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Abstract

Using the open quantum system formalism and effective field theory of QCD, we derive the Boltzmann transport equa-
tion of quarkonium inside the quark-gluon plasma. Our derivation illuminates that the success of transport equations in
quarkonium phenomenology is closely related to the separation of scales in the problem.
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1. Introduction

Heavy quarkonium has been used an important probe of the quark-gluon plasma (QGP) in heavy ion
collisions since the early study of the plasma static screening effect on the heavy quark bound state [1].
At sufficiently high temperature, the attractive potential between the heavy quark pair (QQ̄) is significantly
suppressed and becomes too weak to support the formation of the bound state. The melting temperature
is ordered by the size of the state, with the smallest state having the highest melting temperature. In other
words, one expects a sequential melting.

However, this simple picture is complicated by other medium effects. Another plasma effect, dynamical
screening, describes the dissociation of quarkonium in a collision process. This process generates a thermal
width of the state that increases with temperature. The inverse process of dissociation, recombination, has
been proposed long time ago [2, 3] and shown to be a crucial production mechanism of charmonium in
heavy ion collisions. Therefore, phenomenological studies need to account for them consistently.

Transport equations with both screening and recombination have been applied successfully in quarko-
nium phenomenology in heavy ion collisions. Both plasma screening effects can be studied from the ther-
mal loop correction to the quarkonium propagator. A schematic diagram is shown in Fig. 1. The real and
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imaginary parts of the QQ̄ potential can be extracted from the propagator. The real part encodes the static
screening while the imaginary part is related to the dissociation rate. However, currently, most recombi-
nation calculations depend on various models: statistical recombination model, coalescence model and a
model based on detailed balance and thus lack similar theoretical understanding as the screening effect.

In this proceeding, using the open quantum system formalism, we will demonstrate a consistent theo-
retical framework for both screening and recombination. Furthermore, using the potential nonrelativistic
QCD (pNRQCD) [4, 5], which has been applied to study quarkonium dissociation and transport as an open
system [6, 7], we will derive the Boltzmann transport equation from QCD. Finally, we will show some
phenomenological results calculated from the derived equation. The proceeding is organized as follows: in
Sect. 2, we will explain the open quantum system formalism and the derivation of the transport equation.
Phenomenological results will be shown in Sect. 3. Conclusions will be drawn in Sect. 4.

Fig. 1: Schematic diagram of the thermal loop correction to the quarkonium propagator.

2. Open Quantum System and Transport Equation

We consider a total system consisting of a sub-system and an environment. More specifically, the sub-
system consists of QQ̄ pairs that can be bound or unbound while the environment is the QGP in local thermal
equilibrium. The total system is closed and evolves unitarily. When we focus on the dynamics of the sub-
system, the environment degrees of freedom are traced out. So the sub-system is an open system and evolves
non-unitarily. The evolution of the open system is also time-irreversible even though the underlying theory
of the total system is time-reversible. The evolution of the sub-system density matrix ρS can be written as

ρS (t) = TrE{U(t, 0)ρ(0)U†(t, 0)} , (1)

where ρ(0) is the total density at t = 0 and U(t, 0) is the time evolution operator of the total system.
Two limits exist where the evolution equation of the sub-system can be simplified: quantum optical limit

and quantum Brownian motion. Whether to take one limit or the other depends on the time scales in the
problem. Three time scales are relevant here: the system intrinsic time scale τS , the environment correlation
time τE and the system relaxation time τR. The quantum optical limit corresponds to the hierarchy τR � τE

and τR � τS while the limit of quantum Brownian motion is valid when τR � τE and τS � τE . For
quarkonia transport inside QGP, τS is the typical time scale that the pair is revolving around each other, τR

is the time scale of approaching detailed balance at equilibrium. Both limits require τR � τE , which means
the environment correlation has lost between two changes of the sub-system. In other words, the sub-system
evolution is Markovian (no memory effect). For the quantum optical limit, τR � τS indicates that during
the QQ̄-medium reaction time, the pair has revolved around each other for many periods. Only then does
it make sense to study bound state formation and dissociation. If the pair has not finished one period of
revolving before the dissociation, one cannot treat the pair as a well-defined bound state. It is more like two
independent heavy quarks. For the quantum Brownian motion, τS � τE guarantees that the sub-system is
only sensitive to the low-frequency part of the environment correlation.

We will work in the quantum optical limit and justify the hierarchy of time scales now. We will use a
version of pNRQCD that is valid when M � Mv � Mv2 & T , where M is the heavy quark mass, v is the
typical relative velocity between the pair and T is the temperature of the QGP, determining the environment
correlation time τE ∼

1
T . Here 1

Mv is the typical size of quarkonium while 1
Mv2 is the intrinsic time scale of

the pair inside quarkonium. For both charmonium and bottomonium, Mv2 ∼ 500 MeV, which is roughly on
the order of the highest temperature achieved in current heavy ion collision experiments. If one assumes the
scale Mv is perturbative (which works better for bottomonium), one can construct pNRQCD by perturbative
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matching calculations. But the arguments given below also work for the case of non-perturbative matching.
In pNRQCD, quarkonium is described as a bound color singlet. Unbound QQ̄ pairs can be color singlet or
cotet. At the linear order in the multipole expansion, the singlet and octet interact via a dipole interaction
with a chromo-electric field. So for the quarkonium dissociation and recombination, the relevant scattering
vertex scales as rT where r is the typical size of the quarkonium. Thus the interaction between the sub-
system and the environment is weak: The vertex scales as T

Mv . v, which is assumed to be small for
nonrelativistic heavy quarks. The sub-system relaxation time can be estimated as (rT )2T . v2T � T .
Mv2. Taking the inverse, we justify the Markovian approximation τR � τE and also τR � τS .

In the interaction picture, assuming ρ(0) = ρS (0) ⊗ ρE and expanding the evolution operator U(t, 0) in
(1) to second order in perturbation leads to the Lindblad equation

ρS (t) = ρS (0) − i
∑
a,b

σab(t)[Lab, ρS (0)] +
∑

a,b,c,d

γab,cd(t)
(
LabρS (0)L†cd −

1
2
{L†cdLab, ρS (0)}

)
, (2)

where detailed definitions of each term can be found in Ref. [8]. Here we will explain each term diagram-
matically, as shown in Fig. 2. The σab(t)[Lab, ρS (0)] term and the − 1

2γab,cd{L
†

cdLab, ρS (0)} term come from
the first two diagrams, which are just the propagators of quarkonium if the sub-system density matrix is a
quarkonium state. They correspond to the real and imaginary parts and thus represent the static screening
and dissociation, as discussed above in Sect. 1. The γab,cdLabρS (0)L†cd term comes from the third diagram. It
is this diagram with the cross-talk between the two evolution operators that represents recombination, which
becomes manifest only if we study the density matrix evolution.

Finally, if we take the Wigner transform of the sub-system density matrix, we can reproduce the Boltz-
mann transport equation [8, 9]. This explains why the transport equation approach is successful in quarko-
nium phenomenology in heavy ion collisions: The equation can be systematically derived from QCD under
the separation of scales: M � Mv � Mv2 & T , which is approximately valid in current heavy ion collision
experiments.

ρS ρS

ρS

Fig. 2: Schematic diagram of the thermal loop correction of the time evolution of the sub-system density matrix. The arrows indicate
the time evolving direction.

3. Phenomenological Results

In this section, we will show phenomenological results based on the quarkonium transport equation de-
rived in the last section. After quarkonium dissociation, a valid description of the in-medium heavy quark
dynamics is the transport equation of open heavy quarks [10]. Thus, we have to couple the transport equa-
tions of quarkonium with those of open heavy quarks [11, 12]. Detailed balance and kinetic thermalization
of quarkonium in a QGP box with a constant temperature have been demonstrated by using the coupled
transport equations [13].

We will focus on the Υ production and include Υ(1S) and Υ(2S) in the coupled transport equations.
We will only show results for 5.02 TeV Pb-Pb collisions here. Results for other collision systems and
energies have been reported in Ref. [11]. The melting temperature of Υ(2S) is set to be 210 MeV. The
coupling constant is fixed to be αs = 0.3 at the scale Mv and the singlet attractive potential is VS = − 0.56

r .
The initial momenta of particles produced from hard scattering are sampled from Pythia [14] with nuclear
parton distribution function [15]. The positions of initial hard scattering vertices are sampled from the binary
collision density profile calculated in TRENTo [16]. TRENTo also generates the initial entropy density for
the 2+1D relativistic viscous hydrodynamic evolution [17]. The initial condition and medium properties
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have been calibrated to the soft hadron observables [18]. We will use an event-averaged hydrodynamic
medium. The branching ratio of Υ(2S) to Υ(1S) in hadronic phase is 0.26. The comparison of RAA and v2
between the calculation and the measurements are shown in Fig. 3. Our calculations can describe the data,
though the current uncertainty in the v2 measurements is still large.
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(a) RAA as a function of centrality.
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(b) RAA v.s. pT in 0%−100% centrality.
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Fig. 3: RAA and v2 in 5.02 TeV Pb-Pb collisions. Data are taken from Refs. [19, 20, 21].

4. Conclusions

In this proceeding, we argued that the success of transport equations in quarkonium phenomenology in
heavy ion collisions is related to the separation of scales and explained the derivation of transport equation
in QCD. We also showed some phenomenological results that are consistent with experiment measurements.
In the future, we will include other excited bottomonium states such as 1P, 2P and 3S states. Generalization
to the study of doubly charmed baryons can be found in Ref. [22].
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