
Lawrence Berkeley National Laboratory
Recent Work

Title
LOW-ENERGY INTERACTIONS OF K"" MESONS IN HYDROGEN

Permalink
https://escholarship.org/uc/item/2c91r2rr

Authors
Humphrey, William E.
Ross, Ronald R.

Publication Date
1962-01-12

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/2c91r2rr
https://escholarship.org
http://www.cdlib.org/


tJCRL- 100 18 

University of California 

Ernest 0. Lawrence 
Radiation Laboratory 

TWO-WEEK LOAN COPY 

This is a Library Circulating Copy 

which may be borrowed for two weeks. 
For a personal retention copy, call 

Tech. Info. DIuisIon, Ext. 5545 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 

University of California. 



UCBJ.- 10018 
01 

UNIVERSITY OF CALIFORNIA 

Lawrence 1adiation Laboratory 
l3erkeley 1  California 

Contract No. W-7405-eng-48 	 - 

4 

LOW-ENERGY INTERACTIONS OF K MESONS IN HYDROGEN 

William E. Humphrey and Ronald B. Ra 

January 12 1962 
;' •, 



	

-Ui - 	 UCRL-10018 

LOW-ENEEGY INTERACTIONS OF K MESONS IN HYDROGEN' 

William E. Humphrey and 1onald R. Ross 

Lawrence Radiation Laboratory 
Univereity of California 

8erkeley, California 

Jan4vp"A. 1962 

A3STIACT 

A atudy has been made of the K-p interactions In a hydrogen bubble chamber. 

Cross eections have been determined at 25-Mev/c intervals in the range 75 to 

275 Mev/c iC lab momentum. About 90% of the byperons were produced by K.p 

lnteractlons•.at rest, and these evente were used to calculate at-rest production 

ratios and hype ron lifetimes. 

The observed hype ron decay rates from this experiment yield the following 

hyperon mean lifetimes: 

(1.58 * 0.06)X 10 0 
 sec. 

1 + (0.765 * 0.04)X 10" Bee 0  
and 	E

10 
'A 	(2.69 * 0.11) X 10 	eec. 

The observed branching ratios for Z+  and A decay are 

tr 4. n) /[( 	+ xi) + (Z-. TP + p)]-.= 0.490 ±0.024, 

and 

	

+ p) / [( A- it+ p) + ( A- 	+ xi)] = 0.643 ± 0.016. 

The K -p Interactions occurring at rest yield hypez'on production rates in 

the ratio 

Z: Z: E0 : A = 0.447: 0.208: 0.281; 0.064. 

The in-flight K__p interactions are dominated by the hyperon production 

process. Analysis of the elastic-scattering angular distribution shows that the 

nuclear part of the amplitude has a large imaginary part and a real part consistent 

ç) 
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with zero. The absorption cross section to nearly geometric for s-wave inter-

actions throughout the observed laboratory momentum range. Angular thatributiona 

for all the K-p interactions are quite consistent with Laotropy. 

An s-wave zero -effective -range analysis of the K-p Interactions has been 

carried out. Two sets of parameters were found that give acceptable fits to all 

the data. The X test gives probability of 48% for Solution 1. and 8% for Solution 2. 

The scattering lengths which beet fit the data of this experiment are: 

- 0.220 + 2.742 I for the isotopic epin-0 channel, and A 1  = 0.019 + 0.384 i 

for the Isotopic spin-i channel. 

ild 
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William E. Humphrey and Ronald R. Roee 

Lawrence Radiation Laboratory 
Univeratty of California 
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3anuary 12, 1962 

L NTRODUCT1cN 

This work deals with the interaction of K meeone with protons, for IC 

momenta less than 275 Mov/e. At such energies, the foUowlng interactions can 

take place: 

IC + p 	+ 

+ wo. 
-. 	+ TI, 

-'A + Iro  

-A e Zw° ; 

IC + p. 

Those iC mesons that interact at rest can give rise to the first five inter-

actions. In this experiment, all of the two-body final states have been analyzed to 

obtain a description of the low-energy interactions in terms of six parameters, by 

using the formalism of Dalitz and Tuan. In connection with this pararneterization, 

at-rest interactions of IC meeons were assumed to occur from s-orbitals in ac-

cordance with the arguments of Day et al. 2 Other results presented in our paper 

are angular distributions at production and decay, and hyperon lifetimes. 
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A large pOrtion of the data Included in this work has been reported in the 

£rm of preliminary results presented by Luis W. Alvarez at the 1959 Kiev 

Conference on High Energy Physics. A more detailed discussion of the analysis 

presented in this paper is availab1e. ' 

A summary of data up to 1960 relevant to IC meson physics has been reported 

by Freden et al. 6  A detailed analysIs has been made of the low-energy elastic IC 

meson scattering on free protons in emulsion by Iavis et al. 7  Although their 

results are not included In this analysis, there is excellent agreement between their 

data and our effective-range solutions. Theoretical discussions pertaining to IC 

interactions have been reported by Jackson and Wy14 8  and Dalits and Than. 1 

II. EXPERIMENTAL ARRANGEMENT 

The main problem encountered In setting up a iC beam at the Bevatron is 

the separation of the IC masons from the 	 is difficult In that 

the n -to-IC production ratio is about 1000 to 1 at a secondary beam momentum 

of 450 Mev/c. Since the r masons live longer than the IC mesone, this ratio 

becomes even larger at the detector. In this experiment, the problem was solved by 

using a coaxial velocity spectrometer developed at aerkeley by Joseph J. Murray. 

The resulting beam has been described in detail elsewhere, 10 
 so that only its 

characteristl1 at the bubble chamber are given here. 

A schematic diagram of the beam is shown in Fig. 1. The momentum before 

the absorber was 425 Mev/c, and the thice.ss of ther copper absorber was adjusted 

toive a mean momentum of approximately 180 Mev/c at the center of the chamber.  

Zecause of the nonlinear nature of the range-momentum relationship, the mo-

mentum distribution at the chamber was very skew. 

The flux of K mesone was 1 in four pictures. It was limited mainly by 

the number of background tracks allowed per picture, which was nominally 25. 
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The background consisted of $54% ' and e and 15% i. In a total of about 45 000 

pictures • we observed approximately ii 000 !C mesons that either passed through 

or interacted within the chamber. 

M. DATA PROCESSING 

A. Scanning 

A set of four stereo photographs was taken for each bubble chamber expansion. 

Approximately 
45 

 000 such stereo sets were examined In accordance with the 

scanning method described below. 

Each pIcture was scanned In at least two of the four views available. Dc-

tection of interactions was accomplished by temporarily masking from view all 

of the bubble chamber photograph except about a quarter of it, at the end of the 

chamber through which the beam entered. From the portions of tracks visible 

at the beam entrance, it was possible to identify the K mesons by Inspection on 

the basis of the gap density along the track and by curvature. background tracks 

with few gaps between bubbles (like the gap density of K tracks) were of such low 

momentum that the tracks could be rejected by reason of their high curvature. 

The number of K candidates In a photograph was recorded, and then the mask 

was removed to reveal the Ml picture. Each K candidate was then traced 

through the picture until the K either Interacted, decayed 1  left the chamber, or 

was rejected as background. fi nally, the result of the track scan was recorded. 

The track-following method allowed event detection In such a way that the con-

figuration of an interaction had no influence on whether or not an event was dis-

covered by the scanner. Careful second scans show that less than 4% of the K 

tracks were missed with this scanning technique. 
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Special emphasis In scanning was placed on the detection of neutral 

particles from kC-p interactions. When a K track terminated in the chamber 

volume, a search was made of all four views of the chamber to detect any pair 

of charged particles (these pairs form a "V" which pOInts in the general direction 

of the interaction) that might represent the decay of a neutral. Since in some cases 

It is possible for one of the tracks forming the V to be very short single tracks 

pointing to the end of the K track were also recorded. 

The eventS analyzed in this experiment have been restricted to a central 

volume of the chamber defined by certain fiduclals etched in the top glass of the 

chamber. The volume was chosen in such a way that events in the region were 

well Illuminated and particles leaving the interaction vertex were visible over a 

long enough distance to be measurable, At the scanning stage, events outside of 

the boundary were recorded, leaving the final selection with respect to the fiducial 

volume to be made during the computer analysis of each event. 

B. Event Processing 

Each event identified in the scanning operation has gone through one or 

more of the following stages: 

Sketching—The event Is carefully examined andinstructions for measuring 

it are entered onto a card bearing a sketch of the event. 

Measuring—A projection microscope digitizes, in cartesian coordinates, 

the location of 2 to 20 poInts along particle tracks In the stereo photographs. These 

coordinate pairs are punched into IBM cards, together with identifying information 

and measurements of certain fiducials located on the bubble chamber window. 
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Event computations—A series of IBM 704 programs are used to re-

construct the event in space and determine its kinematic paroneters at interaction 

or decay vertices4 ' (see Fig. 2). 

emeasurement—Evente can fail to be processed through Stage (c) 

for a large number of reasons, ranging from measuring-machine failure to human 

errors. It is often necessary to repocess events several times before obtaining 

acceptable measurements. 

Hand analysis—In the sample of events processed, there were a few 

events having kinematic or spatial configurations that made them difficult to 

analyze through the normal channels described above. In these cases, the analyeie 

was done partially by hand, and the results were punched on IBM cards for 

handling at Stage (1). About 6% of the events were analyzed in this way. 

(C) Experiment computations—At this stage all the events processed in the 

previous stage are examined as a whole, and the parameters of interest in the 

experiment are determined through a series of IBM 704 programs which use the 

accumulated Information of both machine and hand analysis of individual events. 

These calculations will be deecribid in more detail in the following section. 
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IV. ANALYSIS AND RESULTS 

A. 	 for Determination of Cross Sections 

The total iC path length was 1600 m. of which 64.2% was contributed by 

K mesona passing through the chamber, 292% by K mesone that stopped or 

Interacted In flight, and 6.6% by K mesons that decayed. The energy spread of the 

beam entering the bubble chamber was such that tC interactions occurred at 

momenta ranging from about 300 to 0 Mev/c. About 90% of the hyperon Interactions 

occurred at rest. Although the energy spread allows investigation of the entire 

low-energy region as a whole, there are also complications connected with the 

wide range of Interaction energies. The cross section g Is defined in terms of 

the relation 

n=al[(pN0)/A] 
	

(1) 

where (p N 	 32 	30)/A = number of protons per uzut volume (3.SXIO 1cm ) 

observed iC track length, and 

n = number of interactions observed. 

However, since the cross section and the observed path length vary as a function 

of the momentum interval being considered, two basic tasks must be completed 

before the cross section can be determined in several momentum intervals. 

The first task is the estimation of the path length In the various momentum 

intervals from 0 to 300 Mev/c, All the K tracks that entered the interaction 

volume were measured, and the length of path and momentum at an entrance plane 

were calculated. 4,5
In the case of the interactions that were fitted, the momentum 

at the entrance plane was very well known from the kinematic fit of the interactioà. 

However, the rest of the K tracks depended for their momentum measurement 
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on the observed curvature of the track in the magnetic field of the bubble chamber. 

These curvature measurements typically had 6 to 10% uncertainties. 

The momentum distribution at the entrance plane to the interaction volume 

has a predominance of tracks in a relatively narrow moniintum interval (about 

200 to 250 Mev/c). The momentum measurement errors tend to smear out te 

momentum distribution, which made it necessary to recover the original distribution 

by unfolding the obe rved_distribution. To do this, the following matrix relationship 

was used: 

= (I) t' 
	 (2) 

where L = vector representing the true number of tracks in each of 12 momentum 

intervals at the entrance plane. 

= vector representing the observed number of tracks in each of 12 

momentum intervals at the entrance plane, 

a matrix eleme nt  indicating the percentage of events in the ith true 
~ji

interval that would be observed In the Jth observed interval, on the basis 

of the typIcal error for events in the ith interval. 

After solving for 	a range-xnomenturn table was used to establish how 

much path length was contributed in the various momentum intervals by tracks 

distributed according to the vector I. This unfolding procedure was applied to 

events from each of four thicknesses of copper absorber used in this experiment. 

and these path lengths were accumulated, along with the path length for the 

interactions, to give the path length per momentum interval displayed in Fig. 3. 

This path length includes only IC track length in the interaction volume not pre-

ceded by a visible K-p scatter. 
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The second task, before the cross sections can be computed, is to estimate 

the true number of interactions in the variou8 momentum intervals on the basis of 

the observed momentum distribution. For the hype ron events this procedure is 

complicated by the fact that the low-energy interactions are plagued by a "back-

ground" of stopping interactions. Moreover, the preciaton with which the ma-

mentum of the K is determined varies by as much as a factor of 10, according 
IN 

to the configuration of the Individual events. Therefore, a maximum-likelihood 

estimate was made for the true momentum distribution by using the Observed 

error for each event (see Appendix). 

In the choice of momentum-interval widths, we were guided by the desire 

to measure the cross section as a funct*onc momentum, as accurately as possible. 

An interval covering all events of the experiment would give an accurate mea-

surernent of the average cross section because of the large number of events, but 

would give no jAformatlon about the momentum dependence of the cross section. 

On the other hand, if the intervals were too narrow, the statistical fluctuations 

of the numbers of events in the individual bins would be Large, and uncertainty 

in the momentum of individual events would cover several bins. The 25-Mev/c 

width used a compromise between the two extremes. Errors were propagated 

to the cross-section estimates from both the matrixinvereion technique and the 

maximum-likelihood method. 
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B. Elastic Scattering 

A total of 419 elastic scatterings were observed within the fiducial volume. 

Selection criteria on the minimum angle of scattering and minimum momentum 

were applied to these events to obviate large and uncertain corrections to the data. 

The imail-angle cutoff was made on the cosine of the center-of-mass (c. m.) 

angle, in order to have all angular distributions over the same range of cos Oc.
M. 

The cutoff was cos 9, 
. M. 

0.966, which corresponds to a laboratory-system 

scattering angle for the K of approximately 10 deg over the entire momentum 

range. For momenta less than ZOO Mev/c, the amplitude for Coulomb scattering 

at this angle is larger than the nuclear amplitude, and the effect of .  the Coulomb 

nuclear interference Wil-Ibeicleiixi 	tefil*- the4ga. At higher momenta, the 

Coulomb nuclear interference has less effect on the angular distribution because 

the mazimum interference is at an angle smaller than the cutoff. 

Additional selection criteria were applied to the azimuthal angle of the plane 

of the scattering for events with cos 0 rn.  between 0.966 and 0.85. Events In 

this range whose plane of scattering made an angle greater than 30 deg with a 

vertical plane were accpted. Five events failed this criterion 1  whereas azimuthal 

symmetry predicts (from events sat1sfing the criterion) that 13.5 events should 

fail. A correction of 3/2 (based on the assumption of azimuthal symmetry) was 

applied to the events accepted. The events left after application of the small-angle 

and azimuthal-angle cutoffs are shown in FIg. 4. 

A K laboratory-system momentum cutoff at 100 Mev/c was Imposed 

for the following two reasons: 

(a) The detection efficiency for elastic scatterings is a function of the 

length of the recoil particles, and therefore decreases rapidly at low momenta. 
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The residual range for f mesone of 100 Mev/c Is a little over 1.5 cm in liquid 

hydrogen. When they scatter at 180 deg from a proton they are left with a residual an 

range of 02 mm, which is not enough to make one bubble (one bubble VS 0.25 mm); 

however, the proton has a range of 07 cm and is easily detected. At 75 Mev/c the 

residu.al range of the K is down to 0.5 am, and the corresponding 180-deg 

scattering produces a proton with a range of about 3 mm. In scatterings at $.ng1eL 

lees than 180 deg at these momenta, both proton and iC tracks are very short. 

Because of the short recoil tracks, we must take into account that a 	meson 

coming to rest in liquid hydrogen makes charged hyperone more than half the time. 

Pictures of this type of event have two densely tonising tracks and one light one 

all meeting at a point. The chargedhyperon and w meson are coUinear, but have 

random orientation with respect to the X direction. There is, therefore, some 

probability that the elastic scatterings at low momenta preceding this type of event 

will be obscured. 

(b) The other effect that requires a 100-Mev/c cutoff is the distortion 

of track images caused bynonuniform density of liquid hydrogen in the light path 

from track to film. We observed displacements of the images of tracks by as 

much as a track width over lengths of track from 1 mm to 0.5 cm. The effect 

could be compensated for If It were in the middle of a long track, but those cases 

in which the distortion was in the last 0.5 cm of the incident IC were very dif-

ficult to interpret. These factors, giving rise to large uncertainties in scanning 

biases at low momenta, coupled with the fact that only 13 events are observed 

between 50 and 100 Mev/c made it necessary to apply this cutoff at 100 Mev/c. 
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Two sources of systematic error in the number of events observed at 

small angles were considered. The first concerns an enhancement of the number of 

large-angle events observed owing to uncertainty In the value of the measured angle 

of scattering. Since individual measurements of the angle of scattering are, to 

first approximation, distributed symmetrically about the true angle of scattering, 

and since uncertainty of measurement does not vary rapidly with angle, the 

probability of observing a 9-deg scattering at 11 deg is the same as the probability 

of observing an Il-deg scattering at 9 deg. However, the [1/sin 4(9/2)) 45.. 

pendence of the Coulomb cross section gives more events truly at 9 than at 11 deg, 

and so the number observed at 11 deg Is systematically increased. Corrections 

for this effect were calculated on the assumption that the angular distribution is 

given by the Coulomb cross section out to angles where the Coulomb cross section 

is equal to the nuclear cross section. No corrections were applied beyond this 

angle. 

The second source of systematic error considered was that due to MoUSre 

or plural scattering. For the angles considered, Moliere scattering can be 

represented as an effective increase in the Coulomb scattering cross sectIon. 
. 4 	

Bethe has derived a formula for the asymptotic ratio of Coulomb to actual scattering, 1' 

and calculations of this ratio for path length of 05 cm of liquid hydrogen showed the 

effect to be small. The largest correction was 2%. No corrections were necessary 

in the region -1.0 to 0.85 in cos 0 
c.m. 

To determine cross sections as a function of momentum and angle, the 

events of FIg. 4 were divided into four intervals in cos Oc.  zu.' and ten intervals 

in momentum. Because of the isotropic nature of the distribution in the region where 

Coulomb scattering is small (cas 0 m.  <0.85), the data In this region were all 



-12- 	 UCRL- 10018 

lumped into one cos 0 interval. The three intervals In cos 9c.m.'  0.85 10 0.90, 

0.90 to 0.095, and 0.95 to 0.966, were chosen to give a maximum amount of 

information about the Coulomb nuclear Interference. The events in each angular 

region were analyzed separately as a function of momentum, as described in 

Sec. WA. The final estimates of the number of events per momentum Interval 

* 

	

	for X'lab momentum greater than 100 Mev/c were converted to cross sections 

by the use of tq. (I) and the path Ienth Shown In FIg. 3. 

The total elastic-scattering cross sections for values of cos 0 m.  between 

1.0 and 0.966 are presented in FIg. 5 and Table I. These values are the sums 

of cross sections observed in the four angular intervals, and therefore contain 

Coulomb as well as nuclear scattering. The uncertainties shown in Fig. 5 are 

the square roots of the diagonal terms of the variance-covariance matrix of Table I. 

The solid curve Is the cross section calculated by using the parameters of Solution 1 

(Table XIII). 

It was considered desirable to determine the modulus and phase of the 

nuclear part of the elastic-scattering amplitude. independent of the s-wave zero-

effective-range theory. To get a statistically significant estimate of the scattering 

amplitude, we determined two average differential-scattering cross sections by 

averaging the cross sections for each angular region over groups of three mo 

mentuin intervals. The average dilierentlal-scalbiring cross sections for the 

intervals 100 to 175 Mev/c, and 175 to 250 Movie K lab momentum are shown 

in Fig. 6. In Sec. V-D, we show how the nuclear part of the scattering amplitude 

,has beeneettmate&frornthese:cross sections. ,'LL 
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• 	C. Charge-exchange Scattering 

AR0  productIon event Is detectable when the R0  decays via one of Its 

charged modes, or when it interacts In the hydrogen in Such a way as to. produce 

charged particles. Of the 29 10  events observed. 25 were normal 
K?  decays, 

K? 	
+ tr 

11 	 and'formed the sample used for calculation of the cross eectioá as a functIon of 

momentum. In addition, there were two inelactic ecatterings giving rise to hyperons. 

The £trat scattering was identified as 

Loliowed by Z 	p + 	the second as 

+ p - A + 

followed by A -'p + 

Two other 	events were ezarnples of the 4 decay into three-body final states. 

The observation of two 4 decays is consistent with the published lifetime of 

6. 1(+•l.6/-l.1)X108sec. 12 

Care was taken to distinguish between the R0  decays and the A-hype ron decays 

Ambiguities in the Identification of theSe V events arise only If the proton of the 

A decay cannot be distinguished from the v of the X decay. In a total of about 

1000 V' s only Live cases were ambiguous at the Scanning stage, and a kinematical 

analysis of these events for both interpretations yielded unambIguous identification 

for all Live. Three were A. events and two were K? 

We used only K of length > 1 mm, to avoid ambiguity between events with 

ort K and short E tracks. The similarity In momenta of the ir' 0 in the Inter- 

actions 
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Iz .. 	 .&_. 	± 
K + p - 	+ ir 	 + 11, 

and 

K +p -R0 +nZ2 .., 	+ 

makes kinematical separation impossible for many spatial conagurationa if 

the Z or RO  track is too short to be seen. it was often possible to fit both 

• 	hypotheses. 

Application of the i-mm cutoff eliminated one of the 25 detected eventS. 

For each of the remaining K?' $ we calculated the probability of the .O length 

being less than 1 mm, and the probability of escaping the volume. In this way the 

observed K?'  a served as an estimate of the spattal and momentum distribution 

of the complete sample. The calculations indicated that . 17.80% (5.25 events) ehould 

be less than 1 mm long, and that 0.9% (1/3 of an event) should escape the volume. 

The lifetime used for these corrections was 0.95X10 40  sec. 12  Corrections were 

also made for the fact that only one -third of the R' a produced decay via the charged 

K? mode. 

In Fig. 74 WO show a scatter diagram of the 25 RO  events. The 	for the 

hypothesis of an isotropic angular distribution is 3.8 for three degrees of freedom. 
17 

Cr088 sections calculated from the maximum-likelihood estimates are presented 

in Fig. 8 and Table 11. The uncertainties in the cr088 sections shown in Fig. 8 are 

the square roots of the diagonal terms in the variance -cóvariance matrix of Table 11. 

The solid curve in F'i. 8 is the cross section calculated by using the parameters 

of Solution I (Table XIII). 
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D. Hyeron Production 

Several selection criteria were applied to the hyperón events. A 0.1 -am 
cutoff on the hyperon length and a ZOdeg E-hyperon_angie cutoff served two 

purposes; $Irst. It made analysis of the poorly determined and hard-torneasuye 

events unnecessary; and eecondly, it eliminated from consIderation nearly all 

the events in the ambiguous classes. In order to Compensate for the events culled 

from the. sample, the probability for observing each event was calculated on the 

basis of the selection criteria, the momentum of the hyperon, and the byperozi 

lifetime. For the X particles the acceptance probability for each event accepted 

was given by 

AM 	 COSO1_COSOb 
= 	 - 	 (3) 

where 

time required for the Z to travel the cutoff distance of 0.1 cm, 

lifetime of Z, 

= forward cutoff angle In the C. m. system, and 

•b backward cutoff angle in the C. M. system. 

Corrections for culled A hyperone were carried out in much the same way 

as for the Z analysis, except that an escape correction was included for each event, 

since only A decays within the interaction volume were considered. As a con. 

sequence, the acceptance probability for each A event was computed as 

AA exp 	
-exp[ e/-r I 
	

(4) 

where 

t c = time required for the A to travel the cutoff distance of 0..1 cm, 

t0 = time required to escape through the nearest boundary plane of the 

interaction volume, and 

1 = lifetime of A. 
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Additional corrections were found to be necessary in the kyperon analysis. 

Careful examination of the ambiguous M classes revealed that there were some 

1 events that were actually longer than 0.1 cm (and should have been included in 

the analysis), but the X was hard to identify because the tr decayed almost 

coflinearly with respect to the L This effect was taken into account by calculating 

the estimated number of Z particles having the above properties. The number of 

events was calculated to be 20 	and 30 	events, which should have been in- 

eluded in the analyzed sample. The cross sections were corrected for these events 

by an overaU scaling factor. These additional events were predominantly short 

(1. e., just greater than 0.1 cm); hence, their principal effect was to modify the 

lifetime estimates slightly, necessitating a lifetime correctIon. A similar cal-

culation was made for the ambiguous A class, and the additional number of A 

events which should have been analyzed was estimated to be ten. The A cross 

section was corrected for these events. The estimates for the hyperon production cross 

sections are shown in FIgs. 9 and 10 and summarized in Tables Ill. IV, and V. For 

each charged Z event givini 	tifitthC laboratory momentum and e. m. 

cosine have been plotted on a scatter diagram (Figs. 11 and 12). 

The most reliable value of the A /( Z 0  A) ratio is the one obtained for 

A production by K interactions at rest, where the separation between direct and 

indirect A's can almost be done by inspection (see Fig 13). Four of the events, 

with an energy near 35 Mev, are interpreted as IC + p -, 'j + A which implies a 

branching ratio for this process of about 0.8% of the total A production. There Is 

a cluster of event e at 40 Mev, two of which have energies that are welt-determined 

and within errors of each other. These events are interpreted as Lu-flight K inter-

actions. The 	7O + A) separation was done by the maximum-likelihood method 
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for K Interactions, both at-rest and ini.fllght (Fig. 14). Seven events with 

energies in excess of three standard dvlations from eIther the A or the Z O  

spectrum were not included in the likelihood calculation.. 

The number of Z and Z hyperone produced at rest Is readily available 

from Table VI. The number of V and A hyperons can be calculated by using 

Table VI and the A/( Z°  + A) ratio of 0.186*0.017. The numbers obtained in this 

way yield the ratio z::: A = 1553:722:977:223. The reaction anipttudes 

can then be calculated and resolved into I-apin-0 and I-spin-i channels for 

Z production. The results can be expressed in terms of the ratio of !-epin-0 

and I-spin-i amplitudes for the, Z mode and their relaUve phase, pius the ratio 

of the A I-spin-i amplitude to the £ I-spin-i amplitude. These quantitIes 

(after phase-space corrections) have been determined to be: 

I 
AE

F 0.37±0.06. 

Co. 	z 0 . 5i1' 
and 

I 
AE

H 1.57±0.23. 
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E. Myperon Decay 

1. Anzuiar Dietributtona for HvDeron Deca 

The cosine of the angle between the E and its decay pion (in the rest £raxzie 

of the Z) has been calculated for the unambiguous Z decays. Ambi guoua events 

between E and )f contribute a correction of about 30 event s for V. and 20 

events for Z 1 , in the region I cos a m > 0.8. Not included in these figures 

are 26 Z  events and 66 Z events that were hand analyzed only at the production 

vertex. No particular bias is expected from these events. The coatno of the 

angle between the A and its decay pion (In the rest frame of the A) was calculated 

for direct A production and also for A Is from Z decay. The events were 

selected to include only events from K tnteractions having measured momenta 

less than 75 Mev/c. because such events represent the at-rest K Interactions 

for which the kinematics are well enough determined to give a reliable separation 

between direct and indirect A production. Fourteen events, hand analyzed only 

at the production vertex, have not been Included. No appreciable bias is expected 

from these events. There Is lees than 5% contamination by events which are not 

from K-p at-rest interactions. 

The energy distributIon for A hyperons produced by at-rest K-p inter-

actions is given in Eig. 13. The t 	A energy spectrum can be interpreted 

as a cosine distribution for the A with respect to the E0  direction in the 	c. m. 

eye lem, as is seen from the relation 

(5) 

where 

AZ A momentum In the 	c. rn. system (a constant), 
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AZ A energy in the Z°  C. M. system (a constant), 

y =1+ '1.an 

p 
in the Kp center-of-mass (a constant). 

The various cosine distrIbutIons mentioned above have been fit to a 

quadratic, by using the least-squares method (Table VII). 

2. Hyperon Lifetimes 

The lifetime of the Z' s was determined by using the maximum-likelihood 

method. All events with Z <0.1 cm long, or a Z-K angle <20 deg, were not 

included in the analysis. Only E's produced by iC interactions at rest were 

used for lifetime estimates, because the Z momentum is well-determined for 

these events. The Z'e that decayed in the last 0.2 cm of their range were con-

sidered to have lived a time exceeding that requized to reach the 0.2-cm cutoff 

(this cutoff is to simplify the problem of separating Z events that decay with the 

Z at rest). 

The probability for observing a given event in each of the two classes is then 

dpi 	exp[.t1 
(a) 	= 	exp 	for t<t1  <t1 , or 

expr_ 4  
exp 	for t1  >t. 	 (6) 
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where 

= observed time for the ith event, 

tc
= time to travel 0.1 cm from production point, 

tm = time to travel within 0.2 cm of end of range, and 

= mean life. 

This probability is normalized to give unit probability for observing E l  s 

with a length exceeding 0.1 cm. This corresponds to the assertion that once the 

length is measured to exceed 0.1 cm. the integral of the probability for this sample 

must integrate to unity beyond 0.1 cm. 

As a consistency check, two different likelihood functions, L and L 2, 

were considered. First we form the product of the likelihood function for each 

event and take the log, to give 

N 	N 	 N 	. 	 N 2  

in L 	in IT i 	in P 	(1nX-Xtj+Xt) + -T 	c)tm) 
1=1 	il 	 El 

(7) 

and the maximum of this function is located at 

i/x = l/N1 	(tj_t) 	(tm_tc) 	 (8) 

L=l 	itl 	J 

with 6X= - (d 2  in L 1/d) 2) = (N1/).2) , 

where 	 . 

X = decay rate, 

number of events with t <t 1  <t and 

N =numberofevents with t >t 2 	 . 	I m 

Secondly. as a consistency check, the lifetime was determined, neglecting 

the event 8 with t > t . m In this case, one has i  
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lexp()4 1) 
Pt 	 . tc <ti  < tfl) 	 (9) 

exp (4t)*exp(4t) 

in 	 in [exp -  exp (xt)I} 	(10) 
1i 

and one has L2  a ma,dmum at 

iiw1 
	f 	+ tm exp (.)t 	

- t Fexp (_)tc)J.t (11) 

	

kj*l I 	exp (Xt) - exp (-It) 

and 	 N 

= N1/X2 - 
	t-t)2  exp 	 21_i. 	(12) 

expj(_Itexpf(-tm) 	I' 
We found X (using the L 2  formulation) by iteration, because the relation for K 

is a transcendental one. In the case of A decay, where the A may decay outside 

the chamber, the second formulation (L2) is the only applicable one. For the A' a, 

t was defined as for the ' a but t was taken as the time for the A to reach C 	 m 
the nearest boundary of the interaction volume. 

t8 mentioned in Sec. IV-D-3. a correction was applied to the 
I 
 Z lifetimes 

to account for events in the ambiguous catagories which really should have been 

included in the lifetime calculation, because their length exceeded 01 cm. The 

number of such events was estimated as 20 for Z, and 30 for V . The model 

used to calculate the number of events was also used to calculate the amount of time 
they contribute to the lifetime calculation, and these numbers were inserted in the 

previous equations to obtain the corrected lifetimes. A small correction was applied 

to the 	lifetime to account for the 2.p interactions In flight. The corrections 

	

decreased both the E and 	lifetime by O.OIXIO -10 
 sec. The results of the 

lifetime calculations are shown in Table VIII. 



-U- 	 UCL-10Ol8 

The branching ratio between neutral and charged A decay was determined 

by counting the number of K tracks that stopped In the Aducial volume of the - 

chamber with no visible hyperon decay. This number was corrected for neutral 

10  decays and A decays outside of the chamber (a correction of 54 events). The 

ratio obtained was 

	

A charged 903 	0.64±0.01 Atotal 	1405 

The bzaucliing ratio between neutron and proton decay modea of M hyperone 

was found to be 

neutron 	308 total&W= 0.49t0.02. 

There were 17 events ambiguous between proton and neutron decay modes; theac 

events were divided aUy between the two mode3 for the purpose of calculating 

the branching ratio. The error In the branching ratlo 

thab1sceéSL; frti 
13 These brancitingratlos are In excellent agreement with the Al = i/a rule.  
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V. DISCUSSION OF RESULTS 

A. DecayRatesandthe411/2Rule. 

The AI 1/2 rule makes a definite prediction for the ratio of the decay matrix 
13 

elements for A 	+ n and ,r + p decayi, 	The prediction is 

2. 2 
B 	 2 

- 	 .+p.;+(e+p) 	. 	
S 	 (13) 

where a and p_ are a- and p-wave amplitudes for the i+p decay mode 

and 
e0 

and p0  are a - and p-wave amplitudeD for the IT°  + n decay mode. The 

experimental branching ratio from this experiment is 

	

+p) 	= 0.643 ±0.016. 
(ii + a) + (ir 4• p) 

which, after taking account of phase space for the two decay modes yields the value 

.2 	2 
a +p 

2 	-297 	0.6500.06 
(s_ + p) + 	p0 ) 

Another interesting (but less constraining) prediction following from the 

AI1/2 rule concerns the relative size of the amp1itues for the three decay modes of 

charged E hyperona. If the s and p amplitudes for a single decay mode are 

represented as a two-dimensional vector, then the Al = 1/2 rule predicts the following 

vector relationship: 13  

fTA+AA , 	 . 	(14) 
4A0 	.....+ 

where 

A0  càrresponde to E 	+ p. 
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+ co responds to 

A corresponds to 

Zf... n* +n. and 

- 1t_ + n 

The decay rates for the three decay iodes have been determined in this experiment 

to be: 

(0.666±0.047)X10 10/sec 

(0.64l.046)X10 10/sec, and 

R = (0.634*0.023)X10 10/sec. 

Therefore, the amplitudes (including the phase space correction ) have relative 

sizes 

=O.544O.Ql9, .01  

I 0.5400019, and 

IA 

The resulting vector triangle has an angle between A and 	of 92.4±4.8 deg 

Measurements of the decay asymmetries for Z+  decay reveal that the vector 

mu3t have appreciable components of both 8- and p-wave  amplitudes. while 

must be an almost pure a 
I or p wave. Other experimental evidence suggests 

that A is also almost pure e or p wave. 	Hence the vector triangle has the 

remarkable property that it appears to be nearly a right triangle, with Its legs 

about 1 deg from the c and p axee. Theoretical significance has been attached 

to this striking alignment of the triangle in a paper by A. 	 16 in which the 

suggestion is made that the weak as well as the strong Interactions might be coupled 

through a doublet approdmaUon model of the elementary, particles. 

The experimental results are certainly very consistent with the predictions 

of the 1=i/2 rule; however, only the magnitudes of the decay amplitudes are ob-

servable in this experiment and net the phases. It has been pointed out that 
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- appropriate mixtures of 11/2 and i$/Z can give rise to the same physical 

consequencee as the I=i/2 rule, but with certain phases shifted by 180 deg. 17 

B. Hyperon Spins 

The spin of the hyperone has been determined by previous experiments;18' 19. 20 

however, further evidence is available from this experiment, subject to two 

assumptions. Frst, It Is assumed that the K meson has spin zero. 19 Secondly, 

K interactions that occur at rest are assumed to take place from s orbits in 

accordance with the calculations of Day et al. if we make these assumptions, it 

Is clear that the angular momentum of the Initial state Is S = 1/2. Therefore, the 

maximum angular momentum component along the direction of the Z Cannot exceed 

112, by conservation of the component of S projected along the X. This means that 

if the Z hyperon spin is greater than 1/2, certain spin states with angular mo-

mentum components iii excess of 1/2 along the E direction are forbidden. As a 

result, only spin 1/2 can give an isotropic distribution. 20  Spin 3/2 gives a 

distribution of the form 1 + 3 cos 2  9. 

The X and 	decay distributions for K interactions at rest have been 

atted to distributions of the form N = a 1  + a  coa8 + 43  c09 20. The results shown in 

Table VU provide etrong evidence that both 	and 	are spin 1/2 particles. The 

same argument applies to the directly produced A hyperons; the result recorded 

in Table VU strongly indicates isotropy, hence spin 1/2 for the A. 

T h e 2P. spin can be established with certainty under the assumption of odd 

- A parity, in which case, it is possible to show that the 	- A distribution 

is isotropic for spin 1/2, and is (1 + 0.6 co 2O) for spin 3/2. 21 
 Again, Isotropy 

Is highly favored, as can be seen from Table VU. 
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C. Determination of s-Wave Zero-Effective-Eange Parameters 

The data presented in Sec. IV have been combined to determine parameters 

for an s-wave zero -effective- range theory of the K.p interaction. in 1958 

Jackson et al. suggested the use of a zero -efLectiverange theory for parameterizing 

	

the kC -p interactions. 	Since that time, many refinements have been made in the 

theory to adapt It to the K-p syitem. 
1.8,23 

 For inatancø, the K(reaction)-xnatrix 

formalism, has been introduced in order to handle charge-dependent effects related 

to the R° -n - K-p mass difference Without sacrificin g  the charge-independent 

nature of the nuclear matrix elements. Coulomb effects (important at low momenta) 

have been included. The results of Dalitz and ?uan have been used in the analysiá. 

in their notation, the equations for the cross sections given in this theory are 

! c; 2 lnsin(0/2)1 
c2,z [A0(l_ik0A1 )+A1 (1.ik0A0 )] 

+ 	
D 

2 	 2 

(16) 

4O2 I l-k0A1  12 	
(17) 

	

aQ= 	
11D 	. 

12 

	

4ib 1 C 2  l-ik0A0 	
(18) k 	13 

where 

2 	 ____ Fcz 

	

D 1 	[ + C k (l_lt)] 	O !) .k0  	ku_U)] A0A1. 

2 

(15) 

and 
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A=a+ib 
0 	0 	0 : the complex scattering lengths for the isotopic- 

	

A1  =a + lb 1 	spin 0 and 1 channels respectively, 

the wave number (cente by-mass system) of the R O  N 

channel (taken as I k0  I below 	threshold), 

k the center-of-mass wave number of the K-p channel, 

Zir 
the Coulomb penetration factor 	- [i -ezp (_2TT/kB)J -1 

B the B ohr radius of the iC4 system, 

= a function of k given by the authors • 1 Eq. (4.12), and 

or and. a 1  = the absorption cross secticue in the 1=0, 1=1 

channels, respect&vely. 

Besides the four real.parametera contained in A and A 1  two more parameters 

are necessary to express the observed byperon cross sections. We chose these 

	

parameters as the ratIo y of 	to Z+ 1( production at rest, and the ratio s 

of the Mi0  prodiction rate to the total hype ron production rate in the isotopic 

spin-I channel at rest. in our analysis we have as sumed the following conditions 

to hold for the parameters of the theory ' 

'(a) The scattering lengths A6 and A1  are *ndependent of momentum, 

• 	 (b) The parameter r, is independent 'of momentum, and 

(c) The momentum dependence of the difference In phase angle, 

between the matrix elements for Dff production 

in 1=1 and 1=0. is given by 
1-1k A 

4) = 4+arg Tik0A 	 ' 	
(19) 

th = the value 0  the phase angle at the 1t0-n threshold (89-Mev/c lo 

incident K lab rnomentuzn). Condition (c) is used to relate 'y 
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to the value of 	and therefore y is the parameter that determines the phase . 
The assumption that the capture of K on protons at rest takes place with 

the K-p system in .a relative a state 2  allows the use of the at-rest ratios of the 
hyporon production rates that are so important in determining the values of the 

parameters. in terms of .4), , a 0 (.A0 , A 1 ), and a 1 (A0 , A1 ), the hyperon crosa 
sections are given by 

I 
+ 	1 	1 G(K

- 	
= r a 

0 	(l-E)a14 	 j cos 4) 	(20) L 

+ 	1 	1 Cr K +p-. 	+w) 	 - (l)o1 - i•6 -j cos  4)' 	(21) 

(22) 
and 

•+ 	= 	., 	
(23) 

where a 1  and a0  are given by Eqs. (17) and (18). in addition, the at-re at ratios 
are 

.O0) 
H = 

	 ___ 

+p 	
ab 

at rest 

(4) 
P-• Z 	

= 

at rest 

1 b0 	2 1(1-e)b 	2 	 11/2 +- 	1 l+ 	 )• 

JI/2 

cos 4) 
(25) 

C06 4) 

and 
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r(K+p 	)+F(KpZ44n) 	I1A1 
+ 	

1+A0 

r(K+p-z°+r°)+r(K+p..A +1i0 ) 	b 	2 	€b 	 2 	
(26) 

	

T 1~ ,cA1 	+ 	,- 1+A 0 

where 	18 the absolute value of the wave nwnber in the 	-n channel for zero 

IC-p relative momentum [i..e.  x 	(P 	bil 
0 K 

Many pieces of ecperirnental data are 1Ué for the determination of the 

parameters. These data are presented by 	where m stands for tmea sured.0 Qj 
The symbol a takes on the Integer values from 1 to 12, depending on the physical 

process for which a measurement has been made, and j  varies with the lab mo-

mentuzn of the IC for which the measureme nt was made. A zero value for j 

means a measurement at rest; 3 = 1 corresponds to the momentum Interval 

0 P1ab 25 Mev/c and so on for 25-Mev/c intervals. In Table IX we indicate 

which measurements have contributed to the determination of the parameters. 

A value corresponding to each measurement was calculated from the theory 

by assuming values for the parameters. We then calculated a X .  2 for the experIment, 

from the equation 

b b 
2JLZ —a 

x (A0,A11y1E) 	 =aa (3_,3m) 	
Jk (a_r akm) 	(27) 

where F. Is the variance-covariance matrix for measurements in the class a. 

The minimum in the x 2  function was found by numerically evaluating the 

first and second derivatives of the function with respect to each variable, and then 

2 moving the one vartable which predicted the greatest reduction in the x • The 

starting values chosen for the parameters were the estimates recently calculated 

	

by DaUtz for the a, a, b 4 , and b solutione. 	The a+  and b starting values 

led to the same minimum, and the a and b+  starting values led to a second 

lower minimum. The starting values and the solutions derived from them are preeente 

in Table X. 
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Under the assumption that x 2  is a quadratic function of the parameters In 

the region of the minimum, we can write 

2 	* 
x 	- 2' 	-)x 	 (28) 

2 The elements of the matrix D were found by exploring the x space in the Iwo 

neighborhood of the inthimum. We have taken two times the inverse of 1) as an 

estimate of the variance-covariance matrix (V) for the parameter8. The values of 
2  the parameters giving the lowest x the matrix D. and the variance matrix 

for these parameters 1  are given In Tables Xl and XII. The matrix D aUowa pre-

dictions of the change in x 2 that are good to about 30% for variations of parameters 

within a range of 1 or 2 standard deviations of the values at the minimum. The 

space appears to be skew for several of the parameters. 

Tables XIII and XIV list the properties of the IC-p system predicted by 

the two solutions. The predictions for Solution 1 have been compared with the 

experimental data in Figs. 5 8, 9, 10, and 14. The contribution to the total x 
2 

from each piece of data is displayed in Table XV j.  

D. Coulomb Nuclear Interference 

The s-wave zero-effective-range analysiB above does contain information 

on the Coulomb nuclear interference, but the inciuston of all other information 

partially obscures Its part in the final aolution. For this reason it was considered 

desirable to analyze the Coulomb nuclear interference separately, independent of 

any assumptions on the momentum dependence or isotopic-spin dependence of the 

cross section. To this end, we write the differential-scattering cross section for 

IC-p elastic scattering in the form 
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da el 	c6c(!1 exp[t 	_ lnsin()]+C 2Rexp (ia). 

(29) 

The first term on the right is the Coulomb part of the scattering ampJftde,  k 

is the center-of-mass wave number, and B is the Bohr radius of the K-p system. 

The second term represents the s-wave nuclear amplitude (modified by C 2 . the real 

5-wave Coulomb penetration factor); hence. B cos a and B sin a are the real and 

imaginary parts, respectively, of the nuclear amplitude. The Coulomb amplitude 

is dominant at emaU angles, but decreases rapidly with increasing angle. At some 

angle O the Coulomb amplitude will be equal in magnitude to the nuclear amplitude. 

and at this point the differential-scatterIng cross section can vary from 0 to 4 C 4B 2 , 

depending on the value of a. At larger angles, the cross section will be dominated 

by the term C 4 2 R . Because of this interference between the two amplitudes • we 

have been able to estimate the values of B and a for the two measurements of 

the IC-p elastic differential-scattering cross section shown in Fig. 6. The 

method used was similar to the minimization of X 2(A0 1 A1 , y€) as discussed in 

Sec. V-C, except that in this case we could make a contour map of the x2 function, 
2 since x is a function of only the two parameters (B • a). In Table XVI we give 

the values of B and a that minimise the x 2  function for the two momentum 

intervals. The uncertainties were obtained from the contour on which the value of 

differed by 1 from its minimum value. 

The smail zeal part of the nuclear amplitude suggested by these values of 

B and a Is in agreement with the large values observed for the total absorption 

cress sections, and is another indication that the low-momentum K-p interactions 

are dominated by very amng absorption processes. The average values of the 

phase of the nuclear amplitude for the two s-wave zero- effective -range solutions 

of Sec. V-C are given in Table XVII for comparison. 
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VI. CONCLUSIONS 

There are several absorption channels available to the IC-p system. 

Couplings to these channels are so strong that they dominate the behavior of the 

interactions, even the elastic channel. The strong damping introduced by these 

absorptions gives rise to an elastic cross section resembling the 1/v law expected 

of an absorption cross section. The elastic nuclear-scattering amplitude Is nearly 

pure imaginary and, therefore. Interferes very little with the Coulomb amplitude, 

which Is nearly real. 

A simple s-wave zero-effective-range parameterization is adequate to 

describe the K-p interaction within the limits of the present data. The angular 

distributions for IC -p Interactions are quite consistent with isotropy, and the 

s-wave theory seems to fit weU. The data of this experiment are probably not 

sufficiently definitive to justify a fit with more parameters using a nonzero 

effective-range theory. Three times as much IC-p data as reported here are now 

available on film, and these data are in the process of being analyzed. This additional 

information may be sufficient to justify fitting the data to a nonzero-effective-range 

theory such as the one proposed by Ioes and Shaw. 

Is 
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APPENDIX 

Maximum- Ukelihood Estimate 
of the Number of Interactions per Momentum Interval 

In the analysis of this experiment it was always necessary to consider 

two types of interactions; those arising from the discrete set of stopped K 

mesons • and those created by K-p interactions over a continuum of K momenta. 

Any individual hyperon event cannot be classified unambiguously as one or the 

others however, all the events in the experiment taken together can be used to 

estimate the distribution of events in the two classes. To this end, the number 

of events in each of several momentum Intervals was eetimated according to the 

maximum-likelihood method. 4  

An attempt was made to fit all the hyperon productions as 42 	ht inter- 

actions; however, the kinematics program frequently only gave a fit with zero K 

momentum. Hence, the measurements of the events also can be divided into 

two classes corresponding to at-rest fits and infUght fits. The contributions 

to the likelihood calculation, were different for each class. 
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1ormulation of the Ukelihood Problem 

The likelihood function is defined as the probability of observing an expert-

mental measurement as a function of the sot of parameters a 1  to be estimated. 

The set of parameters that provides the highest probability of observing the 

experimental resul a Is taken as the best estimate of the parameters in our 

particular case, the problem is one of determining the best estimates for the true 

number of events expected in several momentum intervals. This task is confounded 

In two ways: first, there is the usual problem of statistical fluctuation; that Is, 

even if one knows the number of events expected, there is a statistical uncert&inty 

in the number observed. Secondly. the momentum of a particle cannot be measured 

with infinite precision, and therefore, the measured momentum wlU in general 

differs from the true momentum, possibli causing the event to be Included In an 

incorrect momentum interval. 

More specifically, the probability of observing a certain number of events 

in a set of momentum Intervals Is really a compound probability having two 

important factors. First, there is the probability that there will be an event In 

the true momentum interval p. p + dp. Secondly, there is the probability that. 

given such an event, the event should be measured ("observed") In the momentum 

Interval p,  p6  + dp6 . This combined probability can be written as 

d2P=[Pt (p)dp)[P&(p,p&dp1  

where 

Pt = a theoretical expression for the probability of an event 

at true momentum p. a function of one or more 

parameters a, and 

the probability that p should be observed as p6 . 

One can then sum over all true p to give the total probability of observing any 

event In the interval p 6 . p6  + p as 
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dP: 	P(PPo)4P] dp6 . 	 (A-2) 

In the particular case of the hyperona there is (in ad4itioi3 to the 

continuum of probabiUties represcnted by 	a discrete probability representing 

the probability of an event occurring at rest. 

For interactions that give In-flight fits the differential probability dl' 

for observing an interaction at observed K-momentum p is then given by 

00  

i 	
( dn(I1) 

	

)0 	
dp 	C(p) P (p.Ap.Qdp + NRC(0)P(O,p.p').. 	(A-3) 

In the case of the at-rest fits, the probability of seeing an interaction is 

given by 

1 	
dn(o) 	 1 	1 	 1 

	

9T. 00 	
dp 	C(p) [1 - 	P(pAp, p8)dp&  1 dp 

) 	 J
Plain 

- 	1 • 	 I 	 Hi 
+ NE C(0) 

1 -) 	
P(p4p,p8)dp 	, 	(A-4) 

min 
dn 

where 	 M number of events per momentum intervM as a function of the 

parameterS a1  

C(p) = probability of passing acceptance criteria on byperon length and 

orientation, assuming a true momentum p 

P6 (p, £p p(,)= probability that an event at true momentum p should be observed 

between momentum p. and P6 + 4p0 , given measurement error 

Ap, 

1rnin 
= measured momentum, below which an event is considered to fit an 

at-rest Interaction, and 

estimate of the true number of at-rest interactions. 
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The true total number of acceptable events is than 

ao 
( dn(u1) 

NT = N C(0) + 	 C(p)dp. 	 (A.5) 

Jo 
The probability expreceed in this way is normalized to unity when one 

integrates over all observed. K-momenta p& for in-flight fits, and adds in the 

probability of observing an at-rest fit. 

The log of the likelihood function is formed by summing the log of the 

probability for each event: 

N 	 N 
ci 	 dP(e) 

InL 	'— inP(u.) + '— In 	- 

1=1 	 a=l 

where 

number of at-rest fits, and 

numbeT of in-flight fits. 

The estimated values of the d are then taken as the values that maximize 

the function in L. 

Iii practice, dn(a1 )/dp was parameterized by assigning a parameter to each 

momentum Interval considered, so that dn/dp =i.  in the th interval. The 

variance matrix was estimated for the parameters on the basis of the formula 

= 
- CIE. am.

(öGj 6a) 	. 	 (A7) 
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Table VIII. Surzunary of lilstine calculations. 

Times 

(i0_10 aec)  

tc  
0.226 0.216 

t 2.553 3024 

N 1  940 445 

N Z  268 U. 

lifetime 

calculation 1.58*0.06 0.765*0.04 

LZ  lifetime 

calculation 1.63±0.13 0.755*0.05 

Zest lifetime 

estimate 1.58*0.06 0.765±0.04 

event- 
dependent 

event- 
dependent 

799 

2.69*0.11 

2.69±0.11 
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Table IX. Phyeical measurementS contributing to the determination of the A-wave 

zero -effective - range parainete ra. 

Physical quantity measured 
in 

aJ 	b0  No. of 
measure- 
merits 

Total range 
of K lab 
momentum 

(Mev/c) 

p.85 do 
1  di2 

1 
5 11 7 I00 275 

)-i.00 

,0.90 
2 dl 

11 7 100475 

0.85 

dfl 

~0.90 

11 7 100-275 

(0.966 

4 eV., 	dn 7 100-275 

0.95 

5 0(K 	+ p-R0  + ri) 5 11 7 100475 

6 c(kC+p-E+ir) 3 11 9 59,475 

7 + p-. 	4 4 11 8 75-275 

8 (F(K 	+ pZ0+it0)+(K+p-.+it0) 6 10 5 125-250 

a (K 	p-* 4. 	-s-- 10 4 150-250 6 - (K 	+ p-.A + it )+c(IC+p-Z 	+ 

10 r(K 	+ p-'A + 'u0) 

	

- 	 - 

	

r(K 	+p'.A+it) + r(K 	+w) 0 

__ ___ 
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Table IX. Continued 

a 	Physical quantity measured 	aj 4ba 	No. of 	Total range 
in 	 measure- 	of L< lab 

	

a aj 	 a 	b 	ments 	momentum 
O  f a 	 (MevJc) 

+ ' 	o 	0 	1 	At rest 

	

(K +p 	+ti) 

r(IC + p-.Z + 	+ P+J 0 	0 	1 	At rest 
+ p—Z0  +i)+ ruc + pA .4- ) 

64 Total 
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Table XV. Contributions of tbe different physical measurements to the final value 
of .x 	for Solutions 1 arid 2 of Table X 

a Number of Solution I Solution 2 
measurements 2 2 

x 

1 7 7.56 15.21 
2 7 	. 2.66 3.73 

3 7 1.79 1.91 
4 7. 	. . 	 3.93 3.49 

5 7 2.14 2.20 

6 9 	. 	 . 9.31 11,80 
7 8 10.76. 7.21 

8 5 13.19 15.39 

9 4 6.28 9.28 

10 . 	 1 0.27 2.27 

11. I 	 . 0.00 0.88 
12 1 0.02 	 . 0.11 

Tctal 64 57.91 73.49 
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Table XVI. Values of the moduluB and phase of the nuclear part of the elastic-
scattering amplitude as determined from the elastic - dub rential - scattering 

cross sections In Fig. 6. 

Klab momentum 	 B 	 a 	 Pa 	 C 2  
interval 	 (1) 	 (dog) 	correlation 
(Mev/c) 

	

100-175 	 0.81±0.06 	78±31 	 +0.84 	 1.085 

	

175-250 	 0.62*0.04 	97*38 	 +0.78 	 1.058 

Table XVII. Average phase of the nuclear amputude calculated from the s-wave 
zero-effective-range parameters of Solutions 1 and 2, and the phase obtained from 
the d £ferential-scattering cross sections of FIg. 6. 

Solution 	 ' 	 77 r 
(100-175 Mev/c) 	 (175-250 Mev/c) 

1 	 .91 	 90 
2 	 . 	75. 	 78 

	

. Experimental 	 78*31 	 97*38 
(Table XVI) 
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Input from measuring projector 

PANG 
I 

Reconstructs tracks 
BCD 

in space - gives - 

p,X 

Library 

master-list 

maker 

KICK 

Applies constraints 

of energy and mu- ML 

mentum conservation 

to interactions 
-- B 	Tape Written in the binary mode 

BCD 	 binary coded decimal mode 

I1II 
EXAMIN 

 
nSD 

nOLLD 

Your-phase  

MU-13984 

Fig. 2. Block diagram of the system of computer programs 
used for the analysis of K -p interactions in this experl-
ment 

0 
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Fig. 3. Histogram of K path length as a function of K lab 
momentum. 
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Elastic scatterings ( 359 events) 
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Fig. 5. Total K-p elastic-scattering cross section for cos 0K 	m 
between -1.0 and 0.966 as a function of K lab momentum. 
The solid curve is the integral of Eq. ( 15) from -1.0 to 0.966 
in c o s 0 - 	, for the scattering lengths of Solution 1 
(Table)1l5m. 
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