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Abstract. We introduce the notion of Ramsey partition regularity, a generalisation of parti-
tion regularity involving infinitary configurations. We provide characterisations of this no-
tion in terms of certain ultrafilters related to tensor products and dubbed Ramsey’s witnesses;
and we also consider their nonstandard counterparts as pairs of hypernatural numbers, called
Ramsey pairs. These characterisations are then used to determine whether various configu-
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by Kra, Moreira, Richter and Robertson.
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2 Mauro Di Nasso et al.
1. Introduction

Since the 1970s, applications of ultrafilters to combinatorics have been widely studied, produc-
ing a wealth of results, especially in the area of Ramsey theory; see the comprehensive mono-
graph [HS11]. In recent years, the close connection between the space of ultrafilters SN and
nonstandard extensions *N of the natural numbers has been thoroughly investigated, providing
an alternative approach that has revealed useful for formalising Ramsey properties in a simple
and manageable way, and that has also made it possible to prove some new results in the area of
arithmetic Ramsey theory.

The latter is a branch of combinatorics concerned with the “abundance” of certain arithmetic
patterns in the natural numbers. A typical problem in this area is to determine whether a given
configuration is ubiquitous enough that one is forced to find instances of it in some piece of every
finite partition of N.

In this area, it is customary to call partitions colourings. For instance, a classical theorem
by I. Schur [Sch16] states that, whenever the natural numbers are coloured with finitely many
colours, say N = ('} U. . .UC)., then one of the C’; contains a triple of distinct elements a, b, ¢ such
that a+b = c. Such a triple is called a monochromatic solution of the equation z+y = z, and the
existence of monochromatic solutions in all colourings is the statement that the aforementioned
equation is partition regular.

It is natural to ask which other equations have the same property. Albeit the linear case is
well-understood by a classical result of R. Rado [Rad33], the polynomial one is still very far
from being settled; for instance, whether the Pythagorean equation 22 + y? = 22 is partition
regular is still unknown, and one of the long-standing open problems in the area.

The notion of partition regularity is not limited to solutions to Diophantine equations. In
general, a family F of subsets of a set X is partition regular (PR) over X if it is closed under
taking supersets and, for all finite colourings X = C; U ... U C, there exists ¢ < r such
that C; € JF; and it is strongly partition regular (SPR) over X if, furthermore, for all Y € F the
family FNP(Y') is PR over Y, i.e. if for all finite colourings Y = CjU...UC, there exists i < r
such that C; € F.

If P is some property that can be satisfied by a set, with a small abuse we will say that the
property P is PR if the family Fp := {A C X | P is true for A} is PR. So, for example, Schur’s
Theorem says that the property of containing some x, y, z with x + y = z is partition regular.
Another celebrated example is van der Waerden’s Theorem [va27], establishing strong partition
regularity for containing arbitrarily long arithmetic progressions.

Problems in arithmetic Ramsey theory have been tackled by employing a variety of methods;
as mentioned above, one that attracted significant attention in recent years is to exploit the strict
connection between spaces of ultrafilters and their algebra and nonstandard extensions of N. We
now briefly recall what this amounts to; see e.g. [DN15, LB19, DNGL19] for a more detailed
treatment.

The link between partition regularity of a family F of subsets of X and ultrafilters on X
stems from the well-known facts that
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1. F is PR over X if and only if there exists an ultrafilter v over X such that u C F; such
a u is called a witness of the partition regularity of F; and

2. F is SPR over X if and only if 7 # @ and for all Y € F there is a witness u C F
containing Y.

As for nonstandard extensions of N, recall that these are elementary extensions of the natural
numbers, that is, larger structures satisfying the transfer principle for first-order formulas.! For
example, this means that, for every subset A C N k_ there is an associated nonstandard exten-
sion *A C *N* that satisfies the same first-order properties as A: e.g., if A is the set of even
natural numbers, then * A is precisely the set of those elements of *N of the form 2«, for a suit-
able a € *N. Sets of the form * A, and more generally internal subsets of *N, are well-behaved
in a number of senses. Crucially, they satisfy the same elementary properties as subsets of N,
e.g. every nonempty internal subset has a least element. Furthermore, they obey the overspill
principle: whenever an internal set contains arbitrarily large natural numbers, then it must also
contain an element larger than N; so, for instance, N is not internal.

Elements of some nonstandard extension *N are called hypernatural numbers, and they
and their tuples bear a natural relation to ultrafilters on N and its Cartesian powers. Namely,
for (ay, ..., ;) € *NF, the set?

u(ag,...,ap) = {ACN|(a,...,a;) € *A}

belongs to BNF—that is, it is an ultrafilter on N*. Conversely, every u € AN* is of the
form u = u (ay, ..., ay) for a suitable (o, ..., o) € *N¥, provided *N is ¢*-saturated.

Throughout the paper, we work in such a *N. We write (ay,...,ax) ~ (f1,...,0%), and
say that these tuples are equivalent, whenever u (o, ..., ax) = u (S, ..., Bx). The equivalence
classes of this relation correspond, as explained above, to ultrafilters u € BNF. For each such u,
the associated ~-equivalence class called the monad of u, and its elements generators of u. It
is well-known that combinatorial properties of u can be rephrased in terms of properties of its
monad. For finitary configurations, that is, properties expressible by a first-order formula, this
can be done by using the following fundamental property. See e.g. [DNGL19, Proposition 9.1],
or [LB19, Theorem 5.4] for a more general version.

Fact 1.1. A formula o(x1,...,x,) is PR, that is, for every finite colouring N = C; U ... UC,
there is a monochromatic (ay,...,a,) such that N = ¢(ay,...,a,), if and only if there
are oy ~ ...~ ay such that *N = o(aq, . .., o).

Above, *N = ¢(ay,...,q,) means that the formula ¢(ay,...,®,) holds in *N. Com-
bining this with the ultrafilter characterisation of partition regularity we see that, for instance,
Schur’s Theorem is, in this language, the statement that there are « ~ $ ~ ~ in *N such
that *N = a + 8 = 7.

Over the years Schur’s result has been strengthened in various directions. Most notably,
in [Hin74] N. Hindman proved the following infinitary extension:

"Here N is equipped with its full first-order structure, that is, with relation symbols for every subset of each of
its Cartesian powers.
2Qther notations common in the literature are Ulay,...,ar) and tp(aq, ..., ag).
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Hindman’s Theorem. For every finite colouring of N there exists an infinite increasing se-
quence (x;);en such that the set of all finite sums FS((2;)ien) = {zs; +... + 2, | £ € N,
iy < ... < i} is monochromatic.

Hindman’s Theorem is the prototype of the results on the existence of infinite monochromatic
configurations, which can be seen as leaps from the realm of finite mathematics to the world of
infinite combinatorics.

Typically these statements are closely related, in one way or another, to Ramsey’s Theo-
rem [Ram30]. Let us recall the 2-dimensional case of the latter which, when applied to X = N, is
the case that we will study in the rest of the paper. Write [X]?:={{x, 22} | 1, 22 € X, 21 #12}.

Ramsey’s Theorem for pairs. Let X be an infinite set.  For all finite partitions
[X]*=C1U...UC, there exist ¢ < r and an infinite H C X such that [H]? C C;.

For convenience, when X = N, we identify [H]? with {(hy, hs) € H? | hy < hs}.

A direct application of Ramsey’s Theorem for pairs shows that the family F of those A C N
such that there is an infinite H with {hy + hy | (h1,he) € [H|*} C A is SPR. The analogous
statement also holds if sums are replaced by products but, notably, sums and products cannot be
combined. Indeed, a theorem proved by N. Hindman in [Hin84, Theorem 2.11], another proof
of which recently appeared in [HIL23, Theorem 3.1], states the following.

Pairwise Sum-Product Theorem. Let F be the family of those A C N such that
JH C N H is infinite and V(x, %) € [H)? (z +y,7 -y € A).
Then F is not PR.

This is (a failure of) the kind of “Ramsey partition regularity” statements (see Definition 3.6)
that we study in this paper, namely: for which formulas ¢ (z,y, 21, . . ., 2,,), given a finite colour-
ing of N, one can find an infinite set H such that for all (z,y) € [H]? there exist monochro-
matic zy, ..., z, such that ¢ (z,y, 21, . .., 2,) holds? E.g., in the theorem above, ¢(x,y, z,t) is
the formula (x #y) A (z+y=2) A (x-y =1).

Because of the infinitary nature of these statements, Fact 1.1 does not directly apply. Never-
theless, one may still study such problems via nonstandard methods by employing the following
definition, not to be confused with that of “Ramsey ultrafilters” (also known as “selective ultra-
filters”).

Definition 1.2. We call an ultrafilter u € 3N? a Ramsey’s witness (RW) if for all A € u there
exists an infinite H C N such that [H]?> C A. We also write RW for the subset of SN? consisting
of all u as above, and say that (o, 3) € *N? is a Ramsey pair, if u(c, 3) € RW. In this case, we

write (a, §) = RW.

By Ramsey’s Theorem for pairs, the family of all A C N? such that there exists an infi-
nite H C N with [H]? C A is SPR. Equivalently, every such A is contained in some u € RW;
equivalently, * A contains a Ramsey pair.

Theorem 3.8 is our main technical result. It provides a “Ramsey” version of Fact 1.1, that
is, a characterisation of Ramsey partition regularity statements in terms of properties of Ramsey
pairs. From this characterisation we deduce several results in the style of the Pairwise Sum-
Product Theorem. Let us state some of them in the language we just introduced.
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Theorem A. If («, 3) is a Ramsey pair, then
l. a+ 8 » «a- [ (Theorem 4.1),
2. a- 3~ o (Example 5.24),
3. af = B (Example 5.23), and
4. f(a)-2° = g(a, B), where f : N — Nand g € Z|z, y] (special case of Example 5.26).

Point 1 is a restatement of the Pairwise Sum-Product Theorem, of which we provide a short
nonstandard proof. It is known [Sah18, Theorem 2] that every finite colouring of the naturals
contains a monochromatic quadruple a, b, a - b, a®. Point 2 says that the Ramsey version of this
does not hold, not even for a - b, a’, i.e., there is a finite colouring of N such that no increasing
sequence (a;);cy is such that the set {a; - a; | i < j} U {a;’ | i < j} is monochromatic. See
also [DNR24, DNR26] for partition regularity of exponential configurations. Points 3 and 4
correspond to similar Ramsey properties.

We also study the Ramsey partition regularity of polynomial equations. Namely, given a
nonzero polynomial P € Z[zy, ..., z,], we investigate whether the formula P(z1,...,z,) =0
is Ramsey PR. In the two-variable case, there are no Ramsey PR equations (Proposition 5.2).
Our next result concerns certain 3-variable polynomials.

Theorem B (Corollary 5.10 and Proposition 5.11). Let P, () € Z[x] be nonzero polynomials
with P(0) = Q(0) = 0 and a,n € N. The following are equivalent.

1. There are o ~ 3 ~  with («, ) a Ramsey pair such that aa™ + P(5) = Q(7);
2. az" + P(y) — Q(z) is either a(x + y — z) or a(x — y + 2).

In other words, up to multiplying everything by a constant, the only two equations of the
form ax™ 4+ P(y) = Q(z) that are Ramsey PR in z, y are Schur’s equation = + y = z and the
equation x —y = —z. An interesting property of the latter is that, contrarily to Schur’s equation,
it cannot be solved by tensor pairs (Remark 5.13). Theorem B rules out the Ramsey partition
regularity of plenty of equations, ranging from some whose partition regularity is open, such as
the Pythagorean equation 2% + 3* = 22, to equations of the form y — z = 2™, for n > 2, that are
known to be PR, see [BFM96, Theorem C].

Similar Ramsey partition regularity problems were posed in [KMRR25], which contains
questions arising from the solution [MRR19] to Erd&s’ B + C' conjecture, arguably the most im-
portant recent result in combinatorics. In particular, Theorem B answers in the negative several
questions from Sections 3.3 and 3.4 of [KMRR25], in the stronger PR version, albeit in the form
without shifts.

For instance, in the language of the present work, the shiftless PR version of [KMRR25,
Question 3.15] amounts to asking whether the equation 2> + y = z is Ramsey PR. In [Ack25,
Theorem 1.5] it is shown that this equation is Ramsey PR over (Q, and in fact that the same holds
with 22 replaced by any P(x) € Q[z] of degree at least 2. This fails over N by Theorem B and,
after a preprint version of this paper was circulated, E. Ackelsberg gave an explicit 5-colouring
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witnessing that 2 + y = z is not Ramsey PR, see [Ack25, Section 11.1]. Analogously, The-
orem B answers in the negative the PR shiftless versions of [KMRR25, Questions 3.10, 3.11,
3.12, 3.15, 3.19, 3.20], as well as the variant of [KMRR25, Question 3.16] with monomials on
the left hand side but arbitrary polynomials without constant term on the right hand one.

Theorems A and B demonstrate that being Ramsey PR significantly strengthens being
merely PR. One may wonder what happens to other properties classically known to be PR. In
this direction, another application of our results is a proof that van der Waerden’s Theorem does
not admit a “Ramsey version”, not even in the case of 3-term arithmetic progressions.

Theorem C (Proposition 5.14). If &« ~ 5 ~ v and («, ) is a Ramsey pair, then «, 5,y do not
form, in any order, an arithmetic progression.

The paper is structured as follows. In Section 2 we will prove several properties of Ramsey
pairs and characterise them in terms of tensor pairs. In Section 3, we introduce several versions
of Ramsey partition regularity and characterise them in ultrafilter and nonstandard terms. In
Section 4 we study these notions for the formula ¢(x, y, 2, ) that appears in the Pairwise Sum-
Product Theorem, and give a very compact proof of the latter. In Section 5 we prove Theorems A,
B and C, and in our final Section 6 we collect some open problems that we believe deserve further
study.

2. Ramsey’s witnesses

In this paper, N denotes the set of positive integers. We assume familiarity with the basics of
nonstandard methods, for which we refer the reader to, e.g., [Gol98], but we briefly recall some
well-known facts on tensor pairs.

The relationship between ultrafilters on N and on N? is intricate, as the product filter u x v
of two ultrafilters on N, generated by the family {A x B | A € u, B € v}, is not in general an
ultrafilter on N2, Among all the ultrafilters that extend u X v, one plays a special role in many
applications, namely the tensor product u ® v.

Definition 2.1. Given u,v € SN, the tensor product u ® v is the ultrafilter on N? defined as
follows: for all A C N2, we let

Acuve {neN|{meN|(n,m)e A} € v} € u.

Given (a, 8) € *N?, we say that (o, 3) is a tensor pair if u(«, 3) is a tensor product.

The tensor product can also be considered in arbitrary dimensions and is associative, hence
it makes sense to talk of tensor triples, tensor k-uples, etc. However, in this paper we will mostly
work with tensor products in dimension 2. Note that, almost by definition, if («, /3) is a tensor
pair then u(o, ) = u(a) ® u(p). For a detailed study of tensor products we refer to [LB19]. In
more model-theoretic language, («, 3) is a tensor pair if the type of « over N U {3} is a coheir
of its restriction to N, that is, is finitely satisfiable in N, which amounts to the following.

Fact 2.2. The pair («, ) is tensor if and only if for every A € u(a, 3) there is n € N such
that A € u(n, ).
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This point of view is exploited for example in [CZ22].

Combinatorial applications of tensor pairs by means of nonstandard methods are based on
their characterisation given by C. Puritz in [Pur72, Theorem 3.4] (for higher dimensions,
see [LB19, Theorem 4.22]°). Before recalling Puritz’ Theorem, let us review some prerequi-
sites. See e.g. [DN14, DN15, DNGL19, LB19] for further details.

Notation 2.3. Throughout the paper we treat functions f : N* — N as symbols in the language
of the full structure on N; in practice this means that, if & € *NF, its image under the nonstandard
extension of f to *N* will be denoted by f(«) instead of * f(c). Similarly, we use the symbol f
also for the induced map SN*¥ — SN (which is well-defined by Fact 2.4 below). We write N(«)
for the definable closure of «, namely

N(a) = {f(a) | f: N = N}.
Fact 2.4. Let o € *N*, 3 € *N™, f : N* = N/, and g : N™ — N,
1. Ifa ~ B then f(a) ~ f(8).
2. If f(a) ~ a then f(a) = c
3. The following are equivalent.

(a) fla)~g(B).
(b) There exists ' ~ [ such that f(a) = g(5').

4. Ifa, B € *N, a ~ [, and oo < (3, then B — « is infinite.

Fact 2.5 (Puritz). Let (o, 3) € *N% Then («, B) is a tensor pair if and only if forall f : N — N
we have f(5) € Nora < f(B).

The following remarks are well-known, and can be easily proven by using Fact 2.5.
Remark 2.6. If (o, 3) is a tensor pair and 5 ¢ N, then 5 > «.
Remark 2.7. If («, ) is a tensor pair, and f, g : N — N, then (f(«), g(5)) is a tensor pair.

In this paper, we focus on the relationship between tensor products and Ramsey’s witnesses,
which is grounded on the following fact. Its proof is implicit in the usual ultrafilter proof of
Ramsey’s Theorem for pairs, see e.g. [CK90, Theorem 3.3.7]; below, we make it explicit for the
reader’s convenience.

Proposition 2.8. Let u € SN be a nonprincipal ultrafilter. Then u ® u € RW.

Proof. For A C N? and n € N, write A, = {m | (n,m) € A}, and let A, = {n | A, € u}.
By definition, A € u®u <= A, € u. Fix A € u® u. We construct inductively an increasing
sequence (z;);ey such that, for each i, we have A,, € u, and if i < j then (z;,z;) € A. To
construct z, 1, given 1 < ... < x, we observe that the set A, N ﬂl <k A, belongs to u, hence
is infinite, so it contains some xy1 > Tj. ]

3In the cited result, there is a missing assumption that «, . . . , a, are not standard.
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Therefore, all products u @ « with u nonprincipal are Ramsey’s witnesses. Actually, we can
be more precise: the set RW is the closure of the set of such products. Recall that the topology
on N* has as basic clopen sets those of the form {u € 3N* | A € u}, for A C N*,

Definition 2.9. We define the set of tensor squares as TS = {u®@u € fN? | u € SN\ N}. We
adopt similar conventions as in Definition 1.2, e.g. write («, #) = TS when u(«, ) € TS.

Theorem 2.10. The topological closure TS coincides with RW.

Proof. Tt is clear from Definition 1.2 that RW is a closed subset of SN2, and it contains
every u ® u by Proposition 2.8, so it clearly includes TS. Conversely, let u € RW, fix X € u,
and choose an infinite H C N with [H]> C X. Forh € Hlet H, = {x € H | x > h}; the
family {H), | h € H} has the FIP, and furthermore every finite intersection of this family is
infinite. Therefore, it can be extended to a nonprincipal ultrafilter v. For every h € H the fiber
([H)?)n = Hy, belongstov,andso H = {n € N| ([H]?), € v} € v,i.e. X D [H]? €v®v. [

We will need the following slight strengthening of Fact 2.4(2).

Proposition 2.11. Let f, g : N* — N.. If g is bounded-to-one, i.e. there is k € N such that every
fiber of g has size at most k, and f(«) ~ g(«), then f(a) = g(a).

Proof. Without loss of generality o ¢ N", otherwise the conclusion trivially holds.

If ¢ is bijective, then by Fact 2.4(1) a ~ g '(f(a)), so it suffices to apply Fact 2.4(2)
to g~ ! o f. The general case can be reduced to that of a bijection as follows.

For i < k, let C; C N” be the set of those a € N” that are the i-th point of g~ *(g(a)) in the
lexicographical order. Let ¢ be such that o € *C;. By repeatedly splitting C; and selecting the
piece belonging to u(«), we now find some C' € u(«) such that C' C C; and all of C; \ C, g(C)
and g(N™\ () are infinite. By a routine argument, there is a bijective h that agrees with g on C,
and in particular hA(«) = g(«), which reduces the problem to the case above. O

Proposition 2.12. Let o, B € *N \ N. The following properties hold.

1. (o, 3) = RW if and only if, for all A C N?, if (o, 3) € *A then there exists a pair
(v,9) € *Awith (7,5) = TS.

2. If (o, B) =TS and f : N — Nis such that f(«) # f(B) then (f(«), f(B)) E TS.

3. If (o,8) E TSand g : N — N is such that g(f) # g(«), then forall f : N — N
9(8) > f(a).

Proof. 1. This is just a reformulation of Theorem 2.10 in terms of generators.

2. By Remark 2.7 (f(«), f(B)) is a tensor pair, and by Fact 2.4(1) f(«) ~ f(B). This, together
with f(a) # f(B), implies f(«) ¢ N, hence the conclusion.

3. By Remark 2.7 (f(«), g(f)) is a tensor pair. As g(f8) # g(a) and f ~ «, we must
have ¢g(3) ¢ N, hence we conclude by Remark 2.6. O
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Proposition 2.13 (Properties of Ramsey pairs). Let (o, 5) = RW and f,g : N — N. The
following properties hold.

1. If f(c) # f(B) then (f(a), £(B)) = RW

2. If g(a) # g(B), then f(a) < g(p).

3. Either f(a) = f(8) or a < f(B).

4. f(a) < B. In particular oo < .

5. If P,Q € Z|x], with Q of degree at least 1, then |P(c)| < |Q(8)]-
6. If g is finite-to-one, then f(«a) < g(5).

7. a~B.

Proof 1. Fix A € u(f(a), f(8)) and let B = (£, £)"(4) N {(a,b) | f(a) # F(D)}. By
assumption, («, 5) € *B, so by Proposition 2.12(1) there exists (v,0) € *B with (v, d) = TS.

As f(7y) # f(0), the pair (f(y), f(0)) € *Asatisfies (f(7), f(§)) E TS by Proposition 2.12(2).
We conclude by Proposition 2.12(1).

2. For fixed f, g, the set {(x,y) | g(z) # g(y) — f(x) < g(y)} belongs to every element of T'S
by Proposition 2.12(3). The conclusion then follows by Theorem 2.10.

3. Immediate from 2.
4. This is a special case of 2.
5. This too is a special case of 2.

6. This follows by applying 4 to the function h(n) := max g~ *([1, f(n)]), which is well-defined
because g is finite-to-one.

7. Equivalence of o and [ is a closed condition and holds on T'S, so we conclude by Theo-
rem 2.10. O

Theorem 2.10 allows us to give a nonstandard description of RW, Theorem 2.16 below, that
makes use of internal ultrafilters, that is, elements of *(3NF).

Definition 2.14. Let u € *(SN?). We let st(u) .= {A C N? | *A € u} € SN2,

Remark 2.15. The notation st(u) is consistent with viewing *(3N?) topologically as a nonstan-
dard extension of SN?, namely st(u) = u if and only if u € * A for all neighbourhoods A of w.

Below, we abuse the notation and write ® for the nonstandard extension of ® to *(3N?).

Theorem 2.16. v € RW if and only if there is u € *(SN \ N) such that v = st(u ® u).
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Proof. This is a special case of the nonstandard characterisation of topological closure, but we
spell out some details for the reader’s convenience.
Left to right, for X C N2, define

Ax ={ue FN\N| X € u® u}.

By assumption and Theorem 2.10, for each X € v the set Ax is nonempty. In fact, the fam-
ily {Ax | X € v} has the FIP, and it follows that there is u € *(SN\N) such that, forevery X € v
we have *X € u ® u. This implies that st(u ® u) = v.

Right to left, let u € *(SN \ N). By transfer, for every internal B C *N? such
that B € u ® u, there is a *infinite H C *N such that [H]?> C B. In particular, this applies
to those B of the form * X for X C N2, By applying downward transfer to the formula “there is
a *infinite H C *N such that [H]?> C *X, we find an infinite K C N such that [K]?> C X. It
follows that st(u ® u) € RW. O

Proposition 2.17. If («, 3,7) is a tensor triple, 3 ~ ~, and [ : N* — N, is such
that f(a, 5) # f(@,7), then (f(a, 3), f(,)) = RW.

Proof. Given A € u(f(a, ), f(a,7)), we need to find an element of TS containing A. By
associativity, the pair (v, (£, y)) is tensor, hence by Fact 2.2 and assumption there is n € N such
that A € u(f(n,B), f(n,v)) and f(n,B3) # f(n,v). The latter, together with (3,7v) E TS,
gives us by Proposition 2.12(2) that (f(n, ), f(n,7)) = TS, hence the conclusion. O

Fact 2.5 combined with Proposition 2.17 allows us to build explicit Ramsey pairs that are
not tensor pairs.

Example 2.18. Let u, v € 3N be non-principal and let w € SN2 be the image (or pushforward)
of 4 ® v ® v under the function i : N3 — N2 defined as h(z,y, z) = (273,2%3%). That is, for
all A C N2

Acwe {(a,bc)](293°,23) c Ay cu®v@w.

To check that w € RW, let («, /3,) be a generator of u ® v ® v; so («, 3,7) is a tensor triple
and 3 ~ . Therefore, by Proposition 2.17 we have (2¢37,2%37) = RW, and by Fact 2.5 applied
with the 2-adic valuation we obtain (2%3°%,237) k£ TS.

Remark 2.19. By Example 2.18 the inclusion T'S C RW is strict, hence TS is not closed.

3. Ramsey partition regularity

Throughout this section, we will consider formulas with multiple variables playing different
roles; all of these are first order formulas in the full language on N. To avoid handling a terrible
amount of indices, and to increase the readability, we will use the notation 7 to denote a list
of variables of some length (), whose i-th variable, for i < [(Z), will be denoted by (7);;
namely, T = ((Z)1,..., (T)yz)). We explicitly allow the degenerate case [(Z) = 0. Similar
notations will be used for lists of numbers; in this case, we will write @ € A as a shortened
notation for @ € AU®)

The most studied problem in arithmetic Ramsey theory regards the partition regularity of
formulas. Often, a related notion that is considered is that of partial partition regularity:
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Definition 3.1. A formula ¢ (7, ) is partially partition regular (PPR) in the variables 7 if for
all finite partitions N = C, U ... UC, thereexist: < r, @ € C;,and b € Nsuchthat p(a, b)
holds.

Example 3.2. As recently shown in [FKM25], the formula 22 4 y? = 22 is PPR in the vari-
ables z, y.

Partial partition regularity can be seen as a particular case of the following general definition:

Definition 3.3. A formula ¢(z7,...,Z,) is block partition regular in the tuples of varia-
bles 77, . .., T, (notation: BPR in z7 | ... | z,) if for all finite partitions N = C; U ... U C,, for
every j < n there exist i; < r and a; € Cj; such that o (a1, . . ., ay).

PR is the case where n = 1, PPR in 77 is the case where [(7;) = 1 for all i > 2.

Remark 3.4. In Definition 3.3 a partition of the variables of ¢ is given,; it is trivial to observe
that this notion is preserved if the partition is refined, namely: if the variables appearing in x;

are partitioned in ;1,¥;2 and ¢ is BPRin 7 | ... | Z,, thenitis BPRinz7 | ... | ;=1 | ¥i1 |

Remark 3.5. It is easy to see that Fact 1.1 generalises to block partition regularity as follows. A
formula ¢ is BPR in @ | ... | @, if and only if, for i < n, there are tuples o;; € *N such that,
for every ¢, we have (a7), ~ ... ~ (@)

In this paper, we are not going to study general properties of block partition regularity; in
fact, as said in the introduction, we are mainly interested to use Ramsey pairs to study “infini-
tary statements” in combinatorics close in spirit to Ramsey’s Theorem for pairs. “Infinitary
statements” is a vague concept, that could be formalised in several different ways; in this paper,
we define it as the following strengthening of block partition regularity:

Definition 3.6. We say that ¢ (z,y,21,...,2,) is Ramsey partition regular (Ramsey PR)
in (z,y),21 | ... | z, if for all finite colourings N = C; U ... U C, there are a colour i; < r, an
infinite set H C C},, and colours i, . . ., 7, such that the following holds: for all h; < hy € H
there exist a; € Cy,, ..., a, € C; satisfying ¢ (hy, ha,aq,...,a,).

Remark 3.7. Let us make a few comments about the above definition.

1. If p(x,y,21,...,2,) is Ramsey PR in (z,y),21 | ... | Z,, then it is in particular BPR
inz,y,z1|...|z.

2. In Definition 3.6, z7 plays a special role: when searching for “block monochromatic wit-
nesses” of ¢ (x,y, 21, ..., 2,), we search for them with x,y, z1 monochromatic; in par-
ticular, when n = 1, if the formula ¢ (z,y, 21) is Ramsey PR in (z,y), z1 then it is in
particular PR, but much more is true. For example, the fact that the formula z + y = 2
is PR is the content of Schur’s Theorem, whilst the fact that x + y = 2 is Ramsey PR
in (z,y), z amounts to the fact that, if we denote PS(H) := {hy + ha | by < hy € H},
then for every finite colouring of N there are an infinite set 4 and a colour C' such
that H UPS(H) C C.
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3. In our definition, it is allowed to have [(z7) = 0. In this case, Definition 3.6 could be
slightly simplified: the request of monochromaticity on A could be dropped, as if an
infinite set /7 with the property of Definition 3.6 exists, then a monochromatic infinite set
with the same property exists by the pigeonhole principle.

4. The analogue of Remark 3.4 holds also for Ramsey partition regularity, provided one does
not split (x, y) into separate blocks.

In Section 4, we will see which of the above partition regularity notions are satisfied by an
important and well-studied example, namely the formula

oz, y,z,t) =(x+y=2)AN(z-y=1t) Nz #y.

As recalled in the introduction, partition regularity problems can be rephrased both in ultra-
filters and in nonstandard terms. The main result of this section is the analogous characterisation
of Ramsey partition regularity, which will be central for our applications.

Theorem 3.8. Let v (x,y, 21, ..., 2z,) be given. The following are equivalent:

1. ¢ (z,y,21,...,2n) is Ramsey PR in (x,y),z1 | ... | Zn; that is, for all finite colour-
ings N = Cy U ... U C, there are a colour iy < r, an infinite set H C C;,, and
colours iy, . .., i, such that for all hy < hy € H there exist a; € Cy, ..., a, € C;,
satisfying o (hy, ho,aq, ..., ap,).

2. For all finite colourings N = Cy U ... U C, there is an infinite set H such
that for all hy < hy € H there exist colours i1, ...,i, with hy,hy € C;,, and there
existaj € Cy,,..., a, € C;, satisfying p (hy, ha,aq,. .., a,).

3. There is (o, B) = RW and there are 71, . . ., ¥, € *N such that
e foralli < n, forall h,k < 1(Z]) we have (7;)n, ~ (%) ks
* ifl(z]) = 1 then o ~ (71)1, and
* o(a,B,71, ..., Yn) holds.

4. There existu € RW C N2 and uy, . .., u, € BN such that

* m(u) = uy, where m, denotes the projection on the first coordinate; and

such

e forall A € u,B, € uy,...,B, € u, there exists an infinite set H C By
€ B, such

that [H> C A and for all hy < hy € H there are b, € By,...,b,
that o(hy, ha, by, ..., b,) holds.

Proof. Left to right in 1 < 2 is clear, as in 1 the colours iy, ..., %, do not depend on hq, hs,
while in 2 they may, and right to left is a standard application of Ramsey’s Theorem for pairs.
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1 = 3 Given a finite partition P of N, say that a tuple of natural numbers is P-monochromatic
if they all belong to the same piece of P. Define

AP = {(hlth,Z_l),...,Z_n)) hl <h2/\¢(h17h232_1>7"'7z_n>)/\

A (hq, hg, z1 is P-monochromatic)
A (z3 is P-monochromatic)
VAR

A (zy is P-monochromatic)}.

The family {Ap | P partition of N}, ordered by inclusion, is downward directed
because (), <t Ap, contains Ag, where () is the common refinement of the partitions P, ..., P;.
By assumption, as pointed out immediately after Definition 1.2, if we denote by m
the projection on the first two coordinates, each 7(*Ap) contains a Ramsey pair. It follows
that {(c,f) | (o, B) ERW} Np7(*Ap) is the intersection of a family of closed sets
with the FIP, hence contains a pair («, ), which is by construction Ramsey. Finally, by
saturation and downward directedness, (|, 7(*Ap) = 7 ((p(*Ap)), and for any (a, )
in{(a, ) | (o, 8) = RW} N7 (p(*Ap)) we can find the required 7;.

3 = 4Letu = u(w,f) and, for i < n, let u; = u((7)1). As m(u(e, 8)) = u(a),
and « ~ (7)1 by hypothesis, we have that 7 (u) = u;. Given A € u, By € uy,..., B, € u,,
define

I ={(a,b) € A|la,be ByANTz € By,...,3z, € By p(a,b,z1,...,z,)}

Because ¢ («, 5,71, - - -, Ym) holds we have that (o, ) € *I, hence I € u. As u € RW, there
exists an infinite set 4 C N such that [H]? C I, which gives us the conclusion.

4 = 1 Let the partition N = C} U ... U C;. be given. For j < n, let ; be such that C;; € u;.
This suffices to prove the conclusion. [

Theorem 3.8 reduces Ramsey partition regularity problems to existence problems
for Ramsey pairs with certain combinatorial properties. We are going to exploit this idea,
look at formulas of the form A,_, fi(z,y) = z;, and study their Ramsey partition regularity
in (z,y) | z1,. .., 2,. By Theorem 3.8, this can be rephrased as follows.

Corollary 3.9. Let f1,. .., fn : N> = N. The following are equivalent:
1. The formula |\, fi(x,y) = z; is Ramsey PR in (z,y) | z1,. .., Zn.
2. There is a Ramsey pair («, ) such that fi(a, B) ~ ... ~ fu(c, B).
3. There is w € RW such that fi(w) = ... = f,(w).

Note that, if one of the f; is the projection on the first (or second) coordinate, then we are ac-
tually studying the Ramsey partition regularity in (z,y), 21, . . . , 2,. One might wonder whether,
in condition 3, RW could be strengthened to T'S. This is not the case, as we will see in Re-
mark 5.13.
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4. Pairwise sums and products: a case study

In the language introduced in this paper, the Pairwise Sum-Product Theorem says that the for-
mula p(z,y, z,t) = (x+y = 2) A(x-y = t) is not Ramsey PR in (z,y) | 2z, t. By Corollary 3.9
this is, in disguise, a result about Ramsey pairs, namely the following.

Theorem 4.1. Let (o, 5) = RW. Then a + 3 » af.

We show how our techniques can be used to give a short nonstandard proof of this, and in
fact prove a much stronger result. Let us begin by fixing some notation.

Definition 4.2. Let p, m € N\ {1}, with p prime. We denote by v, the p-adic valuation, and we
let {,,,(z) == |log,,(z) |, both regarded as functions N — N U {0}. We denote by smod,, : N —
{1,...,p — 1} the function that maps x to z/p"»® mod p.

When p, m are clear from context, we write £, v, smod for brevity.

Note that, if z is written in base p, and we count digit positions right to left* and starting
from 0, then v, (z) is the position of the first nonzero digit, smod,(z) is that digit, and ¢,(x) is
the position of the last nonzero digit.

Lemma 4.3. Letn,m € Z\ {0} withn+m # 0 and p > |n| + |m| a standard prime. If o ~ 3
and vy(a) < vy(B), then vy(na + mp) = vy(a).

Proof. Write v = v, and smod = smod, If v(a) < wv(f) we conclude by basic
valuation theory and the fact that p 1 n, so we may assume that v(a) = v(f). Observe
that v(na +mp) > v(a). Moreover, as smod has finite image and o ~ [, we have
smod(«) = smod(/3), hence the digit in position v(«) of na+mg is (n+m) smod(a) mod p,
which is not 0 by the assumptions on p and n 4+ m. [

The main result of this section is the following:

Theorem 4.4. Let (o, B) = RW and f, g : N — Z. Then, provided that f(«), g(«) ¢ Z,

(f (@) + f(8), g(a) +9(B)) = (f(@), 9(B)).
More generally, for every ki, ko, ks, ks € Z,

(f(@) + f(B) + k1, g(a) +9(B) + k2) » (f(e) + k3, g(58) + ka).

Proof. Up to replacing f by — f, and similarly for g, we may assume that f(«), g(a) > N. By
Fact 2.4(1), by replacing f by f + k3 — ky and g by g + k4 — ko we may assume that k; = kj3
and ko = k4. By applying (id —kq,id —k2) we then reduce to the case ki, ko, k3, kg = 0.

Suppose that (f(a) + f(8), g(a) + 9(3) ~ (f(a), g(8)). Fix a prime p > 2 and, for
brevity, let v := v, and similarly for ¢ and smod.

Observe that v(f(a)) # v(f(5)); in fact, by assumption f(«), f(/5) # 0 and, if they had
different valuation, because p > 2 and f(«) ~ f(/3), we would have smod(f(«) + f(5)) =

2smod(f(a)) (mod p), contradicting f(a) + f(8) ~ f(a).

4S0 “first” means “least significant”.
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Thus, since (o, 5) = RW, by Proposition 2.13(2) we have v(f(5)) > N(«). Simi-
larly, v(g(83)) > N(«), which implies v(g(«) + g(5)) = v(g(«)). Now observe that

((f(a) + f(8) =2 v(f(B)) > lg(e)) + 1 > v(g(a)) = v(g(e) + g(B))-
As the pairs are equivalent, it follows that /( f(a)) > v(g(8)), against v(g(8)) > N(«). O
Theorem 4.1 can now be deduced from Theorem 4.4 as follows.

Proof of Theorem 4.1. Suppose by contradiction this is the case, fix a sufficiently large standard
prime p and write v := v, and similarly for ¢ and smod. By applying the function (v, {) we

get (v(af), L(aB)) ~ (v(a+ B), £(a+ 3)). We have
* v(af) = v(a) +v(B).
o Uapf) =)+ L(B) + e withe € {0,1}.

* v(a + B) = v(a): in fact, v(a) < wv(B) by Proposition 2.13(2), so we may apply
Lemma 4.3.

o la+ ) =L(B)+ withe' € {0,1}.

Thus (v(a) + v(B), £(a) +£(B) +¢€) ~ (v(w), £(5) + ¢€'), and since {(«) > N Theorem 4.4
implies that v(a) € NU {0}.

The ultrafilter u(«) determines, for each power pk , a remainder class modulo pk. In other
words, it determines the p-adic class a € Z, of o. Therefore, since af ~ o + 3 we
obtain a? = 2a in Z,. Because we proved above that v(«) € N U {0}, it follows that a = 2.

The pair (7, 6) = (o — 2, f — 2) is Ramsey by Proposition 2.13(1), and a3 ~ « + (3 yields

YO+ 2(y 4+ 0) ~ v+ 0. 4.1)

As o ¢ N we have v # 0, and since the class of vy in Z, is 0 it follows that v(y) > N. By
Lemma 4.3 and the fact that p > 2,

v(y0) > v(7) = v(y +6) = v(2(y +9))-
Therefore, smod(yd + 2(y + J)) = smod(2(y + §)), contradicting (4.1). O

Let us observe that, with the same idea as in the proof of Theorem 4.4, one proves the fol-
lowing.
Remark 4.5. Let (o, B) =RW. Forevery f, g, h, k, if there are ¢, 1 such that p(g(3)) # ¢ (g(a))

and ¢(k(a,B)) < ¥(h(a,p)), then (h(a, B),k(a,B)) ~ (f(a),g(8)). Otherwise we
get 9(g(8)) > N(a), and in particular ¢ (g(5)) > ¥(f()), against p(k(a, B)) < ¥ (h(a, B)).
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Blocks Is it BPR? Reason

x,y, 2, t Unknown | Open problem since the 1970’s
x,y, 2|t Yes Additive Schur’s Theorem
x,y,t]z Yes Multiplicative Schur’s Theorem
x,z,t|y Yes Moreira’s Theorem

x,y | z,t | Unknown Never considered

x,z |y, t | Unknown Never considered
x,t|y,z Unknown Never considered
ryl|lz|t Yes Trivial
T,z |yt Yes Follows from z, z,t | y
r,t|y|z Yes Follows from z, z,t | y
zt|x|y Yes Follows from z, z,t | y
zlylz|t Yes Trivial

Table 4.1: Block Partition Regularity of o(z,y, z, t).

Theorem 4.1 says that the formula

o, y,z,t) =(x+y=z2)AN(z-y=t) Nz #y.

is not Ramsey PR in (z,y) | z,t. We now look at its other block and Ramsey partition regularity
properties.

As known, the partition regularity of ¢(z,vy, z,t) is one of the major open problems in this
area of combinatorics. It has been recently solved over Q [BS24]; see also [Alw24] for an
extension to finite arbitrarily large sums and products. On N, the most general result we are
aware of is the following theorem proven by J. Moreira in [Morl7, Corollary 1.5], which we
state here using the language of block partition regularity.

Theorem 4.6 (Moreira). ¢(x,y, z,t) is BPRin x, z,t | y.

Moreira’s Theorem, together with some basic considerations, solves most block partition
regularity problems for ¢ (z, y, z,t). We list the problems and their status in Table 4.1. We write
“Never considered” when we are not aware of any work on the problem and, for compactness,
we use the following observation.

Remark 4.7. We may omit redundant choices of blocks, arising from the symmetry in =,y of
the formula p(x, y, z, t), or from the fact that variables inside a block can be permuted.

The picture is much richer when it comes to the different kinds of Ramsey partition regularity
one might ask for ¢(x, y, z, t). First, we summarise what happens when variables in the “Ramsey
part” are in a block of their own. Three such cases need some simple computations to be carried
out, which we do in the following lemma.

t, but it is

Lemma 4.8. The formula p(z,y, z,t) is Ramsey PR in (x,t) | y | zand (x,z) | y
not Ramsey PR in (z,t) | x | y.
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Blocks Is it Ramsey PR? Reason
(x,y) |z |t Yes Trivial
(x,t) |y | 2 Yes Lemma 4.8
(x,2) |y |t Yes Lemma 4.8
(z,t) |z |y No Lemma 4.8
(z,y) | 2,1 No Theorem 4.1
(z,2) |y, t Unknown Never considered
(2,0) |y, 2 Unknown Never considered
(z,t) | x,y No Follows from (z,t) | = | y

Table 4.2: Ramsey partition regularity of ¢(z, y, z,t), case with separate Ramsey block.

Blocks Is it Ramsey PR? Reason
(x,y),z |t Yes Use additive idempotents
(x,y),t] =z Yes Use multiplicative idempotents
(x,2),y |t Yes Lemma 4.10
(x,2),t]y Unknown Never considered
(x,t),y ] 2 Yes Lemma 4.10
(x,t),2z |y Unknown Never considered
(z,t),x |y No Follows from (z,t) | = | y
(x,y),2,t No Follows from (z,y) | z,t
(x,2),y,t Unknown Stronger than x, y, z, t
(x,t),y, 2 Unknown Stronger than x, ¥, 2, ¢
(z,t),z,y No Follows from (z,t) | z | y

Table 4.3: Ramsey partition regularity of ¢(x,y, z, ), remaining cases.

Proof. For the Ramsey partition regularity in (z,1)
= (2%,29), while y = 2% and z = 2° + 26,

let (x,t)

| v | 2 fix (o, ) = RW and

For the Ramsey partition regularity in (x,2) | vy | t, fix any (x,2) = (a, ) = RW and
lety=p—aandt=a- (8 — a).
For the non Ramsey partition regularity in (z,¢) | = | y, assume by contrast that there

are («,

B) = RW and v,0 € *Nsuch that« = v+ § and 8 = +5. Then a? = (y + §)? =
2 + 276 + 62 > 70 = 3, against Proposition 2.13(4).

]

Table 4.2 lists all the cases where the “Ramsey part” is in a block of its own, except those
excluded by Remark 4.7 or by the following Remark 4.9.

Remark 4.9. We may omit cases containing (z,z), (f,x) or
f) E RW witnessing Ramsey PR, would yield o+ 5 < o, - f < o, and v+ § < v + 3

pair (a,
respectively.

(t,z) which, if there were a

Finally, we are left to consider the cases where variables in the “Ramsey part” share a block
with other variables. Some such cases can be easily proven by simple computations.
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Lemma 4.10. The formula ¢(x,y, z,t) is Ramsey PR in (x,2),y | t and (z,t),y | .

Proof. Let («, 5,7) be a tensor triple of infinite equivalent elements.
For the (z,2),y |tcaseweletx =5 —a,z=v—a,y=~v—Fandt = (f —«a) (v — B).
For the (x,t),y | z case we additionally require that « is divisible by all n € N, and we
letw = f/a,t =~/a,y =~y/Band z = (8/a) + (v/5). B

We use Lemma 4.10 to list all remaining cases in Table 4.3, again with the omissions arising
from Remarks 4.7 and 4.9.

5. Ramsey PR of equations

In this section we apply the characterisations obtained in Corollary 3.9 to study the Ramsey
partition regularity of several equations. We begin with polynomial ones. The two-variable
case is trivial, for the following reason.

Fact 5.1. If a ~ [ are infinite, then P(«, 3) = 0 if and only if « = 8 and P(x,y) is a multiple
of (x —y).

Proof. By [ALB24, Corollary 3.2] and Fact 1.1. 0
Proposition 5.2. No two-variable polynomial equation is Ramsey PR.

Proof. We use Fact 5.1. Since every Ramsey pair («, ) satisfies & < § and o ~ 3 (Proposi-
tion 2.13, points 2 and 7 respectively), no such pair can satisfy the formula P(z,y) = 0. [

We start our discussion by fixing some notations and proving some simple, yet useful, general
result.

Definition 5.3. For P(z) € Z[z], we let deg(P) be its degree and c¢(P) be its leading coefficient.
When evaluating polynomials at infinite points, it is natural to consider the following notion:

Definition 5.4. Let o, € *N. We say that «, § are in the same archimedean class, and
write « < [3, if there exists n € N such that (1/n) < (a/5) < n. We write « < [ if the
archimedean class of « is strictly smaller than that of 3, that is, if foralln € Nwehave n-a < .

A related way to think about =< is the following: let us recall that a hyperreal p € *R is
called finite if there exists n € N such |p| < n. In this case, p admits a standard part, denoted
by st(p) and defined as the unique standard real r whose distance from p is infinitesimal, i.e.
smaller than 1/n for all n € N. Saying « < [ means saying that o/ is finite and its standard
part is not 0, while saying that & < [ means that st(«/3) = 0.

By Fact 2.4(2), if « ~ f and q € Q, then o = ¢[3 forces ¢ = 1. The first part of next lemma
is a simple generalisation of this fact where = is replaced by =.
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Lemma 5.5. Let o ~ [ be infinite and P, Q) € 7Z[x] be polynomials of degrees deg(P) = n
and deg(Q) = m. If n,m > 1, then:

1. ifaxpBthenst(a/f) =1;
2. if P(a) < Q(0) thenn = m;
3. if P(a) ~ Q(B) then P = Q.

Proof. Fix an arbitrary finite prime p and let { := ¢,

1. Write «, § in base p. In the notations of our previous section, ¢(a) ~ ¢(3). Hence ei-
ther /() = ¢(53) or the value |¢{(«) — ¢(F)| is infinite, and the latter is impossible as in this
case «/ 8 would either be infinite or infinitesimal, against our hypothesis. Let A = ¢(«) = £(5).
As a ~ B, for all finite i the coefficients of p*~* in the base p expansions of o and /3 coincide;
then, by overspill, there exists an infinite 7 such that for every ¢ < 7 the (A—1¢)-th coefficient c,_;
in the base p-expansions of « and [ is the same. Let v = Z;o cx_;p* . Then:

s a=7v+¢,withe < 7;
e f=~v+¢,withe <.

Hence o/ = (v +¢)/(y + ¢’) has standard part 1.

2. First of all, we observe that
" < Pla) < Q(B) < 8™,

so " < ™. Therefore, {(a") is at finite distance from ¢(5™), so there is a finite k& € Z such
that né(«) +k = ml(5). As £(a) ~ £(f3), if this happens then the equation nz —my = k is PR.
By Rado’s Theorem, this can happen only when n = m (and k£ = 0).

3. The assumptions imply P(a) ~ @Q(«). As polynomials are bounded-to-one, by Proposi-
tion 2.11 we must have P(a) = Q(«). So P(a) — Q(a) = 0, and since « is infinite we must
have P = Q). O

Lemma 5.5 allows some simple, yet interesting, observations. For instance, we may combine
it with Rado’s Theorem and van der Waerden’s Theorem to obtain the following propositions.

Proposition 5.6. Let a,b,c € N.

1. If a = ¢ # b, then for all finite partitions N = Cy U ... U C, and all N € N, there
exist1 < randx,y,z € C; with x > Ny and such that ax + by = cz. Moreover, the
analogous result with x > Ny replaced by y > N is false.

2. If a + b = c then for all finite partitions N = C, U ... UC, and all ¢ > 0 there are i < r
and x,y,z € C;with |(x/y) — 1|, |(x/2) — 1| < € and such that ax + by = cz. Moreover,
for all N > 1, there is a finite partition N = Cy U ... U C, such that for all v < r
and all x,y,z € C; with x > Ny we have ax + by # cz. Similarly with x,y replaced,
in x > Ny, by any two distinct elements of {z,y, z }.
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Proof. By Rado’s Theorem, the equation ax + by = cz is PRifand only if a = ¢, or b = ¢,
or a + b = c. In nonstandard terms, this equation is PR if and only if there exist &« ~ 8 ~  such
that aae + b = ¢. Fix such «, (3, 7.

1. It suffices to show that § < «. If & < f then ac + bf =< (a + b)a, so ¢y < (a + b)a, hence
by Lemma 5.5(1) we should have a 4+ b = ¢, against the assumption. If o < (3, it similarly
follows that b = c.

2. Tt suffices to show that st(a/5) = st(8/v) = 1, and by Lemma 5.5(1) it is enough to
prove @ =< [ =< ~. This follows easily from the equation acx + b5 = (a + b)7y and again
Lemma 5.5(1). L]

Proposition 5.7. For every N € N, every k > 1, and every finite partition N = C, U ... U C,,
there exist i < r and x,y € N such that x > Ny and for all 0 < j < k we have x + jy € C,.
Moreover, the analogous result with x > Ny replaced by y > N is false.

Proof. By the nonstandard characterisation of van der Waerden’s Theorem there exists «;, 3 such
that for all n € N we have a ~ a + n/3. Arguing as in the proof of Proposition 5.6 we deduce
that / < «. From this, the conclusion follows easily. O]

The last technical result that we will need is the following:

Lemma 5.8. Let P(z),Q(x) € Zlx] be such that deg(P) = deg(Q) = d > 1. Assume
that ¢(P),c(Q) > 0 and let ¢ := ¢(P)/c(Q). For all 5 € *N \ N there exists n € N such

that Q({/c —n) < P(B) < Q(/cB + n).

Proof. Let ¢(P),c(Q) be the coefficients of 2471 in P, () respectively. Observe that, as 3 is
infinite, our hypotheses on P, () give us that Q(/cx — n), P(x), Q(/cx + n) all have the same
leading monomial, hence the inequality in the conclusion holds if and only if the same inequality
holds for the coeflicients of ! in Q(/cx—n), P(x), Q(/cx+n) respectively. This coeflicient

is ((Q) = dn - ¢(Q))c"T in Q(cx — n) and itis ((Q) + dn - ¢(Q))c“T in Q(Wex +n). To
conclude, it suffices to find some n such that

d—1

(¢(@Q) = dn - e(Q)e'T < (P) < (¢(Q) +dn- (@)™
Because d - ¢(Q) and c are positive, it is enough to take n sufficiently large. ]

We are now ready to discuss the Ramsey partition regularity of polynomial equations in three
variables. Our first result is very general, as it involves arbitrary functions in x.

Theorem 5.9. Let P(x),Q(x) € Zlx| be nonzero polynomials with P(0) = Q(0) = 0.

Let f = N = Z and let p(x,y,2) = (f(z) + P(y) = Q(2)) A (f(2) # 0). If o(2,y,2) is
Ramsey PR in (z,y), z then P = @) and deg(P) = 1.

Proof. Letdp = deg(P),dg = deg(Q). By Theorem 3.8, as p(x, y, z) is Ramsey PRin (z, y), =
there exist (v, ) = RW and v ~ « such that f(a) + P(8) = Q(v) and f(«) # 0; note that,
by Proposition 2.13(4), f(a) < /3. Hence

B < f(a) + P(B) = Q(v) < 7.
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By Lemma 5.5(2) we deduce that dg = dp.

Observe that the sign of f(«)+ P(S) coincides with that of ¢(P), and that of Q(y) coincides
with that of ¢(Q); as f(«) + P(5) = Q(7), necessarily ¢ := ¢(P)/c(Q) > 0. Without loss of
generality, both ¢(P) and ¢((Q) are positive.

Letd = dg = dp. Assume that d > 1. By Lemma 5.8 applied twice, once to the polynomi-
als P(z) — x and Q(x) and once to the polynomials P(x) + x and (), there is n € N such
that

Q(Vef —n) < P(B) = B< fla) + P(B) < P(B) + B < Q(VeB +n).

So Q(/cB8 —n) < Q(v) < Q(/cf + n), and as @ is increasing on *N \ N, this entails
that v € [¢/cf — n,/cB + n|. So there exists i € [—n,n] such that v = [¥/cS] + 4, in
particular, |/c3] +i ~ (3, hence |/cB3] +i = (. As (3 is infinite, Fact 2.4(2) gives /c = 1
and i = 0, hence v = (. But then f(«a) = (Q — P)(f), which forces Q — P to be constant
by Proposition 2.13(6). Since P(0) = 0 = Q(0), this forces ) = P, which gives f(a) = 0,
against the assumptions. Hence d = 1.

So we are in the following case:

fle) +c(P)B = c(Q)y.
As c(Q)y ~ ¢(Q)p and f(«a) < B, we conclude by Lemma 5.5(1). O
In the particular case where f(«) is a monomial in «, we can say more:

Corollary 5.10. Let P(x),Q(x) € Z[z] be nonzero polynomials with P(0) = Q(0) = 0.
Let a,n € N, and let p(z,y, z) = azx" + P(y) = Q(2). If (x,y, 2) is Ramsey PR in (x,y), z
then p(x,y, ) is an integer multiple of v +y = z or of —x +y = z.

Proof. Straight from Theorem 5.9, and using the same notations, we get that, by our hypotheses,
there is some ¢ € Z such that p(z, vy, 2) is ax™ + cy = cz. Again, by Theorem 3.8, as ¢(z, y, 2)
is Ramsey PR in (z,y), 2 there exist (a, ) = RW and v ~ « such that aa” + ¢f = ¢.

Fix a prime number p much larger than a, ¢ (in particular, v(a) = 0 = v(c)), and write «, 3,y
in base p. In the same notation of Section 4, as («, 5) = RW, by Proposition 2.13(1) and
Proposition 2.13(4) we have only two possible cases: v(«) = v(3) or v(a) < v(f).

Case v(a) = v(f). We divide this case in the two subcases n > 1 and n = 1.

If n > 1, we observe that v(aa™) = wv(a) + nv(a) = nv(a). If v(e) # 0
then nv(a) > v(a) = v(3), so necessarily v(5) = v(7). The same also holds if v(a)) = 0 be-
cause o ~ 3 ~ . Let d(t) be the coefficient of p"*(*) in the base p expansion of ¢. The nv(7y) po-
sition in the base p expansions of both sides of the equation aa™ + c¢8 = ¢y gives us
that a smod(a)™ + d(c8) = d(cy) (mod p). As d has finite image we have d(cf3) = d(c).
This implies a smod(«)™ = 0 (mod p), which cannot happen since a, smod(«) are not divided
by p.

If n = 1, then v(aa™) = v(a) = v(B). Using the same notations as above, if v(5) = v(7)
then again the equality aa+ ¢ = ¢y gives us (a+¢) smod(a) = csmod(«) (mod p), which is
impossible. Hence v(5) < v(7), so it mustbe ad+cd = 0 (mod p), namely a = —c¢ (mod p).
As p is much larger than a, ¢, this tells us that a = —c.
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Case v(a) < v(f). In this case, v(vy) = v(aa™ + ¢f) = nv(a) which, as v(vy) ~ v(a),
forces n = 1. Tt follows that a smod(a) = c¢smod() (mod p), which forces a = ¢(mod p)
Again, as p is much larger than a, c, this tells us that a = c.

The above result tells us that several well-known PR equations of the form az™+ P(y) = Q(z)
are not Ramsey PR in (x, y), z, for example all equations of the form x—y = Q(z) for deg(Q) > 1
and Q(0) = 0 (see [BFM96] for a proof of their partition regularity). Interestingly, such equa-
tions can be Ramsey PR over Q, as discussed in the introduction. The reason that our argument
breaks over Q is simply due to the fact that (Q contains numbers of arbitrarily small (negative)
p-adic valuation.

As for +x + y = z (over N), we have the following.

Proposition 5.11. Both x + y = z and —x + y = z are Ramsey PR in (x,y), z

Proof. Asalways, by Theorem 3.8 it suffices to find («, #) = RW andy ~ a such thata+f5 = v
or —a+( = ~. The z+y = z case is well-known: it suffices to take «v such that u(«) is additively
idempotent® and /3 such that (o, ) = TS, so that by letting v = o + 3 we have that v ~ .
For —z + y = z, pick any infinite 71 ~ 19 ~ 13 with (11,12, 73) tensor. Let o = 1y — 71,
B =mn3—mn1,y7 =mn3 —n2. Then (o, B) = RW by Proposition 2.17 and o ~ 3 ~ = as they are
all images of equivalent pairs under the same standard function. Clearly, 5 — a = 7. [

Corollary 5.12. The equations xy = z and y = zx are Ramsey PR in (x,y), 2

Proof. By Proposition 5.11 there is (o, 5) = RW with £a+ 8 ~ «. It then suffices to consider
the pair (2%, 2%). O

The equation —x + y = z is the first example we are aware of with the following property.
Remark 5.13. The formula —z 4y = z is Ramsey PR in (x, y), z, but there are no («, 5) = TS
such that —a + 8 ~ «. Namely, the equation (—u) & u = u has no solutions in Z \ Z.

Proof. The fact that such («, ) cannot exist is well-known, see e.g. [HS11, Corollary 13.19],
but here is a quick argument. If («, /3) are as above, by Puritz’ Theorem we have that v3(3) € N

(otherwise smods(a) = smods(—a) = 3 — smods(«), which cannot happen). But then
v3(a) = v3(fB — ), a contradiction because smods () = smods(«), hence v3(8 — a) > v3(«).
0

Corollary 5.10 has several more interesting consequences. One regards the non-Ramsey
partition regularity of arithmetic progressions, not even in the simplest case of arithmetic pro-
gressions of length 3. In particular, there is no “Ramsey version” of van der Waerden’s Theorem.

Proposition 5.14. The formula
o(x,y, z) = “x,y, z form, in some order, an arithmetic progression of length 3”

is not Ramsey PR in (x,y), z

3The existence of such ultrafilters is also well-known, see e.g. [HS11, Theorem 2.5].
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Proof. First of all, let us observe that p(z, y, z) is equivalent to
(x4+y=22)V(z+2=2y)V (y+z=2x), (5.1

whence by Theorem 3.8 to conclude it suffices to prove that there are no av ~ [ ~ - satisfy-
ing (5.1) and such that (o, 5) = RW. But a + § = 27 cannot happen due to Corollary 5.10
applied to P(x) = x and Q(z) = 2x. The other two cases are dealt with similarly, by us-
ing Corollary 5.10 respectively with P(x) = —2z and Q(z) = —x and with P(z) = —x
and Q(x) = z. O

Another application of Corollary 5.10 regards ultrafilter equations. It is known that equations
of the form au®bu = cu, where a, b, ¢ € Z\{0} andu € N, can be solved only whena = b = ¢
(see [HS11, Theorem 13.18], and see [Mal00] for other results of this kind). By Corollary 5.10
we know that much more is true:

Proposition 5.15. Let P(x),Q(x) € Z[x] be nonzero polynomials with no constant term.
Let a,n € N. The only equations of the form® au™ & P(u) = Q(u) that have a solution in SN
are the multiples of u ® u = u.

Proof. Left to right, if the equation au” @ P(u) = Q(u) holds, then for (o, ) = u ® u one
has aa” + P() ~ Q(a). As TS C RW, Corollary 5.10 forces deg(P) = deg(Q) =n =1
and a = ¢(P) = ¢(Q). By Remark 5.13, a = 1. Right to left, any additively idempotent
ultrafilter u solves the given equation. [

Another application of Lemma 5.5 is the following generalisation of the Pairwise Sum-
Product Theorem.

Proposition 5.16. Let n,m € Z, k,r,s € N. Assume that n + m # 0. The following are
equivalent.

1. Thereis (a, B) |= TS such that nac + mp ~ ko™ 3%
2. Thereis (o, B) = RW such that nao + mf ~ ka”[5°.
3. r=s=1, one of n,m equals 0, and the other one is positive.

Proof. 1 = 2 follows from Proposition 2.8.

For 2 = 3, assume that (o, ) = RW. Fix a sufficiently large standard prime p and
let v, £,smod be relative to this prime. If na + mfB ~ ka’"[° then, by applying ¢ to both
sides, and possibly replacing ¢(«) by ¢(/3) on the left hand side in the case where m = 0, we
findeg, 1 € NU{0} such that £(3)+eo ~ rl(a)+sl(5)+e;. By Lemma 5.5(1) we obtain s = 1.
If n,m # 0, by Lemma 4.3 we obtain v(na + mf) = v(«), hence v(a) ~ rv(a) + v(8). The
same conclusion still holds if one of n, m equals 0, by an easy calculation. If ¢ = smod(v(«))

®Here u" is the image of the ultrafilter u under the polynomial function z + z™. This is distinct from

uU®...0u.
N————

n times
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this yields ¢ = rc¢ (mod p) or ¢ = (r+ 1)¢ (mod p) depending on whether v(v(«)) = v(v(5))
or not. As r is positive and much smaller than p, this implies r = 1.

We have now reduced to the case na+m/f ~ kaf. If n, m are both nonzero, an easy modifi-
cation of the proof of Theorem 4.1 shows that the required («, 5) cannot be found. As ka5 > 0,
if n = 0 then we must have m > 0, and symmetrically with the roles of n and m interchanged.

For 3 = 1, we assume that n = 0 < m, the other case being analogous. We need to
find (o, 8) = TS such that mf ~ kaf. Let o be such that u(a’) is idempotent for ®
and divisible by k, and let 8’ be such that (o/, ') = TS. It then suffices to set a = ma’'/k
and == mf'/k. O

Remark 5.17. If we allow 7, s € Z, similar arguments as above yield that, assuming n + m # 0,
if there is (o, ) = RW with nao + mf ~ ka”3° then (r,s) € {(1,1),(0,1),(1,0),(—=1,1)}.
The cases (0,1) and (1,0) are equivalent and yield naw + mf ~ kf. By Corollary 5.10 this
entails m = k = £n. We do not know what happens in the case (r,s) = (—1, 1), except for
(trivial consequences of) Corollary 5.12.

Let us consider what happens when we relax the Ramsey partition regularity from (z,y), z
to (z,y) | z.

Proposition 5.18. Let a, b, c, ki, ko, k3 € N. The following are equivalent:
1. az® + by*? = c2** is Ramsey PR in (z,vy) | 2;
2. ks =1.

Proof. 1 = 2 Assume, by contrast, that k3 > 1. By Theorem 3.8 there exist (o, 5) = RW
and v € *N such that aa® + b3*? = cy*3. Let f : N — N be defined as follows:

f(y) ==min{z € N | 2™ > by*}.

We claim that f(3) = . In fact, trivially f(3) < v. If v > f(B8) +1thency*s > c(f(B)+1)*s.
Write ¢(f(3) + 1)¥ = cf(B)* + R(B), hence aa** + bs*2 > cf(B)* + R(j3). Observe that,
as ks > 2, we have that R(j3) is a polynomial in 3 of degree at least 1. As cf(3)* > bs*2 by
definition of f, we deduce that ackr > R([3), and this is in contrast with Proposition 2.13(6).

2 = 1 We just have to take (v, ) = RW with ¢ | v and let v = (aa® + b5%2) /c. O

Example 5.19. Let us show two examples.

1. As recalled before, all equations of the form —z 4 y = cz" are PR, but the only ones that
are Ramsey PR in (z,y) | z are those of the form —x + y = cz, among which the only
one that is Ramsey PR in (x,y), z is —x + y = z.

2. Recall (Example 3.2) that the Pythagorean equation 2% + 3 = 22 is PPR in z, v, equiv-
alently, BPR in z,y | z. However, by Proposition 5.18 it is not Ramsey PR in (z,y) | z,
hence it is also not Ramsey PR in (x,y), 2./

"This could have also been deduced directly from Corollary 5.10.
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The following general result, close in spirit to the polynomial applications developed so far,
shows that many equations involving sums of arbitrary functions are not Ramsey PR.

Proposition 5.20. Ler f : N — N be such that n — f(n + 1) — f(n) is finite-to-one. Then for
every g : N — N the equation g(x) + f(y) = f(z) is not Ramsey PR in (z,y) | .

Proof. As always, by Theorem 3.8 it suffices to fix (o, ) = RW and v € *N and prove

that g(a) + f(8) # f(v). By Proposition 2.13(6) we have f(5 + 1) — f(8) > g(a),
hence f(8) < f(B) + g(a) < f(B + 1). It follows that f(53) + g(«) is not in the image
of f. [

Example 5.21. By Proposition 5.20 the equation = + 2 = 27 is not Ramsey PR in (x,y) | 2

One may ask whether there is a version of Theorem 4.1 involving products and exponentials
in place of sums and products. This, and much more, is indeed true, and can be proven by using
the following observation.

Proposition 5.22. Let o, 3 be infinite and f, g:N? — N. If there are standard functions g, o1, h
such that

1. @o(f(a, ) = ¢1(B),
2. po(g(a, B)) = h(pr(B)), and
h(e1(8)) # ¢1(B),
then f(a, B) » g(a, B).

Proof. Otherwise wo(f(c, 5)) ~ ¢o(g(e, B)), hence v1(5) ~ h(pi(S)), and this would im-
ply h(¢1(8)) = ¢1(B). -

Note that assumption 3 is true if, e.g., i has finitely many fixed points.
Let us see some example applications of Proposition 5.22 to some equations involving ex-
ponentiation. We begin with the promised “products and exponentials” version of Theorem 4.1.

Example 5.23. The formula (z¥ = z) A (zy = t) is not Ramsey PR in (z,y) | 2, t.

Proof. Let f(z,y) = aY and g(z,y) = =xy, and suppose there is («o,3) = RW
with f(a,3) ~ g(«, ). We apply Proposition 5.22 by showing that these two object have
different, but very close, exponential level (see e.g. [BM18, Definition 5.2]).

Let ¢ := {5, and denote by (*) the k-fold composition of ¢ with itself. An easy compu-
tation shows that /®) ( f(a, B)) is at finite distance from ¢(2)(3), while £*)(g(a, B)) is at finite
distance from ¢©)(3). From this observation we can conclude by applying Proposition 5.22
with g := (3, o) := ) and h(z) = {(z) + n for a suitable finite n € Z. O

Example 5.24. The formula (z¥ = z) A (y* = t) is not Ramsey PR in (z, ) | z, t.

Proof. This is similar to the proof of Example 5.23, with the same ¢, and ;. [
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In particular, there is no pair (a,3) | TS such that o® ~ B9, solving a question
from [LB25].

Example 5.25. The formula (22Y = z) A (x +y = t) is not Ramsey PR in (z,v) | z,t.

Proof. If there were (o, 3) = RW with a2” ~ a + $3, then (7, d) = (2%,2%) would be in RW
and satisfy v° ~ ~d, against Example 5.23. [

Although we deduced the previous example from Example 5.23, it is also a special case of
the following.

Example 5.26. Let f : N — N be an arbitrary function, m > 1 a natural number,
and g(z,y) : N?> — N a function as follows. There is d such that, for every n, we
have g(n,y) € O(y?) N Q(ya), that is, there are functions o, h; : N — N such that for
all n, y we have ho(n)ya < g(n,y) < hy(n)y™. If (o, 8) E RW, then f(a) - m® = g(a, ).

Proof. This too is similar to the proof of Example 5.23, using ¢y = ég%), p1 = {p,, and h of the
form ¢,,,(z) + n. O

We conclude this section with a result on polynomial functions. We state it directly in terms
of Ramsey’s witnesses.

Proposition 5.27. Let n,r € Z, m,s € N, and («, 5) = RW.
1. Ifn,r,n+m,r+ s # 0and na+mp ~ ra+ sf, then (n,m) = (r, s).

2. Let f(z,y) = Y01, fix)y' and g(z,y) = 335_og;(x)y’, where fi,g9; : N — Z
and f, (@) # 0 7 go(0). If f(, B) ~ gla, B), then m =

3. Ifn,r > 0and o™ B™ ~ o' 3° then (n,m) = (r, s).

Proof. 1. By Proposition 2.13(4) we have na + mf < [ =< ra + s3. We apply Lemma 5.5(1)
and conclude that m = s. Now let p be a finite prime much larger than n + m + r.
Let ¢ = smod,(a) = smod,(f). If v,(a) < w,(B), then smod,(naw + mB) = nc
and smod,,(ra + mf3) = re, and it follows that n = r. If v,(a) = v, () then, by Lemma 4.3,

(n 4+ m)c = smod,(na + mfp) = smod,(ra +mp) = (r+m)c (mod p),

hence n = r.

2. Observe that l5(f(a, 8)) ~ fla(g(a,8)). There is ¢ € {0,1} such that l5(f(a, )
mla(B)+Lo( frn(a))+e, hence st(f(a, 5)/mls(5)) = 1. Ananalogouscomputatlonforg(a )
shows thatst(g(a, 8)/sl2(B)) = 1. Itfollows from Lemma 5.5(1) applied to f(«, 3) and g(«, )
that st(f(a, )/g( f)) = 1, hence m = s.
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3. We know from the previous point that m = s. Let m(n) be the smallest prime dividing n.
Observe that 7(a?3°) = 7(«). Write

( aﬁ ) = AUg a)( ) + bUTI’(Oz)(/B)' (52)

If m(a) < 7(B), then the last summand is 0. It follows that nv,)(®) ~ 7V (), and
since vr(q) (@) # 0 we conclude by Proposition 2.11 that n = r.

If m(a) = 7(3) we have two subcases. If v;(q) (@) < V() (8) = Vr(a)(3) then this pair is in RW
by Proposition 2.13(1). We then conclude by applying point 1 above to this pair, using (5.2). If
instead V() (@) = vr(g)(3), then as v (o) (B) = vx5) (B), by (5.2) we have (n + m)v.(q)(a) =
(1 + m)vr(a) (), hence again n = r. O

6. Open problems

The results obtained in this paper open some lines of enquiry that we believe worth investigating
further.

Puritz’ Theorem (Fact 2.5) gives a simple characterisation of tensor pairs in terms of standard
functions. As for Ramsey pairs, in Proposition 2.13, we have shown that they have several
properties that can be expressed in terms of standard functions. Most of our applications actually
used some of these properties, so finding a Puritz-like characterisation of Ramsey pairs might
be helpful in studying other similar combinatorial problems.

Problem 6.1. Characterise Ramsey pairs in the style of Puritz’ Theorem.

Problem 6.1 and nonstandard characterisations of related Ramsey properties are the topic of
a paper in preparation. Another interesting question regards polynomial equations.

Problem 6.2. Is it possible to extend Corollary 5.10 from monomials to arbitrary polynomials
in £? To arbitrary multivariate polynomials?

Our proof of Corollary 5.10 uses the fact that it is simple to write the valuation of a monomial
in « in terms of the valuation of «; the same does not hold for a generic polynomial in . An
extension of Corollary 5.10 to arbitrary polynomials in « would give an analogous extension of
its corollaries, and in particular of Proposition 5.15.

As observed in Remark 5.17, some variants of the Pairwise Sum-Product Theorem remain
open. The most interesting ones seem to be the following. We suspect that solving these should
provide enough information to complete the classification.

Problem 6.3. Which of these formulas are Ramsey PR in (z,y) | z,t?
l. (—z+y=2)A(zy=1t).
2. (—z+y=2)A(y =tx).

3. (x4+y=2)A(y =tx).
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Our final question essentially asks to deal with the “never considered” cases of Tables 4.1
to 4.3 from Section 4.

Problem 6.4. In which partitions of the variables is the formula (z # y) A (z+y=2) A
(x -y = t) BPR? In which ones is it Ramsey PR?
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