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Resonant devices are an integral component of the integrated silicon pho-

tonics platform, with applications in filters, switches, modulators, delays, sensors

etc. High index contrast SOI waveguides can be used to form compact micro-ring

resonators with bend radii on the order of micro-meters. This work describes the

application of micro-ring resonators in linear and nonlinear silicon photonics. We

describe the use of higher-order coupled resonators for use as ultra-high contrast

pass-band filters with close to 100 dB extinction. Using the spontaneous four-wave

mixing process, a third-order nonlinear Kerr effect, coupled resonator waveguides

are shown to be a useful source of heralded single photons, as well as other unique

quantum states of light. We also describe four-wave mixing results in silicon micro-
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resonators, where nonlinear loss effects are mitigated by reverse biased p-i-n diodes,

showing potential for high-speed optical signal processing.
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Chapter 1

Introduction

In 1966, Charles K. Kao and George Hockham proposed that silica optical

fiber loss could be reduced to below 20 dB/km, marking the beginning of an era

of optical communications [1]. Development of a practical and low-loss silica fiber

technology came shortly after, and within 20 years the first trans-atlantic commu-

nications link to use optical fiber began operation. The invention of the optical

amplifier in 1986 further increased the efficiency of the fiber-optic link by reducing

the need for electrical repeaters. Today, even as the data capacity demands of con-

sumers continues to escalate, wavelength-division multiplexing technology ensures

that optical fiber links will continue to play an important role in long-distance

communications for the foreseeable future.

A more recent development is the emergence of optical communications

for short distance information transfer, specifically within data centers and high-

performance computing systems [2]. The thousands of inter-connections within a

data-center, which need to be operated at data rates in excess of 10 Gbps and

at distances of up to hundreds of meters, puts the traditional copper wire inter-

connect at a distinct disadvantage. Optical fibers are finer, weigh less, and do not

face the same bandwidth or distance limitations as copper wire. Silicon photonics

has been touted as the platform of choice to power these optical inter-connects. By

relying on decades of process and infrastructure development as well as abundance

of raw material, silicon photonic devices can be fabricated cheaply and promise to

drastically reduce optical transceiver costs [3].

1
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Many crucial functionalities have already been realized on a silicon photon-

ics chip: hybrid laser sources [4], modulators [5], filters [6,7], photodetectors [8,9].

Silicon has a high material refractive index of n ≈ 3.48 at the telecommunications

wavelength 1550 nm, which allows for tight confinement of the optical waveguide

mode and a compact optical device footprint. The high index contrast and tight

mode confinement also leads to an intense optical field within the waveguide, and

the observation of nonlinear optical effects. These phenomena could be detrimen-

tal, or can be harnessed to achieve certain functionalities, e.g. all-optical signal

processing. Indeed, nonlinear silicon photonics has been a lively field of research

over the past decade [10]. Nonlinear optics necessarily entails high optical in-

tensity and long interaction length, both of which pose problems for a chip scale

implementation on silicon, as will be explained later. Much of the work in this

dissertation involves different approaches to overcome these constraints.

It turns out that silicon photonics also has applications in the field of quan-

tum optics. The array of optical devices used in a purely classical communications

setting, can become key ingredients in complex quantum optical circuitry. To

develop a truly scalable and practical quantum optical technology, it is essential

to integrate a large number of optical elements, including single photon sources,

onto a single photonic chip [11, 12]. The photon pairs generated by spontaneous

four-wave mixing in silicon are a valuable quantum resource and may be used as

a heralded single photon source. In chapter 4, we characterize the photon pairs

generated from a silicon photonics chip, and explore the quantum correlations that

result from the waveguide structure.

Emerging research fields, e.g. microwave photonics, chemical and bio-

sensing, are other examples of the vast number of topics on which silicon photonics

may have an impact [13]. Common to these are some fundamental concepts, such

as waveguides, resonators, nonlinear optics, which will be briefly reviewed in the

following sections. We assume that the material of interest is silicon, but many

of the principles apply also to other optical materials. Finally, at the end of the

chapter, we will present an outline of the topics that will be covered in this disser-

tation.



3

1.1 Optical Waveguides

Point-to-point communications, over long distances or in tight confined

spaces, relies heavily on the ability to control the direction of propagation of light.

In free-space propagation, the beam cross-section continually expands as a result

of diffraction. In contrast, optical waveguides confine the light within a core of

dielectric of typically higher refractive index than the surrounding cladding. In

more recent decades, mature fabrication technologies have fueled the growth of

so-called integrated optics [14,15]. Analogous to integrated circuits, multiple opti-

cal components are implemented together in a compact packaged device. Various

material platforms are utilized depending on the intended functionality, e.g. III-V

semiconductors (InP, GaAs), group IV materials (Ge, Si), LiNbO3. Regardless,

optical waveguides are needed to control and confine the light within and between

optical components.

Analysis of the optical waveguide begins by observing that the refractive

index profile of the waveguide remains practically uniform in the plane perpendic-

ular to the direction of propagation. The guided wave (or mode) in the optical

waveguide is taken to have the form

~Fm = ~fm(x, y) · ei(ωt−kmz), (1.1)

where m denotes the waveguide mode number. The in-plane electromagnetic field

profile ~f(x, y) is a three-component vector field that remains invariant along the

direction of propagation z. This field profile can be obtained via an analytical

approximation such as the effective-index method, or numerically using various

techniques such as finite-element methods or finite-difference methods [16, 17]. k

is the wave propagation constant, given by k = 2π
λ
neff(ω), where λ is the free-

space wavelength and neff is the effective index of the mode which is frequency

dependent. Intuitively, neff can be understood as a mode weighted average of the

refractive index profile and as such falls between the core and cladding material

refractive indices.

Given the frequency dependence of the material refractive index, one can

determine the way the effective index varies with frequency and hence the frequency
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dependent k(ω). It is common to express the propagation constant in terms of a

Taylor expansion about a central frequency ω0 [18]

k(ω) =
∞∑
n=0

kn|ω=ω0

n!
(ω − ω0)n = k0 + k1(ω − ω0) +

1

2
k2(ω − ω0)2 + ... (1.2)

where kn is the nth derivative of k evaluated at ω = ω0. k1 is equal to the

inverse of the group velocity vg while k2 is the group velocity dispersion (GVD).

The group velocity is the speed at which a short optical pulse travels within the

waveguide and it is also generally equal to the speed at which energy is transported.

The GVD may commonly be classified as normal or anomalous. In the normal

regime (k2 > 0) higher frequency components travel slower than lower frequencies,

whereas in the anomalous regime (k2 < 0) the opposite is true. Such classifications

are important in the study of specific nonlinear optical phenomena, e.g. ultra-

short pulse propagation, which require an understanding of the interplay between

dispersive and nonlinear effects. Waveguide dispersion engineering describes a

process of changing the waveguide cross-section dimensions or material properties

in order to obtain a particular desired dispersion profile.

Propagation loss is an important parameter of study in the design of optical

waveguides. Often, it is described by the equation

P (L) = P (0) · e−αL, (1.3)

where P (L) is the power of the optical signal at position L along the waveguide

and α is the loss parameter with units of m−1. It is more common in the literature

to define the propagation loss on a dB per meter scale with the conversion

αdB ≈ 4.343α. (1.4)

The primary sources of propagation loss in waveguides are intrinsic material ab-

sorption and surface roughness scattering loss. Waveguide loss depends greatly on

material platform, cross-section dimensions and maturity of fabrication technology.

Typical silica optical fiber loss is on the order of 0.1 dB/km whereas a silicon-on-

insulator waveguide with a sub-micrometer cross-section will usually have propa-

gation loss on the order of 1 dB/cm. Bends in waveguides are needed to guide light
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around corners, which are especially prevalent on a chip-scale photonic integrated

circuit where component layout is constrained by reticle size. Overly sharp waveg-

uide bends can contribute additional loss in several ways: 1) mode coupling loss

through the straight-to-bend mode-mismatch, 2) additional scattering loss due to

having the mode profile shifted nearer to the dielectric boundary, 3) mode leakage

loss as the bending radius becomes smaller than the cut-off regime [17]. Waveg-

uide bend design is especially important in ring resonators, where the optical pulse

traverses the bends of the ring numerous times over the cavity photon lifetime.

1.2 Optical Micro-resonators

Optical resonators are used in a variety of practical applications, for ex-

ample, in laser cavities, optical parametric oscillators, interferometers, delay lines.

An optical resonator may be as simple as two plane-parallel partially reflecting

mirrors, or an evanescently coupled loop of optical fiber. In the past decade or

so, advancement in fabrication technology have lead to the development of opti-

cal micro-resonators, whose length scale is on order of micro-meters. They have

quickly found many applications, such as in optical filters, lasers, electro-optic

modulators, optical frequency combs, just to name a few [7, 19–21]. Although

micro-resonators come in a variety of different shapes and designs, we will use a

ring-resonator as a typical example.

A ring-resonator as the name suggests, is a bent waveguide that loops back

onto itself, forming a ring. It is of a length L that satisfies the resonance condition

2π

λm
neffL = kmL = m2π, m = 1, 2, 3, ... (1.5)

where km is the propagation constant at the mth resonance. The phase accumu-

lated in a round-trip is a integer multiple of 2π, resulting in constructive interfer-

ence of successive waves. Alternatively, we can understand it as fitting an integer

number of wavelengths λm in the optical path length neffL. The free-spectral range

(FSR), defined as the frequency separation between resonances, can be obtained

from Eq. (1.5). Given that the frequency separation is not too large, we can ex-

pand to 1st-order km+1 ≈ km + 1
vg

(ωm+1 − ωm). Then substitution into Eq. (1.5)
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Figure 1.1: (a) All-pass micro-ring, with a single bus waveguide coupling light
into and out of the resonator. (b) Phase FWHM ∆ϕ1/2 as defined by Tmax− 1

2
ER.

gives:

ωm+1 − ωm ≡ ∆ωFSR =
2πc

ngL
. (1.6)

Here, vg = c
ng

and ng the group index is given by ng = neff + ω
dneff
dω

.

In the all-pass configuration, a single bus waveguide couples light evanes-

cently into and out of the resonator. Assuming a lossless coupler and that the

optical waves only circulate in a single direction, the coupler interaction can be

described by a 2× 2 unitary matrix (see Fig. 1.1),[
a2

b2

]
=

[
t κ

−κ∗ t∗

][
a1

b1

]
, |κ|2 + |t|2 = 1. (1.7)

We can usually take t to be a real quantity and κ = i|κ| to be purely imaginary,

and then account for the complex phase common to both separately. Noting that

b1
b2

= aeiφ, where a = e−αL/2 is the round-trip loss and φ is the round-trip phase,

the through response is given by

a2

a1

=
t− ae−iφ

1− tae−iφ
, (1.8)

and the intra-cavity field
b2

a1

=
i|κ|

1− tae−iφ
. (1.9)

At resonance, the intra-cavity field can be significantly greater than the input field

which is known as the field-enhancement effect.
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A final useful metric to characterize a micro-resonator is the finesse, which

is defined as the ratio of the FSR and the full-width half-maximum (FWHM) of

the resonance. The FWHM in the all-pass configuration can be determined by the

bandwidth at half of the extinction ratio (ER). The ER is the difference between

the maximum and minimum transmission and T1/2 is the transmission power level

that defines the FWHM:

ER = Tmax − Tmin, (1.10a)

T 1/2 = Tmax −
1

2
ER =

1

2
(Tmax + Tmin). (1.10b)

Using the through response Eq. (1.8) in Eq. (1.10b), we obtain the phase FWHM

as [22]

∆ϕ1/2 = 4 sin−1

(
1− at√
2 + 2a2t2

)
≈ 2
√

2(1− at)√
1 + a2t2

≈ 2(1− at)√
at

, (1.11)

where the approximations are valid when 1 ≈ at. The finesse is then given as

F = 2π
∆ϕ1/2

which is equal to the frequency domain ratio
∆fFSR
∆f1/2

to 1st-order.

An important physical phenomenon pertinent to micro-resonators is the

thermo-optic effect. When heat is applied to silicon, which may be due to ambient

temperature changes, an applied electric current or high intensity optical field, the

refractive index of silicon changes as

∆n = 1.86× 10−4/K (1.12)

at 1550 nm. This means that any temperature shift will lead to a corresponding

shift in resonance wavelength, which can be detrimental for stable and athermal

device operation. On the other hand, thermo-optic tuning of the effective index of

waveguides is important for post-fabrication trimming of micro-resonators, where

heat is applied to shift resonances to the desired wavelength of operation [23,24].

1.3 Nonlinear Silicon Photonics

Silicon-on-insulator (SOI) is considered a promising material platform for

integrated photonics. Owing to advanced CMOS fabrication technologies, SOI
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photonic devices can be densely integrated into an opto-electronics chip and man-

ufactured cheaply and at a high quality. Nonlinear silicon photonics, on the other

hand, has the potential to add functionality to an integrated photonics chip, e.g.

all-optical signal processing, optical parametric amplification, photon pair gener-

ation [10, 25]. Chip-scale optical devices using the SOI platform, may replace the

fuctionality of bulk nonlinear crystals or nonlinear optical fiber in a more compact

and controllable geometry.

Nonlinear optics, as the name implies, describes the nonlinear optical re-

sponse of a dielectric when an electric field is applied. The induced polarization in

the material can be described as a power series,

P (t) = ε0(χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + ...) (1.13)

where P (t) depends on higher powers of the electric field. This polarization appears

as an additional source term in the wave equation for nonlinear media, hence

becoming a driven wave equation. For simplicity, P (t) and E(t) are shown as

scalars and are related instanteously in time, such that the material is lossless

and dispersionless. A more complete treatment can be found in the following

reference [26]. In general, the nonlinear susceptibilities χ(i) are (i + 1) ranked

tensors and the polarization depends on the vectorial electric field. Since silicon

is a centrosymmetric system, the second-order susceptibility χ(2) does not exist.

We do note however that depositing a straining layer on top of silicon breaks the

inversion symmetry and allows silicon to exhibit the linear electro-optic effect [27].

Below, we discuss the lowest order χ(3) effects in un-strained silicon.

The third-order susceptibility produces intensity dependent optical phe-

nomena, which include self and cross-phase modulation (SPM & XPM) and four-

wave mixing (FWM). The waveguide nonlinear parameter

γ =
2π

λ

n2

Aeff

, (1.14)

determines the strength of the wave-mixing phenomena and is an important mea-

sure of how nonlinear a waveguide is. The Kerr nonlinear coefficient n2, which gives

rise to an intensity dependent refractive index, is approximately 5 × 10−18 m2/W
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in silicon. Aeff is the effective area of nonlinear interaction given by [28]:

Aeff =
Z2

0

ncore
2

∣∣∣∣∣∣
∫∫
tot

Re{ ~E × ~H∗} · ez dx dy

∣∣∣∣∣∣
2

∫∫
core

| ~E|4 dx dy
, (1.15)

where Z0 is the free-space impedance. Notice that the limits of integration in the

numerator is over the entire domain, whereas in the denominator it is over only

the region of interaction, which is usually the waveguide core. This is in contrast

to the usual definition of effective area in low-index contrast media, where the

nonlinearity is assumed to be uniform and therefore the limits of integration are

the same in both the numerator and denominator [18].

The same third-order mechanism also leads to an intensity dependent ab-

sorption or two-photon absorption (TPA) in silicon. The TPA coefficient of silicon

is βTPA ≈ 8 × 10−12 m/W at 1550 nm [29]. Physically, TPA can be understood

as the absorption of two photons with sufficient energy to excite an electron from

the valence band to the conduction band. Consequently, given that the band-gap

energy of silicon is about 1.1 eV, the TPA coefficient of silicon becomes smaller at

longer wavelengths and approaches zero at 2.2µm. It is common to define a non-

linearity figure-of-merit FOM = 1
λ

n2

βTPA
to compare the magnitude of the Kerr and

TPA coefficients of a material at a given wavelength. A large FOM indicates high

nonlinearity without the deficiencies of an intensity dependent absorption, which

ultimately puts limits on the efficiency of nonlinear optical devices. The nonlin-

ear FOM of silicon is about 0.4 at 1550 nm but grows quickly at wavelengths

approaching 2.2µm. Accordingly, there has been significant effort to explore the

potential applications of nonlinear wavelength mixers in silicon at wavelengths

beyond 2µm [30,31].

The free carriers generated from TPA have an effective recombination life-

time on the order of 1 ns in sub-micrometer SOI waveguides [32]. This adds an

additional absorption loss and refractive index change termed appropriately, free-

carrier absorption (FCA) and free-carrier dispersion (FCD). For silicon at 1550

nm, empirical expressions are used to quantify how these effects relate to change



10

Table 1.1: Characteristics of Highly Nonlinear Materials

Material γ (W−1m−1) βTPA (m/W) Loss (dB/m) Index CMOS

Silicon 200 5× 10−12 < 100 3.5 X
a-Si:H [36] 1200 2.5× 10−12 450 3.5 X

Silicon Nitride [37] 1.4 - 10 2.0 X
Doped Silica [38] 0.2 - < 10 1.7 X

As2S3 [39] 10 6.2× 10−12 60 2.3 -
As2Se3 fiber taper 93 2.5× 10−12 1 2.8 -

in carrier density [33,34]:

∆α = 8.5× 10−18∆Ne + 6.0× 10−18∆Nh (1.16a)

∆n = −8.8× 10−22∆Ne − 8.5× 10−18(∆Nh)
0.8. (1.16b)

∆Ne ,∆Nh are the change in electron and hole concentrations in cm−3 respectively.

The same equations are used in carrier injection or depletion modulators in silicon.

It is also common in the literature to define FCA and FCD coefficients, with the

values σFCA = 1.45×10−21 m2 and kFCD = 1.35×10−27 m3, where the electron and

hole contributions are combined [35]. FCA imposes a severe limit on the maximum

intensity achievable within the silicon waveguide, since the source of free-carriers,

TPA, also scales with intensity. Having a reverse biased p-i-n diode structure along

the waveguide significantly reduces the effective free-carrier lifetime and hence the

additional nonlinear loss contribution, which was critical in the demonstration of

the continuous wave Raman laser [19].

Table 1.1 summarizes the characteristics of some of the common materials

used in recent reports on chip-scale nonlinear photonics. Crystalline silicon has

the advantage of being CMOS compatible, high index and highly nonlinear, with

relatively low waveguide propagation loss. Amorphous hydrogenated silicon has

emerged in recent years as a promising material platform for integrated nonlinear

photonics, with its comparatively high nonlinear FOM [36]. However, it faces

performance degradation issues after prolonged exposure to intense coupled power,

which has to be overcome before it can enter into mainstream use [40].
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1.4 Four-wave Mixing

Four-wave mixing is a key nonlinear optical process in silicon photonics

with promising results in wavelength conversion, multicasting, regeneration, time

sampling, demultiplexing [41–44]. It originates physically from the third-order

susceptiblility χ(3) and is generally a weak process requiring coherent build-up

over a long distance and a high pump power. The great interest in FWM stems

from the near instantaneous nature of the process, which has potential for ultra-

fast all-optical signal processing. Additionally, the mixing product is the phase

conjugate of the original signal, which allows for applications in phase-sensitive

amplification. On the down side, FWM may also be a detrimental process in

WDM systems, where unwanted mixing products can cause cross-talk and reduce

the signal-to-noise ratio [45].

The FWM process obeys energy conservation such that ∆ω ≡ ωp − ωs =

ωi − ωp, and only becomes significant if phase mismatch ∆k = −2kp + ks + ki is

very small. Here, we focus on the degenerate pump case, while the more general

non-degenerate case is explored further in Ref. [18]. In degenerate FWM, a strong

pump wave and a small signal wave is launched together into the waveguide. These

two waves interact with the waveguide medium and as a result amplify the signal

and generate an idler wave. Physically, we can picture two pump photons ωp being

annihilated and a pair of signal and idler photons ωs,i being created simultaneously.

When FWM is nearly phase-matched, the generated idler wave remains in phase

with the driving polarization along the waveguide length and will add coherently

as it propagates. We can expand the phase mismatch as a Taylor series

∆k ≈ k2∆ω2 +
1

12
k4∆ω4, (1.17)

where the derivatives are evaluated at ωp. As can be seen, if the pump is placed at

the zero GVD point, FWM is phase-matched up to fourth-order in the detuning

∆ω.

The conversion efficiency, which is the ratio of the idler power at the output

of the waveguide over the signal power at the input is given as
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∣∣∣∣Ai(L)

As(0)

∣∣∣∣2 = (γP̄L)2 · e−αL · e−2 P̄
Aeff

βTPAL ·
(

sinh(gL)

gL

)2

, (1.18)

assuming no FCA (see Appendix A). P̄ is the path-averaged power and g is the

parameteric gain

g =

√
(γP̄ )2 −

(
∆k + 2γP̄

2

)2

. (1.19)

Parametric gain exists when g is a real quantity, which is true if 0 > ∆k > −4γP̄ .

From Eq. (1.17), we see that we would generally require k2 < 0, that is anomalous

dispersion, to satisfy the gain inequality condition.

1.5 Outline

In the dissertation that follows, we explore the linear and nonlinear prop-

erties of resonant silicon nanophotonic devices and how they relate to applica-

tions. In Chapter 2, we study four-wave mixing in coupled resonator optical

waveguides (CROWs) using transfer matrix analysis and the slowing factor for-

malism. CROWs are shown to demonstrate resonance enhanced wavelength con-

version due to accumulated intensity within the resonators. Various parameters

such as waveguide loss, inter-resonator coupling strength and phase matching are

shown to impose limits on the maximum achievable conversion efficiency and the

optimum CROW length. In Chapter 3, we describe a method to design multi-ring

filters with a desired transfer function. A two-stage 10 ring filter is demonstrated

that has small insertion loss and group delay ripple, a tunable bandwidth and has

a ultra-high extinction of over 100 dB in the stop-band. We also demonstrate a

micro-ring wavelength mixer with integrated pump and signal suppression, using a

5 ring filter. Chapter 4 presents an experimental demonstration of heralded single

photons in silicon CROWs with a coincidence-to-accidental ratio that outperforms

a similar conventional nanophotonic waveguide. We present a formalism that de-

scribes photon pair generation in CROWs, and determine the optimum length and

slowing factor for coupled resonator waveguides for a given resonator size and loss

parameter. It is also shown that CROWs may be useful to generate a large variety
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of joint biphoton spectra, which corresponds to different entanglement properties

of the photon pair. Finally, in Chapter 5, we describe four-wave mixing experi-

ments in silicon waveguides using high pump power in the nonlinear loss regime.

Using doped silicon waveguides forming p-i-n diodes, we show significant improve-

ment in conversion efficiency in conventional rib waveguides as well as micro-ring

resonators and CROWs.



Chapter 2

Coupled Resonator Optical

Waveguides

The coupled resonator optical waveguide (CROW) consists of a chain of

resonators that are closely spaced such that light is able to propagate through the

chain via inter-resonator coupling [46]. In this thesis, we use the term CROW

somewhat liberally to describe any chain of N coupled resonators, with N ≥ 2.

Short devices with N < 5 are more commonly called higher-order coupled res-

onators, whereas devices with N > 10 are more akin to being a kind of periodic

waveguide having unique dispersion properties that may be approximated using

Bloch wave theory [17]. CROWs have been demonstrated using a variety of res-

onators (micro-ring, micro-disk, photonic crystal cavity etc.), and may be used

in a range of applications, such as optical filters, tunable optical delays, optical

switches and wavelength mixers [7, 47–49].

CROWs are one of a certain class of optical device called slow light waveg-

uides, where structural resonances are used to greatly reduce the group velocity of

light [50]. This reduced group velocity has a dual effect of both increasing the ef-

fective path length as well as the optical intensity within the waveguide. There has

been significant interest in recent years to harness this slow light effect to enhance

generally weak optical nonlinear phenomenon, which depend critically upon these

two parameters [49, 51–54]. This is especially relevant in an integrated photonics

setting, where more often than not, there is a constraint on available space and op-

14
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tical power. Single high-Q micro-ring resonators have demonstrated FWM at low

input powers [38,55,56]; however, there is an inherent trade-off between resonance

effects (i.e. intensity and path length enhancement) and usable bandwidth. By

cascading resonators in a chain to form a CROW, one may circumvent this limi-

tation since intensity enhancement and interaction length can become decoupled,

the latter scaling with the number of resonators N .

In this chapter we will review the matrix analysis of CROWs, which will be

used to obtain the relevant CROW transmission, phase and dispersion relations.

We focus on micro-ring based CROWs, since they can be described in a straightfor-

ward and exact manner using transfer matrix formalism [57]. The slowing factor

is introduced to relate the effect of the CROW on various linear and nonlinear

optical effects, and how that relates to the FWM conversion efficiency.

2.1 Matrix Analysis of CROWs

The field amplitudes in the (n+ 1)th ring are related to the nth ring using

the matrix relation,[
an

bn

]
= S · P

[
an+1

bn+1

]
=

1

i|κ|

[
1 −t
t −1

][
ϕ∗ 0

0 ϕ

][
an+1

bn+1

]
, (2.1)

where S accounts for the effect of the coupler, P is the propagation matrix with

ϕ = e−ikπR being the propagation through the half-ring. In general, S and P may

be different for each ring and may also include loss and dispersion effects.

For the case of an infinite CROW, one can derive using Bloch’s theorem an

exact dispersion relation [57]

sin(kπR) = ±|κ| cos(KΛ). (2.2)

Here, K is the CROW propagation constant and Λ ≡ πR is the periodicity of the

resonator lattice. We reiterate that k = ω
c
neff(ω) includes the full dispersion of the

constituent waveguides that make up the ring resonators. The dispersion in finite

length CROWs of N > 10 is fairly well approximated by Eq. (2.2), especially with

proper input/output apodization [58].
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Figure 2.1: Matrix analysis of N ring CROW, where the through (at) and drop
port (ad) transfer characteristics can be calculated using the coupling matrices Sn
and propagation matrices Pn.

From the dispersion relation, we can see that the transfer function consists

of a series of pass-bands centered around resonance frequencies Ωm. Since the

coupling |κ| ≤ 1, it is possible that | cos(KΛ)| > 1. In this spectral range, KΛ is

complex and the field amplitudes decay exponentially, forming so-called photonic

band-gaps that separate the pass-bands. A useful result that relates the coupling

coefficient to the pass-band width can be obtained by realizing that the magnitude

of the cosine equates to 1 at the band-edge:

∆fB =
2

π
∆fFSR sin−1 |κ|, (2.3)

∆fFSR is the free-spectral range.

For a finite length CROW, we can obtain the transfer function and phase

response from the input/output boundary conditions (see Fig. 2.1). Assuming no

input in the add-port, we obtain[
a0

at

]
=

(
N+1∏
n=2

SnPn

)
S1 ·

[
ad

0

]
= M ·

[
ad

0

]
. (2.4)

The transfer matrix M can be inverted to give, for example, the drop-port trans-

mission ad
a0

= 1
M11

. Additionally, the dispersion of the finite N -ring CROW is

obtained by taking the phase accumulated at the drop-port to be KNΛ. From

the drop-port response ad, we can also get the field amplitudes at every section
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of the CROW using Eq. (2.1). A neat expression can be obtained for the drop-

port transmission of a perfectly periodic finite length CROW using Sylvester’s

theorem [59]:
ad
a0

=
sin(KΛ)

ϕ∗

i|κ| sin((N + 1)KΛ)− sin(NKΛ)
(2.5)

where KΛ is the argument of the cosine in Eq. (2.2) and ϕ = e−ikπR is the half-ring

propagation.

2.2 Slowing Factor

The FWM conversion efficiency for a single micro-ring in the all-pass con-

figuration can be straightforwardly derived as [55]:

η = |FEp|4|FEs|2|FEi|2(γP̄L)2e−αL (2.6)

where the path-averaged power P̄ = 1
L
P0

1−e−αL
α

and |FE{p,s,i}| is the field en-

hancement factor of the pump, signal and idler. Intuitively, we can say that the

conversion efficiency has been enhanced by the eighth power of |FE|, relative to a

conventional waveguide of equivalent length L. We would like to formulate a sim-

ilar equation for the CROW in order to quantify the conversion efficiency. In the

CROW, the field-enhancement is not constant across all resonators and hence Eq.

(2.6) cannot be directly applied. Instead, a more useful parameter is the slowing

factor S, which is closely related to the mean intra-cavity intensity enhancement.

S is defined as the group velocity in the constituent waveguide divided by the

group velocity in the CROW. Due to the fact that coupling between resonators in

the CROW is small but not zero, the intra-cavity intensity of the two halves of

the ring carrying the forward and backward propagating waves are different. The

mean intra-cavity intensities of the forward (+) and backward (−) waves are [51]

I± = I in ·
S ± 1

2
. (2.7)

Using this relation, we can obtain an equivalent expression for the resonance en-

hanced conversion efficiency in the CROW. To do that, we examine a single ring

in the add-drop configuration, which serves as a prototype CROW. The simplicity
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of the structure allows us to be explicit in the details of obtaining the resultant

expression.

Given how the various fields in the ring are related to each other and the

single-pass FWM gain in the idler

a
′

1,i = a1,i · ϕi + g1 (2.8a)

a2,i = a
′

2,i · ϕi + g2, (2.8b)

we can obtain the idler field at the drop-port as

ad,i =
i|κ|

1− t2ϕ2
i

· (g1 + g2tϕi) ≈ FEi · g1(1 + t2) (2.9)

where the first term on the right-hand side is identified as the field-enhancement

(cf. Eq. (1.9)). ϕi = eiφi is the propagation through the half-ring. Further

simplification is possible by assuming a phase-matched process (i.e. ei(2φp−φs) =

eiφi) and weak-coupling such that t2 ≈ 1. In this case, we can say g2 ≈ g1tϕ
∗
i to

arrive at the final approximation.

The slowing factor for the add-drop ring can be defined as S ≡ dΦ
dφ

, where

Φd = ∠ad is the phase at the drop port and φ = ∠ϕ is the phase accumulated after

one pass of the half-ring. From the drop-port transmission ad = |κ|2
t2ϕ−ϕ∗ we obtain

the relation

tan(Φd) =
1 + t2

1− t2
tan(φ). (2.10)

Differentiating, we get

S =
dΦd

dφ
=

(1 + t2)|κ|2

1 + t4 − 2t2 cos(2φ)
= (1 + t2) · |FE|2. (2.11)

The single pass FWM gain is given as

g1 = iγa2
1,pa

∗
1,sL (2.12)

where L = πR is the half-ring length. Then using Eq. (2.9), we get the FWM

conversion efficiency at the drop-port to be

η =
|ad,i|2

|a0,s|2
= (1 + t2)2|FEp|4|FEs|2|FEi|2(γ|a0,p|2L)2. (2.13)
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Plugging in Eq. (2.7) and Eq. (2.11), we obtain the FWM conversion efficiency at

the drop-port in terms of the slowing factors:

η = SsSi

(
Sp + 1

2

)2

(γPL)2 ≈
(
S

2

)4

(γP (2L))2 (2.14)

which gives us the conversion efficiency in terms of S that we will be applying to

the CROW. Even though this expression is only a good approximation, since it was

derived from the single ring case, it has the proper behavior that we desire. The

enhancement factor scales as the fourth power of S, which agrees well with reports

in the literature [60]. Also note that as S → 1, η approaches that of a conventional

waveguide as expected. The final approximation applies when S is large, with 2L

being the total length of silicon in the CROW. The increased nonlinear interaction

can be described succinctly as an effective waveguide nonlinear parameter,

γeff ≡
1

L

dΦCROW

dPin
=
dΦCROW

dφ

dφ

dPring

dPring
dPin

= Sγ
S + 1

2
≈ S

S

2
γ. (2.15)

Here, dΦCROW

dφ
is the group delay enhancement of the CROW, dφ

dPring
is the nonlinear

phase shift in the constituent waveguide and
dPring
dPin

is the intensity enhancement

in the micro-resonators.

For simplicity we have ignored all loss effects up to this point. It is impor-

tant to recall, however, that the principal limitations to achieving high conversion

efficiencies in silicon by scaling up pump power are nonlinear loss effects such as

TPA and FCA. Moreover, the detrimental effects of linear and nonlinear losses are

simultaneously enhanced in slow light waveguides by the same slowing factor S

(e.g. αCROW = Sα). The effective interaction length, as determined by various S

enhanced loss effects has to be accounted for in determining conversion efficiency

scaling with waveguide length.

It remains now to determine the appropriate slowing factors for the CROW

in question in order to determine the resonance enhancement effect. For an infinite

CROW, the slowing factor can be obtained by differentiation of Eq. (2.2)

S =
dK

dk
=

∓ cos(kπR)√
|κ|2 − sin2(kπR)

(2.16)

where the∓ allows for both forward and backward wave propagation [57]. At band-

center, which coincides with the resonance frequency of an uncoupled resonator, the
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slowing factor reduces to S = 1
|κ| . The slowing factor of an appropriately apodized

CROW also closely follows this scaling [58]. Similarly, for a finite periodic CROW

with constant |κ| across all couplers (i.e. no apodization), we can use Eq. (2.5) to

obtain the dispersion relation:

tan(Φd) =

1
|κ| cos(kπR) sin((N + 1)KΛ)

1
|κ| sin(kπR) sin((N + 1)KΛ)− sin(NKΛ)

(2.17)

which gives S = 1
|κ|2 at band-center. In general, we can obtain the slowing factors

of any CROW with arbitrary parameters by numerically calculating the drop-port

group delay τd = dΦd
dω

from the phase response Φd at the drop-port of the CROW.

2.3 Four-wave Mixing in CROWs

CROWs with typical waveguide dimensions of 500 nm× 220 nm were fab-

ricated at the IBM Microelectronics Research Laboratory on 200 mm SOI wafers

(Fig. 2.2(a)). Racetrack resonator designs were used with a coupling section of

Lc = 20µm and a ring radius of R = 6.5µm. Potential performance advantage,

with respect to a conventional waveguide, are expected at low powers below the

thresholds of TPA and FCA. Here, we measured low power CW pump FWM

in CROWs consisting of 35 and 65 coupled microring resonators (CROW35 and

CROW65), of length 0.48 mm and 0.90 mm respectively, as shown in Fig. 2.2(a).

The equivalent path lengths of the CROWs, assuming only a single pass through

all rings, is 1.4 mm and 2.6 mm. These CROWs are nearly an order of magnitude

longer than those previously reported for wavelength conversion, and hence have

potentially greater interaction length and conversion efficiency.

Output from a TEC-cooled diode laser acting as the pump was combined

with the signal from an Agilent 81640A tunable laser source using a 50:50 fiber-

optic coupler. The combined source output was amplified using an Amonics C+L

band EDFA giving a total pump and signal output of +16 dBm and +12 dBm

respectively. Tapered and lensed fibers were used in conjunction with SU8 polymer

spot-size converters for efficient on-chip coupling. Feeder waveguides, followed by

a section of resonators with suitably apodized couplers, facilitated coupling into
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Figure 2.2: (a) SOI CROWs consisting of 35 and 65 micro-ring resonators. (b)
Measured insertion loss (solid) and band-center slowing factor (crosses) of 35 res-
onator CROW structure. (c) Deviation of measured output power in 35 resonator
CROW (solid) from prediction based on linear loss.

the CROW structure. For all measurements, TE polarized light was used. By

comparing midband-averaged transmission through waveguides and CROWs of

different lengths, we measured the coupling losses to be −4 dB/facet and the

conventional waveguide and CROW losses to be −2.6 dB/cm and −0.21 dB/ring

respectively. From the measured insertion loss of the CROW35 structure (Fig.

2.2(b)) and using the extracted free spectral range (FSR) and pass-band widths,

we determined the waveguide group index to be ng = 4.31±0.02 and the midband

average slowing factor S to range from 3 to 1.7. The slowing factor, which is the

ratio of the CROW group index over the rectangular waveguide group index, is
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Figure 2.3: (a) Optical spectra of FWM in 35 resonator CROW with signal
in adjacent passband (red) and signal six passbands away (blue). (b) Measured
conversion efficiency dependence of 35 and 65 resonator CROWs with pump-signal
detuning. Pump was situated close to band center at 1570.7 and 1570.9 nm,
respectively, with pump power at CROW input at +10 dBm.

given by S = 1
|κ| at band-center. The variation in S over the observed wavelengths

is due to the dispersion of κ. Figure 2.2(c) shows the measured output power from

CROW35 as we increase the input power, and the deviation from the theoretical

case of linear loss (dashed line). Taking into account coupling and waveguide

propagation losses, the maximum coupled power into the CROW structure is about

+13 dBm. At this power the deviation from linear loss is −0.5 dB, and as such

small enough that we can safely ignore TPA/FCA impairments.

Figure 2.3(a) shows the experimentally observed FWM spectra in CROW35,

obtained using an optical spectrum analyzer (OSA) with 0.1 nm resolution. The

pump wavelength used was 1570.7 nm and the signal was situated in the adjacent

pass-band with wavelength of 1563.9 nm. For a coupled pump power of +10 dBm,

the peak conversion efficiency observed, defined as the ratio of the output idler
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power and the input signal power [61], was −45 dB. Subsequently, the signal was

shifted to 1529.5 nm (6 pass-bands away) to show wavelength conversion across

85 nm with less than −3 dB reduction in peak conversion efficiency. In Figure

2.3(b), we plot conversion efficiency dependence on pump-signal detuning with

the pump fixed near band-center at 1570.7 nm for CROW35 and 1570.9 nm for

CROW65. Notches in the transmission bands exist due to effects of imperfect

CROW apodization and fabrication disorder; however, detuning the signal such

that the idler wavelength does not sit within these notches allowed us to avoid

significant penalties in the transmitted idler power. Conversion efficiency was

generally highest when both pump and signal were tuned near the center of their

respective bands, as expected from phase matching considerations. The measured

conversion efficiency in CROW65 was in fact lower than that of CROW35, for

reasons that are discussed below.

Assuming an undepleted pump and the absence of nonlinear losses, the

conversion efficiency for a degenerate pump FWM process can be expressed as:

η = (γeffP̄L)2 · e−αL · ϕ (2.18a)

ϕ =

(
sin(∆KL/2)

∆KL/2

)2

(2.18b)

where
γeff
γ

=
√
SsSi

(
Sp+1

2

)
, the path averaged power P̄ = 1

L
P0

1−e−αL
α

, P0 is the

initial input power, and K is the CROW propagation constant. L = NπR is the

equivalent path-length of the CROW if |κ| = 1 and N is the number of resonators.

Note that in the CROW we have an effective propagation loss which scales linearly

with the slowing factor such that α = Sαwg, S times the constituent waveguide

loss. In the simple case of small detuning from band-center and short waveguide

lengths of < 1 cm, the phase mismatch is small and we can take ϕ = 1.

Thus, we see that the conversion efficiency in the CROW is expected to

be enhanced by a factor with S4 dependence relative to a regular waveguide of

the same length. Figure 2.4 shows the experimental dependence of conversion ef-

ficiency on pump power in the CROWs compared with the calculated efficiency

using Eq. (2.18). Good agreement is obtained between theoretical and experi-

mental values using a small pump-signal detuning of 7.6 nm (approx. one FSR),
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Figure 2.4: (a) FWM conversion efficiency dependence on pump power in 35 and
65 ring CROWs and straight waveguides of equivalent length (1.4 mm). Param-
eters used in calculations: pump-signal detuning = 7.6 nm, CROW loss = −0.21
dB/ring, straight waveguide loss = −2.6 dB/cm, slowing factor S = 3.7 and the
nonlinear parameter γ0 = 140 W−1m−1.

assuming negligible phase mismatch, and a slowing factor of 3.7. For comparison,

we also plot the calculated conversion efficiencies of conventional waveguides with

a length equivalent to the CROW35. Parameters used in the calculation were ob-

tained from calibration measurements done on waveguides within the same reticle

as the CROW on the wafer. Relative to such a waveguide, the FWM conversion

enhancement in the CROW is [51]:

ηCROW

ηwg
=

(
αwg
α

1− e−αL

1− e−αwgL

)2

e−(α−αwg)L · S2

(
S + 1

2

)2

(2.19)

where α and αwg are respectively the CROW and conventional waveguide loss. We

observed a +7 dB conversion enhancement in CROW35 relative to the calculated

conversion efficiency of a 1.4 mm rectangular waveguide. This was less than the

ideal +18 dB enhancement expected from Eq. (2.19), since α > αwg. Figure 2.5
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Figure 2.5: (a) Scaling of effective interaction length of FWM versus the actual
length of waveguide for different loss values. The gray line indicates the ideal case
of no loss. The dashed black line corresponds to a conventional waveguide and the
solid lines correspond to CROWs. (b) Scaling of FWM conversion efficiency with
waveguide length for different loss values.

shows calculations of CROW and conventional waveguide conversion efficiencies

versus waveguide length with the waveguide loss being varied as a parameter. In

this calculation, a modest band-center slowing factor of 3.7 is adopted as a com-

promise between intensity enhancement and usable passband width. Additionally,

signal and idler wavelengths have been chosen such that phase mismatch in the pro-

cess is small. It can be seen that for a given loss figure, there is an optimum CROW

length that outperforms an equivalent length conventional waveguide. However,

once we exceed that optimum, the conversion efficiency starts to decline. In order

for the conversion efficiency to continue to scale as we cascade more resonators,

the linear loss must be kept small.

As previously mentioned, the simultaneous enhancement of linear and non-

linear propagation losses together with the nonlinearity ultimately places limits on

the effective interaction length of wavelength conversion in the CROW. Sources
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of linear loss are, linear propagation loss, ring bending loss and for racetrack res-

onators, mode-conversion losses in the straight to bend transition as well as from

the single waveguide mode to the coupler supermode [62]. If ring bending loss can

be assumed to be negligible (< 0.005 dB/bend) [63], the loss per ring can then

be expressed: e−αΛ = e−S(αwgΛ+αc) where e−αc is the coupler loss. Comparing to

our previously measured loss of −0.21 dB/ring, for a waveguide propagation loss

of −2.6 dB/cm and an average band-center slowing factor of 3.7, we obtain a lin-

ear propagation loss of −0.039 dB/ring. This line of reasoning suggests that the

dominant contribution to linear loss comes from couplers. Several recent results

have demonstrated an order of magnitude reduction in the mode-conversion loss

using a lateral offset technique [64], or alternatively by adding an additional adi-

abatic transition region between the straight and bent waveguides that matches

the curvatures at either end [65]. An improved CROW structure could apply such

techniques to achieve reduced linear loss figures.

Further scaling of conversion efficiency with pump power must ultimately

approach regimes where TPA/FCA become significant, especially in silicon waveg-

uides. Techniques to remove pump generated free-carriers must be employed in

order to mitigate the drastic reduction in effective interaction length caused by

extra nonlinear losses.

2.4 Phase matching in CROWs

We would like to obtain a compact expression for the phase mismatch, such

as the one we obtained for conventional waveguides using a Taylor expansion.

Unfortunately, the CROW transmission contains a series of photonic bandgap

regions and thus the dispersion K(ω) is a discontinuous function in ω. Hence,

we would expect to have to expand K separately at each resonance frequency Ωm.

From the CROW dispersion Eq. (2.2), we know that KΛ = π
2

+mπ at resonance.

Expanding K at Ωm,

cos((K0 +K1∆ω + ...) · Λ) = (−1)m sin((K1∆ω + ...) · Λ) (2.20)
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Figure 2.6: Shape of phase matching function ϕ versus pump-signal detuning.
The blue line represents no coupler dispersion, while the red line represents a

coupler dispersion of d|κ|2
dλ

= 3.11× 10−3nm−1.

where ∆ω = ω − Ωm. Plugging into Eq. (4) of Ref. [66], we obtain

K(ω)−K(Ωm) =
1

Λ
sin−1

(
1

|κ|
sin

(
mπ

ng
neff

∆ω

Ωm

))
. (2.21)

This dispersion, valid within the mth passband, includes all terms in the expansion

except zeroth order, which automatically cancel out anyway in the phase mismatch

∆K. Now using energy conservation of the FWM process, 2(Ωp + ∆ωp) = (Ωs +

∆ωs) + (Ωi + ∆ωi) we can obtain the detuning at each passband. Assuming the

pump is placed at resonance frequency, the phase mismatch is

∆K =
1

Λ

(
sin−1

(
π

|κs|
∆ωs

∆Ωfsr,s

)
+ sin−1

(
π

|κi|
∆ωi

∆Ωfsr,i

))
(2.22)

where we have assumed ∆ωs,i to be small. The coupling coefficients as well as the

FSRs are evaluated at the respective signal and idler resonance frequencies. Given

that ∆ωs
∆Ωfsr,s

≈ −∆ωi
∆Ωfsr,i

, which is true near the zero GVD point, the main source of

phase mismatch is the coupling dispersion.
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Figure 2.6 shows the calculated phase matching profile ϕ (Eq. 2.18(b)) of

a 65 resonator CROW with respect to pump-signal detuning. Two different cases

are considered, one showing dispersion of inter-resonator coupling strength (d|κ|
2

dλ
=

3.11 × 10−3nm−1 at 1590 nm) and the other assuming d|κ|2
dλ

= 0. Band-center

conversion remains nearly constant over a pump-signal detuning with the pump

placed near the zero GVD wavelength. However, the conversion bandwidth shrinks

rapidly with increasing pump-signal separation for the case of significant coupling

coefficient dispersion. The rapid degradation of FWM bandwidth with increased

detuning highlights the need for dispersion flattened inter-resonator couplers in

slow-light wavelength converters which require both large separation between the

signal and idler wavelengths, and wide data transmission bandwidth around each

wavelength.

2.5 Summary

In Chapter 2, we have introduced the slowing factor as a measure of the

mean intra-cavity enhancement of the CROW. The waveguide nonlinear parame-

ter was shown to scale by the fourth power of the slowing factor from theoretical

considerations. Silicon CROWs were demonstrated to have +7 dB enhanced FWM

conversion efficiency relative to an equivalent length conventional waveguide. Mit-

igation of waveguide loss effects would increase interaction length and significantly

improve CROW FWM conversion efficiency. Phase matching of FWM in CROWs

is shown to have a more complex dependence on constituent waveguide dispersion

as well as inter-resonator coupler dispersion.



29

Chapter 2 contains material published in: Jun Rong Ong, Michael L.

Cooper, Greeshma Gupta, William M. J. Green, Solomon Assefa, Fengnian Xia,

and Shayan Mookherjea, “Low-power continuous wave four-wave mixing in silicon

coupled-resonator optical waveguides,” Opt. Lett. 36, 2964-2966 (2011). The

dissertation author was the primary author of this paper.



Chapter 3

Micro-ring Filter Design

Optical filters are indispensable in lightwave communications systems, whi-

ch usually employ spectral multiplexing to increase bandwidth throughput. In

particular, filters provide channel routing, switching and add/drop functionality

in wavelength division multiplexing schemes [67–69]. Several different implemen-

tations of optical filters have emerged in the field of silicon photonics, for example,

cascaded Mach-Zehnder filters [70], corrugated waveguide gratings [71], arrayed

waveguide gratings (AWGs) [72] and cascaded micro-ring filters [7, 67–69]. The

primary performance metrics of interest are, free-spectral range (FSR), pass-band

transmission and group delay ripple, bandwidth and inter-channel cross-talk (i.e.

filter contrast). Micro-ring based filters are highly compact, straightforward to de-

sign and fabricate and can excel in most of these categories, with the caveat that

FSR is limited by the minimum sized resonator that can be fabricated lithograph-

ically. State-of-the-art techniques have shown micro-rings of radii approaching the

operating wavelength of 1.5 µm [73], with FSR greater than 60 nm, enough to

cover an entire ITU telecommunications band.

3.1 Cascading Elements and Apodization

Typically, in a periodic coupled-resonator filter, the inter-resonator cou-

pling coefficients are constant along the chain. This results in a oscillatory trans-

mission spectrum characterized by Fabry-Perot like resonances. The technique of

30
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apodization, literally removing the feet, is to realize an ideal flat pass-band and can

be achieved in a chain with non-uniform coupling strengths. Several analytical

and numerical methods have been proposed to determine the required coupling

coefficients [74–76]. Here, we outline a method based on coupled-mode theory as

discussed in ref. [77]. We will highlight the main results without delving too deeply

into the details.

Consider the complex amplitudes in N identical resonators coupled to the

nearest neighbours as well as to input/output waveguides. From the coupled mode

equations, these complex amplitudes an may be described using a tridiagonal ma-

trix [78],

s+ 1/τe1 ik1 0 0 · · · 0

ik1 s ik2 0 · · · 0

0 ik2 s . . .

. . . . . .

. . . . s ikN−1

. . . . ikN−1 s+ 1/τe2





a1

a2

.

.

.

aN


=



−iµ1sin

0

.

.

.

0


(3.1)

where s is the Laplace variable, kn are the inter-resonator coupling constants,

τe1,2 are the external coupling losses and |sin|2 is the input power coupled into

the first resonator with coupling coefficient µ1. The transfer function T (s) =
cN

sN+cN−1sN−1+...+c1s+c0
is an all-pole function with N poles, where cn are constants.

If we substitute s with i(ω−ω0)/B, then T (s) describes a band-pass filter centered

at ω0 with a bandwidth scaled by the parameter B.

To extract the desired coupling coefficients, we have to make use of the

recursive properties of the tridiagonal matrix,

pN = (s+ 1/τe1) pN−1 + (k1)2 pN−2

pN−1 = s pN−2 + (k2)2 pN−3

...

p1 = s+ 1/τe2

(3.2)

where pn is the determinant of the bottom-right n×n submatrix. The polynomial

pn has a leading term sn. Noting that T (s) = cN
pN

, given a desired transfer function
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we already know pN and thus need pN−1 to find all the other pn. For a lossless

system, |T (iω)|2 + |R(iω)|2 = 1 such that

|R(iω)|2 =
|pN |2 − c2

N

|pN |2
=
|q(iω)|2

|pN |2
. (3.3)

Making use of the result R(s) =
pN−µ2

1 pN−1

pN
= q(s)

pN
, we can obtain pN−1. As an

example, we will obtain the coupling coefficients of a Butterworth type filter of

N = 2, which exhibits a flat transmission spectrum.

The desired transfer function is given by

T (s) =
1

s2 +
√

2s+ 1
=

1

p2

. (3.4)

It follows that

|R(iω)|2 =
ω4

ω4 + 1
(3.5)

and therefore q(s) = s2. Subsequently, realizing that the leading term of p1 is s

and using the relation

p1 =
p2 − q(s)

µ2
1

= s+
1√
2

(3.6)

we obtain the final polynomial. By inspection of Eq. (3.2), coupling constants

τe2, τe1 are equal to
√

2 and also k1 is equal to 1/
√

2. The extracted coefficients

have to be scaled by the bandwidth parameter B, which then determines the

bandwidth of the filter. The final step is to convert these coupling constants from

the time-domain coupled mode formalism to the transfer matrix formalism using

these two formulas:

κ = sin

(
k

∆fFSR

)
(3.7a)

κi,o =

√
2 sin((τe ∆fFSR)−1)

1 + sin((τe ∆fFSR)−1)
(3.7b)

where Eq. (3.7a) applies to inter-resonator couplers and Eq. (3.7b) applies to

input/output couplers. To obtain a bandwidth of 100 GHz (≈ 0.8 nm at 1550

nm), we choose our parameter B = π × 1011. Then, assuming ∆λFSR = 7.5 nm,

we get the set of coupling coefficients κ = [0.6214, 0.2392, 0.6214] (see Fig. 3.1 for

through and drop port transmission).
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Figure 3.1: Drop and through port transmission characteristics of N = 2, coupled
resonator filter with κ = [0.6214, 0.2392, 0.6214]. ∆λFSR = 7.5 nm and∆λB = 0.8
nm.

3.2 High Contrast Tunable Filters

The performance of silicon photonic filters has lagged behind their off-chip

counterparts in terms of pass-band to stop-band filter contrast. Measurements re-

port (see Table 3.1) about 30-50 dB contrast compared to greater than 60 dB con-

trast which is available in off-chip systems such as diffractive grating spectrometers,

cascaded fiber Bragg grating filters or tabletop diffraction-based instruments. High

contrast is particularly useful in LIDAR, nonlinear wavelength conversion, nonlin-

ear microscopy, astronomical optics, and quantum photonics. Here, we present

experimental insertion loss (IL) and group delay (GD) measurements of compact

silicon microring filters (two cascaded 5-ring sections), as shown in Fig. 3.2. We

achieve record 100 dB contrast in the drop port for a single transverse-electric (TE)

polarization. Furthermore, we demonstrate electrical current driven thermo-optic

tuning of the pass-band width from 125 GHz to 11.6 GHz.

The devices were fabricated using complementary metal-oxide-semiconduc-

tor compatible processes on silicon-on-insulator wafers at the Institute of Micro-

electronics (Singapore), and singulated into chips for testing using edge coupled
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Figure 3.2: Optical microscope image of a coupled 5-ring silicon filter, using
racetrack resonators and directional couplers between adjacent rings, with the
input and output single-mode silicon nanophotonic waveguides indicated. On-
chip resistive micro-heaters, defined by doped silicon wires and not visible in a
microscope image, are colored in.

inverse taper waveguides. The insertion loss of each fiber-to-waveguide coupler

was estimated as −4.3 dB averaged over the wavelengths of interest, based on

calibration measurements on separate test sites. The waveguides, with width 550

nm, height 220 nm, and slab thickness 70 nm, were designed for low loss (approx.

2 dB/cm) transverse electric (TE) polarization transmission relative to the device

plane. The micro-ring resonators were in the racetrack configuration, with radius

10 µm and directional coupler length 10 µm. Within each section of 5 rings, the

rings were nominally identical, with apodized waveguide-resonator coupling coeffi-

cients achieved by varying inter-waveguide gap from 210 nm for the first and last

couplers to 320 nm in the middle. Micro-heaters were formed using doped, zig-zag

shaped lines in the silicon slab, with width 500 nm and height 70 nm, situated

about 2 µm from the silicon waveguide forming the ring. On one representative

chip, the average heater resistance was 20 kΩ, with a standard deviation of 4.3 kΩ.

The intensity transmission and group delay were measured using an optical

vector network analyzer (OVA) instrument, manufactured by Luna Technologies

(Blacksburg, VA). The measurement technique is that of swept-wavelength inter-

ferometry, a homodyne measurement method which achieves high sensitivity and

amplified spontaneous emission noise rejection. The procedures used to calculate

transmission and group delay from the measured Jones matrix, and calibration

against a known standard (e.g. acetylene gas cell), are described in Ref. [84].
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Figure 3.3: Transmission of a single filter stage (5 rings) measured from 1530 to
1610 nm. The TE polarization, which is the quantity of interest in view of the
waveguide and coupler design, is shown in dark gray colored dots (raw measure-
ment). The red line shows the data after a moving-window smoothing filter of span
50 pm. Transmission in the TM polarization is shown using a light gray colored
line.

Transmission was calculated from the eigenvalues of the matrix J†(ω)J(ω), where

J(ω) is the measured Jones matrix of the filter at radian frequency ω. At a given

frequency, the greater eigenvalue represents the maximum transmission polariza-

tion state, and the smaller eigenvalue represents the minimum transmission polar-

ization state [85]. By comparing with a transfer-matrix calculation of the coupled-

ring transmission spectrum, we were able to identify which measured polarization

corresponded to the TE polarization. The weakly transmitted transverse magnetic

(TM) polarized light is spectrally flat, with some incidental ripples not related to

the free spectral range (FSR) of the microring; this behavior has also been seen in

single-ring filters (Ref. [86], Fig. 7(b)).

Fig. 3.3 shows a transmission measurement through a single 5-ring silicon

filter stage of both TE and TM polarizations. The former is the quantity of in-

terest as the rings and couplers were designed using the group index of the TE
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polarization in mind and silicon nanophotonic waveguides are significantly bire-

fringent [87]. For a representative channel near 1550 nm, the measured insertion

loss of the 5-ring filter was −1.4 dB, and group delay ripple (GDR) was less than 3

ps over 125 GHz bandwidth. Transmission uniformity of each pass-band was seen

over a wide range of wavelengths, extending throughout the C and L telecommuni-

cations bands (1530−1610 nm). The standard deviation of the average band-center

insertion loss across 11 pass-bands was only 0.96 dB. The FSR of the microrings

was 7.4 nm near 1550 nm. The systematic increase in the edge-to-edge pass-band

width versus wavelength, from 1.69 nm at 1531 nm to 2.39 nm near 1606 nm, was

due to the dispersion of typical silicon waveguide directional couplers [88], with |κ|
varying monotonically from 0.366 to 0.464 over those wavelengths.

A 10-ring filter cascade was obtained by cascading two 5-ring structures,

each on a separate chip. When the center wavelength of one group of five rings was

thermally shifted relative to the other, the bandwidth could be narrowed without

greatly degrading the ripple characteristics. We ensured that TE polarization was

used at the input of both chips. The additional interconnection incurred an addi-

tional 9 dB insertion loss, but did not impact the measurement of either contrast or

bandwidth. The TE-polarized transmission through the dual-stage filter is shown

in Fig. 3.4(a). High-dynamic range measurement of one pass-band is shown in

Fig. 3.4(b). At the lowest transmission level, data taken with 1.2 pm wavelength

resolution (hardware limit) is shown with grey dots, and was subject to instru-

mental noise, as verified with a measurement of a fiber patch-cable replacing the

silicon chip. The yellow line was obtained by a moving-window smoothing filter of

span 50 pm. Since averaging repeated measurements, or increasing the smoothing

filter window, did not reduce the noise floor, this yellow line was attributed to the

device under test and defined the transmission floor. 100 dB contrast was mea-

sured with regard to this floor, 90 dB contrast was obtained with regard to the

unfiltered instrumental-noise-defined floor. As shown in Fig. 3.4(c), less than 3

dB insertion loss ripple was obtained over a bandwidth of 100 GHz. As shown in

Fig. 3.4(d), the GDR was less than 5 ps over a continuous 75 GHz bandwidth near

the band-center. GDR was well fit by a simple polynomial chromatic dispersion
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Figure 3.4: (a) Transmission of a dual-stage (10 microring) filter in the TE
polarization. (b) High dynamic range measurement of a passband near 1.55 µm,
using amplified swept-wavelength interferometry, with the yellow line representing
the averaged (50 pm) noise floor of the raw instrumental data shown with gray
dots, and the dashed line as a visual guide to the filter roll-off, with slope 119
dB/nm. (c) Dashed lines show the margins of 3 dB IL ripple extending over 125
GHz spectral bandwidth. (d) Dashed lines show 5 ps bounds for the measured GD
ripple near the band-center over 75 GHz bandwidth, indicating a level of GDR in
the as-fabricated device, without trimming, comparable to cascaded fiber Bragg
grating devices. GDR was fit by a simple polynomial chromatic dispersion profile.
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Figure 3.5: (a) Using on-chip micro-heaters, the passband of one 5-ring filter
section was red-shifted, as shown in this low-dynamic-range measurement. Heater
drive powers for A, B, C and D are 0 mW, 9.3 mW, 15 mW and 22 mW. (b) For a
cascaded filter, the 3-dB bandwidth was reduced from ∆fFWHM = 125 GHz to 11.6
GHz, by tuning the temperature of one section of five rings relative to the other
(held constant at 23.2 ◦C), with relative temperature increase, ∆T at A=0 ◦C,
B=3 ◦C, C=5.6 ◦C, D=8.5 ◦C, E=10.2 ◦C and F=12 ◦C. To achieve a larger range
of temperature shifts than in Fig. 4(a), the chip temperature was controlled using
a thermo-electric module and temperatures were estimated using a measurement
of resistance and a thermistor equation.

profile.

The thermo-optic (red) shift of the refractive index can be used to spectrally

shift the resonance wavelengths, as shown in Fig. 3.5(a). Using current driven

through the on-chip microheater, with tuning efficiency 1.25 GHz/mW, a tuning

range of approx. 50 GHz was seen before heater damage. Device failure occurred

relatively easily in the present design because the heaters were implemented using

doped silicon meanders in the thin silicon slab, and were intended for fine-tuning

the ring resonances, not large-range band shifting. However, a greater range of

tuning (> 100 GHz) was possible by heating the chip itself through a thermo-

electric module. In a cascaded configuration, when one set of rings was thermally

shifted relative to the other, the composite filter bandwidth of each channel was

reduced. Such functionality is needed for filtering of a variable number of discrete

channels in a telecommunication network, among other applications. Full pole-zero
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tunability, as shown by other work [80], is not needed for such filtering. Here, a

single control voltage is sufficient to tune the bandwidth. Shown in Fig. 3.5(b)

are snapshots of a representative transmission passband reduced from 125 GHz to

11.6 GHz, i.e., more than a 10× range, at discrete points along the tuning curve.

Now, we discuss some fundamental aspects of micro-ring filters that have to

be considered to further improve contrast in a multi-ring cascade. For pass-band

wavelengths, the loss coefficient of a coupled-ring filter is α = αwg/|κ| = Sαwg.

This is given in terms of the propagation loss of a silicon nanophotonic waveguide

αwg, which constitutes the racetrack resonators, and the magnitude of the inter-

ring coupling coefficient |κ|. The relation S = 1/|κ| applies in the case of apodized

multi-ring filters. For stop-band wavelengths, the propagation coefficient can be

estimated by Bloch’s theory (i.e. Eq. (2.2)) with a complex propagation coefficient,

and is Im(KΛ) = cosh−1(1/|κ|). Therefore, for an N-ring chain, the contrast is

Tpass
Tstop

=
exp(−NΛαwg/|κ|)

exp(−2N cosh−1(1/|κ|))
(3.8)

For silicon waveguides with loss figure about 2 dB/cm, the stop-band extinction

is generally much greater than the propagation loss, and thus the denominator is

usually much smaller than the numerator. The subtlety in Eq. (3.8) is that recent

simulation and experimental studies [89] on realistic disordered silicon coupled

micro-rings suggest that the number of resonators N that can be coupled in a

disorder-free manner is not independent of |κ|, but is proportional to |κ|2. Then,

a robust strategy to achieve high contrast is to increase the coupling coefficient. A

larger |κ| reduces the contrast in a single-stage filter, but the overall contrast can

be increased by supporting longer chains of resonators than possible in the weak

coupling case. Another advantage of a higher value of |κ| is that the filter has a

greater transmission bandwidth, and therefore, a wider tunable bandwidth range

in the case of the cascaded-filter scheme shown here.

3.3 Integrated Pump and Signal Suppression

In an ideal mixer, the spectrum measured at the output port should show

only the newly-generated frequency, with no leak-through of the unconverted input
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Figure 3.6: (a) Frequency spectrum of an ideal (up-conversion) mixer generating
a single fadio frequency (RF) tone at the output, with built in rejection for the
lower sideband labeled LO + IF. The local oscillator (LO) is equivalent in function
to the optical pump, while the intermediate frequency (IF) serves as the input to
the mixer, equivalent to the optical signal. Dotted lines indicate where spectral
lines are suppressed. (b) Typical optical spectrum at output port of a waveguide
mixer showing desired and undesired spectral lines. ωp and ωs are the pump and
signal frequencies respectively.

signal or the pump (see Fig. 3.6). RF balanced mixers can rely on interferometric

cancellation of signals within the device, which does not yet have a silicon pho-

tonic implementation. Alternatively, the undesired frequencies may be removed

by a filter providing high on-off contrast. High performance tunable optical filter-

ing, based on cascaded micro-rings, has previously been demonstrated [90]. Here

we show a compact, two-stage architecture with the ability to demultiplex the in-

coming pump and signal wavelengths from the output idler wavelength without

the help of off-chip filtering, which can be crucial in more sophisticated photonic

circuits consisting of multiple stages.

Silicon rib waveguides with nominal cross-section 550 nm × 340 nm and

70 nm slab were fabricated using a CMOS compatible process. Inverse taper

waveguides with average coupling efficiency of −4.3 dB were used for fiber to chip

coupling [91]. A multi-stage device was formed consisting of “mixer” and “filter”
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Figure 3.7: Optical microscope image of the two-stage wavelength converter.
Pump and signal wavelengths were input from port 1 and coupled into the mixer
micro-ring. The 20 µm radius mixer ring has built-in p-i-n diodes for free-carrier re-
moval. The generated idler wavelength was filtered by the 5 ring coupled-resonator
filter and exited through port 3. Doped silicon strips adjacent to the rings form
micro-heaters that allow fine-tuning of the filter pass-bands. These are invisible
to the optical microscope and are colored in the figure for visual aid. Port 4 al-
lows diagnostic monitoring of the spectral output of the wavelength mixer. Inset:
Waveguide cross-section dimensions.

parts. Wavelength conversion based on four-wave mixing was performed within

a single micro-ring resonator of radius 20 µm. Reverse biased p-i-n diodes were

placed along the rib waveguide for active removal of the free-carriers generated by

the intense pump. Using the naming convention of Fig. 3.7, we input our pump

and signal into the mixer through port 1. We monitored the idler being generated

via the drop-port of the micro-ring (port 4). After passing through the mixer, the

wavelengths went to the “filter” stage which consists of a 5 ring coupled-resonator

filter, with racetrack resonators of radius 10 µm and 10 µm long couplers. On-

chip micro-heaters with tuning efficiency of 1.25 GHz/mW [90] allowed limited fine

tuning of the filter pass-bands so as to align the transmission maxima with the

converted idler wavelength. Subsequently, the generated idler was seperated from

the pump and signal which were monitored via port 3 and port 2 respectively.

Figure 3.8 shows the transmission spectrum of the drop-port of the single
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Figure 3.8: Transmission spectra of the 5 ring coupled-resonator filter (red) and
the single micro-ring wavelength mixer (green). Ring radii are chosen such that the
free-spectral range (FSR) of the filter is 1.5× that of the mixer. The inadvertent
presence of the higher order TM mode gives rise to transmission bands in between
the fundamental TE mode pass-bands; however the TM mode does not affect this
demonstration.

micro-ring, as well as that of the 5 ring filter. Based on the FWHM of the mixer

ring transmission, we estimate the Q factor to be approximately 5 × 104 which

is consistent with our earlier experiments [92]. As can be seen from the spectra,

the radii of the rings have been chosen such that 3× the free-spectral range of the

mixer ring is 2× that of the filter. Consequently, after wavelength conversion was

achieved, the pump and signal wavelengths go to the through-port of the filter,

whereas the idler wavelength passed into the drop-port and was effectively isolated.

On the reported chip, no thermal tuning was necessary since the pass-bands were

aligned as fabricated. In Fig. 3.8, spurious bands at levels −30 dB below the

TE transmission peaks are attributable to the higher order TM mode of the rib

waveguide.

To characterize the single micro-resonator mixer, we monitor the output

spectrum at port 4 when pump and signal were input at port 1. The pump

and signal wavelengths were 1565.92 nm and 1561.09 nm respectively. In the RF
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Figure 3.9: Four-wave mixing spectra as measured from output port 3 (green) and
monitor port 4 (blue), which represent the filtered and unfiltered cases respectively.
The dotted line is the port 4 transmission spectrum, which has been overlaid to
highlight the filter contrast. Pump and signal power levels have been suppressed
by −49.9 dB and 44.3 dB respectively. The idler wavelength, which is in the
pass-band of the filter, incurs a −2.4 dB attenuation after filtering.

literature, single sideband conversion refers to the generation of fLO + fIF but

not fLO − fIF [93]. Here, we effectively see single sideband conversion at the

output port because the downconversion product has −20 dB relative efficiency

and is lost in the noise floor. Signal power coupled onto chip was estimated to be

about 80 µW. At input pump power of 3.5 mW, the conversion efficiency, defined

as the ratio of the output idler power and the input signal power, was −28.2

dB. A reverse bias voltage of −2.5V was used to sweep out the free-carriers, and

further increase in voltage did not substantially improve conversion efficiency. The

significant reduction in conversion efficiency with respect to our previous report

[92] can be attributed to the presence of the drop-port coupler which reduce the

effective photon lifetime within the resonator. Additionally, the p-i-n diodes were

not wrapped around the full circumference of the ring because of the obstruction
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of the second coupler, which can reduce the effectiveness of carrier removal. Based

on our iterative method to calculate the four-wave mixing in the micro-ring [94],

we estimate an additional +16 dB in conversion efficiency without the drop-port

waveguide. The drop-port only serves a diagnostic purpose in this experiment, and

can be removed in future designs. The higher output idler power may then permit

measurements of eye diagrams and bit error rate curves which are not possible at

these power levels.

Because of the symmetry of the waveguide to micro-ring couplers at the

mixer, the idler power level should be equal in both the waveguides going to port 4

and into the filter. We can thus estimate the effectiveness of the filter in isolating

the idler wavelength by comparing the power levels at port 3 and port 4. From

Fig. 3.9, comparing the unfiltered and filtered four-wave mixing spectra, we see

that the pump and signal power levels have been reduced by −49.9 dB and −44.3

dB respectively. In contrast, the idler power level incurs an additional −2.4 dB

loss after passing through the filter. Ideally, there should be complete pump and

signal suppression such that the output of port 3 transmits only the idler wave-

length. However, the approximately 50 dB contrast achieved by our filters results

in suppressing the pump by −10.0 dB and the unused signal by −21.3 dB, relative

to the idler. Usually, the signal and idler carry modulated data, whereas the pump

is CW, therefore a low value of the residual signal power relative to the generated

idler is beneficial. Most on-chip silicon photonic filters have reported 40 − 50 dB

of pass-band to stop-band isolation [6, 7, 48]. Improving this number by a further

20− 30 dB, though challenging, will be helpful to realize near-complete pump and

unused signal suppression.

The coupled micro-ring filter may be able to achieve > 50 dB filtering

contrast in a very compact footprint (220µm×30µm). We can estimate the contrast

between the pass-band and stop-band of such a filter from the Eq. (3.8). From

the measured pass-band width, we can calculate that |κ| ≈ 0.2 near the pump

wavelength [66]. Using Eq. (3.8) with the measured filter loss of −2.4 dB in the

numerator, the filter contrast is ideally expected to be greater than 90 dB. In fact,

we have measured contrast ≈ 100 dB from a cascade of two filter sections, each on a
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separate chip, where the two chips were connected by an inline fiber polarizer [90].

We believe that one of the possible reasons for limited filter contrast here is mode

conversion into the higher order TM mode. An important next step is to carefully

design the waveguide cross-section to simultaneously maximize four-wave mixing

efficiency and filtering contrast.

3.4 Summary

In Chapter 3 we have reviewed a time-domain coupled mode theory for-

malism that enables design of micro-ring filters with desired transfer function. We

demonstrate a 10-ring two stage multi-ring filter with relatively flat-top trans-

mission and group-delay ripple, and 100 dB extinction in the stop-band. We

also demonstrate tunability of bandwidth from 125 GHz to 11.6 GHz, by shifting

the transmission band of one stage relative to the other. Additionally, we have

designed and fabricated a single micro-ring wavelength mixer in cascade with a

coupled-resonator filter, such that the generated idler wavelength is isolated from

the input pump and signal wavelengths. We have shown nearly 50 dB suppression

of the incoming pump power and effectively isolated the idler power at the output

port with signal-to-noise ratio of greater than 10.
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Chapter 4

Spontaneous Four-wave Mixing in

CROWs

In recent years, quantum optics technologies are moving away from table-

top setups involving bulky discrete optical components and evolving towards in-

tegrated photonics [12], with an eventual goal to realize applications in quantum

communications, computation and metrology [95–97]. Much effort has been placed

on the development of the requisite components in order to generate, manipulate

and detect quantum states of light on-chip [98–103]. Silicon photonics, together

with the mature CMOS fabrication technology, potentially allows large scale and

complex quantum photonic circuits to be synthesized, which will be chip-scale and

perform reliably over time.

With respect to chip-scale sources, silicon can be used to generate entangled

photon pairs using the optically-pumped spontaneous four-wave mixing (SFWM)

process. This is a χ(3) process, as opposed to traditional photon pair sources in

quantum optics using the χ(2) spontaneous down conversion process (SPDC), and

hence scales with the square of the pump power. In the degenerate four-wave-

mixing configuration, a single pump at frequency ωp generates photons at signal

(ωs) and idler (ωi) frequencies, with energy conservation requiring 2ωp = ωs + ωi

and momentum conservation (phase-matching) being a requirement for appreciable

pair production. Silicon nanophotonic waveguides are quite promising compared

to optical fiber, since a typical single mode waveguide with sub-micron cross-

48
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sectional dimensions has a nonlinearity parameter γ ≈ 200 W−1m−1 (four orders of

magnitude greater than highly nonlinear optical fiber) around a wavelength of 1.55

µm. Nonlinear loss mechanisms like TPA and FCA that often plague wavelength

conversion in the “classical” regime may not have as much impact on photon pair

generation, since pump powers in silicon are often limited to a few milliwatts to

minimize the probability of multi-photon generation. In fact, reverse biased p-i-n

structures have been used to overcome performance degradation due to FCA in

resonance enhanced devices [104]. Additionally, the generated photon pairs are

not as adversely affected by spontaneous Raman scattering noise photons, which

are narrow-band in silicon and can easily be filtered out [105].

Different quantum applications require different spectral correlations of the

output photon pairs. For example, frequency correlated photon pairs may be useful

for quantum measurements with accuracies beyond the classical limit [106]. For

a single photon source, the indistinguishability of output photons is an important

consideration. In silicon waveguides, the phase-matching bandwidth of the SFWM

process is generally quite broad, on the order of tens of nanometers. As such,

for a single narrow-band pump, the generated photon pair usually emerges anti-

correlated in frequency. This is an entangled state, and detection of the heralding

photon projects the signal photon into a mixed state. Purity may be enhanced

by spectrally filtering the output, the disadvantage being a reduction in photon

count rate since unused pairs are discarded. Recent work has shown that through

the careful control of waveguide dispersion [107], or through the use of a two-

pump configuration [108], photon pairs may be generated in factorable states which

are spectrally de-correlated. Alternatively, one may limit the modes available for

SFWM process by placing the nonlinear material in a cavity, thereby providing

both spectral filtering of output states as well as local intensity enhancement of

the pump [109].

In this chapter, we describe measurements where silicon CROWs were used

to generate correlated photon pairs and heralded single photons using the SFWM

process. We study the efficacy of micro-resonator chains, in comparison to con-

ventional silicon waveguides, as a heralded single photon source. We also develop
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the coupled mode theory, used to describe the SFWM in CROWs and the spectral

properties of the generated photon pairs.

4.1 Heralded Single Photon Measurement

There are two dominant approaches to single photon generation at optical

wavelengths. The first is through radiative decay of a single quantum emitter that

is triggered by excitation pulses [110]. The second, which we use here, is through

spontaneous photon pair production, in which the detection of one photon of the

pair provides the time stamp by which the remaining heralded single photon is

identified. Both approaches for single photon generation were first demonstrated

in bulk optical systems decades ago [111, 112]. More recently, researchers have

begun exploring SFWM for photon pair production in CMOS-compatible silicon

nanophotonic devices. Here, we advance previous work and demonstrate not only

photon pair production, but also explicitly show heralded single photon generation

in a silicon nanophotonic device near the 1.55 µm telecommunications band. We

make use of recently developed high trigger rate telecommunications band single

photon counters to perform the three detector experiment needed for this demon-

stration [113].

Our device geometry was a silicon coupled-resonator optical waveguide

(CROW) as shown in Fig. 4.1(a). The CROW consists of N = 35 directly coupled

micro-ring resonators (loss = 0.21 dB/ring), such that each eigenmode is a collec-

tive resonance of all N resonators. Light is transmitted through the CROW in a

disorder-tolerant slow light regime. As γeff is enhanced by the square of the slowing

factor S2, the CROW achieves higher levels of conversion within the limited foot-

print available on a chip. In Ref. [114] (Chapter 2), we have shown classical FWM

in CROWs with > 10 THz (80 nm) separation between signal and idler. This wide

wavelength separation is of practical benefit in spectrally isolating the members of

the photon pair from each other, as well as from residual pump photons.

We first show photon pair production from the CROW device, using the

experimental setup depicted in Fig. 4.1(b). Time-correlated signal and idler pho-
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tons are expected to be generated in multiple pairs of CROW transmission bands

from our amplified pump beam at 1549.6 nm, based on energy conservation con-

siderations. We choose a signal-idler pair at 1529.5 nm and 1570.5 nm, as shown in

Fig. 4.1(c). Here, to show the classical FWM process, a strong pump at 1549.6 nm

was combined with a probe field at 1570.5 nm, resulting in the addition of stim-

ulated photons into the 1570.5 nm field and generation of a new field at 1529.5

nm. For SFWM experiments, the 1570.5 nm probe field was disconnected so that

spontaneous photons are generated in the signal and idler bands. The 1549.6 nm

pump was filtered to a 1.0 nm bandwidth through cascaded wavelength division

multiplexer (WDM) and tunable filters, and light was coupled to and from the chip

using tapered lensed fibers and polymeric overlaid waveguide couplers at −5 dB

loss per coupler. Output light from the chip was filtered by a set of WDM pump

rejection filters (120 dB estimated rejection at 1550 nm ±3 nm) and then routed

through cascaded C- and L-band WDM filters (estimated 150 dB pump isolation;

0.5 nm bandwidth) to spectrally separate and isolate the signal and idler photons,

respectively.

The signal (C-band) and idler (L-band) photons were detected by InGaAs/

InP single photon avalanche diodes (SPADs) gated electronically at 1MHz (10%

detection efficiency, 20 ns gate width, and 10 µs dead-time). Raw coincidences

(Craw) and accidentals (Araw) were measured by a time-correlated single photon

counting (TCSPC) system operating with 512 ps timing resolution, with typical

measurement integration times between 1800 s and 5400 s. Coincidences due to

dark counts (D) were measured separately for both integration times at each de-

tector and subtracted to yield C = Craw − Araw and A = Araw − D, with the

coincidence-to-accidental ratio given as CAR = C/A. Raw coincidences Craw are

counted over a 512 ps bin at zero time delay between the Cband and Lband paths.

Raw accidentals Araw are taken as the average over thirty separate 512 ps bins at

time delays of {1µs; 2µs; . . . ; 30µs}, corresponding to the 1 MHz trigger rate, with

coincidences due to dark counts D determined in the same way. The uncertainties

in Araw and D are one standard deviation values and are propagated to generate

the error bars in the CAR plot.
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Figure 4.2: (a) CAR as a function of power at the CROW input, for continuous
wave pumping. (b) Number of coincidences (red) and accidentals (blue) at the
CROW output as a function of power at the CROW input. Results are plotted in
units of (left y-axis) counts per gate and (right y-axis) counts per second.

CAR under continuous wave (CW) excitation is shown in Fig. 4.2(a) as

a function of the input power into the CROW. CAR initially increased and then

rolled off at higher intensities, which is the anticipated behavior based on other

studies. At low powers, CAR is thought to be limited by detector noise, while at

higher powers, nonlinear loss and multiple pair generation are the limiting factors.

Peak CAR was 10.4± 1.4 at an input power of 12 dBm, which was below the level

for 1 dB excess nonlinear absorption in these CROWs. In Fig. 4.2(b), we plot the

coincidence and accidental rates at the output of the CROW. At peak CAR, the

coincidence rate was ≈ 1.5× 10−3 per detector gate; considering the CW pumping

and the 1 MHz detector trigger rate and 20 ns gate width, this corresponds to a

pair coincidence rate of 73 kHz. Figure 4.2(b) also shows quadratic fits (solid lines)

to the six lowest power data points; the sub-quadratic dependence of C and A at

higher pump powers was most likely related to TPA/FCA effects. We compared
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the pair production performance of our CROW with a conventional single mode

silicon wire waveguide (length of 2.63 cm, loss = 2.6 dB/cm, coupling loss = −5

dB per coupler) on the same chip. A peak CAR of 8.5 ± 1.0 was measured for

this device, with a pair coincidence rate of 95 kHz. Thus, the CROW photon pair

source moderately outperformed a conventional silicon waveguide whose physical

footprint was 54 times longer.

We next consider heralded single photon generation from this device (Fig.

4.3(a)). Here, the detection of an L-band idler photon indicates (heralds) the pres-

ence of its C-band pair, and a photon correlation measurement on these heralded

photons confirms their single photon character. We pumped the CROW using a

pulsed source, which was created by modulating and amplifying a tunable diode

laser at 1549.6 nm to create 2.5 ns wide, 8 MHz repetition rate pulses. C-band

signal and L-band idler photons were spectrally separated and isolated in the same

way as above, but now the C-band signal photons were split by a 50/50 coupler,

with each C-band path detected by an InGaAs/InP SPAD (20% detection effi-

ciency, 20 ns gate width, and no deadtime). The detectors in this Hanbury-Brown

and Twiss photon correlation measurement setup (labeled SPAD B and SPAD C in

Fig. 4.3(a)) were triggered by the detection of an L-band idler photon (the herald).

The L-band photons were detected by a high-performance InGaAs/InP SPAD, la-

beled SPAD A in Fig. 4.3(a), which operates at 30% detection efficiency, 10 ns

gate width, and 10 µs dead time and was triggered at 8 MHz by the electro-optic

modulator driver. The normalized value of the photon correlation measurement on

the C-band signal photons at zero time delay, is given by g(2)(0) = NABCNA
NABNAC

[115].

Triple coincidences, NABC , corresponding to simultaneous events on all three detec-

tors, were recorded over a 2.5 ns bin using the TCSPC. Double coincidences NAB

and NAC , corresponding to simultaneous events on SPADs A and B or SPADs A

and C, were given by the photon detection rates on SPAD B and SPAD C. The

number of heralding photons NA is determined by the detection rate on SPAD A,

and a typical integration time of 1500 s was used for each measurement.

In Fig. 4.3(b), we plot the value of g(2)(0) as a function of average input

power into the CROW. g(2)(0) < 0.5 for all pump powers that we recorded, indicat-
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Figure 4.3: (a) Schematic of the experimental setup used to perform heralded
single photon measurements. The Si CROW is pumped by a pulsed 1549.6 nm
laser (2.5 ns pulses, 8 MHz repetition rate) generated by a modulated and amplified
diode laser. Generated photon pairs are spectrally isolated and separated into the
C-band (1529.5 nm) and L-band (1570.5 nm). Detection of an L-band photon
by an InGaAs/InP SPAD is used to trigger a Hanbury-Brown and Twiss photon
correlation measurement on the C-band photon. (b) Heralded g(2)(0) as a function
of average power at the CROW input. (c) Heralding rate at the CROW output
as a function of average power at the CROW input. Results are plotted in units
of (left y-axis) heralding photons per second and (right y-axis) heralding photons
per pulse.
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ing that we indeed have a source that is anti-bunched and dominantly composed of

single photons. The minimum value we measured is g(2)(0) = 0.19± 0.03 at ≈ 1.7

mW of average power into the CROW. At lower power levels in our experiment,

g(2)(0) may be limited by detector dark counts and after-pulsing, while at higher

power levels, the increase in g(2)(0) is likely due to the increased multi-photon prob-

ability as multiple photon pairs are generated in each optical pulse. The maximum

power levels we can inject into the CROW were ultimately limited by the damage

threshold of the input couplers. In Fig. 4.3(c), we plot the heralding rate (detec-

tion rate of L-band photons by SPAD A) at the CROW output. At the minimum

value of g(2)(0), the heralding rate was ≈ 220 kHz (≈ 0.028 photons/pulse). As

the input power to the CROW increases, the generation rate of heralding photons

saturated near 1 MHz due to TPA/FCA effects in silicon. Under pulsed pumping

(2.5 ns pulses, 8 MHz trigger rate) and at the input power corresponding to the

minimum value of g(2)(0), CAR ≈ 15 was measured without dark count subtrac-

tion. Subtraction of dark count coincidences (due to dark counts on both detectors

as well dark counts on one detector and photon detection events on the other de-

tector) yields CAR = 23.8± 5.6. This significant correction indicates that g(2)(0)

reported in Fig. 4.3 may contain a large contribution due to dark counts.

4.2 Coupled Mode Theory

In single ring resonators, the theory of both SPDC (second order nonlin-

earity) as well as SFWM (third order nonlinearity) has been studied [116–118].

Here we extend the previously described methods to develop the output state of

the photon pair from a series of directly coupled rings, so that waveguides, rings

and coupled-ring waveguides (CROWs) can be compared. We begin with the phe-

nomenological Hamiltonian for N coupled resonators,

H =
∑
l=s,i

(
N∑
m=1

~Ωl,ma
†
l,mal,m +

N∑
m=2

~κl,ma†l,mal,m−1

+
N−1∑
m=1

~κl,m+1a
†
l,mal,m+1

)
+

N∑
m=1

~χma†s,ma
†
i,m (4.1)
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where a†l,m are the field operators of the resonator modes l = s, i at the resonator

site m, Ωl,m are the resonance frequencies, κl,m are the inter-resonator coupling

coefficients and χm is the coefficient proportional to the Kerr nonlinearity due to a

classical pump field. In general χm may be time-dependent, χm(t) = γ0vg
Tc

[Ap,m(t)]2,

where γ0 is the usual waveguide nonlinear parameter, vg is the waveguide group

velocity, Tc = 1/∆fFSR is the round-trip time (inverse of the free-spectral range).

Ap,m(t) = ap,m(t)e−iΩpt with a slowly-varying amplitude at carrier-frequency Ωp,

and |ap,m(t)|2 is the pump energy stored in the resonators [119]. We adopt the

approach of Collett and Gardiner [120] (i.e., time-domain coupled mode theory) to

obtain the equations of motion in the Heisenberg picture. For a single resonator,

these may be written explicitly in the frequency domain as,

[
1

τs
− i(ωs − Ωs)]as(ωs) = −i

∫
χ(ωs + ωi)a

†
i (ωi)dωi − iµas,in (4.2a)

[
1

τi
+ i(ωi − Ωi)]a

†
i (ωi) = +i

∫
χ†(ωs + ωi)as(ωs)dωs + iµa†i,in (4.2b)

where as(ωs) are the frequency components of the time-dependent field operator

as(t) and 1
τs

= 1
τl

+ 1
τe

is the damping coefficient which includes effects of loss

and external coupling. These equations contain the same information as the joint

spectral amplitude (JSA), modified by the cavity enhancement effects. In the

quasi-CW limit, one may forgo the integral and solve the coupled equations as was

done in [121],

as,out(ωs) = −µ2[A(ωs, ωi)as,in(ωs) +B(ωs, ωi)a
†
i,in(ωi)] (4.3a)

a†i,out(ωi) = −µ2[C(ωs, ωi)as,in(ωs) +D(ωs, ωi)a
†
i,in(ωi)]. (4.3b)

We have used the boundary condition |aout|2 = µ2|a|2, where µ2 = 2
τe

is the input

mode coupling coefficient [119]. In the case of vacuum input and low gain the

power spectral density of the output photons is

σ(ωs, ωi) =
µ4|χ(ωs + ωi)|2

| 1
τs
− i(ωs − Ωs)|2| 1τi + i(ωi − Ωi)|2

, (4.4)

and the total bi-photon flux is

F =
1

2π

∫∫
σ(ωs, ωi)δ(2ωp − ωs − ωi) dωs dωi, (4.5)
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where the idler frequency is implicitly related by the energy conservation 2ωp =

ωs + ωi, as enforced by the delta function in the integral. Alternatively, by tak-

ing χ(ωs + ωi) as the pump distribution in the pulsed pump regime, σ(ωs, ωi) is

interpreted as the joint spectral intensity (JSI).

Extending to the case of N coupled cavities [78], we have the following

matrix equation, 

as,1

as,2
...

a†i,1

a†i,2
...


2N×1

= −iµ~T



as,in

0
...

a†i,in

0
...


2N×1

(4.6a)

where

~T =

[
Ms C

C† Mi

]−1

2N×2N

(4.6b)

Ms =
−i(ωs − Ωs,1) + 1

τ1
iks,2 0 · · · 0

iks,2 −i(ωs − Ωs,2) + 1
τl

. · · · 0

0 . . . .
...

... 0 . −i(ωs − Ωs,N) + 1
τ2


N×N

(4.6c)

C =


iχ1 0 · · · 0

0 iχ2 · · · 0

0 0
. . . .

...
... . iχN


N×N

(4.6d)

1
τ{1,2}

= 1
τl

+ 1
τe{1,2}

and we have assumed a single sided input/output.

Similar to single ring case, we have for the coupled-resonator waveguide,

as,out(ωs) = −µ1µ2[TN,1(ωs, ωi)as,in(ωs) + TN,N+1(ωs, ωi)a
†
i,in(ωi)] (4.7a)
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a†i,out(ωi) = −µ1µ2[T2N,1(ωs, ωi)as,in(ωs) + T2N,N+1(ωs, ωi)a
†
i,in(ωi)] (4.7b)

and the joint spectral intensity σ(ωs, ωi) = µ2
1µ

2
2|TN,N+1|2. We note here that

the coupled mode theory result is equivalent to the first-order perturbation theory

with a cavity modified joint spectral amplitude [109],

|ψ〉 = |0〉+ g

∫∫
dωs dωi Ss(ωs)Si(ωi)S

2
p(ωs, ωi)× f(ωs, ωi)a

†(ωs)a
†(ωi)|0〉s|0〉i

(4.8)

where the subscripts p, s and i refer to the pump, signal and idler frequencies,

g is proportional to the photon-pair production rate, and the function f(ωs, ωi)

describes the phase-matching and pump spectral envelope. S are the slowing

factors used in ref. [114] and are analogous to the cavity field enhancement factors

[38].

We verify the agreement between the time-domain coupled mode equations

and the slowing factor enhanced pair generation equations by comparing the cal-

culated pair flux. In the discussion below, we will assume a simplified picture

with flat spectral filtering about the desired signal and idler modes, as was done

in previous experiments [25]. The number of photon pairs generated per second is

given in the low pump power regime by

F = ∆ν (γeffPLeff)2 exp(−αL) (4.9)

where γ2
eff = SsSi

(
Sp+1

2

)2

γ2
0 , S{p,s,i} are the slowing factors at the pump (p), signal

(s) and idler (i) wavelengths, and Leff = [1− exp(−αL)]/α represents an effective

propagation length, defined as the geometric length L = NπR normalized by the

loss coefficient, α. R is the radius of the micro-resonator. An experimentally-

validated transfer-matrix method can be used to calculate the α coefficient which

scales linearly with the slowing factor [122]. We assume that the linear loss co-

efficienct α does not vary significantly with wavelength over the bandwidth of

interest. To account for nonlinear absorption losses in silicon [123] we substitute

α → α + 2 P
Aeff

βL and PLeff → PL where P = [log(1 + β
Aeff

PLeff)]/ β
Aeff

L and β is

the effective TPA coefficient of the coupled-resonator waveguide which scales in

the same way as γeff with S, i.e. β ∝ S2β0. For an apodized structure, which

we define as the case where the boundary coupling coefficients are matched to the
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input/output waveguides [77], we have at resonance S = 1/|κ|, where |κ| is the

inter-resonator coupling coefficient in the transfer-matrix formalism. The band-

width of the photon generation process, ∆ν, is assumed to be the linewidth of a

Bloch eigenmode of the coupled-resonator waveguide, which scales inversely with

the number of resonators in the chain, N ,

∆ν ≈ 1

N

2

π
∆fFSR sin−1 |κ| ≈ 2∆fFSR

SNπ
. (4.10)

Calculations were performed using the following parameters, R = 5 µm,

waveguide loss = 1 dB/cm, γ0 = 200 W−1m−1, β0 = 0.75 cm/GW, P = 1 mW

to obtain F over a range of values of S and N , showing good agreement between

the pair generation equations and coupled mode equations (Figs. 4.4(a) and 4.4(c)

respectively). We assume that slowing factors at the pump, signal and idler wave-

lengths are approximately equal, S{p,s,i} = S. Resonator chains that are in excess

of the optimum length, or with too high a value of S incur penalties because of

the exponential loss factor in Eq. (4.9), and the collapse of the bandwidth ∆ν.

Too small values of S do not fully utilize the slow-light enhancement of the nonlin-

ear FWM coefficient, which scales as a higher power of S than the corresponding

decrease of bandwidth, unlike in a (linear) slow-light delay line. The optimum pa-

rameters are large S and small N , i.e. towards the single resonator configuration,

for which the maximum pair flux rate exceeds 10 MHz at 1 mW pump power (and

scaling quadratically with the pump power, i.e. 1 GHz at 10 mW).

For a heralded single photon source we require low multi-photon probability.

Figure 4.4(b) shows the value of the quantity γeffPL for each value of S and N . For

a γeffPL � 1, the level of stimulated scattering events is kept relatively low [105]

which is true for the regions of highest pair flux (large S and small N).

4.3 Joint Spectral Intensity

To evaluate the spectral characteristics of the signal-idler photon pair, we

calculate the JSI, and also the Schimdt number K = 1/
∑

Λ2, which is the inverse

square sum of the Schmidt eigenvalues [124]. The Schimdt number is a measure

of the number of modes in the Schmidt mode expansion of the biphoton state
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Figure 4.4: (a) Calculated photon pair flux F using pair generation equations,
Eq. (4.9). The white trend-line follows the optimum number of resonators for a
given slowing factor. (b) Corresponding values of γeffPL for each S and N , showing
the low multiphoton generation probability along the white line. (c) Calculated
photon pair flux F using coupled mode equations, Eq. 4.7). The top region of
the contour plot represents a single resonator, while the far left approaches that of
a conventional silicon nanowire waveguide. For S = 50, the optimum number of
resonators is Nopt = 25 for which F = 4 MHz/mW2.
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(Eq. 4.8) and represents the degree of entanglement (for a pure state K = 1)

[125]. In Figs. 4.5(a) and 4.4(b), we plot the JSIs of an unapodized and apodized

coupled-resonator waveguide of similar inter-resonator coupling coefficients. The

shape of the spectrum reflects the number of resonators chosen N = 5, with the

peaks corresponding to the locations of maximum transmission (i.e. the Bloch

eigenmodes). The pump pulse width was taken to be 10 ps in both cases and

we obtained K = 4.47 for the unapodized device and K = 3.31 for the apodized

device. However, we note that choosing shorter pulses does not significantly change

the Schmidt number in contrast with the single ring case [117]. In order to herald

pure state single photons, filtering will be necessary. Choosing a filter bandwidth

equal to the Bloch eigenmode width given by Eq. (4.10), we are able to obtain

approximately a single Schimdt mode output.

On the other hand, given control over each of the individual inter-resonator

coupling coefficients, we will be able to synthesize a large variety of different JSAs

with different Schimdt numbers. In Figs. 4.5(c) and 4.5(d) we plot two interesting

contours taken from a sample of different inter-resonator coupling configurations,

each coefficient being a pseudo-random number ranging from 0 to 1. Clearly, one

can envision a CROW device having individually tunable couplers, which would

possess a tunable K value and equivalently a tunable number of Schmidt modes.

Of special interest are the configurations giving maximally flat transmission (But-

terworth) and maximally flat group delay (Bessel) [77] since these quantities define

the overall shape of the output joint spectrum (see Figs. 4.5(e) and 4.5(f)). With-

out additional filtering, we are able to obtain close to a pure heralded state for

both the Butterworth filter configuration (K = 1.18) and the Bessel filter config-

uration (K = 1.09). Of course, filtering will still be required before the detectors,

to separate the signal and idler photons and prevent any unused pump power from

reaching the single photon detectors [126].

While we have focused on the details of a single resonance in the prior

discussion, as was predicted for for the case of a single resonator [118], the full

two-photon state generated by the coupled resonator device is expected to form a

“comb” structure with peaks centered around the resonance frequencies. In Fig.
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(a) (b) 

(c) (d) 

(e) (f) 

K = 4.47 K = 3.31 

K = 1.99 K = 2.97 

K = 1.18 K = 1.09 

Figure 4.5: Joint spectral intensity (JSI) plots for various coupling coefficient con-
figurations, assuming that the coupling coefficients between adjacent resonators,
shown in Fig. 1, can be individually altered. (a) Unapodized (b) Apodized (c),(d)
Chosen from a sample of Monte Carlo simulations with random coupling coeffi-
cients. (e) JSI for coupling coefficients chosen so as to realize a Butterworth filter
response and (f) Bessel filter response in the linear transmission regime.
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(a) 

(b) 

(c) (d) 

Figure 4.6: (a) Spectra of the transmission bands of a coupled resonator waveg-
uide consisting of five microrings. (b) Spectrum of the two photon state when a
cw pump is placed at the resonance Ωp. (vertical axes are in logarithmic scale for
both (a) and (b)) (c),(d) JSI of the transmission bands adjacent to the pump as
well as two bands away.

4.6(a) we plot the transmission spectra around five particular resonances of a 5-ring

unapodized coupled resonator waveguide, taking into account both the dispersion

of the intrinsic constituent waveguides as well as the dispersion of the directional

couplers [88]. The spectrum of the two photon state for a CW pump placed at

the resonance Ωp is given in Fig. 4.6(b), showing a fine structure characteristic

of the number of resonators. While the general structure remains consistent, the

peaks near the edges are reduced more quickly than those near the middle. This

can be attributed to the large directional coupler dispersion which give rise to non-

uniform transmission bandwidths. Careful inspection of Fig. 4.6(a) shows that the

bandwidths change gradually with frequency. The further apart the bands are, the
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more misaligned the transmission peaks become which in turn reduces the effective

nonlinearity (see Eq. 4.9), since transmission peaks correspond also to peaks in

slowing factor. The band edge peaks are most adversely affected since they are

also the narrowest. In Figs. 4.6(c) and 4.6(d), we plot the JSI with signal and idler

in the adjacent resonances as well as being two resonances apart from the pump.

As compared to Fig. 4.5(a), we can see that the band edge peaks have become

more distorted. Clearly, the uniformity of the two photon state generated over the

“comb” for the coupled resonator configuration is limited by the dispersion of the

directional couplers, the suppression of which is a problem of interest not only for

chip-scale quantum optics but in “classical” integrated photonics as well.

4.4 Summary

In Chapter 4, we have performed experiments explicitly demonstrating her-

alded single photons using FWM in silicon photonic waveguides. Photon pairs

generated using a CROW structure shows a CAR = 23.8±5.6 under pulsed pump-

ing and after subtraction of dark counts. We measure a g(2)(0) = 0.19 ± 0.03 in

a Hanbury-Brown and Twiss correlation measurement, which shows that our her-

alded source is anti-bunched and dominantly composed of single photons. We also

develop a coupled mode theory that describes photon pair generation using FWM

in CROWs. Calculations indicate that for a given loss and slowing factor, there

exists an optimum length of waveguide for maximum photon pair generation rate.

We also use these equations to show that control over inter-resonator coupling al-

lows for a tunable output photon pair joint spectrum (JSA) and hence a tunable

Schmidt number. We also show that dispersion of the coupling coefficients distorts

the JSA as the signal and idler wavelength separation increases.
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Chapter 5

Four-wave Mixing in Silicon with

Active Carrier Removal

Silicon-on-insulator (SOI) waveguides have demonstrated promise for on-

chip optical signal processing via four-wave mixing (FWM) [42, 127–129], but the

challenge remains in improving the efficiency of continuous-wave (CW) FWM at

modest pump power. Design of the waveguide cross-section can increase optical

intensity as well as reduce waveguide group velocity dispersion (GVD) and scat-

tering loss. In addition, it has been shown that free-carrier absorption (FCA)

losses due to two-photon absorption (TPA) generated carriers, can be mitigated

by reducing the free-carrier lifetime through reverse biased p-i-n diodes across the

waveguides [19, 130, 131]. On the other hand, efficient FWM in compact low-loss

micro-ring resonators with bend radius on the order of micro-meters has previ-

ously been demonstrated [56, 132]. Due to the effect of intensity enhancement

when pump and signal are at resonance wavelengths, there is significant reduction

in required device length and pump power. With this knowledge in mind, we in-

vestigate CW FWM in silicon rib waveguides and micro-ring resonators in order

to understand how we can further improve conversion efficiency.

67
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5.1 Coupled Amplitude Equations

We can describe the linear and nonlinear effects that constitute a degener-

ate pump FWM process in a silicon nanophotonic waveguide using a set of coupled

nonlinear Schrödinger (NLS) equations, each determining the evolution of a slowly

varying envelope of the pump, signal and idler field amplitudes along the optical

path [18]. Assuming operation at a CW or quasi-CW regime, GVD terms in the

NLS equations can be neglected [35]. In this case, we arrive at a set of coupled am-

plitude equations that depend only on the propagation distance z. The envelopes

are normalized such that the power in each wave P = |A|2. Here we assume a

strong (undepleted) pump and small signal/idler amplitudes:

∂Ap
∂z

+
α

2
Ap = −iγ|Ap|2Ap −

β

2aeff

|Ap|2Ap −
σNc

2
Ap + i

2π

λp
kcAp (5.1a)

∂As
∂z

+
α

2
As = −2iγ|Ap|2As−

β

aeff

|Ap|2As−
σNc

2
As+i

2π

λs
kcAs−iγA2

pA
∗
i e
i∆k (5.1b)

∂Ai
∂z

+
α

2
Ai = −2iγ|Ap|2Ai−

β

aeff

|Ap|2Ai−
σNc

2
Ai+ i

2π

λi
kcAi− iγA2

pA
∗
se
i∆k. (5.1c)

The meaning of the terms are clear: going from left to right, they are linear

loss, self-phase modulation (SPM) or cross-phase modulation (XPM), TPA, FCA,

free-carrier dispersion (FCD) and FWM. Here α is the linear loss coefficient, k is

the linear propagation coefficient such that the fields may be described by A(z, t) ·
ei(ωt−kz), γ = 2πn2

λaeff
is the nonlinear parameter, n2 is the nonlinear refractive index,

aeff is the effective area of nonlinearity, β is the TPA coefficient, σ is the FCA

cross-section and kc is the FCD coefficient. In addition, the density of free carriers

Nc is determined by the following equation [19,133]:

∂Nc

∂t
=

β

2hνpa2
eff

|Ap|4 −
Nc

τeff

(5.2)

where hν is the photon energy and τeff is the effective free-carrier lifetime. As

usual, in the CW regime, we can set the time derivative ∂Nc
∂t

= 0. In general,
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the solution of this set of coupled differential equations can be obtained efficiently

using numerical ODE solvers.

Two different approaches can be used to describe FWM in a more com-

plicated CROW structure consisting of N of coupled micro-rings. The first, as

commonly adopted in modeling slow light waveguides [53], accounts for the slow

light effect of the CROW by supplementing Eq. (5.1) with effective coefficients as

follows:

α −→ αeff = α · S(λ) (5.3a)

γ −→ γeff = γ ·
√
S(λs)S(λi) ·

S(λp) + 1

2
(5.3b)

β −→ βeff = β · S(λ{s,i}) ·
S(λp) + 1

2
(5.3c)

σ −→ σeff = σ · S(λ{s,i}) ·
(
S(λp) + 1

2

)2

(5.3d)

kc −→ kc,eff = kc · S(λ{s,i}) ·
(
S(λp) + 1

2

)2

. (5.3e)

The scaling of the effective coefficients with S are based on theoretical derivations

and have been verified experimentally [54,60,114]. As such, the slow light waveg-

uide is modeled in much the same way as a conventional waveguide (i.e. using the

same numerical methods), except with slowing factor enhanced nonlinear coeffi-

cients. However, since S is a scalar aggregate representing the combined effects

of the N resonators and N + 1 couplers of the CROW, some position dependent

information is lost. For example, the solution of Eq. (5.1) evolves in a smooth

fashion in the propagation direction z and does not account for the discrete nature

of the CROW.

The second approach involves dividing the CROW into evenly spaced sec-

tions, each describable by a set of coupled amplitude equations [58]. The field

amplitudes are initially zero at all positions except at the input. The solution is

then found iteratively by evolving the fields step by step, each step corresponding
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Ain 

At 

Ad 

A4 A3 

A1 A2 

t1,κ1 t2,κ2 

Figure 5.1: Nomenclature of field-amplitudes used in iterative method of calcu-
lating FWM conversion efficiency in add-drop micro-ring.

to the propagation from the beginning to the end of each section. In the subsequent

step, the output of one section then becomes the input of the adjacent section. As

an example, we describe the iterative procedure for an add-drop micro-ring. Each

iterative step consists of a coupling sub-step and a propagation sub-step. For the

nth step of the pump field, assuming point couplers,

At,p[n] = t1 · Ain,p[n− 1] + i|κ1| · A4,p[n− 1] (5.4a)

A1,p[n] = t1 · A4,p[n− 1] + i|κ1| · Ain,p[n− 1] (5.4b)

Ad,p[n] = t2 · Aa,p[n− 1] + i|κ2| · A2,p[n− 1] (5.4c)

A3,p[n] = t2 · A2,p[n− 1] + i|κ2| · Aa,p[n− 1]. (5.4d)

Subsequently, we propagate the fields in the ring,

A3,p[n]
Eq. (5.1)+linear phase−−−−−−−−−−−−→ A4,p[n] (5.5a)

A1,p[n]
Eq. (5.1)+linear phase−−−−−−−−−−−−→ A2,p[n] (5.5b)

Note that the same set of equations apply to the signal and idler fields, and these

are coupled to the pump equations by way of Eq. (5.5). Ain,p[n] can be CW, i.e.
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(a) 

EDFA 

λp 

Band-pass 

Filter 
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OSA 

CW 

TEC stage λs 

DC  
90/10 (PM) 

90/10 

DUT 

CW 

DUT 

PM fiber 

A: B: 

(b) 

Figure 5.2: (a) Cross-section for SOI rib waveguides (oxide cladding) used in
measurements. Colored regions represent p++ and n++ doping. H = 220 nm for
micro-rings and H = 340 nm for long rib waveguides. (b) Four-wave mixing mea-
surement setup using CW pump and signal lasers. PC: polarization controller; PM:
polarization maintaining; DC: reverse bias voltage; TEC:thermo-electric cooler;
PD: monitor photodetector; DUT: A) 6.35 cm long silicon rib waveguide, with P
and N doped regions along its length; B) 20 µm radius micro-ring with PIN diodes
along the circumference.

constant for all n, or quasi-CW, defining a pulse envelope with pulse width Tp � Tc

the round-trip time of the ring. The iterative method can further be generalized by

considering nonlinear couplers [94], N coupled rings each with different coupling

coefficients, etc.

5.2 FWM in Waveguides and Micro-resonators

SOI rib waveguides of various lengths and micro-ring resonators of several

different radii were fabricated having a rectangular cross-section, with a width



72

of 650 nm and two different heights of 220 nm and 340 nm (see Fig. 5.2(a)).

Two different etch depths were chosen to give a slab height of 70 nm in both

cases. Double-step implantation (Boron and Phosphorous) was performed to cre-

ate doped p++ and n++ regions separated from the rib by 0.9 µm. On-chip

coupling was achieved using lensed fibers and inverse waveguide tapers. By fitting

transmission measurement data from waveguides of different lengths, we estimate

the linear propagation loss for the fundamental TE mode to be −0.74 dB/cm in

the 220 nmwaveguides and −1.23 dB/cm in the 340 nm waveguides. On-chip cou-

pling efficiency was measured to be about −4.3 dB in both cases. In waveguides

longer than a few cm, linear scattering loss becomes a dominant factor in deter-

mining conversion efficiency, hence we expect better performance of the 220 nm

rib waveguides. In cases where propagation loss is important (such as in long SOI

waveguides and slow light devices), it has been shown that determining the net

conversion efficiency from the output spectrum (i.e. CE1 = P out
i /P out

s ) can lead

to significant over-estimation since we are ignoring reduction in signal power in-

curred in transmission through the device [61,134]. Hence, we also report the idler

output/signal input conversion efficiency, CE2 = P out
i /P in

s , where the input signal

power in the waveguide was estimated from the input signal power before the chip

and the measured fiber-to-waveguide coupling efficiency. CE2 is preferred over CE1

as a measure of the net conversion efficiency, if the total waveguide propagation

loss is much larger than the error in estimation of the in-coupling efficiency, which

is true for the structures we are concerned with in this work.

Figure 5.3(a) shows how FWM conversion efficiency scales with input pump

power in a 6.35 cm long rib waveguide of height 220 nm, as we increased the re-

verse bias voltage. Dashed lines indicate curves modeled using coupled amplitude

equations [18,135,136], The linear loss parameter was −0.74 dB/cm for the open-

circuit case (no contact made). Measurements indicate that linear loss falls with

increasing reverse bias and saturates at −0.68 dB/cm for reverse bias greater than

5V. The difference is attributed to the extrinsic carriers present in the p-type SOI

wafer, which contribute to propagation loss even in the low-power linear regime.

The linear loss parameter used for all reverse biased cases was therefore chosen
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Figure 5.3: (a) FWM conversion efficiency (CE2) of 6.35 cm rib waveguide with
respect to power, for different reverse bias settings. In the open-circuit case no
electrical contact was made. Dashed lines are from calculations using parameters
as described in text. (b) FWM output spectrum with 160 mW pump power.
Conversion efficiency of −8.2 dB corresponds to the ratio of idler ouput to signal
input powers.
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as −0.68 dB/cm. Other nonlinear parameters used were: Kerr nonlinear index

n2 = 6×10−18 m2/W, TPA coefficient βTPA = 10×10−12 m/W, FCA cross section

σ = 1.45× 10−21 m2 [29,33]. The carrier distribution in the waveguide was deter-

mined using a commercial semiconductor device TCAD (Silvaco). By importing

the calculated mode field profile I(x, y) from a commercial waveguide mode solver

package (COMSOL) into Silvaco, we get the carrier generation rate due to TPA,

G(x, y) =
βI2(x, y)

2hν
(5.6)

which is a function of the mode intensity distribution. This is in contrast to

previous reports which use a square or gaussian approximation [131,133].

Using this carrier generation rate distribution, Silvaco is able to calculate

a carrier concentration distribution n(x, y). The effective carrier lifetime was then

obtained as a weighted spatial average using the mode intensity profile as a nor-

malized distribution,

τ eff =

∫∫
n(x, y) · I(x, y) dx dy∫∫
G(x, y) · I(x, y) dx dy

. (5.7)

These effective lifetime coefficients, which are a function of power in the waveguide

τeff(P ), were plugged into the coupled amplitude equations used in our modeling

of the FWM process. The power in the waveguide is defined as P ≡
∫
I dA and

is also equal to the square amplitude |A|2 in Eq. (5.1). In this case, since power

is a function of distance along the waveguide, the effective carrier lifetime is also

a function of distance. Separate effective areas were defined for third-order effects

(SPM/XPM/TPA/FWM) and FCA [28, 137]. The χ(3) effective area is defined

as in Eq. (1.15), which is to account for the fact that the majority of nonlinear

interaction is confined to the silicon waveguide core. The FCA area is defined as

usual, AFCA =
(
∫
I dA)2∫
I2 dA

. As such, the effective carrier density is given by,

Nc =
βP

2Aeff

P

hνAFCA

· τ eff(P ) (5.8)

which is the quantity needed in Eq. (5.1). The calculated effective areas are on the

order of 0.1 µm2, giving a waveguide nonlinear coefficient of 190 W−1m−1, which

agrees well with our experimental results.
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All reverse bias conditions outperformed the open-circuit case, but no large

improvements were observed beyond a bias of −10V, in approximate agreement

with earlier reports [131]. Figure 5.3(b) shows the output spectrum when 160

mW of pump power and 40 µW of signal power was coupled in the waveguide

and reverse bias set to −20V. We calculate the conversion efficiency to be −8.2

dB, using the signal input/idler output definition, CE2. As a comparison, Table

5.1 shows recently published experimental FWM results in silicon rib and wire

waveguides. In cases where CE1 was reported, we estimate CE2 from the published

passive waveguide loss (dB/cm) and waveguide length (cm). This is acceptable if

FCA is negligible, which can be true with active carrier removal. In fact, based

on our own measurements, there is a reduction in waveguide loss by ∼0.06 dB/cm

with reverse bias. Assuming a similar reduction, the discrepancy between the two

figures amounts to less than 0.5 dB error in estimation of CE2 for the longest

waveguides listed in the table. On the other hand, if there is no active carrier

removal, total waveguide loss could be much higher than the passive waveguide

loss suggests. In this case, there will be an over-estimation of CE2. Figure 5.4

shows conversion efficiency versus signal detuning from the pump, which was set

at 1560 nm and 100 mW. Due to the unfavourably large normal GVD of the 220

nm waveguide (D ≈ −1000 ps/nm.km), the efficiency drops quickly after 6 nm

detuning.

Figure 5.5 shows how FWM conversion efficiency scales with input pump

power in a 20 µm radius circular micro-ring resonator of rib height 340 nm, as

we increased the reverse bias voltage. The bus waveguide providing input/output

coupling to the micro-ring is approximately 3 mm long and yields negligible FWM

at the pump powers used. The micro-ring free spectral range was 4.83 nm and

Q ≈ 1× 105 around the pump wavelength. The pump wavelength was 1556.1 nm

and the signal was placed at 1565.8 nm. Parameters used for curve fitting are the

same as above, except for linear loss which was −1.23 dB/cm (−1.17 dB/cm with

reverse bias) and effective areas, which were recalculated according to the different

cross-sections. To account for the intensity enhancement effect of the ring, we used

an iterative method (see Eq. (5.4),(5.5)) which accounts for effects of SPM/XPM
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and intensity dependent loss within the ring as well as in the coupler region [88,94].

For simplicity, we did not include thermo-optic effects and free-carrier dispersion,

which would produce an overall red-shift of resonance wavelengths [138]. With

reverse bias set to −15V, we calculate the conversion efficiency CE2 to be −13.4

dB at a pump power of 2.5 mW. Based on the fitted curves, the estimated intensity

enhancement in the ring is approximately ∼50, leading to intensity in the ring

greater than 108 W/cm2.

Due to the relatively few reports of FWM in silicon micro-ring resonators,

it is difficult to make a comprehensive comparison of our experimental results.

Cardenas et al. [132] reports −6.6 dB conversion efficiency with about 7 mW of

pump power. However, we note that this is the output spectrum efficiency CE1.

Taking into account waveguide loss and the inherent transmission null at resonance

wavelengths for micro-rings in the all-pass configuration, the conversion efficiency

CE2 is expected to be lower.

Figure 5.6 shows the calculated effective free-carrier lifetimes versus power

for waveguide cross-sections that were used in the experiment. As stated previ-

ously, open-circuit refers to the case in which no electrical contact is made to the

p-i-n junction; i.e. the junction, as a circuit element, sees an open circuit. Simi-

larly, the term “short” refers to the case when the p-i-n junction is forced to have

zero volts across it. As such, no current flows in the open-circuit case; current does

flow in the short circuit case. Given that our model corresponds closely to experi-

mental results, we can make some inferences on the effectiveness of carrier removal

within our waveguides. For our long waveguides, the effects of FCA should remain

minimal for all pump powers used in the measurements. As such, the remaining

obstacles to optimum conversion efficiency are linear scattering loss and GVD,

both of which reduce the effective interaction length of FWM. A judicious choice

of waveguide cross-section is thus required to carefully balance both effects. In the

case of the micro-rings, due to the intensity enhancement, powers of up to 400 mW

can be present inside the resonator. At this point, there may be some additional

loss due to FCA, due to a carrier screening effect [139]. This is especially true in

the directional coupler region where carrier extraction was not as effective due to



79

10
0

10
1

10
2

10
3

10
1

10
2

10
3

10
4

Power in waveguide (mW)

 e
ff
 (

p
s
)

open-circuit 

0V (short)  

-5V,-10V,-15V,-20V 

Figure 5.6: Calculated effective free-carrier lifetimes versus power for waveguides
of width 650 nm, slab height of 70nm and waveguide height of 220 nm (solid) and
340 nm (dashed).

the extra distance to the doped regions. The same limitations of linear loss and

GVD also apply to this micro-ring geometry. Preliminary calculations indicate

that loss in the coupler region is severely detrimental to the maximum conversion

efficiency.

In figure 5.7, we plot how GVD (at 1550 nm) varies with the cross-section

of a rib SOI waveguide with slab of 70 nm and an oxide cladding. The zeros indi-

cate the zero GVD line, whereas the red arrows indicate the direction of the trend

towards lower scattering loss. By having a wider waveguide and a shallow etch,

we can reduce mode overlap with the etched sidewalls thereby reducing the prop-

agation loss [140]. At the same time, due to the normal dispersion of silicon and

slightly anomalous dispersion of silica in the telecommunication wavelengths, some

overlap of the mode with the cladding is needed for overall anomalous dispersion

of the effective mode index, which is the criterion for parametric gain (Eq. (1.19)).
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Figure 5.7: Calculated GVD contours for rib waveguide with slab height of 70 nm
and varying cross-section. Red arrows indicate direction of trend towards lower
scattering loss. Dashed lines indicate cut-off regions for higher-order waveguide
modes.

Depending on the required FWM bandwidth, a compromise between these two

conflicting design parameters has to be reached. It would also be advantageous

to reduce the presence of higher-order modes in order to avoid modal dispersion

effects. As such, we have overlaid on the GVD map the approximate cut-off re-

gions for the higher-order TE and TM modes. Also, we note that waveguide

cross-section, particularly slab etch depth, can have a strong effect on free-carrier

lifetime [141]. Such a map can be constructed for various waveguide cross-sections

and serve as a useful reference in rib waveguide design for wavelength mixers.
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5.3 FWM in CROWs

By using low loss and high Q micro-ring resonators, one can considerably

enhance pump intensity within the ring and hence reduce input pump power re-

quirements for FWM, possibly eliminating the need for fiber amplifiers to perform

wavelength conversion in telecommunication networks. However, single resonators

are limited because of a fundamental trade-off between bandwidth and interac-

tion length. Coupled resonator optical waveguides (CROWs), a series of directly

coupled resonators, may break this trade-off and also increase robustness against

chromatic dispersion [52]. The above mentioned advantages have been demon-

strated using apodized CROWs, whereas un-apodized CROWs may have distinct

benefits and challenges (Fig. 5.8(a)).

Silicon CROWs consisting of 11 coupled racetrack micro-rings were fabri-

cated using a CMOS compatible process on a 200 mm SOI wafer. The length of

the CROW was chosen to give the optimum conversion efficiency, as suggested

by calculations using estimates of various waveguide parameters, e.g. waveguide

nonlinearity, loss, dispersion. The typical ridge waveguide cross-section was 550

× 220 nm with a slab height of 70 nm. The racetrack micro-ring has 10 µm bend

radius and 10 µm coupler length. We realize an un-apodized CROW by keeping

the gap spacing constant at 300 nm for all directional couplers between resonators.

P-I-N diodes, formed by P and N doped regions 900 nm away from the edge of the

waveguide ridge, were implemented to reduce free-carrier absorption (FCA) loss

by active free-carrier removal under reverse electrical bias. In this design, only one

half of the micro-resonators were covered by the diode regions (see Fig. 5.8(b)),

which reduced the effectiveness of carrier sweep-out. Inverse tapered waveguides

were used to enlarge waveguide mode area to aid lensed fiber to chip end-facet

coupling, with coupling loss measured to be −2.5 dB/facet. All measurements

were done using TE polarized light. Figure 5.8(c) shows the transmission of the

CROW device (including coupling losses), as well as the band-center slowing fac-

tors. The free-spectral range (FSR) was measured to be FSR = 7.48 nm at 1563

nm. The CROW propagation loss was calculated to be −0.3 dB/ring. From the

pass-band widths, we can calculate the coupling coefficients |κ| and hence the slow-



82

T 

λ 

T 

λ 

(a) 
p s i p s i 

20 m 

in 

out 

P++ 

N++ 

metal 

lines 

1530 1540 1550 1560 1570 1580 1590 1600
-40

-30

-20

-10

0

In
s
e

rt
io

n
 L

o
s
s
 (

d
B

)

Wavelength (nm)
1530 1540 1550 1560 1570 1580 1590 1600

0

5

10

15

20

S
lo

w
in

g
 F

a
c
to

r

(b) 

(c) 

550 X 220 nm 

70 nm 

900 nm 

Figure 5.8: (a) Tranmission spectrum of apodized CROWs with flat pass-bands
and un-apodized CROWs with sharply peaked pass-bands. (b) Optical micro-
graph of 11 micro-resonator silicon CROW. The inset shows the layout of the p
and n doped regions and the waveguide cross-section dimensions. (c) The insertion
loss spectrum of the 11 ring CROW, with the corresponding band-center slowing
factors.

ing factors [66]. The slowing factor, which is the ratio of the group delay of the

CROW to the group delay of the equivalent conventional waveguide [51], is given

by S = 1/|κ|2. We take the equivalent path length of the conventional silicon

waveguide to be L = NπR, where N is the number of rings and R is the effective

radius of the racetrack. The slowing factors ranged from 5.6 to 9.5 across different

bands, with average |κ| = 0.37. Band-to-band variations of coupling coefficients

are attributed to coupler dispersion [88].

Figure 5.9 shows CW FWM conversion efficiency (CE) versus pump power

in the 11 ring CROW. CE is defined as the ratio of the output idler power to the
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Figure 5.9: The FWM conversion efficiency in the 11 ring CROW as pump power
is varied. Triangles and squares show the measured efficiencies at 0V and 5V reverse
bias, respectively. The dashed lines show calculated efficiencies in the CROW
considering only linear loss and with TPA/FCA loss. The dotted line shows the
calculated FWM conversion efficiency of an equivalent length conventional silicon
waveguide.

input signal power, not including coupling losses to/from chip and propagation

losses of the feeder waveguides. The pump wavelength was 1563.4 nm and the

signal wavelength was one FSR away, at 1570.9 nm. Two sets of data were taken,

with and without reverse bias applied (squares and triangles respectively). CE

was observed to scale mostly linearly up to +16 dBm, beyond which saturation

was observed with increasing pump power. This was attributed to two-photon

absorption (TPA) as well as FCA. When a reverse bias of 5V was applied, the

CE improved by only about +1dB. The small improvement was attributed to the

incomplete coverage of the p-i-n diodes around the perimeter of the micro-rings.

A maximum CE of −21.3dB is obtained with a pump power of +20dBm.

The dashed lines in Fig. 5.9 represent calculated conversion efficiencies

of two different cases, considering only linear loss, and considering both linear
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Figure 5.10: The continuous-wave FWM conversion efficiency variation as the
signal wave is detuned from the pump by 1,2,3 and 4 CROW pass-bands. At each
pass-band, the signal wavelength is varied over the signal band transmission peak.
The crosses indicate the measured conversion efficiencies. The FWM bandwidth
is estimated by spline interpolation (dotted line) of these measured points.

and TPA/FCA loss. The dotted line shows the calculated CE of an equivalent

length conventional silicon waveguide. For the silicon CROW FWM calculation

we used a standard set of coupled amplitude equations with slowing factor modified

effective coefficients [53, 142]. The effective CROW nonlinearity was calculated to

be γeff =
√
SsSi

Sp+1

2
γ = 4234±69 W−1m−1. The CE of an equivalent conventional

waveguide, with length of 0.46 mm, was calculated to be −43.4dB at +20dBm

pump power; i.e. the CE enhancement of the 11 ring CROW is +22dB, relative to

the 0.46 mm waveguide.

The transmission spectrum of the un-apodized 11 ring CROW consists of

N = 11 transmission peaks, each corresponding to a discrete resonant Bloch mode

of the CROW structure. The bandwidth of FWM in this case is thus not the

width of the entire CROW pass-band, as it would be in the case of apodization
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Figure 5.11: 10 Gbps NRZ PRBS7 signal transmission and corresponding idler
generated with a CW pump at 1563.4 nm. Idler at one pass-band away shows
good fidelity, with no degradation in SNR. When the signal is at two pass-bands
away, the CROW dispersion causes distortion of the idler wave and degradation of
the SNR.

which gives a box-like transmission, but is closer to the width of the individual

resonant peak. The width of these transmission peaks can be approximated as

∆f ≈ 1
N

FSR
π

sin−1 |κ|, which is N times smaller than the bandwidth of an apodized

CROW structure. The full width at half maximum of the peaks were sufficient

to permit transmission (and as demonstrated here, wavelength conversion) of a 10

Gbps NRZ signal.

Figure 5.10 shows how the FWM bandwidth and CE varied with increasing

separation between pump, signal and idler wavelengths. In each case, the pump,

signal and idler wavelengths were chosen to be on corresponding peaks across bands

to ensure phase-matching (i.e. triply resonant wavelength conversion). The pump

power used was +10dBm and at 1563.4 nm. The peak CE decreased from −33.8dB

to −39.5dB when the signal was shifted from one band to four bands away, i.e. a
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signal-idler separation of about 60 nm. We also observed a gradual splitting of the

CE peak to form two separate peaks with increased detuning. This is attributable

to the dispersion of the constituent waveguides, resulting in a non-constant FSR.

Additionally, the dispersion of the coupling coefficients results in increased pass-

band widths at longer wavelengths, which further separates corresponding peaks

across different pass-bands. Since transmission peaks are also peaks of group index,

as a result of the misalignment of peaks, there is poorer phase-matching and also

a reduction of effective nonlinearity, thus explaining the fall of FWM CE with

detuning.

A 10 Gbps NRZ PRBS7 signal was generated and combined with a CW

pump at 1563.4 nm. The generated idler was extracted spectrally from the out-

put using a narrow-band filter, and detected electronically using an optical pre-

amplifier. Figure 5.11 shows the measured eye-diagrams of the signal wave trans-

mitted through the device and the converted idler waves. At wavelength separation

of about 15 nm, both the signal and idler show open eyes with minimal distortion.

At a wavelength separation of 30 nm, however, the idler wave was distorted and

the signal-to-noise ratio (SNR) decreased. The distortion was attributed to the

gradual misalignment of the pass-band peaks at the signal and idler wavelengths,

as discussed earlier. As such, the idler wave becomes slightly off-set from the peak,

which is a region of higher group velocity dispersion. At a wavelength separation

of 45 nm away and beyond, the reduced CE and high dispersion result in poor eye

diagrams which are not reproduced here.

From these results, we observe that wavelength conversion in un-apodized

CROWs face challenges similar to single micro-rings, with a reduction in band-

width with increasing number of rings (interaction length) and susceptibility to

mis-alignment of resonance peaks due to group velocity dispersion. However, un-

apodized CROWs may retain the advantage of the decoupling of interaction length

and intensity enhancement, which is controlled by a single variable |κ| in single

micro-rings [52]. This may prove beneficial in silicon devices, where available pump

power saturates quickly at high powers due to nonlinear loss. This is illustrated

in Fig. 5.12(a), which shows calculations of CE as N and κ are varied, with
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Figure 5.12: The FWM conversion efficiency (colorbar in dB) of (a), un-apodized
and (b), apodized CROWs, as the number of rings N and the coupling coefficient
κ are varied, at pump power of 10 mW. Contour lines indicate maximum FWM
signal rate in GHz, assuming a FSR of 800 GHz and Gaussian pulses.
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pump power fixed at 10 mW. CE was calculated using coupled amplitude equa-

tions incorporating TPA and FCA effects, with slowing factor modified effective

coefficients [53, 142]. As can be seen, the highest CE is not found at the highest

intensity enhancement (the smallest κ), largely due to nonlinear loss. We also

calculate the maximum FWM signal rate (NRZ format), shown by the contour

overlay, by assuming a typical FSR of 800 GHz and Gaussian pulses. As a com-

parison, we also plot the CE of an apodized CROW in Fig. 5.12(b). The slowing

factor in this case is given by S = 1/|κ| (rather than S = 1/|κ|2) and the maxi-

mum CE is lower than before such that a much longer CROW is required to reach

similar CE levels. This may pose a practical challenge since it has been shown that

even nanoscale disorder effects can lead to shrinking of bandwidth in long coupled

resonator chains, especially at small |κ| values [89]. On the other hand, since the

full bandwidth of the box-like pass-band of an apodized CROW can be utilized for

FWM, the maximum signal rate that can be allowed is also much higher.

5.4 Summary

In Chapter 5, we reviewed the coupled amplitude equations that describe

FWM in silicon waveguides, accounting for all linear and nonlinear effects. We

are able to adapt these equations to more complex coupled resonator waveguides,

with periodic coupling and propagation sections, by introducing slowing factor en-

hanced coefficients. We also introduce an iterative method, where the waveguide

is divided into subsections, each part governed by a different set of coupled am-

plitude equations. We demonstrate the mitigation of FCA with the use of reverse

biased p-i-n diodes, which sweep out pump generated free-carriers. This results in

a FWM conversion efficiency of −8.2 dB in a 6.35 cm long waveguide and −13.4

dB in a 20 µm radius circular micro-ring. Calculations indicate that the significant

intensity enhancement in the ring causes carrier build-up in spite of the reverse

bias diodes due to a carrier screening effect. Design of the waveguide cross-section

has effects on many factors that are highly relevant to FWM, such as the carrier

lifetime, GVD and waveguide propagation loss, higher-order modes etc. We have
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experimentally characterized 11 ring silicon CROWs for use in FWM wavelength

conversion. We showed CW FWM with conversion efficiency of −21.3dB, which

is the highest reported for a CROW structure. We have demonstrated 10 Gbps

wavelength conversion of a NRZ signal in a CROW, with preservation of infor-

mation content. We also highlight differences between apodized and un-apodized

CROWs, each with its own unique challenges and advantages.
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Appendix A

FWM with TPA loss

To derive the expression for FWM conversion efficiency with TPA loss, we

make two assumptions about the pump:

• The peak pump intensity is not too high and effective free-carrier lifetime is

negigibly small such that we can ignore FCA and FCD effects [35]. This may

be true in a reverse biased p-i-n waveguide structure.

• At the same time, the pump is significantly more intense than the signal

and idler waves such that we can have an undepleted pump. Essentially,

we can isolate its evolution through the waveguide from the signal/idler.

Additionally, only cross-wave interactions that scale with the pump intensity

are retained in the coupled-amplitude equations.

The pump evolution is described by the equation:

dA

dz
= −α

2
A− iγ|A|2A− γ′|A|2A. (A.1)

where
βTPA
2Aeff

≡ γ′. We can make a guess at the form of the solution to be, A(z) =√
P (z)e−iφ(z)e−

α
2
z. Substituting into Eq. (A.1) and solving separately the real and

imaginary parts of the equation gives,

P (z) =
P (0)

1 + 2γ′P (0)Leff

(A.2a)

φ(z) =
γ

2γ′
log(1 + 2γ′P (0)Leff). (A.2b)

91
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Here Leff = 1−e−αz
α

, is the effective interaction length. The coupled-amplitude

equations for signal and idler are,

dAs
dz

= [−2i(γ − iγ′)P (z)e−αz − α

2
]As − iγA2

pA
∗
i e
i∆k (A.3a)

dA∗i
dz

= [2i(γ + iγ′)P (z)e−αz − α

2
]A∗i + iγA∗2p Ase

−i∆k (A.3b)

with ∆k = −2kp + ks + ki.

Noting that the interaction between signal and idler is only due to the FWM

term, we can try to solve a simpler equation:

dA′s
dz

= [−2i(γ − iγ′)P (z)e−αz − α

2
]A′s, (A.4)

integrating to give

A′s(z)

A′s(0)
= exp

[
−αz

2
− (i

γ

γ′
+ 1) log(1 + 2γ′P (0)Leff)

]
. (A.5)

Eq. (A.5) gives us our integrating factor, which we use to define a new variable,

Bs = As exp

[
αz

2
+ (i

γ

γ′
+ 1) log(1 + 2γ′P (0)Leff)

]
. (A.6)

The coupled-amplitude equations in the new variables are,

dBs

dz
= −iγP (z)e−αzB∗i e

i∆kzei2φ(z) (A.7a)

dB∗i
dz

= iγP (z)e−αzBse
−i∆kze−i2φ(z). (A.7b)

Taking the derivative of Eq. (A.7a) and then substituting Eq. (A.7b),

d2Bs

dz2
= [−α + i∆k + 2i(γ + iγ′)P (z)e−αz]

dBs

dz
+ (γP (z)e−αz)2Bs. (A.8)

Since we are only interested in the conversion efficiency at the length L and

not the evolution of the field at every point, we can replace P (z)e−αz and φ(z)

with an equivalent constant path-averaged power that leads to the same conversion

efficiency:

P̄ =
1

L

L∫
0

P (z)e−αz dz =
1

2γ′L
log(1 + 2γ′P (0)

1− e−αL

α
). (A.9a)
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We can then make the substitutions, P (z)e−αz → P̄ and φ(z) → γP̄ z into Eq.

(A.7), and simplify Eq. (A.8) as:

d2Bs

dz2
= (i∆k + 2iγP̄ )

dBs

dz
+ (γP̄ )2Bs. (A.10)

which has constant-coefficients and can be solved in the usual manner. Finally,

the conversion efficiency is given by:∣∣∣∣Ai(L)

As(0)

∣∣∣∣2 = (γP̄L)2 · e−αL · e−2 P̄
Aeff

βTPAL ·
(

sinh(gL)

gL

)2

, (A.11)

where g =
√

(γP̄ )2 − 1/4 · (∆k + 2γP̄ )2.
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