UC Riverside
UC Riverside Electronic Theses and Dissertations

Title
Higher Symplectic Geometry

Permalink
https://escholarship.org/uc/item/2dw098fp

Author
Rogers, Christopher Lee

Publication Date
2011

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/2dw098fp
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
RIVERSIDE

Higher Symplectic Geometry

A Dissertation submitted in partial satisfaction
of the requirements for the degree of

Doctor of Philosophy
in
Mathematics
by
Christopher Lee Rogers

June 2011

Dissertation Committee:

Professor John C. Baez, Chairperson
Professor Julia Bergner
Professor Yat-Sun Poon



Copyright by
Christopher Lee Rogers
2011



The Dissertation of Christopher Lee Rogers is approved:

Committee Chairperson

University of California, Riverside



Acknowledgments

I wish to thank my advisor John Baez for his encouragement and guidance in completing
this thesis. I would also like to thank Julie Bergner and Yat-Sun Poon for serving on
my committee.

I wish to acknowledge the following individuals for helpful discussions, com-
ments, and suggestions: Maarten Bergvelt, Henrique Bursztyn, Jim Dolan, Vasily Dol-
gushev, Yael Fregier, Alex Hoffnung, Allen Knutson, Dmitry Roytenberg, Urs Schreiber,
Jim Stasheff, Danny Stevenson, Thomas Strobl, Alan Weinstein, and Marco Zambon.

Part of this work was completed while I was a Junior Research Fellow at the
Erwin Schrédinger International Institute for Mathematical Physics. I thank them for
their hospitality and financial support. Additional support for this work was provided
by NSF grants PHY-0653646 and DMS-0856196, and FQXi grant RFP2-08-04.

v



To Rosie with love



ABSTRACT OF THE DISSERTATION

Higher Symplectic Geometry
by
Christopher Lee Rogers

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2011
Professor John C. Baez, Chairperson

In higher symplectic geometry, we consider generalizations of symplectic man-
ifolds called n-plectic manifolds. We say a manifold is n-plectic if it is equipped with
a closed, nondegenerate form of degree (n + 1). We show that certain higher algebraic
and geometric structures naturally arise on these manifolds. These structures can be
understood as the categorified or homotopy analogues of important structures studied
in symplectic geometry and geometric quantization. Our results imply that higher sym-
plectic geometry is closely related to several areas of current interest including string
theory, loop groups, and generalized geometry.

We begin by showing that, just as a symplectic manifold gives a Poisson algebra
of functions, any n-plectic manifold gives a Lie n-algebra containing certain differential
forms which we call Hamiltonian. Lie n-algebras are examples of strongly homotopy
Lie algebras. They consist of an n-term chain complex equipped with a collection of
skew-symmetric multi-brackets that satisfy a generalized Jacobi identity.

We then develop the machinery necessary to geometrically quantize n-plectic
manifolds. In particular, just as a prequantized symplectic manifold is equipped with
a principal U(1)-bundle with connection, we show that a prequantized 2-plectic mani-
fold is equipped with a U(1)-gerbe with 2-connection. A gerbe is a categorified sheaf,
or stack, which generalizes the notion of a principal bundle. Furthermore, over any 2-
plectic manifold there is a vector bundle equipped with extra structure called a Courant
algebroid. This bundle is the 2-plectic analogue of the Atiyah algebroid over a prequan-
tized symplectic manifold. Its space of global sections also forms a Lie 2-algebra. We
use this Lie 2-algebra to prequantize the Lie 2-algebra of Hamiltonian forms.

Finally, we introduce the 2-plectic analogue of the Bohr-Sommerfeld variety

associated to a real polarization, and use this to geometrically quantize 2-plectic man-
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ifolds. For symplectic manifolds, the output from quantization is a Hilbert space of
quantum states. Similarly, quantizing a 2-plectic manifold gives a category of quantum
states. We consider a particular example in which the objects of this category can be

identified with representations of the Lie group SU(2).
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Chapter 1

Introduction

Higher symplectic geometry is a generalization of symplectic geometry which
begins with considering manifolds equipped with a closed nondegenerate form of higher
degree. This thesis explains how such a differential form gives rise to algebraic and
geometric structures which act as the higher analogues of important structures found
in symplectic geometry and geometric quantization. Indeed, a recurring theme in this
work is the idea that basic results in symplectic geometry are specific instances of more
general theorems which hold for a much larger class of structures.

In particular, we focus on manifolds equipped with a closed nondegenerate 3-
form. We call such manifolds ‘2-plectic’. In this case, we see that higher symplectic
geometry is intimately related to string theory. We use ideas from higher category
theory and homotopical algebra to develop a geometric quantization procedure for 2-
plectic manifolds. In doing so, we encounter structures known to play important roles in
other string-inspired areas of current interest. These include the theory of L.,-algebras,
loop groups, gerbes, and generalized geometry. Our results shine new light on these
structures, and suggest new relationships among the above fields. We invite the reader
who has some familiarity with these ideas to skip ahead and browse Table[I.1I] There we
list examples of such structures and the roles they play in the quantization of 2-plectic
manifolds.

We wish to provide in this introductory chapter a gentle overview of the basic
ideas behind higher symplectic geometry, and describe, with some detail, the main
results of this thesis. We begin with a brief survey of symplectic geometry and geometric
quantization which emphasizes the role played by classical and quantum mechanics.
Higher symplectic geometry is then introduced as a consequence of combining two known
approaches to studying classical field theory: multisymplectic geometry and higher gauge

theory. We conclude by providing a chapter-by-chapter summary of our main results.



Symplectic geometry and geometric quantization

Symplectic geometry is the study of manifolds equipped with a closed non-
degenerate 2-form. nondegeneracy, in this context, means that the 2-form gives an
isomorphism between the space of tangent vectors and the space of 1-forms by contrac-
tion or “lowering indices”. Such a 2-form produces a variety of interesting algebraic and
geometric structures. Symplectic manifolds appear in many branches of mathematics
and these structures often provide useful characterizations of important phenomena. In
particular, symplectic manifolds play a crucial role in classical mechanics and represen-
tation theory.

The origins of symplectic geometry, in fact, lie in classical mechanics. In clas-
sical mechanics, one studies the physics of a system of point-like particles. For many
systems of interest, the state of the system at any time is uniquely determined by spec-
ifying the position and momentum of each particle. This state can be interpreted as a
point in a manifold called the ‘phase space’ of the system. The time evolution of the
system is therefore represented by a smooth path in this manifold, which is a solution
to an ordinary differential equation called ‘Hamilton’s equation’. Physical observables
of the system are smooth functions on the manifold. Measurement of an observable
corresponds to evaluating the function at a particular a point of phase space. Remark-
ably, the structures needed to guarantee a solution to Hamilton’s equation, and also
to describe how measurements change in time, are provided by equipping the manifold
with a symplectic 2-form.

For example, the nondegeneracy of the symplectic 2-form guarantees that
Hamilton’s equations have, at least for some interval of time, a solution. More in-
terestingly, the symplectic structure makes the space of functions on the manifold into a
special kind of Lie algebra called a Poisson algebra. The fact that the symplectic 2-form
is closed implies that the corresponding bracket satisfies the Jacobi identity. This Lie
bracket is used to compute the time evolution of observables.

There are many systems of interest, however, which must be studied by using
quantum mechanics, instead of classical mechanics. In these cases, classical mechanics
can be understood as a very rough approximation to the true physical behavior of the
system. In their attempts to understand such quantum systems, physicists developed a
process called ‘quantization’ in which one first considers a system classically, and then
replaces these structures with their quantum analogues. Roughly speaking, in quantum
mechanics the states of the system no longer correspond to points on a manifold, but

rather to vectors in a Hilbert space. Observables no longer correspond to functions on



a manifold, but rather to linear operators on the Hilbert space. The time evolution of
a system is given by a solution to a partial differential equation called ‘Schrédinger’s
equation’, rather than Hamilton’s equation. The time evolution of observables is now
determined by the commutator bracket of operators, rather than the Poisson bracket of
functions.

Hence, within the context of symplectic geometry, the physicists’ findings sug-
gests that quantization is a procedure which involves assigning to a symplectic manifold
a Hilbert space, and to the Poisson algebra a representation as linear operators on this
space. This is, in fact, the first step of a rigorous procedure called ‘geometric quanti-
zation’ developed by Kirillov [34], Kostant [37], and Souriau [64] (KKS) in the 1960’s.
It is based on the following facts: If a symplectic 2-form satisfies a certain integrality
condition, then it must be the curvature of a principal U(1)-bundle equipped with a
connection living over the manifold. Such a symplectic manifold is called ‘prequanti-
zable’. Certain global sections of the associated Hermitian line bundle form a Hilbert
space whose inner product is given by the symplectic structure. The connection on the
bundle then determines a faithful representation of the Poisson algebra as operators on
this prequantum Hilbert space.

However, in practice, this Hilbert space is “too large”. The second step in
the KKS procedure involves choosing an additional structure on the manifold called a
‘polarization’. Roughly speaking, a polarization on a symplectic manifold is a special
kind of integrable distribution [63, [70]. The size of the Hilbert space is reduced by
considering only those sections that are covariantly constant in the directions given by
vectors contained in the distribution. This smaller space is called the ‘quantum Hilbert
space’, or ‘space of quantum states’.

Geometric quantization may appear, at first sight, to be a rather mysterious
procedure with limited applicability. Not every symplectic manifold is prequantizable,
and not every prequantized symplectic manifold admits a polarization. Even when such
structures do exist, there are several non-canonical choices to be made. Furthermore, the
presence of certain topological obstructions often implies that additional fine-tuning is
required. Regardless, the KKS procedure is very powerful and has led to a large number
of important results, for example, in the representation theory of Lie groups. Here, one
typically studies the symmetry group of a geometric object by first understanding the
algebraic representation theory of the group. Kirillov and Kostant’s original motivation
for developing geometric quantization was, in some sense, the converse: to construct the
representations of groups as geometric objects. Indeed, the central tenet of Kirillov’s

orbit method [34] is, roughly, that an irreducible representation of a Lie group corre-



sponds to a particular symplectic manifold equipped with an action of the group. The
representation itself is recovered as the quantum Hilbert space obtained from geometric

quantization.

Higher degree, higher dimension, and higher structure

After digesting all of this, the curious reader might ask a simple question: What
is so special about 2-forms? After all, many manifolds admit interesting closed forms of
higher degrees, and some of these, such as volume forms, are “nondegenerate”. It is also
reasonable to ask how much, if any, of the above story involving symplectic geometry
and quantization carries over to manifolds equipped with such forms. The main goal of
this thesis is to address these questions.

At its most basic level, higher symplectic geometry involves studying manifolds
equipped with a closed, nondegenerate form of higher degree. We call such a manifold
‘n-plectic’ if the form has degree (n + 1), so that a 1-plectic manifold is a symplectic
manifold. Here, nondegeneracy means that the n-plectic form injectively maps the space
of tangent vectors into the space of n-forms, again by contraction. In contrast with the
symplectic case, this injection is not necessarily an isomorphism. Many examples of
n-plectic manifolds appear “in nature”. These include orientable manifolds, exterior
powers of cotangent bundles, and compact simple Lie groups.

Usually, n-plectic manifolds go by the name of multisymplectic manifolds [16].
Just as symplectic geometry has its origins in the classical mechanics of particles, mul-
tisymplectic geometry was initially developed to study higher-dimensional classical field
theories. Let us briefly explain what this means. As previously mentioned, the time evo-
lution of a point-like particle is described by a path which depends on one variable: time.
So, the ‘world-line’ of a zero-dimensional object is determined by a map from a one-
dimensional manifold. A physicist might call classical mechanics a (0 + 1)-dimensional
field theory. However, describing the behavior of a higher-dimensional object, such as
a string, requires more variables. The amplitude of a vibrating string depends on both
time and the position along the string. Hence, the time evolution of the one-dimensional
string is described by a map from a 2-dimensional manifold or ‘world-sheet’. In this way,
string theory is a (1 + 1)-dimensional field theory. In general, the physics of a (n — 1)-
dimensional object, or ‘brane’, is described by a n-dimensional field theory.

The basic ideas in multisymplectic geometry can be found in Weyl’s 1935 work
on the calculus of variations [68]. It was further developed in the 1970’s mainly by the
Polish school of mathematical physics. The work of Kijowski [32], Tulczyjew [33], and



others [51] showed that, just as symplectic manifolds can by used as phase spaces for
(0+1)-dimensional field theories, multisymplectic manifolds can be used as ‘multiphase’
spaces for higher-dimensional field theories. Specifically, the multiphase space used to
describe the physics of an (n—1)-dimensional object is an n-plectic manifold. A solution
to a partial differential equation called the de Donder-Weyl equation corresponds to a
particular n-dimensional submanifold of this space. The data encoded by these subman-
ifolds include the value of the field as well as the value of its ‘multi-momentum’ at each
point in space and time. The multi-momentum is a quantity that is related to the time
and spatial derivatives of the field, in a manner similar to the relationship between the
velocity of a point particle and its momentum. This formalism has several attractive
mathematical features, but it still needs further development before it can replace more
common frameworks used by physicists to study field theories.

The work of Baez and Schreiber [7], Freed [20], Schreiber [60], Sati, Schreiber,
and Stasheff [56] suggests that structures found in classical mechanics can be generalized
by using higher category and homotopy theory and then applied to the study of higher-
dimensional field theories. So far this viewpoint has been most fruitful in studying the
string and brane-theoretic generalizations of gauge theory. Although the details are
quite technical, the basic philosophy behind higher gauge theory is very simple. While
a classical particle has a position nicely modelled by an element of a set, namely a point

in space:

the position of a classical string is better modelled by a morphism in a category, namely

an unparametrized path in space:

T

Similarly, the time evolution of a particle can be thought of as a morphism, while the

time evolution of a string can be thought of as a 2-morphism, or 2-cell:

So, both higher degree forms on manifolds and higher structures can be used
to study higher-dimensional field theories. Motivated by this idea, we suspect that the
higher analogues of well-known structures on symplectic manifolds should naturally arise
on n-plectic manifolds. The work presented in this thesis confirms this hunch, and we
understand higher symplectic geometry as the formalism which completes the following

diagram:



higher-dimensional

field theories
multisymplectic
geometry

higher gauge
theory

higher symplectic
higher-degree forms geometry N higher category

on manifolds and homotopy theory

Overview of main results

We now describe the main results in this thesis. In Table we list some
particular examples to keep in mind while reading this section.

We first present some basic facts about n-plectic manifolds in Chapter 2 We
say an (n+ 1)-form w on M is n-plectic if w is closed and nondegenerate. By nondegen-
erate, we mean the contraction

TM — A™"T*M
(1.1)

v— w(v,—)

is injective. For the most part, we follow Cantrijn, Ibort, and de Ledén’s work on mul-
tisymplectic manifolds [16]. In particular, we use their generalizations of the familiar
notions of Lagrangian submanifolds and real polarizations found in symplectic geometry.

Next, in Chapter |3| we extend the algebraic structures found in symplectic
geometry to the n-plectic setting. Given an n-plectic manifold (M, w), we show that the
n-plectic structure naturally induces a skew-symmetric bracket on a particular subspace
of (n — 1)-forms, which we call Hamiltonian. An (n — 1)- form « is Hamiltonian if there

exists a vector field v such that
do = —w(v,—).

The vector field v is called the Hamiltonian vector field associated to «. In the 1-
plectic/symplectic case, we see that every O-form is Hamiltonian, and our bracket reduces
to the Poisson bracket of functions. However, for higher values of n, the bracket only
satisfies the Jacobi identity up to an exact form. This leads us to the notion of a Lie

n-algebra. Lie n-algebras (equivalently, n-term Lq.-algebras [39]) are higher analogs of



symplectic geometry

2-plectic geometry

degree of
differential form

2

3

examples

cotangent bundles

exterior square of cotangent bundles

coadjoint orbits
of Lie groups

compact simple Lie groups

classical field theory

physical objects

particles

strings

Lie 2-algebra of

Hermitian line bundle
with connection

observables Lie algebra of functions Hamiltonian 1forms

= point in ph = path i Itiph
Mmeasurement x = point in phase space ~v = path in multiphase space

s v [La
prequantization
principal U(1)-bundle U(1)-gerbe
with connection with 2-connection
prequantum structure or or

2-line stack
with 2-connection

local data for
prequantum
structure

Deligne 1-cocycle:
transition functions,
1-forms

Deligne 2-cocycle:
transition functions,
1-forms, 2-forms

infinitesimal symmetries
of prequantum structure

Atiyah algebroid
(Lie algebroid)

Courant algebroid
(Lie 2-algebroid)

quantization
RZ\ {0}, R\ {0},
example w — do w— dB
polarization concentric circles concentric spheres
Bohr-Sommerfeld [0 € 2miZ [i2 B € 2miZ
condition St 52
quantum wavefunctions of representations
states harmonic oscillator of SU(2)

Table 1.1: Examples of structures found in symplectic geometry and higher symplectic
geometry (for the 2-plectic case). Comparisons of their roles in field theory, prequanti-
zation, and quantization are listed.




differential graded Lie algebras. They consist of a graded vector space concentrated
in degrees 0,...,n — 1, and are equipped with a collection of skew-symmetric k-ary
brackets, for 1 < k < n + 1, that satisfy a generalized Jacobi identity. In particular,
the £ = 2 bilinear bracket behaves like a Lie bracket that only satisfies the ordinary
Jacobi identity up to higher coherent chain homotopy. In Theorem we prove that,
given an n-plectic manifold, one can explicitly construct a Lie n-algebra on a complex
consisting of Hamiltonian (n — 1)-forms and arbitrary p-forms for 0 < p < n — 2. The
bilinear bracket, as well as all higher k-ary brackets, are completely determined by the
n-plectic structure.

We consider an important example of this construction in Chapter [& the Lie 2-
algebra arising from a compact simple Lie group. Every such Lie group has a 1-parameter
family of canonical 2-plectic structures generated by the ‘Cartan 3-form’. These 3-forms
are used to build central extensions of, and line bundles on, the corresponding loop
group [47]. They also play a key role in the theory of gerbes on Lie groups [43] and the
quantization of conjugacy classes [46]. We show how the Lie 2-algebra of Hamiltonian
1-forms on a compact simple Lie group G relates to the ‘string Lie 2-algebra’ of G [4].
It is known that the string Lie 2-algebra can be integrated to a ‘Lie 2-group’ [28]. This
Lie 2-group can be geometrically realized as a topological group which appears in the
study of spin structures on loop spaces.

Since geometric quantization has seen so much success in symplectic geometry,
we wish to extend it to the n-plectic setting. In symplectic geometry, prequantization
involves equipping the manifold with a principal U(1)-bundle with a connection, whose
curvature is the symplectic 2-form. Therefore, in Chapter [5| we consider ‘stacks’, the
2-plectic analogue of bundles. A stack on a manifold can be thought of as a categorified
sheaf i.e. an assignment of a category to each open neighborhood of the manifold. In
particular, the higher analogue of a principal U(1)-bundle is a special kind of stack
called a ‘U(1)-gerbe’. Just as a section of a U(1)-bundle locally looks like a U(1)-valued
function, a section of a U(1)-gerbe locally looks like a principal U(1)-bundle.

We then review Brylinski’s theory of ‘2-connections’ for U(1)-gerbes [13]. To
understand what a 2-connection is, first recall that a U(1)-bundle with connection can
be described by local transition functions and 1-forms satisfying certain compatibility
conditions. This local data represents a degree 1 class in ‘Deligne cohomology’, which
can be thought of as a refinement of the usual classification of bundles by Cech co-
homology. Similarly, a U(1)-gerbe equipped with a 2-connection can be described by
local transition functions, 1-forms, and 2-forms. This local data gives a degree 2 class

in Deligne cohomology. Just as the curvature of a connection on a principal bundle is



a 2-form, the ‘2-curvature’ of a 2-connection is a 3-form. In general, we define a pre-
quantized n-plectic manifold to be an n-plectic manifold equipped a Deligne n-cocycle
whose n-curvature is, up to sign, the n-plectic form. As in the symplectic case, we
show in Propositions [5.20] and [5.21] that only those n-plectic manifolds which satisfy an
integrality condition can be prequantized.

In the remainder of the thesis, we focus on developing a quantization scheme
for 2-plectic manifolds. For prequantized symplectic manifolds, the prequantum Hilbert
space is obtained by considering global sections of the Hermitian line bundle associated
to the U(1)-bundle. We generalize this to 2-plectic manifolds by constructing the ‘2-line
stack’ associated to a U(1)-gerbe. Sections of the 2-line stack locally look like Hermitian
vector bundles. In Section [5.5] we use some basic ideas from ‘2-bundle theory’ to explain
why 2-line stacks are a natural generalization of line bundles. We also present a for-
malism by Carey, Johnson, and Murray [17] which generalizes the notion of holonomy
to U(1)-gerbes equipped with a 2-connection. We shall use this ‘2-holonomy’ in our
quantization procedure for 2-plectic manifolds.

In Chapter [6] we consider prequantization for 2-plectic manifolds in detail.
In order to understand our results, it is, again, helpful to momentarily return to the
symplectic case. For a prequantized symplectic manifold, the connection on the prin-
cipal bundle determines a representation of the Poisson algebra as linear operators on
the prequantum Hilbert space. This representation identifies the Poisson algebra with
certain U(1)-invariant vector fields on the bundle’s total space. These vector fields are
characterized by the fact that their flows are connection-preserving automorphisms of
the bundle. Therefore, the Poisson algebra acts as linear differential operators on the
space of smooth complex-valued functions on the total space. The prequantum Hilbert
space is built using global sections of the associated Hermitian line bundle, and there is
a way to interpret these sections as functions on the total space of the principal bundle.
Hence, the Poisson algebra acts as operators on this Hilbert space.

This process of representing the Poisson algebra as operators can be nicely
explained in terms of the Atiyah sequence associated to a principal bundle. Over any
prequantized symplectic manifold, there is a special kind of vector bundle called the
‘Atiyah algebroid’ [15]. The global sections of this vector bundle are the U(1)-invariant
vector fields on the total space of the principal U(1)-bundle. Hence, the space of sections
form a Lie algebra under the Lie bracket of vector fields. In fact, the Atiyah algebroid is
an example of a more general structure called a ‘Lie algebroid’. The representation we
described in the previous paragraph corresponds to an injective Lie algebra morphism

embedding the Poisson algebra into the global sections of the Atiyah algebroid.



We define a prequantized 2-plectic manifold to be an integral 2-plectic manifold
equipped with a U(1)-gerbe with 2-connection. A construction given by Hitchin [29]
associates to any such gerbe on a manifold, a vector bundle called a ‘Courant algebroid’.
Its space of global sections is equipped with a skew-symmetric bracket which gives it
the structure of a Lie 2-algebra. Hence, the Courant algebroid can be understood
as a ‘Lie 2-algebroid’. This ‘Courant bracket’ plays an important role in generalized
complex geometry [26] and Poisson geometry [40]. Beginning in Section we show
how the Courant algebroid associated to a U(1)-gerbe is the higher analogue of the
Atiyah algebroid associated to a U(1)-bundle. Such an analogy was conjectured to exist
by Bressler and Chervov [II] as well as others. Our main result in this chapter is
Theorem It implies that the 2-connection of a gerbe on a prequantized 2-plectic
manifold induces an injective morphism from the Lie 2-algebra of Hamiltonian 1-forms
into the Lie 2-algebra of global sections of the Courant algebroid. In this way, we obtain
a prequantization of the Hamiltonian 1-forms, in complete analogy with the symplectic
case.

Finally, in Chapter [7, we use the 2-plectic analogue of ‘real polarizations’ to
fully geometrically quantize 2-plectic manifolds. A real polarization on a prequantized
symplectic manifold is a certain kind of foliation. Over any leaf of the polarization, the
prequantum bundle restricts to a flat bundle. The prequantum Hilbert space of global
sections is cut down by considering only those sections covariantly constant along the
leaves of the polarization. However, there are topological obstructions to obtaining a
non-trivial Hilbert space from this process. For example, if the leaves of the polariza-
tion are not simply-connected, then we are forced to consider only the leaves on which
the restricted bundle has trivial holonomy. The collection of all such leaves is called
the ‘Bohr-Sommerfeld variety’ associated to the polarization [63]. The space of quan-
tum states is built using certain sections which are covariantly constant on the leaves
contained in the variety. As the name suggests, there is a relationship between this
construction and the old Bohr-Sommerfeld quantization rules from physics.

Before we go to the 2-plectic case, we review a well-known example in symplec-
tic geometry in Section We quantize the punctured plane M = R?\ {0}, equipped
with a volume-form w = df), as the phase space of the ‘simple harmonic oscillator’. Here
f is not the angular coordinate on M, but rather a global 1-form which is related to
the energy of the oscillator. We prequantize M using the trivial principal U(1)-bundle
with connection . The associated Hermitian line bundle is the trivial line bundle. We
choose the polarization given by concentric circles about the origin. The corresponding

Bohr-Sommerfeld variety is a countable subset of these circles. We find sections of the
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prequantum line bundle over the Bohr-Somerfeld variety which are covariantly constant
along the circles contained in the variety. This is equivalent to finding solutions to the
Schrodinger wave equation. After applying a small correction, the radii of the circles in
the variety correspond to the discrete energy levels for the quantized oscillator.

We generalize this entire construction to the 2-plectic case in Section We
start with a prequantized 2-plectic manifold equipped with a Deligne 2-cocycle. We
consider the associated 2-line stack with 2-connection whose 2-curvature is the 2-plectic
structure. The 2-plectic analogue of the prequantum Hilbert space is the category of
global sections of the 2-line stack, i.e. the category of twisted Hermitian vector bundles
on the manifold.

We quantize the manifold by choosing a real polarization as defined in Chapter
Over any leaf of the polarization, the 2-line stack restricts to a ‘flat stack’ i.e. the 2-
curvature vanishes. The Bohr-Sommerfeld variety associated to the polarization is made
up of those leaves on which the restricted 2-line stack has trivial 2-holonomy. Here, we
use the 2-holonomy formalism for Deligne 2-cocycles which we described in Chapter
The 2-plectic analogue of the space of quantum states is the category of quantum
states. Its objects are twisted vector bundles over the Bohr-Sommerfeld variety whose
restriction to each leaf in the variety is ‘twisted-flat’. This twisted-flat condition replaces
the covariantly constant condition used in the symplectic case.

As an example of 2-plectic quantization, we consider the space M = R3\ {0}
equipped with a particular volume form w = dB. We prequantize the space using the
trivial U(1)-gerbe whose 2-connection is given by the global 2-form B. The associated
2-line stack in this case is equivalent to the stack of Hermitian vector bundles equipped
with connection over M. (There is no twisting since the Deligne 2-cocycle is just a global
2-form.) We choose the polarization given by concentric spheres about the origin.

A sphere centered about the origin in R3 is a coadjoint orbit of the Lie group
SU(2). This can easily seen by identifying R® with su(2) = su(2)*. It turns out that
the restriction of B to any such sphere gives the famous KKS symplectic form used in
Kirillov’s orbit method [34]. By definition, a sphere is included in the Bohr-Sommerfeld
variety if the Deligne 2-cocycle given by B has trivial 2-holonomy. Requiring trivial
2-holonomy is equivalent to the KKS symplectic form satisfying an integrality condi-
tion, which further implies that it is the curvature of a line bundle. We use some basic
facts about the orbit method to pass from bundles to representations. We show that,
in this example, the category of quantum states obtained from our quantization pro-
cess is closely related to the category of finite-dimensional representations of SU(2).

This suggests that, in some sense, 2-plectic quantization categorifies Kirillov’s orbit
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method. Interestingly, the process fails to produce representations whose decomposition
into irreducibles contains the trivial representation of SU(2). However, this is some-
what expected, since it is well known that the analogous quantization procedure for the
harmonic oscillator in symplectic geometry requires an additional correction in order to
obtain the correct space of quantum states.

We conclude the thesis in Chapter§] by providing a technical summary of the

main results, and by discussing some open problems and future directions for research.

Previous work

We have recently published some of the results presented here. Theorem
in Chapter and Proposition in Appendix appear in [50]. Theorem in Chapter
appears in [6], which was co-authored with J. Baez. The other results in Chapter
generalize or improve upon those of [6]. Chapter |§| is based on a recent preprint [49],
which has been submitted for publication. Finally, a different proof of Theorem in
Appendix [A| appears in [5], which was co-authored with J. Baez and A. Hoffnung.
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Chapter 2

n-Plectic geometry

Our basic geometric objects of interest are n-plectic manifolds: manifolds
equipped with a closed, nondegenerate form of degree n+ 1. Hence, a 1-plectic manifold
is a symplectic manifold. n-Plectic manifolds are also called multisymplectic manifolds.
Multisymplectic geometry originated in covariant Hamiltonian formalisms for classical
field theory, just as symplectic geometry originated in classical mechanics. However,
multisymplectic manifolds can be found outside the context of classical field theory, and
are interesting from a purely geometric point of view. A few different definitions for
multisymplectic structures exist in the literature. We adopt the formalism developed
by Cantrijn, Ibort, and de Ledén [16], since it provides the simplest generalization of

symplectic structures, and also encapsulates a wide variety of interesting examples.

2.1 Linear theory

We begin by introducing multisymplectic/n-plectic structures on vector spaces.
For the most part, we only present those aspects of the theory needed for subsequent

chapters. For more details, we refer the reader to [16].

Definition 2.1. An (n+1)-form w on a vector space is n-plectic iff it is nondegenerate:
Yo eV pw=0=v=0.
If w is an n-plectic form on V', then we call the pair (V,w) an n-plectic vector space.

Note that a 1-plectic vector space is simply a symplectic vector space. A
straightforward exercise in linear algebra shows that n-plectic structures do not exist on
vector spaces of dimension n + 2. For the n = 1 case, there is the stronger result that

every finite-dimensional symplectic vector space has even dimension. Conversely, any
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even-dimensional vector space V' admits a symplectic form w, which can be put into a
normal form by choosing a particular basis. Hence, GL(V') acts transitively on the space
of symplectic structures on a symplectic vector space (V,w). In contrast, it has been
shown that if dim V' > 6, then n-plectic structures on V' are generic for 2 <n < dim V' —4
[42]. Furthermore, 2-plectic structures on real vector spaces V with dim V' < 7 have been
classified. In these cases, the action of GL(V) is not transitive. If dim V' = 6, then there
are 2 equivalence classes, and if dim V' = 7, then there are 8 classes [42]. In general, the
classification of n-plectic structures remains an open problem [16].

Next, we consider several natural generalizations of the orthogonal complement

associated to a bilinear form.

Definition 2.2 ([I6]). Let (V,w) be an n-plectic vector space and W C V be a subspace.

The k-orthogonal complement of W is the subspace
Wk = {veV |ww,ws,...,wg) =0 Yw,ws,...,wp, € W}.
Hence, there is a filtration of orthogonal complements:
Wl cwt2c...cwin,

Definition 2.3 ([16]). A subspace W of an n-plectic vector space (V,w) is k-isotropic
iff W C Wk and k-Lagrangian iff W = Wk,

For convenience, if W is an n-isotropic or n-Lagrangian subspace of an n-plectic vector
space, then we will say W is isotropic or Lagrangian, respectively. The notion of a
k-co-isotropic subspace exists as well, but we will not need it here.

Obviously, every 1-dimensional subspace of an n-plectic vector space is 1-
isotropic. Hence, the next proposition guarantees the existence of k-Lagrangian sub-

spaces for all k£ > 1.

Proposition 2.4. Let (V,w) be an n-plectic vector space. If W C V is a k-isotropic

subspace, then for all k' > k there exists a k'-Lagrangian subspace containing W .
Proof. See Proposition 3.4 (iii) in the paper by Cantrijn, Ibort, and de Léon [16]. O

In contrast with the symplectic case, two k-Lagrangian subspaces need not have the
same dimension. However, if the n-plectic vector space is (n + 1)-dimensional, then it

is simply a vector space equipped with a volume form and we have:

Proposition 2.5. If (V,w) is an n-plectic vector space with dimV = n + 1, then a
subspace W C 'V is n-Lagrangian if and only if dim W = n.
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Proof. First suppose W = W™, Then dimW = k < n. Let ey,...,e; be a basis for
W, and let e, ..., ek, €xs1,-.-,enr1 be its extension to a basis for V. Let 6',...,6"*!

be the dual basis with 6%(e;) = (5; The n-plectic form can be written as
w=r-0L A AT

with |r| > 0. If wy,...,w, are elements of W, with w; = 2?21 cijej, and dim W is
strictly less than n, then

w(v, wy,we, ..., wy) =0

for all v € V. Hence, we must have dim W = n.

Now suppose W has dimension n with basis e1,...,e,. Let e1,...,en,en11 be
the extended basis of V. It is easy to see that W C WL, If v € W™ is not an element
in W, then its contraction with the dual basis element #"*! is non-zero. However, we
have:

0=w(v,er,e,...,en) =tw(er,ea,...,en,v) ==Er "1 (v),

giving a contradiction. Hence no such v exists, and therefore W = W+m, O

2.2 n-Plectic manifolds

We now turn to the global theory. Our first definition generalizes the definition

of a symplectic manifold.

Definition 2.6. An (n + 1)-form w on a smooth manifold M is n-plectic, or more

specifically an n-plectic structure, if it is both closed:
dw =0,

and nondegenerate:

Vee MYveTl M, uw=0=v=0
If w is an n-plectic form on M we call the pair (M,w) an n-plectic manifold.
Remark 2.7. In general, n-plectic manifolds are much more abundant than symplectic
manifolds. On a finite-dimensional manifold M, n-plectic structures are generic for
2 <n < dimM — 4 (i.e. the set of n-plectic structures is comeager in I'(A"*1T*M) by

Thm. IT 2.2 and Prop. II 4.2 in [42]). Also, the remarks made after Def. imply that

no Darboux-like theorem holds for n-plectic structures.
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Clearly, an n-plectic structure on an (n + 1)-dimensional manifold M is a non-
vanishing section of the top-exterior power of the cotangent bundle. Hence, orientable
manifolds equipped with a volume form provide simple examples of n-plectic manifolds.

Below, we describe some other interesting examples of n-plectic manifolds.

Example 2.8 (Compact simple Lie groups). Every compact simple Lie group admits
a l-parameter family of canonical 2-plectic structures. These structures have been dis-
cussed in the multisymplectic geometry literature [16] [30], and play an important role
in several branches of mathematics connected to string theory.

Recall that if G is a compact Lie group, then its Lie algebra g admits an inner
product <-, > that is invariant under the adjoint representation Ad: G — Aut (g). For

any nonzero real number k, we can define a trilinear form

wr(z,y,2) = k:<m, ly, z]>

for any z,y, z € g. Since the inner product is invariant under the adjoint representation,
it follows that the linear transformations ad,: g — g given by ad,(z) = [y,z]| are
skew adjoint. That is, <ady($),z> = —<:U,ady(z)> for all z,y,z € g. Hence, wy is
totally antisymmetric. Moreover, wy, is invariant under the adjoint representation since
[Ady(2), Ady(y)] = Ady ([z, 9]).

Let Ly: G — G and Ry: G — G denote left and right translation by g, respec-
tively. Let 6, € Q'(G,g) denote the left-invariant Maurer-Cartan form, which sends
a vector v € TyG to Ly-1,v € g. Using left translation, we can extend wy to a left

invariant 3-form v, on G-

v, =wy (01,0r,01)

— k{01, [01,01]).

It is straightforward to show that v, is also a right invariant 3-form. Indeed, since Ad, =
Lg. o Ry-1,, the invariance of wy under the adjoint representation implies Rjvy = vj.

From the left and right invariance we can conclude
dv, =0,

since any p-form on a Lie group that is both left and right invariant is closed.

Now suppose that G is a compact simple Lie group. Then g is simple, so it has
a canonical invariant inner product: the Killing form (up to a choice of normalization).
With this choice of inner product, the trilinear form wj, is nondegenerate in the sense of

Definition .11
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Proposition 2.9. If G is a compact simple Lie group, then (G,vy) is a 2-plectic man-
ifold.

Proof. We just need to show that wy is nondegenerate i.e. if z € g and wg(z,y,2) =0
for all y,z € g then x = 0. Recall that if g is simple, then it is equal to its derived

algebra [g, g]. Hence we may write z = >, [y;, 2;]. Therefore

n n
k<l‘,.’1§'> = kZ<LE‘, [y’u Zl]> = Zwk(%yi; Zi) = 07
i=1 i=1
implies x = 0 since <-, > is an inner product. O

Example 2.10 (Exterior powers of cotangent bundles). This next example generalizes
the well-known fact that cotangent bundles are symplectic manifolds. Suppose M is
a smooth manifold, and let X = A"T*M be the n-th exterior power of the cotangent

bundle of M. Then there is a canonical n-form 6 on X given as follows:

9(1)1, e 7Un)|x = 5[7(71'*(7)1), . ,W*(Un))

where v1, . .. v, are tangent vectors at the point z € X, and m: X — M is the projection
from the bundle X to the base space M.
We claim the (n + 1)-form

w=db

is n-plectic. This can be seen by explicit computation. Let ¢', ..., ¢* be coordinates on
an open set U C M. Then there is a basis of n-forms on U given by dq¢’ = dg* A---Adg™
where I = (iy,...,1i,) ranges over multi-indices of length n. Corresponding to these n-
forms there are fiber coordinates p; which combined with the coordinates ¢* pulled back

from the base give a coordinate system on A™T*U. In these coordinates we have
0 = prdq’,

where we follow the Einstein summation convention to sum over repeated multi-indices
of length n. It follows that
w = dpr Adq’.

Using this formula one can check that w is indeed n-plectic.

Example 2.11 (Hyper-Kahler manifolds). Let (M, g) be a Riemannian manifold which
admits two anti-commuting, almost complex structures Jyi,Jo: TM — TM, i.e. le =

J22 = —id and J1Jo = —JoJ;. Then J3 = J1Jo is also an almost complex structure.
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If Jy, Ja, J3 preserve the metric g, then one can define the 2-forms 61,609,603, where
0;(v1,v2) = g(vy, Jivg). If each 6; is closed, then M is called a hyper-Kéhler manifold

[65]. Given such a manifold, one can construct the 4-form:
w==01 N0 +05 N0+ 03 A 0O5.

Clearly, w is closed. It is also straightforward to show nondegeneracy. Indeed, sup-
pose there existed a vector field v such that w(v,-,-,-) = 0. A calculation shows that
w(v, Jiv, Jov, J3v) = 0 implies that g(v,v)? = 0. Since g is Riemannian, we must have

v = 0. Hence a hyper-Kéahler manifold is a 3-plectic manifold.

2.3 k-Lagrangian submanifolds and k-polarizations

We return to our presentation of the general theory and describe some geomet-
ric structures that will play important roles in the geometric quantization of n-plectic

manifolds.

Definition 2.12 ([16]). A submanifold N of an n-plectic manifold (M, w) is k-isotropic
(k-Lagrangian) iff for all z € N, T, N is a k-isotropic (k-Lagrangian) subspace of the

n-plectic vector space (T M,w|;).

As in the linear case, if N is an n-isotropic or n-Lagrangian submanifold of an n-plectic
manifold, then we say N is isotropic or Lagrangian, respectively. Of course, we
recover the usual definitions when n = 1.
In symplectic geometry, polarizations are defined as integrable maximally isotropic

sub-bundles of the complexified tangent bundle of a symplectic manifold. They are used
in geometric quantization to cut down the size of the Hilbert space associated to the
symplectic manifold. Certain polarizations called “real polarizations” can be understood
as integrable distributions living in the real tangent bundle rather than its complexifica-
tion. We currently do not know what an “n-complex structure” should be. Therefore,

we are only able to generalize real polarizations to the n-plectic case.

Definition 2.13. A foliation F' of an n-plectic manifold (M, w) is a real k-polarization

iff the leaves of F' are immersed k-Lagrangian submanifolds of M.

For brevity, we call a real n-polarization on an n-plectic manifold simply a polarization.

We conclude with an example which we will use in Chapter [7]

Example 2.14. A volume form on M = R""!\ {0} is an n-plectic form. Let F be the
foliation of M by n-spheres centered about the origin. Since each leaf has codimension

1, it follows from Prop. 2.5 that F' is a real polarization of M.
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Chapter 3

Algebraic structures on n-plectic

manifolds

From the algebraic point of view, the fundamental object in symplectic geome-
try is the Poisson algebra of smooth functions whose bracket is induced by the symplectic
form. The nondegeneracy of a symplectic 2-form on M induces an isomorphism from
TM to T*M. Hence, for every function f there exists a unique vector field v such that

df = —w(vy,-). This assignment gives the Poisson bracket:

{f,9} =wlvp,vg), Vf,geC®(M). (3.1)

This bracket is skew-symmetric and satisfies the Jacobi identity. Hence, the space of
smooth functions on a symplectic manifold is a Lie algebraE] In classical mechanics, the
functions play the role of the ‘observables’, or measurements, of a physical system of
point particles. The Poisson bracket is used to describe how these measurements change
as the system evolves in time.

Certain complications arise if we try to repeat the above construction for an
arbitrary n-plectic manifold (M, w). The nondegeneracy of the n-plectic form gives an
injection T'M — A™T™M that is not necessarily onto. Therefore, only a subspace of the
(n — 1)-forms on M have the property that there exists a unique vector field v, such
that

doa = —w(vgy, ).
We call such (n — 1)-forms ‘Hamiltonian’. Hence, we can copy the definition of the
Poisson bracket given above and define a skew-symmetric bracket on the Hamiltonian
(n — 1)-forms
{o, B} = w(vg, v, -+ ).

!The Poisson bracket also obeys an additional Leibniz-like rule: {f, gh} = {f, g} h + g {f, h}.
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However, as we will see in Lemma [3.6] this bracket only satisfies the Jacobi identity up

to an exact form:

{on B} = e, 8} 7} = {8 {7} = —d(w(va, vg,v5, ). (3-2)

Therefore, it is not necessarily a Lie bracket for n > 1.
Roughly speaking, we can imagine the Hamiltonian forms as being part of
a complex L whose boundary operator is the de Rham differential, and interpret the

left-hand side of Eq. as the difference of two chain maps:
{7{a}} : L®L®L—>L7

and

{{';'}7'}+{',{','}}2L®L®L—>L_

From this point of view, the right-hand side of Eq. [3.2] suggests that we interpret the
evaluation of w on three Hamiltonian vector fields as a chain homotopy. This leads us
to consider an algebraic structure called a Lie n-algebra.

Lie n-algebras are higher analogs of differential graded Lie algebras (DGLAs).
They consist of a graded vector space concentrated in degrees 0,...,n — 1 and are
equipped with a collection of skew-symmetric k-ary brackets, for 1 < k < n + 1, that
satisfy a generalized Jacobi identity [38), [39]. In particular, the £ = 2 bilinear bracket
behaves like a Lie bracket that only satisfies the ordinary Jacobi identity up to ‘higher
coherent’ chain homotopy. When n = 1, we recover the definition of an ordinary Lie
algebra. For n = oo, we obtain the more general notion of an L..-algebra, which was
first discovered by Schlessinger and Stasheff [58]. The definition of a Lie n-algebra may
seem at first rather artificial. However, they are ubiquitous in mathematical physics and
in certain areas of algebraic topology. In fact, there is an alternative definition of an
Lo-algebra, based on a construction of Quillen [48], which shows that it is an obvious
and quite natural generalization of a DGLA.

The main result of this chapter is Theorem Given an n-plectic manifold,
we explicitly construct a Lie n-algebra on a complex consisting of the Hamiltonian
(n — 1)-forms and arbitrary p-forms for 0 < p < n — 2. The bilinear bracket, as well as
all higher k-ary brackets, are specified by the n-plectic structure. For n = 1, the Lie
1-algebra we obtain from this construction is the underlying Lie algebra of the Poisson
algebra of a symplectic manifold. For a 2-plectic manifold representing the ‘multi-phase’
space of a bosonic string, we showed in our work with Baez and Hoffnung that the Lie

2-algebra of Hamiltonian 1-forms contains the physical observables used in string theory
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[5]. Hence, we often refer to the Lie n-algebra arising from an n-plectic manifold as the
“algebra of observables”.
In Appendix [A] we consider other algebraic structures which naturally arise in

higher symplectic geometry: dg Leibniz algebras and Roytenberg’s weak Lie 2-algebras.

3.1 Hamiltonian forms

In this section, we equip the space of Hamiltonian (n— 1)-forms on an n-plectic
manifold with a bilinear skew-symmetric bracket, and note some of its properties. In
order to aid our computations, we introduce some notation and review the Cartan
calculus involving multivector fields and differential forms. We follow the notation and
sign conventions found in Appendix A of the paper by Forger, Paufler, and Rémer [19].

Let X(M) be the C°°(M)-module of vector fields on a manifold M and let

dim M
x'(M) = @ AF(x(M))
k=0

be the graded commutative algebra of multivector fields. On X"*(M) there is a R-
bilinear map [-,-]: X"*(M) x X"*(M) — X"*(M) called the Schouten bracket, which
gives X\*(M) the structure of a Gerstenhaber algebra. This means the Schouten bracket
is a degree —1 Lie bracket which satisfies the graded Leibniz rule with respect to the
wedge product. The Schouten bracket of two decomposable multivector fields u; A--- A

Um, V1 A= Av, € XN(M) is

[ur A A, 01 Ao s Aoy] =

m n o
DO (DM ug o) Ay A At A At
i=1 j=1

AVLA = ANDj A Avp, (3.3)

where [u;,v;] is the usual Lie bracket of vector fields.
Given a form o € Q° (M), the interior product of a decomposable multivector

field v1 A - -+ A v, with « is
LU A ANvp)a = Ly, - Ly, (3.4)

where ¢, is the usual interior product of vector fields and differential forms. The
interior product of an arbitrary multivector field is obtained by extending the above

formula by C°°(M)-linearity.
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The Lie derivative £, of a differential form along a multivector field v €

X"*(M) is defined via the graded commutator of d and ¢(v):
Lo = du(v)a — (—1)Pl(v)de, (3.5)

where ¢(v) is considered as a degree — |v| operator.
The last identity we will need involving multivector fields is for the graded
commutator of the Lie derivative and the interior product. Given u,v € X"*(M), it

follows from Proposition A3 in [19] that
[u, v])a = (=) =DPIL (v)a — o) Ly (3.6)
We return now to n-plectic geometry. Our first definition is:

Definition 3.1. Let (M,w) be an n-plectic manifold. An (n—1)-form « is Hamiltonian

iff there exists a vector field v, € X(M) such that
da = —i,,w.

We say v, is the Hamiltonian vector field corresponding to . The set of Hamiltonian
(n —1)-forms and the set of Hamiltonian vector fields on an n-plectic manifold are both

vector spaces and are denoted as Qﬁ;&l (M) and Xam (M), respectively.

The Hamiltonian vector field v, is unique if it exists, but there may be (n—1)-
forms having no Hamiltonian vector field. Note that if o € Q" (M) is closed, then it
is Hamiltonian and its Hamiltonian vector field is the zero vector field.

An elementary, yet important, fact is that the flow of a Hamiltonian vector

field preserves the n-plectic structure.
Lemma 3.2. If v, is a Hamiltonian vector field, then L, w = 0.

Proof.
Ly, w = diy,w + Ly, dw = —dda = 0

O]

n—1
Ham

We now formally define the bracket on Q. (M), which we described earlier in
the introduction. One motivation for considering this bracket comes from its appearance

in the multisymplectic formulations of classical field theories [27) 32].

Definition 3.3. Given o, 3 € Q1 (M), the bracket {«a, 3} is the (n — 1)-form given

by

{a, B} = tystoaw.
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When n = 1, this bracket is the usual Poisson bracket of smooth functions
on a symplectic manifold. These next propositions show that for n > 1 the bracket of
Hamiltonian forms has several properties in common with the Poisson bracket. However,
unlike the case in symplectic geometry, we see that the bracket {-,-} does not need to

satisfy the Jacobi identity for n > 1.

Proposition 3.4. Let o, € Q%1 (M) and Vo, Vg be their respective Hamiltonian

Ham

vector fields. The bracket {-,-} has the following properties:

1. The bracket is skew-symmetric:
{a’/@} - - {B’O‘} :
2. The bracket of Hamiltonian forms is Hamiltonian:

d {av 5} = “La,wg]Ws

and in particular we have
V{a,8) = [Vas v5]-
Proof. The first statement follows from the antisymmetry of w. To prove the second
statement, we use Lemma [3.2}
d{a, B} = diyzty,w

= ([’”B — Lvﬁd) Ly W

= Lygly,w + Lygdda

= v wa]W T Lyg Logw

= _L[va,vg]w~

O]

Proposition 3.5. The bracket {-,-} satisfies the Jacobi identity up to an exact (n —1)-

form:

{ar,{ag,as}} — {{a1,a2}, a3} — {ae, {a1,a3}} = —di(va, N vay A Vag)w.

The proof of Proposition follows from the next lemma. We will also use
this lemma in the proof of Theorem in Section [3.3]
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Lemma 3.6. If (M,w) is an n-plectic manifold and vy, . .., vy € Xgam(M) with m > 2
then

di(vi A Ao )w =

D™ > D)Mo v Avi A AB A A A Avg)w. (3.7)
1<i<j<m

Proof. We proceed via induction on m. For m = 2:
di(vi Avg)w = d{ag, s},

where ag, ay are any Hamiltonian (n — 1)-forms whose Hamiltonian vector fields are
v1, vg, respectively. Then Proposition [3.4] implies Eq. 3.7 holds.

Assume Eq. holds for m — 1. Since t(v1 A+ AvUy) = by, (V1 A+ Avp—1),
Eq. 35| implies:

d(vi A Avg)w = Ly, t(V1 A=+ A Up—1)w — Ly, de(v1 A=+ A Upp—1)w. (3.8)
Consider the first term on the right hand side. Using Eq. we can rewrite it as

Ly, t(v1 A Avpm—1)w = t([Um, 1 A+ A Up—1])w
+o(vg A A1) Ly, w

= t([vm,v1 A+ Avp—1])w,

where the last equality follows from Lemma [3.2
The definition of the Schouten bracket given in Eq. implies
m—1

[Um, V1 A s Aop—1] = Z(—l)”l[vm,vi] AUVIA- - ANO; A A Up—1-
=1

Therefore we have

Loy, t(vr A ANvp—1)w = t([Vm, v1 A+ AVp—1])w

m—1

= Z(fl)%([vi,vm] ANVIA- ANV A AUp—1)w.
i=1
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Combining this with the second term in Eq.[3.8 and using the inductive hypothesis gives

m—1
de(vi A+ Ao )w = (=1) e[V, V] AVL A ADg A=+ A1) w
i=1
—(=pym! (=)™ s ([vi, vi] Av A -
1<i<j<m—1

/\ﬁi/\---/\ﬁj/\---/\vm_l)w

m—1
= (=™ (Z(—l)”mL([vi,vm] ANVLA - NN AVUp—1)w
i=1

+ Y (D) o Avr A A A A DA AU )w
1<i<j<m—1

= (=)™ > (D[ v AvL A AD A AN A v ).
1<i<j<m

Proof of Proposition[3.5. Apply Lemma[3.6|with m = 3, and use the fact that Viasa;) =

[Va;» Va]- O

3.2 L-algebras and Lie n-algebras

We begin this section by recalling some basic graded linear algebra. Let V be
a graded vector space. Let x1,...,x, be elements of V and o € S,, a permutation. The

Koszul sign €(o) = €(o; 1, ...,2,) is defined by the equality
1N ANxy = €(o; 21, ... ,xn)xg(l) N NTony,

which holds in the free graded commutative algebra generated by V. Given o € S,,, let
(—1)? denote the usual sign of a permutation. Note that ¢(o) does not include the sign
(~1).

We say 0 € Sp14 is a (p,q)-unshuffle iff 0(i) < o(i + 1) whenever i # p. The
set of (p, ¢)-unshuffles is denoted by Sh(p, ¢). For example, Sh(2,1) = {(1), (23), (123)}.

If V and W are graded vector spaces, a linear map f: V" — W is skew-
symmetric iff

FWatys - Vom)) = (=1)7€(0) f(v1,- - -, vn),

for all 0 € S,,. The degree of an element z; ® --- ® ,, € V®® of the graded tensor
algebra generated by V is defined to be |21 ® - @ xp| = > 1 |zl

Proposition implies that we should not expect Qﬁ;&l (M) to be a Lie algebra

unless n = 1. However, the fact that the Jacobi identity is satisfied modulo boundary
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terms suggests we consider what are known as strongly homotopy Lie algebras, or Lo-

algebras [38, [39].
Definition 3.7. An Lo-algebra is a graded vector space L equipped with a collection
{zk; L% L L)1 <k< oo}

of skew-symmetric linear maps with |ly| = k — 2 such that the following identity holds
for1<m <oo:
> (D7) (=) Iy - Tol) To(it1)ys - Tomy) = 0. (3.9)
i+j=m+1,
o€Sh(i,m—1i)
Definition 3.8. An Lo-algebra (L,{l;}) is a Lie n-algebra iff the underlying graded

vector space L is concentrated in degrees 0,...,n — 1.

Note that if (L, {lx}) is a Lie n-algebra, then by degree counting I, = 0 for

k>n+1.

The identity satisfied by the maps in Definition can be interpreted as a
‘generalized Jacobi identity’. Indeed, using the notation d = l; and [-,:] = ls, Eq.
implies

d>=0
d[z1, 20) = [dy, zo] + (=1)1" [y, dazy].

Hence the map l1: L — L can be interpreted as a differential, while the map lo: LQL —

L can be interpreted as a bracket. The bracket is, of course, skew symmetric:
|21, x2] = —(—1)l1l172l [y ],

but does not need to satisfy the usual Jacobi identity. In fact, Eq. implies:

(=18l [y, 2], 3] + (= 1)l [, ], ] + (1)1 g, 5], 1]
= (_1)|x1|\x3\+1 (dlg(ﬂ?l, xTo, .%‘5) + lg(dﬁl, o, 5(53)

+ (—1)|$1|l3(371,d(£2,$3) + (—1)‘x1‘+‘x2‘l3(1’1, o, dwg))

Therefore one can interpret the traditional Jacobi identity as a null-homotopic chain
map from L ® L ® L to L. The map [3 acts as a chain homotopy and is referred to as
the Jacobiator. Eq. also implies that I3 must satisfy a coherence condition of its
own. From the above discussion, it is easy to see that a Lie 1-algebra is an ordinary
Lie algebra, while an L-algebra with [, = 0 for all £ > 3 is a differential graded Lie
algebra.
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Remark 3.9 (Morphisms of Ly-algebras). There is a more elegant way to define an
Lyo-algebra using the language of graded coalgebras. This is inspired by the Quillen
construction [48] for DGLAs, which realizes any DGLA structure on a graded vector
space V as a codifferential on the cofree, cocommutative coalgebra (without counit)
generated by the suspension of V. One can then define an Lo-structure on V' to simply
be any codifferential on this coalgebra [38]. The fact that a codifferential squares to zero
is equivalent to Eq.[3.9] The reader unfamiliar with coalgebras is probably quite confused
by these remarks. We only mention this alternative definition, since it provides a natural
definition of morphism between L.-algebras. Such a morphism is just a morphism
between the corresponding graded coalgebras which respects the codifferentials. In this

thesis, we will only consider morphisms between Lie 2-algebras (Def. |3.11)).

3.2.1 Lie 2-algebras

Since we will be focusing specifically on 2-plectic manifolds in later chapters, we
discuss here the theory of Lie 2-algebras in more detail. As L..-algebras, Lie 2-algebras
are relatively easy to work with, since the underlying complex is concentrated in only
two degrees. In this case, one can write out the axioms explicitly using elementary

homological algebra.

Proposition 3.10. A Lie 2-algebra is a 2-term chain complex of vector spaces L =

(Lq LA Lo) equipped with:
o skew-symmetric chain map [-,-]: L ® L — L called the bracket;

e an skew-symmetric chain homotopy J: L ® L ® L — L from the chain map

LeL®L — L
r@y®z — [y, ],

to the chain map

LeL®L — L
r@y@z — [lz,yl 2+ |y [z, 2]

called the Jacobiator,

such that the following equation holds:

[z, J(y, z,w)] + J (@, [y, 2], w) + J (2, 2, [y, w]) + [J (2, y, 2), w]
+[zv J(x7y7w)] = J(m,y, [Z, w]) + J([x7y]7 Z7w) (3'10)
+y, J (@, z,w)] + J(y, [z, 2], w) + I (y, 2, [2, w]).

27



Proof. See Lemma 33 in Baez and Crans [4]. Note that the Jacobiator J is the map I3
in Definition B.8 O

For Lie 2-algebras, it is easy to write down the definition of a morphism without

using coalgebras. (See Remark )

Definition 3.11 ([4]). Given Lie 2-algebras L = (L,[-,-],J) and L' = (L',[-,-]',J") a

morphism from L to L' consists of:
e a chain map ¢: L — L', and

e a chain homotopy ®: L ® L — L' from the chain map

LoL — L
@y — ¢([z,y])

to the chain map
LeL — L

z®y (o), 6y,

such that the following equation holds:

P1(J(,y,2)) — S (do(2), Po(y), do(2)) =
(p(‘%.? [y7 Z]) - @([m,y],z) - (I)(yv [.CC,Z]) - [@(m,y),qﬁo(z)]’ (311)
+ldo(z), 2(y, 2)] = [do(y), B(x, 2)]"

We say a morphism is strict iff & = 0.

Typically, isomorphism is too strong of an equivalence to use for L,-algebras.

Instead we use:

Definition 3.12. A Lie 2-algebra morphism (¢, ®): L — L' is a quasi-isomorphism
iff the chain map ¢ induces an isomorphism on the homology of the underlying chain

complexes of L and L’.

Since every vector space is free, quasi-isomorphism in our case is the same thing as chain

homotopy equivalence, or categorical equivalence in the sense of Baez and Crans [4].

3.3 Lie n-algebras from n-plectic manifolds

There are several clues that suggest that any n-plectic manifold gives an L.-
algebra. Comparing Eq. to the generalized Jacobi identity (3.9) suggests that, for

an n-plectic manifold, we should look for Lie n-algebra structures on the chain complex

c(M) L oty S 4 an2 () S ar-t (M), (3.12)

Ham
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with the [; map equal to d. We denote this complex as (L, d). Note that here we are
using the de Rham differential as a degree -1 operator. Hence Lg = Qﬁ;&l (M), while
L,_1=C>(M).

Note that the bracket {-, -} given in Definition [3.3|induces a well-defined bracket
[-,-]" on the quotient

8 = Qo (M) /dQ" (M),

Ham

where dQ"~2(M) is the space of exact (n — 1)-forms. This is because the Hamiltonian
vector field of an exact (n — 1)-form is the zero vector field. It follows from Proposition
[3.5| that (g,[,"]') is, in fact, a Lie algebra.

If M is contractible, then the homology of (L, d) is

Hy(

=
I

9
Hip(L)=0 for0<k<n-—1,
R.

Therefore, the augmented complex

0—R—C®M) L. % a2 L on-t (M) (3.13)

Ham

is a resolution of g.

Barnich, Fulp, Lada, and Stasheff [9] showed that, in general, if (C,¢) is a
resolution of a vector space V = Hy(C') and Cj is equipped with a skew-symmetric map
iQ: Co ® Cy — Cy that induces a Lie bracket on V', then l~2 extends to an L.-structure

on (C,d). Hence we have the following proposition:

Proposition 3.13. Given a contractible n-plectic manifold (M,w), there is an Lso-

algebra (L, {l;;}) with underlying graded vector space

Qrl(M) i=0,

Ham

Li=qQ 1= (M) 0<i<n-—1,
R 1=n,
and l: L — L defined as
a, iflal=n

h(a)=
daif |a] #n,

and all higher maps {lk: L® i\Q <k< oo} are constructed inductively by using the
bracket

{3 Lo®@Lo— Lo, {a1,02} = by, tuy, @,
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where vy, , Vo, are the Hamiltonian vector fields corresponding to the Hamiltonian forms

a1, ay. Moreover the maps {l} may be constructed so that
l(at,...,ar) #0  only if all oy have degree 0,
for k > 2.

Proof. The proposition follows from Theorem 7 in the paper by Barnich, Fulp, Lada,

and Stasheff [9]. Since for any n-plectic manifold,

{a,dB} =0 VYaecQ¥l(M)VseQ" (M),

Ham

the second remark following Theorem 7 in [9] implies that the maps {l;} may be con-
structed so that they are trivial when restricted to the positive-degree part of the k-th

tensor power of L. O

For an arbitrary n-plectic manifold (M,w), Proposition guarantees the
existence of L..-algebras locally. We want, of course, a global result in which the higher
[ maps are explicitly constructed using only the n-plectic structure. Moreover, in our
previous work on 2-plectic geometry [5], we were able to construct by hand a Lie 2-
algebra on a 2-term complex consisting of functions and Hamiltonian 1-forms. We did
not need to use a 3-term complex consisting of constants, functions, and Hamiltonian
1-forms. Hence in the general case, we’d expect an n-plectic manifold to give a Lie
n-algebra whose underlying complex is (L,d), instead of a Lie (n + 1)-algebra whose
underlying complex is the (n + 1)-term complex used in the above proposition.

We can get an intuitive sense for what the maps Ij,: L®* — L should be by
unraveling the identity given in Definition for small values of m and momentarily
disregarding signs and summations over unshuffles. For example, if m = 2, then Eq.
implies that the map lo: L ® L — L must satisfy:

lils + 15l = 0. (3.14)

Obviously we want [; to be the de Rham differential and Il to be equal to the bracket

{-,-} when restricted to degree 0 elements:

la(a1, ) = £y, o, w = {1,020} Vo € Lo = Q-1 (M),

Ham

Now consider elements of degree 1. For example, if « € Lo and 3 € Ly = Q" 2(M),
then ly(a, dB) = {«,dB} = 0. Therefore Eq. implies

dlg(a,ﬂ) = lllg(a, B) =0.
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Hence, when restricted to elements of degree 1, l3(«, #) must be a closed (n — 2)-form.
We will choose this closed form to be 0. In fact, we will choose Iy to vanish on all
elements with degree > 0, since, in general, we want the L., structure to only depend
on the de Rham differential and the n-plectic structure.

Now suppose [y is defined as above and let m = 3. Then Eq. implies:
l1l3 + lsly + 1311 = 0. (3.15)

On degree 0 elements, I; = 0. Therefore it is clear from Proposition that the map

I3: L®3 — L when restricted to degree 0 elements must be
I3(a, g, a3) = £1(Vay A Vay A Vs )W,

where v,, is the Hamiltonian vector field associated to ;. Now consider a degree 1
element of L ® L ® L, for example: a1 ® a2 ® 3 € Q1 (M) Qﬁ;rln (M) ® Q" 2(M).

Since I3(ov1, oo, dB) = £1(Va; A Vay A vgg)w = 0, and Iy vanishes on the positive-degree
part of the k-th tensor power of L, Eq. holds if and only if

dlz(a1, a2, 3) = 0.

Hence, when restricted to elements of degree 1, l3(a1, ag, ) must be a closed (n — 2)-
form. Again, we will choose this closed form to be 0 by forcing I3 to vanish on all
elements with degree > 0.

Observations like these bring us to our main theorem. In general, we will define
the maps Ij,: L®* — L on degree zero elements to be completely specified (up to sign)

by the n-plectic structure w:
lg(on, . .,0n) = £(vay, A+ Nvg )w  if o @ -+ @ ag| =0,
and trivial otherwise:
le(ag,...,a1) =0 if o ®-- - ®ag| > 0.

Theorem 3.14. Given an n-plectic manifold (M,w), there is a Lie n-algebra Loo(M,w) =
(L,{li}) with underlying graded vector space

1 .
L, M, (M) =0,

Qrl=i(M) 0<i<n-—1,
and maps {lk: L® S L1 <k< oo} defined as
ll(a) = dOé,
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if la] > 0 and

lk(ala"'7ak’) ==
0 if la1 ® - - @ ag| >0,
(0¥ ulvay Ao Av ) if a1 @+ @ x| =0 and k even,  (316)

(1) 2 t(vay A Avay)w  if |on @ @ ag| =0 and k odd,

for k > 1, where v,, is the unique Hamiltonian vector field associated to o; € Qﬁ;&l (M).

Proof of Theorem [3.14. We begin by showing the maps {l;} are well-defined skew sym-
metric maps with |lx] =k —2. If oy ® - - - ® a, € L®* has degree 0, then for all o € Sy,

the antisymmetry of w implies

l(Qo(rys - -5 Qo)) = (1) 7l (0, - - o o).
Since for each i, we have |a;| = 0, it follows that (o) = 1. Hence [}, is skew symmetric
and well-defined. Since t(va, A -+ A Vg, )w € QPR (M) = Lj_o, we have |lx| = k — 2.
We also have, by construction, [, =0 for k > n + 1.

Now we prove the maps satisfy Eq. in Definition If m = 1, then it is

satisfied since [ is the de Rham differential. If m = 2, then a direct calculation shows

l1(l2(041,042)) = lz(ll(al), 062) + (—1)|O‘1ll2(a1, ll(OéQ)).

Let m > 2. We will regroup the summands in Eq. into two separate sums depending
on the value of the index j and show that each of these is zero, thereby proving the
theorem.

We first consider the sum of the terms with 2 < j <m — 2:

m—2

> (=1)7e(@) (1) Vi), - - Qa)s Co(intys - > Qogmy)- (317
J=2 oeSh(i,m—1)

In this case we claim that for all o € Sh(i, m — i) we have

lj(li<a0(1), N ,Oég(i)), Ozg(i+1), NN >aa(m)) =0.

Indeed, if there exists an unshuffle such that the above equality did not hold, then the

definition of I;: L%/ — L implies
(1), - -, Qo(i) © Ao(ig1) @+ ® Qg (m)| =0,
which further implies
li(@o(1)s - Q@) | = |y @+ @ appy| +i—2=0. (3.18)
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By assumption, l;(ag(1), - - - , @ (;)) must be non-zero and j < m—1 implies i > 1. Hence
we must have ‘aa(l) ® - ® aa(i)’ = 0 and therefore, by Eq. 1 = 2. But this implies
j = m — 1, which contradicts our bounds on j. So no such unshuffle could exist, and

therefore the sum (3.17)) is zero.

We next consider the sum of the terms j =1, j =m — 1, and j = m:

ll(lm(alv SRR am)) + Z (_l)gﬁ(U)lm—l(b(aa(l)a 060(2)), Qp(3)y -+ 7aa(m)>
o€Sh(2,m—2)

+ ) (D)%) (=) (110 (1))s Ao(2)s - 5 Qo))
oeSh(1l,m—1)

Note that if o € Sh(1,m — 1) and ‘ll(aa(l)ﬂ > 0, then

lm(ll(aa(l))a 010(2), cee 7ao(m)) =0

by definition of the map [,,. On the other hand, if |ll(ao(1))‘ = 0, then l1 (o, (1)) = dag (1)
is Hamiltonian and its Hamiltonian vector field is the zero vector field. Hence the third
term in is zero.

Since the map [y is degree 0, we only need to consider the first two terms of

(3-19)) in the case when |a; ® - -+ ® ayy| = 0. For the first term we have:

(=1)2 T de(vay, A -+ A, )w  if m even,
ll(lm(al,...,am)) = 1
(=1)" 2 di(va, N+ ANvg,,)w if m odd.

Now consider the second term. If o, j € Qfy. L (M) are Hamiltonian (n —1)-forms then
by Definition la(ei, o) = {a, 5}, By Proposition lo(v, o) is Hamiltonian
and its Hamiltonian vector field is v(4, a,} = [Va;» Va;]. Therefore for o € Sh(2,m — 2),

we have

Im-1(l2(Qg(1)s Q0 (2))s X (3)s - - + 5 Vor(mm)) =

mo__

(-1)= 1L([”a0(1)7va0(2)] A+ NVag,,, Jw  if m even,

m+1 .
(1) 2 t([va, ) Vage ] A  AVay g Jw i modd.
Since each «; is degree 0, we can rewrite the sum over o € Sh(2,m — 2) as

> ()70 lm1(l2((1), Qo) Co(@)s - -1 Coim)) =
o€Sh(2,m—2)

Z (—1)i+j_1lm71(l2(ai, ozj), 1,09, ... ,di, ey dj, e ,am).
1<i<j<m
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Therefore, if m is even, the sum (3.19) becomes

(_1)%+1db(va1 A A Vg, )w + (_1)% Z (_1)i+jb([vaivvaj] N Vay
1<i<j<m
Ao Ngg Ao Ngy A AUy, Jw
and, if m is odd:
(1) de(vay A+ Ava o+ (=17 3 (=) u([va;, Vay] A vy
1<i<j<m
Ao Ngg Ae Ngy A AUy, )w.
It then follows from Lemma that, in either case, (3.19)) is zero. O

It is clear that in the n = 1 case, Lo (M, w) is the underlying Lie algebra of the
usual Poisson algebra of smooth functions on a symplectic manifold. In the n = 2 case,
Lo (M,w) is the Lie 2-algebra obtained in our previous work with Baez and Hoffnung
[5].

For the n = 2 case, it will be convenient for us in later chapters to express the

Lie 2-algebra Lo (M, w) in the language of Prop.

Proposition 3.15. If (M,w) is a 2-plectic manifold, then there is a Lie 2-algebra
Loo(M,w) = (L,[,-],J) where:

o Lo =y (M),
° L1 = COO(M),
o the differential Ly A Lo is the de Rham differential,

the bracket [-,-] is {-,-} in degree 0 and trivial otherwise,

the Jacobiator is given by the linear map J: Q. (M)@ QL (M)@Q; (M) —

Ham Ham Ham

C°, where J(a, 3,7) = Ly, luglo,w-

Proof. This follows from the fact that d, [-,-], and J are the structure maps [y, ls, and
l3, respectively, described in Thm. [3.14 O

Finally, we mention that the equality

d {Oé, ﬂ} = 7L[”Ua,v5]w
given in Proposition [3.4] implies the existence of a bracket-preserving chain map

¢: Loo(Maw) — XHam (M)a
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which in degree 0 takes a Hamiltonian (n — 1)-form « to its vector field v,. Here we
consider the Lie algebra of Hamiltonian vector fields as a Lie 1-algebra whose underlying

complex is concentrated in degree 0:
.= 0—0— Xgam (M).

Hence ¢ is trivial in all higher degrees. In light of Theorem ¢ becomes a strict
morphism of L..-algebras. See the paper by Lada and Markl [38] for the definition of

strict Loo-algebra morphisms.
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Chapter 4

Lie 2-algebras from compact

simple Lie groups

Here we consider some Lie 2-algebras which arise on an important class of
2-plectic manifolds: compact simple Lie groups. Recall from Example that such a
group admits a 1 parameter family of 2-plectic structures given by a non-zero constant

times the Cartan 3-form:
VL :k<0L7 [9[”0[/})7 k#07

where 67, is the left-invariant Maurer-Cartan form, and (-, -) is the inner product on the
corresponding Lie algebra, whose bracket is [+, -]. This 3-form plays an important role in
the theory of affine Lie algebras, central extensions of loop groups, and gerbes [8, [13] 47].

Baez and Crans showed that the Lie algebra of a compact simple Lie group
G can be used to build a Lie 2-algebra called the ‘string Lie 2-algebra’ [4]. This Lie
2-algebra can be integrated to a special kind of category called a Lie 2-group. For
G = Spin(n), the geometric realization of this Lie 2-group is homotopy equivalent to the
topological group String(n) [8, 28]. The group String(n) naturally arises in the study of
spin structures on loop spaces [69].

The structure of the string Lie 2-algebra associated to G closely resembles
the structure of the Lie 2-algebra Lo (G,vy) of Hamiltonian 1-forms on the 2-plectic
manifold (G, vg). In a private communication, D. Stevenson asked if these Lie 2-algebras
are quasi-isomorphic. As we show in Section this turns out not to be true. However,
we prove that the string Lie 2-algebra is isomorphic to a particular sub Lie-2 algebra of
Lo (G, 1), consisting of left-invariant Hamiltonian 1-forms. This gives a new geometric
construction of the string Lie 2-algebra. For another construction, based on central

extensions of loop groups, see the paper by Baez, Crans, Schreiber and Stevenson [§].
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It will be interesting to see what can be learned from comparing these approaches.

4.1 Group actions on n-plectic manifolds

We begin by giving some basic results concerning group actions on n-plectic
manifolds. Suppose we have a Lie group acting on an n-plectic manifold (M, w), preserv-
ing the n-plectic structure. In this situation the Lie n-algebra Lo, (M,w) constructed in
Thm. has a sub-n-algebra consisting of invariant differential forms.

More precisely, let y: G x M — M be a left action of the Lie group G on the

n-plectic manifold (M,w), and assume this action preserves the n-plectic structure:
pgw = w,
for all g € G. Denote the subspace of invariant Hamiltonian (n — 1)-forms by

QU (M) = {a e Qi (M) | Vg€ G pja=a}.

Ham Ham

The Hamiltonian vector field of an invariant Hamiltonian (n — 1)-form is itself invariant

under the action of G:

Proposition 4.1. If a € Q%! (M)G and vy, is the Hamiltonian vector field associated

Ham

with o, then pg vo = v, for all g € G.

Proof. The exterior derivative commutes with the pullback of the group action. There-

fore if vq, ..., v, are smooth vector fields, then da (ug*vl, ey ug*vn) =da(v,...,0,),
since we are assuming « is G-invariant. Since o € Q?I;él (M), we have da = —i,,w, sO
w (Ua, Phg ULy - ug*vn) =w (Va, V1, ,Up) =w (,ug*va,,u,g*vl, . ,,ug*vn) ,

where the last equality follows from p,*w = w. Therefore

w (va — Mg, Vas fg, V1, - - - ,,ug*vn) =0.
Since w is nondegenerate, and vy, ..., v, are arbitrary, it follows that p4 v4 = V4. ]
Let QF(M)% denote the subspace of invariant k-forms on M:
QF (M) = {a e QF (M) |Vge @ fgQe = a} ,

and let (L%, d) denote the n-term complex

COO(M)G—>Ql(M)G—>-~-i>Qn_2(M)Gi>Qn_1 (M)G

Ham
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Clearly, this is a subcomplex of the underlying complex of the Lie n-algebra Lo, (M, w).
Moreover, the invariant differential forms on M form a graded subalgebra that is stable
under exterior derivative and interior product with an invariant vector field [23][Sec.
I11.4]. Since both the bracket introduced in Def. and the proof of Lemma de-
pend only on compositions of these operations, the Lie n-algebra structure described in
Theorem restricts to a Lie n-algebra structure on the subcomplex LE. Hence, we

have the following theorem:

Theorem 4.2. Given an n-plectic manifold (M,w) equipped with group action Gx M —
M preserving the n-plectic structure, there is a Lie n-algebra Loo(M,w)® = (LZ, {l})
with underlying graded vector space
—1 G .
16 O (M) i=0,
(2 )
QIH(M)E 0<i<n-—1,

and maps {lk: (LG)®k — LGl <k< oo} defined as
ll (O[) = ClO[,

if la] > 0 and

lk(al,...,ak) =
0 if o ® -+ ®ag| >0,

(15 Uy A Ava)w iflor @ @ ag| = 0 and k cven, (4.1)

k—1

(=1)2 t(vay A+ ANvg)w  if log ® -+ @ ag| =0 and k odd,

for k > 1, where vy, is the unique invariant Hamiltonian vector field associated to

a; € Q1 (M),

Ham

4.2 Compact simple Lie groups as 2-plectic manifolds

Recall from Example[2.8|that for any compact simple Lie group G, the 2-plectic
structure vy = k(0r,[0r,0r]) is left-invariant. Hence, Thm. implies there exists
a Lie 2-algebra whose underlying 2-term chain complex is composed of left-invariant

Hamiltonian 1-forms Q. (G)* on G in degree 0, and left-invariant functions C* (G)*

Ham
in degree 1.
If f € C (@), then by definition f = f o Ly for all g € G. Hence f must be

a constant function, so C* (G)* may be identified with R. Denote the space of all left
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invariant 1-forms as Q!(G)* = g*, and left invariant vector fields as X(G)* = g. The

following theorem characterizes the left invariant Hamiltonian 1-forms.

Theorem 4.3. Every left invariant 1-form on (G,vy) is Hamiltonian. That is,
QL (G)F =Q'(G)L.

Ham

Proof. Recall that if « is a 1-form and vy, vy are vector fields, then

da (vo,v1) = vo (a(v1)) — v1 (a (vg)) — a([vg, v1]) -

Suppose now that « is a left invariant 1-form on G and vg,v; are left invariant vector
fields. Then the smooth functions « (v1) and « (vy) are also left invariant and therefore

constant. Therefore the right hand side of the above equality simplifies and we have
da (vg,v1) = —a (Jvg, v1]) -

Let v € QY(G)" and let (-, ) be the inner product on g used in the construction

of 1. Note we have two isomorphisms

o X 2(G) g
Therefore, there exists a left invariant vector field v, € X(G)¥ such that a(v') =
k(01 (va),0L(v")) for all left invariant vector fields v’ € X(G)". Combining this with

the above expression for da gives

do (’U(],’Ul) = —k'<0L('Ua)a [QL(UO)v QL(Ul)D’

which implies

doa = —iy, V.

Hence o € QL (@), and QL (G)F = Qb

Ham Ham Ham

(@) N QYG)E = QL (G)E. O

The most important application of Thm. is that it allows us to use Thm.
and the isomorphism Qf;, ()" = QY(G)E = g* to construct a Lie 2-algebra having
g* as its space of O-chains, for any compact simple Lie group. Recalling the simpler
definition of a Lie 2-algebra given in Prop. we summarize these facts in the following

corollary.

Corollary 4.4. If G is a compact simple Lie group with Lie algebra g and 2-plectic

structure vy, then there is a Lie 2-algebra Loo(G,vy)" where:
e the space of 0-chains is g*,

e the space of 1-chains is R,
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e the differential is the exterior derivative d: R — g* (i.e. d=0),
o the bracket is {a, } = v (va,vs, ) in degree 0, and trivial otherwise,

e the Jacobiator is the linear map J: g* ® g* ® g* — R defined by J(a,B,7) =

— g (Va, U, Uy ).

In the statement of the above corollary, we are abusing notation slightly by viewing
« € g* as a left-invariant Hamiltonian 1-form. Note that the corollary implies that we

have a 1-parameter family of Lie 2-algebras:

{L(G, Vk?)L}k;éO'

Also, we see from the proof of Thm. that there is a simple correspondence between
left invariant Hamiltonian 1-forms and left invariant Hamiltonian vector fields which
relies on the isomorphism between g and its dual space via the inner product <-, > As

a result, we have the following proposition which will be useful in the next section.

Proposition 4.5. If G is a compact simple Lie group with 2-plectic structure v, and
<-, > is the inner product on the Lie algebra g of G used in the construction of v, then

there is an isomorphism of vector spaces
L ~ oAl L
P X (G) - QHam (G)

such that o(v) = k(0 (v),0L(:)) is the unique left-invariant Hamiltonian 1-form whose

Hamiltonian vector field is v.

Proof. We show only uniqueness since the rest of the proposition follows immediately
from the arguments made in the proof of Thm. Let o and 3 be left invariant 1-forms.
The arguments made in the aforementioned proof imply da = —ty, v and d8 = —i v,
where v, and vg are the unique left-invariant vector fields such that o = k<(9L(va), >
and 8 = k<t9L(vg), > If vo = vg is the Hamiltonian vector field for both a and 3, then

the nondegeneracy of the inner product implies o = 3. O

Remark 4.6. In general, if a and g are Hamiltonian 1-forms sharing the same Hamil-
tonian vector field, then d(a — ) = 0. Hence, Prop. implies that there are no
non-trivial left invariant closed 1-forms. Since the left-invariant de Rham cohomology
of G is isomorphic to the Lie algebra cohomology of g, Prop. is equivalent to the
well-known fact that Hlg(g,R) = 0 for any simple Lie algebra.
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4.3 The string Lie 2-algebra

We have described how to construct a Lie 2-algebra of left-invariant forms,
from any compact simple Lie group G, and any nonzero real number k, using the 2-
plectic structure v;. Now we show that this Lie 2-algebra is isomorphic to the ‘string
Lie 2-algebra’ of G.

It was shown in previous work by Baez and Crans [4] that Lie 2-algebras can

be classified up to equivalence by data consisting of:
e a Lie algebra g,
e a vector space V,
e a representation p: g — End (V),
e an element [j] € H3 (g, V) of the Lie algebra cohomology of g.

A Lie 2-algebra L is constructed from this data by setting the space of O-chains Ly equal
to g, the space 1-chains Ly equal to V, and the differential to be the zero map: d = 0.
The bracket [-,]: L ® L — L is defined to be the Lie bracket on g in degree 0, and
defined in degrees 1 and 2 by:

[$7 a] = px(a)v [a,:):] = _pz(a)7 [av b] =0,

for all x € Lg and a,b € L1. The Jacobiator is taken to be any 3-cocycle j representing
the cohomology class [j].

From this classification we can construct the string Lie 2-algebra g; of a
compact simple Lie group G by taking g to be the Lie algebra of GG, V' to be R, p to be

the trivial representation, and

i@y, 2) = k(z, [y, 2])

where k € R. When k # 0, the 3-cocycle j represents a nontrivial cohomology class.
Note that since p is trivial, the bracket of gi is trivial in all degrees except 0.

It is natural to expect that the string Lie 2-algebra is closely related to the Lie
2-algebra Lo (G, 1) described in Corollary since both are built using solely the

trilinear form k(-, [-,-]) on g. Indeed, this turns out to be the case:

Theorem 4.7. If G is a compact simple Lie group with Lie algebra g and 2-plectic struc-
ture vy, then the string Lie 2-algebra gy, is isomorphic to the Lie 2-algebra Loo(G, )"

of left-invariant Hamiltonian 1-forms.
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Proof. The underlying chain complex of g is R 9, g, while the underlying chain complex
of Loo(G, ) is R N g*. The isomorphism given Prop.

p: X(G)" 5 Qo (O)F (0) = K{OL(v), 6L())
induces an isomorphism of complexes

R—2>g
J )

*

R—2sg

Ham (G>L Let ['7 ] and
{-,-} be the brackets of g and L (G,vp)", respectively. According to Def. we
must show that the maps {-,-} o (¢ ® ¢) and o[-, -] are chain homotopic. They are, in

Note we implicitly used the identifications g = X(G) and g* = Q}

fact, equal.
Indeed, if vy, v9 € g, then it follows from Proposition that ©(v1), p(v2), and
¢ ([v1,v2]) are the unique left invariant Hamiltonian 1-forms whose Hamiltonian vector

fields are vy, va, and [v1, ve], respectively. But Proposition implies

d{p(v1), p(v2)} = =Ly, oo Vk-

Hence [v1, v2] is also the Hamiltonian vector field of {¢(v1), p(v2)}. It then follows from

uniqueness that {¢(-),o(-)} = ¢ ([, ])- O

We conclude this chapter by showing that Lo (G, v) and gy are not equivalent.

Proposition 4.8. If G is a compact simple Lie group with Lie algebra g, then the Lie
2-algebra of Hamiltonian 1-forms Loo(G,vy) and the string Lie 2-algebra gi are not

quasi-isomorphic.

Proof. By definition, any quasi-isomorphism of Lie 2-algebras must induce an isomor-
phism on homology. Hence, to prove the statement, it is sufficient to show that the
homology of the complex

Le=C®(@) L Qb (@),

is not isomorphic to the complex R 9, g. We will prove this by showing that the degree
0 homology of L, has dimension greater than dim g = dim X(G).
Let 0g € QY(G, g) be the right-invariant Maurer-Cartan form. At any point

g € G, it can be written as
Orly(v) = Ry1,v, v € T,G.
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Therefore, Or|, = Ady0r|,. Since the 2-plectic form vy, is left and right invariant, we

have the equalities:
= k(Ady 01, Ady[0r,0L])
Ad,0r,[Adgy0r,Ad,01])

Or, [0r,0R]).

ko
ko
ko
= k(
The last equality implies that we can use the proof of Thm. to show that every right
invariant form is Hamiltonian.

Since the Lie algebra g is simple, it is not abelian. Therefore, there exists
x,y € g such that [z,y] # 0. Let v” be the right invariant vector field equal to x at the
identity. That is,

vy = Rgsx.
Note that v* is the Hamiltonian vector field corresponding to the right invariant Hamil-
tonian 1-form k(0r(v*),0r). We claim v* is not left invariant. Indeed, if it was then
the equality
Lgx = v"|g = Ry

would hold for all g. In particular, this implies

Adexp(ty) r =,
and therefore
d
[yax]ziAdX ty) T :Oa
dt € p( Y) 0

which contradicts our choice of  and y. Hence
X(G)F N spangv® = 0 (4.2)

The kernel of the surjection Q. (G) = Xpam(G) which sends a Hamiltonian

Ham

1-form to its vector field is the space of closed 1-forms. Since G is compact, its de Rham
cohomology is isomorphic to the Chevalley-Eilenberg cohomology of g. Since g is simple,

its first cohomology group vanishes. Hence every closed 1-form on G is exact. Therefore,
Hy(Ls) = Qo (G) /dC™(G) 2 Xpgam (G).

The left invariant vector fields X(G)" = g are all Hamiltonian by Prop. ﬂ Since v is
Hamiltonian, (4.2)) implies

dim g < dim Xgam (G) = dim Hy(L,).
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Chapter 5

Stacks, gerbes, and Deligne

cohomology

In this chapter, we begin the passage from the classical to the quantum by in-
troducing the technical machinery needed to geometrically quantize n-plectic manifolds.

A principal U(1)-bundle P over a manifold M can be specified by giving U(1)-
valued transition functions with respect to an open cover of M. A connection on P is
given by specifying local 1-forms on M that satisfy a compatibility condition with the
transition functions. The exterior derivative of these 1-forms gives a global 2-form on
M called the curvature of the connection. Conversely, if M is equipped with a closed
2-form w satisfying a certain integrality condition, then one can show that there exists
a principal U(1)-bundle, with connection, on M whose curvature is w. When w is also
non-degenerate, the bundle or, equivalently, its associated Hermitian line bundle, plays
a major role in the geometric quantization of the symplectic manifold (M,w).

Our goal is to generalize these facts to n-plectic geometry. We begin by ob-
serving that the word “bundle” can be replaced by the word “sheaf”. From any fiber
bundle £ — M, one can construct a sheaf of sections, which assigns to an open set
U C M the set of local sections o: U — E. In particular, the sheaf of sections of a prin-
cipal U(1)-bundle is what is known as a ‘U(1)-torsor’, where U(1) denotes the sheaf of
sections of the trivial U(1)-bundle. These torsors can be equipped with extra structure
which gives a connection on the corresponding bundle.

The higher analogue of a sheaf is what is known as a ‘stack’. In particular,
the higher analogue of a U(1)-torsor is a special kind of stack called a U(1)-gerbe. Just

as the transition functions of a U(1)-torsor give a 1-cocycle, the transition functions

of a U(1)-gerbe give a 2-cocycle. Stacks and gerbes were originally developed within
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the context of algebraic geometry by Grothendieck [25] and Giraud [22], respectively.
More recent work demonstrates that they naturally arise in differential geometry as well.
Brylinski [I3] showed that U(1)-gerbes on manifolds can be equipped with additional
structures, which we call ‘2-connections’. These are the higher analogues of connections
on U(1)-bundles. More precisely, a 2-connection on a U(1)-gerbe over M is specified by
local 1-forms and 2-forms on M satisfying various compatibility conditions. The exterior
derivative of the 2-forms give a global closed 3-form called the ‘2-curvature’. Conversely,
if M is equipped with a closed 3-form w satisfying an integrality condition, then one
can show that there exists a U(1)-gerbe with 2-connection on M whose 2-curvature is
w. As we will see, in analogy with the symplectic case, U(1)-gerbes with 2-connections
play an important role in the quantization of 2-plectic manifolds.

Brylinski’s results rely heavily on a formalism called ‘Deligne cohomology’,
which can be thought of as a refinement of the usual Cech cohomology that classifies
principal bundles. In degree one, Deligne cohomology classifies principal U(1)-bundles
equipped with a connection. Similarly, in degree two, it classifies U(1)-gerbes equipped
with a 2-connection. It is easy to describe the higher degree groups as well. However,
geometric structures [21] that are classified by these groups are, in general, more difficult
to work with.

Let us conclude this introduction by briefly outlining the main results found
in the chapter. We first review the basic theory of stacks and gerbes. We then give a
somewhat detailed description of Deligne cohomology, and we provide proofs of some
statements not easily found in the literature. After presenting Brylinski’s construction
for equipping a gerbe with a 2-connection, we introduce what we call a ‘2-line stack’.
This stack categorifies the concept of a Hermitian line bundle . We show that every
U(1)-gerbe with 2-connection has an associated 2-line stack with 2-connection. In the
final section, we present Carey, Johnson, and Murray’s formalism [I7] for computing
the holonomy of a 2-connection, which we will use in our quantization procedure for

2-plectic manifolds in Chapter [7]

5.1 Stacks

When introducing sheaf theory, one begins by first defining a presheaf on a
topological space M as a contravariant functor Open(M) — Set. The objects of the
category Open(M) are open sets of M and the morphisms are inclusion maps. Similarly,
in the theory of stacks, we begin by defining fibered categories and prestacks. Just as a

presheaf assigns a set to each open set U C M, a fibered category assigns a category to
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each such set.
Definition 5.1 ([45]). A fibered category F over M consists of:
e a category F(U) for each open set U C M,
o a functor i*: F(V) — F(U) for each inclusion i: U — V of open sets,
e a natural isomorphism t; ;: (ij)* 5 j%i* for each pair of composable inclusions
wLvLu,
such that for any triple of composable inclusions
vrhwdviu
the following diagram commutes:
(k)" =2 k(i)

fi,jki lk’*ti,j
tj i

The above definition implies that a fibered category is a contravariant ‘pseudo-
functor’ F: Open(M) — Cat. The following example of a fibered category is perhaps the

most important one for us.

Example 5.2 (Sheaves on a manifold). Let M be a manifold. To each open set U C M,
assign the category Sh(U), whose objects are sheaves on U. To each inclusion of open
sets V < U assign the functor
Sh(U) 5 Sh(V)
F— F‘V?
where F'|y is the restriction of the sheaf F' to the open set V. For any open set W C V|
we have F|y (W) = F(W). Hence, given W L v & U, the functors (ij)* and j*i* are

equal. Therefore, the natural isomorphisms #; ; may be taken to be the identity.

Definition 5.3 ([45]). A morphism between fibered categories F and G over M consists
of

e a functor ¢y : F(U) — G(U) for every open set U C M,
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e a natural isomorphism o;: ¢yi* — "oy for every inclusion V. — U, such that for

every pair of composable inclusions W LV LU the diagram

ow (if)" (2j)"du

Pw i —— oyt L iy

commutes.

Recall that an isomorphism of presheaves is given by local isomorphisms of sets. The cor-
responding notion for fibered categories is slightly weaker. It incorporates equivalences

of categories, rather than isomorphisms of categories.

Definition 5.4. A morphism (¢,«): F — G is an equivalence iff every functor ¢y is

an equivalence of categom'esﬂ

If F is a fibered category over M, and U C M is an open set, then given any
objects z,y € F(U), one can construct a presheaf on U by assigning to an open set

V <5 U the set Homg(y) (i, i*y). We denote this presheaf Homg(x,y).

Definition 5.5 ([45]). A fibered category F over M is a prestack iff for every open set
U C M and objects x,y € F(U), the presheaf Homg(x,y) is a sheaf.

Our definition of a stack will, again, come from Moerdijk [45]. However, it is
more convenient to give his definition using nerves of open covers, which we will explain
below. This makes our notation appear more like Brylinski’s [I3] Def. 5.2.1. However,
we warn the reader that Brylinski’s definition of a fibered category uses a “larger” source
category than Open(M). Its objects are arbitrary local homeomorphisms into M. For
what we need to do, it is not necessary to use this larger category.

Given an open cover U = {U,} of an open set V' C M, we consider the disjoint

union U0 = 1, Ua, and the n-fold fiber product:

Ul = 100 ... XVU[O]J: H Usy NUgy NN U, - (5.1)

ntl a1,a2," ,Gn41

0]

There is a map po: U — V given by the inclusion maps U, — V. Similarly, there

exists n+1mapsp, ; .U (] — 1f"=1] determined by inclusion maps of the form

Uy N MUy = Usy NN Uy, N U MUy N O U (5.2)

Ak+1

! An equivalence in the sense of Def. is called a ‘strong equivalence’ in [45].
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Putting these all together, we obtain the following diagram in the category of manifolds:

P12
== H% ylo ey (5.3)

This is called the nerve of the cover . In particular, the maps p1, p2 are the projections
from the first and second factor, respectively, and pi9, p13, p23 are the projections from
the first and second, first and third, and second and third factors, respectively. We
sometimes will slightly abuse notation by writing the compositions pip;; and pap;; as
p; and pj, respectively. The nerve of a cover is useful for expressing the various gluing
properties of both sheaves and stacks.
Let us establish just a bit more notation. If F' is a presheaf on M, then we
define the product
FUMy:= J[ FWUan--0U,,,). (5.4)

al,.--,0n+41

Then applying F' to the diagram (/5.3)) gives, for example,

*

* p
F(v) 2o F(U[O])—pi> @iy (5.5)
2

where p; are maps between sets corresponding to restriction of sections. Now, if F is a

fibered category on M, we define the category:
FuMy:= J[ FUwn-NUa,),
Al,.-,An+1

where the product on the right-hand side is the product of categories. We apply F to

(5.3) and obtain:

o j2 Pia
F(V) —>FU —= Fu!") == Ful)...
P3 P33

Here, p;, p;; are functors between categories, which are determined by the functors corre-

sponding to the inclusions (5.2). Similarly, there are natural isomorphisms tp, ., : (pipjr)* —
p;fkp%k .

We can now give a relatively concise definition of a stack.
Definition 5.6. A prestack F over M is a stack if and only if given the data:
e an open cover U of an open set V. C M,

e an object x € F(U),

48



e an isomorphism
¢: prx = piw
in F(UM) such that the following diagram in F(U) commutes:

—1
* % ¢ * ok tp1.pa3 *
PogPoX —> P3P —> P

—1
tpy.pa3 tp2.p12
* * *
p3x P12P2®
tpg.p13 [
* * * *
P13po® P1oP1®
—1
@ tp1.p12
torp1s
* ok 1> * ok
P13 pip1x

there exists an object & € F(V'), unique up to isomorphism, together with an isomorphism
U ppt = x

in FUO) such that the following diagram in F(UM) commutes:

~ t E) ~ Nt E) ~
PipEE —22 (pope) i (pop1)*Z 2> pipsi

.

P5T px

Hence, just as sections of a sheaf can glue together in a unique way, objects in a stack can
glue together uniquely up to isomorphism. In addition, note that the prestack condition
implies that morphisms between objects can be glued together as well. A morphism

between stacks is simply a morphism between the underlying fibered categories.

Proposition 5.7. Let M be a manifold. The fibered category which assigns to an open
set U C M the category Sh(U) of sheaves on U, as defined in Example is a stack.

Proof. We refer the reader to Sec. 5.1 in [13] for the proof. O

Finally, we mention that if F is a stack over M, then we will often refer to the

objects of the category F(M) as the global sections of F.

5.2 Gerbes

Roughly, gerbes are to stacks, as principal bundles are to fiber bundles. To see

this, let us first give the precise definition for a torsor.
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Definition 5.8. Let G be the sheaf of smooth functions with values in the Lie group G.
A G-torsor over a manifold M is a sheaf F' together with an action G X F — F such
that for each © € M, there exists an open neighborhood U of x with the property that
for each open V- C U, the set F(V) is a principal homogeneous G(V')-space.

The sheaf G itself is the trivial G-torsor. Note the definition implies that if F' is a
G-torsor on M, then F is locally isomorphic to G. That is, for all x € M there exists
an open neighborhood U 3 z, such that restricted sheaves Fy; and G are isomorphic.
Morphisms between G-torsors are morphisms of the underlying sheaves which respect
the G-action. As mentioned in the introduction to the chapter, the sheaf of sections of
a principal G-bundle is a G-torsor. Conversely, every G-torsor is isomorphic to such a
sheaf of sections.

We can construct a fibered category on a manifold M which assigns to every
open set U, the category of G-torsors over U. Using the fact that Sh is a stack, it is not
difficult to see that this fibered category is also a stack, which we denote as Torg. Just
as G-torsors are special kinds of sheaves, Tor is a special kind of stack. For example, for
any open set U, the morphisms in the category Torg(U) are all isomorphisms. Hence,
Torg(U) is a groupoid. In fact, it is a non-empty groupoid, since we always have the
trivial G-torsor over every open set U. Also, since every G-torsor is locally isomorphic
to G, any two G-torsors in Torg(U) will become isomorphic when pulled back to the
category Torg(V), if V is a “small enough” open subset of U. By axiomatizing these
facts, one arrives at the definition of a G-gerbe. Torg itself is called the trivial G-
gerbe. In fact, as we will see, the definition implies that a G-gerbe is a stack that is

locally isomorphic to the stack Torg.

Definition 5.9 ([13| 22]). Let G be a Lie group. A stack G over M is a G-gerbe iff:
1. for every open set U C M, the category G(U) is a groupoid,
2. there exists an open cover U of M such that the groupoid G(Z/I[O}) 18 non-empty,

3. for every open set V.C M and every pair of objects P,Q € G(V'), there exists an
open cover U of V such that piP and pjQ are isomorphic as objects in G(Z/{[O}),

4. for every open set U C M and every object P € G(U), there exists a local iso-
morphism between the sheaf of groups Autg(P) = Homg (P, P) and the sheaf Gy;.

This local isomorphism is unique up to inner automorphisms of G.

Roughly, a morphism between G-gerbes is a morphism between the underlying stacks,
which respects the local isomorphisms between the sheaves Autg(P) and Gy;. See the

definition following Prop. 5.2.7 in [13] for the precise details.
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The classification of U(1)-gerbes

From here on we shall only consider the case G = U(1). As we shall see, U(1)-
gerbes are classified by the group H3(M,Z), just as H*(M,Z) classifies U(1)-bundles.

We first review the classification of principal U(1)-bundles using sheaf cohomol-
ogy. We will always be working with paracompact manifolds, therefore we canonically
identify sheaf cohomology with its corresponding Cech cohomology. Let us recall some
basic facts concerning Cech cohomology. Let F be a sheaf of abelian groups on M, and
let # = {U;} be an open cover. The space of Cech k-cochains with values in F is the

abelian group

C*U, F) = 11 F(Ug N+ NUgy,,) € FUF). (5.6)

(l1<a2<...<(lk+1

The Cech coboundary:
cru,F) S U, F)

is given, component-wise, by

k

6(g)a1a~-~»ak+1 = (_1>]ga1,...,(fj,...,ak+1 |Ua1 ﬂ~--ﬂUak+2 .
1

1

+

<.
Il

The set of open covers of M is a directed set, with the order given by refinement.
Therefore, the cohomology groups H®(U, F') of the complexes (C*(U, F'), ) form a direct
system. The Cech cohomology of M with values in F is the direct limit of these
groups:

H*(M, F) =lim H*(U, F).
u

Recall that an open cover U = {U;} of M is good iff every non-empty intersection
Ui, N---NU, is contractible. Every manifold admits a good cover, and such covers
are cofinal in the aforementioned directed set. Hence, the direct limit above can be
computed by just considering good covers.

Let P — M be a principal U(1)-bundle and &/ = {U;} an open cover of M
admitting local trivializations of P. The corresponding transition functions g;;: U; N
U; — U(1) satisfy the cocycle condition gjkgv;flgij = 1 on U; NU; N Uy, and hence
give a class in H'(M,U(1)), the degree 1 cohomology group with values in the sheaf

of smooth U(1)-valued functions. It is well-known that H'(M,U(1)) is in one-to-one
correspondence with isomorphism classes of principal U(1)-bundles on the manifold M.
Let Z(1) denote the sheaf whose sections are locally-constant functions with

values in 27 v/—1-Z, and let CfS denote the sheaf of smooth imaginary-valued functions
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on M. There is a short exact sequence

0— Z(1) — 2 =2, u(1) — 0, (5.7)

giving a long exact sequence in cohomology. Since Cpy, is a soft sheaf, the long exact

sequence gives the isomorphisms:

H*(M,U(1)) = HY(M, Z(1)) = H*Y(M, 7). (5.8)

For k =1, the isomorphism associates to a principal U(1)-bundle its Chern class.

Now we consider the k = 2 case, and explain how to obtain a U(1)-valued
2-cocycle from a U(1)-gerbe G. By the second axiom in Def. there exists an open
cover U = {U;} of the manifold M, such that for all 7, there exists an object P; € G(Uj).
By pulling back along refinements, we may assume the following: U is a good cover,
there exists isomorphisms of sheaves Autg(F;) = U(1)[y, for all P; (by axiom 4), and

there exists isomorphisms

Uij Pj‘Uij = R‘Uij7
where Pj|y,, and Pj|y,; are the pullbacks of P; and P; to G(U; N Uj). Therefore, by
pulling back objects F;, Pj, P, to U; N U; N Uy, we have the commuting diagram

Uik

-1 Uqj

Bilu,

giving a morphism u; u;jujx € Autg(Pr)(U;NU; NUy). Since Autg(Py)(U;NU;NUy) =
@(Ui NU; NUy), this automorphism corresponds to a map g;ji: U; NU; NU, — U(1).
It is easy to see that g;;i satisfies the cocycle condition on intersections U; NU; NU, MUy,
and therefore gives a class [g] € H*(M,U(1)).

Conversely, suppose g;ji.: U N U; N U, — U(1) is a 2-cocycle on a good open
cover U = {U;}. Recall from the discussion preceding Def. that Tory(y) is a gerbe.
We construct a new gerbe G by “twisting” Toryy) by hyjk. Given an open set V C M,
an object (P, u;;) in G(V) is defined to be a collection of objects P; € Tory(p)(V NU;),

together with isomorphisms
uij: Pilvav,nu; — Pilvouinu,

in Toryp)(V N U; NUj), such that ui_kluijujk =gijx € ULV NUNU; NU). A
morphism (P, u;;) — (P, u};) consists of a family of morphisms of U(1)-torsors P; — P

whose pullbacks in TorU(l)(V NU; N Uj) commute with the morphisms uij,ugj. It is
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straightforward to show that by using the pullback functors defined for Tory(q), we
obtain a stack G in this way. To see that Autg(F;,u;j) is locally isomorphic to U(1),
note that such an automorphism must be given by a collection of morphisms P; —
P; corresponding to sections in U(1)(V N U;), which must agree when pulled back to

VNU;NUj. These glue to give a section in U(1)(V'), thereby establishing an isomorphism
Autg (P, uii)(V) 2 U(1)(V). To show that the other axioms in Def. hold, one may
show that the categories G(U;) and Tory)(U;) are equivalent for all U;. (This follows
from the fact that g;;, restricted to U; is a 2-coboundary since H Q(Ui,w) = 0. See

Sec. 5.2 in [I3].) This construction, combined with the isomorphism (5.8]) leads to the

following theorem:

Theorem 5.10 ([I3|, 22]). There is a one-to-one correspondence between equivalence

classes of U(1)-gerbes on a manifold M and classes in H*(M,Z).

In fact, one can go further and define the product of two U(1)-gerbes, which is similar
to the contracted product of principal U(1)-bundles. The set of equivalence classes of
U(1)-gerbes therefore form an abelian group, and the bijection in the above theorem
lifts to an isomorphism of groups.

U(1)-gerbes can be equipped with structures that are the higher analogs of
connections and curvature. To classify these, we need to introduce a more sophisticated

cohomology theory.

5.3 Deligne cohomology

To motivate this section, let us return to the familiar case of principal bundles.
If P — M is a principal U(1)-bundle equipped with a connection, then, in addition to
the transition functions g;;, we have local 1-forms 0; € Q(U;) satisfying a cocycle-like
condition v/—1- (0; — 6;) = gigldgij on U; NUj. The curvature of the connection is the
global 2-form w on M satisfying w|y, = db;.

The classification of principal U(1)-bundles equipped with connection requires
a refinement of the Cech cohomology group H'(M, U(1)). The purpose of real Deligne
cohomology is to make this notion precise. In fact, as we will see, Deligne cohomology
provides such a refinement for any geometric objects classified by H* (M, Z) for arbitrary
k.

The primary reference for what follows is Sec. 1.5 of Brylinski [13]. However,

Brylinski works with the group C* instead of U(1). What we call real Deligne cohomol-
ogy is presented, without proofs, in Sec. 3 of Carey, Johnson, and Murray [17].
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Let Q% denote the sheaf of smooth differential k-forms on a manifold M, and

let diog: U(1) — Q! be the differential operator
1

diog := —

1 g \/?1

Definition 5.11 ([I7]). The real Deligne cohomology H*(M, D?) of M is the Cech

dlog.

hyper-cohomology the exact sequence of sheaves:

dio
D= Ul 2t L. dogn p>1

n

We compute H®*(M, Dy) in the following way. Let U = {U;} be an open cover of M.

We consider the double complex of abelian groups:

(5.9)
4 é é 1)

dio
C* (U, U(1)) =5 c2(U, Q") —> 2, 02) L - —L 2, Q)

0 0 0 0

dio
C'U,U(1)) =5 o\ U, Q") —= 0 (U, 02) s —L OV, Q)

0 0 0 0

dio
COU,U(1)) =5 oo, Q') —2> 00U, 02) L - —L OOy, Qm)

where § is the usual Cech co-boundary operator, and CP (U, U(1)) and CP(U, Q) denote

the Cech p-cochains (as defined in Eq. . The total complex of the double complex
[B9) is
COw,u1) S clu, u)ecwu, oY S 2w, ua)ectu, Qe wu, 02 S ..

with total differential

dg = dg+ (-1)P Aqdlogg, g€ CPU,U(1))

doF = 660 4 (—1)Pde*, 6F € CP(U, Q).

Let H*(U, D) denote the cohomology of the above total complex. The Cech hyper-
cohomology of D is, by definition, the direct limit of the groups H*®(U, D?) over all

covers

H*(M, DY) = lim H* U, D).
u
If an open cover U = {U;} of M is good, then it is well known that there is an isomor-

phism
HO(M, D) = H* (WU, D}).
We will be particularly interested in the groups H"(M, D;), which can be
thought of as a refinement of the usual Cech cohomology groups H*(M,U(1)).
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Definition 5.12. A Deligne n-cocycle on M is a representative of a class in H™ (M, Dy,)

Hence, a Deligne n-cocycle is given by a cover U of M and a collection (g, 6,62, --- ,6™)
with
g€ C"U,U(), 0" e *uU,0b,

satisfying
dg =1,
1
60" = —(—1)""tdlog g, 5.10
—~ (1) og g (5.10)
60% = (—1)"*dp*t, for 2 < k <n.

We consider examples for n = 1 and n = 2 later on. The projection

Dy

— Dy =U(1)
gives a surjection in cohomology

H"(M, Dy) - H™"(M,U(1))
(9,0, -+ ,0"] — [g].

Hence, via the isomorphism HP(M,U (1)) = HP*1(M,Z(1)), we have a surjection

c: H"(M, D) — H" ™ (M, Z(1)). (5.11)

We call ¢([g,6',--- ,6"]) the Chern class of [g,0",---,0"].

There is also a map of complexes

U(l) o Ql d 92 d Ce d Qn
- ,
0 0 0 e Q)

given by the de Rham differential d. The induced map on the corresponding Cech
resolutions sends an n-cocycle (g,0%,---,0") to do" € CO(U,Q"1). The equalities in
give 00" = dO"~!'. Hence, dd9™ = 0, which implies df™ is the restriction of a
globally defined closed form. This gives a map

ki HY(M,D?) — Z" (M)

(5.12)
I{([g)ela"' 79n]) (71)nd9n’

where Z" (M) are the closed (n + 1)-forms on M. The forthcoming examples will

make it clear why the sign (—1)" appears in the definition of .
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Definition 5.13. The n-curvature of a Deligne n-cocycle (g,0%,--- ,0") on a manifold
M is the closed (n + 1)-form
H([gv 917 e 79nD

Let us consider some examples of Deligne n-cocycles and their n-curvatures.

Example 5.14 (Principal U(1)-bundles). For n = 1, a class in H'(M, D?) is represented
by maps g;;: U; NU; — U(1), and 1-forms 6; € QL(U;), satisfying the cocycle conditions

gjkg;,flgij =1, onU;NU;NU
V=1-(0; — ;) = g;;'dgij, on UiNU;

The 1-curvature is the closed 2-form w on M satisfying
w = —d@z on Ul

Let us consider two equivalent ways of realizing the above local data as a
geometric object. (Our convention follows Section 2.2 of [13].) First, it gives us a
Hermitian line bundle L — M, equipped with a connection V. The local trivializations
si: Ui — U(1) of L satisfy

s; = gijs;, on Uy N Uj.

The connection V is locally determined by the 1-forms —#6;:

M:—ﬁ'ei,

S
which satisfy
V=1 (i = 0)) = g;'dgij,

because (g,6) is a cocycle. The curvature of the bundle is given by the global 2-form
—db;.

Equivalently, the Deligne 1-cocycle gives a principal U(1)-bundle P — M
equipped with a connection, i.e. a u(1l)-valued 1-form € on P. L is the line bundle
associated to P. Using a trivialization s: U; — P, the connection 1-form on P can be

expressed locally as

5:9 = —\/—1 . 01

Hence, the Deligne class [g, 0] corresponds to an isomorphism class of principal U(1)-

bundles equipped with connection whose curvature is equal to w, the 1l-curvature of

[9.6].
This leads to the following theorem:
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Theorem 5.15 ([13]). The group of isomorphism classes of principal U(1)-bundles with
connection, on a manifold M, and the degree one Deligne cohomology group H'(M, D?)

are isomorphic.

Example 5.16 (U(1)-gerbes). The n = 2 case will be particularly relevant for our
work in the subsequent chapters. A class [g, A, B] € H?(M, D$) is represented by maps
giji: UinU;NU, — U(1), 1-forms A;; € Q1 (U;NU;), and 2-forms B; € Q2(U;) satisfying
the cocycle conditions:
gjklgﬁjgz’jlgi;i =lon U NU;NULNU,
V=1 (Aj — A + Aij) = —g;;3dgiji on U N U; N U, (5.13)
Bj — B, = dAZ'j on U; N Uj.

The 2-curvature is the closed 3-form w on M satisfying
w=dB; onU,.

We will see in Section that [g, A, B] corresponds to an isomorphism class of a U(1)-

gerbe equipped with a 2-connection whose 2-curvature is w.

Integral differential forms

In the remainder of this section, we determine which closed differential forms
can be realized as the n-curvature of a Deligne cocycle. Let R(1) denote the sheaf whose

sections are locally-constant functions with values in v/—1 - R.

Definition 5.17. A closed differential form w € QF(M) is integral iff the class v/—1-[w]

lies in the image of the composition
H*(M,7Z(1)) — H*(M,R(1)) 5 /=1 - HY; (M). (5.14)
We denote by Z*(M)ing the subspace of all closed integral k-forms on M.

Our goal is to show that the n-curvature of a Deligne n-cocycle is an integral (n+1)-form,
and conversely, every integral (n + 1)-form is the curvature of some Deligne n-cocycle.

We begin by introducing some necessary technical machinery. Let Q!S*<F de-
note the complex of sheaves Q! 2 .. %4 OF on a manifold M. Let R be the sheaf of lo-

cally constant R-valued functions. Let dim M = m. We consider the hyper-cohomology
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4 l<e<m

of the complex C*° via the double complex:

0 0 0

U, c=) 4=, Q) —~ ... L= omu, am)

1 4 4
clu,c=) 4=y, 0 —4= - —Ls iy, am)
4 é 4

O, C®) —L= O, Q) — L= - L OOy, M),

where U = {U;} is a good cover. The total differential is:
dok = 60 + (—1)Pde*, 6% € CP(U,QF), 0 <k < m.

Suppose w is a closed (n+ 1)-form on M, with n < m. Let pg: [[U; — M be the usual

inclusion map. Then piw is in the group C°(U, Q") and gives a class
0,...,pfw,...0] € H'WL (M, 0 & glsesm),
We also consider the augmented complex
R L 0% 4 glsesm

If r € C""H (U, R) represents a class [r] € H""1(M,R), then it also gives a class in the
total cohomology

N U ]

The following proposition essentially gives the well-known isomorphism: H®(M,R) =

H3i (M), which was implicitly used in Def.

Proposition 5.18. The (n+ 1)-cocycles (r,...,0) and (0, ...,pjw,...,0) are cohomol-
ogous if and only if there exists differential forms 6% € C"*(U,QF) for k = 0,...,n
such that

di" = pow
50% = (—1)"*do* ! for 1 <k <m,
60° = (—1)"r.

Proof. The conditions given for the differential forms 6* are equivalent to the statement
(r,...,0)+d(8°...,0™") =(0,...,piw, ...,0),

where d is the total differential of the above double complex. O
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One can always find a unique class [r] € H""(M, R) such that [r,...,0] = [0,...,pjw,...,0].
Moreover, w is integral if and only if v/—1 - [r] € H"T1(M, Z(1)).

Let Z* denote the sheaf of closed k-forms. We will need the following lemma:

dio . . .
Lemma 5.19. For n > 1, the complex U(1) fog, gi<esn—1 4 gn quasi-isomorphic

to the constant sheaf U(1).

dio .
Proof. We proceed via induction, starting with U(1) %, Z1. Consider the short exact

sequence of complexes of sheaves:

dlog

U(1) - U(1) A

D,

Zl

Since H*(M,Z' % Z') = 0, and H*(M,U(1) — 0) = H*(M,U(1)), the long exact

sequence in cohomology gives:

H*(M,U(1) 2% 71y =~ 5o (M, U(1)).

Now assume n > 1 and

H (M, U(1) 25, Qiesn=1 4, zn) & e (ar,U(1)),

Again, we have a short exact sequence of complexes:

u() id u() 0
dlog dlog
ol —4— 0! 0
d d
d d
Q-1 - et >
d d
gn e _ond
d id

00— Zn—l—l ;d> Zn+1

The long exact sequence in cohomology combined with the induction hypothesis gives

the desired result. O
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We now prove:

Proposition 5.20. The curvature (n + 1)-form of a Deligne n-cocycle is integral.

Proof. We consider the short exact sequence of complexes of sheaves

U 4. ) 0 (5.15)
dlog diog
Q4 o1 0
d d
d d
Qr-1 s gl ——— 0
d d
gm0l

dio
The complex on the left is U(1) —F Ql<e<n—1 < Z™, while the middle complex is Dy.

The complex on the right is the shifted complex Z"*1[—n]. Note that:

Hn_l(M, Zn—l—l[_n]) =0
H”(M, Zn—i—l[_n]) _ HO(M, Zn—i—l) _ Zn+1(M).

This, in combination with Lemma [5.19] implies we have a long exact sequence
0 — H"(M,U(1)) — H*(M, D}) > 2" (M) L 1+ (v, 0 (1)), (5.16)

where k = (—1)"d is the curvature map given in (5.12)), and f is the composition of the

connecting homomorphism

Zm (M) 2 g (M, U (1) B isesnt 4 gm)

with the isomorphism given by Lemma The proposition is proven if we can show
that f(w) = 0 implies w is integral.

We proceed by working through the definition of 9. Let U = {U;} be a good
cover of M, and take the Cech resolution of the complexes corresponding to the 3
columns in . Let A®, B®, and K*® be the total complexes associated to the reso-
lutions of the left, middle, and right columns, respectively, of . In particular, we

have

A" =C"U,U()eCc" U, QN e e Ct U, Q" e CO(U, Z)

A = o U, U() @ Ot U9 @ - e CPUL QT @ N UL 27,
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B"=C"U, U)o U, QY e act U, 0 o WU, 0m)

B = ety U(D) @ CMU QY @ - @ C2(UL QY @ CH UL ),

and
K" =C,z"Y, K" =c'U,zm).

The connecting homomorphism is defined using the diagram

K

A B" K"
dl id la
An+l Bn+1 K Kn+1

Given w € Z""Y(M), we have p§(w) in the group K", where po: [[U; — M is the
inclusion. We next find an n-chain in B™ which maps to p{j(w), via the map x = (—1)"d.
Proposition in combination with the isomorphism between Cech and de Rham
cohomology, implies there exists r € C"T! (U, R) representing a class [r] € H"*1(M,R)
and differential forms 6°, ... 0" with 6* € C"=*(U, Q*) such that

do" = (—1)"pp(w)

60F = (=1)"*dp*! for 1 < k <,

50° = —r.
Setting g = exp(y/—1-6°) gives the n-chain (g,0',...,0") € B", which, by construction,
is mapped to p(w) € K™ by . We then apply the total differential d to (g,6",...,0").

The conditions on the forms % imply
d(g,0',...,0") = (6g,0...,0,50™).

The quasi-isomorphism in Lemma sends the (n+1)-cocycle (6g,0...,0,60") € B"*!
to

69 = exp(V—1-60°) = exp(—v/~1-7) € C"*1 (U, U(1)).
Hence, we have determined f:

flw)= [exp(—\/jl . 7“)] e H" (M, U(1)).

exp

Finally, recall that the short exact sequence 0 — Z(1) — R(1) — U(1) — 0 gives the

long exact sequence
o= H"Y (M, Z(1)) — H"TY(M,R(1)) — H" (M, U1)) — --- .

Therefore, if f(w) = 0, then we have /=1 - [r] € H""}(M,Z(1)), which implies w is
integral. O
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The converse statement is:

Proposition 5.21. If w is a closed integral (n + 1)-form, then there exists a Deligne

n-cocycle whose n-curvature is w.

Proof. The statement follows from the exactness of (5.16) and the definition of the map
ZmHH(M) ER H™ (M, U(1)) given in the proof of the previous proposition. O

5.4 2-Connections on U(1)-gerbes

Here we present Brylinski’s formalism [13| Sec. 5.3] which describes how to
equip a U(1l)-gerbe with a ‘2-connection’, and how such a structure is related to a
Deligne 2-cocycle. Recall that the set of connections on a U(1)-principal bundle over
M forms an affine space modeled on the vector space /—1 - Q'(M). We can think of
connections on P as global sections of a sheaf, which we denote as Co(P). Given an
open set U C M, Co(P)(U) is the set of connections on the restriction of the bundle P
to U. Since each set Co(P)(U) is equipped with a principal homogeneous Q! (U)-space,
the sheaf Co(P) is a Q!-torsor.

The above discussion implies that given an object P € Tory(j), we can as-
sign to it a Q!|y-torsor Co(P). This sheaf satisfies some compatibility conditions that

correspond to familiar facts about connections on bundles:

e Given an inclusion V <> U, we have an equality of sheaves on V: i*Co(P) =

Co(i*P).

e Given an isomorphism of U(1)-torsors ¢: P — P, on U, we have an obvious

isomorphism of Q!|i-torsors ¢.: Co(Py) = Co(P).

e If the isomorphism in (2) is an automorphism g: P = P corresponding to a section

g € U(1)(U), then we have the “gauge transformation”

9(V) =V — g ldg, V¥V € Co(P).
Any U(1)-gerbe is locally isomorphic to Toryyy), therefore it makes sense to axiomatize
the above construction for arbitrary gerbes.

Definition 5.22 ([I3]). Let G be a U(1)-gerbe over M. A connective structure on
G is an assignment to every object P € G(U) for every open set U C M, a Q|y-torsor
Co(P) equipped with the following data:

62



1. For every inclusion V. — U, an isomorphism of Q| -torsors

a;: i*Co(P) = Co(i* P),

where *Co(P) is the pullback of Co(P) as an object in Sh(U), such that for any

composable pair W LV LU the diagram

j*i*Co(P —a>j*Co( *P) Y Co(j*1*P)

Co((ij)"P)

commutes.

2. For any isomorphisms ¢: PL — Py and ¢: Py = P3 in G(U), isomorphisms of

Qy-torsors
(b*: CO(Pl) :> CO(PQ), ¢*2 CO(PQ) :> CO(P;),),
such that (¢ o @) = 1y © ¢, and the diagram

*Co(Py) -2 *Co(Py)

\LO‘L’L J/Oém
(i ¢)«

Co(i*Py) — Co(i* Pa).

commutes. Moreover, if Aute(P)(U) =2 U(1)(U) and g € U(1)(U), then g.: Co(P) =

Co(P) is the map
ViV — g ldg.

If Co(P) is the sheaf of connections on a principal U(1)-bundle P — M, then
to each section V € Co(P), we can assign a 2-form K (V) on M corresponding to its

curvature. This fact motivates the next definition.

Definition 5.23 ([13]). Let G be a U(1)-gerbe over M equipped with a connective struc-
ture P +— Co(P). A curving of the connective structure is an assignment to every
object P € G(U), and every section V € Co(P)(U), for every open set U C M, a 2-form
K(V) € Q*(U) with the following properties:

1. Given an inclusion V <> U of open sets, and the associated isomorphism «;: i*Co(P) —

Co(i*P), the equality
K(a;(i*V)) =" K(V)

holds, where i* K (V) is the usual pullback of differential forms.
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2. Given an isomorphism ¢: P = P' in G(U) and the associated isomorphism ¢,: Co(P) —
Co(P), the equality
K(V) = K(¢(V))

holds.
3. If 0 is a 1-form on U, then K(V ++/—1-0) = K(V) +df.

We say G is U(1)-gerbe equipped with a 2-connection iff it is equipped with a connective

structure and a curving.

Finally, let us describe how 2-connections are related to Deligne 2-cocycles.
Let G be a U(1)-gerbe on M equipped with a 2-connection. As we described in Section
m we may choose a cover {U;} such that there exists objects P; € G(U;), isomorphisms
uij: Pilu,; = Pily,; in G(U;NUj), and a 2-cocycle g;j1, = u;,cluijujk € Autg(P)(UinU; N
Uk) =2 U1)(U;NU;NU;). We choose a section V; € Co(P;)(U;) for each i. The restriction

of V; to U; NUj gives a section of Co(F;|y,;) by axiom 1 of Def. which we will also
denote as V;. The isomorphisms u;; induce isomorphisms ;. : Co(Pj|u,;) = Co(Pilu,;)
of Qllyi].—torsors. Hence, V; and u;;.V; are both sections of Co(F;|y;;). This implies

that there exists 1-forms A;; on U; N U; such that
V=1-A4;; =V; —u;jxV;. (5.17)
Restricting the above equalities to U; N U; N Uy, gives
V=1 (Aji — Ai + Agj) = Vi — (ug uggue)« Vi
Axiom 2 of Def. implies that the right-hand side of this equation is g;;,dg;;,. Hence,
V=1 (Aji — Aix + Aij) = gijndgiji.-

The curving on G assigns a 2-form B; = K(V;) on each U;. On the intersections
U; NUj, axiom 1 of Def. implies that K (V;) is just the restriction of B;. It follows

from axiom 2 of the same definition that
Bj = K(V;) = K(uij=V;),
and, by applying K to Eq. we obtain
B; — Bj = dA;;.

By comparing these calculations with Egs. [5.13] in Example we see that we've
obtained from G a Deligne 2-cocycle (g, —A, B) whose 2-curvature is given by the 3-
form w = dB;. This leads to the following theorem.
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Theorem 5.24 ([13]). There is a one-to-one correspondence between the set of equiv-
alence classes of U(1)-gerbes with 2-connection on a manifold M and the degree two

Deligne cohomology group H*(M, DS).

5.5 2-Line stacks

The category of principal U(1)-bundles with connection over a manifold is
equivalent to the category of Hermitian line bundles with connection. This equivalence
sends a principal bundle to its associated line bundle. The goal of this section is to
construct an analogous associated object to a U(1)-gerbe with 2-connection. We call
this the ‘associated 2-line stack’. In the subsequent chapters on quantization, it will
be convenient to consider both the principal bundle/gerbe perspective and the line

bundle/2-line stack perspective.

Twisted vector bundles

We begin by introducing the concept of twisting a Hermitian vector bundle by
a @—valued Cech 2-cocycle. Hermitian vector bundles on a manifold M are equivalent
to certain locally free sheaves with extra structure. It is well-known that these vector
bundles form a stack Bund over M, which inherits its structure as a fibered category from
the stack of sheaves Sh. Let U = {U;} be a cover of M. Assume we have a vector bundle
E; € Bund(U;) for each U; and isomorphisms of vectors bundles preserving the Hermitian
structure ¢;;: E; ’UmUj =5 Ez‘\UmUj such that the composition qﬁi_klod)ijoqﬁjk is the identity
automorphism of the vector bundle Ek|UimUijk € Bund(U; NU; NUy). Comparing this
data with Def. we see that we are giving an object (E;) € Bund(!”), and an
isomorphism (¢;): p5(E;) = p}(E;), which satisfies the necessary gluing conditions to
give a global vector bundle £ — M in Bund(M). The restriction of E to each Uj is
isomorphic to the bundle Ej;.

Now let g € CQ(Z/{,M) be a 2-cocycle given by the functions g;;,: U; N U; N
Up — U(1). If E € Bund(U; NU; NUy) is a Hermitian vector bundle, then ¢ induces an
automorphism of E (preserving the Hermitian structure), which corresponds to multi-
plying sections of E by g;;,. We consider, as above, an object (E;) € Bund(U ), and an
isomorphism (¢;): p3(E;) = p}(E;). However, this time we require d);kl 0P 0 Pjk = Gijks
instead of the identity. Unless g;jr is a co-boundary, this twisting prevents us from

gluing the F;’s together to form a global Hermitian vector bundle. Hence, we have the

following definition:
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Definition 5.25. Let U = {U;}icz be an open cover of M and g € C*(U,U(1)) a 2-

cocycle. A g-twisted Hermitian vector bundle over M consists of the following

data:

e on each U;, a Hermitian vector bundle
(Ei, (-5 )i),
e on each U;j = U; NUj, an isomorphism of Hermitian vector bundles
¢ij: Ejlu,; = Eilu,,
such that for all 4,5,k in ZL:
bt 0 dij o Pk = gk
where g;ji- is the automorphism of Ek|Uijk corresponding to multiplication by

Jijk: U; N Uj NU, — U(l)

A morphism : (E;, ¢ij) — (Ej,¢;;) of g-twisted Hermitian vector bundles over U

consists of a collection of morphisms of Hermitian vector bundles
@/Jﬁ El — E;,

for each v € T such that
Yi 0 Gij = @i 0 Yj.

Notice that the definition of a twisted vector bundle mimics the construction we de-
scribed in Sec. for obtaining a gerbe from a 2-cocycle.
Let Bund9(M) denote the category of g-twisted Hermitian vector bundles over

M. We first consider the case when g is the trivial cocycle.

Proposition 5.26. If g = 1 € C?(U,U(1)) is the trivial 2-cocycle, then Bund?(M) is

equivalent to the category Bund(M ).

Proof. If g is trivial, then the data which describes a twisted bundle is the same data
needed to glue local objects of a stack into a global object (Def. . Hence, given a
trivially twisted bundle (E;, ¢;;), there exists a global vector bundle E whose restriction
to each U; is isomorphic to F;. Indeed, the category Bund/=!(M) is a category of
‘descent data’ for the stack Bund. (See Appendix [B]) The fact that Bund is a stack
implies Bund(M) is equivalent to this category of descent data [45]. O
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The next proposition implies that, up to equivalence, Bund?(M) depends only on the
class [g] € H?(U,U(1)).

Proposition 5.27. If g, ¢ € C*(U,U(1)) are cohomologous 2-cocycles, then the cate-

gories Bund?d(M) and Bund? (M) are equivalent.

Proof. Let h € C?(U,U(1)) be a 2-cochain such that g = ¢’ +dh. If (E;, ¢;;) is an object

of Bund?(M), then we can define Hermitian vector bundle automorphisms

hij: Eilu,, = Eilu,,

over each open set U;; = U; N U; corresponding to multiplying the sections of E;|y,; by

hij: Ui; — U(1). This gives new isomorphisms
Yij = hij o ¢yt By = Ej.
Since the ¢;;’s are C-linear, the morphisms 1);; satisfy on Ujj:

Gir 0 Vij o Yk = (hy highie) giji
= gijk + 0h
= ggjk'

Hence, there is a functor from Bund?(M) to Bund? (M), determined by the map (E;, bij) —
(E;, ;) on objects, and the identity map on morphisms. This functor gives the desired

equivalence of categories. O

If g € C?(U,U(1)) and ¢’ € C*(U’, U(1)) are 2-cocycles related by a refinement,
then one can show that the categories Bund?(M) and Bund? (M) are equivalent. (See,
for example, Lemma 1.2.3 in [14].) Hence, up to equivalence, we can uniquely associate
the category Bund?(M) to the class [g] € H?*(M,U(1)).

The next proposition implies that g-twisted Hermitian vector bundles are the
global sections of certain a stack which we think of as being associated to the U(1)-gerbe

whose equivalence class is determined by [g].

Proposition 5.28. Given a 2-cocycle g € C*(U,U(1)) on a manifold M, there exists a

stack over M whose category of global sections is equivalent to the category Bund? (M)

of g-twisted Hermitian vector bundles over M.

Proof. The fact that twisted vector bundles or, more generally, twisted coherent sheaves,
form a stack is a known result in complex algebraic geometry [3][Sec. 2.2], [57][Cor.

5.4.8]. The idea of the proof is simple. We construct the stack by gluing together the
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local stacks Bund|y, of Hermitian vector bundles over U;, using the 2-cocycle g. However,

the proof requires us to introduce additional technology for stacks, so we give the details

in Appendix [B] O

The stack described in Prop. is unique up to equivalence of stacks. We slightly
abuse notation and denote it Bund?, so that we may identify the global sections with

twisted bundles in Bund?(M).

Twisted bundles as sections of a 2-bundle

The sheaf of sections of a complex line bundle is constructed by using the
transition functions to glue together local smooth functions U — C. There is a formalism
known as ‘2-bundle theory’ which categorifies this idea [7), 10]. The total space of a
smooth 2-bundle over a manifold is, roughly, a category whose objects and morphisms
are themselves manifoldsﬂ In this context, the complex line is replaced by Vectc, the
category of finite-dimensional complex vector spaces. This category was interpreted by
Kapranov and Voevodsky [31] as a rank 1 ‘2-vector space’. A complex 2-line bundle is
therefore a 2-bundle whose fibers are categories equivalent to Vectc. A section of the
2-bundle is determined locally by a particular kind of functor U — Vectc, where the
open set U C M is given the structure of a trivial category. Roughly speaking, such a
functor assigns a vector space to each point in U in a smooth way, and hence determines
a vector bundle over U. These local sections can be glued together using 2-cocycles (cf.
Def. [5.25), in analogy with the line bundle case. Bartels’ work [10] implies that the
“sheaf of sections” of a 2-bundle over M is indeed a stack over M. We will not use
2-bundle theory in this work. However, this rough sketch provides the motivation for

interpreting the stack Bund? as the higher analog of a Hermitian line bundle.

Definition 5.29. Let g € C?(U,U(1)) be a 2-cocycle on M, and let G be the corre-

sponding U(1)-gerbe whose equivalence class is [g] € H?(M,U(1)). The 2-line stack

associated to G is the stack Bund?.

Note that Thm. Prop. and Lemma 1.2.3 in [14] imply that the 2-line stack
associated to a gerbe is unique up to equivalence.
2-Connections on 2-line stacks

If we equip a U(1)-gerbe with a 2-connection, then it is reasonable to expect

that this extra structure can be transferred to its associated 2-line stack. Hence, we next

2This is an example of what is called a smooth ‘2-space’ which is a slight generalization of the more
familiar concept of a Lie groupoid.
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consider twisting a Hermitian vector bundle, equipped with connection, by a Deligne

2-cocycle.

Definition 5.30. Let U = {U;}icx be an open cover of M and & = (9,A,B) €
C*(U,U(1)) & C* U, Q') @ CO(U, Q%) a Deligne 2-cocycle. A €&-twisted Hermitian

vector bundle with connection over M consists of the following data:
e on each U;, a Hermitian vector bundle equipped with a Hermitian connection
(EZ <'7 '>’i7 v’b):
e on each U;j = U; NUj, an isomorphism of Hermitian vector bundles
¢ij: Ejlv,;, = Eilu,;,
such that
¢ijVj — Vigi; = V—1-Ai; @ ¢ij,
and for all i, 4,k in Z:
bt 0 dij o Pk = gk

where g;ji- is the automorphism of Ex|u,,, corresponding to multiplication by

Jijk: U; N Uj NU, — U(l)

A morphism : (E;,V;, ¢i5) — (B, Vi, ¢};) of {-twisted Hermitian vector bundles with
connection consists of a collection of connection-preserving morphisms of Hermitian
vector bundles
Vit (Ei, Vi) — (B, V)
for each v € T such that
Yi © gij = Pi; 0 Yj.

The above definition and the cocycle conditions on (g, A, B) force a compati-
bility between the curvatures V7 of the vector bundles (E;, V;). More precisely, for all
1,7 € I, we have

¢ij 0 (V3 —V—=1-B;®id) = (V] — V=1 B; ®id) 0 ¢y;. (5.18)

Definition 5.31. We say a £-twisted Hermitian vector bundle with connection (E;, V;, ¢ij;)
1s twisted-flat iff for alli € T

V?-V/-1-B;®id =0.
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We interpret a twisted-flat section of a 2-line stack to be the 2-plectic analogue of a
covariant constant section of a Hermitian line bundle. We will use this analogy in our
quantization procedure for 2-plectic manifolds in Chapter [/l Not surprisingly, bundles

twisted by a Deligne 2-cocycle are global sections of a stack.

Proposition 5.32. Given a Deligne 2-cocycle & on a manifold M, there exists a stack
Bund® over M whose category of global sections is equivalent to the category of &-twisted

Hermitian vector bundles with connections over M.

Proof. The proof is essentially identical to the one given in Appendix [B] for Proposition
528 O

The last definition of this section completes the analogy between 2-line stacks

and line bundles.

Definition 5.33. Let £ be a Deligne 2-cocycle on M and let G be the corresponding
U(1)-gerbe with 2-connection whose equivalence class is [€] € H*(M, DS). The 2-line

stack equipped with 2-connection associated to G is the stack Bund®.

5.6 Holonomy of Deligne classes

Suppose we have a trivial principal U(1)-bundle P — M equipped with con-
nection. The connection in this case is given by a 1-form € on M. The holonomy of this
connection is the function

St M s expl(i fil 7*0), (5.19)
from loops in M to U(1). If U = {U;} is a cover of M, and po: U} — M is the
inclusion then p;6 is a 1-form on U 0] = L[, Ui. Therefore, the Deligne 1-cocycle
corresponding to the bundle P with connection 6 is (1, p§f). It is reasonable to define
the holonomy of this Deligne 1-cocycle to be the function given in . Locally, every
bundle with connection is isomorphic to the trivial bundle equipped with a 1-form.
Therefore, by gluing the local functions together, we can compute the holonomy
of any Deligne 1-cocycle, which would correspond to the usual notion of the holonomy
of a bundle with connection. Carey, Johnson, and Murray [17] give a construction that
does precisely this for both Deligne 1-cocycles and Deligne 2-cocycles. This allows one
to define the ‘2-holonomy’ of a U(1)-gerbe equipped with a 2-connection. We will use

their construction in our quantization of 2-plectic manifolds in Chapter
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The construction begins by first observing that if « is an n-form on M and
U = {U;} is a good cover, then we can construct a Deligne n-cocycle (1,0,...,0, pja)
by generalizing the n = 1 case described in the previous paragraph. We therefore have

an inclusion of groups

(M) 4 H"(M, DY) = H"(, DY)
a—[1,0,...,0,p(c)].

We also have the sequence
Q"(M) L H"(M, D}) % H" (M, Z(1)).

Here, ¢ is the map (5.11)) which sends a Deligne class to its Chern class. Clearly, the
image of ¢ projects to the trivial class in H"(M,U(1)) = H""Y(M,Z(1)). Therefore,

cot = 0. Moreover, we have the following proposition, which is given without proof in

7).

Proposition 5.34. Let Z"(M )it be the subspace of all closed integral n-forms on a
manifold M. The sequence of groups:

0 — Z"(M )iy — Q"(M) = H"(M,D2) % H" (M, Z(1)) — 0 (5.20)
18 exact.

Proof. We have already discussed the surjectivity of the map ¢ in Sec. To show

ker ¢ C im ¢, suppose

(9,0,....0") eC"U,UQ) e C" ' UM - U,QH @ COU, )

is a Deligne n-cocycle relative to a good open cover U such that ¢([g,0',...,0m]) = 0.

Then, the isomorphism H™(M,U(1)) & H"1(M,Z(1)) implies there exists a cochain

h € C"Y(U,U(1)) such that dh = g. Since U is good, a staircase construction in the

double complex (5.9)) shows there exists k-forms
e Cn R U, 08, 1<k<n-—1
such that

1
—dlogh,
V-1 (5.21)

0F = on* + (—1)" Fan*l, 2<k<n-—1.

91 — 5771 + (_1)71

In particular, for k = n — 1, we have "~ = §n"~! — dn" 2, and hence
do"t = sdnn L.
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The fact that (g,0',...,0") is a cocycle implies
50" —do™ ! = 0.

Combining the two equalities gives (0" — dn™ ') = 0. Hence 6" — dn"~! is a cocycle
in CO°(U, Q™). Therefore there exists a global n-form a € Q"(M) such that pj(a) =
6™ — dn™~!. This result, combined with the Eqgs. m imply

(g,@l,...,ﬁn) — d(h,nl,...,nn_l) =(1,0,...,0,p5c),

where d is the total differential of the double complex ([5.9)). Hence ker ¢ = im .

Next we show Z™(M )i, C kert. Suppose « is a closed integral n-form. Then
Prop. implies there exists a Deligne (n — 1)-cocycle (h,n', ..., n" ') representing a
class in H"~Y(M, D?_,) whose (n — 1)-curvature is a. By definition of the curvature,

this means

poo = (=1)" "

Embeding this cocycle in the complex D and applying the total differential gives:
d(h,n',...,n" h = (1,0,...,0,dn" ') = (1,0,...,0, (=) pja).

Hence
(1,0,...,0,pha) — (—=1)""td(h,n', ..., 7" 1) = (1,0,...,0),
which implies ¢(a) = 0.
Finally, we show kert C Z"™ (M )iyt. Let o be a n-form on M such that

o) =[1,0,...,p5a] =[1,0,...,0].

Hence the curvature of the cocycle (1,0,...,pi«) is zero. By definition of the curvature,
this implies pjda = 0. Therefore « is closed. Furthmore, by assumption, there exists a

cochain

(h,n',....n" e MU, U)o C" U, Q) & COU, Q")

such that
(1,0,...,p5a) —d(h,n',...,0" 1) = (1,0,...,0).

By definition of the differential d, this implies

poor = dn" ",
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and:

Sh=1,
ol = (—1)"——

V-1

ont = (=" dnpFTt for 2 <k <n—1.

dlogh,

n—l)

Hence, (h,n',...,n is a Deligne (n—1)-cocycle representing a class in H"~*(M, D2 _;)

whose (n—1)-curvature is (—1)""'a. Therefore Prop. implies that « is integral. [J

Let [g,0%,...,0"] € H*(M, D?) be a degree n class relative to an open cover
U = {U;} of M. Let o0: ¥" — M be a map from a compact, oriented n-dimensional
manifold into M. It is easy to see that the pullback [o*g,0*0',... 00" is a degree
n class in H"(o~'U, D?) relative to the open cover o~ 'U = {o=1(U;)} of ™. Since
H™ (¥ 7(1)) =2 H*FY(X", Z) = 0, the sequence implies there exists an n-form
o on X" such that

ta) = [o"g, a*ol, ... Lo 0"]. (5.22)

Hence, we can integrate a and take the exponential

exp (i / _a) (5.23)

to obtain an element of U(1). Note that if o’ is any other n-form satisfying ((a') =
[0*g,0*01, ... 0*0"], then the sequence (5.20) implies o — ' is integral, which further
implies

/ (a—d') e2rZ.
Therefore the element ((5.23)) only depends on the class [0*g,0*01, ... o*0"], which al-

lows us to give the following definition:

Definition 5.35 ([17]). Let [g,60",...,0"] € H"(M, D) be a degree n Deligne class.

The n-holonomy of a map o: X" — M 1is the element

hol([g,6',...,0",0) := exp(i/ @)

n

of U(1), where a € Q"(X") is the n-form defined in Eq.[5.23

It is straightforward to verify for n = 1, that hol([(g, 0], o) is the usual holonomy of a
principal U(1)-bundle with transition functions and connection 1-forms representing the

class [g, 0]. Similarly, for gerbes we have:
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Definition 5.36. The 2-holonomy of a 2-connection on a U(1)-gerbe corresponding
to the Deligne 2-cocycle (g, A, B) is the assignment to every map o : X" — M, the
element

hol([g, A, B],0) € U(1).

Since the 2-holonomy of the gerbe depends only on the Deligne class, we can just as

easily define the 2-holonomy for the associated 2-line stack with 2-connection.
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Chapter 6

Prequantization of 2-plectic

manifolds

In Chapter |3 we showed that any n-plectic manifold gives rise to a Lie n-
algebra. This generalizes the well-known fact that the functions on a symplectic manifold
(M,w) form a Poisson algebra. In the symplectic case, the geometric quantization
procedure of Kirillov [34], Kostant [37], and Souriau [64] (KKS) involves constructing
faithful representations of this algebra using structures that naturally arise on M. The
first step of this procedure is called prequantization. Our goal in this chapter is to
generalize this to 2-plectic manifolds, and prequantize the Lie 2-algebra of Hamiltonian

1-forms.

6.1 Overview of prequantization

In symplectic geometry, prequantization itself begins by assigning to a symplec-
tic manifold either a principal U(1)-bundle, or a Hermitian line bundle, with connection
whose curvature corresponds to the symplectic 2-form. In this chapter, we will use

principal bundles.

Definition 6.1 ([64]). A prequantized symplectic manifold is a symplectic man-
ifold (M,w) equipped with a principal U(1)-bundle P — M with connection, such that

the curvature of the connection is w.

Definition and Example in the previous chapter imply that a prequantized
symplectic manifold is a symplectic manifold equipped with a Deligne 1-cocycle whose

1-curvature is w. This observation allows us to generalize Def. to the n-plectic case.
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Definition 6.2. A prequantized n-plectic manifold is an n-plectic manifold (M, w)

equipped with a Deligne n-cocycle & whose n-curvature is w.

Not every n-plectic manifold can be prequantized. Indeed, Propositions [5.20] and [5.21]
imply:

Proposition 6.3. An n-plectic manifold (M,w) is prequantizable if and only if w is

integral.

In Prop. we considered the long exact sequence
0 — H™M,U(1)) — H"(M, D) % z+\(M) L 5™+ (M, U(1)),

where Z" (M) is the space of closed (n + 1)-forms, and & is the curvature map. The
sequence shows that the manifold may have several non-equivalent prequantizations.
Indeed, the prequantizations of (M,w) are classified by the Deligne cohomology group
H"(M,Dy).

Let (M,w,§) be a prequantized symplectic manifold and let P I, M be the
U(1)-bundle with connection corresponding to the Deligne 1-cocycle . From this ge-
ometric data, the KKS procedure for prequantization gives a faithful representation of
the Poisson algebra (C*°(M),{-,-}) as unitary operators on a Hilbert space. This rep-
resentation can be constructed by using the ‘Atiyah algebroid’ associated to P. The
Atiyah algebroid is an example of a Lie algebroid: roughly, a vector bundle A — M
equipped with a bundle map to the tangent bundle of M, and a Lie algebra structure
on its space of global sections. The total space of the Atiyah algebroid is the quotient
A =TP/U(1). Sections of A are U(1)-invariant vector fields on P. A connection on P

is equivalent to a splitting s: TM — A of the short exact sequence
0—-RxM—-ASBTM—0

where the map R x M — A corresponds to identifying the vertical subspace of T, P with
the Lie algebra u(1) =2 R. As we will see, those sections of A which act as infinitesi-
mal symmetries preserving the connection (or splitting) form a Lie subalgebra that is
isomorphic to the Poisson algebra. This implies that the Poisson algebra acts as linear
differential operators on the C-valued functions on P. In particular, the algebra acts on

functions f: P — C with the property

flpg) =97 "f(p), g€U).

A simple calculation shows that such functions correspond to global sections of the

Hermitian line bundle associated to P. Compactly supported global sections of this
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line bundle form a vector space equipped with a Hermitian inner product. The L?2-
completion of this space is called the ‘prequantum Hilbert space.” We shall consider this
Hilbert space in more detail in the next chapter.

If the symplectic manifold is connected, then the Poisson algebra gives what
is known as the ‘Kostant-Souriau central extension’ of the Lie algebra of Hamiltonian
vector fields [37]. The symplectic form, evaluated at a point, gives a representative of
the degree 2 class corresponding to this extension in the Lie algebra cohomology of the
Hamiltonian vector fields. The fact that this central extension is quantized, rather than
the Hamiltonian vector fields themselves, is the reason why the concept of ‘phase’ is
introduced in quantum mechanics.

The goal of this chapter is to generalize the above prequantization procedure to
2-plectic manifolds. We already know from Chapter [5| that, for a prequantized 2-plectic
manifold, a U(1)-gerbe with 2-connection plays the role of the U(1)-principal bundle.
But what is the 2-plectic analogue of the Atiyah algebroid? We answer this question
in this chapter by considering a more general problem: understanding the relationship
between 2-plectic geometry and the theory of ‘Courant algebroids.” Roughly, a Courant
algebroid is a vector bundle that generalizes the structure of a Lie algebroid equipped
with a symmetric nondegenerate bilinear form on the fibers. They were first used by
Courant [I8] to study generalizations of pre-symplectic and Poisson structures in the
theory of constrained mechanical systems. Curiously, many of the ingredients found in
2-plectic geometry are also found in the theory of ‘exact’ Courant algebroids. An exact
Courant algebroid is a Courant algebroid whose underlying vector bundle C' — M is an

extension of the tangent bundle by the cotangent bundle:
0—-T"M —C —TM — 0.

In a letter to Weinstein, Severa [66] described how exact Courant algebroids arise in
2-dimensional variational problems (e.g. bosonic string theory), and showed that they
are classified up to isomorphism by the degree 3 de Rham cohomology of M. From any
closed 3-form on M, one can explicitly construct an exact Courant algebroid equipped
with an ‘isotropic’ splitting of the above short exact sequence, using local 1-forms and
2-forms that satisfy cocycle conditions [11}, 29] 26].

Severa’s classification implies that every 2-plectic manifold (M,w) gives a
unique exact Courant algebroid (up to isomorphism) whose class is represented by the
2-plectic structure. However, there are more interesting similarities between 2-plectic
structures and exact Courant algebroids. Roytenberg and Weinstein [55] showed that

the bracket on the space of global sections of a Courant algebroid induces an L, struc-
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ture. If we are considering an exact Courant algebroid, then the global sections can be
identified with vector fields and 1-forms on the base space. Roytenberg and Weinstein’s
results imply that these sections, when combined with the smooth functions on the base
space, form a Lie 2-algebra [54]. Moreover, the Jacobiator of the Lie 2-algebra encode
a closed 3-form representing the Severa class [61].

The first new result we present in this chapter is that there exists a Lie 2-
algebra morphism which embeds the Lie 2-algebra of Hamiltonian 1-forms on a 2-plectic
manifold (M,w) into the Lie 2-algebra of global sections of the corresponding exact
Courant algebroid C' equipped with an isotropic splitting. Moreover, this morphism
gives an isomorphism between the Lie 2-algebra of Hamiltonian 1-forms and the sub Lie
2-algebra consisting of those sections of C' which preserve the splitting via a particular
kind of adjoint action. This result holds without any integrality condition on the 2-
plectic structure. However, its meaning becomes clear in the context of prequantization:
It is the higher analogue of the isomorphism between the underlying Lie algebra of
the Poisson algebra on a prequantized symplectic manifold, and the Lie sub-algebra of
sections of the Atiyah algebroid that preserve the connection on the associated principal
bundle. Hence, we see that the 2-plectic analogue of the Atiyah algebroid associated to
a principal U(1)-bundle is an exact Courant algebroid associated to a U(1)-gerbe. This
idea that exact Courant algebroids are higher Atiyah algebroids has been discussed
previously in the literature [I1], 26]. However, this is the first time the analogy has been
understood using Lie n-algebras within the context of prequantization.

The second result presented here involves identifying the 2-plectic analogue
of the Kostant-Souriau central extension. On a 2-plectic manifold, associated to every
Hamiltonian 1-form is a Hamiltonian vector field. These vector fields form a Lie alge-
bra, which we can view as a trivial Lie 2-algebra, whose underlying chain complex is
concentrated in degree 0, and whose bracket satisfies the Jacobi identity on the nose.
For any 1-connected (i.e. connected and simply connected) 2-plectic manifold, we show
that the Lie 2-algebra of Hamiltonian 1-forms is quasi-isomorphic to a ‘strict central
extension’ of the trivial Lie 2-algebra of Hamiltonian vector fields by the abelian Lie
2-algebra R — 0. Furthermore, we show that this extension corresponds to a degree 3
class in the Lie algebra cohomology of the Hamiltonian vector fields with values in the
trivial representation. In analogy with the symplectic case, a 3-cocycle representing this
class can be constructed by using the 2-plectic form. It follows from the aforementioned
results relating a 2-plectic manifold (M,w) to the Courant algebroid C, that the sub
Lie 2-algebra of sections of C' that preserve the splitting is also quasi-isomorphic to this

central extension, and can be interpreted as the prequantization of the Lie 2-algebra of
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Hamiltonian 1-forms.

6.2 Prequantization of symplectic manifolds

In this section, we briefly review the construction of Lie algebroids on sym-
plectic manifolds and describe an embedding of the Poisson algebra into the Lie algebra
of sections of the algebroid. We emphasize the role played by the Atiyah algebroid in
prequantization and the construction of the Kostant-Souriau central extension.

We begin by reviewing the construction of a Lie algebroid, which ultimately
will describe how phases arise in the prequantization of symplectic manifolds. A section
of this Lie algebroid is a vector field on the base manifold together with a ‘phase’, or

more precisely, a real-valued function.

Definition 6.4 ([41]). A Lie algebroid over a manifold M is a real vector bundle
A — M equipped with a bundle map (called the anchor) p: A — TM, and a Lie algebra
bracket [-,-]a: T'(A) ® I'(A) — I'(A) such that the induced map

D(p): T(4) — X(M)

is a morphism of Lie algebras, and for all f € C*°(M) and e1,ea € I'(A) we have the

Leibniz rule
[e1, feal 4 = [ ler, eal 4 + pler)(f)eza.
A Lie algebroid with surjective anchor map is called a transitive Lie algebroid.
The main ideas of the following construction are presented in Sec. 17 of Cannas
da Silva and Weinstein [15]. We provide the details here in order to compare to the 2-
plectic case in Sec. Let (M,w) be a manifold equipped with a closed 2-form, e.g.

a pre-symplectic manifold. By a trivialization of w, we mean a cover {U;} of M,

equipped with 1-forms 6; € Q*(U;), and smooth functions g;; € C*(U; N U;), such that

wly, = db; (6.1)

(Hj - 91)|Uw = dgij7 (62)

where U;; = U; N Uj. Every manifold admits a good cover, hence every closed 2-form
admits a trivialization. Given such a trivialization of w, we can construct a transitive

Lie algebroid over M. Over each U; we consider the Lie algebroid

A =TU; &R — U,
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with bracket
[v1 + f1,v2 + fal; = [v1,v2] + v1(f2) — v2(f1),
for all v; + f; € X(U;) ® C*°(U;), and anchor p given by the projection onto TU;. From
the 1-forms dg;; € Q(U;;), we can construct transition functions
Gz‘jt Uij — GL(TL + 1),
1 0
Gij(z) = ;
dgijle 1

which act on a point v, + 17 € 4;|y,; by
Gij(x)(ve + 1) = vy + 1 + dgij(vs).

Clearly, each G;; satisfies the cocycle conditions on U, by virtue of Eq. Therefore,

we have over M the vector bundle

A= Ui oR/ ~,
xeEM

where the equivalence is defined via the functions G;; in the usual way. For any sections

v; + f; of Ai\Uij, a direct calculation shows that

[Gij(v1 + f1), Gig(v2 + f2)l; = Gij([v1,v2] +v1(f2) — v2(f1))-

Hence, the local bracket descends to a well-defined bracket [-, -] , on the quotient. Hence-
forth, (A,[-,-]4,p) will denote this transitive Lie algebroid associated to the closed 2-
form w.
It is easy to see that the above Lie algebroid is an extension of the tangent
bundle
0—MxR—ALTM— 0.

Moreover, the 1-forms 6; € Q' (U;) induce a splitting
s:TM — A
of the above sequence defined as
$(vz) = vy — 0i(vy), Y v, €TU;. (6.3)

By a slight abuse of notation, we denote the horizontal lift T'(s): X(M) — T'(A) also by
s. Hence every section e € T'(A) is of the form e = s(v) + f, for some v € X(M) and

80



f € C>(M). Using the local definition of the splitting and the fact that w|y, = db;, a

direct calculation shows that

[s(v1) + f1,5(v2) + fo] 4 = s([v1,v2]) + v1(f2) — v2(f1) = tostow, (6.4)

for all sections s(v;) + f;. The failure of the splitting s: TM — A to preserve the Lie

bracket on sections is measured by the 2-form w:
[s(v1), s(v2)]a = s([v1,v2]) —w(vi,v2), Vovi,v2 € X(M).

It is a simple exercise to show that a different choice of trivialization gives a Lie

algebroid equipped with a splitting that is isomorphic to A equipped with the splitting
given in Eq.

The Poisson algebra

Let (M,w) be a symplectic manifold. Here {f,g} = w(vf,vy) denotes the
Poisson bracket on smooth functions. The vector field v, satisfying the equality df =
—ty,w, is the unique Hamiltonian vector field corresponding to the function f. We
denote the Lie algebra of Hamiltonian vector fields by Xpam(M). Let (A,[,-]4,p) be
the Lie algebroid associated to w and s: TM — A be the splitting defined in Eq.
We are interested in a particular Lie sub-algebra of I'(A) acting on the subspace
s(X(M)) CT'(A) via the adjoint action.

Definition 6.5. A section a = s(v) + f € I'(A) preserves the splitting s: TM — A
iff Vo' € X(M)

[a,s(v)] , = s([v,v']).

The subspace of sections that preserve the splitting is denoted as T'(A)°.
Proposition 6.6. T'(A)® is a Lie subalgebra of T'(A).

Proof. Follows directly from the fact that the bracket on I'(A) and the bracket on X (M)
both satisfy the Jacobi identity. O

It is easy to show that a section s(v) + f preserves the splitting if and only if

v =wvy. In fact:

Proposition 6.7. The underlying Lie algebra of the Poisson algebra (C°°(M),{-,-}) is
isomorphic to the Lie algebra (D(A)*,[-,-] ).
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Proof. For any vector field v € X(M), it follows from Eq.[6.4]that we have [s(v) + f, s(v/)] , =
s([v,v']) if and only if
V(f) +w(v',v) =0,

and hence df = —t,w. Therefore the injective map
¢: CF(M) = T(A)*,  o(f) =s(vs) + f

is also surjective. If vy and vy are Hamiltonian vector fields corresponding to the func-

tions f and g, respectively, then

[D(f), d(9)]a = [s(vy) + £, 5(vg) + gl 4
s([vg, vg]) + (vf(9) = vg(f)) = twytw;w

s([vy,vgl) +w(vy, vg)
o([vy, vg)-

Prequantization and Atiyah algebroids

Definition 6.2 implies that a prequantized symplectic manifold is an integral
symplectic manifold equipped with Deligne 1-cocycle. By definition, this 1-cocycle corre-
sponds to a collection of 1-forms 6; € Q(U;), and U(1)-valued functions g;;: U;; — U(1)
defined on a good cover {U;} such that

w=d#; on U,
V=1(0; — 6;) = g;;'dgi; on Uy,
9ikgy gi; =1 on Uijp.

The Deligne 1-cocycle also gives, of course, a trivialization of the 2-form w, and
therefore the transitive Lie algebroid (A, [, -] 4, p) over M equipped with the splitting
s: TM — A. However in this case, the functions g;;: U;; — U(1) are the transition
functions of a principal U(1)-bundle P with connection. Therefore, by identifying u(1)
with v/—1-R, we see that A is isomorphic to the Atiyah algebroid TP/U(1). A point
in A corresponds to a vector field along the fiber 77! (x) that is invariant under the right
U(1) action. Hence a global section of A corresponds to a U(1)-invariant vector field on
P.

Splittings of 0 = M x R — A — TM — 0 correspond to connection 1-forms

on P. The connection 1-form 6 € Q!(P) corresponding to the local forms 6; induces a
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‘left-splitting’ 6: A — M x R such that fos = 0. It is straightforward to show that
a € T'(A)*® if and only if
L0 =0.

That is, a section of the Atiyah algebroid preserves the splitting if and only if it preserves
the corresponding connection on P. For a prequantized symplectic manifold, the Lie
algebra I'(A)® is a Lie sub-algebra of derivations on C*°(P)c and therefore on the global
sections of the associated line bundle of P. Proposition [6.7] then implies that we have a

faithful representation of the Poisson algebra (C*°(M),{-,-}).

The Kostant-Souriau central extension

If (M,w) is a connected symplectic manifold, then we have a short exact se-

quence of Lie algebras
0—u(l) - C®°M) - Xgam(M) — 0 (6.5)

The underlying Lie algebra of the Poisson algebra is known as the Kostant-Souriau
central extension of the Lie algebra of Hamiltonian vector fields [37]. If o: Xgam (M) —
C°(M) is a splitting of the underlying sequence of vector spaces, then the failure of o to

be a strict (i.e. bracket-preserving) Lie algebra morphism is measured by the difference

{o(v1),0(v2)} — o([v1,v2])

which represents a degree 2 class in the Chevalley-Eilenberg cohomology H&p (Xnam (M), R).
This class can be represented by using the symplectic form. More specifically, pick a

point z € M and let ¢ € Hom(A2Xyam (M), R) be the cochain given by:
c(v,v") = —w(v, )|z, VYu,v" € Xgam(M).

The fact that ¢ is a cocycle follows from the bracket {-,-} satisfying the Jacobi identity.
One can show that the class [c] does not depend on the choice of z € M.
If (M, w) is a prequantized connected symplectic manifold, then Prop. im-

plies that the ‘quantized Poisson algebra’ gives an isomorphic central extension
0—u(l) > T(A)° - Xgam(M) — 0.

This central extension is responsible for introducing phases into the quantized system.
Two functions f and f’ differing by a constant r € u(1) will have the same Hamiltonian
vector fields and therefore give the same flows on M. However, their quantizations will

give unitary transformations which differ by a phase exp(2m/—1r).
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6.3 Courant algebroids

Now, we begin our investigation of the 2-plectic case. First, we recall some
basic facts and examples of Courant algebroids and then we proceed to describe Severa’s
classification of exact Courant algebroids. The Courant algebroid will act as the 2-plectic
analogue of the Atiyah algebroid.

There are several equivalent definitions of a Courant algebroid found in the
literature. The following definition, due to Roytenberg [52], is equivalent to the original

definition given by Liu, Weinstein, and Xu [40].

Definition 6.8. A Courant algebroid is a vector bundle C — M equipped with a
nondegenerate symmetric bilinear form <,> on the bundle, a skew-symmetric bracket
[l on T'(C), and a bundle map (called the anchor) p: C' — TM such that for all
e1, ez, ez € I'(C) and for all f,g € C°(M) the following properties hold:

1. [er;[ea, e3lc]e = [len ealo s esle = [eas [er, eslo] e = —DT(en, €2, €3),

2. pllers e2lc) = [p(er), plea)].

3. lex, feale = [ ler el + pler)(f)ea — 3{e1, e2) D,

4. (Df,Dg) =0,

5. pler) ({e2,e3)) = (ler, 2] + 5 D(er, e2), e3) + (e2, [en, e + 5 D1 es)),

where |-, -] is the Lie bracket of vector fields, D: C*°(M) — T'(C) is the map defined by
(Df.€) = p(e)f, and
1
T(e1,e2,e3) = 5 (([er1, €2 es) + (les, er] s e2) + {[e2, €3], 1)) -
The bracket in Definition [6.8]is skew-symmetric, but the first property implies
that it needs only to satisfy the Jacobi identity “up to DT”. Note that the vector bundle
C — M may be identified with C* — M via the bilinear form <~, > and therefore we

have the dual map

p i T"M — C.

Hence the map D is simply the pullback of the de Rham differential by p*.
There is a commonly used alternate definition given by Severa [66] for Courant
algebroids which involves a bracket operation on sections that satisfies a Jacobi identity

but is not skew-symmetric.
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Definition 6.9. A Courant algebroid is a vector bundle C' — M together with a
nondegenerate symmetric bilinear form <-, > on the bundle, a bilinear operation [-, ]
on I'(C), and a bundle map p: C — TM such that for all ey, e, e3 € T'(C) and for all
f e C®(M) the following properties hold:

1. Jex, [ea, es]clc = ller, 2o s eslc + lea, [er, es] e
2. p([er, e2] ) = [p(e1), p(e2)],

3. lex, fea] e = fler, 2l + pler)(f)ez,

4 ler,er]e = 3D (e er),

5. pler) ((e2,e3)) = ([er, el e3) + (e2, [en, esle).

where |-, -] is the Lie bracket of vector fields, and D: C*°(M) — I'(C) is the map defined

Roytenberg [52] showed that C — M is a Courant algebroid in the sense of
Definition with bracket [-, ], bilinear form < ° > and anchor p if and only if C — M
is a Courant algebroid in the sense of Definition [6.9) with the same anchor and bilinear

form but with bracket [-, -]~ given by
1
[[61, 62]0 = [61, 62}0 + §D<61, €2>. (6.6)

All Courant algebroids in this chapter are considered to be Courant algebroids in the
sense of Definition We introduced Definition mainly to connect our discussion

here with previous results in the literature.

Example 6.10. An important example of a Courant algebroid is the standard Courant
algebroid C' = TM @&T™* M over any manifold M equipped with the standard Courant
bracket:

1 _
[v1 + o, v2 + a2l = [v1, V2] + Ly, a0 — Loy — §d<v1 +ag, v+ ag) (6.7)

where

<U1 + aq,v + Oé2>7 = Ly Q2 — Ly, O] (6.8)

is the standard skew-symmetric pairing. The bilinear form is given by the standard

symmetric pairing;:

<U1 + aq,v2 + 042>Jr = Ly, a2 + Ly, 1. (6.9)
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The anchor p: C — T'M is the projection map, and D = d is the de Rham differential.

The bracket [-, -] is the skew-symmetrization of the standard Dorfman bracket:
[v1 + a1, v2 + 2] o = [v1, V2] + Loy, a2 — Ly da, (6.10)
which plays the role of the bracket given in Definition

The standard Courant algebroid is the prototypical example of an exact Courant

algebroid [11].

Definition 6.11. A Courant algebroid C — M with anchor map p: C — TM is exact
if
0-T"M5CEHTM =0

s an exact sequence of vector bundles.

The Severa class of an exact Courant algebroid

Severa’s classification [66] originates in the idea that a particular kind of split-

ting of the above short exact sequence corresponds to defining a connection.

Definition 6.12. A splitting of an exact Courant algebroid C over a manifold M is
a map of vector bundles s: TM — C' such that

1. pos=idry,
2. (s(v1),s(v2)) =0 for all vi,vs € TM,
where p: C — TM and <-, > are the anchor and bilinear form, respectively.

In other words, a splitting of an exact Courant algebroid is an isotropic splitting
of the sequence of vector bundles. Bressler and Chervov call splittings ‘connections’ [11].

If s is a splitting and B € Q?(M) is a 2-form then one can construct a new splitting:
(s + B) (v) = s(v) + p*B(v,-). (6.11)

Furthermore, one can show that any two splittings on an exact Courant algebroid must
differ by a 2-form on M in this way. Hence the space of splittings on an exact Courant
algebroid is an affine space modeled on the vector space of 2-forms Q?(M) [L1].

The failure of a splitting to preserve the bracket gives a suitable notion of

‘curvature’. Given vector fields v, v9,v3 on M, it can be shown that the function
(U('Ul, V2, U3) = <[5 (Ul) )y S (UQ)]C ’ S(U3)>
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defines a closed 3-form on M [II]. This is the curvature 3-form of an exact Courant
algebroid over M. It gives a well-defined cohomology class in H%R(M ), independent of
the choice of splitting.

Definition 6.13 ([26]). The Severa class of an evact Courant algebroid with bracket

[-,-]c and bilinear form (-,-) is the cohomology class [—w] € Hyp (M), where

w(vy,vz,v3) = ([s (v1), s (v2)] ¢, s(v3)).

6.4 Courant algebroids and 2-plectic geometry

In this section, we describe a relationship between Courant algebroids and 2-
plectic manifolds which can be understood as the higher analogue of the relationship
between Atiyah algebroids and symplectic manifolds.

We begin by recalling how to explicitly construct an exact Courant algebroid
with Severa class [w]. This is the 3-form version of the construction that gives a transitive
Lie algebroid over a pre-symplectic manifold, which was previously discussed in Sec.
The approach given here is essentially identical to those given by Gualtieri [26], Hitchin
[29], and Severa [66] .

Let (M,w) be a manifold equipped with a closed 3-form. A trivialization of w is
an open cover{U;} of M equipped with 2-forms B; € Q*(U;), and 1-forms A4;; € Q' (U;;)

on intersections such that

w|Ui = de
(6.12)
(Bj — Bi)lu,; = dAj;.
Given such a trivialization, over each open set U; consider the bundle C; = TU; ®T*U; —

U; equipped with the standard pairing
<v1 + aq,v9 + 042>;.F = Ly, 2 + Ly, 1, (6.13)

v1,v2 € X(U;), a1, a2 € QY (U;), which has signature (n,n). On double intersections, it

is easy to see that
<v1 + L, dAjj + a1, V2 + Ly d A+ a2>;L = <vl + a1,v9 + oz2>j.
Hence the 2-forms {dA;;} generate transition functions
Gij: Uij — SO(n,n),

1 0

GZ"{L' =
i (@) QA 1
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which satisfy the cocycle conditions on Uy, by virtue of Eq. [6.12} Therefore, we have
over M the vector bundle

C = H T,.U; @T;Ui/ ~,
zeM

equipped with a bilinear form denoted as <-, ->+. C sits in the exact sequence
0—T"M L CLTM -0,

where the anchor p is induced by the projection T*U; TU; — TU;, and j is the inclusion.
The 2-forms B; induce a bundle map s: TM — C

$(vg) = vy — Bi(vg) if z € U, (6.14)

It follows from Eq. that s is well-defined when = € U;;. It is easy to see that this
map is an isotropic splitting (Def. . Hence every section e € I'(C') can be uniquely
expressed as

e =s(v) + a,
for some v € X(M) and a € Q'(M). As before, we use s to also denote the map
I'(s): (M) — I'(C). The anchor map is just

p(s(v) +a) =v. (6.15)

Given sections s(v1) 4+ aq, s(ve) + ag € T'(C), a local calculation using Eq.

gives

<s(v1) + aq, s(ve) + a2>+ = Ly Q9 — Ly byg Bi + Ly, 1 — Lyyly, Bi (6.16)

= <U1 + a1,v2 + 042>+-

The above equality holds, in fact, for any splitting s’': TM — C, since s — s is a 2-form
on M and therefore skew-symmetric. The bracket on I'(C') is defined over the open set
U; by:

[s(v1) + 1, 8(v2) + 2 v, = [s(v1) + an, 5(v2) + ag];
where [+, -]

is the standard Courant bracket on C;. Since the 2-forms {dA;;} are

closed, it follows by direct computation that on double intersections Uj;:

i

[Gij(v1 + 1), Gij(v2 + a2)], = Gij ([v1 + a1, v2 + ag);).

Hence the bracket [-, -] is indeed globally well-defined. Using the local definition of the
bracket and the splitting, as well as the fact that dB; = w, it is easy to show that
[s(v1) + a1, 5(v2) + 2] = s([v1,v2]) + Loy @z — Lo,

1 B (6.17)
— §d<vl + aq,v9 + a2> — Lyg by W-
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The bracket [-, -]~ is called the twisted Courant bracket. A analogous construction

using the standard Dorfman bracket (6.10]) on C; gives the twisted Dorfman bracket:
[s(v1) + o1, s(v2) + a2l = s([v1,v2]) + Loy @z — toydor — Lyt w. (6.18)

These brackets were studied in detail by Severa and Weinstein [61}, [66].

It is straightforward to check that C' — M equipped with the aforementioned
bilinear form, anchor, and bracket [-, -]~ is an exact Courant algebroid (Definition .
Just as in Lie algebroid case, the construction of C' is independent of the choice of
trivialization up to a splitting-preserving isomorphism.

A direct calculation shows that

—w(vi,vz,v3) = ([s (v1) ;5 (v2)]r 5(v3)) "
Hence, the Courant algebroid C' has Severa class [w]. Of course, we are interested in the

special case when w is a 2-plectic structure. We summarize the above discussion with

the following proposition:

Proposition 6.14. Let (M,w) be a 2-plectic manifold. Up to isomorphism, there exists
a unique exact Courant algebroid C over M, with bilinear form <-, ->+, anchor map p,

and bracket [-, -]~ given in Egs. and respectively, and equipped with a

splitting whose curvature is —w.

Lie 2-algebras from Courant algebroids

Next, we describe how a Courant algebroid gives a Lie 2-algebra. From here
on, we shall describe a Lie 2-algebra using the terminology given in Prop. [3.10] i.e. as a
2-term chain complex, equipped with a bracket and a Jacobiator.

Recall that the space of global sections of a transitive Lie algebroid associated
to a closed 2-form gives a Lie algebra. As we shall see, the global sections of a Courant
algebroid form a Lie 2-algebra. Given any Courant algebroid C' — M with bilinear form

<-, ->, bracket [-, -], and anchor p: C'— T'M, one can construct a 2-term chain complex
L = C®M)=2T(0),

with differential D = p*d where d is the de Rham differential. The bracket [-, ]~ on
global sections can be extended to a chain map [-,-] : L ® L — L. If e1, e5 are degree 0
chains then [eq, eg] is the original bracket. If e is a degree 0 chain and f, g are degree 1

chains, then we define:
le,/1= = [f.¢] = 5{e. Df)
[f,9] = 0.
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It was shown by Roytenberg and Weinstein [55] that this extended bracket gives a
Lo-algebra. Roytenberg’s later work [53) [54] implies that a brutal truncation of this
Lo-algebra is a Lie 2-algebra whose underlying complex is L. For the Courant algebroid

C associated to a 2-plectic manifold, their result implies:

Theorem 6.15. If C is the exact Courant algebroid given in Proposition[0.14] then there
is a Lie 2-algebra Loo(C) = (L, [, -], J) where:

o Ly="T(C),

Ly = C®(M),

the differential Ly <, Lg is the de Rham differential

the bracket [-,-] is

le1,e2] = [e1, 2] in degree 0

and
e,/ = 1.l = (e df)" in degree 1,

the Jacobiator is the linear map J: T'(C) @ T'(C) @ T'(C) — C°°(M) defined by

J(eh €2, 63) = _T(€17 €2, 63)

1

~ 76 (<[61,e2]c»€3>+ + (les,er)ere2)”

+<[62,63]C,61>+) .

More precisely, the theorem follows from Example 5.4 of [54] and Section 4 of
[53]. On the other hand, the original construction of Roytenberg and Weinstein gives a

Loo-algebra on the complex:
0 — ker D 5 C™(M) = T'(C),

with trivial structure maps [,, for n > 3. Moreover, the map ls (corresponding to the
bracket [-, -] given above) is trivial in degree > 1 and the map I3 (corresponding to the
Jacobiator J) is trivial in degree > 0. Hence these maps induce the above Lie 2-algebra

structure on C*° (M) 2 Q).

The algebraic relationship between 2-plectic and Courant

Associated to any 2-plectic manifold (M, w), is a Lie 2-algebra Lo (M, w) (Thm.
3.14). In Prop. we described this Lie 2-algebra as a 2-term chain complex L =
(Lq 4, Ly) equipped with a bracket [-, -] and Jacobiator J where:
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Lo = Q. (M) is the space of Hamiltonian 1-forms,

Ly = C>®(M),

e the differential L -, Ly is the de Rham differential,

the bracket [, -] is {a, } = w(va,vs,-) in degree 0 and trivial otherwise,

the Jacobiator is given by the linear map J: Q, (M) @y, (M) QL (M) —

Ham Ham Ham

C>°, where J (o, 3,7) = w(vy,v8,Va).

Also associated to (M, w), is the exact Courant algebroid (C, [-, ]+, <-, ->+, p) described
in Prop. equipped with a splitting s: TM — C whose curvature is —w. From this
Courant algebroid, we obtain the Lie 2-algebra Lo (C) described in Thm.

We now describe the relationship between Lo (M, w) and Lo (C). We under-
stand this as the 2-plectic analogue of the relationship described in Sec. between the
Poisson algebra of a symplectic manifold and the Lie algebra associated to the transitive

Lie algebroid over the manifold.

Theorem 6.16. Let (M,w) be a 2-plectic manifold and let C be its corresponding
Courant algebroid. Let Loo(M,w) and Lo (C) be the Lie 2-algebras corresponding to
(M,w) and C, respectively. There exists a morphism of Lie 2-algebras embedding Loo (M, w)
into Loo(C).

Before we prove the theorem, we introduce some technical lemmas to ease the
calculations. Recall from Eq. that the formula for the standard skew-symmetric
pairing on X(M) @ QY(M):

<Ul + o, v2 + Ot2>_ = Ly 02 = Ly O
In what follows, by the symbol “c.p” we mean cyclic permutations of the symbols «, 3, 7.

Lemma 6.17. If o, 8 € Q. (M) with corresponding Hamiltonian vector fields Vo, V85

Ham

then L,,0 = {a, B} + diy, 5.

Proof. Since L, = t,d + duy,

Loy = 1o, df + diy, f = —lyyto;w + diy, 8 = {a, B} + diy, 5.
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Lemma 6.18. If o,3,7 € Qham(M) with corresponding Hamiltonian vector fields
Vo Vg, Uy, then
Uvaswg)Y T €D = =3y loglo,w + Lvad<’l}g + B,vy + ’y>7
+ Lo, d{Va + a,v8 4 ) + Ly, d{vy + 7,00 + @) .
Proof. The identity t[y, v = Lugtog — tvg Lo, and Lemma imply:
Lva,vp]Y = Loy, bog — Lv,@\['va Y
=Ly, bog™ — lug ({a, 7} + diy,)
= Lvad%ﬁy — lyglyy by W — L%dbva'y,

where the last equality follows from the definition of the bracket.

Therefore we have:
o) = b, Ao B — b oy, @ — b i, B,
Liug o] & = Lvﬁd%a — Ly Lyg bugW — vadbvﬂa,
and Eq. implies
Lo ALy — Lyg iy, B = Load{vg + B,y + 7).
The statement then follows. O

Lemma 6.19. Ifa,3 € Q%{am(M) with corresponding Hamiltonian vector fields vq,vg,
then

Loy B— Ly, a=2{a,B} —|—d<va + o, v3 —|—ﬁ>_.
Proof. Follows immediately from Lemma and Eq. O

We have all we need to give a proof of Thm. [6.16

Proof of Theorem [6.16, Let
L = C™(M) % Qfjyun (M),
'], L®L—L,
J: LLRL— L
denote the underlying chain complex, bracket, and Jacobiator of the Lie 2-algebra
Loo(M,w). Similarly,
L' =C0®(M) % 1(0),
[ el — L,
Jy: 'Ll @ L' — L
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denotes the underlying chain complex, bracket, and Jacobiator of the Lie 2-algebra
L (C).

We construct a Lie 2-algebra morphism from Lo, (M, w) to Loo(C'). Recall from
Def. [3:17] that such a morphism consists of

e a chain map ¢: L — L', and
e a chain homotopy ®: L ® L — L’ from the chain map
LeL — L

z@y +— ¢ ([z,y])

to the chain map
LeL — L

z@y — [¢x), )],
such that the following equation holds:
1(J(2,y,2)) = J'(do(2), Po(y), do(z)) =

O(z, [y, 2]) — ([, 9, 2) — Py, [7, 2]) — [2(2,), Po(2)] (6.19)
+go(@), @y, 2)]" = [Po(y), B(, 2)]'.

Let s: TM — C be the splitting. Let ¢o: Qi (M) — I'(C) be given by

do(a) = s(va) + a,

where v, is the Hamiltonian vector field corresponding to a.. Let ¢y : C*°(M) — C*°(M)
be the identity. Then ¢: L — L’ is a chain map, since the Hamiltonian vector field of

(M)® Q. (M) — C*(M) be given by

: .0l
an exact 1-form is zero. Let ®: Q) Ham

Ham

d(a,fB) = —%<va + a,v3 + ﬁ>_.

Now we show @ is a well-defined chain homotopy in the sense of Def. We

have

[po(), po(B)] 1 = [s(va) + a, s(vg) + Bl
= 5([Va, v8]) + Loo B — Los — Lyglp,w

- %d@a +a,vg+0)" (6.20)
= 5([ta, vg]) + {0, 8} + 5d{va + oy us + )

= 5([va, vp]) + [a, B, — d®(ev, ).
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The second line above is just the definition of the twisted Courant bracket (Eq.[6.17)),
while the second to last line follows from Lemma and Def. of the bracket {-,-}.
By Prop. the Hamiltonian vector field of {a, 5} is [va,vg]. Hence we have:

¢0([a7ﬁ]L) - [¢0(0‘)a¢0(5)]y = dq)(OZ?ﬁ)

In degree 1, the bracket [-, -], is trivial. It follows from the definition of [-,-];,
that

61((0n 1) ~ [0ol0), dr(1)]ys = 5 (s(0a) + )"
From Eq. [6.16] we have

(s(va) + oz,df>Jr = (s(va) + a, s(0) + df>+ = 1y, df.

Therefore
¢1([a, f11) = [Po(@), 01(f)] = P(a, df),
and similarly

o1([f,0lL) = [@1(f), ¢o(@)]pr = (df, ).

Therefore @ is a chain homotopy.
It remains to show the coherence condition (Eq. in Definition [3.11) is
satisfied. First we rewrite the Jacobiator Jr/ using the second to last line of (/6.20):

Jr(po(a), do(B), po(7)) = —%<[¢0(04)7 ®0(B)] 1 7¢0(’Y)>+ tcp
= — < (s(0oas va]) + {0 B} — (e B),5(0,) + )"

+c.p.

From the definition of the bracket {-,-} and the symmetric pairing, we have

T (60(), 60(8), 00(1) = — g — ¢ (s — 10,0200, ) 4 €0). (6:21)
Lemma [6.18| implies
Uvag)Y T €D = —3lug Luglu, W — (2vad<1>(a, B) + c.p), (6.22)
so Eq. becomes
I (do(@), do(B), do(7)) = tu,tvogtu,w + (%vad@(a, B) +c.p).

By definition, Jr,(a, 3,7) = Ly, tuste,w. Therefore, in this case, the left-hand side of Eq.
6.19is

615l 6.7)) = i (60(0), G0(B) o)) = — 5,00 B) +ep. (62
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Since the brackets and homotopy ® are skew-symmetric, the right-hand side

of Eq. can be rewritten as:

(®(a, [8:71L) +ep) — ([2(, B), o(1)]L + D). (6.24)

Consider the first term in Eq. The Hamiltonian vector field corresponding to
18,7, = {B,7} is [vg, vy]. Therefore the definition of ® implies

3 1
(e, [B,79]L) +ep = _ibvwbvﬁbvaw + i(b[vﬁva]a + C.p)-

It then follows from Lemma (see Eq. 6.22) that
(I)(Oé, [ﬁa PY]L) +cp= —vadq)(()é, /8) +cp.

By definition of the bracket [-,-];,, the second term in Eq. can be written as

@0, 8), 60(]ys + € = ~ 10, d%(0, ) +c:p.

Hence the coherence condition:

P1(JLle, 8,7)) = T (do(@); do(B), p0(7)) = ®(ev, [8,7]1) — [®(e, B), do(¥)] 1 + c.p
is satisfied, and (¢, ®): Loo(M,w) — Loo(C) is a morphism of Lie 2-algebras. O

We now focus on a particular sub-Lie 2-algebra of Lo.(C). The following
definition is due to Severa [66] and is a generalization of Def.

Definition 6.20. Let C be the exact Courant algebroid given in Prop. equipped
with a splitting s: TM — C. We say a section e = s(v) + o preserves the splitting
iff Yo' € X(M)

[e. s(v')]]c = s([v,v]).

The subspace of sections that preserve the splitting is denoted as T'(C)*.

Note that the twisted Dorfman bracket is used in the above definition rather
than the twisted Courant bracket. Since it satisfies the Jacobi identity, it gives a ‘strict’

adjoint action on sections of C. The 2-plectic analogue of Proposition is:

Proposition 6.21. If C is the exact Courant algebroid given in Proposition[6.14) equipped
with the splitting s: TM — C, then there is a Lie 2-algebra Lo(C)* = (L, [-, -], J) where:

o Ly=T(C),
o L1 =C>®(M),
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o the differential Ly 4, Ly is the de Rham differential

e the bracket [-,-] is

le1,e2] = [e1, 2] in degree 0

and

1
le, fl=—If, €] = §<e,df>+ in degree 1,
e the Jacobiator is the linear map J: T'(C)* @ I'(C)* @ I'(C)* — C*°(M) defined by

J(e1,ez,e3) = —=T(e1,e2,€3)

1

G (<[€1,ez]c»€3>+ + (les,er)erve2)”

+<[62,63]C,61>+) .

Proof. Let v’ be a vector field on M. By the definition of the twisted Dorfman bracket
(Eq. , it follows that [df,s(v')], = 0 Vf € C°°(M). Hence the complex L is well-
defined. We now show that I'*(C) is closed under the twisted Courant bracket. Suppose
e1 and ey are sections preserving the splitting. Let e; = s(v;) + ;. Since the twisted

Dorfman bracket and the Lie bracket of vector fields satisfy the Jacobi identity, we have:

[[[[61, GQHC ) S(U/)]]C = 8([[7)17”2]72}/])'

From Eq. we have the identity:

1
le1, e2]c = [er, e2] o — §d<€1, e2) .

Therefore:
1
[ler, ezl 5] ¢ = [fer,eal 5] — 5 [dlen,ea)™ )]
= S([[Ul’ UQ]? U/])'
It follows from Theorem that the Lie 2-algebra axioms are satisfied. O

This next result is essentially a corollary of Thm.[6.16] However, it is important

since it is the 2-plectic analogue of Prop. [6.7]
Theorem 6.22. L. (M,w) and Loo(C)*® are isomorphic as Lie 2-algebras.

Proof. Recall that in Theorem [6.16] we constructed a morphism of Lie 2-algebras given

by a chain map ¢: Loo(M,w) — Loo(C):
¢0(a) = S(Ua) + a, ¢1 = ld’
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and a homotopy ®: Ok, (M) ® Q. (M) — C®(M):

Ham

Do, B) = —%@a + a3+ 03) .

Let v € X(M) and e = s(v) + a. By definition of the twisted Dorfman bracket,
le,s(v)]¢ = slv,v'] if and only if ¢,y (dov + tyw) = 0. Hence a section of C' preserves the
splitting if and only if it lies in the image of the chain map ¢. Since this map is also

injective, the statement follows. O

Theorem suggests that we interpret the Lie 2-algebra Lo, (C)* as the pre-
quantization of the Lie 2-algebra of “observables” L. (M,w). Clearly, these results
further support the idea that exact Courant algebroids play the role of higher Atiyah
algebroids [111, 26]. However, interpreting L, (C)* as ‘operators’ or as infinitesimal sym-
metries of a U(1)-gerbe with 2-connection is still a work in progress. It is likely that
significant progress would be made by solving the larger problem of how to integrate an

exact Courant algebroid to a Lie 2-groupoid.

6.5 Central extensions of Lie 2-algebras

In this section, we constructing the 2-plectic version of the Kostant-Souriau

central extension, which we discussed in Sec. First some preliminary definitions:
Definition 6.23. A Lie 2-algebra (L, [-, ], J) is trivial iff L1 = 0.
Any Lie algebra g gives a trivial Lie 2-algebra whose underlying complex is

0—g.

In particular, the Lie algebra of Hamiltonian vector fields Xyam (M) is a trivial Lie

2-algebra.
Definition 6.24. A Lie 2-algebra (L, [-,-],J) is abelian iff [-,-] =0 and J = 0.
Hence an abelian Lie 2-algebra is just a 2-term chain complex.

Definition 6.25. If L, L', and L" are Lie 2-algebras, then L' is a strict extension of
L" by L iff there exists Lie 2-algebra morphisms

(p,®@): L— L, (¢,®):L —L"

such that the chain maps ¢, ¢ give a short exact sequence of the underlying chain
complexes

Lt
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We say L' is a strict central extension of L” iff L' is an extension of L” by L and
[im¢, L'] = 0.

Remark 6.26. These definitions will be sufficient for our work here. However, they
are, in general, too strict. For example, one can have homotopies between morphisms
between Lie 2-algebras, and therefore we should consider sequences that are only exact
up to homotopy as “exact”. Fully weak extensions for degree-wise finite-dimensional Lie
n-algebras have recently been described as particular homotopy pushouts in the closed
model category of differential graded (dg) algebras [59]. The opposite of this model
structure is taken to be, by definition, a presentation of the (oo, 1)-category of degree-
wise finite-dimensional L..-algebras. For infinite-dimensional Lie n-algebras, such as
the ones we consider here, it is likely that one can find a suitable definition in a similar

manner by using a closed model category structure on the category of dg co-algebras.

We would like to understand how Lo (M, w) is a central extension of Xam (M)
as a Lie 2-algebra. Our first two results are quite general and hold for any 2-plectic

manifold (M, w).

Proposition 6.27. If (M,w) is a 2-plectic manifold, then the Lie 2-algebra Loo(M,w)

is a central extension of the trivial Lie 2-algebra Xpam(M) by the abelian Lie 2-algebra
(M) 5 Q4 (M),

consisting of smooth functions and closed 1-forms.

Proof. Consider the following short exact sequence of complexes:

QL(M) —2= QL (M) 2> Xpam (M) (6.25)

cl Ham

o |

C®(M) —9+ (M) 0

The map 7: QL (M) — Qf

Ham (M) is the inclusion, and

p: Qll—Iam(M) - %Ham(M>7 p(O&) = Va

takes a Hamiltonian 1-form to its corresponding vector field. It follows from Prop.
that p preserves the bracket. In fact, all of the horizontal chain maps give strict
Lie 2-algebra morphisms (i.e. all homotopies are trivial). The Hamiltonian vector field
corresponding to a closed 1-form is zero. Thus, if « is closed, then for all 3 € Qf;, (M)

we have [, 8], (a1 = {a, B} = 0. Hence Loo(M, w) is a central extension of Xpam (M).
O
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Proposition 6.28. Let (M,w) be a 2-plectic manifold. Given x € M, there is a Lie
2-algebra Loo(Xpam(M),z) = (L, [, ], Jz) where

L4 LO == :{Ham(M);

the differential Lq LA Ly is trivial (d =0),

the bracket [-,-] is the Lie bracket on Xpam (M) in degree 0 and trivial in all other

degrees

the Jacobiator is the linear map
Iy xHam(M) & xHam(M) ® %Ham(M) —R

defined by

Jx(vh V2, ’U3> = by buy Lv3w|$'

Moreover, J, is a S-cocycle in the Chevalley-FEilenberg cochain complex

Hom(A* Xgam (M), R).

Proof. We have a bracket defined on a complex with trivial differential that satisfies
the Jacobi identity “on the nose”. Hence to show Loo(Xpam(M),z) is a Lie 2-algebra,
it sufficient to show that the Jacobiator J;(v1,ve,vs) satisfies Eq. in Def. 3.10| for
x € M. This follows immediately from Thm. The classification theorem of Baez
and Crans (Thm. 55 in [4]) implies that J, satisfying Eq. in the definition of a Lie 2-

algebra is equivalent to J, being a 3-cocycle with values in the trivial representation. [J

Recall that in the symplectic case, if the manifold is connected, then the Poisson
algebra is a central extension of the Hamiltonian vector fields by the Lie algebra u(1) =
R. The categorified analog of the Lie algebra u(1) is the abelian Lie 2-algebra bu(1)

whose underlying chain complex is simply
R — 0.

It is natural to suspect that, under suitable topological conditions, the abelian Lie

algebra C'°° (M) < QL (M) introduced in Prop. [6.27|is related to bu(1).

Let us first assume that the 2-plectic manifold is connected. Note that the
Jacobiator J, of the Lie 2-algebra Loo(Xgam(M),z) introduced in Prop. depends
explicitly on the choice of z € M. However, if M is connected, then the cohomology class
J represents as a 3-cocycle does not depend on x. This fact has important implications

for Loo(Xgam(M ), z):
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Proposition 6.29. If (M,w) is a connected 2-plectic manifold and J, is the 3-cocycle
given in Prop. then the cohomology class [J;] € Hap(Xtam(M),R) is independent
of the choice of x € M. Moreover, given any other point y € M, the Lie 2-algebras
Loo(Xtam(M),x) and Loo(Xgam(M),y) are quasi-isomorphic.

Proof. To prove that [J,] is independent of z, we use a construction similar to the proof

of Prop. 4.1 in [12]. The Chevalley-Eilenberg differential
§: Hom(A"Xpam (M), R) — Hom(A" ™ Xggam (M), R)
is defined by

6 (W1, yvni) = Y (=D e([vi,vg) o0, Bi e By Ung)-
1<i<j<n

Note that if ¢ is an arbitrary 2-cochain then

(60)(UOM Uﬁ’v'v) = _C([Uavvﬂ]’ U’Y) + C([Uavvﬁ’]vvﬂ) - C([”ﬁ?”’y]?Ua)'

Now let y € M. Let I': [0,1] — M be a path from z to y. Given va,vg € XHam(M),
define

c(Va,vp) = /Fw(va,vﬁ»')-

Clearly, c is a 2-cochain. We claim
Jy(Va, V8, V) — Jz(Va, V8, Vy) = (0¢)(Va, Vg, Uy)
The failure of {-,-} to satisfy the Jacobi identity implies
iy togto,w = {a, {8,7}} — H{e, B}, 7} = {B,{e,7}},
and, from the definition of {-, -}, we have
vy togto,w = —w([va, vg], vy, ) + W ([va, va] v, ) — w([g, vy], vas ).
Integrating both sides of the above equation gives
/FdLvaLvﬁvaw = Jy(va,v8,0y) — Jp(Va, v, Vy)
== [ warad o)+ [ lfoarvdovn) = [ wllon o) v
= (6¢)(Va, v, Vy).

It follows from Thm. 57 in Baez and Crans [4] that [J;] = [J,] implies Lo (Xnam (M), z)

and Loo(Xmam (M ),y) are quasi-isomorphic (or ‘equivalent’ in their terminology). O
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Now we impose further conditions on our 2-plectic manifold. From here on, we
assume (M, w) is 1-connected (i.e. connected and simply connected). This is the 2-plectic
analogue of the requirement that the symplectic manifold in Sec. be connected. It
will allow us to construct several elementary, yet interesting, quasi-isomorphisms of Lie

2-algebras.

Proposition 6.30. If M is a I-connected manifold, then the abelian Lie 2-algebra
C>®(M) LN QL (M) is quasi-isomorphic to bu(1).
Proof. Let x € M. The chain map

C>(M) —= QL (M)

|

R 0

is a quasi-isomorphism. O

Proposition 6.31. If (M,w) is a 1-connected 2-plectic manifold and x € M, then the
Lie 2-algebras Loo(M,w) and Loo(Xgam(M), ) are quasi-isomorphic.

Proof. We construct a quasi-isomorphism from Lo, (M, w) t0 Loo(XHam(M ), x). There

is a chain map

COO(M) *d> Qll{am(M)
R 0 :{Ham(M)

with ev,(f) = f(x) and p(a) = v,. Since p preserves the bracket, we take ® in Def.
to be the trivial homotopy. Eq. [6.19] holds since:

eve(W(vy,18,Va)) = Jz(Vas V8, Vy),

and therefore we have constructed a Lie 2-algebra morphism. Since M is connected, the

homology of the complex C'*° (M) < Q! (M) is just R in degree 1 and Qi (M)/dC>(M)

Ham

in degree 0. The kernel of the surjective map p is the space of closed 1-forms, which is

dC>° (M) since M is simply connected. O

We can summarize the results given in Props. [6.27][6.28][6.30], and [6.31] with the
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following commutative diagram:

QL (M) T O (M) £ XHam(M)
\\\ N id
\ ] p\x\A T \
d 0 %Ham(M) xHam(M)
C®(M) ——|——= C*°(M) 0\
CR TR 0

The back of the diagram shows L., (M,w) as the central extension of the trivial Lie 2-
algebra Xmgam (M ). The front shows Loo (Xpam(M ), x) as a central extension of Xpam (M)
by bu(1). The morphisms going from back to front are all quasi-isomorphisms. Thus we

have the 2-plectic analogue of the Kostant-Souriau central extension:

Theorem 6.32. If (M,w) is a 1-connected 2-plectic manifold, then Lo (M,w) is quasi-

isomorphic to a central extension of the trivial Lie 2-algebra Xpam (M) by bu(1).

Also, from Prop. we know that Loo(M,w) is isomorphic to the Lie 2-
algebra L. (C)® consisting of sections of the Courant algebroid C' which preserve a

chosen splitting s: TM — C'. Therefore:

Corollary 6.33. If (M,w) is a 1-connected 2-plectic manifold, then Loo(C)® is quasi-

isomorphic to a central extension of the trivial Lie 2-algebra Xpam (M) by bu(1).

A comparison of the above corollary to the results discussed in Sec. [6.2] suggests
that Loo(C)® be interpreted as the quantization of Lo (M,w) with bu(1) giving rise to
the quantum phase.

Finally, note that a splitting of the short exact sequence of complexes

0—— %Ham(M) l> }:Ham(M)

R |

1

R R 0

is the identity map in degree 0 and the trivial map in degree 1. Obviously the splitting
preserves the bracket but does not preserve the Jacobiator. Indeed, the failure of the
splitting to be a strict Lie 2-algebra morphism between Xam (M) and Loo (Xgam (M), x)

is due to the presence of the 3-cocycle J;.
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Summary

Many new results have been given in this chapter, so we conclude with a brief
summary. We defined a prequantized n-plectic manifold to be an integral n-plectic
manifold equipped with Deligne n-cocycle. If (M,w) is a 0-connected, prequantized
symplectic manifold, then there exists a principal U(1)-bundle over M equipped with a
connection whose curvature is w, and a corresponding Atiyah algebroid A — M equipped
with a splitting such that the Lie algebra of sections of A which preserve the splitting

is isomorphic to a central extension of the Lie algebra of Hamiltonian vector fields:
u(l) = C°(M) — Xgam(M).

This central extension gives a cohomology class in HZg(Xgam(M),R) which can be
represented by the symplectic form evaluated at a point in M.

Analogously, if (M,w) is a 1-connected, prequantized 2-plectic manifold, then
there exists a U(1)-gerbe over M equipped with a connection and curving whose 3-
curvature is w, and a corresponding exact Courant algebroid C' — M equipped with
a splitting such that the Lie 2-algebra of sections of C which preserve the splitting is
quasi-isomorphic to a central extension of the (trivial) Lie 2-algebra of Hamiltonian
vector fields:

bu(1) — Loo(Xtam(M)) — Xigam(M).

This central extension gives a cohomology class in HZp(Xpam(M),R) which can be

represented by the 2-plectic form evaluated at a point in M.
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Chapter 7

Geometric quantization of

2-plectic manifolds

In the previous chapter, we first considered prequantization for symplectic
manifolds, and then generalized the procedure to 2-plectic manifolds. We were primarily
concerned with prequantizing the algebra of observables, i.e. the Poisson algebra in the
symplectic case, and the Lie 2-algebra of Hamiltonian 1-forms in the 2-plectic case. In
this chapter, we switch our focus from quantizing observables to quantizing states.

Prequantization is a simple and elegant construction. However, numerous ex-
amples in symplectic geometry show that it is only the first step of a two-part process.
Full quantization involves using additional structures in order to construct the correct
space of quantum states. This process was developed over time by considering particular
examples. We suspect that the development of a complete geometric quantization pro-
cedure for 2-plectic manifolds will follow a similar path. In this chapter, we generalize
aspects of the quantization process for symplectic manifolds to the 2-plectic case by us-
ing the higher geometric structures introduced in earlier chapters. The result is a simple
procedure for quantizing 2-plectic manifolds, which we apply to a particular example of
interest. To the best of our knowledge, this is the first geometric quantization procedure
ever developed for such manifolds.

Let us provide some motivation for why additional work beyond prequantiza-
tion is needed in order to obtain the correct quantum states. In the last chapter, we
described a prequantized symplectic manifold as a symplectic manifold equipped with
principal U(1)-bundle with connection. A natural choice for the quantum state space
is the space of square-integrable global sections of the Hermitian line bundle associ-

ated to the principal bundle. This is often called the ‘prequantum Hilbert space’. It
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comes equipped with an inner product given by integrating the fiber-wise Hermitian
inner product of sections with respect to the symplectic volume form. However, from
the physicist’s point of view, this space is too large to be the space of quantum states
of a physical system.

For example, recall that the cotangent bundle of a manifold is a symplectic
manifold, equipped with its canonical symplectic structure w = . dp; A dq. Tt is, in
fact, an integral symplectic manifold since w is exact. The sections in the prequantized
Hilbert space locally look like functions f(q',p;) of 2n variables corresponding to the
“position” coordinates ¢’ of the base manifold and the “momentum” coordinates p; of the
fibers. These functions can have arbitrarily small support, and hence, when interpreted
as wavefunctions on a classical phase space, give probability densities which violate the
Heisenberg uncertainty condition. To get around this problem, one reduces the size of the
Hilbert space by taking the subspace consisting of those sections satisfying df/dp; = 0.
Hence, the number of “variables” is reduced from 2n to m, by only considering those
sections constant along the fibers.

Consider another example that is perhaps more mathematically interesting.
The coadjoint orbits of the Lie group SU(2) correspond to 2-spheres centered about the
origin in su(2)* = R3. Each orbit is a symplectic manifold equipped with what is known
as the ‘KKS symplectic form’. This 2-form is integral if the radius of the sphere is one-
half of a non-negative integer. On each integral orbit, we have the prequantized Hilbert
space, consisting of global square-integrable sections of a Hermitian line bundle. This
Hilbert space is infinite dimensional. However, we can equip the orbit with a complex
structure and consider only holomorphic sections i.e. those sections which locally are
functions f(z%, 2%) satisfying f/0z' = 0. This smaller space of holomorphic sections
is much more interesting. First, it is finite-dimensional. Moreover, it is an irreducible
representation of SU(2). This way of obtaining representations from coadjoint orbits by
geometric quantization is quite general, and is known as Kirillov’s orbit method [34].
Note that, again, the size of the prequantum space is reduced by decreasing the number
of variables.

Hence, it is important to consider prequantized symplectic manifolds equipped
with additional structure in order to cut down the number of admissible sections in the
prequantum Hilbert space. In both of the above examples, the extra structure corre-
sponds to a special integrable distribution called a ‘polarization’. We introduced real
k-polarizations for n-plectic manifolds in Chapter [2| precisely for this reason, and we see
that real 1-polarizations appeared in our first example. The second example employed

the use of a ‘complex polarization’. These structures certainly play an important role in
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symplectic geometry [70, Chap. 5]. Unfortunately, it is not yet clear how to generalize
them to the n-plectic case. Hence, we only will consider real k-polarizations for n > 1.

For symplectic manifolds, the output from quantization is a Hilbert space of
quantum states. As we will see, the output from quantizing a 2-plectic manifold is a
category of quantum states. In the last section of this chapter, we consider in detail an
example in which the states correspond to objects in a representation category. This

suggests that 2-plectic quantization can categorify Kirillov’s orbit method.

7.1 Geometric quantization of symplectic manifolds

As usual, it is instructive to consider the symplectic case first. Consider a
prequantized symplectic manifold (M, w, ), where £ is a Deligne 1-cocycle. Recall from
Example in Chap. [5| that & = (g,6) is specified by an open cover {U;} of M,
local 1-forms 6; € Q'(U;), and U(1)-valued functions g;;: U; N U; — U(1) satisfying
certain cocycle conditions. In this chapter, we realize this 1-cocycle as the transition
functions and local connection forms of a Hermitian line bundle (L, (-, -)) equipped with
a connection V. We let T'(L). denote the smooth sections of L with compact support.
The prequantum Hilbert space is defined to be the completion of I'(L). with respect to
the inner product (o1,02) = [,,(01, 02)w™.

Recall from Def. that a real polarization on M is a foliation I of M whose

leaves are immersed Lagrangian submanifolds.

Definition 7.1. A quantized symplectic manifold is a prequantized symplectic man-

ifold (M,w,§) equipped with a real polarization F.

7.1.1 The Bohr-Sommerfeld variety

We use Deligne cocycles in some parts of this section, rather than the more
traditional language of bundles, in order to make the analogy with the 2-plectic case
as clear as possible. In the 2-plectic case, we use Deligne cocycles, rather than stacks
directly, since the cocycles behave better under pullbacks and restrictions.

Given a quantized symplectic manifold (M, w, &, F'), let Dp C T'M denote the
corresponding involutive distribution. A good candidate for the quantum Hilbert space
is the space constructed from those sections of I'(L). which are covariantly constant

along each leaf of F":

H={oel(L).|Vyo=0YveTl(Dp)}.
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Unfortunately, the topology of the leaves will often force this space to be trivial.
For example, if the leaves of the foliation are not compact, then we must have o = 0 for
all o € H. Otherwise, the integral of (o, o)w™ will diverge.

There are additional topological obstructions which are more interesting. Let
A C M be a leaf of the foliation F'. Since the restriction (L|s, V|s) is a flat Hermitian

line bundle, it is completely determined by its holonomy representation

j{VM: mi (M) — U(1).

If o is a section of L which is covariantly constant along F', then ol is a covariantly
constant global section of (L|x, V|s). Hence o, is either zero, or (L], V) is the trivial
bundle with trivial connection, i.e. § V|y = 1.

So, we should consider only the leaves on which the restricted bundle has trivial
holonomy. In the language of Section these are the leaves A - M with the property
that given a map o: S' — A, the corresponding holonomy (Def. [5.35) of the Deligne
1-cocycle &|p = i*¢ is trivial: hol(&|x, o) = 1. This leads us to the following definition.

Definition 7.2. Let (M,w,§, F) be a quantized symplectic manifold. The Bohr-Sommerfeld

variety VBg associated to F is the union of all leaves A of F which satisfy
h01(£|1\70-) =1
for all maps o: ST — A.

The relation with the Bohr-Sommerfeld conditions from physics comes from

the fact that A is contained in the Bohr-Sommerfeld variety if and only if for every loop

vin ANU;:
exp (\/—lj{&-) =1 @7{91- = 2mn,, ny €L7%,
v v

where 6; is the local connection 1-form on U;.

The use of Bohr-Sommerfeld varieties in geometric quantization was developed
considerably by Sniatycki [62]. He showed that the correct quantum Hilbert space is the
completion of the space of sections of L|y,, which are covariantly constant along each
leaf contained in the variety. In general, such a section will not be the pullback of a
global smooth section of L — M. Instead, it corresponds to a ‘distributional section’ of

L [62][Sec. 5. Sniatycki’s work motivates the next definition.

Definition 7.3. Let (M,w,&, F) be a quantized symplectic manifold, Vs be the cor-
responding Bohr-Sommerfeld variety, and Ll be Hermitian line bundle associated to
the Deligne 1-cocycle &|vi,. The quantum state space Q(Vps)is the space of sections

of Llv,s which are covariantly constant along each leaf contained in Vas.
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7.1.2 Example: R?\ {0}

In this example, we will construct the quantum state space associated to the

punctured plane M = R?\ {0} equipped with the 2-form
w = rdr Adt,
with 0 <7 < 00, 0 <t < 27. Since w = df, where
L 5
0 = Hdt, H = §T s

we see (M, w) is an integral symplectic manifold. Hence 6 is a connection 1-form on the
trivial Hermitian line bundle L = M x C.

There is an obvious foliation F' of M whose leaves are concentric circles of
radius R > 0 about the origin. Since w is a volume form on M, our discussion in
Example implies F' is a polarization. The corresponding distribution Dp is the
vector field 9/0t.

Let us first consider global sections of L covariantly constant along the leaves
of F' in order to see why the Bohr-Sommerfeld variety enters the picture. Such a section

1) must satisfy:
Voo = 0.

Since V = d + +/—1- 0, this is equivalent to v satisfying the differential equation

o VI,
T Y

which has solutions of the form

P(r,t) = exp(—

However, such a solution must also satisfy:

W(r,t) =(rt + 27).

Hence, ¥(r,t) must vanish if % is not an integer, and therefore no non-trivial smooth
solution exists.
Now let us consider the Bohr-Sommerfeld variety associated to F'. Let the leaf

S]l% correspond to a circle of radius R. The Bohr-Sommerfeld condition implies
1 2
f 0:R2/ dt € 2nZ.
s 2 Jo

1
R
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Hence, the variety corresponds to the integer level sets of H:

Ves= |J H'({n}),

neNt

and the quantum state space Q(Vpg) consists of linear combinations of functions of the

form

n(t) = exp(—ntv/—1)g(v2n).

This quantized symplectic manifold is closely related to the quantization of
the simple harmonic oscillator. We can interpret M as the classical phase space of the
oscillator, and H as a Hamiltonian function which measures the energy of the oscillator.
It takes the familiar form H = J(p* + ¢?) in cartesian coordinates. The level sets of H
are the leaves of the foliation and correspond to the classically allowed states in phase-
space with constant energy %RQ. The Bohr-Sommerfeld condition restricts the allowed
states of the oscillator to those in Vgg thereby quantizing the energy of the oscillator.
The quantum values for the energy are the non-negative integers. The sections v, (t)
represent the quantum states which satisfy the Schrodinger equation

Vs Ay
ot

Strictly speaking, this is not the correct quantization of the simple harmonic
oscillator, since its quantum energy states are actually n+ 1/2. Obtaining these shifted
values for the energy requires using a more sophisticated approach involving the ‘meta-

plectic correction’ [62], [70][Ch. 10].

7.2 Categorified geometric quantization

Now we present the 2-plectic analogue of the previously discussed quantization
process. We start with a prequantized 2-plectic manifold (M,w, &), where £ is a Deligne
2-cocycle. From Example in Chap. |5, we know that £ = (g, A, B) is specified by an
open cover {U;} of M, local 2-forms B; € Q*(U;), local 1-forms Ajj € QlU; N Uj), and
U(1)-valued functions g;;1: U; N U; N Uy — U(1) satisfying certain cocycle conditions.
Recalling Definition we realize this cocycle as the 2-line stack Bund® equipped with
a 2-connection.

We defined real k-polarizations for n-plectic manifolds in Def. Recall that,
unlike the symplectic case, there are several ways to define orthogonal complements for n-
plectic manifolds. Hence, there are different ways to generalize the notion of Lagrangian

submanifold, and therefore real polarization, to the n-plectic case. For the 2-plectic case,
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we can consider either 1-polarizations or 2-polarizations. Regardless, the definitions in

the previous section for symplectic manifolds naturally generalize:

Definition 7.4. A quantized 2-plectic manifold is a prequantized 2-plectic manifold

(M, w, &) equipped with a real k-polarization F.
The next definition uses the notion of 2-holonomy for a Deligne 2-cocycle (Def. |5.36)).

Definition 7.5. Let (M,w, &, F) be a quantized 2-plectic manifold. The Bohr-Sommerfeld

variety VBg associated to F is the union of all leaves A of F which satisfy
hol(¢[a,0) =1
for all maps o: £2 — A, where 2 is a compact, oriented 2-manifold.

The Bohr-Sommerfeld variety is, by construction, a disjoint union of immersed
submanifolds in M. The inclusion map Vpg M s smooth, and we can pull-back the
Deligne 2-cocycle £ to Vpg. If £ is defined with respect to an open cover {U;} of M,
then €|y, is a 2-cocycle with respect to the cover {U; N Vgg}. In analogy with the
symplectic case, we consider global sections of the 2-line stack Bund® over Vg, where
by & we mean ¢|y,,. Proposition implies that the category of such global sections
is equivalent to the category of &|y,s-twisted Hermitian vector bundles over Vgg. In
Definition [5.31] we described what it means for a twisted bundle to be twisted-flat. We
interpret twisted-flatness to be the 2-plectic analogue of covariantly constant.

Let (E;, Vi, ¢ij) be a £|y,q-twisted Hermitian vector bundle over the Bohr-
Sommerfeld variety. Recall from Def. that such a bundle is given by the following
data: Over each open set V; = U; N Vs, a Hermitian vector bundle with connection
(E;, Vi), and, over each intersection V;NV}, an isomorphism ¢;; between the pullbacks of
bundles E; and Ej;. The isomorphisms ¢;; are required to satisfy compatibility relations
with the 1-forms A;j|v,s on V; N'V;, and with the U(1)-valued functions g;ji|vps on
VinVv,NV.

We can pull this twisted bundle back to any leaf A C Vg in the obvious way,
resulting in a bundle twisted by &|a = (g|a, 4|a, Bla). It is twisted-flat iff the equality

V2|p —V—1-Bjjp®id = 0.

holds for all . Twisted bundles satisfying the above for all leaves A C Vg form a full
subcategory of Bundf(VBs). Hence, we have a categorified analogue of the quantum

state space:
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Definition 7.6. Let (M,w,&, F') be a quantized 2-plectic manifold and Vg be the cor-
responding Bohr-Sommerfeld variety. The quantum state category Quant(Vpg) is
the subcategory of BundE(VBs) consisting of twisted Hermitian vector bundles that are

tunsted-flat along each leaf contained in Vps.

7.2.1 Example: R?\ {0}

In this section, we consider an example in detail which will reveal several
interesting aspects of our quantization procedure for 2-plectic manifolds. We construct
the quantum state category associated to the manifold M = R3\ {0} equipped with the
2-plectic form

1
w= —2dm1 A dz? A da?,
r

where r is given by the usual Euclidean norm. In analogy with the example involving
the symplectic manifold R? \ {0}, we will see how the Bohr-Sommerfeld variety is used
to overcome certain topological obstructions.

One reason for considering the 3-form w is because w = dB, where
1
B = ﬁ(acdy ANdz 4 ydz AN dx + zdx A dy).

Restricting the 2-form B to a sphere centered about the origin gives the famous KKS
symplectic form. We mentioned this symplectic structure and the role it plays in repre-
sentation theory in the introduction to the chapter. We shall make use of this fact later
on in Sec. [7.3

We prequantize (M, w) with the Deligne 2-cocycle £ = (1,0, B). More precisely,
we choose a good open cover {U;} of M and consider £ as the restriction of £ to this

cover.

Global sections of Bund®

Before we proceed further, let us characterize the global sections of Bund® i.e.
&-twisted Hermitian vector bundles over M. Let (E;, V;, ¢;;) be such a bundle. Since
¢ = (1,0, B) projects to the trivial class in H?(M, U(1)), we are dealing with trivially
twisted vector bundles with connection. Let Bundy (M) denote the category whose
objects are Hermitian vector bundles over M equipped with connection. The following

proposition says we can identify trivially twisted bundles with ordinary bundles.

Proposition 7.7. The categories Bund®(M) and Bundy (M) are equivalent.
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Proof. Since € = (1,0,+/—1- B), Def. implies that an object of Bund®(M) is given
by a Hermitian vector bundle with connection (E;,V;) on each U;, an isomorphism
bij: Ej\Uij 5 Ei\Uij, which preserves the connection ¢;;V; = V;¢;; on U;j, such that
qbi_klgbijgzﬁjk =1 on Ujjx A morphism (E;, V;, ¢45) — (Ej, Vi, ¢;;) is given by a collection
of bundle morphisms FE; ER E! which preserve the connection V) f; = f;V;, satisfying
figij = &3 f; on Uij.

Now, consider the functor F': Bundy (M) — Bund®(M) which sends a vector
bundle (E, V) to the trivially twisted bundle (E|y,, V|y,, ¢i; = id), and a morphism f
to its restriction on each U;. We shall show F' is full, faithful, and essentially surjective,
and hence gives an equivalence of categories. For essential surjectivity, we must show
that given (Ej, V;, ¢i;) there exists an object (E, V) such that F(E, V) is isomorphic to
(E;i, Vi, ¢ij). By unraveling Def. for a stack, we see that the above data for a trivially
twisted bundle implies there exists a Hermitian vector bundle with connection (£, V) on
M and connection preserving isomorphisms F|y, ¥, E; on U; such that ¢;;1; = 1; on
U;;. Hence, the 1; give an isomorphism in Bund®(M) between F(E, V) and (E;, Vs, ¢ij).

It’s clear that F is faithful (i.e. injective on morphisms). For fullness, we must
show F': Hom(FE, E') — Hom(F(FE), F(E")) is surjective. Let E|y, EiR E'|y, denote a
morphism between F'(E) and F(E'). Since ¢;; = ¢;; = id, it follows from the defini-
tion of morphism that f; = f; on each U;;. Since morphisms between bundles form a
sheaf, there exists a unique global morphism F I, B’ such that flu, = fi- Hence, the

proposition is proven. ]

Topological considerations

There is an obvious foliation F' of M whose leaves 5’12% are concentric spheres
of radius R > 0 about the origin. Since w is a volume form on M, our discussion in
Example implies that F' is a 2-polarization. Hence, (M,w,&, F) is a quantized
2-plectic manifold.

To see why the Bohr-Sommerfeld variety is needed, let us consider global sec-
tions of Bund® which are twisted-flat along the leaves of F. By Prop. any global
section can be thought of as a Hermitian vector bundle £ — M with connection V. Let
E|g denote the restriction of this bundle to a leaf S%. By definition, E|g is twisted-flat
if its curvature satisfies V2|r = v/—1- B|gr ®id.

The next proposition implies B|g must be an integral 2-form.

Proposition 7.8. If E is a rank n Hermitian vector bundle with connection V on S?|g
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with curvature V? = /=1 - B|g ®id, then there is an isomorphism of bundles
ESLioL®--- &Ly

where L; is a Hermitian line bundle with connection whose curvature 2-form is B|g.

Moreover, the L;’s are all isomorphic as line bundles with connection.

The proposition can be proven using classical results from differential geometry. Let
P be a principal G-bundle over a connected manifold M equipped with a g-valued
connection 1-form #. Such a bundle is said to be reducible to a principal G’-bundle
P' 5 P iff G’ is a subgroup of G, and the inclusion map ¢ commutes with the group
action of G’. The connection # reduces to a connection on P’ iff its pullback along the
inclusion takes values in the Lie algebra of G’.

Given p € P, let H(p) denote the set of points in P which are joined by a
piece-wise smooth horizontal path in P. Let Hol,(6) be the holonomy group based at
p € P ie. the subgroup of G consisting of elements g such that p and pg are joined
by a piece-wise smooth horizontal loop in P. Similarly, let Holg(ﬁ) be the subgroup
consisting of those g such that p and pg are connected by a contractible horizontal loop.

Both of these subgroups are, in fact, Lie subgroups. The following is Theorem 7.1 in

Kobayashi-Nomizu [35].

Theorem 7.9 (Reduction Theorem). A principal G-bundle P with connection 6 is
reducible to a principal bundle with total space H(p) and structure group Hol,(0). Fur-

thermore, 0 reduces to a connection on H(p).
Next, we recall the Ambrose-Singer Theorem.

Theorem 7.10 ([I]). If Q is the curvature 2-form of a principal G-bundle P with
connection 0, then the Lie algebra of Holy,(8) is the subspace of g spanned by all elements

of the form Qq(vi,v2), where ¢ € H(p) and vi,vs are horizontal tangent vectors at q.
Now we give the proof of our proposition.

Proof of Proposition 7.8 Let (P,0) be the principal U(n)-bundle with connection whose
associated bundle is E. Let p € P. Since the curvature of E is v/—1 - B|gr ® id, the
Ambrose-Singer Theorem implies the Lie algebra of Hol,(0) is

u(l) x -+ xu(l), (7.1)
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where n = rank(F). The reduced holonomy group Holg(H) is the connected component

of Holy,(6) containing the identity. Therefore its Lie algebra is also ([7.1]) and hence

Hol)(6) = U(1) x --- x U(1).

~\~
n

Since S? is simply connected, Hol,(6) = H012(0). Therefore, by the Reduction Theorem,
P reduces to a U(1) x --- x U(1) bundle, which implies that F is isomorphic to a direct
sum of line bundles

E=L& &L,

Indeed, if gup: Uy — U(n) are local transition functions for F, the above
isomorphism implies that there exists local functions f: U, — U(n) and transition

functions

hap: Uagy — U(1) x --- x U(1)
x = (hllzb(x)v ey h’Zb(‘T))v
such that hep = fagabf, Lo1f Q) and Q, are the local curvature 2-forms for E' and E,

respectively, then
Y = foQafs ' =V-1faBlr-If;' = V-1B|r I,

where [ is the identity matrix. Hence, the connection V; on the line bundle L; induced
by the reduction has curvature B|g.

Finally, we show that all the line bundles (L;, V;) are isomorphic. We do so by
showing that their local data of transition functions and 1-forms all represent the same
class in the degree 1 Deligne cohomology of S2. In the proof of Prop. we showed
that the sequence is exact. Hence, the following sequence is exact:

0 — H'(S%,U(1)) — H'(S% D}) & 72%(5%) L 5%(5%,0(1)),

which relates cohomology with U(1)-coefficients to the Deligne cohomology group H!(S?, D?).

The map k sends a Deligne class to the closed 2-form corresponding to its curvature.

The Universal Coefficient Theorem implies:
H'(S?,U(1)) = Hom(H; (5%, Z),U(1)) = 0.

Hence the curvature map « is injective. Therefore line bundles with the same curvature

are isomorphic. This completes the proof. O
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Constructing the Bohr-Sommerfeld variety

The quantum state category is the subcategory of sections of the stack Bund®
which are twisted-flat over the leaves contained in the Bohr-Sommerfeld variety. Propo-
sition implies that we have no hope of finding such sections if the 2-form B is not
integral, since it must be the curvature of a line bundle. Remarkably, the 2-plectic
Bohr-Sommerfeld variety, obtained by categorifying the symplectic definition, resolves

this issue.

Proposition 7.11. The 2-form B restricts to an integral 2-form on a leaf of the foliation

F if and only if the leaf is contained in the Bohr-Sommerfeld variety.

Proof. Let 512% be a leaf and assume B|g is integral. Recall from Def. this means
that the class [B|g] is in the image of the map

H?*(S%,277) — H*(S%,R) = H3(5%).

There are canonical isomorphisms which identify singular cohomology with smooth sin-
gular cohomology for arbitrary coefficients, and R-valued smooth singular cohomology
with de Rham cohomology [67][Sec. 5.34]. Using these isomorphisms, B|g is integral if
and only if

/ s*B|g € 277

A2

for all smooth simplicies s: A? — S%z- By Def. S%z is contained in the Bohr-
Sommerfeld variety if and only if

hol(§,0) =1

for all maps o: X2 — 5122, where Y2 is a compact oriented 2-manifold. Definitions m
and imply hol(§,0) = 1 if and only if

/ 0*B|g € 27Z.
52

Since B|g is integral, 0*B|g is integral for any such map o. Let ), n;s; represent the

fundamental class in Ho(X?) = Z, where s;: A? — %2 are smooth simplicies. Then

*Blp = . *Blg € 27Z.
/220 IR ;nl/ysl IR T

Hence, S?Q is contained in the variety.
Conversely, assume 512% is a leaf in the Bohr-Sommerfeld variety. Then, by
taking o = id, we have
B|r € 27Z. (7.2)

Sk
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We claim that this implies B|g is integral. Indeed, since S? is simply connected, the

Universal Coefficient Theorem implies we have a commuting diagram

H?(S?% 277) —— Hom(H>(S5?), 27Z)

l i

H?(S%? R) —=— Hom(H5(S?),R).

Hence, Bl is integral if and only if for all classes [s] € Ha(S%), we have

/ 8*B|R € 21,
A2

Any such class is an integer multiple of the fundamental class representing SIQ%. Therefore

the integral ([7.2]) gives the desired result. O

Corollary 7.12. A sphere with radius R is contained in the Bohr-Sommerfeld variety
if and only if
1
Re -Z.
< 2

Proof. Such a sphere is contained in the variety if and only if B|g is integral, i.e. if and
only if
B|r = 47R € 27Z.

Sk

Hence the variety is, precisely, the subspace
o
VBS — H 8721/2
n=1

The quantum state category

Now we can characterize the quantum state category Quant(Vpg), i.e. the sub-
category of Bundé(VBs) whose objects are those £-twisted Hermitian bundles over Vgg
which are twisted-flat along each leaf. The results obtained in the previous sections

imply:

Theorem 7.13. There is a one-to-one correspondence between isomorphism classes
of objects in Quant(Vpg) and isomorphism classes of Hermitian vector bundles (with
connection) over the Bohr-Sommerfeld variety whose restriction to any leaf 5’2/2 is of
the form

LeLe---@L

where L is a line bundle with curvature Bl 5.
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Proof. Let (E;, V;, ¢i;) be an object in Quant(Vgs). It is a bundle twisted by the trivial
cocycle (1,0,+/—1 - B) on the cover {V;}, where

Vi=UinVes = [[U:nS2,

n=1
Hence, the proof of Prop. can be used to show there exists a Hermitian vector bundle

FE over Vg, unique up to isomorphism, with connection V such that

Since (E;, Vi, ¢5) is twisted flat, the restriction of the curvature of the bundle (£, V)
to a leaf 53/2 satisfies

V2|2 =V—=1-Bl,s®id.

Hence, Prop. implies that the restriction of E to SEL /2 is isomorphic to direct sum

of line bundles

Li)

k
=1

Here, k£ > 0, and each L; is the line bundle, unique up to isomorphism, with curvature
B |n/ 2-
By reversing this argument, any Hermitian vector bundle over Vgg whose re-

striction to a leaf is isomorphic to the direct sum above represents a unique isomorphism

class of trivially twisted bundles in Quant(Vag) O

7.3 Applications to representation theory

As previously mentioned, some of the most important applications of geometric
quantization lie in representation theory. Here we present evidence that the categorified
geometric quantization of 2-plectic manifolds has similar uses. Roughly, the idea is the
following: In ordinary geometric quantization, sections in the quantum space Q(Vps)
correspond to vectors in a representation of a Lie group. In categorified geometric quan-
tization, sections in the quantum category Quant(Vpg) correspond to representations i.e.
objects in a representation category of a Lie group.

In particular, we describe this correspondence in detail for the example M =
R3 \ {0} considered in the previous section. The 2-spheres in the associated Bohr-
Sommerfeld variety are special coadjoint orbits of the Lie group SU(2), via the iden-
tification su(2)* = R3. These 2-spheres equipped with the restriction of the 2-form B
are sympletic manifolds, and, through ordinary geometric quantization, they give irre-

ducible representations of SU(2). As we will see, these facts imply that the quantum
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state category, obtained via the categorified quantization of M, is closely related to the
category of finite dimensional representations of SU(2).

Let S? /o be the 2-sphere of radius n/2, i.e. a leaf in the Bohr-Sommerfeld
variety. By identifying S® with the unit sphere in C?, we use the Hopf fibration S® —
5721 /2"

(20, 2)) = 5 (2120 + 2o, iZa20 —iTo2r, ZoZo — D1 2n)

to identify 52/2 with CP!. Choosing the affine coordinate w = Z1/Zy, the 2-form

4
Bly2 = ﬁ(:cdy/\dz + ydz Ndx + zdx A dy)

becomes

dw N dw
B‘n/Q =nyv —1m-

(See Woodhouse [70] Sections 3.5, 8.4, and 9.2 for details.)

Recall that the hyperplane bundle H — CP! is the holomorphic line bundle
whose fiber over each point [Zg, Z;] € CP! is the dual space of the corresponding line in
C2. The curvature of this bundle is B, /2 Hence, B, 5 is the curvature of the tensor
product

H®" — CP.

In fact, up to isomorphism, H®" is the unique holomorphic line bundle with this cur-
vature. Let (Y, ¢') be the coordinates on the dual space C?*. It can be shown using
standard complex analysis that the global holomorphic sections I'(H®™),, are the degree
n homogeneous polynomials in the variables (¢%,¢!) [24][Sec. 1.3].

There is an action of the group SU(2) C SL(2,C) on the polynomials T'(H®™);,
which is induced by its obvious action on C2. In fact, for each n, I'(H®"), is an
irreducible representation, which represents the unique isomorphism class of irreducible
representations of dimension n + 1 [34][Sec. A3.2]. Moreover, any finite dimensional
representation of SU(2) is isomorphic to a finite direct sum of irreducibles. Hence, any

such representation is isomorphic to the holomorphic global sections of a direct sum
H®M D H®n2 DB H®"k

of line bundles over CP'. Note that the trivial bundle over CP! is the line bundle H®"
with n = 0. Its global sections are the holomorphic functions on CP!, i.e. the constants
C.

Now we show how all of this is related to the quantization of the 2-plectic

manifold R? \ {0}. Theorem implies that an isomorphism class of objects in the
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quantum state category Quant(Vpg) can be identified with a collection of bundles:

k- Ly — 53
ko - Ly — S?
k‘g-Lg —>S§/2

kn - Ln — Si 9

which are unique up to isomorphism. Here, k,, is a non-negative integer, and k,, - L,, is

the direct sum of line bundles

knLn:Ln®Ln®@Ln7
kn

where Ly, is the line bundle with curvature B, ». By identifying each sphere with CP!,
the above discussion implies we can identify each line bundle with a tensor power of the
hyperplane bundle H®". By taking global holomorphic sections, each copy of H®" is
then identified with Sym™(C?"), the space of degree n homogeneous polynomials in 2
variables, which is a (n+1)-dimensional irreducible representation of SU(2). (See Figure
)

Note this procedure gives all finite-dimensional representations of SU(2) except for those
built using the 1-dimensional trivial representation. This is because the sphere of radius

0 (the origin) is not contained in the Bohr-Sommerfeld variety. Hence, we have proven:

Theorem 7.14. There is a one-to-one correspondence between isomorphism classes of
objects in the quantum state category Quant(Vgg) and isomorphism classes of finite-
dimensional representations of SU(2) whose decomposition into irreducibles does not

contain the trivial representation.
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ki L) ——

Str2

kQ'LQHS%

ks - L3 ——

kp - Ly —

Figure 7.1: The quantum state given by the collection of vector bundles {k;-L; — S

Sn/2

ky-H ——CpP!

kg - H®? — CP!

ky - H®S —= CP!

kn'H@m*)(CPl

Iy

k1

ko

- Sym!(C?")

. Sme((CZ*)

- Sym?(C?")

. Symn(Cz*)

2
1/2>

ko-Ly — S?,...} is identified with the representation ki -Sym!(C?")@ky-Sym?(C?")@- - -

of SU(2).
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Chapter 8

Summary and future work

We conclude this thesis by providing a summary which ties together the main
results of the previous chapters. Along the way, we make some brief remarks regarding

open problems and possible directions for future research.

Polarizations on n-plectic manifolds

In Chapter |2 we presented the basic geometric facts needed for our study of
n-plectic manifolds. In particular, we considered the n-plectic analogues for Lagrangian
submanifolds and real polarizations. There are at least n different ways to generalize
the definition of a Lagrangian submanifold to n-plectic geometry. This is due to the
fact that there are n different ways to define the notion of orthogonal complement on
an n-plectic vector space (Def. . Since real polarizations in symplectic geometry are
foliations whose leaves are Lagrangian submanifolds, we have at least n different kinds of
real polarizations on an n-plectic manifold (Def. . Polarizations play an important
role in geometric quantization, but it is not clear which definition of polarization for
n-plectic manifolds is “best” in this context.

Moreover, it is unknown if an n-plectic analogue of a complex polarization
exists. It is possible that one could use ideas from generalized complex geometry [26]

and the theory of ‘higher Dirac structures’ [71] to help develop such polarizations.

Lie n-algebras from n-plectic manifolds

In Chapter |3, we showed that an n-plectic structure on M induces a bracket
on the space of Hamiltonian (n — 1)-forms. The bracket is skew-symmetric, but only
satisfies the Jacobi identity up to homotopy. We proved that this bracket gives a Lie

n-algebra Lo, (M,w), whose underlying n-term chain complex consists of Hamiltonian
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(n — 1)-forms and all differential forms of lower degrees (Thm. [3.14). When n = 1, the
Hamiltonian forms are the smooth functions, and the Lie 1-algebra is just the underlying
Lie algebra of the usual Poisson algebra of a symplectic manifold. For certain 2-plectic
manifolds, our previous work with Baez and Hoffnung implies that the associated Lie
2-algebra can be used to describe the “observable algebra” of the classical bosonic string
[5].

In Appendix [A] we showed that an n-plectic manifold also gives a dg Leibniz
algebra Leib(M,w) on the same complex (Prop. [A.3). Its bracket satisfies Jacobi, but
is skew-symmetric only up to homotopy. For the 2-plectic case, we showed Lo (M,w)
and Leib(M,w) are isomorphic in Roytenberg’s category of weak Lie 2-algebras (Thm.
IA.10)). The objects of this category are 2-term L.o-algebras whose structure maps are
skew-symmetric only up to homotopy. In general, we would like to conjecture that some
sort of equivalence such as this holds for n > 2. Unfortunately, it is not clear in what
category this should occur. Indeed, developing a theory of weak Lie n-algebras is an
open problem. Perhaps by studying the relationships between the structures specifically
on Loo(M,w) and Leib(M,w) for arbitrary n one could get a sense of what explicit
coherence conditions would be needed to give a good definition.

On the other hand, there are structures known as ‘Loday-oo algebras’ (or sh
Leibniz algebras) [2] that generalize the definition of an L.-algebra by, again, relaxing
the skew symmetry condition on the structure maps. However, this time the skew
symmetry is not required to hold up to homotopy. Hence any dg Leibniz algebra is a
Loday-oo algebra. Any L..-algebra is as well. Therefore there may be an isomorphism

between Lo (M,w) and Leib(M,w) in this category for n > 2.

Lie 2-algebras from compact simple Lie groups

In Chapter [4 we considered compact simple Lie groups as 2-plectic manifolds.
Any compact simple Lie group G admits a 1 parameter family of canonical 2-plectic
structures {vy}, given by non-zero multiples of Cartan 3-form (Ex. . We proved
that the associated Lie 2-algebra Lo (G,vy) contains a sub Lie 2-algebra consisting of
left invariant Hamiltonian 1-forms (Cor. [4.4). We showed that this sub-algebra is not
equivalent to Lo (G, k), however, it is isomorphic to the so-called string Lie 2-algebra
associated to (G,vg) (Thm. [4.7). The string Lie 2-algebra plays an important role in
string theory and in the theory of loop groups.

Our results suggest a close link between these areas and 2-plectic geometry.

There are many possible directions for future work here. In particular, it would be
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interesting to understand the relationship between L (G, vk) and the algebra of observ-

ables for certain string theory models called “WZW models’.

Gerbes, 2-line stacks, and 2-bundles

In Chapter |5, we presented the technical tools needed to develop a geometric
quantization theory for 2-plectic manifolds. The work of Brylinski [I3] implies that if
(M, w) is a 2-plectic manifold and w is an integral 3-form, then w can be realized as the
2-curvature of a U(1)-gerbe equipped with a 2-connection. If {U;} is an open cover of
M, then locally, a U(1)-gerbe with 2-connection is determined by a Deligne 2-cocycle
i.e a collection of U(1)-valued transition functions g;;r on U; N U; N Uy, 1-forms A;; on
U;NUj, and 2-forms B; on U;, with dB; = w, satisfying certain compatibility conditions
(Ex. .

Every principal U(1)-bundle with connection has an associated Hermitian line
bundle with connection. Similarly, we showed that every U(1)-gerbe with 2-connection
over a 2-plectic manifold has an associated 2-line stack with 2-connection (Prop. |5.32)).
The category of global sections of the 2-line stack is equivalent to the category of Hermi-
tian vector bundles twisted by the gerbe’s Deligne 2-cocycle § = (gijk, Aij, B;i). Such a
twisted bundle is given locally by a collection of Hermitian vector bundles E; with con-
nection V; (Def. . The twisting by £ characterizes the obstruction to gluing these
bundles together into a global bundle over M. A &-twisted Hermitian vector bundle is
twisted-flat if, for each Ej;, the curvature V? is equal to v/—1- B; ® id (Def. [5.31)). This
is the 2-plectic analogue of a flat section of a Hermitian line-bundle. We also showed
that there is a good notion of holonomy (Def. for 2-line stacks equipped with 2-
connection, given by Carey, Johnson, and Murray’s formula for the 2-holonomy of the
Deligne class [¢] [I7]. The 2-holonomy plays an important role in our quantization pro-
cedure for 2-plectic manifolds. In particular, it is used in our definition for the 2-plectic
version of the Bohr-Sommerfeld variety (Def. [7.5).

It is not obvious, at first glance, why twisted Hermitian vector bundles are
the 2-plectic analogues of sections of a Hermitian line bundle. In the same chapter, we
sketch an argument supporting this point of view using Bartels’ work in 2-bundle theory
[10]. It becomes clear that twisted Hermitian vector bundles should be understood as
sections of a 2-vector bundle of rank 1. It would be very interesting to make this
argument more precise, and perhaps recast our results within the context of 2-vector
bundles. For example, for line bundles, one can consider different kinds of sections e.g.

smooth, square-integrable, etc. Similarly, the 2-bundle approach might suggest that
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we consider 2-lines stacks whose sections are more general than twisted bundles, e.g.
twisted coherent sheaves. This could have important consequences for the output of our

geometric quantization procedure for 2-plectic manifolds.

2-Plectic prequantization and Courant algebroids

We defined a prequantized 2-plectic manifold to be a 2-plectic manifold equipped
with a Deligne 2-cocycle (Def. . This 2-cocycle can be realized geometrically as a
U(1)-gerbe with 2-connection, or as its associated 2-line stack. This is in complete anal-
ogy with the symplectic case, where we prequantize using either a principal U(1)-bundle
or a Hermitian line bundle. In Section[6.2], we first recall how to prequantize the Poisson
algebra on a symplectic manifold equipped with a principal U(1)-bundle P with connec-
tion. By prequantizing, we mean faithfully representing the Poisson algebra as linear
differential operators. This is done by considering the Atiyah algebroid A associated
to P. There is an injective Lie algebra morphism from the Poisson algebra to the Lie
algebra of global sections of A, which identifies the Poisson algebra with those invariant
vector fields on P whose flows preserve the connection (Prop. [6.7]).

For the 2-plectic case, we described a known construction which gives a Courant
algebroid C' over a prequantized 2-plectic manifold (M,w) equipped with a U(1)-gerbe
with 2-connection (Sec. [6.4). In this case, C' is a vector bundle over M whose sections
are locally given by vector fields and 1-forms on M. Its space of global sections form a

Lie 2-algebra. There is a short exact sequence of vector bundles over M
T°M—C—TM,

whose splittings TM — C correspond to 2-connections on the U(1)-gerbe over M.
We prove the existence of an injective Lie 2-algebra morphism from the Lie 2-algebra
Lo (M,w) of observables on M to the Lie 2-algebra L. (C) of global sections of C
(Thm. [6.16). This morphism identifies Loo(M,w) with a sub-Lie 2-algebra of Lo (C),
which, in a certain sense, preserves the 2-connection of the gerbe (Thm. . We
interpret this sub-algebra as the prequantization of Lo (M,w). Also, we show that
this construction gives the higher analogue of the well known Kostant-Souriau central
extension in symplectic geometry (Sec. .

This prequantization process gives an interesting relationship between Courant
algebroids and prequantized 2-plectic manifolds. Let us give two possible directions for

future work based on these results.

1. Sections of the Atiyah algebroid A over a prequantized symplectic manifold equipped
with the principal U(1)-bundle are differential operators on a Hilbert space. This
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Hilbert space is constructed from global sections of the associated Hermitian line
bundle. The higher analogue of this Hilbert space is the category of global sections
of the 2-line stack associated to a U(1)-gerbe. In what way, if at all, do sections of
the Courant algebroid over a prequantized 2-plectic manifold act as “operators”

on this higher analogue of a Hilbert space?

2. Recall that sections of the Atiyah algebroid are infinitesimal U (1)-equivariant sym-
metries of the corresponding principal U(1)-bundle. Integration gives the ‘gauge
groupoid’ over M, whose elements correspond to the equivariant automorphisms
of the principal bundle [I5][Sec. 17.1]. Our results suggest that the Courant alge-
broid is the higher analogue of the Atiyah algebroid. So, how can we understand
sections of the Courant algebroid on a prequantized 2-plectic manifold as infinites-
imal automorphisms of the corresponding U(1)-gerbe? In other words, what is the
Lie 2-groupoid that integrates this Courant algebroid, and how does it act as the
‘gauge 2-groupoid’ of the U(1)-gerbe?

2-plectic quantization and representation theory

In the last chapter, we categorifed Sniatycki’s [62] quantization procedure for
symplectic manifolds, which employs Bohr-Sommerfeld varieties to overcome topological
obstructions that arise when using real polarizations (Sec. [7.2). This categorification
gives a simple procedure for quantizing a 2-plectic manifold, and the resulting output is a
category of quantum states (Def. . An object of this category is a twisted Hermitian
vector bundle over the Bohr-Sommerfeld variety (Def. whose restriction to each leaf
contained in the variety is twisted-flat.

In Section we considered an interesting example: M = R3\ {0} equipped
with a volume form w = dB. We quantized M by equipping it with the trivial Deligne
2-cocycle £ = (1,0, B), and a 2-polarization whose leaves are spheres centered about the
origin. The restriction of the 2-form B to such a sphere is the KKS symplectic form,
which arises in Kirillov’s orbit method for constructing representations of Lie groups.
This is not surprising, since R? is isomorphic to the dual of the Lie algebra su(2), and
each sphere is isomorphic to a coadjoint orbit. We then showed that in this example, a
leaf of the polarization is contained in the Bohr-Sommerfeld variety if and only if it is
a sphere of radius n/2, where n is an integer (Cor. [7.12). The orbit method identifies
such a sphere with the irreducible representation of SU(2) whose dimension is n + 1.

Next, we proved that any twisted bundle in the associated category of quantum

states is isomorphic to a direct sum of line bundles over spheres contained in the variety
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(Thm. . The fact that the twisted bundle is twisted-flat on each sphere implies that
each of these line bundles must be isomorphic to a tensor power of the hyperplane bundle
over CP!. This allowed us to identify a quantum state with a representation of SU(2).
More precisely, we proved that isomorphism classes of objects in the quantum state
category are in one-to-one correspondence with isomorphism classes of finite-dimensional
representations of SU(2) whose decomposition into irreducibles does not contain the
trivial representation (Thm. |7.14]).

It is unfortunate that we are unable to obtain the trivial representation via our
quantization procedure. However, it is not surprising. Our procedure identifies spheres
of radius n/2 with irreducibles of dimension n + 1. Hence, the trivial representation
corresponds to the origin in su(2)*, which is not in M. In some sense, this identification
needs to be shifted so that the sphere of radius n/2 is identified with the irreducible
representation of dimension n. This is very similar to the 1/2 shift which arises in the
usual geometric quantization of the simple harmonic oscillator (Sec. [7.1.2]).

We believe we have just scratched the surface of a deeper relationship between
representation theory and the geometric quantization of 2-plectic manifolds. Indeed,
our example suggests that 2-plectic quantization can give a categorifed analogue of the
orbit method. We conclude by mentioning two related directions for future work along

these lines.

1. It is well known that closed integral forms on a manifold M can be mapped
to closed integral forms on LM, the space of free loops of M, by a process
called ‘transgression’. Moreover, this process sends a U(1)-gerbe equipped with
2-connection on M to a principal U(1)-bundle with connection on LM [13][Ch. 6].
This suggests that the categorifed geometric quantization of a 2-plectic manifold
may, in some way, correspond to ordinary geometric quantization on LM. (We are
overlooking subtleties here, such as the fact that transgression need not preserve
non-degeneracy.) For example, perhaps there is some 2-plectic structure on su(2)
whose quantization gives a category of quantum states, with objects correspond-
ing to certain representations of the loop group LSU(2) obtained by applying the
orbit method to the loop algebra Lsu(2).

2. Much work has been done on quantizing the conjugacy classes of compact simple
Lie groups via a variety of methods, all of which rely on the Cartan 3-form in some
way [44], [46]. The output of these quantization procedures gives information about
the representation theory of the corresponding loop group. Every compact simple

Lie group, equipped with the Cartan 3-form, is a 2-plectic manifold. Hence, it is
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natural to suspect that 2-plectic quantization of Lie groups is also related to the
representation theory of loop groups. We have preliminary results which suggest
that such a relationship exists, although, even in the simple case of SU(2), many

issues remain unresolved.
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Appendix A

Other algebraic structures on

n-plectic manifolds

There are other structures besides Lie m-algebras which can generalize the
Poisson bracket to n-plectic manifolds. Here we show that any n-plectic manifold gives
rise to another kind of algebraic structure known as a differential graded (dg) Leibniz
algebra. A dg Leibniz algebra is a graded vector space equipped with a degree —1
differential and a bilinear bracket that satisfies a Jacobi-like identity, but does not need
to be skew-symmetric. There is an interesting relationship between the bilinear bracket
on the Lie n-algebra and the bracket on the corresponding dg Leibniz algebra. When
n = 2, these algebras can be compared directly as objects in Roytenberg’s category
of ‘weak Lie 2-algebras’ [54]. A weak Lie 2-algebra is a Lie 2-algebra whose k = 2
bracket satisfies skew-symmetry only up to a chain homotopy. This homotopy must
satisfy compatibility relations with the homotopy controlling the failure of the Jacobi
identity. We show that the Lie 2-algebra and the 2-term dg Leibniz algebra arising from
a 2-plectic manifold are isomorphic as weak Lie 2-algebras. We are unable to extend
this result to the n > 2 case, since there is currently no definition available for weak

L.-algebras.

A.1 dg Leibniz algebras

In symplectic geometry, every function f € C°°(M) is Hamiltonian. We also

have the equality:
{fag} = vadg = »Cvfg (Al)
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forall f,g € Q% (M) = C>®(M). Hence {f,} is a degree zero derivation on QY (M),

Ham Ham
which makes (%, (M),[-,]) a Poisson algebra. In general, for n > 1, an equality such

as Eq. does not hold, and Hamiltonian forms are obviously not closed under wedge
product. Therefore, we shouldn’t expect the Lie n-algebra Lo (M,w) to behave like a

Poisson algebra. But we do have the following simple lemma:

Lemma A.1. Let (M,w) be an n-plectic manifold. If a, § € Q1 (M) are Hamiltonian

Ham

forms, then

Ly, B ={a, B} + diy, B.
Proof. Definitions and imply:

£/UCM/B = L'Uad/B + dL'Ua/g
= —lyy lugW + diy, 0

= {a,,@} + duy, 3.
L]

Lemma suggests that we interpret the (n — 1)-form £, 0 as a type of
bracket on Qi1 (M), equal to the bracket {-,-} modulo boundary terms. To this end,

we consider an algebraic structure known as a differential graded (dg) Leibniz algebra.

Definition A.2. A differential graded Leibniz algebra (L, d, [-,]) is a graded vector
space L equipped with a degree -1 linear map 0: L — L and a degree 0 bilinear map

[,-] : L® L — L such that the following identities hold:

5085=0 (A.2)
0 [x,y] = [0, y] + (=) [z, 6y] (A.3)
[, [y, 210 = [, 0], 2] + (=)W [y, [, 211, (A.4)

forall x,y,z € L.

In the literature, dg Leibniz algebras are also called dg Loday algebras. This
definition presented here is equivalent to the one given by Ammar and Poncin [2]. Note
that the second condition given in the definition above can be interpreted as the Jacobi
identity. Hence if the bilinear map [-, -] is skew-symmetric, then a dg Leibniz algebra is

a DGLA.

We now show that every n-plectic manifold gives a dg Leibniz algebra.
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Proposition A.3. Given an n-plectic manifold (M,w), there is a differential graded
Leibniz algebra Leib(M,w) = (L, 4, [-,-]) with underlying graded vector space

Qr-l(M)  i=0,
Lz Ham( )

Qrl=i(M) 0<i<n-—1,

and maps 0: L — L, [-,-] : L® L — L defined as

d(a) = da,
if |a] > 0 and
Ly, B iflal =0,
[, 8] =
0 if o) >0,

where vy is the Hamiltonian vector field associated to o.

Proof. If a, 8 € Lo = Qf,} (M) are Hamiltonian, then Lemma implies d [«, 8] =
d{a, B} = —tjy,wyw- Hence [, 3] is Hamiltonian. For 8] > 0, we have [£,, 8] =[],
since the Lie derivative is a degree zero derivation. Hence [-,-] is a bilinear degree 0
map.

We next show that Eq. of Definition holds. If || > 1, then it holds
trivially. If || = 1, then [«, 5] = [, 03] = 0 for all § € L by definition, and [d«, 5] = 0
since the Hamiltonian vector field associated to da is zero. If |a] = 0 and |3| = 0, then

[[er, B]| = 0. Hence all terms in (A.3)) vanish by definition. The last case to consider is
|a| = 0 and |5| > 0. We have

0 [[aaﬁﬂ = d‘cvaﬁ = Evadﬁ = [[O‘a 5ﬂ]] :

Finally, we show the Jacobi identity holds. Let a,3,v € L. Then
the left hand side of is [a, [B,7]], while the right hand side is [[e, 5] ,~] +
(=1)lI81[3, [, 7]]. Note equality holds trivially if |a| > 0 or |8] > 0. Otherwise,
we use the identity

E[”l:”?] = Lvl E'UQ - L’U2£’Ulv
and the fact that d [, 8] = — v wgwW tO obtain the following equalities:
[[aa [[ﬂv ’7]”] = 'Cva»cvg’)/

= E[va,v5]7 + 'Cvﬁ»cva'y
= [lev, 81, 7] + 8, [, /1T -
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One interesting aspect of the dg Leibniz structure is that it interprets the
bracket of Hamiltonian (n — 1)-forms geometrically as the change of an observable along
the flow of a Hamiltonian vector field. Leibniz algebras, in fact, naturally arise in a
variety of geometric settings e.g. in Courant algebroid theory and, more generally, in
the derived bracket formalism [36]. It would be interesting to compare Leib(M,w) to

the Leibniz algebras that appear in these other formalisms.

A.2 Weak Lie 2-algebras

When (M, w) is a symplectic manifold, Lo, (M, w) and Leib(M,w) give the same
Lie algebra: the Poisson algebra of functions. It would be nice if we could show that for
any n-plectic manifold, L. (M,w) and Leib(M,w) are also “the same”, i.e. equivalent
as objects in some category containing both L.-algebras and dg Leibniz algebras. This
may seem unlikely at first since the brackets which induce these structures have different
properties. For example, {-, -} is skew-symmetric, while [-, -], in general, is not. However,

we have the following proposition.

Proposition A.4. Let (M,w) be an n-plectic manifold, and {-,-} and [-,-] be the brack-
ets given in Def. and Prop. respectively. If o and 3 are Hamiltonian (n — 1)-

forms, then

Haaﬁ]] + [[,8,0[]] =d (/fvaﬂ + lﬂuﬂa) .
Proof. The statement follows from the formula £, = t,d + di,. O

So, we seek a category whose objects originate from weakening, up to homo-
topy, both the skew-symmetric axiom and the Jacobi identity. Unfortunately, no such
category exists, unless n = 2. In this case, by extending the work of Baez and Crans
[4], Roytenberg [54] developed what are known as 2-term weak L.o-algebras, or ‘weak
Lie 2-algebras’. In a weak Lie 2-algebra, the skew symmetry condition on the maps
given in Definition [3.7]is relaxed. In particular, the bilinear map ls: L ® L — L is skew-
symmetric only up to homotopy. This homotopy must satisfy a coherence condition,
as well as compatibility conditions with the homotopy that controls the failure of the
Jacobi identity. The goal of this section is to show that if (M, w) is a 2-plectic manifold,
then Lo (M,w) and Leib(M,w) are isomorphic as weak Lie 2-algebras.

Definition A.5 ([54]). A weak Lie 2-algebra is a 2-term chain complex of vector
spaces L = (Lq 4, Lo) equipped with the following structure:

e a chain map [-,-]: L® L — L called the bracket;
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® a chain homotopy S: L ® L — L from the chain map

L®L — L
TRy — [z,9]

to the chain map
L®L — L

TRy — =y,

called the alternator;
e a chain homotopy J: L® L ® L — L from the chain map

LRLRL — L
rTRYRz +— [z,[y,2]]

to the chain map

LLL — L
rRy®z — [,y 2] + [y, [z, 2]]

called the Jacobiator.
In addition, the following equations are required to hold:

[z, J(y, 2, w)] + J (@, [y, 2], w) + J (2, 2, [y, w]) + [J (2, y, 2), w]
+[Z’ J(x7y7w)] = J(‘Tvya [va]) + J([x7y]) va) (A5)
v, J (@, z,w)] + J(y, [z, 2], w) + T (y, 2, [z, w]),

J(:U,y,z)—l—J(y,:v,z) :—[S(m,y),z], (A6)
J(CL‘,y, Z) + J(.CU,Z,y) = [m,S(y,z)] - S([$7y]7z) - S(ya [‘Tvz])v (A7)
S(z, [y, 2]) = S(ly, 2], =) (A.8)

A weak Lie 2-algebra homomorphism is a chain map between the underly-
ing chain complexes that preserves the bracket up to coherent chain homotopy. More

precisely:

Definition A.6 ([54]). Given Lie 2-algebras L and L' with bracket, alternator and
Jacobiator [-,-], S, J and [-,-]', S', J respectively, a homomorphism from L to L'

consists of:

e a chain map ¢ = (¢o,¢1): L — L', and
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e a chain homotopy ®: L@ L — L' from the chain map

Lol — I
r@y — [¢@)0(y)],

to the chain map
LeL — L

z@y +— ¢ ([z,y])

such that the following equations hold:

S" (¢o(x), ¢o(y)) — d1(S (z,9)) = (x,y) + P(y,z), (A.9)

I (@o(x), do(y), do(2)) — ¢1 (J (2,9, 2))
= [¢0(2), ©(y, 2))" = [¢o(y), B(x, 2)] = [®(z,y), ¢o(2)] (A.10)

—0([z, 9], 2) = (y, [z, 2]) + (x, [y, 2]).
The details involved in composing Lie 2-algebra homomorphisms are given by Royten-
berg [54]. We say a Lie 2-algebra homomorphism with an inverse is an isomorphism.
Lie 2-algebras in the sense of Prop. are weak Lie 2-algebras that satisfy
skew-symmetry on the nose. They are called semi-strict Lie 2-algebras in this context,

since the Jacobi identity may still fail to hold. More precisely:

Definition A.7 ([54]). A weak Lie 2-algebra (L,[-,-],S,J) is semi-strict iff S = 0,
and hemi-strict iff J = 0.

Note that the bracket of a hemi-strict Lie 2-algebra satisfies a Jacobi identity

of the form
[z, [y, 2]] = [[z,y], 2] — [y, [z, 2]] = O,

but it is not necessarily skew-symmetric. In fact, any hemi-strict Lie 2-algebra is a

2-term dg Leibniz algebra. For 2-plectic manifolds, we have a converse:

Proposition A.8. If (M,w) is a 2-plectic manifold, then Leib(M,w) is a hemi-strict
Lie 2-algebra with:

e underlying complex

L=C"(M) % Ol (M),

e bracket given by

[au@] = [[aaﬂﬂ = Ly, 3,
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in degree 0, and
[, 1= lev, f1 = Lo f
[f,a] =[f,a] =0
in degree 1,

e alternator given by:

S(O{,/B) = L’Ugﬁ—i_ L’L}gaa

o Jacobiator given by:

J(a, B,7v) = 0.

Proof. The axioms for a weak Lie 2-algebra given in Def. are verified by straight-
forward calculations using the Cartan calculus. In particular, the fact that Eq. [A7] is
satisfied follows from the identity:

Loytwa = o]+ LwLyor.
O

For a 2-plectic manifold, we view Lo (M, w) as a weak Lie 2-algebra with trivial

alternator.

Proposition A.9. If (M,w) is a 2-plectic manifold, then Loo(M,w) is a semi-strict Lie
2-algebra with:

e underlying complex

L=0C%(M) % Qb (M),

e bracket given by
[Oé,ﬁ] = {Oé,ﬁ} = W(Ua,Uﬁ, ')7

in degree 0, and

[, f] =0
[f;e] =0
in degree 1,
e alternator given by:
S(a, B) =0,



e Jacobiator given by:

J(OZ?ﬁ”Y) = CU'(U»},, 'U/B,’Ua)-

Proof. By setting S = 0, in Def. we recover the usual notion of a Lie 2-algebra Def.
[3-8 Hence, the statement follows from Prop. [3.15 O

The main result of this section is the following theorem:

Theorem A.10. If (M,w) is a 2-plectic manifold, then Loo(M,w) and Leib(M,w) are

isomorphic as weak Lie 2-algebras.

Proof. Since the underlying chain complexes of Lo, (M,w) and Leib(M, w) are the same,
we build a weak Lie 2-algebra isomorphism (Def. |A.6)) using the identity chain map

¢o =id, ¢1=id.

Let ®: QF

Ham

(M) ® Q. (M) — C®(M) be the map:

Ham
(I)(Oé,ﬁ) = Ly, -
Proposition and a straightforward calculation show that ® gives a chain homotopy:

Lo®@L1 @ L1 ®Ly—>Lo® Lo
m[nw Lt iM[w

—

) <~ d /
Ll LO

where Ly = L} = C®(M), Lo = Ly = Q.
[-,-]’ is the bracket on Loo(M,w).
The alternator for Leib(M,w) is

(M), [-,-] is the bracket on Leib(M,w), and

S(a, B) = 1w, B+ lyg & = P(a, B) + (8, ).

Since the alternator for L. (M,w) is trivial, the above equality implies Eq. in Def.
[A.6] holds.

Since the Jacobiator of Leib(M,w) is trivial, the left hand side of Eq. only
involves the Jacobiator J'(a, 3,7) = w(vy,v8,va) of Loo(M,w). Using the definition of
the brackets [-,-] and [-,-]’, the right hand side of Eq. becomes:

[, (8, )] = 18, (e, )] = [®(ex, 5), 7] — 2({av, B},7) — (B, {e,7}) + B(ev, {B,7})-

By expanding the above uSing (I)(Oé, ﬁ) = LUaﬁ? [[q)(Oé, ﬁ)a 7]] = 0’ [[Oé, (I)(/gv ’7)]] = EU&¢(57 ’7)7
[o, 8] = w(va,vs, -), and the identity

Lyt = iy )@ + twLlya,
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the right hand side of Eq. [A.10] becomes:
LogQlo, Y + Lyglog dY — Lygdiy, Y + 2w (Va, Vg, V).
Since w(va, vg, V) = —Lyzlu,dY, the above expression simplifies to:
W(Vas V8, Vy) = —w(Vy, V8, Vo) = —J/(a,ﬁ,'y),

which is the left hand side of Eq. |A.10[ Hence, (¢g, ¢1, P) satisfies the axioms for an

isomorphism of weak Lie 2-algebras. O
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Appendix B

Twisted bundles and the proof of

Proposition 5.28

Recall Def. of a Hermitian vector bundle twisted by a 2-cocycle g €
C?U,U(1)) on an open cover U = {U;} of a manifold M. Such an object is given

by the following data:

e on each U;, a Hermitian vector bundle
(Ei, (5 -)i),
e on cach U;; = U; N Uj, an isomorphism of Hermitian vector bundles
¢ij: Ejlu, = Eilu,,,

such that Vi, j, k € 1:
Gt © ij 0 bjk = Gijk:

where g;jx- is the automorphism of Ek|Ui]~k corresponding to multiplication by
Jijk: U; N Uj NU, — U(l)

Also, recall that a morphism f: (E;, ¢i;) — (Ej, ¢};) of g-twisted Hermitian vector
bundles over M consists of a collection of morphisms of Hermitian vector bundles

f’L EZ _>E;7

for each 7 € 7 such that
fio by = ¢ 0 fj.

In this section, we will prove Prop. from Chapter
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Proposition. Given a 2-cocycle g € C*(U,U(1)) on a manifold M, there exists a stack

over M whose category of global sections is equivalent to the category Bund?(M) of

g-twisted Hermitian vector bundles over M.

As we will see, the proof follows from the fact that locally defined stacks can be glued

together to form a stack over M, in analogy with the well-known result for sheaves.
We need to introduce some more machinery for stacks. First, just as we have

natural transformations between functors, we can define fibered transformations between

morphisms of fibered categories:

Definition ([45]). Let (¢, a), (¢, 3): F — G be morphisms between fibered categories. A

fibered transformation u: (¢, a) — (¢, 3) consists of natural transformations

Hu: du — Yu,

for each U C M, such that given an inclusion i: V — U of open sets, the diagram of

natural transformations

Pyt — > i*py

Mvi*l li*NU

Yyt 2 iy

commutes. We say p is a fibered isomorphism if each py is a natural isomorphism.

Next, we describe the category of descent data associated to a fibered category
over M and an open cover of M. One can think of this as the data needed to glue

together locally defined sections into a global section.

Definition B.1 ([45]). Let F be a fibered category over M and let U = {U;} be an open
cover of M. The category Des(M,U) of descent data has:

o As objects, collections (x;,1;;) where each x; is an object of F(U;), and each
wij: xj‘Uij = mi‘Uij
is an isomorphism in F(Us;) required to satisfy the conditions
Pt o Pij oy = id (B.1)

/

o As morphisms, (x;,ij;) EN (af, l-j), a collection of morphisms

fio
Ty — Xy
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in F(U;) such that the diagram

f.
zjluy, 4J>$;|Uij

commutes in F(Ujj).

Categories of descent data are sometimes used directly in the definitions for pre-stack
and stack. We observe that if F is a fibered category, for any open cover U/, there is a
functor D: F(M) — Des(F,U) which sends an object z € F(M) to (z|y,,1s; = id) in the
descent category. If F is a prestack, then this functor is fully faithful i.e. a bijection on

morphisms. We have used variations of the next proposition in Chapters 5 and 7.

Proposition B.2. If F is a stack over M and U is an open cover of M, then the above
functor

F(M) 2 Des(F,u)
gives an equivalence of categories.

Proof. Def. implies that the objects x; € F(U;) given in the descent data can be
glued together into a global object which is unique up to isomorphism. This implies

that D is essentially surjective, and hence an equivalence. O

Let F be a stack over M, and U C M an open set. It is easy to see that we
can construct a new stack F|y on U which assigns to the open set V' C U, the category
F(V). We say F|y is the stack F restricted to U. The following theorem describes how

stacks themselves glue together.

Theorem B.3 ([57]). Let {U;} be a cover of M. Given the following data:
1. for each U;, a stack S;,
2. for each U;; = U; N Uj, an equivalence of stacks p;;: Sj|Uij = Siluy;

3. for each Uy, a fibered isomorphism pji: ©ij © @jk 5 ik, such that, for each
Uijr = U; NU; N Uy, the diagram

Pij © Pjk © Pkl L Pij © Yji (B.2)

Nijkl \Lllijl
Hikl

Pik © Pkl ——— > Pil

commutes,
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there exists a stack S on M, equivalences of stacks p;: S|y, = Si, and fibered isomor-

phisms n;j: pij — i o 4,0]71 satisfying

;5 _
Pij © Pjk L ©ij © ((pj o 1) (B.3)
Nz‘jkt lm‘j
Nik 1

Pik —————> @ 0},

The data (S, pi,nij) are unique up to equivalence of stacks. Moreover, this equivalence

s unique up to unique fibered isomorphism.

Constructing the stack Bund’

Recall that Bund is the stack on M which assigns to each open set V', the cat-
egory of Hermitian vector bundles on V. Given an inclusion V' — U, the corresponding
functor Bund(U) — Bund(V') is just the pull-back of bundles. The natural isomorphisms
(i7)* ~ 7%* described in Def. of fibered catgory are given by the identity.

Let us now construct the stack Bund? described in the statement of Prop. [5.28
Let g € C? (U,U(1)) be a 2-cocycle defined on an open cover U = {U;} of M. For each
i, let

Bund; = Bund|y;,
be the stack of Hermitian bundles on M restricted to the open set U;. By definition of

restriction, we have an equality of stacks
Bundj\Uij = Bundi]Uij
for each ¢ and j, and therefore, an identity functor
wpij=id
Bundj\Uij e Bundi|Uij.

For any open subset V' of Ujj,, we define a natural transformation between identity
functors

. Hijky, .

id = pijy © Pjky — Py =1id
which sends a bundle E € Bund(V') to the automorphism

Gijklv-
RLALh LAY

E E.

Here, g;ji|v- corresponds to multiplying sections of E by g;;r|v: VNU;NU;NU;, — U(1).

It is easy to see that this gives a fibered isomorphism
Hijk
Pij © Pik — Pik-
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The fact that g satisfies the cocycle condition on each Ujjy; implies p;5;, satisfies Eq. @
Hence, it follows from Theorem [B.3| that there exists a stack Bund? on M with
equivalences of stacks

@i Bund?|y, = Bund; = Bund|y;,
and fibered isomorphisms
Mij: pij = id = piop;!
satisfying Eq.

Global sections of Bund? as twisted bundles

Now we prove Prop. by showing that the category Bund?(M) of global
sections of the stack Bund? is equivalent to the category C of g-twisted Hermitian vector
bundles over M. Since Bund? is a stack, Prop. implies Bund9(M) is equivalent to
the category of descent data Des(Bund?,Uf), where U is the open cover used in defining
the cocycle g. Hence, it is sufficent to show that Des(Bund?,if) is equivalent to C.

We build a functor Des(Bund?,Uf) — C in the following way. Let (z;,;;) be
an object in the category of descent data. We use the stack morphisms ¢: Bund9|y, =

Bund; to send the objects x; € Bund?(U;) to Hermitian vector bundles
E; = pi(z;) € Bund(U;).

The fibered isomorphisms 7;;: id = goiog0]71 assign an isomorphism in Bund(Uj;) to every
object in Bund(U;;). Given the objects ¢;(x;), ¢;(x;) € Bund(U;), let the corresponding

isomorphisms be denoted

ij (5)
Bj = pj(z;) 2% ()

ij (24)
nen D, oilai) = Ei.

We have suppressed the restrictions to keep the notation under control. This will not
cause any problems, since the morphisms and fibered transformations we are considering

commute with the restriction functors “on the nose”. We define isomorphisms
gbij: Ej :> EZ', n Bund(Uij),

by using the descent data v;;: z;|u,; = 7|y,;, and the commutative diagram

nij (25)
Ej ————— pi(zy)
@j(wij)l h \(bij J{%(%J‘)
0] (sz) m'j(ffi) A Ei
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in Bund(U;;), which is given by the naturality of n;;.

We claim the isomorphisms of bundles ¢;; satisfy
bt © hij 0 Djk = Gijk:
on Ujji. To show this, we write out convenient expressions for ¢;;, ¢;i, and ¢
Gij = nij (i) (Vij)

bk = i (Vje)n;k(xr)
bik = ©i(Vir) i (Tk)-

We then consider the following commutative diagram of bundle isomorphisms:

ik(Tk) i(ig)
B, — s i) — 2 ()
,U‘ijkl im‘j lmg’(m)
B, Nik(T1) oi(r) i (Yijz) o

The first square on the left-hand side follows from the fact that 7;; satisfies Eq. [B.3}

while the second square follows from naturality. The commutativity of the diagram,

combined with the equality ¢;(ti; 0 ¥jr) = @;j(¥ix) given by Def. implies

Gij © ik = Mij(x:) 0 (Vi )ik (k)
= @i(Vir)nix(Tr) pijr
= ¢ikgijk'7
where the last line follows by definition of ¢;;, and gy

Hence, we have a functor
Des(Bund?, ) LN

which sends an object (x;,;;) to the g-twisted bundle (E;, ¢;;), as defined above. On
morphisms, F' sends

(w4, iz) 1 (7, ¥i5)

to

i(f)
(Ei’ ¢1J) e (Ezlv (b;])

The fact that ¢;(f) satisfies the axioms for a twisted bundle morphism follow from the
naturality of n;;. Finally, it is easy to see that F' gives an equivalence of categories, since
each ; is an equivalence of stacks.

This completes the proof of Prop. [5.28
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