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UNIVERSAL GRADINGS OF ORDERS

H. W. LENSTRA, JR. AND A. SILVERBERG

ABSTRACT. An order is a commutative ring of which the additive group is a finitely generated
free abelian group, and a graded order is an order that is provided with a grading by some abelian
group. Examples are provided by group rings of finite abelian groups over rings of integers in
number fields. We generalize known properties of nilpotents, idempotents, and roots of unity in
such group rings to the case of graded orders. Our main result is that every reduced order has a
grading that is universal in a natural sense. Most of our proofs depend on the observation that
the additive group of any reduced order can in a natural way be equipped with a lattice structure.

1. INTRODUCTION

In the present paper we are interested in gradings of orders. All rings are supposed to be com-
mutative. A ring is reduced if it has no non-zero nilpotent elements, where an element x is called
nilpotent if ™ = 0 for some n € Z~o. By an order we mean a ring A of which the additive group
AT is isomorphic to Z" for some n € Zx.

Suppose A is a ring, and I" is a multiplicatively written abelian group with identity element 1.
Then a I'-grading of A is a system B = (B,),cr of additive subgroups B, C A that satisfies:

(i) By-By C By forall v,7' €T, and
(ii) A= €D, cr By in the sense that the additive group homomorphism P
(T4 )yer to 3- cp a4 is bijective.

One of our main results concerns universal gradings. If f :T' — A is a homomorphism of abelian
groups, then each I'-grading B = (B,,),er of a ring A gives rise to a A-grading (276f71(6) B,)sea
of A. This A-grading is denoted f.B. By a universal grading of a ring A we mean a pair (I, B)
consisting of an abelian group I' and a I'-grading B of A with the property that for each abelian
group A and each A-grading C of A there is a unique group homomorphism f : I' — A such that
C = f,B. If a universal grading of A exists, then by a standard argument it is, in an obvious sense,
unique up to a unique isomorphism; and it exists if and only if the functor that assigns to an abelian
group A the set of A-gradings of A is representable.

Many naturally occurring rings fail to have a universal grading (see Examples [[3[i-ii)). Re-
markably, we have the following result.

ver By = A sending

Theorem 1.1. Every reduced order has a universal grading by some finite abelian group.

Theorem [Tl has applications to isomorphism problems for commutative group rings [3]. For the
proof, see section

It seems likely that our “archimedean” proof of Theorem [Tl can be replaced by a p-adic one that
applies to algebras over more general base rings than Z. While our proof of Theorem [I1] readily
implies that there is an algorithm that, when given a reduced order, computes its universal grading,
it is doubtful whether this can be done in polynomial time.
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We also prove a result (Theorem [[L2]) concerning nilpotents, idempotents, and roots of unity in
graded orders.

Let A be a ring. The set of nilpotent elements of A is an ideal of A, denoted /0 or /04 and
called the nilradical. We call x € A an idempotent if > = x. We denote the set of idempotents by
Id(A), and we call A connected if #Id(A) = 2 or, equivalently, if one has Id(A) = {0,1} and A # 0.
We call x € A a root of unity if ™ = 1 for some n € Z~¢. The set of roots of unity of A, which is a
subgroup of the group A* of units of A, is denoted by u(A).

Let A be a ring and let (B,)yecr be a I'-grading of A. Then the subgroup By of A is a subring
of A that contains the identity element of A (see Lemma [ZT]). We shall call an additive subgroup
H C A homogeneous if for each (z,)yer € €. cp By one has that > 2, is in H if and only if
each z, is in H (ie., H = P p(H N B,) via the bijection in (ii) above). This terminology will in
particular be applied to ideals and to subrings of A. An element of A is called homogeneous if it

belongs to |, cr By -

Theorem 1.2. Let ' be an abelian group, and let A be an order with I'-grading (By)yer. Then:

(i) the nilradical /04 is a homogeneous ideal of A;
(ii) 1d(A) =1d(By), and A is connected if and only if By is connected;
(iii) 4f By is connected, then each element of u(A) is homogeneous.

The three parts of Theorem are proved in Propositions 1] 5.9 and [6.2] respectively. Part
(iil) plays an important role in other recent work of the authors; see [2].

If B is an order and T is a finite abelian group, then a I'-grading of the group ring B[I'] is given
by (B - ¥)yer. The statements of Theorem in this case are known and can be deduced from
results in [4] (Proposition 2 of [4] for (i), the Corollary to Proposition 3 for (ii), and the Corollary
to Proposition 10 for (iii)).

Our proofs depend on two techniques. The first, which is more or less standard, consists of
equipping a I'-graded ring with an action by the dual of I', after a suitable cyclotomic base change;
here T' is supposed to be finite. The second, which is of a less algebraic nature, depends on the
introduction of a natural lattice structure on any reduced order.

Acknowledgments. We thank Warren May for providing the references to [4].

2. GRADED RINGS

In this section we give some lemmas that we will use to prove our main results.

Lemma 2.1. Suppose A is a ring, I' is an abelian group, and (B, ) cr is a I'-grading of A. Then:
(1) 1€ By,
(ii) Bi is a ring, and
(ili) each By is a By-module.

Proof. Write 1 = (1,)yer € A. Take any § € I" and o € Bs. Then a = 1-a = (1y)yer - (@y)ver
where as = o and o, = 0 for all v # §. Comparing d-coordinates we have o = 1; - «, and likewise
a = a-11. So 1 acts left and right as the identity on each Bs, and hence on A. Thus, 1 = 1; € By,
proving (i). Parts (ii) and (iii) are straightforward. O

If T is an abelian group and k € Z, let T* = {y* : v € T'}.

Lemma 2.2. Suppose I' is an abelian group, B = (By)yer is a I'-grading of a commutative ring A,
and the set S = {y € I' : B, # 0} is finite. Then there are a finite abelian group A and a A-grading
C = (06)5€A OfA such that U’YEF Bry = U6EA Cé-
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Proof. We can and do replace I' with (S). Since {1} = \ycz_, N if s,¢t € S with s # ¢ then there
exists Ng; € Z~o such that st=! ¢ T'Net. Let M = lemg tes s2e{Nss}, let ¢ : T — I'/T™ be the
canonical projection map, and let C = ¢.B = (Cs)scr/rm. By construction, the restriction of ¢ to
S is injective, and the desired result now follows with A = T'/T'M. O

Lemma 2.3. Suppose A is a commutative ring, I' is an abelian group, B = (B ) er is a I'-grading
of A, and (T, B) is universal. ThenT' = (y € T': B, # 0).

Proof. Put A =T/(y € ' : B, # 0), and let t,c : I' = A be the trivial and the canonical map,
respectively. Then ¢ and c agree on each v with B, # 0, so t.B = ¢,B, and by universality one gets
t=csoA={1}. O

Lemma 2.4. Suppose I is an abelian group, A is either a commutative Q-algebra with dimgA < oo
or an order, and (B, ) er is a I'-grading of A. Then B, =0 for all but finitely many v € T

Proof. This holds since A = P By, and A has finite Z-rank (if A is an order) or finite Q-dimension
(if A is a finite dimensional commutative Q-algebra). O

Suppose k € Z~g. With ®; denoting the k-th cyclotomic polynomial and (, = X + (®x), we have
ZiCk) = Z[X] /) (Dy) = EBf:(g)fl Z - (i, where ¢ is the Euler o-function. Suppose A4 is a ring, T is an
abelian group, and (B, )cr is a I'-grading of A. Then B,[(x] = B ®z Z[(x] is a module over By [(y]
for all v € T, and A[Gy] = A ®z Z[Gk] = D, cr(B+[Ck]) 1s a I'-graded ring that contains A. If I' is a
finite group whose exponent divides k, we let

fk = Hom(F7 <<k>)7
a multiplicative group with #fk = #I.
Lemma 2.5. Suppose A is a ring, I' is a finite abelian group, (By)~er is a I'-grading of A, and
k is a positive integer divisible by the exponent of T'. For x € s, and o = (ay)yer € A[Ck] with
ay € B,[(x], define
X x o= (x(7) - oy)yer € Al

This defines an action of I on A[Cx] by ring automorphisms, and for all § € T and a = (ay)yer €
A[x] one has

Z X * (x(0) ') = #T - a5 € Bs[Ci] C A[(]-

x€T%
Proof. The proof is an easy exercise. The last statement follows from the fact that if 6 € I" then
> oyer, X(0) is #I' if § = 1, and otherwise is 0. O

3. EUCLIDEAN VECTOR SPACES, LATTICES, AND ORDERS

A FEuclidean vector space is a finite dimensional R-vector space E equipped with a map ( , ) :
Ex E—=R, (z,y) — (x,y) that is R-bilinear, symmetric, and positive definite.

Example 3.1. Suppose E is a finite dimensional R-vector space equipped with a map ( , ) :
E x E — R that is R-bilinear, symmetric, and positive semidefinite. Let

rad(E) ={z € E: (z,E) = 0}.
Then rad(E) = {z € E: (z,z) = 0}, and (, ) makes E/rad(FE) into a Euclidean vector space.

Example 3.2. Suppose E is a commutative R-algebra with dimg(F) < co. For all z,y € F, let
(x,y) = 3,5 c0(x)o(y), where o ranges over all R-algebra homomorphisms from E to C. Then
rad(F) = /0g. (If x € \/0g then o(x) = 0 for all o, so (z,y) = 0 for all y, so z € rad(E). Conversely,
E/\/0g is a product of fields, and these fields are R and C. Since the inner products on R and C
are positive definite, so is the inner product on E. Thus rad(E/+/0g) = 0, so rad(E) C /0g.)
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Recall that a lattice is a finitely generated free abelian group L equipped with a positive definite
symmetric R-bilinear function ( , ) : Lg X Lg — R, where Lg = L ®z R.

Example 3.3. Suppose A is an order. Then E = Ag is a finite dimensional R-vector space equipped
with an R-bilinear, symmetric, positive semidefinite inner product {, ) : E x E — R as in Example
Further, rad(E) = v/0g = (v/04)r, and thus A/4/04 has a natural lattice structure. (That
(vV0a)r C 0p is clear. For the reverse inclusion, A/1/04 is a reduced order, so (A/y/04)g is a
product of finitely many number fields, so is a product of finitely many separable extensions of Q.
It follows that (A/+/04)r = E/(v/04)r is a product of finitely many separable extensions of R, so
is reduced.)

Lemma 3.4. Suppose I is an abelian group, A is either a commutative Q-algebra with dimgA < oo
or an order, (By)~er is a I'-grading of A, and A has no non-zero homogeneous nilpotent elements.
Then:

(i) if 6 €T and § has infinite order, then Bs = 0;

(ii) the subgroup (y € I' : By # 0) is finite.

Proof. By Lemma [24] for all but finitely many v € I we have B, = 0. Suppose § € I' has infinite
order. Then there exists N € Z~¢ such that Bsy = 0. Suppose @ € Bs. Then 2V € (Bs)N C Byn =
0, so z is homogeneous and nilpotent. By our assumption, z = 0, proving (i). Thus the abelian
group (y € I' : By # 0) is generated by finitely many elements of finite order, so this group is finite,
proving (ii). O

Corollary 3.5. Suppose T is an abelian group, A is a reduced order, and B = (B,,),er is a I'-grading
of A. Then:

(i) the subgroup (y € T': B, # 0) is finite;

(ii) if (T, B) is universal, then T is finite.

Proof. Since A is reduced, it has no non-zero nilpotent elements, so (i) follows from Lemma [B41ii).
Part (ii) now follows from (i) and Lemma 23] O

4. NILPOTENT AND SEPARABLE ELEMENTS
If R is a ring and m € Zq, we write R™[m] for the m-torsion in the additive group R.

Proposition 4.1. Suppose A is a ring, I' is an abelian group, and (B, ) cr is a I'-grading of A.
(i) IfT is finite and o = (ay)yer € V04, then #I'- a5 € \/04 for all § € T.
(i) If T is finite and AT[#T] = 0, then /04 is a homogeneous ideal.
(i) If A is an order, then /04 is a homogeneous ideal.

Proof. We first prove (i). Let k denote the exponent of the finite group I" and let A" = A[(;]. We
have a € /04 C 04/, and since /04 is an ideal we have x(8) 'a € /04 for all x € I'y and
§ € . Since Iy, acts by ring automorphisms (Lemma [Z5), we have et X* (x(0)"'a) € Oar for
all § € I'. By Lemma 2.5 we now have #I' - a5 € /0a N A= /04 for all § € T.

We next prove (ii). Clearly, @,cr(v0a N B,) C 04. For the reverse inclusion, suppose
@ = (ay)yer € V04 and 6 € T. By (i) we have (#I' - a5)Y = 0 for some N € Zso. But
(#T - as)N = (#D)Nal. If AT[#I] =0, then o) =0, so a5 € /04 as desired.

For (iii), let Z denote the ideal generated by the homogeneous nilpotent elements of A, i.e., Z
is the largest homogeneous ideal of A contained in v/04. Then A/Z has a I-grading (C),er with
C, = B,/(v/04NB,), and A/T is an order with no non-zero homogeneous nilpotent elements. By
Lemma [.4(ii), the subgroup (y € I' : C;, # 0) is finite; we can and do replace I' with this finite
group. Since orders have no non-zero torsion, (iii) now follows from (ii). O
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The following example shows that the condition that AT[#I'] = 0 cannot be dropped from
Proposition LIii).

Example 4.2. Suppose p is a prime number and I' is any finite abelian group of order divisible
by p. Then A = Fy[l'] = @, Fp - v is a I-graded ring and (3, p7)* = #T' 3 crv = 0. So
Zwer v € v/04, but the coordinates ~ of Zver ~ are units and thus are not nilpotent, so the ideal
v/04 is not homogeneous.

We call a polynomial f € Q[X] separable if f is coprime to its derivative f’. If F is a commutative
Q-algebra with dimgE < oo, then o € E is called separable if there exists a separable polynomial
f € Q[X] with f(a) =0. We write Eep for the set of separable elements of E. Note that Fgp, is a
sub-Q-algebra of F (see for example Lemma 2.2 of [1]).

Proposition 4.3. IfT" is an abelian group and E = @,YGF E, is a I'-graded commutative Q-algebra
with dimgFE < oo, then both Eys, and /O are homogeneous.

Proof. By Lemmal[2Z4lthe set {y € I" : E, # 0} is finite, and by Lemma 2.2l we may assume I is finite.
For \/0g, see Proposition dIii). For Egep, the proof is the same. Namely, suppose a = (y)er €
FEsep and let E' = E @7 Z[()] with k the exponent of T'. Then x(8)~! € (¢x) C (E)sep, and (E')sep
is a ring that is stable under the ring automorphisms of E’. As in the proof of Proposition Il we
obtain #I' - a5 € (E')sep N E = Fiep for all 6 € I'. Since (#I')7! € Q C Fiep, we have a5 € Egep for
all § € T', as desired. O

5. IDEMPOTENTS IN GRADED ORDERS

Suppose L is a lattice. If z € L, then a decomposition of z in L is a pair (z,y) € L x L such that
z=x+y and (x,y) > 0. We say that such a decomposition is non-trivial if x # 0 and y # 0. Call 2
indecomposable (in L) if the number of decompositions of z equals 2, or equivalently, if z # 0 and 2
has no non-trivial decompositions.

Remark 5.1. If L is a lattice and z = x + y with z,y, z € L, then:
(i) (z,y) 20 < (z,2) > (z,2) + (y,9),
(i) (z,y) =0 <= (z,2) = (x,2) + (y,y).
Remarks 5.2. (i) If z is a shortest non-zero vector in a lattice L, then z is indecomposable.
(ii) If L is a lattice, then L is generated by its set of indecomposable elements.

If B and C are rings, we write Rhom(B, C) for the set of ring homomorphisms from B to C.
Recall that Id(A) denotes the set of idempotents of a ring A. Below we use the natural lattice
structure on a reduced order that was given in Example

Lemma 5.3. If A is a reduced order and x € A, then (z,z) > #{o € Rhom(A,C) : o(x) # 0}.

Proof. If o(x) = 0 for all o € Rhom(A,C), then x = 0 (see for example Lemma 3.1 of [2]), and
the desired result holds. Assume that z # 0. Applying the arithmetic-geometric mean inequality to
obtain the first inequality below, and using that [, ) ., o(z)o(z) € Z>o for the second, we have

i, o) =l o) 20 S ey 7o)

o (z)#0

<‘T7‘T> =

Z - Za(z);so U(x)m

1/#{o:0(x)#0}
>#{o:o(@)#0}- | [] ol@)ole) > #{o:o(x) # 0}.
o(x)#0
g
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Lemma 5.4. If A is a reduced order and e € Id(A), then (e,1 —e) =0.

Proof. Since e € Id(A), for all o € Rhom(A,C) we have o(e) € {0,1}, so o(e)o(1 —e) = 0. Thus,
<6, 1- €> = ZUERhom(A,(C) U(G)O’(l - 6) =0. U
Proposition 5.5. Suppose A is a reduced order. Then the map
F :1d(A) — {decompositions of 1 in A}

defined by e — (e,1 — e) is a bijection, and its inverse sends a decomposition (x,y) of 1 to x.
Proof. We first show that the map F is well-defined. Suppose e € 1d(A). By Lemma [54] we have
(e,1—e€) =0. Thus (e,1 —e) is a decomposition of 1 in A, as desired.

The map F' is clearly injective. To see that it is surjective, suppose (z,y) is a decomposition of 1

in A. By Lemma [5:3 we have (x,2) > #{c € Rhom(A4,C) : o(z) # 0}, and the same with y in place
of . Using that = + y = 1 to obtain the third equality, it follows that

#Rhom(A, C) =rankzA = (1,1) > (z,z) + (y, )
> #{o € Rhom(A,C) : o(z) # 0} + #{o € Rhom(A4,C) : o(y) # 0}
= #Rhom(A4, C) + #{o € Rhom(A,C) : o(z) # 0, o(y) # 0}
= #Rhom(A4, C) + #{c € Rhom(A4,C) : o(zy) # 0}.

Thus for all ¢ € Rhom(A4,C) we have o(zy) = 0. So (1 —z) = 2y = 0. Thus, x € Id(A) so F is
surjective. O

Corollary 5.6. Suppose A is a reduced order. Then A is connected if and only if 1 is indecomposable.

Lemma 5.7. Suppose A is a reduced order, I' is o finite abelian group, and (B.)~er is a I'-grading
of A. Let k denote the exponent of the group T' and let A’ = A ®z Z[Cx]. Then:
(i) A’ is reduced;
(ii) Rhom(A’,C) =2 Rhom(A, C) x Rhom(Z[(;], C);
(iii) for all a,p € A C A" we have (o, B)ar = o(k){c, BYa, where ( , )ar and { , )Y are the
inner products of Example for A" and A, respectively.

Proof. Part (i) holds since Ay = Ag ®q Q(Ck) is a separable algebra over Q (since Ag and Q(Cx)
are). Part (ii) is immediate. Part (iii) follows from (ii) since #Rhom(Z[(x],C) = ¢(k), so each
element of Rhom(A, C) has ¢(k) extensions to A’. O

Proposition 5.8. Suppose A is a reduced order, T' is an abelian group, (By)yer is a I'-grading of
A, and ( , ) is the inner product of Example[3.3. Suppose v,0 € T and v # 6. Then (B, Bs) = 0.

Proof. The conclusion is clear if B, = 0 or Bs = 0. Thus, we can (and do) replace I by the subgroup
(y € T': By # 0), which is finite by Lemma [B.5(i).

Let k denote the exponent of the group I' and embed A in A" = A[] = @, B, where
B! = B, @z Z[(x]. It suffices to show (B, Bs)ar = 0. Let o € B, and 3 € Bj. Choose x € % such

that x(y) # x(d). Since x acts on A’ by a ring automorphism (Lemma [2Z8]) we have
(o, BYar = (x * (@), x * (B)) ar = (x(7)e, x(8)B) ar = (e, x(7) " x(6)B) -

Thus,

(5.8.1) (B, (1= x(7)"'x(6) B} ar = 0.

We have x(v)71x(8) € (k) ~ {1}. Thus, 1 — x(v)"*x(8) divides Hi:ll(l — () =k in Z[¢]. By
(B30 we now have 0 = (B!, kBj)ar = k(B/, Bj)a. Thus, (B!, B)ar = 0. O
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Proposition 5.9. Suppose A is an order, I is an abelian group, and (By)yer is a I'-grading of A.
Then Id(A) = 1d(B1), and A is connected if and only if By is connected.

Proof. The inclusion Id(B) C Id(A) is clear. For the reverse inclusion, take e = (e)~er € Id(4).
We first assume A is reduced. By Lemma [2.1(i) we have (1 —e), = —ey if y# 1, and (1 —e); =
1 — e;. By Lemma [5.4] and Proposition we have

0= <€, 1- 6> = Z<6V7 (1- e)v> =(e1,1—e1) — Z<6V76’Y> < <6171 - €1>,
yel y#£1
so (e1,1 —eq) is a decomposition of 1. Now Proposition 5.5 and Lemma G54 give (e1,1 —e1) =0 so
0=>",1(ey,€y), and all e, with 7 # 1 are 0. Hence e € By.

For the general case, the natural maps Id(A) — 1d(A4/+/04) and 1d(B;) — 1d(B1//0p,) are
bijections (this follows, for example, from Theorem 1.5 of [I]). By the reduced case, the natural
map 1d(B1/+/0p,) — Id(A/+/04) is a bijection. It follows that the inclusion Id(B;) < Id(A) is a
bijection. In particular, A is connected if and only if By is connected. O

6. ROOTS OF UNITY IN GRADED ORDERS

Lemma 6.1. If A is a reduced order, I" is an abelian group, (By)~er is a I'-grading of A, and oo € A
is indecomposable, then there exists 6 € I' such that o € Bs.

Proof. Pick 6 € T’ with as # 0. Then a = as+(a— ), and we have as € Bs and a—a; € @7# B,,
so (as, a0 — ag) = 0 by Proposition 5.8 Since (as, @ — a5) cannot be a non-trivial decomposition of
the indecomposable element «, we have a — a5 = 0 as desired. 0

Proposition 6.2. If A is an order, I' is an abelian group, (B)yer is a I'-grading of A, and B is
connected, then pi(A) C U, cr By

Proof. Proposition [5.9] shows that A is connected. Take { = (¢y)~er € p(4).

First suppose A is reduced. Then 1 is indecomposable in A by Corollary The map x — (z
is a lattice automorphism of A. Hence ( is also indecomposable in A. By Lemma [6.1] there exists
0 € I such that ( € By, as desired.

For the general case, applying Proposition to E = Ag shows that (, € Ep for all v € I
Also, ¢ mod 04 € A/\04 = @, cr By/(v04 N B,) is a root of unity, so by the reduced case
there is a unique 6 € T' such that (¢ mod +/04)s is a root of unity and for all v # & we have
0 = (¢ mod \/04) = ¢y mod (/04 N B,). Thus for all v # § we have ¢y € /0 N Egp = {0}. O

7. UNIVERSAL GRADINGS—LEMMAS AND EXAMPLES

The results in this section follow in a straightforward way from the definitions, and are left as
exercises.

Lemma 7.1. Suppose A is a ring and I is an abelian group.

(i) Suppose B = (By)yer is al'-grading of A, suppose A is an abelian group, suppose f : T' — A
is a group homomorphism, and let f.(B) = (3_, ¢ ¢-1(5) By)sea. Then f.(B) is a A-grading
of A.

(ii) The map T — {T'-gradings of A} is a covariant functor from the category of abelian groups
to the category of sets.

An abelian group H is called indecomposable if H # 1 and whenever H = Hy, & H> with abelian
groups Hy and Hs then H; =1 or Hs = 1.

Lemma 7.2. Suppose A is a ring.
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(i) If (T'1, (By)yer,) and (T2, (C)yer,) are universal gradings of A, then there is a unique
group isomorphism o : 'y — T'a such that for all v € 'y we have By = Cy(4).

(i) If (T, (Ay)yer) is a universal grading of A, and (Cs)sea is a A-grading of A, then for each
0 € A for which Cs is an indecomposable abelian group there exists v € I' with Cs = A,.

Examples 7.3. We leave verifications of the below statements as an exercise. A hint is to use
Lemma [T2((ii).

(i) The cyclotomic field Q({g) has a Z/4Z-grading @?:0 Q- ¢ and a (Z/27 x 7./27)-grading
Q@ Qi ® Qv2 @ Qiv/2 and has no universal grading.

(ii) The field Q(3/2,(3) has three different Z/6Z-gradings in which all pieces have dimension
one over Q, and has no universal grading.

(iii) A Z/2Z-grading of Fye is F5s @ Fys - /2, a Z/3Z-grading of Fss is Fs2 @ Fs2 - (g @ Fs2 - (g2,
but Fss has no universal grading.

(iv) The ring Z[X]/(X?) = Z[e] has a universal grading by an infinite cyclic group I' = {c),
with Z[e]1 = Z, and Z[¢]. = Ze, and Zle], = 0 for all v € T' \ {1,c}. This also gives
a Z/nZ-grading on the ring for every n € Z~,. This non-reduced graded order has no
universal grading by a finite abelian group.

(v) If 0 # d € Z, then the Z/2Z-grading Z @ /dZ is the universal grading on Z[/d]. If A is an
order of rank 2 and odd discriminant, then the grading by the trivial group is the universal
grading on A. _

(vi) The ring Z[/2, (3] has a universal grading @?:0 Z[¢3]¥/2” by a cyclic group of order 3.

(vii) The ring Z[X,Y]/(X,Y)? = Z[e,n], with e = X mod (X,Y)? and =Y mod (X, Y)?, has
no universal grading. If I' is any group, and ¢ and tau are non-identity distinct elements
of I, then one grading is given by By = Z, B, = Ze, B; = Zn and another by B; = Z,
B, =7Z(e +n), Br = Z(e + 2n).

8. S-DECOMPOSITIONS OF LATTICES

We give a result on S-decompositions of lattices that we will use in §9 to prove Theorem [[LT1
If L is a lattice and S is a set, then an S-decomposition of L is a system (L;)ses of subgroups of
L such that:
(i) if s,t € S and s # t, then (Ls, L) = 0, and
(i) ZSES Ls=1L.
This implies that L = @, g Ls, in the sense that the map @, g Ls — L, (as)ses = D cg s 18
bijective.
An S-decomposition (Lg)ses of alattice L is universal if for every set T' and every T-decomposition
(My)ier of L, there is a unique map f : S — T such that for all ¢ € T' we have M; = Esef,l(t) L.

Theorem 8.1. Every lattice has a unique universal S-decomposition for some finite set S, and for
that universal S-decomposition all Ls are non-zero.

Theorem 8] is classical and due to Eichler, and can be easily proved using the proof of Theorem
6.4 on p. 27 of [5].

9. PROOF OF THEOREM [I.]]

We now prove Theorem [[.1l Since A is a reduced order, it has a lattice structure with
@y = > o@oly
oc€Rhom(A,C)

as in Example[3.3] By Theorem Bl the lattice A has a universal S-decomposition A = @, g Ls for
some finite set S, and each Ly is non-zero. Let I' be the abelian group with generating set S and
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relations s; - So = s3 whenever there are x € L, and y € L, such that when we write zy = ZSES Zs
with z; € Ly we have z5, # 0. This produces a group I' equipped with a map h: S — I, s — s,
and we obtain a I'-decomposition (B,)yer of A with By = > -1, Ls. If s1 € h=Y(v1) and

s3 € h™1(7y2) with 41,72 € T, then
Lo Ly, C Y, LuC > Ly=By,,.

u€ES,u=s153 u€h=1(v17v2)

Thus By, By, C By, ~,, so the I'-decomposition B = (B,)er is a I'-grading.

Since each L, is non-zero, we have that B, # 0 for all v € h(S),soT' D (y € ' : B, #0) D
(h(S)) D T. It now follows from Lemma B.5(i) that I' is finite.

To show the I'-grading B is universal, let C = (Cs)sca be a A-grading of A, with A an abelian
group. By Proposition .8, we have that C is a A-decomposition of the lattice A, so there is a
unique map g : S — A such that for all § € A we have Cs = Eseg,l(é) L. If s189 = u is one of the
relations for the group I', then for some = € Ly, C Cys,) and y € Ls, C Cy(s,) we have a product xy
with L,-coordinate non-zero, so with Cy,)-coordinate non-zero. But Cy(s,)Cy(sy) C Cy(sy)g(ss) SO
g(u) = g(s1)g(s2). So there is a unique group homomorphism f : I' — A such that f o h = g. This
implies that f,B = C, so the map f — f,B is surjective. To show it is injective, suppose f: ' — A
is a group homomorphism such that f,B = C. By the uniqueness of f we have foh = f o h. Since
' = (h(9)) it follows that f = f, so the map f — f,B is injective.
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