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Fraction-variant beam orientation optimization for non-coplanar
IMRT

Daniel O’Connor*, Victoria Yu*, Dan Nguyen®, Dan Ruan*, and Ke Sheng*
*Department of Radiation Oncology, University of California Los Angeles

TDepartment of Radiation Oncology, UT Southwestern

Abstract

Conventional beam orientation optimization (BOO) algorithms for IMRT assume that the same set
of beam angles is used for all treatment fractions. In this paper we present a BOO formulation
based on group sparsity that simultaneously optimizes non-coplanar beam angles for all fractions,
yielding a fraction-variant (FV) treatment plan. Beam angles are selected by solving a multi-
fraction fluence map optimization problem involving 500-700 candidate beams per fraction, with
an additional group sparsity term that encourages most candidate beams to be inactive. The
optimization problem is solved using the Fast Iterative Shrinkage-Thresholding Algorithm. Our
FV BOO algorithm is used to create five-fraction treatment plans for digital phantom, prostate,
and lung cases as well as a 30-fraction plan for a head and neck case. A homogeneous PTV dose
coverage is maintained in all fractions. The treatment plans are compared with fraction-invariant
plans that use a fixed set of beam angles for all fractions. The FV plans reduced OAR mean dose
and D, values on average by 3.3% and 3.8% of the prescription dose, respectively. Notably, mean
OAR dose was reduced by 14.3% of prescription dose (rectum), 11.6% (penile bulb), 10.7%
(seminal vesicle), 5.5% (right femur), 3.5% (bladder), 4.0% (normal left lung), 15.5% (cochleas),
and 5.2% (chiasm). D, was reduced by 14.9% of prescription dose (right femur), 8.2% (penile
bulb), 12.7% (proximal bronchus), 4.1% (normal left lung), 15.2% (cochleas), 10.1% (orbits),
9.1% (chiasm), 8.7% (brainstem), and 7.1% (parotids). Meanwhile, PTV homogeneity defined as
Dgs/ Ds improved from .92 to .95 (digital phantom), from .95 to .98 (prostate case), and from .94
to .97 (lung case), and remained constant for the head and neck case. Moreover, the FV plans are
dosimetrically similar to conventional plans that use twice as many beams per fraction. Thus, FV
BOO offers the potential to reduce delivery time for non-coplanar IMRT.
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1 Introduction

Compared to coplanar IMRT and volumetric modulated arc therapy (VMAT), non-coplanar
IMRT with beam orientation optimization (BOO) has been shown to improve dose
compactness and organ-at-risk (OAR) sparing substantially for various cancer sites (Woods
et al. 2016; Dong et al. 2013a; Dong et al. 2013b; Dong et al. 2014a; Nguyen et al. 2014a;
Nguyen et al. 2014b; Rwigema et al. 2015; Dong et al. 2014b). However, a large number of
non-coplanar beams (typically 15 or more) are needed to maximize dosimetric improvement,
resulting in a longer treatment time that may not be clinically viable. This problem is
compounded by the additional maneuvering of the gantry and couch that is needed for non-
coplanar delivery. To overcome this challenge, we examine a traditional but seemingly
unnecessary constraint in radiotherapy planning — namely, the use of a fixed set of beam
angles for all fractions of the treatment course. By removing this constraint and utilizing
different beam angles in different fractions, the same dosimetric improvement may be
achieved while using fewer beams per fraction, thus avoiding long treatment delivery times.

The dosimetric benefit of spatiotemporally non-uniform fractionation schemes has been
investigated recently in the papers (Unkelbach, Zeng, and Engelsman 2013; Unkelbach
2015; Unkelbach and Papp 2015), which solve a BED-based multi-fraction fluence map
optimization problem to obtain treatment plans that deliver distinct dose distributions in
different fractions. Spatiotemporally modulated radiotherapy has also been investigated in
the papers (Kim, Ghate, and Phillips 2009; Kim, Stewart, and Phillips 2015; Kim and
Phillips 2016; Saberian, Ghate, and Kim 2017), which optimize fractionation schedules
based on a linear-quadratic cell survival model. The paper (Kim, Ghate, and Phillips 2012)
formulates the treatment planning problem as a discrete-time stochastic control problem
using functional imaging to observe the system state and using beam intensities as controls.
Adaptive fractionation was posed a control problem in (Ramakrishnan et al. 2012), which
varies the tumor dose received at each fraction based on measurements of patient anatomy,
with the goal of minimizing cumulative dose to an OAR while meeting dose requirements
for the tumor. However, in these studies, the treatment plans are optimized using the same
set of beams or VMAT arcs in all fractions, and the idea of fraction-variant beam angle
selection is not considered.

In the context of proton therapy, a modality known as single-field uniform dose (SFUD)
delivers uniform and constant dose to the tumor using varying beam angles. Faced with a
similar challenge of minimizing the time for gantry rotation in proton therapy, SFUD
delivery alternates between several pre-selected beams and avoids high entrance dose to any
particular volume (Lomax 1999). In SFUD planning, each field is independently optimized
to cover the target uniformly, while OAR doses vary between fields. In addition to providing
for a shorter treatment delivery time, SFUD has been shown to be more robust than
multifield optimization intensity-modulated proton therapy (MFO-IMPT). However, due to
the more restrictive optimization space, SFUD dosimetry has been found inferior to that of
MFO-IMPT (Harding et al. 2014; Kirk et al. 2015; Zhu et al. 2011; Stuschke et al. 2012).

IMRT with field rotation was studied in (Dink et al. 2012), which first partitions a set of
coplanar candidate beams into A/ disjoint subsets S, ..., Sy with each subset consisting of
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evenly spaced beams, and then assigns one of these M subsets to each treatment fraction.
The particular subset that is selected varies from fraction to fraction. (So, if Fis the total
number of treatment fractions, and £, is the number of fractions for which subset mis
selected, then /1 +--+ Fp,= F.) A mixed integer linear program is solved to determine the
integers F, and to compute fluence maps for all beams. The results in (Dink et al. 2012)
provide an important demonstration of the dosimetric benefits of fraction-variant beam angle
selection, and it is desirable to extend this line of research to the setting of non-coplanar
IMRT.

In this paper we investigate the potential improvement in cumulative physical dose
distribution from allowing beam orientations to vary between fractions. We present a BOO
formulation based on group sparsity that simultaneously optimizes non-coplanar beam
angles for all fractions, yielding fraction-variant treatment plans.

Before presenting a problem formulation for fraction-variant beam orientation optimization,
we first establish some notation.

. Fis the total number of treatment fractions. We use ~= 30 for conventional
fractionation, or =5 for SBRT.

. Bis the number of candidate beams per fraction. Typically B is between 500 and
700 for non-coplanar IMRT cases after colliding beams are removed. We assume
that the pool of candidate beam angles is the same for each fraction, but we make
no requirement that the same beam angles are used during each treatment
session. The total number of candidate beams (including all candidate beams
from all fractions) is BF.

. The vector xgy is the fluence map for the £th candidate beam on treatment day 7.

. The vector x¢(for =1, ..., F) is the concatenation of the vectors xs, and the
vector xis the concatenation of the vectors xz

*£1 *1
xf= xJ:,Z and x = x:2‘
*f.B *F
° The matrix A, = [A} A? Aﬂ is the dose-calculation matrix for the PTV (when

/= 0) or for the th OAR (/=1,..., ). Here Af is the block column of A;

corresponding to the &th beam firing position. Note that Axp= Zf: 1Al.bxf b 1S

a vector that records how much dose is delivered to each voxel of the th
structure on treatment day 7.

. For /=1, ..., N, we define
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A.:[A. A o A.],
1 1 1 l
FcopiesofAl.

where the matrix A;is repeated ~times. A key point is that only one copy of A;
must be stored in computer memory, so introducing A; does not increase RAM
requirements. Notice that the vector

_ F
Al.x= Z Aixf
=1

stores the total dose delivered to each voxel in the th OAR, summed over all
treatment fractions.

. The vector qp stores the prescription doses for each voxel in the PTV, and the
vectors d; (for /=1, ..., N) store prescribed maximum doses for each voxel in the
ih OAR.

. The notation y; (where yis a vector) is defined by y, = max(y, 0), with the
maximum taken componentwise.

. (W)
The function || - is the Huber penalty (with parameter i >0), defined by
1
()
Il = Do,
J
L2 iy < @)
W 2/4yj it S Hs
Iy H) =
1] .
ly jl ) otherwise.
)
The notation || - indicates that the Huber penalty is simply a smoothed out

1
version of the £-norm, and x controls the amount of smoothing.

. The matrix Drepresents a discrete gradient operator, so that Dx s a list of
intensity differences between adjacent beamlets. The function | x| % is a

smoothed total variation regularization penalty function. Total variation
regularization has been used in fluence map optimization to encourage fluence
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maps to be piecewise constant, which enhances plan deliverability (Kim et al.
2012; Zhu et al. 2008; Nguyen et al. 2015).

2.2 Fraction-variant beam orientation optimization

With the above notation in place, we are now ready to present a problem formulation for
fraction-variant (FV) beam orientation optimization. We propose to select beam orientations
for all fractions simultaneously by solving a multi-fraction fluence map optimization
problem involving a large number of candidate beams, with an additional group sparsity
penalty term in the objective function that encourages most candidate beams to be inactive.
The group sparsity approach to beam orientation optimization is an established technique
that was introduced in (Jia et al. 2011) and was shown to have state of the art performance in
(O’Connor et al. 2016) and (Liu, Dong, and Xing 2017). In detail, our FV BOO problem
formulation is

...Fn 2N0’i— 2 P~ 2
mml;mzefz1 §||A0xf - dO/F”2 + 2 7||(Al.x - di)+||2 + 7”14\1.)6”2

i=1

PTV OARs
F B (2)
S 23] SR YD YR oA I«
fluence map deliverability .f =1b= lv S
group sparsity

subjectto x > 0,

where 0 < p< 1. We take p = 1=2 for all experiments in this paper. (Our motivation for
choosing p= 1=2, as well as an explanation of why the value p= 1 is forbidden, is given in
appendix C.) The PTV terms encourage the PTV to be covered uniformly at each fraction,

so that Agxr~ gyl Ffor f=1,..., F. The OAR terms (ﬂi/z)HKl.xui penalize the cumulative dose

delivered to OARs (summed over all fractions), and the terms (ai/z)”(lix - dl.)”§ specifically

penalize violations of the prescribed dose limits Eix <d,for7=1,..., N Itis possible to

obtain high quality treatment plans by setting a;= 0 for /=1, ... N. However, nonzero values
of djcan provide further control over the shape of dose-volume histograms. The smoothed

total variation regularization term y||Dx||(1") encourages all fluence maps for all fractions to

be piecewise constant, for enhanced plan deliverability. 7he group sparsity term encourages
most candidate beams to be inactive, while allowing for a different set of beams to be active
at each fraction. The remaining active (nonzero) beams for each fraction are the ones
selected to be used during treatment. In practice we find that approximately the same
number of beams are selected for each fraction, although this requirement is not enforced
explicitly. The weights wy, can be chosen to be all the same, so that w,, = cfor all 5.
Alternatively, the weights wj, can be computed (up to a common scale factor ¢) according to
the strategy explained in appendix D. Either way, the scaling parameter cis tuned to control
the number of active beams in the solution to (2). The weights w; do not have to be tuned
individually. Once the beam angle selection step is complete, fluence maps for all selected
beams (for all fractions) are computed simultaneously by solving a convex multi-fraction
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fluence map optimization (FMO) problem which is similar to problem (2), but with no group
sparsity term and using only the beams which were selected for each fraction. In more detail,
let QfC {1,...,B} be the set of all indices of beam firing positions which were not selected
for use during fraction 7. The multi-fraction FMO problem is

N

. 4 i ﬂ A
mlmimzefgl%”onf—dO/F||§+i2171||(Aix—di)+||§+jl”Aixni-i_Y”Dx”(lﬂ) @3)

subject to x > Oandxf’b= OforalleQf,f= 1,....F.

A similar polishing step was used in (Jia et al. 2011) to prevent the group sparsity term from
exerting any influence on the final fluence map intensity values.

The objective function in (2) does not directly impose control over the per fraction dose
delivered to OARs. Thus, as compared with traditional fraction-invariant treatment planning
algorithms, the model (2) might accept higher than normal OAR doses in certain particular
fractions for the sake of minimizing the cumulative OAR dose. This tradeoff between
controlling the per fraction OAR dose and minimizing the cumulative OAR dose can be
observed in the results shown in section 3. In section 4, we will discuss the possibility of
alternative problem formulations which limit both per fraction OAR dose and cumulative
dose, as was done in the setting of coplanar IMRT in the original work (Dink et al. 2012).

We solve the optimization problem (2) using an accelerated proximal gradient method
known as the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) (Beck and Teboulle
2009; Scheinberg, Goldfarb, and Bai 2014). Details of the algorithm are given in appendix
A. Standard convergence results for FISTA assume that the optimization problem is convex,
but we have found that FISTA converges to a good solution when p= 1/2, in which case
problem (2) is non-convex. Note that when ~= 1 and the group sparsity term is omitted,
problem (2) reduces to a standard fluence map optimization problem that uses quadratic or
one-sided quadratic dose fidelity penalty terms. In this special case, problem (2) is convex,
and FISTA is guaranteed to find a globally optimal solution.

2.3 Experimental setup

A digital phantom as well as an SBRT prostate, an SBRT lung, and a conventionally
fractionated head and neck patient with a single-level prescription dose to the unilateral
lesion were selected to test and evaluate the proposed algorithm. The prescription doses and
PTV volumes for each case are listed in table 1. The digital phantom consists of a body
structure containing a C-shaped PTV that is wrapped around a cylindrical OAR. For the
digital phantom, there were 60 coplanar candidate beam firing positions, with six degrees of
separation between adjacent beams. For cases “PRT”, “LNG”, and “H&N”, we began with
1162 non-coplanar candidate beam firing positions evenly distributed over the surface of a
sphere, with approximately six degrees of separation between adjacent beams. A 3D human
surface measurement and a machine CAD model were utilized to identify collision zones,
and beam angles that resulted in collisions were removed (Yu et al. 2015). As a result, 500—
700 non-coplanar candidate beam firing positions, as reported in table 2, were retained for
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dose calculation and optimization. Beamlet dose was calculated for all beams within the
conformal aperture +5 mm margin using convolution/superposition with a 6 MV
polyenergetic kernel (Neylon et al. 2014). The dose calculation resolution was isotropically
2.5 mm. The MLC leaf width at the isocenter was assumed to be 5 mm.

For each of the four cases, problem (2) was solved using the FISTA with line search
algorithm 1 (see appendix A). The weight parameters 7, a;, 8; and y appearing in the
penalty functions and the vectors dj;were tuned on a case by case basis to achieve high
quality treatment plans. The Huber penalty smoothing parameter ¢ was set to 1. The beam
weights wj, were chosen as in equation (14), with the parameter cin (14) tuned to yield a
reasonable number of active beams per fraction. The optimization variable x was initialized
randomly with components between 0 and 1, drawn independently from a uniform
distribution. The parameters rand sin algorithm 1 were taken to be r=.5and s=1.25.
FISTA was run for 2000 iterations for the digital phantom and 5000 iterations for the other
cases. This was sufficiently many iterations for the algorithm to converge on a stable
selection of beams for each fraction. The FISTA runtimes are shown in table 2.

The resulting FV treatment plans were compared with treatment plans that are conventional
in the sense that they use a fixed set of beam angles and fluence maps for all fractions. The
conventional plans were computed by setting /=1 in problem (2), without changing the
number of candidate beams per fraction. (These conventional plans will be described as
fraction-invariant (FI) to emphasize that they are not FV.) For each case, the fraction-
invariant plans were computed using identical OAR weights as were used for the fraction-
variant plan, except that for cases “PHM” and “H&N” the skin structure weighting was
increased when computing the FI plans to prevent unacceptable hot spots on the skin. Note
that both the FV plans and the FI plans use non-coplanar beam angles for cases “PRT”,
“LNG”, and “H&N”.

For plan comparison, PTV Dgg, Dgg, and PTV homogeneity defined as Dgs/ D5 were
evaluated. All treatment plans were scaled so that PTV Dgs was equal to the prescription
dose. OAR max dose Dmax, mean dose Dmean, and D, values were also calculated for
assessment. Here Dnax refers to the maximum dose received by any voxel in a given OAR,
and D, refers to the maximum dose which was received by at least 2% of the voxels in the
OAR. All treatment plans were created on a computer with two Intel Xeon CPU E5-2687W
v3 3.10 GHz processors and 512 GB of RAM.

3.1 Digital phantom

Figure 1(a) shows dose colormaps for each of the five fractions for the FV digital phantom
plan. Notice that despite the variation in dose distributions, the PTV is covered uniformly in
all fractions. Each voxel in the PTV receives a dose of approximately 40/5 = 8 Gy per
fraction. Dose-volume histograms for each of the five fractions are shown in figure 2. Figure
3 visualizes the beam angles that were selected for each of the five fractions using the FV
BOO algorithm. The FV BOO algorithm selected 5.8 beams per fraction, on average. As
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expected, the algorithm did not select the same set of beam angles for each fraction. In fact,
a total of 26 distinct beam firing positions were utilized, as visualized in figure 3.

Figure 4(a) shows the cumulative dose distribution, summed over all five fractions, for the
FV plan (top row) as well as a 6-beam FI plan (second row) and a 12-beam FI plan (third
row). Corresponding dose-volume histograms, comparing the FV plan with these two FI
plans, are shown in figure 4(b)—(c). The Dmean, £, and Dnax Values for the OAR, body, and
skin structures are reported for the FV plan and the 6-beam FI plan in table 3. Compared
with the 6-beam FI plan, the FV plan reduces dose to the OAR and improves dose
compactness. The Dyean and D, values for the OAR were reduced by 1.7 Gy and 2.5 Gy,
respectively. The PTV coverage is more homogeneous for the FV plan. The dosimetric
quality of the FV plan is similar to that of the 12-beam FI plan, despite the fact that the FV
plan uses only half as many beams per fraction. As an additional point of reference, an FlI
plan made using the Eclipse treatment planning system with 12 evenly spaced beams is
shown in the fourth row of figure 4(a).

The tradeoff between minimizing the cumulative dose to critical structures and limiting the
dose per fraction can be observed, for example, in figure 2(b), where it can be seen that for
the FV plan the maximum dose to the body is 10 Gy in fractions 2 and 5, whereas the 6-
beam FI plan limits the maximum per fraction dose to the body to 9.1 Gy. This tradeoff can
also be observed in the fact that for the FV plan the maximum dose to the skin is 11.3 Gy in
fraction 3, whereas the FI plan limits the per fraction dose to the skin to at most 5.86 Gy.
Meanwhile, the maximum cumulative dose to the skin for the FI plan is 5.86 x5 = 29.3 Gy,
whereas the maximum cumulative skin dose for the FV plan is only 18.5 Gy.

case

Figure 1(b) shows dose colormaps for each of the five fractions for the FV prostate plan.
Despite the variation in dose distributions, the PTV is covered uniformly in all fractions,
with each voxel in the PTV receiving a dose of approximately 40/5 = 8 Gy per fraction.
Dose-volume histograms for each of the five fractions are shown in figure 5. Figure 6
visualizes the beam angles that were selected for each of five fractions for the prostate case
using the FV BOO algorithm. Each beam is specified by a couch angle and a gantry angle.
The FV BOO algorithm selected 9.6 beams per fraction, on average. As anticipated, the
algorithm did not select the same set of beam angles for each fraction. In fact, a total of 44
distinct beam firing positions were utilized, as visualized in figure 6.

Figure 7(a) shows the cumulative dose distribution, summed over all five fractions, for the
FV plan (top row) as well as a 10-beam FI plan (second row) and a 20-beam FI plan (third
row). Corresponding dose-volume histograms, comparing the FV plan with these two FI
plans, are shown in figure 7(b)—(c). The Dmean, £, and Dnax Values for all OARs are
reported for the FV plan and the 10-beam FI plan in table 4. Compared with the 10-beam FI
plan, the FV plan achieves dosimetric improvements for all OARs except the left femur,
which receives similar low doses in both plans. The dosimetric improvement to the anterior
rectum is particularly evident. Mean dose Dmean Was reduced by 5.7 Gy (rectum), 4.6 Gy
(penile bulb), 4.3 Gy (seminal vesicle), and 1.4 Gy (bladder). D, was reduced by 6.0 Gy
(right femur), 3.3 Gy (penile bulb), and 1.3 Gy (seminal vesicle). The PTV coverage is more
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homogeneous for the FV plan. The dosimetric quality of the FV plan is similar to that of the
20-beam FI plan, despite the fact that the FV plan uses only half as many beams per fraction.
As an additional point of reference, a clinical VMAT plan made using the Eclipse treatment

planning system with two full coplanar arcs is shown in the fourth row of figure 7(a).

3.3 Lung case

Figure 1(c) shows dose colormaps for each of the five fractions for the FV lung plan. The
PTV is covered uniformly at each fraction, with each voxel in the PTV receiving a dose of
approximately 48/5 = 9.6 Gy per fraction. Dose-volume histograms for each of the five
fractions are shown in figure 8. On average, only 6.6 beams per fraction were selected.
Again, the algorithm did not select the same set of beam angles for any two fractions. A total
of 27 distinct beam firing positions were utilized.

Figure 9(a) shows the cumulative dose distribution, summed over all five fractions, for the
FV plan (first row) as well as a 7-beam FI plan (second row) and a 13-beam FI plan (third
row). Corresponding dose-volume histograms, comparing the FV plan with these two FlI
plans, are shown in figure 9(b)—(c). The Dmean, Do, and Dnax values for all OARs are
reported for the FV plan and the 7-beam FI plan in table 5. Compared with the 7-beam FI
plan, the FV plan achieves dosimetric improvements for the proximal bronchus and the
normal left lung. Mean dose Dqean Was reduced by 1.9 Gy for the normal left lung, while D,
was reduced by 6.0 Gy for the proximal bronchus and by 2.0 Gy for the normal left lung.
The Ry values are 2.98 for the FV plan, 4.12 for the 7-beam FI plan, and 3.25 for the 13-
beam FI plan. This substantial improvement in dose compactness for the FV plan can be
visually appreciated in figure 9(a). The dosimetric quality of the FV plan is similar to that of
the 13-beam FI plan, while using only half as many beams per fraction. As an additional
point of reference, a clinical coplanar IMRT plan made using Eclipse is shown in the fourth
row of figure 9(a).

3.4 Head and neck case

Figure 1(d) shows the dose distributions for a selection of five of the 30 treatment fractions
for the FV head and neck plan. Despite the variation in dose distributions, the PTV is
covered uniformly at each fraction. Each voxel in the PTV receives a dose of approximately
66/30 = 2.2 Gy per fraction. Dose-volume histograms for these five selected fractions are
shown in figure 10. The FV BOO algorithm selected only 6.36 beams per fraction, on
average. As in all cases, the algorithm did not select the same set of beam angles for any two
fractions. A total of 81 distinct beam firing positions were utilized, as illustrated in figure 11.

Figure 12(a) shows the cumulative dose distribution, summed over all 30 fractions, for the
FV plan (first row) as well as a 7-beam FI plan (second row) and a 13-beam FI plan (third
row). Corresponding dose-volume histograms are shown in figure 12(b)—(c). The Dmean, 2>,
and Dnax Values for all OARs are reported for the FV plan and the 7-beam FI plan in table 6.
Compared with the 7-beam FI plan, the FV plan achieves dosimetric improvements for the
cochleas (bilateral), chiasm, brainstem, parotids, and orbits. Mean dose Dyean Was reduced
by 10.2 Gy (cochleas), 3.4 Gy (chiasm), 1.2 Gy (brainstem), and 1.0 Gy (orbits). D, was
reduced by 10.0 Gy (cochleas), 6.7 Gy (orbits), 5.7 Gy (brainstem), 4.7 Gy (parotids), 1.6
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Gy (brain), and 1.4 Gy (pharynx). The dosimetric quality of the FV plan is comparable to
that of the 13-beam FI plan. As an additional point of reference, a clinical VMAT plan made
using Eclipse with two full coplanar arcs is shown in the fourth row of figure 12(a).

The tradeoff between minimizing cumulative OAR dose and limiting the per fraction dose
can be observed in figure 10(b), where it can be seen that for the FV plan the maximum dose
to the left optic nerve in fraction 13 is 2.5 Gy, compared to the per fraction prescription dose
of 66/30 = 2.2 Gy. The 7-beam FI plan limits dose to the left optic nerve to 2.28 Gy per
fraction. This tradeoff can also be seen in the fact that for the FV plan the brain receives a
maximum dose of 2.8 Gy in fraction 13, whereas the 7-beam FI plan limits the maximum
dose to the brain to 2.25 Gy per fraction. Meanwhile, as seen in table 6, the maximum
cumulative dose to the left optic nerve and to the brain are slightly reduced for the FV plan.

3.5 PTV coverage and OAR dose reduction metrics

Tables 7 and 8 show treatment plan quality metrics for the cases listed in table 1. For each
case, metrics are reported for the FV plan as well as for the corresponding FI plan that uses
approximately the same number of beams per fraction as the FV plan. (So for case “PHM”
the FV plan is compared against the 6-beam FI plan, for cases “LNG” and “H&N” the FV
plan is compared against the 7-beam FI plan, and for case “PRT” the FV plan is compared
against the 10-beam FI plan.) The FV plans show improvement in PTV D, in all cases, as
well as improvements in PTV homogeneity (defined as Dgg/ D) for cases “PHM”, “PRT”
and “LNG”. There is a slight decrease in PTV Dgg and Dgyg.

For a given OAR, let DFY._and DFL_denote the mean doses delivered to the OAR by the

mean mean

FV plan and FI plans, respectively. Let ng and DEI denote the maximum doses delivered to

at least 2% the OAR by the respective plans. For each case, we computed the difference in

mean dose (that is, 'Y~ DFL ) and the difference in £, value (that is, D5 ¥ — D5") for

each OAR. The results are summarized in table 8. (The digital phantom is omitted from
table 8 because there is only one OAR aside from the body and skin structures. See section
3.1)

4 Discussion

By allowing beam angles to vary between fractions, FVV BOO exploits degrees of freedom in
IMRT which have traditionally been underutilized. As demonstrated by the results in section
I11, FV plans are able to improve the cumulative dose distribution without increasing the
number of beams per fraction, or alternatively to reduce the number of beams per fraction
without compromising dosimetry. The FV BOO strategy addresses a main criticism of non-
coplanar IMRT treatment plans, which is the long delivery time due to the large number of
static beams required to sufficiently sample the vast non-coplanar beam angle space. FV
BOO offers the potential to reduce this delivery time by using fewer beams per fraction,
while still utilizing a large fota/ number of non-coplanar beam angles. An excellent example
is provided by the improvement in dose compactness observed in case “LNG” in section 3.
It was shown in (Dong et al. 2013b) that for lung SBRT cases non-coplanar IMRT yields a
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substantial improvement in dose compactness as measured by Rgg, but to achieve this
improvement it was necessary to utilize well more than 10 non-coplanar beam angles. In the
lung SBRT case “LNG” studied here, the FV approach was able to achieve superior dose
compactness while using half as many beams per fraction as the FI plan. Therefore, the FV
planning method removes a major roadblock to implementing 4 7z non-coplanar radiotherapy.

A key detail in our approach, as well as in the field rotation approach taken in (Dink et al.
2012), is that the PTV is covered homogeneously in each fraction. In contrast, the
spatiotemporally non-uniform fractionation schemes studied in (Unkelbach, Zeng, and
Engelsman 2013; Unkelbach 2015; Unkelbach and Papp 2015) target subregions of the PTV
at each fraction. While that is an effective strategy for BED-based optimization, questions
remain about the robustness of the resulting plans against setup error, and further work is
needed to validate the biological effect of the heterogeneous PTV doses on tumor growth.
Thus, the FV BOO approach which maintains a uniform tumor dose coverage is potentially
more clinically translatable. FV BOO bears a conceptual similarity to SFUD planning,
which serves as a demonstration that radiotherapy with large temporal variation in normal
tissue doses but uniform PTV coverage has already been practiced safely in a clinical
setting. However, the ability of FV BOO to optimize all candidate beams together clearly
distinguishes the two methods.

This work is only an initial step towards fraction-variant beam orientation optimization, and
there is likely room for improvement in both the problem formulation and the optimization
algorithm. For example, if the per fraction dose to certain OARS poses a concern, the
objective function can be modified to enforce fraction-wise OAR control as follows:

.. r 1 2 N a; 2
mml;mzefz1 5 |A0xf - dO/F”2 + ~21 5 ’(Aixf - di)+H2
= 1=

controls fractional doses to PTV and OARs

«

< Biy+ 12 () o v 172 )
+ Z THAix”z + Y”DXHI + Z Z Wb”xf,b”z
=1 ___ ., fluence map deliverability Z =lb=1 ,
controls total dose to OARs group sparsity

subjectto x > 0.

The parameters a;and g;can be adjusted to explore the tradeoff between minimizing
cumulative OAR dose and controlling the per fraction dose.

The FV BOO framework we have presented is unable to enforce dose-volume constraints in
the beam angle selection step. However, this is currently a limitation of all beam orientation
optimization algorithms based on group sparsity (Jia et al. 2011; Liu, Dong, and Xing 2017).
It is likely that standard approaches to handling dose-volume constraints such as (Morrill et
al. 1991; Romeijn et al. 2003; Chu et al. 2005; Fu et al. 2017) can be incorporated into the
multi-fraction fluence map optimization step (3) which follows the beam angle selection
step, as this FMO step is a much smaller, convex problem and is similar to classical FMO
formulations.
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An additional area for improvement is the optimization runtime, which in our experiments is
about 60-90 minutes for non-coplanar five fraction plans and about 7 hours for non-coplanar
30 fraction plans (with 500-700 candidate beams per fraction). The computational expense
for each FISTA iteration is dominated by matrix-vector multiplications involving the large
sparse matrices A;and Al.T. These matrix-vector multiplications could be made much faster

with a GPU implementation. Besides improving the implementation, it may be possible to
improve the algorithm as well. While we have found FISTA to be effective for this
application, other algorithms should be investigated, such as truncated interior point methods
(Kim et al. 2007; Koh, Kim, and Boyd 2007; Portugal et al. 2000), or recently developed
proximal quasi-Newton methods (Becker and Fadili 2012; Scheinberg and Tang 2016; Lee,
Sun, and Saunders 2014). New algorithmic innovations such as performing column
clustering on the dose-calculation matrix to reduce the problem size, as suggested in
(Ungun, Xing, and Boyd 2017), will likely be beneficial. Note that we have found that if the
OAR weights a;and g;are tuned for the case where there is only one treatment fraction,
then the same weights tend to yield a good selection of beams for the full fraction-variant
problem with Ffractions. This is very helpful because in our experiments it only takes about
5-8 minutes to solve problem (2) when F= 1. Also, based on this observation, advances in
automated parameter tuning for the fraction-invariant case will be directly applicable to the
fraction-variant case.

One potential burden of fraction-variant BOO is increased patient-specific IMRT quality
assurance (QA) load. It would be time-consuming to QA all individual fractions.
Measurement of individual beams may be feasible but could lead to difficulty in analyzing
the results because of the non-uniform target dose resulting from a single beam. However,
this is unlikely to be an insurmountable difficulty as machine log file analysis in
combination with independent dose calculation has shown accuracy equivalent to
measurement-based QA (Sun et al. 2012). In comparison, the potential of substantially
accelerating 4 treatment using many FI beams is limited. Although the individual beam
time may be reduced by using the higher dose rate FFF mode, the dose rate is unlikely to be
the bottleneck compared with the limited MLC mechanical speed. The couch and gantry
motion can be combined to reduce the travel time. However, there is a caveat that not all
combined motion trajectories are feasible or safe. This needs to be carefully planned based
on a CAD model of the machine and the patient surface as outlined in (Yu et al. 2015) and
the detailed trajectory has to be input into the machine control console for delivery, a
function currently unavailable in the clinical mode. The total travel time will ultimately be
limited by the relatively slow couch and gantry speeds for safety reasons, making the FV
approach using fewer beams per fraction a compelling alternative for 4z therapy.

5 Conclusions

This work demonstrates a beam orientation optimization algorithm that simultaneously
optimizes beam angles for all IMRT treatment fractions. The resulting fraction-variant plans
offer improved dosimetry of the cumulative dose without increasing the beam budget (that
is, the number of beams per fraction that are utilized). Alternatively, fraction-variant plans
allow the beam budget to be reduced without compromising dosimetry.
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A Optimization algorithm

We solve the optimization problem (2) using the Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) (Beck and Teboulle 2009; Scheinberg, Goldfarb, and Bai 2014). FISTA
solves optimization problems of the form

minimizeg(x) + i(x), (5)
xreR”

where the convex function g is assumed to be differentiable (with a Lipschitz continuous

gradient) and the function /is assumed to “simple” in the sense that its proximal operator
can be evaluated efficiently. The proximal operator (also known as “prox-operator”) of 4,
with parameter ¢ >0, is defined by

2
G!

prox,, (x) = arg ;ninh(u) + % u— x”

Problem (2) has the form (5), where

F N

0= X 3o r 2

%
r=h ?

_ B _
(A=) [+ 2|+ oA

and

F B .
hw = | 2r =1 2= el X200 o
0]

otherwise.

The function /A enforces the constraint x >0 by returning the value cowhen this constraint is
not satisfied.

The FISTA with line search algorithm is recorded in algorithm 1. The key steps in each
iteration of FISTA are to evaluate the gradient of gand the proximal operator of /. To
compute the gradient of g, we first note three facts that can be shown using basic calculus:

L ifep) = %”y”% then VG()) = y.

2. fGy) = %||y+||§ then VG()) = y4 = max(), 0) (with maximum taken

componentwise).
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3. If Gis the Huber penalty function G(y) = ||y||(1”) (defined in equation (1)), then

VG(y) = %P[_ﬂ’ﬂ](y), where A-,,1()) is the projection of the vector y onto the set

{ul —u <u<u}. (The inequalities are interpreted componentwise.) Projecting
onto this set is a simple componentwise “clipping” operation.

Algorithm 1
FISTA with line search

Initialize xy and & >0, set 1y := xp, select0 <r<1,s>1
for k=1,2,...do
=Sl

repeat

1 ifk=1

T positive root of 7, _ 192 = té)%_ (1 =0) ifk>1
y:(1 —H)xk_ 1 +0vk_ 1

x:prox, (y = 1Ve(y)

. 1 2
break if g(x) < g(y) + (V) x = y) + 5;(x =I5
t=rt

L=t
9k3: ]
X=X

1
Vit :xk—1+?k<xk‘xk—1)

end for

It now follows from the chain rule that

M=

F
Vel = ) nAj(Agx, — do/F) +
f=1 '

1

T~ T
lal. i(Aix—dl.)++ﬁiAiAix (8)

Y T
+ ;D P[_ “ ”](Dx).

To state a formula for the prox-operator of 4, in the special case that p= 1/2, we first express
F B
has h(x) = Zf D 1hf’b(xf’b), where

wolls olly 55,52 0

o0 otherwise.

nr ol¥s.0)
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(Recall that the vector Xz is the fluence map for beam & on treatment day £ and x is the
concatenation of the vectors xrp.) The vector prox#(x) has the same size and block structure
as x, and the separable sum rule for prox-operators (Parikh and Boyd 2013) informs us that
the (7, H)th block of prox () is given by

[proxth(x)]f, b= proxthf’ b(x 7. b)' 9)

We show in appendix B that

proxthf’ b(xf’ b) = prox p( max (xf’ b O)) . (10)

th .
2

p
Here prox » denotes the prox-operator of the function HxH2 with parameter fwj. An

twb .
2
explicit formula for this prox-operator in the special case that p= 1/2 is given in appendix B.
Using formulas (8), (9), and (10) to compute the gradient of g and the prox-operator of 4, it
is now straightforward to solve problem (2) using the FISTA with line search algorithm 1.

B Prox-operator calculation

Here we derive a formula for the prox-operator of the function /7: R” — R U {0} defined
by

-5
h(x) = x|l ifx>0

oo otherwise,

in the special case where p= 1/2. (The inequality x= 0 is interpreted componentwise.) Let ¢
>0. To evaluate prox,,(x), we must find the minimizer for the optimization problem

minimize ”pr + l||x - )?||2
" 2T 2 (11)

subjectto x > 0.
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First note that if x, < 0 then there is no benefit from taking the component x;to be positive. If
Xjwere positive, then both terms in the objective function could be reduced just by setting x;
=0.

It remains only to select values for the other components of x. This is a smaller optimization
problem, with one unknown for each positive component of x. The negative components of x
are irrelevant to the solution of this reduced problem. Thus, we would still arrive at the same
final answer if the negative components of x were set equal to O at the very beginning.

In other words, problem (11) is equivalent to the problem

L P - 2
mlm;mze ”xH2 + 2—t||x - max (%,0)[|5

subjectto x > 0,

which in turn is equivalent to the problem

L P - 2
mlm;mze ”tz + Z”x - max (%,0)[|5

(because there would be no benefit from taking any components of xto be negative). This
shows that

prox,,(X) = prox p( max (x,0)). (12)

2

Formula (12) is valid for any p >0. The reason we take p = 1/2 is that a short and explicit

(but non-obvious) formula for the prox-operator of the function y(y) = ||y||§/2 is available
(Méllenhoff et al. 2015). To evaluate prox,(y), first let a = t/”y”g/z
then

.(If y=0then a= o)

) B ﬁsin(%arccos(¥a) + %) ifa< 29£ 13
proxtw(y) = 5"y, where s = (13)

0 otherwise.

C The choice of group sparsity exponent p

Here we explain why the choice p= 1 for the exponent in the group sparsity penalty function
is forbidden. Suppose we take p = 1, so that problem (2) is convex, and let X" be a minimizer
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for (2). The blocks of X" are denoted x’f, x}k, We can obtain another minimizer for problem

(2) by permuting the blocks of x". In other words, the vector x defined by

sk
*o(1)

ES

< = %62
o .
*

Y6(F)

is optimal for (2) for any permutation o of {1, 2, ..., F}. In fact, if Sgis the set of all
permutations of {1,..., £}, then any convex combination of vectors x: (with o€ Sp) is

optimal as well:

E3
Yo = gﬂxo
c€E SF

is optimal for problem (2) whenever 26 cs 0,=1 and 6, >0 for all € Sg An
F

optimization algorithm that finds a global minimizer for problem (2) (with p = 1) will almost
surely find one of the solutions xgwith 8, >0 for all o € Sg, and such a solution has the
same set of active beams for each fraction. Thus, FV BOO requires the use of a non-convex
group sparsity penalty term. We choose p = 1/2 specifically because the proximal operator of

1/2
the function y(x) = Hx”2 can be evaluated easily using formula (13) in appendix B.

D Selecting the weights wb in the group sparsity term

In this section we explain our method for choosing the weights v that appear in the group
sparsity term in problem (2). Some beams must only travel a short distance through the body
to reach the PTV, whereas other “long path” beams must travel a greater distance through
the body before reaching the PTV. To overcome attenuation, a “long path” beam must be
fired more intensely than a short path beam in order to deliver the same dose to the PTV. If
all the weights w, in the group sparsity term are chosen to be equal, then the group sparsity
penalty introduces a bias in favor of short path beams, because a long path beam b requires
llxzllo to be large in order to target the PTV effectively. We choose the weights wy to
compensate for this bias.

Let 7, be the number of beamlets in beam b with a trajectory that intersects the PTV.
Suppose that beam b s fired uniformly, so that x, = /1_1), and the scalar A is chosen so that

the mean dose delivered to the PTV by beam 6is 1 Gy. Then it is easy to check that

P _ b7\\P b . .
||xb|| = /nb/mean Ag L], where Ay is the dose-calculation matrix from beam b to the PTV.
2

This quantity is larger for long path beams than for short path beams. Therefore, to level the
playing field, we choose the weights w, so that
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The scalar cis chosen to be the same for all beams, and cis tuned by trial and error to
achieve the desired group sparsity level.
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O a1

(a)

Figure 1.
(@) — (c) Fraction-variant treatment plans for each of five fractions for cases “PHM”, “PRT”

and “LNG”. The PTV receives a uniform dose of 8 Gy (approximately) at each fraction for
cases “PHM” and “PRT” and 9.6 Gy (approximately) for case “LNG”. (d) Dose colormaps
for fractions 1, 7, 13, 19, and 25 for case “H&N”. The PTV receives a uniform dose of 2.2

Gy (approximately) throughout the treatment course. Isodose lines for 50%, 80%, and 95%
of the per fraction prescription dose are shown in black.
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Figure 2.
(a) Dose-volume histograms for each of five fractions for the digital phantom case “PHM”.

The DVH for one fraction of the 6-beam FI plan is shown in the lower right. (b) Close-up
views of the high dose range for the DVHs in (a).
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Fraction 1 Fraction 2 Fraction 3

Fraction 4 Fraction 5 All fractions

Figure 3.
Beam angles selected for each of five fractions for the digital phantom case “PHM”. On

average 5.8 beams per fraction were selected. A total of 26 distinct beam firing positions
were utilized for case “PHM”.
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Figure 4.
(a) The cumulative dose distribution (summed over all five fractions) for the FV plan using

average of 5.8 beams per fraction (first row) as well as a 6-beam FI plan (second row) and a
12-beam FI plan (third row). A plan made using Eclipse with 12 evenly spaced beams is
shown in the fourth row. Isodose lines for 50%, 80%, and 95% of the prescription dose are
shown in black. Dose below 5 Gy is not shown. (b)—(c) Dose-volume histograms for digital
phantom case “PHM?”, comparing FV plan that uses 5.8 beams per fraction (solid) with FI
plans (dotted) using (b) 6 beams, and (c) 12 beams.
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(a) Dose-volume histograms for each of five fractions for prostate case “PRT”. The DVH for
one fraction of the 10-beam FI plan is shown in the lower right. (b) Close-up views of the

high dose range for the DVHs in (a).
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Figure 6.

Beam angles selected for each of five fractions for prostate case “PRT”. On average 9.6
beams per fraction were selected. A total of 44 distinct beam firing positions were utilized
for case “PRT”, as shown in the lower right.
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=1 (a) The cumulative dose distribution (summed over all five fractions) for the FV plan using
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o average of 9.6 beams per fraction (first row) as well as a 10-beam FI plan (second row) and a
Q
= 20-beam FI plan (third row). A VMAT plan made using Eclipse is shown in the fourth row.
% Isodose lines for 50%, 80%, and 95% of the prescription dose are shown in black. Dose
S below 5 Gy is not shown. (b)—(c) Dose-volume histograms for prostate case “PRT”,
') . . . . .
= comparing FV plan that uses 9.6 beams per fraction (solid) with FI plans (dotted) using (b)
§e)
— 10 beams, and (c) 20 beams.
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(a) Dose-volume histograms for each of five fractions for lung case “LNG”. The DVH for
one fraction of the 7-beam FI plan is shown in the lower right. (b) Close-up views of the

high dose range for the DVHs in (a).
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Beam angles selected for five of the 30 treatment fractions for head and neck case “H&N”.
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beam firing positions were utilized.
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Figure 12.
(a) The cumulative dose distribution (summed over all 30 fractions) for the FV plan using

average of 6.36 beams per fraction (first row) as well as a 7-beam FI plan (second row) and a
13-beam FI plan (third row). A VMAT plan made using Eclipse is shown in the fourth row.
Isodose lines for 50%, 80%, and 95% of the prescription dose are shown in black. Dose
below 5 Gy is not shown. (b)—(c) Dose-volume histograms for head and neck case “H&N”,
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comparing FV plan that uses 6.36 beams per fraction (solid) with FI plans (dotted) using (b)
7 beams, and (c) 13 beams.
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Prescription dose and PTV volume for digital phantom and prostate, lung, and head and neck patients.

Table 1

Case

Prescription dose (Gy) PTV volume (cc)

PHM
PRT

LNG
H&N

40
40
48
66

28.4
111.2
72.3
33.6
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Table 3

Drneans D2 and Diax (in units of Gy) for the OAR, body, and skin structures for both the FV and 6-beam FI
cumulative dose distributions. FVV BOO results are shown in black and FI results are shown in blue.

OAR Body Skin
Diean 7.5[9.3] 1.2[1.2] 0.4 [0.4]
D, 27.1[29.6] 13.1[17.2] 6.5[4.6]

Dmax  32.9[337] 43.3[455] 18.5[29.3]
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OAR dose differences for several cases. For each case, the difference in mean dose ptYV _pfl

Table 8

mean

mean

Page 41

is computed

for all OARs. The min, max, and average differences in mean dose are listed in columns 2 and 3. Likewise, the

min, max, and average values of D5 — D5" are listed in columns 4 and 5.

FV DFI

mean  ~mean 2

Case

average (Gy)

range (Gy) average (Gy) range (Gy)

PRT
LNG
H&N

-3.0
-.27
-15

[-5.7,.24] -18 [-6.0, .49]
[-1.9,.47] -25 [-6.1,2.7]
[-102,2.3] -34 [-10.0, 6.2]

Phys Med Biol. Author manuscript; available in PMC 2019 February 15.



	Abstract
	1 Introduction
	2 Methods
	2.1 Notation
	2.2 Fraction-variant beam orientation optimization
	2.3 Experimental setup

	3 Results
	3.1 Digital phantom
	3.2 Prostate case
	3.3 Lung case
	3.4 Head and neck case
	3.5 PTV coverage and OAR dose reduction metrics

	4 Discussion
	5 Conclusions
	A Optimization algorithm
	Algorithm 1
	B Prox-operator calculation
	C The choice of group sparsity exponent p
	D Selecting the weights wb in the group sparsity term
	References
	Figure 1
	Figure 2
	Figure 3
	Figure 4
	Figure 5
	Figure 6
	Figure 7
	Figure 8
	Figure 9
	Figure 10
	Figure 11
	Figure 12
	Table 1
	Table 2
	Table 3
	Table 4
	Table 5
	Table 6
	Table 7
	Table 8



