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A Concise Expression for Calcﬁlating Classical Radiation

Chunxi Wang*

Advanced Light Source
Lawrence Berkeley Laboratory

Berkeley, California 94720

Abstract

In this paper we present a very simple formula for calculating the classical electromag-
netic radiation of a mc;ving charge. It is shown to be generally equivalent to the often used =
and much more complicated formula derived from the Lienard-Wiechert potentials. This
formula will be of practical value in numerical calculations of the spectral output of acceler-
ated charges. The advantages of this formula for analytical and numerical applications are

discussed and the bending magnet synchrotron radiation spectrum is calculated.

PACS numbers: 41.60A, 41.60, 03.50D
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1 Introduction

The desire to use the electromagnetic radiation of moving charges has led to the construc-

tion of many synchrotron radiation light sou‘rces[1 2. To utiiize effectively this fadiation_
one must be able to calculate its characteristics in detail(®-8], especially in synchrotron ra-

diation research, where specially deﬁgned magnetic structures are used to cont.rbl elect;,ron

motion!®1=4l. The geometry of this kind of problem and the symbols used are shown in

Fig. 1. Ope of the basic properties of interest is the spectrum, defined by the energy radi-

ated into an unit frequency interval and >unit area or solid angle. Equation;(l) and (2) are

used to calculate this spectrum. They are well known(!?] anél widely used in spite of their

complexity.
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Equation(1) is exact and Eq.(2) is a simplified form valid only for the infinitely far-field
- region. Equation(2) is the most widely used form because of its simplicity. However, in this

paper we present the following expression:
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_where ¢ is the observer time and “ret” means n should be calculated at the retarded time
7. This form is much simpler than but generally equivalent to Eq.(1).

As a related exercise, we present a proof of a concise expression of the eiectric field qf a
moving charge that appeared in the Feynman lectures!!1]

e {n Rd n .ldQn} . @
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._ ~This form.is remarkable because the third term, which d&scribes the main radiation ﬁeld, is

. simply a second deriyative of the direction vector from the radiating charge to the observer. -
The formula Eq.(3), which has not been described in the literature, can be derived from

Feynman’s expression. In section 2, we show that Eq.(4) is identical to the more complicated,

but widely used expréesion:[“’:| | |

__e mx[m-p)x4] n-p

E= 47r60{ (1—n-B)3Rc + v%3(1—n- B)3R? }ret- (5)

In section 3 wé derive Eq.(3) and discuss its validity and potential advantages in analytical
and npﬁericd calculations. Finally, in section 4, Eq.(3) is used/ to calculate the well-known
' synchrotroﬁ radiation spectrum from a bending magnet(1912], | |

A brief historical reviewuof Eq.(4) may be interesting. Though rarely used, Ii: was first
obtained by Heaviside in 1902 and rediscoveréd by Feynman in 1950. A proof of Eq.(4)

directly from the four-vector potential of electromagnetic field was given in Ref. 13.

2 The Heaviside-Feynman expression of electric field
of moving charge

Here we begin with Eq.(4) from Feynman and show that it is equivalent to Eq.(5). For

'

[]

Ino; In this section.

brevity, we drop the constant factor

" The relationship between the observer’s time t and the particle time 7 is:

t=7+ R(7)/c. (6)
Differentiating this equation we get:

dt o

F=1-nB8 | @)

Since 1 —n- B is always positive, Eq.(7) guarantes there is an one-to-one mapping between

t and 7. Thus we can change between them whenever necessary. From the definition of n



and Eq.(7) we find that:
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 Using this equation, the first two terms of Eq.(4) can be changed into:

nl-n-8 Rdr,dnl 2ndR
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= 722(1—_1-57ﬂ—)[n><(nxﬂ)+vn(l+n-ﬁ)] 9)

The third term in Eq(4) may be expressed in particle time 7 as:

1dn _lir._‘i[lﬂ_d_'_‘]_l 1 __dmx (n x B)
c2dt2  cdtdricdtdr’ c(1-n-B)dr*(1—-n-B)R

] (10)

Calculating this derivative is tedious. It is accomplished by using the vector identity
A x(BxC)= (A -C)B - (A -B)C repeatedly, by differentiating term-by-term, and by

collecting all 3 terms together. Via this process we obtain:

dnxnxf) _nx[m-g)xf], 1
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(11)
The term n - 8 in Eq.(11) can be calculated by using Eq.(8)vas:v
-Ba.B =[mxp) xn]-A
 =@mxpp 2

=62~ (. B’
With these relations we can finish the differentiation in Eq.(11) and obtain:

dnx@xf)_nx[@-pxf_c@xp nx@xp
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Thus, the third term in Eq.(4) is:
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Combining Eq.(9) and Eq.(14), and using Eq.(12), we obtain the relationship:

n +Rd_£.+_l_d2n_nx[(n—ﬁ)'xﬂ]" n-3
R2TcdtR? " 2 di? ° (1-n-BP®Rc  7(1-n-B)°R?

which shows that Feynman’s expression, Eq.(4), is exactly equal to the genéljally used ex-I
: pression, Eq.(5). Feynman interestingly interpreted the first two terms of Eq.(4) as the static
Coulomb field and the first-order correction to it. The third term gives the radiation field. :
Though rema.rkabiy simple, it is difficult to interpret. In the next section we will present a

simple but important application of the Heaviside-Feynman expression.

3 New Radiation Spectrum Calculation Formula

‘The primary goaj of most radiation calculations is to obtain the energy spectrum. It is well
known that the spectral distribution of the total energy radiated into an unit area and unit

frequency range By a moving charge is given by:

+oo R
/ E e*tdt
-0

The traditional way to calculate the spectral distribution is to use Eq.(5), with 7 as f.he

2

dzr €oC
dwdA ~ (16)

variable, which leads to Eq.(1), the classic éxpr&ion used for radiation ca.l.culations.. How-
ever, Eq(l) is rather complicatéd in form. Thus, fhe simpler form, Eq.(2), which is basedr
ona far-field approximation, .is widely used. Both Eq.(1) and (2) are based on Eq.(5). The
vexpression in Eq(4) can also be used for the electric field in Eq.(16). So a new way to do

this is to use Eq.(4) and the observer time ¢ as the independent variable, that is:

2.

o2
A S Jetdt| . (17)

o e’c /+°° n Rdn 1d?n
dwdA ~ 4meg 4n2

Etiamtaaw
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To show that the first two terms in Eq. (‘-1 7) are negligible, we first use Eq.(8),(9) and the

derivative.theorem of the.Fouriier transform:{14]

+ 00 +o0 . .
/ d’n e*tdt = (—iw)™ / netdt . (18).

-0 dtm ) -—00
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to obtain two different expressions for the integration part of Eq.(17):

+00 ,'
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= [ {m[n x (nx B)+n(l+n-B)] - —n}e“"‘dt (19b)

From Eq.(19a), if R > A= ¢/w, we can omit the first term because it has the same direction
as the third term and has a negligible magnitude. Similarly, from Eq.(19b), we see that the

second term will be negligible also if the ratio of the second term to the third term,A

PRl oy s a2 ey

is small, which is true when R > 29\ From these arguments we conclude that if the

observation distance satisfies the condition:- -

R> ), (21)
then the first two terms in Eq.(17) are negligible. The third term is ,5 complete second
derivative of the vector n, according to Eq.(18), we obtain the rather simple form[l 5}, Eq.(3).

As a preliminary check of Eq.(3), we integrate it over frequency and get: |

dI e - -
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whicil is the expected result, the electromagnetic flux density integrated over time. Ref. 8
gives humericalr verification of Eq.(3) va.nd thé related integraﬁon boundary problem con-
cerned in numerical applications. |
It is obvious.t\hat Eq.(21) is satisﬁed in most practical applications. Thus Eq.(3) is
as good as the classic expression Eq.(1) in general. However, Eq.(3) is even simpler t;ha.n
Eq.(2), which is only valid for infinitely-far-field case. Moreover, the physical méaning of
the dil.-ection vector n is quiet clear and, according to Eq.(3), the radiation spectrum is just
the Fourier transform of n. So, we can obtain a great deal of insight into the properties of
radia_tion from knowledge of the Fourier transform and the p;rticle trajectory. ForI ekample,
in an undulator, electrons undulate. periodically aléng a straight orbitl¥. According to
Eq.(3), it is evident that the radiation> will be linearly polarized if the electron moves in
a plane and elliptically polarized if the electron moves in a spiral. Moreover, from the
prpperties of the Fourier transform wé know that the spectrum ;vill consist of peaks having
the same width, which is inversely proportional to the nﬁnber of peroids of the device.
An i;nportant advantage of Eq.(3) for numerical calcﬁ]ations is that the spectrum can be -
-v calculated efficiently with the fast Fourier transform{!4). Another advantage is that Eq.(3) is
applicable to the near-field casel5:6), where numerical methods are usually necessary because
~ of the mathematical complexity. In addition, only the trajectory n is needed in Eq.(3) instead
of n, Bv, B in Eq.(1), so the requirement for storage of velocity arﬂld a.cceleratic;n is removed
" when using Eq.(3) to calculate spectrum. Therefore, we believe that the new expression has
fundamental importance for efficient radiation spectrum calculation algorithms. A detailed_
discussion of the’numerica.l aspects of the new expression and its abplica,tion in insertion
device synchrotron rédiation calcglat,ions appears inv the Ref. 8. As an illustration of the
method we will obtain the well »known bending magnet synchrotron radiation spectrumv in

the next section using Eq.(3).



4 Bending Magnet Synchrotron Radiation Spectrum

The synchrotron radiation from a bending magnet is produced by a charged particle m0\‘ring
along a circular trajectqry under the influence of an uniform maghetic field. We use the -
Cartesia.r; coordinate system shown in Fig. 2 .and assume that the charge mov‘es in the z-z
plane with a traject.ory radius Rg and a circular frequency wo‘. So we can write the trajéctory

as: , . ’ /

z = Ro(coswor —1)

< y=0 ) . (23)

z = Rgsinwot

{ B =woRofc=1.

If the observer is located at (0, r8,r), we can write the direction vector as:

1

n= m( Ro(1 — oosw.or), ré, r — RgsinwoT), ' (24)

where the distance between the observer and charge is:

R(r) = \/1_:9_2{(7'— RoSinQoT)2+(2RoSinggI 2_(Rosinwor)2}

1+ 62 Vi+62 1462
Rosinwot Rowor
— J1+82(r— ‘
= 1+0(r. 170 )+ - ). | (25)

Because woT <<Vl and Rp < r, the higher order terms can be omitted. Therefore, to t.her

lowest order of wot, Eq.(24) can be written as:
n= (—}?%(wof)z, 0+ %Gwor, 1). (26)

To get the function 7(¢) used in Eq.(3), we have to solve Eq (6). Usually it is difficult
to derive an analytical function for r(t). This is the main factor limiting the use of Eq.(3)
in analytical calculations. However, in the present case we are able to get a sufﬁciently

accurate solution. Using the above expression for R(r) and dropping the constant term we



get:
t = 77— ?(1 -_+-02)"1/.2 sin(woT)
= Gl + (0PI + g wor)® + of(wur)), (2)

where the last identity of Eq.(23) is used. As previous derivations{1%), we just keep up to

the third order term of wqr,

(wor)® +37™2[L + (16)Jwor — 6wot = 0 R (28)
yielding: |
wor = Y1+ @O R(VE +1+0)d - (VP +1-n))
n = 3wer’[l+ (073t - (29)
| Dgﬁning |
we = 295w, | (50)
€ = 2[1+(19)%8,

. / . -
we have wt = £n. Using Eqs.(30), (23), Eq.(26) and Eq.(29), and dropping. constant terms,
Eq.(3) becomes: |

d21 ah

dwdQ ~ an? 05[ (5 (wom)?, wor) <7y (31)

The x compo'nént in the absolute square is:
| —€— (°~’07’)2 e1dn
- —57—2[1+(+e)21 /”[(\/r??l )b = (FFT - cosgndn (32)
= Zyli+ oo 3¢. 2 = £Ka(€) | |

= 2(——)2[1+(7o)2121<2(£) @



Similarily, the y component is:

w +e0 .
—£0 woT e¥dp
wWo —00

= Zoy ' VT¥ GO /0 (VEFT+mb — (VEFT-n)]singndn (34)
= -iﬁivwmjfﬁ(ﬂ
and _
£I, _ 3ah
dwdQ = 4n2

7601+ (611K ©) 69
We see that the y compor;ent of the electric field is retarded in phase byr7r/2 relative to the
x component when 6 > 0, i.e. above the orbit plane. Eqs.(33) and (35) are the samé as
the standard results. Detail calculation of the Fourier transform in Eq.(32) and Eq.(34) are

shown in the Appendix.

-5 Summary and Conclusions

In this paper we developed a new method of calculating the classical radiation of moving
charges. It is a clearer §nd concise relationship léetwéen radiation properties and the trajec-
tory of the radiating charge. The new approach may not make analytical calculations easier
because of the difficulty to get an analytical function 7(t). But, it does simplify numerical

calculations significantly when the FFT is applicable.
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Appendix
To calculate the Fourier transforms in Eq.(32) and Eq.(34), we introduce fwo symbdls:

'l; = \/Y?TT +n - , : (36)
and notice that nyn_ =l and ny +n. = 2\/7_)"’4-_1. The Fourier transform in Eq.(32) is:

/0 ~ (n} = nt)?coséndn | | - (7)

/0 (1} +n2 — 2) coséndn

_ /°° (n} + n)(ns + )
0 2\/17 +1

1 1
_ n+ + 17_ ng+n
- / (\/rf +1 2\/n2 + 1)°°s£’7d'7_ 2mé()

= oosé- [K.g—l - Kan (&)} —276()

cosEndn — 2mé(€)

21 ' : :
= -\/—ggKg(E)—%r&(EL | (38)

(39)

where the identities(16:17]

/oo (\/32+ﬂ2+z)v+(v22+ﬂ2_3)vm.azdz=2ﬁuc%i27£Ku(aﬁ)a ' (40)
0

VaZ+ 2
Ku—l(&) - KV+1 (E) => %Ky(g)) | | (41) '
K—V(E) = Ku(é)7 - (42)

/
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are used. Similarly, the Fourier transform in Eq.(34) is found with the identityt¢]

/0°° (V=2 + B + f/)zz—.,.(w\/zz + 2 —z)¥ sin oz dz = 28" sin ‘_’2IKV(ag). (43)
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Fig.1 R\eference frame and symbols used in analysis
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