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ABSTRACT OF THE DISSERTATION

Spectrum Analysis of Correlation Matrices with Weak Factors

by

Van Latimer
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2022

Professor Jun Yin, Chair

In this work we study the extreme eigenvalues and eigenvectors of sample correlation ma-
trices arising from Johnstone’s spiked model, or, a factor model. We make the important
assumption that the model has weak factors. Under the assumption of 6 bounded moments
and the assumption that the eigenvalues are comparable and not too close to one another,
we show that the distribution of the spiked eigenvalues of the sample correlation matrix are
close enough to those of the sample covariance matrix to have the same distribution. We
show a similar result for the eigenvectors under the additional assumption that the eigen-
values are bounded. We also show that the non-spiked eigenvalues of the sample correlation
matrix are close to those of an appropriate random sample covariance matrix, which allows
us to establish universal Tracy-Widom statistics if the factors are weak enough. However, we
establish a phase transition, whereby the non-spiked eigenvalues may have asymptotically

Gaussian distribution if the factors are not weak enough.
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CHAPTER 1

Introduction

1.1 The setting and existing results

In this work we investigate correlation matrices arising from the spiked covariance model of
Johnstone [Joh01]. First we will describe the motivation for studying covariance matrices in
general, then we will introduce the intuition behind the spiked model. We will specialize to
the case of spiked models with weak factors, where the terminology comes from the discipline
of factor analysis where the use of the spiked model is ubiquitous. Finally we will introduce

the correlation matrix—the motivation for its use and the difficulty in studying it.

1.1.1 Sample Covariance Matrices

Let M be a large positive integer. Given an M-dimensional real-valued random vector
z = (z1,...,2y), a fundamental—even canonical—problem in statistics is to obtain the

covariances between the different entries z; of z, which we call variables.

e How do 200 different markers of students’ academic performance, socio-economic po-

sition, and other quantifiable life circumstances covary with one another?
e How do the prices of 500 different stocks covary?

e How does a customer’s rating of one movie on a streaming service covary with his or

her rating of another?



We see that the covariances yield valuable understanding in science contexts, which in turn

yields monetizable insights in a business context.

In all of these examples, the covariances cannot be known a priori but at best must be
estimated from iid samples of the random vector z. The covariance Ez;z;, being an expec-

tation, may be estimated with the strong law of large numbers: considering N independent

(u)

=1 i , which is called the sample

measurements z*) of z, we estimate Eziz; as N~ ! Z
covariance between z; and z;. See that the matrix of sample covariances may be written
liv: 0,00\ N 0 (0"
(N z; zj) —Zz (z )
p=1 i =1
where A* is the transpose of a matrix or vector.

Now let us further assume, according to the general linear model of statistics, that z is
generated as Sx, where S is an M x M deterministic matrix and where x is a M-dimensional
random vector with independent, centered, variance 1 entries with some tail conditions.
This is on the one hand a very restrictive assumption, but on the other hand ubiquitous
and necessary for much theoretical analysis. In this case, the sample covariance matrix is

constructed as
N
V= N E z“ =% E =SXX*S (1.1)

where the matrix Xjy«n is defined through X;, = N -1/ 2X§“ ). This formulation is useful
because now all of the randomness is in one quantity X, which has independent, centered,
variance N~! entries, and all of the covariance structure is in one quantity S. The true

covariance Ez;z; is given by (55%);;, so that SS* is the population covariance matriz.

Note that only in heuristic discussions about real-world random vectors z will we use the
symbol x for a random vector in this way. Usually x and y will denote generic derterministic

vectors.

Letting N — oo therefore, we have (SXX*S*);, — (595%);, and we may obtain the

population covariances at some rate depending on the moment assumptions on X—the bare
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minimum uniform-in-L? bound on { N*/2X;,} gives almost sure convergence, while a uniform-

1/2 and uniform-in-L? bounds would begin to increase

in-L* bound would give a rate of N~
the probability with which the convergence holds. This regime, in which M is fixed and

N — 00, may be referred to as the regime of classical multivariate statistics.

However, modern applications are not adequately handled by classical multivariate statis-
tics. In the age of big data, we may be interested in random vectors whose dimension M is
not far exceeded by the number of samples N available. For example, in our financial exam-
ple above, we may be interested in how the prices of 500 different stocks covary, and, lest
we go too far into the past when the covariance structure may very well have been different
than it is today, we may only have reliable access to 365 different days on which all these

stocks were recorded.

When N is comparable to M, although the sample covariance matrix SX X*S* is some-
what close to SS* in each of its entries, more global quantities calculated from one matrix
or the other may vary drastically. The canonical example is when S is the identity (this is
called the null case, or the uncorrelated case); all of the eigenvalues of SS* are then 1. But
the eigenvalues of SX X*S* exhibit a profound difference (see Figure 1.1). Lettingy = M/N,
the non-zero eigenvalues are approximately described by the Maréenko-Pastur law, whose

density is

L V(A —2)(x— ) 9

= — 1, , Ar=(1+
flo) =5 " ebnopily Ax=(1E£Vy)
The regime in which M and N are both large and in which N is comparable to M, or
even exceeded by it, is often referred to as the regime of random matriz theory. Random

matrix theory, or RMT, is most often concerned with the eigenvalues and eigenvectors of

such large random matrices.

The bevavior of the eigenvalues of SX X*S5* for general S is well studied. One relevant
form of S is when the eigenvalues of S5 are “evenly spread out”, meaning that, for example,

a histogram of the eigenvalues of SS* looks like a continuous probability density function,
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Figure 1.1: The non-zero eigenvalues of X X* when M = 1000 are spread out very predictably
according to the Marcenko-Pastur law. Some of the zero eigenvalues in the case M/N =4

are omitted.

or when SS5* has finitely many distinct eigenvalues, and the fraction of eigenvalues taking
each distinct value is bounded away from 0 (this is a common toy model; see eg [LP20]). A
very strong result for the distribution of the eigenvalues is possible in this setting. Let pu =

M-t Zf‘il Oxi(sxx+s+) and o= M1 Zf\il O, (ss+), Where \;(A) is the ith largest eigenvalue of

a symmetric matrix A. We define a measure p through its Stieltjes transform s,(z) = [ df—f?

as follows:

LI —z+y/ ~—dg(x) (1.2)

So I+ s,x
To define the measure p in this way immediately prompts new questions: does a solution to
(1.2) exist, is it unique, and is the solution the Stieltjes transform of a measure? There is in
fact a unique solution s, := s,(z) in H to this z-dependent equation for z € H, where H is
the complex upper half plane; the verification of this is found in [SB95] (only note that the
measure A in that paper is dy in our context). That s, is in fact the Stieltjes transform of a

measure is the result of [CS95]. For further discussions of the properties of o, including how



to determine its support, and the “square root behavior” of its density in most cases near

the edges of its support, see [CS95] and [KY17].

The introduction of the Stieltjes transform, given the technical nature of the proofs of
the basic questions above, may seem an unnecessary distraction. This could not be farther
from the truth. We will discuss more in Section 1.2 how the Stieltjes transform is a key
ingredient in the powerful “resolvent method” of random matrix theory. Using the resolvent

method, [KY17] proves that for any interval I,
u(I) = o(I) + O<(N7Y) (1.3)

where the terminology O~ will be explained later; it communicates a bound up to factors of

N€ with very high probability.

1.1.2 The Spiked Model of Johnstone

Another important form of S was introduced by Johnstone in the seminal paper [JohO1].
Rather than assuming the eigenvalues of SS* are “spread out”, we assume that almost all of
them are 1, except for a small handful which are away from (usually greater than) 1. That

is, 55" is a bounded rank perturbation of the identity.

Let us introduce a more specialized instance of the spiked model with natural intuitive
motivation and which will be the subject of our analysis. Let sy,...,sg be deterministic

vectors in RM | and assume a random vector z is of the form
z =811 + -+ sgrg + x"s) (1.4)

where x5 ¢ RM™ where z1,...,2x € R, and where x = (z1,..., 2k, (x(“"ise))*yk has
independent, centered, variance 1 entries. Thus we are assuming that z is generated by
a K-dimensional “signal” plus “white noise”. For example, perhaps K = 5, the variables
z1,..., 2y are M different markers of a student’s academic performance, and z1,..., x5 are
the values of the student’s “Big 5 personality traits”: openness, conscientiousness, extro-

version, agreeableness, and neuroticism. To say z is of the form (1.4) is to say that every
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measure of academic performance has a linear contribution from a student’s level of open-
ness, conscientiousness, etc., as well as some unaccounted for randomness in the form of

white noise.

The above model for z is called a factor model for the data; the terminology comes
from the discipline of factor analysis, which assumes such a model for the data and tries to

estimate the vectors s,. In this context the matrix S is of the form

S:<B ]M>, B:(S1 SK)

where I, is the M-dimensional identity matrix, so that
SS*=BB*"+ 1y

The rank K of the signal will be considered fixed as M and N go to infinity together.
Since SS5* — I has rank K, this is an instance of Johnstone’s spiked model. We note at
this moment that if $S* was a finite rank deformation of a diagonal matrix other than the
identity, the model would no longer be referred to as Johnstone’s spiked model, but rather
as a generalized spiked model. It would still, however, be appropriate to refer to such a
model as a factor model. We note that the technique of factor analysis, though widespread,
has a mixed reputation. One of the criticisms leveled against it (see [FMT86]), comparing
it to the related technique of principal component analysis, is that it assumes a model for
the data rather than only focusing on predictive power (similar to the dichotomy between
classical statistics and machine learning, see [Bre01]). This is irrelevant for our random
matrix theoretic analysis; for us, the model is the really interesting thing, and we hope that
our work will be useful in the very common situation where a factor model is assumed to

underlie the data.

There has been a wealth of interest in the spiked model since its introduction; it has
been used as a model in many statistical applications, leading to many papers devoted to its

theoretical properties and vice versa. The difficulty here is different than in the case when the



spectrum of S5* is “spread out”, as discussed above. The eigenvalue interlacing inequality
readily yields that SX X*S* and X X* have the same global spectrum, and an optimal local
eigenvalue law like equation (1.3) was available in [PY14]. Letting K be the rank of SS*—1,
we are now interested in the K eigenvalues which may not fall in with the global spectrum;
these are called outliers. Important questions include: how large must the eigenvalues of
SS* — I be before SX X*S* begins to exhibit outliers? What are the distributions of outlier
eigenvalues and their associated eigenvectors? What are the distributions of the leading

non-outlier eigenvalues?

In the highly influential paper [BBP05], for complex Gaussian X, the distribution of the
leading eigenvalue of SX X*S* was computed. For simplicity, assume SS* = [ +dvv* and set
y =2 If d is in a compact subset of (,/y,00), then A;(SXX*S*) has Gaussian fluctuations
around

01 +d)=(1+d)(1+ydt),

which is called the classical location of A\;(SX X*S*), on the order of N~'/2, while if d is in a
compact subset of [0, \/y), then A (SX X*S5*) has Tracy-Widom fluctuations around (1+,/y)?
on the order of N=%/3: this is now know as the BBP phase transition after the authors Baik,
Ben Arous and Péché. This was further refined in [BKY16] for real or complex non-Gaussian
X, where d was allowed to converge to the critical point /y: if SS* has boundedly many
eigenvalues distinct from 1, and those which differ from 1 satisty ‘AQ(SS *) — (1 + \/§)| >
N—1/3+¢ then

e cach A\, (SXX*S*) for which A\, (5S*) is below the critical point 1 + ,/y “sticks” very
accurately to the extreme eigenvalues of an appropriately chosen sample covariance

matrix SX X*S* with S5 = 1.
e cach A\, (SXX*S*) for which 1 +d = \,(5S5%) is above 1 + ,/y satisfies

Ma(SXX*S*) — 01+ d)| < (d — /5)/2N1/2



Notice that when d is at the critical value \/y, then 6(1+d) = (1 + ,/y)? is precisely the

maximum of the Marchenko-Pastur distribution.

For the eigenvectors of the extreme eigenvalues, [BKY16] observes that when A, (S55%)
is beyond (or even slightly below) the critical point 1 + ,/y, the associated eigenvector is
biased in the direction of the associated eigenvector u,(SS*) and is completely delocalized
in all orthogonal directions. All statements about the eigenvectors and about the outlier
eigenvalues in [BKY16] are in the form of large deviation estimates, ie, random quantities
are bounded away from deterministic quantities in the O sense. In [BDW20], distributions

were gotten for the spiked eigenvalues and eigenvectors.

We note briefly that a large deviation result, that is, a result involving O~ bounds between
random variables and their means, is distinct in content from a distributional statement, in
that neither implies the other. So also are the difficulties in deriving such statements often

distinct.

1.1.3 Weak Factors

We will assume the model S = ( B I ) for the entirety of our work. In addition, we will
make the assumption that the factor model SX X*S* has weak factors—that is, we will

assume that the columns s, of B satisfy

ISallee < N7

for some ep > 0. This is to say that in the vector z in equation (1.4), the signal
S1T1 + -+ SKTK

is an order of magnitude weaker in every element of z than the noise. In particular, this is in
contrast to another common model in eg [MJM21] and [Pau07], in which each of the vectors

S, is supported on span{e, }acq1,.. k3 € RM.

When constructing a factor model for data in real applications, to arrive at a model

8



2000 T T . T T 1 . .

1500

1000

500

3 35 - 4.5

40

55 E—Jd=05] .

20

10

Figure 1.2: The bulk spectrum of SX X*5* and the leading eigenvalue when SS* = I +dvv*.
We choose M = N/4 = 1000 and compute the eigenvalues 100 times. See that when

d = 0.5, the leading eigenvalue no longer appears to be separated from the bulk spectrum.

0.5 = 4/M/N is the critical point at which this happens.
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Figure 1.3: Verification of the BBP phase transition for y = 0.25. The discrepancy dis-
appears in the large M limit, which is difficult to reproduce on a personal machine. The

dicrepancy agrees with the negative expectation of the Tracy-Widom distribution; see [EP18]
and [Bor10].
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with weak factors would mean that the model would could only explain a small bit of the
variance in every observed variable, and the rest would be unaccounted for randomness. This
would be an unfortunate situation, but not an unrealistic one. Applications from radar to
psychology allow for or even expect the “signal” in the data to be hard to detect because of

the presence of noise.

1.1.4 Sample Correlation Matrices

When studying a random vector z as we have discussed, practitioners oftentimes prefer to

o\ —1/2
2 ) zl-(“). On the

%

replace the samples 2 with the L? normalized samples (ZN

A v=1

level of the sample covariance matrix, this means we study
N(SX)N(SX)*

rather than SX X*S*, where N is the operator which normalizes the rows of a matrix in L?.
N(SX)N(SX)* is now called the sample correlation matriz. There are several reasons for

performing this normalization:

e The leading principal component u;(SX X*S*) is supposed to give some explanatory
power by providing a linear combination of the entries z; of z which has greatest vari-
ance. Heuristically, this means it picks out the entries of z which are “simultaneously
large”. Entries which are simultaneously large covary strongly with one another, so
that the leading principal component reveals a non-trivial covariance or correlation
structure. If however one entry z; of z tends to be much larger than the others, then
up (SXX*S*) will point very strongly in the direction of z;, and thus have less poten-
tial to describe covariances between many different entries of z. Put another way, that
z1 tends to be large may not be of great interest, but that z; and z, tend be large

simultaneously would be a useful discovery.

e The sizes of the variables z; may not have any real meaning. On one hand, the variables

z; may each be measured in different units: perhaps in a social science application where

11



our factor model for z might be used, one may be the income of a person in dollars and
another the number of years of the person’s education and yet another a standardized
test score. On the other hand, even if the variables have the same units, they may be

measured with uncalibrated instruments—see e.g. [HRP14].

For these reasons, the preference for the correlation matrix over the covariance matrix
when studying factor models is widespread. We remark that whether or not this is advisable
is context specific and a matter of some debate (see [DS74]); the fact that it is common and
that there is a gap in the mathematical implications of this choice is enough to motivate our

investigation.

In contrast to sample covariance matrices, much less is known about sample correlation
matrices, which are the main subject of this dissertation. In [El 09], for fairly general S with
normalized rows and for X with weak moment assumptions, it was shown that the global
spectrum and largest eigenvalue have the same (first-order) limits as the sample covariance
matrix. In [PY12], the largest eigenvalue of the correlation matrix was shown to have Tracy-
Widom (ie, universal) distribution in the null case. The first time that correlation matrices
arising from Johnstone’s spiked model were studied was [MJM21]. Under the assumption
that the spiked space is spanned by boundedly many standard basis vectors (this is, in some
sense, an assumption of very strong factors, as opposed to our assumption of weak factors),
they compute the distribution of the spiked eigenvalues and of the projection of the spiked
eigenvectors onto the population spike space. The most interesting part of their conclusions
is that these distributions are different than they would be for the covariance matrix. We
will discuss their work more in Chapter 2 after we have introduced our own results in more

detail.

This dissertation is devoted to the study of correlation matrices arising from factor models
with weak factors. In Chapters 4 and 6, we extend the results of [MJM21] to the setting
of spiked matrices with “weak factors”. Ours is arguably the more relevant setting for

applications, and our result is qualitatively different: there is no difference between the

12



results for the covariance matrix and the correlation matrix. Moreover, our results deal
not only with the distributions of quantities related to the correlation matrix, but rather
with the difference between the same quantity computed from the covariance matrix and the
correlation matrix of the same data. The results of [MJM21] show that our assumption of

weak factors is in some sense necessary for these strong conclusions to hold.

Chapter 5 then treats the non-spiked eigenvalues of spiked correlation matrices. The
first order limit of the non-spiked eigenvalues was shown to be (1 + \/M/N)? in [MJM21],
as expected. Just as [MJM21] improves on the first order result of [El 09] by providing
distributions for the spiked eigenvalues, we provide distributional results for the non-spiked
eigenvalues. Our main result is to bound the difference between the non-spiked eigenvalues
of the correlation matrix and the extreme eigenvalues of an appropriate random non-spiked
covariance matrix—random meaning of the form Ey, X X3, E},;, where the matrix E); is
random and independent of X ;; of course, the correlation matrix could almost be viewed as
a random covariance matrix, but this would be inappropriate because the population would
not be independent of the randomness. The independence between Fj; and X, justifies our

speaking of this as a covariance matrix.

1.2 The Resolvent Method

One of the most successful methods that has been used to study the Johnstone spiked model
and other finite rank perturbations of random matrices H is to relate the spiked eigenvalues

and eigenvectors to a “generalized entry” x*G(z)y of the Green function G(z) = (H — z)~ '

Although random matrix theory is considerably broader, the “resolvent method,” or
the “Green function method,” a collection of techniques involving the Green function, has
occupied a central role in RMT and has been responsible for much of the field’s recent

success.

The function G(z) is a matrix-valued meromorphic function. See [BK18] for an insightful
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overview of some of its useful properties. To list a few of the most relevant,

1 If H =" \v;vis an eigendecomposition, then G(z) = S, :1;, ie, G(z) is a
matrix-valued meromorphic function with poles at the eigenvalues of H and whose
residue at a pole )\; is the associated spectral projection v;v;. This puts the tools

of complex analysis at our disposal; we have in mind especially the Helffer-Sjostrand

calculus, see our proof of Lemma 4.2.10.

2. We have that G(z) is the Stieltjes transform of the emperical spectral measure dy =

MLO > 0x(m) of H, where A is the normalized trace of a square matrix A. In particular,

the function z — SG(z + in) is equal to the convolution dy *6,, where 0, (z) = ( 0

z/n)?+1
is an approximate ¢ function for small n. So, by fixing the imaginary part at n, which is
then called the “spectral resolution,” the imaginary part of the Green function’s trace

is exactly the spectrum of H “smoothed out” on the scale 7. In particular,

(a) If n is much bigger than the typical separation between the eigenvalues of H, then
SG(x +in) roughly gives the number of eigenvalues of H in an n-wide interval
around x. Thus, to get precise control of GG is to get precise control of the eigen-
values of H. This has been done to optimal (up to logarithmic factors) precision
first in [EYY12] for Wigner matrices and is called a “local eigenvalue law.” An
optimal local eigenvalue law was the first step in the resolution of the famous
Wigner-Dyson-Mehta universality conjecture by Erdds, Schlein, and Yau for the
local statistics of random matrices; see [ESY11]. Similar local laws for polyno-
mials in the Green function were very recently used in [CES21b] and [CES21a)]
to prove the “Eigenstate Thermalization Hypothesis” for Wigner matrices, which
says that the eigenvectors of a Wigner matrix are approximately orthonormal

with respect to any reasonable deterministic inner product.

(b) If n is a little smaller than the typical separation of eigenvalues, then SG(x + in)

can be be used to study individual eigenvalues and eigenvectors. This is partic-

14



ularly feasible at the edge of the spectrum of H, and was used by [KY13a] to
get universality of the joint eigenvalue-eigenvector statistics at the spectral edge.
We use the same idea in Chapter 5 to study the individual extreme non-spiked

eigenvalues of spiked sample correlation matrices.

3. The Green function is in some sense more stable than the individual eigenvalues: for
derivatives of the Green function with respect to the entries of H we have the simple,
easily iterated equation (4.40), whereas the corresponding Hadamard variation for-
mula for the eigenvalues is much more complicated, especially for higher derivatives,
and blows up if the eigenvalues are too close together. For these reasons the Green
function is easier to work with than individual eigenvalues, although it is possible to
get sophisticated results with Hadamard’s formulae; see [TV11], which includes an
alternative proof of the Wigner-Dyson-Mehta conjecture for ensembles matching the

GOE in four moments.

4. The Green function satisfies a collection of identities (see equations (3.13) and (3.14))
which help to quantify the exact dependence of G on certain elements of H (this
viewpoint is fundamental to the polynomialization method), and, with the insight that
the resolvent GG should be close to a deterministic matrix IT (this is called a “local law”
for the resolvent), give self-consistent equations that IT would have to satisfy. If H is
for example a Wigner matrix, then II is isotropic, a multiple m(z) of the identity. The
function m(z) is itself a Stieltjes transform of a compactly supported measure g, the
limiting emperical distribution for the eigenvalues of H. Thus the closeness of G to m
gives, to the the extent that the Stieltjes transform can be inverted, closeness of dy
to o, thus demonstrating more fully the link between the Green function and the local

eigenvalue laws discussed above.

Moreover, if rather H is a sample covariance matrix 3'/2X X*¥/2, then it was observed

in [KY17] that if one chooses an approprate alternative form for the Green function,
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Figure 1.4: The top 40 eigenvalues of X X* when M = 1000,y = 1 and M 'S Tr G(z), where
G(z) = (X X* — 2)~!. This is the imaginary part of the Stieltjes transform of px x«, which

is pxx+ smoothed out on the scale n = Sz.
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then the identities satisfied by the Green function, which are of course a function of
Y, immediately yield a self-consistent equation satisfied by the deterministic limit II.
In particular, this gives an elegant derivation of the dependence of p on the matrix X
which is an alternative to free probablistic derivations. We draw heavily on the work

[KY17] and discuss this more precisely in Lemma 3.1.1.

So we are well-justified in phrasing our study of spiked correlation matrices in terms of

the Green function. For the non-spiked eigenvalues, we phrase the question as:

Question 1.2.1. How does the Green function of the covariance matrix change upon passing

to the correlation matrix?

To answer this, we expand the difference of Green functions in a geometric series which, we
find, can be treated with the polynomialization method of [BEK14]. The polynomialization
method is a prominent tool from under the umbrella of the resolvent method, and ours is

perhaps a new use for it.

For the spiked eigenvalues and eigenvectors we phrase the question instead as:

Question 1.2.2. Can we get a represention of the change in the eigenvalues and eigenvectors

in terms of the Green function? How can we bound it?

Once we have gotten a Green function representation for the eigenvalue or eigenvector
change, we employ a common technique in RMT: we first treat the case of Gaussian ran-
domness, and then we perform a Green function comparison, whereby the change in the
distribution of a Green function (H — 2)~! is studied as one changes the distribution of H.
Green function comparison arguments are another prominent part of the resolvent method,
and have historically been done via a Lindeberg replacement strategy, whereby the elements
of H are replaced one-by-one. We opt to use a newer and more robust comparison strategy,
introduced in [KY17] and based on a continuous interpolation between two different laws

for H. This strategy was introduced to handle situations where a Lindeberg strategy fails.
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To our knowledge ours is one of the first works since [KY17] to apply this continuous Green

function comparison and further demonstrate its utility.

Much more could be said about the Green function and the powerful machinery developed
for it recently, and we will say more in Chapter 3; no doubt much more will be said about it
in the future. Our work is part of a long line of works using and building on the technology

of the Green function to push back the borders of RMT.
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CHAPTER 2

Model and Main Result

2.1 Main Model

We consider two large integers N and M which satisfy M =< N and also a fixed (small)
integer K. We let y := % We let Zy,Zy, and Zx be index sets which have N, M, and K
elements, respectively. We will use these sets to index matrices. Sometimes we will write
T:=Tx UIy ULy and also Zx .y := L UZy. We will always use latin letters like ¢, j for
the elements of Zj; (and also sometimes for Zy ) and greek letters like u, v for the elements of

Zy. For example, a matrix A which is Zjy; x Zy has elements A;, for all i € Zj; and p € Zy.

Unless otherwise noted, all norms ||A| denote the Euclidean norm if A is a vector and
the operator norm induced by the Euclidean norm if A is a matrix. We define the notations

A* for the conjugate transpose of a matrix A € C™*" and A" := AA*.

We consider the following model: let B be an Z,; x Zx matrix. Form the singular value

decomposition of B
K
B=>Y \duvaw. (2.1)
a=1

The eigenvalues d,, are assumed to satisfy, following [FFH20],

M
dc =\ %

for any a # o' and for some fixed ¢ > 0. This is to say that the eigenvalues are comparable

do <X doy =< |dy — dor| < = N°¢ (2.2)

and not too close to each other or to the limiting spectrum, and they may be allowed to
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diverge or remain bounded. The condition (2.2) is technical and mostly for convenience and

should be removed in future works.

Note that we may also define d, = 0 for a € [K + 1, M] and complete {vy,..., vk} to

an orthonormal basis {vi,..., vy} of RZ7 and then we can write B# = Zoj\le Ao VoV

The matrix B is also assumed to satisfy

max |le; B|| < N~°P (2.3)

a€ly
for some fixed constant ep—in the context of factor analysis, this is means that our model

is a factor model with weak factors.

We also define
STarx(InUTw) = <B ‘[IMXI]V[> , S = N(S), (2.4)

where N is the operator which L? normalizes the rows of a matrix, i.e., for A € C™*", we

have

N(A) :=DaA, Da:=diag (|lejA] ..., e A] ). (2.5)

We then introduce the randomness. We define a random matrix X (z,,uz,)xz, Which we

will treat under two different sets of assumptions:

Assumption 1 (High Moment Conditions). The ratio y satisfies y < 1. The elements of X

are real-valued, independent random variables and satisfy for all (i,p1) € (Zpy UZk) X Iy:
1. EX;, = 0.
2. E|X;,|> = N"..
3. EIX;, " < C'p]\f_p/2 for a universal constant C, whenever p is a fizved positive integer.
4. 1 X, < NE for some large fized K.

It should be clear that for any matrix satisfying conditions 1-3 of Assumption 1, every
quantity at which we will look will change negligibly upon a truncation (and re-standardizing)

of the matrix so that it also satisfies condition 4.
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Assumption 2 (6 Moment Conditions). Let Cyom be a real-valued random variable satisfy-

mg:
1. ECatom = 0

2. E|Catom|” = 1.

3. E|Catom|” < 00 forp=1,...,6.

For a real-valued random variable Y and real number a, define the truncated and re-standardized

random variable
(1-E)Y1ly<,

- \/E ((1— E)YllYléa)Q.

We assume { Xi, iz arnezy 5 an iid family of random variables distributed as

Sa(Y)

-]\]'_1/26N_6 (N_1/2Cat0m)
for some € < 1/6, and y satisfies y < 1.

We record also the adjusted assumption, which is more natural.

Assumption 3. X satisfies Assumption 2, except X;, is distributed as N=Y2Com rather
than N71/26N76 (Nil/ZCatom) .

We will note in Lemma 4.2.1 that every ensemble satisfying Assumption 3 may without
loss of generality be replaced with one satisfying Assumption 2. We call the property X;, <

N~ the bounded support condition.

We will sometimes write

XK = XIKXIN and XM = XIMXIN~ (26)

Now we introduce the model: we consider the sample covariance matrices
Vi=S5XX*S*, V:=SXX*5* (2.7)
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As described in Chapter 1, V and VY are sample covariance matrices of data arising from a
factor model. We may describe the matrix V as the sample covariance matriz with normalized
variances, since in the random vector z of which V is the sample covariance matrix, all entries

have variance 1.

We remark that the asymptotic spiked eigenvalue distribution of V was recently proven
in [BJ21] (see our Lemma 4.1.1). Then we define the sample correlation matrix, or, the

standardized sample covariance matrix,
R = (N(SX))*. (2.8)
A first observation, small but important, is that
(N(SX))* = (N(5X))*

The reason for this is that N is invariant with respect to left-multiplication by diagonal

matrices, which effect only a scaling of rows. Le.,
N(SX) = N (DsSX) = N(5X)

if Dg is as in equation (2.5).

2.2 Main results

Let
~ _[(Di+DV2 0 .y
S=v R (020 ez 12,) T (2.9)
2
be a singular value decomposition of S , with

D, =: diag(c?h . ,3;)

Dy is [1, K] x [1, K] and D, is [K 41, M] x [K + 1, M], where [1, K] and [K + 1, M] are

interepreted as subsets of Z,,.
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Let H := Hy be the eigenvalue measure of 152:

M-K

LY (D) (2.10)

=1

Under our assumption (2.3), Hy converges weakly to the measure d; as N — oo.

Define
t

th(t)) (2.11)

and, for « € {1,..., K},
Ga = 0(do + 1), ¢l = ¢ (d, +1).

The purpose of @, is that it is the expected location of the o spiked eigenvalue of V.

Our main result for the spiked eigenvalues is the following:

Theorem 2.2.1 (Asymptotic Spiked Eigenvalue Distribution of R). Let o € {1,...,K}.

Letting
1 o
0o = - Ka= Nqs_
A (dut 1)@
oo= Y ((Uae)'EX) -3
1€L XIyp

_ ( d,+1 )2
T\ Ball+y(da + 1))

we have under Assumption 2 and equations (2.2) and (2.3) that

VN (A";R) - 1) 4N (o, —V%*‘”) , (2.12)

e} l{Ot

We also have the following corresponding large deviations result, although it does not
use the full strength of our main technical achievement Theorem 4.1.4 and is somewhat easy

to prove.
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Theorem 2.2.2 (Large Deviation Bounds for the Spiked Eigenvalues). Fiz o € {1,..., K}

and assume equations (2.2) and (2.3). Under Assumption 1, we have

Aa(R) = ¢al < diN7V2. (2.13)

As we will discuss in Chapter 4, our main contribution towards the proof of Theorem 2.2.1,
and our main technical achievement for the spiked eigenvalues, is to bound the difference
between the spiked eigenvalues of R and ]7, not only to show that the distributions of the
spiked eigenvalues of the two matrices are the same. See Theorem 4.1.4. We may get a

similar result to Theorem 4.1.4 for the eigenvectors:

Theorem 2.2.3. Fiz o € {1,..., K} and assume equations (2.2) and (2.3). Additionally
assume HB#H = O(1). Under Assumption 1, for any fixed deterministic unit vector w €
R™M | we have

2

(W, ua(RD = (W, ua(D))| = O« (|(w, Fa) V1275 4 N )

for some € > 0. If additionally |w||_, < N~ for some ¢ > 0, then the error bound may be
improved to

O ([{w, a) [N 127 4 N71)

Under rather Assumption 2, all the above holds with O~ replaced with Op in the error

bounds.

We discuss the essential idea for the proof of Theorem 2.2.3 in Chapter 6, but the full
proof is omitted. We hope to publish the full proof in a journal soon.
Also let the following be the definition of the Z); x Ty matrix B and the Ty X Iy matrix
J:
S = ( B j> (2.14)
Recalling the definitions of X, and Xk in equation (2.6), our main result for the non-

spiked eigenvalues is the following:
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Theorem 2.2.4 (Asymptotic Non-spiked Eigenvalue Distribution of R). Assume equations
(2.2) and (2.3), and let Assumption 1 hold. Let

e = min{ep/4,1/12}.
For any fired a > K, we have
P (|Aa(R) = Aack (EnXan)®)| > N7237¢) = O(N~?) (2.15)

for some absolute constant ¢ > 0, where Ey; is a random diagonal matrix, independent of
Xy, defined by

(En)ii = (1 - ) 2@”) o (2.16)

for v € Iy,.

For any fixed realization of the random matrix F),, the eigenvalue \,_g ((EMX M)#) is
distributed according to the Tracy-Widom law on the scale N=2/3, since [LS16] showed edge
universality of the sample covariance matrix AX X*A for diagonal A.! So, Theorem 2.2.4 is

enough to conclude that A\,(R) and A\,_x ((EMX M)#) have the same distribution.

Since the matrices Fy; and X, are independent, the distribution of \,_ ((EMX M)#)
has two distinct contributions: the fluctuation of A\ _g ((EMX M)#) about its mean for a
fixed realization of E); (which is roughly the same as that of \,_x <Xﬁ,>), and the fluctu-
ation of the conditional expectation E(Aq_x (EyX7)|Ex). The former has Tracy-Widom
fluctuations on the scale N=2/3. The latter, if for example B = B(r) := M~¢(1,...,1)*, has
Gaussian fluctuations on the scale N~'/272¢0 (although this holds for general B satisfying
the assumption (2.3)). Thus Theorem 2.2.4 is sufficient to conclude the distribution of the
extreme non-spiked eigenvalues of R, which are Tracy-Widom if ep > 1/12 and Gaussian if

ep < 1/12

IThe technical Assupmtion 2.2 in [LS16] readily holds for A equal to the identity, and Ej; almost surely
differs from the identity in operator norm O(N~1/2+€). Assumption 2.2 is evidently invariant to such small
perturbations. Moreover, the results of [LS16] are stated for X with elements having sub-exponential decay,
but the results of [KY17], for example, are enough to permit our slightly weaker Assumption 1.
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2.3 Comparison with Existing Results

The main competitor to our work on the spiked eigenstructures is the work [MJM21]. We

will discuss some differences between our work and this one, as well as the works [PY12] and

[BJ21].

In [MJM21], correlation matrices arising from the spiked model were studied for the first
time. In that paper, the distribution of the spiked eigenstructures was computed, as we do
in this paper (although our full treatment of the eigenvectors is omitted). The difference

between our settings is that [MJM21] assumes that the population SS* is of the form

T
S5+ = (2.17)
I

for a K x K matrix I' and bounded K. This corresponds to the situation in which the
low-dimensional signal in the random vector z which is the hallmark of the spiked model is
concentrated entirely in the first K entries of z, and the rest of the entries of z are random
noise. This is the same assumption that was made in [BY12], which studied the distribution
of the spiked eigenvalues of “generalized” spiked covariance matrices, and stood for nine
years as the most general setting for these results until [BJ21]. In this setting [MJM21]
shows that the spiked eigenvalues of the correlation matrix have a different distribution than

those of the covariance matrix.

We include a brief heuristic note: the behavior of random matrices is oftentimes roughly
isotropic. This is to say that no deterministic basis, not even the standard basis, is distin-
guished from any other. For example, the eigenvectors of X X* are Haar-distributed if X is
Gaussian and still completely de-localized if X is non-Gaussian. When studying the spiked
model, the isotropic behavior of X X* for Gaussian X is enough to reduce all study to that
of the model (2.17)—that is, the basis of the spiked eigenvectors can simply be assumed
to be the standard basis. Even if X is non-Gaussian, the model (2.17) is only defficient

in the loss of some information about the third and fourth moments of the randomness of
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X. However, the normalization of rows which produces the sample correlation matrix R in
which we are interested does distinguish the standard basis. It is crucial in our work that the
population spiked eigenvectors are roughly delocalized with respect to the standard basis as
a consequence of the assumption (2.3), so that they do not point too strongly in the direction
of any standard basis vector and suffer a great change as a result of the row normalization,

which “happens in the standard basis”.

In our work, we derive the distribution of the spiked eigenvalues of the correlation matrix

s=(z 1),

SS* = BB* + 1,

under the setting that

so that

under the additional assumption that the norms of the rows of B satisfy |lefB|| < N—¢P
for some ep > 0. This corresponds to the situation in which the signal z from the remarks

preceeding equation (1.1) is of the form
Z = BX(K) +X(M)

where x(x) and X(y) are independent and are each random vectors with independent, cen-
tered, variance 1 entries—that is to say that z is an additive combination of signal and noise,
and the signal in z is in every entry of z an order of magnitude smaller than the noise. In
the context of factor models, this is to say that our model has “weak factors”. Thus our
setting and the setting of [MJM21] are completely disjoint (ie, any random vector z treated
by their results is not treated by ours and vice versa), but our setting is arguably more

readily applicable to models of real statistical interest.

On the other hand, the moment assumptions of [MJM21] are better than ours—4 + € as
opposed to our 6. The 6 moment assumption in our work is not absolutely vital, and we

hope to remove it in future work.
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Another interesting aspect of our work in comparison to [MJM21] and [PY12] is that,
whereas those works compute the distributions of extreme eigenvalues of spiked and non-
spiked correlation matrices, respectively, we bound the difference between a spiked eigenvalue
of a spiked sample covariance matrix and its associated correlation matrix; in particular we
show that the difference is smaller than the scale on which the eigenvalue flucuates. So,
whereas the results of [MJM21] offer caution to the practitioner trying to decide between
the correlation matrix and the covariance matrix for PCA because the eigenvalues of the
correlation matrix fluctuate differently than those of the covariance matrix, our results offer
reassurance to the practitioner—given observed data satisfying our structural assumptions
(2.2), (2.3), and 2.4 (which, we stress, is not an uncommon situation), one may generate
both the covariance matrix V (provided one had access to it) and the correlation matrix R

and not see any difference between the spiked eigenvalues.

We will also make here a comparison between our work and the work [BJ21]. One of
the first things we do in our paper is reduce the study of the correlation matrix associated
to SXX*S* to the correlation matrix R = (N(SX))(IN(SX))* associated to ¥ = SX X*5*,
where S = N(9). V is what [BJ21] calls a “generalized” spiked model, and they derive
the distribution of the spiked eigenvalues. Thus our result, which is the distribution of the
spiked eigenvalues of R, is as much a novelty compared to [BJ21] as [MJM21] is compared to
[BY12], or as [PY12] is compared to previous results on the edge universality of covariance
matrices, e.g. [PY14] (we remark that though [PY14] was published later, it seems to have
been written before [PY12]).

Thus we situate our work in the context of previous work on correlation matrices and
spiked covariance matrices. Crucial to our work is our assumption (2.3) that ||e}B|| < N~P.
The factors N~'/27¢ in our main results, Lemmas 4.1.7 and 4.1.8, which are necessary to
conclude our main result Theorem 4.1.4 that the spiked eigenvalues of the covariance matrix
and correlation matrix are asymptotically indistinguishable, would without assumption (2.3)

only be N~1/2; the results of [MJM21] suggest the assumption (2.3) is actually necessary for
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such a result.

2.4 Outline of theoretical contributions

In this work, we treat sample correlation matrices corresponding to Johnstone’s spiked model
under the simple assumption of “weak factors”, which is probably a necessary condition for
the full strength of our results (given the results of [MJM21]). The setting is very general,

and a very reasonable one for statistical applications in diverse disciplines.

Some of the theoretical novelties of our work include:

e For the proof of Lemma 4.1.7, we employ a novel high moment argument to bound
the eigenvalue correction in the case of Gaussian X. The technique is essentially an
extended investigation of the implications of the orthogonal invariance of real Gaussian
random matrices and other related facts, and we hope that it may be useful for proving

similar bounds for Gaussian random matrices.

e We extend the conclusion of Lemma 4.1.7 to non-Gaussian matrices with the Green
function comparison strategy of [KY17]. The strategy of [KY17] is an flexible alterna-
tive to Lindeberg replacement strategies common in RMT, and to our knowledge this

is one of the first works subsequent to [KY17] to leverage it.

e In Chapter 5, we use the polynomialization method for a new purpose: to treat poly-

nomials in the resolvent GG of a random matrix, ie, expressions of the form
M 'TrGAGA---G

for deterministic, or in our case, suitably chosen random A.

29



CHAPTER 3

Main Tools

We will now discuss some of the important results and techniques in random matrix theory
which are important to our analysis. Unless otherwise stated, all notation in this chapter is

specific only to this chapter.

3.1 Local Laws for the Green Function

A fundamental part of our analysis, perhaps even the foundation, is a local law for the Green
function of general sample covariance matrices, discussed very briefly in Chapter 1, in both

isotropic and averaged form.
By a local law we mean a precise estimate of the Green function (H — 2)™! = G(z) =
G(z +1n) for |n| > N7, or for |k| + |n| > N=2/3, where

Kk = k(z) = dist (z, supp p) (3.1)

and where p is the deterministic limiting spectrum of H.

For a matrix A and conformable vectors x,y, we denote the “generalized entry” Ay, :=
x*Ay. We call this a generalized entry because if x and y are standard basis vectors, this

reduces to the usual definition of a matrix entry.

For this chapter only, define matrices
X, T (3.2)
and a real number 7 > 0. The matrix X, «n, is @ random matrix with independent entries
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satistying EX;, = 0, E[X,,|> = N;! and for any fixed p € N, E|X;,[" < Cp]\/(;p/2 for some
universal constant C),. Most often in this paper we will assume X satisfies Assumption 1,
which is consistent with this definition for X. We will also sometimes assume X satisfies
Assumption 2, which is consistent with this definition except we assume the existence of
fewer moments of X. After this chapter we will always state which Assumption, 1 or 2, X
satisfies. The matrix TMox Mo is a deterministic matrix with singular values oy > --- 0oy, > 0

satisfying o; < 77! and MLO|{04 100 <T}H <1—7. Let

S =TT" (3.3)

Let m : H — H, where H is the complex upper half-plane, be defined as the unique

solution to

1 Mo g
—_ = —Z —|— —Ot’
m 4 ; 14+ mo,
where y := %8 is the dimensional ratio. We always assume that y =< 1. It is well-known

that m is the Stieltjes transform of a compactly supported measure o (see our remarks
surrounding equation (1.2)). Usually, m in our paper will correspond to the case T' = 1,
i.e., the null case. In Chapter 4, m will refer to the case ¥ = St (or, equivalently for our

purposes, the “unspiked” equivalent of §#)

Define also a region

D={:eH:|z| >z <7 N <p<771}

Now we cite the following collection of results from [KY17] which are crucial to our

analysis. Define the control parameter

Sm(z) 1

Nn Nn

U(z) =V =

Lemma 3.1.1. Assume that the measure My Zi‘fol 0, Satisfies the regularity condition

Definition 2.7 of [KY17]. Recall the matrices X,T from equation (3.2). The following hold

for any T > 0.
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e (Isotropic local law for the resolvents) For conformable deterministic unit vectors x,y,

we have
-1
N2 (XX T ) e | 2 U 3.4
[ <( ?) z<1+mTT*>> Lﬁ (34)
and
(X'T'TX —2)" =m), <V (3.5)

uniformly for z € D.

e (Isotropic local law for the generalized resolvent) Let

-1
L. ¢ —=_ _ >
G(z) = , II = I+m% T
X* =zl ml I

For conformable deterministic unit vectors x,y, we have
(i‘l (G —1I) §‘1> < (3.6)
xy
uniformly for z € D.

e (Isotropic local law outside the spectrum). Uniformly for z € D satisfying dist(z, supp o) >

~2/3+
Ny /37 we have

(T (G —10) i*l) < Ny "

xy  (k+n)?*+ (k+n)l/t (3.7)

The result also holds if the left-hand side of equation (3.7) is replaced with the left-hand
side of either equation (3.4) or (3.5).

o (Averaged local law) We have

1
(XTT*X* —2)"' —m < Non (3.8)

uniformly for z € D, where A, the normalized trace of a square matrix A, is defined

in equation (5.14).
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On terminology: The equations (3.6) and (3.4) may be referred to either as isotropic local
laws to denote that there is no preferred basis in which x,y must live and to distinguish
them from entrywise local laws which only allow x,y to be standard basis vectors and which
historically came first, or as anisotropic local laws because the deterministic limit of the
resolvent or generalized resolvent is not a multiple of the identity, distinguishing them from,
for example, a local law for a Wigner ensemble in which the resolvent is close to a multiple
of the identity. The averaged local law is the key ingredient in the proof of local eigenvalue

laws discussed briefly in Chapter 1 or, put another way, eigenvalue rigidity.

Lemma 3.1.1 will be especially useful to us when 7" = J or T = E); where these
matrices are defined in Chapter 2. Both of the these matrices only have eigenvalues in
[1 —O(N—P), 1+ O(N~P)], so the regularity condition Definition 2.7 of [KY17] is easily

verified.

One of the most important uses of Lemma 3.1.1, and a main reason for the importance
of isotropic local laws, is that when studying a finite rank perturbation of a random matrix
H (like in the spiked model, which is the subject of this dissertation), the key quantities to

control are x*(H — z) "'y, where x and y are eigenvectors of the perturbation.

3.2 Green Function Comparison Arguments

3.2.1 Lindeberg replacement strategies

A common and very general technique in RMT for proving a theorem about a random matrix
H, say, f(H) < a in very general terms, is to prove it first for some “nice” distribution of
the elements of H and then to bound the change in f(H) as one changes the distribution of

H. Two most notable examples of a “nice” distribution for H are

e A Gaussian distribution, which can mean different things in different settings. In the

context of Wigner matrices, the relevant Gaussian distribution is the Gaussian unitary
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ensemble (GUE) in the complex case or the Gaussian orthogonal ensemble (GOE) in
the real case, which have iid Gaussian elements up to the symmetry constraint (the
diagonal elements also have a difference variance than the other elements). In the
context of sample covariance matrices, this could mean T X X*T™ for a deterministic

matrix 7" and a matrix X of iid Gaussian elements.

e A distribution with uniformly bounded moments.

By way of example, local eigenvalue statistics (that is, the distribution of the point process
of the eigenvalues of a random matrix landing in a small interval with about the same
width as the typical eigenvalue spacing) were first gotten for Gaussian matrices like the
GUE and GOE, and the prevailing storyline of RMT for many years after was the pursuit
of universality, or, the idea that the local eigenvalue statistics are the same for matrices of
any distribution (within reason; there are obvious counter examples if the matrix elements

for example do not have finite L' or L? norm).

One of the most widely used strategies for universality is a Lindeberg replacement strat-
egy, in which the elements are swapped out one-by-one. [TV11] applied this replacement
strategy to the individual eigenvalues to obtain 4-moment universality of the local eigenvalue
statistics of Wigner matrices in the bulk spectrum. [KY13a] applied the same strategy to the
Green function (when applied to the Green function, arguments like this are called Green
function comparison arguments) to prove 2-moment universality of the joint eigenvalue and
eigenvector statistics of generalized Wigner matrices at the edge of the spectrum (and their
work actually provides an alternative proof to the result of [TV11]). Both these works re-
quire sub-exponential decay of the atom distributions, or at least the existence of sufficiently

high moments.

Another question related to universality is how singular the atom distribution may be,
or, how many moments it must have, in order for universality to hold. For example, [KY13a]

showed that only 2-moment matching is needed for eigenvalue universality at the edge, but
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this is false if the atom distribution of either ensemble does not have finite absolute third
moment. Using again a Lindeberg strategy applied to the Green functions, [LY12] showed
that a necessary and sufficient condition for edge universality of Wigner matrices with iid
elements distributed as N~%2¢ is

lim s*P(|¢] > s) < o0

S§—00

which is barely weaker than a fourth moment assumption. The difficulty in this proof is
different than the difficulty in, say [KY13a]: for the result [KY13a], one can rely on the nice
behavior of the Green function thanks to the high moment assumptions on the randomness
and then focus on pushing the required number of matching moments as low as possible,
while for the result of [LY12], the difficulty is the bad behavior of the Green function when
the randomness does not have high moments, but one can match as many moments as one

assumes esists.

In Chapter 4 we prove “2 moment universality” of a quantity we construct to represent
the change in the eigenstructures upon passing from the covariance matrix to the correlation
matrix for general X satisfying assumption 1 in Sections 4.5 and 4.6, and then we extend
to distributions satisfying Assumption 2, that is, only having 6 finite moments, by matching
5 moments of the ensembles, which actually makes the argument quite easy. That is, we
answer a question about universality like the one answered in [KY13a] and also a question

like the one answered in [LY12].

3.2.2 Continuous Interpolation Strategy

After the initial introduction of the Lindeberg replacement strategy in [TV11], a different
strategy was introduced in [KY17] which, instead of replacing matrix elements one by one,
deforms every matrix element simultaneously from one law to another. This is the strategy
that we use in this dissertation, but it is more a strategy than an easily citable theorem and

there does not exist to the author’s knowledge a detailed description of it, so let us describe
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it in some detail.

Suppose for instance that one has a collection of probability spaces, each with a choice of
two different probability measures: (Q;, P?) and (;, P}), fori = 1,...,n. Form the product
space with the product measure for each choice of P; to get (2, PY), and (2, P'), where
Q=0 x---xQ,, and where P° is the product measure constructed from the measures
P?, and likewise for P'. Thus P° and P! represent the joint probability distribution of n

independent (but not necessarily identically distributed) random variables X1, ..., X,,, with

X; having law either P? or P}l

We may smoothly perturb from P° to P! by taking convex combinations: define
P’ =P '+ (1—0)P°, (3.9)

and likewise define P/ by a convex combination.

A calculus exercise yields that for any sufficiently smooth function F' on €2,

d 0 __ . 0 1 0 0.
—5 | Fap _; / FdP? ... (dP! —dP?)---dP?; (3.10)

that is, the rate of change of the expectation of F' as P is deformed to P! is described by a
sum over the factors in the product space: using the interpolating measure in every factor
but the i, one subtracts the expectation with respect to using P in the i*® coordinate from
the expectation with respect to using P! in the i*® coordinate, repeating for every value of
1 and summing in 7.

To each summand of the expression (3.10), Taylor’s Theorem may now be applied. At

this point, we refer to our Lemma 4.5.1, where we get the formula

n

(K (P} P — K, (PP, PP)) /a;anPG + & (3.11)

where K,,,(Q, @) is a function of probability measures @), @ and which depends only on their

first m moments, and where £ is an error term whose computation is context-specific but
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generally easy if the moments of P! decay at all (in our context the mth moment decays as
Ny ™).

The beauty of this is that now, if one has two random matrix ensembles which have the
same first my moments in all of their entries, and which both have all their entries living on
the scale N~/ (so that moments of the entries decay roughly as powers of N~'/2), then one
can get an expression for the difference, in expectation, of any smooth function evaluated
on the different ensembles. If the ensembles agree in 3 moments, then three terms in the
Taylor polynomials vanish, and then the K,, expressions that are left are all bounded by
N~2. Notice that this N2 is already enough, for example, to cancel the factor of N? that

comes from the sum over every matrix element that arises from our formula (3.10).

This formulation is very useful, because in every term of the sum over ¢, it involves ex-
pressions which are all computed from the same ensemble X?, as opposed to in the Lindeberg
strategy, where a slightly different matrix appears at every step of the interpolation. This
allows for self-consistent comparison arguments, as well as for a finer use of structure in the
sum over ¢, so that one may obtain more precise bounds than one would if one had to bound

every element of the sum individually.

3.3 The polynomialization method

The polynomialization method was developed in [BEK14] for proving the isotropic local law
for sample covariance matrices (with null covariance) from the entrywise law; we will give

some heuristics for the argument of [BEK14] as a way of introducing the method.

When [BEK14] was written, the isotropic local law for sample covariance matrices equa-
tion (3.4) was not available, but only the entrywise law. A naive attempt to obtain the

isotropic law from the entrywise law would be as follows: let X be a matrix as in equation
-1
_I X . . . .
(3.2) and define G = , and let x be a conformable deterministic unit vec-
X* —zI
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tor. By polarization and linearity, it suffices to consider a “diagonal” generalized entry: the

generalized entry x*Gx may be written

xX'Gx—m = Z $1(GU — 5ijm)xj, (312)
ij

where x; is the "™ entry of x. Each term G;; — d;;m has the bound O (V) by the entrywise

local law. Because x is L? normalized, not L' normalized, the obvious bound on (3.12) is

¢ i#] i#] \/ i#]

< NoU

by Cauchy-Schwarz, which is clearly a much worse bound than W, which is possible if x is
a standard basis vector. The bound W is in fact possible, and the reason the analysis above
was not able to obtain it is that it did not exploit any cancellation, or any independence,
between G;; for different values of ¢ and j. The polynomialization method is a way to extract
this independence. The essential idea, which is reminiscent of the moment method in RMT,
is to look at high moments of the sum and use the expectation to reduce the combinatorics

of the sum.

The machinery that makes this work is the following two-fold application of resolvent
identities. First, let A C {1,..., Mo} and let G be the resolvent (XM (X)* — z)_l,
where X! is the matrix X with the rows indexed by T removed. The following identities

show how to remove the dependence of a resolvent entry Gy, on the ¢ row of X:

GG 1 1 GuocG
Ga :Gl(lc)‘f‘ acYc : _ _ ac—ca 3.13
b b Gcc Gaa Ggﬁz) Gaa GEL(;) GCC ( )

Note that this identity expresses a resolvent entry as a leading term which is independent of

the ¢ row of X and an error term which is smaller by a factor of .

Second, we may express a resolvent entry Gy, in terms of its dependence on the ath and

bth rows of X:

Gap = Gaa G (X GD X) 0, = (XGWX"),4q (3.14)

aa
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We can use the identities (3.13) and (3.14) to improve our bound on ., ; ;Gj;z;. Looking

for example at the second moment

E Z IiGi]’JJ]’

i#]

2

=K § Gi1j1 Gi2j2$z‘1$i2$ilxi2

117£J1,827 ]2

(ignoring the complex conjugates, which are irrelevant to the analysis). We may separate
the sum according to coincidences among entries 1, 79, j1, j2, as in the moment method. For

example, we consider

E Z Gl1]1 G11J2 zllexjw (315)
11,J1,J2
where ZZ s denotes a sum over distinct values of 41, ji, jo. A problem now is that if x;,

and zj, here, if summed over j; and js, each yield a factor of N& /2. Therefore we must find
two factors of N, Y2 to compensate. Recursively apply the identity (3.13) to all resolvent
entries to make them independent of every row of X which is not one of the indices of the
resolvent entry. If every application of (3.13) yielded only the leading order term, we would

arrive at

E Z G(h)G J1) lesz

1171 112 11
11,J1,J2

and then applying equation (3.14) would yield
EY M (Z Xiyu Gl X ) (Z Xiy Gl X ) T,
11,J1,J2 H1v1 H2v2
where M is a product of diagonal resolvent entries. If we could ignore the error in ap-
proximating the diagonal entries by their limit {—-, then the above would yield 0 because

Xj,,, and Xj,,, are centered and independent of every other factor. If however some of the

applications of the identity (3.13) yielded error terms, we might arrive at an epxression like

I Z MGml 11]2 <G§iljz> 37 1 L1 g2

11,J1,J2

where again M is a product of diagonal resolvent entries and their inverses. Again ignoring
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the error in replacing each one with its limit —-, the identity (3.14) would then yield

E Z M (Z X“lulelzlllZ}h JlV1> (Z XZl#QGJ;£;j2)Xj2V2>

11,J1,J2 piva pav2

. E (mwz muz 2
( XJIHSG/,Lng Javs X11H4Gu4u4 Java xillesz
Hu3vs HaVa

Now, the eight X entries yield a total of N;*, but we have eight new greek summation
indices u, and v,. Because of the independence of the X and G entries, the expectation will
be 0 unless the X entries “pair up”; i.e., if any index u,—say, u;—is distinct from all the
other greek indices, then EX; ,, will factor out and yield 0. Thus the greek indices must
at least pairwise identify, so that the new summation indices yield an Ng to cancel with
the Ny * from the new factors of X, so that we so far see no overall improvement from our

application of these identities.

However, two of the indices, j; and jo, appear in three X entries. Looking at the greek
indices which appear with j; and j5 as indices of X entries, we see that actually vy, u3 and iy
must all identify, and also 15, 3 and v4 must all identify lest the expression be 0, so that the
new summation indices actually only contribute a N rather than N§. This improvement
of Nj' is exactly what we claimed we needed, and it came precisely from the fact that
the indices j; and js appear as indices of resolvent entries an odd number of times in the
expression (3.15), which corresponds exactly to the fact that z;, and z;, sum in j; and j; to
N2,

This is a faithful representation of the heart of the polynomialization method, except
for our approximating all diagonal resolvent entries by their limit. This is not actually
permissible, and the diagonal entries must be carried along in the analysis and undergo
applications of equations (3.13) and (3.14) along with the off-diagonal edges, but it turns
out that this never affects the parity of the number of times j; and j, appears as an index

in a resolvent entry, so the argument still holds.

We apply this same basic idea and expand on it in Chapter 5. It is also a significant part
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of the Green function comparison argument in Section 4.6.

3.4 The Helffer-Sjostrand calculus

We will now state a complex analytic result often used in RMT and whose utility stems
the fact that the central object in our story, the Green function, is intimately related to
the Stieltjes transform, which is inherently a complex-analytic construct. Our statement is

taken from [BK18].

Lemma 3.4.1 (Proposition C.1 of [BK18]). Let n € N and f € C""(R). We define the

almost analytic extension of f of degree n through

n

Fule i) = 30 i) 9 @)

k=0
Let x € C(C;[0,1]) be a smooth cutoff function. Then for any X € R satisfying x(A) = 1,

we have

fA) =

1 (Fex)
—/C d°z

™ A—z
where d%z denotes the Lebesgure measure on C and 0 := %(896 +10,) is the antiholomorphic

derivative.

This lemma is useful for deriving a local eigenvalue law from an averaged law for the
resolvent. Another utility of the lemma is for proving the right decay in z for local laws. In
other words, we may prove a local law for small z, and then use the fact that the relevant
resolvent quantities may be written as Stieltjes transforms of measures to show that the local
law must necessarily have stronger bounds the further z is from the support of the measure;

we do this in the proof of Lemma 4.2.10.
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CHAPTER 4

Spiked Eigenvalues

4.1 Proof Elements for Theorem 2.2.1

The proof of Theorem 2.2.1 has two parts. The first is the derivation of the spiked eigenvalue
distribution of ]7, which is an instance of the generalized spiked model, recently done in

[BJ21]. First, define the functions m and m through

1 1 1 T
m Z+y1+m an m Z+y/1+ffm (®),

where H is defined in equation (2.10). Both m and m are Stieltjes transforms of probability
measures; see [SB95] and [CS95]. The function m is the Stieltjes transform of the usual
Marc¢enko-Pastur law with ratio y, while m is the Stieltjes transform of the limiting bulk

spectrum of V.

Lemma 4.1.1. Using all the same notation and assumptions as in Theorem 2.2.1, we have

VN (A“(i}) . 1) AN (O—V%O‘W") . (4.1)

¢N,a Ra

Proof. Our form for 6,, ks, 0, and 7, differ slightly from that of [BJ21]. Applying their
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Theorem 3.1, Corollary 3.1, and Remark 3.1 directly would yield
O = (1 + do)*it (¢0)
Fa = 1+ ¢pa(dy + 1) (¢0) + (do + D))
go= Y ((Uae)'EX) -3

iEZK XI]\/I

do + 1 i o
o (%(Hym(%))) FOWNT),

where the expression for 7, follows from their Remark 3.1 and that HIN)Q -1 H = O(N~°P).

To derive our expression for 7,, again using ||Dy — I

= O(N~°P), we write

do +1

= (%(1 + ymwa))) FOWT)

since m(¢pq) = m(¢q)+O(N L) because ¢, —max supp o < 1. Now, using the self-consistent

equation

1 t
- = NdHt,
: m+y/1+tm ®)

one may verify that
1

T 1+ m(d(r+ 1))
which yields the result. O

|

(4.2)

The second part of the proof of Theorem 2.2.1, and the main technical achievement of
this chapter, is to compare the spiked eigenvalues of R with those of V. First, we define the
following notion of size for random variables, introduced in [EKY13], which has proven very

helpful for formulating results in RMT.

Definition 4.1.2 (Stochastic Domination). Given two sequences of families of random vari-
ables X = {Xyu}nenwea and Y = {Yn o }nvenwea for some index set A, we say that Y
stochastically dominates X, or that X < Y, if for any (small) € > 0, (large) C' > 0, and
sufficiently large N, we have

P(|X| > NY]) < N°¢ (4.3)
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uniformly in w. We also say X = O(Y) if X <Y.

We also define the following weaker notion of a probablistic bound:

Definition 4.1.3 (Bound in Probability). Given two sequences of families of random vari-
ables X = { Xy }nenwea and Y = {Yn}venwea for some index set A, we say that Y

bounds X in probability, or that X = Op(Y), if for any € > 0,
P(|X]| > N¢|Y]) 2 0as N —» o (4.4)
uniformly in w.

Theorem 4.1.4. Fiz o € {1,..., K} and assume equations (2.2) and (2.3). Under As-

sumption 2, we have

Aa(R) = Aa(V)] = Op (duN712) (4.5)

for some € > 0. Under Assumption 1, we have

Aa(R) — Aa(f))‘ = O (duN7Y/27) | (4.6)

Remark 4.1.5. The bound under Assumption 1 is in fact O (N~1/270)  at least in the case of
X with third moment 0; but the proof of this requires an additional high-moment calculation

in Section 4.5 which we omit.

This theorem does not apply to the (K +1)' eigenvalue of R, the reason being that in the

proof of Lemma 4.1.6, we analyze the difference A, (R)— A, (V) through Hadamard’s variation

formulae, which are hard to control if the eigenvalue A\, (V) is close to other eigenvalues.

Proof of Theorem 2.2.1. By Lemma 4.1.1, the normalized spiked eigenvalue )“jbiv) — 1 has

the asymptotically normal distribution claimed in Theorem 2.2.1; the standard deviation of

%Oj) —1 in particular is < N~/2. Theorem 4.1.4 shows that )‘%87) — % = Op(N~1V279),
so that % — 1 and ’\%V) — 1 have the same asymptotic distribution. ]
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The proof of Theorem 4.1.4 requires three main sublemmas. First, we require more

notation. We define D € RZ¥*Zm through

~ 2

D should not be confused with the matrices lN)l, lN)g from the singular value decomposition
of S.

Define a Ty ps X Zg 4 pr orthgonal matrix U through
o #\1/2 *
$ =" (0 Ip,) U,

Define the generalized resolvent and its deterministic limit

G :=G(z) = ; _X[ =TI = —(I+m(z)I)™! o

We will for the remainder of the chapter usually consider o € {1,..., K} to be fixed. We
define the low-rank matrix M through M := M; + M, + M3 and

d2 —y
M, = —2——— -
1 do(da +y) vava
M, := H(da)*12MU*(G — I Uvav (4.8)

Vv1+d,
M, = 0(d,) g(da)U* (G — IUV,vLU* (G — T,

where

J(@) = S(d+ D —y) = O(), gld) = f(@Dd+y) =O) (19

and where the argument of each matrix G — Il is ¢, (defined in equation (2.11)). So, M
implicitly depends on «.

For any index set K and a square (Zy; U K) X (Zpy U K) matrix A, we define

Triz,) A= Z (e, Ae;).

€Ly

Here is the first of our main sublemmas:
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Lemma 4.1.6. Recall o € {1,...,K} is implicit in the definition of M and fized, and

assume equations (2.2) and (2.3). Under Assumption 1, we have

Aa(R) = Aa(V) = =2a(V) Trz, ) M(D — 1) 4+ O (doN7") . (4.10)
Under Assumption 2, the error term should be replaced with Op(doN—1/27°).

This lemma is proven in Section 4.3. The first step is to write R and V as the termi-
nal and inital matrices of a perturbation and use Hadamard’s variation formula \,(R) ~

Aa(V) + ua(V)* (R - )7) uo (V) to study the change in the leading cigenvalues. Then us-
ing a formula from [BDW20] for the components of u,(V), we get a representation of the
cigenvalue correction Ao (R) — Ao(V) in terms of the generalized resolvent G. This “Green

function representation” puts all the useful properties of and powerful results (see Section

1.2) for G, most recently from [KY17], at our disposal.

Lemma 4.1.7. Assume equations (2.2) and (2.3). If X satisfies Assumption 1 and is in
addition Gaussian, then for any fived positive even integer p and large enough N, there is a

constant C,, depending only on p such that
E|Tr(z,,) M(D - I)|[" < C,, (N~1/272)". (4.11)

This is our desired main result, but only for Gaussian X. We prove it in Section 4.4 by
exploiting a degree of independence between the elements of D, which arises from equation
(2.3) and the Gaussianity of X, and also that D — I “cares about” only the lengths of the
rows of SX , which are very close to 1, whereas M “cares about” the rows of SX more
holistically. This suggests a degree of independence between M and (D — I), which would
in turn yield an improvement in the naive bound Tr(z,,) M(D —I) < ||D — I|| < N~'/2, but

care must be taken to exploit this.

Lastly we show that the smallness of Tr(z,,y M(D — I) is universal in the distribution of
X.
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Lemma 4.1.8. Assume equations (2.2) and (2.3). Let X° satisfy Assumption 1.

1. If X' satisfies Assumption 1 (so that X° and X' agree in their first two moments),

then there exists € > 0 such that for any fized even integer p,

‘EXl |Tr(IM) M(D - I) |p - EXO ‘Tr(IM) M(D - I) ‘P < OpN_p(%_E)' (4'12)

Here, EX' for instance denotes expectation with respect to the law for X',
2. If X! satisfies Assumption 2 and in addition, for all i,p, N, and a € {1,...,5},
E(X5)" =B (X5.)"
then there exists € > 0 such that
‘EXl Tz, M(D — I)|” = EX°|Teg,,) M(D — J)H < CyN-1¢. (4.13)
We prove Lemma 4.1.8 by following the universality strategy of [KY17].

Proof of Theorem 4.1.4. Let X° and X! be a Gaussian law and a general law for the matrix

X satisfying Assumption 1. We have by Lemma 4.1.6 that

Aa(R) = Aa(V) = = Aa(V) Tr(z,,y M(D — 1) + O (d, N7H?~p) . (4.14)

Thus, for any ¢, C > 0, we may choose p > % + 1, and then by Markov’s inequality, Lemma

4.1.7, and Lemma 4.1.8 we see for large enough N that, using A\,(V) < dj,
pX’ ( Aa(V) Tz, M(D — I)’ > le—1/2—6+5>
1

S PXl (‘TT(IM) M(D - I)‘ > N_1/2_E+6/2) 4 §N_C

< (N1/2+e—6/2)PEXl’Tr(ZM)M(D _ I)’p + %NC

IN

(N1/2+6_5/2)pEXO‘Tr(IM)M(D ]k (4.15)
_ C1jae -

+ Gy (NI (N2 g SN
- 12— L

< 20, (VY () Lo

<N
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thus verifying the definition of stochastic domination <.

At this point, we have in particular proven
X 2 —1—€
E* | Trz, ) M(D —I)|” < CoN (4.16)

for general X satisfying Assumption 1.

Now, we let X! be a general law for X satisfying Assumption 2 and X a law satisfying
Assumption 1 which, by Lemma 4.8.2, may be chosen to agree with X! in 5 moments. Note
that PX'(\,(V) > 3dy) = o(1) by Lemma 4.1.1. The proof may now be casily adjusted,

beginning again by Lemma 4.1.6 using equation (4.16) in the last line,
P (

< PX (| Teez,y M(D — I)| > N™V2700/2) 4 o(1)

AalD) Trz,) M(D = 1)| > dyN-1/247)

< (N1/2+6_5/2)2]EX1{TF(IM)M(D—I){Q—i—a(l)

< (N2 BXC | Ty, s M(D — T)| (4.17)

Tm
+ Oy (NY2He0/2)? (N=1/2-6) %y (7)

< 20, (NV2H0/2) (N1/27)% 4 o(1)

= o(1),

and we conclude the proof of Theorem 4.1.4. O

4.1.1 Discussion

The intepretation of V, defined in equation (2.7), is that it is the sample covariance matrix
constructed from N samples of a random vector which itself generated as a random linear
combination of the columns of B, thought of as the “signal”, plus white noise. This is known
in statistics as a factor model (see [FFH20]). Because of the assumption (2.3), the signal

is in every one of the M observed variables an order of magnitude smaller than the noise,
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so that we speak of this model as having weak factors'. Note also that V is an instance of

Johnstone’s spiked model, introduced in [JohO1].

The correlation matrix R, which is similar to the covariance matrix V except in that the
data are L?*-normalized before forming the sample covariance matrix, is the main object of

our interest:

R = (N(SX))*. (4.18)

The goal of this chapter is to study the spiked eigenvalues of R, ie, its eigenvalues which
are separated away from its bulk spectrum—this is a well-defined notion: very coarsely, since
the rows of SX have norm 1+ ox(1), we have that HR — 17H = 0(1), so we have by Weyl’s
inequality for each a = 1,..., M that \,(R) = Aa(lj) + o(1). Thus, pairing our assumption
(2.2) with existing results on the spiked model (see eg [BKY16]), we see that R has “spiked

eigenvalues” as well.

In what follows, we will need to exercise much more delicacy, however, than we did in
the above paragraph, since we will derive in this paper both distributional results and large
deviation bounds on the spiked eigenvalues of R, which will require us to work on and below

the scale N—1/2,

As observed in [El 09], most of the change in the spiked eigenvalues from V to R can be
accounted for by a deterministic modification (by contrast, the application of N to SX is
a random, and moreover nonlinear, modification of V). To explain this, we must introduce

the auxiliary matrix

$:=N©S)=(B J).
where the above equation also constitutes the definition of the matrices B and J , and the

auxiliary matrix

V= (SX)#

IThis is a common assumption in, eg, signal processing applications. We hope that this work will find
some application in the setting of [HRP14]
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Note that while by definition R = (N(SX))#, we also have R = (N(SX))#: to see this,
observe that S differs from S , and consequently SX from SX , only in a scaling of rows,

which is then washed out by an application of N.

The matrix V is an example of what has been called a generalized spiked model by [BY12].
It differs from the typical Johnstone spiked model in that its population covariance matrix
S# differs not from the identity matrix but from some more general matrix by bounded
rank (albeit in our setting the “more general matrix” J7 is a diagonal matrix which is only

O(N~P) in norm away from identity).

The generalized spiked model is a very natural thing to study, given both the ubiquity
of the spiked model in statistical practice and the somewhat strict assumption that any
data should have a covariance structure which is a finite rank deformation of exactly the
identity matrix. Despite this, until very recently, the most satisfactory treatment of this
new model was in [BY12], which had to assume a strong independence condition between
the spiked eigenvalues and the bulk eigenvalues in the form of a block diagonal structure of
the population covariance matrix. Now however, this has been relaxed in the recent work

[BJ21].

So, the first idea is to see that
N(SX)# = N(SX)#,

so that when studying correlation matrices with general populations, it suffices to consider
only populations with unit variances. The second idea and the bulk of this paper is showing
that, since the rows of SX are already 1 + Op(N~Y/2) by the central limit theorem, the
normalization when we pass from (§X )# to N(§ X)# does not affect the spiked eigenvalues
to leading order for spiked populations S. A key difficulty is that the error Op(N~/2) by
which the lengths of the rows of SX differ from 1 would appear only to yield a Op(N~1/2)
change in the eigenvalues by Weyl’s inequality, but we must improve this to Op(N~1/27¢),

Since (§X )# is now a “generalized spiked model”, we conclude with the main result of
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[BJ21].

Remark 4.1.9. Lemma 4.1.1 is actually more general than this, and can treat the possibly that
several eigenvalues of S# are equal; in that case there arise a number of sample eigenvalues
equal to the multiplicity of the population eigenvalue, and their joint distribution is given.

The moment assumptions on X are also much weaker, to the point of optimality.

Moreover, though Lemma 4.1.1 is only stated in [BJ21] for square Ug, in the course of
the paper it becomes clear that the dimensions of Uz may differ by a fixed bounded constant

as they do in our setting.

Remark 4.1.10. The condition (2.2) may be too strong for some statistical applications.
Provided one assumes existence of enough high moments of the randomness X, then one

may weaken (2.2) significantly, allowing
|do —dg| > (1 = dus) NP, (dg — /M/N) ' =0(1), d,=ds (4.19)

for all o, 5 € {1,..., K}.
Remark 4.1.11. Variants of Assumption 1 are very common in random matrix theory (see

[BKY16]). Assumption 2 is in the spirit of [LY12]. We will prove stronger results under the

first assumption and correspondingly weaker results under the second.

Moreover, in Assumption 2, we may weaken the requirement that all entries of X have the
same distribution to the requirement that the entries of X have boundedly many different
distributions. One may verify that in Lemmas 4.2.1 and 4.8.2 (the only place where the iid

rquirement is used), the proof can be easily adjusted.
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4.2 Tools

In equation (2.3), D stands for “delocalization” because e¢p controls how delocalized the

eigenvectors v, are:

K
N7 > ||enB|* = et BB ea = Y dal(Va, €a) [’ (4.20)
a=1
so that
[(Va, €| < dY/2N—ep (4.21)

for all i € Zpy and « € [1, KJ.

A second consequence of (2.2) is that d; < N'72¢ since for any x € R

"Bl < ) (x,e)lefBIl < NY2N~|x|, (4.22)
i€y
where in the first inequality we used the triangle inequality and in the second we used

Cauchy-Schwarz.

The following lemma shows that for the purposes of this paper, Assumption 2 with
the bounded support condition is no less general than if the bounded support condition is

removed.

Lemma 4.2.1. Let X satisfy assumption 3. Then for some € € (0,1/6), there exists another

matriz X satisfying Assumption 2 and
H(§)?)# - (§X)#H — Op (le—l/Q—f’) (4.23)

and
HN(§5<’)# - N(§X)#H — Op (le—l/Q—e/) (4.24)
for some € > 0.
By Weyl’s inequality, the truncation affects the eigenvalues of Yand R by Op(N~1/2=),

which is an error term according to Theorem 4.1.4.
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Definition 4.2.2 (The spectral region S©). We define the spectral region
1
SO :={:=FE+ineC: 5 (maxsuppo+dg) < E < N, |n| < 1}. (4.25)

All resolvent-like matrices, like G; and G in Definition 4.2.5, in this paper will be evaluated

at spectral parameters z € S°.

We need to define the following high-probability event in order to control our error terms

under Assumption 2.

Definition 4.2.3 (The event Q). We define the event
Q= {M(V) ¢ 8%

which holds with high probability (ie, 1o, < 0) under either Assumption 1 or Assumption 2

as a consequence of the Furedi-Komlos argument.

Definition 4.2.4 (Matrix Multiplication). We adopt the same matrix multiplication con-
vention as in [KY17], that is, if
j7]C17’C2?£ (426>

are index sets like Zy, etc, then if A is a J x K; matrix and B is a gy x £ matrix, then for

any j € J and [ € L, we define

(AB)j= > AjBu. (4.27)
keK1NK2

This is of course the usual matrix multiplication, except that we allow the multiplication of
matrices of seemingly incompatible dimensions; if the index sets of the matrices still intersect

in a meaningful way, we still get a meaningful matrix product.

Define m : C; — C, as the unique solution to
1
— =ty
m m
so that m is the Stieltjes transform of a measure o, the Marcenko-Pastur law.
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Definition 4.2.5 (Matrices G; and G). Recall the defintion of the matrix U. We define

-1

=66 - (0 n)x) 1) (29

We also define

-1

G :=G(2) = (4.29)
X* —z
Also define
_ 1 0
M:=T(z) = [ ! . (4.30)
0 m(z)I

Proposition 4.2.5.1 (Form of U). The matriz U from Definition 4.2.5 has the form

*

(UK)IK X (ZrxUZnr)

U= (4.31)

(UM)I]\4 X (IKUIJM)
where

. K
Un = (Zle \ T Va W), M ﬁvasz) : Z VdoVaW: =: B. (4.32)

a=1

The columns of Uk all belong to the set
R*% @ span{vy,...,vg}. (4.33)

Proof. That U, is of the claimed form follows from the definitions of U. The columns of Uk

then must be orthogonal to the columns of U,;. The span of the columns of Uy, is the same as

*

Vi

the span of the columns of : Upr, which contains the vectors (0 V?{ﬂ) . <0 v}kw) .
Vi

To be orthogonal to these M — K columns is precisely to be in the space (4.33). [

The resolvent GG is bears less relation to the matrix V' than does Gp, but it is an easier

object to work with. We may transition between the two resolvents with the following lemma.
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Lemma 4.2.6. For deterministic unit vectors x,y € R™ and z € S°, we have
(x,G1y) = (x,2"'U"GUy) + &, (4.34)

where Eg = O (N7 2| 7?) under Assumption 1 and {/Elq, |Eq|* = O(N~2|7%) as well as
& = O(|2| >N under Assumption 2 with | X;,| < N=¢ in the bounded support condition.
The multiplication of (Zx U Ty U Zy) x (Zx U Iy U Iy) matriz by a vector x € RIM s
defined through the definition of matrix multiplication above, or equivalently, the cannonical

embedding of R C RIxYIMYIN by padding with zeros.

We state the local law for G proven in [KY17]:

Lemma 4.2.7. We have the averaged local law:

‘N‘l Z Guu—m

HEIN

N—l
DI —
(K +n)?

We also have the isotropic local law: for any deterministic X,y € RT and z € S°, we have

N—1/2
(x,(G —Iy) < i) (4.35)
and the stronger bound
N—1/2
(x, (G —1y) < CETE (4.36)

if one of x,y is € RI C RE. Lastly, we have |G — 11| = O(z7") as well as |Gz uzpxzy ||+
|Gy x@uzn || + 1Gzyxzy |l = O().

The parts of Theorem 4.2.7 regarding z € S© are not stated as such in [KY17], but may
routinely verified with the Helffer-Sjostrand argument; see, eg, the proof of Lemma 4.2.10 in

Section 4.8.

We also recall the following result from [DY18] which extends the local law of Theorem

4.2.7 to matrices with larger fluctuations but bounded supoort.
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Theorem 4.2.8 (Theorem 3.11 of [DY18]). If X is a matriz satisfying Assumption 2 with
| X;,| < N~ in the bounded support condition, then uniformly for = € SC and x,y € R¥xYIm

we have
N—G
(k+n)

Remark 4.2.9. This version of the local law outside the spectrum is not stated as such in

(x, (G —1y) < (4.37)

[DY18], but follows from the local law inside the spectrum just as the usual local law for

sample covariance or Wigner matrices does.

We also have the following result complementary result, which also provides some bounds
on low moments of entries of G —1II; it is the main technical ingredient in the proof of Lemma

4.1.8 under the low moment assumption.

Lemma 4.2.10. If X satisfies Assumption 2 with € = 1/6 — § for some sufficiently small
§ > 0 in the bounded support condition, and if x,y € RI™ are deterministic, then uniformly

in z €S9,

—1/2\ 4
B, (6 -l < C () (433)

One of the most important consequences of the 6-moment condition of assumption 2,
once paired with the bounded support condition, is the following lemma, whose proof we

postpone to Section 4.7.

Lemma 4.2.11. If X satisfies Assumption 2 and the bounded support condition, we have
for any even p > 4 that
E(D; —1)? < C,N2. (4.39)

We may easily differentiate G in the entries of X: we denote by 0;, the derivative with
respect to the 7, u element of X and find that
0inGst = —GisGu — GG (4.40)
Or more generally, if 9; (G™!) = A for a more general matrix A, then 9,G = —GAG.
We have the following rough bound on M;; for 7,5 € Zy,.
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Proposition 4.2.11.1. Fori € Zy; and o € T, we have
e;Uv, <CN P, (4.41)

Proof. By the definition of matrix multiplication and referring to Proposition 4.2.5.1, this is

o’ o [ e etv, < N (4.42)

by equation (4.21). O

4.3 Proof of Lemma 4.1.6

Proof of Lemma 4.1.6. Lemma 4.1.6 is implied by the following two lemmas:

Lemma 4.3.1. Fix o € {1,...,K}. Under Assumption 1

Aa(R) = Aa(V) = = AaV)ua(V)* (D — Iu, (V) + Og (daNfl) : (4.43)
Under Assumption 2, the error term should be replaced with Op<daN_1/2_E).
Lemma 4.3.2. Under Assumption 1, we have
ua(V) (D — Nua(V) = Trz,,) M(D — I) + OL(N7H). (4.44)
Under rather Assumption 2, the error term should be replaced with Op(N~Y27¢).

[]

Note the presence of the matrix V' in equation (4.44). This is one of the only places that
we will really use V. The reason is that V is an instance of the Johnstone spiked model rather
than of the generalized spiked model, so that we can carry over the results of [BDW20] more

directly of u (V) than we can for uq (V).

For the proof of Lemma 4.3.1, we will require the following additional lemmas:

57



Lemma 4.3.3. If w € R™ with |w|| < 1 is either deterministic or satisfies ||wl|,, < N™4

for some €1 > 0, and if X satisfies Assumption 2, then
W (D — I)w]| + ‘ w (D — 1)4w‘ = Op(N-V2) (4.45)
for some €5 > 0.

Lemma 4.3.4. If A is a matriz of conformable dimension with ||Al| = Op(N‘ed}ﬂ), then

uniformly in A,

Aa((SX + A)%) = Aa((SX)%)| = Op (41?12 (4.46)

and

Proof of Lemma 4.3.1. We will prove the conclusion under Assumption 2. The reader may

(B + A7)~ ua(5X)9)| = 0 ( 11 (1.47)

verify that under Assumption 1, the proof is easier, and only requires the additional input

that ||D — I]| < N~Y2.

Define the matrix flows

Alt) = (§X _ %(D _ 1)§X)# (4.48)
so that A(0) =V, and
B(t) = <§X - %(D —1)SX +¢(DV? - 1)§X) ! (4.49)

so that B(1) = R, and moreover, A(1) = B(0). Thus, for o € {1,..., K},

= (a(B) ~ Aa(BO)) + (a(AD) = AaAO)) (450
= <8t>\a(B(O)) + %8EAQ(B(tB))) + (8t)\a(A(0)) + %afxa(A(tA)))
for some t4, ¢ € [0,1]. Now by Hadamard’s first variation formula,
O Ao = 305 (D — TVA() + A©)(D — 1)), .

= —Aaup (D — Duy,
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where the implied argument of every eigenvector and eigenvalue is A(0) = 17, so that this

is almost the right-hand side of equation (4.43), except that we need to replace u, (V) with

uq(V); we will do this at the end of the proof. We now bound the other terms.

We define the diagonal matrix Dy by

[ )

_ 1 _
(Dain)ii = (D" = 1) + Q(Dii -1)=0 <(Dzz —1)?D '5/2> ) (4.52)
where the bound holds entry by entry. Thus, we have for some matrix E of norm Op(d;),

O Aa(B(0)) = ug 0 B(0)uq
= uz (EDdiﬁ‘ + DdiffE) Ug, (4 53)
= O (IB] - [|(P = I)*ual])

= Op(dy,N~'*79),
where the implied argument of every eigenvector and eigenvalue is B(0), by Lemma 4.3.3—to

bound ||ua(B(0))
Lemma 4.3.4 to bound [[ua(B(0)) — ta(A0))]| = [lua(B(0)) — ua(A(0))

we use Lemma 4.3.5 and equation (4.21) to bound |ju,(A(0))||,, and
and then the

Hoo?

triangle inequality:.

Now we bound the second derivatives, using Hadamard’s second variation formula. It is
a consequence of Lemma 4.3.4, Assumption 2.2 and ||D — I|| = Op(N /1) that
min min}\)\a(A(t)) — Ms(A(t))] > Cdy (4.54)

a#pe{1,...,K} t€]0,1

for some absolute positive constant C' > 0 a.a.s., so that, recalling t* from equation (4.50)
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and using O(L) to denote a conformable matrix with operator norm O(L),

0 Aa(A(tY))

=u, 62 —I—QZ

B#a

=ty (D = D(SX)*(D — Iu,
uy - ((D = DA@Y) + AE)(D - 1) + 0@ *|D = 1)) u

+2) .

= Op (i ||(D = DNuy|?) + Op (d?H(D — Dug|® +di||(D — 1)2||2>

at ua’
)\5 —

(4.55)

dy
= Op (di[|(D = Dual*) + O (1D = 1]I")
= Op(d;N7'?7°),

where the implied argument of every eigenvector and eigenvalue is A(#*); the last line follows
from Lemma 4.3.3 (using Lemmas 4.3.5 and 4.3.4 to bound |ju,||  )for the first term, and
from ||D —I||* = Op(N~'¢) for any € > 0 by a union bound, Markov’s inequality, and

Lemma 4.2.11 for the second term.

Now, we may bound 197\, (B(t?)) as we did 197X, (A(t4)),

0/ Aa(B(t))

0, B }2
Aﬂ -

—u52 o+ 2

Ba
~ 1 -
= g Daig - (SX = 5(D — 1)SX)* Dyt

+2)

B

(4.56)

s (DaB(t?) + B(t?) Dass + O(d* | Da 1)) u
N —
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d2Diua2+d D2- 2
—o<d1uDdﬂuan2>+o( Dl ) D
1

= O (|| Dasgrttal|*) + O (|| Dair*)
= Op(di||D = I||* + di|| D — I||*)

— Op(]vflfe)

as before.

Finally, we show how to bound

uaW)*(D = Dua(V) — ua(V)(D — I)ua(V)‘ — Op(N7V/29), (4.57)

We first bound

Ua(W)(D = D(ua(V) — ua(V)) ‘ < ‘

ua “(D-1) HH ua ) — Ua( ))H;the
other term arising from the triangle inequality is bounded in the same way. The latter factor

is Op(N~¢P) by simple pertrubation theory. The former factor is

01 = [ (1) 018

’LEIM

: (4.58)
- J 3 <<ua(]7),ei> - cm) (D =12+ Y CialDis — 1)2.

i€l 1€Ln
The second term under the radical is, using that a random variable X satisfies X =

Op(E[X]),

P (Z CioE|Di; — 1|2> =O(N7Y (4.59)

i€y
/E‘Dii B 1|4 (4.60)

=Op(N7)

by Lemma 4.2.11 and equation 4.64. This concludes the proof of Lemma 4.3.1.

as desired. The first term under the radical is

Op (Z E' <<ua(]7),ei>2 - ci,a> (Dyi — 1)?

SISV,

Z E <ua(9),ei>2 —Cia

€L\

2
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Now we prove Lemma 4.3.2. We will now cite the following theorem from [BDW20],
which makes our analysis possible. Our statement of the theorem is not exactly as it is in

[BDW20], and we will provide an abridged proof in Section 4.8.

Theorem 4.3.5. Fiz o € {1,...,K}. Let w be a deterministic unit vector in R™. Let

M
dor/dg + 1
R=Y 2V Ty v (4.61)

VBVB,
et do — dg
and 2 :=Z(2) = Gi(2) — 27 '1(2). We have that under the condition (2.2),
d> —vy
2 o e * 2
<W7ua(v)> - da(da +y)‘ @ |
—2d,(do + D)WV VIEV, VW — QMW*R*EVQV:;W
1+d,
2

- %w*vavggvav;w + g(dy) (VIERW)? (4.62)
dg Y

—da(1+da)g(da) o= do)? (ViEVLv W)

+ E1(w) + E(w),

where every instance of = or =’ has argument ¢n o (defined in Theorem 2.2.1), and where

f(@) = 5@+ V(@ =) =O(), gld) = f(d(d+y) = 0. (4.63)

.....

sumption 2 we rather have \/Elq, |&(w)[> = O (N_l‘projVl ,,,,, VKWD and \/Elq, |E(w)[> =

O(N—179)

Lastly, we have the following weaker statement for the matrix V: under Assumption 2,

we have

2

Y \/Elg, <ua()7),ei>2 — Cral =001), (4.64)

Z‘EI]W

where C; ,, are deterministic constants such that Ciol = O(1) uniformly in i, .

i€y |

Remark 4.3.6. We will only use the equation (4.64) once in the paper; to convert the ex-

pression u,(V)(D — I)*us(V) in Lemma 4.1.6 to the better expression uy(V)(D — I)*uqs (V).
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The point of equation (4.64) is to ensure that uy(V) is the sum of a deterministic part and

a very small part (so small that its components are absolutely summable).

Proof of Lemma 4.3.2. In this lemma we merely ensure that all but three of the terms in
(4.62) are errors, drop the matrix R, and transition from the resolvent G; to the resolvent

G.

We will do the proof under Assumption 2; under Assumption 1 it is much easier and is

omitted. We write

ua(V) (D = Dua(V) = Y (e, ua(V))*(Dis — 1) (4.65)

1€y

and then apply lemma Theorem 4.3.5 with w = e;. We temporarily define

M(l) o f(da) R*=v.v*

2 = g Eveva MY = g(da)R*Evv:iER. (4.66)

We first establish

=Op (N7'?79)  (4.67)

0

ua(V)'(D = Dua(V) = 3 (M + M + M{)(D - 1))

€L

by bounding the expectation on the event 1g, of the left-hand side by O(N~1/27¢)  which
has contributions from the second, fourth, sixth, seventh and eighth terms of the right-hand
side of equation (4.62) ((M; + Mgl) + Mgl))u are the first, third and fifth terms). Here we
have used that a positive random variable X satisfies X = Op(EX). We bound the second

term’s contribution

Elg, Z 2d,(dy, + 1)eivoviEvavie,(Dy — 1)
St (4.68)
<Y 2do(dy + 1)|Vieil*Elq, [ViEva(Dy — 1.

€L\

Cauchy Schwarz on the expectation then yields

< 3 2o (do + DIVied B, [viEval VED; — 17
it (4.69)
<C Y 2da(de + 1) |Vie|*d > NTPNTV2 = O(NT)

€Ly
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where we bounded \/ Elg, |viEv.|? by Lemmas 4.2.6 and 4.2.10. The contribution of the

fourth term is bounded in the same way, using f(z) = O(z?) and \/ElgL]V* Vol
d2N ~1/2: to see why the derivative has an extra factor of d;', let v be a circular contour

centered at ¢y, and having radius =< d, and use the Cauchy integral formula to write
\E|vEE(2) Ve
\/ElQL|V*’:,VQ| = E]_QL /

Z - ¢N0¢
= O(do N~2d. ")

V*“

(Z_¢No¢

by Minkowski’s integral inequality and the triangle inequality for integrals. The sixth term’s
contribution is also done in a very similar way, using in addition that {/E|vsEvs|* < d 4N~
by Lemma 4.2.6 and Theorem 4.2.7. The contribution of the seventh term, & (e;), is

Elo, 1o, Y I€(e)(Da— 1) < 3 /Elg, [&(e) EID, — 1]

=y, €L

(4.70)
Z N~ 1‘prOJVl ..... VKez‘N 1/2 N1/2N_1N1/2 _ N—l
1€
by Cauchy-Schwarz on the sum. Lastly, the contribution of the eighth term &;(e;) is
Elo, S 1&e)(Di— DI < 3 \/Elg, |&(en)EID; — 11
1€y i€Tp (4.71>
< Z N-l—eN—1/2 < NY2ZN-INL/2 = N—1/2—¢
’iEI]W

as desired.

Nextly, temporarily setting

f da —_ * —_ * =
\/%:VO‘VOH MZ(%Q) = 9(da)ZVav, =,

which only differ from Mgl) and Mél) in the absence of the matrix R, we establish

2

(2

My =

7

e (MP M) (D, — 1)] = Op(v12),

Since R — I has rank K, this step is done just like the previous step, and we omit the details.
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To conclude the proof, we establish

> (

1€y

Note that M, and M'" only differ in replacing = with 0(d,)"'U*(G —T)U. Again it suffices

e/ (M, — Méz))ei(Dn- — 1)‘ + ’ef(M3 — M;(),Q))ei(Dn’ — 1)‘) = OP(N_l/Q_E). (4.72)

to bound the expectation. We use Lemma 4.2.6. First,

i€y

=0 (Z di|ejval\/E19L

€Ly

=0 (Z d§|ejvayd;2N_1N‘1/2>

i€y

v (E = 0(do) UG — H)U)ei|2\/E\Dii - 1|2>
(4.73)

=O(N™).
Second, noting that, by difference of squares and |(Z + 2z 'U*(G — II)U)xy| < 272N~ by

Theorem 4.2.8 and Lemma 4.2.6, we have

2

Elg, |22, o, — 0(da) 2(U"(G ~ V)2

Va,€

= ElQL ‘Evouei - Q(da)_l(U*(G - ]'_‘[)U)Vouei ’

) (4.74)
’ Eva,ei + e(da)_l(U*(G - H)U)va,ei
< (o) N"*Elq, |Bve e — 0(da) (UG = DU )y, o]
and then the above is
< 0(d,) N2 (4.75)
by Lemma 4.2.6. So, we have
1€y
=0 (Z di\/ElgL 22 o —0(do)2(U(G — H)U)gmef\/E\Dii — 1|2>
i€y (476)
=0 (Z did;4N‘1‘€N‘1/2>
€L
_ O(N_1/2_€).
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This concludes the proof of Lemma 4.3.2. O]

Proof of Lemma 4.3.3. We treat the case that w has |[|[w|_ < N™; the case of deterministic

w is easier. Observe that by Lemma 4.2.11 and Markov’s inequality, we have
P(|Dy — 1| > N™%) = O(N2t4), (4.77)

This yields on one hand, by a union bound, the bound

P(ID = I > N7V3+) = P(3i: Dy — 12 > N~V/2+)

O(NN~17%) (4.78)
O(N—*).

On the other hand, we have for any € > 0,

E#{i: Dy — 1> N3 =E Y 1p ipoy-ve

iE€L N

=> P(IDi =1 > N> (4.79)

I

S N2E'

Together, equations (4.78) and (4.79) say that for any € > 0, only a few (about N?¢) entries

of (D — I)? are expected to exceed N~1/27¢/ and those that do are all a.a.s. bounded by
N71/2+e'
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Therefore, we bound

w(D — I)*w = Z(w, e (Dy — 1)
= Z <w,ei)2(Dii - 1)2

1
i:'Dii_1‘2>N_1/2—§Ew

- > (w,e;)*(Dy — 1)

| Dy —12<N~1/2" Few
< > N2 |[(D = 1)
| Dy 12> N2 hew (4.80)

T el

z‘:\Dii_1\2§N—1/2—%éw
< i 1Dy = 1P > N VAN (D — 1|
L N2 gew
= O (VA NN 2 (D 174 N

= Op (N712he )

where in the second to last line we used that the random variable Y = #{i : | Dy — 1|° >
N=1/2735} is bounded by Op(Ni*EY) (this is a general fact about positive random
variables that follows from Markov’s inequality), and in the last line that [[(D — I)?|| <

1941
N-Y2+aew g a.8.

Lastly, the bound on y/w*(D — I)iw < N~/27¢ follows in amost exactly the same way;

we omit the details. O

Proof of Lemma 4.3.4. The first inequality is an immediate consequence of Weyl’s inequality.

The second follows from the formula

Ugu ((§X +tA)A* + A(SX + tA)*) Ug

Oua((SX +tA)#) =)~ Y-y

Ba

(4.81)

where the implied argument of every eigenvalue and eigenvector on the right-hand side is
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(SX + tA)#. Thus we have

s ((§X FA)A* + A(SX + tA)*> e
N —

e (SX + tA)#)H2 _

g <(§X +EA)A* + A(SX + tA)*) Ug
A — Ao

=0p [4)

~ ~ 2
g ((SX FHA)A* + A(SX + tA)*) U

d
B !

—0p (%H <(§X FHA)A* + A(SX + tA)*) e
1

4
= ~a
o (F1AI)

)
as desired.

4.4 Proof of Lemma 4.1.7

(4.82)

In this section , we will use without proof the following essential and well-known fact regard-

ing Gaussian matrices:

Lemma 4.4.1. For an (Zy; UZk) X Iy #id Gaussian matriz X and deterministic orthogonal

vectors Xy, ...,X, € Ly, the 2n quantities
X X X X
T XK s o Xn X |1X s |IX
i X [l X ' "

are mutually independent.

We recall our formula for the eigenvalue correction from Lemma 4.3.2

w(D—Du= Y (e;Me;)(D; — 1)+ OL(N'/7).

€Ly

2

Recall also that M is a rank one matrix defined from G, and D;; = ’ ejg X
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We look at high moments of the correction (4.84)

p

€L\

’ (4.85)
- Z E<ei1v Mei1> U <eip’ Meip>(Di1i1 - 1) T (Dipip B 1)

11,0y ip=1
Note that M is a real matrix, being defined from Green functions evaluated at real spectral

arguments.

Right away, we will fix a partition
2Py D P = {A,..., Ay}

of the set {1,...,p}. The sets A, are called blocks of P. We will say that a tuple ¢ :=
(i1,...,1,) satisfies P and write 4 = P when i, = i, if and only if » and s are in the same

block of the partition. We will henceforth only consider

ZE(eil, Meh) cee <el-p, Meip>(Dil7;1 — 1) s (Dipip — 1), (486)
P
i.e., the sum over all values of the indices 41, ..., for which ¢ = (i1,...,4,) = P. Because

the number of partitions of a p-element set is a constant C, (ie, it does not depend on N),
this does not affect our desired O~ bound. Denote by ¢; the number of singletons in P—the
indices 11, ..., 7, are “lone indices”. We will only treat the case that the singletons of P are
{1},..., {6} and that the numbers 1,...,p" all belong to different blocks of the partition;
ie, r € A, for r < p'. Every other partition is isomorphic to one like this via a permutation

of the set {1,...,p}, and these may be treated in the same way.

Note that, by equation (2.3), the unit vectors

S*eil, ce ,S*eip/, (487)

are nearly orthogonal, each having dot product N~ with each other. We apply Gram-

Schmidt to get an orthonormalized set

Sty S (4.88)



satisfying ||S;.|| = 1 for each r = 1,...,p' and S;, L S;, for each i, # i5 and §*eir =
21::1 a,sS;,. Note that a, s = 0,5 + O(N~P) and that Z’;l a?. = 1.

=1 ""rs

We define now, for each i = 1,...,p’ the random vectors
yYr = YT(Z.L s 7Z.pa 7)) - S;;X7

so that the vectors yq,...,y, are iid N-dimensional Gaussian random vectors with covari-

ance NIz, .

The main heuristic of this section is that the centered random variables (D;,;, —1) - - - (D;,i, —
1), being functions of the lengths of €] SX,... ,efp, SX, are by Lemma 4.4.1 and (2.3) nearly
independent. Since the lengths of the vectors e;f‘ng, e ,e;‘png are all 1 + OL(N~/?)
while their directions are completely delocalized, we expect M to be largely independent of
(Diyiy —1),- -+ ,(D;,i, —1). This near-independence makes for additional smallness in the ex-
pression (4.85). The main technical difficulties of this section are first to modify the random
variables (D;,;;, —1),---,(D;,;, — 1) so as to make them exactly independent of one another
(and quantify the error in doing so), leading to the notion of what we will call lone factors,
and second to perturb the matrix M; + My + M3 so as to make it exactly independent of
(Diyi, —1),--+ ,(Dy,s, — 1) (and quantify the error associated to this perturbation).

~ 2
The first thing we must do is rewrite each D; ; — 1 = ‘ e; SX H — 1 in such a way as

rather to involve the vectors y,. We may write
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lrzr

/\

Zarsysa Zar‘sys> -

,s(||y8||2 - 1) + Zar,s : ant<Ys>Yt>

M@

s=1 s#t
- ) (4.89)
= Z sUlysl™ = 1)+ Zar,s “ar i (N(ys), N(ye)) '
s=1 s#t
—1—22%3 art{(1 = N)(ys), N(ye))
s#t
+ Z 2ar,s - arg((1 — N)(ys), (1 = N)(y))-
s#t
Here we used that >0, a? = 1.

We now have that equation (4.86) can be written as a sum of boundedly many terms of

the form
> Efei,,Mey,) - (e;,, Me; )1, - L3, (4.90)
i1, iptP
where the factors £0r) := /J(“") for t =1,...,5 are defined as follows

rst

o L) = az, (”SZ«XHZ — 1). Note that a,, has size 1 + O(N~¢). Terms of this form

rst

are the leading term from the expansion (4.162) and have the (O<) bound N~/2. The

subscripts s, t are superfluous but we include them to keep the notation consistent.

o L) = D e O (”SZXHQ — 1) for s # r. These have the bound N=2¢2 N~1/2. The

subscript t is again superfluous.
o L) = = 50,1 (N(S7 X),N(S; X)) for s # t. These have the bound N-° N~1/2,

o LY = 2a,,50,:(N(S; X), (1 = N)(S; X)) for s # ¢. These have the bound N=? N~! <
N—20 N=1/2 since we have a dot product of nearly orthogonal vectors, one of whose

lengths is in addition small.
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o L0 = arsari (1 = N)(S; X), (1 — N)(S; X)) for s # t. These have the bound N~? N~=3/2 <

N —3¢p N_1/2.

has the same bound O_(N~'/?) as D, ; — 1, while £% .. % also contain

rsty rst

Note that £

rst

extra factors of N~ ¢P,

Recall that the expression (4.90) is considered as fixed. Now we call a factor Ei;’"t) lone if

¢ =1 and if in the expression (4.90) none of the following are satisfied:

1. There is another factor Ef,}z,t, for ' =r.

2. There is a factor Ef,?) for s’ =r.

s't!
3. There is a factor E,(fi,t, for t' =r.

4. There is a factor £§?§,t, fors’s =rort' =r.

The rationale behind this definition is that a lone factor L',(;;) is independent of all the

other factors ££€;’,i, for " # r by Lemma 4.4.1, because it is a function of the length of y,,
(tp)

whereas L,,7;, is a function of the direction of y, and of the vectors y,  for " # r. The

reason there is no reference to a factor of type (3) in the definition of a lone E,(f;t) factor is

that a factor of type (3) is independent of the lengths of all vectors yy,...,y,. We will see

very shortly the utility in this definition of lone factors.

Recall our partition P. See that
ti+2(p—|P|) > p, (4.91)
which follows from the equation

2 - #(non-lone indices) + #(lone indices) < p.

Let also ¢ be the number of lone factors in the expression (4.90).
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Lemma 4.4.2. We have
(e1) . (tp) (4i—L)ep p/2
£151t1 £ls tp < N N

Proof. The way this lemma should be thought about is that the fewer lone factors there
are, the more extra factors of N™¢P you get. Say first that in the expression (4.90), ¢, = 1
for r =1,...,p. Then /¢ is equal to ¢;. r for which ¢, = 2, we accumulate a deterministic
factor N720 and /; decreases by as much as 2, since the factor E t is no longer of the
form (1)—therefore Emt cannot be lone—and it has the potential to force some other ET oy
to cease to be lone. For example, if ¢; and iy are both lone indices, and if D;,;, — 1 yields
a2,(|ly1]|* = 1), then Eg;ll)t . is not lone, and moreover, regardless of what D;,;, — 1 yields upon
expansion according to (4.162), ngs)ts may not be lone. Similarly, if any r is such that ¢, is

3,4 or 5, then /¢ is reduced by as much as 1, 2, or 3, respectively, and we simultaneously

accumulate a factor of N=¢2, N=2¢0 or N=3¢0 respectively. This concludes the proof.

]

See at this point that equation (4.90) has the naive bound (naive in that we do not use

the expectation or exploit any independence)

< NP2 N~ (ti—to)e Z E(e;,, Me;,) ...<eip,1\/[eip>

i1,eenyipEP

< N7PRN~(Eten N=2p-IPhen § E‘<ei17Meil>"'<ei”Mei,>‘ (4.92)

Ulyeenylypt

distinct

< NP2 N—(i~t)ep N—2(p=|Plep . |
since (e;,, Me;,) < N72¢ by Lemma 4.2.11.1, and Tr|M| < 1. Combining equations (4.91)
and (4.92), we see that we only need to find ¢f more factors of —ep.
If Efnf;t) is lone, then it is centered and independent of all other factors Eﬁi;’,i, for v # r,

so if we can perturb the factors (e;,, Me;,) - - <eip, Me; > to make them also independent of

££St , then the expression (4.90) will be 0 because of the expecation in it. The error terms
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associated to this perturbation will each have a form similar to (4.90), but with an additional

factor of at least N=°°. To put it symbolically,
(4.90) = 0 + N~ P (something resembling (4.90)) .

If £, is also lone, one may perturb again to an expression with expectation 0; the error terms
associated to this perturbation will be smaller by an additional factor of N=°P  and so on,
one perturbation for each lone factor. In this way to we hope to add an additional factor of
N~%p to the bound (4.92). Constructing pertrubations with these properties is the object
of Lemmas 4.4.3 and 4.4.5.

Now we describe how to use independence to get these /¢ factors of —ep. Assume without
(1) (tep)

loss of generality and for notational simplicity that the lone factors are L1 ..., L, 0,
frf

For a vector x € RZ, we define Py to be the linear operator which projects onto the span

of x.
Lemma 4.4.3. Fiz a bounded number n and orthonormal vectors xi,...,x, € RIxYInm,
Define a matriz flow t := (t1, ... ty) — G%, . through
where
t o t -1
Gx17~--,xn T (Hx“..,xn) ’
Ht -1 X}il,...7xn
X1,..0Xn Xt *
( X1, ,xn) <
and

X)t(l 7X+ t ( 1) PXTX,
i Z 1% Xl

so that Xi’l','f.’.l,xn is X with each of its x, components normalized, and X interpolates be-

15--Xn

tween X = X0 and Xyl . Then H' is independent of ||x:X|| for eachr € {1,...,n}

Xn X1 Xn

for which t, = 1.

We will prove Lemma 4.4.3 at the end of this section. Now we will use it to complete the

proof of Theorem 4.1.7.
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For any choice of indices 4 := (iy,...,14,), we set n = {; and x,, = §;, in Lemma 4.4.3 and

define the functions

Definition 4.4.4. [Difference Operators] For any disjoint subsets {r; # --- # r,} and
{s1 # -+ #s,} of {1,...,¢}, we define the difference operators.

inductively through

and
(A" f)(tsyy - ts,) = ftsy, ooy 00 ts)) — ftsy, - os 1, ooits,)

where the 1 and 0 are in the position corresponding to r;. Note the ambiguity in the domain

{1, b3\ {r, ...y}

We may therefore write equation (4.90) as, for instance,

N—(Ei—ff)eD Z ]Egi1 (0) G, (0)£i1 e Lip

P

= N0 N "R (g;,(1,0,...,0) + Alg;, (0)) (4.93)
i+P

T (gip<1707 s 70) + Alglp<0)) Eil .. £z

.
We can thus split each g; into two pieces according to each r =1, ..., /. We define, for any

subset U C {1,..., ¢},

gv (i) = (H N) g(i,1,...,1) =AY(s,1,...,1)

reU

((HTE (1.23) Ar> is the composition A’ o A? 0 A3; one can verify this composition is commu-
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(4.93) as

Z]Egl(ia 0) o 'gp(”:7 0)211 o ‘Cip

P
- v (4.94)
Y SR o0, B
Uty Up P
C{1,....4¢}
For any choice of Uy, ..., U, for which Y ?_ |U,| < ¢, we have necessarily for some r that

r ¢ U, for each a € {1,...,4}. Then g;°(i) is independent of S;, for every a € {1,..., ¢},

so that
ST Egs gLy Liy =0 (4.95)
P

since Zir is lone. Therefore we may restrict our attention to choices of Uy, ..., U, C {1,..., ¢}

for which Y7 _,|U,| > ;.

Now, for any choice of Uy, ..., U, for which >>*_,|U,| > ¢;, we have

N*(@ifff)eD Z’gifl (Z) .. .ggp (Z)Eu - ﬁip
i P

< NTEe N g @) [ghr (3)] (4.96)

iFP

- N_(ei_gf)€DN—%pN—Q(p—p’)GD . Z }ggl(z)l .

Uy, .
gp’p/ (2) ‘ :
distinct

We have the following lemma about the functions g% (%), proven at the end of this section.

Lemma 4.4.5. We have, forr=1,....,p,

S max [ < N,

Ulyeeeybr—1,trg ey -

Thus, the above may be bounded by
~ N-—ten j—ep XE_yllsall =30 N—2-)en .
< N—(1/2=ep)p
Thus we conclude the proof of Lemma 4.1.7.
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Proof of Lemma 4.4.3. For notational simplicity assume that ¢ = (1,..., 1, t,041,- -, te),

. X ‘ (here we used that Zir

and we must show that A(t) is independent of ||S; X
is a function of ||SZ-*TX H) By Lemma 4.4.1, since the matrix Ps, X is a function of & X, it

suffices to show that
X+ Z (H S X > Ps, X (4.97)

is independent of HSZXH for any s = 1,...,79. See that equation (4.97) may be written as

1) P X
+Z(HSZTXH )

(4.98)
=|1- Pgl +

(=S ) xS
Since s, XHPS X = s, XHS,TSZ* X is a deterministic function of s, XHS;* X, again by
Lemma 4.4.1 it suffices to show that (I —>_/° Ps, ) X is independendent of HS*X H Be-

cause the rows of
To

I— Zl Psi, = Pisi) i)t
are all orthogonal to each of the vectors Sy, ..., S;, , this too follows by Lemma 4.4.1, and
we conclude the proof of Lemma 4.4.3. n

Proof of Lemma 4.4.5. Without loss of generality, we show the proof when r = 1. |U]

applications of the intermediate value theorem show that it suffices to bound, letting U; =

{ri,...,rs} and [b] = {1,... 4},

Z max = max |Opy + - Orogn (3, )] < N75P. (4.99)
~~~~~ iy te[0,1]¢]:
ta=1VagU

A problem with the expression (4.99) is that for each i;, the values of ¢;,...,t; may be

different. To get around this, we use the formula, for f : R — R,

F#&) = f(0) + (VF(0))t+ " (V2f(t1)t
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for some t; between 0 and ¢t. Because of this, the left-hand side of equation (4.99) may be

written

Z maX ‘87“1 T arsgl<i70)‘

.....

+ Z max Z O(1)|040;, -+ - 0r,91(%,0)| (4.100)

e L
+0 <Z max max ZZO(l)]@a&,&n'--8ng1(i,t)|>.

..... b tef01]l] = =

We claim the following lemma:

Lemma 4.4.6. For any fized number n > 0 and ry,...,r, € [{;], we have, uniformly in @

and t,

O~ (N=270) (dy|[v:U* —1I) Ue;, |+ |vie,|) n=1
oty (i) A O N (G~ I U+ i)
OL(N—272%0) n>2.

With Lemma 4.4.6, the third line of equation (4.100) may be bounded by
NO_(N—2717%0) = O_(N—*P),

The first line of equation (4.100) may be bounded if s = 0 by

Z max g1 z,0) z:e“Mele = 0<(1)

-----

as desired, if s =1 by

Z max 8rlgl(z 0)=0 (N_l/Q_ED)Z (dy

-----

(G*—10) Ueil} + [vieq])

=O0<(N™")

by Cauchy-Schwarz, since perturbing ¢ shows that |G — I1I|| < 1 easily, and if s > 2 by

ZO< TETMP) = OL(N

) = O<(N7*P)

because ep < 1/2. The second line of equation (4.100) may be bounded in the same way.

Thus we conclude the proof of Lemma 4.4.5. O
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Proof of Lemma 4.4.6. We demonstrate for the case d; < 1 only; it is easy to check that if
dy > 1, the resolvent entries in the derivatives of M always provide enough factors of d;*
to cancel the factors of d; in the definition of M. The basic ingredient is the derivative of
the resolvent

t . 1 . t ) * * Q. * t
0G5, = (Is;;XH 1) CESATASS) G

which follows from equation (4.40). Note that (W — 1) = O (N~Y2). Tt is easy to see

then that every term in 0;, (e; , Me;, ) has a factor in

{8 G'Uv,,S; XG'Uv,.}
and a factor in
{vZeir, viU*(G — H)Ueir} ,

whereas every second and higher derivative ;. ---0;, (e;,Me;, ) has two factors in

{8 G'Uv,, S, XG'Uv,} .
It is easy to see, by perturbing in ¢, that ||G*|| = ||G*(¢n.a)|| < 1. To conclude the proof, it
only remains to demonstrate that
|SEGP UV + |SEXG U v, | <= N™P.

Now
1

xGtUv, = x*G°Uv,, +/ X*QG“UVQ
—0 aC

C

c€0,1]

= X GOUv, + O (NW i Hcct||2>

for any (possibly random) x (in particular, we care about x = §;, or X*S; ) and by Weyl’s

inequality, max.cpo,1)||G*|| < 1, so that it only remains to consider ¢ = 0.

It is then a consequence of Lemma 4.4(i) of [KY17] that
S; XGUv, = 8; (G°+1) Uv,.
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Since S; = S*e;, + O(N~) = ¢; + O(N~") and Uv, = , /iva + x for a deterministic
vector x € R*%. Then result then follows from Lemma 4.2.7 and equation (4.21). S; G°Uv,

is bounded similarly. O]

4.5 Proof of Lemma 4.1.8 under Assumption 1: vanishing third

moment

In this section we complete part of the proof of Lemma 4.1.8 (1). The work we do in
this section is actually sufficient for Lemma 4.1.8 (1) under the additional assumption that
E (X%)3 = 0. The additional work which is necessary to remove the third moment condition

is postponed until the next section. The proof relies on the following two lemmas:

Lemma 4.5.1 (Lemma 7.9 of [KY17]). Given two matriz ensembles X° and X1 with inde-
; L L _ 0 _ 1 0

pendent entries, let p;, be the law of X}, for .= 0,1. Then define a law pf, = 0p;,+(1—0)p;,

for 0 € [0,1], and let X? be a new ensemble with Xfu distributed according to pfu. Then for

any smooth function F on R,

0 0 0.x}, 0,X9,
SEF(X') = > [EF (X" ) —EF (X0 )] (4.101)
1€y ULk
HEIN

where X(Hi’g) 15 an ensemble with independent entries whose law in every entry except the
entry ip is given by the law of X? in that entry, but whose law in the iy entry is that of a

random variable y.

We now particularly let F: RExYUIm)*In 5 C be defined by

p

F(X) = <Z (e;, M(D — [)ei>> . (4.102)
1€

For a function F : Mat(z,.uz,)xzy — C, we also define the partial derivative J;, to the be

derivative with respect to the (i, )™ entry of the argument of F.
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Lemma 4.5.2. For any integer m > 4, we have

N2 N |BOpF(XD,)| = O< (NCV2err) + CRF(XY), (4.103)
i€y
HEIN
and for any integer m > 3,
N~ N BOpF(X),)| = O< (N©CV279P) + CEF(X?) (4.104)
1€l

HEIN

for some € > 0.

Proof of Lemma 4.1.8. For an entry ip of X, we henceforth fix 6 € [0, 1] and let
fim R=R, fan(y) = F (X5 (4.105)

We will rewrite the difference in equation (4.101), namely Ef(;,)(X},) — fuu(X},), as the

difference

E o) (XG) — Fiim (Xip) = Elfan (Xi) — Fio (0)] — Elfia) (X5,) — Finwy (0)] (4.106)

and then rewrite B[ f(;,)(X},) = f(iu) (0)] (and similarly the other term) using Taylor’s formula.
This looks like

E(f(w) (X}u) - z,u) = Z Km le,u?XG f:Z;(Xfu> + giw (4'107)
m=1
where
. Ecn q Efk
Kn(C8) =) (1) > 1(n+ki+ - +k =m) = b (4.108)
q>0 k1 ey kg>1 Jj=1

and where

€]y, < Crpr max  fV) Y E(XG)E(XE,) (4.109)
w1 <[ X5, |+ ||

c,deN:c+d=m+1
where Cf; is a constant depending only on 2. What has happened in equation (4.107) is

two-fold: we have expanded out E(f(X},) — f(0)) as a Taylor polynomial centered at 0, and
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then we wrote all the derivatives at 0 as themselves Taylor polynomials centered at Xf#. The
advantage of this double application of Taylor’s formula is that we never, except in the error
term, use any ensemble but X; i.e., except in the error term, we only evaluate the functions
of ensembles whose Green functions we are very confident that we can control, and when we
sum over i/, we will have many expressions which are all in terms of the same matrix X? so

that there will be some simplification that happens in the sum.

Combining equations (4.107) and (4.101) gives us

—IEF (X% Z S (Kml(XL, X0) — Kn(X3, X0)EfG(X0) + €

m=11€Zp; ULk
HELN

=303 (Kl XL, X8) — Ko(X0, X8) EFS(XY) (4.110)

+Zm: > (KX}, XE) = Ko (X5, X0)) BN (XE) + €.

Here we have split the sum in ¢ into according to whether ¢ belongs to Z); or Zx and then
used that

(Kn(X,, X)) — Kn(X),, X)) =0
for m = 1,2, and additionally for m = 3 if ¢ € Z);. The first term above is treated by
Proposition 4.6.0.1 in Section 4.6. Setting 7 = 6p and using the bound K,,(X},, X},) <

N~—™/2 for any fixed positive integer m, the result now follows by Gronwall’s inequality,

Lemma 4.5.2 and Proposition 4.5.2.1, which is below.

Proposition 4.5.2.1. Ifm = 6p, then € =%, &, < N7P.
O

Proof of propsition 4.5.2.1. Changing an entry of X by O(N~'/2) changes the operator
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norm of G by O-(N~'/2), so that such a perturbed G still has operator norm O(1). Thus

m+1
max f((w;r y) <1
<], |,

uniformly in 4, 4. Then E‘X u|p < C,N~7/2 allows us to conclude. [l
Remark 4.5.3. The error can just as easily be bounded under Assumption 2 with bounded

support condition |X;,| < N™¢, replacing 6p with, say, 12p/e.

4.5.1 Proof of Lemma 4.5.2
Write

F:=F(X)=h(X)", h=hX)=> (e (M +M,+Ms)e;)(D;; —1).

JELM

We state two propositions:

Proposition 4.5.3.1. Under Assumption 1 and for i € Iy, the following bounds hold:

1. We have 0;,h < N~1/*=p,

2. For m > 2, we have Jjh < N2,

2
3. For m > 2, we have Oj;h = hg% + hfm, where Y icr hg%) < N7*p and
(IN) —2e¢
Zu Pl =< N7¥P.

Proposition 4.5.3.2. Under Assumption 1 and for i € Ix, we have 0;,h < N2 and
QTZh < N~ form > 2.

Proof of Lemma 4.5.2. First we demonstrate equation (4.103). Our goal is to show

N~ |Egp (h7)| = O<(NCH2enlr), (4.111)
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Since m and p are fixed integers, we see that the left-hand side of equation (4.111) may be

written as a sum of boundedly many terms of the form

m/zzm (O h) -+ (07 h) || AP, (4.112)

where m; +--- +m, = m and my < --- < m,. Now let ¢’ be the number of my,...,m,
which are equal to 1. If ¢ — ¢’ = 0, then we have by Young’s inequality
(4.112) SCN ™2 ) (\E (@) - (A n) [P + E|hp\> < NPLV2=en) L |ipp|
i
sincem>4. Ifg—q¢ =1,

(=1/2—ep)(q—1) A\T—m /2|3, |P— ug
(4.112) < N PI =D N =2 pPm1 N " g,

i
< N(1/2=ep)(g=1) \y— m/Q‘h‘p q <Zzhﬁﬁz +Zzh£§:ﬂ> (4.113)

< N(=1/2=ep)(a=1) y—1/2—ep |h|P,
where the last line follows from Proposition 4.5.3.1 and Cauchy-Schwarz, since m > 4. We
conclude by Young’s inequality again.

We have now reduced to ¢ — ¢’ > 2. Now we have equation (4.112) may be bounded by
(—1 2—e ) / —-m/2 PrP—q mq’ 1 Mg
< NE2mep)d N=m2 g p=0 N gl gt
i

(=1/2—ep) /2|1 |P— q —2e -2 mg—1 m
<N D) N2 | Dy Za.,; hdjh

N

< NV2men)d /2y 119) (N-2ep )1 2 (Z(a:;q—lmz Z(a;zqh)?)

I [

Note that

(Z< o) ) (Z}hﬂz

i

l

+2thw ﬁ{) < N'2=ep  (4.114)

+ Z‘hfjﬁ
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where we applied Proposition 4.5.3.1 and used Cauchy-Schwarz again to bound the cross
term. Thus, we may bound equation (4.112) by

< N(fl/ZfeD)q’me/Q|h|P—q<N726D)qfq’72N1726D

< N(—I/Q—ED)Q’N—m/Q|h|P—qN—€D(q—Q’)N

4.115
= N_(1/2)q/N_m/2+1|h’pqu_€Dq ( )

< N*(1/2)QN*EDq|h|p_q’
where the second line follows from the fact that ¢ — ¢’ > 2 and the last line follows m >

q¢ — ¢ + 2, which is a consequence of ¢ — ¢’ > 2 (ie, at least 2 of my41,...,m, are at least

2). We conclude again by Young’s inequality.

Now we demonstrate equation (4.104). Just as in the proof of equation (4.103), it suffices
to bound
(4.112) < N(-1/2-9p, (4.116)

We will omit all the applications of Young’s inequality, which are done the same here as they
were previously. Let again ¢’ be the number of my, ..., m, which are equal to 1. Consider
first ¢ > 3. We have then that equation (4.116) may be bounded by, using that |Zx| = O(1),
and that m > ¢ + 2(¢ — ¢'),

N~z¢ N~ Nt (4.117)

Now —¢+1< (—% — e) q for € := min{ep, 1/6} as long as ¢ > 3, so that
(4.112) < N~ (Fa=<)a)pp=a,
So it only remains to consider the cases ¢ = 1 and ¢ = 2. If ¢ = 1, then by Proposition

4.5.3.2,
(4.112) < NT32NN—0|pP~7 = N~Y/2=ep|p|P~1 (4.118)

as desired. Finally, if ¢ = 2, then either exactly one of mq, ms is 1, in which case equation

(4.112) may be bounded by
D

N=32NN-V2N=o|pP~4 = N~1=0|p|P~0 = N2(-2=F) P~ (4.119)
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as desired, or my > 2 and my > 2, so that m > 4, and equation (4.112) may be bounded by
N2NN-20 = N2(—3=e0) | ppd (4.120)
as desired. This completes the bound of equation (4.104) and Lemma 4.5.2. ]

It remains to prove Propositions 4.5.3.1 and 4.5.3.2. First, we will find a formula for the

derivatives of M;;. Suppose m > 1. For convenience, we define

£=G—1L (4.121)

In the following discussion, we fix 2 = z, = ¢, + 107, as before. Iterating the derivative

formula equation (4.40) gives

0,,G = Z cjGe,e; G---e; e G, (4.122)
i,j)eB
where
B = {((il, - ,im), (jh . ,jm)) . il,jl € {i,u},il 7é jl} (4.123)

and the ¢;; are constants.

Observe first that J;,(M,);; = 0. For My, using the above derivative formula directly

yields
9n(Ms,)j; = O(d,"*) 0 (U*eU )vavie;
= O(d,*)(Ue;)"(O€) Uvavie; (4.124)
= O(d}ﬂ) : Z Cst<Uej7 GeS1><et17 GeS2> e <etm7 GUVQ><VQ, ej)'
(s,t)eB
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For M3, we obtain

0(Ms);; = O(dy) ( >e]afu (U U)vav 00~ MU*EU e

MszMs

=o)X (7 ) ey @he v v @ e

i

0

=O0(d)- Y cst<<Uej,§*Uva>(Uva,Ge81>(et1,Ge82>---(etm,GUej)
(s,t)eB

m—1

m * * *
+ Z (k><Uej,G e, )(er,Grey,) (e, G'UVy)(Uva, Ge,, ) - (e, GUe;)
=1

+ (Uej, G"e,, ) (er,, Geg,) -+ - (€4, GUV,) (Uv,, erj)>.

(4.125)

We now use the fact that G = £ + II to rewrite all the terms above that contain G or G*

in terms of ¢ or II. For instance,
(€5, GV) = (e5,&v) + (e, 1Iv)

so we obtain two terms, one in terms of £ and one in terms of II. We are now ready to prove

Proposition 4.5.3.1.
Proof of Proposition 4.5.53.1. First let us bound the first derivative. We recall
h=> (e, (M + M, + Mje;)(Dy; — 1). (4.126)
J€Im
We have then that

Oih = (e, (0;,My + 05, My + 9, Ms)e;)(D;; — 1)

JELN

- Z <ej’ (Ml + M, + M3)ej>ai”(Djj — 1) (4.127)

J€IM

:le —f-Tg
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Note that Ty and Ty implicitly depend on ¢, u. We calculate

~ 2 - - - ~
OipDjj = Oiy e;SXH = 0iu(SXX757) 5 = (50 (X X7)57)j
- i o (4.128)
= (S(Xeuef + eieZX*)S*)jj = 2SJZ(SX)]H
For i € Z);, we have that §ij = (1 —o0(1))d;;. Thus, we see that
Since ‘ eZ§’ = 1, we have (§X)w < N7Y2. By Theorem 4.2.7 and equation (4.21), we see
that

(e;, Me;) = (e, v)(v,e;) + O(di/*)(e;, R*UCUVY{(v, e;) + O(dy){e;, R*U**Uv) (v, U*¢U Re;)

=< N—2€D +d}/2<d1—1N—1/2)d1—1/2N—5D +d1(d1_1N_1/2)2

< N,
(4.130)
so that Ty < N~Y/27¢0 ag desired.
We now bound T;. Since D;; — 1 = OL(N~Y/2), it is sufficient to show that
> ey, 0uMe;)| = OL(N—°2). (4.131)

JEIM

First, using equations (4.124) and (4.125), we see that (e;, 0;,Me;) is a sum of boundedly

many terms, each of which has one of the following three forms:

O(d}*)(Ue;, Wie,) (e, Wallv,) (Va, €) (4.132)
O(dl) <Uej7 WlUVa> <Uvom W2es> <eta W3Uej> (4133)
O(d1> <Uej7 Wles> <et7 WZUVQ> <Uva; W3Uej>7 (4134)

where Wy, € {£, & II,II*} and s,t € {i, u} with s # ¢t. The bounds are similar for all three

forms, so we will consider equation (4.133). The idea is to apply Cauchy-Schwarz to the
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outer two factors in order to bound the sum in j, and to obtain a factor of N7°° from the

middle term. We must also find a factor of d;* to offset the O(d;) in front.

Fix two deterministic vectors x,y. Then by the local law (Theorem 4.2.7), we have
(x,€(2)y) < dr "NV x|y ) (4.135)

We also have
(x, I(za)y) < x|y, (4.136)

using the definition of II. Moreover, if y € RTV, we have

(%, TT(za)y) = mza) % ) < iy (4.137)
(and similarly for x € RZ~ | using IT*).
Suppose first that s = i, = p. Then using equations (4.135) and (4.136) and the

delocalization bound equation (4.21), we see that (Uv,, Wae;) < N~°P_ so that by Cauchy-

Schwarz,

> O(dy) (Ue;,W1Uvo) (Uva, Wae;) (e, Wile;)|
i (4.138)

< AN UWU v (W3l ey |
Now since e, € RV, we can use either equation (4.137) or (4.135), depending on whether

W3 is one of II, IT* or £, £*, to obtain

I(WsU)e,ll = sup [(x, (W5U)%e,)| < sup di*|Ux|[le,.]. (4.139)

lIx[I<1 [lx[I<1
It follows that

D O(dy) [(Uej,W1UVo) (Uva, Waes) (e, Wile;)|
j (4.140)

< N™P|UW UV, ||[|U|lop <= N™P.

Now suppose that s = u,t = i. Since e, € RV if W, € {II,1I*} we can use equation
(4.137) along with equation (4.21) to obtain (Uv,, Wae,) < di'N~0. If W, € {£ &}

instead, we can use equation (4.135) to obtain (Uv,, Wie,) < d;' N=%/2. We thus have
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> O(dy) (U e, W1U" Vo) (UVa, Wae,) (e;, W3Ue;)|

J

—e * % 4.141
< N UWL U (W30 4
< N7,

Now let us bound the higher derivatives, m > 2. We note that
02,(Dy; — 1) = 28;,8;:(SX);, = 252, (4.142)

and 0, (D;; — 1) = 0 for m > 3. We first show part (2). We have

= Z ej,0;,Me;)(Dj; — 1)
+ QZ (e, 0, 'Me;) (SX)MS]Z + QZ (ej, 01, 2Mej>§?i
J

(4.143)

=T7" + Ty + TY

'<Z| e;, 0;,Me;)| O (N 1/2)

+ |<ez'; 8?;_1Mei>\ O<(N_1/2) + |<ei, 8Zmu_21\/[ez>|
We can bound T7 in exactly the same way as we did for T; above, using equations

(4.124) and (4.125). We also see easily, similarly to the computation for m = 1, that
TP = OL(N~Y27p) and T = OL(N~%*P).

We now show part (3). First note that

D (T7)? < N(N7V2me)? < N7, (4.144)

and similarly for T%". It thus suffices to consider T%'.
Using equations (4.124) and (4.125) with j = ¢, we see that T%" consists of boundedly
many terms, each of which is bounded above (in the sense of <) by one of the following four

expressions:
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O(dy*)[(er, W1UV4) (V. 1) (4.145)
O(dy)|{x, W1Uv,){(Uv,, Wae,) (e, Wse,)(e,, W,y)| (4.146)
O(dy)|(x, Wies) (e, WoUv,)(Uv,, Wse,)(e,, W,y)| (4.147)
O(dy)|(x, Wies) (e, Wae,)(e,, W3Uv,)(Uv,, W,y)| (4.148)

where Wk € {576*71_[71_[*}7 s,t,u,v € {Z7ﬂ}> S 7& t> u 7& U, and X,y € {eiaeua Uei> U*ez}

The desired bound for terms of type (4.145) follows immediately from equation (4.21).
The bounds for the other three types are somewhat similar to one another, so we will show

the bound only for (4.147).

There are two cases: if ¢ = p, then e, € R so we can use equations (4.135), (4.137),
and (4.21) to bound (e,, WyUv,) < d;y'N~°». We then square sum over the third factor,
either in ¢ or u, according to whether u is 2 or u. We bound the other two factors trivially
by OL(1). This gives

> O(d)|(x, Wiey) (e, Wallva) (Uva, Wse,) (e, Way)[” < N72P|(W3) Uv||?

(4.149)
< N72D,

If t = i, then we instead obtain O(N~") from the second factor, obtain O(d;') from
either the third or the fourth factor (whichever one contains e,: here we use equations (4.135)
and (4.137)) and square sum over the first factor in p. This gives a bound of OL(N %),

and completes the proof of part (3).

Proof of Proposition 4.5.3.2. We have

Oh =Y (0uMy;) (Dj; — 1)+ > My; (9,,(Dj; — 1)) . (4.150)

JETM JE€EIM
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By our previous manipulations, it is easy to see that ) 10;,M,;| and ) |M,;| are

O<(1). Also, Dj; — 1 and 9;,(Dj; — 1) are O(N~2). This completes what was was to be

JELM JE€ELM

proven for 0;,h.

Similar, we have seen earlier in the section that 83}ij| = 0O<(1), and because

i € Tk, we also have by equations (4.128) and (4.142) that 97;(D;j; — 1) = O<(N~°?). This

jEIM|

completes the proof of Proposition 4.5.3.2.

4.6 General Third Moment Condition

In order to establish universality for random matrix ensembles with general third moments,

recalling our work in the previous two sections, it only remains to establish:
Proposition 4.6.0.1. Fiz a € {1,2,3} and let h =} _(M,);;(D;; —1). Then,

E D K3 (03ih) - (95h) < N7PO/20) L EIAP, (4.151)

€N
HEL

where Y11 s, =3, 54 >0, and KY,, = Ks(X},, X0) — Ks(X),, X?).

(7% YL’

This is very close to what we already bounded in Section 4.5, except that we must extract

an extra N~1/2

. Moreover, we have defined h in terms of a single term M, rather than in
terms of M; this change is not consequential since we allows a = 1,2 or 3 in the proof; it is

merely to solve a small notational difficulty.

In this section, the fixed value of @ € {1,..., K} will not be mentioned at all; we
abbreviate v := v, be the ath eigenvector of B#, which appears in the definition of M. We

will instead use a as an index for general summations.

We will only treat the case of d; < 1. The only difference between this and the case of
d, — oo is that derivatives of h have powers of d;* which cancel out the powers of d; in the

definition of M, but this is very easy to see and a nuisance to keep track of.
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Proof of Proposition 4.6.0.1. We replace, as in Section 4.5, each derivative 0, h with a sum

of boundedly many terms of the following form:

> Oiles, (M + My + My)e;) 95~ (Dy; — 1). (4.152)

J€IM

According to the equations (4.124) and (4.125), we write, abbreviating K3 := K3(X},, X0 )—

i)

K 3(XW X¢ ) (suppressing the dependence on iy, which is not consequential),

EZK; > Ha’"‘* €jo, (Mi + M + Ms)e;, ) 050" (Djojo — 1)

Jlsejq @=1

— (4.153)
= Z EZKS Z H Cma H pOé ma7naa’fﬁ TO‘( Jajo 1)’
mi,...,Mq J1se-rdq =1 Nna=1
where
Pama,na = <Xa,ma,2na717Wa,ma,naxma,2na>u (4154>
where Xo m,1 = Xama 2ra+4 € {€,} for each o =1,..., ¢, and where
Waman, € {UIU*, G, UG, GU*, UGU", I}.
From this point on, we consider the choice of m = (m4,...,m,) to be fixed, and we denote
Cm = 2:1 Cp,,. We will now drop the bounded constant C), and the sum over the sum

over the boundedly many values of m and not mention them again, and we will drop all m,,

subscipts from our notation.

Let qo,q1,q € N2° be such that gy + ¢ + ¢2 = ¢, and without loss of generality let
a € 1, qo] satisfy sq > 0,50 —74 =0, let a € [qo + 1, qo + 1] satisfy sq > 0,5, — 74 =1, let
a € [[qo+q1+1, go+q1+¢qo] satisty s, > 0, 54—74 = 2, and let @ € [go+q1+¢2+1, p] = [¢+1,p]
satisfy s, = 0. Recall that s, —r, > 2 for any o makes (4.153) equal 0, so we do not consider
this possibility. Because ;,(D;; — 1) = O(04 + iz, ) for s > 1, and since 4 in this section
only ranges over Z);, we may write the equation (4.153),

P rat2

]EZK}, > 1T I pamatss (D — 1), (4.155)

.717 7.]q0a 1 na=1
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where j, =1 for a > qq.
The work of proving Proposition 4.6.0.1 is then divided as follows:
Proposition 4.6.0.2. If ¢, > 1, equation (4.155) may be bounded by N(='/?=<p)? + CE|h|P.

Proposition 4.6.0.3. If ¢, = 0, equation (4.155) may be bounded by N(1/2=<p)P 4 CE|h|".

O
Let us conclude this subsection by first treating the case that ¢; > 1.

Proof of Proposition 4.6.0.2. The heuristic of this proof is simple: for each o € [1,p — q4],
we can find a factor with a v in it to contribute a N=?. For a € [1,q], we may also
find two factors with j, to cancel the sum over j,, as well as a factor of N~%/2 from the
a’LQ,LL(Djaja — 1), while for o € [[go + ¢1 + 1,90 + ¢1 + ¢2], we have no j, over which to sum,
but we have a factor containing e;, which functions as a factor of N~'/2 by reducing the
size of the sum over i. For a € [qo + 1,qo + ¢1], however, we have both a factor of N~—!/2
from the 0},(Dj,;, — 1) and a factor containing 7 (and no j, over which to sum). So every

a € [1,q0 + q1 + q2] contributes a N=Y/2=0 and o € [[go + 1, ¢o + 1] contribute additional
factors of N—1/2.

The assumption of this proposition is that ¢; > 1. It follows from equations (4.124) and
(4.125) that for each a € [[1,qo + ¢1 + 2], there is an n{) such that v € {XanS)_l, Xa,2n§j)};
and there is moreover, for each « € [1, o], values nt #* ngl), distinct from n&l), such that
Jo €%, s X, o @) N{X_, @_,,X_ , @}; and there is again, for each a € [g0 + 1,p], a

©2) 1. (1) )
value ng, distinct from ne’, for which e; € {xa72n<az)71,xa72n53)}.

Since

<1,

2.

Ja

pOl n‘(;’) pOé Tl((;l)

< N~v, and since 85" (D;,;, —1) = Ox(N~'/?) for each a € [1,.. ., qo+a],

since ’pa nd
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equation (4.155) may be bounded in absolute value by, using K3 = OL(N—3/?),

q
EN —(90+41)/2 \j—aep \T—3/2 Z H

i a=po+1

pa,nﬁf) |h|p—q' (4156)

Now we proceed by cases: if go = 1, then because ¢g; > 1 and 3 = m > gy + ¢1 + 2¢2, we

necessarily have ¢o = 0 and ¢; = 1, and thus ¢ = 2. Note that

2
<1 (4.157)

oz,nsl2>

i

for &« > go+ 1 and that the product []% has 2 factors in it. Thus, equation (4.156) may

a=qo+1

be bounded by, using Cauchy-Schwarz,
EN-'V2NT1o N3P N|pP~1 = N—20/2H )R | p P2 (4.158)

and then Young’s inequality produces the desired result. If rather ¢ = 0 (since m = 3, it is

impossible for gz > 1), then equation (4.156) is bounded by

EN—q/2N—q5D N—3/2N3/2|h|27*q — N_Q(1/2+€D)E|h|p7q (4159)
since the product []?_ _qo+1 has at least 1 factor in it. The result then follows again by Young’s
inequality. This concludes the proof of Proposition 4.6.0.2. O]

Now, restricting to ¢; = 0, we may write equation (4.155) as

q2

P—q2 Ta+2 rp+2
- Z K3 Z H H Pa ”a Ja]a ) H pp,np ; (4160)
J1seesdp—qg @=1 na=1 np=1

where we recall that ¢, may only by 0 or 1, and we have that if ¢o = 1, recalling equation

(4.154),

Xp1 = Xp2r,+4 = €;.

4.6.1 Identities for characterising dependence on Xe,

In order to prove Proposition 4.6.0.3, which is done in the next subsection, we must find an

—-1/2

extra factor of N='“. Consider the following identities, which we have adapted from [KY17]
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wherein the technique of this section was developed: for any vectors x,y € RT&YIM e have

Gxu = _Guu(G(“)X)wu

Gy = G + G (GW X)) (X*GW),y (4.161)

Gy = Z Vu(X*GWX). +OL(NP),
/=0

where ), are uniformly O~ bounded random variables independent of Xe, and L is a fixed
constant (dependending on p, which in this argument is considered fixed). In what follows,
Y will always denote a random variable which is implicity indexed by all indices present and
which is O~ bounded and indpenedent of Xe,; thus we treat ) somewhat like a constant,
and the particular value of )) may change from one line to the next. The first two identities
follow from basic resolvent identities, and the third may be derived as follows: using the
identity

= s (X*G(“)X)W

from [KY17], lemma 4.4, we get

L
G = (2= ¥y = 27 = 3 (s =Y 2O
£=0
where
Z, = (X*GWX),, —Y,, Y, :=E[(X*GCWX),|X,] ZGN
JGIM

and the truncation is permissible for sufficiently large L by Lemma 4.2.7.

The purpose of the three identities (4.161) is to break up all the resolvent entries which
we will encounter in our proof into a piece independent of Xe, and a piece formed from
Xe,. Note that the parity of the number of entries of X in each resolvent identity for G, w,

is equal to the parity of the number of {w;, ws} which are p. This is crucial.

We need a similar, though simpler, identity for the factors D;; — 1: we have

Dj;—1= (D](?) - 1) (Sx)2,, DWW .= > (SX)%,. (4.162)

i
J'€Tm\{i}
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With the identities (4.161), we adopt the following notation for p,,, = Gxu, Gx,y, Or

Gy, where x,y € RIxYIM and € Iy. If pay., = G, then we define pi) =0 and

¢
pg,)na . (pg)na)kl7 kap = yH G](C'Z;_hkgﬂ

so that, choosing L large enough here and in the following equations,

L 20
Pan. = Z Z pa Na H Xk@,u + O<<N p)
B=1

l=—1 kl,‘..,kgg
EL ULy

If Pan. = GX# we define p&fﬁi =0 and

(O (0
pOé Ma * (pa na)k-l, 7k2[+1 - yGXk1 H Gk25k26+1

for £ > 0, so that

20+1

Pan, = Z Z pa Mo H Xkﬁﬂ + O< N p)

If Pon, = Gy, we define p\,1) = G and

pa e S VGxiy Gryy H Gkgz+1k22+2
B=1

for £ > 0, so that

2042

pa,na Z Z pa MNa H Xk:g,u + O-< N p)

l=—1k1,...kaps2
EIK UZn

Lastly, if W, ,,, € {UIIU*, I}, we define p((fi)na ‘= Pa.n, for £ =0 and pgf)na := 0 otherwise.

In this case we also observe that X1, ..., Xq2n,4+4 7 €.
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4.6.2 Proof of Proposition 4.6.0.3

Thus we may write equation (4.160), reordering labels if necessary,

SE S Nk > P >, Py Ps+OL(NTP)

k17~--,an i/L jlv"'v.jnA jnA+17~--»jP—QQ

nA roa+2
P Py = 3 T IT oo (EHXMH X2 )

Jrendng =1 na=1 o=t (4.163)

P—q2  To+2

Pyoi= (Po)iyss = || [ ol (DY), —1)

a=na—+1nq=1

Tp+2 a2

Lpn
Py = (P3)iyuk = H P;Ea,%pp) ;

np=1
where

= (liryo i lissaye s lptye s byryio) € [1, L]Z0m1(at2),
We now fix a choice of £ and drop the sum over £. We are able to add the expectation into

P, like we have done because every other factor in Py, Py, P3 is independent of Xe,,.
Note that only P; depends on ji, ..., j,, while Py, P3 do not. Similarly only Py depends
ON Jpa+tls-- s Jp—go-

Now consider a tuple
(]{71, .. '7knxaj1; c. 7jnA) = (k:,]) € (IK UZM)HX X I]T\}A

Just to allow us to make the following necessary definition consicely, define, for o € 1,... na,
the alias k,,, yo = jo. Now we define a very slight generalization of a partition of the indices
{1,...,nx+na} which we will call a signature. A signature P of the symbols {1,...,nx+na}
is a pair
P =(A1,{As,..., A.})

such that {A;, As, ..., A,} is a partition of {1,...,nx + na}—that is, a signature is a
partition with one distinguished block. We call Ay, ..., A, blocks of the signature. We say
that a tuple (k,j) satisfies P and write (k,j) + P if
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1. o € Ay if and only if k, € Zx. Note that since j, & Tk, necessarily a € {1,...,nx} in

this case.

2. «a,a’ are in the same element of {A,, ..., A, } if and only if k., ko & Zx and k, = ko

Let us now fix a signature P for the remainder of the proof. Also define ¢ = min{ep, 1/4}.

Let P’ be the partition {Ay, ..., A,} of {1,...,nx +na}\ A;. We form a choice set from
P’ taking one element «, from each block A, for each a = 2,...,n, in such a way that if
A, contains any index in {ny + 1,...,nx +na}, then o, € {nx +1,...,nx + na}. For

notational simplicity and without loss of generality, we assume that
(ag,...,an) = (1,....,n°x,nx +1,...,nx +n)

and that

Ay ={ny +1,...,nx + nk}.

This is all to say that we can write

oD Lwgre(r)

klv--~7an jl""vj’ﬂA

as
> > Lgegrr(-) (4.164)
kngc-f—l""?knlx-&-nK kjl?""knfx jl"“’jn/A
€Tk ETm
for any expression (---), and in the above sum no index k, ..., Ky, is identified with any
index ji, ..., ju,. Let now Ndiag be the number of pairs

(@,0) € {(1,1), (1,11 +2)),..., (na, 1), (a, oy +2)}

for which £, > 0. Also let ngiag < Ndiag be the number of those pairs among the 7Ngiag
for which o and f(a,b) are identified by P. The number ngi,, is important because the
identification of j, with kg 5 means that - piﬁ‘g’b) = O(N) rather than O(N'/?), leading
to a potentially worse estimate for the sum (4.164); however, the identification of j, with

Kg(a,p) also reduces the number of indices in the sum, and this will offset the potential loss.

99



Define also the number

ng = ng(P) = |A4].

For brevity, define
nx nA
Xij=E ][ Xnn J[(5X)7.,..
a=1 a=1
which has the bound N—"x/2=na,
Proof of Proposition 4.6.0.3. We state the following three lemmas, which are proven after
the conclusion of the current proof.

Lemma 4.6.1. We have

nx lﬁdiag7£0
Z Lacj-p|Pi] < <N1/2 + [{e;, UTIV)| + Z](eka, U*HVH)
Jisena a=1 (4.165)
. NTdiag/2=nx /2=nA—€elnp =1
untformly in all indices i, p, ki, ..., knys Jnat1s -+ Jp—go-

Lemma 4.6.2. Let ¢ = p — go — na. We have that if (k,j) &b P, then Py satisfies

Z |P,| < (E|h|°+ N*(1/2+e)c) Nenx

jnA+1:~~~7jp7q2

uniformly in all indices i, p, k1, ..., knyy J1, -5 Jna-
Lemma 4.6.3. We have

1 =0;
N2 Ps| (N2 + |(e;, UTIV)|) = =
i

O(N_l/Q_eD) G2 = 1
uniformly in all indices ki, ... kny,J1s -+ Jp—go-

The way to intepret the complicated exponentiated factor in Lemma 4.6.1 is that in the
case that ngiag # 0, we get an additional factor which sums to N 1/2 rather than N over i or

over some k,. We will need this improvement of a factor of N~'/2 in the case that Ndiag 7 0

since in that case the parity argument which we would hope to help us actually fails.
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By Lemmas 4.6.1 and 4.6.2, we bound

ZKg Z P, Z P, | P;
i

jl ----- jnA jnA""l ~~~~~ jp—qz
nx 'ﬁdiag
<) Ks|Ps| (N‘W + (e, UTIV) [ + ) | (ex,. U*Hv)|>
i a=1
. Ndiag/2-nx/2=na N=€lng=1 NnKk R (N*(1/2+6)(P*Q2*HA) + |h’P—q2—nA) :
By Lemma 4.6.3, this is

=< A(ﬁdiag)N(_l/Q_ED)qz Nndiag/Q_nX/Q—nA N_Ean:I K

. E (|h|p_‘12_”A 4 N*(1/2+6)(p*Q2*nA))

Y

where

(1+ NY230X ek, UTIv)]) n#0
A(n) =
N1/2 n=0.

Using ep < 1/2, we see that this is

< A(’ﬁdiag)Nndiag/Q*nx/QN*dnKzl OGS

E (N(_1/2_5)(”A+‘I2)]h|p_q2_"A + N—(1/2+e)P) )

Now we prepare to sum over ky, ..., k,,. We find that ny < [=—"45—"K] Jest X ; = 0—
indeed, ngi.s + ni are already in Zx or paired with an index j, which has already been
summed over; the remaining indices must at least pairwise identify, lest there be an index
ko, which is distinct from all other indices, and then X ; would be 0 by the independence
of the entries of X.

Note now that

nX ~Mdiag "K | 1
2 +3lng 0 )

which follows from Cauchy-Schwarz if ngi,s 7 0, and otherwise is trivial if nx = 0 but follows

from the fact that nx is odd if ng = 0.
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Therefore equation (4.163) may be bounded by
< N7™X/2-Ndiag/2=1K /24 5 L e 20 N Pdiag/2-1X /2 N —€lnge=1 \enK
E (N(—1/2—6)(na+q2)WP-‘D-M + N—(1/2+6)p)
<1-E (N(—l/Q—E)(nA'Hh)|h|p*qQ*nA + N—(1/2+e)p) ’

which follows from —%& + %1n w20 — €1y, —1 +eng > 0. We conclude by Young’s inequality

and by summing over the boundedly many signatures P. O

Proof of Lemma 4.6.1. Notice that for each pair («,b) among the number ng;ag, we have

ZD(
pc(y,be) = <eja7wekﬁ(a,b)>0<(1) (4.166)

for an index 5(a,b) € {1,...,nx} and a matrix W of operator norm O (1).

Recalling the number ng, we proceed by cases on ng. First, if ng # 1, we may bound

equation (4.165), using the reduction (4.164) and recalling the definition of ngiag, by

gt

Jo

(Za,l) (ZDCJ‘& +2)
pa,l pa,ra+2

) Hp Xis (4.167)

=< Nndiag/2N_nX/2_nA7
which follows by Cauchy-Schwarz.

Next, if ng = 1, we note that we can actually get a stronger bound on Xy, j: by writing

(SX)jaN = Sjajanaﬂ + Z SjaﬂXﬁﬂ = Sjajana,u + O<N_ED_1/2)7

BETK
we see that
nx na —
Xk’j - E H Xka# H(SjajanaN)2 + O—< (N_nX/2_nA_€D)
a=1 a=1

— 04 O (N/2man)
by independence. Then, as before, we can bound equation (4.164) by

= Nndiag/QN—nX/Q—nA—eD
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as desired.

Now we must account for the strange exponentiated factor. If ng,e = 0, we are done.

Otherwise, we merely note that ngi,, 7 0 implies that, improving on equation (4.166),

pgg’b) = <eja7wek6(a,b>> <<euv U*Gv) + (e;,U"Gv) + Z<eka> U*GV>> O4(1),
a=1

at which point Lemma 4.2.7 allows us to conclude. O]

Proof of Lemma 4.6.2. We can factor

pP—q2 ra+2
> = IT > II el (4.168)
jnA+17---7jp7q2 a=na+1l jo na=1

Now, similarly to in the proof of Proposition 4.6.0.2, if r, > 1, then

[ Lo Ta
Z p&,fl) L,T;JrerQ) = 0<(1),
Jo
while for some 1 < n, < rq + 2 we have pag’e = (v,UGy) for y € {e;, e} for some

(Oéna)

B e{l,...,nx}; thus |pas.®’| < N~P if y = e; or if kg € Tx and < 1 otherwise.

Similarly, if 7, = 0 and ¢, 1, 4 2 are not both —1, say ¢, 2 # —1, then

o o
p& 1 ) 24,2’2)

< |{ej.. Wiy1) (v, Ways)(y3, W3e; )|,

where W1,..., W3 € {I, G,UG,GU*,UGU*,I} and yi,...,ys are each either ey, or v;

thus we may bound

ra+2
Z H ‘paoﬁna | < N*GD
Ja Ma=1
if kg € Zpy and < 1 otherwise.
Finally, if rather 7, = 0 and ¢, = ¢, 2 = —1, corresponding to the leading order term

in the application of the identities (4.161) to an undifferentiated term of M, we have
pé 1)p&2) = (M(#)

a )jcxja ’
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where we define M®) = Mﬁ“ )+ Mg” )+ Mé“ ) through the definition of M, replacing the

matrix G with the matrix G,

Assuming now for notational simplicity that o = p'+1, ..., p—ga satisfy r, =0, ly1 = lo 2
and that a = na + 1,...,p do not, we may now, defining,
R =" (MP);5(Dy; - 1),
J
write equation (4.168) as

i P—q2
O (N€P™) H EO_(N~1/?7<p) H R,
a=p’

a=na-+1

which may then, by Young’s inequality, be bounded by
O< (NeDnK) (O< (N(—l/Q—ED)(p—qz—nA)) + E‘h(#)|p—q2—nA) ‘

We conclude the proof of Lemma 4.6.2 with the help of the following lemma, proven at the

end of this section.
Lemma 4.6.4. For any fixed number b, we have

E[h®|" < CE|h] + O (NCY/2-e0)ty
O

Proof of Lemma 4.6.3. For ease of illustration, recalling the definition of @ in Lemma 4.6.0.1,
we show the proof for a = 2. The proof is easier otherwise. If go = 0, the lemma is trivial.

Otherwise, if r, = 0, then

rp+2
Z H Ppny| = Z|er(G— MU vv'e;| < 1
i |np=1 i

because of the presence of two factors (e;, Wx) for a fixed vector x and a matrix W of

bounded operator norm. It is easy to see that this same reasoning holds for

rp+2

I1 voss”’

np=1
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except that the fixed vector x might be k,. Lemma 4.6.3 then follows since |(e;, U*Ile;)| =
O(N~¢2) by Proposition 4.2.11.1.

If rather r, = 1 (this is the only other option, since we recall s, —r, =2 and ) s, = 3),

then
rp+2
Z H Ppn,| < Z (|2e;kUGe,~eZGU*VV*ei‘ + [2e;UGe,e;GU*vv¥e;]) < 1,
i |np=1 i

since we can bound the second term by the same reasoning as above and the first term by
Cauchy-Schwarz, since we have one factor |(v, Wx)| and one factor OL(N~1/2), by Lemma

4.2.7 since (e, [IU*v) = 0. O

Proof of Lemma 4.6.4. By Young’s inequality, it suffices to show that |h — h,| < N~1/2~<p,

Whereas the manipulations in Section 4.6.1 for removing dependence on Xe,, were some-
what lengthy, the identities for adding it back in are short. The following is a well-known
resolvent identity, see eg [KY17] lemma 4.4: for vectors x,y € RZxVInm

o GxuGpy '

GW — Gy
Guu

Xy

For ease of illustration, we show this for the case a = 2, where a was defined in the statement
of Proposition 4.6.0.1. The cases of a = 1 and a = 3 are respectively trivial and similar. See

that, recalling that we are only treating the case d; < 1,

h— b — O(1) Ze;UGeue;GU*VV*ej(Dj’ -1

Jw

J
+0(1) Y e U(G — U vv'e;(SX)?
J

and by Lemma 4.2.7 this is, since U*e; and U*v are orthogonal to e, and II is a multiple of
the identity,
< NN "vie; <VMNT?,
J

and we conclude because M =< N. O
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4.7 Proof of Lemma 4.1.8 under Assumption 2

In this section we prove:

Lemma 4.7.1. If X satisfies assumption 1, X' sastisfies Assumption 2 and X° and X!

agree in their first 5 moments, then

‘E Tz, (M(D = D)|* = BX | Tz, (M(D — D)P| < eN—1, (4.169)

With this, we may prove Lemma 4.1.8 part (2).

Proof of Lemma 4.1.8 part (2). By Lemma 4.8.2, we may choose a matrix X° satisfying
assumption 1 and which agrees with X' in its first 5 moments. Then Lemma 4.169 and

Lemma 4.1.8 part (1) allow us to conclude. O

Proof of Lemma 4.7.1. By the same reasoning as in the proof of Lemma 4.1.8 part (1), it

suffices to bound, for any integer m > 6, using the terminology of Section 4.5,

N~ Z\Eamlham < N7l (4.170)

for some € > 0, where i ranges over Zx UZ,;. Here we used that Assumption 2 ensures that
what was called K,,(X},, X},) in Section 4.5 is O(N~?) for m > 6. By Cauchy-Schwarz, it
suffices to consider m; = my (although at that point, it is not necessary that my +mgy = 2);

then by the product rule, it suffices to bound, for mgz 4+ my = my,

N‘3ZE

i

2

> opsMyo (D — 1) < N7 (4.171)

J€IMm

and this constitutes the remainder of the proof.

First consider my = 0. We show the stronger (in that it is uniform in 4, y) statement

2
E Z GZSij8$4(Djj — 1) < N“.

J€IMm
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We obtain
2

ZamSM (D — 1)

< Z \/E am41\/I]1J1 am4MJ2]2 \/E Jijr T Dj2j2 - 1>2'

jiiz
By Lemma 4.2.11, the second factor is O(N~'). Referring to equations (4.124) and (4.124)
and using Young’s inequality, we bound the above by

S Z \/‘ <V7 ej1>‘4’<v7 ej2> ’4 + E(G - H)4UvUej1 (G - I_I)ZévUej2 Nfl

Jijz

SQN_l Z \/E(G - H)?JvUej1 (G - rI)?]vUej2 + 2N~ Z|<V7 ej1>|2|<va ej2>|2 (4172)

Jijz J1J2

=N YV EG Wy, (G~ Wiy, + 287

Jijz

Then Lemma 4.2.8 followed by Lemma 4.2.10 gives

<aNe Y \/E(G — )} ype, + 2N

Jij2
<2CON2-¢ Z 1+2N!
J1Jj2
<2ON~€

as desired.

Let us now treat the case my > 1. If i € Z);, we claim
2

E|> " 0peMy;0m (Dy; — 1)

J

< N (4.173)

Indeed, using equations (4.128) and (4.142) together with ~”

= O(6;;) implies ) . 0;°M;0;* (D;

J Yip
1) = 0;;°M;;, and then, referring to equations (4.124) and (4.125),

E|07M,|* < E|(v,UGe;)[* + E|(v,UGe,)|’
< E|(v,U(G = ey)|* + E[(v,U(G = ey, |* + (v, Ulle;)[*

< N7 4 |(v,Ulle,)|> < NP,
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where in the last line we used Proposition 4.2.11.1.

If rather my > 1 and i € Zx, we may repeat the bound in equation (4.172), except that

\/E(Dj1j1 —1)?(Djp, —1)* < N7

is replaced with

\/IEZLSYJQ”,S?ZZ <N “or \/E4S]12 SX)JluSm(SX)Jzu <N

which follows by equations (4.124) and (4.125) and §ji = O(N~P). Thus as opposed to the

bound of N~¢ in equation (4.172), we now have

2
E| Y 0peM;05(Dy; — 1)] < N (4.174)
JE€IMm
for i € Tx. Equations (4.173) and (4.174) together imply equation (4.171). O

4.8 Proofs of lemmas from Section 4.2

Proof of Lemma 4.2.1. Let X° := X satisfy assumption 2 and € € (0,1/6). Define the
matrix X! by
X, =Xp1(|X0,| <N (4.175)

for some yet to be determined € > 0. See that by Markov’s inequality, which we will use a

few more times,

P(|X2| > N~) < N*E|x%|° < CNO3, (4.176)
We therefore have that, doing a union bound on the O(N?) entries of X°, that
P(X°# X") =0 (N*1). (4.177)

The exponent is negative, so that X and X' agree asymptotically almost sturely.

X! now almost satisfies the assumptions Assumption 2, except that its entries are not

quite centered, its variances not quite N~! and its third moments not quite 0. Therefore
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1/2
define p = EX], and o = (E (X1, — u)2> . Using the centeredness of X?; and Markov’s

inequality again,

N~
pw=EX! = / (P(X];, > s) — P(X7, < —s))ds
0

_ /OO (=P(X}), > s) + P(X], < —s)) ds

N~—¢1

s/oo P(|X7,] > s)ds (4.178)

—€

(o.0]
< / s ON3ds
N—€1

=0 (N*7?).
Similarly, we may compute an estimate of o
=E(X3)” - ui
N-a
:/0 sP(|X11| > s)ds + O(N*3)
=N1- /Oo sP(|X11| > s)ds + O(N*7?) (4.179)
N-a
= N1+ O (N1%) 4 O(N%)
= N1 +O(N5E_3).
Therefore,

1 S5e—
oo IN-/2 — \/N +O( N ’) = /14 O(N%-2) =1+ O(N>?). (4.180)

1/2

Now we define X2, := X} — p, and X® := ~——X? To demonstrate equation (4.23),
we first see that the matrix whose every entry is p has operator norm O(N~5¢72), so that
| X% — X! = O(N52), and that || X|| = O(1) (see Definition 4.2.3), so that
NV
X = X2 = —HXQH = O(N™7?)
with high probability. That HSH = O(dy), that 5¢ —2 < —1 — ¢, and equation (4.177) allow

us then conclude equation (4.23).

109



To demonstrate equation (4.24), we write, using the notation from the definition of N,
[N # = NEXY#|| = ||(Dg e SX*)# — (Dgyu SX¥|
< |[(PsxsSX*)* = (s SX || + [ (DsSX ) = (D SX |

The first term’s bound follows from equation (4.23), since ||D§X3H = max;

q@@”g
| X3 = O(1) with high probability. The second term’s bound, using that HD§X3|| +

HD5X1 H = O(1) with high probability and skipping some routine steps,

~ -1
< C|Dsys — sy 5x?| |

5] < cams |

~ -l
e;kSXlH ) .

using ) e; S H = 1 in the first and third inequalities allows us to adjust the above to, perhaps

adjusting the constant C|

< (C'dy max (‘ ez‘gXl

ez‘gX?’H - ‘

) < (Cd, mzax‘

@Qxﬂnvw
< Cd; maXHX3 — XIH = O(dy) N2,

and we conclude the proof of Lemma 4.2.1. O
Let us now prove Lemma 4.2.11 from Section 4.2.

Proof. We let ¢ and even p be considered as fixed. We write

Dii_]-:’

engH2—1: Z Z §ZX] —1

€Iy \JjEIxU{i}

= > SunSiu(X X — L= N7 (4.181)
J€IM j1,j2€Lr U{i}

= z wjl:jQJJ"

J1,J2€TKU{i}
HELN

where we used that EjeIKu{i} :S?] = 1. Now we can bound the pth moment:

E<D“ - 1)p = Z ijl:j%ﬂl © Whap—12p e (4-182>
j } Hp

J1se-502p H1seey
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where ji, . .. ja, each range over ZxU{i} and p, ..., u, range over Zy. We fix now a partition
2{1 """ P} >P= {Al, . ,A|p|}

of the set {1,...p} and consider the sum only over indices 1, ..., i, which satisfy u, = 1
if and only if a and b are identified by P. We say such a partition satisfies P and write
(p1,- .., pp) = P. Since there are only boundedly many such P, this is sufficient. Now if
p1 # e, then wj, j, . and wj, j, ., are independent (the converse does not hold, so we are
getting a coarser bound than is possible, but only by a bounded factor). Therefore the

expectation is 0 if P contains any singletons. We get
]E(Dzz - 1)p - Z Z ijhjz,,ul © Whap1,G2p,p

2 |P| A7— min{|A1[,3} . pn7— min{|Ap|,3}
— O(K + 1) NELh(-min{Aa] 3)
= CO(K + 1)2pN—|{a:lAa|=2}|—2I{a:|Aa|23}|'

One may observe that since p > 4, the exponent —|{a : |A,| = 2}| — 2|{a : |A4| > 3}| must

be less or equal to —2. O

Proof of Lemma 4.2.6. Define the auxilliary matrices

—1 —1
-1 U*X -1 UyX
Gy = , Gu, = , (4.184)
XU —=z XUy —z

where Uy = U (O ]I]\/[> . Note now the identity that for any x,y € RZxYInm
x*Guy = xU*GUy

where G is as defined in Definition 4.2.5; this may be established through the Schur comple-

ment formula. By Theorem 4.2.7, this establishes

Ix*Gpy — x*Iy| < |2| "NV, (4.185)

111



Consider the identity

r -1 — A;}A;l
(A( ))st = AStl - A_l : (4186)

for s,t # r, for any invertible matrix A and the minor A" of A gotten by removing the

rth row and column. Using that Gy,, is the minor of Gy gotten by removing the rows
and columns indexed by Zy, we may repeatedly apply the identity (4.186) to get that, for

X,y € RIM,

(4.187)

2

max x*Gre,|

* * aGIK| UCa

X GU]v[y:X GUy+O< . *
min, e} Gre,|

where we may use equation (4.185) to control the size of the denominators in all resulting

fractions. Schur’s complement formula also shows that
X*Giy = 2 'x*Gu,y,
and then result then follows by equations (4.185) and (4.187). O
Proof of Lemma 4.2.10. First, we prove that
E|(G — 1)y |' < ON72. (4.188)

We will then we able to exract an additional factor of (k 4+ n)~! in the bound with the

Helffer-Sjostrand argument as follows. Actually we show that

4

~1/2
E|:H(G — )y |" < C’ Nz? (4.189)

We outline this application of the Helffer-Sjostrand argument and then return to prove

(4.188).

By polarization and linearity, it suffices to treat the case of x = y. We now require a

lemma.

Lemma 4.8.1. 27 Y(G — 1)y 1= m*>(2) is the Stieltjes transform of a compactly supported

measure pA .
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Proof. Noting the form of II, and using a spectral decomposition, it suffices to show that

1
—2(1+ AS,(2))

(4.190)

is the Stieltjes transform of a unit measure for any A > 0 whenever S, is the Stieltjes
transform of a compactly measure p (we need the result for S, = m). We outline the sketch

of this proof only. If p is a linear combination of Dirac masses, it is easy to see that equation

Wa
2—Tq

(4.190) is a rational function, particularly of the form ZaLzl , and the residue theorem

ensures 25:1 w, = 1, which concludes the result for such p. This can be staightforwardly
applied to general i by taking a limit of linear combinations of Dirac masses and applying

the results of [GHO3]. O

From this point we follow section 3.3 of [BKY16]. We choose a C* bump function which
is 1 in an e-neighborhood of the limiting spectrum [(1—+/M/N)? (14++/M/N)?|x {0} C C of

1 1

r—z xro—2’

X X* and 0 outside a 2e-neighborhood of the limiting spectrum. Letting f,(z) =

where zy := (1 + ,/y)?, we may write

mA(z) = %/sz(w)&ix(w)mA(w)dw (4.191)

with high probability. Note that |f.(w)| < C|z|7>. We have then by Jensen’s inequality and

Fubini’s theorem

E‘mA(z)}4 =E

1 A
;/(sz(w)ﬁwx(w)m (w)dw

< CE [ |7.w)axw)m? (w)du]
C
= Cl/E|fz(w)8wx(w)mA(w)dw|4 (4.192)
T Jc
< Cmax\fz(w)(?wx(wﬂ/E|mA(w)|4dw
C
< C|z| *N~?
as desired.

Now we proceed with the proof. We will require the following lemma:
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Lemma 4.8.2. Let X° satisfy Assumption 2. There is another matriz X' which agrees with

X0 in its first five moments and which satisfies ‘Nl/QXM| < C for a universal constant C.

We use the same interpolation strategy as in the last section. Without repeating ourselves
too much, we may let X? interpolate linearly between the laws of X satisfying assumption
1 and X! satisfying assumption 2. By Lemma 4.8.2, we may assume that X° and X! agree
in their first 5 moments. As in Section 4.5, it suffices to bound, letting K,, abbreviate

Kon(XE, X0) — Kon(X0, X2,

T (73

Z Z K,E (a;v;lny) e (fﬁ"ny) (Gi;q) < N7

m=6 i€l ULgk
HEIN

where ¢ <4 and m; <--- <mg and my +---my, = m.

Now see that 0;,Gxy = —GxG .y — GxuGiy. Since G := G(z) has operator norm < 1,
we see that the vectors (Gy; : i € Zyy) and (G 0 p € Zy) have L? norm < 1; it follows by
Cauchy Schwarz that Zw 8$1ny < N for m; > 1, since it is a sum of monomials which

each contain two factors from the set {Gxi, Gxu, Giy, Gy }. Thus, using that K, = O(N~?),

b7R)
we get that
D KX XLJE (9 Gy) -+ (95 Giy) (Gg”)
i€TyUTk
HELN
m, _ 4.193
-2 (0 X () 0 ) ) (65 (1109
i
= O(N?)E|Gyy*
Lemma 4.2.8 yields E|Gyy|” < 1 for any p, and we conclude. O

Proof of Lemma 4.8.2. We refer to the results of [CF91]. The idea is that all distributions
may be matched in 5 moments by an at most 3-atomic distribution, and that the support of

this distribution is a continuous function of the first 5 moments.

Let X be the matrix satisfying Assumption 3 from which X° results after standardization.

If the first 5 moments 7y, . . . , 35 of the distribution of N'/2X lead to a singular Hankel matrix,
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then by their Theorem 3.8 the distribution is finitely atomic and in particular bounded, so
that the truncation of Lemma 4.2.1 does not change X for sufficiently large IV, ie X=X 0

and we may then also take X! = X0,

If rather the 5 moments lead to a non-singular Hankel matrix, then by Theorem 3.1, there
exists a 3-atomic distribution P, whose first 5 moments are 1, .- -,75 and whose atoms are
the roots of a cubic polynomial p which is a continuous function of 7,...,75. Since the
atom distribution of X° converges to that of X , the Hankel matrix of X? is also non-singular
for large N, and the polynomial p associated to X° converges to p, and thus the roots of p,
which are the atoms of an atomic distribution matching X° to 5 moments, converge to the

roots of p, which concludes the proof.

[]

Proof of Theorem 4.3.5. We outline only the key steps of how to adapt out version of the
Theorem from the version in [BDW20]. First we prove equation (4.62). Note that because of
our strong assumption (2.2), all the contour integrals in [BDW20] may be easily estimated
by the triangle inequality for contour integrals rather than the residue theorem, since the
contours may be all drawn a distance < 1 from any singularities of the matrix they call L(z).

The proof begins by writing
(W, ua(V)]* = 81+ Sa + S5+ Ro (4.104)

(we have called Ry what they have called R to avoid a clash of notation), which is equation
(5.14) of [BDW20]. S; + S; is identically equal to the first four terms of equation (4.62).
Equation (5.38) of [BDW20] gives

Sy =S5+ OZ(Rs), (4.195)

where §3 is identically the last two non-error terms of equation (4.62) and where equation

(5.38) of [BDW20] reads that Rj3 is of the form

w)N~. (4.196)



It may easily verified that the factor of N~' comes directly from two factors of E, for
deterministic vectors of bounded length x,y. Thus under either Assumption 1 or 2, using

Lemma 4.2.10, we see that R3 may be absorbed into &;.

Regarding the term Ry, equation (5.45) of [BDW20] shows that every term of Ry has
three factors of =. Thus, using Lemma 4.2.10, we may absorb all of Ry into the error term

&s.

For the proof of equation (4.64), we look at equation (5.15) of [BDW20], which is easily
seen to hold for ¥ = S# with minor necessary modifications, with @ := (§#)_1/ 2e;. The
term S is deterministic and we may call it C;,. The terms Sy, S5, and Ry are all easily
seen to be O(Z,,||w*V]|), for some deterministic vectors x,y € R and where V is a

deterministic Zy; x Zx matrix; from this it is easy to see, using Lemmas 4.2.10 and 4.2.6,

that Yz, \/EIS: + S5 + Rol* = O(1).

The proof of Theorem 4.3.5 is concluded. O]

4.9 Large Deviation Bounds

So far we have mainly been concerned with the distribution of the spiked eigenvalues of R,

although we have proven that, under assumption 1,
Aa(R) = Aa(V)| < dy I N7V/27e,

This was enough to establish the distribution of \,(R), which is on the scale N~'/2 and we

also relied crucially on the result of [BJ21], which established the distribution for A\,(V).

We now want a large deviation bound.

Lemma 4.9.1. The matrix R satisfies
Ma(R) — ¢nal < N7H2

fora=1,..., K.
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Proof. By Theorem 4.1.4, the remaining necessary ingredient is a corresponding result for

V, ie,

Aa(V) — 24| < N71/2

for some deterministic real number z,,, which we establish in this section (it will then follow

that x, can be taken as ¢, by Lemma 4.1.1).
First note that if we let 7 be a diagonal matrix defined through J;; = ||e*S|| ™", then

I

S-g(8 1)=(98 7)=(sB 1) j
Define > = (jB [>#. Pick a matrix O with orthonormal rows so that <jB [> = 2120,

We have now that ¥ = I + (JB)# and
#

o _ I
Y=SXX*S*=x"20 X | zvz
J

Lemma 3.10 of [BKY16] then shows that we can characterize A\ (V),..., Ag(V) as solu-
tions to

det ([d] " 4+ W (z)) =0,
where

W(z):=yV* (I +2G7(2))V

Q
QG
O
I
m
Q
|
N
N
L
=
G
i
Q
S
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where v, ((JB)#) is the eigenvector of (JB)# corresponding to the o' largest eigenvalue,

provided that the solution x is not also an eigenvalue of HY.

Now the main results of [KY17] apply to the matrix HY (with the same extra argument
as in the proof of Lemma 4.2.10 to get the right decay in z), that is, G’ has a deterministic

limit II7 and for any determinisitic unit vectors x,y € Zy;, we have
(G7 —19)__ < |o| 2N~12
xy
uniformly for z > supp 07 + C for any fixed constant C, where ¢7 is the limiting measure
for the emperical spectral measure of GV .

Now, because ||J — I|| = O(N~?) and because the nonzero eigenvalues of (JB)# are

well-separated by equation (2.2), it is not hard to see that
det ([d] ™" + Waet(2))

where W is defined through the definition of W, replacing the matrix G with 117, has K

zeroes 1, ..., Tx which are each > supp o7 + C.

Fix now o € {1,..., K} and € > 0 and consider the contour
y={z: |z — 4| = x NV
It is also not hard to see that on ~,
Waet =< a:aN_l/zJ“WC’let(wa) = m;lN_l/QJ“.
By Lemma 4.2.7, we have that on ~y, with high probability,
W (2) = Waet(2)] < 2" N7V,

so that by Rouche’s theorem, Wy has a zero )\, in {|z — 2,| < N~¥/2%¢} with high proba-
bility. Since A, is an eigenvalue of the deterministic matrix SXX *§*, it is real. By Cauchy
interlacing, SXX*S may only have < K eigenvalues greater that supp o7, so that we have
proven that each eigenvalue A of SXX*S* is within dy N~1/2%¢ of 2, with high probability.

Since € was arbitrary, we may now conclude. O
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CHAPTER 5

Non-Spiked Eigenvalues

5.1 Proof Strategy for Theorem 2.2.4

Definition 5.1.1 (The spectral region S¢). Fix ¢y = min{1/6,¢ep/2}. We let

Se = {Z = E + Zno : K/(Z) < N*2/3+EO}, 7,'70 — N*2/3760.

We will use, in the course of the proof, three different forms of the Green function of

a matrix, which will each have their different utilities. A matrix G4 without a subscript

-1

will represent a resolvent of the form (AXX*A* — z2) A matrix G4 will represent a

-1

-1 AX
(generalized) resolvent of the form . Finally a matrix G will represent a
X*A* —=z
—1
— (A4 X L . .
resolvent of the form . We will write “generalized entries” of general
X* —z
matrices A as Ayy := x*Ay, and generalized entries of resolvents with subscipts as x*G3'y =:
Gfxy =: Gf&y. When appearing as an index of a resolvent entry, indices s € Z (whose
definition we recall below) will now represent the standard basis vector eg, so that for example
A A
G175y = leesy.

Recall the index sets

I, Inv, ZIrim:=Ix ULy, Iy :=Tgim Uy,

Let us record a quick lemma, which follows from Schur’s complement formula, regarding

how to transition between the different resolvents.
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Lemma 5.1.2. For any conformable, invertible, positive definite matrix A and i,j € Ly,

we have

AT = (G, = G

i i

Recall the matrices B, S, B and 7 from equations (2.4) and (2.14) and just above equation
(2.1). Begin by noting that

N <§X> - (DMB ]) DX,

I
where D = e is a (Zx UZy) X (Zx UZy) diagonal matrix, and D), is defined
Dy

through

—1
(Dar)a == ‘ Jii for i € Tor.

eng‘

This definition of D is related to but independent of our definition in Chapters 4 and 6. We

also define

E = ,
En
2

e'BX

T

_ 2 —-1/2
e*MBXH )) ,

E the leading part of D and is a “better” matrix than D because it only depends on the

By = ([M + 7% diag (‘

and A ;=D %2 — E2

randomness in the first Zx rows of X, so that as opposed to the matrix product DX, the
matrix product £X has much smaller overlap between the source of randomness on which
E depends and the source of randomness on which X depends. Our argument would not
work if E were deterministic; the dependence of £ on Xk, and hence the dependence of the

leading eigenvalues of R on Xk, is a crucial part of this work.

Define the function mg(z) as in [KY17] through the equation

1 T
— = 2+ —  7(d 5.1
mg : y/ 1—|—mEx7T( I) ( )
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where 7 is the eigenvalue measure for F, and we recall y is the dimensional ratio % The

function mpg is the Stieltjes transform of a measure og.

We define I, := IIy(z) through

—E(1l+mgE)™" 0
o, — ( rE)
0 mg

as well as, independently of our previous definition of Il in chapter 4,

—(I +mpgE)! 0
IM:=—2""1+mgE)!, I:= ( 5B)
0 mgl

Ty, 115, and II satisfy the same conclusion as G, Gs, and G in Lemma 5.1.2, that is,

H(ETILET), =27 (L), = 1T

ij

Unusually for RMT literature, the “deterministic limits” mg and II are actually random,
depending on Xg. For much of the reasoning in this paper, however, Xy can be thought of

as fixed and deterministic. Moreover, note

—1/(I14+m
I, = /! z) +O(N7'/3),

meg

where the error term is to be taken in an operator norm sense, so that Iz, x7,., and
17, 7, are nearly isotopic . II is close enough to isotropy to avoid most potential difficulties
arising from anisotropy, but far enough away to cause the non-universality phenomenon

described in the remarks following Theorem 2.2.4.

Using notation independent of that of chapters 4, and 6, we also define the left singular

vectors Vi, ..., Vg € R™ of Dy;B, which may then be completed to an orthonormal basis
Vi,..., vy of RIM) the right singular vectors wy,..., Wy € RZX, and the squared singular
values Jw . ,EZVK. We define a (Zx UZys) X Iy matrix with orthonormal columns

*
R K Ja SOk M 1 = ox
Uy = (§ o=1\ 7.7 VeV > 1 T VeVa
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Also define an Ty py X Zg 4 orthogonal matrix U so that Uy, = <() [IK+M> U*.

Four main lemmas, which compare the eigenvalues of (EyX)# to those of (EX)#,

and then to those of (DX)# (which are equal to those of (UDX)#), and then to those of

(U DX)#, and then finally to those of R, naturally comprise the steps of the proof. We

collect the necessary assumptions as follows:
Assumption 4. B satisfies equations (2.2) and (2.3) and X satisfies Assumption 1.

Lemma 5.1.3. Fix o > 1 and let Assumption 4 hold. We have
Ao (BreXan)#) = Ao (BX)#)| < N7/3700/2

with probability 1 — O(N~?) for some ¢ > 0.
Lemma 5.1.4. Fix o > 1 and let Assumption 4 hold. We have

Ao (BX)#) — X, (DX)#)]| < N72/370/2
with probability 1 — O(N~?) for some ¢ > 0.
Lemma 5.1.5. Fiz o > 1 and let Assumption 4 hold. We have

Ao (U"DX)#) — Ao (U DX)#)| < N72/370/2

with probability 1 — O(N~?) for some ¢ > 0.
Lemma 5.1.6. Fiz o > K and let Assumption J hold. We have

Mo (U5 DX)) = Ao (R)] < N-2/3-l

with probability 1 — O(N~?) for some ¢ > 0.

(5.2)

(5.3)

(5.4)

(5.5)

Proof of Theorem 2.2.4. Theorem 2.2.4 follows immediately from Lemmas 5.1.3, 5.1.4, 5.1.5,

and 5.1.6.

122

]



5.1.1 Heuristic argument and additional technical results

We will give the heuristic argument in the reverse of the logical order in which the main
result must be proven; ie, we start with the matrix R in which we are interested, and we

reason towards the more understandable matrix (Ep X ,/)%.

The first step in understanding the eigenvalues of R is to view it as a bounded rank

perturbation of a “non-spiked matrix”, leading us to perform an argument very similar to

that of [BKY16]; indeed, we have

R = <\/1 + (DMB)#UJ"\‘/IDX)# :

which is the reason for the definition of U,;. One difficulty here is that because of the
normalization N that we apply in passing to R, the bounded rank perturbation 1+ (D), B )#
is random and not independent of the randomness X, and moreover, the non-spiked matrix
(U DX )# does not have trivial covariance structure, but rather the matrix Uj; D is random
and not independent of X. Other than this, the argument is very similar to the one in
[BKY16]—the crucial ingredient there, an isotropic local law for the resolvent of the non-
spiked matrix, is replaced in our setting with a necessarily weaker isotropic local law for

random generalized entries. The main ingredient for this is the isotropic law for (DX)#:

Lemma 5.1.7. Fiz deterministic unit vectors x,y € RT&+M  Under Assumption 4 we have,

uniformly for z € S¢,

X*<GD - H)y| = 7vb(xy)- (56)

The control parameter (xy) is defined in equation (5.13).

Having reduced our study to eigenvalues of the matrix (U;, DX )#, we wish to further
reduce to the eigenvalues of the matrix (U*DX )#, because at this point the relevance of U
will disappear—conjugation by an orthgonal matrix does not change a matrix’s eigenvalues,
so we will really at this point have reduced to the eigenvalues of (DX )#. We do this now

by comparing the matrices’ resolvents; we will see in Section 5.3 how closeness of resolvents
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translates to closeness of eigenvalues at the spectral edge. Since Uy, D is just U*D with a
few rows removed, we may compare the resolvents GlUX/’ P and GY"P with standard resolvent

identities (see Lemma 5.2.4). The main technical ingredient for this is again Lemma 5.1.7.

Now we must bound the difference between the eigenvalues of (DX)* and (EX)¥, and

again we do this by comparing the resolvents. A resolvent expansion yields that
GY =Gy +GY(D?—E)GY +GY(D 2 —EGE(D? - E )Gy +--- .

One of our main contributions (the results described in this paragraph constitute most of the
technical novelty of this chapter) is to show that the polynomialization method of [BEK14]
can treat such polynomials of resolvents quite efficiently; the randomness of the matrix
(D72 — E~2) is an added difficulty (as opposed to if it was deterministic, which would place
us close to the setting of [CES21b]), but we are still able to treat it with suitable adaptations
of the polynomialization method. One technical ingredient to make this work is the following

isotropic local law for (EX)#:

Lemma 5.1.8. Fiz deterministic unit vectors in x,y € RI&+M_ Under Assumption 4 we

have, uniformly for z € S¢,

‘GE - H2,xy| < wxy' (57)

2,xy

As we described earlier, (EX)# is a much nicer object to work with than (DX)# since
it is much more decoupled. We can completely decouple the randomness in the population
from the randomness in X by finally comparing the eigenvalues of (EX)# with those of
(Ea X )%, which is done in much the same way as the comparison of GY” to GUP | using
Lemma 5.1.8 as input. We can describe the extreme eigenvalues of this matrix (Ey Xj)%

thanks to the results of [LS16].
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5.2 Tools

Eigenvalues of random matrices tend to exhibit a phenomenon called level repulsion, whereby
only with low probability can eigenvalues be much closer than the average spacing between

eigenvalues.

We will require a sort of level repulsion condition as a technical input in order to translate
statements about closeness of resolvents into statements about closeness of eigenvalues. It
also makes the proof of Lemma 5.1.6 easier, although it is not a requirement (see section 6

of [KY13b])

Definition 5.2.1 (Weak level repulsion at the edge). We say that a random matrix ensemble
A satisfies weak level repulsion at the edge if for any fixed integer L > 0, the eigenvalues
Ao (A) satisty

P (il (4) = At ()] £ ON 501} < -0 (5.5)

for some absolute constant C' and ¢ > 0.

The matrix GF™, since the matrix F); is independent of the randomness X,;, is well-

understood. We collect certain facts about it in the following lemma.

Lemma 5.2.2. Define the high probability event Qe on which |Ey — 1) < N7V On Qe
the following hold:

1. (Isotropic local law) We have for deterministic unit vectors x,y € RT and z € S¢,

x* (GPV — 1) y| < ¥(z) (5.9)
where
() Sm(z) 1
v =1(2) Nno + Nro (5.10)

2. (Weak level repulsion) (EyX)# satisfies the weak level repulsion condition 5.2.1.
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3. (Local Eigenvalue Law) For any interval I, we have

1

i {o: X (BuXm)®) €1} =0(I)+ 0 (N7 (5.11)
Recall that the classical location v, of A, is the unique value such that f;j dor = ;-

Proof. Let [az, ai] be the right-most connected component of gg. It is easy to verify that on
Qeg, the bulk component [ag, a1] is reqular in the sense of [KY17] definition 2.7, as is the

edge a;.
1. This is Theorem 3.14 of [KY17].

2. The result for X# rather than (£, X)# is Proposition 6.3 of [BKY16]. The correspond-
ing result for (Fy;X)# follows from the result for X# in the same way as Proposition
2.4 of [KY13al; the key ingredient for the proof of Proposition 2.4 of [KY13a], Lemma
2.6 in [KY13al, is instead given by Proposition 4.1 of [LS16] (whose equation (4.4) is
a clear parallel to equation (2.13) of [KY13al; the corresponding parallel to equation
2.14 of [KY13a] is proven in the same way as equation (4.4) of [LS16] and is in fact

easier).

3. This follows from equation (3.11) of [KY17] in the same way that local eigenvalue laws

usually follow from averaged local laws for the resolvent; see e.g. [BK18].

Note that for z € S¢, we have

/K F o N—1/3+eo 1
< <4/ = N~1/3+e0 5.12
1/} ~ NT]O ~ NN_Q/S_EO ( )

Let ¢ := min {eD, ﬁ} In analogy to the control parameter v, which is OL(N~1/3+<) on
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S¢, we define a new family of control parameters:

/

N71/3+60 X7 y c RI]MUIN

Vixy) = § N9 one of x,y € RTmVIN (5.13)

\Nfazs x,y ¢ RIvVIN,
The role of 1)(xy) is to replace ¢ in isotropic local law statements like equation (5.9) for, for
example, G¥. For such a resolvent we will have weaker isotropic bounds when x,y have
components in RZ%

Also define ¥ = VY (e,e,) for s,t € Z, and also define 1 xrr) := P(s) for s € I, t € Ly,
and similarly ¥k iy, Ysar), Yix,m), ete., in the same way.

Fundamental to the analysis of this paper are the following identities for the resolvents

G# and G¥.

Definition 5.2.3. If L C Zx s UZy is an index set, H is a K x K matrix, and if T' C I,
then we define

AT = (Hst)s,telc\T

- ((e)”)

and we define, for = 1,2,

GATUD L AT

Lemma 5.2.4. For .= 1,2, and forr,s,t € K, s,t #r,
: GA G4

(r) L8 Tt

GA = G:lst - GT

L,rT

If p,v € Iy, then

2,pv 2,pp " 2,0

GA  _ A AW (X*G§‘<“")X>

72
If A is diagonal and i,j € L ynr, then
G, = GGy (X6 x)

2,ij 2,33

v
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If A is diagonal and @ € Ty, 0 € Iy, then
Gy, =GR G <—Xw + (x6g X>w) |
Proof. This is a consequence of lemma 4.4 of [KY17]. O
Let o(H) denote the spectrum of a matrix H. Also let
A:=M;'Tr A (5.14)

denote the normalized of an My x My matrix A.

Recall that for a My x My Hermitian matrix H, the function z — S(H — (z + 1))~ is

equal to dy * 0,, where 6y = Mio > 6xmy and O, () = 77T is an approximate 4 function

1
2+1

for small 7. In order to infer statements about the eigenvalues of H from S(H — (z +in)) ™,

we would like to have, roughly, that if n is smaller than the typical separation of eigenvalues
around z, then the graph of G looks essentially flat with sharp, defined peaks at each
eigenvalue. Put another way, dy * 0,(x) is always large when « € o(H), but we want the
converse to hold as well. The following definition and lemma establish the validity of this
heuristic at the edge for (E,, X)#. It is, in addition to the weak level repulsion condition, the
second technical ingredient we will need for translating closeness of resolvents to closeness

of eigenvalues.

Definition 5.2.5 (The valley condition). Let € > 0 and K C Zx,y have |Zx,y \ K|
bounded. We say that a K x K matrix H satisfies the e-valley condition if, for all z =
x +iny € S° we have that dist(z,0(H)) > M~2/37¢ implies

M~
Mmnyq

)%(H - z)_l‘ ~<

and if A € o(H),dist(\,o(H) \ {\}) > 2M 23~ and |z — A\| < M~2/3~¢ imply

1 1 M~
‘S(H — )7t ‘

" Mo (= N+ 1| Mno

for some € > 0.
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Lemma 5.2.6. (EyX)# satisfies the e-valley condition at z for any z € S¢ and any € < €.

Proof. Let z = x +iny € S be fixed. Denote A\, = Ao ((EpX)#). Define, for a positive
integer n > 0,

J, = {Oé . |{L‘ o >\a| e [M—2/3+ne’M—2/3+(n+1)e)}

Because A\, > 0, we see that J, = () for n > 7 := [e|~'. It follows from equation (5.11) that

[l <37 || < M3 (5.15)
n/=1
We write
1 M 77*1
IGEM () = — 0
&)= 5 2
1 o 1 1
2 2 a1 S My 2 ey
1 s

=< ME(TL+1)6M726072?16 < n+1 M7260+26

Mg ngl 770< )

which is as desired, since 7 is constant. For the second statement, this follows from applying

the same computation as above to

SGEM () 1 1 :i 5
NCARLE R 7 (e WY R Rl VO DN (ramp WY

Thus we conclude the proof of Lemma 5.2.6. O

Here is the essential linear algebra formula which allows us to study the eigenvalues of a

finite rank deformation of a random matrix.

Lemma 5.2.7 (Lemma 3.10 of [BKY16)). If ¥ = I + VCV™ is a positive definite matriz
with its eigen-decomposition and H is another matriz of which x € R is not an eigenvalue,

then SY2HYY? has an eigenvalue at x if and only if
det (C7' + V*(1 4+ 2G(2))V) =0 (5.16)
where G(z) = (H™ — 2I) ™" is the resolvent.
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We will also need to pair the following two facts. The first is a consequence of Theorem

2.2.2 and the second is well-known.

Lemma 5.2.8. With high probability, the spectrum of R has K outlier eigenvalues. That is,
A (R) >+ > Ak (R) > supp op + Co
for a fixed constant Cjy.

Lemma 5.2.9 (Cauchy eigenvalue interlacing). For a square matrix H and a finite rank
deformation H=Y"V2HSV? with S =TI+ VCV* and £ > —1, we have

M) € D rc(H), e (H)]

Let k := k(z) for z = x+iny be defined as dist(z, {min supp gg, maxsupp gg}). Regarding
mp we have
Lemma 5.2.10. For z € S¢, the function mg satisfies

VE+mn9 FE €suppog

7l
e E & supp op

%mE =

Proof. This is a exactly as lemma A.4 of [KY17], and follows from the regularity condition
2.7 of [KY17]. O

We also need the following lemma and corollary, which follow from the analogous state-

ments for m, the usual Mar¢enko-Pastur law, since E = I + O_(N~/2.

Lemma 5.2.11. The measure gp is supported on [(1 — /y)? + O<(N~Y%), (1 + \/9)* +
O<(N~Y2)]. Moreover,

mg ((1+\/§>2) :_1+1\/y

Corollary 5.2.11.1. When z = (14 ,/y)*, we have

+O4(N™)

1
142l = —— + O (N7

VY
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5.2.1 Properties of Uy,

The purpose of Uy, is that

(DMB 1) =/(DyB)# + 11U

which will be important for the proof of Lemma 5.1.6. Indeed, we know such a U,; exists

because of the singular value decomposition, and if existing then it must satisfy

i ~1/2
Ui = ((DuB)* + 1) (D 1) = <Z<da+1>va’v“a) (S Vv 1)

at which point we see the desired form for Uy,;. This is sufficient to conclude that the columns
of Uy columns are orthonormal, but it is helpful to observe this manually. Consider the
Tk X Ik orthogonal matrix V which has v, for its columns. Thus Uy, has orthnormal
columns if and only if U}, Uy = I, which is if and only if (UpyV)*(UpV) = I, which is if and

only if U M‘7 has orthonormal columns, and indeed,

M
UMV = UM E Vaez =
a=1 Za:l d +1vae

whose columns are (, / ddi - = +1 a) , interpreting w, = 0 for @ > K, which are
(e (&3

easily seen to be orthogonal and also unit length by the Pythagorean theorem.

Upr may be written as U <0 [M> for an (Zx UZy) X (Zx UZyy) orthogonal matrix U.
We do not need an exact formula for the columns of U which do not also belong to Uy, but
it may be verified that

Ue, € R*x ¢ span{v, : o € I}

for a € Tg.

Of course,

* K T = ook K o)
Un = <OZM><IK 1II\/I> + (Za:l inlvawa Yot (, /Cflvaﬁ — 1) Vava)
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so that U differs from the identity by bounded rank.

Recall the right singular vectors v, of B and note ||vq — V4| < N7/ by Hadamard’s

variation formula and Weyl’s inequality. All together, we have the lemma,

Lemma 5.2.12. For deterministic x € R™  we have

Ux—x+Zaaea+ Z bava + O( 1/2)

a€ly ae{l,...,

for some bounded, random numbers {aq}, {bq}-

5.3 The Proof of Lemma 5.1.3

The main technical ingredient for the proof of Lemma 5.1.3 is the following:

Lemma 5.3.1. The resolvents of (EX)¥ and (EyXuy)? = (Ey X)# are close at the spectral

edge: for z € S°, we have
|GE — GP| < —— (5.17)

Proof of Lemma 5.1.3. Define \; := \; ((ExX)#) , A := \; ((EX)#). Define also the points
= N+ N72/379/2 We let € := /2 in the lemma. Since (FyX)# is a contraction of

(EX)#, the standard interlacing inequality yields that

N <\ (5.18)

First note that because (EpX)# satisfies the €y/2-valley condition (Lemma 5.2.6) and by
Lemma 5.3.1, we have (also using that F), satisfies the weak level repulsion condition)

_E/

M770'

_6/

’%GEM(xl_)‘ = ]]\é

so that )%GE(xl_) (5.19)

=<
Mo

Similarly,

1
‘%GEM()\l)’ = S 0 that )SGE(Al)) ~ i (5.20)
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Now see that Hz D VR SH [ ]H > 1. Indeed, if this were not the case, then X < x; by

1 7%

equation (5.18), so that for z > z;, z — SGF(x) is decreasing, which is a contradiction to

equations (5.19) and (5.20).

Now we show that { N € a7, 2] ]}‘ < 1. Otherwise, we see that

THN—2/3=c0/2 .
[, S 2 Gl

so that by Lemma 5.1.3,
x;”+N72/3760/2 1

/ G (a)dr > (2 260) 17
T Mo

~_N—2/3—¢0/2
3

which is a contradiction to the valley condition and weak level repulsion condition for

(Ey X)*.

We conclude that

{i N € [z ,xf]}‘ = 1. The valley condition for Ej; and Lemma

5.1.3 are enough to conclude { € [z, 7] ]}‘ =0, lest GPM () > M_770 for x € [z3,27].

To establish that Hz : Xz € x5, x;]}‘ = 1, we apply all the same argument to the func-

tions (slightly abusing notation)

M1 M~
GEM N 2 _ GEM —+ O< (_MUO + 1§Rz>x§“)
-1

M M~
e e L )
-

Repeating L times, we conclude the proof of Lemma 5.1.3. O]

Observe the following immediate corollary to Lemma 5.1.3 which we will use later: (EX)#

satisfies the €p/2-valley and weak level repulsion conditions.

Proof of Lemma 5.3.1. The main technical ingredient in the proof of Lemma 5.3.1 is Lemma

5.1.8, whose proof will constitute the majority of this section.
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We write
GF = (M +K)~ ZG

€L UL
—K
_ a1 E
=M 'Y GE+(M+K)NY GE+ NI TR pRE
€L lEI}C €L
and
GPM =My G
ZGIM

Since M~' = 0O (%—;j), it suffices to show that

—6

max|GY G5M| =< and max |Gf| < 1. (5.21)
i€Lny ’]70 €Ly ULk
We begin by establishing
En 2
GPY =GP+ 0. (max}c; N ) (5.22)
for i € Tp;. Note that G = GE™™ | Let T = {ov,...,ax}. We use Lemma 5.2.4 to see
that ( _ )
a1 K1 Al K1
GE(QI‘“D‘K) L GE(O‘I"'O‘Kfl) Gjlgza;( G{Ea;{,
1, — Y, GE<a1 g —1)
lagag

Inductively we may assume that
plorag_1) __ ~E E E
Gl,ejek - GLejek + O-< (aezrge{i;{}‘GlJﬂ‘ |G1J€a‘)

for j,k € Iy U{ak}. Equation (5.22) then follows by

|G1 1CVK‘ + ’Gl aKZ| + ‘GE

1,04K04K|

’—|—|zG 2

(274294

‘ZGWK‘ + ’zG

agl

which is a consequence of Lemma 5.1.8.
Now we may write for ¢ € Zy;,
GE=:'eF 'GiE e, = 2'E}; 1Gqum1
B G (B + O (e GE[) 523
= GIM + Oy <£§§|Gi 2)
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where we used that (Ey); = Ej; for i € Zy,. For i € Iy, Lemma 5.1.8 gives
GE| < N1/6-3

Since N~1/3-20 < ]]\\f,—;j, equation (5.23) and Lemma 5.1.8 establish the first bound of (5.21).
Lemma 5.1.8 also implies the second bound of (5.21). This concludes the proof of Lemma

5.1.3. O

Now we may begin the proof of Lemma 5.1.8. The polynomialization method was devel-
oped in [BEK14] to prove the iostropic local law from the entrywise law. In analogy to this,
to prove the isotropic law Lemma 5.1.8, we will need an entrywise law for G¥. This and a

closely related fact are collected in the following lemma.

Lemma 5.3.2. Let s,t € T ULy UZy. Fiz a subset T C T ULy UZy \ {s,t} with |T|
bounded. We have the following bound:

E(T)
‘Gst — I

=< Y(st)- (5.24)

Moreover, if s,t € Iy, then

=< Q/J(st). (5.25)

E(Tst)
E XSNGMV th, — §stm
In%

The proof of Lemma 5.3.2 is less interesting than that of 5.1.8 and is postponed until
Section 5.3.4. Notice that Lemma 5.3.2 would actually have been sufficient to conclude the
proof of the main Lemma 5.1.3. But, we will require the full strength of Lemma 5.1.8 later

in the paper.

5.3.1 Introduction of Graphs

Now we outline the terminology and techniques from [BEK14| that we will use throughout

the rest of the paper.

135



We prove Lemma 5.1.8 in the next section; here we will introduce the structures and
terminologies necessary for its proof. The bulk of the work in proving that proposition is
bounding

|G | < N7H60 (5.26)

2,ax

for a € T, x € R™™. Note that of course (e,,x) = 0. This fact is why we do not have an
analog to section 5.2 “Reduction to off-diagonal entries” in [BEK14]. We seek to establish

the sufficient high moment bound
E|GY 0| < V5 (5.27)

We use the polynomialization technique of [BEK14]. Define a (edge-colored, directed, multi-)
graph AP with vertices 0,1,...,pand edges {(0,1),...,(0,p/2)} with color G and {(0, p/2+
1),...,(0,p)} with color G. We let B be the set of partitions of V(A) which contain the
singleton block iy := {0} and for each P € B let A := A(P) be the quotient graph AP™/P.
We enumerate the vertice i, ..., 4 p—1 of A. We write the set of vertices of A as V(A) or as
Vo(A). As we will explain in the next paragraph, every vertex of A will be assigned a value
in Zi UZy, and be called “black” vertices. Later we will see graphs which also have “white”
vertices which get assigned values in Z, and the white vertices of a graph I will be denote
Vw(T). So currently we have V,,(A) = 0 and V,(A) = V(A). For each edge e € E(A), we
denote by a(e) and [(e) the initial and terminal vertices of the edge e. It should always
be clear from context whether « refers to the vertex a € Zx which is the first index of the

generalized resolvent entry in equation (5.26) or the function e — a(e).

For each of the vertices i1,...,4p| of A, we associate a value a;,,...,a;, € Iy. For i
we associate the value a;, = a. We say that the vertices iy,...,4p| “land in” Zy;, while g
“lands in” Zx. We write the tuple of vertex values a, = (a;,, a;,, - . . ’ai|P|)'

We define the subset V;* C V(A) as the set of vertices with odd degree. Since p is even
and by our defition of B, iy & V"
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We arrive at

where

where Z:b denotes the sum over all values a; of the vertices of A subject to the constraint

that distinct vertices get distinct values, and

Wa, (A) = H (€a)a(e) (@ Xage) = H X“ﬁ<e>

e€E(A) ecE(A

H Gy 1) 4B(e) H Goanioani Aa(e)dB(e) ’

e (E)=G e:(E)=G
where Z denotes a complex conjugate for z € C, and we have called the colors of edges G
and G rather than G and G* as in [BEK14]. In our setting, a(e) = i for every e € E(A),
and we only consider a;, with a;, = a, hence our form for the weight wa, (A). For the rest of

this section we consider the partition P as fixed.

Now let us more fully define the graphs used in [BEK14].

Definition 5.3.3. [Graph| A graph is a finite, directed, edge-colored multigraph
I'=(V(D), ET),&I)),

where V' is a finite set of vertices, E is a finite set of edges, and £ is a coloring of the edges.

We also let V(I') = V,(I") U V,,(I).

Up to now we have only seen graphs with V,,(I') = (). But for general graphs I', we will

associate a tuple a,, = (ai)ievw(p) of values in Zy.

Remark 5.3.4. We only ever consider tuples a, with distinct entries, but until we introduce
a partition on the white vertices, we will allow a,, to have non-distinct entries. Once we

introduce a partition we will restrict a,, to have distinct entries.
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As a set of colors, we choose

{€=(6,6,8):6 €{G,G X, X},& e {+,-},& e Vp(D)}.

We will denote Eq(T') := {e € E(T') : &(e) € {G, G}, E,(T) := {e € Eg(T) : ale) # B(e)}
and Ex(T) := {e € BE(I) : &(e) € {X,X}. We call edges in the first set G edges, in the
second set off-diagonal (G) edges, and in the third set X edges. Edges e in a graph " with
color & (e) € {X, X} will always have a(e) € V,(I') and B(e) € V,,(T).

For tuple a, = (a;)icy, ) of values in Zx U Zys of the vertices V4(I'), we define ae, =
{ai}ice.

For a graph I'' and e € E(I") with £(e) = (&1, &2, &3), we define the evaluation

(GE;ji?e)ag(e) &1 =G and & =
1/GE2352(.3)%(6) &G =Gand & =—
Ag (e,T) — GEZajzze)aﬂ(e> §i=Gand & =+ -
I/GE;EZ(E)%(E) &i=Gand & = —
Xageyasey &le) =X
\Y%M%@ &1(e) = X.

We say that an edge e is maximally expanded if {«(e), B(e)} U&s(e) = V4(I"). We now define

the evaluation of a general graph, subsuming our previous definition for the graph A,
H Aa, (e, T).
ecE(T
Actually, though, we adjust slightly and define
Ay (D) = u(T) J] Aay(e,T)
ecE(T)
where u(I") is a bounded deterministic prefactor. Its presence allow us to disregard factors

of —1 or z that arise in later steps by absorbing them into u(I").
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Let us now outline the expansion procedure, which relies on the identities, for any a, b, ¢ €

V,(T) with ¢ € {a,b} and T C V,(I')\{a, b, ¢}, abbreviating (T'c) for the superscript (T'U{c}),

ET) ~p(T) ET) ~E(T)
GE(T) o GE(TC) + 2,ac ~2,ch 1 o 1 GQ,ac G2,ca (5 29)
2,ab T Y2,ab E(T) ) ET) = ~ET)  ~ET ~ET) ~p((T) :
G2,cc GQ,aa G2,aa G2,aa GQ,aa G2,cc

Using this identity and given a graph I', we define 2 graphs 74(I') and 7 (I") constructed
from I' as follows. Considering an arbitrary ordering on the set {Gi;? ca,b & T} of all
resolvent entries and the vertex set Vj(I"), we take the first edge e in I which is not maximally
expanded. 79(I') is identical to I' except that we add the first ¢ € a\ (ag, ) U {aa(€), as(e)})
to &3(e). 71(T) also differs from I" only locally; the edge e is replaced with 3 edges if &»(e) = +:
(a(e),c), (¢, B(e)) with color (&1(e),+,&3(e)) and an edge (¢, c) with color (& (e), —, &s(e)).
If rather &(e) = —, a similar definition holds according to the identity (5.29), so that

Aab (F) = Aab (TOP> + Aab (Tlr)'

Within the graph 71", we say that the vertex ¢ has been “pulled to”, because, besides the
other diagonal edges which are produces, the essential effect in passing from I" to 71I" is that
an edge of I' not already incident on c is re-routed so as to pass through c on its way from
its initial vertex to its terminal vertex; or, if the vertices are thought of as pins on a board
and the edges as strings from pin to pin, then some string’s midpoint is attached to the pin

at c.

Now, for graphs in which every off-diagonal edge is maximally expanded, we define an-

other operation p, which also follows from a resolvent identity:

Gy =268 GBS X,,.GE X (5.30)

2,aa
/L,I/GIN

The graph p(I') is defined as the graph encoding the monomial Aa, a, (I") after replacing
every maximally expanded off-diagonal resolvent entry according to the identity (5.30). On
the level of graphs, every off-diagonal edge e in the graph I is replaced by a chain of edges:
an X edge from a(e) to j, a G edge from j to 5/, and an X edge from f(e) to j', where j
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and j" are two new white vertices added to V' (I'); so after the first application of p, we now
consider graphs with V,,(T") # (). We call this chain of edges an R-group (this terminology is
an artifact; in [BEK14], there are two matrices: G indexed by (Zx UZy) X (Zx UZy) and
R indexed by Zy x Zy, whereas we use one matrix, the “linearizing block matrix” GZ). As

we defined a,, now we define a,, = (a;)icv, 1) € I}Xw(r)l. Thus by definition we have

Z Aab,aw (F) = Z Aab’aw (pr)

As opposed to the sum Zzb which was restricted to distinct values for distinct vertices, we

let the sum ), be totally unrestricted subject to a; € Zy for each i € V,,(I').

We now recursively apply the operations 7 and p to the graph A, defining a new family of
graphs O, where o ranges over the vertices of a finite, complete binary tree, or equivalently,

over a set of finite binary strings. We define for a binary string o
@0 = Au @Ucr = P(TO(@U))7 @10 = p(Tl(@U>>a

where io is the binary string o with ¢ appended on the left. We define the binary tree T,
whose vertices are finite binary strings, which will index the expansion as follows: starting
with 7 = the trivial tree with the single vertex (), for every leaf o of T for which 6, does
not satisfy the stopping rule below, we add two children 0o and 1o to the leaf o. Notice
that every vertex o of the tree T satisfies V;,(0,) = V,(A).

Definition 5.3.5 (Stopping Rule). We say a graph T satisfies the stopping rule if either
all off-diagonal edges of T' are maximally expanded or if I' has > L = (p + |V,(A)])/6

off-diagonal G edges.

The stopping rule ensures that for every leaf o of 7, the graph ©, has only maximally
expanded off-diagonal edges (we call these leaves the non-trivial leaves) or else satisfies, by

Lemma 5.3.2,

> Aaya,(05)| < N7

ap,aw
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and thus is an error term (we call these leaves the trivial leaves). It is not hard to see and is
explained in [BEK14] why 7 has bounded depth—every leaf has either one more off-diagonal

edge than its parent or is closer to being maximally expanded than its parent. We arrive at

2. D Auau(®

7T B (5.31)
D IPILCOLEDD ZAabaw
c€L(T) aw o€Lla(T) aw

where L (7)) is the set of non-trivial leaves and Lo(7) is the set of trivial leaves. The trivial
leaves already having the desired bound O(N~P), we now move to bound the non-trivial
leaves, that is, the ones in which every off-diagonal G edge has been replaced with an R-
group, and every remaining diagonal edge is maximally expanded. Very similary to the
previous operations 7 and p and as explained more fully in [BEK14], for every non-trivial
leaf ©,, we replace each maximally expanded diagonal edge e with & (e) = — according to
the identity

1/GY = =223 X0uGE, X, (5.32)

2,aa 2,uv

resulting in two new graphs for each such edge, one in which the edge e is removed, and one
in which the edge e is replaced with a diagonal R-group, ie, two X edges having one vertex
at a(e) = f(e) and having their other vertices joined by a G edge (in both new graphs —z
is absorbed into the determistic prefactor u(I")). To treat diagonal edges e with & (e) = +,

we do standard manipulations on the identity (5.32): first write the above as

1/G2Ef; =—z—zm—2z (—m + Z XWGQE;T;)XIW>

nv

]_ (Ta)
= (—Z — zm) (1 — m <—m + ZXap,GQEW, XbV))

7%

and then do a geometric expansion

L k
T 1 Ta
Gl = (2 —am Z(m ( m+ZXwG5L£Xbu>> LOLNT) (53

0 nv
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with the same choice of L as in the stopping rule; Lemma 5.3.2 is what allows the truncation.
Applying equation (5.32) or (5.33) to every diagonal edge of O, for every non-trivial leaf o
of 7 and multiplying everything out, we get
> Aaan(02) = Ana, (D) + O<(N77) (5.34)
Ay I'e® ay

for a family & of graphs. Note that for I' € &, every edge e € Fg(I") joins two white vertices,

E(ap)

5 for p,v € Iy. The big upshot of this construction is

ie, it encodes a resolvent entry G

that every G-edge in one of these graphs I' is independent of every X edge in I', except that

E(ap)

5 retain some dependence on X edges whose initial vertices land in

all resolvent entries G
Tk; this is because the matrix FE is itself dependent on F and represents a main difference

between our setting and [BEK14].

Note that white vertices only appear in the graphs I' € & as parts of diagonal or off-

diagonal R-groups. As such every j € V,(I") is connected by an X edge to a unique i :=
m(j) € Vi(I).

5.3.2 Proof of Lemma 5.1.8

Proof of Lemma 5.1.8. The proof of x,y € R?™ is identical to the proof of the main result
of [BEK14], using only the additional input foy) < 0t for T C Ty ULk, which is a

consequence of Lemma 5.3.2.
The case of x,y € RZ% is a consequence of Lemma 5.3.2.
It remains to bound

|GE | < N71/6-3.

We consider the high moment E|G¥

@x’p and, expanding it as explained in the previous

section, it suffices to consider
ES S Auya, (1) (5.3)
ap a
for I' € &.
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Now we fix a partition ¢ of the white vertices of I" (here, we diverge from [BEK14], where

they fix a partition of the white vertices adjacent to a black vertex i separately for every 7).

From E(T), choose a collection E:(F) C E,(T') of p edges connecting j € 7 '(ip) to
j € m1(2) for i # ig; note that this is always possible: the graph A has p off-diagonal edges
incident on iy, the operations 7y and 7; do no decrease the number of such edges, and each
such edge yields after the expansion of section 5.3.1 of [BEK14] one edge for EVO(F)

Consider now the following lemma, proven later in this section. Define the restriction of
the partition ¢ to 771(i) as (.

Lemma 5.3.6. Let i € V, \ {ig}. Then either

|7 1(i)|-1

; iV
Gl < o) (5.36)
= e\ W
or
E J] Aaan(eTe)=0. (5.37)
EEE(Fc)

Lemma 5.3.6 says that the set of white vertices adjacent to one black vertex must at
least pairwise identify. One important aspect of this lemma is that it does not treat black
vertices landing in Zx. This is because for o € Ty, u € Zy, maximally expanded edges are
not actually independent of X,,. Again, this is one of the main differences between this

paper and [BEK14].

Now identify all the white vertices according to ¢, and let I'c be the resulting graph. a,,
will now refer to a tuple of values for the vertices of I'c. With the introduction of a partition,
we will now only consider a,, with distinct values. Note that the function 7, which maps
a white vertex to its black neighbor, is no longer a function after identifying some white
vertices, but it may still be regarded as a relation or a multi-valued function, so that 7=1(i)

is still defined.

Now let (}, be the partition which is maximally unrestricted subject to the constraint
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that if ¢ identifies two endpoints of some e € E:(F), then so does (. So (;, has only blocks
of size 1 or 2, and ¢y, is a strictly coarser partition that (. Let I';, be the graph which results
after identifying vertices of I'" according to (3. Using the cannonical mapping of edges from
I' to I'¢, and defining r to be the number of blocks of ¢, of size 2, we have that p — r of the
edges e € EVO(FQ)) are still off-diagonal. Here b stands for “bad”, because the identications
between vertices induced by ¢, cause edges to cease to be off-diagonal, and we need a certain
number of off-diagonal G entries, which satisfy |G| < ¥vn) = ¢ for p # v € Zy in order
to establish (5.27).

Define the subset V5 (I'c) C V,,(I'¢) of vertices j which are contained in trivial (singleton)
blocks of ¢, and define ¢ = |V, (I'¢)|. Define also %(FC) C V2(T¢) as the set of those
vertices j such that j is one end of an edge e € E;(I’), and let { = ’\//E(I’C)), so that £ < p.
The purpose of recording the number { is that all vertices j € Vi(I¢), by virtue of being
unidentified with any other white vertices, are the endpoint of some off-diagonal G edge;
the off-diagonal edges incident on vertices in \f/vu’j(I‘C) are however in EVO(FC) and thus already
accounted for, so we must be sure not to double count them. We state the following lemma
regarding the number of white vertices in I'¢, which is proven after the conclusion of the

current lemma.

Lemma 5.3.7. For any graph I' and any partition ¢ such that

E H Aabyaw(evr‘()#()?

6€E(F<)

we have

Ex() v ¢Vl

[y <
Va(r s 2 - 2 2 B

Now we need to find some off-diagonal edges in I'- which are not present among E;(FC).
Note that e with a(e), B(e) € 77 *(ip) may be included in E,(T'¢) if, for instance, each a(e)

or B(e) is € Vi(I'¢). In this way, every j € Vi(I'¢) \ l//vqj(FC) is one endpoint of some
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e€ E,(Te)\ EO(FC). This implies that
B\ E,(T)| > 5 (¢-7) (5.39)

Now, we will need a secondary sort of resolvent expansion to account for the fact that
the population matrix £ depends on Xg. Analogously to the definitions of 7y and 7y, we
define operations

Wo, W1

such that, just as for 7y, 7,
Aabyaw (F/> = Aab,aw (CL)OF/> + Aabyaw (wlrl)

for any graph I"V. To maintain the flow of the argument, we will define these operations wy, w;
after we conclude the proof of Lemma 5.1.8. The important property of the operations wy, w;

is summarized by the following lemma

Lemma 5.3.8. Let I'c be as defined above. Let ng = |Eq(I¢)|, and let o € {0,1}" be a

binary string. Define the composition

Wo = Woy =+ We, -

We have
[T Asanle.wolo)| < gtz y-2oxe (5.39)
EEEG(FC)
(where Y o :=> """ o, is the number of 1s in o), and moreover, If > o < {, then

EAa o, (oT) = 0.

This is to say that a sequence of expansions w, only produce graphs whose expected
evaluation are 0 or whose evaluations are less by a factor of 1/* N~2¢P* than the number of

off-diagonal edges in I" would suggest.
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Now let ¢ and ¢ be such that the expression (5.41) below is nonzero. Lemma 5.3.8 and

equation (5.38) tell us that
H Aab,aw <€’ WUFC) = w|EO(FC)|+£ < ,lpp*T“i’%(Z*Z)‘I’ZNfEDE (54())
SGE(Fc)

where we have used that ‘G”QE MT;

(1-0,,) < ¢ by Lemma 5.3.2. Equation (5.40) then yields,
also using Aa, a, (6, wel'c) < N7V2 for e € Ex(T') = Ex(w,I¢), we get

EZ H Aa, a, (€, weL'¢)

Aaw eEE(waFC)

= EZ H Aay a, (€,weL'¢) - O ( 2lBx( F)I)

ay ecEg (UJUFC)

Using Lemma 5.3.7 to estimate |V, (I'¢)| which is the number of indices in a,,, we get

~E (Z 1) oy (W—w”%(f—z)]\f—%m) oy (N—%IEX(FN)
< N3IExDI=5+5 (wp—er%(Z—Z)N—Q&D) ' (N—%IEX(F)I) N (5.41)
= (N“3y7") (w%ENéN*%D) <¢p7%f NV
Now we use that N~z < 1 for any 7y < 1, that ¢3N~20N < N=%_that ¢ < p, and that
1) < N7% to bound the above by

< o/ (N745)f <\/E)p_é N3

and then ¢ < ¢ and VN < 1)k to bound the above by

vy vy

< ol (N745)€ (Nfzw)pj_ N3

Vo

(\/EN_M)I’N 3] <1/;KM)N*% b

Now, we may bound equation (5.35), using the definition of w,, and that ||x|| = 1, by

EZZAab ay = 77Z)(KM) 2V Z|wab|
[Ve\Vy
1 *
S CARALD VR | Z H|xﬁ
D] 5eees |Vb\Vb* ,,,,, Vb*
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by Cauchy-Schwarz, and we conclude the proof of Lemma 5.1.8. O

Proof of Lemma 5.3.6. As in [BEK14], this follows from the fact that if equation (5.36) is
not satisfied, then there must be a block of ¢ containing only one element j of 7~1(i), so
that, letting ey be the edge connecting ¢ and j, equation (5.37) factors as
E H Aaya, (€, 1¢) = EXqi0, H Aaya.(€,1¢)
e€BE(T¢) e€E(T¢)\{eo}

=EX,o,E [ Aaa.(e.To) =0,

ecE(T¢)\{eo}
where the second equality follows from the facts that for every edge e € Eq(I'¢), we have

Aay.a,(e,I'¢) independent of X, ,;, and that our assumption in this lemma implies for each

e€ Ex(T¢)\ {eo} that Aa, a,(e,T'¢) is independent of X, O

050 °

Proof of Lemma 5.3.7. Because every edge in E,(I') joins j € 7 1(i) and j € 7=1(i) for
i € Vu\ {ip}, and because the partition ¢, only makes identifications between vertices joined
by e € E;(F), it follows that the collection of sets {7~'(i) : ¢« € V;*} is disjoint—this is
slightly nontrivial, because the preimages of 7, though being disjoint before identification of
vertices by (},, may no longer be disjoint after some vertices are identified; one may simply
regard 77 1(i) C V,,(T'¢,) as the set of all neighbors of the vertex ¢ in the graph I'¢,, and then

it becomes clear that the sets 71(4) are disjoint for distinct ¢ € V;, \ {io}.

Introduce one more partition (it on Vi, (I'¢,), which is the least restrictive partition on
Vw(Le,) \ Vii(L¢) which identifies two vertices ji,jo» whenever ¢ identifies j; and j, and

J1,j2 € m1(i) for the same i € Vj,. Here “int” stands for internal.

Note that the graph I'¢, has |V,,(I') — r| vertices. By Lemma 5.3.6, every block (i has

size at least 2, but for each i € V', there is a distinct block of (i, with size at least 3.
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Therefore, we see that

|Vw(FC)| < {4+ |Vw(FCim)| </(+ |Vw(FCb) \ Vw(PCb” - |VE) |

2
SH|vw<r>|—€2—r—|vg,|
_Ex@ 0 W
2 2 2 2

]

Remark 5.3.9. The fact that the preimages 7 (i) are disjoint for distinct 7 # i in the above

Vi . .
proof makes the proof somewhat easy to get the ——- term. In section 5.4, we will encounter

graphs where this is not the case and we will have to work a litle harder.

5.3.3 The operations wy; and w;

The definitions of wo,wy and the proof of Lemma 5.3.8. Recall that E'is a (Zx U Zy )X (L U Zy)
matrix, and that for T C Zg, we have defined E) as the minor of E by removing the rows
and columns indexed by 7.
Now, for v € Iy, we will define the diagonal matrices E®) and ®®) through
~1/2

BY = (1472 3 (BXL| . e =T BX,

peIn\{v}

Notice that H@(”)H < N~172¢0_ See that

o1 Y (BXR,
weln (5.42)

(E_Q)ii =1+ Z;2 G:EX

—2
= (E(”)) + o).

ii
Therefore we are able by a resolvent expansion, for any index set T' C Ty U Zy;, to write

(Tv) (Tv

GP" = aP" 4 P o gE" (5.43)

We similarly define E¢") for vy,...,v, € Iy, and also, for T C Iy, we define BT~ vn)

to be the obvious minor of E®1vn),
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At this point, fix a graph I':. We now confront the difference between our context and
that of [BEK14]: the partition ¢ may have singletons, and still EWy, A, (I'¢) # 0, the reason

being that all the resolvent entries G¥ appearing in Eg(I'¢) are, despite being maximally

2uom

expanded, not independent of e} X, because the population matrix E@) depends on e; X.
This leads us to perform this new binary-tree-indexed expansion. Fix an ordering j, ..., j,
of Vi(Te), € := |Vi(L¢)| (recall Vi(T'¢) are the vertices which are singletons of (). We
define, analogously to the operations 7y and 71, two operations wy and wy. The first |Eg(I¢)|

applications of wy and w; are as follows: wy(I'¢) replaces the first edge in Eq(I'¢), whose

Ebn

with an edge with evaluation Gy,

evaluation is, say, GE' —mnote that this edge is

2 ,uo M1’
now in fact independent of X, ,; —while wi([¢) replaces it with an edge, which we will still
call a G edge, with evaluation

(a aj ) . a,
Aaya(e,61(T0)) = (GE™ ™ @l ™)

Hos 1

Note that this edge e has Ag, a, (6,w1(I¢)) = O<(¢2N~2¢P), an improvement over O(1)).
Indeed, by Lemma 5.3.2,

' (GE apaj, (ajl)GzE(ab)> Z GE(abajl)(I)(ajl GE(-ab)

2,10% 2,ip1

Ho,H1

(5.44)

i€y
=< mE¢N_1_2€D¢ S ¢2N_2ED.

Remark 5.3.10. Here we need a bound on G¥.

5., Which is the reason for the treatment of such

an off-diagonal entry in Lemma 5.3.2.

The second application of wy or wy does the same thing for the second edge of Eq(I'¢),
and so forth, [Eg(I'¢)| times. Note that |Eq(I")| = |Eg(w,(I"))| for any graph I". Before
we describe the next applications of wy and wy, note that if the first |Eg(I')| applications

Wypy oo of w, are wy, then

w
P Eq D)

Eda, a, (@, -0 ) = Eday a, (w]¢'Te) = 0

[Eawo]
for the same reason that singletons in ¢; led to 0 in Lemma 5.3.6, or in [BEK14]: we now

have X, independent of Ay, a, (e, w(LEG |F ¢) for all e € Eg(w, |Fa (o) |ch)'
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The rest of the applications wy and w; are as follows: say c¢|Eq(I'¢)| applications of wy, w;
have already been performed, 1 < ¢ < ¢ —1, ¢ € N. The next |Eg(I'¢)| applications of wy

replace each of the |Eq(I")| edges with evaluation

(G§<abT1>q)(m(;g(aﬂw@(uz) .. q)(udq)(;g(ab?”d)) — A (5.45)
HoM1
where T1,...,T; C{aj,...,a;} and d < ¢, with edges with evaluation
(GE™" en) o) g™ o)
(apTga )
.. pwa-1) B Jetl — A
pa-1)Gl ) oy = A

An application of w; replaces the edge A with A" — A, so that by equation 5.43, one sees
that |A] < ¢IN~2@=Dp and |A - A'| < ¢ N~24> (likewise, an edge with evaluation
Ay + -+ A,, each A, having the form (5.45) for the same value of dy of d, is replaced by
wo with an edge with evaluation A} + --- + A/, and by w; with an edge with evaluation
(A — A + -+ (A — A)), which a sum of many terms of the form (5.45), each with the
same value dy + 1 of d). At this point, it is clear that every application of w; improves

the evaluation of some G edge by a factor of ¥ N~2¢? which allows us to conclude equation

(5.39).

Again, if each of the applications ¢|Eq(I'¢)| +1,...,(c+ 1)|Eq(T¢)| of w, are wy, then

E‘Aab,aw (wu W r ) =0

“ern|Earo] ¢

since we now have X, independent of A, a, | €, w, - w, I'¢) for all e €
et1 (41| BTy

Eglw, —w re .
G 1 L(C+1)|EG(FC)‘ ¢

Applying this argument for each ¢ =0,...,¢ — 1, we see that
EAab,aw (wal—‘c) =0

unless o has ¢ entries equal to 1; that is, unless ¢ of the applications of w, were wy, which

concludes the definition of wy,w; and the proof of Lemma 5.3.8. O
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5.3.4 Proof of Lemma 5.3.2

Proof of Lemma 5.5.2. We prove by a bootstrapping argument common in RMT; the proof
is easier than many such proofs, though, because we already have a local law for GFM.
Because e, and e; are standard basis vectors, ie, they have L' norm 1, we do not have to
find any independence between different resolvent entries, and therefore we do not have to

treat high moments.
Fix z = E 4+ ing € S and a constant C'. We define, for L =1,.. ., N4 o =2 4 iny

and n, =19+ LN~ and let

A = { max GE(T\{TITQ})(ZL) - H27r1r2<2L)) < N_‘S/lo}

2,rr
r1,r2,T e

(T\{r1r2})
BL = { max ‘Gi‘:;m e (ZL) - HZ,rlrg(zL)) S ¢(r1r2)}

71,72, T

where the max over T ranges over all subsets 7" of a,, of size |T| < C.

The main technical result needed for the proof of Lemma 5.3.2 is the following:

Lemma 5.3.11 (B, holds with high probability on Ay). For any constant D > 0,

P(A,NBY) < NP

We may now prove Lemma 5.3.2. First observe, for a general matrix H of bounded

operator norm,

|(H =2, D)™" = (H+ Hx = 2.1)7'|| < | Hallng? (5.46)
To start the bootstrapping, we see that for L = N4f5711, equation (5.46) yields
|GE (1) — Gi(2r)|| < N2

(also note |[II¥ —IT4|| < N~Y/2). Since G} — II} has the usual local law, we conclude that

By, holds with high probability for L = N407'1,
For L > 1, equation (5.46) also shows that
PB,NAY )< NP (5.47)
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Lemma (5.3.11) and equation (5.47) yield then

P(BY) = P(AT N BY) + P(A N BY)
A

IN

P(AY) + NP
P(BY NAY) + P(BonAY) + NP
< P(BY

BY)+2N~P

< P(B§.) +2N*N~P
<3NP,

Since D is arbitrary, we are done. O]

Proof of Lemma 5.5.11. We let A be the graph with K + [{s,t} \ Zx| black vertices V,(A) =
Ty U{s,t}. Even if either of s,t are in Zy, we still include them in Vj; this is inconvenient
notation, since we otherwise think of black vertices as taking values in Zx ), and white
vertice in Zy, but we will not need it for long. K of the vertices are labeled 1,..., K, and
for each « = 1,..., K, we write a, = «, and the |{s,t} \ Zx| other vertices shall be labeled s
and t and shall satisfy a; = s, a; = t. A has one edge connecting s and ¢. Here we are trying
to preserve some continuity with 5.3.1, wherein there must be a distinction between the
vertices of the graph i, and the values a; in Zx U Z), that the vertices take—we are working
with standard basis vectors now, so every vertex takes only one value and this distinction is

not really necessary.

The main difference between this graph and the graph of section 5.3.1 is that it can (if
sort € Iy) contain G edges initiating and/or terminating on vertices landing in Zy. This
does not actually affect the construction of section 5.3.1; the identity (5.29) still holds, and

in addition to the identity (5.30) we have
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The edges —X;, and (X G X )iu above will both be refered to as R-groups because of the
role that they play. Now, we construct the tree of operations just like in subsection 5.3.1

and write

Y(A):]E Z ZAaw(90)7

UEL(T) aw

where we have removed a,, from the subscript of A since a;, is now a constant; also, w,, (A) =1

identically.

Now to estimate the trivial leaves o € L(T), we need a bound on off-diagonal edges

< N~ (5.48)

2,r172

‘ G E(T)

for some €y > 0—which is given by the bootstrapping assumption A;—and a bound on the

R-groups, which we collect in the following lemma:

Lemma 5.3.12. We have the following bounds:

1. For 1,72 € IKJrM;

' (XGg(ab)X*) - 5r1r2m’ = w(nrz)'

r1r2
2. Forry € Ty, € Iy,

‘ (XGE™'X) | < Yy

r1T2

3. Fornry,ry € Iy,

‘(X*Gf(ab)X> Oy N Mo < Wy,

r1ir2 .
€Ly

Now the bound on the trivial leaves follows just as it did in Section 5.3.1, and we can
now treat the non-trivial leaves, in which all off-diagonal edges are replaced with R-groups
and all diagonal edges are maximally expanded. Because again we are not dealing with the
fully general situation of high moments of generalized resolvent entries, we do not need to
exploit any independence, and we can simply bound the R-groups individually rather than

going through the process of identifying white vertices as in Lemma 5.1.8.
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First note that every self-loop e has
|Aa, (e,05)] <1

since it may be expanded by operatrion (c¢) of [BEK14] just as in that paper; the bounds

necessary to perform the truncation in this operation are provided by Lemma 5.3.12.

We proceed by cases on ry,ry. If 71,79 € ), then there is one non-trivial leaf ¢ such
that ©, has a single R-group

E(ab)
R - E X”'lMGQMV T2V

uv
(where for brevity we are conflating an edge with its evaluation) which satisfies | Rx — 6,,,,m| <

Y(riry) by Lemma 5.3.12; every other non-trivial leaf has at least two R-groups R; and R of

the form
(a, )
Z XT’LMG];/L: (eTn

for some aq,ay € Zg. Every other self—edge and R-group is bounded by OL(1). Since

RiRy < zﬂ?MK) < Y(riry), We are done with the case ri,ry € Zy,.

The case of ry € Zys, o € Ly, the symmetric case, and the case of r,r, € Iy are treated
almost identically, using the identity (5.48) and Lemma 5.3.12, with only the additional

input that X, ,, < N71/2.

If 1y € I and ro € Ty, then every non-trivial leaf o has an R-group of the form

(2, )
ZXTQMGQEM; av| = @/J(m«g)

for some a € Tk, so that again we are done.

The case of r; € Ik, ry € Iy is treated similarly, with the same adjustments as for the

case 11 € Ly, 1m0 € Iy

Finally if 1,7y € Tk, exactly one non-trivial leaf has exactly one R-group

E(ab)
R - E XTlMGQ;LV T2V

0%
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which satisfies ‘R* — Opyrom < N _5‘ < Y(xK) and every other non-trivial leaf has at least

one off-diagonal R-group

R, = < PNy

(ap)
> XouG5 o Xy
nv

for some a # [ € T.

Proof of Lemma 5.53.12. We separate into cases:
1. ri,r0 € Iy,
2. r,7m9 € Ly,
3. 11 €Ly, 19 € Ly,
4. r € Ik, ro € Iy,
5. 1 € Ik, ro € Iy,
6. r1,1m9 € Ik
We prove each item separately.

1. Since Gg(ab) is a matrix for which the usual local law holds (Zx C a;, so that the
population matrix E®) is independent of the randomness), the usual proof holds,
which we outline. Using the large deviation bounds (see lemma 3.6 of [BK18]) for
real-valued, independent, centered, variance 1 random variables (2;),cxc » (¥i);cxc having

x; < 1 and y; < 1 and deterministic complex constants (bij>ij K for some finite index
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set IC,

1/2

Zﬂfibii = (ZVM’Q
i i s
i#j i#j

> wibiy; < <Z|bij i

and also using that N/ 2an is centered, variance 1, and O<(1), we obtain

1/2

E(ab)
E XTlul GQ S 42 T2u2 - 5T1T2mE

1,142

_ 2 : E(2p) } : E(2p)

- XT1#1G2 NIEYTE) 7“2#2 + ( XTlMl (GQ pipl m) Xsz)
H1F 2 M1

+ Z (X Xigp — Orira N7H)
, 1/2 1/2
) ) (St -

1/2
+ NtO, (Z|m|2>
m

=02 (¢vn)) + O<(N"Phyn)) + O (N7V?)
=0<(Yvn))

by Lemma 5.2.2.

o (X fe,

H17Fp2

. This bound is proven just like item 1, using that ‘GE( v — iy | < Yy (Which is

2,112
also a consequence of Lemma 5.2.2) in place of Gf:biz I s | < Yy
. This proof is again like items 1 and 2, using ‘ng;;‘f) — ouu| < Y.

abUZK

. The reason this differs from items 1, 2 and 3 is that G is not idependent of X,
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for « € . We write

E@b) v« . E(ap)
’(XGQ X> - E :Xh,ulGZul,ug T2 12

r17T9

1,42
Z E(abuz)
S X”’lﬂl G2 NIAYD) 7’2,“2 (550)
H1,p42
E(ﬁwz) E(ap)
+13 Xm“( Pl GE ) Xram |-
12
1,142

In the first term, the resolvent is independent of both X factors, so we treat it as we did
before, getting the bound ¥(yn) < ¥(xar). In the second, we do not have independence

with respect to X, so we use a weaker large deviation bound: note that, using

20129

equation (5.44), we may crudely bound

Vi =) <G§(ab”2)¢(“2)Gf(ab)) KXoz < N2y N72P < higenry.

H1p2
H2

Also see that Y, is independent of X,,,,. Thus, we bound the second term of (5.50):

1/2
< N71/2 (Z|Ym|2> < Y (5.51)
H1

7"1M1 Ml

as desired.

5. This proof is identical to the proof of item 4, noting that the implicit range of 7 in the

E(ap)

sum excludes Zx so that the factor X,.,; is independent of G27 i -

6. We may write, using parentheses to demonstrate the provenance of the terms,

GE(ab> _ (GE(abm)) X (GE(abm)(I)(M)GE(ab))
. E(apring) E(apuipg) 9) ~E(@bH1)
= (G +G PG

(5.52)

L= Al + AQ + A3 + O<<N71+360746D)

where in the last line follows from
GT1) @ (n2) (3 (T2) (1) (1(T3) — O (Y3N %) = O(N~1H30—4p)
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which is proven similarly to equation (5.44). Thus, to establish this last item of Lemma

5.3.12, we must establish

Z XT’1/L1ALXT2M2 < w(KK) (553)

H1,42

for 1 = 1,2, 3—each of these bounds is treated just as one of the previous items—and

Z XT1M10< (N71+360746D)XT2M2 (554>
1,142
but the above is O (N?0~40) < ¢}y somewhat naively, so that we are done.
0

5.4 The Proof of Lemma 5.1.4

We have the following lemma:

Lemma 5.4.1. The resolvents of (DX)# and (EX)* are close at the spectral edge: for

z € S¢, we have

|GF - GP| < —. (5.55)

Proof of Lemma 5.1.4. An immediate corollary of Lemma 5.1.3 is that (EX)# satisfies the
weak level repulsion and ¢y/2-valley conditions. The proof is then concluded in exactly the

same way that the proof of Lemma 5.1.3 was. O

Proof of Lemma 5.4.1. Use a Taylor expansion to obtain

5
D=E+) A'C,+OL(N?
a=1
- (5.56)
=Y A°C,+O<(N7?)

a=0
where
C — (_1)a (2a — 1)”E2a+1.
“ al 2a
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Only note that C, is power of E (up to bounded deterministic factors). We moreover have

by a resolvent expansion

GY =aGE + i(@f/\)k@f + (GEAFGD (5.57)
k=1
Consider the following lemma, proven momentarily:
Lemma 5.4.2. We have for any integer k > 1 and any O~-bounded random variables C;
which are independent of Xy and have C, = 1 for a € Tk,
NT' YT CelGAG) ey < T2,
€Tk Uy

It is then a consequence of Lemma 5.4.2 that

H(GQEA)EflGZE < N<N71/3+60)E/2

so that if k = 100, we may truncate equation (5.57) as

k
GP =Gy +> (GFA)'GY + 0L (N7 (5.58)
k=1

where O (N73) is a matrix of operator norm O (N~3). Moreover, using Lemma 5.4.2 to

bound the operator norm by the trace, see that

k
IG5 ] + Y IGEAGE|| < Nv S g
k=1
Consider also the following lemma:

Lemma 5.4.3. For any integers a,b > 0 and k > 1 satisfying a +b+k > 2, we have

—0

— * a - N
N7' YT e CuA (GAG) A Che; < oo

€L ULns
Thus we may write G¥ — GP as
(M+E)™ Y (GF=GPly=2(M+K)™" > (EGYE-DGJD)

i€l ULy i€l ULy

5 5 k
=2(M+E)"" D Y Y e (CAYGINGINC)

1€l UZy a=0 b=0 k=0

1

+0< (N7%ng?) .
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Since N~%n,? < ]X,—;z, we may conclude. O]

The rest of this section is devoted to the proofs of Lemmas 5.4.3 and 5.4.2. We break

their proof into four sublemmas:

Lemma 5.4.4. Ifa,b> 0 and k > 1 are integers with a + b+ k > 2, then

Nfé
N7 e CA(GAG) A Crey| = Ve (5.59)
€Ly 770
Lemma 5.4.5. We have for any integer k > 3,
NS CefGAG) e | < w'E (5.60)
€L
Lemma 5.4.6. We have for k = 2,
NS CelGAG) e <y (5.61)
€L\
Lemma 5.4.7. We have for any integer k > 2 and o € T,
eLG(AG) e, | < 0T (5.62)

In the above C; is as it was in the statement of Lemma 5.4.2. We only ever actually need

CZ:EMOI'CZ::[ .

Proof of Lemma 5.4.3. Lemma 5.4.3 is a consequence of Lemma 5.4.4 as well as the following
result: if a,b > 0 and £ > 1 are integers with a + b+ k > 2 and o € Zg, then
-5

02 C, A (G(AG) A" Chea| < S (5.63)
N

N*l

which we prove now. The case of a = b = 0 is treated by Lemma 5.4.7. The case of a > 0

or b > 0 is trivial, since Ae, = 0 for a € Z. O

160



Proof of Lemma 5.4.2. This follows from Lemmas 5.4.5, 5.4.6, and 5.4.7. Indeed,

N7 ) CelGAG) e

€L ULns

SN CelGAG) e + N7

1€y

Z el G(AG)" e,

a€ly

k+1

< T KN W <yt
since K is bounded and N~ < 4% O

In order to prove Lemmas 5.4.4, 5.4.5, 5.4.6, and 5.4.7, we must first introduce some new

graphs, similar to the ones introduced in section 5.3.1.

5.4.1 Graphs with X? edges, and the proof of Lemma 5.4.3

Throughout this section, we will work with graphs like the ones introduced in section 5.3.1.
The difference now is that the graphs in this section will have a new sort of X edge, and
whereas in section 5.3.1 we start with a graph A of only black vertices and G edges and
then introduce white vertices and X edges through applications of resolvent identities, in

this section the new sorts of X edges will be present in the original graph A.

Recalling our definition 5.3.3 of a graph, we now adjust it to allow one more possibility

for the color of an edge: we add the colors
X2 X2
to the range of {;. We extend the definition (5.28) of the evaluation of an edge now:

(Xgu - Nﬁl) +2 <jlz_1 ZaEIK EiocXOéM> XZ 61 (6) = X2

Aab,aw (67 F) = = Y2
(X2, = N7) +2 (Ji" Ty BaXow) Xiw G6) = X7
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where ¢ 1= aq(e), 1t 1= ag(e). The motivation for this definition is that
A = (le; X > = 1) + 2$21<e;‘§X, e;.*X>

=2 ((Xi N7 +2 (ng > EMXW> X) .

HELN a€ly

(5.64)

As with edges with color & (e) € {X, X}, we assume that edges with color & (e) € {X?, X2}
in graph I" have a(e) € V,(I'), B(e) € Vi, (T).
Crucially, these new X edges (we will now refer to an edge of any color {X, X, X2, X2}

as an X edge) have a very similar independence property to before:

Lemma 5.4.8. Let I' be a graph and a, and a,, indices for its black and white vertices. Let
[ have X! edges ey, ..., en, and fi,..., fa1, with aa(e,) € Ix and aa(s,) € Iy, and X? edges

91, - - - G2, having aa(g) € Zn. Then, unless

o cvery edge e € {f,} U{g.} has aae) = Ga(ery and age) = agery for some other €' # e €
{f.}U{g.} and

o cvery e € {e,} has either

— Qqa(e) = Qa(er) and agey = agery for some e #ee{e}, or

— ag(e) = ag(en for some e’ # e € {g,}.

we have
”1\1

EH.Aab aw 6“ H‘Aab aw fL, H-Aab aqy gm

In other words, in order for a graph’s X-edges to have nonzero evaluation, every edge
must share both endpoints with a different edge just as in section 5.3, with the exception
of X edges whose initial vertex lies in Zx—these edges may be allowed to share only their
terminal vertex with another edge (specifically an X2 edge). The purpose of this lemma and

the parallel phenomenon in Section 5.3 is to reduce the number of vertices which may range
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freely over Z); or Zy. Since Zy is of bounded size, the relaxation of the requirement for

edges e with a,() € I does not change the argument.

Proof. The essential reason this lemma holds is that the evaluation of an edge e € {e,} U{f.}
depends only on X, as well

as Xg,,

while the evaluation of edge g, depends on X,

O‘(e)’aﬁ(e) ) aﬁ(!]b)’aﬁ(gb)

Ap(ar)? - - ,XaK’amL), where a7, ..., ak is an enumeration of the elements of Zg.
If the first item does not hold, let this be witnessed by an edge f, or g,. If the witnessing

edge is f, (which we assume for brevity to have & (f,) = X), then

nIW

7 = H.Aab’aw 6“ H Aab,aw fm H Aab,aw gm

factors as

7=X 7,

Qa(f)2B(fL)

where Z is independent of X,

Go(£)080) because of the independence of the entries of X. We

conclude by the centeredness of the entries of X. If the witnessing edge is rather g, (which
we assume for brevity to have &;(f,) = X?, then Z factors as

Z = ((Xf,u - N_l) +2 <g7“_1 Z EiaXau> qu) Z

a€ly

= (X2 - N Z+2X,, (ju.l > émxa#) Z
o€l

= (X2, — N7 Z, + 2X,, 25,

where Zl, Zy are again independent of X, , and we conclude as before.

) @B(f0)

If rather the second item does not hold, let this be witnessed by an edge e, (which we
assume for brevity to have & (e,) = X), which therefore does not share its terminal vertex
with any other edge, except perhaps some f,/, but e, and f, may not also share their intial

vertices (one lies in Zx and the other in Z);). Then Z factors as

=X Z

aa(fL)’aﬂ(fL)

where 7 is independent of X, and we conclude as before. O

a(fu)@B(f)’
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Now, we will construct a graph to model the expressions that we will need to bound for
the proof of Lemma 5.4.2. Fix values a,b > 0,k > 1. Similarly to before and to in [BEK14],
we begin with the following graph AP™ whose vertices are partitioned into black vertices

Vo (AP*) and white vertices Vi, (AP™):

Vi(AP) {1,... kY x {1,...,p}
Vi (AP®) {14, Tases 2, . kY x {1, p}
E(AP) {((K,p), (K +1,p))) for every (K,p/) € {1,....k} x {1,...,p}} (5.65)
U{((K, ), (K, p)) for every (K, p') € {2,...,k} x {1,...,p}}
U{((1,p), (e,p) for every p’ € {1,....p},c€ {1,...,a+b}}

where in the above the addition k + 1 is taken modulo k. When a = b = 0, we refer to the

vertices (1,p’) as weightless vertices.

In AP for p' < p/2, the color of every edge connecting (k’,p’) to (k' + 1,p') is G, and

the color of every edge connecting (1,p') to (1,,p') or (K',p') to (K, p') is X2. For p/ > p/2

the colors are G and X2 respectively.

Proof of Lemma 5.4.4. The case of a = b =0 and k£ > 2 is treated by Lemma 5.4.2, since
Y32 = (N-/3+e0)3/2 = N-1/2H5e0 < N-1/3+0—d — ]]\\’[—;j Therefore it remains to treat the
cascof a+b> 1.

We show that

M) e]CAY(G(AG)* 1 )A'Che;| < N7 (5.66)
€Ly

We accomplish this using the technique of Section 5.3.2, except we start with the graph AP*®

introduced in this section.

Let P be the set of all partitions of V,(AP*); and for P € P let A(P) be the quotient
graph of AP™ by P. This section contains only the first of several different very closely
related graphs with which we will be working later in the paper, and then we will let 13 take
slightly different definitions.
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Let p > 0 be even, a, = (a;)icv,(r) € Ijl\‘f’(r)‘ (notice that we do not have black vertices

landing in Zx in this proof) and a, = (a;)icv, () € I‘Vb . Just as in Section 5.3.1 we get

E| Y e]CAYGAG) A Cre;| =) wa, (AP) D AA(P))

€Ly Pey a,

where w,, (A(P)) = H(CaCb)jfff(P)(i)/zM_p, the product ranging over the weightless ver-
tices, which is justified just as in Section 5.3.1, together with equation (5.64). Now we fix P
and let A := A(P). Throughout the rest of this proof, the black vertices of every graph that
appears are the same as the black vertices of A, so that we may write V;, := V,(A) for the

set of black vertices of every graph in this proof without ambiguity. Exactly as in Section

5.3.1,

AL = D> Y AO,)+OL(NP)

ayw o€l (T) aw

where we recall L;i(7) is the set of non-trivial leaves of the tree 7, and then for each of the

boundedly many o € Li(T),

D> AO,) =D D AI) +OL(NP).

e ay

We show that

> wa,(A)) EAg,a,(T) < N7,

Aw

which is sufficient because |&| is bounded. We fix a partition ¢, and define for i € V; the
partitions ¢; on 7~ *(i) as the restriction of ¢ to 7 '(i), and we define n¢(i) := |(;|. Define

also

Wapao ) =[] AspanleTo).

ecEx (FC)

We have the estimate

Wapao Tl < | [ N7V | N-aletbrhte (5.67)

QGEX (FC)
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since every X-edge e yields a factor of N™/2 except (a+ b+ k — 1)p of them (the ones with
color &(e) € {X?, X?}), which yield an additional N='/2. We then note that
[] ~2 =T N 2o, (5.68)
e€Ex (T¢) i€V,
By Lemma 5.4.8, since w,, (A) is independent of X, we may assume that each partition ¢;

for ¢ € V4, has no singletons.

We proceed from the simple estimate:
D wa(8) Y Aaya (1) < (H N”“”“) max|Wa,a,, (T N
ap,aw
ap Aaw i€V

so that recalling equations (5.67) and (5.68), it now suffices to show that

(H N’nc(’i)-‘rlN—édegFC(i)) N—%(a-i-b-f-k—l)p S 1. (569)
1€Vy
Since (; has no singletons for any ¢, we have

degr (i

er ) if degr, is even

ne(i) < .
degp (i)—1 . .
—5— if degp, is odd.

Bounding the left-hand side of equation (5.69), we have

(H Nnc(i)+1N*%d‘3gF< (i)> N3 (atbtk=1)p

i€V,

(5.70)

Vy

< NIVbI—% N3 (atb+k=1)p

where V" is the set all 7 € V;, for which degp <<Z> is odd. Recall the partition P which defined

A= A(P).

Now first assume a + b = 1. One may see that if no black vertices are identified by
P, then every black vertex ¢ has degp (i) odd; in this way, [V7] is at least the number of
black vertices which are in a singleton of P. Letting ¢ be the number of singletons in P, we

therefore have
1 1 1 1 1
— |V <V =-=t<l+=(kp—¥)— =0 = =kp. 5.71
Vil = 51V < Wl = 50 S 04 5 (kp—0) = 50 = Shp (5.71)
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Referring to equation (5.70) and using that a + b = 1, we are done with the case a +b = 1.

For the case a + b > 2, we have now that whereas previously |V;*| > ¢, now |V}*| > ¢ — p,
since p of the vertices i € Vj, (the ones with the factor A%?), may be unidentified by P and
yet have degp () even (if a + b is even). Thus, equation (5.71) instead yields

1 1 1
— |V < Zkp+ = 72
Vol = 5Vl < gkp + 5p (5.72)

but since a + b > 2, equation (5.70) still yields the result. We conclude the proof of Lemma

5.4.4 by summing over the boundedly many partitions P € ‘B. O

5.4.2 The proof of Lemmas 5.4.5, 5.4.6, and 5.4.7

We prove each of the three lemmas whose proof constitutes this section with the use of two

or three sublemmas, prove the sublemmas, and then move on to the next one.

A common theme in each of the three lemmas is the counting of the number of vertices in
the graph, the number of off-diagonal edges in the graph, and the number of special vertices
1, collected in a set designated V;* which is chosen differently for the proof of each lemma,
which have degy (i) odd and thus lead to reductions in the combinatorics, thanks to the

independence of the entries of X.

Proof of Lemma 5.4.5. We define 8 and construct the graph AP™ as in section 5.4.1 for
a=0b=0and k > 2, and fix a partition P € . We let V}, be the set of the resulting black
vertices and V;* be the set of non-weightless black vertices which correspond to singletons
in the partition P. The following lemma counts the relationship between V4, V", and the

number of off-diagonal G-edges in A.

Lemma 5.4.9. We have

k+1 1
(-5 il - ) <o (5.73)
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and
(k+1)p

> (5.74)

kE+1 1.,
2 (-5 - ) + 1) 2
Equality in equation (5.73) is easily achieved, and holds in the worst case scenario for

equation (5.74) that we describe in the next paragraph.

We may understand equation (5.74) heuristically as follows: off-diagonal edges and V*
black vertices are good, while black vertices generally speaking are bad (“good” means “more
of them leads to a better bound” while “bad” means the opposite). The worst case scenario
for equation (5.74) is if all (k—1)p vertices from V;* should pairwise identity. This is the worst
case because each pairwise identification of V;* vertices (1) decreases V,* by two and V}, by one,
so that the difference [V| — £|V;*| is not changed, but also (2) may also cause one off-diagonal
(k—1) (k=1)p

% such identifications are possible, we lose 5=

edge to cease to be off-diagonal. Since 5

h @ of them. Any additional identifications

off-diagonal edges in this case and are left wit
of black vertices then strictly decrease the difference |V;| — $|V*|, which compensates for any

additional loss of off-diagonal edges.

Lemma 5.4.9 is proven very shortly. Now we construct the tree 7 from A just as in

section 5.3.1 and we get

EY(A)=E > ) wa(A))  Aaa,(0,), (5.75)

o€L(T) ap

where w,, (A) = H(CaCb)jfff(P)(i)/QM*p, the product ranging over the weightless vertices.

We now fix a leaf o € L(T). The trivial leaves are treated just as in section 5.3.1, so
we assume o is a non-trivial leaf. We complete the operations of Section 5.3.1, and fix a
I' e (0,). We now fix a partition ¢ on the white vertices of I and let I'c be the quotient

graph after identifying white vertices in I' according to (.

We must now count |V,,(I'¢)| in relation to the number of off-diagonal G edges E,(I'¢) in
Fci
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Lemma 5.4.10. Consider a fixed graph I and partition ( which is such that
E H Aab,aw(e7F<) #0
6€E(F<)

Let the following be the definition of the numbers ¢, co:

[Ex(D)] Vel

F pum
V(T = =50 - 2

and

Bo(To)] = |Eo(A)] — ez

Then, ¢ > 0 and 2¢1 > cs.

(5.76)

(5.77)

(5.78)

Lemma 5.4.10 is proven very shortly. We have then, fixing I' and ( such that equation

(5.76) holds,

Eiwab Z H Aay a,(€,1¢)

ayw BEE Fg

< N-PEN Vel [V (D) H Aay a (6, T¢) H Aay a,(€,T¢)
eEEx(Fg) BEEG(Fg)

|Ex<F>| (k— 1>p

<~ N™ p NIVl | Ve (D) | 7= ¢|E el

and then using Lemma 5.4.10 and that N~%/2 < 4,

Ex (T v Ex (T
<N pN|%|N| x (D)) |§‘N7| X2< N (k= 1)Pw‘E
_ Nfé(k+1>p+|vb|fé|vg,*|¢|Eo(A>

Then, using Lemma 5.4.9, we get

‘/b*

< 2PV

)¢\EO<A>\

k+1)p

<y

thus completing the proof of Lemma 5.4.5.
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Proof of Lemma 5.4.9. We recall the partition P which induces the graph A. We may think
of the operation of producing the quotient graph A = ({1,...,k} x{1,...,p})/P as a
sequence of identifications of vertices of {1,...,k} x {1,...,p}. We may perform them in

this order:

1. First perform identifications between two non-weightless vertices. Let P, be the par-
tition on A vertices described by these identifications; the blocks of the partition are

identified with the vertices of the resulting graph.

2. Then perform all identifications between a weightless vertex and a non-weightless vertex

which is a singleton of P;.

3. Then perform all other identifications between a weightless vertex and a non-weightless

vertex.

4. Finally perform the remaining identifications between two weightless vertices.

Let s1, S9, s3 and s, respectively be the number of each sort of identification. We may reason
simply by counting how these identifcations affect |V;|, |V;*|, and |E,(A)], collecting our

observations as follows:

1. The number of vertices |V4(A)] is precisely

|%(A>| =Fkp — 81 — 83 — 53 — 54.

2. |V is at least
Vi (A)] = ((k = 1)p— 251 — s2)"
3. The number of off-diagonal edges is at least
|E,(A)| > kp — 51 — s2 — 283.

The reason for this is that the subgraph of AP* induced by the subset {2,...,k} x

{1,...,p} C V,(AP™) has no cycles, so that each of the s; identifications between the
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vertices (k',p') € {2,...,k} x {1,...,p}, which may be assumed to be performed in
order of increasing £’ and then increasing p’, cannot cause more than one edge of to
cease to be off-diagonal. Then, identifications among the s; can only cause 1 edge to
cease to be off-diagonal—this is because if a weightless vertex has two edges joining it a
non-weightless vertex, then because £ > 3, the non-weightless vertex must have already
been identified by one of the first s; identifications—while identifications among the s3
can cause 2 edges to cease to be off-diagonal—ie, if (2, ") and (p, k') have already been
identified, then identifying (1, k") to (2, k") causes two edges to cease to be off-diagonal.

Identifications among the s4 do not alter the number of off-diagonal edges.

The proof now easily follows:

5 IVl =5V
k+1 1

_——( 7 )p+/€p—81—52—33—54—5((k_1)p_281_52)+
_%2_53_54 if2$1+82§(k’_1>p

@—81—82—83—84 if 251 +s9 > (k—1)p
<0,

i.e., the last inequality holds regardless of the size of s;. And then,

P <_M + Vel — %IVJ\) +|E,(A)]

2
.
. —2(—%2—33—54)+kp—51—32—233 if 251+ 59 < (k—1)p
-2 <(k_—21)p—81—82—83—84> +hkp—s51—8y—2s3 if2s1+s5>(k—1)p
)
kp — s1 + 284 if 251 +s2 < (k—1)p
P+ s + 89+ 284 if 251 + 59 > (k—1)p
S (k+1)p
- 2
as desired; this completes the proof of Lemma 5.4.9. n
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Proof of Lemma 5.4.10. Let ¢}, be defined as the least-restrictive partition of V,,(I'¢) which
identifies two vertices a; # a; € V,,(I'¢) if a; and a; are identified by ¢ and if {a;,a;} =
{a(e), B(e)} for some e € Ey(I'¢). Let r = |V,(I')| — [Vi(I', )|, the number of off-diagonal
edges whose endpoints are identified by (. Here, b stands for “bad”, because (, is the part
of ¢ which induces bad identifications between j € V,,(I"), ie, those which cause off-diagonal
edges to cease to be off-diagonal, and we are trying to preserve off-diagonal edges. The
subscript b for “black” should not be confused with the subscript b. For i1,i5 € V}, we say
i1 and iy are “part of a bad identification” if for some j; € 7 1(iy),jo € 7 1(i2), we have
{j1,J2} € G-

Let also (g be least restrictive partition which identifies two vertices j; # jo € V,,(T) if
J1 and jo are identified by ¢, or if j; and j, are both in 771(4) for the same i € V;(T') and j;
and jo are identified by (. Here, “int” is short for “internal”. (j,,; induces a partition on each
set w71 (i) which we may assume has no singletons, lest by the same reasoning as lemma 5.13

of [BEK14] we get a trivial expression. Note also that |7~(7)| is odd.

Let Vi, € V,* be the vertices which are pulled to (see the remarks following equation
(5.29)) in the construction of I" and which are part of a bad identification. Let also Viest :=
Vi \ Vb

First perform the identifications entailed by (,: the number of vertices in V,, (I, ) is

|Vio(I')| — 7. Now by construction, for each i € Vi, one of two cases holds:

1. there are exactly 2 distinct j € #!(i) which are endpoints of an off-diagonal edge e €

['¢, (T'), and hence only 2 vertices j € 7~ (i) which can be part of a bad identification.
2. no vertex j € 7 (i) is part of a bad identification.

Therefore, for each i € Ve there is one vertex := j(i) € 7~ 1(i) which is part of a block of
Gint Of size > 3 and which is not part of a bad identification. Similarly, for each ¢ € Vjy,

there is a vertex j(i) € m—!(i) which is part of a block of (i, of size > 3, but in this case,
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however, because ¢ may be part of a bad identification, j(i) may be equal under ¢, to j(7')

for some i’ # 1.
We conclude that {j(i) : i € Viest} and {j(i) : i € Vj,p} are disjoint and have sizes |Viest|,
and > %|Vpb|, respectively. Since each j(i) for i € Viesy U Vo = V4" is part of a block of (i

of size > 3, and every block of (i,; has size at least 2, we conclude that

Vpb|
Ex(T)] = 7 — |View| — |
Va(T)| < Vo (Ten)] < el
B @] [V
2 2 2 4

[Vio|

Therefore, ¢; in Lemma 5.4.10 is at least § —

. This is a non-negative number, as desired,

because every one of the r identifications performed by ¢}, adds at most 2 vertices to Vjp,.
The number of off-diagonal edges |E,(T¢,,)| = |Eo(T¢)| is at least |E,(A)] + [Vin| — 7.
Therefore ¢, in Lemma 5.4.10 is at most r — |V,,|. This concludes the proof of Lemma

5.4.10. 0

Proof of Lemma 5.4.6. This proof is very similar to the previous proof. We construct the
graph AP for k£ = 2 and follow the same process as in the last proof to arrive at a graph

I'. Now that k = 2, every non-weightless vertex in AP' has a unique weightless neighbor in

APre

In this proof, let V,;* C V, be those black vertices whose preimage under the quotienting
by P is either a single non-weightless vertex, or a non-weightless vertex together with its

unique weightless neighbor only.
Lemma 5.4.11. With our new definition of V,*, the same statement as Lemma 5.4.9 holds.

Lemma 5.4.12. With our new definition of V,*, the same statement as Lemma 5.4.10 holds.

Given that, with our new definition of V;*, exact analogs of Lemmas 5.4.9 and 5.4.10 hold,

we conclude the proof the proof of Lemma 5.4.6 just as we concluded Lemma 5.4.5. n
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Proof of Lemma 5.4.11. This proof is similar to the proof of Lemma 5.4.9, and we give an
abridged version. Recall P from which A = A(P) is formed. We let s; be the number of
identifications entailed by P which identify a non-weightless vertex with its unique weightless

neighbor, and let s be the number of all other identifications. Then we have

|Vb’:kp_51_52

and
V12 (k= Dp = 252)"
and
[Eo(A)] = kp — 251,
so that
NAs) R
< —@‘ka_sl —32—%((l€—1)p—282)+
—s if 250 < (k—1)p
- B g sy if 289 > (k— 1)p
<0
and
—2 (B - ) 1)
) <’_2 (—s1) + kp — 281 if 25, < (k — 1)p
e (452 = sy —52) + kp =251 (252 (k= 1)p
(kp if 259 < (k—1)p
- 25 28> (k—1)p
> kp,
and we conclude. -
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Proof of Lemma 5.4.12. This proof is a verbatim repeat of the proof of Lemma 5.4.10, using
only the additional insight that each i € V,* has at most 2 off-diagonal edges incident on it

in A, unless it is pulled to in the construction of I'. O

Proof of Lemma 5.4.7. We define the graph AP* according to section 5.4.1 for a = b = 0.
We fix a partition P of the V,(AP™) which contains the block ig := {(1,1),...,(1,p)}, and
let A = AP®/P. The reason for this insistence on the form of partition is that p different
vertices in the graphs of the previous proofs which previously each could range over Z,, are

now all constrained to equal a € Zk.

We write the expression which we desire to bound as

E

€L (GAG) ea|"=E Y Y(A(P))

—EY IS A (AP))

as before, where a;, is now only allowed to take the value a € Zk.

(5.79)

The proof is now very similar to that of 5.4.5, except that we have fewer black vertices
over which to sum (since a;, takes a single value rather than ranging over Z,,). We also must

account for the possibility of un-identified white vertices like in section 5.3.3.

As we have done several times before, follow the procedure of section 5.3.1 and fix one

of the resulting graphs I'.

We first adjust Lemma 5.4.9 to count only the black vertices which land in Z,;. Notice
that the conclusion of this lemma is better by —p than Lemma 5.4.9, owing to the fact that

we have p fewer vertices over which to sum.

Lemma 5.4.13. Let Vi# =V, \ {io} be the set of vertices i € V(A) such that a; € Iy (“s”

stands for “summing”).

Then,
(552 i - i) <o
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and

kE—1)p o L. k+1)p
2 (B w1 - g + ) > B

Lemma 5.4.13 is proven later in the section. The following lemma is in analogy to Lemma
5.4.10.

Lemma 5.4.14. Fiz a partition ¢ on V(') such that

E ] Asa.(eTe) #0 (5.80)

GGE(FC)

and let £ be the number of white vertices i € w7 '(iy) which are in a block of ¢ of size 1. Let

the following be the definitions of the numbers cq,co:

NG A

r
Vo)) = =5 - B 2

— C (581)
and

|Eo(Te)| = [E(T)] — ca (5.82)
Then, ¢ > 0 and 2¢1 > cs.

Lemma 5.4.14 is proven later in the section. We now have a lemma which says that lone
vertices always lead to more factors of 1.
Lemma 5.4.15. Fiz o € {0,1}¢ such that
EY > J] Asadlew )| #0.
a, aw e€E(wsI¢)
Let nyo be the number of times in the construction of I' that an edge is “pulled” to iy. Then,

1
H Aaya, (€, wol¢)| < 1/1’EO(FU’+4+§[€—2p—2npo]+N—2£ED_
e€Eq(woT¢)
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Lemma 5.4.15 is proven later in the section. Now we may prove Lemma 5.4.7. We have

by Lemma 5.4.15

EZZ [T Asau(eTo)

ayw GEE(Fg)

ZEZZ H Aay a, (€6, wT'¢)

Ay EGE ng<)

< (Z 1) <Z 1) H Aay a, (6, woL'¢) H Aay o (€,05T¢)

GEEx(wgrg) EEEG(LUGFC)

k—1)p
2

< NIV | p Ve @] pr—=31Bx (@] =+ ¢‘E0(FC)|+Z+%[€_2P—2nz¢0]+N—2£€D‘

Lemma 5.4.14 gives

_(k=1)p 1)p

‘/bs

N3Ex@D)=3]Vy|[+5 y—31Ex D]

<N w|E‘ )+H+ 3 [0 2p72np0}+N72€eD

_ Nf%(kfl)p+|\/ |-3|vir |+

w\Eo D)|+6+ 3 [6—2p— 2np0]+N—2£eD

Using |Eo(T)| > |E,(A)| + nyo, followed by the fact that > N~*P < N~ yields

< N—2k=DpHVel=3|Vy' |45 | Eo(A) 1+54=p —2Lep
< N—%(k—l)p-HVbl—% V' leo(A)l—p
Lemma 5.4.13 and N~/2 < ¢ then yield
< Q/}k;”pl/} P _ w p
which concludes the proof of Lemma 5.4.7. n

Proof of Lemma 5.4.13. The proof is identical to the proof of Lemma 5.4.9, except that only

the vertices in {2,...,p} x {1,...,k} need to be summed over, that is, p fewer vertices. [

Proof of Lemma 5.4.14. The proof is almost identical to that of Lemma 5.4.10; the only

difference is that ¢ vertices ¢ € V,,(I'¢,,) can be blocks of (i of size 1. Using the notation of
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the proof of Lemma 5.4.10, we have

[Ven| _

Ex(D)] =1 = [Viest| — —=5— — ¢
Vo) € V(T < XN = Wl = 5 28

B GO Y

2 > 3 2774

and |E, (L, )| = |Eo(T¢)] is at least |E,(I")| + |Vpp| — 7 as in the proof of Lemma 5.4.10, and

we conclude as in that lemma. O

Proof of Lemma 5.4.15. Just as in section 5.3.3, each lone vertex yields an extra factor of
Y N~2Pand moreover, each lone vertex, except at most 2p + 2n,, of them (noting that
there are exactly 2p+2n, off-diagonal edges in A incident on i), is one endpoint of an edge

e € E,(I'¢) but not already listed among E(F(), which concludes the proof. ]

5.4.3 TIsotropic local law for GL.

Our goal for this section is the proof of Lemma 5.1.7

Lemma 5.4.16.

Proof of Lemma 5.1.7. Recalling Lemma 5.1.8, it suffices to prove: for x,y € RI&YIM e
have
| G2y = Gy | < Py (5.83)

2,xy

Using the same reasoning as in the proof of Lemma 5.1.4, it suffices to prove that, recalling

G = G¥ in this section,

X*CGA“G(AG)k_lAbey| =< Y(xy)
for a,b > 0 and k > 1 satisfying a + b+ k£ > 2.
A short lemma will save us some work here:

Lemma 5.4.17. If G is a conformable random matriz satisfying

|X* QY| < w(xy)
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for deterministic x,y € REE+M | then if Xeand, Yrand © RZE+M are random vectors with norm

O<(N~Y2), we have
X GYrana| + [Xiana9¥| + [Xrana ¥ rand| < Yixy), (5.84)
where OL(N~Y2) denotes a random vector in RTx+M of norm O (N~1/?).
Proof. Equation (5.84) may be bounded by
O<(N"Y2)Ix*Gllezicen + O<(N"V2)IGy Iz sar + O<(N "G gz

where [|+||gzx. denotes the norm of a vector’s projection onto R¥<+M or the operator norm

of a matrix restricted to this space. The condition [x*Gy| < 1(xy) ensures

w2
19Y lgzacear = Z le; Gy " < \/w(QKy) + NQ/]?My) S Nl/Q@D(My)
€Lk + M
as well as
||g||RIK+M < Z e:gei < Nv
iEIK+M
so that we may conclude. O]

The following lemmas, whose proofs constitute most of the rest of this section, treat the
case of a = b = 0, so that we may restrict to k > 2. Note the omission of Cy = FE, which is

permissible by Lemma 5.4.17 since ||[E — 1| < N~/2.

Lemma 5.4.18. We have for o, € Tx and k > 2
|eZG(AG)k’1eg‘ < V(K K)-

Lemma 5.4.19. We have for o € Ie,x € R and k > 2
6L G(AG) x| < Y.

Lemma 5.4.20. We have for x,y € R™ and k > 2

x*G(AG)k_ly| < Y-
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Now we treat the case of a +b > 1. If kK = 1, we write

(G — )\

be‘.

Using that A’ Cyy = 1,—oy + O<(N~/2), the first term is bounded by O (Y(xy)) by Lemmas
5.4.17 and 5.1.8. The second is trivially O (N~1/2). If rather k > 2, we conclude by Lemmas
5.4.17 and 5.4.18, 5.4.19, and 5.4.20. O

Proof of Lemma 5.4.18. For k > 2, this proof is exactly the same as that of Lemma 5.4.7;
the only difference is that since we are working in this lemma with potentially a # [, the
single black vertex ig with a;, € Zx in that proof is replaced with two such vertices, but it

is easy to see that the proof is not affected by this. n

Proof of Lemma 5.4.19. By polarization and linearity, it suffices to consider x = y. We make
one more reduction, similar to Section 5.2 “Reduction to off-diagonal entries” in [BEK14].
Writing
«E Eyk— — ((FE Eyk—
x"Gy (AGy)" 'x = Z X (Gy (AGY) l)ij Xj

,J€ELns
the case i« = j is actually treated by our Lemma 5.4.5. The only difference is that what

in that proof were called “weightless” vertices and had weight identically N~!, in this case
correspond to the vertex i = j has a weight x? that only sums to 1. One may observe that
the proof of 5.4.5 is not sensitive to this (a way the proof could conceivably be sensitive to
this difference is if we needed to get an improvement in the order of the sum by identifying

two vertices with weight x?, but we never actually utilize such an improvement).

The proof is now very similar to the earlier proofs in this section, and we only outline

the differences. Very similarly to in section 5.4.1, we define a graph AP™ through
Vo(AP) {1, ... k+ 1} x {1,...,p}
Vi (AP™®) {21, ... ki } x {1,...,p}
E(AP) A, p), (W +1,p7) : (K, p7) e {1, k} x{1,...,p}}
U{((K,p), (k') : (K.p) e{2,... .k} x{1,...,p}}.

(5.85)
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Edges in the first set in the definition of E(AP™) have color G or G depending on whether
p < p/2 or not, and similarly edges in the second set have color X2 or X2. Also let
Vend(APe) = {1,k + 1} x {1,...,p}.

We fix a partition P which does not identify (1,p') and (k + 1,p’) for any p' = 1,...,p

(thanks to our reduction to off-diagonal entries) on V,(AP™) and let us consider graphs of

the form A := A(P) = AP™/P. This quotient induces a set V;"4(A) in the obvious way.

Using all the same notation as before, we get

El > % (GFAGH* ) x| =EY D> Euwe (A(P))Aa,a,(A(P)),

i#i€Tn
where w,, (A) = Hievbend( a) Ci(Xq;) and ¢;(z) is either z or Z depending on the value of i;
the complex conjugate is not important and we will not elaborate on how the function ¢;

depends on 1.

The first lemma is analogous to Lemma 5.4.13. Its proof is very close to that of Lemma

5.4.13 and is omitted.

For i € Vu(A), recalling that i arises as a block of the partition P, let deg,(i) =
{inUo (@), e+ 101}
Lemma 5.4.21. Let V? C V, be the set of black vertices i in T' which have deg, (i) = 0,
and let Vbl C Vp be those with deg, (i) = 1. Let V;* C'V,, be the vertices which correspond to

singletons of P. Then,

1 1., (k—l)p
|Vb0‘ +§‘V;)1‘ - Q‘Vb | < T

Note that V;* is not necessarily disjoint with V;? or V;'. Also note that this statement
is simpler than the statement of of Lemma 5.4.9; we do not need to count the number of
off-diagonal edges in the graph A(P) since we only consider partitions P in this section such

that A(P) includes at least p off-diagonal edges.

The graph A has p off-diagonal edges incident on vertices ¢ with deg, (i) > 1. Indeed,

after performing all pullings, there are at least p such edges (thanks to the defintion of the

181



partition P), and the collection of them induces a collection of edges := E;(F) C E,(I"). The

following lemma is proven just like Lemma 5.4.10.

Lemma 5.4.22. Fiz a partition ¢ on V(') such that
E ] Asa.(eTe) #0.
EGE(FQ)
Let the following be the definitions of the numbers cy, co:

B
2 2

|Vw(FC)|

and

‘EZ(FCM = |E0(F)| — Co.

Then, ¢ > 0 and 2¢; > cs.

+c

(5.86)

(5.87)

(5.88)

We may conclude the proof now. Just as in earlier sections, the thing we desire to bound

may be written

EY > Y Awga.(A(P)).

Then,
Ezwabz H Aab,aw(e?FC)
ay aw EEE(FC)
S (Z wab<A>> N|Vw(FC)| H Aab’aw(e, Fg)
ap EGEX(FC) EEEo(FC)
=< N‘Vb0|+%‘vbl| . N|V“’(F<)| ~N7w7@ ‘¢|EO(FC)|
I U Il e
< ¢‘E0(F)| = P
as desired.
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Proof of Lemma 5.4.20. This is a strict generalization of what we did in Lemma 5.1.8. It is
very similar to what we did in that proof, together with some adjustments which we have

already used in this section. We define the graph AP™ through

Vo(AP) :={1}U{2,...,k+ 1} x {2,...,p}
V(AP :={2,,... k1 } x {1,...,p}
E(AY) :={(1,(2,p) :p" €{1,....p}} (5.90)
U{((,p), (K +1,p) « (K, p) €{2,... .k} x {1,... . p}}
U {((K,p), (K, 0) : (K,p") € {2,... .k} x {1,...,p}}
and we let now B be the set of partitions of V,(AP™) which include the singleton iy := {1},
so that we have

p

B|(GE(AGE))

= 30 wa(AP) Aa (A(P)),

PEm ay

2,ax

where the sum Zab ranges over a, with a;, = a. Similarly to the case x,y € RZ we have

the following lemma.

Lemma 5.4.23. Let V;? C V,\{io} be the set of black vertices i in T which have deg, (i) = 0,
and let V;' C Vi\{io} be those with deg, (i) = 1. Let Vy* C V}, be the vertices which correspond

to singletons of P. Then,

(k—1)p
2

1 1
VOl + S - 2 < (590
We fix a partition ¢ of V,,(I') as before and define the quotient graph I'c whose white
vertices are identified according to (. We extract a subset EVO(FC) of p off-diagonal edges
incident on ip. As in the proof of Lemma 5.1.8, we define the collection V,}(I") of lone white

vertices of set ¢ and the number £ of them which are one end-point of an edge in E,(I'). We

have as in equation (5.38), that

E(P)\By(R)| 2 5 (¢-1). (5.9

183



The following lemma is just like Lemma 5.3.7, letting ¢}, be the bad identifications and r

be the number of blocks of size 2 in (,.

Lemma 5.4.24. For any graph I' and any partition ¢ such that

E ] Aaa.(eTo) #0,

6€E(F<)

we have

V()| <

Lemma 5.3.8 holds verbatim. We conclude:

EZwabZ H Aa, a, (€, WeL'¢)

aw eGE(w(yI‘()

(Z wab> Z H Aay.a, (6, w0, L¢) - O < \Ex(F)\N*(k*I)pﬂ)

Aw EEEG(LUO-FC)
=< (Z wab> (Z 1) (WD vl (- e)N—%eD) (N—%|EX(F)|N—(k—1)p/2>
ap
< NIV v Ex@1=5+4 (wpfrwwéwf?) N,%D> . (Nf%\Exm\) . N-G=Dp/2 -3

= (N"3¢77) (w%ZNéN*2€ED> (wpféz) NIV -3

‘/27*

‘/27*

—5(k=1)p.

Now we use that N~2 < 1), that Y3N—2¢0 < N~ that (< p, and equation (5.91) to bound

the above by ¥?/2, and we conclude.

5.5 The proof of Lemma 5.1.5

Lemma 5.5.1. The resolvents of (U, DX)# and (U*DX)# are close at the spectral edge:

for z € 8¢, we have
-5
(5.93)

D N
GU"P — gYuP
‘ = | =N Nno
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Proof of Lemma 5.1.5. An immediate corollary of Lemma 5.1.4 is that (DX)# satisfies the
€o/2-valley and weak level repulsion conditions, so the result follows from Lemma 5.5.1 in

the same way that Lemma 5.1.3 was proven. O]

Proof of Lemma 5.5.1. We will need the following consequence of Lemmas 5.1.7, 5.2.12 and
5.4.17.

Lemma 5.5.2. For deterministic unit vectors x,y € RT&+M we have

(G”—m)

wy| = K-

We begin by establishing

UuD _ ~U*D
1,20 Gl )i

G + 0. <m3X|GU*-D 2) (5.94)

1

for ¢« € ;. Note that GUM GlUD(IK). Let Zry = {aq,...,ax}. We use Lemma 5.2.4 to

see that ( : ( :
U*D\ %1 2K -1 U*D\*1" 2K —1
GU*D(M'“&K) . GU*D(QI”'U‘K—ﬁ Gl Jog Gl KT
1ii =Gy U D@ KD
lagag

Inductively we may assume that

Gy P Gljk+0<( max  |GU2)| U*D).

QGIK\{aK}
For j, k € Zpy U {ak}. Equation (5.94) then follows by

-1

|G1 sz‘ + |Gllj;?<z} + ‘Gl aKag

-1

= |2GL P+ 2GR+ |2GLR | <1,

[1e57e aKi Ao

which is a consequence of Lemma 5.5.2.
Equation (5.94) then yields

GU*D o G«U]’C{D

ooy, 1 : K :
=3 2 (P =) 4 G a2 O

ZEZ]\/[ €Lk €L\
<max— E ’G D} + Mt
aEIK
i€y
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by Lemma 5.5.2, the first term of which we may then write as

1 . 1 1
¥ X 16T = gletvelin, =5 2

i€l ULy i€l ULy

e GPUe,|". (5.95)

Lemma 5.2.12, Lemma 5.1.7, and Lemma 5.4.17 then yield together

Nfé
Nngo

1
= N Z |¢(z‘K)|2 N W(MK)|2 <

i€LULng

as desired. ]

5.6 Proofs of Lemma 5.1.6

Recalling the singular values and vectors d,, v., W, of B, we define the random singular
values and vectors dy, v, W of Dy B. Since ||D — I|| < N2, simple perturbation theory

yields the estimates

max (|dy = da| + ¥ = Vall + [Wa = wall) < N 712 (5.96)
We define the matrices
| | | |
d] :=diag(dy,...,dk), [V]=|v, - Vg W)= |w, -+ wg

We will need to following, somewhat crude, result for the proof of Lemma 5.1.6.

Lemma 5.6.1. Fora,f € {1,..., K}, we have

(GUP ), o [ <N

A particular consequence of corollary 5.6.1 is that for a fixed integer L > 0, letting

vy,...,vN be the eigenvectors of (U; DX)#

Viv;| < N~1/370-e (5.97)
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fori=1,...,L and a € Zx. Indeed, letting S¢ > z = \; + ino,

Nﬂs - %H;aga (Z) + 04 (w(KK)) = %GSJEQD(Z)

VaVa

(5.98)

S e R— P S
- (A = A5)2+ 15 Mo

Proof of Lemma 5.1.6. This proof is similar to the proof of lemma 6.8 in [KY13b|. However,
because in our setting we are able to assume the weak level repulsion condition, the proof is
easier (the authors note in the beginning of the proof that the proof would in fact be easier

under this assumption).

We must add a little independent randomness to take care of a technical detail later.
#
Rather than considering the eigenvalues of [N(SX)]# = [( Dy B ]) DX] , we consider

the eigenvalues of

*

H, = <DMB [) ([DX]* 4+ 7X) (DMB I)

for some very small v > 0, where X is an independent conformable Wishart matrix. Sending
v — 0 and using the Lipschitz continuity of the eigenvalues with respect to v on the high
probability event {HN(SX )#H < 10}, thanks to Weyl’s inequality, we may conclude.

In order to use Lemma 5.2.7 to study the eigenvalues of I:jw we write

(DuB 1)= ((DMB 1>#)1/2 Uz,

which is the reason for the definition of Uj,;. Therefore, since
# I
(DMB I) = I+ [V]"[d][v],

Lemma 5.2.7 shows us that H., has an eigenvalue at = ¢ o (H.,), where H., := U}, ([DXV# +~X) Un
if and only if

M(z) = [d] ™ + [¥]"(1 + 2 (H, = 2)")[¥]
is singular. Fix an integer L > 0. Let Qg{)‘f P be the event that (Uz; DX)# satisfies the weak

level repulsion condition; by choosing « very small we may assume H, does as well. For
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i,j€{l,..., M}, define

N=x (). A= ()

We first establish the claim that for each i < L, on the event Qgﬁ’ b

)

10

n; ::‘{j:ije[x.— :ﬁ]}’z1 (5.99)

where 17 = \; £ N=2/377/2_ Let us demonstrate why the claim (5.99) is sufficient before
proving it. If ny > 1, then by Lemma 5.2.8 and the weak level repulsion condition, we see

that
Hj:Xj>:c;H > K +1

so that by Lemma 5.2.9,

so that n; = 1 and

=0

% € [ supp g + Co/2)\ [o7 7]
We may repeat this argument for no,...,nr, establishing that n, =1 fora =1,..., L and

=0

5% € [ehnssupp 0w+ Co/2)\ o7 271\ -+ \ o, o]

Now let us establish the claim (5.99). It suffices, by Lemma 5.2.7, to establish that

M (z) is singular for at least 1 value x in each of the (centerless) intervals [z;, 2]\ {\;} for
i=1,...,L. Fix such an i and let = € [z;,z]. Write
M(z) = [ + [¥]* (x;ﬁx) V] + [v]* (1 + x%; %) V] (5.100)

where ) ; Ajujvj is an eigendecomposition of H,. Since

dist (z, 0 (Hy) \ {Ai}) > 10
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because of the weak level repulsion condition, we may write

<1+x2;fx) ¥ — [¥]* (1%2%) %]

J#i

< (C max (

a?ﬁEIK

= C max (‘\s ([DX]# +4X — (x4 o))"

a,B€TK

+ O ( 1/3—6—50770—1>>

VVﬁ

= O< (Nia)a
where the second to last equality follows from equation (5.97) and the last from Lemma

5.2.2. Then we may write

M) = [+ 57 (27220 ) 9]+ 91 (14 0GU0 o+ i) ¥]+ O-(V°)

By Lemma 5.6.1,
V] (1 + 2GY3 P (z +ino)) W] = )* (1 + 2Tl(z + ino)) [V]]| < N7°

and, using Lemma 5.2.11, we have
s . ~ 1 _
V" (1 + zIl(z +ino)) [V] = _ﬁ + OL(N79).

We therefore get

Mie) = (@7 === )+ BV (o525 ) U]+ 0(8)

By equation (5.97), H UM< vi] )UM[ ]

‘ < N2 ifx € [z, 2]],2 < A\j — noN/2.

10

Because of assumption d, > y + C, the eigenvalues of ([d]_l — L) are all < —¢; for

VY
some small positive constant ¢;. Thus M(z; ) has only negative eigenvalues. Because X is

independent of X and has absolutely continuous distribution, we see that
P ([v;Upyv] =0) = 0.

So we see that as x — \;, M(z) has only positive eigenvalues. It is then easy by the
intermediate value theorem to conclude that M (x) is singular for some = € (x;, \;), and we

conclude the proof of Lemma 5.1.6. O
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Proof of Lemma 5.6.1. Note first that I1 = z(1+_—n11(z))l + O (N712), ie, II is nearly isotropic.

We write, just as in the proof of equation (5.22),

Uy, D — Uy, D
M7 — M

Va,Vg L,va,vg

=z 'GYP + 0y max ‘G?VD%
’ e ’Ye{l 7777 K} o
0ELK
2 (5.102)
_ AU*D U*D
— G%ﬁﬁ + O max ‘Gv’weg
vef{l,....K}
6€TK
D
G, + O« | s |6 e
0eli

Now it follows by the definition of U that Uv,,Ues € R*% @& span{v, : a € Ix} for a =

1,..., K and § € Zk. Therefore, for x,y € {Uv,} U{Ues}, we may write

x"(GP — )y

* *

= > et D buVo| (GP-I)| Y dleat > BT,

ae{l,...,K} o€l ae{l,...,.K} aclk

for possibly random a,, by, a.,, b,. Expanding this out into (2K)? terms and applying Lemmas
5.1.7 and 5.4.17 (because V, is deterministic +O(N~'/2)) to each term bounds the above
by O (¥(xx)). Therefore, using equation (5.102) and also that U*TIU = I1+ OL(N~Y/2), we

obtain

(G2 1), o = (G” —)uw,u%, + O<(Vxi) = O<(Vixi))-

Va¥s
To obtain the error term in the first equality above, note that v, and eg are orthogonal.

]

190



CHAPTER 6

Future Work

Using the technique of [BDW20] to represent the eigenvector components as residues of the

Green function, the key ingredient for Theorem 2.2.3 is as follows:

Lemma 6.0.1. Fiz o < K and assume d; = 0(1). For any fized non-negative integers
ni,ny and deterministic unit vectors wy, wy € RIM satisfying W, < N=< for some €,
and letting

M(nl,ng) — Mgnhnz) + Mgnth) + M:())n17n2)

Mg"l’"z) = ww,

Mé"”m = Wlwgag"?)(G —II)

M) = 9l (G — T)wywid") (G — 1)
where again the omitted spectral argument of G and 11 is ¢, =< di, we have under Assumptions

1 and equations (2.2) and (2.3) that
Tr(IM) M(m’m)(D - [) = O< (Nil/?ie)
for some € > 0. Under Assumption 2 the error term should be replace with Op (N_l/Q_e).

Lemma 6.0.1 is proven in exactly the same way as Lemmas 4.1.7 and 4.1.8. It is fairly
routine to verify that O @G satisfies the same sort of local laws, Lemmas 4.2.7, 4.2.8 and
4.2.10, as G for z € SY, and also the same derivative rule (4.40). The replacement of v, in
the definition of M with w, now is also inconsequential: the only property of v, that we use

is its delocalization, which we assume now for w.
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We postpone further justification of Lemma 6.0.1 and an explanation of how it implies

Theorem 2.2.3 to future work.

192



CHAPTER 7

Summary

In this work we discussed the spiked eigenvalues and eigenvectors of sample covariance
matrices—our work is only the second on the topic, and extends the scope of the exist-
ing work [MJM21] to the statistically relevant setting of spiked matrices with weak factors.
Moreover, ours is the first work to discuss the non-spiked eigenvalues of spiked correlation

matrices.

A defining characteristic of our work has been the treatment of eigenstructures of corre-
lation matrices by a deterministic comparison between the Green function of the correlation
matrix and suitable covariance matrix; that is, we show that for a fixed realization of the
randomness X, the correlation matrix and the covariance matrix have very similar Green
functions, yielding similarity of their eigenstructures. This is as opposed to a distributional
result which would only establish that the eigenstructures of the correlation matrix have the
same distribution as those of the covariance matrix. In this way, we have alleviated some
of the practictioner’s concern surrounding the use of correlation matrices: for spiked matri-
ces with sufficiently weak factors (see the remark following Theorem 2.2.4), the practitioner
may confidently use the sample correlation matrix as a substitute for the sample covariance
matrix with normalized variances. In other words, for factor models with weak factors, our
work has answered in the affirmative the important question of whether normalizing data by
the sample variances, thus forming the sample correlation matrix, is an acceptable substitute
for normalizing by the true variances. This is especially useful in the most common scenario

that the sample covariance matrix with normalized variances is unavailable, i.e., in the case
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of unknown calibrations or different units of the many variables being measured.

However, our work also uncovered a surprising feature of the sample correlation matrix
of a factor model: if the factors are not weak enough (as manifested by eigenvalues of the
model exceeding N/ or equivalently, the parameter e, controlling the weakness of the
factors satisfying ep < 1/12), then the fluctuations of the extreme non-spiked eigenvalues
will be driven by the “signal part” of the randomness X and have Gaussian fluctuations on
the scale N~1/272¢p rather than the typical “random matrix behavior,” i.e., Tracy-Widom

2/3 Thus we have uncovered a phase-transition phenomenon

fluctuations on the scale N~
not entirely unlike the BBP phase transition (although one should be careful not to push

the analogy too far).

Our establishment of deterministic bounds on the difference between the eigenstructures
of sample correlation and sample covariance matrices has obvious statistical implications.
Beyond this, we note that such deterministic comparisons of Green functions, which are a
proxy for the eigenstructures, are somewhat unusual in the random matrix theory literature,
with distributional statements usually being preferred. We hope that the techniques we
developed for such deterministic comparisons, in particular our novel use of the polynomial-

ization method in Chapter 5, may be useful for future work in RMT.
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