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CALCULATION OF THE LATTICE STRUCTURE

ON STEPPED SURFACES OF Ar AND NaCl
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ABSTRACT

Calculations of surface distortions for high Miller
index stepped surfaces are presented for Ar and NaCl.
Negligibly small surface relaxation is found for the Ar
surfaces. In the case of NaCl, surface buckling and
surface atom displacements on the order of 5-10% of the

atomic step height are obtained. Polarization effects

LBL 390«

account for the much larger surface distortions in NaCl.
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I. INTRODUCTION

Surfaces of crystals characterized by high Miller
indices consist of terraces of low index planes separ-
ated by éteps often one atom in héighf\;:éﬂ/. The
ordered stepped surfaces display varying degrees of
thermal stability. Studies of chemisorption of hydfogen,
oxygen, carbon monoxidéxg/;nd various hydrocarbons\Z¢§/
on stepped platinum surfaces indicate that these atomic
steps play a key role in enhancing surface chemical re-
actions. When a‘surface is cleaved, oﬁe expects relaxa-
tion of the surface atoms to new equilibrium positions
slightly different from the bulk equilibrium structure.

A knowledge of the actual positions of atoms in a step-
ped surface may'be useful in the understanding of the |
catalytic properties of stepped surfaces. Up to now,
most of the work on stepped surfaces has been experi-
mental. In this work, we try to answer theoretically
this simple question: where do the atoms on a stepped
surface actually sit?

We present calculations of surface atom displacements

for Ar, a noble-gas solid, and NaCl, an alkali halide.
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-The equilibrium structure of a stepped surface is de-

termined by minimizing the surface energy of a step

as a function of surface atom positions. We chose

Ar and NaCl because both have closed shell electronic

configurations so that only pair potentials enter into
surface energy calculation, and the forms of these po-

tentials are relatively well known.

II. CALCULATION FOR Ar

For this calculétion, we have chosen the stepped
surface corresponding to cubic Miller indices (1, 0, 11)
of the face-centered~-cubic structure, as shown in Figure
la. The surface is-infinite.along the § direction. The
pair potential U 3 needed in cohesive enefgy computations
is fhe Lennard-Jones potential:

6 12
uij = Ug <_<;9__> +<r—(.7—'—\) ) (1_)
ij ij o
where rij is the distance between atoms i and j; € and
o are the rare gas force constants: € = 1.67X10_1u ergs
and o = (Ro/l.ll) for Arxs//, R, being the nearest-neigh-

th

bor distance. We define U;, the i atom's contribution

]



to the cohesive energy to be the summation of pair

potentials over all j atoms that interact with atom i,

U; = 1/2 2 U 3 , (2)
]

It is clear that U; takes different values depending

on the position of the atom i. When 1 is at or near

the surface values of Ui may vary from atom to atom,

where 1 is deep within the bulk, U, takes on the bulk

value U, irrespective of the atom index i. The stepped

surface energy is defined in the following manner:

(1) Pick out the set of surface atoms which define the

smallest repetitive unit for the stepped surface in

question; in the particular case of (1, 0, 11), the set

consists of atoms numbered 1 through 12 in Figure la.

(2) Take every atom m that has(x,y,z)coordinates within

the bounds defined by the repetitive unit (-7 is the

direction into the bulk), compile the difference (Um-U).

(3) The summation } (U ~U) is the surface energy per

repetitive unit of ?he step, or simply, the step surface

energy S. The quantity S is compUted by direct lattice

sums; it can also be defined as the surface energy per

two-dimensional unit cell. Since the Lennard-Jones pair



potential is rather short range, the bulk value U con-
verges to its exact value to a very good qpproximation
when fhersum is carried out only up to the set of ten
nearest-neighbor. In evaluating S, only the atoms
that are within the tentﬁ'nearest neighbof shell of a
surface atom are allowed to ;ontribute to the difference
(Um—U). |

The calculated value S for the (1, 0, 11) single

step (Figure la) is 6u.2650x10 1"

3

ergs, which corresponds
- o) ‘ ' .

to 5.159x%10 eV/A®? (area measured parallel to the (1,

0, 11) plane). If this energy is éssigned to the surface

atoms exclusively, and in a uniform fashion, it corres-

ponds to 5.3554x10 1" ergs per surface atom, which is to

be compared with the- bulk eohesive.energy of -13.8593x10 "

ergs per atom.  The above value can also be compared with
1y 3

the surface energy 5.6283x10" ergs per atom or 4¥.990x10"

eV/K2 corresponding to a perfect (001) surface. The step
configuration which is consistent with the same Miller
indices (1, 0, 11) but with double atomic step height (Fig-

1y

ure 1b) gives S$=131.1568x10 ' ergs. This configuration

has the same number of.surface atomS'as the single step
(Figure la); it yields a surface energy of 5.4649x10 1"

ergs per surface atom or 5.2GHXI0_3 eV/KZ. Since this is



a larger value than the one quoted for a singie step, we
predict the formation of step of monatomic height to be
energetically more favorable than the formation of higher
steps. This, unfortunately, is not a general result but
arises directly from the short range character of the pair
potential. One can, in fact, arrive at this result if one
only counts the number of nearest neighbor bonds broken
in different step configurations.

Hitherto, the atoms have not been allowed to relax.
We expect in general very little relaxation in solids with
Lennard-Jones pair interactions. An r_lz repulsive poten-
tial resembles very much a completely "vertical" hard
core. An exactly impenetrable core means no relaxation
whatsoever, since even in the bulk the atoms are 1ocated
core-to-core. If we include only nearest neighbor inter-
actions and a Lennard-Jones potential, we obtain very small
relaxation parameters. These are quoted in Table 1 as
gx and gz, which are the displacements along the x and z
axes in units of a step height (a/2), where a is the cubic
lattiée constant. The results in Tabie 1 indicate atom
displacements on the order of 2% of thé step height direct-
ing outward from the surface. We reemphasize'that these

results in Table 1 derive from calculations including only



nearest neighbor interactions. Using the Same approxima-
tion in the calculation for the>(0, 0, 1) surface, an out-
ward'displacement‘of magnitude 0.02(a/2) 1is predicted

for the surface atoms. Howe&er, by taking account of
interactions of pairs up through the sef of tenth near-

est neighbor for the (0, O, 1) surface, one arrives at

an inward contraction of 0.0l(a/2) for the éufface.'

The change of sign in the displacement of surface atoms
when neighbors further apart are included is accounted

for by the following: the attractive part 6f the Lennard-
Jones potential is of longer range than the repulsive

parf, when onlyvnearest neighbor interactions are included,
the gffect of the attractive paft is underestimated, thus
resulting-in an outward displaceﬁent for the surface atoms;
when the attractive potential is properly taken into ac-
count by summing over more neighbors, an inward displace-
ment for the surface atoms is obtaiﬂed. One therefore ex-
pects QX, Qz in Table 1 also to change sign if one were to
include pairs up to the tenth nearest-neighbor in the cal-
culations for (1, 0, 11). The magnitude of these displace-
ments are, however, still oﬁ the order of 1% of the step

height, and therefore negligible.



In summary, for a-Lepnard-Jones solid, as expected
~ from general considerations, one finds fairly large sur-
face energies, as compared with bulk binding energies,
but rather small in an absolute scale. One also finds
negligibly small surface relaxation, consistent with the
close-packed structure and the nearly impenetrable core

properties of the repulsive force.

ITII. CALCULATION FOR NaCl

The appropriate ion-ion pair potential needed for

the computation of surface energies is: .

/

q9:9s Q(P,Iv’) q:(p: r.:)
u, R(|§i-|) 23 4 2t ~] 7~ + 23 Pi'%5i
J J [r..] |r..|3 FE
~1d ~1] ~ji
L PRsEaEy B o
.,31'[ | E l E ?
1] 2ij

where Eij is the displacement vector directed from ion
j to i, qi; qj are the respective ionic charges and’gi,
D3 the induced electric dipoles on ions i and j. The
quantity R(|gij|) is the short range repulsive potential

which we assume to be non-zero only for nearest neigh-

bor pairs; the second term is the long range Coulomb po-



tential. These two terms would have been all that is
: required in a computation of bulk cohesi?e energy.: With
the presence of a surface, the atoms near the surface
experience a.net electric field due to the rest‘bf the
ionic medium; the'eleétric field polarizes the electfons
in these surface atoms, giving rise to induced dipble mo-
ments on them. The last three terms of Eq. (3).are the
polarization energy due‘to the presence of surface induced
dipoles. We show that these polarization terms are im-
portant in causing relati&ely'large surface distortions
by calculating as a function of éurface atom displacements
(1) the surface energy of the (0, 0, 1) surface and (2)
the step surface energy of thev(l, 0, 11D surface.‘ There
éxiéts in the literatﬁrevmany fheoretical results on
surface energy for (0, O, 1) alkali halideé based on
various methods and models\QEZEQ”; but none to our
knowledge for a high-Miller-index step. The calcula-
tion for the (0, 0, 1) surface is inéluded‘here to
make the discussion on the calculation forv(l, 0, 11)
stepped surface more transparent, and also to provide_
a reference for comparison with the résults of the
stepped surface.

The smallest surface repetitive unit for a (0, 0, 1)
surface is simply two nearest neighbor ions, one Nat+ and
one C173 S, the surface'energy per repetitive unit, as

defined in the section for Ar, is computed by doing the
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proper lattice sums for every term in Eq. (3), allowing
the Na+ ion to ‘distort by §, and the Ci1~ ion by $_. The
-symmetry of the (0, 0, 1) surface, with no superstructure,
restricts the displacément to the direction normal to

the surface. The inverse twelfth power form‘%i’is used -
for the repulsivé first term R(Ifijl) in Eq. (3). The
Coulomb term (qiqj/lgijl) is long range;.however, the
summation over 2-D Hojendahl squares and eighteen layers
is more than adequate to rebroduce the exactly calculated

bulk cohesive energy\ﬁ/(-l78.6 Keal/mole)=(-1.269x107 11

ergs/
ion pair). All three terms for polarization energy in

the pair potential involve the dipoles P, for Na® ‘and P_

for Cl1™; they are obtained in the following manner:

(1) We compute the net Coulomb field En; on ion i1 arising

from the rest of the ionic medium, i.e.,

q.-

- J .
Ecy = 1 ] Sid : ()
J £
By virtue of symmetry, all the vectors -- electric fields,
dipole moments and ion displacements -- are normal to (0, 0, 1)

surface. We use the convention (+) sign for the outward
normal and (-) sign for the normal pointing inwards, into the
crystal. Our computation for ECi shows that its value for an

ion in the second layer has dropped to 1% of that for a surface ion.
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Therefore, only the ions on the surface are assumed to
have non-zero dipoles.

(2) 1In addition to the Coulomb field E.., a surface
ion experiences a dipole field Ep; due to all the in-
duced surface dipoles:

3(P.*r..)r.. P.
) A3 Ri3°%iY A
Epi © % ( |s> : - (8)

lz351° 255

Here Pj takes on the value P, or P_ depending on whether

j is a surface Na® or C1” ion. The symmetry of a (0, 0, 1)
surface renders the first term in Eq.-(u) zero when summed
over all surface j's. Therefore, Ep; is again parallel to
the surface normal.

(3) With o, and a_ as the electron polarizability of Na®
and Cl™ respectively, the dipole moments are obtained by

solving the coupled implicit equations:

gv)
"

o, (E + E_.)

+ ~C+ = RD+
~ C D (6)
Pz oG+ Ep)
with EC and ED as given in Eqs. (4) and (5) respectively. .
) . a\ 9/,
Using the values a, = 0.312x10 **em™2 and o_ = 3.06x10 2 Hen™3 Vv

we obtain for the perfect, undistorted (0, 0, 1) surface

P, = -0.8640x10 1% esu-cm and P_ = 4.2723x10717 esu-cum.
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The polarization enérgy terms of the pair potential
has no bulk counterpart, the summation over pairs con-
tribute entirely to S, the surface energy. To sum this
part of uij correctly, one should attach a factor of (1/2)
when both ions of the pair are on the surface and a fac-
tor of unity when one ion is on the surface and the other
;is in.the bulk. The surface energy is computed as a func-
tion of ¢, and §_. The surface energy per ion pair is

14

found to drop to a minimum of 4.7918x10 - ergs at §, =

0.06u4(a/2), § = +0.060(a/2). For peference,'the surface
energy of the perfect lattice is 17.787X10_1& ergs per
surface ion pair, and the bulk cohesive energy is
(-1.269x10"1H) ergs per ion pair.

The equilibrium configuration for a Naci1 (0, 0, 1)
surface is therefore found té be a buckled surface, with
all the C1~ ions displaced outward and the Na' ions dis-
placed inward, resulting in a dipole layer at the surface.
The polarization energy is entirely responsible for this
buckling. Were the polarization effect absent, the whole
surface w%ll relax inward-slightly (actual computation
shows less than 0.01 a/2), which is essentially similar

to the result obtianed for Ar. With the polarization pro-

. .. +
perly included, the driving forces on Na are the Coulomb
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and polarization pulling it into the crystal with the
repulsive force pushing it out; whereas in C1~, given
the dipole layer at the surface, the Coulomb and the
dipole-dipole part‘of the polarization [fifth term in
Eq. (3)1 are still the inward force, but the charge-
dipole part of the polarization [third and fourth term
in Eq. (3)] team up with the repulsive force to push
it out. A detailed understanding of how-each'of these
driving forces work to yield the resultant §,, §_ 1is
paramount in understanding the results of the calcula-

tion for the NaCl (1, 0, 11) stepped surface.

The NaCl (1, 0, 11) surface is shown in Figure 1lc.
The. smallest repetitive surface unit is two adjacent par-
allel rows of twelve ions eachj; one such row, -shown in
the Figure, has atoms labelled 1 through 12. Two adjacent
rows are needed because Na' and C1~ on the corresponding
(same label) lattice site on the step displace differently.
Minimization of the step surface energy S as a function
of the displacement of surface ions yields the desired
. equilibrium ionic positions of the stepped surface. In
principle, this is the same problem as we have solved for
the (0, 0, 1) surface. In practice, howevér, it is not

- feasible here to perform an exact calculation as was done
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for (0, 0, 1) for the following reasons: (1) whereas for

a (0, 0, 1) surface only two inequivalent displacement

vectors appear -- one for Na+ aﬁd one for Cl~ -- for a

(1, 0, 11) surface the number of inequivalent displacement

vectors has increased to 243 (2) due to surface éymmetry

the direction of the displacement vectors is completely

determined for the (0, 0, 1) surface, but only restricted

to the (x, z) plane in the (1, 0, 11). The variational

parameters, taking into account only surface ions, increase

therefore by a factor of 24. The exact calculation becomes

extremely heavy if not impossible. We propose therefore

an approximate procedure to bypass the difficulty. The

approximations are carefully made, based on the physical

insight we have gained in our exact calculation for (0, 0, 1).

The reliability of this approximate procedure is also check-

ed by applying it to the (0, 0, 1) case and obtaining from

it results comparable with those from the exact calculétion.
The exact calculation for (0, 0, 1) indicates that on

a Na+, the repulsive force is the only outward driving force

that counterbalances all the other inward driving forces:

Coulomb and polarization. If we allow only the Na* displace-

ment to vary while the Cl are kept fixed at.their sites,

we may examine the repulsive contribution Urep and the Cou-

lomb plus polarization contribution Ugpt TO the surface energy



S. In this case [gtt(§+,§_=constant) as a function of §,
turns out to have an essentially constant positive
slope in the relevant range of ¢, whereas Urép(§+,§;=constant)

as a function of §, has a negative but quickly varying

slope in the relevant ranée of §,. Locating the value of
8, such that

Mpep (8458500 DU (845802001 -
38, T 5,20

~+ ~+

yields the value §,=-0.07(a/2), remarkably close to the
exact result §,=-0.064(a/2). Therefore, this approximate
method of equating slopes of the attractive and repulsive
surface energy w&rks well in giving correct Nat+ displace-
ment. A similar approéch should not work at all for C1l~
since the inward diriving forces for C1l~ are the dipole-
dipole and Coulomb interaction, the outward driving forces
are the hard-core repulsive and the charge-dipole interac-

tion. It turns out that U.

inward and U

have essen-
outward ,

tially the same slope over a wide range of §_,»which render
the balancing of slopes a useless tool to calculate §_.
One would have to locate the actual minimum of the surface

energy (U; o a*Uoutwarq) IO get an accurate §_.

The procedure for calculating the (1, 0, 11) stepped



-16-

surface structure is the following:

(1) Assume all the ions at their perfect lattice sites.
(la) Compute the Coulomb field ECi on each surface
ion, the largest field is on the corner site labelled
1 in Figure lc. Again to within i% error, the Coulomb
field may be assumed to be zero on all except the 2u
surface ions.

(1b) Calculate the induced dipoles on the 24 surface
ions. Without the benefit &f symmetry, Eq. (5) for the
dipole field needs to be applied in full and Eq. (6) be-
comes a set of 24 coupled, implicit, vector equations.
The dipoles are obtained by numerical i%erations.

(le) Knowing the dipole moments on all the surface
sites, the pair potential uij in Eq. (3) is summed
correctly over pairg to obtain the step surface energy

S for the perfect, undistorted step.

(2) Keeping all the surface Cl , and all but one of the

surface Na+ at the perfect lattice sités, we allow the

Na® surface ion on site i to displace by [§,;]=.01 a/2

in different directions defined by 6,, 6=0° being along

the inward normal and 6=180° along the outward normal of

a (0, 0, 1).surface, 6 increases in the counter—clockwise

direction. Repeat procedures (la), (1b) for each §,
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and compute the attractive contribution U_,, to the step

tt
surface energy. With the full 360° range of 6,, the

gradient
BUatt

984 1{6..3,{6 +}

*3 =]
. L + . . .
is obtained for Na surface ion on each site 1.

(3) Compute'the repulsive contribution Urep to the step

surface energy as a function of §,., with the direction

of &

Sti defined by the direction of the gradient

8Ua‘tt
a§/+i {6+j }, {6_j }
Equilibriumﬂd/,ri is obtained by equating the gradient of

Uatt with the gradient of U,

(0, 0, 1) surface in Eq. (7).

ep® 28 carried out for the
(4) Procedures (2) and (3) are carried out for each
+ . . . .
- Na surface lon on the sites 1 through 12. 1In this fashion,
. + . ' .
the displacements of the Na surface ions on every site
are calculated.

(5) To obtain the displacements for C1~ surface ions,

we first allowed all the Na® surface ions to relax to
their equilibrium positions determined in (4). Now, Cl~
surface ions are displaced, one site at a time. The dis-

placement §_; is varied both in direction and in magnitude;
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for each variation, procedures (la), (1b), (lc) are applied
to obtain the step surface energy S. The g-i for which S
is a minimum is the desired result. No approximation is
involved at this stdge of computation.

Computational procedures (1) through (5) are concep-
tually clear, physically sound but, computational-wise,
rather painstaking.‘ The results are displayed in Figures
2 and 3 and tabulated in Tables 2 and 3. Figure 2 shows
the induced dipoles on the unrelaxed (i.e., every surface
ion sitting at the perfect lattice site) stepped surface.
The stepped surface is defined by the two adjacent rows
of 12 ions each. The insert shows the dipole moments on
an unrelaxed (0, 0, 1) surface, which serves as a refer-
ence. Results of Figure 2 are tabulated‘in Table 2.

The surface ion displacements are shown in Figure 3 and
tabulated in Table 3. A dipole layer is again formed on
the terrace of the stepped surface. The displacements

at the corner sites (1 and 12) result in a shrinking of
the step height by about 10%. Whereas the Na* displace
essentially inward, the Cl~ ‘on the terrace displace almost
parallel to the terrace; therefore, the geometry of the
displacements differ strikingly from that of the induced

dipoles shown in Figure 2, the dipole interaction accounts



for this. This calculation is not self-consistent in

the sensé that the surface ions are not allowed to move
all together in the process of calculation. The pro-
cedure of allowing Na+ to displace first and then letting
the C1™ to displace in the field of the distorted Na'
tends to overweigh the displacements on the Na®. However,
one would expect the relative displacement <g+i - é—i)

thus obtained to be not too different from the fully self-

consistent result.

IV. CONCLUSTION

To investigate the actual positions of atoms on a
stepped surface, we deliberately use the two systems --
the noble gas solid and an alkali halide -- which are
simple. They have no polarizable conduction electrons.
For the truly simple case Ar, the result is also not very
'surprising.’ The surface atoms in the stepped structure
essentially remain in the perfect lattice site positions.
Polarization of electrons must be present to produce ény
appreciable. distortion of the surface. The alkali halides
indeed have no conduction eléctrons, but the ions them-
selves are polarizable. This polarization effect accounts
for the much larger displacements (5-10% of the step

height). It also accounts for the buckling on the stepped
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surface.

From these calculations of two specific examples
one gains a feeling as to how atoﬁs in other materials
may displace. TFor example, on a metal stepped surface
where the conduction electrons are polarizable, we
would expect éurface distortions on the same order of
magnitude as those obtained for NaCl: with the atoms
on the terrace moving inward by perhaps 5% and the
step height shrunk by 5 to 10%. This is a first theor-
etical calculafion on the stepped surface. A similarly
detailed calculation on a transition-metal surface would
be required for investigating the catalytic properties
of stepped surfaces. Such a calculation is of course
orders of magnifude more complex than the ones reported
here, and would require extensive studies of the effects
caused by the itinerant conduétion electrons as well as

the more localized unfilled d-shells.
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Figure 1
(a)
(b)

(c)

Figure 2

Figure 3
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FIGURE CAPTIONS

Crystal surfaces corresponding to cubic Miller
indices (1, 0, 11) for:

An Ar single step;.

An Ar double step; and

A NaCl single step.

Induced electric dipoles on the unrelaxed NaCl

surfaces: (1, 0, 11) and (0, 0, 1).

Displacement of the surface ions in the NaCl sur-

- faces: (1, 0, 11) and (0, 0, 1).



Table 1

Table 2

.Table 3

=24 -

TABLE CAPTIONS

Displacement of surface atoms in an Ar (1, 0, 11)

surface in units of a step height (a/2).

Induced electric dipoles on the unrelaxed NaCl

surfaces: (1, 0, 11) and (0, 0, 1).

Displacement of surface ions in the NaCl surfaces:
(1, 0, 11) and (0, 0, 1) in units of the step

height (a/2).
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TABLE 1

Displacement of surface atoms in an Ar (1, 0, 11) surface

in units of a step height (a/2).

. Atom Label GX 9,
(See Figure la) ”

1 +0.01 - +0.02

2 through 11 0. : +0.02

12 +0.00(3) +0.00(3)
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TABLE 2
Dipole Moments on Na+ Dipole Moments on Cl~
Site Label Magnitude [P_]| Direction 6, Magnitude |P_| Direction 6 _
(See Fig. lc)  (esu-cm) (esu-cm)
1 1.3808x10" %% 3190 9.5469x10 1Y 127°
2 0.7514 3500 4.4826 163°
3 0.7610 351° 4. 4433 © 163°
Y 0.7646 3u9° 4.4295 162°
5 0.7658 350° 4.4172 16 3°
6 0.7657 350° 4.4067 162°
7 0.7676 3500 44094 163°
8 0.7661 3500 4.3706 163°
9 0.7615 3490  4.0616 161°
10 0.7624 3480 4.0616 161°
11 0.9867 0° 5.8336 186°
12 0.2316 1720 - 2.8402 316° .
For (0,0,1) » |P,| = -0.8640x107%% esu-cm 6, = 0°
IP_| = 4.2723x10"1° esu-em © = 180°



-27-
TABLE 3
Displacement gi.Naf . Displacement of C1~
Site Label : .
(See Fig. 1lc) Magnitude [6,| Direction 6+ Magnitude |8 | Direction
1 0.114 - 337° - 0.00
2 0.100 31¢° 0.03 ~255°
3 0.088 _ 250 | <0.01
b 0.076 21° 0.01 ~265°
5 0.071 20° 0.01 ~265°
6 0.058 15° 0.01 ~265°
7 0.0u48 9o 0.01 ..265°
8 0.038 3540 0.01 ~305°
-9 0.032 349° 0.02 ~285°
10 0.060 : 311° 0.02 ~316°
11 0.031. 3y70 0.01 , | ~355°
12 0.084 195° 0.05 , ~ 95°
For (0,0,1) surface |[§ |= 0.064 6, = 0°

|6 |= 0.060 6_ = 180°
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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