ k wa s 
"stretched "  i n th e regio n o f  large r  sums .  Thus ,  large r  sum s resulte d i n 
longe r  vecto r  distance s an d therefor e longe r  RTs . 

The networ k approac h t o cognitiv e arithmeti c ha s successfull y predicte d 
performanc e i n adult s (Ashcraf t  &  Stayzk ,  1981) ,  childre n (Ashcraf t  & 
Fierman ,  1982) ,  an d fo r  productio n task s (Ashcraft ,  Fierman ,  &  Battaglia , 
1984) .  However ,  thi s mode l  ha s bee n develope d fro m simpl e additio n an d 
multiplicatio n task s (  Stayzk ,  Ashcraft ,  &  Hamann ,  1982 )  an d ha s not  bee n 
generalize d beyon d comple x additio n task s fo r  sum s greate r  tha n 3 0 
(Ashcraf t  &  Stazyk ,  1981) . 

Widaman,  Cormier ,  &  Gear y (1985 )  hav e propose d a  genera l  mode l  fo r 
cognitiv e addition .  Th e propose d mode l  (fo r  verificatio n tasks )  i s 
multi-staged ,  an d begin s wit h encodin g th e typ> e o f  problem ,  an d the n 
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encodin g th e addend s (columnwise )  beginnin g wit h th e unit s place .  Th e 
unit s addend s ar e summed eithe r  throug h a  networ k o f  store d fact s o r 
procedurally .  I f  ther e ar e mor e addend s i n th e unit s column ,  th e proces s 
recycles ,  an d a n additiona l  adden d I s encode d an d summed ont o th e su m o f 
th e firs t  tw o addends .  Thi s proces s continue s unti l  al l  digit s i n th e 
unit s colum n ar e summed.  Th e obtaine d uni t  su m i s compare d wit h th e state d 
sum,  an d a  decisio n a s t o correctnes s i s made .  I f  th e su m i s incorrec t  th e 
proble m i s terminate d an d a  "no "  respons e i s given .  I f  th e unit s su m i s 
correct ,  an d ther e ar e mor e column s t o b e added ,  th e proces s "loop s back. " 
The digit s fo r  th e nex t  colum n ar e encoded ,  the n summed,  etc .  Th e loopin g 
i s continue d unti l  al l  column s ar e completed ,  o r  unti l  on e colum n su m i s 
incorrect ,  a t  whic h poin t  th e proble m i s self-terminated . 

Wldaman e t  al .  (1985 )  verifie d thi s mode l  fo r  simpl e an d comple x 
problems ,  an d foun d tha t  comple x (2-column )  problem s wer e don e columnwis e 
usin g a  memor y networ k to  obtai n colum n sums .  Further ,  a  carr y operatio n 
was highl y significant ,  an d subject s tende d t o exi t  th e proble m a s soo n a s 
an erro r  wa s encountered .  However ,  th e mos t  comple x problem s use d b y 
Wldaman e t  al .  (1985 )  containe d 2  double-digi t  addend s o r  3  single-digi t 
addends .  Th e presen t  stud y sough t  t o replicat e an d exten d th e finding s o f 
Wldaman e t  al .  (1985 )  b y testin g thei r  mode l  wit h extremel y comple x 
problems .  Further ,  t o asses s th e reliabilit y  an d generalizabillt y  o f  thi s 
model ,  th e stabilit y  o f  processin g model s acros s tw o time s o f  measuremen t 
and individua l  difference s (Hun t  &  McLeod ,  1978 )  i n processin g strategie s 
wer e als o examined . 

Metho d 
Thirt y undergraduate s wer e presente d wit h 24 0 additio n problem s i n a  on e 

hou r  session .  Thi s se t  consiste d o f  3 0 correc t  an d 3 0 Incorrec t  randoml y 
selected :  1 )  tw o single-digi t  addends ,  2 )  tw o double-digi t  addends ,  3 )  tw o 
triple-digi t  addends ,  an d U )  tw o four-digi t  addends .  Thes e problem s wer e 
readministere d to  2 2 o f  th e 3 0 subject s on e wee k later . 

For  Incorrec t  problems ,  colum n sum s differe d fro m correc t  sum s b y _+1 ,  o r 
+_2.  Fo r  comple x problem s th e placemen t  o f  th e erro r  wa s evenl y distribute d 
among th e individua l  colum n sums ,  an d eac h proble m containe d onl y on e 
error .  Similarly ,  a  carr y operatio n (colum n su m 10 )  wa s necessar y fo r 
abou t  one-hal f  o f  th e case s (pe r  column) ,  an d approximatel y one-hal f  o f 
thes e case s containe d a n error .  Th e presentatio n o f  problem s wa s rando m 
excep t  fo r  th e followin g constraints :  1 )  ther e wer e no  mor e tha n fou r 
consecutiv e presentation s o f  an y on e proble m type ,  2 )  ther e wer e n o mor e 
tha n fou r  consecutiv e presentation s o f  correc t  o r  incorrec t  problems ,  an d 
3)  sam e sum s o r  addend s wer e neve r  presente d consecutively . 

Problem s wer e presente d fo r  true/fals e verificatio n i n colum n for m o n a n 
Appl e I I  equippe d wit h a  cognitiv e testin g station .  Subject s presse d on e 
respons e ke y t o indicat e i f  th e presente d proble m wa s correc t  an d a  secon d 
ke y i f  th e presente d proble m wa s incorrect .  Reactio n tim e an d respons e 
accurac y wer e recorded . 

Result s an d Dlsscusslo n 
Model s fo r  additio n wer e fit  t o averag e reactio n tim e dat a usin g 

multipl e regressio n techniques .  Model s fit  t o R T dat a include d Parkma n & 
Groen' s (1971 )  fiv e countin g base d models ,  Ashcraft' s  (1982 ) 
true-sum-square d parameter ,  an d Wldama n e t  al.'s ,  (1985 )  reinterpretatlo n 
of  Ashcraft' s  (1982 )  model .  Specifically ,  Wldama n e t  al. ,  (1985 )  argue d 
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tha t  Ashcraft' a memor y networ k woul d b e bette r  represente d b y th e su m o f 
th e digit s square d (SSQ) ,  rathe r  tha n th e squar e o f  th e summed digits , 
becaus e eac h digi t  square d woul d represen t  th e seperat e vector s o n th e 
searc h throug h th e additio n table .  Fo r  comple x problem s (2- 4 column) , 
model s wer e fi t  accordin g t o th e stage s outline d b y Widama n e t  al .  (1985) . 
Specifically ,  model s wer e fi t  i n columnwis e fashion ,  wit h a  carr y paramete r 
specifie d i f  th e precedin g colum n su m exceede d 9 .  A  self-terminatin g 
paramete r  wa s als o tested .  Th e self-terminatin g paramete r  woul d represen t 
an executiv e proces s (Sternberg ,  1982 )  process ,  whereb y subject s woul d 
"exit "  th e proble m a s soo n a s a n incorrec t  colum n su m wa s encountered . 
Finally ,  th e abov e (e.g .  MIN )  simpl e additio n parameter s wer e fit  fo r  eac h 
colum n sum . 

The erro r  rat e wa s 5. 8 percen t  an d 5. 6 percen t  fo r  th e firs t  (T1 )  an d 
th e secon d (T2 )  tim e o f  measurement ,  respectively .  Les s tha n on e percen t 
of  th e R T dat a wer e delete d a s outlier s (exceedin g 2.5 8 S.D .  o f  individua l 
RT means) . 

Parkma n &  Groen' s (1971 )  MI N (smalles t  digit )  mode l  provide d th e bes t 
fi t  fo r  simpl e additio n RTs .  Th e MI N mode l  wit h th e trut h paramete r 
denotin g a n intercep t  differenc e betwee n tru e an d fals e problem s provide d 
th e bes t  fit  fo r  bot h T 1 an d T2 .  Consisten t  wit h previou s finding s (Groe n 
& Parkman ,  1972 ;  Ashcraft ,  1982 ;  Widaman ,  e t  al. ,  1984) ,  fals e problem s 
wer e processe d mor e slowl y tha n wer e tru e problems .  Acros s session s 
paramete r  estimate s decreased ,  suggestin g tha t  subject s wer e becomin g mor e 
efficien t  a s a  functio n o f  practice .  Overall ,  thes e result s sugges t  tha t 
subject s use d a n incremenentin g mode l  fo r  simpl e additio n problems . 

Result s reveale d tha t  simila r  columnwis e parameter s provide d th e bes t 
fi t  t o th e R T dat a fo r  al l  (2- 4 column )  comple x problems ,  acros s sessions . 
The specifi c  colum n sum s wer e bes t  predicte d b y th e su m o f  th e colum n 
(unitsum ,  tensum,  etc.) ,  followe d b y colum n MIN ,  an d th e Widamam,  e t  al . 
(1985 :  su m o f  digit s squared :  SSQ)  parameter ,  respectively .  Paramete r 
estimates ,  again ,  decrease d acros s time s o f  measurement ,  suggestin g tha t 
subject s wer e becomin g mor e efficient .  Th e colvmi n su m paramete r  suggest s 
tha t  subject s wer e usin g som e typ e o f  incrementin g proces s t o obtai n colum n 
sums,  howeve r  th e spee d o f  th e incrementatio n make s i t  unlikel y tha t  i t  wa s 
languag e base d (Landauer ,  1962) . 

The carry/self-terminatin g (carryst ,  carlOst ,  carhunst )  parameter s 
represente d a  carr y operatio n i f  th e preceedin g colum n su m wa s correc t  an d 
exceede d 9  otherwis e th e proble m wa s self-terminate d an d a  respons e "no " 
executed .  Th e carr y paramete r  b y itsel f  wa s highl y significant ,  an d th e 
additio n o f  th e self-terminatin g portio n increase d th e explaine d R T 
varianc e a n averag e o f  2. 8 percen t  fo r  T1 ,  an d 4. 1 percen t  fo r  T2 . 
Accordingly ,  subject s wer e exitin g comple x problem s a s soo n a s a n erro r  wa s 
encountered ,  an d wer e usin g thi s executiv e proces s mor e efficientl y durin g 
th e secon d tim e o f  measurement . 

Individua l  RT s wer e fi t  t o th e thre e model s bes t  representin g th e grou p 
leve l  data .  Fo r  simpl e addition ,  th e MIN ,  SUM,  an d true-sum-square d 
models ,  alon g wit h th e trut h parameter ,  wer e used .  Fo r  comple x problems , 
columnwis e SUM,  MIN ,  an d SS Q (sum-digits-squared) ,  wit h th e 
carry/self-terminatin g an d trut h parameters ,  wer e used . 

For  simpl e additio n (1 -  column )  problem s th e grou p dat a suggeste d th e 
MIN wa s th e processin g strateg y used .  Indeed ,  th e majorit y (13 ,  an d 12 , 
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fo r  T 1 an d T2 ,  respectively )  o f  Individua l  R T dat a wer e bes t  fi t  b y th e MI N 
parameter -  However ,  Ashcraft' s  (1982 )  true-sum-square d provide d th e bes t 
representatio n o f  R T dat a fo r  9  an d 7  (o f  22 )  subject s fo r  T1 ,  an d T2 , 
respectively .  I n all ,  1 1 subject s maintaine d th e sam e strateg y fo r  T 1 an d 
T2 .  Fiv e of -  th e remainin g subject s switche d t o th e mor e matur e 
true-sum-square d strateg y fo r  T2 .  Th e remainin g subject s switche d fro m a 
memory networ k strateg y t o a n incrementin g (SU M o r  MIN :  Groe n &  Parkman , 
1972 )  strategy .  Fo r  simpl e additio n th e processin g strategie s appeare d 
stabl e fo r  abou t  5 0 percen t  o f  th e subjects .  Th e remainin g subject s 
appeare d t o us e a  differen t  strateg y fo r  th e secon d session . 

For  comple x problem s (2- U column) ,  th e columnwis e SUM wit h carry/self -
terminatin g an d trut h parameter s provide d th e bes t  fit  fo r  th e grou p data . 
For  2-col\jm n problem s ther e wer e equa l  number s o f  individual s usin g th e 
columnwis e SU M an d MI N proceudre s fo r  bot h T 1 an d T 2 ( 8 an d 9  persons , 
respectively) ,  wit h abou t  hal f  a s man y subject s usin g th e SS Q algorithm . 
I n all ,  1 2 o f  2 2 subject s use d th e sam e procedur e acros s sessions ,  bu t 
ther e wa s n o clea r  patter n fo r  thos e subject s switchin g procedures . 

Strategie s fo r  3-colum n problem s showe d th e greates t  stabilit y  wit h 1 5 
of  2 2 subject s showin g n o chang e acros s time s o f  measurement .  However , 
unlik e 2-colum n problems ,  subject s see m t o us e th e columnwis e SUM (1 2 an d 
13 persons )  o r  SS Q ( 8 an d 8  persons )  strateg y fo r  T 1 an d T2 ,  wit h onl y a 
fe w subject s usin g th e MI N strategy .  Fo r  T2 ,  equa l  nimiber s o f  subject s 
switche d t o th e SU M o r  SS Q strategy .  Finally ,  th e mos t  comple x problem s 
showed th e leas t  stabilit y  acros s sessions ,  wit h slightl y les s tha n 
one-hal f  o f  th e subject s utilizin g th e sam e strateg y fo r  T 1 an d T2 .  Th e 
columnwis e MI N strateg y provide d th e bes t  fi t  fo r  1 1 subject s an d th e 
columnwis e SU M fo r  9  subject s a t  T1 .  Ther e wa s a  clea r  shif t  t o th e 
columnwis e SU M strateg y fo r  T2 ,  wit h thi s strateg y bein g favore d ove r  MI N 
fo r  T 2 fo r  mos t  subject s (1 4 an d 4  persons ,  respectively) . 

Individua l  leve l  result s sugges t  tha t  abou t  5 0 percen t  o f  th e subject s 
use d th e sam e columnwis e processin g strategie s acros s T 1 an d T2 .  Pattern s 
of  chang e sugges t  tha t  abou t  one-hal f  o f  thos e changin g us e a  mor e matur e 
algorith m (e.g .  countin g t o memor y network )  fo r  T2 .  Overall ,  thes e 
result s sugges t  tha t  algorithm s estimate d fo r  grou p dat a represente d 
individua l  leve l  dat a fairl y  well ,  bu t  di d not  reflec t  algorithm s use d fo r 
almos t  hal f  o f  th e subjects ,  an d di d not  reflec t  individua l  change s i n 
processin g stategie s acros s sessions . 

I n conclusion ,  bot h grou p leve l  an d individua l  leve l  dat a suppor t  th e 
model  propose d b y Widama n e t  al .  (1985) -  Fo r  comple x additio n subject s 
use d a  columnwis e (e.g .  Poltroc k &  Schwartz ,  1984 )  processin g strateg y 
beginnin g wit h th e unit s column .  Th e propose d executiv e (Sternberg ,  1982) , 
self-terminatin g strateg y wa s supported .  Subject s exite d incorrec t 
problem s a s soo n a s a  colian n erro r  wa s encountere d an d wer e becomin g mor e 
efficien t  i n th e us e o f  thi s metacognitiv e strateg y acros s sessions . 

The findin g tha t  th e MI N algorith m bes t  represente d simpl e additio n 
performanc e doe s no t  suppor t  Ashcrsift' s  (1982 )  memor y networ k model .  Th e 
us e o f  a n incrementin g stateg y (Groe n &  Parkman ,  1972 )  ma y b e du e to  th e 
fac t  tha t  simpl e problem s wer e presente d randoml y wit h mor e comple x 
problems .  Thus ,  th e us e o f  a n incrementin g strateg y fo r  comple x problem s 
may hav e le d t o th e us e o f  a n incrementin g strateg y fo r  simpl e problems . 

For  comple x problems ,  columnwis e algorithm s use d suggeste d tha t  subject s 
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wer e usin g a n incrementin g stateg y t o obtai n colum n sums ;  however ,  becaus e 
of  th e spee d o f  th e incrementatio n i t  i s  unlikel y tha t  i t  i s  languag e base d 
(Landauer ,  1962) .  Alternately ,  subject s ma y hav e bee n movin g slowl y 
throug h a  memor y network ,  becaus e o f  th e complexit y o f  th e multi-colum n 
problem s (Polltroc k &  Schwartz ,  1984) .  However ,  thes e result s sugges t  tha t 
subject s wer e usin g a  procedural ,  rathe r  tha n a  memor y base d algorith m t o 
complet e comple x problems . 

Overall ,  th e Wldama n e t  al .  (1985 )  mode l  seem s t o reflec t  subject s 
processin g stategie s accuratel y fo r  comple x addition .  Th e result s fro m th e 
individua l  leve l  analyse s sugges t  tha t  subject s wer e usin g simila r 
processe s acros s sessions ,  bu t  computationa l  algorithm s seeme d t o vary . 
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