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~ ABSTRACT
The derivation of image-field coefficients is sketched
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I. INTRODUCTION

. The>presenpe ol conﬂuétingfor’ferromagnetic boundary'sﬁffaceS in the
neigﬁborhood of an intense particle beam will influehce'fhg'self-fieids of the
beem and so affect the'stability of particles in the bé&mf Because thé'analysié
of such "image effect"" generally requires that special treatment be givénftb

the de component of the magnetic field, the total.space-charge fdrce exper-‘

" ienced by an individual particle will fail to show as rapid a decrease with

energy as otheruise would be expected, and image effects.acéobdingly play a rel-

“atively moré‘important,rSIe at high ehergy.

Image-fiéld coefficients have been given for several geomet;ical coﬂfig-
'uratiohsfih'an earlier report, 1 but that‘work dia not ihclude ;xaﬁinétion.of
de imape‘fieldé for Caées in'which the ferrcmaénetic circuit comﬁletély surrounds
the beam (as is the case, for example, with "picture-frame" mapnots) When ferro-
mapnetic material completely surrounds the beam, the usuai condition Ht =‘0 cannot
‘be applied at all points on the interface, and a solution must be obtained that is

éonsistent with the condition Jﬁﬁ;éI' = Aul, 2

In this paper we report the derivation of electrostatié and magnéfo-
static imagé-field coefficients (81 and €9 respectively, in-the:notatioq of Ref. 1)
for a 1line beam centrally situated with respoct to elliptical and rectangular
boundarieé. The Appendix emnmarizes formulas for these coefficients fozl seversal additional
configurations that appfoximate casés ofipossible practical interest, The intro--
duction of suitable boundary surfaces (such as that described for Case B2 of the
Appendix) at frequent intervals around the circumference of a circular accelerator

or storage ring may provide a useful passive means for reducing or suppressing

space~-charge effects in such a devioce.
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II. ELECTROSTATIC IMAGES

1. Elliptical Conducting Cylinder

 The ellipse (x/w)2 + (y/n)? = 1, with focl at x =it = R - B2,
can be tranaformed 3 oonformally from the 2 = x + 1y plane to the 2" plane
by writing 2' = m sin “L(z/f) amd 2" = qm(%az', k). The modulus k of the

complete elliptic integral K 1a to be chosen so that K'/K = (2/m)tanh Y (b/w). _'

| The eleotro’,étatic problem of a line charge A situat‘ed on the axis of the ellipti-"

cal conducting cylinder 1s thereby reduced to a determination of the potential of
.. such a charge, located at the origin, in the presence of grounded sheets that lie

on the X" axis in the intervals -o < x" < -o/k, o/k ‘< X oot

% oM +1’z"2 - (q/k)z - iq/k } -2}“9“
z" ‘+1/z"2 - (q/k)i + 19/ ‘ 1+ «/1 - k2 sx (gx f, k)!°

Thus, by expansion of this result through terms of order y2, one obtains

‘ 2
vioa [l . 200G >-1,x,]

for the potential at a field point. 2z =1y. The nonlogarithmic term within the .

k anGxam 2, )

V=~2}\

“square brackets can be identified as contributing to the image field, and the

electrostatic image-field coefficient for the elliptical cylinder accordingly

is given by . ‘ . _
- °Elmg _2mPe o) ~1 2 2mP0-R) -2
nE "" = ¢ r2 6 [vm)? - 1]

in agreement wit.h -a result given previously.
An alternative form for the solution to the foregoing prohlem can be
obtained by constructing a series solution for the potential prohlem presented in

the . z! plane. In this plane, surfaces at y' = In ténh-l(h/w) are to be taken

to be at zero potential, wherees the coordinate axes and vertical lines at x' = tnn/2

are stream lines. A series development of the potential then leads to the expression

2 Z L{1 - tam [2 ltanh l(h/w)]}
(w/h)? v E
a form that gives the same numorical results as the elliptic-integral expression

presented above.

W
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2. Rectangular Conducting Boundary
The image potential produced by a closed rectangular bounda.ry'(x. = +w,
_—+h) ia reduced by the transformation g" = qen(Klw k’.l)' with KI/K = h/w,
to the problem considered previously save that the grounded strips on. the x" axis

now cover the intervals -0 (x"'<~q and q<x"<oo. One thus may write

= -2)\9w sn( )

?”+Vz" -q +4ql 1+ Y1l =agn (K—’ k)

and

vE o [e"‘( .V) + le,__chZ yz] for z = iy.

It then follows that
‘ - _

‘C :Mxlz.

1 . 12

Altei'na‘rdvely, the recmnguler boundary of course lends itself to solution of

~ the electrostatio problem in terms of a doubly infinite array of discrete images.

By this means one can obtain the result

o
[1-<n/w>2] -%ZZH)”‘"‘ - s

n‘l m‘l [nZ +m2‘}:2 /h2 2

2 | _ -
‘1-8- [1 - 12 Z (-1)™1 csch mmi/h ctnh m-n'w/h] .
m=1 .

This last form, being raeidly convergent for small values of h/w, 18 well suited to

machine computation,and leads to results in agrecment with the elliptio-integral

expression given in the preceding paragraph. 5

ITI. MAGNETOSTATIC IMAGES

With "picture-frame" magnets, which completely surround the particle beam,

-

' - 5 . i
the requirement fmdl = Jnl emu of course precludes application of the ;

. ‘boundary condition Ht = 0 that normally is introduced at a ferromagnetic boundary.

. Instead, following a procedure described by v'Ha(vue, 6 one must admit a nonvanishing

tangential component of H that is continuous across the boundary, and recognize
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that the corresponding component of B in the ferromagnetic medium will become
w)ery large. The normal component of magnetic field, }%, however, may be taken

to wnish on the ferromagnetic side of the boundéry (for @ — o), since otherwise
the continuous normal component of -B' would become unphysically great. A .solution
thus can bo sought such that H =0 and f Hydf = 4nI within the ferremagnetic
_mtefia’l. The distribution so found for _Ht along the interface theﬁ provides-a
boundary condition for solution of the interior problem -- L.Q.,_ i_‘or the vacuum

regioni'occupied by the beam.

1. Elliptical Ferromagnetic Boundary

_ 'The transformation z' = msin-l(z/f) reduces the problem of én
elliptical boundary, (x/w)2 + (y/h)2 1, to an arfificiai case in which
horizontal ferromag,netio boundariea are present at y' =*n tanh l(h,/w) and

in which T 1s normal to surfaces at x' = *um/2. Tt is clear that & uniforn
field must exist within the region_s occupled by ferromagnetic material ih this
»h}péthetical: case and that, accordingly, the tangential magnetic ‘feld must be
aAz/éy' = #2I/m at the boundarles y' = imﬁanhgl(h/w). By use of”tvhe metrio
factor for the transformation 2" = q &m(2JS 2', k), wlth K'/K = (2/n) tanhL (h/w),
‘this last result is equivalent to a—;ﬁ = '“Jl/\/(x"z/q 1) (k x"z/q

above and below the x" axis for (x"| > ¢/k. The magnetostatic vector potential

48 thus identical, in the 2" plane, to the scalar potential for a line charge

(A = I, taken to be at the origin) in the presence of an induced charge density

' (bop plus bottom surfaces) elxt) = -——ﬂ(x"z/q -~ 1)(k x"z/q - 1)
on the surfaces |x"|') a/k, y" = 0. - This charge distribution contributes
. to the potential, at points for which »" =0, an amount.

o ( ) & - T &)
' "2'/\0’(5) g"(§2+y“2)d5 or -2y"2f s = -12- 1-= |y
A K K|

thrqugh'second order (after dijpping 1nconsequential‘ additive Qonstants).

thus may write
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A= -2Ijmy" + "I'[l - ] n? ‘
2

1+ (l-")-(1+k)(2£)
~.'--2I{€vx(—-£.-y - [3 61‘2 } y2} at x

from which the  nonlogarithmic term gives the magnetostatic image-field coefficient
L =h31+[3(12k2 - +1d] (g,%) _ 1+[3(l-g)-- @+ 3] &)’
£ 6 | 6 [wn)? - 1]

~ Alternatively, the artificial prohlem described in the z' plane can be solved

0,

N

i

~

o
o

by constructing a formal expahsion for the vector potential

m

) =3 Sy “Z: %[mha_}z cosh 2L o7 yn) oos%xj (for y' 2 0),

.vwhere b =1ntanhfl(h/w). By subtracting from this result the value attained in

the 1imit b » @ (corresponding to h/w —*l),vone'obtains the image-field contri-

bution from which the coofficient €, can be derived through use of the transfor-

2
mation that relates 2z!' to 2., Thua

2 Z A {ctnn[2 £ tamn L(n) - 1]}
€, =
o (w'h)?
a result that gives the same numerical\values as the elliptic-integral expression for

this magnetostatic image-field coefficlent, The solutions presented here permit

-one to plot the direction of the magnetic lines of force within an elliptical

ferromagnetic cylinder by determining lines of constant Az. A plot of this
nature is sketched in Fig. 1 for h/w = 0.4, and 1llustrates the failure of the

magnetic lines to intersect the boundary at right angles.

2. Rectangular Ferrbmagnetic Boundary

To obtain the magnetic boundary condition at the inner surface of a

rectangular ferromagnetic yoke -- or, specifically, to obtain Ht == 1t 18 necessary

. - .
first to solve the exterior problem to determine the tangential component of H

within the ferromagnetic material. Bickley 7

has given a transformation that
mape the exterior’of the rectangle into the region exterior to.a unit circlé in

the t plane. This transformation employs elliptic functions of modulus k, where
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Ei smze\ (with L E |
.. The interval 0 <6 Sai.n'_-lk v

k 1is sueh that
2 ' E!'-k
E - k'“K) for points on the boundary (t =
cdrreeponds to the side border of the rectangle in its upper right-hand quadrant 5
(x =w, 0%¢y%h), and the 1nterval anlk <o n/2 corresponde to the top '
border of this quadrant (0€x<w, y =h). The ‘relation between O and the
_Carteuian icoordinates of points -on the boundary of the rectangle can be expressed
in, berms of incomplete elliptic 1ntegrals, but for numerica.l work it is convenient
- to employ»trigonometrio series with coefficients that satisfy» recursion relations
g'iven_' by Bic'kleyz' 7 .
X ﬁ:[coee +§ c' cos(2n-l)‘9:{

-h-[sine -Z e, sin(Zn 1)91

<
]

‘with (2n-1)2Q1 - 2k2)c (2n 3)(n- 2)c

2
c = = = -
ntl. (2n+1)(n+1) | T % b g min2k

The vector potential for the. region outside the unit circle in the t plane may

. be written A = =21 !mt, and the ta.ngential magnetic field at the bounda.ry of

v the rectangle in the 2 plane becomes

| l-l/z .

‘!dz dﬂmtn dz h‘k “m 9

. I _ » : )
. The image field, i » in the interior of the rectangle thus will be derivable

from a ‘vector potential Al for which V2AI =0 at all interior points and which

satisfies Neumann boundary conditions obtained by’ correcting the field Ht

21 oy ,k -ain 9, V2 for the field produced by an isolated current I:

I aal -_._l____ v ] |
Hl=--——=2-1 ’ for X =W (h;
" I DR vy . JRLALLE
Hi - QA-{ = -21’;'- 1 - —--h-—-'] | for~'y = h, {2\ < w
x B ite-¢ w4+l A '

A harmonic sories development, even in x and y, that eatiafieé these boundary

. ‘conditions is
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yor

-7 -

I =7-.I (y xz) I'IZ

| m sinh mm/a o m sinh mma
where 7 = :2-('{ - tan- u) with a= b/w aﬁd 'fv—i Eln.lk ,‘
B ’
L - 1 -
1(1) = -}-1 ["""""‘"‘“2 5 21/ 2] cosmmy/h dy, and
k“. - sin“e (1/0.) + (y/h) | :

) w : . . .
@ LS S T § ]
J\<) - mfrx/ dx.
m : ho [lsinzg_: 12 1+ (x/h)? cos w dx

(( )coshmnx/h cosmmy/h N _f)' cosmmx/w cosh my/wl

The desired magnetic image-field coefficient is then g‘lven in a form directly

suitable for numerical evaluation as .

. L © ;1) 2 J(2)
€, = & - tan o) + ' ..._..JL.._. —e §
2 Z(T a) + “ém sinh mn/a sinh mna

.

IV, NUMERICAL RESULTS °

The results of numerical evaluation of & and 52 s for various values

of h/w, are listed in Tables I and II for elliptical and rectangular

respectively. Figure 2 {1lustrates the results graphically.

It is & pleasure to acknowledge the invaluable assistance of Mrs.

" Harold (Barbara) Levine in programming the LRL CDC-6600 computer for

-tion of these éoefficients.'

boundar:les, o

evalua-



-8 -
TABLE I

IMAGE-FIELD COEFFICIENTS FOR AN ELLIPTICAL BOUNDARY

h/w Flectrostati Magnetostatic
9 2

0 f; = 0.,20562 g; = 0.41123
0.02 0.2056 0.4014
0.04 0.2055 © 0.3917
0.06 0.2053 0.3823
0.08 0.2050 0.3730
0.10 0.2046 0.3640
0.12 0.2042 0.3551
0.14 - 0.2036 0.3464
0.16 0.2030 0.3378
0.18 10.2023 10,3294,
0.20 0.2015 0.3211
0.22 0.2006 0.3129
0.24, 0.1996 0.3049
0.26 0.198/, -0.2969
0.28 0.1972 0.2890
0.30 0.1958 0.2812
0.32 0.1943 0.2735
0.34 0.1926 0.2659
0.36 0.1907 0.2584
0.38 0.1887 0.2508
0.40 0.1865 0.2434

0.42 0.1841 0.2359 °
0.4 0.1815 0.2285
0.46 0.1787 0.2212
0.48 0.1756 0.2138

h/w

Electrostatic Magnetostatie

) & L2
0.50 0.1723 0.2064
0.52 0,1687 0.1991
0.54 0.1649 0.1917
0.56 0,1607 0.1843
0,58 0.1563 0.1769
0.60 0.1517 0.1694
0.62 0.1467 0.1619
0.64, 0.1414 0.1544
0.66 0.1359 0.1468
0.68 0.1300 0.1391
0.70 0.1239 0.1313
0.72 0.1174 0.1235

0,74 0.1107 0.1156
0.76 0.1037 0.1075
0.78 0.09647 0.09937
0.80 0.08893 0.09110
0.82 0.08112 0.08269
0,84 - 0.07306 0.07415
0.86 0.06474 0.06547
0.88 0.05617 0.05663
0.90 - 0.04737 0.04763
0.92 0.03833 0.03847
0.94 0.02907 . 0.02913
0.96 0.01959 0.01961
0.98 0.00990 0.00990
1.00 0 0

[
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TABLE - II

IMAGE-FIELD COEFFICIENTS FOR A RECTANGULAR BOUNDARY

W Electrostatio ‘Magnetostatio - h/w Flectrostatic - Magnetostatic.
£ - [ - . - Co £
1 2 ! 2
. e
o Jg=o0.20562
0.18 0,205 | | o o
0.20 0,205 ©0.329 0.60. . 0.1795 0.189
0.22.  0.20%6 032 0,62 0T 0.181
0.24 0.2056 0.314 . 0.64  0.1694 0.173
0.26  0.205 0.307  © 0.66 01637 - 0.165
0.28 . 0.2055 0.301 0.68 01575 - 0.157
0.30 . 0.2055 0294 " 0.70 0.1507 0,149
0,32~ 0.2053  0.287 0.2 0.1435 0,140
0.3, ~ 0.205. 0.280 , C 0.7, 0,135  0.132
0.36  0.2048 0.273 0.76 0.1277 ~  0.123
0.38 0.2043 0,266 . o 0.1192 0.1
0.40 0.2037  0.260 | 0.80  0.101  0.104
0.42 - 0.2028 0.253 7 0.82 0.1007 0,095
0.4 0.2017° . 0.246 . 0.84 0.09092 . 0.085
©0.46° - 0.2003 104239 o 0.86  0.08071 0.075
0.8 0.1985 0.232 © 0.88  0.07015 . 0,065
0,50 0.1964 0.225 0.90 0.05923 . 0.055
0.52 . 0.1939 0.218 © 092 0.047%  0.044
0.54 0.1910 0.211 0.94 - 0.03642  0.034
0.56 0.1876 0.204 0.96 ~  0,0245 0.023

0.58 -~ 0.1838 0,197 . 0.98  0.01241 0.011
R R 100 0 .0
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. APPENDIX

' The following summary presents expressions for the incoherent electrostatic
and nm;{v,‘netostz‘;tl,ivc imri_ge-field coefficients, € and €, *fgz('I)sgveral bourfaf{:[():on-
fipurations. Because the image flelds are such that 9k =0 and VxB =0,
the effect of these fields on the frequencies of betatron oscillation normally will
be such that Qf_ and Qi will chang;;e by the same amount in opposite directions. In case
the changes introduced in the bourdary configuration are of a period similar to
that of an existing alternating-gradient focusing field, however, the influence
of *dx_esé changes may be significantly different from that expected in a
constant-gradient structure and a specific dynamical ahalysis will then be required.

In each of the following cases, the line beam (A, I) is considered to be
centrally located with respect to the structure (at |z] = 0), and expressions
for the image effects are for |z] small. The half-height and the half-width
of the boundary. are reSpectivelSr denoted by h and w. The image-field coefficients
are defined as follows in terms of the image fields: '

%a . =-l&:43=1’i
A-0x h2‘

A oy wg‘.
oH .1 8 !

L_x=l 453=452

I oy I ax h? we

A. EHlectrostatic Coefficienta

la. Infinite Horizontal Conducting Plates, at y = £h1 1

V= -2 ,Cnlpaxm‘—'j .

2
& =4’1§ = 0,20562

1b. Infinite Vertical Conducting Plates, at x = w1

2 :
' 2 . !
g = -LI.B = -0.20562

%:



‘oll-'

Lo 2. Elli;i);ical Conducting Tubej vartical semi-a:d.a = h, horizontal semi axis = w, =
241/2 : .
f= (w - h°) -

- L k-an(gxsm’l‘ k)
V = -2\

14 «/1-1: on (aKaLn ,» )

where (Sect. II l). _
K'/K = (2/n) tanh™ (W)
e z_i&én.)__(z.__k_)___l 2 -
f

2 2 . V2(2 - 12 -

o =‘LQ_{LU.)._(.Z__L)__1 , 1 =
1 | 6[(W/h)2-1] o 1 o 6[1"(**/")2]'

3. Rectangular Conducting Box; half-height ='h, half-width = w1
sn(K,,,, k) - \ f

YR
' 2}\ 1+[-3n

where (Sect. II,2)

_K'/K'=”h/vr; -
(155‘—21‘2"'1'1(2"2"?1\‘,
w2
2k2-1 22 -1
= &, C1'=""72—"'K2°

4. Infinite Horizontal Conducting Strips, at |xI2w, y'_# O3

v=-2h
o 1+Vl-(2/w)2\
v(;) x2 yz
1= ]_' B
o | £y
. 5. Hyperbolic Conducting Cylinders, ) -fz- wz =1
V= -2 iwtan(}fM) |
gin w/f E
(I) » Re 2 - y2,
v = m{] + ’
4 : [ 8(sinlw)2] 32

1] R w2
£) = =7 |1l 4 ———i(3)
| 1778 [ 8(sinl")2} ’ |
" for which- g~ -1// as w/f—»l (as found for Case A5) and c]'_»-n /1.8 as £— o
(as found for Case Alb)



B. Megnetostatic Coefficlents

la. Infinite Horizontal Ferromagnetic Pole Surfaces, at y = th: 1
Ty L
A=-21 bnlatmn D 2|,
Al L2 I
: 12 y2 "
!Lz_ .
-1b. Infinite Vertical Ferrmnagnetic Pole Surfaces, at X = iw:
2
et L«
€5 27 0.41123

) 2. Hliptical Ferromagnetic box -- with vertical semi-axis = h, horizontal
seml-axis = w -- with glits above and below the beam: ‘

_jm gj_(‘s 1 z .
g,I én(v i?‘ ﬁ. k)’.

K'/K = (2/n) tanh™t (b 4
oD & 4(K/n) (k +1) -1 ¥ =52

]

we - hZI’

- é.(i%l)_(ls___l)__l
52— . wz h2’
e _L(K/n)z'(k' +1 =12
2 3 2.2

for which 52 - - n2/12 2 . 0,8225 as h/w -0 and €y -l as h/w —»1.

3. Rectangular Ferromagnetic box ~- of half-height = h, half-width =y
--witthueMsaarz_d._ueo the beam:

-21 dnlen(kZ, k)‘ ,

K'/K = b/w
A~ K +1sz2j
w2
for which ¢ - n2/12 % .0,8225 for h/w =0,
€, =€) £-0.859 for hfw=1, and .
-nz/u -0.4112 laa h/v -+ (as_ found for Case Blt).

A

where

N
"

N-N
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he. Horizontal 'min Paasive Ferrcunagnetio Strips, at Ix) w, y‘ =01

Horizontal stripa of magnetio mterial, :I.f 1nf1nitely thin and in
" a plane that contains the beam current, do not. :lnterfere with the mgnetio flux
- lines; accordingly

o cz' =0
- in this situation. ‘
5. 'Hyperbolic Ferromagnetic Cylinders; é - f—zl_‘—ﬁ- =11
_1 2 , -
v = «21 ‘eﬁlain(z ¥
A(I) .__._n__.._. - .___f.
| 4ein B2 |
" —-—-———22 &,
= - -1
E 4(stn™t H) f
for which cz' =0 forw= £ (as in Caae B4) and 52"’ ﬂ2/2.£. ."9'1‘1,123 as £ @

(as found for Case Blb)
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. (Dover, New York, 1962) ~- previously Electromagnetic Prpblems in Electrical -
'Enginearing (Oxt‘ord University Press, 1929).

. G. Bickley, Proc. London Math. Soc. (2) 37, 82- 105 (March, 1934), esp.
pp. 83-91, :
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" GAFTIONS FOR FIGUR.ES:

5.

FIG . l. Lines of constant vector potentia.l, indicating the d:Lrection of

s thﬂ mapnetic field due to a cent.rally located line current within an elliptica.l
ferromagnetic cylinder with h/w C. L (only one quadrant shown) :

FIG- 2. Electrostatic and magnetostatic image-field coefficients (r—l and €, ) ‘

,for elliptical and rectangular boundaries, zg. h/w. R
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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