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ABSTRACT OF THE DISSERTATION

The Wiles Defect for Principal Series Deformation Rings

by

Ethan Alwaise
Doctor of Philosophy in Mathematics

University of California, Los Angeles, 2023
Professor Chandrashekhar Khare, Chair

Wiles’ proof of Fermat’s last theorem boils down to proving the existence of a ring
isomorphism R — T, where R is a Galois deformation ring and 7" is a Hecke algebra acting
on a space of cusp forms. This relies on a numerical criterion for such a map to be an
isomorphism of complete intersections.

In [3] and [4], the authors study contexts where R and 7" are not complete intersections,
thus the Wiles numerical criterion cannot hold. They quantify the failure of the numerical
criterion by computing the associated Wiles defect in terms of the local behavior of a
global Galois representation p; associated to a modular form f. We use the methods of [4]
to compute the Wiles defect in the case where we demand that the given modular

representation p is of principal series type at a fixed set of primes.
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Chapter 1

Introduction

Fermat’s last theorem states that if n > 3 is an integer and a, b, ¢ € Z are integers which are

a solution to the Fermat equation of degree n
a" + 0" =c",

then at least one of a, b, ¢ is equal to 0. Although Pierre de Fermat originally stated his last
theorem in the margin of a copy of Arithmetica around 1637, he did not provide proof, and
it is widely agreed that he never found a proof. After over three centuries of effort by a
number of mathematicians, Andrew Wiles proved Fermat’s last theorem in [42] by showing
that all semistable elliptic curves over Q are modular. Wiles’ original proof in fact contained
a gap, but with the help of his graduate student Richard Taylor, Wiles was able to remedy
this gap in [38].

Today the more general modularity theorem is known, which guarantees that every elliptic
curve F/Q is modular [5], meaning that for some integer N > 1, there exists a surjective
morphism (defined over Q) of algebriac curves Xo(N) — E, where Xy(V) is the modular
curve obtained by compactifying the quotient of the upper half-plane in C by the action of

the congruence subgroup I'o(/V) C SLy(Z). The modularity theorem was first conjectured in



an imprecise form by Yutaka Taniyama at the 1955 international symposium on algebraic
number theory in Tokyo and Nikko. Goro Shimura and Taniyama collaborated until 1957
to improve the rigor of the conjecture. André Weil further built upon the conjecture [41],
adding the stipulation that the integer N could be taken to be the conductor of F. At the
time of Wiles’ proof, the Taniyama-Shimura-Weil conjecture was considered out of reach.

A priori, there is no obvious relationship between Fermat’s last theorem and the theory
of elliptic curves. In 1975, Yves Hellegouarch introduced in [18] the idea of associating a
solution (a,b,c) € Z* to the Fermat equation of prime degree ¢ to the elliptic curve E/Q
defined by the equation

y? =z — aé)(:ﬁ + be).

In 1986, Gerhard Frey, iterating upon this idea, had the insight that the above curve could
link Fermat’s last theorem to the Shimura-Taniyama-Weil conjeture [12]. More specifically,
Frey observed that F is semistable (i.e. the conductor of E is square-free), and the number
field obtained by adjoining the ¢-torsion points of £ to Q is ramified only at 2 and ¢. Frey
suggested that the exotic properties of the elliptic curve E would lead to a contradiction
if £ were known to be modular. The above curve is known as a Frey curve due to Frey’s
contribution.

In 1987, Serre studied mod ¢ Galois representations Gal(Q/Q) — GLy(FF,) for primes
¢ > 3 [35]. In particular, he was able to procure a precise list of properties of the mod
{ representation pg,: Gal(Q/Q) — GLa(F,) (where E is a Frey curve) which would lead
to the contradiction imagined by Frey. More precisely, the representation pg, should be
irreducible, unramified outside 2 and ¢, finite flat at ¢, and the image of inertia at 2 should
have order /. Serre predicted that pp , should arise from a cusp form of level 2 and weight 2
on I'y(2). Such forms do not exist, however, as they correspond to holomorphic differentials
of the modular curve X((2), which has genus 0. Obtaining this contradiction, however,

requires a result that one can “lower the level” of a newform f € I'4(¢/N) (where N > 1is an



integer and ¢ is a prime not dividing N) to a newform g € I'g(N) such that the associated
Galois representations p, and p, are equivalent modulo £. Serre left this level-lowering result

(13

as a conjecture, which came to be known as the “e-conjecture”. In 1990, Ribet proved
the e-conjecture [32], thus putting the connection between Fermat’s last theorem and the
Taniyama-Shimura-Weil conjecture on solid ground and setting the stage for Wiles’ 1995
proof.

Given an elliptic curve E/Q, for each prime p one obtains a 2-dimensional p-adic rep-
resentation pp,: Gal(Q/Q) — GLy(Q,) from the action of Gal(Q/Q) on the Tate module
T,(E) = Jm Elp"] (with a choice of basis). A priori, the modularity of E means that pg,,
is modular (i.e. is equivalent up to semisimplification to the p-adic representation attached
to a newform) for all primes p. However, using Faltings’ isogeny theorem, one can show that
the modularity of E is equivalent to the modularity of pg, for a single prime p. Wiles’ proof
relies on choosing a prime p such that py , (the reduction of pg, modulo p) is modular, and
showing that under certain conditions, this implies that pg, itself is modular.

Wiles’ approach is to reframe the problem in a more general context. Let p be a prime
and let O be the ring of integers in some finite extension of Q, with uniformizer w and
residue field k. Suppose p: Gal(Q/Q) — GLy(k) is a continuous, absolutely irreducible
Galois representation which is modular. Rather than studying a specific lift of p, one wishes
to consider lifts of p to rings in CNLp, the category of complete Noetherian local O-algebras
with residue field k. Given a finite set of primes X, one can consider the deformation functor
D,: CNLp — Set which sends a ring R € CNLo to all lifts p: Gal(Q/Q) — GLy(R) which
reduce to p modulo the maximal ideal of R (up to an equivalence relation) and are of “type
¥” (meaning unramified outside ¥ U S, where S is the set of primes at which p is ramified).
An equivalence class of lifts is called a deformation of p. Work of Mazur [29] shows that D is
representable. The representating object Ry is called the universal deformation ring of p and

satisfies the universal property that there exists a universal deformation px: Gal(Q/Q) —

GLy(Ryx) such that if p: Gal(Q/Q) — GLy(R) is any deformation of 5 with R € CNLo,



then p factors through py via a unique morphism Ry — R.

Rather than show that a specific deformation of p is modular, as is the goal, Wiles shows
that in fact all deformations of p are. To this end, Wiles constructs a universal “modular”
deformation ring Ty, € CNLp which parameterizes modular deformations of p of type X.
The ring Ty, is a Hecke algebra acting on a suitable space of cusp forms, localized at a
maximal ideal corresponding to a cusp form f such that p, = p (recall that p is assumed
to be modular). Wiles then constructs a deformation psmeq: Gal(Q/Q) — GLy(Ty) of
type X. If g is some other cusp form such that p, = p, then g induces an augmentation
Ty — O via which p, factors through psmeq. In this sense the ring Ty parameterizes
modular deformations of p. The universal property of Ry then induces a unique morphism
¢: Ry — Tyx. The task of showing that all deformations of p are modular thus becomes
equivalent to showing that ¢ is an isomorphism. Such a result is often referred to as a
“R="T" theorem.

One easily shows that ¢ is surjective, and thus one only needs to show injectivity. Wiles
accomplishes this in the minimal level case (X = @) via an ingenius commutative algebra

argument. Given an augmentation A\: R — O for R € CNLp, one defines the invariants:

®p = ker A/ (ker \)?

Ur = O/A(Anng(ker \)).

The invariants ®, and W are called the cotangent space and congruence module, respectively.
The key to proving the R = T theorem is the Wiles numerical criterion. As it turns out, that
Ry, = Ty is intertwined with the fact that both rings are complete intersections. Suppose we
have surjective morphism ¢: R — T in CNLgp such that T is a finitely generated torsion-free
O-module and Uy # 0. Suppose further that there is an augmentation A\: T — O (which
defines an augmentation R — O via composition with ¢. Then the conditions that ¢ is an

isomorphism and R and 7" are complete intersections are together equivalent to the numerical



criterion |®g| = |U7|. In fact surjectivity alone implies that |®g| > [¥r|, so one only needs
O] < Wy,

The proof that Ry, = Ty proceeds by induction on the cardinality of . The minimal
level case (X = &) is proved via the Taylor- Wiles patching method. The remaining cases are
proved by bounding the growth of the cotangent space and congruence module as the size
of X is increased so as to show that the numerical criterion continues to hold. The Hecke
algebra Ty acts on a space of cusp forms My, hence Ry also acts on M. If one can show
that the action of Ry on My is free, then since this action factors through the surjective
map ¢: Ry — Ty, it follows that ¢ is an isomorphism.

One considers auxillary sets @ of Taylor-Wiles primes at which ramification is allowed.
For ¢ € @ let A, be the maximal p-power quotient of F and let Ag = [, A Local class
field theory gives an action of the group ring O[Ag] on R (and thus on Tg). Moreover,

there is a commutative diagram

RQ—>TQ

L

Ry —— Ty,

where all maps are surjective and the kernels of the vertical maps are agRg and agTq,
respectively, where ag is the augmentation ideal of O[Ag]. For each n > 1, one chooses
Taylor-Wiles sets @), with prescribed properties. One would like to take an “inverse limit”
over the above diagrams as n — oo, but a priori there are no obvious maps between the rings
for different choices of Taylor-Wiles sets. However, using a pigeonhole principle argument,
one can extract a subsequence of the @),, which gives a compatible system. This produces a
“patched” ring R, which is an algebra over a power series ring So, = Ol[y1, . . ., yq4]] for some
integer d. Similarly, one patches T(,-modules My, , which produces a patched R..-module
M. Critically, Ry /aR. acts freely on M = M., /aM, = My, where a = (y1,...,Y4) C Seo-

Moreover, this action factors through a surjective map R../aR. — Rg, which gives that



Ry acts freely on My as desired.

Wiles” proof relied on the freeness of the action of the Hecke algebra T. In general,
freeness can be difficult to establish. However, Diamond and showed that in fact one only
needs that the action of T is faithful. In [23], Mark Kisin widely expanded the scope of
patching techniques by patching spaces of modular forms rather than Hecke algebras and
adopting the viewpoint that the global deformation ring R should be viewed as an algebra
over a completed tensor product of local deformation rings. The patching method is often
referred to as the Taylor-Wiles-Kisin patching method due to the significance of Kisin’s
contributions. The argument can be also be streamlined using the wultrapatching method
introduced by Peter Scholze [34], which replaces the role of the pigeonhole principle.

The work of Wiles inspired a large body of working focused on proving “modularity
lifting theorems”, which aim to prove the modularity of certain lifts of a starting residual
representation p. Serre conjectured [35] that any absolutely irreducible odd representation
p: Gal(Q/Q) — GLy(k) over a finite field k should arise from a eigenform of specified weight
and level. In 2006, Chandrashekhar Khare proved Serre’s conjecture in the level 1 case [21],
and in 2011 he and Jean-Pierre Wintenberger proved the general level N case [22]. Very
recently, Ana Caraiani and James Newton proved the modularity of all elliptic curves over
infinitely many imaginary quadratic fields [7].

In [3], Boeckle, Khare, and Manning investigate Hecke algebras T' which act on the coho-
mology of Shimura curves arising from maximal orders in indefinite quaternion algebras over
Q. They consider a newform f contributing to cohomology of a Shimura curve, which gives
an augmentation A\: T"— (. One obtains a surjective map R — T, where R is the universal
deformation ring which parameterizes deformations of p; which satisfy additional local con-
ditions (namely, deformations which are Steinberg at a fixed set of primes). In this context,
the Taylor-Wiles-Kisin patching method still gives that R — T" is an isomorphism, but the
rings are not complete intersections and the Wiles numerical criterion cannot hold. This

leads the authors to define the Wiles defect to be the quotient d5(R) = 0(T') = |Pg|/| V1|,



which measures the degree to which the rings R and T fail to be complete intersections. The
authors prove a theorem which gives a formula for the Wiles defect in terms of the behavior
of the local behavior of the representation py at the primes at which the Steinberg condition
is imposed.

In [4], Boeckle, Khare, and Manning significantly generalize the results of [3] and give
a proof which shows a priori that the global Wiles defect d)(R) is a sum of local Wiles
defects. In an unpublished work [40], Akshay Venkatesh showed that when the ring R is of
dimension 1, the Wiles defect §,(R) is given in terms of two invariants. The authors of [4]
extend the definition of the Wiles defect to rings to higher dimensional rings by quotienting
by regular sequences to reduce to the 1-dimensional case. In this work, we use the methods
of [4] to compute the Wiles defect of a deformation ring R which parameterizes principal
series deformations of a modular residual representation p. As in [4], we use the Taylor-
Wiles-Kisin patching method to prove a R = T' theorem which allows us to show that the
global Wiles defect 0)(R) = 6,(7") is a sum of local Wiles defects. As in the Steinberg case,
we find a formula for the local Wiles defect in terms of the local behavior of a representation
p (arising from an augmetation R — 7" — O) at a set of places 3P at which the principal

series condition is imposed. More precisely, we show that the Wiles defect is given by

Ty

OA(R) = 0\(T) = —,

VEXPS

where e is the ramification index of E/Q,, and for each v € ¥P*, n, is the greatest nonnegative

integer such that p (mod w@w™™) is scalar.

1.1 Structure of the thesis

This thesis is organized as follows: in Chapter 2, we recall some background information

about deformations of Galois representations and the representability of deformation func-



tors, and we define the specific deformation rings we will consider in this work. In Chapter 3,
we, as in [4], define the Wiles defect for rings not necessarily of dimension 1 and record some
basic properties of the Wiles defect. In Chapter 4, we compute the Wiles defect of a lo-
cal deformation ring corresponding to the principal series inertial type at an augmentation
arising from a Hilbert modular form of parallel weight 2. In Chapter 5, we use the Taylor-
Wiles-Kisin patching method to prove a R = T theorem, where R is a global deformation
ring parameterizing principal series deformations of a modular residual representation p, and
T is a Hecke algebra acting on a cohomology group. As a consequence, we deduce that the

Wiles defect of R and T is a sum of the local defects computed in Chapter 4.

1.2 Notation

Here we fix some notation which we will use throughout this work. We will frequently remind
the reader of much of this notation.

For a field L, we let G, = Gal(L/L) for some fixed separable closure L of L. We denote
by F our base field, which will be a totally real number field, and fix an algebraic closure F'
of F. For a place v of F, we let F, be the completion of F at v with F, a fixed algebraic
closure of F,, and we let k, be the residue field of F,, with ¢, = |k,|. We fix embeddings
F — F,, which determines embeddings G, — Gr. We let Pp, C Iz, be the wild inertia
and inertia subgroups of G, , respectively. We let ¢,, ¢, be generators of the tame quotient
G, = Gp,/Pp,, where ¢, is a lift of Frobenius (Frob,) and ¢, is a topological generator of
I,/ Pr, satisfying ¢t ¢ = 19v.

We fix an odd prime p, and we let @p be a fixed algebraic closure of Q,. We let E be a
finite extension of QQ, with ring of integers O, uniformizer w, and residue field £&. We denote
by X, the set of places of F' above p.

We define CNLp to be the category of complete Noetherian local O-algebras R with

maximal ideal mp and a fixed isomorphism R/mgr — k. For a ring R € CNLp, by an



augmentation A of R we mean a surjective O-algebra homomorphism A: R — O.

We let €,: Gr — Z, be the p-adic cyclotomic character. By abuse of notation, we also
write €, to mean any character obtained by composing ¢, with G, — GF on the left or
Z, — R* on the right, where v is a place of F' and Z; — R* is a map induced by a

morphism Z, — R in CNLgz,.



Chapter 2

Galois deformation rings

In this chapter we recall the notion of a deformation functor of a residual Galois represen-
tation and show that under certain conditions, these functors are representable by objects
which we call Galois deformation rings. We fix an odd prime p and a finite extension E/Q,

with ring of integers O, uniformizer w, and residue field k.

2.1 Deformation functors

In this section we recall the notion of a deformation functor which sends a ring R to the set
of lifts of a fixed residual representation p to R (sometimes up to equivalency). This material
can also be found in [17].

Fix a profinite group G (which in cases of interest to us will always be the Galois group

of some extension of Q or Q,). We fix a continuous representation

Let CNLp be the category of complete Noetherian local O-algebras R with maximal ideal
mp and residue field R/mgr = k. Technically speaking, objects in CNLep are pairs (R, tg)

where R is a complete Noetherian local O-algebra and tg: R/mgr — k is a fixed O-algebra

10



isomorphism. Morphisms in CNLp are then continuous local O-algebra homomorphisms
f: R — S such that g o (f (mod mg)) = tg. We will usually simply identify the object
(R, tr) with the ring R.
Given a ring R € CNLp, a lift of p to R is a continuous representation p: G — GLy(R)
such that p (mod mg) = p, i.e. the diagram
G —— GLy(R)
x lLROﬂR (2.1)
GLy (k)

commutes, where mg: R — R/mpg is the projection. We define the framed deformation
functor

D;: CNLo — Set

by DF(R) = {lifts of  to R}.

We need another deformation functor which only considers lifts of p up to a conjugacy
relation. We say that two lifts py, po: G — GLa(R) of p to R are strictly equivalent if there
exists some 7y € ker(GLy(R) — GLy(k)) such that p, = v~ !p;y. Note that if p: G — GLy(R)
is a lift, then for any v € ker(GLy(R) — GLy(k)), the diagram (2.1) still commutes when p
is replaced by v~ !py, i.e. v lpv is a lift. We call an equivalence class of lifts a deformation

of p to R. We then define the unframed deformation functor
D5: CNLp — Set

by D;(R) = {deformations of p to R}. Note that if f: R — S is a morphism in CNLp,
then for any v € ker(GLy(R) = GLa(k)) we have f(v) € ker(GLy(S) = GLa(k)), so D5 is
well-defined on morphisms.

The deformation functors DﬁD and Dj satisfy the following continuity property

Proposition 2.1.1. Let D be either of the functors DﬁD or D5. Then for any R € CNLp we

11



have

D(R) = lim D(R/m},).

Proof. Since R is complete, we have
@GLQ(R/m%) = GLy(R).
It follows that we have a canonical bijection
DY(R) — lim DY(R/m3)

given by sending a lift p: G — GLy(R) to the compatible sequence of lifts (p (mod m})).
This establishes the proposition for D = DﬁD.

To establish the proposition for D = Dy, let I',, = ker(GLy(R/m%,) = GLo(k)) for n > 1
and I' = ker(GLy(R) — GLa(k)). If p: G — GLy(R) is a lift and v € T', each of the
lifts p (mod m%) is equivalent to v~ 'py (mod m%) by v (mod m%). Therefore we have a
well-defined map

Dy(R) - lim Dy(R/m).

If p1,p2: G — GLo(R) are lifts such that p; (mod ml) and p (mod ml) are strictly
equivalent for all n, then we can inductively choose v, € I';, such that 7,41 = v, (mod m%)
and p; (mod m%) and py (mod mp) are equivalent by ~,. Since I' = fm T, we see that
() defines an element v € T such that p; and py are equivalent by «. This proves injectivity.

Suppose (p,: G — GLa(R/m%,)) is a compatible sequence of deformations. Note that the
equivalence class p; contains only p. Assume by induction that for 1 < ¢ < m we have lifts
ri: G — GLg(R/mY;) such that 7,41 = r, (mod m%) and r; is a representative of the strict

equivalence class p;. Let 7/,.,: G — GLyo(R/mz"") be any lift representing p,41. Since

12



(pn: G — GLo(R/m})) is a compatible sequence, there exists 7, € I',, such that

V;Ll(r;nﬂ (mod M%)V = T

Choose a lift Y11 € Tyng1 of Y and let rpp1 = Y5170 1Yt 50 that 7 = 7, (mod mi).
By induction there exists a compatible sequence of lifts (r,: G — GLa(R/m})) such that
rn represents p,. The induced lift 7: G — GLy(R) satisfies r (mod m}) = r,, so the
deformation p: G — GLg(R) represented by r maps to (p,: G — GLa(R/m%,)). This proves

surjectivity. |

2.2 Representability of deformation functors

In this section we show that the deformation functors DFD, D; defined in the previous section
are representable under certain conditions. Again this material can be found in [17].

Suppose the functor D = DﬁD, D; is representible by some object R; € CNLp, i.e. D =
Homent,, (Rp, -) naturally. Then the identity morphism on Rj; corresponds to a unique lift
(deformation) p: G — GLo(R) with the following universal property: given any A € CNLg
and a lift (deformation) p € D(A), there exists a unique morphism f: R; — A such that
p = fop. The lift (deformation) p is thus universal in the sense that all lifts (deformations)
of p factor uniquely through p, and so the ring R “parameterizes” all lifts (deformations) of
7.

Let ALp denote the full subcategory of CNLp whose objects are Artinian local O-
algebras. If R € CNLp, then R/m’}, € ALy for all n, so Proposition 2.1.1 tells us that
the deformation functors are determined by their values on ALy. This is crucial as showing
that our functors are representable requires checking their behavior on fiber products. Un-
fortunately, CNLy does not admit fiber products, as the fiber product of two rings in CNLg

is not necessarily Noetherian. However, the category ALy» does have fiber products.

13



Lemma 2.2.1. Fiber products exist in the category ALeo.

Proof. Suppose f: A — C,g: B — C are morphisms in ALp. We need to show that the
ring

AxecB={(a,b) e Ax B: f(a) =g(b)}

belongs to ALg.
Since f and g are O-algebra homomorphisms, the compositions O — A JyCand © =
B % C are both equal to the @-algebra structure map @ — C, so A X B is an O-algebra.
Consider the ideal

m = {(a,b) € Axc B: f(a) € mg}

in A x¢ B. If (a,b) € A X¢ B is not in m, then f(a) = g(b) is a unit in C, thus a and b
are units since f and g are local. Therefore A xc B is a local ring with maximal ideal m.
Moreover, projecting onto either coordinate and composing with C' — C'/m¢ = k yields an
injective map (A x¢ B)/m < k. Since A is an Artinian local ring, the map A - A/my =k
has a section k& — A and likewise for B. These sections induce a morphism £ — A x¢ B
such that the composition k — A xc B — (A x¢ B)/m < k is the identity, thus & is the
residue field of A x¢o B.
Since A is Artinian, i.e. a finite length A-module, there is a finite composition series

0=I,CLC - CI,=A

=

Then each quotient I,,,/I,, 1 is a simple A-module, which must be isomorphic to A/mg = k
since A is local. Then we see that I,,/1,,_1 = k as an O-module as well, hence I,,,/I,, 1 is
also a simple O-module. The above sequence is therefore a composition series for A as an
O-module, hence A has finite length as an O-module, and likewise for B. Then A x B is a
finite length O-module, hence so is A x¢ B C A x B. Therefore A x¢ B is a finite length

(A x¢ B)-module, i.e. A X B is Artinian. O

14



Suppose F: CNLp — Set is a functor which is continuous in the sense of Proposi-
tion 2.1.1. As we alluded to earlier, in the cases of interest to us, proving that F is
representable will involve examining its behavior on the subcategory ALp. Although the
restriction JF| AL, IMay not be representable, a slightly weaker condition will suffice. We say

that F\ALO is pro-representable if there exists an object R € CNLp such that

.F(A) = HomCNLO (R]:, A)

naturally for all A € ALp. Note that the continuity of F implies that F is represented by
Ry if F| ALo 18 pro-represented by Rz, and the converse is clear. Thus F is representable if
and only if F|,;  is pro-representable.

To state the criteria for F to be representable, we need to introduce a “tangent space”
construction for the functor F. Let k[e] = k[X]/(X?) be the ring of dual numbers, where
e =X (mod X)2 Assume that F(k) is a singleton. Since F is a functor, there is a natural
map

F(kle] xy kle]) = F(kle]) xrw) F(kle]) = F(kle]) x F(kle]), (2.2)

where the equality holds by the assumption that F(k) is a singleton. We assume that the
above map is a bijection. Note that if F is representable, then this assumption holds by the
universal property of the fiber product.

We want to use our assumption that (2.2) is a bijection to endow F(k[e]) with a natural k-
vector space structure. For scalar multiplication, note that if x € k, then a+be — a+xbe is an
automorphism of k[e] as an object in CNLp. By functoriality this induces an automorphism
of F(k[e]), which we define scalar multiplication by.

For addition, note that the map

a: kle] xy kle] — k[e]
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defined by a(a + be,a + de) = a + (b + d)e is a morphism in CNLp. We then define vector

addition by the map

F(a
F(K[e)) x F(K[E]) = F(kle] xx ble]) 72 F(le).
Proposition 2.2.2. The addition and multiplication operations defined above make F(k[e])

nto a k-vector space.

Proof. Addition and scalar multiplication are associative since F is a functor. The compo-

sition
kle] xi kle] —= kle] x k[e] —— Ek[¢]

where rev is the coordinate-reversing map is equal to «, so applying F shows that the
addition is commutative.

The composition
kle] —2— kle] x5 k[e] —2— k[e]

where A is the diagonal map is the identity on kle]. Then applying F and noting that
F(kle]) = F(kle]) x F(k) since F(k) is a singleton, we see that F(k) (which we can identify
with an element of F(k[e]) by applying F to k — k[e]) is the additive identity.

Let inv: kle] — k[e] be the map defined by a + be — a — be. Then the composition
k] xi kle] 225 kle] x4 kle] —2 K[e]

factors through & (and likewise if the first map is replaced by inv x id), which shows that
additive inverses exist. Namely, the map F(inv): F(k[e]) — F(k[e]) takes elements to their
additive inverses.

Given = € k, the automorphism a + be +— a + xbe of k[e] induces a coordinate-wise

automorphism of k[e] Xy, k[e] such that the compositions
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kle] X, kle] —— kle] x k[e] —— Ek[¢]

kle] x kle] —— k[e] —=— k[¢]
are the same, so applying F shows that scalar multiplication distributes over addition.
Finally, 1 € k clearly acts as the identity on F(k[¢]) by functoriality since the automor-

phism of k[e] defined by 1 is the identity. O
Remark 2.2.3. The k-vector space F(k[e]) is referred to as the tangent space of the functor
F because if F is represented by Rr € CNLg, then there is a natural bijection

Homy,(mg, /(M. @), k) = Homone, (R, Re])
of k-vector spaces. In the representability theorem we present below, the assumption that
F(kle]) is finite-dimensional is necessary to ensure the representing object is Noetherian.

We need one last bit of terminology to state the representability criteria. We say that
a morphism A — B in CNLy is small if it is surjective and its kernel is principal and
annihilated by my.

Let A — C and B — C be morphisms in ALp. Since F is a functor, we have a map
F(A xec B) = F(A) xr) F(B). (2.3)

We state four conditions (known as the “hull axioms”) regarding the properties of the above
map.
e H1: If B — C is small, then (2.3) is surjective.

e H2: If B = k[e] and C' = k, then (2.3) is bijective.

e H3: The k-vector space F(kl[e]) is finite-dimensional.
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e H4: If A= B and the maps A — C and B — C are identical and small, then (2.3) is

bijective.

The following theorem due to Schlessinger [33] is the tool we use to prove that our

deformation functors are representable:

Theorem 2.2.4. Let F: CNLp — Set and assume that F(k) is a singleton. If F satisfies

the hull axioms H1 through HY, then .7-"|ALO 1s pro-representable.

We will now check using the above theorem that our deformation functors D; and DﬁD
are representable under certain conditions. We check that the four hull axioms hold in a
series of lemmas as in [17]. In these proofs we use the notation I'(R) to denote the kernel of

GL2(R) — GLg(k) for a ring R € CNLp.
Lemma 2.2.5. The functor D%’ satisfies H1, H2, H}.

Proof. Let f: A— C and g: B — C be morphisms in ALp. Then the map
D5 (A xc¢ B) = D5 (A) xpg(c) D; (B)

sends a lift p: G — GLy(A x¢ B) = GLa(A) Xgrycy GL2(B) to (pa, pr), where ps and pp
are the compositions of p with the projections onto GLy(A) and GLy(B), respectively. But
note that p4 and pg determine p completely. The above map is thus injective. Conversely,
if (pa, p5) € DF(A) Xp0(0) DY (B), then this is to say that fops = gopp. Then p: G —
GLy(A x¢ B), p(g) = (palg), p(g)) is a well-defined lift in DJ(A x¢ B) which is sent to
(pa,pp) by the above map. This proves surjectivity. The above map is thus always a
bijection (without any additional hypotheses on the rings A, B, C' or the morphisms f,g),

which simultaneously shows that DFD satisfies H1, H2, H4. O

Lemma 2.2.6. The functor D5 satisfies H1.
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Proof. Let f: A — C and ¢g: B — C be morphisms in ALy with g small. Let (pa, pg) €
D3(A) xp,c) Dp(B). This is to say that if we choose lifts 74: G — GLy(A) and rp: G —

GL2(B) representing p4 and pp, then there exists some o € I'(C') such that

(gors) =1c'(fora)e.

Since ¢ is small, it is surjective, so I'(B) — I'(C) is surjective. Therefore there exists
vp € T'(B) with g(vg) = 7¢, s0 7: G — GLy(A x¢ B) defined by r(g) = (ra(9),75'758(9)V5)
indeed has image in GLy(A x¢ B). The strict equivalence class of r thus maps to (pa, pp)

under (2.3), which shows the desired surjectivity. O
Lemma 2.2.7. The functor D; satisfies H2.

Proof. The map kle] — k is small, so by Lemma 2.2.6 the map (2.3) with B = k[¢],C = k
is surjective. To prove injectivity, suppose p, p’ € D5(A Xy, kle]) are such that their images
(p1,02), (01, Py) € Ds(A) xp ) Dp(kle]) are equal. This is to say that if we choose lifts
r=(ry,m): G — GLa(A Xy k[e]) and " = (r],ry): G — GLa(A Xy k[e]) representing p and

o', then there exist 7, € I'(A) and v, € I'(k[e]) such that

/. —1 r -1
=7 T17, Ty =Yy T272.

Since v, and 2 both reduce to the identity in GLa(k), we have (71, 72) € GLa(A X kle]), so
r and r’ are strictly equivalent by (71,72). This shows that p = p/, which proves that (2.3)

is injective. [

We say that a profinite group G is p-finite if for every open compact subgroup H C
G, there exist only finitely many continuous homomorphisms H — I,. This condition is
necessary in order to ensure that our functors satisfy H3 (which is needed to guarantee that

the representing object is Noetherian).
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Lemma 2.2.8. If G is p-finite, then the functors DﬁD and D5 satisfiy HS.

Proof. Let p: G — GLay(k[e]) be a lift. Since p (mod €) = p, for all g € G we have

p(g) = p(g)(1+ M,)

for some M, € eMs(k). Moreover, for g, g» € G we have
Mg, g, = Mg, + My, + Mg, Mg,.

For g € G, write g = goh for h € ker p. Then the above relation shows that M, hence p(g),
is determined by the values of p on kerp and a set of left coset representatives for ker p.

We have a group isomorphism

B 1+ ae be . 14~ Tdn
I'(k[e]) = ra,be,dek p 2kT=F,
ce 1+de

where |k| = p", thus
Home (ker p, T'(K[e])) = Home (ker p, IFp) ™.

Now kerp is an open compact subgroup of G since GLy(k) is finite, so Hom.s(ker p, I'(k[g])
is finite by the assumption that G is p-finite. Now p(kerp) C I'(k[e]) since p (mod €) = p,
and kerp has finite index in G, so it follow that DF(k[e]) is a finite set. Then Ds(kle]) is

also finite since Dj(kle]) is just the set of strict equivalence classes in D3 (k[e]). O

Unlike DﬁD, the functor D5 need not satisfy H4 in general. For this to be true, we need an
additional assumption on p. Mazur proved the representability of D; under the hypothesis
that p is absolutely irreducible [29]. Note that in this case, Schur’s lemma implies that

Endyig)(p) = k. Ramakrishna noted in [31] that this weaker assumption is sufficient.
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Lemma 2.2.9. If Endyq(p) = k, then the functor Dy satisfies HY.

Proof. Let f: A — C be a small morphism in ALp. Then by Lemma 2.2.6 the map (2.3)
with B = A is surjective. To prove injectivity, suppose p, p’ € D5(A xc A) are such that
their images (p1, p2), (0, p5) € D5(A) Xp () D5(A) are equal. This is to say that if we choose
lifts r = (r1,72): G = GLa(A x¢ A) and v’ = (r],rh): G — GLa(A X A) representing p and

P, then there exist v;, v, € I'(A) such that

/-1 /-1
=% T, Ty =Yy T272-

Since (p1, p2), (P, p5) € Ds(A) xp,cy Da(A), f(r1) (vesp. f(r})) is strictly equivalent to
f(re) (resp. f(rh)). Since I'(A) — T'(C) is surjective, by conjugating by suitable elements of

['(A), we can in fact choose the representatives rq,rq, r], 5 such that

f(r1) = f(r2), fOry) = f(ry).

Then

Flr) = FOOFEDF ) = FOf)f () = FO) f () f(r2) f () f(n ).

Since f(r1) = f(ry), this shows that § = f(71)f(75 ") commutes with the image of f(r),
hence § = 6 (mod m¢) commutes with the image of p. But Endyg(p) = k by assumption,
so ¢ is scalar, hence 0 = 1 since § € I'(C). Since the kernel of f is annihilated by m4, we may
multiply 7, by a suitable scalar lift of & so that f(v1) = f(72). Then (vy1,72) € GLy(A x¢ A),

and we still have

=T, Ty = T
This shows that r and 7" are equivalent, thus p = p/, which proves that (2.3) is injective. [J

The above lemmas show that DE and D, satisfy all four hull axioms under the stated
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hypotheses, and we know that DJ(k) and D, (k) are singletons. Therefore from Theorem 2.2.4

we obtain the following theorem:

Theorem 2.2.10. Suppose G is p-finite. Then DﬁD 15 representable. If in addition

Endyq(p) = k (in particular if p is absolutely irreducible), then Dy is also representable.
When the conditions of the above theorem are saitisifed, we make the following definition:

Definition 2.2.11. We denote by R3 (resp. Rj) the representing object for D7 (resp. Dj),

which we call the universal lifting ring (resp. universal deformation ring) of p.
We record the following special cases of the above theorem:

Theorem 2.2.12. Let F' be a number field and S be a finite set of finite places of F'. Let
Fs/F be the maximal extension of F' unramified outside S and let F, be the completion of F
at any finite place v of F. If G = Gal(Fs/F) or G = Gal(F,/F), then D7 is representable.
If in addition Endye(p) = k (in particular if p is absolutely irreducible), then D is also
representable.

Proof. For G = Gal(Fs/F), recall that the Hermite-Minkowski theorem says that there
are only finitely many extensions of I’ of a given degree which unramified outside S. Any
continuous homomorphism G — I, corresponds to a degree p extension of F' which is
unramified outside S, so G is p-finite. If G = Gal(F,/F), then G is p-finite since G is

topologically finitely generated. Therefore Theorem 2.2.12 applies in both cases. O]

2.3 Local deformation conditions

Fix a totally real number field F' which is unramified at p and an algebraic closure F of F.
Let G = Gal(F/F) denote the absolute Galois group of F, and let ¢,: Gp — O* be the

cyclotomic character. We fix a continuous, absolutely irreducible residual representation

p: GF — GL2(k>

22



such that detp = ¢,. Assume that k contains the eigenvalues of all elements in the image of
7.

For a place v of F' we let G, denote the absolute Galois group of F, and we let Pr, C
I, denote the wild inertia and inertia subgroups, respectively. We recall that the tame
quotient G% = G, /Pr, is topologically generated by two elements ¢, t,, where ¢, is a lift
of Frobenius and ¢, is a topological generator of Ir, /Pp, = Op,. Moreover, the tame quotient
is characterized by the relation ¢, o, 0 ¢;! = 1% where g, is the order of the residue field
of F,,.

In the last section we considered all lifts of p to objects in CNLp. We often want to
consider only lifts which satisfy certain conditions. To this end, we make the following

definition:

Definition 2.3.1. For a finite place v of F' we define a local deformation condition to be a

subfunctor D) C DU such that

plGFU

e D! is represented by a quotient R. of R%G

Fy
e If A € CNLp, then for all lifts p € D (A) and v € ker(GLy(A) — GLa(k)), we have
vy~ € D, (A).
The representing object R. is called the restricted deformation ring associated to D.,.

In particular, if x: Gp — O is a character, then the condition detp = x for a lift
p is a local deformation condition, since determinants are invariant under conjugation. If
oo Gp, — R%GFU is the universal lifting, then the deformation condition is represented by
the quotient R%GFU /(det p2(g) — x(g9) : g € Gr,). We will only ever consider lifts which
have determinant ¢,, so we define D’ to be the subfunctor of D%GFU giving liftings whose
determinant is €,. We also let Ry be the resulting restricted deformation ring and we let
P Gr, — GLy(RY) be the universal lifting.

The following lemma (39, Lemma 5.12] gives a sufficient condition for a quotient of RY

to be a local deformation condition:
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Lemma 2.3.2. Suppose 7: RY — R, is a surjective morphism in CNLo and p: Gg, —
GLy(R,) composition of m with the universal lifting. Then the subfunctor of DS defined by

R, is a local deformation condition if the following conditions hold:
e The ring R, is reduced and not isomorphic to k.

e For any v € ker(GLo(R,) — GLy(k)), the morphism RY — R, induced by the rep-
resentation v 'ny: Gp, — GLy(R,) via the universal property of RS factors through

.

We will need to consider several local deformation rings. Let X, denote the set of places of
F above p. We fix a finite set of finite places X of F' disjoint from ¥, which contains all places
v ¢ ¥, at which p is ramified. For each v € ¥ we use a superscript 7, € {fl, min, ps, 0}
to indicate a local deformation condition, and we denote by R}’ the resulting restricted
deformation ring. For all liftings p of 7| Gr, W impose the condition that det p = ¢,. All of
the restrictied deformation rings considered will thus be quotients of DY.

For v € ¥, the extension F,/Q, is unramified by assumption, so Fontaine-Laffaile theory

applies. For all v € ¥, we assume that p| ap. s flat and we define
e R to be the quotient of RY parameterizing flat lifts of p| Gr -

e RMM bhe the quotient of RY parameterizing minimally ramified (semistable at places
v | p and unramified at places v { p such that pl,  is unramified) lifts of p|,, . In the

case when p|,  is unramified, R™™ parameterizes unramified lifts.
v

We wish to define one more deformation condition for v € ¥P* which is of primary concern
in this thesis. We must first recall some definitions. Fix a place finite place v of F'. The
Weil group Wpg, is of F, is the inverse image of Frobenius under the surjective morphism
Gp, — Gy,. A Weil-Deligne representation is a pair (pg, N) consisting of a continuous

representation py: Wg, — GLy(E) of W, and a nilpotent operator (called the monodromy
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operator) such that

poNpg' = - |IN,
where |- || is the composition of the isomorphism W2> — F* given by local class field theory

with the valuation on F*. Two Weli-Deligne representations (pg, N) and (pj, N') are equiv-
alent if there exists v € GLy(E) such that p) = ypoy~! and N’ = yNy~!. Grothendieck’s
monodromy theorem gives an equivalence of categories between the category of Weil-Deligne
representations and the category of representions G, — GLo(FE). The local Langlands cor-
respondence for GL, gives a bijection between semisimple Weil-Deligne representations and
irreducible smooth representations of GLy(F,).

Next we recall the notion of inertial types, as defined in [36]. These types correspond to
classes of irreducible smooth representations of GLy(F,). An inertial type T is an equivalence

class of pairs (r,, N;) such that
o r: Ip — GLs (E) is a continuous representation with open kernel.
e N, is a nilpotent matrix in GLy(E).
e (r;, N;) extends to a Weil-Deligne representation of Gp,.

Two pairs are equivalent if they are conjugate by an element of GLy(E).

We say that a continuous representation p: Gp, — GLy(E) has inertial type 7 if the
restriction of the associated Weil-Deligne representation to I, is equivalent to 7. In other
words, the representation of GLy(F,)) given by the local Langlands correspondence belongs
to the class of representations corresponding to 7.

Let ¢ € O be a p™-th root of unity, where m is such that p™ || (¢, — 1). We define the

principal series inertial type 7. = (r,, N;) by

¢ 0
o 7. (Ly) = and N, = 0.

0 ¢!
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Note here we are defining -, to be trivial on Pf, so that r;, factors through Ir,/Pr,, hence
is determined by 7 (t,). The term “principal series” refers to the principal series represen-
tations of GLo(F,). These are representations which are induced from representations of
the subgroup of upper-triangular matrices in GLy(F,) given by (% °) — x1(a)x2(d), where
X1, X2 are characters of F*.

We now define our last deformation condition

Definition 2.3.3. For v € ¥, we define the local deformation ring RF® to be the mazimal
reduced, p-torsion free quotient of RY with the following universal property: if a: RP® —
GLy(E) is any continuous homomorphism such that the induced representation po: G, —

GLy(E) has type 1¢, then o factors through RE®.

Note that RP® is the maximal reduced, p-torsion free quotient of the ring RP*° defined by
the local deformation condition that the characteristic polynomial of ¢, is (X —¢)(X —¢71).
The subfunctor of DY defined by RP® is a local deformation condition by Lemma 2.3.2.

We will also need to consider modified deformation problems introduced in [6], which
take into account a fixed eigenvalue @ of p(Frob,). Recall that @ € k by hypothesis. We
define a functor 155: CNLp — Set by which takes a ring R € CNLp to the set of tuples
(p, @), where p € DY(R) is a lifting such that « is an eigenvalue of p(Frob,) such that « = @
(mod mg).

Note that there is a natural transformation 55 — DY given by forgetting the choice
of eigenvalue av. We also see that ZSE is represented by the localization EE of the ring
RJ[X]/(X? — X tr p;(Frob,) + det p/ (Frob,)) at the maximal ideal mgo + (X — a). We will
only be interested in the case when p(Frob,) has distinct eigenvalues, in which case we have

the following result (see [6, Lemma 2.1]):

Lemma 2.3.4. If p(Frob,) has distinct eigenvalues, then the natural map R — ﬁE s an

1somorphism.
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Proof. Let «, 3 be the eigenvalues of pZ. Since p(Frob,) has distinct eigenvalues, a # 3
(mod mpo). Therefore (X —43) is a unit in the localization RY of RI[X]/(X2—X tr pI(Frob, )+
det pj(Frob,)) at mpo 4 (X — ). Then EE is isomorphic to the localization of RJ[X]/(X —
a) = RY at the unique maximal ideal. This provides an isomorphism RY — RY which is

inverse to the natural map RY — EE ]

We will need to know some ring-theoretic properties of our restricted local deformation

rings (in particular the fact that the rings RY, R™n R are all complete intersections).
Proposition 2.3.5. We have the following:

(a) For v € ¥, we have RY = Olz1,...,23:r.q]), and for v € ¥ we have R™M™ =

O[[z1, 2, 23]

(b) For v € X, the ring RY is a complete intersection, reduced and flat over O, and

dim R} = 4.
(¢) Forv € ¥P° the ring RP® is Cohen-Macaulay and flat over O, and dim RP® = 4.

Proof. (a) is from [9, Section 2.4.1, Section 2.4.4]. (b) follows from [36, Theorem 2.5],
modifiying the statement and proof to include the fixed determinant condition we impose.
As we will see from (the proof of) Theorem 4.1.1, imposing the fixed determinant condition

results in a dimension drop of 1, which ensures that RY is still a complete intersection by

Theorem A.0.7, and dim RS = 4. (c) will follow later from (the proof of) Theorem 4.1.1. [

2.4 Global deformation rings

Our ultimate goal is to prove a theorem which gives the Wiles defect of a global deformation
ring as a sum of Wiles defects of local deformation rings. In this section we introduce the

global deformation rings we will consider.
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To prove our main theorem, we will need to consider rings which are completed tensor
products (over O) of local deformation rings. Recall that if M and N are linearly topologized
O-modules, then the completed tensor product M@ N is defined to be the completion of
M ®o N with respect to the linear topology defined by declaring the images of M, ®» N
and M ®o N, to be a fundamental system of open submodules, where M, C M and N, C N
run through fundamental systems of open submodules of M and N, respectively. For each

v € Y fix 7, € {min, ps, 0} and let 7 = (7,),ex. Then we define

ﬂ)c - (®UGZRZ)—U) @ (®vag> ’

where the tensor products taken over O. When 7, = [ for all v € X, we simply write

oc = Rloc-

loc

By [3, Lemma 4.4], we have

Lemma 2.4.1. The ring Ry, is a complete intersection, the ring R . is Cohen-Macaulay,

and both rings are reduced and flat over O.

Adopting the notation of the previous section, we let R (resp. R“) be the global un-
framed (resp. framed) deformation ring parameterizing deformations (resp. lifts) of p
which are unramified outside ¥ U ¥,. We may fix a non-canonical isomorphism R =

R[[X1,..., Xysus,|-1]] so that we may view R as a quotient of RY. We may thus define

T T O,7 _ p7 0
R" = loc @ Rioe R and R = o DRy, R-.
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Chapter 3

The Wiles defect

In this chapter we define and discuss the Wiles defect, a numerical invariant which is the
primary interest of this thesis. We closely follow the work of [4].

We fix a prime p > 2 and a finite extension £/Q, with ring of integers O, uniformizer w,
and residue field k. We work in the category CNLy of complete Noetherian local O-algebras
R with maximal ideal mg and residue field k. The Wiles defect is defined with respect to an
augmentation A\: R — O, which by definition is a surjective homomorphism of (O-algebras.
We need the augmentation to be formally smooth on the generic fiber of R. Furthermore,

we must deal separately with the case dim R = 1 and the case dim R > 1.

3.1 The Wiles defect for 1-dimensional rings

Let R be aring in CNLp. Further assume that R is finite free over O. We fix an augmentation
A: R — O. If we assume further that R is has Krull dimension 1, then the Wiles defect of
R can be defined in terms of invariants studied by Wiles. Moreover, this definition coincides
with a formula given in terms of two invariants defined by Venkatesh [40].

For a finitely-generated R-module M and a set of generators my,...,m, € M inducing a

surjection R™ — M we define the 0-th fitting ideal Fittg(M) to be the ideal of R generated
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by all elements of the form det(vy,...,v,) where v; € ker(R" — M). We have Fittz(M) C
Anng(M) and moreover, Fittg(M) does not depend on the choice of generators of M. In
the case where M is a cyclic module, we have Fittgr(M) = ker(R — M) = Anng(M).

We define the cotangent space and congruence module of R with respect to A as
®y(R) := (ker \)/(ker \)?
and
Uy (R) := O/A(Anng(ker X)),

respectively. We assume that ®,(R) is finite. The Wiles defect is defined in terms of these

two invariants.

Definition 3.1.1. We define the Wiles defect of R as

5:(R) = log, |PA(R)| — log, [¥A(RR)]
g log, [O/p|

The Wiles defect is known to be a nonnegative rational number. Moreover, d,(R) = 0
if and only if R is a complete intersection. The Wiles defect can thus be understood as
a numerical measurement of the degree to which R fails to be a complete intersection. In
situations of interest to us, we typically need to replace the coefficient ring O by the ring of
integers in a finite extension of £. The normalizing factor of log, |O/p| ensures that 6, (R)
is invariant under such an extension.

Let R act on F/O via the augmentation. Venkatesh’s first invariant [40] is the André-
Quillen cohomology group Dery (R, E/O). The André-Quillen cohomology groups arise from
the derived functors of the derivation functor Derp(-, E/O). The degree 0,1, and 2 coho-
mology groups were introduced by Lichtenbaum and Schlessinger [25]. The higher groups
were defined independently by André [2] and Quillen [30].

Fix a surjection ¢: R — R where R is a complete intersection which is 1-dimensional
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and finite free over O such that @Aow(é) is finite. Let I = ker : R — R so that we have a

containment of R-modules Fitt (1) € Anng(7). We define Venkatesh’s second invariant as
Cia(R) = AMAnng(1))/A(Fittz(1)).

Although it appears that C ,(R) depends on the choice of complete intersection R, in fact
C11(R) depends only on R and A [4, Lemma A.5]. This is proved by rewriting the right-hand
side above in terms of the homology of Koszul complex associated to a sequence of generators
of ker ¢. Furthermore, we have the following theorem [4, Proposition A.6], which expresses

the Wiles defect in terms of Venkatesh’s invariants:

Theorem 3.1.2. For a ring R and an augmentation \: R — O as in this section, we have

| Der (R, E/O)| _ |2a(B)|
|CLA(R) [UA(R)|]

The Wiles defect §5\(R) can thus be expressed as

_ log, | Derg (R, E/O)| —log, |C1a(R)|

MR log, |O/p

Remark 3.1.3. If R is not torsion-free over O, one can replace R by its maximal torsion-
free quotient in the definition of Wy(R). However, in all cases of interest to us, R will be

O-torsion free.

3.2 The Wiles defect for higher-dimensional rings

The definition of the Wiles defect in the previous section relied crucially on the finiteness of
the cotangent space ®,(R). The following proposition shows that if R is Cohen-Macaulay,

this assumption actually forces R to be 1-dimensional.
Proposition 3.2.1. Suppose R is a ring in CNLp with an augmentation A\: R — O such
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that |®x(R)| is finite. If R is Cohen-Macaulay, then R is 1-dimensional.

Proof. The localization of the augmentation A\: R — O at p = ker A gives a surjection
R, — E. The residue field of R, is thus isomorphic to E. By assumption p/p? is finite, so
m/m? is finite, where m = pR,, is the maximal ideal of R,. But m/m? is a vector space over
E, thus m = m?. Nakayama’s lemma then implies that m = 0. Therefore R, is a field, hence
p is a minimal prime of R. Since Cohen-Macaulay rings are equidimensional and R/p = O,
we see that all minimal primes of R are 1-dimensional. It follows that every nonmaximal

prime ideal of R is minimal, i.e. R is 1-dimensional. O
We let CNLg, be the category whose objects are pairs (R, Ag) where

e R is a complete Noetherian local O-algebra with maximal ideal mpg and residue field

R/mR =k
e R is flat over O and Cohen-Macaulay
e \p: R — O is an augmentation which is smooth on the generic fiber of R.

The morphisms in CNLY, are local O-algebra homomorphisms ¢: R — S which are com-
patible with the augmentations in the sense that Az = Ag o ¢. For convenience, we will
often omit the subscript R from A\gz. We wish to extend the definition of the Wiles defect to
objects in this category.

Let R € CNL{, and consider a power series ring S = Ol[yi, . . ., yq]]. We will be interested

in certain maps S < R which produce a quotient of R for which the cotangent space is finite.

Definition 3.2.2. We say that a continous injective O-algebra homomorphism

0: S — R is a 1-codimensional embedding if the following hold:
e 0 makes R into a finite free S-module.

o O(v1),...,0(ya) C ker .
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e For Rp = R/(0(y1),...,0(ya)) and the induced augmentation Ng: Ry — O, the cotan-

gent space Oy, (Ry) is finite.

As in the 1-dimensional case, in order to define Venkatesh’s invariants for rings in CNLg,,

we will need to consider an auxillary complete intersection which surjects onto R.

Definition 3.2.3. We say that a continuous surjection of O-algebras ¢: R —» Risa CI

covering if the following hold:

e Risa complete Noetherian local O-algebra which is flat over O and of the same di-

mension as R.
e R is a complete intersection.

e R[1/w] is formally smooth (see [43, Definition 10.138.1]) at the augmentation (X o
©)[1/w]: R[1/w] — E.

In the last condition above, we consider A o ¢ as a map R — E via composing with the
inclusion O — E. In order to prove that a 1-codimensional embedding and a CI covering

exist, we need the following lemma:

Lemma 3.2.4. Let A be a complete Noetherian local O-algebra with an augmentation \: A —
O. Suppose there exist elements f1,..., fqs € ker X\ such that w, fi,..., fq is a reqular se-
quence in S and A[l/w] is formally smooth at \ of dimension n > d. Then there exist
hi,...,hg € ket AN (f1,..., fa, @) such that w, hy, ..., hy is a reqular sequence in A and for
the quotient B = A/(hy, ..., hq) and the induced augmentation Ag: B — O, the ring B[1/w]|

is formally smooth at Ag[1/w]| of dimension n — d.

Proof. By replacing each f; by f?, we may assume that fi,..., fs € (ker \)? [43, Lemma
10.68.9].

Let A[l/w] be the completion of A[l/w] at (ker A\)[1/w]| and let m be its maximal ideal.

By the formal smoothness hypothesis, A[l/w| = E[[y1,...,y,]] with n > d. Since d < n,
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by Nakayama’s lemma we can choose g1, ...,gq € ker A whose images in m/m? are linearly
independent over E. Let h; = f; + wg; for 1 < i < d. Observe that w, hq,..., hy is still a
regular sequence in A, and since each f; € (ker \)?, the images of the h; in m/m? are also
linearly independent over E. This implies the desired formal smoothness for the quotient

A/(hy, ... hg). O
Using Lemma 3.2.4, we can show that a 1-codimensional embedding into R always exists.
Proposition 3.2.5. A 1-codimensional embedding 0: S — R exists.

Proof. Since R is flat over O, we have that w is not a zero-divisor in R, thus dim R/(w) =
dim R — 1 = d. Choosing a system of parameters for R/(w) and lifting it to R, we see
from Theorem A.0.7 that there exists a regular sequence w, fi,..., f; in R. We can assume
that each f; € ker Ag, since adding an element of @wR to each f; preserves regularity and
ker \g + wR = mp.

By Lemma 3.2.4, there exist hy,...,hq € ker A\g such that w, hy,..., hy is a regular
sequence in R and for the quotient B = R/(hy, ..., hq), the ring B[1/w] is formally smooth of
dimension 0 at the induced augmentation Ag[l/w]. Since w, hy,. .., hy is a regular sequence
in R, B/(w) = R/(w, hq,...,hq) is a finitely-generated algebra over O/(w) = k of Krull
dimension 0. Therefore B/(w) is finite, as it has finite dimension as a k-vector space. It
follows that if we define 6: S = O[[y1,...,v4]] — R by 6(y1) = h;, then R is finite over S.
Then since w, y1, ..., yq is a regular sequence in S generating its maximal ideal and is also
R-regular, we have that R is free over S.

Now Ry[l/w]| = B[1/w] is a 0-dimensional E-algebra, and is therefore a direct product of
Artinian F-algebras, where the components are the localizations of Ry[l/w] at its maximal
ideals. In particular, since Ry[l/w] is formally smooth of dimension 0 at the localized
augmentation, the component corresponding to (ker A\g)[1/w] = ker(M\g[1/w]) is equal to E.

It follows that the localization ®,,(Ry)[1/w] is 0, thus ®y,(Rp) is a torsion O-module. Now

34



Ry = R/(hy, ..., hg) is finite over O for the same reason that R is finite over S, so ®,,(Ry)
is also finite over O. We conclude that ®,,(Ry) is finite.
Lastly note that R is S-torsion free since R is free over S, hence 6 is injective. We have

thus shown that #: S — R is a 1-codimensional embedding into R. [
Lemma 3.2.4 also implies that a CI covering of R exists.
Proposition 3.2.6. A CI covering p: R — R exists.

Proof. Choose a surjective ring homomorphism II: A = Ol[xy,...,z,]] - R and let p =
' (ker A\g). Let d +1 = dimR so that m = n —d > 0. Since A has no w-torsion
and A/(w) = k[[x1,...,2,]] is regular of dimension n, there exist fi,..., f,, € kerIl such
that w, fi1,..., fm is a regular sequence in S. Since A[l/w]| = El[xy,...,z,]] is regular of
dimension n with maximal ideal p[1/w], the ring S[1/w]| is formally smooth at p[l/w] of
dimension n.

Let A= Agoll: A — O and choose hy,..., hy, € (ket AN (f1,..., fm,@)) Cker [l + wA
as in Lemma 3.2.4. Then w, hq,...,h,, is a regular sequence in A, and for the quotient
R=A/(hi,... hy) and Y R — O, we have that R[1/w] is formally smooth at Ag[1/@] of
dimension n —m = d. Since any permutation of a regular sequence in a Noetherian local ring
is a regular sequence, the regularity of w, hq, ..., h,, in A implies that w is not a zero-divisor
in é, thus R is flat over O. We also see that hi,...,h,, is a regular sequence in A. Since A
is a regular local ring, this implies that R= A/(hy,...,hy) is a complete intersection, and

together with Krull’s principal ideal theorem it also implies that
dmR=dmA-m=n+1-m=d+1=dimR.

The natural map ¢: R — R is thus a CI covering. O

We want to show that a 1-codimensional embedding into R can be lifted along a CI

covering of R. We first need the following lemma:
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Lemma 3.2.7. Suppose A is a Noetherian ring and I C A is an ideal. If y is an element of
B = A/I not contained in any minimal prime of B, then there exists a lift y € A of x such

that v is not contained in any minimal prime of A.

Proof. Let yy € A be an arbitary lift of y. Let pq,...,p,, be the minimal prime ideals of A.
Observe that none of the p; contain (yo) + I, for if gy € p;, then p; does not contain I, or
else the image of p; in B is a minimal prime ideal of B which contains y, a contradiction.
By the prime avoidance lemma, there exists z € I such that x + yo & p; for each i. Then

Y =T+ Yo is a lift of y not contained in any minimal prime of A. H
Now we can be prove the following lemma:

Lemma 3.2.8. Suppose 0: S = O[[y1,...,v4)] — R is a 1-codimensional embedding and
P: R — Risa CI covering. Then 0 lifts to a map 0: S < R which is a 1-codimensional
embedding into R.

Furthermore, the quotient Ry = R/(8(y1), . .. ,0(ya)) is a complete intersection of dimen-

ston 1.

Proof. We identify each y; € S with its image in R so that @, y1,...,yq is a regular sequence
in S and R. Let d = dim R — 1. We show by induction that there exist 31,...,ys € R such
that ¢(y;) = y; for each ¢ and dim R/(w, 41, . .. y;) =d—j=dimR/(w,y1,...,y;) for all
0 < j <d. We then set 5(%) = ;.

Since R and R are flat over O, we have dim R/(w) = d = dim R/(w), so the base case

holds. Now suppose for some 0 < j < d we have found y;,...,y; € R satisfying the desired

properties. Since w@,y1,...,yq is a regular sequence in R, we have that y;,, is not a zero-
divisor in B; = R/(w, y1,...,y;), hence is not in any minimal prime of B. By Lemma 3.2.7,
there exists a lift y;41 € A; = }N%/(w, U1,-..,y;) such that y;;; is not in any minimal prime

of A;. This implies that

dll’IlA]/(ngrl) = dim Aj —1=dim Bj —1= dimBj/(yjH),
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which completes the induction step.

Note that g(yl) is necessarily in ker X since  lifts §. Now observe that the sequence
W, Y1, ..., Yq 18 a system of parameters in R. Tt is therefore a regular sequence in R by
Theorem A.0.7 since R is Cohen-Macaulay as it is a complete intersection. It follows that
Ry = E/ (Y1, ---,9aq) is a complete intersection and the Krull principal ideal theorem implies
dim ﬁg = 1. Defining 0: S — R by 5(%) = y; for each 7, we see as in the proof of Proposi-
tion 3.2.5 that @ makes R into a finite free S-module, 0 is injective, and Ry is finite free over
0.

For the finiteness of the cotangent space, let Ry = R/(y1,...,yq) and Ag: Ry — O be
the induced augmentation and consider the following commutative diagram with exact rows

(see the proof of [3, Theorem 7.16]):

01 —© 4 o (R) —— &5 (Ry) —— 0

ool

0 —2 &,(R) —— ®,,(Ry) —— 0

where the maps © and © are given in terms of differentials by O(e;) = dg; and ©(e;) = dy;.
Since R[1/w] and R[1/w] are both equidimensional of dimension d and are formally smooth
at A and \, respectively, we have that ®,(R) and @X(}Nz) both have rank d as O-modules.
Since ®,,(Ry) is finite, it follows from exactness that O is injective. The commutativity of

the diagram then implies that O is also injective, so by exactness @Xg(ég) is also finite. [J

3.3 Independence of C) ,,(Ry) of 6

In this section we fix a (R, ) € CNL), a 1-codimensional embedding #: S < R, and a CI
covering ¢: R — R with I = ker . We also fix a lift 0: S — R which satisfies the conclusion

of Lemma 3.2.8 and we identify S with its images in R and R.
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Let Ry = R/(y1,...,yq) and }N%g = }Nz/(yl, ..., Ya). Noting that Ry = R®¢O and similarly
Eg = E@g O, we define gy = p ® idp: ﬁg — Ry and Iy = ker gy. We also let 7y: R — é@
be the quotient map and note that A= X@ o my. Since Ris a free, hence flat, S-module, we
also have Iy = my(I).

We wish to define C »(R) as an analog of Venkatesh’s second invariant in the 1-dimensional

case. This will require a few lemmas.

Lemma 3.3.1. There exist isomorphisms A R — Homs(ﬁ, S) and Ay: Ry — Homo(ﬁg, 0)

such that the following diagram commutes

R —2~ 5 Homg(R, S)

l” Jo

ﬁ@ L Hom@(ﬁg, O)

where o sends a map R — S to the map Ry — O induced by the quotient map S — Q.

Proof. The ring S is Gorenstein since it is a complete intersection, so wg = S, where wg is
the dualizing module of S. Likewise wz = R since R is also a complete intersection. Since S
and R are Cohen-Macaulay and 6: S < R is a finite local map, by [19, Theorem 3.3.7 (b)]

we have

wp = Extgims_dimé(é, wg) = Homs(é, S),

where the second isomorphism follows since dim .S = dim R. We let A be the composition

R=wg= Homg(R, S).

Since R is free over S, we have

d
ker a = HomS(Rv (yla ce 7yd>S) = Zyz HomS(év S)

i=1

Since A is an isomorphism, we see that

A (ker @) = (y1, ..., yq) R = ker my.
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Then the map Ag: Ry — Home(Ry, @) given by Ag(r) = (a o A)(7) where 7 € R is a lift
of r € Ry is well-defined and makes the diagram commute. Since 7y is surjective, Ay is
necessarily injective. Moreover, « is surjective since Ris a projective S-module, thus Ay is

an isomorphism. O

Lemma 3.3.2. Let A: R — Homg(R,S) and Ag: Rg: Home(Rg, O) be isomorphisms as in

Lemma 3.83.1. Then
(i) U(Anng(I)) = Homg(R/I, S)
(ii) Wo(Anng (Ip)) = Homo(Re/Iy, O).

Proof. We have ¥(Anng(I)) = Homg(R, S)[I] since ¥ is an isomorphism. Now

Homg(R,S)[I] ={f: R— S:r-f=0forallrel}
—{f:R—=S: f(ra)=0forallr eI,z € R}
—{f:R—=S:f(r)=0forallrel}

= Homg(R/I, S).
This proves (i), and (ii) follows from the same argument. O
Theorem 3.3.3. We have
(i) Annﬁg(Ig) = mg(Anng(1))
(i1) Fittg, (1) = mo(Fittz(1))

Proof. Let A: R — Homg(R, S), let Ag: Ry — Homp(Ry, @), and let a: Homg(R, S) —
Home(Ry, ©) be as in Lemma 3.3.1. Since R/I = R is a projective S-module, « in-
duces a surjective map Homg(R/I, R) — Homg(R/I,®) = Home(Rg/Iy, ®). Then using

Lemma 3.3.2 (i), we see that

(o W) (Anng(l)) = a(Homg(R/I,S)) = Home(Ry/1p, O).
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The commutativity of the diagram in Lemma 3.3.1 implies that
mo(Anng(1)) = A7 ((Ag o m)(Armg(1))) = A7 (Homo(Ra/ I, 0))
On the other hand, by Lemma 3.3.2 (ii) we have
Ag ' (Homo(Ry/Ip, ©)) = Anng (Iy),

thus Anng (ly) = me(Anng(7)) as desired. This proves (i).

Now we prove (ii). We have a short exact sequence
0—I1—R— R—0.

Tensoring with O over S gives an an exact sequence
Tord (R,0) — I ®s O — Ry 2% Ry — 0.

But Tor? (R, O) = 0 since R is a free S-module, thus Iy = [ ®5 O as S-modules. It now

follows from [43, Lemma 15.8.4 (3)] that
mo(Fittz(1)) = Fittg, (I ®s O) = Fittg (Iy),

proving (ii). O
We can now define C \(R) in the same way as in the case where dim R = 1.

Definition 3.3.4. We define

Cia(R) = C,5(R) := MAnng(I)) /A(Fitt7(1)).
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Theorem 3.3.3 shows that

AAnng (1)) /A(Fitt5(I)) = No(mo(Anng (1)) /Ag(me(Fitt (1))
= Xo(Anng, (Ip))/No(Fitt (1))

- Cl,)\g (RQ)

By [4, Lemma A.5], the invariant C; »,(Ry) is independent of Ry, so CyA(R) is well-defined

as in the 1-dimensional case.

3.4 Independence of Dery(Ry, E/O) of 0

Fix (R,\) € CNLg and a 1-codimensional embedding S = Ol[y,...,v4)] — R. We let
Ry = R/(y1,---,ya) as before. In this section we show that the André-Quillen cohomology
group Derp(Ry, E/O) is independent of the choice of  and is in fact isomorphic to the
continuous cohomology group [/)E"Z(R, E/O) which we will use to define the Wiles defect
for (R, \).

Given any ring A, let Mod, denote the category of A-modules, D(Mod,) the derived
category of Mod,, and D~ (Mod,) the subcategory of Mods whose objects are bounded
above complexes.

Given any ring homomorphism A — B, let L4 € D~ (Modp) denote the relative cotan-
gent complex [44, Definition 2.1]. For a ring A € CNLp, we let A: Mody — Mod, denote
the my-adic completion functor. By an abuse of notation, we also let A: D~ (Mod A) —
D~ (Mod A) denote the left-derived functor of A, defined as in [13, Chapter 7.1].

Given a continuous ring homomorphism A — B, we define the analytic relative cotangent

complex to be L), = (Lpsa)". We can now define the André-Quillen cohomology groups.

Definition 3.4.1. Let A — B be a ring homomorphism and let M be a B-module. Then
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for i > 0 we define the i-th André-Quillen cohomology group to be
Der’ (B, M) = H'(RHomp(Lp/a, M)).

Similarly, if A — B is continuous, then we define the i-th André-Quillen cohomology group
to be
Der'y (B, M) = H'(RHomp (L) ,, M)).

We will need to make use of some of the basic properties of continuous André-Quillen

cohomology to prove the main result of this section.

Proposition 3.4.2. Given A, B,C € CNLy and continuous ring homomorphisms A —
B — C and any C-module M, we have the following long exact sequence in André-Quillen

cohomology:

—0 —0 ——0
0 — Derg(C, M) — Der,(C, M) — Der,(B, M)

— Derg(C, M) —s Dery(C, M) — Dot y(B, M) —s ---
Proof. This follows from the definition of the continuous André-Quillen cohomology groups

and the distinguished triangle
C®p Lgya— LEa — L85 — C ®p Ly 4[1].

from [13, Theorem 7.1.33]. O

Proposition 3.4.3. If A — B is a continuous morphism in CNLe which makes B into a
finite A-module, then L), = Lp/a, hence ]5;";(3, M) = Der'y (B, M) for all i > 0 and all
B-modules M.

Proof. Since the map A — B is of finite type, by [20, 6.11] we have that Lp4 is quasi-

isomorphic to a bounded above complex of finite free B-modules L* € Der™ (Modg). Then
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we have

Lya = (Lpja)" = (L*)" = Lp)a,

since finite free B-modules are mg-adically complete. The isomorphism of André-Quillen

cohomology groups now follows from their definition. O

Proposition 3.4.4. Let A, B € CNLp and let A — B be a continuous ring homomor-
phism. The module (AZB/A = I'&HQ(B/W‘%)/A of continuous Kdhler differentials is the mpg-adic

completion of Qp/a and we have [/)EZ(B, M) = HomB(QB/A,M) for any B-module M.

Proof. For the first claim, we proceed as in the proof of [3, Lemma 7.1]. For n > m we have
Qpja/mpQpa = Qpa @p B/mp = Qgjmnya @ B/mp.
Taking inverse limits, we obtain

Qpya/migQp/a = I (Qp/mp) 4 @ B/mi)
= Im(Q(s/mp)/a) ©p B/my

= QB/A Xp B/m’g.
Since O B/4 is finite over B, it is mp-adically complete, so taking inverse limits again gives
Qpya = m(Qp/a @p B/mE) = lim Qpa /mEQp)a.

This proves the first claim. Note that this shows QB /4 is the module ﬁ%n/ 4 = (ﬁB /a)"
from [13], so the second claim follows from the definition of the André-Quillen cohomology

groups and [13, Lemma 7.1.27(iii)]. O

We will need to know the continuous André-Quillen cohomology of power series rings,

which we compute in the following lemma:
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Lemma 3.4.5. Given any n > 0, let A = Ol[xy,...,x,]] and let M be an A-module. We

have

i MY =0
0 1 >0

Proof. By [13, Proposition 7.1.29] we have L), = QA/@[O] = A"[0], thus
RHoma (LYo, M) = RHom(A"[0], M) = RHomx (A", M) = M"[0],

from which the lemma follows. O

Lastly we will need to know the degree 0 and 1 continuous André-Quillen cohomology

groups ]je\rlA(B ,+) for rings B which are quotients of A.

—0
Lemma 3.4.6. Let A be a ring and B = A/I for some ideal I C A. Then Der (B, M) =0
and Der (B, M) = Homp (I /1%, M)

Proof. Clearly B is a finite A-module, so Proposition 3.4.3 gives I/)e\rTA(B, M) = Dery (B, M)

for all i > 0 and all B-modules M. The lemma now follows from [20, 6.12]. O]

We can now work toward proving the main result of this section. We first want to show
that the continuous André-Quillen cohomology of Ry depends only on R and not the choice
of 6.

Lemma 3.4.7. For any @ > 0 and any Ryp-module M, we have
Derg(R, M) 2 Der's(R, M) 2 Derls(Rg, M) = Dery(Rg, M).

Proof. The first and last isomorphisms follow from Proposition 3.4.3 since R is a finite S-
module and Ry is a finite O-module. For the second isomorphism, recall that R is a finite
free S-module, thus 0 — R — R — 0 is a projective resolution of R in D(Modg). Therefore

R®% 0O =R®sO = Ry, so applying [43, Lemma 91.6.2] with the commutative square
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R—)Rg

11

S — O

gives that Lr/s ®F Ry = Lg,/0. Then [43, Lemma 15.99.1] gives
RHOIIlR(LR/S, M) = RHOIIlRO (LR/S ®Ié R97 M) = R,HOIHRQ (LRg/Oa M)
for all Ry-modules M. The second isomorphism now follows from the definition of the

André-Quillen cohomology groups. [

—1
We now need to show that Derg(R, E/O) does not depend on the choice of #: S — R.

We view E /O as a module over R and Ry via the augmentations A: R — O and A\g: Ry — O.
Proposition 3.4.8. We have ]Sa;(R, E/O) = ]5(;2)(}3, E/O).

Proof. We apply Proposition 3.4.2 to O — S % R with M = E/O to obtain the exact

sequence

0 —s Dera(R, E/O) — Derg(R, E/O) —s Derg(S, E/O)

s Derg(R, E/O) — Deto(R, E/O) — Deto(S, E/O).

By Proposition 3.4.4 we have
—0 ~ ~
Dery(R, E/O) = Homg(Qpg/0, £/O) = Home(Qr/0 @1 O, E/O).

By assumption R[1/w]| is smooth at the augmentation A: R — O, so

QR/O ®y 0 =2 04@ T with T a finite torsion O-module. Then

Homo (Qr/0 ©x O, E/O) = Homp (0%, E/O) & Home (T, E/O) = (E/O)! & T.
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Similarly, since 6 is a 1-codimensional embedding, ®,,(Ry) = QO Ry/0 @, O is finite, so
Homo (Qg, /0, E/O) = Home (P, (Ry), E/O) = T,

where T” is some finite torsion O-module. Using Proposition 3.4.8 and Proposition 3.4.4 we
see that

Derg(R, £/O) 2 Derg(Ry, E/O) = Homp, (O, 0, E/O).

We also have [/)e\r?Q(S, E/0O) = (E/O)? and ﬁe\r;(S, E/O) =0 by Lemma 3.4.5.

The exact sequence now simplifies to
0T — (E/O)¥aT — (E/O) —s Derg(R, E/O) — Dot (R, E/O) — 0

Now we see that (E/O)* @& T — (E/O)? has finite kernel and its image is a finite-index
subgroup of (E/O)% Since (E/O)? is divisible, the only such subgroup is (E£/O)%, hence
(E/O)Y & T — (E/O)% is surjective. Then (E/O)¢ — ]Se\r;(R, E/O) has trivial image, so
]Se\r;(R, E/O) — [/)(S"EQ(R, E/0O) is an isomorphism as desired. O

Lemma 3.4.7 and Proposition 3.4.8 now immediately imply the following theorem, which

shows that Dery,(Ry, £/O) is independent of the choice of 6.
—1
Theorem 3.4.9. We have Derj,(Ry, E/O) = Dery (R, E/O).

To actually compute the Wiles defect of (R, \), we require a method for computing
—1 ~
Der, (R, E/O). For this we fix a CI covering R — R with kernel I. We will need the

following lemmas:

Lemma 3.4.10. Let A be a Noetherian local ring and J C A be an ideal generated by a

reqular sequence fi,..., fn. Then J/J? is free of rank n as an A/J-module.

Proof. Clearly J/J? is generated over A/J by the images of fi, ..., fa, so it suffices to show
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these are linearly independent. Suppose

arfi+ -+ anfn € J?

for ay,...,a, € A. Then there exist by,...,b, € J such that

arfi+ -t anfo =bifi+ - bufn.

Let ¢; = a; — b; for each 7. Then

lel+"'+cnfnzoa

hence

—Cnfn=c1fit A enifur € (1, fam1)A
Since f1,..., fn is a regular sequence, this implies that ¢, € J, so a, € J. Since A is
a Noetherian local ring, any permutation of fi,..., fi_1, fiz1,--., fn, fi 1s also a regular

sequence for each i < n, so the above argument shows that a; € J for each i, hence the

images of f; in A/J are linearly independent as desired. O
Lemma 3.4.11. Letn > 1 and let M C (E/O)" be an O-submodule.

(i) We have M = (E/O)" if and only if M = (E/O)".

(i1) If | M| is finite, then (E/O)"/M = (E/O)™.

Proof. To prove (i), note that

(B/O)" = liny(E/O)"[="],

k

where (E/O)"[w"] is the wk-torsion submodule of (E/O)". Therefore M = (E/O)" if
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and only if M[@*] = (E/O)"[@"] for all k > 1. But (E/O)"[@"] = (O/(w"*))" has finite
cardinality, so this occurs if and only if M = (E/O)", proving (i).
Now we show (ii). First suppose M is generated by a single element x € M. Consider

the natural map

E" — (E/O)" — (E/O)"[M,

whose kernel is L = O™ + Oz for some lift  of x. Note that E" is torsion-free, so L is
torsion-free and finitely-generated, hence free. Moreover, the rank of L is clearly at least n
but also at most n since L is a submodule of E". If v,...,v, € L is an O-basis of L, then

it is an E-basis of E™, so we have
(E/O)"/M = E"/L = P Ev;/ @ Lv; = (E/O)".
i=1 i=1

(ii) now follows by induction on the number of generators of M. O
—1
Our last theorem of this section gives a method of computing Der, (R, E/O).

Theorem 3.4.12. We have an exact sequence

0 — Homp(Qrjo0, E/O) — Hompz(Qp 0, E/O)

s Homg(I/I2, E/O) —— Detp(R, E/O) —— 0

Proof. We apply Proposition 3.4.2 to O — R % R with M = E/O to obtain the exact

sequence

0 — Derg(R, E/O) — Dery(R, E/O) — Dery(R, E/O)

s Derp(R, E/O) — Derp(R, E/O) — Derp(R, E/O)
Applying Proposition 3.4.4 to the first three terms and Lemma 3.4.6 to the fourth term, the

exact sequence becomes
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0 — Homp(Qp z, E/O) — Homp(Qrjo, E/O) — Homp(Qp0, £/O)

s Homg(I/I%, E/O) ——s Det(R, E/O) — Der (R, E/O)

But QR/R — 0 since R — R is surjective, thus HomR(QR/é, E/O) = 0. The proof will thus
be complete once we show that ]Se\ré(é, E/O) =0.

Since R is a complete intersection, there exists a power series ring P = Ol[x1, ..., Tpidl]
and a surjection P — R with kernel J C P generated by a regular sequence fi,..., f,. We

apply Proposition 3.4.2 to O — P — Rwith M = E /O to obtain the exact sequence

0 — Derp(R, E/O) — Derg(R, E/O) — Dery(P, E/O)

s Derp(R. E/O) — Dety(R, E/O) — Derg(P, E/O)

As with [/)a%(R, E/O), we have [/)e\r(])a(f%, E/O) = 0 since P — R is surjective. By
Lemma 3.4.5 we have Der, (P, E/O) = (E/O)"*® and Der,, (P, E/O) = 0. As in the proof of
Proposition 3.4.8, we see that ]Se;"?g(ﬁ, E/O) = (E/O)!aT for some finite torsion O-module
T since R[1/w] is formally smooth at . Lastly, by Lemma 3.4.10, we have that .J/.J2 = R"

as an R-module. Applying Lemma 3.4.6 again, we thus see that
—1 ~
Derp(R, E/O) = Homg(J/J?, E/O) = (E/O)".

Therefore the exact sequence above is
—1 ~
0— (E/O)¥aT — (E/O)" — (E/O)" — Derp(R,E/O) — 0
Consider the exact sequence

0 — (E/O) — (E/O)"" — M' — 0
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where the injective map is the composition (E/O)? — (E/O) & T — (E/O)"™ and
M = (E/O)""/(E/O)% is its cokernel. Since (E/O)? is an injective O-module, the above
sequence splits, thus

(E/O)"H = (E/O) o M.

Now observe that for every 7,k > 1, the w”-torsion submodule of (E/O)" is isomorphic
to (O/(w"))". We thus see from the above direct sum decomposition that the w*-torsion

submodule of M’ is isomorphic to (O/(w"))", thus

M’ = liny(0/ (="))" = (E/O)".
k
Let M be the image of (£/0)"*¢ — (E/O)", which is isomorphic to (E/O)""¢/((E/O)4®T).
Then M = M'/T" where T" = ((E/O)* + T)/(E/O)%. Since |T’| has finite cardinality, we
have M = (E/O)" by Lemma 3.4.11 (ii). Then M is a submodule of (E/O)"™ which is
isomorphic to (E/O)", so M = (E/O)" by Lemma 3.4.11 (i), i.e. (E/O)"*? — (E/O)" is

—1 ~
surjective. We now see from the exact sequence that Der, (R, E/QO) = 0 as desired. O

—1
We now have a concrete method of computing |Der, (R, E/O)|, explained in the following

corollary:

Corollary 3.4.13. Let M be the cokernel of HomR(ﬁﬁ/O,E/(’)) — Homé(ﬁR/@,E/O).

Then
—1
|Dery, (R, E/O)| = |Hompg(I/1*, E/O)|/|M]|.
Proof. This follows straightforwardly from Theorem 3.4.12. O
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3.5 The Wiles defect for augmented rings in the cate-
gory CNLp,

—1
In the previous two sections, we defined the invariants Der, (R, £/O) which make sense for
any augmented ring (R, \) € CNLg, even when dim R > 1. In this section, we define the
Wiles defect for objects in CNLp in terms of these two invariants. We then prove some

useful properties satisfied by the Wiles defect.

Definition 3.5.1. Let (R,A\g) € CNLp, i.e. R is a complete Noetherian local O-algebra
which is Cohen-Macaulay and flat over O together with an augmentation A\: R — O such

that R[1/w]| is formally smooth at . Define the invariants

—1
02 (R) = log,, |Dery (R, E/O))|
A log, |O/p|

and
| Ci (R
()~ R
log, |O/pl

where the definition of Cy A(R) is given in Definition 3.5.4. Then we define the Wiles defect

of R with respect to the augmentation \ to be
(5>\(R) = dL)\(R) - CI,A(R)~

We fix an augmented ring (R, \) € CNLe for the remainder of this section so as not to
repeat this in the statements of the following results. First we give our main theorem of this
chapter, which shows that the Wiles defect of (R, ) is the same as the Wiles defect of the

augmented quotient ring (Rg.\g) obtained from a 1-codimensional embedding:

Theorem 3.5.2. Let 0: S = O[[y1,...,v4)] = R be a 1-codimensional embedding into R,

and let Ry = R/(y1,...,ya) with induced augmentation Ng: Ry — O. Then the invariants
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Dery,(Rg, E/O), Cy 5, (Rp), and 6y,(Ry) depend only on R and X and not on 6.

Proof. Lemma 3.4.7 and Proposition 3.4.8 imply that Dery(Ry, E/O) = ﬁe\ré(R, E/0O),
so Dery,(Ry, E/O) and thus d; y,(Ry) depends only on R and A. As mentioned in Defini-
tion 3.3.4, it follows from Theorem 3.3.3 that C , = CLA(é) given a CI covering R — R.
It thus follows from [40] that Cj,,(Rs) and thus ¢, also only depends on R and A. The

same is thus true for d,,(Ry) by definition. O

We have the following useful reformulation of the above theorem, which shows that the
Wiles defect remains invariant upon quotienting by a regular sequence annihilated by the

augmentation:

Theorem 3.5.3. Let r1,...,7rq, @ be a reqular sequence in R with (ry,...,rq) C ker X\ and

let \g: Rg = R/(r1,...,7mq) = O be the augmentation induced by \. Then
A (R) = 9y, (Ry).

Proof. Define 0: S = Ol[y1, . ..,va]] = R by 0(y;) = r;. Note that the proof Proposition 3.2.5
depended only on choosing a regular sequence fi,..., fg, @ in R with (fi,..., fq) C ker A,

so # is a 1-codimensional embedding. The result now follows from Theorem 3.5.2. [

The following proposition shows that our definition of the Wiles defect for augmented

rings agrees with Definition 3.1.1 for rings of dimension one:
Proposition 3.5.4. In the case when dim R = 1, we have

log, |®,\(R)| —log, |V,(R
() = dia(R) — en(R) = 222! A<1O;| !O/fff| A(R)
P

Proof. m
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Proof. Choose a 1-codimensional embedding 6: S = Ol[yi,...,y4)] = R. Then by Theo-
rem 3.5.2 we have

Ox(R) = dx,(Ra),

where N\g: Ry = R/(y1,...,y4) — O is the induced augmentation. Definition 3.3.4 for

Ch1.5, (Ry) coincides with the definition given in Section 3.1 for 1-dimensional rings, and
—1
Dery(Ry, E/O) = Derp,(Ry, E/O)

by Lemma 3.4.7. The proposition now follows from Theorem 3.1.2. ]

As in the 1-dimensional case, the Wiles defect measures the degree to which R fails to

be a complete intersection.
Proposition 3.5.5. We have §,\(R) = 0 if and only if R is a complete intersection.

Proof. If R is a complete intersection, then the identity map ¢: R — R is a CI covering
of R. Since I = kerp = 0, we have Anng(I) = Fittg(I) = R, thus C1,(R) = 0, and the
argument given in the proof of Theorem 3.4.12 shows that 5e\r§9(R, E/O) = 0. Therefore
I(R)=0.

If 6,(R) = 0, then choose a 1-codimensional embedding 0: S = Ol[yi,...,y4)] — R so
that Ry = R/(y1,-..,yaq) has dimension 1. Letting A\g: Ry — O be the induced augmenta-
tion, we have

I (Rp) =0x(R) =0

by Theorem 3.5.2, so Ry is a complete intersection by Proposition 3.5.4. Since Ry is a

quotient of R by a regular sequence, this implies that R is also a complete intersection. [

The last property of the Wiles defect we will need to know is additivity over completed

tensor products.
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Proposition 3.5.6. Let (R, A1), (R2, A2) € CNLg,. Assume that Ry and Ry are reduced. If
we let R = Ri®@pRy and X = \i®@X\9: R — O, then we have

Ox(R) = 0y, (R1) + 65, (Ra).

Proof. The lemma will follow by definition once we show that

CL)\(R) = C1,\ (Rl) + 017)\2(R2) (31)

and
dl’)\(R) == dL)\l (Rl) + dl,)\Q(Rg). (32)
To prove (3.2), choose 1-codimensional embeddings 6,: S, = O|[z1,...,24,]] — R and

0y: Sy = Ol|[y1, -, Ya,)]] = Ro. Then the map
0= 01 ®‘92: Sl®OS2 = O[[xlw"axdmyla"'7yd2]] — R
is a 1-codimensional embedding into R. Let

Ryp, = Rip,/(x1,...,2ay)
Rop, = Rog, /(Y1 -+ Yay)

Ry =R/(x1,- -y Tay, Y1y - Ydy)-
By Lemma 3.4.7 we have

Deto (R, E/O) = Dersy(Ryg,, E/O)
Dete (R, E/O) 2 Dersy(Ray,, E/O)

Deto (R, E/O) = Dery(Ry, E/O),
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so it suffices to show that
Dery,(Ry, E/O) = Derg(Ryg,, E/O) @ Dery(Rag,, E/O).

Per the proof of Proposition 3.2.5, Ry, and Ry, are free over O, thus Tor independent
O-algebras, i.e. TorZO(RLgl, Ryp,) =0 for all i > 0. Noting that Ry = Ry 9, ®o Rayg,, we see
by [43, Lemma 91.15.1] that

Lryjo = Ly, j0 ®F, , Ro ® Lr,,,/0 @f,, Ro.
Therefore

Dery,(Ry, E/O) = H' (RHompg, (Lg, /0, E/O))
=~ H'(RHomg, (Lg,,, jo ®I;31,01 Ry @ Lg, ,,/0 ®Iﬁz2,92 Ry, E/0))
>~ H'(RHomg, (Lg, , /0 ®Iﬁzl,91 Ry, E/0))
®H' (RHomg, (Lg,,, /0 @%,, Re, B/O))
=~ H'(RHomg, , (Lg,,, /0, E/O)) ® H' (RHomg, , (Lg,, /o0, E/O))

= Deryy(Riy,, E/O) @ Dery(Rag,, £/O)

as desired.

To prove (3.1), choose CI coverings ¢ : El — R; and ¢y Eg — Ry with kernels I; and
15, respectively. Let R= §1®@§2 and X = A\; ® \o: R — O. Note that =P RQPy: R— R
is a CI covering. Since R; and Ry are flat over O, we see that ]1®0§2 and fh@@]z are ideals
in R and their sum is I = ker p. For (R',X) € CNL and a CI covering ¢': R’ — R’ with

kernel I’, we have
v (R)log, |O/pl = log, [N (Anng, (1) /N (Fittz (1)1,

95



so to prove (3.1), it suffices to show that

A(Anng (1)) = X\ (Anng (1)) Xe(Anng (L))

M(Fitt5(1)) = A ((Fittz, (1)) Ao (Fitt (D).
We have

Anng(I) = Anné(llééoég + Eﬂ@ofg)
= Anné(h@(gé?) N Ann§(§1®olg)
= Annﬁl ([1)@@%2 N §1®O AAI’IHE2 (IQ)

= Anng ([1)®@ Anng (1),

where the third line follows by taking a presentation of I; (resp. I) and tensoring it with

Eg (resp. El) and the fourth line follows from (O-flatness. Therefore
AAnng (D) = (A ® Xg)(Anng (I)®e Anng (1)) = M ((Fitt g, (1)) Ao (Fittz (1))

as desired.

For the statement above concerning fitting ideals, fix presentations

0— K, — R" %1, — 0

O—>K2—>]§’2"£>IQ—>0,

where K is a finitely-generated R;-module. Then a and B induce surjective maps a®1: R™ =
ET@OEQ — h@oéz and 1 ® [ R = Eléé@ég — §1®O[2. We obtain another surjective
map

Y= (Oé@l) — (1@5) Em+n :Em@]’%n —>[1®O§2+E1®OIQ =71
with kernel K = ker~. Identify elements in K, Ky, K with their images in ﬁ?, E;”, ﬁm”,
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respectively. By definition Fitt le(I 1) is the ideal in R, generated by elements of the form
det(uy, ..., uy) € R, for all Ui, ..., uy € Ky, and FittEQ(IQ) is likewise generated by all
elements of the form det(vy,...,v,) € ég for all vy,...,v, € Ky. Given uy,...,u,, € K; and

V1, ..,Um € Ko, we see that (“), (14y, ) € K for all i and j, thus Fittz(/) contains

det =det(uq, ..., uy) @det(vy,..., ).

0 e 0 1®U1 1®Un

This shows that Fitty (I1) ®o Fittg, (12) C Fittz(I). Therefore

A (Fitt g, (1)) Ao (Fittz (1)) € (M ® Xo)(Fittz, (1) ®o Fittz, (I2)) € M(Fitt (D).

For the reverse incluson, let w = (%) € K with w; € R™ and w, € R". Since w € K,

we have

Y(w) = (@@ 1)(w) — (1@ B)(wz) =0,

so we may let 7 = (o ® 1)(w;) = (1® B)(ws) € R. Note that
re (h@oﬁz) N (§1</X\>ofz) = L®ol,.

By definition A (1) = Aa(L3) = 0, thus (A @ 1)(r) = (1®Xe)(r) = 0. Let u = (1& o) (w;) €

R™ and v = (A ® 1)(ws) € R? so that

A(u) = A ((id @A) (wr)) = (A ® Xg)(wr) = A(wn)

A1) = Xo(M @id)(ws)) = (A1 ® X)(w2) = A(wn).

o7



and

a(u) = (o ®id)(id @) (w1) = (id @X) (o @ id)(wy) = (Id @A) (r) =0

B(u) = ([d@B)(\ @id)(wz) = (A @id)(id @) (w1) = (A @id)(r) = 0.

Therefore w; € ker a and wy € ker 5.

Given wy, ..., Wni, € K, we can thus write X(wz) = <§1((ul))> for u; € Kq,v; € Ky. Then
2(V;

- X (u o M (Uppen
Mdet(wy, . . ., wWymsn)) = det 1(m) 1 ()

Xa(v1) o Ao(Vinn)

The above determinant can be expressed as an alternating sum of the form

S (1) det((h (u)iex) det((Rao(v,))jer) = S (1A (det((u:)iex)) Ao (det((v;)jer).

XY XY

where the sums are taken over disjoint partitions X UY of {1,..., m+n} with | X| = m and

Y| = n. The above sum is clearly in A (Fitto(I1)) A (Fitto (L)), so
MFitto(I)) € M (Fittz, (1) Ao (Fittz, (1))

as required. O
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Chapter 4

Local computations

Let I be a totally real number field and v a finite place of F. Let k, denote the residue field
of F, and let g, = |k,|.

Let p be an odd prime which is unramified in F' and not divisible by v such that ¢, = 1
(mod p). Let E/Q, be a finite extension with ring of integers O, uniformizer w, and residue
field k. We fix a nontrivial p™-th root of unity ¢ € O, where p™ || (¢, — 1). We let
ep: Gp — O be the cyclotomic character.

Fix a residual representation p, = plg,. : Gr, — GLz(k) which we assume is trivial. Fix
an augmentation A\: RP* — O such that the induced representation py: Gp, — GL2(O) is of

the form

where x: Gg, — O is a character with x(¢,) = (.

Our main goal in this chapter is to compute the Wiles defect of (RP*,\) € CNLg. By
the results of Chapter 3, this can be done by finding a CI covering ¢: R — RP* with kernel
I and computing the following: (a) the first two steps in a finite free resolution of I, (b) the
R-annihilator Anng(7) of I, and (c) the cokernel of the map Hongs(ﬁRgs/O, 0) — ﬁfé/o

We will begin by finding a presentation of RP® as a quotient of a power series ring over O.
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Using this presentation, we find a CI covering ¢: R —» RPs. Using properties of regular
sequences with respect to exact sequences, we produce (a), from which (b) can be computed.
The calculation of (c) is reduced to linear algebra upon showing that the desired cokernel is

a quotient of O-lattices.

4.1 A presentation of R®

Our first task is to compute an explicit presentation for the ring RP*. Since the image of
inertia under p, divides p and v does not divide p, the deformations parameterized by RP®
factor through the tame quotient G%, of G,. Recall that G, can be topologically generated
by two elements ¢, and ¢,, where ¢, is a lift of Frobenius and ¢, is a topological generator
of the inertia subgroup of G,. Moreover, G, is characterized by the relation ¢,t,¢, =
>, Computing a presentation for RP® thus amounts to elementary matrix calculations and
checking the necessary ring-theoretic properties, as is done in [36].

Let pP*: Gp, — GL2(RP®) be the universal deformation and let

) 1+A B . 1+7T U
Y:ps <¢’U): ) Z:ﬂg (Lv):
¢ 14D Vo 14W
RP*° is thus the quotient of R = O[[A, B,C, D, T,U,V,W]] by the one relation which arises
from fixing the determinant of pP*(¢,), the two relations which arises from the condition that
pP3(1,) has characteristic polynomial (X — ¢)(X — ¢7'), and the four relations which arise

from the relation YZY ! = Z%,

Using that det(pP®) is the cyclotomic character and that the characteristic polynomial of
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Z is (X — {)(X — 1), we obtain the relations

ry = det(Y) — ¢, =1-q,+A+D+ AD — BC
ro = det(Z) — 1 =T+W+TW -UV

rs=t(Z) = ((+ ) =2=(=C+T+W.

Since the eigenvalues of Z are (g, — 1)-th roots of unity, we have Z% = Z, so the relation

YZY~! = Z% = Z implies that Y and Z commute. From this we obtain four relations

T4,75,76,177:
ry Ts BV —CU UA-D)+BW-T)
=YZ-7Y =
re Tr C(Tr-w)y+Vv(D-A) CU — BV
We immediately note that r4, = —r7. This shows that RP*® = R /(ry,r9,73,74,75,76)-

Theorem 4.1.1. We have RY® = R /I, where I = (ry,re,13,74,75,76). Moreover, RP® is

flat over O and Cohen-Macaulay.

Proof. We have already shown that R/(rq,re,rs, r4,75,76) = RP*°. Since RP® is the maximal
reduced p-torsion free quotient of RP*°, it suffices to show that RP>° is already reduced and
p-torsion free.

Lemma 4.2.1, proved in the next section, shows that RP*° is flat over O, hence p-torsion

free. Now observe that ideal (r4,75,76) C ZP® is generated by the 2 X 2 minors of the matrix

B —-C A-D
-U vV W-=T

The determinantal ring R/ (74, 75, 76) is therefore a Cohen-Macaulay, non-Gorenstein domain
and flat over O by [36, Proposition 2.7]. By Lemma 4.3.3, also proved in the next section,

we have that ry,re, r3 is a regular sequence in R/(ry,rs,rg). Thus RP*° is the quotient of a
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Cohen-Macaulay ring by a regular sequence, and therefore Cohen-Macaulay.
To show that RP*° is reduced, let X = Spec(RP*°®0 F). Since 2—( — (' +T+W € I%,
we see that T+ W # 0 on X. Therefore the affine open subsets Uy = {T" # 0} and

Uy = {W # 0} cover X. Consider the natural morphism

2=C—CT+T+W)

so that @ maps Uy and Uy, isomorphically onto open subschemes. Sending W+ ¢ + (71 —

2 — T defines an isomorphism

Ol[A,B,C,D,T,U,V,W]|]
2-C—¢1+T+W)

~ O[[A, B,C,D,T,U,V]],

thus the image of « is Spec(FE|[[A, B,C, D,T,U, V), which is formally smooth. This shows
that & is formally smooth, and thus reduced. Since RP*° is flat over O, this shows that

RP*° is generically reduced. Therefore by [16, Prop. 14.124], RP*° is reduced since it is

(%

Cohen-Macaulay. m
We observe that RP® is not a complete intersection.

Remark 4.1.2. As mentioned in the proof of Theorem 4.1.1, the ring R/(ry4,rs5,76) i non-
Gorenstein, hence not a complete intersection. It follows that ri,r9,73,74,75,76 1S NOt a

reqular sequence in R and RP® is not a complete intersection.

We fix the notation defining our presentation of RP® for the remainder of this chapter.

4.2 A CI covering of R

In this section we find a CI covering of the ring RP®, which we will use to compute the

Wiles defect of (RP%, \) using the results of Chapter 3. One would hope that a CI covering

can be obtained by taking the quotient map R/Z — RP® where Z is an ideal generated by
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some subset of r1,ry, 13,74, 75, 7¢. If this is the case, then necessarily Z cannot contain all of
r4,75,7¢ by Remark 4.1.2. Fortunately, it turns that one can in fact obtain a CI covering by
simply dropping the relation r4. The following lemma ensures that the resulting quotient of

R is a complete interesecton:
Lemma 4.2.1. The sequence w, D, A—U —V,C — B —T,ry,ry,13,75,7¢ 1S TEqular in R.

Proof. Let J = (w,D,A—U—-V,C—B—T,ry,r9,73,75,76). By Theorem A.0.7, it suffices
to show that dimR/J = 0.
After quotienting by D and @, the relation r3 =2 — ( — (' + T + W becomes T + W

since ( =1 (mod w), allowing us to eliminate W. Thus

R K[[A, B,C,T,U, V]|
J (A—BC,T2+UV,UA—2BT,-VA+2CT,A—U—-V,C—-B—-T)

~Y

Now the relations A — U —V =C — B —T = 0 allow us to eliminate A and C, thus

R . k([B,T,U,V]|
J  (BP+BT—U-V,T2+UV,U2+ UV —2BT, V2 + VU — 2T(T + B))’

Y

We use Macaulay2 to compute a Groebner basis of the ideal

J=(B*+BT -U-V,T*>+UV,U>+ UV —2BT,V* + VU — 2T(T + B))

63



in the ring Z[B,T,U, V]:

U? 20V - V?

T +UV

2BT —3UV —V?

B*4+ BT -U -V

3TUV — 2BV + TV? + 4TU + 4TV
BUV 4+ BV? —2TU — 2TV

10UV? +4V* 4+ 120V? 4+ 4V3

2TV? — TUV —2BV? + 13TV? + ATU + 4TV
2BV? — 4ATV?

TUV? 4+ TV? 4+ 4TV?

2V° —4UV? 4 12V*

UV 4+ V5 4 4V4,

We want to show that dimF,[B,T,U,V|/J = 0 for all odd primes g. Let B denote the above
basis. Since the elements of B have coefficients divisible only by the primes 2,3,5,13, it
follows that the image of B in F,[B, T, U, V] is also a Groebner basis for the image of J for any
prime ¢ # 2,3,5,13. It thus suffices to check that dimF,[B,T,U,V]/J = 0 for ¢ = 3,5,13
and one another prime not in {2, 3,5, 13} (we choose ¢ = 7). Using the above Groebner basis,
we use Macaulay2 to compute that dimF,[B,T,U,V]/J =0 for ¢ = 3,5,7,13. We conclude
that dimF,[B,T,U,V]|/J = 0 for all odd primes ¢ as desired. Now F,[[B,T,U,V]]/J is the
completion of F,[B,T,U,V|/J at the maximal ideal (B,T,U, V), thus

dimF,[[B,T,U,V]]/J < dimF,[B,T,U,V]/J
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and so dimF,[[B,T,U,V]]/J = 0 for all odd primes ¢. In particular we have
dimR/J = dim k[[B,T,U,V]]/J = dim(k @, F,[[B,T,U,V]]/J) = 0

as desired. O

Let R = R/(r1,r2,73,75,76) and let ¢: R — RP® be the quotient map. Then we have the

following:
Lemma 4.2.2. The map ¢: R — RP* is a CI covering.

Proof. 1t follows from Lemma 4.2.1 that rq, 79,173,715, 76, @ is a regular sequence in R, thus
Risa complete intersection which is flat over O and dim R=dimR —5 = 4. Since T4,75,T6
is not a regular sequence in R as mentioned in Remark 4.1.2, we have dim RP® = dim R =4
as well, hence dim R = dim RP®.

To complete the proof, we need to check the formal smoothness condition. The Jacobian
matrix for (A, B,C,D,T, U, V,W) > (ry,r,73,74,75,7¢), obtained by differentiating the

expression for each relation with respect to each of the variables A, B,C, D,T,U,V,W, is

1+D —C -B 1+ A 0 0 0 0
0 0 0 0 1+wW =V -U 1+7T
0 0 0 0 1 0 0 1
v wW-=-T D U -B A-D 0 B
-V 0 T-w Vv C 0 D-A -C

Let ¢ = q,,a = x(¢,) and let b, u denote the top-right entries of py(¢,) and py(t,), respec-

tively. Evaluating the above matrix at the augmentation A= Ao ¢ and rearranging rows,

65



we obtain

a! 0 —b ga 0 0 0 0
0 0 0 0 ¢! o0 —u <
0 0 0 0 1 0 0 1

0 0 C—¢Ct 0 0 0 at—qa 0
0 0 0 0 ¢! 0 —u ¢
0 0 0 0 1 0 0 1

The above matrix has full rank since ¢ # %1, so ﬁ[l /@] is formally smooth at X as desired.

We fix our CI covering ¢: R — RP® with I = ker ¢ for the remainder of this chapter. [

4.3 A partial finite free resolution of [

In order to calculate the André-Quillen cohomology group feré(R, E/O), we need the first
two terms of a finite free resolution of I as an R-module. Since I = (BV —CU) is generated
by a single element, this amounts to calculating Annz (/). We will do this by first calculating
Anng(BV — CU), where S is a larger quotient of R. Properties of regular sequences will

then allow us to leverage this calculation in order to compute Anngz(BV — CU).

Lemma 4.3.1. Let S = R/(r5,76). Then
Anng(BV — CU) = (D — A, W — T).

Proof. Let J = (rs,76) = (UA— D)+ BW —T),C(T — W)+ V(D — A)) and let
P =(D—-AW—-T). Clearly J C P. Note that P is a prime ideal of R since R/J =
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O[[A,B,C,T,U, V]| is a domain. If r € R is such that its image 7 in S is in Anng(BV —CU),
then r(BV — CU) € J C P. Since P is a prime ideal and does not contain BV — CU, we
must have r € P. This shows that Anng(BV — CU) C P.

Conversely, note that

(D — A)(BV — CU) = BV(D — A) — CU(D — A)

= C(U(A=D)+ B(W —=T)) + B(C(T = W) + V(D — A))

and

(W —TY(BV — CU) = BV(W —T) — CUW — T)
—V(U(A— D)+ B(W —T)) + U(C(T — W) + V(D — A)),
which shows that P C (rs5,76). O

Although the functor M +— M/JM in Modg for S a ring with J C S an ideal is not exact
in general, when applied to a short exact sequence such that J is generated by a sequence

which is regular on the third term, one does obtain an exact sequence.

Lemma 4.3.2. Let S be a ring and suppose

0— My — My — M3 — 0

s an ezxact sequence of S-modules. If J C S is an ideal generated by an Ms-reqular sequence

S1y...,8m €5, then
0 — Ml/JMl — MQ/JMQ — Mg/JMg — 0
1s also exact.

Proof. Consider the following diagram, where the vertical maps are multiplication by s;:
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M1—>M2—>M3—>O

I A

0 — M; — My — Mj
The rows are exact by hypothesis. Since s; is not a zero-divisor in M3, multiplication by s;

on Mj is injective. Then by the snake lemma
0— M1/81M1 — MQ/SlMQ — M3/83M3 — 0
is exact. The lemma now follows by induction. O]

We will need to use a specific regular sequence in the quotient R/(ry,rs,76) to compute

our resolution of .
Lemma 4.3.3. The sequence 11,719,713 is reqular for S = R/(ry,r5,76).

Proof. Note that the proof of Lemma 4.2.1 shows that

S R

>~

(ri,ro,m3,A—U—~V,C—B—T,D,@) (ri,ro,r3,75,76,A—U—-V,C —B—-T,D,w)

is O-dimensional. We have that r5, ¢ is a regular sequence in R by Lemma 4.2.1, but r4, 75, g
is not a regular sequence in R as mentioned in Remark 4.1.2. Therefore dim S = dimR—2 =

7, so it follows from Theorem A.0.7 that rq, 79,73 is a regular sequence for S. O

Note that the above lemma does not contradict that RP® = R/ (71,79, 73,74, 75,76) iS not
a complete intersection, as r4, 5, ¢ is not a regular sequence in R.

The following lemma gives the first two terms of a finite free resolution of I as a R-module:

Lemma 4.3.4. We have an exact sequence of R-modules

> S BV-CU,_

R? >y R I > 0

where the first map takes the standard R-basis to D—A W —=T. In particular, the annihilator
of I in R is
Annz(I) = (D - AW =T).
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Proof. Throughout this proof, we view ideals in quotients of R as R-modules.

Let S =R/(rs,r¢) and S’ = R/(ry4,75,76). By Lemma 4.3.1, the sequence

BV -CU
S? > S y S y S

o

is exact, where the image of the first map is 7 = (D — A, W —T)S and the third map is the

quotient map. Let Z = (BV — CU)S so that &' = §/Z. Consider the exact sequence

e

0 s T , S BV=eu 7

We wish to show that the above exact sequence remains exact upon quotienting by (rq, 79, 73).
This will follow from Lemma 4.3.2 once we show that rq, 79,73 is a regular sequence for Z.
By Lemma 4.3.3 we have that rq,ry,r3 is regular for §’. Now consider the short exact

sequence

2\
e

0 s T s S s S’

Since 1,739,173 is an exact sequence for &', it follows from Lemma 4.3.2 that the sequences

0 —— Z/(m) > S/(r1) » S’ /(r)) ———— 0

0 ——— Z/(r1,rs) ——— S/(r1,1) ——— S§'/(r1,15) ——— 0

0 —— Z/(r1,r9,13) — S§/(r1,12,173) —— §'/(1r1,79,73) ——— 0
are all exact. It follows that rq,79,73 is a regular sequence for Z. To see this, note that
r1,79,73 is a regular sequence for S by Lemma 4.2.1, i.e. for each ¢ we have that r; is
not a zero-divisor in §/(r1,...,7r;—1). Then r; is also not a zero-divisor in Z/(rq,...,r;) C
S/(r1,...,ri_1). Furthermore, the exactness of the third sequence above shows that
Z/(ry,79,73) is isomorphic to the ideal (BV — CU) in §/(r1,79,73).

Now consider the following commutative diagram:
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0 — J/(r1,ra,13) ——— S/(r1,7r2,73) BV-Cu, Z/(ri,re,13) —— 0

I F ]

BV-CU
0 >

~
)

where J and T are the ideals (D—A, W —T) and (BV —CU) in S/(r1, 7o, 13), respectively. We
have shown that the third vertical map is an isomorphisms. The first vertical map is clearly
surjective and is thus an isomorphism by the commutativity of the diagram. Additionally,
we know that the top row is exact by Lemma 4.3.2. Therefore the bottom row is also exact.
Noting that S/(r1,72,73) = R/(r1,72,73,75,76) = R and the images of J and Z under this
isomorphism are the ideals (D — A, W — T)) and (BV — CU) in R, respectively, we see that

72 > BV-CU,

>y R I

e}

is an exact sequence of R-modules, where first map takes the standard R-basis to D— AW —
T. Since these maps are also homomorphisms of E—modules, this proves the first statement

of the lemma, from which the second statement is immediate. O

4.4 The cokernel of Hongs(@Rgs/O, 0) — Homé(@fé/o, O)
In this section we compute the size of the cokernel of Hongs(QRgs/O, 0) — Homé(ﬁé/o, 0).
This is needed to compute |]5(;29(R55, E/O)| using Corollary 3.4.13.

For a differential x € QR /0, We write dx‘x = dx‘ , for the evaluation of = at the augmen-
tation A, i.e. the differential obtained by setting the variables A, B,C, D, P,T,U,V,W equal
to 0. Note that (AZR/@ ®XR O = 08 is a free O-module of rank 8 spanned by the differentials
dA,dB,dC,dD,dP,dT,dU,dV,dW.

Since R = R/(r1,r2,73,75,76), the kernel of the natural surjection SAIR/O ®7X2 O —

Qé/o ®§§ O is an O-lattice spanned by dr1|/\,dr2})\,dr3

yodrs /\,drﬁ‘/\. Denote this lattice
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by A. Similarly, let AP® denote the kernel of (AZR/O Q5% O —» Q RE® /O ®>1‘%ps O, which is an O-
lattice spanned by dn!/\, dr2|/\, dr3|A, dr4|A, dr5}/\, drg‘)\. Note that A C AP*. We thus have a

commutative diagram

0—>K—>08—>§§/O®%O—>O

|

0 — AP — 0% — ﬁRgsw ®§55 0O —0

with exact rows, where the third vertical map is the surjection induced by ¢. Applying the

exact functor Homp (-, E/O), we get a commutative diagram

0 — Homo(Qpp /o @ O, £/O) — Home(O%, E/O) — Home(AP, E/O) — 0

0 — Hom@(ﬁﬁ/o ®§§ O, E/O) — Homp (08, E/O) — Home (A, E/O) — 0
(4.1)

with exact rows, where the first vertical map is injective. Now
Homo(ﬁﬁ/o ®§§ O,E/0) = Homﬁ(&/_\lﬁ/o, Homp(O, E/O)) = Homﬁ(ﬁﬁ/o, E/0O),

and likewise Hom@(ﬁRES/O ®}\%Es O,E/O) = Hongs(QRgsm, E/O), so the size of the cok-
ernel of interest is the size of the cokernel of the first vertical map in (4.1). Note that by
exactness of Homp (-, £/O), the kernels in the rows of (4.1) are Homp(O% /AP, E/O) and

Homo (O /A, E/O), so the cokernel of the first vertical map in (4.1) is given by
Home (O /AP, E/O)/Homep(O® /A, E/O) =~ Home (AP/A, E/O) = AP/A.

Here the first isomorphism follows again from the exactness of Homp (-, £/QO) and the second
isomorphism follows since AP®/ A is a finite torsion O-module (as we will show in the following

lemma). Our task is thus to calculate the size of the quotient AP*/A.
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For the remainder of this section we set ¢ = ¢, for convenience. Recall that the repre-

sentation py: Gr, — GL3(O) induced by the augmentation A is given by

qga b ¢ u

px(@o) = : pA(Ly) =
0 at 0 ¢!

for some u,b € O. We see from the proof of Theorem 4.1.1 that the above two matrices

must commute, from which we obtain the relation b(¢ — (') = u(qa — a™1).

Lemma 4.4.1. The O-module APS/K is given by

O/(u™¢=¢1) ul(C—=¢T
0 (C=¢) Ju

AP /R =

Note that u and ¢ — (™' both divide each other if and only if u=*(¢ — (™) is a unit, i.e.

O/ (¢—¢™)=0.

Proof. The differentials of the relations 7y, ry, 13,74, 75,76 are

dry = (1+D)dA+ (1+ A)dD — BdC — CdB

dro = (1+W)dT + (1 +T)dW —UdV — V dU

drs = dT + dW

dry=BdV +VdB—CdU — U dC

drs =UdA+ (A—D)dU —UdD + BAW + (W — T)dB — BdT

dre = C AT + (T = W)dC — CdW + VdD + (D — A)dV — V dA.
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Evaluating at the augmentation A, we get

drl‘/\ =a 'dA+ gadD — bdC

dTQ‘A = (AT + ¢dW —udV

drs|, = dT +dW

dry|, = bdV —udC

drs|, =udA+ (qa —a ") AU —udD +bdW + (¢! = ¢)dB — bdT

drg|, = (= ¢ 1) dC + (™' — ga)dV.

The O-lattice AP® is thus spanned by the rows of the matrix

a! 0 —b ga O 0 0 0
0 0 0 0 ¢! o0 —u ¢
0 0 0 0 1 0 0 1
0 0 —u 0 0 0 b 0
u (1—¢ 0 —u —b qa—at 0 b
0 0 C—¢t 0 0 0 atl—qga 0

We will row reduce the above matrix to obtain an O-basis of AP®. After a few steps, we

obtain the matrix

a! 0 —b qa 0 0 0 0
0 ¢'-¢ bau —u—qa*u —b ga—at 0 b
0 0 —u 0 0 0 b 0
(4.2)
0 0 ¢C—(¢! 0 0 0 a ! —qa 0
0 0 0 0 1 0 0 1
0 0 0 0 0 0 T
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To proceed further, we need to consider two cases depending on whether or not ¢ — (1

divides u or vice versa.

Case u | (¢ - ()
Beginning with the matrix (4.2), we add u™'(¢ — (') times the third row to the fourth

row to obtain:

a ! 0 —b qa 0 0 0 0
0 ¢'—¢ bau —u—gqa*u —b qa—at 0 b
0 0 —u 0 0 0 b 0
0 0 0 0 0 0 al—qa+bu (¢ - () 0
0 0 0 0 1 0 0 1
0 0 0 0 0 0 —u ¢—¢t

The relation b(¢ — (™) = u(ga — a™') implies that the fourth row is zero, and we see that
the remaining rows are linearly independent since ( # +1. Therefore an O-basis of AP® is

given by the rows of the matrix

a! 0 —b qa 0 0 0 0
0 (¢ '—=¢ bau —u—qa’u —b qa—at 0 b
0 0 —u 0 0 0 b 0 (4.3)
0 0 0 0 1 0 0 1
0 0 0 0 0 0 —u (—(!

Case ((— (') | u

Beginning with the matrix (4.2), we add u(¢ — ¢™')~! times the fourth row to the third
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row to obtain:

a ! 0 —b qa 0 0 0 0
0 ¢'—=¢  bau —u—qa*u —b ga—at 0 b
0 0 0 0 0 0 ble—m g
0 0 ¢—¢? 0 0 0 a !t —qa 0
0 0 0 0 1 0 0 1
0 0 0 0 0 0 —u ¢ — ¢!

The relation b(¢ — (') = u(qa — a™') implies that the third row is zero, and we see that the
remaining rows are linearly independent since ( # +1. Therefore an O-basis of AP® is given

by the rows of the matrix

a! 0 —b qa 0 0 0 0
0 ¢'-¢ bau —u—gqa*u —b ga—at 0 b
0 0 ¢— ¢t 0 0 0 a ' —qa 0 : (4.4)
0 0 0 0 1 0 0 1
0 0 0 0 0 0 T

Now we need to compute an O-basis for A. The lattice A is spanned by dry, dry, drs, drs, drg,

i.e. the rows of the matrix

a! 0 —b ga 0 0 0 0
0 0 0 0 (¢t 0 —u ¢
0 0 0 0 1 0 0 1
u (1—¢ 0 —u —b qa—at 0 b
0 0 C—¢t 0 0 0 al—qga 0
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After row reducing, we obtain the matrix

a! 0 —b qa 0 0 0 0
0 ¢'—¢ bau —u—gqga*u —b qga—at 0 b
0 0  ¢-Ct 0 0 0 al-ga 0 (4.5)
0 0 0 0 1 0 0 1
0 0 0 0 0 0 R

The rows of the above matrix are linearly independent since ( # =£1, and thus form an
O-basis for A.

To finish the proof, we need to calculate the coordinate matrix M which expresses our
basis for A in terms of our basis for APs ie. the i-th row of M should be the coordinate
vector of the i-th basis vector for A with respect to the basis for AP® (where the basis vectors,
as expressed in matrices above, are ordered from top to bottom). Then APS/A 2 O/(det M).

Again we have two cases

Case u | ((—(Ch)
In this case we need to express the rows of (4.5) as linear combinations of the rows of

(4.3). Using the relation b(¢ — (') = u(ga — a™'), we find that

Case (¢ —¢7') |u

In this case we need to express the rows of (4.5) as linear combinations of the rows of
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(4.4). We note that these two matrices are identical, thus

4.5 The Wiles defect of (R, \)

We have now gathered all of the information necessary to compute ¢; y(RP®) and dy \(RP®)

and thus the Wiles defect of (RP*, \). First we observe that ¢; y(RP®*) = 0.
Corollary 4.5.1. We have ¢1 ,(RP®) = 0.

Proof. By definition ¢; x(RE®) = log, [C1,A(R®)|/log, |O/p|. We have
Cia(RY) = C,5(R) = MAnng (1)) /A(Fitt(1)).
But since I = (BV —CU) is a cyclic R-module, we have Fitt5(I) = Anng([), so the corollary

holds. [l

Remark 4.5.2. The proof of the above corollary only relied on the fact that I is a cyclic
E-module, and not the explicit computation of Anng(I). However, we will still need the

—1
partial resolution of I given in Lemma 4.3.4 in order to compute Dery(RP*, E/O).

To calculate dy \(RE®), we first need to calculate Hompes(1/1%, E/O) as an O-module.
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Lemma 4.5.3. As O-modules, we have
Hompe(I/12, B/0) = 0/(qa — a™,¢ — V).
Proof. Regarding F as an RP*-module via the augmentation A, we see that
Hompp:(1/12, E/O) = Hompes (I ©5 R, E/O) = Homo (I @% O, E/O).

Now recall the partial resolution of I

R R I 0

g
~

given by Lemma 4.3.4, where f sends the standard R-basis of R? to D— A, W —T. Tensoring

the above sequence with O over R gives the right-exact sequence

02 2, 9 >I®§§(’)—>O

Noting that A(D — A) = a™' — qa and A(W — T) = (™' — ¢, we sce that

18} 0=0/(mA(f) = 0f(a" —qa,¢" = Q).

Now we calculate the invariant d; »(RP®).

Proposition 4.5.4. Let e be the ramification index of E over Q,. Then we have
Ty

d1,>\ (RSS) = ?7

where n, is the largest nonnegative integer such that py (mod w™) is scalar.
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Proof. Recall that the size of the cokernel of Hongs(ﬁRgs/O, E/O) — Homé(ﬁé/o, E/O) is
equal to |[AP*/A|. Then by Corollary 3.4.13 the size of [/)e\ré(Rgs, E/O) is given by

[Der (R, E/O)| = | Hompge: (I/1%, E/O)|/|AP/A].
We have
Homp (I/ 17, E/O) = Of (g — a™,¢ (7).

by Lemma 4.5.3, and by Lemma 4.4.1 we have

O/(u™(¢=¢1) ul(C=¢)

AP /A = .
0 C=¢ ) u

By definition di\(RE°) = log, |]5&29(R55, E/O)|/log,|O/p|. Analyzing the four possible
cases depending on the valuations of ga—a™!,{ —(!, v and applying the relation b(¢ —(™!) =

u(qa — a™1), we find that

o7 log, [0/ (u)] (C=¢ D (ga—a)ul((=¢)
4y A (RY) = log, 10/(C=¢ ) (C=¢ N [ (ga—a™),((=¢) |u |
o7 log, [0/ (b)] (C=¢ ) (ga—a)ul((=¢)
( ( (¢

ga—a=) | (¢ —

where f is the order of residue field of O. Examining the conditions in each of the four cases

and using the relation b(¢ — (™) = u(qa — a™'), we find that in all cases

1
dl,)\(RES) = J lng |O/(b7 U, qa — ailag - §71)|'

Now note that %bgp |O/(b,u,qa — a™',¢ — (71| is the greatest integer n such that
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b=u=0 (mod @") and ga=a',{ = (' (mod @w"). Recalling that

b ¢
pk(gbv) = qa ) pA(Lv> - ! )
0 at 0 ¢!

we see that n, = n = §log, |0/(b,u,qa —a~"',( — ()|, thus the corollary holds.

We now obtain the following theorem which gives the Wiles defect of (RP®, \):

Theorem 4.5.5. Let e be the ramification index of E over Q,. The Wiles defect of the ring

RPS with the augmentation A: RY® — O is given by

SN(RY) = .

e

where n, is the largest integer such that py (mod w™) is scalar.

Proof. By definition
OA(RY) = din(RYY) — coa(RY),

so this is immediate from Corollary 4.5.1 and Proposition 4.5.4.
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Chapter 5

Global computations

In this chapter, we fix a residual representation p which we assume to be modular. We
define a global deformation ring R parameterizing deformations of p with prescribed local
behavior. Using the Taylor-Wiles-Kisin patching method, we show that R is isomorphic to
a (localized) Hecke algebra T' (with an augmentation A\: " — O) acting on the cohomology
of a Shimura curve (or Shimura set). Moreover, we show that R is the quotient by a regular
sequence of a power series ring over a completed tensor product of local deformation rings.
This leads us to our main theorem, which shows that the global Wiles defect §\(R) = d,(T)

is a sum of local defects.

5.1 The Taylor-Wiles-Kisin patching method

Let F be a totally real number field. Fix a finite set of finite places X of F" and for each v € ¥,
fix a local deformation condition 7, € {min, ps,d}. Let 7 = (7,)yex and for o € {min, ps, 0}
let 37 = {v € ¥:7, =0} Foreach v € ¥ we let F, be the completion of F' at v with
ring of integers O, and residue field k, with ¢, = |k,|. We also let Pr, C I, be the wild
inertia and inertia subgroups of G, , respectively, and we let ¢,, ¢, be topological generators

for the tame quotient G%, , where ¢, is a lift of Frobenius and ¢, is a topological generator
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of I,/ Pr, satisfying the relation ¢,t,¢; ! = 12,

Let p be an odd prime unramified in F' and not divisible by any prime in ¥ and let 3,
be the set of places of F' above p. Let E/Q, be a finite extension with ring of integers O,
uniformizer w, and residue field k. For each v € ¥?°, fix (, € O such that (, is a nontrivial
p™-th root of unity, where p"™ || (¢, — 1). Let ¢,: Gp — O be the cyclotomic character.

Let p: Gr — GL2(O) be a Galois representation for which:

e p corresponds to a Hilbert modular form of parallel weight 2.
e detp = ¢,.

e p is unramified for all places v € ¥ U X,,.

e For every place v | p, ﬁ|GFU is finite flat.

o If v € ¥™" then cither ¢, # —1 (mod p), Blg, is irreducible or p|,, is absolutely
Fy v

irreducible.

o If v € ¥, then p|,, is trivial and p|,, (¢,) has characteristic polynomial (X —

Cv)(X - C;l)

e The residual representation p: Gp — GLa(k) is absolutely irreducible and satisfies the
Taylor-Wiles conditions: p| Cre is still absolutely irreducible, and in the case when
v

p =5, we have v/5 € F and the image of the projective representation projs: Gp —
PGL;(Fs) is isomorphic to PGLy(TFs).

Let D be a quaternion algebra over F' unramified at all finite places of ' and ramified
at either all or all but one of the infinite places of F' (depending on the parity of [F' : Q]).

Define an open compact subgroup K™ = [[, K] C (D ® Aps)* by:
o K7 =GLy(0,)ifv ¢,

o KT =U(v)ifveXr.
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o K] =Us(v™) if v € ™", where a, is the Artin conductor of 7|, -
o K7 =Up(v™*?) if v e X7,

Here Uy(v™) (resp. Uj(v)) is the subgroup of GL2(O,) consisting of matrices which are
upper-triangular modulo v (resp. upper-triangular and unipotent modulo v). We will omit
the 7 from the notation for convenience.

In the case when [F : Q] is odd (resp. even), i.e. D is ramified at all (resp. all but
one) infinite place of F', let Xk be the Shimura curve (resp. Shimura set) associated to K
(see [8]). Let TP(K) be the Hecke algebra acting on H(K) = H'(Xg,O) in the Shimura
curve case and on H(Xg,O) in the Shimura set case, generated as an O-algebra by the
operators T, and S, for all finite places v & . Note that T?(K) is a finite O-module, as it
is a submodule of Endp(H (K)).

Now let
TP (K)P* = TP?(K)/((S, — €,(Frob,) : v € 22, (S, — ¢, : v € X))

be the principal series fixed determinant Hecke algebra.
Since p corresponds to a Hilbert modular form of parallel weight 2 by assumption, we

have the following:

Proposition 5.1.1. There is an augmentation \: TP(K)* — O such that p(Frob,) has
characteristic polynomial X? — N(T,) X + X\(S,) for any v & X UX,. Moreover, ®,(T?(K)P®)

18 finite.

Let A: TP (K)P® — O be an augmentation as in the above proposition, let m = A~} (wQ) C
TP (K)P® be the maximal ideal of TP (K )P* corresponding to p, and let T™ be the localization
of TP(K)P* at m. Note that any ring homomorphism x: T™ — E corresponds to a Galois

representation p,: Gp — GLo(F) lifting p such that det p, = ¢, and tr p,(Frob,) = x(7})
for v & 3.
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Define H™ = Homp(H(K),O) to be the O-dual of H(K) viewed as a TP (K)-module.
Define

M"™ =T" oy H™ = H"/((Sy — €p(Frob,) : v € X), (S, — ¢ : v € ¥P)).

Let

Rloc = (®UGZRE> @ (®U|PRE) I z;)c - (®UGERZU) @ (®vag) )

where the tensor products are taken over O, as in Section 2.3. Note that R is naturally
an Rj,.-algebra since each R}’ for v € ¥ is a quotient of RE.

We let R (resp. RP) denote the global unframed (resp. framed) deformation ring pa-
rameterizing lifts of p with determinant €, which are flat at all places v | p. Note that here
we use the assumption that p is absolutely irreducible (and ramified at only finitely many
places) to ensure that the ring R exists by Theorem 2.2.12.

We fix a noncanonical isomorphism R” & R[[Xj, ..., X4;_1]] for some j and thus treat R
as a quotient of R™. Let p{}..: G — GLy(R") be the universal lifting. For each v € YUY, the

restriction pEniV’ is a lifting with determinant €, which is flat if v | p, thus after composing

Gr,
with the inclusion G, < G, the universal property of RY induces a map RS — RY. We
thus have a natural map Rj,. — R°. Likewise, via the composition RY — RY — R, we
have a map Ri,. — R. We then define R7?™ = R[_ ®p,. R~ and R™ = R], . Qp,. R as in
Section 2.4.

We have the following standard lemma [23] concerning the existence of a surjective “R —

T” map, which we ultimately show is an isomorphism via the patching method:

Lemma 5.1.2. There is a surjective map R™ — T7 inducing a representation p”: Gp —
GLy(T7) such that p™(Frob,) has characteristic polynomial X? — T,X + S, for all places
vE€ X UL,
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Our goal is prove that the map R™ — T7 is in fact an isomorphism. Since T” acts faithfully
on M7, this will follow if we show that M"™ ®¢ E is supported on all of Spec R™[1/w] and
R is free over O. These statements are shown via the Taylor-Wiles-Kisin patching method.
We will consider deformation rings where we impose additional deformation conditions at a
finite set ) of “Taylor-Wiles” primes disjoint from X UX,. The patching method allows us to
take a “limit” of these deformation rings to produce a “patched” ring R’ and R -module
M7, . From the action of R, on M7, we deduce the required properties of R™. We use the
notation and terminology of [26] in applying the “ultrapatching” method due to Scholze [34].

For cach v € Q we fix an eigenvalue o, of pJ(Frob,), and let B2 be the modified local

deformation corresponding to «, as defined in Section 2.3. We then define

Or P »O) S ) To | 2 fl -
5= (®,,7) 5 (@, ) & (®,, 1) on. 1
b=Ry ®ro R
analogous to the definitions of R™7 and R", and we let pg’T: Gr — GLQ(RS’T) and
po: Gr — GLQ(Ré) be the universal lifting and universal deformation, respectively.
We require the following standard lemma (see [27, Lemma 2.5|, [23, Proposition 3.2.5],

and [15, Proposition 5.10]), which guarantees we can produce a sequence of Taylor-Wiles

sets satisfying additional conditions.

Lemma 5.1.3. Let r = max(dim H (Grsus,, (ad’p)(1)),1 + [F : Q] — |[SUS,|). For each

n > 1, there exists a set Q,, of finite places of F' such that
e ,N(XUL,) =0.
e For each v € Q,, p(Frob,) has distinct eigenvalues.
e ¢, =1 (mod p") for allv € Q,.

o |Qn]=r.
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o RUT = RS’: is topologically generated over Rl by g = X UX,| —1—[F : Q] +r

elements.

Lemma 5.1.4. Let Q be a set of Taylor-Wiles primes as in Lemma 5.1.3. Then for each

v € Q, we have paGF = X1 ® X2 for some tamely ramified characters x1,x2: Gr, = Rg.

Proof. Let v € ). Since @) is disjoint from > U X,, we have that ﬁ|GFU is unramified.
Therefore pj,(1,,) is contained in the 1-units of Ry, which is a pro-p group. But P, is pro-v
and @ is disjoint from ¥, thus py(Pr,) is trivial. This proves the tamely ramified part of
the assertion.

By assumption p(Frob,) has distinct eigenvalues, so by Hensel’s lemma we may choose a

basis such that

. a 0
pQ((bv) =
0 p
is diagonal. With respect to this basis, write
. a b
c d

for a,b,c,d € m = mp,. Using the relation ¢,t,¢ ' = 12, we find that

a afB~ b (g a b
- (0)

a'Bc d =0

m

Comparing top-right and bottom-left entries modulo m?, we see that

af b =qb (mod m?)

a 'Bec=q,c (mod m?)

By assumption «, § are distinct modulo m and ¢, = 1 (mod p), so the above relations imply
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that b,c € m?. Assuming by induction that b,c € m™, we see that the above relations hold
modulo m™*!, thus b,c € m™*!. Therefore b,c € m™ for all m > 1, hence b = ¢ = 0 by

completeness. This completes the proof. O

Let r and Q,, for n > 1 be as in Lemma 5.1.3, and let p'7 = pg’;. For each n > 1, choose
a place v € @),,. By Lemma 5.1.4, pZL|GFv = Xv,1 D Xu,2 for some tamely ramified characters
Xv.2, Xv2: Gr, — RI. Let x, be equal to either x,; or x, 2. By local class field theory, x.| In,
determines a character x,: O, — (R])* Moreover, x,(I,) is pro-p, being a closed subgroup
of the 1-units of R]. Since @), is disjoint from >, and the 1-units of O, are pro-¢ when v | ¢,
it follows that .| In, factors through A,, where A, is the maximal p-power quotient of k.

Let A, =] A,. Then the choices of the x, define an action of O[A,] on R] via the

VEQR

characters Y,. Moreover, the congruence condition |k,| = 1 (mod p") implies that A, ,, is

cyclic of order divisible by p", so

((yl + 1)pm1 - 17 R (yT + 1)pmr - 1)

for some integers m; > n.
We need to define a few more objects in order to proceed with the patching argument.

Let r and g be as in Lemma 5.1.3 and let d = r +4j — 1, where j = [¥ UX,|. Now define

Rgo = Rﬂ)c[['xlv s 7xgH7

Sec = O[[y17~-->yd]]-

By Proposition 2.3.5, R is of dimension 4 for v € 3 while R is of dimension 4 + [F, : Q,)]

for v | p. Recalling that g = [XUX,| —1—[F : Q]+, we see from the definition of R} that

dim R, =3 [SUS|[+ > [F: Q] +1=3j+[F:Q+1,

vlp
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from which it follows that
dimSe =d+1=g+dim R, = dim R].

For each n > 1, choose @, as in Lemma 5.1.3 and let RJ"™ = RS’J and R = Ry, .
By the last statement in Lemma 5.1.3, there exists a surjection Rl — R7. Now R.'T &
R [[Yrs1, - - - Yd)], so by the preceding discussion regarding the action of O[A,] on R, we see
that R has a S.-module structure which factors through O[A,][[yr+1, - -, ya]] (treated as
a quotient of Sy).

The construction in [27, Section 4.2] produces a compact open subgroup K, = [[, K, C
(D ®Apys)* (with K,,, = K, for all v € @),,). We define a Hecke algebra T}, and a Hecke-
module M analogously to T and M7 (but at level K,,). Then we have surjections R}, — T7,
which makes M an R} -module (hence an S,-module as well). Using this surjection and the

fact that RT is naturally an O-subalgebra of RJ7 since p is irreducible, we define a framed

Hecke algebra and a framed Hecke module by

O _ p7 O,r
Tn - Tn ®R;§ Rn

Or T 0,7
M," =M, ®r; R,

Next we show that 27 = { RI7}>° | is a weak patching algebra and 257 = {MP7}%
is a weak patching Z-module as defined in [26]. Moreover, we show the stronger statement

that .#Z™ is a free patching Z-module as defined in [26].

Lemma 5.1.5. We have that Z77 = {RL7}22, is a weak patching algebra covered by RT,

and AT = {M>7} | is a free patching Z-module.

Proof. Consider the ideal n = (yi,...,yq) and the subring S, = Ol[yi,...,y,]] in Se. Let
W = (y,...,y,) =nnNS,_. Then RI"/n = R™ and M7 /n = M™ and M7 is finite free

as an O[A,)[[Yr+1, - - -, yal]-module (see [11], [10], [37], [23]). Now R;'™ = R] ®g;_ Ss and
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M2 = M7 ®gr. Seo (the d —r = 45 — 1 variables y,41,...,yq make the unframed objects

non-canonical quotients of the framed objects), so

rankg_ RE’T =rankg, R =ranko R’

rankg, M,"" = ranks, M, = ranko M".

This shows that the S..-ranks of the rings R.»™ and the modules M- for n > 1 are constant,
hence uniformly bounded. Therefore Z°7 = {R-7}2, is a weak patching algebra and
AMOT = {MPTI | is a weak patching Z-module as defined in [26].

Since M2 is free over O[A,][[Yr11, - - - ya]], we have
I, = Anng. M2 = Amng_ OA (B wall = (5 + D™ = 1. (o + 1P — 1),

where the m,,; are as in (5.1). Therefore M. is free over S.,/ Anng_ M.

Now let a C S, be an open ideal. Then S.,/a is finite. Since 1+mg__ is a pro-p group, the
image of 1 +mg_ in S/a is a finite p-group. For eachi =1,...,r, we have y; +1 € 1 + mg_,
thus there exists some integer N > 0 such that (y; + 1)*" =1 (mod a) for all i = 1,...,r.

Mn,i

Recall that m,,; > n for each i = 1,...,r, thus if n > N, we have (y; + 1) ™" —1 € a for

alli=1,...,r ie. I, Ca. This, together with the freeness of M7 over S,/ Anng,_ M>7,
shows that .#"7 is a free patching Z-module as defined in [26]. Moreover, we see from the

last condition of Lemma 5.1.3 that R7_ covers the weak patching algebra %29. O]

We are now ready to apply the patching method to show our map R™ — 77 is an

isomorphism.
Theorem 5.1.6. The rings R] and S satisfy the following conditions:
(a) dim So, = dim R .
(b) There exists a continuous O-algebra homomorphism i: Ss. — RZ, which makes RT,
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nto a finite free Sy-module.
(¢) There exists an isomorphism Rl ®s. O = R™ and R is finite free over O.

(d) The surjective map in Lemma 5.1.2 is an isomorphism. Moreover, the rings R™ and

T™ are reduced.

(e) If Apr_: R, — R™ = T7 A O is the augmentation induced by A then R [1/w] is

formally smooth at Agr_.

Proof. Part (a) was shown in the preceding discussion in which we defined R7 and S,.

By [27, Theorem 4.2] and Lemma 5.1.5, we obtain the following:

e RT = P(#7) is a finite type Sy-algebra and M7 = P(.#°7) is a finite free

Seo-module. Here &7 denotes the patching functor defined in [26].
e M is a maximal Cohen-Macaulay module over R7.
o Rl ®s., O= R and M] ®s. O = M.

e There is a surjection 7 : RT — R, through which the map Rj, - R™ = R, Qg R

-
loc loc

factors.

Since R is a Sy-algebra, R7_ is a complete local ring, and S, is a power series ring, we
can lift the structure map S, — RL, to a map i: S, — R, which makes 7., a surjection of
Soo-modules. Then M7 is a maximal Cohen-Macaulay R7 -module. Therefore the support
of M7 is a union of irreducible components of Spec R7_. Since R, = R [[z1,...,%,]],

the irreducible components of Spec R are in bijection with the irreducible components of

Spec Rj. ..
Using [14, Corollary 3.1.7], we see that each irreducible component of Spec RZ contains
a point in the support of M7 /(i(v1),...,i(ya)) ®o E = M™ ®o E which is not contained in

any other irreducible component. Now since the support of M7 clearly contains the support
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of M7 /(i(y1),...,i(ya)) ®o E, it follows that the support of M7 is all of Spec R7 . Then

Anng; (M7) is contained in the nilradical of R . But Rj, hence R, is reduced, thus the

loc’
action of R7 on M7 is faithful. This implies that 7. : R, — R7, is injective and thus an
isomorphism of S,.-algebras, which together with the condition R ®g. O = R™ proves the
first part of (c).

It follows from Lemma 2.4.1 that R7, is Cohen-Macaulay, thus depthg, R = dim R7.

Since M7 is a maximal Cohen-Macaulay R’ -module supported on all of Spec R7_, we have

depthp, MZ, = dim(Suppg, MJ) = dim R7.

Then by the Auslander-Buchsbaum formula, the projective dimension of M7 as a R_-
module is equal to

depthp, R, — depthp, M7 =0.

Therefore M7 is projective over R7_, hence free since R7_ is a local ring. By definition the
action of So, on M7 factors through i: Soc — R7 . Since M is free over Sy, it follows that
M7 is also free over R7_, proving (b).

Since M is supported on all of Spec R, the module M™ = M7 ®gs_ O is supported on
all of Spec R™ = Spec(RL, ®s,, O). Let I = ker(R™ — T7). By definition the action of R™ on
MT factors through R™ — T7, thus every prime ideal of R™ contains I = ker(R™ — T7) since
M7 is a faithful T7-module. Since T7 is reduced, it follows that I is the nilradical of R,
hence (R7)*d = T7. This implies that R7 is finite over O since T7 is finite over O. Therefore
R" is also free over O since R™ = Rl ®g., O is free over S, proving the second part of (c).

Since the action of R"[1/w]| on M"™ ®o E factors through R™[1/w] — T7[1/w], it follows
that R7[1/w] — T7[1/w] is injective. Therefore ker(R™ — T7) is a torsion O-module. But
we showed that R™ is free over O, thus R™ — T7 is injective, which proves (d).

As in the proof of [3, Theorem 6.3], Spec R, is formally smooth at every point in the

support of M™ ®o E, in particular at the point corresponding to Agrr : R, — O, which
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proves (e). The smoothness follows from the fact that cohomological Hilbert modular forms
are generic in the sense of [1, Lemma 1.1.5], which in turn follows from the genericity of the
corresponding automorphic representation of GLy(Af) at all finite places and local-global

compatibility as recorded in [1, Theorem 2.1.2]. O

5.2 Main theorem

We are now ready to prove our main theorem, which gives the Wiles defect of the global
rings R7 = T7 with respect to the augmentation A\: T™ — O from Proposition 5.1.1. By
making use of the properties of the Wiles defect recorded in Section 3.5 and the patching
argument of the previous section, we show that the global Wiles defect is equal to a sum of

local defects.

Theorem 5.2.1. For the rings R™ = T7 and the augmentation R™ = T7 EN O, the Wiles
defect is given by
n’U
IN(RT) =6,(T7) = —,
vEXPS

where e is the ramification index of E/Q, and for each v € ¥P° n, is the greatest integer

such that py|g, s scalar.

Proof. Theorem 5.1.6 (b) implies that Sy, — R7_ is a 1-codimensional embedding. Then by

Theorem 3.5.2 we have
O\ (T7) = 0A(R") = 0A(RL, ®s,, O) = 6r(RL,).

1 1 T T
Now z1,...,24 € ker A is a regular sequence in R}, = R] ,

so by Theorem 3.5.3 we have

Ox(RL,) = 6y = 6A(Rf,.) = da ((@U@Rg’) ® <®U|pRg>) '
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Since the rings R7 for v € ¥ and R for v | p are all reduced, by Proposition 3.5.6 we have

o) o (o p)) _ T fl
0 (@) 2 (@, 1) ) = Stz + o
vED v|p
By Proposition 2.3.5, we have that R? 2 O[[z1, ..., 34(r,.q,)]] and R2™ and R} are complete
intersections, thus 0y (R1) = 6, (R™") = §\(RY) = 0 by Proposition 3.5.5. By Theorem 4.5.5

we have 0,(RP®) = n,/e. Therefore

S UHET) Y RN =D HERY)+ D BB+ D> (RE)+ D6 (R

veEY vlp vEZPS veXmin veXH vlp

Ty

VEXPS
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Appendix A

Cohen-Macaulay modules and rings

In this appendix we recall the definition of and basic facts about Cohen-Macaulay modules
M over a Noetherian local ring R. We are particularly intersted in Cohen-Macaulay rings,
i.e. Noetherian local rings R which are Cohen-Macaulay modules over themselves.

We first recall the meaning of regular sequences and the depth of a module.

Definition A.0.1. Let M be a module over a ring R. A sequence of elementsry,..., 1, € R
is called a regular sequence on M (or a M-reqular sequence) if M /(ry,...,r,) # M and for
each 1 < i@ < n, the element r; is not a zero divisor on M/(r1,...,r;_1). In particular, a

reqular sequence in R is a reqular sequence on R considered as a module over itself.

Definition A.0.2. Let M be a module over a ring R and I C R an ideal. We define
depth;(M) to be the supremum of lengths of M -reqular sequences contained in I if IM # M.
If IM = M, we define depth; (M) = oo. If R is a local ring with mazimal ideal m, we simply
write depth(M) = depth,, (M).

Definition A.0.3. Let M be a module over a Noetherian local ring R. We say M is Cohen-
Macaulay iof depth M = dim M. In particular, we say that R is a Cohen-Macaulay ring if

depth R = dim R when R is considered as a module over itself.
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In general the regularity of a sequence depends on order, but for finitely-generated mod-

ules over Noetherian local rings this is not the case (see [24, Lemma 1.4]).

Proposition A.0.4. Let M be a finitely generated module over a Noetherian local ring R. If

T1, ..., Ty 45 a Teqular sequence on M, then so0 is vy, ..., Tom) for any permutation o € S,.

Proof. We prove the case n = 2. The result then follows by induction.
Suppose r1, o is a regular sequence on M. If x € M is such that rox = 0, then we must

have x = ryx; for some x; € M since rq, 79 is regular on M. Then

rox = r17rox = 0,

so roxr; = 0 since 7y is regular on M. Then xy = ryxy for some x5 € M. By induction we
have a sequence x = xg,x1,Ts,... in M such that z, = rix, 1 for n > 1. It follows that
z € ()~ r1M. But this intersection is 0 by the Krull intersection theorem, thus « = 0. This
shows that ro is regular on M.

If 121 = roxs for some x1,xo € M, then x5 = ria}, for some z/, € M since 11, rs is regular
on M. Then

/
X1 = T2y,

which implies x; = 792, since 7 is regular on M. We conclude that ry, r is regular on M

as desired. ]

We want to prove an equivalent condition for a sequence in a Cohen-Macaulay ring to be

regular. We require a theorem due to Ischebeck (see [28]):

Theorem A.0.5. Let R be a Noetherian local ring. If M and N are finitely generated

R-modules, then

Ext’% (N, M) =0 for all i < depth M — dim N.
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Let R be aring and let M be a R-module. Recall that the set of associated primes of M is
the set Assg(M) of prime ideals p € Spec R such that p = Anng(z) for some 2 € M. Minimal
elements of Assg(M) are called isolated primes while the remaining elements of Assg(M)
are called embedded primes. The following theorem (see [24, Theorem 1.22]) asserts that all

associated primes of a Cohen-Macaualy module are minimal and have the same dimension.

Theorem A.0.6. Let M be a finitely generated Cohen-Macaulay module over a Noetherian

local ring R. Then

(a) We have dim R/p = dim M for all p € Assgr(M).

(b) The module M has no embedded primes.
Proof. Let p € Assg(M). Then p = Anng(z) for some nonzero x € M, so r — rz defines a
nonzero R-module homomorphism R/p — M. Then

Ext%(R/p, M) = Homg(R/p, M) # 0.

thus dim R/p > depth M by Theorem A.0.5. On the other hand, since p € Assg(M ), we have
p € Supp M, so dim R/p < dim M. Now depth M = dim M since M is Cohen-Macaualy,
thus we conclude that dim R/p = dim M.

For the second part, note that if p; C ps is a strict inclusion of primes in Assg(M), then

dim R/pg < dim R/pl,

contradicting (a). O

The following theorem is the main result of this appendix. It provides a useful criterion

for checking if a sequence in a Cohen-Macaualy ring is regular.
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Theorem A.0.7. Let R be a Noetherian local ring which is Cohen—Macaulay. A sequence

T1,...,Tn in R is reqular if and only if

dim R/(ry,...,rn) = dim R — n.

Proof. The sequence ry is regular if and only if 71 is not a unit or a zero divisor. If ry is
not a unit or a zero divisor, then dim R/(r;) = dim R — 1 since R is a Noetherian local
ring. Conversely, suppose dim R/(r;) = dim R — 1. Then r; is not a unit, and if r; is a
zero divisor, then Anng(ry) # 0, thus r; € p for some associated prime p € Assg(M). But

Theorem A.0.6 implies that p is a minimal prime, thus

dimR=dim R/p <dimR/(r;) = dim R — 1,

a contradiction. Therefore r; is not a zero divisor.

Now assume by induction that a sequence rq,...,7r, in R is regular if and only if
dim R/(rq,...,r,) = dim R — n. The sequence is regular if and only if ry,...,r, is a regular
sequence in R and 7,1 is a regular sequence in R/(ry,...,r,). This is the case if and only if

R R cey T R
dim— g Beer) g R R (n+1).
(ri, ..oy Tns1) (Tnt1) (ri,...,m)
The theorem now follows by induction. O
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