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Abstract

This study presents a polynomial chaos expansion (PCE)-based uncertainty quantification frame-

work for predicting unsteady loading noise of a hovering rotor subjected to vertical gust distur-

bances. A sinusoidal gust model, characterized by gust amplitude and gust length, is introduced

to represent realistic inflow variability arising from environmental effects or rotor—airframe interac-

tions. Unsteady loading noise is predicted using a frequency-domain acoustic formulation coupled

with two aerodynamic models: a quasi-steady blade element momentum theory and an indicial re-

sponse method to capture aerodynamic memory effects. The PCE approach is employed to efficiently

propagate gust-induced uncertainties through the aeroacoustic model and is systematically validated

against Monte Carlo simulations, demonstrating excellent agreement while requiring substantially
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fewer model evaluations. The results show that the largest uncertainty in unsteady loading noise

consistently occurs along the rotor axis, with uncertainty levels varying across blade-passing fre-

quency harmonics. Gust length is found to be the dominant contributor to acoustic uncertainty at

higher harmonics, whereas gust amplitude more strongly influences mid-harmonic noise levels. In-

corporating unsteady aerodynamic effects reduces the mean sound pressure levels at all harmonics

but does not significantly alter the overall uncertainty bounds. The proposed framework provides

an efficient and physically interpretable tool for assessing rotor noise robustness under realistic in-

flow disturbances and supports the development of low-noise rotor designs for advanced air mobility

applications.

a Speed of sound, m/s

B Number of blades

C; Coefficient of lift

(', Lift-curve slope

C¢  Circulatory lift

¢ Blade chord, m

cij PCE coefficients

cmp Complex acoustic pressure, Pa

dT Sectional thrust, N

42 Drag per unit span, N/m
3—}2 Thrust per unit span, N/m

F' Prandtl’s root and tip loss factor
He Hermite polynomial

l; Gust length, m

M Freestream Mach number

m Acoustic harmonic index

R Blade section radius, m

Nomenclature
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R; Rotor tip radius, m

r Normalized blade section radius

S Distance from rotor hub to an observer, m
s Distance traveled by airfoil in semi-chords
Ty Gust onset time, s

t Time, s

Up Local perpendicular velocity, m /s

Ur Local tangential velocity, m/s

V' Freestream velocity, m/s

V. Climb velocity or vertical gust velocity, m/s
V, Amplitude of gust, m/s

Vit Reference velocity, m/s

v; Inflow velocity, m/s
Greek

« Angle of attack, rad

& Pitchrate, rad/s

£ Glauert factor, § = V1— M2
A Loading harmonic index

Ac Climb velocity ratio or vertical gust velocity ratio
Ap Inflow ratio

() Rotation rate, rad/s

¢S Indicial response function

U Stochastic basis function

v Azimuthal angle, rad

p Air density, kg/m?

o Rotor solidity

6 Observer angle from the rotor axis, deg
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6, Pitch angle, rad

¢ Random variable
Acronyms

BEMT Blade Element Momentum Theory
BPF Blade Passing Frequency

CV Coefficient of variation

eVTOL Electric Vertical Take-Off and Landing
MC Monte Carlo

PCE Polynomial Chaos Expansion

PCP Parallel Coordinate Plot

PDF Probability Density Function

SPL. Sound Pressure Level

UAM Urban Air Mobility

UQ Uncertainty Quantification

Introduction

Rotorcraft and electric vertical takeoff and landing vehicles are playing a central role in the devel-
opment of Advanced Air Mobility (AAM), which aims to enable on-demand air transportation in urban
and suburban environments. The rapid progress in battery technology, electric propulsion systems, and
distributed propulsion architectures has accelerated the deployment of AAM concepts in both commercial
and government sectors. However, aeroacoustic performance remains a critical design driver, as commu-
nity acceptance of AAM operations is largely dependent on aircraft noise [1]. Therefore, the development
of effective noise-reduction technologies is critically important [2, 3, 4, 5].

In hovering or low-speed flight, rotor noise dominates the overall noise signature of many AAM air-
craft, particularly at the blade-passing frequencies (BPFs) and their harmonics. While deterministic simu-
lations have been widely used to model rotorcraft noise under nominal conditions [6, 7], realistic operating

environments often involve uncertainties due to inflow disturbances, control system fluctuations, and en-
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vironmental gusts [8, 9]. These unsteady and stochastic influences can lead to significant variations in
acoustic signatures. As such, uncertainty quantification (UQ) is essential for designing robust rotor sys-
tems and ensuring compliance with community noise requirements.

Recent studies have demonstrated the sensitivity of rotor noise to variations in inflow and operational
parameters. For instance, Li et al. [10] found that small periodic fluctuations in rotor RPM—common in
feedback-controlled eVTOL systems—can induce additional tonal components in the acoustic spectrum.
Similarly, vertical gusts have been shown to modulate unsteady loading, altering both the magnitude
and spectral content of radiated noise [11, 12, 13]. Despite this, most aeroacoustic models are built on
deterministic inputs, with limited integration of UQ frameworks.

To address this gap, polynomial chaos expansion (PCE) can be used as a powerful method for propagat-
ing input uncertainties through nonlinear aerodynamic or acoustic models. PCE offers faster convergence
and reduced computational cost compared to traditional Monte Carlo (MC) simulations, particularly for
problems with low to moderate stochastic dimensionality [14, 15]. Prior applications of PCE in aeroacous-
tics have shown its effectiveness in capturing uncertainty in tonal or broadband noise due to variability in
flow conditions, geometry, and boundary-layer properties [16].

This study employs PCE-based UQ to analyze the unsteady loading noise from a hovering rotor sub-
jected to vertical gusts. Vertical gusts can arise from atmospheric pressure fluctuations or be induced by
nearby structures. For instance, Fig.1 illustrates a potential mechanism for the generation of vertical gusts
acting on a rotor. A typical drone or AAM aircraft configuration [17, 18] places a strut or wing directly
beneath the rotor during hover. As the rotor blades sweep over such structures, disturbances in vertical
velocity can develop due to rotor-body interaction. These localized variations in inflow velocity modify
the aerodynamic loading on the blades and can serve as a source of unsteady loading noise.

A sinusoidal gust model, characterized by gust amplitude and wavelength, is introduced. The si-
nusoidal gust representation provides a mathematically tractable and physically interpretable form that
isolates the essential mechanisms associated with periodic inflow disturbances. This approach allows us
to systematically examine parameter sensitivities, frequency-dependent loading, and the resulting acous-
tic response in a controlled manner. Two aerodynamic models are used and compared: a quasi-steady

blade element momentum theory (BEMT) and BEMT augmented with the indicial response method [19].
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150 200 250
Azimuth (deg)

Fig. 1: Rotor and wing interactions, causing the vertical gust on the rotor blades.

The indicial method is particularly useful for fully accounting for unsteady effects, as it retains the mem-
ory of the unsteady loading history. Since the present study focuses on rapid UQ analyses, aerodynamic
simulations are carried out using BEMT combined with the indicial response method instead of more
time-consuming simulations like the panel method, free-wake or CFD solvers. For aeroacoustic predic-
tion, the unsteady loading noise model developed by Goldstein [20] is employed. This frequency-domain
approach enables rapid and efficient computation of far-field noise.

The goal is to quantify not only the mean acoustic response, but also the uncertainty bounds arising
from variations in gust characteristics. The results are validated against MC simulations, and visual tools
such as parallel coordinate plots are employed to identify parameter combinations leading to noise out-
liers. Additionally, the resulting noise uncertainties from the two aerodynamic approaches—with and
without the indicial response method—are compared to highlight the acoustic impact of unsteady aero-
dynamic effects. This work builds upon and extends recent efforts to integrate UQ into rotorcraft noise

modeling, and contributes to the ongoing development of quiet design of AAM vehicles [21, 22].

Methodology
Aerodynamic Model

In the case of a hovering rotor, classical methods such as BEMT provide only steady aerodynamic loads
across the rotor disk, as they assume a uniform distribution of inflow velocity along the azimuth. While
this assumption is adequate for rotor performance analysis, it limits the capability to accurately predict

acoustic characteristics in realistic hovering conditions. Traditional frequency-domain methods [23, 24,



AHS Log No. xxxx 7

25, 26, 27, 20, 28] have shown that tonal noise is theoretically absent along the rotor axis during hover or
axial forward flight. However, experimental observations [11, 29, 30] consistently indicate the presence
of significant tonal noise along the rotor axis, which has been attributed to unsteady inflow conditions.

To reconcile these discrepancies, Gill and Lee [12] employed a quasi-steady extension of BEMT that
incorporates unsteady parameters, such as variations in rotational speed or vertical gusts. These param-
eters are allowed to vary both radially and azimuthally across the rotor disk, enabling a more realistic
representation of unsteady inflow conditions.

The sectional thrust from blade element theory is given by:

B [*1

_ b Lo
aT = 0 5PURCCrdR dY (1)

where B is the number of blades, p is the air density, Uy is the local tangential velocity, c is the chord
length, C is the lift coefficient, d R is the differential radial element, and dv is the differential azimuthal
angle in radians. The sectional thrust from momentum theory, without assuming a uniform inflow distri-
bution, is given by:

27
dT = / 2p(V. + v;)v;RdR di (2)
0

where V. is, by definition, the climb or axial velocity at the rotor disk; however, the present study utilizes
V., to model vertical gust, and a method of modeling vertical gust is discussed later in this subsection. v;
is the inflow velocity. By equating Eq. (1) and Eq. (2), the local perpendicular velocity (Up) at any given

location on the rotor disk can be derived as follows:

167 FR 8TFR -

2
BcCio Ur (R, Ve(R, BcCio0pUr (R,3))? BcCio Ur (R, Ve (R,
UP(R,¢):\/< taUr(R)) _ Vel w>> | BeCia0pUr(Rs) _< ioUr(Ry) _ Ve(h w>>

3)
where Up = (V. + v;). Ur and Up are now functions of the blade radius (R) and the azimuth angle (¢).
C}q is the lift-curve slope, F' is Prandtl’s tip and root loss function, and 6, is the blade pitch angle. The
non-dimensional form of Eq. (3) can be obtained by dividing both sides of the equation by Q2R,, where

Ry is the rotor radius. The resulting non-dimensional form for a rotor with rectangular blades is shown in
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Table 1: Constants of the indicial response function (¢5(s)).

¢ (s) =1 — Aje 15 — Ageb2s
Al Ag b1 b2
0.165 0.335 0.0455 0.3

Eq. (4) below:

oC. A\ oC oC. A
A ) =) (Lol e ag (T _ 2 4
P(r, ¥, Ac) \/(16F 2) T3 T \Ter T 2 @
where \p = g—}%, A = QL}%, and 0 = WB—]% for a rectangular-bladed rotor. This form is identical to the

steady-state BEMT inflow ratio formulation [31], thus indicating that the aerodynamic loads are deter-
mined using the quasi-steady approach [12]. However, this approach neglects the amplitude change and
phase shift due to the unsteady aerodynamics. To fully include the unsteady aerodynamic effects, the in-
dicial method proposed by Wagner [32] is incorporated into the quasi-steady BEMT. The indicial method
introduces a correction to the lift coefficient in response to an arbitrary variation in angle of attack. The

proposed unsteady aerodynamic model is as follows:

Ci(t) = 2n (a<0>¢<s> [ 20 s - n)dn) ~ o (1) )

where Cf(t) is the circulatory lift coefficient, ¢ is the temporal step in the azimuth or t = 1/, ¢(s) is
Wagner’s response function as defined in Table 1, s is the distance traveled by airfoil in semi-chords, and
7 is a dummy variable for Duhamel integration. The indicial lift response is useful in the development of a
general time domain unsteady aerodynamic theory for rotor analyses. The unsteady loads with respect to
arbitrary changes in angle of attack can be determined through the superposition of indicial aerodynamic
responses using the Duhamel integral if the indicial response is known.

For the quasi-steady approach, a local thrust can be calculated using the following expression:

AT(R,0) = TpUr(R 6 eCua(6, — (R, 0))dR ©)

where ¢(R, 1) is the inflow angle. One of the advantages of this approach is that the tangential and vertical
velocities can be modeled mathematically for simplicity or measured directly through experiments. Note

that the Cj,(6, — ¢(R, 1)) term equals the lift coefficient C; at the corresponding R and ¢ locations.
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Fig. 2: An example gust modeled by Eq. (7).

To incorporate the unsteady aerodynamic effect using the indicial response method, this term is replaced
by Cy(t) from Eq. (5), and « in Eq. (5) is determined from the quasi-steady solutions (6, — ¢(R,v))).
The effect of unsteady aerodynamics will be compared with the quasi-steady approach in the uncertainty
quantification analyses.

The present study considers the effect of the vertical gust on the unsteady loading noise. A gust

modeling method as shown in Eq. (7) is adopted from Wang et al. [33]

lv<1—COS(M)) To <t <Ty+ 1,/ Vet
2°DP Iy g refy
Ve(t) = (7

0 otherwise,
where [, is the gust length, V), is the peak gust velocity, Vi is a reference velocity obtained from 70% of
the blade radius, 7} is the time of gust onset, ¢ = /{2, and (2 is the rotation rate in radians per second.
The resulting vertical velocity V, in Eq. (7) is used as the climb velocity V. in Eq. (2) at a given time or
azimuthal location.

Figure 2 shows an example of the modeled gust that a section of one blade experiences during its
revolution. The black dashed lines indicate the onset (7;) and end of the vertical gust in time, the distance
between these dashed lines defines the gust length (/,), and the red dashed line indicates the amplitude of
the vertical gust (V},). Since the shape and size of the gust can be mainly characterized by the gust length

and amplitude, uncertainty quantification is carried out using these two parameters.
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As a test problem, the vertical gust is modeled with [, = 0.125 m, T;, = 0.02 s, and V,, = 0.6641
m/s at all radial locations at an onset azimuth angle corresponding to 7, = 0.02 s. The test case is
chosen based on the experimental configuration reported by Kvurt and Stalnov [11], with the operating
conditions summarized in Table 2. Figures 3(a) and 3(b) show the perpendicular velocity (Up) and the
corresponding thrust distribution on the rotor disk obtained from quasi-steady BEMT after incorporating
the modeled vertical gust. The black circles on the contour plots indicate the 70% spanwise location of
the rotor radius, where the sectional thrust reaches its maximum. This location is also where the thrust
values are extracted for further analysis, as illustrated in Fig. 3(c). Introducing a vertical gust near the
200° azimuth increases the magnitude of the perpendicular velocity across the rotor disk, resulting in a
local reduction in the angle of attack. This decrease in angle of attack, in turn, leads to a reduction in
thrust at that location in the quasi-steady BEMT model. However, when unsteady aerodynamic effects
are included via the indicial response method, both a phase shift and a change in the amplitude of the
thrust fluctuation are observed. As shown by the red line in Fig. 3(c), the unsteady aerodynamic model
predicts a smaller reduction in thrust, and the location of minimum thrust shifts aft of the location of the
minimum thrust from the quasi-steady model. It also shows a gradual increase in thrust downstream of
the minimum. This effect of the unsteady aerodynamic model on thrust magnitude and phase shift agrees
with the findings presented by Arnhem et al. [34], in which they compared the thrust distribution predicted

by the full-blade CFD with that by the quasi-steady and unsteady models.

Table 2: Operating condition of Mejzlik heavy duty (HD) rotor [11].

B Radius (m) RPM Obs. Distance (m)
3 0.3556 1500 1.5

Aeroacoustic Model

Goldstein’s frequency-domain tonal noise model [20] is selected to analyze the unsteady loading noise
of a hovering rotor due to its ability to rapidly predict loading noise in the presence of unsteady inflow

distributions. Without delving into the detailed derivations, the final formulation of the model is provided
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Fig. 3: Mejzlik rotor test problem with a vertical gust: (a) perpendicular velocity distribution on the rotor
disk, (b) thrust distribution on the rotor disk, and (c) sectional thrust at 70% of the rotor disk.
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as follows:

_ imB%Q ZmBQS eimB=\)(¥'—m/2) tip d a(mB-)\) dD mBQR
CmB = “fras © 2o Jry | €08 O], — “par x| X JmB sin ¢ (8)

where m is the acoustic harmonic index, A is the loading harmonic index, €2 is the rotation rate in radians
per second, S is the observer distance from the rotor hub, ¢/ = cos™!(z/Y’) is the in-plane observer
angle, and 6 is the observer angle from the rotor axis. Figure 4 illustrates the coordinate system used
for rotor orientation and observer location in the acoustic analysis. The key aerodynamic inputs from the

aerodynamic solvers are dR ,, (sectional thrust per unit span) and 42| (sectional drag per unit span).

i s
These inputs are the aerodynamic loads on a single blade. To account for the loads of a rotor with
multiple identical blades, an additional B has been multiplied in Eq. (8). The temporal history of loads
at each radial section, computed from the modified BEMT or the indicial method, is transformed into the
frequency domain using a Fourier series, given by:

dT(R,v)  ~—= dT b
AR > AR 1€

=—00

9)

It is important to note that a compact source assumption is made in this version of Goldstein’s model.
In the original model, chordwise non-compactness was considered in the aerodynamic load inputs to
account for the retarded time variation between the blade surfaces and the rotational plane of the propeller.
However, neither the modified BEMT nor the indicial method considers the chordwise variation of the
aerodynamic loads. Thus, the chordwise non-compactness effect is neglected.

The acoustic pressure in Eq. (8) is then converted to sound pressure level (SPL) using the following
expression:

|Prm§
SPL = 201
0810 —H — P

ref

(10)
where P, is the root mean square pressure of the single-sided noise spectrum, and P is the reference
pressure, taken as 20/Pa. The root mean square pressure is obtained by dividing ¢,z by v/2.
Uncertainty Quantification Analysis: Polynomial Chaos Expansion (PCE)

PCE is a mathematical method used in UQ to efficiently model how uncertainties in input parameters

propagate through a system and affect its outputs. For instance, the probability density function (PDF)
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“~._ Observer

Hub

y

Fig. 4: Coordinate system used for the acoustic analysis.

of the input parameters can be approximated using Eq. (11), where X represents the input uncertainty
parameters, such as the vertical gust amplitude or length. In this formulation, ¢; represents the coefficient,

and U; is the stochastic basis function (polynomials).

p
X =) Vi), X:{V,l} (11)
=0

where p is the order of polynomial truncation and £ is a vector of the random variables between 0 and 1
for each input parameter. If the basis function, W;, is known, the coefficients can be determined using the

definition provided in Eq. (12), which is a general form of PCE for any single input parameters X .

¢ = /X\IJ

EGLITL (42

i f,O

where p is the PDF of the random variable and y () is the transformed random variable of £ to reflect the

physical space of the input parameter. For instance, if the random variable is normally distributed (V)

with a mean of 0 and standard deviation of 1, the random variable and the transformed random variable
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Table 3: Range of input uncertainty parameters.

Input Uncertainty Parameters Range
Peak Gust Amplitude (V)  0.266 — 1.063 m/s
Gust Length (/) 0.05m-0.2m
can be represented as
E~NO.) with p(€) = %
~ s W1 = [ 2
P V2T

x(§) ~ N(My, Sy) (13)

x(§) = Sn€ + My

where My and Sy are mean and standard deviation of the input variable, which are prescribed by the
user. The ranges of the input uncertainty parameters are summarized in Table 3, where the mean values
are selected to represent realistic operating conditions. These ranges are chosen based on the feasibility
of gust strength and spatial extent that could plausibly occur in experimental environments or during in-
flight operations. For example, the peak gust amplitude is specified to range from 0.266 to 1.063 m/s,
corresponding to 5% to 20% of the induced velocity under steady-state conditions. The gust length is
assumed to vary between 0.05 and 0.2 m, which is approximately equivalent to 10 to 40 degrees of rotor
azimuth. The mean values of the uncertainty parameters are taken as the median of these respective
ranges. To quantify the associated uncertainty, the standard deviation is determined using the coefficient
of variation (CV), defined as CV = Sy /My.

The stochastic basis functions used in PCE framework are selected based on the probability distribution
of the input random variables, as summarized in Table 4. Each type of distribution is associated with a
corresponding set of orthogonal polynomials. In the present study, the uncertain input parameters are
assumed to follow a Gaussian (normal) distribution. Accordingly, the Hermite polynomials are chosen as

the appropriate stochastic basis functions. The Hermite polynomial of order : is defined by Eq. (14).

e d e
2
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Table 4: Distribution type of input random variables and the corresponding orthogonal polynomials.

Uncertain Parameter Type Orthogonal Polynomials

Gaussian Hermite
Gamma Laguerre
Beta Jacobi
Uniform Legendre

A general form of PCE is as follows:
V(&6 &) =Y V(&6 &) (15)
i€l

where Y is the output quantity of interest, {; denotes the input random variables, c; is the PCE coefficient
associated with the multi-index ¢, and W; represents the multivariate stochastic basis functions, which
are Hermite polynomials in the present study due to the assumption of Gaussian-distributed inputs. The
index 7 belongs to the index set I,,, which includes all admissible multi-indices satisfying the total-degree
truncation condition up to order p. For instance, when p = 2 and there are two input variables (£; and &),
the general expansion in Eq. (15) includes all terms such that the total polynomial degree ¢; 475 < 2, and

can be explicitly written as:

Y (&1,&) =c0.0¥0,0) + c1.0¥Y .0 + c0,1)¥Y(0,1)

(16)
+ c0¥e0 +can¥an + o2 %02
or simply
p=2
Y (61,6) = Z cijVi(&1)W;(&2) (17)
i+j=0

where the summation of indices, ¢ and 7, do not exceed p = 2. The total number of terms in the expansion
can be determined by Eq. (18).
(p+d)!

N = o (18)

where d denotes the number of variables.
Since a third-degree truncation has been found sufficient to obtain a converged solution, a two-variable

PCE with third-degree truncation, as represented by Eq. (19), is employed to quantify the uncertainty in
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the SPL arising from the variability in the gust parameters.

p=3
SPL(&1,&) = Z cijWi(1)W;(&2)

i+5=0
= coo(1) + c10(&1) + co1(§2) + 1 (&1)(€2) (19)
+ c0(€F — 1) + co2(65 — 1) + ean (6 — 1)(&)

+ c12(61) (&5 — 1) + c30(&F — 3&1) + cos(&5 — 3&2)

Following Eq. (18), there is a total number of 10 terms in the expansion of the third-degree truncated two
variable PCE, as shown in Eq. (19).

The roots of the orthogonal polynomial of one order higher than the degree of truncation, along with
zero, are chosen as the collocation points at which the actual output SPLs are evaluated. For instance,
since a third-degree truncation is adopted, the roots of the fourth-order Hermite polynomial, including
zero, are selected for each input variable. These roots are given by {—1.65, —0.52,0,0.52,1.65}. The
tensor product of these collocation points for two input random variables results in the combinations
shown in Table 5. Consequently, a total of 25 simulations are required to quantify the uncertainty in
SPL, yielding a 25 x 10 matrix used to determine the PCE coefficients. Equation (20) presents the matrix
form relating the output SPLs to the corresponding basis functions and the coefficients. Each row of this
25 x 10 matrix represents the evaluations of the Hermite polynomials at a given collocation point, while
each column corresponds to a particular polynomial basis function formed from the combinations of the
two random variables. The PCE coefficients are then determined by solving Eq. (20), using the SPL values

obtained from the 25 simulations.

SPL, 1& & -+ (&0 —361) (&5 —3&%) | |coo

SPL, 1& & -+ (&7 —361) (65 — 3&) €10
= : . : : (20)

SPLoy 16 & -+ (& —3&1) (& —3&) | |es0

_SPL25_ _1 §1& - (67 —361) (8 —3&) | |cos

Once the PCE coefficients are determined from Eq. (20), any combination of the two random variables,
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Table 5: Combination of all collocation points to determine PCE output coefficients.

Simulation Counts & &
1 -1.65 -1.65
2 -1.65 -0.52
5 -1.65 1.65
6 -0.52 -1.65
7 -0.52 -0.52
24 1.65 0.52
25 1.65 1.65

assumed to follow a normal distribution as shown in Eq. (13), can be substituted into Eq. (19) to evaluate
the corresponding output SPL. This approach allows for a significant reduction in the number of aerody-
namic and aeroacoustic simulations required to quantify acoustic uncertainties compared to the traditional
MC method. It is important to note that the output SPL. computed from Eq. (19) corresponds to a single
observer location and a specific acoustic harmonic index. Therefore, if multiple acoustic harmonics or
various observer locations are of interest, the PCE procedure must be repeated to obtain separate sets of

PCE coefficients corresponding to each harmonic index or observer position.

Uncertainty Quantification Analysis: Monte Carlo (MC)

Compared to the PCE method, the MC method requires executing both aerodynamic and aeroacoustic
solvers for a large number of sampled input parameters to evaluate the corresponding SPLs. A schematic
representation of the MC simulation procedure is shown in Fig. 5. Based on the specified mean and
standard deviation of the input parameters, a set of normally distributed random variables is generated and
used in the aerodynamic solver to compute the unsteady aerodynamic loads on the rotor disk. These loads
are then input to the acoustic solver to determine the corresponding SPLs due to unsteady loading noise.
For the single-variable uncertainty quantification cases, 50 MC iterations are performed for converged
solutions, while 400 iterations are performed for the two-variable MC simulations. As the MC method
requires explicit evaluations of the output for every sample of the uncertain input parameters, it can be
computationally expensive and time-consuming, especially when high-fidelity aerodynamic and acoustic

solvers are employed.
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Inputs: Aerodynamic Solver Aeroacoustics Uncertainty
User defined Mean & (BEMT) (Goldstein) Quantification
Std. Dev. of [; and ¥, (MC)
* Outputs: * Outputs * Outputs * Outputs
* Simulation input » Aerodynamic » Sound Pressure * Mean & Std. Dev
variables from the loads (2L 22) Levels of SPL
normal distribution dR’ dR
(lg, Vo)

Fig. 5: Schematic of Monte Carlo simulation.

Results

In this section, the PCE method is first validated against the MC method. Following this validation,
UQ results are presented for three representative cases: (1) acoustic impact due to gust length alone, (2)
acoustic impact due to gust amplitude alone, and (3) acoustic impact due to the combined variation of
gust length and amplitude. For each case, the unsteady loading noise is evaluated using two aerodynamic
models: one that incorporates unsteady aerodynamic effects through the indicial response method and
another based on the quasi-steady formulation. This comparative analysis elucidates the role of unsteady
aerodynamic effects in shaping acoustic uncertainty. As the primary objective of this study is to quantify
the uncertainty in unsteady loading noise arising from variability in gust parameters, direct comparisons

with experimental measurements are not included.
Validation of PCE

Figure 6 presents the noise directivity patterns for the first five BPF harmonics, illustrating the uncer-
tainty introduced by variations in gust amplitude (V},). Although higher-harmonic noise is present, our
analysis confirms that the noise variability decays beyond the 5" harmonic, as demonstrated in the Ap-
pendix, where the uncertainty quantification is presented up to the 15" harmonic. Therefore, for the sake
of brevity and clarity, we have chosen to report results only up to the 5" harmonic in this paper. Here,
0 = 0° and 180° correspond to the rotor axis, while # = 90° denotes the rotor plane. The mean SPLs
predicted using the MC method (black solid line) are compared with those obtained from the PCE method
(red dashed line). The close agreement between the two predictions demonstrates that the PCE method

reliably captures the mean acoustic trends obtained from the MC method while requiring substantially
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Fig. 6: Distribution of unsteady loading noise due to variations in gust amplitude (V/,) at various observer
locations (CV = 0.1): (a) 1** BPF noise, (b) 2" BPF noise, (c) 3" BPF noise, (d) 4" BPF noise, and (e) 5"
BPF noise.

fewer simulations. Similar consistency has been observed in other cases, including uncertainty due to

gust length alone and combined variations in gust parameters [35].

Acoustic Impact due to Gust Length Alone

One characteristic of a gust that can induce unsteadiness in aerodynamic loads on a rotor disk 1is its
length. The gust amplitude is kept constant at its mean while performing UQ analyses with respect to
gust length. Figure 7 shows the uncertainty of SPLs at multiple BPFs across various observer locations.
For all harmonics, the unsteady loading noise is maximized along the rotor axis and minimized in the
rotor plane, consistent with the dipole nature of loading noise. The solid blue line indicates the mean
loading noise obtained from the indicial response method, and the solid red line corresponds to the quasi-
steady approach. The dashed lines in each color mark the minimum and maximum SPLs from the PCE
simulations, while the shaded regions highlight the range of output uncertainty introduced by variability
in gust length. At the first harmonic (m = 1), SPL distributions at all observer locations remain centered

around the mean, with comparable uncertainty between the unsteady and quasi-steady approaches. At
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Table 6: Means and standard deviations of unsteady loading noise of the first five harmonics at § = (°
(CV = 0.10) as a result of uncertainty in .

Harmonic Index m=1 m=2 m=3 m=4 m=5
Mean 36.57 41.57 4334 4322 41.46
Std. Dev. 0.81 0.60 0.27 0.40 1.30
Minimum 33.12 3890 41.18 39.73 34.62
Maximum 39.11 43.09 4358 4358 43.58
Mean 3346 37.07 3829 37.82 35.82
Std. Dev. 0.83 0.61 0.26 0.37 1.33
Minimum 29.64 3348 3653 3515 27.68
Maximum 36.01 38.60 38.52 38.16 37.98

Quasi-Steady

Unsteady

higher BPFs, however, both approaches exhibit strong skewness at m = 3 and m = 4 and mild skewness
at m = 2 and m = 5. In these cases, the mean SPLs are shifted toward the upper limit, indicating a
higher probability of gust length producing noise closer to that bound. When the unsteady approach is
applied, the mean SPLs are consistently lower than those obtained with the quasi-steady formulation. This
reduction is linked to the decreased thrust magnitude under the unsteady model, as shown in Fig. 3(c),
which in turn lowers the mean SPL in the UQ results. The largest decrease between the two approaches
is observed at the 5™ harmonic, although the overall SPL uncertainty remains comparable.

Furthermore, the largest SPL uncertainty occurs along the rotor axis, indicating that the acoustic magni-
tude at this location is particularly sensitive to unsteadiness in the aerodynamic loads. The mean, standard
deviation, and minimum-to-maximum bounds of the output SPLs from the PCE simulations at § = (°
are summarized in Table 6. The highest mean SPL is observed at m = 3 for both the quasi-steady and
unsteady approaches, and both approaches also yield the smallest spread of data about the mean at this
harmonic. In contrast, the widest spread occurs at m = 5, where the difference between the maximum
and minimum values is larger for the unsteady approach. Although not shown, the variability decays
beyond the fifth harmonic. It should be noted that these results are based on an input CV value of 0.10,
corresponding to a standard deviation equal to 10% of the mean gust length. Although the outcome may
vary depending on the choice of mean and standard deviation, our selections are based on reasonable
and realistic considerations, as shown in Table 3. This suggests that, under most realistic conditions, the
largest uncertainty is unlikely to occur at the first BPF or at very high harmonics. Instead, it is reasonable

to state that the highest uncertainty tends to appear near the fifth harmonic.



AHS Log No. xxxx 21

m=1 m=2 m=3
50 —NMean - Unsteady
—~ —Mean - Quasi-Steady
%40 — P
530 ——
o 20
10 ‘
0 S 0 S 0 ‘ SRR
0 30 60 90 120 150 180 0 30 60 90 120 150 180 0 30 60 90 120 150 180
6 (deg) 6 (deg) 6 (deg)
(a) (b) (c)

/

0 0 ¥

0 30 60 90 120 150 180 0 30 60 90 120 150 180
0 (deg) 0 (deg)
(d) (e)

Fig. 7: Distribution of unsteady loading noise due to variations in gust length (I,) at various observer
locations (CV = 0.10): (a) 1*! BPF noise, (b) 2" BPF noise, (c) 3" BPF noise, (d) 4" BPF noise, and (e)
5" BPF noise.

The distribution of output SPLs is further examined at # = 0°. Figure 8 presents histograms of SPLs
for the first five BPFs together with fitted normal distribution curves. The same color scheme is applied:
blue denotes the unsteady approach, and red denotes the quasi-steady approach. Both approaches exhibit
approximately normal distributions at m = 1, with mild left skewness at m = 2 and m = 5, and strong
left skewness at m = 3 and m = 4. Since the amplitudes of the harmonic loads that are responsible for
the 3" and 4™ BPF noise do not vary significantly, the acoustic predictions are clustered near the upper
region of the distribution, producing left skewness at m = 3 and m = 4. The PDFs obtained from the
unsteady approach are shifted to the left relative to those from the quasi-steady approach due to the lower
mean values. Nevertheless, the inclusion of unsteady aerodynamic effects does not alter the overall shape
of the distributions.

Additional CV cases are studied to assess how the uncertainty of output SPLs responds to different
levels of input variability. CV represents the amount of variation relative to the mean; for instance, a CV

of 0.10 corresponds to a standard deviation equal to 10% of the mean. Figure 9 presents the linear-fit
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Fig. 8: Histogram and fitted normal PDF of the output SPLs at # = 0° from PCE simulation as a result
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4™ BPF noise, and (e) 5" BPF noise. Blue indicates acoustic data using the unsteady approach, and red
indicates acoustic data using the quasi-steady approach.
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relationship between the CVs of gust length and the CVs of SPL at f = (0°. The dashed line denotes the
quasi-steady approach, while the solid lines denote the unsteady approach. For the quasi-steady approach,
the increase in SPL variability with respect to gust length variability is most gradual at m = 3 and m = 4,
with slopes of 0.0774 and 0.1125, respectively. This implies that a 0.1 increase in gust-length CV leads
to only a 0.0077 increase in the CV of the 3™ BPF loading noise and a 0.0113 increase in the CV of the
4™ BPF loading noise. By contrast, the slope at m = 5 is 0.3457, indicating a much steeper response.
For example, when gust length varies between 0.1125 and 0.1375 m, the 5™ BPF unsteady loading noise
corresponding to one standard deviation from the mean is 40.03—42.89 dB, while two standard deviations
correspond to 38.59-44.33 dB. Thus, the 5™ harmonic consistently exhibits the highest rate of uncertainty
growth, confirming that SPL uncertainty increases most rapidly at m = 5. The amplitude of the harmonic
load related to the 5 BPF noise fluctuated the most when the gust length was varied, thus producing
the highest rate of uncertainty in the 5 harmonic noise. A similar trend is observed for the unsteady
approach. However, the CV values are consistently higher than those of the quasi-steady approach. Since
the standard deviations remain comparable between the two models, the reduced mean SPL associated

with the unsteady approach results in larger CV values.

Acoustic Impact due to Gust Amplitude Alone

Another gust characteristic that can induce unsteadiness in aerodynamic loads on a rotor disk is its

amplitude. For this analysis, the gust length is fixed at its mean value. The directivity patterns in Fig.10
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Table 7: Means and standard deviations of unsteady loading noise of the first five harmonics at § = (°
(CV = 0.10) as a result of uncertainty in V,.

Harmonic Index m=1 m=2 m=3 m=4 m=5
Mean 36.60 41.58 43.37 4330 41.63
Std. Dev. 0.89 0.89 0.89 0.90 0.92
Minimum 32.66 37.69 39.67 39.14 3791
Maximum 39.27 44.17 4635 4589 44.62
Mean 3348 37.11 38.33 37.89 35.99
Std. Dev. 0.91 0.90 0.91 0.90 0.91
Minimum 29.75 3330 34.80 33.80 32.31
Maximum 36.16 40.13 40.84 40.31 38.71

Quasi-Steady

Unsteady

remain consistent with those observed in the previous case involving uncertainty in gust length. The
primary difference lies in the distribution of the output SPLs. As shown in Fig.10, the means of the output
SPLs are generally centered within the distributions at all observer locations and all harmonics for both
the unsteady and quasi-steady approaches. Notable differences appear at m = 3 and m = 4. In the
gust-length case discussed previously, the distributions were left-skewed, with a higher concentration of
data near the maximum values. In contrast, when gust amplitude is treated as the uncertain parameter, the
distributions exhibit no skewness.

The SPL distribution at # = 0° in Fig.11 further confirms the absence of skewness in the output data.
The means, standard deviations, and minimum-to-maximum values for both unsteady and quasi-steady
approaches are summarized in Table 7. The standard deviations remain relatively constant across all
harmonic indices, with no differences observed between the two approaches. For both approaches, the
smallest mean occurs at m = 1, while the largest mean occurs at m = 3. The difference between the
maximum and minimum SPLs is also similar for both aerodynamic approaches. Thus, the inclusion of
unsteady aerodynamic effects shifts the entire output distribution without altering its overall range.

The relationship between the input CV and the output CV for both aerodynamic approaches is shown
in Fig. 12. For the quasi-steady approach, the output SPL CV exhibits a linear dependence on the input
gust-amplitude CV at all harmonic indices. Across m = 2-5, the slopes are relatively constant at 0.22,
whereas the slope at m = 1 is slightly higher at 0.26. This implies that for every 0.1 increase in gust-
amplitude CV, the CV of the 1** BPF noise increases by 0.026, while the CVs of the higher-harmonic

noise increase by 0.022. Since the output SPLs follow normal distributions, these relationships can be
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Fig. 10: Distribution of unsteady loading noise due to variations in gust amplitude (1/,) at various observer
locations (CV = 0.10): (a) 1*! BPF noise, (b) 2" BPF noise, (c) 3" BPF noise, (d) 4" BPF noise, and (e)
5" BPF noise.

used to quantify probabilistic bounds. For an input gust-amplitude CV of 0.10, there is a 95% probability
that the 1% BPF noise lies between 34.70 and 38.50 dB. Under the same conditions, the corresponding
95% probability ranges are 39.75-43.41 dB for the 2™ BPF, 41.46-45.28 dB for the 3" BPF, 41.39-45.21
dB for the 4" BPF, and 39.80—43.46 dB for the 5™ BPF.

Since the mean values of the unsteady approach are reduced while the standard deviations remain un-
changed across all harmonic indices (Table 7), the linear-fit relationship between gust-amplitude CV and
SPL CV in Fig. 12 follows the same trend as the quasi-steady case but with steeper slopes. It is important
to note that although the CV of the 1% harmonic SPL increases more rapidly, this does not imply greater
absolute uncertainty of the output SPL, as the mean values differ among harmonic indices. Consequently,
the relative distributions of SPLs with respect to their means are similar across all harmonics. A compari-
son between Fig.12 and Fig.9 further shows that gust-length variability produces greater uncertainty in the
5" harmonic SPL than gust-amplitude variability for both aerodynamic approaches. By contrast, the CVs

of the 2"—4" harmonic SPLs increase more rapidly with gust-amplitude CV than with gust-length CV,
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Fig. 11: Histogram and fitted normal PDF of the output SPLs at = 0° from PCE simulation as a result
of uncertainty in gust amplitude (CV = 0.10): (a) 1% BPF noise, (b) 2" BPF noise, (c) 3 BPF noise, (d)
4™ BPF noise, and (e) 5" BPF noise. Blue indicates acoustic data using the unsteady approach, and red
indicates acoustic data using the quasi-steady approach.
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indicating that the uncertainty in SPL at these harmonics is more sensitive to variations in gust amplitude.

Acoustic Impact due to Combined Gust Parameters

In this subsection, uncertainties in both gust length and amplitude are considered simultaneously. Fig-
ure 13 illustrates the resulting SPL uncertainty across observer locations between 0° and 180° for the two
aerodynamic approaches. Consistent with the single-parameter UQ cases, the largest spread of unsteady
loading noise occurs at the rotor axis for all harmonics. The output distributions at m = 3 and m = 4
resemble those from the gust-amplitude case, as the mean SPLs are not located near the maximum values.
In comparison with the noise directivity uncertainty using the quasi-steady approach, the noise directivity
uncertainty using the unsteady approach shifts down, and this shift is pronounced as the harmonic index
increases. The distributions at § = (0° are shown in Fig.14. In general, both unsteady and quasi-steady
approaches follow the normal distributions at all harmonics. Table 8 shows means and standard deviations
at all harmonics for each case. The minimum and maximum SPLs further indicate that the largest range
of uncertainty occurs at m = 5, with values of 12.12 dB for the quasi-steady approach and 14.66 dB for
the unsteady approach.

The relationship between the CV of output SPL and the CV of the combined input parameters is
shown in Fig. 15 for an observer at § = 0°. Both input CVs of gust length and amplitude are jointly

varied from 0.02 to 0.18. For the quasi-steady approach, the 5" harmonic SPL exhibits the steepest
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Fig. 13: Distribution of unsteady loading noise due to variations in gust length (/) and amplitude (V},) at

various observer locations (CV = 0.10): (a) 1** BPF noise, (b) 2" BPF noise, (c) 3™ BPF noise, (d) 4"
BPF noise, and (e) 5" BPF noise.

Table 8: Means and standard deviations of unsteady loading noise of the first five harmonics at § = 0°
(CV = 0.10) as a result of uncertainty in V}, and [,.

Harmonic Index m=1 m=2 m=3 m=4 m=5
Mean 36.47 4136 4336 4339 41.31
Std. Deyv. 1.15 1.11 0.84 0.88 1.54
Minimum 31.34 37.79 4023 3948 32.83
Maximum 40.22 4453 45.07 4524 44.95
Mean 33,51 37.00 38.18 37.96 35.65
Std. Dev. 1.17 1.03 0.92 0.92 1.75
Minimum 29.54 33.86 3497 34.14 25.17
Maximum 37.45 4020 40.25 4030 39.83

Quasi-Steady

Unsteady
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Fig. 14: Histogram and fitted normal PDF of the output SPLs at = 0° from PCE simulation as a result
of uncertainty in gust length and amplitude (CV = 0.10): (a) 1% BPF noise, (b) 2" BPF noise, (c) 3 BPF
noise, (d) 4™ BPF noise, and (e) 5™ BPF noise. Blue indicates acoustic data using the unsteady approach,
and red indicates acoustic data using the quasi-steady approach.
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of variation of the input gust length and gust amplitude at § = 0°: quasi-steady approach in dashed line
and unsteady approach in solid line.

growth (linear-fit slope of 0.49) as the input CVs increase, followed by the 1% harmonic (slope of 0.33).
Since the output SPL distributions are normal, introducing uncertainties to the input parameters with
standard deviations equal to 10% of their mean yields a 95% probability (£2 standard deviation from
the mean) that the resulting 5" harmonic noise lies between 37.26 and 45.36 dB, and the 1*' harmonic
noise lies between 34.06 and 38.88 dB. Comparison of the quasi-steady results in Fig.15 with those in
Figs. 9 and 12 indicates that gust-length variability contributes more strongly to the uncertainty of the
5" harmonic noise than gust-amplitude variability. In contrast, the uncertainties of the 2"—4" harmonic
noise are more sensitive to gust-amplitude variability, with trends resembling those in Fig. 12. The same
conclusions apply to the unsteady approach, though the slopes of SPL CVs are consistently higher than in
the quasi-steady case due to the reduction in mean SPL under unsteady conditions.

The boxplots in Fig.16 and Fig.17 illustrate the distribution of output SPLs at § = 0° for CV = (.10
using the quasi-steady and unsteady approaches, respectively. The upper and lower dashed lines extending
from each blue box (whiskers) represent the top and bottom 25% of the data, while the box itself contains
the central 50% of the data, with the red horizontal line marking the median. Red plus signs denote
outliers. For the quasi-steady approach (Fig. 16), the widest distributions occur at m = 1 and m = 5, as
indicated by the long whiskers. The 1*' harmonic data are concentrated near 36 dB, while the 5" harmonic
data cluster near 42 dB, and both harmonics also exhibit the largest number of outliers. By contrast, the
2" harmonic is concentrated near 42 dB but shows shorter whiskers, indicating a narrower spread. At

m = 3 and m = 4, the medians are the highest among all harmonics, but the corresponding variations in
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(CV = 0.10).
acoustic magnitude remain small, reflecting limited sensitivity to the combined input uncertainties.

The boxplot in Fig.17 shows that when unsteady aerodynamic effects are included, the distributions of
the five harmonic SPLs are generally similar to those of the quasi-steady case in Fig.16, but with reduced
mean values. The interquartile range (IQR), defined as the height of the blue box containing 50% of the
data, exhibits only minor differences between the two aerodynamic approaches, as summarized in Table 9.
The largest difference in IQR occurs at m = 5, where 50% of the noise data generated by the combined
variability of gust length and amplitude falls within approximately 2 dB in both the quasi-steady and

unsteady approaches.

Table 9: Comparison of the IQRs between quasi-steady and unsteady approaches.

Approaches m=1 m=2 m=3 m=4 m=5
Quasi-Steady 1.5095 1.4438 1.1048 1.1491 1.9309
Unsteady 1.5846 1.4075 1.2354 1.2523 2.1403




32 CONCLUSIONS JOURNAL OF THE AMERICAN HELICOPTER SOCIETY

The outliers in Figs. 16 and 17 represent the extreme ends of the data. To identify the combinations
of input parameters that contribute to these extreme SPLs, parallel coordinate plots (PCPs) are employed.
PCPs provide a means of visualizing the relationships between multiple input parameters and output
responses, enabling the identification of parameter combinations that generate outliers [36]. Figure 18
presents PCPs for all five harmonics at # = 0° using the unsteady approach. The first two vertical axes
correspond to the input parameters—gust amplitude (V/,) in m/s and gust length (/) in m—while the third
axis shows the resulting SPLs in dB. Gray lines represent all parameter combinations leading to SPL
outcomes, and the red lines highlight those associated with SPL outliers identified in Fig. 17. Tracing
these red lines reveals the specific input conditions that generate outliers. The lower outliers of the 153
harmonics arise from low values of both V}, and [,. In particular, combinations of V), and [, below their
respective means (0.6441 m/s and 0.125 m) produce these extreme values. Conversely, upper outliers
in the 1% and 2™ harmonics occur when both Vp and [, exceed their mean values. At the 4™ harmonic,
however, lower SPL outliers result from combinations of below-mean V), with above-mean [,. At the
5™ harmonic, lower outliers are observed even at higher V,, indicating that large gust amplitudes do not
always yield strong unsteady loading noise when paired with longer gust lengths.

To further illustrate the combinations of input parameters that lead to low unsteady loading noise, the
lowest 20% of the output SPLs are traced back to their corresponding inputs. In Fig. 19, the gray lines
represent all parameter combinations, while the red lines highlight those associated with the lowest 20%
of SPLs. For the first three harmonics, low noise is generated when a low gust amplitude is combined
with a narrow gust length. At higher harmonics (m = 4 and m = 5), however, low noise results from the
combination of low gust amplitude with a wider gust length. Conversely, these results indicate that longer
gust lengths contribute to higher unsteady loading noise at low harmonics (m = 1-3), whereas shorter

gust lengths amplify noise production at higher harmonics (m = 4-5) as expected.

Conclusions

This study developed and demonstrated a PCE-based uncertainty quantification framework to as-
sess unsteady loading noise of a hovering rotor subjected to vertical gust disturbances. By coupling a

frequency-domain loading noise model with quasi-steady BEMT and unsteady aerodynamic formula-
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tions, the approach efficiently captured the propagation of gust-induced inflow uncertainties into acoustic
responses. Validation against Monte Carlo simulations confirmed that the PCE method accurately repro-
duces both the mean trends and statistical bounds of sound pressure levels while requiring an order of
magnitude fewer simulations, making it well suited for rapid aeroacoustic uncertainty analyses.

The results show that unsteady loading noise uncertainty is consistently maximized along the rotor
axis, reflecting the dipole-like directivity of loading noise. Among the gust parameters considered, gust
length plays a dominant role in driving acoustic uncertainty at higher blade-passing frequency harmonics,
particularly near the fifth harmonic, whereas gust amplitude more strongly influences uncertainty at lower
and mid harmonics. These findings indicate that the largest acoustic uncertainty does not necessarily occur
at the first blade-passing frequency, but rather at intermediate harmonics under realistic gust conditions.

Incorporating unsteady aerodynamic effects through the indicial response method reduces the mean
sound pressure levels at all harmonics compared to the quasi-steady formulation. However, the overall
magnitude and structure of the uncertainty bounds remain largely unchanged, indicating that unsteady
aerodynamics primarily shift the acoustic response rather than fundamentally altering its sensitivity to
inflow variability. Finally, the use of parallel coordinate plots provided clear insight into the combinations
of gust parameters responsible for extreme noise outcomes. Overall, the proposed framework offers an
efficient and physically interpretable tool for evaluating rotor noise robustness and supports uncertainty-

aware noise-reduction strategies for advanced air mobility and eVTOL rotor designs.
Appendix

Figure A.1 presents the directivity of unsteady loading noise up to the 15™ harmonic, with gray shaded
regions indicating the uncertainty bounds. The red dashed lines denote the mean SPL as a function of
observer angle. At § = 0°, the mean SPL reaches its maximum at the m = 3 harmonic and subsequently

decays at higher harmonics. In addition, the associated uncertainty decreases beyond m = 5.
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