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A Cartesian Grid Embedded Boundary Method for
the Heat Equation on Irregular Domains*
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We present an algorithm for solving the heat equation on irregular time-dependent
domains. It is basedon the Cartesian grid embedded boundary algorithm of Johansen
and Colella (J. Comput. Phys. 147(2):60-85) for discretizing Poisson’s equation,
combined with a second-order accurate discretization of the time derivative. This
leads to a method that is second-order accurate in space and time. For the case where
the boundary is moving, we convert the moving-boundary problem to a sequence
of fixed-boundary problems, combined with an extrapolation procedure to initialize
values that are uncovered as the boundary moves. We find that, in the moving
boundary case, the use of Crank—Nicolson time discretization is unstable, requiring

us to use the Lo-stable implicit Runge—Kutta method of Twizell, Gumel, and Arigu.
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2 MCCORQUODALE, COLELLA, JOHANSEN

1. INTRODUCTION
In this paper we present a numerical method for solving the parabolic initial-value

problem

e = DAY+ fon, o(x,0) = ¢g(x) (1)

with constant D > 0 on a bounded region €2, and boundary conditions of either Neumann

type

oy

S = gu(w.1) 0n 00 @
or Dirichlet type

¥ =ga(e,t)on o . 3)

As in previous work on elliptic problems [6], our approach uses a finite-volume dis-
cretization which embeds the domain in a regular Cartesian grid. We treat the solution as
cell-centered on a rectangular grid, even when the cell centers are outside the domain.

For the time discretization, for the fixed-boundary problem we use either the Crank-
Nicolson method or the method of Twizell, Gumel and Arigu (TGA) [10]. We solve the
moving-boundary problem by converting it to a sequence of fixed-boundary problems, and
applying the TGA method to each. Our algorithm is stable and achieves second-order
accuracy both on problems with fixed domain €2 and on problems with a time-dependent
domain €2(¢) with boundaries moving with constant velocities. If the ratio of timestep A¢
to mesh spacing A is kept constant, then the solution error is O(At? + h?) as h, At — 0.

Part of this work appeared in prelminary form in [7].

U.S. Department of Energy Mathematical, Information and Computing Sciences Division, Contract DE-AC03-

76SF00098.
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EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 3

2. THE HEAT EQUATION FOR FIXED BOUNDARIES
2.1. Spatial discretization

The underlying discretization of space is given by rectangular control volumes on a

u)h, (i+ su)h], i € Z% where d is the dimensionality of the

Cartesian grid: Y, = [(2 — 5

%
problem, 4 is the mesh spacing, and « is the vector whose entries are all ones. In the case
of a fixed, irregular domain €, the geometry is represented by the intersection of €2 with
the Cartesian grid. \We obtain control volumes V; = T, N © and faces Aii%es, that are
the intersection of dV; with the coordinate planes { : 2, = (i, + 3)h}. Here e, is the
unit vector in the s direction. We also define Af to be the intersection of the boundary of
the irregular domain with the Cartesian control volume: Af = 02N 7Y,;. We will assume
here that there is a one-to-one correspondence between the control volumes and faces and
the corresponding geometric entities on the underlying Cartesian grid. The description can
be generalized to allow for boundaries whose width is less than the mesh spacing, or sharp
trailing edges.

In order to construct finite difference methods, we will need only a small number of

real-valued quantities that are derived from these geometric objects.

o The areas / volumes, expressed in dimensionless terms: volume fractions «; =

|V;|h=9, face apertures Ui1e, = |Ai+§es|h_(d_1) and boundary apertures a¥ =
|Af|h‘(d‘1). We assume that we can compute estimates of the dimensionless quanti-

ties that are accurate to O(h?).

¢ The locations of centroids, and the average outward normal to the boundary.

il
r, = — xdV
i~ Wi,

1
wi+%es:|147/j4 xdA

i+le, itle,
1
B
P = —— xdA
v AR S un
? 2

DRAFT March 14, 2001, 2:24pm DRAFT



4 MCCORQUODALE, COLELLA, JOHANSEN

1
B B
e — dA
© AR s

z 1

3

where n® is the outward normal to 92, defined for each point on 2. Again, we assume

that we can compute estimates of these quantities that are accurate to O(h?).

Using just these quantities, we can define conservative discretizations for the divergence

operator. Let F = (F' ... F'%) be a function of . Then

- 1 - 1 .
V~F~—/ V- -FdV = — F-ndA
|V'| . |Vz| ov;
1 , -
~ ol Yo Ao Fo(@ipe) +afnl F(af)) (&)

v =t - =1
where (4) is obtained by replacing the integrals of the normal components of the vector
field F with the values at the centroids.

We can use this idea to discretize the Laplacian, written as the divergence of a flux:
At = V- F where F' = V. We follow the approach described in [6, 7]. The discretized
solution values approximate the solution to the PDE at the rectangular cell centers: UZ@ R~
Y(eh, nAt). At first glance, this might be a cause for concern, since some of the centers
of Cartesian cells T, might not be contained in 2. However, it is well known that, for
any domain with smooth boundary, a smooth function can be extended to all of 2 ¢ with
a bound on the relative increase in the C*»# norms that depends only on the domain and
(k, 3) [5]. We assume that the values U; on the covered cell centers approximate such an
extension. We define the time-dependent inhomogeneous operator L% (¢)

(LY ()U) :Lh > Z:I:oz Fiyre vofnf - Fa] 1), )

T 4=t - s=1
The fluxes on the cell faces are computed from U by linearly interpolating between
centered difference approximations. For example, for the first component (s = 1) in two

dimensions,

v (Ui = Uiy)
Fiysy=n——5—""

0 (Uis1,j21 — Ui j+1) (6)

+(1- p
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EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 5

|yi+lj — Jjh
= e T 7
: ™
where + = + (=) ify; 1 ; > jh (< jh).
Since F = V¢, then
n? . 5= (8)

T On
and so with Neumann boundary conditions (2), we set n% - ﬁ(azf,t) = gn(x?,t) in
(5). With Dirichlet boundary conditions as from (3), we compute an estimate of % by
interpolating from the grid values and the values at the boundaries; for details, see [6].
For both Dirichlet and Neumann boundary conditions, these discretizations lead to linear
systems with the same asymptotic conditioning properties as those of the corresponding
operators in the absence of irregular boundaries, and are amenable to the use of fast iterative
solvers such as multigrid. Finally, we denote by L% the operator L% () with homogeneous

boundary conditions, g,, = 0 or g4 = 0.

2.2. TGA temporal discretization

We apply the method of Twizell, Gumel and Arigu [10] to solve the initial-value problem

U
dt
U(0)

= Ly (U {t) + f(1) ©)

UO

where f is evaluated at the same cell centers as U'.

We split the timestep At such that

p1+po+ps = Al

p A pe e = At/2.

The update at step n uses the boundary values at the old and new times and also at an

intermediate time ¢jp¢:

U = (1 =y L2 (tnew) ™ (I — po LY (ting)) ™

DRAFT March 14, 2001, 2:24pm DRAFT



6 MCCORQUODALE, COLELLA, JOHANSEN
[(I+ psL] (to1g)) U™ + (I + paLly) f(tavg) At] (10)
where

told = nAt
tnew = (n+ 1)At =tgg+p1+ p2+ps
tint = tnew — p1 = {g|d + B2 + 3

tavg = (o1d +tnew)/2 =tq|q + p1 + p2 + pa.

For a second-order L,-stable method, following [10], we pick ¢ > 1/2 and

—VaZ = 4da+2
ul:a a a—+ At
2

Va2 —4da+ 2

4y = a—+va a—+ At
2
s = (1—a)At
= g)ae
fe = 2—a) .

For a method that uses real arithmetic only, the truncation error is minimized by taking
a = 2 — /2 — ¢, where ¢ is machine precision.
In this formulation, the Crank—Nicolson method corresponds to « = 1/2, and hence

H1 :u4:0andu2 :/Jg:At/?.

3. MOVING BOUNDARIES
We can generalize the approach for parabolic problems described above to the case of
boundaries that move. Specifically, the domain €2 is now a function of time, & = Q(¢),
and the various geometric quantities can also be computed in a time-dependent way: «; (),
Title, (), Tiiie, (1), etc. Inthis paper, we restrict our study to rigid-body motions, such

that each connected component of the boundary has a motion of the form

2Q(t) = 02(0) + = (t).

DRAFT March 14, 2001, 2:24pm DRAFT



EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 7

The timestep is assumed to satisfy a CFL condition with respect to the velocity v = & :

At
max |vs|— < 1.
1<s<d h

In [7], the starting point for the moving boundary case was a quadrature formula for
the update of the solution obtained by integrating the conservation law over the region
in space-time given by {V;(t) : tg]qg < ¢ < tnew}. This was combined with a hybrid
temporal differencing scheme, using Crank—Nicolson in regular cells, and backward-Euler
at irregular cells. The resulting method is second-order accurate, provided At = O(h).
However, for the case of Dirichlet boundary conditions, the method exhibited oscillatory
behavior, and was unstable to some types of forcing at the moving boundary. In [7] this
behavior was attributed to the combination of the neutral stability of Crank—Nicolson at
high wave numbers and the presence of eigenvalues of L%, with nontrivial imaginary parts,
corresponding to eigenmodes with oscillatory behavior near the boundary.

Inthe present approach, we solve the moving-boundary problem by defining an equivalent
fixed-boundary problem for each timestep. Specifically, we solve at each time step the

discretization (10) of the following fixed-boundary problem.

Iixed — DAwﬁxed—i-f (11)

where €0 — 4X€d(y ) 4 ¢ Q(tnew), told <t <tnew

The boundary conditions on the fixed boundary are computed by interpolating values
from the moving boundary to the points on the fixed boundary 9 (¢ new) at times ¢q|q
and ¢jnt. To obtain a stable algorithm, it is necessary to use the Ly-stable TGA time
discretization instead of Crank—Nicolson, a fact that we will demonstrate below. This loss
of stability in the case of Crank—Nicolson is consistent with the analysis described above:
the interpolation process used to obtain initial and boundary values as the boundary moves
interacts with the marginally stable behavior of the fixed-boundary algorithm to produce

an unstable method.

DRAFT March 14, 2001, 2:24pm DRAFT



8 MCCORQUODALE, COLELLA, JOHANSEN

The steps required in setting up the fixed-boundary problem (11) are:

1. Extend the domain of U/ to Q(tnew), and define the newly uncovered values by
interpolation.

2. Compute boundary values at (2 (tnew), t1g) and (% (tnew), tint)-

In Step 1, to estimate the value of U™ at the center x; (tnew) of a newly uncovered cell in
Q(tnew) — Q(tg)g), We use a quadratic interpolant from three other cells in Q(tq)q), such
that the centers of these cells form a line with z; (tnew). We choose whichever line passing
through the centers of the new cell and one of its immediate neighbors has a direction
closest to that of the normal nf (tnew) (see Fig. 1).

In Step 2, we use the vector displacements

dold = 7(tnew) — 7(tg)d)

dint = r(tnew) — r(tint)

(see Fig. 2).
With Dirichlet boundary conditions, we are given the values ofw(azf(t),t) = gd(azf(t),t)

for any ¢. We interpolate gd(xf(tnew), t)att =tqq,tint by

ga(@? (inew), told) = ga(@ (told): told) + G; - Sold + O(h) (12)

ga(®? (tnew). tint) = ga(=? (tint), tint) + G; - dint + O(h?) (13)

where éi = Vi(x; (tnew), tglg) + O(h) is an estimate of the gradient in cell 7, obtained
from U™, In particular, each component G;- is computed separately by differentiating the
quadratic interpolant through Uz, Ulflies, and Ulflﬂes, where the sign of + is chosen so
that all points are in Q(¢new) and therefore U/ has been computed. For example, for the

first component in two dimensions,

1, 3 . n [
Gzl,] = iz(_iUZ’] + 2 i+l 5 i:I:Z,j)'

With a smooth boundary and smooth ¢ and ¢4, the error term in (12) is O(hAt) and in

(13) is O(hp1). Assuming At = O(h) then the error in both is O(h?).

DRAFT March 14, 2001, 2:24pm DRAFT



EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 9

92(t3q)
° \‘\ ° ° [ ] [ ]
aQ(tn(-:'w 7 N
(] \ ° . [ °
[ ] [ ] o L]
O O o N [ ] [ ]
FIG. 1. Centers of cells in Q(tq)q) are shown with solid circles, and centers of cells in Q(tnew) -

Q(tg)g) areshown with unfilled circles. To estimate the value of U™ at one of these latter points, we interpolate
quadratically from values at the centers of three other cells in Q(t g q) forming aline with the new cell center.

We pick whichever such lineis closest in direction to the normal to the boundary at time ¢ new.

| y—

FIG.2.  From known values at points shown with solid circles on the moving boundary, we extrapolate to

find values of + (Dirichlet) or % (Neumann) at points shown with unfilled circles, representing times ¢ ;4 and

tint on the boundary at time t new.
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10 MCCORQUODALE, COLELLA, JOHANSEN

With Neumann boundary conditions, we are given the values of %(azf(t),t) =

gn(®? (t),) forany t. For the new problem, we use the estimates

an(@ P (tnew) told) = gn (= (toig) told) + D - dgig +O(R?)  (14)

gn(®? (tnew), tint) = gn (@ (tint), tint) + D; - dint + O(h) (15)

where D; has components D = (2% )(x; (tnew), tog) + O(h) computed asfollows:

d 5 621/)
D; = Z(nl (tnew) - er) 92,07, (azi(tna/v),tmd). (16)

r=1

The second derivativesin (16) are estimated with a three-point stencil

824 ur o =200+ U7
@(ml (tnaN),told) — 1—-€, hz’l 1+€, (17)
ifU;_e Uz and Uy o have all been computed. Otherwise, we use an estimate of the

derivativeat #; . ({new) by replacings in (17) by either i + e, or < — e, asappropriate.

Cross derivatives » fjg’xs in (16) are computed with a four-point stencil. For example, if

neither U; _, nor U; _, has been computed then we use

9% . . Uzn+er+es B Uzn+er + Uzn B Uzn+es
Or, O (w; (tnew). told) = h? ’
We use this same formula if % has been computed but no other U/ has
t+e.+€; 1te,.te;

been. Findly, if both Ui_e, and Ui e, have been computed but Ui_e. has not, then we

use

924 n — UL, +UL = U

" (x-(t t — i+e +e, +e, z-er+es.
Oz, 0z, (wl( new), Old) Ih2

The error termsin (14)-(15) are O(hAt) and O(hu ), which become O(h?) assuming

At = O(h).

DRAFT March 14, 2001, 2:24pm DRAFT



EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 11

4. RESULTS

Our examples of problem (1) are in two dimensions. All of the test problems have as

their solution
4 exp (- 5547)
Vi, y,t) = TErEE 1) (18)
satisfying
Ve = Ay + f, (19)
B 422 +y? =5+ 1)) 22+ 2
Hew ) = =i sip T

We solve (19) numerically on arectangular domain with three elliptically-shaped holes,
with boundary conditions computed using the exact solution (18). In the moving-boundary
problem, the holes move with constant velocities. With both fixed and moving boundaries,

we solve two separate problems with different boundary conditions:

o Dirichlet conditionson all boundaries;

o Dirichlet conditionson the fixed external boundaries, but Neumann conditions on the

boundaries of the ellipses.

We advance the solution in time from ¢ = 0 to¢ = 1 using a mesh spacing ~ and
corresponding timestep At such that At/h ~ 5/m and At divides 1. The values used are
shown in Table 1.

We compute the solution error after timestep » as the difference between the computed

solution and the exact solution at the final time nAt,
& =Ur —(ih,nAt).
We display the max norm of the solution error

1€ oo = max ||
(]

DRAFT March 14, 2001, 2:24pm DRAFT



12 MCCORQUODALE, COLELLA, JOHANSEN

and the volume-weighted 1-norm

a2 I8 mgl
1€ 1 = T

4.1. Fixed boundaries

For the fixed-boundary problems, we solve on the domain
Q=0"-Q°—Q — Q8

where Q7 = [—1.5,1.5] x [-1,1],and 8, 023, QS are interiors of €llipses:

Q5 = {(z,y): B2 L Wo il oy @)

2
a; b

where the centers and axis lengths are set asin Table 2. These are chosen as multiples of
an irrational number so as to reduce dependencies on the discretization.
The exact solution (18) to (19) at ¢ = 1 isshown as a contour plot in Fig. 3.

We define the rate of convergence between two norms, e; and es, with two different

mesh spacings 2, and hs, as

r=log( )/ log(2).
Then » = 2 indicates a method that is second-order accurate.

Fig. 4 shows both the max-norm and the 1-norm of the solution error at ¢ = 1 for the
Dirichlet problem. Figure5 showsthe same quantitiesfor the Neumann problem. Asthese
figures show, both the Crank—Nicolson and TGA methods are second-order accurate.

The solutionerror at ¢ = 1 for the finest mesh spacing used (h = 81—0) isplottedinFig. 6
for both the Crank—Nicolson and TGA methods applied to the Dirichlet problem. For the

Neumann problem, the error in these methods is plotted in Fig. 7.

DRAFT March 14, 2001, 2:24pm DRAFT



EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 13

TABLE 1

Mesh spacing &, timestep At, and number of stepsused in runs.

h At steps

0.1000 0.1667 6
0.0500 0.0769 13
0.0250  0.0400 25

0.0125 0.0200 50

TABLE 2

Parametersfor ellipsesin (20), wherey = +/2/15 = 0.09428.

7 Pi 9 a; by

1 -6y -5v 3y %y

2 10y -7y 2y 1y

3 Ty 3y 15y 2y

0.5+

-0.5

0.095 0.1 0.105 0.11 0.115 0.12 0.125

FIG. 3. Contour plot of exact solution (18) to (19) at ¢ = 1 with fixed boundaries.

DRAFT March 14, 2001, 2:24pm DRAFT



14 MCCORQUODALE, COLELLA, JOHANSEN

10" 10"
107°F 107°F
gl 118l

10°F 10°F

107 107

10° . 10° .

10 10 10 10
h h

FIG.4. Solutionerror at ¢ = 1 using Crank—Nicolson (stars) and TGA (circles), for the Dirichlet problem
for (19) with fixed boundaries. Left-hand plot shows max norm, right-hand plot shows 1-norm. We seethat both

[1€]]ec = O(R?) and ||€||1 = O(R?), indicating second-order accuracy.

107 107
10°F 10°F
gl 1€,
10°F 10°F
107 — . 107 — .
10 10 10 10
h h

FIG.5.  Solution error at ¢ = 1 using Crank—Nicolson (stars) and TGA (circles), for the Neumann problem
for (19) with fixed boundaries. Left-hand plot shows max norm, right-hand plot shows 1-norm. We seethat both

[1€]]ec = O(R?) and ||€||1 = O(R?), indicating second-order accuracy.
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EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 15

X107
FIG. 6. Contour plots of absolute value of solution error to (19) at ¢ = 1 for fixed boundaries, Dirichlet

boundary conditions, » = 0.0125. Top figureis for Crank—Nicolson method, bottom figure for TGA method.
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16 MCCORQUODALE, COLELLA, JOHANSEN

0.5

—0.5

0.5

—0.5

2 3 4 5
X107
FIG.7. Contour plots of absolute value of solution error to (19) at ¢ = 1 for fixed boundaries, Neumann

boundary conditions, » = 0.0125. Top figureis for Crank—Nicolson method, bottom figure for TGA method.
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EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 17

4.2. Movingboundaries

In the moving-boundary problems, we solve on the time-dependent domain
Q) = Q7 = Q1) - Q5(1) - Q3(1)

where Q% = [—1.5, 1.5] x [—1, 1],and theinitial ellipseinteriors$2¢(0), £25(0) and 23 (0)
are as defined in (20) and Table 2. In our moving-boundary problem, the axis lengths «;

and b; do not vary, but the ellipse centers (p;, ¢;) move at constant velocities,
(pi(t), 4i () = (i (0) + wit, ¢;(0) + vit)

where u; and v; arelistedin Table3.  Notethat the timesteps At¢ and the mesh spacings
h from Table 1 satisfy a CFL condition + < max{|u;|, |v;|}At/h < 1.

A contour plot of the exact solutionto (19) at ¢ = 1 isshownin Fig. 8.

Figure 9 shows both the max-norm and the 1-norm of the solutionerror at ¢ = 1 for the
Dirichlet problem. Figure 10 shows the same quantities for the Neumann problem. We
see that when applied to these problems, the TGA method is second-order accurate in both
norms. The Crank—Nicolsonis second-order accurate in 1-norm for the Neumann problem
but is zeroth-order in max norm, and divergesin both normsfor the Dirichlet problem with
moving boundaries.

Thesolutionerror att = 1 for the finest mesh spacing used (h = 81—0) inthe TGA method
solving (19) is plotted in Fig. 11 for the Dirichlet problem and Fig. 12 for the Neumann

problem.

5. FUTURE WORK
The method described here, together with that in [6] for elliptic PDE’s and [8] for
hyperbolic PDE’s provide the fundamental components required for devel oping second-
order accurate methods for a broad range of continuum mechanics problems in irregular
geometries based on the predictor-corrector approach in [2]. Similar approaches based on
formally inconsistent discretizations at the irregular boundary have been used previously

and observed to be stable [1, 9], so we expect that the extension to the more accurate

DRAFT March 14, 2001, 2:24pm DRAFT



18 MCCORQUODALE, COLELLA, JOHANSEN

TABLE3

Componentsof velocities of ellipses.

1 -010 0.20

2 -015 015

3 -020 0.20

0.5+

-0.54

0.095 0.1 0.105 0.11 0.115 0.12 0.125
FIG.8.  Contour plot of exact solutionto (19) at ¢ = 1 for moving-boundary problem. The dashed ellipses

indicate the boundariesat ¢ = 0.
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EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 19

10

-3

4

10

lIEH..

FIG.9. Solutionerrorat¢t = 1in TGA method (circles) and Crank-Nicolson method (stars), with Dirichlet

conditionsfor (19) on moving boundaries. L eft-hand plot shows max norm, right-hand plot shows 1-norm.

10° 10°

107 107
(<] 1l
10°F 10°F
107 — . 107 — .
10 10 10 10
h h

FIG. 10. Solution error at ¢ = 1 in TGA method (circles) and Crank—Nicolson (stars), with Neumann

conditionsfor (19) on moving boundaries. L eft-hand plot shows max norm, right-hand plot shows 1-norm.
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20 MCCORQUODALE, COLELLA, JOHANSEN

0.5

—0.5

0 05 1 15
x107
FIG.11.  Contour plot of absolutevalue of solution error to (19) at ¢ = 1 for moving boundaries, Dirichlet

boundary conditions, & = 0.0125 in TGA method.

0.5

—0.5

0 0.5 1 15 2 25 3 35 4 4.5
X107
FIG.12.  Contour plot of absolutevalue of solutionerror to (19) at ¢ = 1 for moving boundaries, Neumann

boundary conditions, & = 0.0125 in TGA method.
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EMBEDDED BOUNDARY METHOD FOR THE HEAT EQUATION 21

boundary discretization should be straightforward. For embedded boundary methods to
be practical, it is necessary to use them in conjunction with block-structured adaptive
mesh refinement, particularly in three dimensions. This is routine for the case where
the embedded boundary is contained in the finest level of refinement [6], but requires
some additional discretization design when the embedded boundary crosses coarse-fine
interfaces.

One issue that has not been completely addressed is discrete conservation. For the
case of fixed boundaries, both the Crank—Nicolson and TGA algorithms are in discrete
conservation form, i.e., the divided difference in time of the old and new values can be
written as a difference of fluxes of theform (4). In that case, the difference in the volume-
weighted sums of the dependent variables over any discrete subdomain isequal to the sum
of fluxes across the boundaries of the subdomain. This is not the case for the moving
boundary algorithm, since the conversion of the moving-boundary problem to a sequence
of fixed-boundary problems does not satisfy the appropriate summation-by-parts identity.
One possibleway to correct thisproblemisto compute an estimate of thefailureto conserve
based on a space-time quadrature formula, which is used to construct a conservative and
stable increment of the solution that restores overall conservation, analogous to what is
donein the hyperbolic case [4, 3]. Such an approach was proposed in [7], but the modified
update triggered the boundary instability of the hybrid Crank—Nicol son method used there.
We expect that such a method would have no stability problems due to the 7., stability of

the TGA time discretization.
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