
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
Number Theory in 3d Gravity and from 4d Gauge Theory

Permalink
https://escholarship.org/uc/item/2gq1188n

Author
Sun, Haoyu

Publication Date
2020
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/2gq1188n
https://escholarship.org
http://www.cdlib.org/


Number Theory in 3d Gravity and from 4d Gauge Theory

by

Haoyu Sun

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Physics

in the

Graduate Division

of the

University of California, Berkeley

Committee in charge:

Professor Ori J. Ganor, Chair
Professor Mina Aganagić

Professor Richard E. Borcherds

Summer 2020



Number Theory in 3d Gravity and from 4d Gauge Theory

Copyright 2020
by

Haoyu Sun



1

Abstract

Number Theory in 3d Gravity and from 4d Gauge Theory

by

Haoyu Sun

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Ori J. Ganor, Chair

String theory is very successful in connecting deep results between physics and mathemat-
ics. However, besides the appearance of modular forms in many supersymmetric partition
functions, the relations between string theory and number theory are relatively weak, com-
pared with geometry, algebraic/geometric topology and representation theory. In this thesis,
we aim to strengthen the tie between high-energy physics and various aspects of number the-
ory. We start by investigating Euclidean AdS3 quantum gravity, with asymptotic boundary
as either genus-one, namely torus, or higher-genus Riemann surfaces. We will see the ap-
pearance of the asymptotic analysis on coefficients in the Klein’s j-function in Chapter 2,
and two exotic finite-index subgroups of SL(2,Z), with indices 24 and 384 respectively, in
Chapter 3. In the end of that chapter, we also conjecture the existence of a series of finite-
index subgroups for conformal boundary of any genus. Then we switch gear to the realm of
p-adic numbers, and study the discrete semiclassical gravity on a Bruhat-Tits tree and its
quotient, where we encounter a special representation of PGL(2,Qp) and we explore its sur-
prising relation to Chebyshev polynomials. At this point, we will have observed fascinating
number-theoretic objects in studying 3d gravity and 2d conformal field theory. Finally, we
present an example in which we are able to derive sophisticated number-theoretic identities,
including the classic quadratic reciprocity by Gauss, from a careful use of first principles in
string theory and 4d supersymmetric gauge theories.
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Chapter 1

Introduction

String theory has remarkable connections to geometric topology, algebraic geometry and
number theory. Here we further explore the deep ties between string theory and number
theory, with an eye towards geometric topology in 3d.

1.1 First order formalism of 3d gravity
In 3d spacetime (either asymptotically anti-de Sitter, de Sitter, or Minkowski), Einstein
gravity can be classically described by a non-chiral Chern-Simons gauge theory with a non-
compact, possibly complex gauge group, depending on the signature of the metric being
Lorentzian or Euclidean [1, 2] (for a review, see e.g., [3]). This is possible because 3d gravity
has vanishing Weyl tensor and consequently no propagating degrees of freedom (no gravita-
tional waves). Furthermore, after imposing the Einstein’s equations, the Riemann tensor is
completely defined in terms of the scalar curvature, so all possible solutions are locally equiv-
alent to one with constant curvature everywhere. Consequently, the only possible differences
between the solutions are global differences, for example, ones that change the topology.

The Chern-Simons theory is independent of the metric and can exist on any topological 3-
manifold, so we will use a basis of the gravity theory that is coordinate-independent. Instead
of the usual metric tensor field, we describe geometries using a vielbein field eµa . It contains
two types of indices: µ labels the general spacetime coordinate and a labels the local Lorentz
laboratory coordinates. The vielbein or frame fields are roughly the matrix square root of
the metric tensor gµν in a coordinate basis,

gµν = eµae
ν
bµab, (1.1)

where µab is the flat Minkwoski metric (−1, 1, 1, 1). They satisfy

eaµe
µ
b = δab , eaµe

ν
a = δνµ. (1.2)

The local Lorentz indices can be raised or lowered with the Lorentz metric, for example,
eνa = ηabe

b
a, while the spacetime indices can be raised or lowered with the spacetime metric
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eµa = gµνeaν . The vielbeins enable conversions between local Lorenz and spacetime indices,
for example, Ta = eµaTµ.

The spin connection is defined as

ωabµ = eaνΓ
ν
σµe

σb + eaν∂µe
νb

=
1

2

[
eνa
(
∂µe

b
ν − ∂nuebµ

)
− eνb

(
∂µe

a
ν − ∂nueaµ

)
− eρaeσb (∂ρeσc − ∂σeρc) ecµ

]
,

(1.3)

which is antisymmetric by construction.
The Riemann curvature tensor is then

Rab
µν = ∂µω

ab
ν − ∂νωabµ + [ωµ, ων ]

ab = (dω + ω ∧ ω)µν . (1.4)

The 3d Einstein-Hilbert action is

Sgrav =
1

16πG

∫
M3

d3x
√
−g(R− 2Λ)

=
1

16πG

∫
M3

d3x

[
ea ∧ (2dωa + εabcω

b ∧ ωc) +
Λ

3
εabce

a ∧ eb ∧ ec
]
.

(1.5)

where the cosmological constant Λ is related to the AdS radius l by Λ = −1/l2.
In Lorentzian signature1, the isometry group of the global AdS3 is SO(2, 2) ' SL(2,R)×

SL(2,R), so we have two gauge fields A = AaTa and Ā = ĀaTa valued in the Lie algebra
sl(2,R), with generators

T 0 =
1

2

(
0 1
−1 0

)
, T 1 =

1

2

(
1 0
0 −1

)
, T 2 =

1

2

(
0 1
1 0

)
. (1.6)

Then the Chern-Simons action is

SCS =
ik

4π

∫
Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
− ik

4π

∫
Tr

(
Ā ∧ dĀ+

2

3
Ā ∧ Ā ∧ Ā

)
(1.7)

By setting the gauge fields to be

A = ω + e/l, Ā = ω − e/l, (1.8)

we see that
Sgrav = SCS, (1.9)

with k = l/4G, which turns out to be quantized. This quantization is a consequence of
Zamolodchikov’s c-theorem [4], which states that in any continuously varying family of 2d
CFTs, the central charge c is constant. More generally, the same is true for the left- and

1We defer the discussion using Euclidean signature to Chapters 2 and 3, where the isometry group is
analytically continuated to SL(2,C).
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right-moving central charges cL and cR. And in AdS3 gravity, k is related to the Brown-
Henneaux central charge c of the boundary 2d Virasoro algebra, as introduced in Section
3.1, by k = 6c.

However, the identification (1.8) only works when the vielbein is invertible, which is true
for classical solutions and small fluctuations around them. Nonperturbatively, the vielbein
in Chern-Simons can be degenerate, i.e., there exists a classical solution with A = ω =
e = 0. It is unclear how to make sense of this degeneracy in gravity [5]. Furthermore, the
equivalence between diffeomorphisms in gravity and gauge transformations in Chern-Simons
is limited to the small ones which connect to identity continuously. Gravity also contains
large diffeomorphisms, which lack a natural realization in the Chern-Simons theory [5].

In spite of these drawbacks, the Chern-Simons formulation does provide us with a toy
model of gravity that is reasonably effective and exactly soluble, leading towards important
insights.

1.2 (Topological) entanglement entropy

von Neumann entropy

In a quantum system spatially bipartited into regions A and B, the total Hilbert space is
factorized2

H = HA ⊗HB. (1.10)

From the full density matrix of the system ρ =
∑

i pi |ψi〉 〈ψi|, the reduced density matrix of
subsystem A is the partial trace of ρ with respect to the degrees of freedom in subsystem B:

ρA = TrB ρ, (1.11)

satisfying Tr ρA = 1. The von Neumann entropy is then defined as

SA = −Tr ρA ln ρA. (1.12)

In practice, it is often not easy to compute (1.12) directly. As an alternative approach, one
can calculate the Rényi entropy of subsystem A defined as

S
(n)
A =

1

1− n
ln Tr ρnA, (1.13)

and take the limit
SA = lim

n→1
SnA = − lim

n→1

∂

∂n
Tr ρnA (1.14)

using L’Hôspital’s rule. Its connection with replica trick will be introduced in Section 2.2.
2Hilbert space in a continuous QFT is never factorizable [6], but it is OK for a QFT defined on a lattice.
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For a system in a pure state |ψ〉, we apply the Schimdt decomposition to obtain orthonor-
mal basis {|i〉A} of HA and {|j〉B} of HB such that

|ψ〉 =

min(dimHA,dimHB)∑
i

λi |i〉A |j〉B ,
∑
i

λ2
i = 1, λi ∈ [0, 1]. (1.15)

Then it is straightforward that for pure states, SA = SB. We also note that SnA = SnB in this
case.

For two density matrices ρ and σ, Umegaki’s relative entropy [7]:

S(ρ||σ) = Tr (ρ ln ρ− σ lnσ) , (1.16)

facilitates the proofs of some key properties of entanglement entropy. Measuring the distance
between ρ and σ, the relative entropy is never negative and is zero if and only if ρ = σ, due
to the positive spectral decompositions of ρ and σ required by unitarity. This non-negativity
implies the triangle inequality of entanglement entropy

|SA − SB| ≤ SAB. (1.17)

One can further define the mutual information between subsystems A and B:

I(A,B) ≡ S(ρAB||ρA ⊗ ρB) = SA + SB − SAB ≥ 0 (1.18)

This definition is favorable due to the cancellation of divergences in individual terms SA,
SB and SAB. Finally, for a tripartite system H = HA ⊗ HB ⊗ HC , we obtain the strong
subadditivity inequality:

SABC + SB ≤ SAB + SBC , (1.19)

or equivalently, I(A,B) ≤ I(A,BC).
As an example of application, we turn our attention to low-dimensional systems. The

entanglement entropy in a generic 2d CFT has been calculated by Calabrese and Cardy [8]
(also less systematically by [9]). For the simplest case where region A is an interval of length
L in an infinitely long 1d quantum system at zero temperature. The result is [10]

SA =
c

3
ln
L

a
+ c′1, S

(n)
A =

c

6

(
1 +

1

n

)
ln
L

a
+ c′n, (1.20)

where non-universal constants are defined

c′n ≡
ln cn
1− n

, c1 = −∂cn
∂n

∣∣∣
n=1

. (1.21)

The lattice spacing a goes to zero in the continuum limit, rendering SA with UV divergences.
These results further enjoy generalizations for finite temperature, for finite system size, and
also for region A consisted of multiple intervals, see for example [11, 12, 13, 14].

Other examples include the renowned Ryu-Takayanagi formula in holographic CFT [15],
which will be an essential player in Chapter 2.
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For topological phases

At the first glance, it is tempting to think that the entanglement entropy of a region A should
be extensive, i.e., obey a volume law. This indeed happens for thermal states. For typical
ground states, however, one finds the scaling of entropy is only linear in the circumference of
the region (area law) [16]. Such systems have local short-ranged interactions, which require
that quantum correlations between the region of interest and its exterior are established only
through the neighborhood of its boundary. Additionally, if the system is in a topological
phase, the quantum entanglement in the ground state will have global and topological prop-
erties that manifest themselves as a universal, subleading constant correction to the area law
[17, 18]. In the case when subsystem A has a disk topology, the entanglement of region A
has the form

SA = αL− γ, (1.22)

where α is a non-universal coefficient that depends on the details of the system, L is the size of
the boundary of A, and γ is a topological invariant called the topological entanglement entropy
(TEE). The correction −γ is always negative because it results from a global constraint
consistent with the topological order. It can be computed by decomposing the system into
four parts A, B, C, D. Then

γ = SA + SB + SC − SAB − SBC − SAC + SABC (1.23)

is exactly the tripartite mutual information I3(A,B,C) of these regions. Equivalently, one
can also write

I3(A,B,C) = I(A,B) + I(A,C)− I(A,B ∪ C). (1.24)

In the case of a pure global state, by the strong subadditivity of entanglement entropy and
the non-negativity of mutual information, the lower and upper bounds on I3(A,B,C) can
be derived [19, 20]:

− 2 min(SA, SB, SC , SD) ≤ I3(A,B,C) ≤ min(SA, SB, SC , SD). (1.25)

In a chiral topological phase described by a modular tensor category (MTC), we have
γ = lnD, where D is the total quantum dimension of the MTC

D =

√∑
i

d2
i , (1.26)

where di are quantum dimensions3 of simple objects (or anyon types) of the MTC.
The TEE is sensitive to both the topological order/phase of the system, and the topology

of the subsystems A, B. When the system is in an excited state, it also captures the feature
of the quasiparticles inside each subsystem. One can thus extract the data of the topological

3di obtains its name because it tells how fast the size of the Hilbert space of multiple anyons of type i
grows as we increase the number of anyons.
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phase and even the mutual fractional statistics of quasiparticles from TEE [21]. TEE is also
very accessible to numerical computations, such as applying density matrix renormalization
groups (DMRG) [22] for a finite-size cylinder system bipartited by a flat cut to compute
TEE [23].

1.3 The modular group SL(2,Z) and its various
congruence subgroups

Subgroups of SL(2,Z) of finite or infinite indices are of great physical interests because it
can describe discrete symmetries in various systems. Here we list a very incomplete list of
places where SL(2,Z) appears in high-energy and condensed matter theory:

• Mapping class group (MCG) of a two-dimensional torus T 2, and hence in modular
transformation in 2d CFT, and rational/integral Dehn surgery in knot theory and
3-manifolds4;

• Electromagnetic (Montonen-Olive) duality and S-duality in 4d N = 4 and N = 2
(Seiberg-Witten) gauge theories;

• SL(2,Z) actions on (p, q) brane webs of D5- and NS5-branes;

• The axio-dilaton field in Type IIB string theory and F-theory transforms under SL(2,Z).
In particular, monodromy of τ around D7-branes, as well as on [p, q] 7-branes, on which
(p, q) 5-branes end;

• One-to-one correspondence between elliptic fibrations and SL(2,Z) bundles in F-
theory;

• Exchange of NS5 and D5 branes by the S action in the Type IIB dual description of
3d mirror symmetry [28];

• . . .

We will study the first two aspects in Chapters 2-3 and Chapter 5, respectively.
Now the modular group SL(2,Z) is a matrix Lie group defined as follows:

SL(2,Z) =

{(
a b
c d

) ∣∣∣∣∣a, b, c, d ∈ Z, ad− bc = 1

}
, (1.27)

4In Dehn surgery [24], one cuts out a tubular neighborhood (isomorphic to a solid torus) of a knot inside
a 3-manifold, and then glues back the solid torus with a diffeomorphism on its torus boundary, to get a
new 3-manifold. The best known applications of Dehn surgery in physics are in Witten’s series of work
on Chern-Simons theory and Jones polynomial [25, 26, 27]. The surgery is usually performed on a closed
3-manifold, but it is also well-defined for 3-manifolds with boundary.

There is a variant called the hyperbolic Dehn surgery, in which one only fills in the cusps, which have
torus boundaries, with certain solid tori to get a new hyperbolic 3-manifold, with or without cusps.
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generated by two generators S and T with canonical representations:

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
. (1.28)

The matrix S has order 4, while the matrix T has an infinite order and ST has order 6,
serving as the defining relations.

It acts on elements τ on upper half-plane by the fractional linear fashion (3.8):

τ → γ · τ =
aτ + b

cτ + d
. (1.29)

By using S and T generators, one can find the fundamental domain of SL(2,Z) is the “key
hole” region: |Re τ | < 1/2 and |τ | > 1.

The method of decomposing a given element in SL(2,Z) into a finite-length word

T p1ST p2S . . . T prST# (1.30)

is to use continued fractions on the first column of the element [29]:

a

c
= p1 −

1

p2 − 1

...− 1
pr

, (1.31)

or alternatively to use the standard all-plus convention for continued fraction:

a

c
= q1 +

1

q2 + 1

...+ 1
qr

≡ [q1; q2, . . . , qr], (1.32)

with qi = (−1)i+1pi. Finally, the last power # in (1.30) is determined by solving(
a b
c d

)
= (T p1ST p2S . . . T prS)T#. (1.33)

We also see that the decomposition is obviously non-unique. As a side note, this decom-
position is also used when decomposing a rational Dehn surgery on an unknot into integral
Dehn surgeries on a link of finitely many unknots.

Congruence subgroups

There are a variety of congruence subgroups of SL(2,Z), with various fascinating properties,
and we list the most basic three of them as follows.

Definition For an integer N ≥ 1, the principal congruence subgroup Γ(N) is defined as

Γ(N) =

{(
a b
c d

)
∈ SL(2,Z)

∣∣∣∣∣ a, d ≡ 1 (modN), b, c ≡ 0 (mod 0)

}
, (1.34)
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i.e., the kernel of the homomorphism πN : SL(2,Z) → SL(2,ZN) induced by the reduction
modulo N homomorphism Z → ZN . The formula for computing its finite index inside
SL(2,Z) will be presented in (A.39).

Definition With the above definition, a subgroup of SL(2,Z) is called a congruence
subgroup of level n if there exists N ≥ 1 such that it contains the principal congruence
subgroup Γ(N), and n is the smallest such N . The level

Definition One example of a congruence subgroup is the so-called Hecke congruence
subgroup of level N , defined as

Γ0(N) =

{(
a b
c d

)
∈ SL(2,Z)

∣∣∣∣∣ c ≡ 0 (modN)

}
, (1.35)

and its index inside Sl(2,Z) is given by

|SL(2,Z) : Γ0(N)| = n
∏
p|N

(
1 +

1

p

)
. (1.36)

Notice that S and T 2 generate a congruence subgroup of SL(2,Z), called the theta sub-
group

Γθ =

{(
a b
c d

)
∈ SL(2,Z)

∣∣∣∣∣ac ≡ bd ≡ 0 (mod 2)

}
, (1.37)

and is isomorphic to the Hecke congruence subgroup Γ0(2) [30, 31].5
One may ask “are all finite-index subgroups of SL(2,Z) congruence subgroups?” It was

already known by Felix Klein that the answer is no, and actually The number cN of congru-
ence subgroups in SL(2,Z) of level N satisfies log cN = O ((logN)2/ log logN). However, the
number aN of finite index subgroups of index N in SL(2,Z) satisfies N logN = O(log aN),
so most subgroups of finite index must be non-congruence.

1.4 N = 4 super Yang-Mills and Type IIB string theory
N = 4 Super Yang-Mills (SYM) plays a central role in high energy theory and also in this
thesis. In order to derive its action, we first review the 4d N = 1 superspace formalism.

5It is easy to check that

〈S, T 2〉 =

{
A ∈ SL(2,Z)

∣∣∣∣A ≡ (1 0
0 1

)
or
(

0 1
1 0

)
mod 2

}
,

and the conjugation class

Γ0(2) =

(
1 0
1 1

)
Λ

(
1 0
1 1

)−1

.
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4d N = 1 superspace

In this case, we add anticommuting right- and left-handed Weyl spinor coordinates θα and
θα̇ to R4 to form the superspace R4|4, parametrized by new coordinates zA = (xµ, θα, θα̇).
Then the expansion of a general superfield F (x, θ, θ̄) in terms of θ and θ̄ in terms of θ and θ̄
truncates at θ2θ̄2. One of its important features is that components of F do not transform
under an irrep of the supersymmetry algebra, and we impose conditions to get N = 1 chiral
multiplet and N = 1 vector multiplet.

Chiral multiplets

Φ(x, θ, θ̄) is determined by the constraint D̄α̇Φ(x, θ, θ̄) = 0, where

D̄α̇ = − ∂

∂θ̄α̇
− iθασµαα̇

∂

∂xµ
. (1.38)

To find its components, we introduce new coordinates yµ± = xµ ± iθσµθ̄, satisfying D̄yµ+ = 0.
Because of D̄θ = 0, we can Taylor expand the chiral superfield as:

Φ(x, θ, θ̄) =φ(y+) +
√

2θψ(y+) + θ2F (y+)

=φ(x) + iθσµθ̄∂µφ(x) +
1

4
θ2θ̄2∂ρ∂

ρφ(x) +
√

2θψ(x)− i√
2
θ2∂µψ(x)σµθ̄ + θ2F (x),

(1.39)

where φ(x) is a complex scalar, ψ is a left-handed Weyl spinor, and F is an auxiliary complex
scalar, viewed as a Lagrange multiplier. Note that the lack of y− coordinate justifies the
name chiral representation, with superderivatives on different footings:

Dα =
∂

∂θα
+ 2iσµαα̇θ̄

α̇ ∂

∂yµ+
, D̄α̇ = − ∂

∂θ̄α̇
. (1.40)

Certainly, the anti-chiral multiplet satisfies the condition DαΦ†(x, θ, θ̄) = 0. Like before,
in terms of y+ and θ̄, Φ† also admits an expansion which is long-winded in chiral represen-
tation but simple in antichiral representation.

Vector multiplets

The vector superfield is defined by the covariant reality condition V (x, θ, θ̄) = V †(x, θ, θ̄),
constraining its expression to be

V (x, θ, θ̄) =C(x) + iθχ(x)− iθ̄χ̄(x) +
i

2
θ2 (M(x) + iN(x))− i

2
θ̄2 (M(x)− iN(x))− θσµθ̄Aµ(x)

+ iθθ̄2

(
λ̄(x) +

i

2
σ̄µ∂µχ(x)

)
− iθ̄2θ

(
λ(x) +

i

2
σµ∂µχ(x)

)
+

1

2
θ2θ̄2

(
D(x) +

1

2
∂ρ∂

ρC(x)

)
,

(1.41)
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where C,M,N are complex scalars, A is the gauge field, χ, χ̄, λ, λ̄ are fermions, and D is an
auxiliary field.

To simplify the above expansion, we resort to the the gauge transformation V → V +Φ+
Φ∗, where Φ is the chiral multiplet, so that C = M = N = χ = χ̄ = 0, i.e., the Wess-Zumino
guage. Now the multiplet is

VWZ(x, θ, θ̄) = −θσµAµ(x) + iθ2θ̄(x)− iθ̄2θλ(x) +
1

2
θ2θ̄2D(x). (1.42)

The superfield V may be viewed as the supersymmetric generalization of the Yang–Mills
potential, so the supersymmetric field strengths are the following gauge-invariant chiral and
antichiral superfields:

Wα = −1

4
D̄2
(
e−VDαeV

)
, W̄α̇ = −1

4
D2
(
D̄eV α̇e−V

)
. (1.43)

Field content of 4d N = 4 SYM

In 4d spacetime, the maximal amount of supersymmetry with a particle multiplet represen-
tation of spin ≤ 1 is N = 4, corresponding to 16 preserved Poincaré supercharges. Each
supercharge Qaα, Qaα̇ changes the spin it acts on by 1/2, so all massless states with helicities
between −1 and 1 are generated by acting with no more than Nmax = 4 different super-
charges. Theories with more supersymmetry generators involve a spin-2 field, i.e., graviton,

Since any multiplet has to include spin-1 particles, all the N = 4 theories must be
constructed only from the massless vector multiplet, which contains:

• One vector field Aµ, forming a singlet representation 1 of SU(4)R;

• Four Weyl fermions λaα, a = 1, . . . , 4, forming a fundamental representation 4 of
SU(4)R;

• Six real scalars φi, i = 1, . . . , 6, forming an antisymmetric representation 6 of SU(4)R.

There are two ways to obtain the Lagrangian of N = 4 SYM. Since N = 4 supersym-
metric field theory is automatically N = 1, we can use N = 1 superspace to write down the
theory. Alternatively, it can also be obtained by reducing from its parent, the unique 10d
N = 1 SYM, with spin-1 as the highest spin state, down to 4d.

N = 4 SYM from N = 1 superspace

The 4d N = 1 superspace formulation of the 4d N = 4 SYM needs three chiral super-
fields Φi, i = 1, 2, 3 and the vector superfield V with strength Wα. With the normalization
Tr(TaTb) = δab on the Lie algebra, the unique 4d N = 4 Lagrangian density is

L = Tr

[∫
d4θΦi†eV Φie−V +

1

8π
Im

(
τ

∫
d2θWαW

α

)
+

(
igYM

√
2

6

∫
d2θεijkΦ

i
[
Φj,Φk

]
+ h.c.

)]
,

(1.44)
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where τ is the complex coupling constant defined as

τ =
θ

2π
+ i

4π

g2
YM

∈ C, (1.45)

which will be of our main interest in Chapter 5, and Wα is the chiral spinor field in (1.43).
Use the field content in Section 1.4 to write out the components of superfields6, the above

action gives

L = Tr

(
− 1

2g2
YM

FµνF
µν +

θ

16π2
FµνF̃

µν − iλ̄aσ̄µDµλa −
∑
i

Dµφ
iDµφi

+gYM
∑
a,b,i

Cab
i λa

[
φi, λb

]
+ gYM

∑
a,b,i

C̄iabλ̄
a
[
φi, λ̄b

]
+
g2
YM

2

∑
i,j

[
φi, φj

]2)
,

, (1.47)

where
Fµν = ∂µAν − ∂νAµ + i [Aµ, Aν ] (1.48)

is the usual non-abelian field strength, and Dµ is the covariant derivative acting on fields
in adjoint representation by Dµ· = ∂µ · +i [Aµ, ·]. Moreover, F̃µν = 1

2
εµνλF

λρ is the Hodge
dual, and Cab

i are Clebsh-Gordon coefficients combining two 4 representations into one 6
representation of su(4)R.

Since the coupling constant is dimensionless and all fields are massless, the action of
N = 4 SYM theory is scale invariant on the classical level. Remarkably, the scale invariance
survives after quantization, due to its UV finiteness (finite instanton corrections) and its
β-function vanishes to all orders in pertubation theory. In fact, it is a superconformal field
theory (SCFT), but we will not go into its details.

N = 4 SYM from a dimensional reduction of 10d

We start from the 10d N = 1 Langrangian density

L = Tr

(
−1

2
FmnF

mn +
i

2
Ψ̄ΓmDmΨ

)
, (1.49)

where Γm are 10d Dirac matrices, Fmn is the field strength Fmn = ∂mAn−∂nAm+ig [Am, An],
and Ψ is a Majorana-Weyl spinor with 16 real components.7 Both Fmn and Ψ both transform

6Expansion for Wα and W̄α̇ are given by

Wα = −iλα(y−) +

[
δ βα D(y−)− i

2
(σµσ̄νβα )Fµν(y−)

]
θβ + θ2σµαα̇∂µλ̄

α̇(y−),

W̄α = iλ̄α̇(y+) +

[
εα̇β̇D(y+) +

i

2
εα̇γ̇ (σ̄µσν)β̇ Fµν(y+)

]
θ̄β̇ − εα̇β̇ θ̄

2σ̄µβ̇α̇∂µλα(y+).

(1.46)

7The only other Majorana-Weyl spinor is in 2d spacetime, with a 1d real representation.
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in the adjoint representation of the gauge group and thus the covariant derivative is

DmΨ = ∂mΨ + ig [Am,Ψ] . (1.50)

To perform a Kaluza-Klein reduction on a 6d torus T 6, we bipartite the index m into
µ = 0, 1, 2, 3 and i = 1, . . . , 6. Firstly the 10d gauge field A = Amdx

m decomposes into a 4d
gauge field with components Aµ and scalars φi which are the last six components of the 10d
gauge field:

Am = (Aµ(xν), φi(x
ν)) . (1.51)

We also assume that the fields Aµ and φi depend only on the first four coordinates xµ,
and are independent of the remaining coordinates. Note that φi transform trivially under a
Lorentz transformation of the 4d coordinates xµ and thus is a real scalar field in 4d while
Aµ transforms as a vector. We find out gauge field strength:

Fµi = ∂µφi + ig[Aµ, φi] = Dµφi, Fij = ig[φi, φj], (1.52)

where Dµ is the 4d covariant derivative in (1.47).
The next step is to repeat the dimensional reduction above for the kinetic term iΨ̄ΓmDmΨ

for the Majorana-Weyl spinor Ψ on T 6, where we decompose Γm into 4d Dirac matrices γµ
and gamma matrices γ̂i on T 6. It is not hard to show that we recover the 4d N = 4 SYM
action.

N = 4 SYM as a worldvolume theory of D3-branes

In string theory, D-branes are higher-dimensional objects on which open strings can end.
Perturbatively, this point of view is only reliable if the coupling constant for both open and
closed strings is small, i.e., gs � 1. Moreover, if we ignore massive string excitations of
energy scale ∼

√
α′, the dynamics of the open strings is described by a supersymmetric

gauge theory living on the worldvolume of the D-branes. Massless closed string states give
rise to 10d N = 1 supergravity multiplet, while massless open string states form a 4d
N = 4 supermultiplet consisted of a gauge field Aµ, six real scalars φ1 and their fermionic
partners. Considering the rotation of worldvolume of D3-branes, Aµ correspond to open
string excitations parallel to the D-branes while open string excitations transverse to the
D-branes are scalar fields seen from the worldvolume.

The gauge group of the low-energy worldvolume theory is determined by Chan-Paton
factors, non-dynamical degrees of freedom assigned to the endpoints of open strings con-
necting the various coincident D-branes. For example, the Chan-Paton factor λij labels
strings stretching between brane i and brane j, with i, j = 1, . . . , N . The resultant matrix
λ is an element of u(N), the unique Lie algebra consistent with scattering amplitudes of
oriented open strings, where N is the number of coincident D-branes. Therefore λij can
be chosen to be the entries of a Hermitian matrix. Although the Chan-Paton factors are
global symmetries of the worldsheet action, the symmetry turns out to be local in the target
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spacetime. Open strings ending on coincident D-branes can effectively be described by a
non-Abelian gauge theory. More generally, unoriented strings are constructed by imposing
the worldsheet parity transformation Ω:

Ω : σ → σ0 − σ, (1.53)

where σ0 = 2π for closed strings and σ0 = π for open strings. This transformation is a global
symmetry, and can be viewed as an O-plane. With its presence, the low-energy gauge theory
can have gauge group SO(N) or USp(N).

Now we study the low-energy dynamics, starting from the effective action for all massless
string modes

S = Sclosed + Sopen + Sint, (1.54)

where Sint is the interaction between open and closed strings, and Sclosed is the action of 10d
supergravity with higher derivative terms. Sint and Sopen can be drived from Dirac-Born-
Infeld (DBI) action and Wess-Zumino term. For simplicity, we first deal with one single
D3-brane, whose worldvolume fields are bosonic coordinates xµ, µ = 0, . . . , 3, while the six
transverse directions have coordinates xi, i = 4, . . . , 9 so that it is related to the six scalars
by xi+3 = 2πα′φi. Now the pullback of the spacetime metric gMN to the worldvolume under
the embedding φ is

φ∗(gMN) = gµν + 2πα′
(
gi+3,ν∂µφ

i + gν,j+3∂νφ
i
)

+ (2πα′)
2
gi+3,j+3∂µφ

i∂νφ
j, (1.55)

which leads to the DBI action with a vanishing Kalb-Ramond field BMN :

SDBI = − 1

(2π)3α′2gs

∫
d4xe−φ

√
− det [φ∗(gMN) + 2πα′F ]. (1.56)

Expanding e−φ and gMN ≈ ηMN + κhMN , where hMN is the metric fluctuation and8 κ =
8π7/2α′2gs, to leading order in α′ we have

Sopen = − 1

2πgs

∫
d4x

(
1

4
F µν +

1

2
ηµν∂iµφ

i∂νφ
i + . . .

)
(1.58)

Sint = − 1

8πgs

∫
d4x (φF µνFµν + . . . ) , (1.59)

where dots represent terms of higher order in α′.
8κ is this value to make the kinetic term of h in the closed string action canonically normalized

Sclosed =
1

2κ2

∫
d10√−ge−2φ

(
R+ 4∂Mφ∂

Mφ
)

+ . . .

∼− 1

2

∫
d10x∂Mh∂

Mh+O(κ).

(1.57)
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In the case of N coincident D-branes, open strings between different branes are massless,
and the effective coupling constant is gsN so the open string picture is valid for gsN � 1.
To generalize the previous analysis, scalars and gauge fields are now valued in the adjoint
representation of the gauge group U(N): φi = φiaTa, Aµ = AaµTa. After taking the trace to
ensure gauge invariance, the gauge kinetic term is now F a

µνF
aµν . We also need to replace the

usual partial derivatives by covariant derivatives, and to leading order in α′ we add to Sopen

a scalar potential

V =
1

2πgs

∑
i,j

Tr
[
φi, φj

]2
. (1.60)

It is clear that in the limit α′ → 0, the terms survived in Sopen are the bosonic part of
the action of N = 4 SYM with the identification

2πgs = g2
YM . (1.61)

Sint is also zero in this limit, meaning that open and closed strings decouple. However, this
limit is naïve as the following. If we pull out one D3-branes from the stack by a distance
r in direction i = 4, . . . , 9, and consider only massless modes, this system is described by a
U(N−1)×U(1) gauge theory rather than a U(N) theory, i.e., the system is in a Higgs phase
with vacuum expectation value (VEV) 〈φi〉 = r/ (2πα′). In the previous decoupling limit
α′ → 0, all field theory quantities need to be fixed, so in the correct limit called Maldacena
limit, the ratio r/α′ is fixed upon α′ → 0.

Finally, by analyzing the closed string sector perspective of the same coincident D3-
branes, we will get the celebrated Maldacena duality [32, 33], but we do not pursue it here
because in this thesis we only study non-supersymmetric quantum gravity and the purely
field-theoretc aspects of 4d N = 4 SYM, not any supergravity.

1.5 6d (2, 0) SCFT
This theory can facilitate understanding our double-Janus configuration in Chapter 5, and
has a unique place in high energy theory: 6d is the highest dimension where a superconformal
field theory (SCFT) can exist [34]. Those SCFTs are very exotic: for example, (1, 0) and (2, 0)
theories have no Langrangian descriptions. In order to appreciate this point, we need to look
at their field contents. First recall that a theory is said to have N = (nl, nr) supersymmetry
when it has nl chiral and nr antichiral supersymmetries. The R-symmetry group of such a
theory is Sp(nl)×Sp(nr). In 6d, a theory with a minimal amount of supersymmetry is then
denoted as N = (1, 0); it has 8 supercharges and a R-symmetry of Sp(1) ' SU(2). The
massless content of such a theory at low energy, and at a generic point on the moduli space,
may include a combination of:

• A tensor multiplet, which contains a self-dual two-form B[µν], one left-handed Majorana
spinor, and a single real scalar φ, whose VEV 〈φ〉 parametrizes a tensor branch of the
theory;
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• Some number of vector multiplets contain a gauge field Aµ and a right-handed Weyl
spinor field. Note that there is no scalar to parametrize the Coulomb branch of a (1, 0)
theory as in more familiar gauge theories, so we refer to a nonzero VEV of a tensor
multiplet as the “Coulomb branch” in 6d;

• A hypermultiplet contains a left-handed Weyl spinor and four real scalars φi, whose
VEV’s 〈φi〉 parametrize the Higgs branch of the theory.

To consider 6d SCFTs with more supersymmetries and without gravity, the only two
options are N = (1, 1) and N = (2, 0). First let us examine the field content of the former
one. The only multiplet there is a N = (1, 1) vector multiplet, which is made up of a
N = (1, 0) vector multiplet and hypermultiplet. Therefore, the N = (1, 1) multiplet contains
in the bosonic sector one vector field Aµ and four real scalars φi, for a total of 4 + 4 = 8
degrees of freedom. The fermionic sector contains one Dirac spinor, that is to say one left-
handed Weyl spinor and one right-handed Weyl spinor, for a total of 4 + 4 = 8 degrees of
freedom, agreeing with the bosonic amount. The R-symmetry is Sp(1) × Sp(1) ' Spin(4).
Each spinor is a doublet under one of the two Sp(1) groups, and the scalars transform under
the Spin(4) symmetry. The Lagrangian for this maximally supersymmetric theory is

S =

∫
d6x

1

g2
6d

F a
µνF

aµν + . . . (1.62)

where dots represents fermionic terms dictated by supersymmetry, and they have the same
meaning in the rest of this section. It is IR-free, and since its coupling has mass dimension
[g2

6d] = (length)2, it is non-renormalizable.
The similar analysis for the N = (2, 0) theory is much more interesting. The basic

multiplet is no longer a vector multiplet, but an N = (2, 0) tensor multiplet, made up of an
N = (1, 0) tensor multiplet and hypermultiplet. The bosonic sector now contains a self-dual
two-form B[µ,ν] and five real scalars φi, for a total of 3 + 5 = 8 degrees of freedom. The
fermionic sector contains two left-handed Weyl spinors, again giving 4 × 2 = 8 degrees of
freedom. The R-symmetry is Sp(2) ' Spin(5). The group Sp(2) acts non-trivially on the
fermions, while Spin(5) rotates the scalars. The presence of the tensor B[µ,ν] is unusual in
QFT, because it implies that some of the degrees of freedom of the N = (2, 0) theory are
described by nonlocal strings instead of the usual particles in QFT. The strings couple to
the 2-form field via the coupling:

q

∫
Σ

Bµνdσ
µν + . . . , (1.63)

where q is a charge, dσµν is the area element of the string worldsheet. The strings in (2, 0)
become tensionless because any scale has to vanish at the superconformal point. However,
we can no longer mimic (1.62) to write down an action

S =

∫
d6x

1

g2
6d

F a
µνρF

aµνρ + . . . (1.64)
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where Fµνρ = ∂[µBνρ], because the self-duality9 of the tensor multiplet implies that the Hodge
dual Fµνρ = 1

6
ελστµνρFλστ , meaning that the tensor kinetic term in (1.64) vanishes. It turns out

that the Lagrangian exists for a free (2,0) theory provided that g2
6d = 1, but it is impossible

to study the interacting theory perturbatively.

6d (2, 0) from string theory and M-theory

The 6d N = (2, 0) SCFT was discovered by Witten [35], when studying the Type IIB string
compactified on K3 surfaces. To understand the type IIB side, we first study the Type IIA
theory on the R6×K3 background, which is equivalent to the heterotic string on R6×T 4 by a
string/string duality, from which enhanced gauge symmetry was found at certain singularities
on the moduli space of K3 surfaces. The enhanced gauge symmetry means that extra string
bound states emerge as gauge bosons at these singularities10, which are locally C2/Γ for
some discrete subgroups Γ of SU(2), allowing for an ADE classification.

However, because the Type IIB is chiral, it cannot admit the gauge multiplet introduced
in Section 1.4, and there are no extra gauge bosons at those sigularities. Witten pointed
out that the T-duality between Type IIA and Type IIB solves the apparant paradox. We
can further compactify the Type IIA string on R5 × S1 × K3. Via T-duality, we could
obtain an equivalent Type IIB theory on R5 × S̃1 × K3. Now we have particles in R5 for
both configurations. In Type IIA, the enhanced gauge symmetry creates a new guage boson
with mass m ∝ 1/λA, where λA is the Type IIA string coupling. T-duality then implies
that the Type IIB string obtains a massive gauge boson with M ≈ RB/λB where RB is
the radius of S̃1. If we then decompactify the Type IIB string from S̃1, in R6 we will get
a non-critical string, with a tension T ∝ 1/λB. The dynamics of this non-critical string,
which is anti-self-dual, couples to the 2-form field Bµν with anti-self-dual field strength in
the tensor multiplet, but does not couple to the 2-form field with self-dual field strength in
the Type IIB supergravity multiplet, and it is hence described by the (2, 0) theory.

Later, Strominger [36] drew the connection between the 6d (2, 0) theory and the world-
volume theory of multiple coincident M5-branes, on which M2-branes can end.11 This con-
figuration is the M-theoretic lift of the fundamental strings ending on the D4-brane in Type
IIA string theory. M2-brane could be considered as a non-critical string in the M5-brane
worldvolume, which is also described by the (2, 0) theory associated to the self-dual non-
critical Type IIB string on K3. Strominger further showed that when two M5-branes are
close to each other, this (2, 0) theory decouples from gravity and obtains the superconformal
invariance, serving as a stepping stone for understanding the full M5-brane dynamics. On

9Self-dual QFTs really are exceptional objects in the moduli space of theories, just like sporadic groups,
manifolds with exceptional holonomies, Platonic solids, and octonians in mathematics.

10A similar gauge symmetry enhancement appears at the T-duality critical radius R =
√
α′, where α′ is

the string coupling constant.
11The low-energy effective theory of M-theory is the 11d supergravity theory, containing a 3-form gauge

field C, under which two half-Bogomol’nyi–Prasad–Sommerfield (BPS) states, M5-branes and M2-branes,
are magnetically and electically charged, respectively. They are electromagnetic duals of each other.
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the other hand, the holographic dual of 6d (2, 0) has been proposed to be the M-theory on
AdS7 × S4 in Maldacena’s original paper [32].

Starting from this connection with M5-brane worldvolume action, one can make great
use of the (2, 0) theory to study difficult problems in lower-dimensional QFTs. Like in [35],
when the 6d (2, 0) theory is toroidally compactified down to 4d, we get the N = 4 SYM
theory. The modular transformation of the microscopic T 2 implies the S-duality of 4d theory
[37]. Moreover, several correspondences have been constructed between lower-dimensional
field theories from the compactifications of the 6d (2, 0) theory, e.g., the well-known AGT
correspondence [38], the 3d-3d correspondence [39], and the more recent VOA[M4], a 2d
N = (2, 0) theory [40]. Finally, outside of high-energy theory, it also makes connections
with condensed matter physics due to emergent fractional charges similar to the fractional
quantum Hall effect (FQHE) [41].

1.6 Outline of the thesis
The rest of this thesis is organized as follows:

In Chapter 2, we study the Bekenstein-Hawking entropy of a two-sided BTZ black hole in
Euclidean signature as a topological entanglement entropy. The entire spacetime has a torus
asymptotic boundary. The definition of the monster double states depend on the asymptotic
expansion of the Klein’s J-function.

In Chapter 3, we study the Euclidean AdS/CFT dual with a boundary as a Riemann
surface with an arbitrary genus, and mathematically rigorously proved that the only possible
CFT dual to a with central charge smaller than 1, i.e., at strong coupling limit, is the Ising
minimal model. We encounter a special index-3840 subgroup Γc in studying 3d pure gravity
in AdS3 with genus-two asymptotic boundary. Whether is it a congruence subgroup or not
deserves a future study.

In Chapter 4, we study a discrete version of holography, in which the bulk spacetime is
replaced by a Bruhat-Tits tree, representing the local number field Qp. We discovered some
subtle relations between the representation theory of Qp and Chebyshev polynomials, and a
new class of eigenfunctions of Laplacian on the Burhat-Tits tree, among many other physical
results.

In Chapter 5, we switch gears to investigate the concept of reciprocity. Reciprocity is a
pivotal concept in number theory with a long history, dating back to Lagrange and Gauss in
the 18th and 19th centuries. We present a purely physical derivation of these classic formulae
from N = 4 SYM theory, abelian Chern-Simons theory and Type IIB string theory.
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Chapter 2

Topological entanglement entropy in
Euclidean AdS3 via surgery

2.1 Introduction
Topological entanglement entropy (TEE), first introduced in condensed matter physics [17,
18], has been widely used to characterize topological phases. It is the constant subleading
term (relative to the area-law term) in the entanglement entropy, only dependent on universal
data of the corresponding topological phase.

At low energy, a large class of topological phases can be effectively described using Chern-
Simons gauge theory with a compact, simple, simply-connected gauge group. When this is
the case, TEE can be found using surgery [42] and replica trick [8] by computing the partition
function on certain 3-manifolds. For compact gauge groups, TEE is expressed [42] in terms of
modular S matrices of Wess-Zumino-Witten (WZW) rational conformal field theory (RCFT)
on a compact Riemann surface, following the CS/WZW correspondence first described in
geometric quantization by [25].

In three-dimensional spacetime, gravity can be classically described by Chern-Simons
gauge theory with a non-compact, possibly complex gauge group [2, 43]. Specifically, in
Euclidean picture with a negative cosmological constant Λ = −1/l2 < 0, in the first-order
formulation of general relativity, the spin connection ω combines with the “vierbein” e to
make the holomorphic Chern-Simons gauge field ω + e/l and anti-holomorphic gauge field
ω − e/l of gauge group SL(2,C), where l is the AdS3 curvature radius. The following
questions thus arise naturally: is there a similar notion of TEE in 3d gravity? If so, can
one compute the TEE for 3d gravity using surgery? Is the TEE related to modular S
matrices of a CFT living on the conformal boundary? In [44], the authors proposed that
the Bekenstein-Hawking entropy of a BTZ black hole [45, 46] in AdS3 can be interpreted as
TEE. The argument is supported by calculations using continuous and noncompact modular
S-matrices [47] in the possible dual Liouville CFT [48, 49, 50]. Unfortunately it is still not
clear what is the meaning of this entanglement entropy, i.e., what are the two subregions or
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components that are entangled together.
We are motivated by these questions to calculate TEE via 3d surgery in an Euclidean

spacetime that is asymptotically AdS3. In the case of thermal AdS3, the constant time slice
is a disk. We first bipartite this disk into two disks as shown in Figure 2.1, where a denotes
the ratio between the interval length on the boundary circle that is contained in subregion A
and the circumference of the full circle. After applying the replica trick, the glued manifold
is a genus-n handlebody. Using one-loop partition function on this handlebody [51, 52, 53,
5, 54, 55], we derive an explicit expression for TEE, which vanishes in the low-temperature
limit. Then we consider two disjoint thermal AdS3’s and calculate the TEE between them,

a

1-a

A

B

Figure 2.1: Bipartition of constant time slice of thermal AdS3.

which turns out to be the thermal entropy of one thermal AdS3. However, this does not
mean any nontrivial entanglement between the two solid tori, and we support this argument
by calculating the mutual information between them, which gives zero.

We also compute TEEs in an eternal BTZ background. In the Euclidean picture there
is only one asymptotic region for the eternal BTZ black hole [56], which corresponds to the
gluing of the two asymptotic regions of the two single-sided black holes in the Lorentzian pic-
ture. We show that TEE between the two single-sided black holes is equal to the Bekenstein-
Hawking entropy of one single-sided black hole. The mutual information between them does
not vanish and again equals to the Bekenstein-Hawking entropy, which guarantees the ex-
planation of the result as supporting the ER=EPR conjecture in 3d bulk to be true [57, 58,
59].

Focusing on one single-sided black hole, we then derive an Entangling-Thermal relation,
stating

lim
Area(Ā)→0

[S(A)− S(Ā)] = Sthermal
BTZ , (2.1)

where A and Ā denotes the two complementary subregions. Quantities on both sides of
this equation are intrinsically three-dimensional. The underlying physical reason of this
relation is that, subregion A wraps the non-contractible loop of the constant time slice,
while its complement Ā does not. The difference between SA and SĀ thus detects the effect
of the non-contractible loop, which is exactly the outer horizon of the BTZ black hole.
This relation is similar to but different from the thermal entropy relation [60] derived from
the Ryu-Takayanagi formula [15], in that our result is topological and does not depend on
geometrical details.

The full modular-invariant genus one partition function of three-dimensional pure grav-
ity is a summation of classical geometries or gravitational instantons, which includes both
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thermal AdS3 and the BTZ black hole. At high temperatures, the full partition function is
dominated by the SL(2,Z) family of black hole solutions, whereas the low-temperature solu-
tion is dominated by the thermal AdS3. We compute TEE for the full partition function with
a bipartition between the two single-sided black holes in the high temperature regime and
again observe ER=EPR explicitly. When Chern-Simons level kR = kL = l/16G = 1, after
defining the quantum dimension data on the boundary Monster CFT with orbifolding, we see
from the TEE calculation that the black hole geometries correspond to a topological phase
in the bulk which contains a maximally-entangled superposition of 194 types of “anyons”,
labeled by the irreducible representations of the Monster group. This state, dubbed asMoon-
shine double state, has the similar property as the thermofield double state on the asymptotic
boundary in that TEE between the anyon pairs is equal to the Bekenstein-Hawking entropy.

The rest of the chapter is organized as follows. In Section 2.2 we give a minimal intro-
duction to the knowledge that facilitates the TEE calculation, including replica trick and
Schottky uniformization. In Section 2.3 we show the calculation of TEE in thermal AdS3,
which amounts to the computation of the partition function on a genus n-handlebody. We
also compute the TEE between two disjoint thermal AdS3 and show their mutual informa-
tion vanishes. Section 2.4 illustrates the TEE calculation for BTZ black holes for several
different bipartitions. We discuss the relations with ER=EPR and show that mutual infor-
mation between the two single-sided black holes is equal to the Bekenstein-Hawking entropy.
We further propose an Entangling-Thermal relation for single-sided black holes. Then in
Section 2.5 we demonstrate the TEE of the full modular-invariant partition function after
summing over geometries and present the quantum dimension interpretation. The system is
mapped to a superposition of 194 types of “anyons”. Comments on the implication of TEE
on the Hawking-Page transition and the outlook can be found in Section 2.6.

2.2 Review of relevant components
In this section we will introduce basic concepts that are essential to understanding the rest
of the chapter.

“Surgery” and Replica Trick

Surgery was originally invented by Milnor [61] to study and classify manifolds of dimension
greater than three.1. In this work we use this concept in a broader sense, i.e., as a collection
of techniques used to produce a new finite-dimensional manifold from an existing one in a
controlled way. Specifically, it refers to cutting out parts of a manifold and replacing it by a
part of another manifold, matching up along the cut.

As a warm-up, we review the usage of surgery in the entanglement calculation of 2d CFT
for a single interval at finite temperature T = 1/β [8]. The interval A lies on an infinitely
long line whose thermal density matrix is denoted as ρ. The reduced density matrix of

1For 3-manifolds, there are famous variants such as (hyperbolic) Dehn surgery [24].
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subregion A is then defined as ρA = trĀρ, where the trace trĀ over the complement of A only
glues together points that are not in A, while an open cut is left along A. Entanglement
entropy between A and its complement Ā is then SA = −trρA ln ρA. The matrix logarithm
is generally hard to compute, so alternatively one applies the replica trick to obtain an
equivalent expression, with proper normalization (so that the resultant quantity is 1 when
being analytically continued to n = 1):

S(A) = − d

dn

(
tr(ρnA)

(trρA)n

) ∣∣∣∣∣
n=1

. (2.2)

Now the problem reduces to the computation of tr(ρnA). Using surgery, one can interpret it
as the path integral on the glued 2-manifold [62]. An example for n = 3 is shown in Figure
2.2, where the left panel sketches ρ3

A, and the right panel is tr(ρ3
A). In this case with a finite

temperature, SA is not necessarily equal to SĀ.

3β

β

β

β
A B

3β

β

β

β

A B

Figure 2.2: Left: Sketch of ρ3
A. Right: Sketch of trρ3

A

This operation can be extended to 3-manifolds in a straightforward way, as shown in
[42]. The authors calculated examples where the constant time slices are closed surfaces and
restricted to ground states, so that the β cycle is infinitely long.

The constant time slices that we are interested in for Euclidean AdS3 are all open surfaces
with asymptotic conformal boundaries, and the quantum states do not necessarily belong to
the ground state Hilbert subspace. Details will be presented in Sections 2.3 and 2.4.

Conformal Boundary and H3/Γ

We now introduces the hyperbolic three-space H3 that describes the Euclidean AdS3. It is
the 3d analogue of hyperbolic plane, with the standard Poincare-like metric

ds2 =
dy2 + dzdz̄

y2
, (2.3)

where y > 0 and z is a complex coordinate.
Any 3-manifold M having a genus n Riemann surface Σn as its conformal boundary that

permits a complete metric of constant negative curvature can be constructed using Schottky
uniformization. The idea is to represent the 3-manifoldM as the quotient of H3 by a Kleinian
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group Γ [63], which is a discrete subgroup of SL(2,C) as well as a discrete group of conformal
automorphisms of Σn.

The conformal boundary of H3 is a sphere at infinity, S2
∞, on which Γ acts discretely,

except for a limit set of accumulation points of Γ denoted by Λ(Γ). The complement Ω(Γ) =
S2
∞ − Λ(Γ) is called the domain of discontinuity. Then the 3-manifold M has boundary

Ω(Γ)/Γ, a well-defined quotient.
In particular, when M is a handlebody, Γ reduces to a Schottky group, which is freely

finitely generated by the loxodromic elements2 γ1, . . . , γn ∈ SL(2,C), that acts on S2
∞ as

a fractional linear transformation. Among these generators, there are 3n − 3 independent
complex parameters, which are coordinates on the Schottky space, a covering space of the
complex moduli of the Riemann surface.

Each γ ∈ Γ is completely characterized by its fixed points and its multiplier qγ. An
eigenvalue qγ is defined through the unique conjugation of γ under SL(2,C): z 7→ qγz with
|qγ| < 1. More explicitly, denoting η, ξ as the fixed points of γ, one has

γ(z)− η
γ(z)− ξ

= qγ
z − η
z − ξ

. (2.4)

Within the Schottky group Γ, there are primitive conjugacy classes 〈γ1, . . . , γn〉 of Γ, with
“primitive” meaning that γ is not a positive power of any other element in Γ.

Solid Tori Classified as Mc,d

The physical spacetimes we are concerned about in this chapter are all solid tori, i.e., the
n = 1 case in the previous subsection. They have toroidal conformal boundaries, so the
Schottky group actions is relatively simple.

After these topological constructions, we can further classify them into the Mc,d family
according to their geometries. This family first appeared in the discussion of classical gravi-
tational instantons which dominate the path integral in [64], and is further explained in [5]
and [65].

In this case, Λ(Ω) composes of the north and south poles of S2
∞. Since solid tori have

boundaries T 2 ∼= Ω(Γ)/Γ, π1 (Ω(Γ)) must be a subgroup of π1(T 2), so π1(Ω(Γ)) can only be
isomorphic to Z ⊕ Z, Z, or the trivial group. When π1(Ω(Γ)) = Z ⊕ Z, Ω(Γ) has to be a
Riemann surface of genus 1, which cannot be isomorphic to an open subset of S2

∞. When
π1(Ω(Γ)) is trivial, Ω(Γ) is a simply-connected universal cover of T 2, so that Γ has to be
Z⊕Z. It is easily seen from (2.3) that if Γ ∼= Z⊕Z, then although H3/(Z⊕Z) has a toroidal
boundary at y = 0, there is a cusp at y → ∞, whose sub-Plackian length scale invalidates
semi-classical treatments.

The only possibility is thus π1(Ω(Γ)) = Z, where Γ can be either Z or Z⊕Zn. The latter
yields M to be a Zn-orbifold, indicating the existence of massive particles, which are not
allowed in pure gravity. To avoid undesirable geometries such as cusps and orbifolds in the

2They are of the form (2.5).
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contributions to path integral [54, 5], we restrict our Schottky group to be Γ ∼= Z, generated
by the matrix

W =

(
q 0
0 q−1

)
(2.5)

where |q| < 1.
The boundary torus is thus obtained by quotiening the complex z-plane without the origin

by Z. Redefine z = e2πiω, so ω is defined up to ω → ω+ 1, and W acts by ω → ω+ ln q/2πi.
Hence, the complex modulus of the torus is τ ≡ ln q/2πi, defined up to a PSL(2,Z) Möbius
transformation τ ∼ (aτ + b)/(cτ + d), where integers a, b, c, d satisfy ad− bc = 1.

When constructing a solid torus from its boundary torus, τ is defined only up to τ ∼ τ+Z
by a choice of solid filling, completely determined by the pair (c, d) of relatively prime
integers. This is because the flip of signs (a, b, c, d) → (−a,−b,−c,−d) does not affect q,
and once (c, d) are given, (a, b) can be uniquely determined by ad − bc = 1 up to a shift
(a, b)→ (a, b) + t(c, d), t ∈ Z which leaves q unaffected. We call these solid tori Mc,d’s, and
any Mc,d can be obtained from M0,1 via a modular transformation on τ . Physically, M0,1 is
the Euclidean thermal AdS3 and M1,0 is the traditional Euclidean BTZ black hole obtained
from Wick rotating the original metric in [45]. Excluding M0,1, Mc,d’s are collectively called
the SL(2,Z) family of Euclidean black holes, to be discussed in Section 2.5.

2.3 Thermal AdS3

The Euclidean thermal AdS3 has the topology of a solid torus M0,1, whose non-contractible
loop is parametrized by the Euclidean time. The constant time slice is thus a disk D2 with
a boundary S1, perpendicular to the non-contractible loop.

Bipartition into Two Disks

We bipartite the disk into upper and lower subregions A and B, both having the topology
of a disk. The solid torus is then turned into a sliced bagel as in Figure 2.3. Boundary
of each subregion contains an interval lying on the S1. In the following we will denote the
ratio between the length of one interval and the circumference of the boundary S1 to be a,
satisfying 0 ≤ a ≤ 1. Except for the symmetric case where a = 1/2 and the two subregions
are equivalent, generally SA 6= SB.

As introduced in Section 2.2, one then glues each of n copies of subregion B sepa-
rately while gluing the n copies of subregion A together. The resultant 3-manifold is an
n-handlebody, which is a filled genus-n Riemann surface, shown in Figure 2.3. (In the
special case of n = 1, the handlebody reduces to a solid torus.)

With a proper normalization, the entanglement entropy corresponding to subregion A is
then

STAdS = − d

dn

(
Z(n-handlebody)

Z(1-handlebody)n

) ∣∣∣∣∣
n=1

. (2.6)
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· · ·

Figure 2.3: Left: bipartition of the thermal AdS3. Right: the glued 3-manifold is a flat
bouquet-like n-handlebody.

Contribution to the path integral around a classical saddle point for an n-handlebody
takes the form

Z(n) = exp

[
kS0(n) +

∑
i

k−i+1Si(n)

]
, (2.7)

where k−i+1Si(n) is the i-loop free energy of boundary graviton excitations. At tree level
(i = 0), Ztree(n-handlebody) can be derived assuming the dual CFT is an extremal CFT
[52]3,

Ztree(n) =
∏

γ prim.

∞∏
m=1

|1− qmγ |24k, (2.8)

with the product running over primitive conjugacy classes of γ, qγ being the multiplier of γ
introduced in Section 2.2, and k = l/16G.

In general the two products are hard to evaluate. However, in the low-temperature regime
when thermal AdS3 dominates, the leading contribution to the infinite product overm comes
from m = 1. Furthermore, the product over γ is dominated by a single-letter contribution
[55, 66],

∏
γ prim.

|1− qγ| ≈ |1− q1|2n. Combining these, we obtain

Ztree(n) ≈
∏

γ prim.

|1− q1|24k = |1− q1|48nk, (2.9)

with q1 a function of n and a, having the form

q1 =
sin2(πa)

n2 sin2(πa/n)
e−2πβ. (2.10)

At one-loop (i = 1) level, the general expression for Zloop(n-handlebody) can be derived
from either the boundary extremal CFT [52, 53] or the bulk heat kernel method [54]. They

3This partition function is motivated by the Liouville action of a single free boson on a handlebody, and
is conjectured in [52] as a modular form of weight 12k to avoid singularities of special functions.
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both depend on the Schottky parametrization of the boundary genus n-Riemann surface.
The result is

Zloop(n) =
∏

γ prim.

∞∏
m=2

1

|1− qmγ |
≈ 1

|1− q2
1|2n

, (2.11)

in the low-temperature regime q1 � 1. Plugging Z(n-handlebody) = Ztree(n)Zloop(n) into
(2.6), we obtain

STAdS(a) ≈
[
96ke−2πβ + (96k − 8)e−4πβ +O(e−6πβ)

]
(πa cot(πa)− 1) . (2.12)

The terms containing k come from tree-level, while others are one-loop contributions. The
entire expression approaches to zero very fast in the low-temperature regime β →∞ for any
k. The dependence of the above result on a distinguishes itself from the original definition
[17, 18] of TEE, which is a universal constant. We note that a enters as the boundary
condition on the constant time slice, and has nothing to do with the leading area-law term
in usual expressions of entanglement entropies.

When subregion A is “nothing”, i.e., a → 0, πa cot(πa) → 1, thus the TEE between
subregions A and B vanishes. When A is instead “everything”, i.e., a→ 1, πa cot(πa)→ −∞,
balanced by the smaller e−2πβ � 1 at low temperatures. We observe that apart from the
a→ 0 case, the TEE for thermal AdS3 is always negative. Another important case is when
a = 1/2 so that the two subregions are symmetric. In this case we have

STAdS

(
a =

1

2

)
≈ −

[
96ke−2πβ + (96k − 8)e−4πβ +O(e−6πβ)

]
. (2.13)

Two Disjoint Thermal AdS3

Now we take two non-interacting thermal AdS3’s as the whole system, represented by two
disjoint solid tori M0,1. There are two non-interacting, non-entangled, identical CFTs living
on their asymptotic boundaries. One would naïvely expect the TEE between these two solid
tori to be zero, which is not really the case. To calculate the entanglement entropy between
these two solid tori, one can simply use

STAdS = − d

dn

(
Z0,1(nτ)Z0,1(τ)n

Z0,1(τ)2n

) ∣∣∣∣∣
n=1

. (2.14)

We have used the shorthand notation Z0,1(τ) = Z0,1(τ, τ̄) to take into account both holo-
morphic and anti-holomorphic sectors. The partition function Z0,1(nτ) comes from gluing n
copies of solid torus A, which is a new solid torus with modular parameter nτ .

Meanwhile, Z0,1(τ)n comes from gluing individually the n copies of solid torus B. We
can simply multiply the contributions from A and B together because they are disjoint.
Then we can plug these into the expression for the solid torus partition function, i.e., the
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1-handlebody result from (2.8) and (2.10),

Z0,1(τ) = |q|2k
∞∏
m=2

|1− qm|−2. (2.15)

In the low temperatures, we can approximate q = e2πiτ = e−2πβ as a small number and thus
at leading order Z0,1(τ) ≈ q−2k(1− q2)−2.

After straightforward calculations we obtain

STAdS ≈ 2(1 + 4πβ)e−4πβ. (2.16)

This contains only the loop contribution, i.e., the semi-classical result is zero. For compar-
ison, we also calculate the canonical ensemble thermal entropy of a single thermal AdS3 at
temperature β−1: Sthermal

TAdS = lnZ(1-handlebody)−βZ(1-handlebody)−1 ∂Z(1-handlebody)
∂β

. It has
the low-temperature form

Sthermal
TAdS ≈ 2(1 + 4πβ)e−4πβ, (2.17)

which again solely comes from loop contributions. We immediately observe that the thermal
entropy of a single thermal AdS3 is the same as the TEE between two independent thermal
AdS3’s.

This does not imply that there are nontrivial topological entanglement between the two
copies of thermal AdS3, but simply reveals the insufficiency of using entanglement entropy
as an entanglement measure at finite temperatures. For example, consider two general
subsystems A and B with thermal density matrices ρA and ρB and combine them into a
separable system,

ρ = ρA ⊗ ρB. (2.18)

These two subregions are thus obviously non-entangled. But if one attempts to calculate
the entanglement entropy between A and B by tracing over B, one can still get an arbitrary
result depending on the details of ρA. If we choose ρA = |ψ〉〈ψ| where |ψ〉 is some pure
state, then the entanglement entropy will be zero. If instead we choose ρA = 1

dim(HA)
1 as

the proper normalized identity matrix, then the entanglement entropy will be ln(dim(HA)).
So depending on the choice of ρA, one can obtain any value of the entanglement entropy
between these minimum and maximum values. This shortcoming is due to the fact that
now the entanglement entropy calculation involves undesired classical correlations in mixed
states.

To address this issue, we look at the topological mutual information between the two
solid tori,

I(A,B) = S(A) + S(B)− S(A ∪B), (2.19)

so that the thermal correlations can be canceled. Following similar replica trick calculations,
one easily obtain S(A ∪ B) = 2S(A) = 2S(B), thus the mutual information vanishes and
there exists no nontrivial topological entanglement between the two disjoint thermal AdS3’s.
We will observe in the next section that this statement no longer holds true for an eternal
BTZ black hole.
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2.4 BTZ black holes
We will explore in this section the topological entanglement in the bulk of Euclidean BTZ
black hole.

BTZ Geometry

It has been speculated for a long time that the 3d gravity is rather trivial because besides
local fluctuations, there is no gravitational wave due to the vanishing Weyl tensor. However
in the year of 1992, authors of [45] proposed a new type of AdS-Schwarzschild black hole
with Lorentzian metric

ds2
L = −N2

Ldt
2
L +N−2

L dr2 + r2(dφ+Nφ
Ldt)

2, (2.20)

where the lapse and shift functions have the form N2
L = −8GML+ r2

l2
+

16G2J2
L

r2 , Nφ
L = −4GJL

r2 .
G is the 3d Newton constant, l the curvature radius of AdS3, and ML, JL are the mass and
angular momentum of the black hole, respectively. The outer and inner horizons are defined
by

r̃2
± = 4GMLl

2

(
1±

√
1− J2

L

M2
Ll

2

)
. (2.21)

Let tL ≡ it and JL ≡ iJ , and we perform the Wick rotation to get

ds2 = N2dt2 +N−2dr2 + r2(dφ+Nφdt)2, (2.22)

with N2 = −8GM + r2

l2
− 16G2J2

r2 , Nφ(r) = −4GJ
r2 . The horizons are now given by

r2
± = 4GMl2

(
1±

√
1 +

J2

M2l2

)
. (2.23)

The Euclidean BTZ black hole is locally isometric to the hyperbolic 3-spaceH3 and is globally
described by H3/Γ with Γ ∼= Z. The topology is a solid torus, and one can make it explicit
by performing the following coordinate transformations [67]

x =

√
r2 − r2

+

r2 − r2
−

cos

(
r+

l2
t+
|r−|
l
φ

)
exp

(
r+

l
φ− |r−|

l2
t

)
,

y =

√
r2 − r2

+

r2 − r2
−

sin

(
r+

l2
t+
|r−|
l
φ

)
exp

(
r+

l
φ− |r−|

l2
t

)
,

z =

√
r2

+ − r2
−

r2 − r2
−

exp

(
r+

l
φ− |r−|

l2
t

)
> 0.

(2.24)
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They bring the metric (2.22) to the 3d upper half-space with z > 0, representing H3. Fur-
ther changing to the spherical coordinates (x, y, z) = (R cos θ cosχ,R sin θ cosχ,R sinχ), we
finally arrive at

ds2 =
l2

sin2 χ

(
dR2

R2
+ cos2 χdθ2 + dχ2

)
. (2.25)

In order to incorporate the periodicity of the Schwarzschild angular coordinate φ in (2.22),
we require terms in (2.25) to obey the global identifications

(R, θ, χ) ∼
(
Re2πr+/l, θ +

2π|r−|
l

, χ

)
. (2.26)

Now it is clear that the fundamental region for (2.25) is the solid slice between inner
and outer hemispheres centered at the origin in Figure 2.4 with radii R = 1 and R =
e2πr+/l, respectively, with an opening of 2π|r−|/l or 2π (if r− = 0) in azimuthal angle (in
the θ direction).4 For each fixed χ ∈ [0, π/2], the two hemispheres are identified along the
radial direction, and two segments bounding the azimuthal opening angle are also identified,
forming a torus. Hence, the segment on the z-axis between two hemispheres corresponds to
the outer horizon, and it is mapped to the central cord of solid torus, i.e., the fundamental
region, at χ = π/2 (the boundary torus is at χ = 0).

y

x

z

Figure 2.4: Left: The spherical coordinates on H3, which convert the original AdS-
Schwarzschild metric (2.20) of BTZ black hole into the right picture. Right: Topology
of the Euclidean BTZ black hole is a solid torus. Horizon is the blue dashed line threading
the central cord of the solid torus. The Euclidean time runs in the meridian direction.

Finally, to ensure that the coordinate transformations in (2.24) are non-singular (contain
no conical singularities) at the z axis (r → r+), we must require periodicity in the arguments
of the trigonometric functions there. That is, we must identify

1

2πl
(φ, t) ∼ 1

2πl
(φ+ Φ, t+ β), (2.27)

4The fundamental region looks just like a slice of cheese, which is not drawn here. See Figure 12.2 in
[68] for an illustration.
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where Φ = |r−|
r2
+−r2

−
, β = r+l

r2
+−r2

−
. We combine the real pair (Φ, β) into one single complex

variable
τ ≡ Φ + iβ, (2.28)

which is the complex modular parameter of the boundary torus.
For convenience, in the rest of this chapter, unless stated otherwise, we only focus on

non-rotating Euclidean BTZ black hole, so that τ is pure imaginary and r− = 0.

TEE between Two One-Sided Black Holes and Mutual Information

Following [57, 58, 59, 69], an eternal Lorentzian AdS black hole has two asymptotic regions
and can be viewed as two black holes connected through a non-traversable wormhole. It is
also suggested from the dual CFT perspective that the entanglement entropy between the
CFTs living on the two asymptotic boundaries is equal to the thermal entropy of one CFT.
Motivated by this, we are interested in calculating the TEE between the two single-sided
black holes in the bulk.

Figure 2.5: Left: Constant time slice of each single-sided BTZ black hole is an annulus.
The inner boundary in blue denotes the horizon. Time evolution of this slice corresponds to
rotating angle π around the inner blue boundary. Right: Gluing the constant time slices of
single-sided black holes R (light grey) and L (dark grey) along the horizon (blue line) in the
middle.

However, for the Euclidean BTZ black hole (2.22) and (2.25), the metrics only cover the
spacetime outside the horizon of one single-sided black hole. Everything inside the horizon
is hidden, so is another single-sided black hole. In order to make the computation of TEE
between two single-sided black holes possible, we take an alternative view of the solid torus
M1,0, as in Figure 2.5. In the left panel, we sketch the constant time slice of the right
single-sided black hole, called R. It is the constant θ slice in metric (2.25) with an annulus
topology, whose inner boundary is identified with the horizon. In the right panel, we glue
the two constant time slices for black holes L and R along the horizon. Then there comes
the most important step: we fold the annulus of black hole L along the horizon, so that
it coincides with the annulus of black hole R. To obtain the full spacetime geometry, one
rotates the constant time slice of L about the horizon counterclockwise by π, while rotating
the constant time slice of R about the horizon clockwise by π. Namely, the two annuli meet
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twice: one at angle 0, the other at π. The resultant manifold is a solid torus, same as the
M1,0 introduced before. Hence one can view this solid torus either as one single-sided black
hole R with modular parameter τ = iβ, or as two single-sided black holes L and R, each
contributing τ ′ = iβ/2.

It might concern some readers that the CFTs living on the asymptotic boundaries of L
and R in the Lorentzian picture are now glued together. We note that this is a feature of the
Euclidean picture: due to the different direction of evolutions, we have CFTL(t) =CFTR(−t).
At t = 0, these obviously coincide. Then at t = β/2, this gives CFTL(t = β/2) =CFTR(t =
−β/2). Using the fact that in the Euclidean picture we have −β/2 = −β = 2 + β = β/2,
we arrive at CFTL(t = β/2) =CFTR(t = β/2), thus they coincide again and the two CFTs
are glued together. This is consistent with the fact that in the Euclidean signature, there
should only be one asymptotic region, as shown in [56].

Now we can calculate the TEE between the constant time slices of L and R, which we
denote as A and B. Importantly, since in general the result can be time dependent, we
specify the cut to be done at t = 0. Shown in the left panel of Figure 2.6, each subregion
contributes τ ′ to the modular parameter of the solid torus. We sketch one copy of ρA in the
right panel.

Ã

B̃

Ã

B̃

Figure 2.6: The disk perpendicular to the horizon, which pierces the center of the disk.
Left: Here, parts Ã and B̃ in spacetime are respectively formed by rotating both spatial
subregions A and B by ±π. Right: The graphical representation of ρA, with a wedge
missing in spacetime subregion Ã.

To find S(A), we need to calculate the partition function of the 3-manifold that corre-
spond to trρnA. We first enlarge the missing wedge in the right panel of Figure 2.6 and shrink
the size of A, B. To add the second copy of ρA, one should glue A1 to B2, with B2 glued
with A2, as shown in Figure 2.7. Note that this differs from the usual way of doing replica
tricks, where A1 is always glued to A2. This is again a result of the opposite directions of
time evolutions for L and R: the B spatial slice at t = β/2 should always be identified with
the A spatial slice at t = β/2. One can then follow this procedure and glue n-copies of ρA.

The resultant 3-manifold is a solid torus with modular parameter 2nτ ′, since each copy
of Ã contributes τ ′ and the same goes for B̃. Replica trick then gives

SBTZ(A) = − d

dn

(
Z1,0(2nτ ′)

Z1,0(2τ ′)n

) ∣∣∣∣∣
n=1

. (2.29)
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· · ·
B̃1

Ã2

Ã1

B̃2

Figure 2.7: Left: front view of the pictorial representation of ρA. Notice that the cutaway
wedge runs along the longitude (non-contractible loop) of the solid torus, with its vertex
on the horizon. Right: Graphical representation of trρnA. The disk is perpendicular to the
horizon.

Partition function Z1,0(τ) can be obtained from that of the thermal AdS3 by a modular
transformation τ → −1/τ ,

Z1,0(τ) = |q−|−2k

∞∏
m=2

1

|1− qm− |2
, (2.30)

where we have defined q− ≡ e−2πi/τ = e−2π/β. In the high-temperature regime β � 1, the
above reduces to Z1,0(τ) ≈ e4πk/β

(
1− e−4π/β

)−2
. Substituting it into (2.29), one obtains at

leading order

SBTZ(A) =
8πk

β
− 2e−4π/β

(
4π

β
− 1

)
+O(e−6π/β). (2.31)

where the first term comes from tree level and is identified with the Bekenstein-Hawking
entropy. The above expression matches with the thermal entropy of one single-sided black
hole at one-loop,

Sthermal
BTZ (A) = lnZ1,0(τ)− βZ1,0(τ)−1∂Z1,0(τ)

∂β
= SBTZ(A). (2.32)

Remarkably, this equation holds true regardless of Z1,0(τ)’s specific form.
It might be confusing at first that the Bekenstein-Hawking entropy, usually viewed as an

area-law term, appears in the calculation of topological entanglement entropy. To make it
explicit that the results above are TEEs instead of the full entanglement entropy, alterna-
tively we can use Z1,0(τ) derived from supersymmetric localization method in Chern-Simons
theory on 3-manifolds with boundaries [70]. Following the replica trick, we find exactly the
same expression5. Since Chern-Simons theory is a topological quantum field theory, the
resulting entanglement entropy is a TEE. The horizon area r+ should be understood as a
topological quantum number of the theory.

5The supersymmetric localization method involves boundary fermions. We need to remove the contri-
bution from the boundary fermions to match with the partition function (2.30)
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In the calculation of TEE between two disjoint thermal AdS3’s, as stated in Section 2.3,
we have seen that a nonzero TEE is not enough to guarantee true nontrivial entanglement
between two subregions because of the possible contribution from classical correlations. So
we resort to the mutual information I(A,B) between two single-sided black holes. We then
need to find S(A ∪B). Since in the Euclidean picture we are no longer at a pure state, it is
not necessary that S(A ∪B) vanishes, although A ∪B consists the entire system.

We start with bipartiting the system into A∪B and C at t = 0, as shown in Figure 2.8.
C is a very small region whose area will finally be taken to zero.

Ã

B̃

C̃

Figure 2.8: Left: Subregion C is the small white square in the constant time slice. Right:
One copy of ρA. The picture shows the disk perpendicular to the horizon. The thin layer
surrounding the lower half circle corresponds to C̃, the spacetime region resulting from C.

The glued manifold is a solid torus with modular parameter 2nτ ′, exactly the same form
as that in Figure 2.6. The contributions from C vanish because C is still contractible in the
glued manifold and we can safely take their area to be zero. Plugging (2.30) into the replica
trick formula (2.29), we again obtain

SBTZ(A ∪B) = Sthermal
BTZ (A). (2.33)

So indeed the TEE of A ∪ B does not vanish. Combining these, we find that the mutual
information is the same as the Bekenstein-Hawking entropy for a single-sided black hole:

I(A,B) = SBTZ(A) + SBTZ(B)− SBTZ(A ∪B) = Sthermal
BTZ (A). (2.34)

Note that, had we naïvely taken the full partition function of the eternal BTZ black hole
to be Z1,0(τ)2, namely, the two single-sided black holes are independent and non-entangled
so that their partition functions can be multiplied together, then SBTZ(A ∪ B) would have
been twice Sthermal

BTZ (A) and the mutual information would have vanished. So the nonzeroness
of mutual information indicates nontrivial entanglement between L and R.

There is still another surgery that can yield Sthermal
BTZ (A): (1) restrict to the right single-

sided black hole R as the full spacetime, which is a solid torus with modular parameter τ ,
obtained from rotating the constant time slice of it by 2π (if r− = 0); (2) thicken the horizon
S1 to a narrow annulus inside the spatial slice of the solid torus R; (3) calculate the TEE
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Figure 2.9: With the absence of black hole L, bipartitions of the constant time slice of black
hole R lead to Z1,0(nτ) after gluing. The gray area corresponds to subregion A, and the
width of the annulus B will be taken to zero.

between the thin solid torus generated by thickened horizon, denoted by B̂, and the rest,
denoted by Â; (4) and finally take the limit that thickness of solid torus B̂ goes to zero.

The bipartition of the constant slice in this case is sketched in Figure 2.9. In this biparti-
tion, the obtained TEE is between the exterior and the interior of horizon, rather than that
between two single-sided black holes. The glued manifold is again represented by Z1,0(nτ)
and the replica trick yields the Bekenstein-Hawking entropy.

We have thus come to a conclusion that the followings are equal:

(a) TEE between the two single-sided black holes,

(b) TEE between the exterior and the interior of the horizon for a single-sided black hole,

(c) thermal entropy of one single-sided black hole,

(d) mutual information between the two single-sided black holes.

The equivalence of (a) and (c) supports the ER=EPR conjecture [57, 58, 59] in the Euclidean
AdS3 case. The equivalence between (b) and (c) shows explicitly from the bulk perspective
that one should view the thermal entropy of a black hole as entanglement entropy (see for
example [71]).

In general for a rotating BTZ black hole, although there is an inner horizon at r = r−,
the z-axis still represents the outer horizon at r = r+ in the spherical coordinates (2.24) for
the upper H3. Hence, the replica trick described earlier still applies to a rotating BTZ black
hole with modular parameter τ = Φ + iβ, where Φ is the angular potential, the conjugate
variable to angular momentum. Geometrically, we just need to put r = |r−| “inside” the
inner edge of the constant time slice, so that it is not observable.6

The Entangling-Thermal Relation

In [60], the authors showed a relation (2.35) for a single-sided BTZ black hole between
the entanglement entropy of CFT on the conformal boundary and the Bekenstein-Hawking

6A similar situation will be described in Appendix A.1.
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entropy:
lim
l→0

(SA(L− l)− SA(l)) = Sthermal, (2.35)

where SA(L− l) is the entanglement entropy of a subregion A on the boundary 1+1d CFT
with an interval length (L − l), and Sthermal is the thermal entropy in the bulk. In this
section, we propose another similar but different Entangling-Thermal relation.

Figure 2.10: Bipartition of the constant time slice. Left and right panels are equivalent.

We first consider the bipartition of the constant time slice as in Figure 2.10 for a single-
sided black hole. We put the separation between two subregions away from the horizon,
so that region B generates the white contractible region in the left panel. The right panel
is equivalent to the left one, and will be convenient for visualization of the gluing. We
will call the glued manifold as the “ring”, because after time evolution, region B = A (the
complement) will glue to itself and form a ring around the solid torus, as shown in the middle
panel of Figure 2.11, where the small white part corresponds to the unglued part in the left
panel. Hence, a single copy is the middle panel: away from the ring, the open wedge running
around the longitude is the same as that in the left panel of Figure 2.7.

t = β
t = 0

Figure 2.11: Left: The side view of trρA for the “ring”; the dashed line is only used to
separate t = 0 and t = β ends of the grey region. Middle: the front view of trρA for the
“ring” configuration. Right: the side view of trρ4

A inside the “ring” of the first trρA.

Naïvely it seems that one is unable to glue n copies of the above geometry, since the ring
blocks a portion of the wedge’s opening. However, there do exist a unique embedding from
n copies to R3 up to homotopy equivalence, as shown in the right panel of Figure 2.11: one
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first stretches the grey region in the left panel to the blue area in right panel, and glue a
second light grey copy so that its t = 0 edge are glued to the t = β edge of the blue copy;
now one repeats this process for green and yellow regions and so on, still preserving the
replica symmetry. Notice that rings from gray, green and yellow copies are not in this piece
of paper, but on parallel planes above or below. Then one puts rings from each copy side
by side on the boundary torus, which requires each ring to be infinitesimally thin since n is
arbitrarily large. The resultant manifold is again a solid torus of modular parameter nτ . So
the replica trick calculation follows the previous equation (2.29) and gives

lim
Area(Ā)→0

S(A) = Sthermal
BTZ . (2.36)

For completeness, we note that Figure 2.11 has another limiting case, where the width
of the ring covers almost the entire longitudinal direction of the solid torus, and its depth
occupies a considerable portion of the radial direction, as shown in Figure 2.12. Now in
order to put rings side by side upon gluing n copies, we need to stretch the non-contractible
direction for n times to accommodate them, so that the resultant manifold is approximately
a solid torus with modular parameter τ/n. Now plug Z1,0(τ/n) into (2.29):

lim
Area(A)→0

S(A) = − d

dn

(
Z1,0(τ/n)Z1,0(τ)n

Z1,0(τ)2n

) ∣∣∣∣∣
n=1

= lnZ1,0(τ) + τ
d

dτ
Z1,0(τ). (2.37)

Figure 2.12: Another limit of the ring configuration.

Using Z1,0(τ) ≈ e4kπ/β(1 + 2e−4π/β) again, we obtain

lim
Area(A)→0

S(A) = 2

(
4π

β
+ 1

)
e−4π/β, (2.38)

which vanishes at high temperature. Note that here is no k-dependence, meaning we can
observe the one-loop effect directly.

Now we consider the complementary bipartition of Figure 2.11, as shown in Figure 2.13,
where the grey region is generated by B in Figure 2.10. The gluing here is simple: since
the unglued cut in the grey region Ã is parallel to the longitude, n copies should be ar-
ranged around a virtual axis tangent to the annulus. The resultant manifold is a vertical
n-handlebody.
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Figure 2.13: Left: The complementary bipartition which leads to SĀ. Right: The glued
manifold is a vertical bouquet-like handlebody.

One can calculate the corresponding TEE following a parallel procedure in the calculation
of thermal AdS3 in Section 2.3. The partition function of the glued manifold is

Z(n) =
∏

γ prim.

∞∏
m=1

|1− qmγ |24k ×
∏

γ prim.

∞∏
m=2

1

|1− qmγ |
, (2.39)

where the first and second factors come from tree level and one-loop, respectively. The
products are over primitive conjugacy classes of γ ∈ Γ. In the high-temperature regime, this
expression can be simplified by the single-letter word approximation

∏
γ prim.

|1−qγ| ≈ |1−q′1|2n,

so that

Z(n, q′1) ≈ |1− q
′
1|48nk

|1− q′21 |2n
. (2.40)

Here q′1 can be obtained from q1 in (2.10) using a modular transformation,

q′1(n, a) =
sinh2(πa/β)

n2 sinh2(πa/nβ)
e−2π/β. (2.41)

The replica trick then gives

S(Ā) = − d

dn

[
Z(n, q′1(n))

Z(1, q′1(1))n

] ∣∣∣∣∣
n=1

. (2.42)

This is explicitly written as

S(Ā) = 96k

(
πa

β
− 2

)
e−2π/β + 8(12k − 1)

(
πa

β
− 2

)
e−4π/β +O(e−6π/β). (2.43)

We now take the limit a→ 0 because this corresponds to the limit where the grey region in
Figure 2.13 goes to zero, so that:

lim
Area(Ā)→0

S(Ā) ≡ lim
a→0

S(Ā) = −192ke−2π/β − 16(12k − 1)e−4π/β +O(e−6π/β), (2.44)
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which vanishes at high temperature. The infinitesimally negative value is a quirk due to
approximation on qγ’s.

Combining equations (2.36) and (2.44), one obtains the Entangling-Thermal relation:

lim
Area(Ā)→0

[S(A)− S(Ā)] = Sthermal
BTZ , (2.45)

We give this relation a different name from the two-dimensional thermal entropy relation
in the dual CFT calculation (2.35) because this is not merely a generalization of it in one
higher dimension. The thermal entropy relation (2.35) relates the entanglement entropy on
the dual CFT with the thermal entropy of black hole in the bulk, while the entangling-
thermal relation connects the topological entanglement entropy and thermal entropy both
in the bulk gravitational theory. Additionally, the explanation for thermal entropy relation
relies on the geometrical detail (minimal surfaces) in the bulk [60], while the entangling-
thermal relation is of topological origin. In the first bipartition in Figure 2.11, subregion A
sees the non-contractible loop and the nontrivial flux threading through the hole inside the
annulus. In the second bipartition in Figure 2.13, subregion A does not completely surround
the non-contractible circle, i.e., the horizon. The difference between them thus characterizes
the non-contractible loop.

Finally we remark that there are several cases in which gluing procedures are not available.
The no-gluing criterion is that, as long as the boundary of a subregion is contractible and not
anchored on the boundary S1, the spatial slice is not n-glueable. Also, a single copy in which
glued region B completely surrounds region except for the inner edge is not n-glueable.

2.5 Summation over geometries
The partition functions of thermal AdS3, Z0,1(τ), and BTZ black hole, Z1,0(τ), are not
modular-invariant by themselves. To obtain the full modular-invariant partition function,
one needs to sum over the pair of parameters (c, d) for Zc,d. This can alternatively be written
as the summation over modular transformations of Z0,1 as follows:

Z(τ) =
∑

Γ∞\SL(2,Z)

Zc,d(τ) =
∑

Γ∞\SL(2,Z)

Z0,1

(
aτ + b

cτ + d

)
, (2.46)

where Γ∞\SL(2,Z) denotes the right coset space of Γ∞ in SL(2,Z) [72], and Γ∞ is the

translational subgroup generated by the 2 × 2 matrix T ≡
(

1 1
0 1

)
with action τ → τ + 1.

Solid torus filling and Schottky parametrization are invariant under Γ∞, and the summation
over the coset space is to make the full partition function invariant under both T : τ → τ +1
and S : τ → −1/τ .

Note that in the previous sections we have used Zc,d(τ) = Zc,d(τ, τ̄) as the shorthand for
the product of holomorphic and anti-holomorphic pieces, whereas in this section we return
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to the notation that Zc,d(τ) describes the holomorphic part of the partition function only.
The anti-holomorphic part can easily be found as Z̄(τ̄) and Z(τ, τ̄) = Z(τ)Z̄(τ̄).

Modular-invariant partition function of the form (2.46) is unique for the most negative
cosmological constant (k = 1) [51, 73] and was investigated in more general situations
(k > 1) in [5]. An important theorem due to [73] is that the moduli space of Riemann
surfaces of genus one is itself a Riemann surface of genus zero, parametrized by the j-
function. Consequently, any modular-invariant function can be written as a function of it.
The J-function is defined as

J(τ) ≡ 1728g2(τ)3

g2(τ)3 − 27g3(τ)2
− 744

= q−1 + 196884q + 21493760q2 + 864299970q3 + 20245856256q4 + . . .

(2.47)

where q = e2πiτ as usual, and g2(τ) ≡ 60G4(τ) and g3(τ) ≡ 140G6(τ), where G2k are
holomorphic Eisenstein series of weight 2k, k ≥ 2, defined as G2k ≡

∑
(m,n)6=(0,0)(m+nτ)−2k.

Since the pole in the full partition function Z(q) at q = 0 is of order k (due to the
holomorphic tree-level contribution of thermal AdS3, q−k), it must be a polynomial in J of
degree k,

Z(q) =
k∑
j=0

aiJ
i =

∑
n

c(k, n)qn. (2.48)

For k = 1 we simply have Z(q) = J(q). It has been obtained from modular or Rademacher
sum on multiple occasions, see e.g., [65, 74, 72]. The coefficients of J(q) in front of qn
was known to be intimately related to the dimensions of irreducible representations of the
monster group M, the largest sporadic group. It has 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 ·
29 · 31 · 41 · 47 · 59 · 71 ≈ 8× 1053 group elements and 194 conjugacy classes. Dimensions of
the irreducible representations of the monster group can be found in the first column of its
character table [75]: 1, 196883, 21296876, 842609326, 18538750076, 19360062527 . . . .

After John McKay’s observation 196884 = 1 + 196883, Thompson further noticed [76]:

21493760 = 1 + 196883 + 21296876,

864299970 = 2× 1 + 2× 196883 + 21296876 + 842609326,

20245856256 = 2× 1 + 3× 196883 + 2× 21296876 + 842609326 + 19360062527.

(2.49)

This phenomenon is dubbed “monstrous moonshine” by Conway and Norton [77], later proved
by Borcherds [78].

The author of [51] conjectures that for cosmological constant k ≡ l/16G ∈ Z, quantum 3d
Euclidean pure gravity including BTZ black holes can be completely described by a rational
CFT (RCFT) called extremal self-dual CFT (ECFT) with Brown-Henneaux central charge
[79] (cL, cR) = (24k, 24k), which is factorized into a holomorphic and an anti-holomorphic
pieces. An ECFT is a CFT whose lowest dimension of primary field is k + 1, and it has a
sparsest possible spectrum consistent with modular invariance, presenting a finite mass gap.
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The only known example is the k = 1 one with a monster symmetry, constructed by Frenkel-
Lepowsky-Meurman (FLM) [80] to have partition function as J(q), but its uniqueness has
not been proved. The existence of ECFTs with k > 1 is conjectured to be true [51] and is
still an active open question [81, 82].

In this section we will mainly focus on the k = 1 case.

TEE for the Full Partition Function

The modular-invariant partition function is still defined on a solid torus. We will again
consider the bipartition that separate the two single-sided black holes, similar to the story
in Section 2.4. It is justified in Appendix A.1 that one can still cut SL(2,Z) family of BTZ
black holes along their outer horizons, which lie in the core of the solid torus. So one just
needs to plug the partition function J(q) into the replica trick formula. At low temperatures,
q = e−2πβ is small, so that the full partition function will be dominated by the q−1 term
with almost trivial thermal entropy and TEE, trivial in the sense that there are no tree-level
contributions. At high temperatures, richer physics is allowed. Below we calculate the TEE
of the full partition function in this regime.

Generally, the coefficient in front of qn in the partition function Z(q) for any k can be
written as

c(k, n) =
193∑
i=0

mi(−k, n)di, (2.50)

where each di is the dimension of the corresponding irreducible representations Mi of M,
and mi(−k, n) is the multiplicity of the irreducible representation Mi in the decomposition
similar to (2.49). It is guaranteed to be a non-negative integer. At large n, mi(−k, n) has
the following asymptotic form [83],

mi(−k, n) ∼ di|k|1/4√
2|M||n|3/4

e4π
√
|kn|. (2.51)

Now we restrict to the k = 1 case and let n to be a variable. After taking care of the
anti-holomorphic part, the replica trick (2.29) gives the following TEE

Sfull(A) = Sthermal
full = 2 ln J(q)− 2βJ(q)−1∂J(q)

∂β
. (2.52)

Note that this is again the same as the expression for calculation of thermal entropy in the
canonical ensemble. (Using β = l/r+ = 1/

√
M = 1/

√
n, n is viewed as a function of β so the

second term in (2.52) is nonzero.) The computation of SA∪B for the entire SL(2,Z) family of
black holes is also similar to that of M1,0 calculated in Section 2.4. The result is again equal
to the thermal entropy, based on the fact that the SL(2,Z) family of black holes are all solid
tori with horizons living in the core. This implies that the system is again in a mixed state
due to Euclideanization, as expected in [84, 85]. The mutual information I(A,B) is also the
thermal entropy, parallel to the discussion in Section 2.4.
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In the high-temperature expansion, we only take the qn term Jn(q) from the summation
in J(q) to calculate TEE because this desired term has a coefficient exponentially larger than
those at lower temperatures7:

Jn(q) =
193∑
i=0

d2
i

|M|
e4π
√
n

√
2n3/4

qn. (2.53)

Mathematically the two copies of di in d2
i are both the dimension of irreducible module Mi

of the monster group, which will be explained in detail later in Section 2.5. But physically
they have different origins: one is the contribution from a single Mi as shown in equation
(2.50), while the other is probability amplitude for Mi to appear in the summation as in
equation (2.51). Namely, there is a correspondence between the partition function J(q) and
a pure state in the bulk, which is a superposition of all different Mi’s:

|Ψ〉 =
193∑
i=0

di√
|M|
|i, i∗〉. (2.54)

In analogy to topological phases, the state is a maximally-entangled state of 194 types of
“anyons” labelled by the irreducible representations of the Monster group M. The di that
appears explicitly in (2.54) corresponds to that in (2.51), whereas |i, i∗〉means a quasiparticle-
antiquasiparticle pair labeled byMi and contributes another di, which correspond to the one
in (2.50). In [86], the authors proposed from abstract category theory, that the ER=EPR
realization in the context of TQFT should be exactly of the form (2.54). We will show
later that this specific maximally-entangled superposition is the bulk TQFT version of the
thermofield double state on the dual CFTs.

Applying to equation (2.53) the identity for finite groups:
∑

i d
2
i = |M|, we arrive at

Jn(q) =
e4π
√
n

√
2n3/4

qn =
1√
2
β3/2e2π/β. (2.55)

Plugging it into (2.52) and taking into account the anti-holomorphic part, we again recover
the Bekenstein-Hawking entropy:

Sfull(A) =
8π

β
+ 3 ln β − ln 2− 3. (2.56)

The first three terms agree with Witten’s asymptotic formula for Bekenstein-Hawking en-
tropy [51], and provides an additional term −3. Remarkably, the “anyons” become invisible
in TEE after the summation over i. This is exactly due to the appearance of the maximally-
entangled superposition in equation (2.54). Had we taken another state where only one
single Mj appears with probability amplitude 1 and all the others appear with amplitude 0,
the corresponding contribution would have been proportional to ln

(
dj/
√
|M|
)
instead of 0.
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i i∗

Figure 2.14: Constant time slice of the eternal BTZ black hole as in Figure2.5. The Wilson
line corresponding to the quasiparticle-antiquasiparticle pair i, i∗ intersects with horizon
both on the constant time slice and in the 3d bulk.

The latter matches with the entanglement entropy calculations in [87, 88, 89] for an excited
state labeled by j in a rational CFT.8

In our case, the creation of the quasiparticle-antiquasiparticle pair i and i∗ can be rep-
resented by a Wilson line, as shown in Figure 2.14. The Wilson line intersects the non-
contractible loop of the solid torus, i.e., the horizon, which is the reason why it can be
detected by a cut along the horizon.

To make full understanding of the “anyon” picture, we rewrite state (2.54) as

|Ψ〉 =
1√
J(q)

193∑
i=0

e−
β
2
Ei |i, i∗〉, (2.57)

where the energy level corresponding to the “anyon” pair i, i∗ is described by the quantum
dimension of Mi:

Ei = − 1

β
ln

[
d2
i

|M|
Jn(q)

]
. (2.58)

Denoting |i, i∗〉 ≡ |i〉|i∗〉, one can trace over all the |i∗〉’s and obtain the reduced density
matrix

ρA =
∑
i

e−βEi |i〉〈i|, (2.59)

which is just the thermal density matrix for “anyons”, and different types of anyons i form an
ensemble. Using the expression for energy levels (2.58), the entanglement entropy between
the “anyon” pair can be easily calculated as

SΨ(A) = Sthermal(A) = Sfull(A), (2.60)

where we have added the anti-holomorphic contribution. Thus the state (2.57) has the similar
property as the thermofield double state does, in that the entanglement entropy between the

7We will take into account all terms of J(q) in Appendix A.2.
8This disappearance of “anyons” in the TEE for a maximally-entangled superposition is also expected in

the context of topological phases, see equation (40) of [42], where one takes |ψj | there to be dj/D.
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quasiparticle-antiquasiparticle pair is equal to the thermal entropy of one quasiparticle. We
call this state in the 3d bulk as the Moonshine double state, in which the pair of “anyons” are
separated by the horizon, just like the two single-sided black holes L and R are separated
by it.

Unfortunately it has a shortcoming: as a pure state, the Moonshine double state above
cannot reproduce the result of nonzero S(A ∪ B) (2.33). To account for this, one could
modify the final total quantum state as

ρ = |Ψ̃〉〈Ψ̃| ⊗ ρth, (2.61)

where the modified moonshine double state now reads |Ψ̃〉 = 1
4
√
J(q)

∑193
i=0 e

−β
2
Ẽi |i, i∗〉 with

Ẽi = − 1
β

ln
[
d2
i

|M|Jn(q)1/2
]
. These energy levels lead to the partition function Z(q) = J(q)1/2.

When one bipartites the system into two two single-sided black holes A and B, one can
see from straightforward computation that |Ψ̃〉 will contribute half of Bekenstein-Hawking
entropy. The newly introduced ρth is purely thermal and exhibits no non-local correlations
between A and B, so that its von Neumann entropy is extensive and scales with volume.
When one bipartites the system into the two single-sided black holes A and B, it will give
half of the Bekenstein-Hawking entropy. Combining the contribution from |Ψ̃〉, we recover
SΨ̃(A) = Sthermal(A), the Bekenstein-Hawking entropy. When considering S(A ∪ B), the
modified moonshine double state contributes nothing as a pure state, while the result for ρth

is simply Sthermal(A), matching with the calculations in (2.33).
Another caveat is that since ln J is approximately the Bekenstein-Hawking entropy, the

leading term in Ei scales with−β−2 ∼ −n. So in order to have a genuine quantum theory, our
theory has to have a UV cutoff scale at a certain n. Furthermore, apart from the asymptotic
expression (2.51) which gives rise to the tree-level Bekenstein-Hawking entropy, there is the
remainder formula [90] for coefficients of qn in the whole partition function J(q) which is
possibly related to the one-loop contribution to TEE. For general k ∈ Z+, the remainder
formula reads

c(k, n) =
ke4π

√
kn

√
2(kn)3/4

[
1 +

p−1∑
m=1

(−1)m(1,m)

(8π
√
kn)m

+
rp(kn)

(kn)p/2
+

√
2n3/4

e4π
√
n
S(k, n)

+
1

k1/4

∑
1≤r<k

r1/4a−r(k)

e4π
√
n(
√
k−
√
r)

(
1 +

p−1∑
m=1

(−1)m(1,m)

(8π
√
kn)m

+
rp(kn)

(kn)p/2
+

√
2n3/4

e4π
√
n
S(k, n)

)]
,

(2.62)

where p(x) is the integer partition of x ∈ Z+, and

(1, k) ≡
k−1∏
j=0

4− (2j + 1)2

4kk!
, ar(k) ≡ p(r + k)− p(r + k − 1),

|rp(n)| ≤ |(1, p)|√
2(4π)p

+ 62
√

2e−2π
√
nnp/2, 0 <

√
2n3/4

e4π
√
n
S(k, n) ≤ 1

4
ζ2

(
3

2

)
(rn)3/2

e4π
√
rn
.

(2.63)
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To check this claim, one could restrict to the k = 1 monstrous case and plug this expression
into (2.52). Alternatively one may fix n and view the c(k, n) as the number of possible
microstates at fixed energy, i.e., in the micro-canonical ensemble. One then performs a
unilateral forward Laplace transform to return to canonical ensemble and then plug it into
(2.52). Computations in both methods are in general complicated, and we do not pursue it
here.

We provide another perspective towards the loop contribution in Appendix A.2 by plug-
ging in the whole J function instead of only one large n term. We observe that the loop
correction is negative, consistent with both the thermal AdS3 case in Section 2.3 and the
BTZ case in Section 2.4.

di’s as Quantum Dimensions

In this section we provide more mathematical details and show that di equals the quantum
dimension of the irreducible module Mi of |M|. An ECFT at k = 1 is a special vertex
operator algebra (VOA) V \ whose automorphism group is the Monster group M. This VOA,
also known as the moonshine module [80], is an infinite-dimensional graded representation
of M with an explicit grading:

V \ =
∞⊕

n=−1

V \
n , (2.64)

where every V \
n is an M-module, called a homogeneous subspace. It can be further decom-

posed into

V \
n '

193⊕
i=0

M
⊕mi(−1,n)
i , (2.65)

with Mi labeling the irreducible M-modules, and mi(−1, n) is the multiplicity of Mi. This is
the same multiplicity that appears in (2.50). (For ECFTs with general k, we have a tower of
moonshine modules [83] V (−k) =

⊕∞
n=−k V

(−k)
n , where V (−k)

n ’s are all irreducible M-modules.
For each summand, one can similarly define mi(−k, n) as the multiplicity of the M-modules
Mi in V

(−k)
n , so that V (−k)

n '
⊕193

i=0M
⊕mi(−k,n)
i .)

Since we restrict to the holomorphic part of Z(τ, τ) in this section, the entire dual CFT
contains the ECFT above as a holomorphic piece. Furthermore, it is diagonal, i.e., its Hilbert
space is a graded sum of tensor products of holomorphic and anti-holomorphic sectors:

H ∼=
⊕
α∈C

Mα ⊗Mα, (2.66)

whereMα andMα are indecomposable representations of right and left Virasoro algebras.
Since Virasoro action is built into the VOA axioms [91], these are also modules of the right
and left monstrous VOAs, so V \ admits induced representations from representations of the
Virasoro algebra [92]. Obviously there are infinite number of Virasoro primaries, and V \ is



CHAPTER 2. TOPOLOGICAL ENTANGLEMENT ENTROPY IN EUCLIDEAN ADS3

VIA SURGERY 44

not an RCFT in this sense. However, V \ is a typical example of a holomorphic/self-dual
VOA, i.e., there is only one single irreducible V \-module which is itself. Knowing that there
is only one VOA-primary, one can reorganize Virasoro fields inMα andMα into irreducible
representations of V \, by introducing the graded dimension of the V \-module N , defined as

chqN ≡ trNqL0 =
∞∑
n=0

dimNnq
n, (2.67)

where L0 is the usual Virasoro generator and Nn’s are homogeneous subspaces of N labelled
by eigenvalues of L0. (Note that we have omitted the overall prefactor q−c/24 often appeared
in literature.) The above procedure is similar to regrouping an infinite number of Virasoro
primaries in WZW models into finite Kac-Moody primaries.

To explain the di appearing in (2.53), it is natural to consider quantum dimensions
associated to V M consisted of fixed points of the action by M on V \. By theorem 6.1 in [93],
we have the following decomposition of V \

V \ '
194⊕
i=1

V M
i ⊗Mi (2.68)

as V M×M-modules, for the 194 V M-submodules V M
i in V \ with V M = V M

1 , whereMi denotes
an irreducible module for M with character di. This V M is a sub-VOA of V \ of CFT type
[94], and is called the monster orbifold, because it is obtained from orbifolding V \ by its
automorphism group M [95], in the same sense as orbifolding the Leech lattice VOA by
Z/2Z in the FLM construction.

The standard definition of the quantum dimension of a VOA-module N with respect to
a general VOA V is [93]

qdimVN = lim
q→1−

chqN
chqV

. (2.69)

The quantum dimensions of submodules of orbifold VOA V G obtained from orbifolding V
by a subgroup G ⊆ Aut(V ) only recently found their applications in quantum Galois theory
[93]. In our case, the quantum dimensions of all V M

i ’s with respect to V M were first calculated
to be qdimV MV M

i = di in [83], using the asymptotic formula for multiplicities of M-modules
Mi in Fourier coefficients of j-invariant, bypassing the knowledge of V M’s rationality, which
is still only conjectured to be true.

The remaining question is to define in parallel a quantum dimension for the the M-
modules in the above pair

(
V M
i ,Mi

)
. The definition (2.69) does not directly apply to an

M-module, but one can extend the definition using the n-graded dimension of M-modules
Mi’s. We define chqMi as 9

chqMi ≡
∑
σ

jσ · χi(σ). (2.70)

9We are deeply grateful to Richard E. Borcherds for suggesting this alternative formula. It is similar to
the generating function of multiplicity mi(−1, n) in Section 8.6 of [83], but without normalization by 1/|M|.
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Here jσ ≡
∑∞

n=−1 χV \n(σ)qn is the monstrous McKay-Thompson series for each σ as well as
the unique Hauptmodul for a genus-0 subgroup Γσ of SL(2,R) for each σ [77, 78]. σ belongs
to an index set with order 171, deduced from the 194 conjugacy classes of M. The difference
194 − 171 = 23 can be understood from the one-to-one correspondence between conjugacy
classes and irreducible representations of M: most of the 194 irreducible representations have
distinct dimensions, except for 23 coincidences. σ’s are only sensitive to the dimensions of the
corresponding irreducible representations. χi(σ) is complex conjugation of the character of
the irreducible representation Mi of the 171 “conjugacy classes” σ.10 At large n, summation
in chqMi is dominated by the first Hauptmodul for the identity element of M, which is
exactly the Klein’s invariant j(q), so that

lim
q→1−

chqMi ≈ j(q)× di. (2.71)

In other words, one can view chqMi as a function chqMi(g) on group M, and when defining
the quantum dimension in (2.70), we take the value when its argument is the identity element.

With this, we can define the quantum dimension of M-modules Mi in (2.65) relative to
V \ as

qdimV \Mi ≡ limq→1−
chqMi

chqV \
= lim

n→∞

dim(Mi)n

dimV \
n

. (2.72)

Here chqV \ = J(q) by applying (2.69) to V \, which is a V \-module of itself. Combining the
discussions above, the quantum dimension is just

qdimV \Mi = di. (2.73)

The di’s that appeared explicitly in (2.53) of the TEE calculation are quantum dimensions
of Mi, while those in (2.51) are quantum dimensions of V M

i . They coincide numerically. As
we mentioned before, the rationality of V M is widely conjectured to be true11, and by a
theorem of Huang [98], the module category of any rational, C2-cofinite VOA is modular,
i.e., it is a modular tensor category with a non-degenerate S-matrix [99, 100]. If one believes
in the rationality conjecture, then qdimV MV M

i ’s have a well-defined interpretation in terms
of modular S-matrices of the orbifold CFT V M:

di = Si0/S00. (2.74)

Note that these 194 “anyons” are the pure charge exitations in the corresponding topological
ordered system described by the modular tensor category associated with the orbifold VOA
V M.

10In literature this is often denoted by tr(σ|Mi) or tr(Mi(σ)) or chMi(σ) as well.
11Unfortunately, the conjecture has only been proved only when the subgroup of the automorphism group

is solvable [96, 97], which is not our case.
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2.6 Discussion and outlook
In the high-temperature regime, the full modular-invariant partition function (2.46) is dom-
inated by the black hole solution Z1,0(τ), while in the low-temperature regime, it is domi-
nated by Z0,1(τ), the thermal AdS3 solution [65, 5]. It is widely believed that there exists a
Hawking-Page [101, 102] transition at the critical temperature β ∼ 1, or r+ ∼ l. However,
there is no consensus on whether this transition really exists [5, 103, 104], or if it exists,
whether it is a first-order or a continuous phase transition [105, 106, 107, 108, 109, 110], or
something else that is more subtle. In this section we offer a clue from the TEE perspective.

We compare the a = 1 (defined in Figure 2.1) case in (2.12) of thermal AdS3 and the
Figure 2.9 case of a single-sided black hole, for their subregion A’s both cover the whole
space. One then observes that even at the tree level, TEE of BTZ and thermal AdS3 have
different signs. A natural guess would thus be that, if the transition exists, it should be
topological and happen at where the TEE changes sign.

Our definition of topological entanglement entropy is the constant subleading term in
the expression for entanglement entropy, which is in general different from the tripartite
information as used in [17]. For topological phases in condensed matter physics, these two
formulations differ by a factor of two and are both negative. For gravitational theories in
the bulk, our topological entanglement entropies can be either positive (as in BTZ black
hole case) or negative (as in the thermal AdS3 case). To calculate the tripartite information,
one can use the surgery method presented in this chapter and find its time dependence,
which at late times is negative of the Bekenstein-Hawking entropy [111]. This matches with
the results in CFTs with gravitational duals, it is expected that the tripartite information
should be negative [112] and that for thermofield double state, it equals the negative of the
Bekenstein-Hawking entropy [19].

Quantum dimensions also appears in the calculation of left-right entanglement in RCFT
[113]. One might perform similar computations in the orbifold VOA V M appeared in Section
2.5, by using the Ishibashi boundary CFT states that were constructed in [114] for open
bosonic strings ending on D-branes.

Given the “anyonic” interpretation in Section 2.5, one natural question to ask is that,
to what extent 3d pure quantum gravity can be described as a theory of topological order.
Naïvely one would expect the corresponding topological order to be the 3d Dijkgraaf-Witten
theory of the monster group M, which gives rise to the same modular tensor category as
the one given by orbifold CFT V M as explained in Section 2.5. On the other hand, it is
also natural to expect the corresponding topological order to be the one which is effectively
described by the double SL(2,C) Chern-Simons theory. It would be highly non-trivial to
find a mechanism that reconciles these two theories.

Another remark is that we have specified the bipartitions to be done at t = 0 in Section
2.4, while in general the result can be time-dependent. In the latter case one can still use
the surgery method proposed in this chapter to find the TEE or Rényi entropies, which can
serve as an indicator of scrambling [115, 116].

A final mathematically motivated direction is the following. Vaughn Jones considered
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how one von Neumann algebra can be embedded in another and developed the subfactor
theory [117]. In general, the Jones program is about how to embed one infinite object
into another, reminiscent of field extensions in abstract algebra, and quantum dimension is
defined exactly in this spirit. It would be interesting to see how subfactor theory in general
can help connect topological phases and pure quantum gravity [118].
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Chapter 3

Establishing strongly-coupled 3d AdS
quantum gravity with Ising dual using
all-genus partition functions

3.1 Introduction and summary of results
A way of looking at 3d pure gravity with negative cosmological constant using partition
functions and modular properties was initiated in work by Dijkgraaf et al. [65], Witten
[51], and Maloney and Witten [5]. In a pioneering paper [119], Castro et al. argued that
two well-known Conformal Field Theories (CFT) in two-dimensional space time, i.e., Ising
and tricritical Ising minimal models [120, 121], are dual to pure Einstein quantum gravity
in three-dimensional spacetime with negative cosmological constant, i.e., in Anti-de Sitter
spacetime (AdS3).1 These are theories of strongly-coupled gravity where the AdS radius l
is of the order of the Planck scale. The arguments provided by Castro et al. in support
of these dualities at the corresponding values of the Brown-Henneaux [79] central charges
c = 3l/2G (G is the 3d Newton constant) consisted in demonstrating a match between the
gravity partition function of Euclidean AdS3 spacetime when its asymptotic boundary is a
2d torus T 2, with the torus partition function of the corresponding 2d minimal model CFT.

To be specific, one can think of the finite-temperature partition function of pure Einstein
gravity in Euclidean AdS3 as being written as a path integral. The latter is formally a sum
over every smooth 3-manifold X whose asymptotic boundary is a torus T 2,

Zgrav(τ, τ̄) =

∫
∂X=T 2

Dgµν e−c SE [gµν ], (3.1)

with τ the conformal structure parameter of the boundary torus, the Brown-Henneaux cen-
tral charge c = 3l/2G playing the role of the inverse gravity coupling constant (large in

1In the same paper similar arguments are also presented for certain versions of theories of higher spin
quantum gravity. See also Footnote 3.



CHAPTER 3. ESTABLISHING STRONGLY-COUPLED 3D ADS QUANTUM
GRAVITY WITH ISING DUAL USING ALL-GENUS PARTITION FUNCTIONS 49

the semi-classical regime). SE[gµν ] is the Einstein-Hilbert action with gµν the complete Rie-
mannian metric tensor on X. One will need to both sum over all different geometries of
the bulk 3-manifold X with the same equivalence class of conformal structures (i.e., the
same conformal class) on the boundary torus, as well as integrate over all different boundary
metrics connected by small diffeomorphisms, i.e., those isotopic to the identity. The full
gravitational path integral can then be written as

Zgrav =
∑

X (where ∂X=T 2)

Z(X, τ), (3.2)

where Z(X, τ) denotes the contribution from the sum over all metrics related by small
diffeomorphisms on a particular 3-manifold X with a fixed conformal structure parameter
τ on the asymptotic torus boundary, while the summation over X means summing over
different τ ’s in the same conformal class.

In the semi-classical (large c) limit, the smooth 3-manifolds X contributing to the path
integral turn out to be only those which admit classical solutions, i.e., which are saddle
points2 of the Einstein-Hilbert action SE[g], and only solid tori are commonly considered,
see [5, 64, 65]. Following the logic pursued in previous work [51, 65, 119] on this problem, the
gravitational path integral can then be thought of as being organized as a sum over classical
solutions, along with a full treatment of all quantum fluctuations around each saddle point.
For the case of solid tori X, different saddles correspond to inequivalent ways of filling in
the bulk X of the boundary torus T 2, and are related to each other by SL(2,Z) modular
transformations. The gravity partition function (3.2) can then be obtained as the sum of
inequivalent images of a certain “vacuum seed” partition function in Euclidean AdS3 under
the action of SL(2,Z). Physically, this “vacuum seed” describes the gravitational partition
function of thermal AdS3 where the spatial cycle of the boundary torus T 2 is contractible
in the bulk, whereas the cycle of Euclidean time is not. This corresponds to a particular
solid torus X, for example see Figure 3.1. As argued in [119], the gravitational “vacuum
seed” partition function can be obtained exactly by using the remarkable and fundamental
results of Brown and Henneaux [79]; this is reviewed in Section 3.2 below, and the result
summarized in the next paragraph. After action on the “vacuum seed” gravitational parti-
tion function with a non-trivial modular transformation, the spatial cycle may no longer be
contractible in the bulk while the temporal cycle may now be; in that case the corresponding
gravitational partition function describes physically that of a BTZ black hole [45]. The sum
over modular transformations in SL(2,Z) appearing in (3.2) can also be seen to originate
from general coordinate invariance, independent of invoking semi-classical notions such as
saddle points, because non-trivial modular transformations correspond to large diffeomor-
phisms, not continuously connected to the identity; in the gravitational path integral for

2One main conclusion of [5] is that in the weak-coupling/semiclassical regime, one has to include ge-
ometries corresponding to complex saddle points of SE [g] in order to have a Hilbert space interpretation of
the gravity theory. However, since here we are only concerned with the strongly coupled regime, we are not
bound by these considerations.
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the “vacuum seed” partition function, on the other hand, these large diffeomorphisms are
thought to be excluded. (This complementary point of view was also stressed in [119].)

As was argued in [119], with certain assumptions the gravitational “vacuum seed” par-
tition function turns out to be precisely equal to the vacuum character of the dual CFT.
Furthermore, owing to the fact that the vacuum character of rational CFTs is invariant un-
der a certain finite index subgroup of the modular group SL(2,Z) [122, 123], the modular
sum in (3.2) over the infinite group SL(2,Z) of modular transformations reduces in fact to
the sum over a finite number of right cosets of that finite index subgroup in SL(2,Z) when
the Brown-Henneaux central charge c is equal to that of a unitary conformal minimal model
CFT [120, 121]. For Brown-Henneaux central charge c = 1/2, the resulting finite sum was
shown in [119] to be proportional to the partition function of the 2d Ising CFT on the torus
T 2.

Based on the above analysis of solid tori X, Castro et al. argued in [119] that amongst all
[120, 121] the unitary Virasoro minimal models with central charge c < 1, only the Ising and
tricritical Ising CFTs are dual to pure Einstein gravity at the corresponding values of the
Brown-Henneaux central charge.3 A possible gravitational explanation of this observation
could be as follows: It turns out that amongst all unitary Virasoro minimal CFTs with
central charge c < 1, only the Ising and tricritical Ising CFTs satisfy the condition that the
conformal weights h of all non-trivial primary states are larger than c/24. In CFTs with
large central charge c, this inequality describes a necessary condition that a primary state
of conformal weight h can be interpreted as being dual to a black hole [126]. Assuming
that this condition is still valid in the strong-coupling regime where c is not large, Ising
and tricritical Ising would be the only unitary minimal model CFTs with c < 1 in which
all primary states can be interpreted as being dual to black holes. All other c < 1 unitary
minimal model CFTs would then contain, in addition to black holes, other primary matter
fields, and these CFTs could thus not be dual to pure Einstein gravity. (We will come back
in Appendix A.3 to the interpretation of primary states in the Ising CFT as states dual to
black holes in strongly-coupled Einstein gravity, by suggesting a possible expression for their
Bekenstein-Hawking entropy.)

The focus of the present chapter is pure Einstein quantum gravity on Euclidean 3-
manifolds X whose asymptotic boundaries ∂X are higher-genus Riemann surfaces. This
arises physically because 3-manifolds X whose boundaries are Riemann surfaces of higher

3Some of the WN minimal models, were also conjectured in [119] to be possibly dual to higher-spin
gravity theories instead of being dual to pure Einstein gravity. This is due to the existence of an extended
chiral conformal algebra, generated by conserved currents possessing (conformal) spins with values ranging
from 3 up to N . These currents generalize the spin-2 stress-energy tensor Tµν which generates “pure graviton”
excitations in the pure Einstein gravity discussed in Section 3.2, and lead to a “truncated version” of higher
spin Vasiliev gravity, the latter containing generalized graviton excitations of arbitrary integer spin (see, e.g.,
[124, 125]). As it is well known, the presence of extended chiral conformal algebras can lead to multiple
modular invariants in 2d CFTs, but by extending the “vacuum seed” to the vacuum representation of the
extended chiral algebra, a single modular invariant can be built, and generalizations to higher spin gravity
of the Virasoro arguments leading to Ising and Tricritical Ising are possible as described in [119] based on
genus-one considerations.
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genus g ≥ 2, are known [52, 54, 56, 127, 128, 129, 130] to be the Euclidean spacetimes corre-
sponding to multi-boundary wormholes in Lorentzian signature. X is commonly restricted
to handlebodies, and we will follow this assumption here; more complicated saddles such as
non-handlebodies were studied in [131] in the semi-classical regime. We plan to come back to
this issue in future work. There is a variety of interesting and important physical questions
related to such multi-boundary wormholes (see, e.g., [69] for a relatively recent discussion),
and a complete description of the duality between 3d quantum gravity and the associated
2d CFT at the asymptotic boundary must include all those spacetimes. In other words, any
proposed duality must also be valid in any such multi-boundary wormhole spacetime. For
that reason, it is important to investigate the duality between quantum gravity in AdS3 and
the CFT on the asymptotic boundary at higher genus g ≥ 2.

For the gravitational partition function at general genus g, there is again formally a sum
over geometries of the smooth handlebody X and over its boundary geometries

Zgrav(Ω, Ω̄) =

∫
∂X=Σg

Dgµν e−c SE [gµν ], (3.3)

where the “period matrix” Ω, a g × g-dimensional symmetric complex matrix, completely
parametrizes the conformal structure of the genus g Riemann surface Σg constituting the
boundary of X. The gravitational path integral can then again be written in the form

Zgrav =
∑

X (where ∂X=Σg)

Z(X,Ω), (3.4)

where Z(X,Ω) stands for the contribution from the sum over all metrics connected by small
diffeomorphisms on a particular smooth handlebody X with a fixed period matrix Ω on its
asymptotic boundary Σg, while the summation over X means summing over different period
matrices Ω in the same conformal class.

Different Euclidean saddles can be constructed by specifying which cycles of the Riemann
surface Σg are contractible in the interior of the 3-manifold X, and such cycles are mapped
into each other under the action of the mapping class group (MCG) Γg of the Riemann
surface Σg. To compute the gravitational path integral in (3.4), our strategy is analogous to
the torus case: We again start with the contribution from a certain gravitational “vacuum
seed” partition function Zvac(Ω, Ω̄) corresponding to the trivial saddle and perform a modular
sum to write the complete partition function in (3.4) in the following more explicit form

Zgrav(Ω, Ω̄) =
∑

γ∈Γc\Γg

Zvac(γΩ, γ̄Ω̄). (3.5)

Here, Γc denotes the subgroup of the MCG Γg of the Riemann surface Σg (the latter being an
infinite group) which leaves the “vacuum seed partition function” Zvac(Ω, Ω̄) invariant, and
Γc\Γg is the right coset space; it is over this coset space that the sum in (3.5) is performed.
Whether this sum has an infinite or a finite number of terms depends in general (a): on the
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value of the Brown-Henneaux central charge, and (b): on the genus g. When the sum is
infinite, there is no natural procedure to associate a value to it.4 In this chapter, we show
that for all theories of pure Einstein gravity in AdS3 with Brown-Henneaux central charge
c < 1, this sum is finite and unique only when c = 1/2, corresponding to the dual CFT at the
asymptotic boundary to be the Ising CFT. Therefore we argue that in the strong-coupling
regime of Brown-Henneaux central charge c = 3l/2G < 1, pure Einstein gravity is only dual
to a 2d CFT if c = 1/2.

We arrive at this conclusion by extending the results obtained for genus one by Castro
et al. [119]. Recall that, as mentioned above, Castro et al. argued solely based on genus-one
considerations that the only 2d CFTs with central charge c < 1 that can be dual to pure
Einstein gravity in AdS3 at the corresponding Brown-Henneaux central charges are the Ising
and the Tricritical Ising CFTs of central charges c = 1/2 and c = 7/10, respectively. The
results we obtain in the present chapter, based on consideration of arbitrary genus g, are
two-fold:

(i) For Brown-Henneaux central charge c = 1/2. After first identifying the gravitational
genus-g “vacuum seed” partition function, we observe that the orbit of the vacuum seed
under the MCG action is dictated by a projective representation ρg of the MCG Γg that is
identical to the projective representation induced by the holomorphic conformal blocks of
the 2d Ising CFT. We then show, using the properties of ρg, that the action of the MCG Γg
on the vacuum seed generates an orbit that is always a finite set for any genus g and, hence,
leads only to a finite sum in (3.5). We further prove that this projective representation
ρg is irreducible, which, by Schur’s Lemma, leads to the conclusion that the finite sum in
(3.5) for the gravitational partition function is unique, and is precisely proportional to the
partition function of the 2d Ising CFT.5 The key mathematical results that we prove in this
chapter and that underlie our physics conclusions on the quantum gravity partition function
at c = 1/2 are: (1) The representation ρg, when viewed as a mapping from the MCG Γg to a
unitary group, has a finite image set for any genus g, and (2) the projective representation
ρg of the MCG Γg is always irreducible for any genus g. These results are obtained by
exploiting the connection between the 2d Ising CFT and the 3d Ising topological quantum
field theory (TQFT). We first provide a simplified discussion on these results in Section 3.3
for the genus-two case, and continue with the discussion of the general genus g case in Section
3.4.

(ii) For Brown-Henneaux central charge c = 7/10. While the genus-one considerations
4A natural regularization scheme would require a probability measure on the (infinite) MCG that is also

invariant under “translations” (i.e., under group multiplications). A group with such a translation-invariant
measure that is further finitely additive (the measure of a finite disjoint union of sets is the sum of the
measures of these sets) is called amenable. All MCGs are non-amenable as they contain non-abelian free
groups as subgroups. Subgroups of amenable groups are amenable and non-abelian free groups are known to
be non-amenable. It follows that there are no natural regularization schemes to sum over MCGs in this sense.
However, this theorem does not apply to summations over cosets such as the regularized sum considered for
genus one in [5]. It is not clear how to generalize their treatment to higher genus at the current stage.

5The physical significance of the factor of proportionality is not entirely clear at this point.
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by Castro et al. [119] would permit the conclusion that pure Einstein gravity in AdS3 at
c = 7/10 is dual to the 2d Tricritical Ising CFT at the asymptotic boundary, their arguments
do not carry over to higher genus g ≥ 2. (As discussed above, consideration of arbitrary
genus is necessary for a complete description of a duality.) We arrive at this conclusion by
considering the 3d TQFT related to the 2d Tricritical Ising CFT at c = 7/10. We show that,
at Brown-Henneaux central charge c = 7/10, the sum occurring in the g ≥ 2 gravitational
partition function (3.5) has an infinite number of terms and cannot be naturally regularized,
as explained in Footnote 4. A detailed discussion will be provided in Section 3.4.

The remainder of this chapter is organized as follows. In Section 3.2, we review the torus
case. Section 3.3 presents a discussion of the genus-two case, while Section 3.4 presents
a complete discussion and proof for general genus g, which is independent of the previous
section and is more mathematically involved. The difficulty in extending to the Tricritical
Ising case is discussed in more detail at the end of Section 3.4. Several Appendices spell out
various details. In the last appendix A.3, the duality is used to compute the gravitational
entropy and we find a resemblance to the topological correction to the entanglement entropy
occurring in the context of topological phases of matter.

3.2 Gravitational partition function with torus
asymptotic boundary

The simplest Euclidean smooth 3-manifold X that contributes to the sum in (3.2) is that of
thermal AdS3, topologically a solid torus. It is described in the semi-classical limit (c� 1)
by the following metric

ds2 = l2
(
dρ2 + cosh2 ρ dt2E + sinh2 ρ dφ2

)
, (3.6)

where φ ∼ φ + 2π denotes a spatial cycle which is contractible in the bulk of X, and
the Euclidean time tE parametrizes a non-contractible cycle. Defining z = −tE + iφ, the
complex coordinate z parametrizes points on the asymptotic boundary (ρ→∞) of X, and
it is periodically identified according to

z ∼ z + 2πin ∼ z + 2πimτ, m, n ∈ Z, (3.7)

where the first identification is automatic (due to the periodicity of φ), while the second
is to construct the thermal AdS3 space-time, and τ is the complex parameter specifying
the conformal structure of the boundary torus. Large diffeomorphisms, i.e., elements of the
MCG, act on this conformal structure parameter as

τ → γ · τ =
aτ + b

cτ + d
, γ =

(
a b
c d

)
∈ SL(2,Z). (3.8)

Note that the large diffeomorphisms do not change the conformal structure on the boundary
torus. Therefore, all conformal structure parameters γ · τ with γ ∈ SL(2,Z) (in other words,
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all τ ’s related to each other by the MCG) specify the same conformal structure. Each of γτ
gives a classical Euclidean solution to the Einstein’s equation [64], i.e., a valid saddle point
of (3.1). These may or may not be different saddle points depending on the choice of γ. For
example, the combination a = 0, b = 1, c = −1, d = 0 realizes a modular S transformation,
which maps τ 7→ −1/τ and the resultant saddle is the Euclidean BTZ black hole [45]. It
is related to thermal AdS3 by exchanging the spatial and temporal cycles, consistent with
the defining feature of a Euclidean BTZ black hole - the existence of a a temporal cycle
contractible in the bulk. It was shown in [5] that the only smooth solutions to the equation
of motion with torus boundary conditions are the ones above, but not all these solutions
labeled by γ are inequivalent. Specifically, an overall sign flip of a, b, c, d does not change
the saddle, neither does a constant integer shift (a, b) → (a, b) + n(c, d) generated by the
modular T transformation. Physically, the latter observation corresponds to the fact that
adding a contractible cycle to a non-contractible cycle leaves the non-contractible cycle still
non-contractible. We denote the subgroup of SL(2,Z) generated by T by Γ∞. So in the
semi-classical regime, different saddles are labeled by different right cosets of Γ∞ in SL(2,Z),
or equivalently by integers (c, d) corresponding to solid tori Mc,d. Notice that all solid tori
Mc,d share the same hyperbolic metric (3.6), because by a famous theorem of Sullivan [132,
133, 134], for a fixed conformal class of the asymptotic boundary, the bulk is a unique smooth
and infinite-volume hyperbolic 3-manifold, with a rigid complete metric.

These saddle-point Euclidean spacetimes Mc,d can be obtained from the corresponding
Lorentzian ones via analytical continuation, which amounts to taking the Schottky double
of its Lorentzian t = 0 constant time slice [56, 129]. The Schottky double of a surface is
essentially two copies of the surface glued along their boundaries, i.e., a closed surface. (For
a surface without a boundary, the Schottky double is two disconnected copies of the surface,
with all moduli replaced by their complex conjugates in the second copy.) In Figure 3.1, we
depict the examples of Euclidean thermal AdS3 with (c, d) = (0, 1) and the Euclidean BTZ
black hole (c, d) = (1, 0), as well as their constant time slices. Both are non-rotating6 and
possess an equal time t = 0 surface with a Z2 time-reversal symmetry.

It turns out that in the strongly coupled regime, Γ∞ is enhanced to a larger group Γc
(a “new gauge symmetry”) [119], which is a finite index subgroup of SL(2,Z). Hence the
inequivalent manifolds X are then labeled by right cosets γ ∈ Γc\SL(2,Z) ≡ Γ and one can
write

Zgrav(τ, τ̄) =
∑
γ∈Γ

Zvac(γτ, γτ̄), (3.9)

where Zvac is the partition function of the “vacuum seed”, by which we here mean here that
of thermal AdS3 spacetime.

6For a definition see Appendix A.4.
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Figure 3.1: From left to right: (a) Geometry for Euclidean thermal AdS3, with time going
along the longitudinal direction; (b) The constant time slice of (a) is a disk; (c) Geometry
for Euclidean BTZ black hole, with the event horizon being the dashed line in the core of
the solid torus; (d) Constant time slice of (c) is an annulus,where the inner boundary is the
event horizon.

Vacuum seed

To compute Zvac(τ, τ̄), one needs to evaluate in the path integral (3.1) the contribution
from metrics that are continuously connected to thermal AdS3. In this subsection (and only
here), we temporarily resort to Lorentzian signature for convenience. These metrics differ
from that of empty AdS3, the Lorentzian counterpart of the Euclidean thermal AdS3, by
small diffeomorphisms that preserve the Brown-Henneaux boundary conditions

ds2 ∼ l2
[
dρ2 +

1

4
e2ρ(−dt2 + dφ2) +O(ρ0)

]
(3.10)

at large ρ.
The classical phase space of the theory is the same as the configuration space of all

classical excitations that are continuously connected to the global AdS3 ground state metric
(3.6). Brown and Henneaux [79] observed7 that the phase space charges H(ζn) corresponding
to such small diffeomorphisms ζn satisfy the Virasoro algebra

i {H[ζn], H[ζm]} = (n−m)H[ζm+n] +
c

12
n(n2 − 1)δn,−m, (3.11)

with central charge c = 3l/2G and {·, ·} is the Dirac braket. Acting on the ground state
with these charge operators, one obtains the boundary graviton states, whose norms ||ζ||2 =
{H[ζ∗], H[ζ]} must be positive. Upon performing canonical quantization as proposed in [79,
119], Dirac brackets are promoted to commutators, while charge operators are promoted to
operators representing the generators of the Virasoro algebra,

Ln ≡ H[ζn], L̄n ≡ H[ζ̄n]. (3.12)

Then the vacuum state is annihilated by L0 and L̄0, as well as other Virasoro lowering
operators. This state corresponds semi-classically to empty Lorentzian AdS3. The conformal

7See also, e.g., the compact review in [126].
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symmetry constrains the theory strongly, and the boundary gravitons are described by the
states obtained by acting with chains of Virasoro raising operators on the vacuum, i.e., these
are the descendant states L−n1 · · ·L−nk |0〉, with ni > 1. Our desired partition function Zvac

is then the generating function that counts these states.
In the strongly coupled regime of Brown-Henneaux central charge c < 1, the requirement

of unitarity constrains the central charge to the values c = 1 − 6/m(m + 1) corresponding
to the ‘Virasoro minimal model’ CFTs, where m is an integer larger than two. Furthermore,
eliminating the null states gives the vacuum (identity) character of an irreducible highest-
weight representation of the Virasoro algebra (see for example [135]),

Zvac, g=1 = Trvac q
L0 q̄L̄0 = |χ1,1(τ)|2, where q = e2πiτ . (3.13)

Here the subscript r, s of a general character χr,s denotes indices of the Kac table that label
all possible irreducible representations of the Virasoro algebra at this central charge (where
r = 1, 2, ...,m− 1 and s = 1, 2, ...,m), and8

χr,s =
q(1−c)/24

η(τ)

[
qhr,s +

∞∑
l=1

(−1)l
(
qhr+lm,s(−1)l+(m+1)[1−(−1)l]/2 + qhr,s(−1)l+l(m+1)+(m+1)[1−(−1)l]/2

)]
,

(3.14)
with η(τ) = q1/24

∏∞
n=1(1− qn) the Dedekind eta function and the highest weight hr,s given

by

hr,s =
[(m+ 1)r −ms]2 − 1

4m(m+ 1)
. (3.15)

Modular sum and duality to the Ising CFT

The simplest minimal model is the Ising CFT with c = 1/2. There are three irreducible
representations of the Virasoro algebra satisfying h1,1 = 0, h2,1 = 1/2 and h1,2 = 1/16. The
partition function of the theory is simply the diagonal modular invariant

ZIsing(τ, τ̄) = |χ1,1(τ)|2 + |χ1,2(τ)|2 + |χ2,1(τ)|2, (3.16)

where the three summands are conformal characters of the identity, energy and spin oper-
ators, respectively [135]. These characters can also (for Ising) be expressed in terms of the
Riemann or Jacobi theta function, as reviewed in Appendix A.5, equation (A.33).

8The character is known [136, 137] to take the form η(τ)q−(1−c)/24χr,s =
∑
k∈Z

(
qhr+2km,s − qhr+2km,−s

)
≡

S. Using the identity hr+lm,s+l(m+1) = hr,s for all l ∈ Z, which follows from (3.15) by inspec-
tion, one can bring the expression above into the form S = qhr,s +

∑∞
k=1

[
qhr+2km,s + qhr,s+2k(m=1)

]
−
[(∑∞

k=0 q
hr+(2k+1)m,−s+(m+1)

)
+
(∑∞

k=1 q
hr,−s+2k(m+1)

)]
. After expressing this as a single sum over l from

l = 1 to ∞, where l = 2k for even l, and l = (2k + 1) for odd l, the sum S is easily seen to yield the result
presented in the following equation.
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On the other hand, the gravitational partition function is obtained by summing all images
of the vacuum character under Γ ≡ Γc\SL(2,Z), the right coset space of Γc in SL(2,Z), as

Zgrav(τ, τ̄) =
∑
γ∈Γ

|χ1,1(γτ)|2, (3.17)

where Γc is the set of all “pure gauge transformations” of the vacuum, which are defined to
be those elements of SL(2,Z) that act trivially on the modulus of the vacuum character,
|χ1,1|:

Γc = {γ ∈ SL(2,Z)| |χ1,1(γτ)| = |χ1,1(τ)|}. (3.18)
This is a finite index subgroup as proven in [122], so the summation in (3.17) has a finite
number of terms, unlike the c > 1 Farey-tail cases that were discussed in [65, 5]. We will
see in later sections that the finiteness property, seen here at genus one, extends (for Ising)
to the case of higher genus. Starting from the “vacuum seed” |χ1,1|2, (3.13), and repeatedly
acting on it with the generators

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
(3.19)

of SL(2,Z), one finds 24 inequivalent contributions, which sum up to

Zgrav = 8ZIsing. (3.20)

The physical meaning of this constant factor of 8 is at present unclear, while its mathematical
meaning, along with extra new results on Γc that go beyond those presented in [119], are
collected in Appendix A.6. Therefore we see the equality of the partition functions of pure
Einstein gravity in AdS3 at Brown-Henneaux central charge c = 3l/2G = 1/2 and that of
the Ising CFT, at genus one.

3.3 Gravitational partition functions with genus-2
asymptotic boundaries

Now we generalize the discussion of the duality between Euclidean AdS3 and Virasoro mini-
mal model CFTs to genus two. The current section is more “physical” or intuitive, compared
to Section 3.4 which discusses the case for arbitrary genus and will be more mathematically
involved. We will focus on the c = 3l/2G = 1/2 theory and present its gravitational partition
function as well as its relation to the Ising CFT in Section 3.3, followed by a review of the
relevant mathematical concepts in Section 3.3.

Gravitational partition function

Similar to the genus-one case, the key assumption in the computation of the gravitational
partition function is that the path integral is equal to the contribution from classical saddle
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points and the full set of quantum fluctuations around them, irrespective of the fact that
the Brown-Henneaux central charge is now of order one.

As briefly reviewed in the last section, the analytical continuation from Lorentzian to
Euclidean signature basically amounts to taking a Schottky double. When the Lorentzian
geometry contains three asymptotic regions, its constant time slice is a pair of pants. The
boundary of the corresponding Euclidean spacetime is thus obtained (following the notion
of the Schottky double, mentioned above) by gluing two pairs of pants together, thereby
obtaining a genus-two Riemann surface. Different ways of gluing give distinct saddles and
correspond to different choices of contractible cycles in the bulk. In Figure 3.2, we sketch
three bulk geometries that possess a Z2 time-reflection symmetry [69]. The left one depicts
the case which corresponds to three disconnected thermal AdS3 spacetimes in Lorentzian
signature. The green circles label the interfaces between the two pairs of pants. The middle
panel describes the Euclidean version of the three-sided wormhole. The right figure is the
case with one copy of thermal AdS3 and a BTZ black hole. Different bulk saddles can be
transformed into each other by the action of the MCG (whose definition will be reviewed in
Section 3.3).

Figure 3.2: Different Euclidean saddles with Z2 time-reflection symmetry. They analytically
continue to three copies of thermal AdS3 (left), three-sided wormhole (middle), and one
thermal AdS3 plus a BTZ black hole (right). The areas encircled by the green lines are the
sets of fixed points of the action of the Z2 symmetry.

The full partition function can thus be written as the modular sum of one of the saddles,
namely as that of the vacuum saddle without black holes,

Zgrav(Ω, Ω̄) =
∑
γ∈Γ

Zvac(γΩ, γ̄Ω̄), (3.21)

where Γ = Γc\Γg is the right coset space in the MCG Γg of the Riemann surface Σg with
respect to Γc, the symmetry group that leaves Zvac invariant. - Here g = 2. The 2 × 2-
dimensional complex, symmetric period matrix Ω is a higher-genus generalization of the
modular parameter τ in genus one, whose definition is presented in Section 3.3 below. The
conformal structure on the asymptotic boundary is specified by the period matrix Ω. All
period matrices Ω related to each other by the MCG correspond to the same conformal
structure.
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Vacuum seed

We are interested in the case where the bulk gravity is a genus-two handlebody, which can
be viewed as three solid cylinders that meet at a cup and a cap (each being a “3-ball” - the
interior of a 2-dimensional sphere), compare e.g., Figure 3.4. We will choose the notation for
the elementary cycles depicted in Figure 3.3 below. The vacuum sector Zvac dominates the

Figure 3.3: The canonical homology basis for Σg.

full partition function in the low-temperature limit, which we define to be the limit where
the three solid cylinders are long and thin, like in Figure 3.4. (This is analogous to the
genus-one case, where in the low-temperature limit, the dominant geometry is the one whose
boundary torus has a longitude much larger than its meridian.) In this limit, a natural local
coordinate system can be chosen, such that a constant time slice is a disjoint union of three
disks, i.e., the cross sections of the three solid cylinders (see Figure 3.4), while the time
direction is along the longitudinal direction of the cylinders.9 Such a topology analytically
continues to three copies of thermal AdS3. Namely, all the α-cycles in Figure 3.3 need to be
contractible in the bulk.

For a bulk geometry with a higher-genus asymptotic boundary, we believe that the as-
9From a TQFT point of view, this corresponds to the case where only the trivial anyons propagate in

the long cylinders. The relationship with TQFT is discussed briefly in Appendix A.5 and will be generally
described in Section 3.4.
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Figure 3.4: The low-temperature or long-cylinder limit of the genus-two geometry.

sociation with the Brown-Henneaux central charge c = 3l/2G is still valid.10 Recall in the
genus-one case, the boundary torus describes the time evolution of graviton states living on
the boundary of a disk. When the Brown-Henneaux central charge is c = 1/2, these states
correspond to the quantum states of the 2d Ising CFT in the vacuum sector χ1,1 (and χ̄1,1).
For genus two and in the local coordinate system where a constant time slice consists of three
disjoint disks (see Figure 3.4), the boundary graviton states live on the boundary of each
disk. Hence locally, the boundary graviton states correspond to three copies of χ1,1 states
(and χ̄1,1 states). Globally, the former should correspond to states in the vacuum conformal
block of the Ising CFT at genus two (the analogue of the χ1,1 sector for genus one), which we
denote by χvac. Therefore, we assume Zvac to be of the same form as the partition function
of the Ising vacuum conformal block. This assumption is a natural extension of results in
[52, 140]. In the large-c and the pinching limit of the genus-2 asymptotic boundary, the
author of [52] calculated the vacuum seed of AdS3 to order1/c2. This was then shown to
match exactly with the partition function of the vacuum conformal block of a 2d large-c
CFT [140]. Naturally, we expect this match to hold to all orders of 1/c, thereby justifying
the assumption.

The full partition function of the 2d Ising CFT theory on a Riemann surface of arbitrary
10In their original paper [79], given the global AdS3 metric with ρ being the radial direction,

ds2 = −
(
ρ2

l2

)
dt2 +

(
l2

ρ2

)
dρ2 + ρ2dφ2,

after quotienting it by some discrete subgroup of the isometry group of global AdS3, off-diagonal entries of
the new metric need to satisfy the asymptotic conditions

gtρ ∼ O(1/ρ3), gtφ ∼ O(1), gρφ ∼ O(1/ρ3),

in order to produce two copies of Virasoro algebras with central charge c on the boundary. In principle,
these conditions can be checked here using the Fefferman-Graham metric for asymptotic AdSd+1, con-
structed basically by shooting geodesics inwards from the boundary [138, 139]: ds2 = gρρdρ

2 + gijdx
idxj

=
l2dρ2

4ρ2
+

1

ρ
g̃ij(ρ, x)dxidxj , where the d-dimensional metric g̃ij(ρ, x) is the ρ-dependent Euclidean boundary

metric.
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genus was worked out in [141] using a Z2 orbifold of the free compactified boson theory,
and in [142] using a single, non-interacting Majorana fermion. In the formulation using the
Majorana fermion, a choice of boundary conditions (spin structure) has to be imposed. The
contribution from each choice of boundary conditions or spin structure can be written as
the norm of the regularized determinant of the corresponding chiral Dirac operator. The
determinant can further be separated into two factors, one being the Riemann theta function
of the corresponding spin structure (whose definition will be reviewed in Section 3.3), while
the other is independent of spin structures and only a function of the metric. In what follows,
the former will be denoted as the classical contribution to the partition function, and the
latter will be called the quantum contribution. (Note this has a different meaning from the
“quantum” used to describe gravitational theories which are beyond semiclassical regime.
The word “quantum” here stems from the fact that this universal factor accounts for the
quantum fluctuations of the boson fields in the Z2 orbifold.) For more details about the
quantum contribution, we refer to Appendix A.5. In fact, not only the full partition of the
2d Ising CFT, but each of the conformal blocks also factorizes into a classical and a quantum
piece. Given the identification of the gravitational vacuum seed and the vacuum conformal
block of the 2d Ising CFT, discussed above, we can write Zvac = Zcl

vacZ
qu

vac (where “cl” stands
for classical and “qu” stands for quantum). In the following discussion, we will be interested
in how the different sectors or conformal blocks in the theory transform into each other
under the MCG. For this purpose, it is enough to temporarily ignore the overall quantum
factor that is the same for all conformal blocks and focus on the classical contribution of the
gravitational vacuum seed

Zcl
vac(Ω, Ω̄) = |χcl

vac(Ω)|2 =
1

16

∣∣∣∣∣∣
∑

b1,b2∈{0,1/2}

ϑ1/2

[
a1 = 0 a2 = 0
b1 b2

]
(0|Ω)

∣∣∣∣∣∣
2

, (3.22)

where |χcl
vac(Ω)|2 is the classical contribution to the vacuum conformal block of the 2d Ising

CFT, and where ϑ denotes the conventional Riemann theta function (see (3.32) of Section
3.3 for a review of relevant notations). Here, a1,2 should be viewed as the two components
of the characteristic vector a = (a1, a2) appearing in the theta function for the genus-2 case.
Similarly, b1,2 are the two components of the characteristic vector b = (b1, b2). The number
of components of these characteristic vectors is given by the genus g in general. We explain
in the following the specific choice of theta functions ϑ appearing in the above expression.

We know that along a contractible cycle, the boundary condition for a fermion has to
be anti-periodic.11 Since, as discussed above, in the gravitational vacuum seed all the α-
cycles in Figure 3.3 need to be contractible, all the corresponding boundary conditions on
the (Majorana) fermion along those cycles need to be anti-periodic. Consequently, the top
characteristic vector of the theta functions that are relevant for the vacuum sector is zero,

11This is the natural boundary condition for fermions since they anti-commute. See also for example [142,
135, 69]. Periodic boundary conditions for fermions would imply a singularity inside the cycle, often called
a Z2-vortex, or Majorana fermion zero mode.
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i.e., a1 = a2 = 0. Furthermore, the vacuum sector must be an equal-weight summation over
both even and odd fermion number parities along every β-cycle. This means Zcl

vac has to
be the modulus square of an equal-weight linear combination of the square root of Riemann
theta functions that appear in equation (3.22), as displayed in that same equation.

The above form (3.22) for Zcl
vac is also analogous to the classical contribution to the

vacuum seed on the torus. The latter, as reviewed in (A.33) of Appendix A.5, is the equal-
weight sum of the square roots of all theta functions whose characteristic ‘vector’ a = (a1) is
zero. On the torus, this has a natural Hamiltonian interpretation that exists due to a global
notion of time (leading to a clean separation of 1D space and 1D time), which is absent at
higher genus.12

In the pinching limit where the bulk ‘cylinder’ connecting the two tori pinches off [141],
i.e., where Ω12,Ω21 → 0, the (classical) vacuum seed partition function (3.22) reduces to
|χcl

1,1(τ1) χcl
1,1(τ2)|2, which is the product of the classical parts of the two torus vacuum seeds

|χ1,1(τ1)|2 and |χ1,1(τ2)|2 of two tori with modular parameters τ1 and τ2.
One can check that (3.22) is invariant under a genus-two generalization of Γ∞, see Ap-

pendix A.7. This is a subgroup of the genus-two MCG Γg,13 generated [52] by integer shifts
of matrix elements of the period matrix Ω, as well as the SL(2,Z) transformation that acts
on Ω by conjugation Ω 7→ AΩAT . The genus-2 generalization of the group Γ∞ is the classical
symmetry of the vacuum seed at large c, and it is enhanced in the case of strong coupling
(c < 1) to the previously mentioned group Γc, a subgroup of Γg=2 which is larger than Γ∞.
This new “gauge symmetry” will be relevant in the modular sum as it turns out to be a
finite-index subgroup.

As a consistency check of (3.22), in the low-temperature or long-cylinder limit depicted
in Figure 3.4, the leading contribution to Zcl

vac needs to be equal to that of the total classical
contribution to the full Ising partition function at genus two in the same limit, as explained
in Appendix A.8. The long-cylinder limit can be taken in the following way: The genus-two
Riemann surface can be described as a hyperelliptic curve, which is the set of solutions to
the following equation (see for example [143] for a recent discussion of this)

y(z)2 =
3∏

k=1

z − uk
z − vk

. (3.23)

12Namely, at genus one there are four (one of them vanishing) holomorphic partition functions, χσx,σtE ≡
TrHσx (σtE )F qL0 , where F denotes the fermion parity operator, σx, σtE = ±1. Here ∓σx denotes spatial
(anti-)periodicity whereas ∓σtE denotes Euclidean temporal (anti-)periodicity. These holomorphic partition

functions are proportional to ϑ1/2

[
a
b

]
with a = (1− σx)/2 and b = (1− σtE )/2. One then sees from (A.33)

of Appendix A.5 that the torus vacuum character χ1,1 is proportional to the sum of the square-roots of
theta functions with a = 0, summed over b = 0 and b = 1/2. The sum appearing in (3.22) is the natural
generalization of this genus-one expression to genus two.

13Basic facts about this genus-two generalization of Γ∞ will be discussed in Appendix A.7 where this
group is referred to as Γ

[2]
∞ .
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Such a surface is a two-sheeted branched cover of the Riemann sphere, the points on which
are parametrized by z, and the two sheets are labeled by the choice of the root y which solves
(3.23). There is a Z2 “replica symmetry” generated by y → −y, which physically corresponds
to the time reversal symmetry discussed above in Figure 3.2, and the corresponding text.
The covering map has 2 × 3 = 6 branch points (uk, vk). Monodromy of z around one of
the six branch points shifts y → −y and moves from one sheet to the other. The locations
of the branch points span the moduli space14 of the Riemann surface. Consequently, the
period matrix can be expressed in terms of the branch points [144], and the long-cylinder
limit corresponds to taking uk − vk to be small for k = 1, 2, 3,. To obtain the vacuum seed
partition function, the resulting period matrix Ω is inserted into (3.22). For the case of the
long-cylinder limit at general genus g, one simply replaces the number 3 appearing in (3.23)
by g + 1, and proceeds in an analogous fashion.

A final remark is that, for our gravitational vacuum seed partition function Zvac to
be identical with that of the vacuum conformal block of the boundary CFT (up to some
constant factor), we further need to discuss the cup and cap regions, where three cylinders
join. We argue that the three-point correlation functions that describe the graviton scattering
processes in the gravity theory match those in the boundary conformal theory15.

Genus two modular sum

With the above expression for the vacuum seed, we now perform the sum over the images of
the action with the MCG (“modular sum”) as in (3.21) at g = 2.16. We will first provide the
numerical results, and then give a mathematical argument for the finiteness of the modular
sum. Independently, we will present later in Section 3.4 another simple proof from a TQFT
perspective for arbitrary genus.

As reviewed in Section 3.3, the subgroup of the MCG which acts non-trivially on the
period matrix is Sp(4,Z). The generators of Sp(2g,Z) are reviewed in Appendix A.7. By
acting repeatedly with the two generators of Sp(4,Z) on the vacuum seed partition function,
we find 3840 inequivalent contributions with the aid of Mathematica.17 These modular

14This is a g = 2 coincidence, for general genus g the moduli spaceMg of a Riemann surface Σg has real
dimension 6g − 6, while the number of real branches is 2g + 2.

15At genus one, a related but somewhat different two-to-one scattering process in AdS3 between the bulk
duals of the light primaries O and χ, whose conformal weights less than c/12, is described in [145]. Their
CFT three-point function is found to have the same form as the gravitational scattering amplitude between
their gravitational duals in the BTZ background, with a proportionality factor only dependent on the saddle
geometry. Although this process is not necessarily in pure gravity, this result is in support of our argument
about the form of Zvac.

16Instead of Zcl
vac, we use the full quantum conformal block Zvac = |χvac|2 in the modular sum. The

quantum contribution and issues related to it, are discussed in Appendices A.7 and A.5.
17This set is invariant under the action of Torelli group introduced in Section 3.3 below. The Torelli

group acts by multiplying {ϑ[1/2, 1/2; 1/2, 1/2](Ω) · ϑ∗[1/2, 1/2; 1/2, 1/2](Ω)}1/2 by a minus sign, which can
be explicitly verified in the pinching limit using the formalism in [141] and straightforwardly carries over to
the general case away from that limit. Only this specific theta function product is affected by the Torelli
group action, because it is related to the sector (conformal block) χσψσ (in the language of Appendix A.5),
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images sum up to 384 times the partition function ZIsing of the 2d Ising CFT at genus two
of Appendix A.5):

Zgrav = 384ZIsing. (3.24)
The factor 10 = 3840/384 is simply the dimension of the conformal block basis, or simply
the number of linearly independent Riemann theta functions. The physical meaning of the
constant factor 384 in (3.24) is unclear at this point.

We emphasize that all the above arguments are gravitational ones that solely come from
the three-dimensional bulk. In the remainder of this section, we support the above compu-
tation by a mathematical explanation for the finiteness of the summation in the partition
function [as in (3.21)].

In the Ising case, there exists18 a short exact sequence for any genus g,

1→ ρg(Dg)→ ρg(Γg)→ Sp(2g,Z2)→ 1, (3.25)

where ρg(Γg) is the image group of the MCG Γg represented as matrices in the basis of
Riemann theta functions, Dg is the subgroup of the MCG that acts trivially on H1(Σg,Z2),
and ρg(Dg) is the corresponding image group. The latter turns out to always be a subgroup
of ZN8 , where N is a finite positive integer.

Since ρg(Dg) is abelian (see Appendix A.9), (3.25) gives a central extension of Sp(2g,Z2).
Such central extensions are classified by the second cohomology group

H2(Sp(2g,Z2), ρg(Dg)). (3.26)

For every group element h ∈ Sp(2g,Z2) and n ∈ ρg(Dg), there is an element (n, h) in ρg(Γg),
satisfying the group multiplication (n1, h1) · (n2, h2) = (ω(h1, h2)n1n2, h1h2) , where ω(h1, h2)
is a 2-cocycle with ρg(Dg) coefficients. Alternatively, one can interpret the above short exact
sequence in terms of projective representations. Irreducible representations of the MCG Γg
correspond to the irreducible projective representations of Sp(2g,Z2), where the projective
phases are given by ρg(Dg).

Since Zvac involves taking the modulus square of the vacuum character, the overall phases
of ρg(Dg) will not matter. We can simply focus on the summation over elements of Sp(2g,Z2)
that act non-trivially on the absolute values of the theta functions. At genus g = 2, Sp(4,Z2)
turns out to be equal to the permutation group S6 and contains 6! = 720 elements. Due to
the short exact sequence (3.25), the image group of Γg is clearly finite.

In Section 3.4, we will present an alternative simple proof for the finiteness of ρg(Γg) that
works for arbitrary genus, from a topological field theory perspective.

Review of the relevant concepts

We first describe the homology of orientable, finite-type two-dimensional surfaces Σg of genus
g. When Σg is compact, its homology groups are free, with dimH0(Σg) = 1, dimH1(Σg) = 2g,
where there is a fermion ψ in the middle of the genus-two handlebody (denoted by b in Figure A.1, i.e.,
b→ ψ), which acquires a negative sign upon the Dehn twist along the separating curve.

18This is a generalization of the mathematical result in [146] which is explained in Appendix F.
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dimH2(Σg) = 1. One can choose a canonical homology basis αi, βi with 1 ≤ i ≤ g for H1(Σg)
as in Figure 3.3. Any closed curve on Σg generates a homology class, which can be uniquely
decomposed into the classes generated by αi, βi. They are normalized with respect to the
algebraic intersection number J(C1, C2) between two simple closed curves C1 and C2, by

J(αi, αj) = J(βi, βj) = 0, J(αi, βj) = −J(βi, αj) = δij. (3.27)

There are g pairs of holomorphic and anti-holomorphic one-forms on Σg, denoted by
{ωi, ω̄i} (i = 1, · · · , g), which satisfy the normalization condition∮

αi

ωj = δij. (3.28)

The period matrix defined by ∮
βi

ωj = Ωij (3.29)

is then a g× g complex symmetric matrix, with a positive-definite imaginary part.19 Analo-
gous equations as above hold for the anti-holomorphic counterparts ω̄i and Ω̄ij. The period
matrix Ω generalizes the modular parameter τ for the torus, completely parametrizing the
conformal structure of Σg. Note that a conformal structure of Σg can be specified by different
period matrices that are related to each other by the MCG.20

The MCG Γg of a genus-g Riemann surface Σg is the group of all isotopy classes of
orientation preserving diffeomorphisms of Σg. It is generated by Dehn twists around the
cycles C of Σg. A Dehn twist acts by excising a tubular neighborhood of C inside Σg,
twisting the latter by 2π, and then gluing it back to the rest of the surface. There are two
generators for each handle, and one for each closed curve linking the holes of two neighboring
handles.

Γg leaves the intersections (3.27) invariant, thus acting on the canonical homology basis
by Sp(2g,Z) transformations. The Sp(2g,Z) transformations act on the period matrix by

γ =

(
A B
C D

)
∈ Sp(2g,Z), γ : Ω→ (AΩ +B)(CΩ +D)−1, (3.30)

where A,B,C,D are g by g matrices. At genus g = 2, the minimal number of generators
of Sp(4,Z) is two [147]; these are reviewed in Appendix A.7. For Sp(2g,Z) with g ≥ 3 the
minimal number of generators is three [148].

Some elements of Γg act trivially on the canonical homology basis, leaving it invariant.
These elements are diffeomorphisms homotopic to the identity and they form a normal
subgroup of Γg, known as the Torelli group Ig [149, 150]. For genus two, Ig is infinitely

19An alternative normalization for Ω more suitable for computation is considered in Appendix A.8.
20The moduli spaceMg, the space of conformal structures of Σg, has real dimension 6g − 6. The Torelli

map fromMg to the space of Ω’s quotiented by the MCG Γg is injective, intuitively because the latter has
real dimension g(g + 1), so the parametrization is complete.
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generated by Dehn twists around the separating curve, i.e., the curve that separates the
genus two surface into two tori. For g ≥ 3, besides the ones that twist around the separating
curves, there exists another type of generator, called the “bounding pair map”. A bounding
pair map is the composition of a twist along a non-separating curve C1 and an inverse twist
along another non-separating curve C2 which is disjoint from C1 but represents the same
homology class as C1. So C1 ∪C2 separates Σg into two subsurfaces having C1 ∪C2 as their
common boundary. These two kinds of generators are shown in Figure 3.5.

Figure 3.5: Generators of the Torelli group Ig. Left: Dehn twist along a separating curve.
Right: the bounding pair map.

In summary, we have the following non-splitting short exact sequence,

1→ Ig → Γg → Sp(2g,Z)→ 1. (3.31)

Riemann or Siegel theta functions, which depend on two g-dimensional row vectors a,b ∈
Rg called characteristics, are defined by the following infinite sum [151, 152, 153, 154],

ϑ

[
a
b

]
(z|Ω) ≡

∑
n∈Zg

exp (iπ(n + a) · Ω · (n + a) + 2πi(n + a) · (z + b)) , (3.32)

where z ∈ Rg is a g-dimensional vector.
In this chapter, we will be interested in and limit our discussion to the Ising case described

by a single Majorana fermion species, where the characteristic vectors are a,b ∈ (1
2
Z)g. In

this case there is, associated with each theta function, the notion of a spin-structure of

characteristics
[
a
b

]
, denoting a 2× g-matrix. The spin structure is called to be even or odd

depending on whether 4a ·b is even or odd, respectively. This can be seen from the following
identity

ϑ

[
a
b

]
(−z|Ω) = (−1)4a·bϑ

[
a
b

]
(z|Ω). (3.33)

Additionally, due to the identity

ϑ

[
a + n
b + m

]
(z|Ω) = e2πia·mϑ

[
a
b

]
(z|Ω), (3.34)
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where m, n ∈ Zg, it is enough to only consider a,b ∈ (1
2
Z2)g. At genus g, there are

2g−1(2g−1) odd spin structures and 2g−1(2g+1) even ones. The theta functions ϑ(Ω) always
vanish for odd spin structures, which is obvious from (3.33).

Riemann theta functions are also weight-1/2 modular forms. From now on we will denote

ϑ(0|Ω) by ϑ(Ω) for convenience. When their argument Ω is acted on by γ =

(
A B
C D

)
∈

Sp(2g,Z), they transform as [142, 154]:

ϑ

[
a′

b′

]
(γΩ) = ε(γ)e−iπφ(a,b) det (CΩ +D)1/2 ϑ

[
a
b

]
(Ω), (3.35)

where {
a′

b′

}
=

(
D −C
−B A

){
a
b

}
+

1

2

{(
CDT

)
d(

ABT
)
d

}
, (3.36)

and

φ (a,b) =
(
aDTBa + bCTAb

)
−
[
2aBTCb +

(
aDT − bCT

) (
ABT

)
d

]
, (3.37)

which is Ω-independent.

In (3.36),
{
·
·

}
means concatenating two g-dimensional row vectors into a single 2g-

dimensional column vector, i.e.,
{
a
b

}
≡
[
aT

bT

]
where ·T denotes the matrix transpose, whereas

(·)d denotes the g-dimensional row vector whose entries are the diagonal elements of the g×g
matrix appearing inside the parentheses ( ). The subtle phase ε(γ) is always an eighth root of
unity independent of a and b, and incidentally, if γ = I2g mod 2, then ε2(γ) = eπiTr(D−1)/2.

We note that the action of the group Sp(4,Z) on the Riemann theta functions at genus
g = 2 defines a 10-dimensional projective, not a linear representation. The explicit forms of
the matrix representations of the (two) generators of the group are displayed in Appendix
A.7.

A conjecture on index of SL(2,Z) subgroups for higher genus

Here we digress a little bit and present a conjecture without much numerical evidence,
following comments from Shu-Heng Shao and Edward Witten [155].

From genus 1 and 2 cases, we see that the partition functions of c = 1/2 gravity and Ising
model do not exactly agree, but are proportional to each other. If we were to try interpreting
the numerical factor between Zgrav and ZIsing as a contribution from the topological term on
the boundary Riemann surface, then we should have the following form

Zgrav = Ae−aχZIsing, (3.38)

where χ = 2 − 2g is the Euler characteristic for genus g, and a,A are universal constants.
Then we can extrapolate the index of the enhanced symmetry group Γc ⊂ SL(2,Z) from the
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data on genus 1 and 2. Because χ = 0 for torus, we see from (3.20) that A = 8, and (3.24)
tells us that e2a = 48. Then a genus-3 surface has χ = −4, so the numerical factor in front
of ZIsing should be 8 (e2a)

2
= 18, 432 according to (3.38).

Finally, according to the discussion following (3.24), the index of Γc should be the factor
times the number of non-vanishing (i.e., even) Riemann theta functions on the genus-3
surface, which is 2g−1(2g + 1) = 36, so the index should be 663, 552. Unfortunately, the
computational power required to obtain this number is much greater than that used for
genus 2, and we have not finished running the code at this point. Nevertheless, we would
still like to propose the following conjecture:

Conjecture The index of the enhanced symmetry group Γc in SL(2,Z) is

8 (2g + 1) 96g−1 . (3.39)

If this result were true, it would be extremely dramatic because of the following reason.
According to our ansatz (3.22) for the vacuum seed, the number of Riemann theta functions
with all zero entries on the first row on a genus-g Riemann surface is 2g. Then the algorithm
of computing the index of Γc by counting how many new Riemann theta function show up in
total (as shown in Appendix A.7) tells us that, by fully forgetting about Sp(2g,Z) modular
transformations, we obtain the most naïve upper bound on the index

[2g−1(2g + 1)]2
g

, (3.40)

but (3.39) shows that starting from Zvac, all Sp(2g,Z) transformations only connect a doubly
exponentially small portion of all Riemann theta functions as g grows.

It would also be a very interesting problem to study its potential congruence and other
number-theoretic properties.

3.4 Gravitational partition functions with boundaries of
arbitrary genus

In this section, we discuss the full gravitational partition function at Brown-Henneaux central
charge c = 1/2 with an asymptotic boundary being a Riemann surface of arbitrary genus
following the same strategy as in the genus-2 case. The full gravitational partition function
Zgrav at Brown-Henneaux central charge c = 1/2 with a genus-g asymptotic boundary Σg

is again formulated as a sum over the contributions from different saddle points which are
all related to the “vacuum seed” contribution Zvac by the action of the MCG Γg of the
asymptotic boundary Σg. Given the period matrix Ω that specifies the conformal structure
on the asymptotic boundary Σg, we should write the full gravitational partition function as

Zgrav(Ω, Ω̄) =
∑
γ∈Γ

Zvac(γΩ, γ̄Ω̄), (3.41)
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where Γ = Γc\Γg is the right coset space, the MCG Γg, of its subgroup Γc that leaves the
vacuum seed invariant. In this sum, the term with trivial γ represents the contribution
from the vacuum sector (as known as the “vacuum seed") while other terms present the
contributions from other saddle points.

In the following, we will first argue in Section 3.4 that the vacuum seed Zvac(Ω, Ω̄) at
Brown-Henneaux central charge c = 1/2 can be identified with the vacuum conformal block
of the 2d Ising CFT on the asymptotic boundary Σg with the same period matrix Ω. Then,
we will show that the Γg-orbit {Zvac(γΩ, γ̄Ω̄)|γ ∈ Γg} of the vacuum seed, which appears
in (3.41), is dictated by the projective representation ρg of the MCG Γg induced by the
holomorphic conformal blocks of the 2d Ising CFT on Σg. Subsequently, we will prove in
Section 3.4 a mathematical result stating that ρg, viewed as a mapping from Γg to a unitary
group, has a finite image set im(ρg), which has the immediate consequence that the sum∑

γ∈Γg
in (3.41) is finite. Furthermore, in Section 3.4, we will prove another mathematical

result stating that the MCG representation ρg is irreducible. Using the irreducibility of ρg, we
can show that the finite sum in (3.41) for the full gravitational partition function is precisely
proportional to the partition function of the 2d Ising CFT on the asymptotic boundary Σg.
In Section 3.4, we establish duality between 3d AdS quantum gravity at Brown-Henneaux
central charge c = 1/2 and 2d Ising CFT. There, we will also further comment on our
arguments for the gravitational vacuum seed Zvac(Ω, Ω̄). In Section 3.4, we will discuss,
from the perspective of the higher-genus partition function, the fundamental difficulty in
extending the duality to the case with Brown-Henneaux central charge c = 7/10.

Vacuum seed

Similar to the discussion of the genus-2 asymptotic boundary, to identify the vacuum seed,
namely the gravitational partition function contributed by the vacuum sector, we start with
a handlebody X with a genus-g asymptotic boundary ∂X = Σg. The classical saddle point
geometry on such a handlebody X is asymptotically AdS3 [52, 54, 56, 127, 128, 129, 130]. As
stated in Section 3.3, we believe that the asymptotic behavior of the geometry ensures that
the Brown-Henneaux central charge c = 3l/2G is still applicable even if the boundary genus
g is larger than 1. In the following, we will always focus on the case with Brown-Henneaux
central charge c = 1/2.

As far as topology goes, the genus-g handlebody X can be viewed as two 3-balls (the
interiors of two 2-dimensional spheres) connected by g+1 solid cylinders. A genus-3 example
is shown in Figure 3.6.21 Similar to the genus-2 discussion, we believe that the vacuum seed
Zvac should dominate the (full) gravitational partition function on the 3-manifold X in the
limit where the boundary period matrix Ω is chosen such that, for each of the solid cylinder
regions, the boundary circumference is much shorter than the length of the cylinder. In
such a limit, it is natural to consider a (local) coordinate system such that the Euclidean

21In this chapter, we only study handlebodies in 3 dimensions. A genus-g (3-dimensional) handlebody
means a handlebody with a genus-g 2-dimensional boundary.
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time direction is along the longitudinal direction of each solid cylinder region. The Hilbert
space of quantum gravity states should then be associated to a constant-time slice, which is
a disjoint union of the cross sections of each of the solid cylinders, namely the disjoint union
of g + 1 disks. For example, for g = 3, the Hilbert space of quantum gravity states should
be associated with a disjoint union of 4 disks as shown in Figure 3.6.

Recall that in the discussion of the case with a genus-1 asymptotic boundary, the quan-
tum gravity states defined on a single disk are the boundary graviton states that form the
irreducible (identity) representation of the Virasoro algebra with the corresponding Brown-
Henneaux central charge c. For c = 1/2 in particular, the boundary graviton states on a
single disk are in one-to-one correspondence with quantum states of the 2d Ising CFT within
the |χ1,1|2 sector.

Coming back to the genus-g handlebody, we now need to assign a Hilbert space to the
disjoint union of g + 1 disks. We naturally expect the Hilbert space to be identified as
the tensor product of g + 1 copies of boundary graviton states obtained in the genus-1
discussion. In this picture, each solid cylinder region physically describes the time evolution
of the boundary graviton states.

So far, we have have been discussing the solid cylinder regions of the handlebody. Each
of the 3-ball regions in the handlebody glues together all of the solid cylinders. Physically,
each of them should describe the scattering process of g+ 1 boundary graviton states. Since
the boundary graviton states are in one-to-one correspondence with the quantum states
of the 2d Ising CFT, we further make the proposal that the vacuum seed, Zvac(Ω, Ω̄), is
identical to the vacuum conformal block of the 2d Ising CFT on the asymptotic boundary
Σg with period matrix Ω22, which we naturally expect to factorize into holomorphic and the
anti-holomorphic pieces, i.e.,

Zvac(Ω, Ω̄) = χvac(Ω)χ̄vac(Ω̄), (3.42)

where χvac(Ω) and χ̄vac(Ω̄) are the respective holomorphic and anti-homolorphic vacuum
conformal blocks of the 2d Ising CFT on the genus-g surface Σg with period matrix Ω. In
fact, our proposed form of the vacuum seed is simply a natural extension of results in [52]
and [140]. To be more specific, [52] calculates the vacuum seed of the pure 3d AdS gravity
with a genus-2 asymptotic boundary in the large-c limit and also in the degeneration limit
of the boundary. The result is obtained to the order 1/c2. [140] shows that the vacuum
conformal block of a 2d large-c CFT matches exactly with the result of [52] to all the orders
calculated. Naturally, such a matching is expected to hold to all orders of 1/c. Hence,
(3.42) is a reasonable assumption when we take c = 1/2. In addition, we will also see in
the following subsections that a vacuum seed of the form of ((3.42)) does yield a sensible
expression for the full gravitational partition function through the modular sum (3.41).

22In the vacuum conformal block of the 2d Ising CFT, the states propagating along the boundary of
the solid cylinder regions all belong to the irreducible representation of the Virasoro algebra (and its anti-
holomorphic copy) associated with |χ1,1|2.
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Figure 3.6: A handlebody with a genus-3 asymptotic boundary. Each shaded disk shown
should be associated with a Hilbert space of the boundary graviton states which form the
representation of the Virasoro algebra with c = 1/2.

Finiteness of the Modular Sum

To perform the modular sum (3.41), we need to ensure that the summation over the set of
right cosets, Γ = Γc\Γg, is finite. Γg is the MCG of the asymptotic boundary Σg and Γc
is the subgroup of Γg that leaves the vacuum seed Zvac(Ω, Ω̄) invariant. The finiteness of
the set Γ is mathematically equivalent to the finiteness of the orbit of the vacuum seed Zvac

under the MCG action, namely the finiteness of the set {Zvac
(
γΩ, γ̄Ω̄

)
|γ ∈ Γg}. In Section

3.4, we have argued that the vacuum seed Zvac is given by the product of the holomorphic
and anti-holomorphic vacuum conformal blocks of the 2d Ising CFT. Therefore, the MCG
orbit of the vacuum seed Zvac is dictated by the Γg action on the conformal blocks of the 2d
Ising CFT on Σg.

Σg is a genus-g Riemann surface. Considering only the holomorphic vacuum conformal
block χvac, the 2d Ising CFT has a total of Ng = 2g−1(2g + 1) holomorphic conformal blocks
on Σg. They form an Ng-dimensional vector space which admits a Γg action:

χi(γΩ) =

Ng∑
i′=1

(
ρg(γ)

)
ii′
χi′(Ω). (3.43)

Here γ ∈ Γg, where χi(Ω) with i = 1, 2, .., Ng denote the Ng different holomorphic conformal
blocks of the 2d Ising CFT on the surface Σg, and ρg(γ) ∈ U(Ng) is an Ng × Ng unitary
matrix that depends on γ (but not on the period matrix Ω). In fact, ρg is a projective
representation of the MCG Γg: For any γ, γ′ ∈ Γg, ρg(γ)ρg(γ

′) is equal to ρg(γγ′) up to a
U(1) phase. The Γg action on the anti-holomorphic conformal blocks of the 2d Ising CFT is
naturally given by the complex-conjugated version of (3.43). Therefore, we will only discuss
the representation ρg that dictates the Γg action on the holomorphic conformal blocks in the
following discussion.

When viewed as a map from Γg to U(Ng), ρg has an image set ρg(Γg) ≡ {ρg(γ)|γ ∈ Γg}
which is a subset of U(Ng). In the following, we will prove that ρg(Γg) is a finite set.
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Combining (3.42) and (3.43), it is straightforward to see that the finiteness of the set ρg(Γg)
directly implies the finiteness of the MCG orbit {Zvac

(
γΩ, γ̄Ω̄

)
|γ ∈ Γg} and, consequently,

leads to the conclusion that the modular sum (3.41) is finite.
We will prove the finiteness of ρg(Γg) by contradiction. Let’s assume that ρg(Γg) is an

infinite set. First, we show that this assumption leads to the consequence that {Tr ρg(γ)|γ ∈
Γg} also has to be an infinite set. Since ρg(γ) ∈ U(Ng), |Tr ρg(γ)| ≤ Ng. To show that
{Tr ρg(γ)|γ ∈ Γg} is an infinite set, it is sufficient to show that, for any small number ε > 0, we
can either find (i) a pair of elements γ, γ′ ∈ Γg such that 0 < |Tr ρg(γ)−Tr ρg(γ

′)| < ε or (ii)
an element γ′′ ∈ Γg such that Ng− ε < |Tr ρg(γ

′′)| < Ng.23 First, we start with a sufficiently
small ε′ > 0. Since U(Ng) is a compact space, the assumption that ρg(Γg) is an infinite set
guarantees the existence of a pair of elements γ, γ′ ∈ Γg such that 0 < ‖ρg(γ)− ρg(γ′)‖ < ε′

where ‖·‖ represents the Frobenius norm.24 ρg(γ) is not identical to ρg(γ′). But we still
need to distinguish two situations depending on whether ρg(γ) and ρg(γ

′) differ by only a
U(1) phase or not. In first situation where ρg(γ) differs from ρg(γ

′) by a U(1) phase, the
sufficiently small ε′ can guarantee that 0 < |Tr ρg(γ) − Tr ρg(γ

′)| < ε. Hence, we find the
pair of elements γ, γ′ described in (i). In second situation where ρg(γ) is not proportional to
ρg(γ

′), we notice ρg(γ−1γ′), which is equal to ρg(γ)−1ρg(γ
′) up to a U(1) phase, is then not

proportional to the identity operator. Then, with γ′′ = γ−1γ′, |Tr ρg(γ
′′)| < Ng. However,

with a sufficiently small ε′, ρg(γ′′) can be arbitrarily close to the identity operator up a
U(1) phase. Therefore, we have Ng − ε < |Tr ρg(γ

′′)| < Ng. Hence, we find the element γ′′
described in (ii). Now, we can conclude that the assumption that ρg(Γg) is an infinite set
has a consequence that {Tr ρg(γ)|γ ∈ Γg} also has to be an infinite set.

In the remainder of this subsection, we will show that {Tr ρg(γ)|γ ∈ Γg} in fact cannot
be an infinite set and, hence, that the assumption that ρg(Γg) is an infinite set is incorrect.

For any γ ∈ Γg, Tr ρg(γ) can be interpreted as a partition function of the 3d Ising topo-
logical quantum field theory (TQFT). The 3d Ising TQFT is closely related to the 2d Ising
CFT. In particular, the 3d Ising TQFT assigns a Ng-dimensional Hilbert space to the genus-
g surface Σg whose basis vectors are in one-to-one correspondence with the holomorphic
conformal blocks of the 2d Ising CFT on Σg [99]. The details of this correspondence will be
reviewed in the next subsection. A Γg action γ on the genus-g surface Σg induces a unitary
transformation within the 3d Ising TQFT Hilbert space which is exactly given by ρg(γ).
Tr ρg(γ) can be interpreted as the 3d Ising TQFT partition function ZiTQFT(Mγ) evaluated
on the mapping torus Mγ ≡ [0,1]×Σg

(0,x)∼(1,γ(x))
. The mapping torus Mγ is a 3-manifold obtained

from gluing the two Σg boundary components of the Cartesian product [0, 1] × Σg with an
MCG action γ performed on one of the Σg components. For a general 3-manifold M3, the
3d Ising TQFT partition can be expressed as [156, 157]

ZiTQFT(M3) =
∑

spin structure ζ

e
2πi
16
µ(M3,ζ), (3.44)

23The full details of mathematical rigor for the rest of this paragraph will be presented in Appendix A.10.
24The Frobenius norm ‖A‖ of a matrix A is defined as the square root of the sum of the absolute squares

of its elements, namely ‖A‖ =
√

Tr(A†A).
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where
∑

ζ represents the summation over all spin structures ζ on M3 and µ(M3, ζ) is
Rokhlin’s µ-invariant25 of the 3-manifold M3 with the spin structure ζ. The invariant
µ(M3, ζ) is defined modulo 16 and is always an even integer. For a general 3-manifold
M3, the number of spin structures on M3 is equal to |H1(M3,Z2)| = |H1(M3,Z2)|. Here,
we are viewing H1 and H1 as groups. | · | means the order of the group in this context. For
the mapping torus Mγ of Σg, we can consider the following long exact sequence (see, e.g.,
Example 2.48 of [158]),

...→ Hn(Σg,Z2) −→ Hn(Σg,Z2)→ Hn(Mγ,Z2)→ Hn−1(Σg,Z2)→ ..., (3.45)

which implies an upper bound on the number of spin structures on Mγ that only depends
on g but not γ:

|H1(Mγ,Z2)| = |H1(Mγ,Z2)| ≤ |H1(Σg,Z2)| × |H0(Σg,Z2)|. (3.46)

The inequality above is a direct consequence of the H1(Σg,Z2)→ H1(Mγ,Z2)→ H0(Σg,Z2)
part of the long exact sequence (3.45).26 Therefore, according to (3.44), for any γ ∈ Γg,

Tr ρg(γ) = ZiTQFT(Mγ)

∈

{ ∑
n=0,2,4,...,14

ane
2πi
16
n

∣∣∣∣∣ an ∈ Z, 0 ≤ an ≤ |H1(Σg,Z2)| × |H0(Σg,Z2)|

}
. (3.47)

Notice that the set given in the second line a finite set. Therefore, {Tr ρg(γ)|γ ∈ Γg} cannot
be an infinite set, which is in contradiction to the consequence of the assumption that ρg(Γg)
is an infinite set. Now, we can conclude that ρg(Γg) has to be a finite subset of U(Ng). It
follows that the modular sum (3.41) is finite.

This proof of the finiteness of the modular sum (3.41) relies on the expression of the
vacuum seed Zvac (3.42) that we argued for in Section 3.4. In fact, as long as the vacuum
seed Zvac can be written as a product of a holomorphic and an anti-holomorphic conformal
block of the 2d Ising CFT (or even as a sum of products of this type), the proof given in
this subsection is still applicable and the modular sum (3.41) is still finite.

25For (M3, ζ), it is defined as the signature of the intersection form of any smooth compact spin 4-manifold
with the spin boundary (M3, ζ).

26With the map H1(Mγ ,Z2) → H0(Σg,Z2) in (3.45) viewed as a linear map between vector spaces
(over Z2), the sum of the dimensions of its kernel and its image is equal to the dimension of H1(Mγ ,Z2).
The image of the linear map H1(Mγ ,Z2) → H0(Σg,Z2), as a vector space over Z2, has a dimension less
than or equal to the dimension of H0(Σg,Z2). From the fact that (3.45) is exact, the kernel of the map
H1(Mγ ,Z2) → H0(Σg,Z2) has the same dimension as the image of the map H1(Σg,Z2) → H1(Mγ ,Z2)
whose dimension is smaller than or equal to the dimension of the vector space H1(Σg,Z2). Therefore, the
dimension of the vector space H1(Mγ ,Z2) is not greater than the sum of the dimensions of H0(Σg,Z2) and
of H1(Σg,Z2), which implies (3.46).
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Irreducibility of the MCG representation and the modular sum

With the modular sum (3.41) proven to be finite, the full gravitational partition function
Zgrav(Ω, Ω̄) is then, by construction, invariant under any Γg action on the asymptotic bound-
ary Σg. Since a MCG action generally transforms the holomorphic (anti-holomorphic) vac-
uum conformal blocks of the 2d Ising CFT into a linear superposition of all holomorphic
(anti-holomorphic) conformal blocks, we expect the modular sum (3.41), together with the
vacuum seed (3.42), to yield

Zgrav(Ω, Ω̄) =

Ng∑
i,i′=1

Bii′χ̄i′(Ω̄)χi(Ω), (3.48)

where B is a Ng × Ng matrix. The invariance of Zgrav(Ω, Ω̄) under the action of the MCG
implies that

ρg(γ)†Bρg(γ) = B, (3.49)

for any γ ∈ Γg. Importantly, as we will prove later in this subsection, the projective rep-
resentation ρg of the MCG Γg is irreducible. As a consequence, by Schur’s lemma, B has
to be proportional to the identity matrix to satisfy (3.49). Therefore, the full gravitational
partition function satisfies

Zgrav(Ω, Ω̄) ∝
Ng∑
i=1

χ̄i(Ω̄)χi(Ω). (3.50)

In the following, we will present the proof of the irreducibility of the MCG representation
ρg.

Figure 3.7: a1,2,...,g , b1,2,...,g , w1,2,...,g−1 ∈ {1, σ, ψ}. Fusion rules need to be applied at each
trivalent vertex for the fusion diagram to be admissible.

First, we review the connections between the 2d Ising CFT and 3d Ising TQFT that
will be useful for the proof of the irreducibility of the representation ρg. On the genus-g
surface Σg, there are Ng holomorphic conformal blocks in the 2d Ising CFT and there are Ng

orthogonal quantum states in the 3d Ising TQFT. Each of the holomorphic conformal blocks
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has a corresponding TQFT quantum state and vice versa. Each of holomorphic conformal
blocks and its corresponding TQFT quantum state can be represented by an admissible
fusion diagram as shown in Figure 3.7. Each line in the fusion diagram is labeled by 1, σ
or ψ. That is to say, in Figure 3.7, all the labels a1,2,...,g, b1,2,...,g and w1,2,..,g−1 take values in
the set {1, σ, ψ}. The labels {1, σ, ψ} should be viewed as the labels for the primary fields in
the 2d (chiral) Ising CFT and, equivalently, also as the labels for the anyons (or objects or
particles) in the 3d Ising TQFT. Note that the lines in the fusion diagrams are also directed.
In general, a directed line carrying an anyon label a is equivalent to the line with the opposite
direction and with the label ā, namely the label for the anti-particle of a. The directions
of all the lines in Figure 3.7 are chosen merely as a convention. In fact, in 3d Ising TQFT,
each of 1, σ and ψ is its own antiparticle. Therefore, it should not cause confusion even if
we don’t specify the directions of the lines in a fusion diagram in in the discussion below.
Also, 1 represents the trivial anyon in the 3d Ising TQFT and the trivial (identity) primary
operator in the 2d Ising CFT. In the fusion diagram, a line labeled by 1 can also be erased.
Only a so-called admissible fusion diagram corresponds to a holomorphic conformal block
or a TQFT quantum state on Σg. For the fusion diagram in Figure 3.7 to be admissible
in the 2d Ising CFT or the 3d Ising TQFT, we first need to require a1 = b1 and ag = bg.
Moreover, an admissible fusion diagram also requires each trivalent vertex to be admissible.
Each trivalent vertex has two incoming (outgoing) lines and one outgoing (incoming) line.
If the anyons a and b labeling the two incoming (outgoing) lines have a fusion product a× b
that contains the anyon c labeling the one outgoing (incoming) line, the trivalent vertex is
admissible. The full set of fusion rules of the 3d Ising TQFT (or the 2d Ising CFT) is given
by

1× 1 = 1, 1× σ = σ, 1× ψ = ψ,

ψ × 1 = ψ, ψ × σ = σ, ψ × ψ = 1, (3.51)
σ × 1 = σ, σ × ψ = σ, σ × σ = 1 + ψ.

One can directly show (see below) that there are Ng admissible fusion diagrams (with dif-
ferent anyon labels a1,2,..,g, b1,2,..,g and w1,2,..,g−1) of the form shown in Figure 3.7, where
Ng = 2g−1(2g−1 + 1) is the dimension of the representation ρg of the MCG discussed above.

We will denote the Ising TQFT quantum state (and its correspond Ising-CFT confor-
mal block) by the corresponding fusion diagram labels. For example, the Ising TQFT
quantum state associated to the fusion diagram shown in Figure 3.7 will be denoted as
|{ai}, {bi}, {wi}〉. Physically, in the language of 3d TQFT, one can think of an admissible
fusion diagram as describing the world lines of anyon. Therefore, in the discussion below,
we will also refer to a fusion diagram as an anyon diagram. The correspondence between
the state |{ai}, {bi}, {wi}〉 and its fusion diagram can be understood as follows. The state
|{ai}, {bi}, {wi}〉 on Σg can be viewed as generated by the 3d Ising TQFT path integral on a
genus-g handlebody Hg such that ∂Hg = Σg, and such that the corresponding fusion diagram
(or anyon diagram) is embedded in the core of Hg (in the same configuration as shown in
Figure 3.7). In particular, there is a “special” state |vac〉 ≡ |{ai = 1}, {bi = 1}, {wi = 1}〉
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Figure 3.8: The Dehn twist along the non-contractible loop C only yields a U(1) phases
ei2πha that depends on the label a.

with all of the labels on the fusion diagram set to be 1. The state |vac〉 can be viewed as
the result of the Ising TQFT path integral on the handlebody Hg without an anyon diagram
inside (remember that anyon lines labeled by 1 can be erased). The so-defined TQFT state
|vac〉 corresponds to the holomorphic vacuum conformal block χvac(Ω) of the 2d Ising CFT.

Because of the correspondence between the holomorphic conformal blocks of the 2d
Ising CFT and the states on Σg of the 3d Ising TQFT, the MCG Γg acts on the states
|{ai}, {bi}, {wi}〉 via the same representation ρg. The Γg action on the Ising-TQFT states
can also be understood as follows. In the picture where the Ising-TQFT states are generated
by the Ising TQFT path integral on a handlebody Hg with an anyon diagram, the MCG
action on Σg = ∂Hg should be extended to the whole handlebody Hg. Such an extended
action of Γg deforms the anyon diagram inside Hg. The deformed anyon diagram can be
rewritten in terms of a linear superposition of anyon diagrams of the original shape shown in
Figure 3.7 with different anyon labels. That is to say that when a state |{ai}, {bi}, {wi}〉 is
acted on by an element γ ∈ Γg of the MCG, the resulting state is in general a superposition
of many states with different anyon labels in their fusion diagrams:

ρg(γ)|{ai}, {bi}, {wi}〉

=
∑

a′i,b
′
i,w
′
i={1,σ,ψ}

〈{a′i}, {b′i}, {w′i}|ρg(γ)|{ai}, {bi}, {wi}〉 |{a′i}, {b′i}, {w′i}〉. (3.52)

A particularly simple case is when the MCG action is a Dehn twist νC along a loop C that
is threaded by a single anyon line labeled by a (as is shown in Figure 3.8). Such a Dehn
twist does not change the shape of the anyon diagram, the action ρg(νC) only yields extra
U(1) phase ei2πha on the state represented by the anyon diagram, where ha depends on the
anyon label a:

h1 = 0, hσ = 1/16, hψ = 1/2. (3.53)

Here ha can be viewed as the conformal weight of the primary field labeled by a in the
2d (chiral) Ising CFT. Also, in the 3d Ising TQFT language, we can view ei2πha as the
topological spin of the anyon labeled by a.

In the following, we will show that ρg is an irreducible projective representation of
the MCG Γg. In fact, the irreducibility of ρg is equivalent to the statement that the
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Figure 3.9: The Dehn twists along the loops C1,2,..,g, C ′1,2,..,g and C ′′1,2,..,g−1 can distinguish all
of the states |{ai}, {bi}, {wi}〉

C-linear matrix algebra C[ρg] generated by ρg (Γg) (through addition and matrix multi-
plication) is identical to the full matrix algebra MNg of all Ng × Ng complex matrices,
namely C[ρg] ∼= MNg . Obviously, C[ρg] ⊆ MNg . Therefore, what we need to prove is that
MNg ⊆ C[ρg]. The strategy of the proof is to explicitly construct all the operators of the
form |{ai}, {bi}, {wi}〉 〈{a′i}, {b′i}, {w′i}| within C[ρg].

We will first construct the projection operators |{ai}, {bi}, {wi}〉〈{ai}, {bi}, {wi}|, which
will be denoted as P{ai},{bi},{wi} in the following discussion, for any state |{ai}, {bi}, {wi}〉.
For this purpose, we can focus on the set of non-intersecting loops C1,2,..,g, C ′1,2,..,g and
C ′′1,2,..,g−1 shown in Figure 3.9. The Dehn twists νCi , νC′i and νC′′i along each of these loops
commute with each other. A state |{ai}, {bi}, {wi}〉 with a fixed set of labels a1,2,..,g, b1,2,..,g

and w1,2,..,g−1 is a simultaneous eigenstate of all such Dehn twists:

ρg(νCj)|{ai}, {bi}, {wi}〉 = ei2πhaj |{ai}, {bi}, {wi}〉, for j = 1, 2, ..., g

ρg(νC′j)|{ai}, {bi}, {wi}〉 = ei2πhbj |{ai}, {bi}, {wi}〉, for j = 1, 2, ..., g (3.54)

ρg(νC′′j )|{ai}, {bi}, {wi}〉 = ei2πhwj |{ai}, {bi}, {wi}〉, for j = 1, 2, ..., g − 1.

Since ei2πh1 , ei2πhσ , ei2πhψ are all different, one can use the set of Dehn twists νCi , νC′i and
νC′′i to fully distinguish all the states |{ai}, {bi}, {wi}〉. Building on this, we can construct
the following projection operators associated with any loop C and an anyon label 1, σ, or ψ
within C[ρg]:

P1(C) ≡ 1

16

16∑
n=1

ρg (νnC) ,

Pσ(C) ≡
(
1− e2πi/8

)−1 (
1− ρg

(
ν2
C

))
, (3.55)

Pψ(C) = 1− P1(C)− Pσ(C),

where νC ∈ Γg represents the Dehn twist along the loop C and 1 represents the Ng × Ng
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identity matrix. Choosing C to be Cj, C ′j or C ′′j , we see that

Pa(Cj)|{ai}, {bi}, {wi}〉 = δa,aj |{ai}, {bi}, {wi}〉, for j = 1, 2, ..., g

Pb(C
′
j)|{ai}, {bi}, {wi}〉 = δb,bj |{ai}, {bi}, {wi}〉, for j = 1, 2, ..., g (3.56)

Pw(C ′′j )|{ai}, {bi}, {wi}〉 = δw,wj |{ai}, {bi}, {wi}〉, for j = 1, 2, ..., g − 1,

where ai, bi, wi ∈ {1, σ, ψ}. Any projector P{ai},{bi},{wi} onto a given state |{ai}, {bi}, {wi}〉
can then be written as a product of Pa(Cj), Pb(C ′j) and Pw(C ′′j ). Therefore, all projection
operators P{ai},{bi},{wi} belong to C[ρg].

Next, we will show that all the operators of the form |vac〉〈{ai}, {bi}, {wi}| can be con-
structed within C[ρg]. Upon inspection we observe that in any admissible fusion diagram of
the form shown in Figure 3.7, the labels wi for i = 1, 2, ..., g− 1 can only take values 1 or ψ.
We will first focus on the case with wi = 1 for all i = 1, 2, ..., g−1. In this case, an admissible
diagram further requires ai = bi for all i = 1, 2, ..., g. Therefore, the relevant states in this
case are of the form |{ai}, {bi = ai}, {wi = 1}〉, which will be denoted by |{ai}〉 in short hand
in the following discussion. The anyon diagram of |{ai}〉, after we have erased all the lines
carrying label 1, is simply a disjoint union of anyon loops labeled by a1,2,...,g. To construct an
operator of the form |vac〉〈{ai}| in C[ρg], it is sufficient to find an MCG element γ such that
〈vac|ρg(γ)|{ai}〉 6= 0 which allows us to write |vac〉〈{ai}| as |vac〉〈vac|ρg(γ)|{ai}〉〈{ai}| up to
a non-zero multiplicative constant. Remember that we have already constructed the oper-
ators |vac〉〈vac| and |{ai}〉〈{ai}| within C[ρg]. Therefore, we only need to find the suitable
MCG element γ.

In principle, the choice of γ can depend on the state |{ai}〉. Interestingly, we can show
that there is a specific MCG element γ0 ∈ Γg that works for all |{ai}〉. The MCG element
γ0 can be identified as follows. Consider the disjoint union of two copies of a genus-g
handlebody Hg and H ′g whose boundaries are given by two identical copies Σg and Σ′g of
the same Riemann surface, i.e., Σg = ∂Hg and Σ′g = ∂H ′g. In general, we can perform a
MCG action γ ∈ Γg on Σ′g and then glue it to Σg. This procedure glues the two genus-g
handlebodies Hg and H ′g into a single closed 3-manifold that depends on the choice of γ.
There exists an element γ0 such that the resulting closed 3-manifold is the 3-sphere S3. We
will show that 〈vac|ρg(γ0)|{ai}〉 6= 0 for any states |{ai}〉. Again, consider the setup with two
copies Hg and H ′g of the genus-g handlebody. Performing the 3d Ising-TQFT path integral
on Hg (without any anyon diagram) yields the state |vac〉 on its boundary ∂Hg = Σg. Now,
we embeded the anyon diagram of |{ai}〉, which is a collection of disjoint anyon loops labeled
by a1,2,..,g respectively, in H ′g. The TQFT path integral on H ′g then yields the state |{ai}〉
on its boundary ∂H ′g = Σ′g. When Σ′g is acted on by γ0 and then glued to Σg, we obtain
a 3d Ising TQFT path integral on S3 together with the anyon diagram that was originally
embedded in H ′g. The result of such a path integral is exactly 〈vac|ρg(γ0)|{ai}〉. Since the
anyon diagram involved here is a disjoint union of anyon loops labeled by a1,2,..,g respectively,
the Ising TQFT path integral on S3 with such anyon diagrams is definitely non-vanishing.
Therefore,

〈vac|ρg(γ0)|{ai}〉 6= 0, (3.57)
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Figure 3.10: Local configurations of fusion diagrams with some of the wi labels taking the
value ψ

for any choice of a1,2,...,g. Consequently, we can conclude that the operators of the form
|vac〉〈{ai}| all belong to C[ρg]. By Hermitian conjugation, the any operator of the form
|{ai}〉〈vac| also belongs to C[ρg].

Now, we are ready to construct the operators |vac〉〈{ai}, {bi}, {wi}| with some of the wi
labels equal to ψ. When some of the wi labels equal to ψ, the anyon diagram associated to
|{ai}, {bi}, {wi}〉 must be in one of the configurations shown in Figure 3.10 in the vicinity of
the diagram where the wi labels take the value ψ. In the Ising TQFT, we have the following
linear relations between the diagrams

∝

 −

 = , (3.58)

which can help us relate an anyon diagram with some of the wi labels equal to ψ to another
diagram with less of the wi labels equal to ψ. For example, the leftmost configuration shown
in Figure 3.10 obeys

∝ = , (3.59)

where the relation between the first two diagrams is a graphical representation of the relation
(3.58). The last equality in (3.59) means that a Dehn twist along the loop C̃ can transform
the rightmost diagram shown in (3.59), before it was acted on by the Dehn twist, to the
diagram shown in the middle of the same equation. Remember that the Dehn twist along
C̃ on the surface should be extended into the interior of the handlebody leading to the
transformation from the third diagram to the second in (3.59). Thus, Equation (3.59) shows
an example to use Dehn twists to relate a diagram with a wi label equal to ψ to another
diagram without such a wi label. A similar relation can also be obtained for the second
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configuration shown in Figure 3.10:

∝ , (3.60)

where a Dehn twist along ˜̃C is performed. In fact, similar procedures can be carried out
on all of the configurations shown in Figure 3.10 (and their generalizations that are not
depicted). Therefore, all of the states |{ai}, {bi}, {wi}〉 with some wi labels equal to ψ can
be obtained from the states the states without such wi labels, i.e., the states |{ai}〉, by
applying one or a sequence of Dehn twists of the type shown above. Consequently, all the
operators |vac〉〈{ai}, {bi}, {wi}| and |{ai}, {bi}, {wi}〉〈vac| can be obtained from multiplying
the operators of the form |vac〉〈{ai}| or |{ai}〉〈vac| with the unitary operators associated to
the proper set of Dehn twists.

Having constructed all of the operators |vac〉〈{ai}, {bi}, {wi}| and |{ai}, {bi}, {wi}〉〈vac|
(regardless of the value of the wi labels) within C[ρg], we can simply obtain via matrix
multiplication operators of the more general form |{a′i}, {b′i}, {w′i}〉〈{ai}, {bi}, {wi}|, which
form a complete basis for the full matrix algebra MNg , within C[ρg]. At this point, we have
completed the proof for C[ρg] ∼= MNg and, hence, for the irreducibility of the (projective)
representation ρg of the MCG for a general g.

Duality to 2d Ising CFT

In Section 3.4, we proposed the expression (3.42) for the vacuum seed in terms of the prod-
uct of the holomorphic and anti-holomorphic vacuum conformal blocks of the 2d Ising CFT.
Based on this proposed vacuum seed, we proved the finiteness of the “gravitational” mod-
ular sum (3.41) in Section 3.4 and obtained the final expression (3.50) of the gravitational
partition function Zgrav up to a multiplicative constant in Section 3.4. We need to empha-
size that, in our discussion, the result (3.50) is purely a consequence of our arguments for
the vacuum seed Zvac which were made from the gravity bulk perspective, as well as of the
mathematical results that we proved including the finiteness of ρg(Γg) and the irreducibility
of the MCG representation ρg. In fact, even if Zvac is not of the form (3.42), as long as it be
written as a product of a holomorphic and an anti-holomorphic conformal block of the 2d
Ising CFT (or even as a sum of products of this type), we can still conclude the finiteness
of the modular sum (3.41) and further obtain the same expression (3.50) for Zgrav, based on
our mathematical results, i.e., the finiteness of ρg(Γg) and the irreducibility of ρg.

The right hand side of (3.50) can also be naturally identified with the (full) partition func-
tion of the 2d Ising CFT on the Riemann surface Σg with period matrix Ω. We therefore
conclude that, at Brown-Henneaux central charge c = 1/2, and for genus g, the full grav-
itational partition function Zgrav(Ω, Ω̄) with a genus-g asymptotic boundary Σg is always
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Figure 3.11: A schematic picture for pinching off a long cylinder.

proportional to the partition function of the 2d Ising CFT ZIsing(Ω, Ω̄) on Σg:

Zgrav(Ω, Ω̄) ∝
Ng∑
i=1

χi(Ω)χ̄i(Ω̄) = ZIsing(Ω, Ω̄). (3.61)

At this point, we would like to come back to our proposed expression (3.42) for the vacuum
seed. In Section 3.4, we have already provided physical arguments that suggest that (3.42)
is a natural expression for the vacuum seed. Now, we would like to further substantiate this
proposal (3.42) by commenting on the resulting gravitational partition function Zgrav (3.61).
(3.61) is a sensible result from the following perspectives. Firstly, the gravitational partition
function (3.61) for arbitrary genus g is compatible with and is the natural extension of the
genus-one result obtained in [119]. Secondly, the gravitational partition function (3.61), in
the “pinching limits”, is self-consistent and is consistent with the genus-one result obtained
in [119]. The pinching limit we focus on here is the limit of the period matrix Ω of the
asymptotic boundary Σg in which some part of the asymptotic boundary Σg is stretched
into a very long cylinder and eventually can be effectively viewed as pinched off. Figure 3.11
is a schematic picture for pinching off a long cylinder. In the gravity context, such a pinching
limit has previously only been investigated, to the best of our knowledge, in semi-classical
gravity [52, 159]. With the gravitational partition function given by (3.61), we can now study
the pinching limit of strongly coupled gravity with Brown-Henneaux central charge c = 1/2.
In the pinching limit, intuitively, we expect the genus of the asymptotic boundary to be
effectively reduced by 1. Hence, we expect a reduction of a gravitational partition function
with a genus-g boundary to one with a genus-(g − 1) boundary. This physical intuition is
indeed consistent with (3.61), since the partition function of 2d Ising CFT on a genus-g
surface indeed reduces to that on a genus-(g − 1) surface in the pinching limit [141].

Starting with a genus-g asymptotic boundary, we can take successive pinching limits such
that the genus of the resulting asymptotic boundaries eventually reduces to g = 1. In this
case, (3.61) implies that the gravitational partition function eventually reduces, up an overall
multiplicative constant, to the product of genus-one partition functions of the 2d Ising CFT.
This result is again consistent with [119]. Here, we have provided general arguments for the
behavior of the gravitational partition function in the pinching limits using (3.61) and using
the behavior of the 2d Ising CFT partition in the same limit. In Appendix A.5, we provide
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an example of analytic studies of the pinching limit of the gravitational partition function
with genus-two asymptotic boundaries. Having provided arguments that substantiate the
result (3.61) [and thereby its starting point (3.42)], we would like to conclude that based on a
natural choice for the vacuum seed, we establish duality between 3d AdS quantum gravity at
Brown-Henneaux central charge c = 1/2 and the 2d Ising CFT using the all-genus partition
functions.

Besides the gravitational partition function, the mathematical result that ρg is an irre-
ducible projective representation of the MCG Γg of the Riemann surface Σg for any g also
has an interesting implication purely for the 2d Ising CFT. It was proven in [137] that, up
to a multiplicative constant, there is only one unique modular invariant partition function
that can be constructed using 2d Ising CFT conformal blocks on a genus-one surface. To the
best of our knowledge, there is no generalization of such a proof to higher-genus surfaces in
previous works. Our result that ρg is an irreducible representation of Γg implies that, up to
a multiplicative constant, for any fixed genus g, there is always a unique partition function
constructed from Ising-CFT conformal blocks that is invariant under the MCG Γg action on
a genus-g surface.

Difficulty in extending beyond the 2d Ising CFT

Solely based on the consideration of gravitational partition functions with genus-1 asymptotic
boundary, Castro et al. [119] argued that, for Brown-Henneaux central charge c < 1, the only
2d CFTs that can be dual to pure Einstein gravity in AdS3 at the corresponding Brown-
Henneaux central charge c are the Ising and the Tricritical Ising CFTs of central charges
c = 1/2 and c = 7/10. Our results obtained in the previous subsections on the all-genus
partition functions has established duality between 3d AdS quantum gravity at Brown-
Henneaux central charge c = 1/2 and the 2d Ising CFT.

However, as we will show later in this subsection, the consideration of higher-genus par-
tition functions at c = 7/10 reveals a fundamental difficulty in establishing duality between
3d gravity at Brown-Henneaux central charge c = 7/10 and the Tricritical Ising CFT.

At Brown-Henneaux central charge c = 7/10, we can follow the same reasoning as in
Section 3.4 to argue that the corresponding gravitational vacuum seed at c = 7/10 with a
genus-g asymptotic boundary Σg should be identified as the vacuum conformal block of the
2d Tricritical Ising CFT on Σg. Hence, the modular sum (3.41) at c = 7/10 is dictated
by the MCG Γg representation ρ′g that governs how the holomorphic conformal blocks of
the 2d Tricritical Ising CFT transform under the action of Γg. In complete analogy with
the connection between the 2d Ising CFT and the 3d Ising TQFT, the information about
the MCG representation ρ′g (which is associated with the holomorphic conformal blocks of
the 2d Tricritical Ising CFT) is fully contained in the 3d Tricritical Ising TQFT, which can
be mathematically described, equivalently, by the chiral Tricritical Ising Modular Tensor
Category (MTC) [99, 160].

By inspection, this MTC contains a sub-Modular Tensor Category called Fib, with the
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so-called Fibonacci Fusion Rules27 (see, e.g., [161]). It follows from a very general Theorem
by Müger [162] that the Tricritical Ising MTC at c = 7/10 must then be the tensor product
of the sub MTC Fib and the MTC associated to the chiral Ising CFT. This factorization
implies that the MCG representation ρ′g given by the Tricritical Ising MTC must be a tensor
product of an MCG representation given by the MTC Fib and an MCG representation given
by the MTC of the 2d chiral Ising CFT. Each of these MCG representations mentioned here
can be viewed as a map from the MCG to a unitary group.

Finally, a fundamental Theorem by Freedman, Larsen and Wang [163] states that the
MCG representations given by the MTC Fib has an infinite image set.28 It then immediately
follows that the image set of ρ′g must also be infinite, i.e., the set ρ′g(Γg), where Γg is the
MCG of the genus-g Riemann surface, is an infinite set. This result implies that at Brown-
Henneaux central charge c = 7/10, the modular sum of the gravitational partition function
in (3.41) cannot be defined for genus g ≥ 2 because the sum occurring in this equation has
an infinite number of terms and cannot be naturally regularized, as discussed in Footnote
Footnote 4.

27The MTC Fib has only two labels (=“simple objects” or “particles” or “anyons” types) which, when
denoted by 1 and x, possess the Fusion Rules x× x = 1 + x, 1× x = x× 1 = x, 1× 1 = 1. Strictly speaking,
the MTC Fib that is needed here is the conjugate of the MTC Fib typically used in the literature [161].

28In fact, this image set is dense in a unitary group, a result that, as is well known, is related to the
fundamental importance of the Fib MTC for the subject of fault-tolerant quantum computation.
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Chapter 4

Probing holography in p-adic CFT

4.1 Introduction
Explorations in the past three decades between the interplay of algebraic number theory
and string theory have been emerging. Once one defines the p-adic norm, a well-known
phenomenon appears in string scattering amplitudes from adelic products. We can construct
the real Veneziano amplitude A(∞)(s, t, u) for the open bosonic string theory at tree-level
from the product over all prime numbers of the p-adic Veneziano amplitudes A(p)(s, t, u)
[164, 165]

A(∞)(s, t, u) =

[∏
p

A(p)(s, t, u)

]−1

= B∞(1− k1 · k2, 1− k1 · k3) ≡
∫
R
dx|x|−k1·k2

∞ |1− x|−k1·k3
∞ ,

(4.1)
where |x|∞ is the usual norm in R and s, t, u are the Mandelstam variables which are ex-
pressed in terms of the tachyon momenta k1, k2, k3, so that k2

i = 2. An interpretation of the
p-adic string is given by [166], where the open string worldsheet is replaced by a Bruhat-Tits
tree (defined in Section 4.2 therein) and its boundary as the p-adic numbers.

Recently inspired by this perspective, Gubser et al. [167] and Heydeman et al. [168]
proposed a toy model of a non-Archimedean version for the Euclidean AdS/CFT correspon-
dence [32]. In the simplest topology, the usual continuous bulk is replaced by an infinite,
symmetric, and homogeneous (i.e., no preferred central vertex) tree of uniform valency p+1.
This tree, known as the Bruhat-Tits tree (or Bethe lattice), is expressed as the left coset
space

Tp ≡ PGL (2,Qp) /PGL (2,Zp) , (4.2)

where PGL (2,Qp) is the p-adic global conformal group1, whose maximal compact open
subgroup is PGL (2,Zp). The definition (4.2) is reminiscent of the hyperbolic 3-space H3 '
SL(2,C)/SU(2) with boundary P1(C), describing Euclidean asymptotic AdS3. Additionally,

1It is a totally disconnected locally compact (TDLC) group, with respect to the Qp topology as explained
in Section 10.5 in [169], but not compact. Its subgroup PSL (2,Qp) is neither compact nor open.
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for the unramified finite Galois extension Qpn of Qp, the tree Tpn has valency pn + 1 and
boundary ∂Tpn = P 1 (Qpn). Using unramified extensions, we are not limited to just one-
dimensional boundaries but we can think of Euclidean AdSn+1 analogous to Tpn .

With this specific discretization of the bulk, one can put physical degrees of freedom on
its vertices. The simplest case is to introduce scalars. Furthermore, the tree as well as its
dual graph can be identified with tensor networks in order to study bulk reconstruction,
quantum error-correction codes [168, 170] and holographic RG flow [171].

One can study more general fields, such as spins, on the trees. The first realization of
spins in p-adic AdS/CFT was introduced by Gubser et al. [172, 173] with results on the
bulk dual to non-scalar operators and dynamical gauge fields. In particular, they computed
the holographic two-point correlator of an operator Oψ dual to a spin state |ψ〉. One of
the main conclusions was that the fermionic two-point correlator is of similar form to the
scalar two-point correlator up to normalization and a non-trivial sign character resembling
the operators’ statistics.

There are other exotic and interesting applications in the context of the p-adics. An
example is to understand higher-order versions of the Klebanov-Tarnopolsky model for both
the real and p-adic cases. Recently in [174], the authors analyzed the situation for q prop-
agators at each interaction vertex as well as found an adelic product relation between the
p-adic and real eigenvalues of the ladder operator integral to calculate four-point correla-
tors. In addition, [174] provided nice comparisons with matrix field theory regarding the
propagators’ symmetry group.

Another use of p-adic is to use the Berkovich space to iencode the renormalization group
flow of the energy spectrum of the theory of a particle-in-a-box [175].

Given these progresses, the status quo of p-adic AdS/CFT seems rather one-sided in the
sense that the p-adic CFT is not well-formulated, because a Hilbert space is absent. Melzer
[176], and later Harlow et al. [177] and Gubser-Parikh [178], have shed some light on its OPE
structure, but its partition function and local conformal algebra were not duly explored. As
mentioned earlier, it is very natural to describe global AdSn as a Bruhat-Tits tree. One
well-known phenomenon studied in 3d gravity is the BTZ black hole. Heydeman et al. [168]
formulated a p-adic BTZ black hole, and it serves as one motivation for this chapter in the
hope of extracting meaningful information for p-adic CFTs. We calculated the bulk partition
function and showed it has many key features as in [5], such as Bekenstein-Hawking area
law in 3d gravity. We hope this partition function could initiate future works to match the
boundary CFT data.

A meaningful direction to gain more insight on the holographic p-adic CFT’s structure is
to study the constraints on the averaged three-point coefficients for p-adic BTZ black holes
as done in regular BTZ black holes [145]. We found the averaged three-point coefficient
for a p-adic BTZ black hole in the limit of large horizon l to obey a similar exponentially-
decaying behavior e−∆l as for regular BTZ black holes [145], where ∆ is a boundary CFT
data. One would hope to recover this result purely from the Lie algebra representation of the
holographic p-adic CFT. However, we make a strong argument against the existence of a local
algebra, and therefore we turn to the group representations, where a classification theorem
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comes in handy. We analyze each case, and propose a way of checking which representation
of p-adic CFT fits the genus-1 bulk calculation.

The rest of this chapter is organized as follow. In Section 4.2, we review mathematical and
physical concepts relevant to p-adic AdS/CFT. In Section 4.3, we solve Laplace problems on
Bruhat-Tits trees and p-adic BTZ black hole geometries via linear recurrence, and therefore
obtain the partition functions, whose various implications are discussed. In Section 4.4, we
calculate the one-loop Witten diagram describing the 1-to-2 scattering between two types of
bulk scalars dual to light primary fields on the boundary in the background of a p-adic BTZ
black hole, and the result imposes a constraint on potentially precise formulations on p-adic
CFTs. In Section 4.5, we review the representation theory on PGL (2,Qp). Furthermore,
we present an analysis on possible group representations as Hilbert spaces for p-adic CFTs.
Finally, we conclude with a discussion of the results and future directions in Section 4.6.

4.2 Summary of p-adic concepts

p-adic numbers

As mentioned in the introduction, in constructing the p-adic AdS/CFT correspondence, the
non-Archimedean field Qp plays an important role. We briefly review Archimedean and non-
Archimedean fields before discussing Qp. Let F be any field with a norm | · |F which obeys
the standard axioms2 for any x, y ∈ F [179]:

1. |x|F ≥ 0 and is saturated when x ≡ 0;
2. |x · y|F = |x|F · |y|F;
3. |x+ y|F ≤ |x|F + |y|F (triangle inequality).
When F is Archimedean, its norm obeys sup {|n|F : n ∈ Z} = ∞; whereas when F is

non-Archimedean, its norm obeys sup {|n|F : n ∈ Z} = 1. The major difference between
Archimedean and non-Archimedean fields is that only the latter has ultrametricity [169]:

|x+ y|F ≤ sup (|x|F, |y|F) , (4.3)

implying that all triangles over an non-Archimedean field are isosceles.
Characteristic of F is defined as the least n such that when one adds up n copies of 1 ∈ F,

one obtains zero. Naturally, Q, R, and C are fields of characteristic zero, while the set of
residue classes modulo a prime p is a field of characteristic p [180]. We are concerned with
Qp, a characteristic zero non-Archimedean field. To obtain degree n unramified extensions
Qpn , we adjoin Qp by a primitive (pn − 1)th root of unity [180].

2Rigorously speaking, in algebraic geometry and algebraic number theory, these axioms define the term
“valuation” or “absolute value”, differing from the “norm” in functional analysis, whose absolute homogeneity
replaces the second axiom here. However, we still abuse the term “norm” throughout this chapter.
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For any prime number p, Qp is a completion of Q with respect to the p-adic norm | · |p
[169]. To define | · |p, we note that any x ∈ Qp\{0} has a unique p-adic expansion

x = ...a3a2a1a0︸ ︷︷ ︸
in Zp

. a−1a−2...avp︸ ︷︷ ︸
fractional part of x

≡
∞∑

n=vp

anp
n, (4.4)

where an ∈ {0, 1, · · · , p − 1}, and vp is the smallest integer index such that avp 6= 0 [165].
The p-adic norm of x is then defined as

|x|p = p−vp . (4.5)

Notice that although 0 ∈ Qp has no p-adic expansion, we naturally define |0|p = 0.
One can ask do other completions of Q exist? The answer is given by Ostrowski’s theorem

[169]: the only non-trivial norms on Q are those equivalent to the | · |p or the ordinary norm
| · |∞. In other words, Qp and R are the only completions of Q. For unramified extensions
of Ostrowski’s theorem for Qpn , see [179, 181].

We here list notations for subsets of Qp used in later sections. We denote the multiplica-
tive group of the p-adic field as Q×p ≡ Qp\{0}, the ring of integers of Qp as Zp ≡ {x ∈ Qp :
|x|p ≤ 1}, and the set of units in Qp as Up ∈ Zp such that ∀x ∈ Up, |x|p = 1.

Bruhat-Tits tree

The Bruhat-Tits tree is an infinite tree structure built on equivalence classes of the Q2
p-lattice

L which are spanned by two linearly independent vectors u, v ∈ Q2
p:

L ≡
{
au+ bv ∈ Q2

p|a, b ∈ Zp
}
. (4.6)

The equivalence relation between the two Q2
p-lattices L and L′ is defined as: L ∼ L′ if

L = cL′ for some c ∈ Q×p .
Based on these definitions, a Bruhat-Tits tree is then constructed by assigning each

equivalence class of the Q2
p-lattice to one vertex on the tree. It is straightforward to see that

by applying the PGL (2,Qp) group actions on a lattice equivalence class in the following
fashion

M : l = (u, v)→ (Mu,Mv), M ∈ GL(2,Qp), (4.7)

we obtain another new equivalence class. Any subgroup which is conjugate to PGL (2,Zp)
will leave a lattice equivalence class invariant, so the Bruhat-Tits tree Tp is identified with
the coset PGL (2,Qp) /PGL (2,Zp).

On the tree we also need to clarify the meaning of an edge between two vertices. There-
fore, a relation between two lattice equivalence classes L and L′ is introduced as described
in [166] and reviewed in the Appendix of [182]: they are called incident if pL ⊂ L′ ⊂ L, and
we connect them by an edge.
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Using this incident relation to define edges on the Bruhat-Tits tree has two advantages.
Firstly, this relation is reflexive, so the Bruhat-Tits tree becomes unoriented, with exactly
one edge between two adjacent vertices. Secondly, PGL (2,Qp) action on the tree preserves
the incident relation between any two lattice classes, leaving the number of edges between
any two vertices invariant. If we use the edge number as a natural metric on the tree, then
we see that PGL (2,Qp) is its isometry group. This fact is significant, because in usual
AdS/CFT, the bulk isometry group is to be identified with the boundary conformal group.
Indeed, the suitable conformal group for the tree boundary P1(Qp) is the same PGL (2,Qp),
acting in a fractional linear fashion. Therefore, we consider the Bruhat-Tits tree as the only
candidate for p-adic AdS bulk.3

Apart from the formal definition, a Bruhat-Tits tree is also visualized as Figure 4.1 in

Figure 4.1: The Bruhat-Tits tree for the 3-adic numbers. The boundary ∂T3 = P 1 (Q3)
represents the infinity.

the representation as follows. From [182], we know that incident to any lattice class (u, v),
there are always p + 1 other lattice classes: (pu, v) and (u + nv, pv) where n ∈ Fp taking p
possible values, indicating that the Bruhat-Tits tree is homogeneous with valency p+ 1.

Given the valency, there is a good way to translate the tree into p-adic numbers. Because
any p-adic number has a unique expansion (4.4), it is determined by a unique sequence of
(an), an ∈ Fp. We assign coordinates (z, z0) on the Bruhat-Tits tree, where z0 is the prime
number p’s exponent, regarded as a level in the tree, and z is a p-adic number up to O(z0)
precision. Therefore, each path on the Bruhat-Tits tree from (z0 → ∞) to the boundary

3Iterative refinements on vertices of a Bruhat-Tits tree in the context of holography is proposed in Section
5.3 of [167], and is later extended in [183].
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P1 (Qp) uniquely represents a p-adic number. This is graphically presented in terms of a
“trunck” and “branches” in [167].

An invitation to p-adic CFTs

The majority of CFTs of our interests are “one-dimensional” ones, however, we will see that
all higher-dimensional p-adic CFTs are very similar to ordinary 2d CFTs. We review Melzer’s
axioms [176] on p-adic CFTs. They must have operator product expansion algebras (OPA),
just like ordinary CFTs. The main difference between ordinary and p-adic CFTs is that local
derivatives do not exist in the latter due to Qp being totally disconnected.4 More explicitly,
this is seen by applying Leibniz’s rule to C-valued characteristic (or indicator) functions over
Qp, all of which are locally constant [176]. Finally, to make the OPA complete, all fields are
primary (4.12):

φ′a (x′) (dx′)
∆

= φa(x)(dx)∆, (4.8)

and the following OPE must exist

φm(x)φn(y) =
∑
a

Ca
mn(x, y)φa(y) (4.9)

with Ca
mn(x, y) ∈ R.

Here ∆ is the conformal dimension, dx is the Haar measure defined on Qp, and the
transformation x→ x′ ∈ P 1 (Qp) is a fractional linear one:

x→ x′ =
ax+ b

cx+ d
,

(
a b
c d

)
∈ GL (2,Qp) , (4.10)

so the Haar measure and scalar field transform respectively as:

dx→ dx′ =

∣∣∣∣ ad− bc(cx+ d)2

∣∣∣∣
p

dx, (4.11)

φa(x)→ φ′a

(
ax+ b

cx+ d

)
=

∣∣∣∣ ad− bc(cx+ d)2

∣∣∣∣−∆

p

φa(x). (4.12)

Since the bulk is a Bruhat-Tits tree and the boundary consists of p-adic numbers, evaluating
correlators are more convenient than that in the ordinary case. For instance, the general
two- and three-point functions for local operators O1,O2,O3, . . .with different conformal
dimensions ∆1,∆2,∆3, . . . respectively are of similar form to real CFTs’ [167]:

〈O1(z1)O2(z2)〉 =
CO1O2

|z12|2∆1
p

, 〈O1(z1)O2(z2)O3(z3)〉 =
CO1O2O3

|z12|∆12
p |z23|∆23

p |z31|∆31
p

, (4.13)

4By totally disconnected for the p-adic numbers, we mean that two open sets are totally disjoint. Whereas
the Archimedean field R is a connected metric space.
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up to contact terms. Here zij ≡ zi − zj, ∆12 ≡ ∆1 + ∆2 − ∆3, and the zi-dependence is
completely fixed by the invariance under fractional linear transformations. Ultrametricity
constrains three- and four-point functions to be exact in cross-ratios in the p-adic norm,
unlike the usual ones [167, 176]. The OPE coefficients form an associative algebra and
primary operators can have arbitrary dimensions, but the unit operator must have dimension
0.

Another property worth mentioning about p-adic CFTs is that they are automatically
unitary unlike their Archimedean counterparts. However, as opposed to finite-dimensional
representations of the local sl(2,C) in usual 2d CFTs, the p-adic global conformal group
PGL (2,Qp) lacks a Lie algebra, leading to the absence of a central charge or a good notion
of state-operator correspondence.5 Despite lacking both local conformal algebra and descen-
dants, we will discuss in Section 4.5 on allowed group representations of a p-adic CFT.

p-adic AdS/CFT and BTZ black hole

In order to construct a p-adic version of the BTZ black hole, we first review the ordinary
BTZ black hole, a classic black hole solution to the 3d Einstein equation [45]. A non-rotating
Euclidean BTZ black hole is described by the following complete Riemannian metric [186]:

ds2 =
(
r2 − r2

+

)
dt2 +

1

r2 − r2
+

dr2 + r2dφ2, (4.14)

where r+ is the outer horizon radius6, related to the ADM energy and central charge of the
boundary 2d CFT by [145]

r+ =

√
12E

c
− 1. (4.15)

Similarly, a p-adic BTZ black hole can also be formulated by solving classical equations of
motion. In [187], Gubser et al. proposed to use edge length dynamics to formulate “gravity”
(beyond linearized regime) on Bruhat-Tits trees, and even though large diffeomorphisms were
seemingly not included there, this “gravity” does result in BTZ black holes with non-uniform
lengths, incorporating topological changes by the 1-cycle. Their idea has been generalized
to weighted graphs [188, 189].

However, to avoid technicalities above, we choose to review the p-adic BTZ black hole
constructed instead by Schottky uniformization as proposed in [168], in which the black hole
is a quotient of the Bruhat-Tits tree (analogue of the zero-temperature AdS3), similar to the
construction of a regular Euclidean BTZ black hole [46].

In Euclidean AdS3/CFT2 at zero temperature, the bulk is identified with the hyperbolic
space H3 and the boundary is the sphere at infinity S2

∞, on which its conformal group is
5Examples of ordinary 2d CFTs with c = 0 include special classes of logarithmic CFTs, see, e.g., [184,

185].
6This metric is in a compact form, nevertheless agreeing with (2.22) upon setting J = 0 (non-rotating)

and l = 1.
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PSL(2,C), same as the isometry group of H3. Schottky uniformization provides us a way
to construct higher genus elliptic curves on the conformal boundary. In this complex case,
a genus-1 closed curve corresponds to T 2 torus and the solid torus bulk is topologically
equivalent to the BTZ black hole. Generally for a genus-n curve, Schottky uniformization
starts from picking a PSL(2,C) discrete subgroup called Schottky group Γ with n generators
{γ1, · · · , γn}. Each γi has fixed points in S2

∞, and the genus-n curve is constructed as S2
∞/Γ

after removing those fixed points. The authors in [168, 170] extended this procedure to
construct the p-adic BTZ black hole, which we will review and follow.

For a genus-1 boundary, Γ = qZ is generated by q ∈ C×. Fixed points 0,∞ of the action
by q need to be removed from P1(C) before taking the quotient. We define the domain of
discontinuity A = P1(C)\{0,∞} and hence the quotient C ≡ A/qZ. Meanwhile, we also take
the quotient of the bulk H3, and the total quotient space is H3/qZ∪C, which is visualized as
a solid torus. We should mention that the generator γ can be written in terms of parameter
q = e2πiτ , where τ ∈ C is the torus’ moduli.

In the BTZ black hole (4.14), r+ is a solution-classifying parameter to be realized in
Schottky uniformization. Note that the Schottky group qZ’s generator γ can be written as
[5, 168]: (

q
1
2 0

0 q−
1
2

)
∈ PSL(2,C). (4.16)

The Schottky parameter q is written in terms of horizon radius q = e2πr+ [168, 170], so
r+ = 1

2π
log q, proportional to the Bekenstein-Hawking entropy.

A torus T 2 is the same as a complex lattice Z + τZ, τ ∈ C, while in the p-adic case,
this viewpoint is not true due to p∞ → 0 forcing many lattice equivalence classes to be
0. However, we could still select one Schottky group Γ, a discrete subgroup of PGL (2,Qp)
to form genus-n curves from P1 (Qp). The genus-one curve is the Tate uniformized elliptic
curve Eq = Q×p /qZ and genus-n curve is the Mumford curve. We demonstrate the genus-one
example by picking Γ generated by q ∈ Q×p , so that

Γ =

〈(
q 0
0 1

)〉
. (4.17)

Again we remove its fixed points, which are still {0,∞}, from P1 (Qp), then the total space
including bulk and boundary is B = Tp ∪ (P1 (Qp) \ {0,∞}), where Tp is the Bruhat-Tits
tree from Section 4.2. The quotient B/qZ is visualized as a graph with one regular polygon
at the center. On each vertex of the polygon, a “Bruhat-Tits” inhomogeneous subtree is
attached as seen in Figure 4.2.

This graph could also be considered as a p-adic BTZ black hole, whose horizon area is
the number of edges l of the central polygon, with l related to the Schottky parameter q via
l = logp |q|p.7 This also adds a restriction: |q|p > 1. In Sections 4.3 and 4.4, we will use the
above graph as the p-adic BTZ black hole and perform calculations on it.

7The logp denotes the ordinary logarithm with base p, not the p-adic logarithm.
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Figure 4.2: (l = 3, p = 3) BTZ black hole is at the center. The dotted lines represent the
Bruhat-Tits tree structure repeating itself in a fractal fashion.

4.3 Path integrals
In this section, we try to calculate the partition function of the boundary p-adic CFT directly
from the bulk by resorting to the Gubser-Klebanov-Polyakov-Witten (GKPW) dictionary.
Recall for a boundary CFT local operator O [190, 191]

Zgrav[φi∂(x); ∂M ] =

〈
exp

(
−
∑
i

∫
∂M

ddxφi∂(x)Oi(x)

)〉
CFT on ∂M

, (4.18)

with the boundary condition on bulk scalar field φi(z, x) = zd−∆φi∂(x) + (subleading) as
z → 0, where z is the radial coordinate.

When we set field values φi∂ on the conformal boundary to be zero, it is expected to
calculate the CFT partition function, see e.g., Eq.(72) in [167].

In our case, the bulk path integral on a Bruhat-Tits tree, is

Ztree =

∫
Dφae−Stree[φa], (4.19)

where the action Stree[φa] is for massive scalar fields with sources on the tree, and the subscript
“a” labels vertices. Naturally, this action is [167]

Stree[φa] =
∑
〈ab〉

1

2
(φa − φb)2 +

∑
a

(
1

2
m2
pφ

2
a − Jaφa

)
(4.20)
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with a and b labelling the tree’s vertices and
∑
〈ab〉 refers to summing over adjacent vertices

on the tree, and Ja is a source.
As expected, the linearized equations of motion for a scalar field φa are(

� +m2
p

)
φa = Ja, (4.21)

but with a modification to the regular Laplacian. The modification is that the Laplacian
here is the lattice/graph Laplacian8 and is defined as a a positive definite operator

�φa ≡
∑
〈ab〉

(φa − φb). (4.22)

With this Laplacian to our disposal, the desired partition function is easily calculable via

Zφ =
1√(

� +m2
p

)′ , (4.23)

where the superscript ′ means omitting zero modes, which is absent as we will see later.
Another way to obtain the partition function is through the use of a tensor network

formulation for p-adic AdS/CFT by [171]. These authors put a tensor network on the
Bruhat-Tits tree, similar to [168] but different from the dual graph in [170]. Then by making
analogies with ordinary diagonal CFTs9, their proposed “torus” partition function is10:∑

a

|q|∆a . (4.24)

Here a labels all primary fields, and ∆a’s correspond to arbitrary scaling dimensions accord-
ing to Melzer’s axioms, and are compatible with the associative operator product algebra.
Conspicuously, multiplicities here are all one, which is not the case for ordinary non-diagonal
2d CFTs.

A caveat is that our calculations are only for bulk scalar fields and not for the real
gravitational contributions to the presumably full bulk path integral.11 In the following
three subsections, we first turn off the mass m2

p, and then turn it back on near the end of
this section.

8Connection Laplacian [167] and Hodge Laplacian [168, 187] are proved to be equivalent on Bruhat-Tits
tree.

9“Diagonal” means that torus partition functions are diagonal invariants, such as Liouville theory and
(A,A)-series minimal models, e.g., Ising model. Non-diagonal CFTs are the majority, and include logarithmic
CFTs, ŝu(2) WZWmodels inD and E series, and (A,D)-, (A,D)-, (A,E)- and (E,A)-seires Virasoro minimal
models, where (A4, D4), i.e., the 3-state Potts model being the simplest one.

10To be precise, it is a genus-1 Tate curve on the boundary of Bruhat-Tits tree.
11Attempts at formulating gravity on Bruhat-Tits trees include [187], but our techniques do not apply to

calculating gravitational partition functions there.
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Laplace problem on Bruhat-Tits trees

As promised, in this subsection and the next, we study massless scalars, which are dual to
boundary marginal operators in the usual AdS/CFT context [168, 191].

We first define a few concepts on the Bruhat-Tits tree to be used in later sections. On
this homogeneous tree, one can arbitrarily pick the central point and assign any vertex with
“depth n,” the number of edges going outwards from the center to that vertex, and the center
has depth 0.

When we talk about scalar fields on the Bruhat-Tits tree, we refer to a real-valued scalar
function globally defined on each vertex of the tree. The spectrum has been considered in
to some extent, for example in [192], and here we solve the problem in more settings.

We show the isotropy of the spectrum, i.e., the lack of angular modes, as follows: one
starts from the conformal boundary placed at a fictitious finite radial cut-off, which will later
be taken to infinity, with boundary condition φ|∂Tp ≡ φN = 0, then p of them connect to
one inner point with value φN−1. This point connects to a point further inwards with field
value φN−2. Following the definition of Laplacian (4.22) and denoting the eigenvalue of the
function φi, i = 1, . . . , N as λ, there is a local recursion relation around the valency-(p + 1)
vertex:

p(φN−1 − 0) + (φN−1 − φN−2) = λφN−1, (4.25)

implying φN−2 = (p+1−λ)φN−1. Now at the depth n = N−1, for another point connecting
to the point with value φN−1, we suppose it has another value φ̃N−1 6= φN−1. This value
must satisfy the same relation (4.25) with a fixed φN−2. Thus, we have φ̃N−1 = φN−1. By
induction on depth n, one can show that all field values of the same depth n on the Bruhat-
Tits tree are equal and we denote them as φn; this is due to the fact that the single central
vertex is reached in the same number of steps starting from any boundary points.

We consider the sourceless case where J = 0 in (4.21). The recursion relation starting
from n = 2 for φn now reads

p(φn−1 − φn) + (φn−1 − φn−2) = λφn−1, (4.26)

whose characteristic equation has two roots:

α± =
1 + p− λ±

√
(λ− p− 1)2 − 4p

2p
. (4.27)

Field value at depth n equals the general solution to the linear recurrence (4.26)

φn = c+α
n
+ + c−α

n
−, (4.28)

and we solve for coefficients c± with two initial conditions at depths 1 and 2:

φ1 =

(
1− λ

p+ 1

)
φ0, φ2 =

p+ 1− λ
p

φ1 −
φ0

p
=

(
1− 2λ

p
+

λ2

p+ p2

)
φ0, (4.29)
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where φ0 at the center is not fixed. The coefficients are

c± =

[
1

2
± p2 − 1− λp+ λ

2(p+ 1)
√

(p+ 1− λ)2 − 4p

]
φ0. (4.30)

Now we treat (4.28) as an degree-n polynomial equation in λ. Numerically we see that
somewhat surprisingly, all roots of the equations for any n and p (primes and non-primes
alike) are real. And in particular, when n is odd, there is one universal root λ = p+ 1. Also,
the constant term in the polynomial φn(p, λ, φ0) is always φ0, while the coefficient of the
highest-degree term is always (−1)Nφ0/

(
pN + pN−1

)
. Then by Vieta’s formula, the product

of all roots of the polynomial in λ is

pN + pN−1 (4.31)

which is in fact insensitive to the exact boundary value of φN .
Since − log det (�) is radius-like divergent ∼ N , in principle we are supposed to regularize

it by local counterterms. We notice that the number of boundary points is also pN + pN−1,
which dominates the number of points in the bulk for large N :

(p+ 1)pN − 2

p− 1

N→∞−−−→ p

p− 1

(
pN + pN−1

)
. (4.32)

Giving this observation, let us first recall that in the usual AdS3/CFT2, there are several
places where various divergences appear. First, in the one-loop determinant of �+m2 for a
massive scalar on H3 [54],

1

2
Vol
(
H3
) ∫ dt

t

e−(m2+1)t

(4πt)3/2
, (4.33)

there are 1/t UV divergence and Vol(H3) IR divergence, both removable by local countert-
erms. In another context, for the on-shell Einstein-Hilbert action with constant metric:

1

16πG

∫
d3x
√
g (R− 2Λ) =

V

4πGl2
, (4.34)

where the cosmological constant Λ = −1/l2 with l being the AdS3 radius, and V is the
spacetime volume, one can introduce a height cutoff ε in the upper-half space model. Then
the regularized volume becomes [56]:

Vε(r) = πl3
(
r2

2ε2
− 1

2
− ln

r

ε

)
, (4.35)

where the first boundary-area divergence can be removed by adding a boundary term lo-
cal in boundary metric, and the second logarithmic divergence can be removed by a local
counterterm as well.
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In our case, the situation is different from these usual cases, since our boundary area
appears in eS instead of the action S. The naïve speculation is that the volume (i.e., number
of vertices) on a Bruhat-Tits tree grow exponentially instead of power-law. By mimicking
the removal of boundary-area divergence in ordinary AdS3 above, we propose the partition
function:

Ztree =

(
p

p− 1

)1/2

. (4.36)

We then investigate the behavior of the smallest and the largest eigenvalues of the Lapla-
cian � as N →∞ at a fixed p. We used Newton’s method to find the upper bound on λ1 and
the lower bound on λN , and they seem to converge numerically; although intermediate eigen-
values do not converge, which is natural since the amount of them increases as N increases.
For example, see Figure 4.3 when p = 5 and N = 3, . . . , 51 blue for their convergence. Via
Newton’s method, we obtain the lower bound ∼1.52786 after 8036 iterations, and the upper
bound ∼10.4721 after 474 iterations.

(a) Convergence of the smallest eigenvalues. (b) Convergence of the largest eigenvalues.

Figure 4.3: Numerical bounds on the smallest and the largest eigenvalues via Mathematica’s
NSolve, as the fictitious boundary cutoff N increases up to 51. They agree with results from
Newton’s method.

Now we pursue in finding the eigenfunctions on Bruhat-Tits trees. Unlike discrete Lapla-
cians on a multidimensional regular rectangular grid with Dirichlet boundary conditions, the
universal solutions to the second-order linear recurrence cannot be expressed in terms of a
linear combination of Chebyshev polynomials of the first and the second kinds due to the
nontrivial topology of Bruhat-Tits trees. The first expression in (4.29) contains a constant
term φ0, so there is no inner product over a finite real interval [−a, a] which makes φ1 and
φ2 orthogonal to each other. Another way to see this impossibility is that there is a linear
term in λ for the second expression in (4.29).

Numerically, we observe that the decay is almost exponential, but faster than the asymp-
totically decay ∼ z−1/2 of Bessel functions of first and second kinds Jα(z) and Yα(z). In
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Figure 4.4, we plot the real part12 of log (φn/φ0) , n = 1, . . . , 51, N = 51. The large but finite
negative value is an artifact that we can only compute for finite N ; ideally we should get
log 0. Notice that although their semi-log plots look almost the same, at least to the naked
eye. However, if one plots their face values, they look quite different and consistent with the
approximate orthogonality.

(a) Asymptotics at the smallest eigenvalue. (b) Asymptotics at the largest eigenvalue.

(c) Asymptotics at the 7th largest eigenvalue. (d) Asymptotics at the 32th largest eigenvalue.

Figure 4.4: Asymptotics of Re [log (φn/φ0)] evaluated at different eigenvalues as the cutoff
N increases, with p = 41.

On the other hand, within the exponentially decaying envelope, φn is discretely oscillating
around zero as n increases. This oscillatory behavior is shown in Figure 4.5 after stripping
off the exponential envelope.

Based on numerics, for a radial cutoff at depth N , we propose the following ansatz:

φn,i = p−n/2 cos

(
kn

i− 1

N − 1
π + ψ

)
φ0,i , (4.37)

12The field value φn can be negative at many different depths n.
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(a) Oscillation of φn/φ0 at the 15th largest
eigenvalue for p = 239.

(b) Oscillation of φn/φ0 at the 33th largest
eigenvalue for p = 239.

Figure 4.5: Oscillations of eigenvalues over the cutoff N , where red dots are data points
from Mathematica’s NSolve, and blue sinusoidal curves with phase shifts are fittings with
frequencies n i−1

N−1
π for the φn/φ0 at the ith largest eigenvalue, n = 1, . . . , N−1, i = 1, . . . , N .

where 1 ≤ i ≤ N labels N eigenvalues, n is the depth, and k and ψ are to be determined.
After plugging this ansatz for φn,i into the recurrence relation (4.26), we obtain:

0 =p1/2 sin

(
kn

i− 1

N − 1
π + ψ

)
+ (λi − p− 1) sin

(
k

(i− 1)(n− 1)

N − 1
π + ψ

)
+ p1/2 sin

(
k

(i− 1)(n− 2)

N − 1
π + ψ

)
= sin

(
k

(i− 1)(n− 1)

N
π + ψ

)[
2p1/2 cos

(
k
i− 1

N − 1
π

)
+ (λi − p− 1)

]
.

(4.38)

The eigenvalues are asymptotically

λi = p+ 1− 2p1/2 cos

(
k
i− 1

N − 1
π

)
. (4.39)

Integer k in the frequency in (4.37) can freely vary ab initio, but by simply plotting the
spectrum {λi} agaisnt i at a fixed N , we can see that the profile is monotonically decreasing
as in Figure 4.6. Hence k is fixed to be 1. The validity of this frequency is numerically
tested up to p = 2477 (larger p’s do not increase computational complexity significantly).
However, the phase shift ψ in (4.37) has to be determined numerically and is conveniently
unimportant for us.

The eigenvalues (4.39) are exact only if they correspond to φn,i in (4.37) at large depth
n [i.e., far away from the initial condition (4.29] at the center) and N → ∞. For p = 5,
we see that the largest and the smallest eigenvalues are asymptotically 6± 2

√
5. These are
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Figure 4.6: The spectrum {λi} of Laplacian � when the cutoff is N = 51, ordered from the
largest to the smallest, agreeing with (4.39) with k = 1. The horizontal axis is 1 ≤ i ≤ N ,
not cutoff N or depth n.

consistent with results from Newton’s method as well as Vieta’s formula in the sense that
the summation of the eigenvalues (4.39) is exactly (p+1)N . Additionally, all the eigenvalues
are confined within an interval

[
−2
√
p, 2
√
p
]
.13

Overall, this is a different spectral decomposition of Laplacian on Bruhat-Tits tree than
the plane-wave basis [166, 168, 192], in that eigenfunctions here may oscillate around zero.
Also a key feature of discrete Laplacian here on trees is that solutions to the Laplace’s
equation averaged over the circular boundary P 1 (Qp) is not equal to the value at the center,
as opposed to the continuous Laplacian.

Finally, it is a trivial exercise to change the valency to pn + 1 in the recurrence (4.26)
and repeat everything above if one wants to study the scalar on Tpn which models AdSn+1.

Laplace problem on BTZ graphs

We now turn to study the Laplace problem for BTZ black holes. Conceptually, to calculate
the determinant of Laplacian �, we are not able to use its heat kernel as did in [54] for
continuous AdS3, because the BTZ graph is essentially a constant-time slice [168], and there
is no good notion of “time”.

In terms of recursion relations here, the only modification on the linear recurrence for a
BTZ graph are the initial conditions on φ1 in terms of φ0 as explained below.

The major difference between a p-adic BTZ black hole and Bruhat-Tits tree is that the
field values on the event horizon (depth 0) could be different. Given the horizon’s area l,
the field values are labeled as φ0,0, φ0,1, . . . , φ0,s, . . . , φ0,l−1, where a specific s labels a horizon
vertex as well as the entire subtree rooted at that vertex mentioned in Figure 4.2.

13Similarly-looking bounds on eigenvalues in the context of principal series representation of GL (2,Qp)
without boundary conditions on a Bruhat-Tits tree were obtained in [192] (Theorem 5.4.2).
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Now, as shown in Figure 4.7, we go inwards from the boundary (at depth N) where all
the fields vanish and label the field value on the layer next to the boundary as φN−1. All
following discussions are on the subtree rooted at vertex s on the horizon.

Figure 4.7: Going from the boundary towards the center, with the initial condition (4.40).

The initial condition on the boundary of subtree s is

φN−2,s = (p+ 1− λt)φN−1,s, t = 0, . . . , l − 1, (4.40)

where φN,s is a free parameter, and the subscript t in eigenvalue λt will be explained later
below (4.50).14 The linear recursion relation towards the central horizon is exactly the same
as (4.26):

φn−2,s + (λt − p− 1)φn−1,s + pφn,s = 0, 2 ≤ n ≤ N − 1, (4.41)

in the “reversed” order, and the field values are

φn,s = c+,t (φN−1,s) · αN−1−n
+,t + c−,t (φN−1,s) · αN−1−n

−,t , (4.42)

where coefficients [c+,t (φN−1,s) , c−,t (φN−1,s)] and solutions (α+,t, α−,t) to the characteristic
equation of (4.41) are both pairs of Galois conjugates as before15.

We denote the ratio between field values on the first layer (depth 1) and those on the
horizon as k ≡ φ1,s/φ0,s. This ratio k is isotropic around the loop, i.e., without a subscript

14Although t shares the same range as s, it has a different physical meaning, and by definition it is
independent of s, which is obvious because λt is a global quantity.

15Although they will not enter the rest of our analysis, we have

α±,t =
(1 + p− λt)±

√
(1 + p− λt)2 − 4p

2
. (4.43)
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s, because it is solely determined by the recursion relation (4.41) for n = 2. At a fixed depth
n, although φn,s may vary among subtrees rooted at different horizon vertices s, they remain
homogeneous within the same subtree as explained right below (4.25).

However, k still depends on α±,t and thus λt, so we denote it by kt(λt). We examine the
recursion relation around the event horizon:

φ0,s+2 − [(p− 1)(1− kt(λt))− λt + 2]φ0,s+1 + φ0,s = 0, s = 0, . . . , l − 1, (4.44)

with the periodic boundary condition16 φ0,0 = φ0,l, as shown in Figure 4.8.

Figure 4.8: Going around the horizon with recursive relation (4.44).

On the other hand, the necessary and sufficient condition for the existence of periodicity
in a second-order linear recurrence like (4.44) is that the two solutions r+, r− to its quadratic
characteristic equation are roots of unity (not necessarily primitive). Suppose r+ = e2πiw

q is

the qth root of unity and r− = e
2πiw

′
q′ is the q′th root of unity, then their period is lcm(q, q′).

In our casem the period is l, the horizon length.
The solutions to the characteristic equation of (4.44) are:

r±,t =
1

2

{
[(p− 1) (1− kt(λt))− λt + 2]±

√
[(p− 1)(1− kt(λt))− λt + 2]2 − 4

}
, (4.45)

then it is clear from Vieta’s formula that

(p− 1)(1− kt(λt))− λt + 2 = +2 cos

(
2πt

l

)
(4.46)

16We might consider anti-periodic boundary conditions for fermions as in [172], and intuitively all l later
on will be replaced by 2l.
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and √
4− [(p− 1)(1− kt(λt))− λt + 2]2 = +2 sin

(
2πt

l

)
. (4.47)

If we denote the discriminant in (4.45) as δ, then we note that it is impossible to have

+

√
δ

2i
= sin

2π

q
and −

√
δ

2i
= sin

2π

q′
, 0 < q 6= q′ ≤ l, l = lcm(q, q′) > 2, (4.48)

i.e., different denominators in the exponents of roots of unity r+ and r−, because

sin
2π

q
+ sin

2π

q′
= 2 sin

(
q + q′

qq′
π

)
cos

(
q′ − q
qq′

π

)
= 0 (4.49)

indicates that (q + q′)/qq′ = 0, 1 or (q′ − q)/qq′ = 1/2, 3/2. The first equation implies that
q = q′ = 2 and the second equation implies that q = 1, q′ = 2. Hence, r+ and r− are both
lth roots of unity, and are complex conjugates to each other.

Then we have

kt(λt) = 1− 1

p− 1

(
2 cos

(
2πt

l

)
+ λt − 2

)
, t = 0, . . . , l − 1, (4.50)

with double degeneracies kt (λt) = kl−t(λl−t), and t now labels oscillation modes, answering
Footnote 14. To avoid overcounting, we observe that pairs – [kt(λt), λt] and [kl−t(λl−t), λl−t] –
correspond to the same mode along the horizon, because t⇐⇒ l−t is equivalent to swapping
solutions r+,t and r−,t to (4.45), so that upon solving the initial conditions φ0,0 = A+B and
φ0,1 = Ar+,t + Br−,t, all φ0,s’s are invariant under this swapping. Then the maximum value
of t should be bl/2c.

Let us take a deeper look into this kt(λt), by stepping outwards away from the horizon.
Starting from depth 1, we adopt the same recursion as used in the Bruhat-Tits tree case.
Therefore, the recursion relation here stays the same as (4.26) for any depth n > 2, implying
that solutions α± to the characteristic equation are unchanged as in (4.27). When n = 2,
the field value φn−2 in (4.26) is replaced by φ0,s, s = 0, . . . , l− 1, and φn−1 in (4.26) becomes
φ1,s = kt(λt)φ0,s. Then, the initial condition here gives:

c̃±,t (φ0,s) =

(
1

2
±

(p+ 1)(p+ 1− λt)− 4p cos
(

2πt
L

)
2(p− 1)

√
(1 + p− λt)2 − 4p

)
φ0,s. (4.51)

Numerically, we observe that the coefficient of the highest degree in λt for the polynomial
φN,s =

(
c̃+,t (φ0,s) · αN+,t + c̃−,t (φ0,s) · αN−,t

)
φ0,s is (−1)Nφ0,s/

(
pN − pN−1

)
, where α+,t and

α−,t are the same as in (4.42). Thus, the constant term is

1

pN − pN−1

(
pN + pN−1 + 2

N−2∑
i=0

pi − 2 cos

(
2πt

l

)N−1∑
i=0

pi

)
φ0,s. (4.52)
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The product of all roots is independent of index s:

pN + pN−1 + 2
pN−1 − 1

p− 1
− 2

pN − 1

p− 1
cos

(
2πt

l

)
. (4.53)

Note that (4.53) is the product of eigenvalues for one specific t. In order to account for all
modes when computing det�, we must multiply contributions from all t = 0, . . . , bl/2c, and
for convenience we shift t by 1 in the product.

To multiply dl/2e terms of (4.53) together, we recall that roots of Tn(x), the Chebyshev
polynomial of the first kind of degree n, are

xk = cos

(
2k − 1

2n
π

)
, k = 1, . . . , n, (4.54)

called Chebyshev nodes in interval [−1, 1], and hence (see, e.g., [193])

Tn(x) = 2n−1

n∏
k=1

[
x− cos

(
(2k − 1)π

2n

)]
. (4.55)

Then it is not hard to see, using the reflection symmetry Tn(−x) = (−1)nTn(x), for coprime
α and β, we have

β∏
k=1

[
2x± 2 cos

(
2πkα

β
+ θ

)]
= 2

[
Tβ(x) + (±1)β(−1)αβ+α cos(βθ)

]
, (4.56)

which leads us to the desired product:
dl/2e∏
t=1

{
pN − 1

p− 1

[(
2
pN−1 − 1

p− 1
+ pN−1 + pN

)/
pN − 1

p− 1
− 2 cos

(
2πt

l

)]}

=


(
pN−1
p−1

) l
2
[
2Tl

(
pN−1(p2+1)−2

2(pN−1)

)
− 2
] 1

2
l even,(

pN−1
p−1

) l
2
[
2Tl

(
pN−1(p2+1)−2

2(pN−1)

)
− 2
] 1

2

[
pN+1+pN−1−2+2(pN−1) cos(πl )

p−1

] 1
2

l odd.

(4.57)

For large N , we have:
√

2
(
pN

p−1

) l
2
[
Tl

(
p2+1

2p

)
− 1
] 1

2
l even,

√
2
(
pN

p−1

) l
2
[
Tl

(
p2+1

2p

)
− 1
] 1

2
[
pN−1(p2+1+2p cos(π/l))

p−1

] 1
2

l odd.
(4.58)

Since N is really an infinite quantity, we need to fully forget all subleading terms in (4.58).
Because of this, there are no descendants and agrees with Melzer’s non-Archimedean CFT ax-
ioms [176], and Chebyshev polynomials do not serve as counterparts of the usual degeneracy-
counting function 1/η(−1/τ) in 2d CFTs.
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Furthermore, if l and p are not small, we use the explicit expression

Tl(x) = cosh (larccoshx) , x ≥ 1, (4.59)

then we obtain 
(
pN+1

p−1

) l
2

l even,(
pN+1

p−1

) l+1
2
(
p+1
p

)
l odd.

(4.60)

Now we can already see that det (�) is divergent exponentially as plN when N →∞, which
is very different from the number of boundary points l(p− 2)(p− 1)N−1, or the total number
of points in the BTZ graph lpN . So we cannot directly obtain a finite answer using the
similar argument which leads to (4.36), and the unregularized partition function is:17

ZBTZ =


(
p−1
pN+1

) l
4

l even,(
p−1
pN+1

) l+1
4
(

p
p+1

)
l odd.

(4.61)

Apart from the divergence, (4.61) is very similar to the partition function of a BTZ black
hole in the usual Euclidean AdS3 at leading order, as reviewed in Appendix B.3.

In summary, we have to undergo three recurrences to solve the Laplace problem on a
p-adic BTZ black hole:

1. From the asymptotic boundary to the horizon18, using recurrence (4.41);19

2. Go around the horizon once, using recurrence (4.44);
3. From the horizon to the asymptotic boundary, using recurrence (4.26).
Since the recurrence relation (4.41) for depth n > 2 is the same as the one in Bruhat-Tits

tree (4.26), the asymptotic behavior of eigenfunction and eigenvalues stay the same as in
(4.37) and (4.39), respectively. We are still in the “evanescent wave” basis as in Section 4.3.

Now we perform the non-Wick-rotated inverse Laplace transform on the partition func-
tion (4.61) to obtain the density of states. To this end, we need to do two radical things:

• Firstly, we strip off the divergent factor in (4.61) by hand, since otherwise the density
of states to be obtained would be very negative numbers;

• Secondly, we regard l as “1/β ∼ i/τ > 0” for a non-rotating BTZ. Although in our
p-adic setup, there is no mathematically rigorous τ ∈ C, in order to do the integral
transform, we need to turn on an auxiliary imaginary part of the inverse temperature
momentarily, so that β̃ = β + iβ′, β′ ∈ R.

17Since our divergence originates from a divergent number of eigenvalues as N →∞, one might try zeta
function regularization. However, since eigenvalues here are complicated factors of Chebyshev polynomials,
we do not see an easy way out; we hope to revisit this issue in the future.

18Skipping Step 1 results in a messy situation, as explained in Appendix B.2.
19The sole purpose of recurrence (4.41) is to show the isotropy of k around the horizon, and the isotropy

of φn,s within the subtree s.
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Then going from the canonical ensemble to the microcanonical ensemble, we have

ρ(E) = L−1
{
ZBTZ

(
β̃
)}

(E) =


1

2πi

∫ β+i∞
β−i∞ dβ̃eβ̃E (p− 1)1/4β̃ l even,

1
2πi

∫ β+i∞
β−i∞ dβ̃eβ̃E (p− 1)1/4β̃+1/4

(
p
p+1

)
l odd.

(4.62)
However, the second expression cannot be evaluated explicitly, so we focus on the high-
temperature limit as β → 0 so that 1/4β̃ + 1/4 ≈ 1/4β̃, and from now on we do not treat
even and odd l separately, because they only differ by a factor p

p+1
. Then we get

ρ(E) =
ln(p− 1)

8
0F1

(
; 2;

E ln(p− 1)

4

)
+ δ(E), (4.63)

for all primes p, where 0F1 is the confluent hypergeometric limit function, and is related to
the modified Bessel function of the first kind as

Iα(x) =
(x/2)α

Γ(α + 1)
0F1

(
;α + 1;

x2

4

)
. (4.64)

In (4.63), we have ∝ I1

(√
E ln(p− 1)

)
, and it goes to zero as E → 0. Its asymptotic

behavior of 0F1 as x→∞ is

0F1 (;α;x) ≈ x−(α−1)/2Γ(α)
e2
√
x√

2π
√
x

(
1− 4(α− 1)2 − 1

16
√
x

+ . . .

)
(4.65)

so in semi-classical limit, for positive energy, we discard Dirac delta and its derivative in
(4.62). When p > 3, we have

ρ(E) ≈ ln1/4(p− 1)√
2π

e
√
E ln(p−1)E−3/4

(
1− 3

8
√
E ln(p− 1)

+O(E−1) + . . .

)
. (4.66)

Finally and straightforwardly, the Bekenstein-Hawking-like entropy is

S ≈
√
E ln(p− 1)− 3

4
lnE +

1

4
ln (ln(p− 1))− 1

2
ln(2π)− . . . , (4.67)

where the second term is the famous logarithmic correction terms previously discovered in
[194, 195]. This result is also consistent with the “species problem” [196] because we are
calculating scalar fields all the time. One can also derive the Cardy-like formula [197, 198,
199] via saddle point approximation on (4.62).

The usual Benkenstein-Hawking entropy of black holes from Cardy-like formula has
4π
√
Ek as the leading term [5], where k is proportional to the Brown-Henneaux central
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charge 3l/2GN [79]. By comparing this with (4.67), we see that our ln(p− 1) is like k. How-
ever this raises a puzzle, because increasing valency of the tree should increase the curvature,
corresponding to decreasing k in the continuous AdS3.20 We will discuss this near the end.

Another standalone case of (4.63) is p = 3, since ln 2 < 0, and the asymptotic expansion
(4.65) is only true when | arg x| < π/2. Now 0F1 is related to the Bessel function of the first
kind as

Jα(x) =
(x/2)α

Γ(α + 1)
0F1

(
;α + 1;−x

2

4

)
, (4.68)

and Jα(x) has the following asymptotics for real x→∞:

Jα(x) ≈
√

2

πx
cos
(
x− απ

2
− π

4

)
, (4.69)

so the semiclassical limit of density of states is

ρ(E)|p=2 ≈ 2
√

2
(− ln 2)3/4

√
π

E−3/4 cos

(√
−E ln 2− 3π

4

)
, (4.70)

which is a pathological result due to the oscillatory nature. It seem that a 3-adic BTZ black
hole is unstable.

The continuous integral transform (4.62) is justified because in high-temperature regime
l→∞, the separation between two adjacent discrete inverse temperatures is ∼ 1/l2. On the
other hand, if we do not perform coarse-graining, we need to do the discrete inverse Laplace
transform. Superficially, the discrete inverse Laplace transform has the same expression
as the one used in going from canonical partition function ZN(β) for N particles to grand
partition function Z(β, µ):

Z(β, µ) =
∞∑
N=0

(
eµβ
)N

ZN(β), (4.71)

but here the temperature is held fixed, and particle number is the analogue of p-adic discrete
temperature.21 Unfortunately in our case, the Z-transform does not yield a closed form so
we stick to the continuous approximation (4.62).

Let us examine more details on the density of states. At low energy E0, we integrate the
density of states (4.63) over the interval [E0, E0 + ε] with a small but finite ε∫ E0+ε

E0

dEρ(E) =
ln(p− 1)

8
0F1

(
; 2;

E ln(p− 1)

4

)∣∣∣∣E0+ε

E0

, (4.72)

20Since the Bruhat-Tits tree has no holonomy, defining a Riemann tensor is arduous. Yau et al. [200] were
able to define a Ricci curvature κxy on graphs without a Riemann tensor, but in terms of the edge lengths
axy, from which Gubser et al. [187] found that on-shell the tree has a constant negative Ricci curvature
κxy = −2p−1

p+1 and the edge length fluctuations are massless modes.
21This transform is also called a unilateral Z-transformation, with the less common but equivalent defi-

nition where powers are positive, same as probability generating functions.



CHAPTER 4. PROBING HOLOGRAPHY IN p-ADIC CFT 107

although there is no particle interpretation in ordinary 2d CFTs (roughly because their
correlators have no simple poles), and we expect so in p-adic CFT, in the bulk we can view
the tree as a lattice, and number of vertices equals the number of degrees of freedom (or
“particles”), which is lpN . The low-energy limit of (4.72) is

1

8
0F1

(
; 2;

ln(p− 1)E0

4

)
ln(p− 1)ε+

1

128
0F1

(
; 3;

ln(p− 1)E0

4

)
ln2(p− 1)ε2 +O(ε3). (4.73)

Small-argument behavior of 0F1 is just 1, so we have:

1

8
ln(p− 1)ε+

1

128
ln2(p− 1)ε2 +O(ε3) <

1

16
ln(p− 1)

∞∑
i=1

(i+ 1)εi =
ε(2− ε)

16(ε− 1)2
ln(p− 1),

(4.74)
which is a constant polynomial in total number of “particles”, hence satisfying the sparsity
condition on in [201, 202] on the number of low-energy eigenstates in a gapless 1D system
with a local Hamiltonian22, hence in principle one is able to approximate the Hilbert subspace
near the ground state in the supposedly dual p-adic CFT. This may be worth investigating
in the future.

Turning on the scalar mass

Here we again turn off the source J in (4.21), and now we have a Helmholtz-like wave
equation (

� +m2
p

)
φa = 0. (4.75)

The on-shell masses squared of a bulk scalar in (4.20) are real [167, 168]:

m2
p = − 1

ζp(∆− 1)ζp(−∆)
= −(p+ 1) + 2

√
p cosh

[(
∆− 1

2

)
ln p

]
, (4.76)

where the p-adic or “finite” local zeta function ζp(s) is defined as:

ζp(s) ≡
1

1− p−s
, (4.77)

which obtains its name because the real Riemann zeta function ζ∞(s) can be constructed
from Euler’s adelic product:

ζ∞(s) ≡
∞∑
n=1

1

ns
=

∏
primesp

ζp(s) =
∏
p

1

1− p−s
. (4.78)

Then we have the Breitenlohner-Freedman (BF) bound m2
BF,p = −1/ζp(−n/2)2, and

p∆± =
1

2

[
(1 + pn + 1/m2)±

√
(1 + pn + 1/m2)2 − 4pn

]
. (4.79)

22We thank Ning Bao for pointing out these references.
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Due to the inversion symmetry of ζp(s), m2 in (4.76) is invariant under ∆→ 1−∆.
We adopt the same convention on the solutions to (4.76) as in [167], i.e., ∆ = ∆+ > n/2.

Then for massless scalars, ∆ = n, so we are restricted to ∆ = 0, 1 when n = 1.

(a) p = 5, n = 1. (b) p = 5, n = 2.

Figure 4.9: Scalar mass m2 as a function of conformal dimension ∆. m2 > 0 when ∆ > n.

Now we hope to calculate partiton function when φ is massive, which amounts to calcu-
lating the determinant of �+m21. We relate the field polynomial φtree

N (λ) (φBTZ
n,s (λt) for BTZ

black holes) resulting from the boundary condition φ|∂T ≡ φN = 0 with the “monic” (up to
(−1)N) characteristic polynomial PN(λ) =

∏N
i=1 (λi − λ) = det (�− λ1) of the Laplacian

�. What we have calculated in the previous two subsections are essentially PN(0), the con-
stant term of PN(λ), and now we perturbatively investigate PN (−m2), i.e., the determinant
det (� +m21) =

∏N
i=1 (λi +m2).

It is important that λi’s are always greater than the BF bound mBF,pn = −1/ζp(−n/2)2,
which is mBF,p = −

(√
p− 1

)2 for n = 1, whose absolute value is strictly smaller than all
eigenvalues for both Bruhat-Tits trees and BTZ black holes in (4.39). Hence, we will not
encounter issues of alternating signs upon calculating determinants of � +m21.

In principle, one could possibly use minimal polynomials for Gaussian integers to study
powers of Galois conjugates. However, we will proceed in a more combinatorial approach.

On Bruhat-Tits trees

Since the polynomial φN(λ) in λ always has the constant term 1, we need to rescale it to be
monic up to (−1)N :

P tree
N (λ) ≡ φtree

N (λ)/φtree
0

N∏
i=1

λi =
(
pN + pN−1

)
φtree
N (λ)/φtree

0 , (4.80)

where P tree
N (λ) is defined in (4.28), so that P tree

N (0) = pN + pN−1.
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By denoting x ≡ p− λ+ 1, we can rewrite P tree
N (λ) as

1

2(2p)N

n∑
k=0

(
N

k

)
xk(x2−4p)

N−k−1
2

{
(x2 − 4p)

1
2

(
1 + (−1)N−k

)
+
p− 1

p+ 1
x
[(

1 + (−1)N−k−1
)]}

.

(4.81)
Repeatedly applying the binomial theorem in a nested fashion gives us the following results:

• The linear term of P tree
N (λ) is, since p 6= 1:(

−NpN−1 − 2
N−1∑
i=1

ipi−1

)
λ =

(N + 2p−Np2)pN − 2p

p(p− 1)2
λ, (4.82)

which goes to −N p+1
p−1

pN−1λ when N is large;

• The quadratic term is

N−2∑
i=0

pi
[

(i+ 1)(i+ 2)

2
+ (i+ 1)(i+ 2)(N − i− 2)

]
λ2

=
1

2p(p− 1)4

[
(N2 −N)pN+3 − (N2 + 5N − 6)pN+2 − (N2 − 5N − 6)pN+1

+(N2 +N)pN − (4N + 6)p2 + (4N − 6)p
]
λ2,

(4.83)

which goes to N2 p+1
2(p−1)2p

N−1λ2 when N is large.

So for small |m2| < 1, we have the unregularized partition function Ztree(m→ 0):

det
(
m21 + �

)
= P tree

N

(
−m2

)
=
(
pN + pN−1

)(
1 +

N

p− 1
m2 +

1

2

(
N

p− 1
m2

)2

+ . . .

)

=
(
pN + pN−1

)
e
Nm2

p−1 ,

(4.84)

where the regularization factor pN + pN−1 ∝ (4.32) is now manifest.
For completeness, we look into the large-mass limit, where only high-degree terms in

P tree
N (λ) matter.

• The λN−1 term is −(−1)NN(p+ 1)λN−1. So in order to ignore the λN−2 term, we need
m2 to be larger than N ;

• The λN−2 term is
1

2
(−1)N

[
N(N − 1)p2 + 2(N − 1)2p+N(N − 1)− 2

]
λN−2, (4.85)

which goes to 1
2
(−1)NN2(p+ 1)2λN−2 when N is large;
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• The coefficient of λN−3, a degree 3 polynomial in p involves first-order linear recurrence
with variable coefficient for pi coefficients fN , such as

fN = fN−1 +N(N − 1)/2, (4.86)

but in the end we have

− (−1)N
{
N(N + 1)(N − 4)

6
+ 2 +

N(N − 2)(N − 3)

2
p

+

[
N(N2 − 5N + 8)

2
− 2

]
p2 +

N(N − 1)(N − 2)

6
p3

}
,

(4.87)

which goes to −1
6
(−1)NN3(p+ 1)3λN−3 when N is large.

Then collectively we have the unregularized partition function:

Ztree(m→∞)

=
(
pN + pN−1

)
m2N

(
1 +

N(p+ 1)

m2
+

1

2

(
N(p+ 1)

m2

)2

+
1

6

(
N(p+ 1)

m2

)3

+ . . .

)

=
(
pN + pN−1

)
m2Ne

N(p+1)

m2 ,

(4.88)

Now we discuss the conditions on ∆ when |m2| is small. In order to have 0 < −m2 � 1,
we write ∆ = 1 + ε where ε� 1. So we have(

1− pn−∆
) (
p∆ − 1

)
� 1, (4.89)

where n denotes the unramified extension Qpn , then we get

ε�
ln
[
p1−n

2

(
2 + pn −

√
p2n + 4

)]
ln p

. (4.90)

and similarly, for ∆ = 1− ε, we need −1� −m2 < 0, and we get

ε�
ln
[
p
2

(
1− p−n

√
pn(pn − 4) )]

ln p
(4.91)

From this expression we also see that when n = 1, the smallest prime p is 5, consistent with
the result from density of states in Section 4.2.
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On BTZ black holes

The characteristic polynomial for Laplacian on BTZ black hole is different from P tree
N (λ). It

is rescaled from the field polynomial23 φBTZ
N,s (λt) at the cutoff depth N to

PBTZ
N (λt) ≡

dle∏
t=1

P̃BTZ
N,t (λt) =

(
pN − pN−1

)l dle∏
t=1

φBTZ
N,s (λt) /φ

BTZ
0,s , (4.92)

so that PBTZ
N (λt) and P̃BTZ

N,t (λt) are monic up to (−1)Nl and (−1)N , respectively, and PBTZ
N (0)

agrees with (4.57).
Let us first consider when the mass |m2| is small. The linear term in λt in P̃BTZ

N,t (λt) for
one specific t is[

−NpN−1 +

(
cos

(
2πt

l

)
− 1

)N−1∑
i=1

2i(N − i)pN−i−1

]
λt

=−
(
NpN−1 + 4 sin2

(
πt

l

)
N(pN + 1)(p− 1)− (pN − 1)(p+ 1)

(p− 1)3

)
λt,

(4.93)

which goes to

−
(

NpN

(p− 1)2
+ 4NpN−1 sin2

(
πt

l

))
λt (4.94)

when N is large.
For small m2, we only calculate P̃BTZ

N,t (−m2) up to the linear term in λt, written in
shorthand:

A cos

(
2πt

l

)
+B (4.95)

where

A ≡ −
2m2

(
−(p+ 1)pN +N(p− 1)

(
pN + 1

)
+ p+ 1

)
(p− 1)3

−
2
(
pN − 1

)
p− 1

(4.96)

B ≡ m2NpN−1+
2m2

(
−(p+ 1)pN +N(p− 1)

(
pN + 1

)
+ p+ 1

)
(p− 1)3

+pN−1+
2
(
pN−1 − 1

)
p− 1

+pN ,

(4.97)
then dle terms multiply together to be

PBTZ
N

(
−m2

)
=

{√
2(−A/2)

l
2 [Tl (−B/A)− 1]

1
2 l even,

√
2(−A/2)

l
2 [Tl (−B/A)− 1]

1
2 (A cos (π/l) +B)

1
2 l odd,

(4.98)

23Here the subscript is “s” not “t”, because this polynomial depends on the initial field value φ0,s on
horizon, as written above (4.52).



CHAPTER 4. PROBING HOLOGRAPHY IN p-ADIC CFT 112

where −B/A expanded up to the first order in m2 is

pN+2 + pN − 2p

2p (pN − 1)
+
pN−1

(
pN+1 + pN − 2Np+ 2N − p− 1

)
2 (pN − 1)2 m2 +O

(
m4
)

N→∞−−−→p2 + 1

2p
+
p+ 1

2p
m2

. (4.99)

Because dTl(x)/dx = lUl−1(x), where Ul(x) is the Chebyshev polynomial of the second kind,
when both l and p are not small, we get the unregularized BTZ partition function:

ZBTZ(m→ 0) = PBTZ
N

(
−m2

)
≈


(

1 + lm2

2p

) 1
2
(
pN+1

p−1

) l
2
(

1 + Nm2

(p−1)2

) l
2

l even,(
1 + lm2

2p

) 1
2
(
pN+1

p−1

) l
2
(

1 + Nm2

(p−1)2

) l
2 (
A cos

(
π
l

)
+B

)
l odd,

(4.100)

which recovers (4.60) when m2 = 0.
For large mass |m2|, we calculate the λN−1

t term in P̃BTZ
N,t (λt) to be

(−1)N
(

2 cos

(
2πt

l

)
−N(p+ 1)

)
λN−1
t , (4.101)

and the λN−2
t term is

(−1)N
(
N(N − 1)

2
(p2 + 1) + (N − 1)2p+ 1− 2(N − 1) cos

(
2πt

l

))
λN−2
t , (4.102)

so we have terms with the three highest degrees added up to

P̃BTZ
N,t

(
−m2

)
=m2N +m2N−2

(
N(p+ 1)− 2 cos

(
2πt

l

))
+m2N−4

(
N(N − 1)

2
(p2 + 1) + (N − 1)2p+ 1− 2(N − 1) cos

(
2πt

l

))
+ . . . ,

(4.103)

and when N is large it is

C cos

(
2πt

l

)
+D, (4.104)

where

C ≡ −2m2N

(
1

m2
+
N

m4

)
, D ≡ m2N

(
1 +

N(p+ 1)(2m2 +N +Np)

2m4

)
, (4.105)
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then dle terms multiply together to

PBTZ
N

(
−m2

)
=

{√
2(−C/2)

l
2 [Tl (−D/C)− 1]

1
2 l even,

√
2(−C/2)

l
2 [Tl (−D/C)− 1]

1
2 (C cos (π/l) +D)

1
2 l odd,

(4.106)

where −D/C up to the first oreder in m2 is

N

4
(p+ 1)2 +

1

4

(
1− p2

)
m2 +O

(
m4
)

+ . . . (4.107)

so explicitly the unregularized BTZ partition function for very large m2 is

ZBTZ(m→∞) ≈

m
lN−l (1 + N

m2

) l
2

(
N(p+1)2

2
+ (1−p2)m2

2

) 1
2

l even,

mlN−l (1 + N
m2

) l
2

(
N(p+1)2

2
+ (1−p2)m2

2

) 1
2 (
C cos

(
π
l

)
+D

)
l odd,

(4.108)

4.4 One-loop Witten diagrams
In the work by Kraus and Maloney [145], they proposed a duality between higher-energy
states on the conformal boundary and semi-classical gravity in AdS3 for the BTZ black hole.
They showed that a bulk Witten diagram with two types of perturbative (i.e., not massive
conical defects) scalar fields in the bulk is equivalent to the average value of the three-point
coefficient 〈E|O|E〉, where |E〉 is the high-energy state dual to the BTZ black hole, and O
is the operator dual to one type of the light scalars. Here, the average of the three-point
coefficient is taken over all states with energy E

〈E|O|E〉 ≡ 〈E|O|E〉
ρ(E)

, (4.109)

where ρ(E) is the density of states given explicitly by the asymptotic Cardy formula [197,
198, 199]. In Section 4.2, we reviewed a way to construct a p-adic version of the BTZ black
hole as the quotient space of the Bruhat-Tits tree by the p-adic Schottky group qZ. In
this section, we propose to use Kraus-Maloney’s technique in p-adic BTZ configuration and
calculate the analogous Witten diagram.24 This calculation provides a dual interpretation
for the boundary p-adic CFT averaged three-point coefficient, which in principle could be
independently derived from a pure CFT calculation.

Review on BTZ black hole calculation by Kraus-Maloney

In this section, we provide a brief overview of Kraus and Maloney’s results [145] on the bulk
and boundary sides, as well as list their assumptions.

24Another name for Witten diagrams in p-adic AdS are called “subway diagrams” [167].
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Cardy formula for three-point coefficients in 2d CFTs

High and low energy spectra of a CFT are related by modular invariance, i.e., Z(β) =
Z ((2π)2/β). Analogously, modular invariance can be used to refer high and low dimen-
sional operators as “heavy” and “light” respectively. This can be used to obtain results
on the asymptotic spectral density weighted by OPE coefficients. Kraus and Maloney used
modular invariance in the torus one-point function to estimate light-heavy-heavy three-point
coefficients 〈E|O|E〉 for a BTZ black hole. They proved that the averaged three-point coeffi-
cient from the bulk in the large horizon limit and from the boundary in the high-temperature
limit agree.

The three-point coefficients are easily found by taking the inverse Laplace transform and
using the saddle point approximation in the high-temperature limit for a primary operator
O

〈O〉 = TrHS1 O e−βH =
∑
i

〈i|O|i〉 e−βEi , (4.110)

where we trace over CFT states on the thermal circle and these coefficients are constrained
by modular invariance.

The asymptotic behavior of the light-heavy-heavy coefficient is exponentially suppressed.
The suppression depends on the central charge c and conformal dimensions of operators O
and χ, which are light primary operators dual to AdS3 bulk scalars φO and φχ, with energy
EO, Eχ � c

12
. To compute the averaged three-point function coefficient, the last ingredient

we need is the density of states which is given by the Cardy formula in the large E limit
[197, 198, 199]. In this limit, the final result of the averaged three-point function coefficient
is

〈E|O|E〉 ≈ COχχr
∆O
+ e−2π∆χr+ , (4.111)

which matches precisely in the bulk calculation done in Section 4.4.

Witten diagram calculation in AdS3

The bulk theory has an interaction term φOφ
2
χ with coupling COχχ. The cubic vertex inte-

grated over the entire BTZ AdS spacetime in Figure 4.10 is

〈E|O|E〉 = COχχ

∫
drdtEdφ r Gbb (r; ∆χ)Gb∂ (r, tE, φ; ∆O) . (4.112)

We want to match the integral (4.112) in the large r+ limit to the CFT result (4.111)
for the asymptotic three-point coefficient. The BTZ black hole is obtained from global AdS3

via periodic identifications (i.e., AdS3/Z under φ ∼ φ+ 2π), which allows us to preform the
method of images to obtain the BTZ black hole propagator from global AdS3. The BTZ
black hole propagator is

Gbb (r, r′) = − 1

2π

∞∑
n=−∞

e−∆σn(r,r′)

1− e−2σn(r,r′)
, (4.113)
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Figure 4.10: As illustrated in the Witten diagram for the regular BTZ black hole, a light
scalar field φO is emanated from the boundary to the horizon and splits into a pair of light
fields φχ that wrap around the horizon.

where σn(r, r′) is the geodesic distance between r and the nth image of r′. There is an
apparent UV-divergent tadpole for the n = 0 term; however, this can be easily cancelled by
a local counterterm and other terms n 6= 0 are finite. As we will see in Section 4.4, this type
of UV divergence is absent in the case for p-adic BTZ black holes due to the form of the Green
function, but a tadpole term remains present. Additionally, Kraus and Maloney considered
the scalar fields to be massive: EO ≈ mO � 1, Eχ ≈ mχ � 1 such that mO,mχ � c.

In the large r+ limit, the averaged three-point coefficient is

〈E|O|E〉 ≈ COχχr
∆O
+ e−2π∆χr+ . (4.114)

p-adic version Witten diagram calculation

Previously, we reviewed that the p-adic BTZ black hole is constructed as a quotient space
of the Bruhat-Tits tree and is visualized as a central polygon with a sub-Bruhat-Tits rooted
tree attached to each vertex of the polygon. The central polygon is the horizon of the p-
adic BTZ black hole with area l = −ordp(q) = logp |q|p and q is the generator of Schottky
group qZ. Considering the construction of the p-adic BTZ black hole, we choose a new set of
coordinates (n, h) to parametrize bulk points. The label of vertices on the horizon, to which
bulk points attach (directly or indirectly), are represented by n = 0, 1, · · · , l − 1. Whereas
h = 0, 1, · · · ,∞ represents the number of edges between the attached central vertex and
that bulk point.

Under this parametrization, in order to calculate the similar Witten diagram mentioned
in [145], we replace the original integration over AdS space with a summation over all bulk
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points (n, h) on the quotient space of the Bruhat-Tits tree

〈E|O|E〉 ≈ COχχ
∑
(n,h)

d(n, h)Gbb(n, h; ∆χ)Gb∂(n, h;x,∆O), (4.115)

where x ∈ Qp is the boundary coordinate of the operators O, ∆χ and ∆O are scaling
dimensions of operators χ and O. d(n, h) counts the number of vertices sharing the same
coordinate (n, h).

There are two different cases that we need to calculate separately. The first case is both
the bulk and boundary points are attached to the same central vertex. The second case is
both the bulk and boundary points are attached to different vertices. We denote the central
vertex attached by the boundary point as vertex 0, such that these two cases are n = 0 and
n 6= 0.

Propagators revisited in BTZ background

In Section 4.2, we introduced the p-adic BTZ black hole as the quotient space Tp/qZ, which is
different from the original Bruhat-Tits tree Tp. One obvious distinction is that the quotient
space loses some global symmetries.25 Remember that the normal Bruhat Tits tree has a
perfect homogeneity, and in principle, we could choose any local vertex to be a central point.
However, the p-adic BTZ background certainly has some predetermined central vertices,
which has been shown in Figure 4.2 as vertices of the central polygon.

Given the global symmetry breaking, we should question whether the theory defined on
the p-adic BTZ black hole would deviate from the normal Bruhat-Tits tree theory defined
by the action (4.20), and more importantly, whether the propagators (i.e., Green functions
as the main characters of Witten diagram calculation shown above) would also change.
Fortunately, by observations, we find that even though the global symmetry is broken by a
topological change, the local features of the graph are still preserved. In other words, the
valency of each vertex is still p + 1, same as on the Bruhat-Tits tree. Meanwhile, since the
p-adic BTZ black hole is also an undirected graph with an infinite number of vertices, we
should expect the action (4.20) to still be valid in the BTZ black hole background. However,
when we compute the propagators, the equations of motion has sources inserted on some
vertices. The symmetry loss of the BTZ black hole will also cause the symmetry loss to the
solutions of these equations of motions. For instance, on the Bruhat-Tits tree, no matter
where we insert the source, due to homogeneity of the tree, the solution will be homogeneous.
However, in the BTZ black hole case, the depth of vertices, where we insert the source, from
the horizon will indeed affect the solutions and subsequently the solutions will be different
from those on a normal Bruhat-Tits tree.

One approach to compute the propagators in the background of an ordinary Euclidean
BTZ black hole is the method of images [54, 145], which will be demonstrated in the next

25Global symmetries under action by the isometry group, e.g., PGL (2,Qp) in the context of Bruhat-Tits
trees. When we quotient P 1 (Qp) by the Schottky group qZ, the isometry group is then broken to a subgroup
of PGL (2,Qp).
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subsection. Instead, we can also straightforwardly start from the solution to the equation
of motion with a source insertion. This provides us a sanity check for the use of method
of images. In general, due to the loss of symmetries, solving the equation of motion with
sources inserted in arbitrary vertices on the p-adic BTZ is arduous, but we can still use the
residual symmetries to evaluate a simple case.

Suppose we use the same action (4.20) for the p-adic BTZ background. Meanwhile, we
restrict our calculations to the case where only one current source J is coupled to the vertex
0 on the horizon, without other source couplings. The equation of motion is then:

(
� +m2

p

)
φi =

{
J i = C0

0 otherwise
, (4.116)

yielding the propagator:

Gbb (C0, a) =
φa
J
, (4.117)

where φa is the field value to an arbitrary vertex a and C0 represents the vertex 0 on the
horizon.

We should mention that the solution does depend on the specified boundary condition.
In order to find the same class of solutions as those on the Bruhat-Tits tree, we specify the
boundary condition:

lim
i→∂Tp

φi = 0. (4.118)

For simplicity, we set the mass mp of the scalar field φi to be 0.
In Section 4.3, we demonstrated a way to solve Laplace’s equation by using linear recur-

sion in the scalar fields. Here, we follow a similar technique. We denote the vertices on the
horizon as Cn where n = 0, · · · , l− 1. Consider one specific vertex Ci, the subtree rooted at
Cn is solved by using a recursion relation:

(p+ 1)φh,n = pφh+1,n + φh−1,n, (4.119)

where the vertices on the subtree are parametrized by h, the depth of a vertex with respect
to Ci. From Section 4.3, we know the solution to this recursion relation is:

φh,n = a+ bp−h, (4.120)

where a, b are two free variables that are fixed by the boundary conditions. We first enforce
the boundary condition (4.118) to set a = 0, so φh,n = φCnp

−h.
We also need to determine all field values φCn on the horizon. This requires us to use the

recursive equations on the horizon for n 6= 0:

(p+ 1)φCn = φCn−1 + φCn+1 +
p− 1

p
φCn (4.121)



CHAPTER 4. PROBING HOLOGRAPHY IN p-ADIC CFT 118

The equation on vertex 0 is modified by the source:

(p+ 1)φC0 = φCl−1
+ φC1 +

p− 1

p
φC0 + J. (4.122)

These linear equations can solved either numerically or analytically. We demonstrate a
simple example where l = 3 and obtain the following solutions to (4.121):

φC0 =
1

p− 1
p

(
1 +

2

p3 − 1

)
J

φC1 = φC2 =
1

p− 1
p

p2 + p

p3 − 1
J.

(4.123)

In (4.76), we gave a correspondence between the mass of a bulk scalar field and the scaling
dimension of a boundary operator. For a massless scalar, the corresponding scaling dimension
is ∆ = 1. Then we rewrite the propagators (4.123) in a convenient way

Gbb(C0, C0) =
ζp(2∆)

p∆

(
1 +

2

p∆l − 1

)
Gbb(C0, Cn) =

ζp(2∆)

p∆

pn + pl−n

p∆l − 1
.

(4.124)

In the subsequent subsections, we will see directly that these results are consistent with
the results given by method of images in [168] for both bulk-to-bulk and bulk-to-boundary
propagators.

n = 0 case

For the n = 0, the boundary point x and the bulk point b are in the same subtree rooted at,
without loss of generality, the central vertex 0. The Witten diagram in Figure 4.11 is what
is needed to calculate the averaged three-point coefficient.

To calculate this Witten diagram, we must determine two main factors: the bulk-to-bulk
and bulk-to-boundary propagators. Since both fields χ and O are normal perturbative scalar
fields, we directly derive the bulk-to-bulk propagator on the Bruhat-Tits tree by finding the
tree Laplacian’s Green function, which has a simple form26 [167, 168]

Gbb(z, z0;w,w0) = p−∆χd(z,z0;w,w0), (4.125)

where the function d(·, ·) gives the geodesic distance. In the previous subsection, we provide
a way to compute the Green function in p-adic BTZ background by solving the sourced
equation of motion (4.122). In general, that approach is doable but complicated. Fortunately,
the p-adic BTZ background is realized as the quotient space of the normal Bruhat-Tits tree,

26Here we omit the normalization factor ζp(2∆)
p∆ in [167].
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Figure 4.11: Witten diagram in the p-adic BTZ black hole (p = 3, l = 3, n = 0). Red line:
the bulk-to-bulk propagator. Blue line: the bulk-to-boundary propagator.

so we use the method of images to solve the equations given the solutions in the parent
space. Following [145], we use the method of images to derive the bulk-to-bulk propagator
from vertex b to itself. Using the (n, h) parametrization as mentioned before, we obtain

Gbb(n, h) = p−∆χd(b,b) + 2
∞∑
i=1

p−2∆χhp−i∆χl = 1 +
2p−2∆χh

p∆χl − 1
, (4.126)

where the summation is over all images of b under the action of the Schottky group, and
the index i is regarded as the winding number around the horizon. Comparing this result
with solution (4.124) by setting h = 0, we see the two results agree up to a normalization
factor ζp(2∆)/p∆ we omitted in (4.125). Notice that there is a constant 1 appearing in
the bulk-to-bulk propagator. This is the tadpole term which usually causes divergence in
the normal AdS spacetime. Although it does not cause a divergence in our case, it is
still unphysical. Fortunately, we are able to cancel this tadpole term by adding a local
counterterm

∑
i ciφi into the action, where i is the label of bulk vertices. The renormalized

bulk-to-bulk propagator is:

Grenorm
bb (n, h) =

2p−2∆χh

p∆χl − 1
(4.127)

The bulk-to-boundary propagator is derived from the bulk-to-bulk propagator by moving
one point to the boundary.27 Notice that if we were to directly take this limit in (4.125),

27This limiting process is safe here, but it would be naïvely wrong when one were to calculate two-point
correlators, as explained in Section 4 of [167].
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it would vanish due to d(z, z0;w,w0)→∞. Therefore, we need to perform a regularization
prescription provided in Section 3 of [167]. The bulk-to-boundary propagator on the Bruhat-
Tits tree is derived via [167]:

Gb∂(z, z0;x) = lim
δx→0
|δx|−∆

p Gbb(z, z0;w,w0). (4.128)

Given a bulk point (w,w0), we denote any boundary point which is reached by an oriented
path (z, z0) → (w,w0) as y. The supremum of |y − x|p is denoted by δx. When we move
(w,w0) to the boundary point x, the limit is taken as δx → 0. Clearly, some prescription
factor |δx|−∆

p →∞ is required so the bulk-to-boundary propagator does not vanish.
In [168, 166], another regularization procedure is provided. Instead of taking the asymp-

totic limit of the bulk-to-bulk propagator, they regularized the geodesic distance. The main
feature there is that A. V. Zabrodin defined dreg(C, x) = 0 [166], where C is a vertex on
the horizon and x is the boundary point in the subtree rooted at C. By inspection, we
realize that these two regularization methods are equivalent and both are consistent with
the recursive derivation in Section 4.4. We then say these regularizations are anomaly-free
under PGL (Qp). Setting the geodesic distance of dreg(C, x) = 0 is the same as factoring
pd(C,x)∆ out from the non-regularized propagator. pd(C,x)∆ →∞ plays the same role as |δx|−∆.
Therefore, we freely choose one regularization approach and use the method of images to
find the bulk-to-boundary propagator. The bulk-to-boundary propagator is given as [168]:

Gb∂(b, x) = p−∆dreg(b,x) +
2p−∆h

p∆l − 1
. (4.129)

For the n = 0 case, we combine the two propagators to obtain the averaged three-point
coefficient

〈E|O|E〉n=0 ≈ COχχ
∑
(0,h)

d(0, h)

(
p−∆Odreg(b,x) +

2p−∆Oh

p∆Ol − 1

)
2p−2∆χh

p∆χl − 1
, (4.130)

where d(0, h) denotes the degeneracy of vertices with the coordinate (0, h). Notice that
there is a unique path from the horizon vertex 0 to the boundary point x as well as a unique
intersection point between the path from the bulk point b to the boundary point x and
the path from vertex 0 to x. In order to compute the summation, we introduce one more
parameter i to represent the intersection point between the two paths. Additionally, the
parameter i will parametrize the bulk point b. By using the parameters (n, h, i), we rewrite



CHAPTER 4. PROBING HOLOGRAPHY IN p-ADIC CFT 121

the summation in terms of a nested geometrical series:

〈E|O|E〉n=0 ≈COχχ
∞∑
i=0

(
p∆Oi

2p−2∆χi

p∆χl − 1
+

∞∑
h=i+1

(p− 2)ph−i−1p∆O(2i−h) 2p−2∆χh

p∆χl − 1

)

+ COχχ
2

p∆Ol − 1

2
(

1 + p−1

p(p∆O+2∆χ−1−1)

)
p∆χl − 1

=COχχ

 2
(

1 + p−2

p(p∆O+2∆χ−1−1)

)
(p∆χl − 1)(1− p∆O−2∆χ)

+
4
(

1 + p−1

p(p∆O+2∆χ−1−1)

)
(p∆Ol − 1) (p∆χl − 1)

 .
(4.131)

In order to make the geometrical series converge for the above summations, we find
inequalities between the scaling dimensions of operator O and χ:

∆O + 2∆χ > 1,∆O < 2∆χ. (4.132)

The first inequality is automatically satisfied, as mentioned in Section 4.3, we use the con-
vention in [167] that ∆ = ∆+ > 1/2. The second inequality adds an extra constraint on
the dimension of the operator O. When ∆O is small enough, our calculation is well-defined
until ∆O saturates the inequality (4.132). Further regularization is required for this. How-
ever, the second inequality is only related to coefficients independent of the horizon length
l. Therefore, it will not affect the asymptotic behaviors for large l.

n 6= 0 case

This case is simpler than n = 0. The Witten diagram is now visualized as Figure 4.12. The
bulk-to-bulk propagator is the same as (4.126), while the bulk-to-boundary propagator is
slightly different [168]. We evaluate the summations (4.115) as follows:

〈E|O|E〉n6=0 ≈ COχχ

l−1∑
n=1

∑
(n,h)

d(n, h)
p∆O(l−n) + p∆On

p∆Ol − 1
p−∆Oh

2p−2∆χh

p∆χl − 1

= COχχ

l−1∑
n=1

p∆O(l−n) + p∆On

p∆Ol − 1

2

(
1 + p−1

p(p∆O+2∆χ−1−1)

)
p∆χl − 1

= 4COχχ
p∆Ol − p∆O

(p∆O − 1)(p∆Ol − 1)

1 + p−1

p(p∆O+2∆χ−1−1)

p∆χl − 1

(4.133)

In this case, we have no issues for divergences in the geometrical series. The only requirement
∆O + 2∆χ > 1 has already been shown to be satisfied in previous subsection.
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Figure 4.12: Witten diagram in the p-adic BTZ blac khole (p = 3, l = 3, n 6= 0). Red line:
the bulk-to-bulk propagator. Blue line: the bulk-to-boundary propagator.

After having the contributions from both n = 0 and n 6= 0 cases, we then get the full
expression for the averaged three-point coefficient:

〈E|O|E〉 = 〈E|O|E〉n=0 + 〈E|O|E〉n6=0

= 2COχχ

 1 + p−2

p(p∆O+2∆χ−1−1)

(p∆χl − 1)(1− p∆O−2∆χ)
+ 2

1 + p−1

p(p∆O+2∆χ−1−1)

(p∆χl − 1) (p∆O − 1)


= C ′Oχχ

1

p∆χl − 1

l→∞−−−→ C ′Oχχp
−∆χl

(4.134)

The coefficient C ′Oχχ is viewed as the three-point coefficient 〈χ|O|χ〉 and absorbs all factors
independent of the horizon length l. In the last line, we show that as l → ∞, the averaged
three point coefficient 〈E|O|E〉 has an asymptotic behavior with an exponential dependence
on horizon length l.

Physical implications

By comparing (4.114) with our average three-point coefficient (4.134), we find that l is a
p-adic counterpart of 2πr+ which is the outer horizon area of a normal BTZ black hole. If
we rewrite p−∆χl as e− ln p∆χl, it will become reminiscent to e−2π∆χr+ in (4.114). However, in
the p-adic case, we miss a counterpart to r∆O

+ . This term can be realized as the dominant
normalization factor r∆

+ in the bulk-to-boundary propagator of a normal Euclidean BTZ black
hole [145]. Physically, it can be thought as the horizon radius being probed by the particle
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O entering the bulk from the boundary. In a continuum spacetime, the horizon radius is
well defined by a Riemannian metric. Whereas in the p-adic BTZ graph, the black hole is
represented by a polygon which has no radius measured by the graph’s metric. Therefore,
when the particle φ is emanated into the p-adic BTZ background, it cannot measure the
radius of horizon as well as unable to create a term including the horizon radius and its
scaling dimension ∆O.

In Section 4.3, we provided calculations on the p-adic CFT partition function and density
of states. However, our knowledge is primitive on the modular transformations for p-adic
genus-1 Tate curves. If we understand the modular transformation, we can obtain the aver-
aged three point coefficient entirely from the CFT side. Our averaged three-point coefficient
displays an unconventional feature compared to the Euclidean BTZ case to then indicate
that the p-adic modular transformation is nontrivial. We will explore this aspect further in
future works.

Last but not the least, our geometries only capture AdS length scale effects, and miss
contributions coming from “small loops” which can be trivial, as stressed in [183]. It would
be nice to see if the bulk calculation can be reproduced from the p-adic CFT side.

4.5 p-Adic representations
The proposed p-adic AdS/CFT correspondence provides tools to understand some features
of the boundary p-adic CFT. However, for a general (not necessarily holographic) CFT, the
bulk/boundary duality cannot allow us to study the theory comprehensively. In order to
fully solve a general p-adic CFT, a Hilbert space interpretation is necessary. For example,
independent of the bulk calculations in Section 4.4, if one wants to compute the one-point
function of a primary operator O of p-adic CFT, analogous to 〈O〉τ = TrHOqL0− c

24 qL0− c
24

with q ≡ e2πiτ in an ordinary 2d CFT, one would hope to have p-adic exponentials, and
analogues of Virasoro generators L0 and L±1 as well as Verma modules.

In a normal quantum field theory, its Hilbert space could be constructed based on repre-
sentations of Lie algebra g associated to the global or internal symmetry group G. In a p-adic
CFT, the global symmetry group is PGL (2,Qp), so analogous to ordinary CFTs, we should
study Lie algebra representations of this group. Typically, a p-adic CFT is a quantum field
theory with complex-valued (or real-valued) fields over Qp, which restricts our interests to a
vector space V over C as the representation space. In [176], Melzer showed the nonexistence
of local derivatives over Qp. Meanwhile, in the usual context of Lie algebra, we can always
define the exponential map exp : g → G, while in p-adic case, the exponential function of
p-adic numbers does not converge nicely [180]. Moreover, it is a totally disconnected group,
its corresponding would-be Lie algebra “pgl (2,Qp)” does not exist. The Virasoro-like local
conformal algebra never shows up.

Although we cannot find any suitable complex representation of Lie algebra, we still hope
to directly study representations of the global conformal group PGL (2,Qp). Actually, several
recent papers indeed explore the power of group representations in quantizing a theory, such
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as Jackiw-Teitelboim gravity [203] and spinors on AdS2 [204], in that their Hilbert spaces
can be partially28 defined by group representations of SL(2,R)×U(1)/Z or ˜SL(2,R). There
are numerous types of PGL (2,Qp) representations, so we add some reasonable assumptions
to narrow down our search list. Since all p-adic CFTs are unitary [176], we expect a suitable
representation to also be unitary. Notice that any unitary irreducible representations (irreps)
of PGL (2,Qp) naturally induces a GL (2,Qp) unitary irreps, so that we could study unitary
irreps of GL (2,Qp) and canonically restrict them onto the subgroup PGL (2,Qp). Another
advantage to study GL (2,Qp) comes from the classification theorem on all of its unitary
irreps. In the rest of this section, we will analyze this theorem and evaluate the suitability
of all unitary irreps as physical Hilbert spaces over C of p-adic CFTs. Rather than being
mathematically rigorous, we provide sufficient amount of evidence.

Troubles with Lie algebras

The usual Iwasawa decomposition29 still holds for TDLC groups of our interests, such
as SL (2,Qp) or PGL (2,Qp). Any element of SL (2,Qp), the commutator subgroup of
GL (2,Qp), as presented in [168], can be decomposed into a product of special conformal
transformation, rotation, dilatation, and translation as shown respectively:(

pma b
c p−ma−1(1 + bc)

)
=

(
1 0

cp−ma−1 1

)(
a 0
0 a−1

)(
pm 0
0 p−m

)(
1 bp−ma−1

0 1

)
, (4.135)

where a, b, c ∈ Qp and |a|p = 1. The decomposition of PGL (2,Qp) is similar, but up to a ±
sign on the total determinant.30

One might believe that the exponential map from Lie algebras to the usual matrix group
GL(n,C) works for p-adic groups as well, but this is unfortunately incorrect. Indeed, one
could define a tangent space and Lie algebra functor near the identity of SL (2,Qp) [205],
but the total disconnectedness of the group poses a serious problem. For z ∈ Qp, the p-adic
exponential is defined as

exp(z) ≡
∞∑
n=0

zn

n!
, (4.136)

which diverges at the identity since the radius of convergence is |z|p < p−1/(p−1).
Another fundamental reason is as follows. Having a tangent space Te at the identity

e of the group analytical manifold PGL (2,Qp), it is natural to introduce a one-parameter
subgroup φ : F → PGL (2,Qp), where F is a number field, which is R for usual connected
Lie groups. φ also defines vector fields on the group manifold. Moreover, one can build an
exponential map to recover local features of the group via Lie algebra. Thus,

exp : F→ PGL (2,Qp) , t 7→ etL, (4.137)
28Some Lie algbera data such as quadratic Casimir are still required.
29For real semisimple Lie groups, it is defined via their Lie algebras.
30Each sign sector is similar to a connected component of the usual Lorentz group SL(2,C). For the

Iwasawa decomposition of GL (2,Qp), see Proposition 4.2.1 in [169].
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with the Lie algebra element L ∈ Te. Consequently, we must select the correct number field
F for the parameter t. R is ruled out due to the disconnectedness of p-adic groups. The only
remaining candidate isQp. However, another issue arises when we consider the representation
of PGL (2,Qp). With the representation space V over C, we expect for any g ∈ PGL (2,Qp),
its image π(g) ∈ GL(V ) whose entries are all C-valued. From the exponential map, we see
that the image can always be written as

π(g) = etM , (4.138)

where M = π(L) is the image of the Lie algebra element L.31 However, t and entries of M
are in different number fields with different norms, so the multiplication tM is forbidden,
and the Lie algebra representation over C cannot exist. Since there is no well-defined Lie
algebra or “infinitesimal generators” for the dilatation operator L0, it is a little bit dubious
to discuss a “state-operator correspondence” used in [171] and hence radial quantization.

However, we should also mention the possibility to construct a Lie algebra representation
over Qp [206, 207]. In these cases, we need to consider Hilbert spaces over Qp though,
inconsistent with Melzer’s axioms for p-adic CFTs.

Admissible representations of GL (2,Qp) in general

Due to the troubles on the existence of p-adic Lie algebra, we turn our attention to group
representations. The unitarity of p-adic CFTs directs us to unitary representations, which
are subspaces of the physical Hilbert spaces as usual.

We start from the representation vector space V over C. Let GL(V ) be the space of all
automorphisms of V , and π be the following homomorphism

π : GL (2,Qp)→ GL(V ). (4.139)

Given an inner product32 (·, ·) on V , a unitary representation (π, V ) of G satisfies

(π(g) · v, π(g) · w) = (v, w), ∀g ∈ G, v, w ∈ V. (4.140)

Clearly, this definition is relative to the prescribed inner product on V . If V is not equipped
with an inner product which makes (π, V ) unitary, one can ask if (π, V ) can be made unitary
by choosing an appropriate inner product [169]. To this end, a representation (π, V ) is defined
as unitarizable if there exists33 an inner product (·, ·) such that (4.140) holds. Moreover, it
is straightforward to turn a unitary representation V into a complete metric space [208,

31The Lie algebra elements are complex-valued matrices.
32Formally speaking, this is a positive-definite Hermitian form, and is equivalent to the usual pairing

between bras and kets.
33Existence of inner products is the first thing to look for in group representations. For example, for

SL(2,R) in JT gravity, among four types of its unitary irreps, trivial and complementary series representa-
tions are not considered [203] due to the lack of inner product. All of its finite-dimensional representations
are non-unitary as well [204].
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209], and therefore a Hilbert space; in fact the space of unitary admissible representations
of GL (2,Qp) is a proper subspace of the space of C-Hilbert representations of GL (2,Qp).
Notice that inner products here do not rely on the dual (or contragredient) representation
of V .

We further assume that we are dealing with irreps. According to the admissibility theo-
rem34, all unitary irreps of a p-adic reductive group such as GL(2,Qp) [213] are admissible,
so we only consider admissible ones. This is also empirically reasonable, because at least for
real and complex Lie groups, their irreps naturally appearing in PDEs, geometry, number
theory and physics are all admissible [214]. The admissibility theorem was originally proved
in [215] and later illustrated in [216]35 (Section II.2.2). These were recently improved upon
to work for more general TDLC groups, see [217] and [218] (Corollary 6.30).

Now to be complete, we present the definition of an admissible representation. An ad-
missible representation (π, V ) of G requires that the subspace of V fixed by any compact
open subgroup of G is finite-dimensional [169, 218, 216]. It also has to be smooth, meaning
that for v ∈ V , the function(

a b
c d

)
7→ π

((
a b
c d

))
· v, ∀

(
a b
c d

)
∈ GL (2,Qp) (4.141)

is smooth, i.e., locally constant36 [169, 219, 220]. Furthermore, a smooth irrep is admissible
[169] (Theorem 6.1.11 therein). Dual representations of admissible representations are all
admissible [169].

Finally we summarize the relations between various GL (2,Qp) representations in Figure
4.13. Automorphic representations are not considered at all, because they are adelic over all
prime numbers.

Finite-dimensional admissible representations

We start our discussion on finite-dimensional admissible irreps. These representations appear
reasonable at first sight because they are consistent with the absence of descendants in p-adic
CFTs. This is also reasonable especially when there are only a finite number of primaries.
However, all finite-dimensional smooth irreps of GL (2,Qp) are trivial in the sense that they
are one-dimensional complex vector spaces such that the images of GL (2,Qp) act as scalar
multiplications as stated below [169].

Theorem Let (π, V ) be a finite-dimensional smooth irrep of GL (2,Qp), then V ∼= C
and ∃ a multiplicative character ω: Q×p → C× such that π(g) · v = ω(det g) · v ∀ g ∈
GL (2,Qp) , v ∈ V , where det is the usual determinant.

34The original Harish-Chandra’s admissibility theorem [210, 211, 212] only works for real reductive Lie
groups.

35In this set of lecture notes, all adjectives “irreducible” should be interpreted in the category of unitary
representations.

36It is absent on usual Lie groups, such as SU(2).
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Figure 4.13: Relations between different types of representations for GL (2,Qp).

For the group SL (2,Qp), its linear character is 1. On the other hand, PGL (2,Qp) con-
sists of group elements of GL (2,Qp) identified up to a scalar factor so that the linear charac-
ter ω must be constant on the determinant in order to be consistent with this identification.
Since ω is trivial, the dilatation transformation cannot be realized in this finite-dimensional
admissible representation. Hence it is not a desirable physical Hilbert space. However, it
would be interesting to see if an ensemble of primaries can be viewed as a tensor product of
one-dimensional representations.

One of the simplest examples is presented in Section 4.1 of [168], the free boson on the
boundary is viewed as a scalar representation of PGL(2,Qp), and conformal dimensions of φ
and Vladimirov derivative of φ are 0 and 1. However, we hope for more. One hint may come
from the recent work on Green’s functions of Vladimirov in the context of p-adic holography
[221].

Infinite-dimensional admissible representations

According to the Langlands-like classification theorem [169], there are three classes of infinite-
dimensional admissible representations for GL (2,Qp): supercuspidal, principal series, and
special.37 Certainly, all of them contain non-unitary cases which do not fall into this clas-
sification, and those non-unitary cases are not of physical interests, because p-adic CFTs

37All of them enjoy so-called Kirillov models and Whittaker models, which we will not explain or pursue
for now. For an accessible exposition on Whittaker models, see these notes [213].
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satisfying Melzer’s axioms are automatically unitary. Nevertheless, we will introduce their
unitarity-independent definitions, and save unitarity-specific definitions to future work. In
order to present the classification, we need to introduce the following object first.

Definition For an infinite-dimensional representation (π, V ) and a unipotent subgroup

N =

{(
1 ∗
0 1

) ∣∣∣∣∣∗ ∈ Qp

}
, consider the subspace

VN = {π(n)v − v|n ∈ N, v ∈ V }, (4.142)

then the quotient
V N ≡ V/VN (4.143)

is called the Jacquet module of V . The classification of infinite-dimensional admissible repre-
sentations is completely encoded by the dimension of V N , which is at most two [219]. When
dimC V

N = 0, 1, 2, the representation is supercuspidal, special or principal series, respectively
[222]. Incidentally, V N also vanishes for finite-dimensional admissible representations.

For usual 2d CFTs, states with different Virasoro levels are orthogonal and obviously
span an infinite-dimensional representation of the Virasoro algebra. Then in p-adic CFTs,
one naïvely would think that different vectors in the representation space V have different
energy levels. However, since we lack the necessary Casimir operators and algebra structure
to define physical observables and quanta for the states, the realization of energy levels in a
group representation is still mysterious.

Principal series and special representations

Principal series representations arise commonly in physics for non-compact semisimple Lie
groups, and they are also present for GL (2,Qp).

We start by defining the normalized unitary character of GL1 (Qp) ' Q×p , a continuous
function ω : Q×p → C× such that [169]

1. ω (yy′) = ω(y)ω(y′), ∀y, y′ ∈ Q×p ;
2. |ω(y)|C = 1, ∀y ∈ Q×p ;
3. ω(p) = 1.
Let s1, s2 ∈ C. Then continuous characters χ1, χ2: Q×p → C× are given by

χi(x) ≡ ωi(x)|x|sip , s = 1, 2. (4.144)

Consequently, χ = (χ1, χ2) extends to a character of the Borel subgroup B via

χ

[(
a 0
0 b

)(
1 ∗
0 1

)]
= χ1(a)χ2(b). (4.145)
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Then the normalized parabolic induction of χ is the vector space:

V (χ1, χ2) =

{
f : GL (2,Qp)→ C

∣∣∣∣∣f
[(

a 0
0 b

)(
1 ∗
0 1

)
g

]
= χ1(a)χ2(b)

∣∣∣a
b

∣∣∣1/2f(g),

∀a, b ∈ Q×p , ∗ ∈ Qp, g ∈ GL (2,Qp) , f is locally constant
}
,

(4.146)

called the principal series representation of GL (2,Qp) induced from (χ1, χ2), and GL (2,Qp)
acts on V (χ1, χ2) by right translation:

g · f(h) = f(hg), ∀g, h ∈ GL (2,Qp) , f ∈ V (χ1, χ2) . (4.147)

According to Jacquet-Langlands [223], this representation becomes reducible if χ1χ
−1
2 =

| · |±1. If χ1χ
−1
2 = | · |−1, then V (χ1, χ2) contains a 1D invariant subspace W such that

V (χ1, χ2)/W is an irrep called special representation; if χ1χ
−1
2 = | · |, then V (χ1, χ2) contains

a 1D admissible subspace also called special representation.

Supercuspidal representations

If the Jacquet module V N vanishes, then (π, V ) is called a supercuspidal representation.38

Although this one-line definition looks innocent, they are in general notoriously difficult to
construct, and we present the simplest case via the so-called “compact induction” in Appendix
B.4. We will use quite qualitative phrases in this short subsection.

However, supercuspidal representations are mathematically desirable due to its handful of
nice properties. They are the “native” representations of GL (2,Qp), because other admissible
representations can all be constructed from them, by inducing a representation ρ = (ρ1, ρ2)
of a parabolic subgroup P = MN , where ρi is a supercuspidal representation of GL1 (Qp),
i.e., a character of Q×p , and the Levi subgroup M ' GL1 (Q1)×GL1 (Q1) ' Q×p ×Q×p .

Another feature is that they have nicer inner products than the other two infinite-
dimensional representations [219].

They are also the most well-behaved representations of GL (2,Qp), i.e., that they be-
have much like representations of a compact group [225]. Finally, in familiar terms for
SL(2,R), supercuspidal and special representations are analogues of SL(2,R) “discrete se-
ries” for GL (2,Qp).

Key signature for physical representations

In previous subsections, we enumerated all candidate representations for the p-adic CFT
Hilbert space. Although we made cogent arguments on the nonexistence of conformal algebra

38The adjective “super” stands for the p-adic version of “cuspidal” in the finite field Fq case [224], which
is presented in Appendix B.4. For an equivalent definition in terms of integrals, see Section 6.13 of [169].
Equivalently, any irrep of GL (2,Qp) which is not a subrepresentation of any representation induced from
the Borel subgroup is supercuspidal.
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and triviality of finite-dimensional admissible representations, there are still three classes
of infinite-dimensional irreps remaining. There is no simple reasoning we could present to
determine which one of them is the most suitable physical representation, and the difficulty of
explicit construction of supercuspidal representations makes the computation over it tough.
Fortunately, we find an important signature which could show clues as to which are true
physical representations.

In the Virasoro character formula for normal chiral CFT on a torus χ(q) = TrHqL0− c
24 ,

q is related to the modulus of T 2 torus via q = e2πiτ . However in Section 4.2, we saw the
impossibility of defining a p-adic modulus τ ∈ Qp. Moreover, the dilatation generator L0

does not exist as discussed in Section 4.5, so the ordinary Virasoro character apparently
makes no sense in p-adic CFTs. Nevertheless, qL0− c

24 viewed as a whole can be interpreted
as the representation of the dilatation transformation:(

q
1
2 0

0 q−
1
2

)
, (4.148)

which is exactly the same as the Schottky parameter in (4.16). Meanwhile, a genus-1 curve
over Qp was similarly constructed via p-adic Schottky group qZ, q ∈ Q×p . Intuitively, we could
generalize the Virasoro character to p-adic CFTs by considering the image of the Schottky
group generator under a GL (2,Qp) representation (π, V ), and using the new character to
write down an analogous partition function for genus-1 p-adic CFT:

Zp−adic CFT = TrV π

[(
q

1
2 0

0 q−
1
2

)]
, (4.149)

where the trace function always exists because GL (2,Qp) is a TDLC group [218]. One thing
worth looking at is to define a bounded-from-below V in terms of the Jacquet module.

In Section 4.3 we have explicitly calculated p-adic CFT partition functions from bulk
path integral. In principle, we could check results there against (4.149) for all three classes
of infinite-dimensional admissible representations. This check would yield a key signature
of physical representations H, and may also demystify the connections between GL (2,Qp)
representations and Chebyshev polynomials. Another ambitious thought is to apply group
representations to possibly classify p-adic CFTs, just like ordinary minimal models, etc.

4.6 Summary and Outlook
We end with a summary of our results and several open questions for future exploration.

Discussion

In this chapter, we found the density of states of genus-1 p-adic BTZ black holes. Avoiding
the assumption on the existence of a state-operator correspondence, we provide a new way
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to calculate the genus-1 p-adic BTZ black hole partitions function via linear recurrence in
scalar fields on vertices. Regarding both accounts, we have shown several similarities to their
continuum analogues, but still realized features from Melzer’s axioms for non-Archimedean
CFTs.

Our analytical study on density of states in the high-temperature limit suggest that
scalars in BTZ background obey a Bekenstein-Hawking-like area law and the results are
analogous to the semiclassical genus-one partition function by Maloney and Witten [5].
However, one subtlety with our results are that they are unstable when p = 3. Possibly, this
might be explained from our semi-classical analysis omitting gravitational contributions.
Including gravitational effects for p-adic AdS/CFT was proposed by [187] via edge length
dynamics, however, will be saved to future work,

Additionally, we calculated the averaged three-point coefficient in a p-adic BTZ black
hole background and showed similarity with its ordinary counterpart by Kraus and Maloney,
but notion of p-adic modular transformations remain unknown [145], so that one is unable
to study the thermal p-adic AdS. We hope this calculation could initiate future work on
n-point coefficients of p-adic CFTs on higher-genus Mumford curves, such as heavy-heavy-
heavy three-point functions on regular genus-2 surfaces investigated in [143]. In fact, higher
genus p-adic BTZ black holes were already developed by [168] using higher rank Schottky
groups and Mumford curves.

Finally, we aim to narrow down the list of candidate Hilbert spaces for p-adic CFTs and
provide hints for quantization. From the bulk point of view, the Hilbert space over C seems
to be a very exotic one, due to Chebyshev polynomials showing up in Section 4.3.

Open questions

We provide a few open questions that would be interesting to explore in future work on
p-adic AdS/CFT.

We have only considered the same species of bulk scalar fields but not the possibility
of different species. Extending our bulk techniques to an ensemble of different species of
bulk scalars φi would not only be interesting (due to the existence of multi-particle states in
ordinary AdS3/CFT2 [54]), but might also shed light on p-adic CFT Hilbert space represen-
tations. A naïve guess for the boundary partition function with an ensemble of primaries χi
dual to φi would be similar to that of ordinary 2d CFTs, with multiplicities Mij of highest-
weight states |i, j〉:

Z =
∑
i,j

Mijχi(τ)χj(τ), (4.150)

i.e., summation over primaries. While from the bulk point of view, since different scalars in
the action (4.20) decouple from each other, the total partition function should be a simple
product of individual partition functions like (4.36) for Bruhat-Tits trees, or (4.61) for BTZ
black holes. The absence of descendants in p-adic CFT obscures the connection between
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the summation over primaries on boundary and the product over them in bulk, which are
transparently related in ordinary AdS3/CFT2.

As we have mentioned earlier, the S-transformation on genus-1 Tate curve is still missing,
so there is no good analogue of thermal p-adic AdS. We would like to study these potential
p-adic modular transformation, and even p-adic MCGs.

Another question is about the role of GL (n,Qp) in “p-adic” holography or in “higher-
dimensional” p-adic CFTs, the latter being somewhat studied in [226]. For ordinary higher-
dimensional CFTs, their fields can organize into Virasoro representations by parabolic (gen-
eralized) Verma modules, as stressed in [227]; they have also been used in ordinary affine
Lie algebras [228]. Although Verma modules are absent in complex representations of p-adic
groups, they have been constructed as representations on p-adic vector spaces instead of
Hilbert spaces [206]. Then maybe it is worthwhile looking into the former vector spaces.

As to the connection between calculations in Section 4.3 and GL(2,Qp) representations,
unexpected coincidence showed up: the determinant of Laplacian on Bruhat-Tits tree (4.31)
agrees with the volume of the following double coset [169] (Theorem 8.10.19 and Chapter
9.2 therein):

GL (2,Zp) ·
(
pN 0
0 1

)
·GL (2,Zp) (4.151)

with respect to a Haar measure in the context of principal series representations of GL(2,Qp).
We will present one explanation for this seeming coincidence in using the graph Laplacian
on a Bruhat-Tits tree in Appendix B.1.

There are more ambitious questions. Since our auxiliary cutoff N is necessary in Section
4.3, then it is natural to ask what will happen to the boundary p-adic CFT when one
introduce a real cut-off on the Bruhat-Tits tree? Since there is not yet a stress tensor in
p-adic CFT [178], an analogue T T̄ deformation AdS3/CFT2 [229] seems to be unrealistic.

Finally, beyond AdS/CFT, is it possible to formulate a p-adic dS/CFT correspondence?
A precursor was given by [177] in the context of eteranal inflation with dS vacua, but not in
the context of string theory.
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Chapter 5

Double-Janus linear σ-models and
generalized reciprocity for Gauss sums

5.1 Introduction
In this chapter, we study the torus partition function of a supersymmetric 2d linear σ-
model with T 2 target space (a free theory) whose complex structure varies along one of the
worldsheet directions (parametrized by 0 ≤ σ1 < 1) and whose Kähler modulus varies along
the other direction (parametrized by 0 ≤ σ2 < 1). The periodic boundary conditions can be
twisted both with an element in the MCG of the target T 2 (we choose to do that twist along
the σ1 direction) and with a T-duality transformation (along σ2). The partition function
thus depends on (the conjugacy classes of) M, M̃ ∈ SL(2, Z) that respectively describe the
MCG “geometrical” element and the T-duality transformation. We represent the complex
structure of the target space by τ (taking values in the upper half-plane H), which is allowed
to vary as a function of σ1. More concretely, as we complete a loop around the first cycle
of the worldsheet (by varying σ1 from 0 to 1), the variable τ may undergo a PSL(2,Z)
transformation τ → (aτ + b) / (cτ + d) , and in order to prevent a discontinuity at σ1 = 0
we need to impose boundary conditions (connecting the fields at σ1 = 0 to the fields at
σ1 = 1) that involve an element of the MCG of the target space, encoded by

M =

(
a b
c d

)
∈ SL(2,Z).

Similarly, the Kähler structure of the target space is represented by ρ = ρ1 + iρ2 on the
upper half-plane (with ρ2 proportional to the area of the T 2 target and ρ1 proportional to
the Kalb-Ramond flux). As σ2 varies from 0 to 1, the variable ρ may undergo a PSL(2,Z)

transformation ρ→
(
ãρ+ b̃

)/(
c̃ρ+ d̃

)
, and in order to prevent a discontinuity at σ2 = 0

we need to impose boundary conditions (connecting the fields at σ2 = 0 to the fields at
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σ2 = 1) that involve a “T-duality wall” labeled by

M̃ =

(
ã b̃

c̃ d̃

)
∈ SL(2,Z).

The motivation for considering such a setup is that it arises as a limit of a sort of “double-
Janus” configuration of 4d N = 4 SYM theory. Janus configurations are 4d SYM theories
with a coupling constant that varies along one direction of space. They were first introduced
by Bak, Gutperle and Hirano [230] in a non-supersymmetric dilatonic deformation of AdS5,
an exact solution to the Type IIB SUGRA equations, as a way to create a discontinuous
jump in the real Yang-Mills coupling constant (which is related to the asymptotic boundary
value of the dilaton according to the standard AdS/CFT dictionary) across a codimension-1
interface. A supersymmetric Janus configuration was introduced in [231], and later, the
jump was “smoothed out” in [232], but still without a θ-angle. Subsequently, Gaiotto and
Witten presented [233] the action of a deformation of N = 4 SYM that preserves half of the
supersymmetries with a complex coupling constant τ = 4πi

g2
ym

+ θ
2π

that varies as a function
of one spatial direction, say τ(x3). Janus configurations have been further explored in [234,
235] and have been introduced into sphere partition functions in [236, 237]. They can also
be constructed for theories in other dimensions [238]. Configurations for 2d σ-models have
been proposed earlier in [239] and sphere partition functions with Janus configurations have
been calculated in [237, 240].

Taking the gauge group to be U(n), the Gaiotto-Witten action allows us to smoothly
introduce an SL(2,Z) duality twist (sometimes referred to as a “duality wall” or “S-fold” and
studied in various string theory and gauge theory contexts, for example, in [241, 242, 243,
244, 245, 246]) in an S1 compactification of 4d SYM. Parameterizing S1 by 0 ≤ x3 < 1, the
duality twist is an unconventional boundary condition that sets

τ(1) =
aτ(0) + b

cτ(0) + d
(5.1)

for M ∈ SL(2,Z), together with the implied electric-magnetic duality action on the fields.
We will refer to this theory as a closed Janus configuration. This setup was studied in [247]
for U(1) gauge group, where the low energy limit is easily shown to be described by a Chern-
Simons action with an abelian gauge group, determined (not uniquely) by a decomposition
of M into

T =

(
1 1
0 1

)
and S =

(
0 −1
1 0

)
generators. Furthermore, it was shown in [247] that a T-dual string theory background
provides a geometrical interpretation for the quantum algebra of Wilson loops. A similar
setup was also studied in [248], from the perspective of the holographic dual. Duality walls
have also been studied in [249], and recently a gravitational anomaly was discovered [250] in
such compactifications.
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The Gaiotto-Witten Janus configuration can be constructed as a limit of a compactifica-
tion of the 6d (2, 0)-theory on a T 2-fibration over R when the area of the T 2 fiber shrinks to
zero. We will review this construction in Section 5.2. To construct the closed Janus configu-
ration requires us to first take the limit where the area of the T 2 fiber shrinks to zero, since
otherwise the area will be discontinuous along S1 (as we will explain in Section 5.2), and so
we are back to N = 4 SYM with the S-fold twist M . In the context of 3d-3d correspondence
[251], this configuration is related to the 6d (2, 0) theory on an (auxiliary) 3d mapping torus
studied in [39, 252, 253, 254], where a higher-genus fiber is also considered. The setup for
the present chapter is derived from an abelian double-Janus configuration that is a prelude
to the study of a nonabelian theory. It can be obtained as a limit of a Gaiotto-Witten
Janus configuration by compactifying on a small torus and allowing its complex structure
parameter to vary as a function of time. In other words, we compactify the closed 4d Janus
configuration on another (auxiliary) mapping torus labeled by another SL(2,Z) element M̃ .
We are interested in the partition function Z(M, M̃) which is a function of the two duality
twists. Here M is the S-duality element that acts on the N = 4 SYM coupling constant,
while M̃ is the MCG element of the T 2 in the geometrical mapping torus. To preserve
SUSY, it is again convenient to take the limit where the area of the T 2 fiber shrinks to zero
first. Thus, we first reduce the 4d gauge theory to 2d, which for U(1) gauge group becomes
a σ-model with a T 2 × R6 target space. The R6 factor does not play much of a role in
what follows, so we ignore it. We are thus led to study “double-Janus” configurations for a
linear σ-model with T 2 target space where the complex structure varies in one direction and
the Kähler structure (i.e., the complexified area) varies in the other direction, with M - and
M̃ -boundary conditions respectively [where M ∈ SL(2,Zτ ) and M̃ ∈ SL(2,Zρ)]. We will
show that Z(M, M̃) is essentially a finite sum over certain roots of unity, and by calculating
it in two different limits, respectively corresponding to different limits of the shape of the
(physical) T 2 target, we arrive at a number-theoretic identity known as the Landsberg-Schaar
identity.

The rest of this chapter is organized as follows. We begin in Section 5.2 by reviewing
our key motivation, the Gaiotto-Witten Janus configuration of 4d SYM, and its various
connections to the 6d (2,0) theory. Then we deviate a little bit in Section 5.3 with a brief
review of Quadratic Reciprocity, Gauss sums, and the Landsberg-Schaar identity. We then
construct the double-Janus σ-model in the 2d bulk in Section 5.4, where we present the gen-
eral constraints from supersymmetry, and various solutions. In Section 5.5 we compactify
the double-Janus solution on a torus and introduce the twisted boundary conditions (with
both geometrical and T-duality twists, M and M̃ , respectively). In Section 5.6 we calculate
the double-Janus partition function, including both bosonic and fermionic one-loop determi-
nants, which cancel each other out, leaving only a number-theoretic quadratic Gauss sum.
In Section 5.7 we discuss connections with abelian Chern-Simons theory partition functions
and the dual “strings on mapping tori” introduced in [247] in the context of 4d closed Janus
configurations. We use this dual formulation to determine the precise normalization of the
partition function. In Section 5.8 we show how the basic Landsberg-Schaar relation follows
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with a Berry phase factor included, and in Section 5.9 we derive its multivariate generaliza-
tions, along with a comparison against known generalizations in the mathematical literature.
Finally we conclude in Section 5.10.

5.2 Janus compactifications and mapping tori
The key motivation of our construction is a supersymmetric configuration of N = 4 SYM
with a complex coupling constant τ = τ1 + iτ2 that varies along one of the directions, say
x3 ≡ y, which for the time being we take to be R (but we will later compactify it to S1). An
explicit supersymmetric Lagrangian has been constructed by Gaiotto and Witten in [233].

Gaiotto-Witten Janus configuration

Now we review the Gaiotto-Witten construction in [233]. We adopt their notations, so that
the action of the ordinary N = 4 SYM introduced in (1.47) now reads

I0 =

∫
d4x

1

g2
YM

Tr

(
FijF

ij

2
+ F3iF

3i +D3XaD
3Xa +D3YpD

3Y p +DiXaDiXa +DiY pDiYp

+
1

2
[Xa, Xb][X

a, Xb] +
1

2
[Yp, Yq][Y

p, Y q] + [Xa, Yp][X
a, Y p]− iΨΓIDIΨ

)
− θ

8π2

∫
F ∧ F,

(5.2)
where the spacetime indices i = 0, 1, 2, and we denote the six scalars as Xa for a = 4, 5, 6
and Yp for p = 7, 8, 9, and I = (i, 3, a, p) = 0, · · · , 9. The action is invariant under the
supersymmetry transformation

δAI = iε̄ΓIΨ, δΨ =
1

2
ΓIJFIJε, (5.3)

where AI = (Ai, Xa, Yp).
The Gaiotto-Witten Janus configuration is a deformation of the N = 4 SYM, such that

the coupling τ = θ/2π + 4πi/g2
YM as in (1.45) varies continuously over the x3-direction as

1

g2
YM

= D sin 2ψ, θ = 2πa+ 8π2D cos 2ψ, (5.4)

where ψ is an arbitrary function of x3. This deformation preserves half of the 16 supercharges
of the original theory, that satisfy the equation

(Γ3456 sinψ + Γ3789 cosψ)ε = ε, (5.5)

where ε is a 10D chiral spinor. The deformed supersymmetry transformation of the gaugino
Ψ is given by (5.3) plus

δ̃Ψ =
(
−Γ3ΓaXaψ

′ tanψ + Γ3ΓpYpψ
′ cotψ

)
ε. (5.6)
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The deformed action, that is invariant under the deformed supersymmetry transformation,
is

Itot = I0 + I ′ + I ′′ + I ′′′ (5.7)

where
I ′ =

∫
d4x

i

g2
YM

Tr Ψ

(
1

2
ψ′Γ012 −

ψ′

2 cosψ
Γ456 +

ψ′

2 sinψ
Γ789

)
Ψ (5.8)

includes additional fermionic bilinear terms, and

I ′′ =

∫
d4xTr

[
− 2ψ′εµνλ Tr

(
Aµ∂νAλ +

2

3
AµAνAλ

)
+

2ψ′

3 cosψ
εabc TrXa[Xb, Xc]

− 2ψ′

3 sinψ
εpqr TrYp[Yq, Yr]

] (5.9)

includes additional dimension 3 bosonic terms, and

I ′′′ =

∫
d4x

1

g2
YM

Tr
{[

(ψ′ tanψ)′ + (ψ′)2
]
X2 +

[
−(ψ′ cotψ)′ + (ψ′)2

]
Y 2
}

=

∫
d4x

1

g2
YM

Tr
{[
−2ψ′ tanψXaX ′a + (ψ′)2 tan2 ψX2

]
+
[
2ψ′ cotψY pY ′p + (ψ′)2 cot2 ψY 2

]}
,

(5.10)

includes additional dimension 2 terms. Notice that for the last equality in (5.10), we have
used (5.4) and integration by parts. I ′′′ can be absorbed into the kinetic term of X and Y ,

Ĩ =

∫
d4x

1

g2
YM

Tr
[
+D3XaD

3Xa +D3YpD
3Y p
]

+ I ′′′

=

∫
d4x

1

g2
YM

Tr
[
sec2 ψD3X̃aD

3X̃a + csc2 ψD3ỸpD
3Ỹ p
]
,

(5.11)

where X̃ = X cosψ and Ỹ = Y sinψ.
We include an attempt to topologically twist the in Appendix C.1.
To understand the supersymmetric Janus configurations, it is convenient to start in 6d

with the (2, 0)-theory. In fact, most of this chapter is about the free U(1) gauge theory, so
we will start with a free tensor multiplet in 6d. This theory has a basis of 16 supersymmetry
charges, but to construct a supersymmetric Janus configuration we need to compactify on a
suitable space and twist the supersymmetry. We can do this in two different ways.

Its connection to 6d (2,0)

Here we show how to get the Gaiotto-Witten Janus configuration [233] from the 6d (2, 0)
theory. We begin with the 6d (2, 0) theory on a spacetime with metric given by

ds2 = −dt2 + dx2
1 + dx2

2 + dy2 +R4(y)2dx2
4 +R2

5dx
2
5,
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where R5 is a constant and R4 varies with periodicities x4 ∼ x4 + 2π and x5 ∼ x5 + 2π,
and noncompact −∞ < y < ∞. Note that direction x4 forms an S1-fibration over R,
the direction y, whose total space is a noncompact Riemann surface. The 6d (2, 0)-theory
compactification therefore falls within the class of theories studied by Gaiotto in [255]. To
preserve 8 supersymmetries we introduce, as in [255], an R-symmetry twist that matches the
holonomy of the Riemann surface. This is done with a background gauge field for an SO(2)
subgroup of the Spin(5) R-symmetry group. Dimensional reduction along directions x4, x5

gives rise to a Janus configuration with τ(y) = iR5/R4 varying with y and taking values
along the imaginary axis. Now, apply an SL(2,R) transformation that acts as

h : τ → ατ + β

γτ + δ
, h =

(
α β
γ δ

)
∈ SL(2,R), (5.12)

and linearly transforms x4, x5 to obtain the metric

ds2 = dt2 + dx2
1 + dx2

2 + dy2 +R4(y)2 (δdx′4 − βdx′5)
2

+R2
5 (αdx′5 − γdx′4)

2
. (5.13)

We also modify the periodicity condition so that the new coordinates x′4, x′5 are periodic with
periodicity 2π. The 3-manifold in directions y, x′4, x′5 still has a holonomy group SO(2), and
we can construct a twisted compactification of the 6d (2, 0)-theory along x′4, x′5 to preserve
supersymmetry by embedding SO(2) ⊂ Spin(5). If we view the 6d (2, 0)-theory as the
low-energy description of M5-branes, we can let SO(2) correspond to rotations in 2 out of
the 5 transverse directions to the worldvolume. This compactification preserves half of the
supersymmetry. In the limit R→ 0 we get the 4d Gaiotto-Witten Janus configuration with
a complex Yang-Mills coupling constant given by τ ′ = ατ+β

γτ+δ
, varying along a semicircle in

the upper half-plane. The semicircle is the image of the imaginary axis under (5.12). The
R-symmetry twist creates additional mass terms for the R-charged fields, as discovered in
[233].

Dimofte-Gaiotto-Gukov configuration

Define the 3d mapping torus MTF, parametrized by (y, x4, x5) with periodic coordinates
0 ≤ x4, x5 < 1, and unrestricted −∞ < y <∞, and with metric

ds2 = dy2 + ρτ2(y)−
1
2 |dx4 + τ(y)dx5|2 . (5.14)

Here ρ is the constant area ofMTF. Compactifying the 6d (2, 0)-theory onMTF and taking
the limit ρ → 0 leads to a 4d N = 4 SYM with a coupling constant τ that varies with y.
However, the holonomy group ofMTF is the entire SO(3), andMTF therefore does not have
a nonzero covariantly constant spinor. So, as it stands, compactification of the 6d (2, 0)-
theory on MTF breaks supersymmetry entirely. The solution to this problem is to twist
the supersymmetry in 6d. Consider a subgroup Spin(3) ⊂ Spin(5)R of the R-symmetry
group, under which the spinors of Spin(5) decompose as two copies of the fundamental
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representation of Spin(3) ' SU(2). If the (2, 0)-theory is understood as the low-energy
description of an M5-brane in M-theory [36], then such a subgroup can be realized as the
group of rotations in 3 of the 5 directions transverse to the M5-brane. The twisting identifies
this Spin(3) with the (double cover of the) holonomy group ofMTF, or more geometrically,
by letting 3 of the 5 transverse directions be fibered over MTF in a rank-3 vector bundle
whose structure group is the holonomy group. Dimofte, Gaiotto, and Gukov (DGG) studied
this system in [251, 39], as part of a comprehensive theory, 3d-3d correspondence, that they
developed for analyzing the (2, 0)-theory on 3-manifolds. After the twisting operation, the
6d supersymmetry generators transform as two copies of 2 ⊗ 2 = 1 ⊕ 3 of the holonomy
group. The singlet survives as a covariantly constant generator, and therefore one quarter of
the supersymmetry is preserved. The DGG theory therefore preserves 4 supercharges, and
τ(y) is an arbitrary function.

Now consider the twisting operation applied to the U(1) version of the theory, i.e., a free
tensor multiplet. Denote by Spin(3)H the holonomy group ofMTF. Before the twisting, the
fermions are in the (2,4) of Spin(3)H ⊗ Spin(5)R, and the scalars are in the (1,5) where
5 is the vector representation of Spin(5)R. After the twist, we replace 4 of Spin(5)R with
2⊕2 of Spin(3)H , and 5 of Spin(5)R with 2(1)⊕3 (3 singlets and one vector). The spinors
then transform as 2⊗ (2⊕2) = 2(1)⊕ 2(3). At low-energy the mode of the 2-form B that is
proportional to the top form of the fiber dx4∧dx5 becomes a third scalar, and the low-energy
4d R-symmetry is enhanced to SU(2)R. Under Spin(3)H × SU(2)R the scalars transform as
(1,3) ⊕ (3,1) and the spinors transform as (1,2) ⊕ (3,2). The equations of motion of the
Spin(3)H vector fields are equivalent to those of a U(1) gauge field in Lorenz gauge.

We stress that the above constructions are only a motivation for the σ-model that we
will study starting from Section 5.4, which is a supersymmetric 2d σ-model with varying
parameters. Now we review a key number-theoretic concept, to which we will connect Janus
configurations.

5.3 Quadratic Reciprocity
Quadratic Reciprocity is a classic duality in elementary number theory. In order to introduce
it, we first set up the context and review a few related concepts. If p is an odd prime number
and q is an integer, then q is called a quadratic residue (mod p) if x2 ≡ q (mod p) has integer
solutions x. The information on solutions to this equation is packaged inside the Legendre

symbol
(
q

p

)
defined as follows:

(
q

p

)
≡


−1 if √q (mod p) doesn’t exist;

0 if q ≡ 0 (mod p);

1 if ±√q (mod p) exist and are distinct.
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The Law of Quadratic Reciprocity states that if p and q are odd primes, then(
p

q

)(
q

p

)
= (−1)(

p−1
2 )( q−1

2 ). (5.15)

It is a nontrivial statement that connects the existence of solutions to x2 ≡ q (mod p) with
the existence of solutions to the dual equation x2 ≡ p (mod q). Quadratic Reciprocity was
originally conjectured by Euler and Legendre in the late 18th century, and then proved by
Gauss in 1801. It was a catalyst for subsequent modern developments in Algebraic Number
Theory, such as Artin’s Reciprocity Law [256].

A Quadratic Gauss Sum is the discrete Fourier transform of the Legendre symbol:

χp(a) ≡
p−1∑
b=0

e2πiab/p

(
b

p

)
=

p−1∑
n=0

e2πian2/p , a 6≡0 (mod p) , (5.16)

where the last equality follows from the identity
p−1∑
b=0

e2πiab/p = 0 for a 6≡0 (mod p). It is

not hard to prove that χp(a) =

(
a

p

)
χp(1), so the quadratic Gauss sum is proportional

to the quadratic residue. It can also be shown that χp(1) =
√
p if p ≡ 1 (mod 4) and

χp(1) = i
√
p if p ≡ 3 (mod 4) (see [257]). Quadratic Reciprocity is then a statement about

the relation between quadratic Gauss sums. For example, if both p and q are 1 (mod 4) then
χp(q)/

√
p = χq(p)/

√
q.

A convenient way to prove the Quadratic Reciprocity (5.15) is via the Landsberg-Schaar
identity [258, 259]

eπi/4√
2p

2p−1∑
n=0

e−πin
2q/2p =

1
√
q

q−1∑
n=0

e2πin2p/q , 1 ≤ p, q ∈ Z. (5.17)

The identity can easily be proved using the modular transformation properties of the Jacobi

theta function ϑ (0; τ) ≡
∞∑

n=−∞

exp
(
πiτn2

)
evaluated at zero1 and its asymptotic behavior

as the argument τ vertically approaches the real axis [260, 261].2 In this chapter, we will
describe a physical system with a finite number of quantum ground states that reproduces
(5.17) directly.

If p and q are both even, say p = 2p′ and q = 2q′ then it is easy to see that (5.17) reduces
to

eπi/4

2
√
p′

2p′−1∑
n=0

e−πin
2q′/2p′ =

1√
2q′

q−1∑
n=0

e2πin2p′/q′ .

1In Riemann and Mumford’s notations, ϑ(z; τ) ≡ ϑ00(z; τ) is denoted as θ3(z; q), where q ≡ e2πiτ .
2The Landsberg-Schaar identity was also recently proved using a non-analytical method [262]. For the

history of development of various proofs other than Gauss’s after 1801, see [263].
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(This is seen by first summing the terms with n and n + 2p′ on the LHS and n and n + q′

on the RHS.)
Before proceeding to the physical system, we note that for odd primes p and q, the

Landsberg-Schaar identity is a slightly modified version of Quadratic Reciprocity. To see
this, define

%p(a) ≡
2p−1∑
n=0

eπian
2/2p , (5.18)

which is periodic in a with period 4p, and satisfies %p(a+ 2p) = (−i)ap%p(a) (as can easily
be seen by relabeling n → n + p). In fact, it is elementary to check (by splitting the sum
over n into sums over odd and even numbers) that

%p(a) = (1 + ipa)χp(a) . (5.19)

It then follows from Quadratic Reciprocity and the results quoted above for quadratic Gauss
sums that if p 6= q are odd primes,

1√
2p
%p(q) =

1
√
q
e

1
4

(2q−1)iπχq(p) . (5.20)

Taking the complex conjugate and noting the known result
(
−1

q

)
= (−1)(q−1)/2, the

Landsberg-Schaar identity (5.17) follows in the form
1√
2p
%p(−q) =

1
√
q
e−

1
4
iπχq(p) . (5.21)

We will now construct a (p, q)-dependent quantum field theory whose partition function can
be calculated in two different ways; one gives an expression proportional to χq(p) while the
other gives an expression proportional to %p(−q).

In the next sections we will show how (5.21) and generalizations of it arise from studying
the partition function on T 2 of supersymmetric 2d σ-models whose target space is (also) a
T 2 with complex structure τ and Kähler modulus ρ that vary along the T 2 worldsheet. We
will include boundary conditions with duality twists along two independent cycles of the
worldsheet, acting as

τ → aτ + b

cτ + d
, and ρ→ ãρ+ b̃

c̃ρ+ d̃
,

So that the partition function Z(M, M̃) will depend on two SL(2,Z) elements

M ≡
(
a b
c d

)
∈ SL(2,Z)τ , M̃ ≡

(
ã b̃

c̃ d̃

)
∈ SL(2,Z)ρ .

The basic Landsberg-Schaar relation (5.21) will be recovered in the special case where

M =

(
0 −1
1 q + 2

)
, M̃ =

(
0 −1
1 2p+ 2

)
. (5.22)

We now present the details.
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5.4 Double-Janus σ-models
In this section we construct a 2d σ-model whose target space is a T 2 with complex structure
τ and Kähler modulus ρ that vary along the worldsheet so as to preserve some amount of
supersymmetry. We use the terms “worldsheet” and “target-space”, borrowed from string-
theory, but we emphasize that we are dealing only with a 2d CFT. In particular, we will be
working with a fixed metric

ds2 = (dσ1)2 + (dσ2)2 = dzdz ,

where we denote the (Euclidean) worldsheet coordinates by (σ1, σ2), and we set

z ≡ σ1 + iσ2 , z ≡ σ1 − iσ2 , ∂ ≡ ∂

∂z
=

1

2
(∂1 − i∂2) , ∂ ≡ ∂

∂z
=

1

2
(∂1 + i∂2) .

Dimensional reduction of the Gaiotto-Witten action [233], in the special case of a U(1)
gauge group, is one way to obtain such a double-Janus Lagrangian, with both τ and ρ varying
along the worldsheet. Now we present the details of this construction.

Following the compactification of 6d (2, 0) theory to 4d in the background (5.13), we
further compactify the y direction by identifying y ∼ y + 1. This would be possible if we
could find an SL(2,Z) MCG transformation acting on x′4, x′5 that relates τ(y) to τ(y + 1).
The SL(2,Z) element will then be identified with M , the S-duality twist in (5.1), and one of
the eigenvalues of M has to be R4(1)/R4(0) [and the other eigenvalue will be R4(0)/R4(1)].
Note, however, that the area of the T 2 in directions x′4, x′5, which is (2π)2R4(y)R5, is not
generally a periodic function of y, and so we can only compactify y after the limit R4, R5 → 0
has been taken to reach the 4d SYM low-energy limit.

From the 4d SYM theory we can proceed to 2d by compactifying directions x1, x2 on
another T 2 and taking the low-energy limit. If the gauge group is U(1) then we obtain a
σ-model with T 2 target space from the gauge fields, whose complex structure is τ(y). We
can now proceed in a parallel fashion to (5.13) and replace the so far untouched 3d part of
the metric with

dt2 + dx2
1 + dx2

2 → dt2 +R1(t)2 (δ′dx′1 − β′dx′2)
2

+R2
2 (α′dx′2 − γ′dx′1)

2
, (5.23)

where (
α′ β′

γ′ δ′

)
∈ SL(2,R).

In the low-energy limit, the U(1) gauge field will reduce to a 2d σ-model with T 2 target
space whose complex structure varies with y and whose Kähler structure varies with t. We
can then compactify t by imposing the periodicity t ∼ t + 1 together with an associated
linear transformation on (x′1, x

′
2) given by M̃ ∈ SL(2,Z). This is possible in the limit

R1, R2 → 0 provided that R1(0)/R1(1) is one of the eigenvalues of M̃ [the other eigenvalue
being R1(1)/R1(0)].
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In this way we can preserve 4 supersymmetries, but we also get additional massive non-
compact scalar fields. For our purposes of deriving the quadratic reciprocity, it will be suf-
ficient to work with a minimally supersymmetric model which we describe in the following
subsection.

Minimally supersymmetric double-Janus model

Our starting point is a supersymmetric σ-model with target-space TN (later we will set
N = 2). We let I, J = 1, . . . , N label target-space coordinates. The scalar fields will be
denoted by XI , the left-moving fermionic fields will be denoted by ΨI , and the right-moving
fermionic fields will be denoted by Ψ

I . We combine them into (2N)-component column
vectors, denoted by X, Ψ and Ψ, with transposed row-vectors denoted by X t, Ψt, and Ψ

t.
We assume that XI ∼ XI + 2π is a periodic field. All fields are functions of (σ1, σ2).

The components of the target-space metric and Kalb-Ramond field will be denoted by
GIJ and BIJ , respectively, and combined into the (2N) × (2N) matrices G and B, with
Gt = G and Bt = −B. We denote

E ≡ G+B.

This matrix will appear in the kinetic term of the scalar fields X, and we allow E to vary with
(σ1, σ2), in a predetermined way, as in a Janus configuration. E is thus a (σ1, σ2)-dependent
background. To preserve supersymmetry, the action requires additional “mass terms” and
“background gauge field terms” and takes the general form:

I =
1

π

∫ (
∂X tE∂X + iΨtΣ∂Ψ + iΨ

t
Σ∂Ψ + iΨtKΨ + iΨ

tKΨ + Ψ
tWΨ

)
d2σ . (5.24)

Σ, Σ, K, K, andW are background (2N)× (2N) matrices with, possibly, (σ1, σ2)-dependent
elements. Σ = Σt and Σ = Σ

t are symmetric matrices that define the fermionic kinetic terms,
K = −Kt and K = −Kt are antisymmetric and enter in effective “background SO(2N) gauge
field terms”, and W is an effective “mass term”.

The supersymmetry transformations take the form

δ̃X = η
(
Ψ−Ψ

)
, δ̃Ψ = iηΣ−1G∂X , δ̃Ψ = −iηΣ

−1
G∂X , (5.25)

where η is an anticommuting parameter. η is real, and complex conjugation acts as

η? = η, Ψ? = Ψ, Ψ
?

= Ψ, (ηΨ)? = Ψ?η? = −ηΨ,
(
ΨIΨJ

)?
= Ψ

J
Ψ
I
.

(5.26)
Note that invariance of the action under the (· · · )? operation requires B = 0, Σ? = Σ, K? = K
and W? =W t (but we will not require this except in special cases below). Invariance of the
action under the SUSY transformations (5.25) requires the following relations among G, E,
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Σ and Σ:

0 = 2∂Σ− ∂EG−1Σ− ΣG−1∂Et, (5.27)
0 = 2∂Σ− ∂EtG−1Σ− ΣG−1∂E, (5.28)
0 = ΣG−1∂E + ∂EG−1Σ. (5.29)

Then, K, K, and W are determined in terms of E, Σ, and Σ by

K =
1

2

(
∂Σ− ∂EG−1Σ

)
=

1

4
ΣG−1∂Et − 1

4
∂EG−1Σ, (5.30)

K =
1

2

(
∂Σ− ∂EtG−1Σ

)
=

1

4
ΣG−1∂E − 1

4
∂EtG−1Σ, (5.31)

W = iΣG−1∂Et = −i∂EtG−1Σ. (5.32)

For future reference, we list the linear equations of motion that follow from (5.24). The
bosonic equations are

0 = ∂
(
Et∂X

)
+ ∂

(
E∂X

)
= 2G∂∂X +

(
∂Et

)
∂X + (∂E) ∂X, (5.33)

and the fermionic equations of motion are

∂Ψ = −1

2
G−1∂EΨ− Σ−1

(
K +

1

2
∂Σ

)
Ψ , ∂Ψ = −1

2
G−1∂EtΨ− Σ

−1
(
K +

1

2
∂Σ

)
Ψ ,

(5.34)
which can be simplified, using (5.30)-(5.32), to

0 = 2G∂Ψ +
(
∂E
)

Ψ +
(
∂Et

)
Ψ , 0 = 2G∂Ψ +

(
∂Et

)
Ψ + (∂E) Ψ . (5.35)

The supersymmetry constraint equations (5.27)-(5.29) simplify somewhat when G is ex-
pressed in terms of a “vielbein” V as

G = V tV. (5.36)

Here V is a (2N)× (2N) matrix, which is not uniquely defined in terms of G, but different
choices differ by V → ΩV , where Ω is O(2N)-valued. We also define

S ≡
(
V t
)−1

ΣV −1 S ≡
(
V t
)−1

ΣV −1, (5.37)

and

Az ≡
1

2

[(
V t
)−1

∂V t − ∂V V −1
]

+
1

2

(
V t
)−1

∂BV −1, (5.38)

Az ≡
1

2

[(
V t
)−1

∂V t − ∂V V −1
]
− 1

2

(
V t
)−1

∂BV −1. (5.39)
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Then, S = St and S = S
t are symmetric matrices transforming under V → ΩV as S → ΩSΩt

and S → ΩSΩt, while Az and Az are antisymmetric and transform like a gauge field:

Az → ΩAzΩt + Ω∂Ωt, Az → ΩAzΩt + Ω∂Ωt.

The constraints (5.27)-(5.28) can then be written as

0 = ∂S +
[
Az, S

]
, 0 = ∂S +

[
Az, S

]
. (5.40)

Next, we define the symmetric matrices

Y ≡
(
V t
)−1 (

∂Et
)
V −1 =

(
V t
)−1 (

∂V t
)

+ (∂V )V −1 −
(
V t
)−1

(∂B)V −1 , (5.41)

Y ≡
(
V t
)−1 (

∂Et
)
V −1 =

(
V t
)−1 (

∂V t
)

+
(
∂V
)
V −1 −

(
V t
)−1 (

∂B
)
V −1 . (5.42)

Then, (5.29) can be written as
0 = SY + YS. (5.43)

Thus, given V and B, we can find S and S by solving (5.40), and then (5.43) yields a
constraint on V and B. We do not know the general solution

(
G,B, S, S

)
to (5.27)-(5.29),

but below we will discuss a special class of solutions that will suffice for our needs. We
restrict to N = 1 and begin with a simple class of solutions where G is diagonal and B = 0.
We then apply solution generating transformations (i.e., T-duality) to obtain a wider class
of solutions.

σ1-independent solutions

A simple way to satisfy (5.40) is to set

S = S = I,

where I is the identity matrix. Then, (5.43) becomes Y = Y , which by (5.41)-(5.42) requires
0 = ∂E + ∂E = ∂1E. Thus, E, and hence G and B are functions of σ2 only. How they
vary with σ2 is arbitrary, and any pair of G(σ2) and B(σ2) determines a supersymmetric
action (5.24). The remaining couplings in (5.24) can then easily be calculated from (5.37)
and (5.30)-(5.32):

Σ = Σ = G, K = K = − i
4
∂2B, W =

1

2
∂2E

t.

By setting S = −S = iI we similarly get a solution with couplings that are functions of
σ1 only. In this chapter, however, we are more interested in solutions where G and B vary
nontrivially with both σ1 and σ2.
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Holomorphic solutions

For the T 2 target space, another class of solutions can be obtained by requiring ρ to be
constant and allowing τ to vary holomorphically with z. The setup is then an elliptic
fibration, reminiscent of F-theory [264]. We can take3

V = ρ
1
2
2 τ
− 1

2
2

(
1 −τ1

0 τ2

)
,

and using (5.38)-(5.39), we calculate

Az = −∂τ1

2τ2

ε , Az = −∂τ1

2τ2

ε ,

where
ε ≡

(
0 −1
1 0

)
. (5.44)

Since ∂τ = 0, we can substitute ∂τ1 = i∂τ2 and ∂τ1 = −i∂τ2 and write

Az = −i∂τ2

2τ2

ε , Az = i
∂τ2

2τ2

ε.

Then, (5.40) has the general solution

S = e−
i
2

(log τ2)εF (z)e
i
2

(log τ2)ε, S = e
i
2

(log τ2)εF (z)e−
i
2

(log τ2)ε, (5.45)

where F (z) and F (z) are arbitrary holomoprhic and antiholomorphic (symmetric) matrix-
valued functions on the worldsheet. We also calculate from (5.41)-(5.42),

Y =
1

τ2

(
−∂τ2 −∂τ1

−∂τ1 ∂τ2

)
=
∂τ2

τ2

(
−1 −i
−i 1

)
, Y =

1

τ2

(
−∂τ2 −∂τ1

−∂τ1 ∂τ2

)
=
∂τ2

τ2

(
−1 i
i 1

)
.

We set κ ≡
(
−1 −i
−i 1

)
, κ ≡

(
−1 i
i 1

)
, and noting that κε = −εκ = iκ and εκ = −κε = iκ

imply e−
i
2

(log τ2)εκe− i
2

(log τ2)ε = κ and e−
i
2

(log τ2)εκe− i
2

(log τ2)ε = κ, we find that (5.43) yields

0 = (∂τ2)Fκ +
(
∂τ2

)
κF. (5.46)

Since, for a holomorphic τ we have ∂τ2 = − i
2
∂τ , which is also holomorphic, while ∂τ2 = i

2
∂τ

is antiholomoprhic, we see that (5.46) is possible only if

F = (∂τ2)$, F =
(
∂τ2

)
$, (5.47)

3The minus sign in front of τ1 is in order for equations (5.62)-(5.63) to be simpler.
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for some constant symmetric matrices $, $ that satisfy

0 = $κ + κ$. (5.48)

Since κ and κ are nilpotent (κ2 = κ2 = 0), (5.48) requires κ$κ = κ$κ = 0 which is
equivalent to

Tr$ = Tr$ = 0. (5.49)

If we also require $ to be the complex conjugate of $ then (5.48) is satisfied provided

Re$12 = −Im$11. (5.50)

Once we choose a 2 × 2 matrix $ (and its complex conjugate $) that satisfies (5.49) and
(5.50), we calculate F and F from (5.47), and then we calculate S and S from (5.45). We
then find Σ and Σ from (5.37).

These holomorphic solutions might be interesting to explore, but we will not discuss
them further in the present chapter, since our focus is the closed double-Janus solutions to
be described in Section 5.4. We will construct these solutions by first finding solutions where
E is diagonal.

Diagonal solutions

We get another simple class of solutions to (5.27)-(5.29) [or, equivalently, to (5.40) and (5.43)]
by setting B = 0 and requiring G to be diagonal. We can then choose a diagonal V = G1/2

in (5.36) and we calculate from (5.38)-(5.39) that Az = Az = 0, and from (5.41)-(5.42) we
calculate Y = ∂ logG and Y = ∂ logG. Then, (5.40) and (5.43) require

0 = ∂S = ∂S =
(
∂ logG

)
S + S (∂ logG) .

We will make the further assumption that S and S are constant matrices, as is the case if
the worldsheet is γ and we require S and S to be bounded, or if the worldsheet is T 2 with
periodic boundary conditions. We also assume that S is the complex conjugate of S, and
for simplicity we proceed to analyze the case N = 2, i.e., a T 2 target space.

If S is also diagonal, we proceed as follows. We first assume without loss of generality that
S11 > 0 (since we can always rotate z by a phase to make it so). Then 0 =

(
∂ logG11

)
S11 +

S11 (∂ logG11) says that G11 is a function of σ2 only. If S22 is also real then a similar
conclusion about G22 shows that we have a special case of Section 5.4. If S22 is not real,
then G22 is a function of a different linear combination of σ1 and σ2. In any case, this seems
to be a rather restricted system, and we will not pursue this further in this chapter.

If S is not diagonal, we can assume that S12 = S12 > 0 (again achieved by rotating z if
necessary). The off-diagonal components of

0 =
(
∂ logG

)
S + S (∂ logG) (5.51)
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yield
∂ logG11 = −∂ logG22 and ∂ logG22 = −∂ logG11, (5.52)

from which it follows that ∂2 logG11 = ∂
2

logG11 and similarly for G22. Since ∂2−∂2
= i∂1∂2,

and combined with (5.52), we find that G takes the form

G =

(ρ2

τ2
0

0 ρ2τ2

)
, τ2 = τ2(σ1), ρ2 = ρ2(σ2),

where we have written the metric in terms of the Kähler modulus ρ = ρ1 + iρ2 (with ρ1 = 0
since B = 0) and the complex structure τ = τ1 + iτ2 (with τ1 = 0 since G is diagonal),
and the analysis above shows that (for S12 > 0) τ2 = τ2(σ1) is a function of σ1 only, and
ρ2 = ρ2(σ2) is a function of σ2 only. For the future, we denote

τ ′2 ≡
dτ2

dσ1

, ρ̇2 ≡
dρ2

dσ2

.

Then, since we assume that S and S are constant, the diagonal components of (5.51) imply
that either S11 = S22 = 0, or both τ ′2/τ2 and ρ̇2/ρ2 are constant. We will first consider the
more general case that τ2 and ρ2 are arbitrary functions of σ1 and σ2 and we therefore assume
that S11 = S22 = 0. Although later on we will discuss the case that log τ2 and log ρ2 are
linear functions of σ1 and σ2, respectively, we will still keep the assumption S11 = S22 = 0,
since it leads to the simpliest model. We can take S12 = 1 without loss of generality (by
rescaling z if necessary). The action (5.24) then takes the form

I =
1

π

∫ [
ρ2

τ2

∂X1∂X1 + ρ2τ2∂X
2∂X2 + iρ2Ψ1∂Ψ2 + iρ2Ψ2∂Ψ1 + iρ2Ψ

1
∂Ψ

2
+ iρ2Ψ

2
∂Ψ

1

+
iρ2τ

′
2

2τ2

Ψ1Ψ2 +
iρ2τ

′
2

2τ2

Ψ
1
Ψ

2
+

(
ρ̇2

2
+
iρ2τ

′
2

2τ2

)
Ψ

1
Ψ2 +

(
ρ̇2

2
− iρ2τ

′
2

2τ2

)
Ψ

2
Ψ1

]
d2σ. (5.53)

Note that this action is real, in the sense defined below (5.26). The fermionic part of the
action (5.53) can be simplified with a change of variables, but we will defer that to Section
5.6.

SL(2,R)-generated double-Janus solutions

The action (5.53) describes a special solution to (5.27)-(5.29) [substituted into (5.24)] where
the complex structure τ = τ1 + iτ2 and Kähler parameter ρ1 + iρ2 of the T 2 target space are
each allowed to vary along the imaginary axes of their respective upper half-planes. We will
now apply fractional linear transformations, acting as

τ → ατ + β

γτ + δ
, ρ→ α̃ρ+ β̃

γ̃ρ+ δ̃
, for some

(
α β
γ δ

)
,

(
α̃ β̃

γ̃ δ̃

)
∈ SL(2,R),
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to generate new solutions. In general, we expect an O(n, n,R) group of transformations
acting on the parameters

(
E,Σ,Σ

)
, and converting a solution of (5.27)-(5.29) to a new

solution
(
E ′,Σ′,Σ

′
)
. This is an extension of the well-known O(n, n,R) action on σ-models

with T n target space, parametrized by a Narain lattice in the isotropic (i.e., non-Janus)
case. (See [265] for a review.) Such transformations are genererated by linear coordinate
reparameterizations (which modify the boundary conditions since the new coordinates are
still required to obey the same 2π periodicity conditions as the old ones) and T-dualities.
The geometrical transformations act as

X ′ = PX, Ψ′ = PΨ, Ψ
′
= PΨ ,

and therefore

E ′ =
(
P−1

)t
EP−1, Σ′ =

(
P−1

)t
ΣP−1, Σ

′
=
(
P−1

)t
ΣP−1, (5.54)

where P ∈ GL(n,R) is a constant matrix. (Later, we will restrict to the case n = 2.)
T-duality on all directions acts as

E ′ = E−1, Σ′ = E−1Σ
(
Et
)−1

, Σ
′
=
(
Et
)−1

ΣE−1. (5.55)

The terms in the action (5.53) can then easily be calculated from (5.30)-(5.32). For example,
after some algebra, we get

K′ =
(
Et
)−1
[
K +

1

2
∂Et

(
Et
)−1

Σ− 1

2
ΣE−1∂E

]
E−1,

K′ = E−1

[
K +

1

2

(
∂E
)
E−1Σ− 1

2
Σ
(
Et
)−1

∂Et

] (
Et
)−1

.

For the case of T 2 target space, we can define two commuting PSL(2,R) actions. We take
the target space metric to be

GIJdX
IdXJ =

ρ2

τ2

∣∣τdX2 − dX1
∣∣2 ,

so that the geometrical PSL(2,R)τ acts as

E ′ =
(
P−1

)t
EP−1, Σ′ =

(
P−1

)t
ΣP−1, Σ

′
=
(
P−1

)t
ΣP−1, τ → τ ′ =

ατ + β

γτ + δ
,

where
P =

(
α β
γ δ

)
∈ SL(2,R). (5.56)

The other group, PSL(2,R)ρ, acts as

ρ→ α̃ρ+ β̃

γ̃ρ+ δ̃
,
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combined with

εE ′ =
(
γ̃εE + δ̃I

)−1 (
α̃εE + β̃I

)
, (5.57)

Σ′ =
(
γ̃Eε+ δ̃I

)−1

Σ

[(
γ̃Eε+ δ̃I

)−1
]t
, (5.58)

Σ
′

=

[(
γ̃εE + δ̃I

)−1
]t

Σ
(
γ̃εE + δ̃I

)−1

, (5.59)

where ε is the antisymmetric matrix defined in (5.44), and(
α̃ β̃

γ̃ δ̃

)
∈ SL(2,R). (5.60)

Applying these transformations to the solution (5.53), we get a new solution with τ(σ1)
taking values on a semicircle of radius 1/2|γδ| in the upper half-plane that intersects the real
axis at the points α/γ and β/δ, and similarly, ρ(σ2) takes values on a semicircle of radius
1/2|γ̃δ̃| that intersects the real axis at the points α̃/γ̃ and β̃/δ̃. This behavior of the modular
parameters is similar to that derived by Gaiotto and Witten in [233] for the supersymmetric
Janus configurations of N = 4 SYM.

The solutions discussed above are more suitable for our needs, since for suitably chosen
parameters, the semicircles will be invariant under some SL(2,Z) duality transformations.
The worldsheet of such models can then be compactified on a torus, thus making σ1 and σ2

periodic, and the periodicities σ1 → σ1 + 1 and σ2 → σ2 + 1 are accompanied by duality
twists. In the context of 4d N = 4 SYM, such a setup has been used in [247, 248] to
compactify the Gaiotto-Witten solution to 3d. A generic SL(2,Z) matrix

M =

(
a b
c d

)
with |a+d| > 2 (a hyperbolic element4) preserves the semicircle of radius

√
(a + d)2 − 4/2|c|

that intersects the real axis at

τ =
1

2c

(
a− d±

√
(a + d)2 − 4

)
.

We will now discuss in detail how to incorporate the duality twists, and the “interaction”
between the τ and ρ twists.

4Or equivalently, a pseudo-Anosov homeomorphism of T 2, the fiber of the non-geometric mapping torus,
which turns out to be hyperbolic.
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5.5 Duality twists
At the end of Section 5.4 we obtained a model with τ varying as a function of σ1 while taking
values on a semicircle that is preserved by

M =

(
a b
c d

)
,

and with ρ varying as a function of σ2 while taking values on another semicircle that is
preserved by

M̃ =

(
ã b̃

c̃ d̃

)
.

We will now compactify the worldsheet. To begin with, we put the theory on a noncompact
rectangular worldsheet with

0 ≤ σ1, σ2 < 1 .

Geometrical twist

Let us first discuss the boundary conditions relating σ1 = 0 to σ1 = 1. The complex structure
τ of the target space T 2 depends on σ1, and if τ(0) 6= τ(1), we can insert an MCG element
that acts nontrivially, but geometrically, on X. We then require τ(0) to be related to τ(1)
by the element M ∈ SL(2,Z) so that

τ(1) =
aτ(0) + b

cτ(0) + d
. (5.61)

The boundary conditions on the fermionic fields are

Ψ(1, σ2) = MΨ(0, σ2) , Ψ(1, σ2) = MΨ(0, σ2) . (5.62)

For the bosonic fields, we require X(1, σ2) to be related to MX(0, σ2), up to a vector whose
components are integer multiples of 2π:

X(1, σ2)−MX(0, σ2) ∈ 2πZ2 . (5.63)

Denote
N ≡ 1

2π
[X(1, σ2)−MX(0, σ2)] ∈ Z2 , (5.64)

which can be thought of as a vector of “winding numbers”, and being a vector of integers,
it is independent of σ2. We can construct a vector with a simpler boundary condition by
removing a constant piece from X,

Z ≡ X − 2π (I−M)−1N , (5.65)
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which satisfies the periodicity condition

Z(1, σ2) = MZ(0, σ2) . (5.66)

Note that Z is also invariant under the discrete translations that are parametrized by a
vector of integers K as:

X → X + 2πK , N → N + (I−M)K , (K ∈ Z2) . (5.67)

In Minkowski (worldsheet) signature, the minimum energy configuration would be Z = 0
which corresponds to X = 2π(I−M)−1N . These are the fixed points of the action X →MX
(acting on the T 2 target). Moreover, the equivalence

X ∼ X + 2πK , (K ∈ Z2) ,

which is required to describe a T 2 target space (instead of R2), acts on N as

N ∼ N + (I−M)K . (5.68)

The lattice Z2 subject to the identification (5.68) is a finite abelian group with det(I−M) =
|a + d − 2| elements. (This abelian group played an important role in [247], where it was
related to a group of symmetry operators in a related context.) We denote this group by

Ξ0 ≡
{
N subject to N ∼ N + (I−M)K for all K ∈ Z2

}
= (Z2)/(I−M)(Z2). (5.69)

The path integral over field configurations X (for any worldsheet signature) subject to the
periodicity condition (5.63) is equivalent to a path integral over Z, subject to the boundary
condition (5.66), and a sum over the finite group Ξ0.

T-duality twist

Now, we introduce an SL(2,Z) duality twist in the σ2 direction. This twist acts on the ρ(σ2)

parameter by an element M̃ ∈ SL(2,Z) so that

ρ(1) =
ãρ(0) + b̃

c̃ρ(0) + d̃
, M̃ =

(
ã b̃

c̃ d̃

)
, (5.70)

resulting in an asymmetric orbifold [266]. The M̃ -twist induces certain nontrivial boundary
conditions for the fields X, Ψ and Ψ. To describe them, we denote

X1(σ1, σ2) ≡ X(σ1, 1+σ2), Ψ1(σ1, σ2) ≡ Ψ(σ1, 1+σ2), Ψ1(σ1, σ2) ≡ Ψ(σ1, 1+σ2). (5.71)

These fields will be used to describe the fields in the vicinity of σ2 = 1. In the same vein, we
also denote

X0 ≡ X, Ψ0 ≡ Ψ, Ψ0 ≡ Ψ, (5.72)
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when referring to fields in the vicinity of σ2 = 0. (Note that X0 is identical to X, but
the subscript “0” is useful for clarity when we couple X0 to X1 and restrict the fields to
σ2 = 0.) We use a similar subscript notation for the background fields, i.e., E0 ≡ E,
E1(σ1, σ2) ≡ E(σ1, 1+σ2), etc. On the level of equations of motion, the boundary conditions
on the bosonic fields are

∂X1 =
(
c̃εE0 + d̃I

)
∂X0, ∂X1 =

(
c̃E0ε+ d̃I

)t
∂X0. (5.73)

This is a special case of Bäcklund transformation (for Cauchy-Riemann-like equations),
whereby the equations of motion for the fields at σ2 = 1 get mapped to the integrability
conditions for the fields at σ2 = 0:

∂
(
∂X1

)
− ∂ (∂X1) = 0 = c̃ε

[
∂
(
Et

0∂X0

)
+ ∂

(
E0∂X0

)]
,

which vanishes thanks to the equation of motion (5.33).
The fermionic boundary conditions can be derived from the SUSY transformations (5.25),

together with the boundary conditions on the background parameters (5.57)-(5.59), and they
are

Ψ1 =
(
c̃εE0 + d̃I

)
Ψ0, Ψ1 =

(
c̃E0ε+ d̃I

)t
Ψ0. (5.74)

When applied to (5.74), the SUSY variation (5.25) gives the bosonic boundary conditions
(5.73), and using the fermionic equations of motion (5.35), one can easily check that the
SUSY variation of (5.73) is also satisfied. In deriving (5.74) we also used the relations

εE1 =
(
c̃εE0 + d̃I

)−1 (
ãεE0 + b̃I

)
, (5.75)

Σ1 =
(
c̃E0ε+ d̃I

)−1

Σ0

[(
c̃E0ε+ d̃I

)−1
]t
, (5.76)

Σ1 =

[(
c̃εE0 + d̃I

)−1
]t

Σ0

(
c̃εE0 + d̃I

)−1

, (5.77)

which mirror (5.57)-(5.59), but with integers ã, . . . , d̃ instead of real numbers α̃, . . . , δ̃, and
we also used the identity

G1 =

[(
c̃εE0 + d̃I

)t]−1

G0

(
c̃εE0 + d̃I

)−1

=
(
c̃E0ε+ d̃I

)−1

G0

[(
c̃E0ε+ d̃I

)t]−1

,

which easily follows from 2G = E + Et.
Quantum mechanically, the boundary conditions (5.73) are introduced by inserting a

“duality wall” (see for instance [267] and the supersymmetric case discussed in [268]). The
T-duality wall can be thought of as the dimensional reduction of the T (U(1)) theory,5 and

5T (U(1)), or more generally T (G), is the 3d action introduced in [269] to capture the action of S-duality
in the N = 4 Super-Yang-Mills theory, and see also [270, 271, 272, 273, 274, 249] for related ideas.
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in general, to incorporate the M̃ twist into the action we have to decompose M̃ in terms of
the generators

T̃ =

(
1 1
0 1

)
, S̃ =

(
0 −1
1 0

)
,

as
M̃ = S̃T̃ k1 · · · S̃T̃ kr , (5.78)

where k1, . . . ,kr are integers. The decomposition (5.79) is not unique, but for our purposes
it will be sufficient to consider the case r = 1, so we will just set

M̃ = S̃T̃ k . (5.79)

(We will comment on the general case in Section 5.9.) The M̃ -twist can then be inserted by
adding a 1-dimensional term I ′ and a 0-dimensional term I ′′ to the action as follows. I ′ is
defined as the integral over σ1 at σ2 = 0, and is a sum

I ′ = I ′b + I ′f

of bosonic and fermionic terms. The bosonic term is given by

I ′b = − ik
4π

∫ 1

0

X t
0εdX0

∣∣∣∣
σ2=0

+
i

2π

∫ 1

0

X t
1εdX0

∣∣∣∣
σ2=0

. (5.80)

The first term in (5.80) implements the T̃ k component of (5.79) while the second term couples
the fields at σ2 = 1 to the fields at σ2 = 0 and implements the S̃ component of M̃ . From
now own, any field with a subscript “0” or “1” will be implicitly understood to be evaluated
at σ2 = 0.

The fermionic 1-dimensional action I ′f can be designed so that if we denote by If the
fermionic part of the bulk action I given in (5.24), then the equations of motion derived
from If + I ′f at σ2 = 0 and σ2 = 1 will be equivalent to the boundary conditions (5.74). We
take the ansatz6

I ′f = − i

2π

∫ (
Ψ
t

1RΨ0 + Ψt
1RΨ0 + Ψ

t

1JΨ1 + Ψt
1JΨ1 + Ψ

t

0HΨ0 + Ψt
0HΨ0

)
dσ1 , (5.81)

where R, R, J , J , H and H are 2× 2 antisymmetric matrices:

J t = −J , J
t

= −J , H t = −H , H
t

= −H . (5.82)

To be compatible with (5.74), the following relations must hold:

2J = −iΣ1 −R
(
−εEt

0 + kI
)−1

, (5.83)

2J = iΣ1 −R (εE0 + kI)−1 , (5.84)

2H = iΣ0 +R
t (−εEt

0 + kI
)
, (5.85)

2H = −iΣ0 +Rt (εE0 + kI) . (5.86)
6In I ′f we did not include mixed chirality terms of the form Ψ

t

1LΨ0, Ψt
1LΨ0, Ψ

t

1QΨ1, Ψ
t

0OΨ0 (with 2×2

matrices L, L, Q and O) since they are not necessary.
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Requiring H and H to be antisymmetric [as in (5.82)], and using (5.76)-(5.77)] we get two
equations for R and R:

−2iΣ0 = (E0ε+ kI)R +R
t (−εEt

0 + kI
)
, (5.87)

2iΣ0 =
(
−Et

0ε+ kI
)
R +Rt (εE0 + kI) . (5.88)

It can easily be checked that if (5.87)-(5.88) are satisfied, J and J as given by (5.83)-(5.86)
are also antisymmetric.

In order to solve (5.87)-(5.88) it is convenient to change variables as follows. Since Σ
and Σ are symmetric and G is symmetric and nondegenerate (as we assume), we can find
matrices Y and Y so that

Σ = YtGY , Σ = Y
t
GY. (5.89)

We can also require the boundary conditions

Y1 = (E0ε+ kI)tY0

[
(E0ε+ kI)−1]t , Y1 = (εE0 + kI)Y0(εE0 + kI)−1, (5.90)

which are compatible with (5.76)-(5.77). Then, it is not hard to check that

R = iYt
1εY0 = i(E0ε+ kI)−1Yt

0(E0ε+ kI)εY0 , (5.91)

R = iY
t

1εY0 = i
[
(εE0 + kI)−1

]t
Y
t

0 (εE0 + kI)t εY0 (5.92)

are solutions to (5.87)-(5.88).
The meaning of (5.91)-(5.92) becomes clearer if we change field variables to

Ψ̂ ≡ YΨ, Ψ̂ ≡ YΨ̂.

In terms of the new variables, the kinetic terms iΨtΣ∂Ψ and iΨ
t
Σ∂Ψ of (5.24) become

iΨtG∂Ψ + (· · · ) and iΨt
G∂Ψ + (· · · ), where (· · · ) are corrections to the ΨtKΨ and Ψ

tKΨ
terms. In terms of the new field variables, (5.81) can be written as

I ′f =
1

2π

∫ (
Ψ̂
t

1εΨ̂0 + Ψ̂t
1εΨ̂0 −

1

2
Ψ̂
t

1B1Ψ̂1 −
1

2
Ψ̂t

1B1Ψ̂1

+
1

2
Ψ̂
t

0B0Ψ̂0 −
1

2
kΨ̂

t

0εΨ̂0 +
1

2
Ψ̂t

0B0Ψ̂0 −
1

2
kΨ̂t

0εΨ̂0

)
dσ1. (5.93)

Thus, the coupling between Ψ̂1 and Ψ̂0 is given by the constant matrix ε. However, the
disadvantage of the new variables is that formulae (5.25), (5.27)-(5.29) and (5.30)-(5.32)
become more cumbersome.

We also note that the total action I + I ′b + I ′f is not invariant under the SUSY transfor-
mation (5.25), but this is expected with a duality wall, and a similar problem occurs with
translations. Consider, for example, an S̃-duality wall with ρ = i (which does not require a
Janus configuration to match the field values at σ2 = 0 to those at σ2 = 1). In that case, the
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system is translationally invariant under σ2 → σ2 + ε, but not manifestly so, because under
a translation the duality wall is moved from σ2 = 0 to σ2 = ε, and demonstrating invariance
requires an additional duality transformation within the strip 0 < σ2 < ε.

Finally, to complete the action we need to add a 0-dimensional term that couples the
field X(0, 0) to X(1, 0). It takes the form

I ′′ =
i

4π
(k− 2)X(1, 0)tεMX(0, 0). (5.94)

This term is necessary to reproduce the correct equations of motion at the intersection (0, 0)
of the two duality walls. Indeed, if we denote by Ib the bosonic part of I from (5.24), then
Ib + I ′b + I ′′ leads to the bosonic boundary conditions (5.73). Note that X(1, 0) is related
to X(0, 0) by (5.64). Without I ′′, the variation of the action Ib + I ′b will have an unwanted
term i

2
(k− 2)δX(0, 0)tεM−1N , which would be too restrictive (leading to N = 0). Thanks

to (5.64) and the identity M tεM = ε (which follows from detM = 1), we can rewrite I ′′ as

I ′′ =
i

2
(k− 2)N tεMX(0, 0). (5.95)

If k is odd then I ′b + I ′′ might not be invariant under (5.67). This is clearer after rewriting
I ′b + I ′′ as

I ′b + I ′′ = − ik
4π

∫ 1

0

Zt
0εdZ0

∣∣∣∣
σ2=0

+
i

2π

∫ 1

0

Zt
1εdZ0

∣∣∣∣
σ2=0

+ iπ(k− 2)N tε(I−M)−1N , (5.96)

where Z and N where defined in (5.65) and (5.64), and subscripts of Z0 and Z1 are defined
similarly to those of X0 and X1 in (5.72) and (5.71). Z is invariant under the discrete shift
(5.67), but the last term on the RHS of (5.96) changes by iπ(k− 2) (N t −Kt) ε(I−M)K
(mod 2πiZ), which might be an odd multiple of iπ if k is odd. We therefore require k to be
even.7 (We will see another aspect of this requirement in Section 5.7.)

At this point one may wonder if an additional term quadratic in N can be added to the
action. This, however, will violate locality, since N can only be calculated by continuously
following the value of X from σ1 = 0 to σ1 = 1. We will address the issue of locality in
more details in Appendix C.2, where we will also argue that I ′′ is necessary to incorporate
the discrete target space periodicity (5.67) in a local way, at least for even k.

The partition function

Thus, we have completed the construction of the action, which is given by the sum of (5.24),
(5.80), (5.81) and (5.94):

Itot = I + I ′b + I ′f + I ′′,

7We can, in fact, allow k to be odd if we require M ∈ Γ(2), where Γ(2) is the principal congruence
subgroup of SL(2,Z) with a ≡ d ≡ 1 (mod 2) and b ≡ c ≡ 0 (mod 2), and it has index 6 inside SL(2,Z).
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-σ1

6
σ2

u��	 I ′′

Bulk: I =
∫

(· · · )dσ1dσ2

Duality wall:
I ′ = I ′b + I ′f =

∫
(· · · )dσ1

?
τ(σ1) -

ρ(σ2)

6
6̃M

-M

Figure 5.1: Our field theory is defined on a T 2 parametrized by 0 ≤ σ1, σ2 ≤ 1, with τ
varying as a function of σ1, and ρ varying as a function of σ2. Duality walls connect σ1 = 0
to σ1 = 1 [with the geometrical M ∈ SL(2,Z)] and σ2 = 0 to σ2 = 1 [with the T-duality
M̃ ∈ SL(2,Z)], and their intersection supports a 0d action I ′′.

where I is obtained by SL(2,R)ρ×SL(2,R)τ transformations on the diagonal model (5.53).
The model we have constructed consists of the bulk 2d action (5.24) and two duality walls
inserted between σ1 = 0 and σ1 = 1 and between σ2 = 0 and σ2 = 1. The wall at σ1 = 0 is
given by nontrivial boundary conditions (5.62)-(5.63), and the wall at σ2 = 0 is described by
the 1d action I ′ given by (5.80)-(5.81). At the intersection of the walls we have the additional
0d term I ′′ given by (5.94). This is depicted in Figure 5.1.

The partition function is defined as

Z =
1√
|Ξ0|

∫
e−I−I

′
b−I

′
f−I

′′DXDΨDΨ. (5.97)

The prefactor 1/
√
|Ξ0| is necessary in order to have a properly normalized T-duality wall

at σ2 = 1. This can be argued by considering σ2 as the time direction and realizing the
T-duality wall at σ2 = 1 as a unitary transformation on the Hilbert space. We will outline
this approach in more detail in the Section 5.7, but first we will calculate Z by evaluating
the one-loop determinants in the action.

5.6 Calculating the partition function
We will now calculate the partition function for the model we have constructed in Sections
5.5-5.5. First, it is convenient to express the bosonic 1d and 0d terms I ′b + I ′′ in terms of
Z and N as in (5.96). The advantage is that Z satisfies linear boundary conditions (5.63)
at σ1, unlike X whose boundary conditions include an affine term (5.64). The discrete N
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decouples and the partition function now takes the form

Z =
1√
|Ξ0|

(
∆f

∆b

) ∑
N∈Ξ0

exp
[
iπ(2− k)N tε(I−M)−1N

]
, (5.98)

where the finite abelian group Ξ0 was defined in (5.69), and where ∆−1
b is the result of

integrating over fluctuations of Z and ∆f is the result of integrating over Ψ and Ψ.

The bosonic one-loop determinant

Let us discuss the bosonic part first. To compute ∆b we need a metric on the space of
fluctuations, which we take to be

‖δZ‖2 =

∫
δZtGδZd2σ . (5.99)

Given a choice of vielbein V as in (5.36), we can change variables to Z̃ ≡ V Z, which brings
the metric ‖δZ‖2 into the normal form. We will now show how to calculate ∆b for the
model whose 2d bulk is obtained by acting with SL(2,R)τ × SL(2,R)ρ transformations,
defined in Section 5.4, on the diagonal model of (5.53). Since Z, Ψ and Ψ are unaware
of the periodicity of the target space T 2, their boundary conditions do not require the
transformations to be restricted to SL(2,Z), and so we can return to the diagonal model
and calculate the fluctuations there.

In this way the model constructed at the end of Section 5.4, with τ and ρ varying along
semicircles that are invariant under M and M̃ , respectively, gets converted to a model in
which τ and ρ vary along the imaginary axis. In this model, whose bulk action is given
by (5.53), the boundary conditions along the σ1 and σ2 directions are determined by the
eigenvalues of M and M̃ ,

M =

(
a b
c d

)
→
(
eς 0
0 e−ς

)
, M̃ =

(
ã b̃

c̃ d̃

)
→
(
eς̃ 0
0 e−ς̃

)
,

where

eς =
1

2

(
a + d +

√
(a + d)2 − 4

)
, eς̃ =

1

2

(
ã + d̃ +

√(
ã + d̃

)2

− 4

)
.

Then, (5.61) and (5.70) become

τ(1) = e2ςτ(0) , ρ(1) = e2ς̃ρ(0) , (5.100)

and the boundary conditions (5.66) become

Z1(0, σ2) = eςZ1(1, σ2) , Z2(0, σ2) = e−ςZ2(1, σ2) , (5.101)
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where Z1 and Z2 are the components of Z, while (5.73) becomes

∂Z(σ1, 1) = e−ς̃∂Z(σ1, 0) , ∂Z(σ1, 1) = e−ς̃∂Z(σ1, 0), (5.102)

which we can solve simply by requiring

Z(σ1, 1) = e−ς̃Z(σ1, 0).

In (5.53), we can take the vielbein to be diagonal as well, so that the change of variables
from Z to the normalized Z̃ is given by

Z̃1 = ρ
1
2
2 τ
− 1

2
2 Z1 , Z̃2 = ρ

1
2
2 τ

1
2

2 Z
2 . (5.103)

The boundary conditions (5.100), (5.101) and (5.102) imply that Z̃ is periodic in σ1 and σ2.
Substituting (5.103) into the bosonic part of (5.53), and integrating by parts, we get the
bosonic part of the action in the form

Ib =
1

π

∫ (
∂Zt∂Z + 1

4
ZtM2Z

)
d2σ , (5.104)

where the effective mass matrix (squared) is defined as

M2 =

(
m2

1 0
0 m2

2

)
(5.105)

with the eigenvalues given in terms of τ2(σ1) and ρ2(σ2) by

m2
1 =

ρ̈2

2ρ2

− ρ̇2
2

4ρ2
2

− τ ′′2
2τ2

+
3τ ′2

2

4τ 2
2

, (5.106)

m2
2 =

ρ̈2

2ρ2

− ρ̇2
2

4ρ2
2

+
τ ′′2
2τ2

− τ ′2
2

4τ 2
2

. (5.107)

The contribution of the fluctuations of Z to the partition function are now expressed in
terms of the product of the eigenvalues of the operator −2∂∂ + M2. These take the form of
sums of two 1d Schrödinger problems as follows. Define

V(σ2) ≡ ρ̈2

2ρ2

− ρ̇2
2

4ρ2
2

, U1(σ1) ≡ − τ ′′2
2τ2

+
3τ ′2

2

4τ 2
2

, U2(σ1) ≡ τ ′′2
2τ2

− τ ′2
2

4τ 2
2

. (5.108)

The boundary conditions (5.100) ensure that V, U1 and U2 are periodic. We now need to
solve three separate 1d Schrödinger problems with the following periodic potentials defined
on the circle parametrized by the periodic coordinate 0 ≤ x < 1:

− d

dx2
+ V(x) with eigenvalues µ0, µ1, µ2, . . .

− d

dx2
+ U1(x) with eigenvalues ε0, ε1, ε2, . . .

− d

dx2
+ U2(x) with eigenvalues ϑ0, ϑ1, ϑ2, . . .

(5.109)
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Then, µi + εj are the eigenvalues of the fluctuations of Z̃1, and µi + ϑj are the eigenvalues
of the fluctuations of Z̃2 (with 0 ≤ i, j <∞). We will see below that the eigenvalues of U1

and U2 are the same, εj = ϑj, so that, formally, we can write

∆b =
∏
i,j

{(µi + εj)(µi + ϑj)}1/2 =
∏
i,j

(µi + εj). (5.110)

The eigenvalues µj, εj = ϑj are all positive. That the eigenvalues are nonnegative is a conse-
quence of supersymmetry, and the fact that the σ1-Schrödinger problem and σ2-Schrödinger
problem are decoupled. Thus, to show that µj ≥ 0 we can look at the model with constant
τ2 and M = I. This model is translationally invariant in σ1, which we can identify as time.
Because of supersymmetry, all energy states are nonnegative, and therefore all single-particle
eigenvalues µj must be nonnegative. Similarly, to argue that εj and ϑj are nonnegative we
take ρ2 to be constant and M̃ = I and identify σ2 as the time direction. We can also argue
more directly that the eigenvalues are positive, by noting that each of the potentials V, U1

and U2 can be written in terms of a superpotential W as W2 + dW/dx, with

W→ ρ̇2

2ρ2

, or ± τ ′2
2τ2

. (5.111)

The Hamiltonian can then be expressed in terms of the superpotential as [275, 276, 277]

− d

dx2
+ W2 +

dW

dx
= q†q, where q ≡ d

dx
−W(x), q† = − d

dx
−W(x) .

It is now clear that the eigenvalues are nonnegative, and it is also clear that a zero eigenvalue
would require a nontrivial kernel for either q or q†, but for ς and ς̃ both nonzero, and for W
given in (5.111), there are no periodic zero eigenvalues for q or q†. This 1d supersymmetry
is also the reason why εj = ϑj. Setting

W =
τ ′2
2τ2

,

we find
qq† = − d

dx2
+ U1(x) , q†q = − d

dx2
+ U2(x),

and since we have established that the kernels of both q and q† are trivial, it follows that
the eigenvalues of qq† and q†q are equal, as is well-known. Thus, the double-Janus σ-model
realizes a second quantized version of supersymmetric quantum mechanics.

We note that there is a special case where the three effective Schrödinger potentials are
positive constants. For this we take

τ(σ1) = e2ςσ1 , ρ(σ2) = e2ς̃σ2 , (5.112)

which satisfies the boundary conditions (5.100) and leads to

V = ς̃2, U1 = U2 = ς2,
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and the action (5.104) becomes that of two free, translationally invariant, massive bosons:

Ib =
1

π

∫ (
∂Zt∂Z +

1

4
m2ZtZ

)
d2σ , (5.113)

with constant mass squared given in terms of the eigenvalues of the SL(2,Z) twist matrices
M and M̃ by

m2 = ς̃2 + ς2. (5.114)

Up to an unimportant constant, then

∆b = det

(
−∂∂ +

1

4
m2

)
. (5.115)

The fermionic one-loop determinant

To define the fermionic determinant we again need a metric on the space of fluctuations,
similarly to (5.99). We choose it to be given in terms of Σ and Σ, for Ψ and Ψ, respectively.
Then, using (5.89), and the vielbein, we can redefine

˜̃
Ψ ≡ VYΨ,

˜̃
Ψ ≡ VYΨ,

for which the kinetic term in the bulk action is normalized. As in Section 5.6, we can then
change variables to the diagonal model (5.53). It is convenient to use, instead of ˜̃Ψ which

has kinetic term i
˜̃
Ψ
t

∂
˜̃
Ψ, another set of variables

Ψ̃1 ≡ ρ
1/2
2 τ

−1/2
2 Ψ1, Ψ̃2 ≡ ρ

1/2
2 τ

1/2
2 Ψ2, Ψ̃

1 ≡ ρ
1/2
2 τ

−1/2
2 Ψ

1
, Ψ̃

2 ≡ ρ
1/2
2 τ

1/2
2 Ψ

2
, (5.116)

similarly to (5.103). These new fields are periodic in σ1 and σ2 and the fermionic part of
(5.53) is given in terms of them by

If =
1

π

∫ [
2iΨ̃1∂Ψ̃2 + 2iΨ̃

1
∂Ψ̃

2
+

(
iτ ′2
2τ2

+
ρ̇2

2ρ2

)
Ψ̃

1
Ψ̃2 +

(
iτ ′2
2τ2

− ρ̇2

2ρ2

)
Ψ̃1Ψ̃

2
]
d2σ .

(5.117)

The fermionic determinant is now expressed, formally, as

∆f = det

(
i∂

iτ ′2
4τ2
− ρ̇2

4ρ2
iτ ′2
4τ2

+ ρ̇2

4ρ2
i∂

)
. (5.118)

To calculate the determinant, we use the well known identity for the determinant of a
(2N)× (2N) matrix given in 4 blocks of N ×N matrices A,B,C,D, with C invertible, as

det

(
A B
C D

)
= det

(
AC−1DC −BC

) if CD = DC−−−−−−−→ det(AD − CB). (5.119)
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By choosing a different representation of 2d Dirac matrices8 we rewrite (5.118) as

∆f = det

(
i
2
∂1 +

iτ ′2
4τ2

1
2
∂2 − ρ̇2

4ρ2

1
2
∂2 + ρ̇2

4ρ2

i
2
∂1 − iτ ′2

4τ2

)
. (5.120)

Applying the identity (5.119) to (5.118) (with commuting C ≡ 1
2
∂2 + ρ̇2

4ρ2
and D ≡ i

2
∂1− iτ ′2

4τ2
),

we get

∆f = det

(
−1

4
∂2

1 −
1

4
∂2

2 +
ρ̈2

8ρ2

+
τ ′′2
8τ2

− τ ′2
2

16τ 2
2

− ρ̇2
2

16ρ2
2

)
= det

(
−∂∂ +

1

4
m2

2

)
,(5.121)

where m2
2 was defined in (5.107). Following the arguments at the end of Section 5.6, and

using (5.110), we find that
∆f =

∏
i,j

(µi + εj) = ∆b.

For example, in the special case (5.112), we get constant

iτ ′2
4τ2

+
ρ̇2

4ρ2

=
1

2
(ς̃ + iς) ,

and then
∆f = det

(
−∂∂ +

1

4
m2

)
, (5.122)

with m2 given by (5.114). Comparing (5.122) to (5.115), we find ∆f = ∆b, as expected.
We conclude that the partition function (5.98) reduces to

Z =
1√
|Ξ0|

∑
N∈Ξ0

exp
[
iπ(2− k)N tε(I−M)−1N

]
. (5.123)

This is essentially a quadratic Gauss sum, and we will now see how this double-Janus con-
figuration naturally leads to the Quadratic Reciprocity.

5.7 Connections with abelian Chern-Simons theory and
strings on a mapping torus

We now return to the matter of normalization of the partition function Z. In particular,
we need to explain the prefactor 1/

√
|Ξ0| that appears in (5.97) and (5.123). This factor

will be necessary to reproduce the Landsberg-Schaar identity in Section 5.8, and it can be

8The matrix in (5.118) can be written in terms of Pauli matrices as i
2 I∂1− 1

2σ3∂2 + iσ1
τ ′2
4τ2
− iσ2

ρ̇2

4ρ2
and

we got (5.120) by rotating σ1 → σ3 and σ3 → −σ1.
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argued by treating σ2 and “time” and realizing the T-duality M̃ in (5.78) as an operator on
a Hilbert space of dimension |Ξ0|.

We will argue that, up to a known phase, (5.123) can be recast as the trace of the operators
representing M = ST k ∈ SL(2,Z) in a certain |Ξ0|-dimensional representation of SL(2,Z).
We will give two equivalent constructions and physical interpretations for this representation,
as a Hilbert space of ground states, one in terms of low-energy strings on a mapping-torus
target space, and another in terms of an effective abelian Chern-Simons theory on T 2. The
first construction can be expressed in terms of the element in M explicitly, and it directly
leads to (5.123), but the construction of matrix elements of S and T, representing S and T
in SL(2,Z) respectively, will only be given up to independent (±) signs – an ambiguity that
has a physical origin. The second construction relies on a particular decomposition of M as

M = ST l1ST l2 · · ·ST ls . (5.124)

We note that this decomposition is unique if M belongs to the subgroup 〈S, T 2〉 generated
by S and T 2 [and isomorphic to the Hecke congruence subgroup Γ0(2) ⊂ SL(2,Z)], as we
will assume in Section 5.9.

The SL(2,Z) representations that we will need belong to the subclass of representations
that appear in the theory of modular tensor category9, i.e., the representations one obtains by
studying Chern-Simons theory with a compact abelian gauge group. The physical interpre-
tation presented in this section is partly based on results from [247]. More recently a much
deeper theory related to nonabelian Chern-Simons was developed in [278, 279], related to the
study of the 6d (2, 0)-theory on plumbed 3-manifolds, including mapping tori, but our case is
somewhat different. We will begin with a few generalities about such representations, which
are defined through a quadratic form on a finite abelian group. (In general, the classification
of unimodular, symmetric quadratic forms on finite abelian groups [280] is equivalent to a
classification of pointed modular tensor categories, i.e., theories of “abelian anyons” in phys-
ical terminology [281, 282]. For additional recent insight on abelian Chern-Simons theory
and abelian anyons, see [283, 284, 285].)

Representations of SL(2,Z) from quadratic forms on abelian groups

In this subsection we will denote the standard SL(2,Z) generators by S and T , in order
to distinguish the abstract discussion from the concrete S, T . The construction, known as
the Weil representation10 [286, 287, 279] begins with a finite abelian group A on which a
quadratic form q(·) is defined. In our case the abelian group is A ' Ξ0 and the complex
vector space of the representation is the group algebra γ[A], which we identify with the
Hilbert space spanned by a basis of states of the form |v〉, with v ∈ A. The quadratic form
q(·) is required to take values in Q/Z, i.e., q(v) is a rational number up to an undetermined

9Mathematically it is equivalent defined as a ribbon fusion category, or a braided fusion category with a
spherical structure, whose modular S matrix is invertible.

10Most generally it is defined for Mp(2n), a double cover of Sp(2n), over an arbitrary local or finite field.
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integer part. Thus, the phase exp[2πiq(v)] is well-defined for every element v ∈ A. From
q(·) we then construct a symmetric bilinear form11:

b(u,v) ≡ q(u + v)− q(u)− q(v), u,v ∈ A.

We assume that the abelian group A is given as a quotient of a lattice by a sublattice
A = Λ̃/Λ̃′ and q descends from a quadratic form q on Λ̃ that takes integer values on Λ̃′ [so that
for any basis {Vi} of Λ̃′, the associated bilinear form B is represented by a symmetric matrix
with integer elements and even integers on the diagonal]. Then, the Weil representation
constructed from this data is given by the action of the SL(2,Z) generators S and T on the
basis vectors |v〉 of Hilbert space as follows:

T |v〉 = e−iφe2πiq(v) |v〉 , S |v〉 =
1√
|A|

∑
u∈A

e−2πib(v,u) |u〉 , (5.125)

where |A| is the number of elements in A and the phase φ is given by π
12
σ(q) [282, 288],

where σ(q) is the signature of the quadratic form (i.e., the difference between the number
of positive and negative eigenvalues of the matrix representing the bilinear form B in any
basis {Vi} of Λ̃′). The phase is also given by the cubic root of the Gauss-Milgram sum [289]:
[286, 288]:

e−3iφ = e−
1
4
πiσ(q) =

1√
|A|

∑
v∈A

e−2πiq(v) .

In our case, there are two ways to describe q(·) on A. In the first, we decompose M ∈
SL(2,Z) into S and T generators as in (5.124), and we assume that all the powers are even,
so that li = 2vi for vi ∈ Z. We then construct the s× s symmetric matrix

K ≡


l1 −1 0 −1

−1
. . . . . . . . .

0
. . . . . . . . . 0
. . . . . . . . . −1

−1 0 −1 ls

 , (5.126)

with {li} along the diagonal, and (−1)’s on the (i, i + 1) and (1, s) places. For the special
case s = 2 we take instead

K ≡
(
l1 −2
−2 l2

)
, (5.127)

and for s = 1 we take K ≡ (l1 − 2).
11Conversely, given a bilinear form b(·, ·) (not necessarily symmetric), if a function q on A satisfies

b(u,v) = q(u + v) − q(u) − q(v) + q(0), ∀u,v ∈ A, then q is called a quadratic refinement of b(·, ·) [283,
284, 285].
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We then define Λ̃ = Zs and Λ̃′ ⊂ Λ̃ to be the sublattice generated by the columns of K,
i.e.,

Λ̃′ = {KW : W ∈ Zs} ≡ K(Zs).

One can show [247] that Λ̃/Λ̃′ is isomorphic to Ξ0, and we therefore take A = Λ̃/Λ̃′, and
define

q(v) = VtK−1V, for any representative V ∈ Λ̃ of v ∈ Λ̃/Λ̃′. (5.128)

This quadratic form on A then defines, through (5.125), a |A|-dimensional Weil representa-
tion of SL(2,Z). We will elaborate on its physical interpretation (related to Chern-Simons
theory with U(1)s gauge group) in Section 5.7.

The expression (5.128) and the associated Weil representation (5.125) is not yet satisfac-
tory for us, since it is not yet clear how it is related to (5.123). We would like to argue that,
up to a phase, (5.128) can be written as Tr(ST k) (corresponding to M̃ = S̃T̃ k) in the Weil
representation, but to see this we will need to recast the expressions for the matrix elements
of S and T directly in terms of M . We will see that this can be achieved only up to ± signs
on elements in S and T . Nevertheless, these signs drop out of the expression for Tr(ST k).
This leads us to the second way to describe q(·), which we now present.

First, it is convenient to introduce a new lattice (M − I)−1(Z2), and for N ∈ Ξ0 =
Z2/(M − I)Z2 [see (5.69)], we define

v ≡ (M − I)−1N (mod Z2), so that v ∈ (M − I)−1(Z2)/Z2. (5.129)

The quotient (M − I)−1(Z2)/Z2 is canonically identified with Ξ0 in this way. As mentioned
above, there is an isomorphism ϕ̃ : Ξ0

∼= Λ̃/Λ̃′ (which we will describe in detail in Section
5.7). Using it, we can define a quadratic form on Ξ0 simply as

q̃(v) ≡ q (ϕ̃(v)) , for N ∈ Ξ0. (5.130)

Using q̃ we can then define the action of S and T on the states |v〉 in Ξ0 as

T |v〉 = e−iφe2πiq̃(v) |v〉 , S |v〉 =
1√
|Ξ0|

∑
u∈Ξ0

e−2πib̃(v,u) |u〉 , for v ∈ Ξ0, (5.131)

where
b̃(u, v) ≡ q̃(u+ v)− q̃(u)− q̃(v), u, v ∈ Ξ0.

We claim that (at least for s ≤ 2) the doubled quadratic form 2q̃(·) has a simple expression
in terms of M :

2q̃(v) = vtεMv (mod Z), (5.132)

and therefore
T 2 |v〉 = e−2iφe2πivtεMv |v〉 . (5.133)
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We will prove (5.132) in Appendix C.3 for s ≤ 2. It implies that the matrix elements of T
and S can be expressed as follows (with undetermined ± signs that depend on u, v ∈ Ξ0, as
well as other input data):

〈u| T |v〉 = ±δuve−iφeπiv
tεMv, 〈u| S |v〉 = ± 1√

|Ξ0|
e−πi(u

tεMv+vtεMu). (5.134)

(In Appendix C.3 we will show what the ± signs are in a particular example.) Fortunately,
for even k = 2u, the trace Tr (ST 2u) is independent of the unknown ± signs in (5.134):

Tr
(
ST 2u

)
=
e−2iuφ√
|Ξ0|

∑
v

e2(u−1)πivtεMv . (5.135)

Using (5.129), we easily check12 that (5.135) reproduces (5.123), up to the phase e−2iuφ.
In Section 5.9 we will also need to calculate Tr(ST 2u1ST 2u2), and luckily again, this is

independent of the ambiguous ± signs in (5.134):

Tr
(
ST 2u1ST 2u2

)
=
e−2i(u1+u2)φ

|Ξ0|
∑
u,v

e2πi(u2vtεMv+u1utεMu−utεMv−vtεMu) . (5.136)

We will now offer a physical interpretation for (5.132).

Low-energy strings on a mapping torus

There is a simple geometrical interpretation of (5.133) in terms of the topology of (an aux-
iliary) mapping torus – a manifold formed by fibering T 2 over S1. Let θ ∈ R be a periodic
coordinate on the S1 base with periodicity 1, and let x ∈ R2 be coordinates that will soon
parametrize a torus, after additional periodicity conditions are imposed. The mapping torus
is defined as the set of points (θ,x) with identification,

(θ,x) ∼ (θ,x + K) ∼
(
θ + 1,M−1x

)
, ∀K ∈ Z2, (5.137)

for a fixedM ∈ SL(2,Z), which acts as an MCG element on the fiber. In our case, a mapping
torus is formed by fixing σ2 and considering the configuration space of the fields X(σ1, σ2)
as σ1 (which we identified as θ above) varies from 0 to 1. A ground state of the string
corresponds to a point on the T 2 fiber that is invariant modulo Z2 under the geometrical
M -twist. Representing this point by v ∈ R2, we thus require v −Mv ∈ Z2. This has a
discrete set of rational solutions v ∈ Q2, and we formally define a Hilbert space HM of states
with basis {|v〉} comprising of states |v〉 such that

(M − I)v ∈ Z2 (5.138)
12Using N tεN = 0 and εM = (M t)−1ε.
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in which |v〉 = |u〉 if v − u ∈ Z2. Now we define the lattice

Λ ≡ (M − I)−1
(
Z2
)

=
{
v ∈ Q2 : (M − I)v ∈ Z2

}
⊃ Z2 . (5.139)

Then a solution to (5.138) with the identification “v ∼ u whenever v − u ∈ Z2” defines an
element of the coset space Λ/Z2, which map to a basis of the Hilbert space HM . This coset
space is a finite abelian group, i.e., the cokernal of M − I, which can be identified with
isometries of the mapping torus. (See [247] for more details.) It is easy to see that Λ/Z2 is
isomorphic to Ξ0 [defined in (5.69)] and that the number of states is

|Λ/Z2| = | det(M − I)| = |TrM − 2|.

We need to know the action of SL(2,Z), generated by S and T , on those quantum states.
It can be described as T-duality on the T 2 fiber and, as we argued in (5.132), (at least for
M = ST 2v1 or M = ST 2v1ST 2v2) is given by

S |v〉 =
1√
|Λ/Z2|

∑
u∈Λ/Z2

(±)e−πi(v
tεMu+utεMv) |u〉 , (5.140)

Tk |v〉 = ±e−ikφekπivtεMv |v〉 , (5.141)

where all the (±) signs in (5.140) and (5.141) are independent of u and v respectively, and
where φ in (5.141) has been defined in Section 5.7 [e.g., (5.125)] and is a constant phase
chosen so that (ST)3 = S2 equals the charge conjugation operator [which represents the
−I ∈ SL(2,Z)], which acts as

S2 |v〉 = |−v〉 .

Tk is ill-defined for odd k [unlessM is such that vtεMv is an even integer for all v ∈ Z2, which
is when M ∈ Γ(2), as mentioned in Footnote 7], so to avoid extra complications we assume
k ∈ 2Z. Note that the definitions (5.140) and (5.141) are independent of the representatives
v and u, because for K ∈ Z2 we have Ktε(M − I)u ∈ Z when (M − I)v ∈ Z2, and also
utε(M − I)K = [(I −M)u]tεMK ∈ Z. Note also that since ε is antisymmetric as in (5.44),
we have vtεMv = vtε(M − I)v.

The phase exp
(
−kπivtεMv

)
has a nice geometrical interpretation (analogous to the one

discussed in §3.7 of [274] for M = S). The expression

−1

2
vtεMv =

1

2
vtεM−1v

is the area of a triangle in R2 with sides given by the vectors v and M−1v. To see how this
is related to T, consider a string worldsheet (i.e., an X field configuration) that interpolates
between the states |0〉 (a string at v = 0 for say σ2 = 0) and |v〉 (for v 6= 0 and σ2 > 0). We
can realize it by constructing a section of the mapping torus with x = ζv and then letting
ζ ∈ [0, 1] and θ ∈ (0, 1) be the coordinates of the worldsheet (i.e., identify θ with σ1, and ζ
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with σ2). If we attach to this surface Σ the triangle with vertices {0, v,M−1v}, we obtain a
surface whose boundary is the union of three loops: the loop corresponding to string state
|0〉, the loop corresponding to string state |v〉, and the loop from (0, v) to (0,M−1v) ∼ (1, v)
at constant θ = 0, which is a closed loop thanks to (5.137) and (5.138). If we now consider
the scattering amplitude of an inelastic scattering process with two string states |0〉 going
into two final string states |v〉 and |−v〉:

|0〉 ⊗ |0〉 → |v〉 ⊗ |−v〉 , (5.142)

then it is calculated in string theory by a path integral over worldsheets Σ with four boundary
components corresponding to the four string states |v〉, |−v〉 and |0〉’s (wrapped twice with
opposite orientation). Since the duality operation Tk acts on the Kalb-Ramond field B as
B → B + πkdxt ∧ εdx, it multiplies the scattering amplitude by the phase

exp

(
i

∫
Σ

B

)
.

The construction above shows that this phase is 4πk times the area of the triangle with
vertices {0, v,M−1v}, which corresponds to a wavefunction normalization of each of the
|±v〉 states by exp

(
kπivtεM−1v

)
, as required by (5.141). This explains the physical origin

of the ± sign ambiguity in (5.134), since the process (5.142) requires two states for charge
conservation.13

We can now recover the partition function (5.123) by calculating

TrHM
(
STk

)
=
∑
v

〈v| STk |v〉 =
e−ikφ√
|Λ/Z2|

∑
v

e(2−k)πivtε(M−I)v. (5.143)

Up to the phase φ, this equals (5.123) after the substitution

N = (I−M)v.

Connection with U(1)s Chern-Simons theory

The quadratic Gauss sum (5.123) can also be expressed as a trace similar to (5.143), but
with S and T defined as MCG representation generators acting on the Hilbert space of an
abelian Chern-Simons theory placed on T 2 [247]. To see this, let us first consider Chern-
Simons theory at level kcs ∈ Z with a U(1) gauge group, compactified on T 2 × R, where
R is the Euclidean time direction and T 2 is a torus parametrized by periodic coordinates
0 ≤ x1, x2 < 1. The action is

I =
kcs

2π

∫
A ∧ dA,

where A is the U(1) gauge field. It is well-known [290] that the Hilbert space HU(1) of
the ground states of the theory has a kcs-fold degeneracy14, which we will denote by |a〉

13As explained in [247], the “charges” correspond to the first homology group H1(Z) of the mapping torus,
which is isomorphic to Ξ0, and |v〉 has charge v.

14Its ground-state degeneracy is (kcs)
g on a genus-g Riemann surface instead [291].
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(a = 0, . . . ,kcs − 1). Let α and β be two fundamental 1-cycles of T 2, where α corresponds
to a loop at constant x2, with x1 varying from 0 to 1, and β corresponds to a similar loop
at constant x1 with x2 varying from 0 to 1. Consider the Wilson loop operators

W1 ≡ exp

(
i

∮
α

A

)
and W2 ≡ exp

(
i

∮
β

A

)
. (5.144)

Their action on the ground states is given by the “clock” and “shift” matrices:

W1 |a〉 = e2πia/kcs |a〉 , W2 |a〉 = |a+ 1〉 . (5.145)

We will need the action of large diffeomorphisms, generated by T̂ and Ŝ,

Ŝ |a〉 =
1√
kcs

kcs−1∑
b=0

e−2πiab/kcs |b〉 , T̂ |a〉 = e−iπ/12eπia
2/kcs |a〉 . (5.146)

Up to the constant phase e−iπ/4, this can be checked by making sure that the commutation
relations Ŝ−1WiŜ and T̂ −1WiT̂ are as they should be (for i = 1, 2), given the geometrical
interpretation of T̂ and Ŝ as torus MCG generators. The phase e−iπ/4 is determined by
requiring (ŜT̂ )3 = Ŝ2, which is the charge conjugation operator, so that we obtain a linear
instead of a projective SL(2,Z) representation. It can be derived more systematically by
explicitly writing the ground-state wavefunctions as a function of holonomies of the gauge
fields [292, 293], or by recalling the connection between the U(1) Chern-Simons theory and
the 2d CFT of a free chiral boson [25]. Note that the equation for T̂ is ill-defined for odd
kcs (because it is inconsistent with |a〉 = |a+ kcs〉). In that case only even powers of T̂ are
well-defined.

We now set kcs ≡ q. Up to an eπi/4 phase, the (complex conjugate of) quadratic Gauss
sum appearing on the RHS of (5.17) can then be written as

1
√
q

q−1∑
n=0

e−2πin2p/q = e(p+1)πi/12

q−1∑
n=0

〈n| ŜT̂ 2+2p |n〉 = e(p+1)πi/12TrHU(1)

(
ŜT̂ 2+2p

)
. (5.147)

We will see in Section 5.8 that, up to a phase, (5.147) is also the partition function Z that
we calculated in (5.123), for M = ST q+2. In Section 5.8 we will calculate the phase of the
partition function in a T-dual formulation and observe that it receives a contribution from
a Berry phase that depends on the details of how the complex structure varies with time.
We also note that a much deeper analysis of the partition function of Chern-Simons theory
on a mapping torus with SU(2) gauge group has been carried out by Jeffrey (see §4 of [294]
and §4 of [295]), where the result15 is similarly given by a trace of the action of M on the
Hilbert space and yields a quadratic Gauss sum.

15With a particular “canonical” choice of 2-framing of the mapping torusM3, i.e., the choice of a homotopy
equivalence class of trivialization of of TM3 ⊕ TM3 [296], so that the theory is free of framing anomaly.
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To move from the special case of (5.17) to the general case (5.123), we need U(1)r Chern-
Simons theory on T 2. We first recall some basic facts, and then we explain in Section 5.7
why it is related to (5.123). The Chern-Simons coupling constants are given by a symmetric
matrix, which for r > 2 takes the tri-diagonal form with corners16

K ≡


k1 −1 0 −1

−1
. . . . . . . . .

0
. . . . . . . . . 0
. . . . . . . . . −1

−1 0 −1 kr

 , (5.148)

and for r = 2 takes the form

K ≡
(

k1 −2

−2 k2

)
. (5.149)

(It is conventionally called the K-matrix in condensed matter literature17, and is used to
describe the r-component abelian fractional quantum Hall effect [299].) The Hilbert space
of U(1)r Chern-Simons theory on T 2 with coupling constant matrix K has a basis of states
|ṽ〉 parametrized by ṽ ∈ Zr such that |ṽ〉 = |ũ〉 if ṽ − ũ = KN for some N ∈ Zr. Define the
lattice

Λ′ ' K
(
Zr
)
≡
{
Kw̃ : w̃ ∈ Zr

}
⊂ Zr . (5.150)

So Λ′ is the sublattice of Zr that is generated by the columns of the matrix K. The coset
Zr/Λ′ is a finite abelian group. The Hilbert space of U(1)r Chern-Simons theory on T 2 with
coupling constant matrix K has a basis of states which can be identified with elements of
Zr/Λ′. Pick a nontrivial generator of π1(T 2), and consider the corresponding r Wilson loops
acting on the Hilbert space. They form an abelian group which can be identified with Zr/Λ′.

Next, we define the action of SL(2,Z) on the Hilbert space, as a physical realization
of (5.131). From the Chern-Simons perspective, this is the action of the MCG of T 2. We
assume that K is even, i.e., all ki ∈ 2Z (i = 1, . . . , r). The generators act on states as:

S |ṽ〉 =
1√
|Zr/Λ′|

∑
ũ∈Zr/Λ′

e−2πiũtK−1ṽ |ṽ〉 , T |ṽ〉 = e−iφeπiṽ
tK−1ṽ |ṽ〉 , (5.151)

generalizing the previous Ŝ and T̂ actions in U(1) Chern-Simons theory, given by (5.146).
The phase φ equals πir/12 if all ki > 0, and in general it is πi/12 times the signature of K.
Note that T is well-defined when K defines an even bilinear form. We will now show how
the Chern-Simons picture is isomorphic to the mapping-torus picture.

16U(1)r Chern-Simons on more general 3-manifolds, such as plumbed 3-manifolds, has been considered
in [297, 298].

17The ground-state degeneracy of this Chern-Simons theory on a genus-g Riemann surface is |detK|g
[299].
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Isomorphism between the Chern-Simons and mapping torus
descriptions

We take the powers k1, . . . , kr to match the powers in one of the (non-unique) decompositions
of M ∈ SL(2,Z) into S and T generators:

M = ST k1ST k2 · · ·ST kr .

Then, it can be shown, using elementary row and column operations, that there exist P,Q ∈
PSL(r,Z) (unimodular) so that

PKQ =


M − I

1
1

. . .
1


is a unique block-diagonal matrix. In other words, M − I and K have the same Smith
normal form18, i.e., according to (5.139) and (5.150), Λ/Z2 is isomorphic to Zr/Λ′. Now let
us construct an explicit isomorphism between them. Define the (2r)× 2 matrix

J ≡


1 0
0 1
0 0
...

...
0 0

 ∈ Hom
(
Z2,Zr

)
.

Now, suppose v satisfies (M − I)v ∈ Z2 and define

ϕ̃(v) = KQJ v = P−1


M − I

1
1

. . .
1




v
0
0
...
0

 = P−1J (M − I)v ∈ Zr,

implying that ϕ̃(v) ∈ Zr if (M − I)v ∈ Z2, so ϕ̃ is surjective. Its injectivity is due to both
P and M − I being invertible, and J tJ = I. Therefore ϕ̃ is an isomorphism between finite
abelian groups ϕ̃ : Λ/Z2 ∼= Zr/Λ′ with ϕ̃(v) ≡ ṽ (see Appendix A in [247] for more details).

We take (5.151) as the definition of the action of SL(2,Z) on the states. In the basis |v〉
of Section 5.7 we define the SL(2,Z) action using the isomorphism ϕ̃. We conjecture that

18Here we adopt the uncommon convention that on the diagonal, each lower-right element divides the
element upper-left to it, opposite to that in [247].
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this definition is the same as formulae (5.140) and (5.141) for the T and S generators [with
a suitable choice of ± signs in the matrix elements of (5.140) and (5.141)], and we prove it
explicitly in the case r = 2 in Appendix C.3, with numerical evidence for the r = 3 case in
Appendix C.3.

5.8 Quadratic Reciprocity from double-Janus σ-models
The partition function of the double-Janus σ-model that we discussed in Section 5.6 reduces
to a sum (5.123) over the finite abelian group Ξ0 defined in (5.69). We will now show how,
in a special case, Z reduces to the Gauss sum defined in Section 5.3, and we will follow with
a discussion on the general case. We will give a Hilbert space interpretation of (5.123), with
σ2 identified as “time”, and we will subsequently argue that the Landsberg-Schaar identity
(5.21) can be understood by switching the role of “time” from σ2 to σ1.

Quadratic Gauss sum as a special case of Z(M, M̃)

Taking the special case (5.22):

M = ST q+2 =

(
0 −1
1 q + 2

)
, M̃ = S̃T̃ 2+2p =

(
0 −1
1 2p+ 2

)
,

we can identify Ξ0 with Zq as follows. Setting

N =

(
x
y

)
, K =

(
m
n

)
,

the identification N ∼ N + (I−M)K [see (5.68)] becomes

x ∼ x + m + n, y ∼ y −m− n− qn.

We define z ≡ x + y, and use the freedom to choose m = −x − n to set x = 0. Then,
z ∼ z − qn, and so z can be identified with an element of Zq. Setting k = 2 + 2p, we then
calculate

Z =
1
√
q

∑
N∈Ξ0

exp
[
iπ(2− k)N tε(I−M)−1N

]
=

1
√
q

q−1∑
z=0

exp

(
−2πipz2

q

)
, (5.152)

as the standard quadratic Gauss sum.

Berry phase

The Landsberg-Schaar identity (5.17) relates Gauss sum of (4p)th roots of unity to Gauss
sum of qth roots of unity. The partition function Z, derived in (5.123), reproduces the
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latter sum, as we saw in Section 5.8, and this form is closely associated with a Hilbert space
interpretation whereby time is identified with σ2. We will now show that the other side of
the Landsberg-Schaar identity can be interpreted in terms of a different Hilbert space, with
time identified with σ1. In such a Hilbert space interpretation the duality wall at σ1 = 0
contributes a trace of M , which has to be multiplied by a Berry phase resulting from the
variation of complex structure τ (which we can take to be adiabatic).19 We will see that the
phase of eπi/4 that appears in (5.17) can be reproduced by a combination of the representation
of M on the low-energy Hilbert space and the Berry phase. In calculating the Berry phase,
the form of the profile τ(σ1) is important, and we will see that when τ(σ1) takes values along
a semi-circle in its upper half-plane, as in Section 5.4, the correct phase is reproduced.

In Section 5.4 we have chosen the radii of the σ1 and σ2 circles to be equal (and given
by 1/2π). This was mostly to avoid a cumbersome notation, and indeed, we can easily allow
the radii to be different. The partition function Z is independent of the radii, thanks to
supersymmetry. We will now take the limit that the σ2 direction is much smaller than the
σ1 circle. In this limit, we can study the Hilbert space of the problem at a fixed σ1, reduce to
ground states, and then introduce the wall at σ1 = 0 by inserting the operator representing
M on the subspace of ground states. For 0 < σ1 < 1, the most relevant terms in the action
are given by the single-derivative terms (5.80), and we can set X0 = X1, since the σ2 circle is
assumed to be small, and momentum modes along it are suppressed. Writing ξ(σ1) instead
of both X0 and X1, we are therefore left with

I ′b =
i(2− k)

4π

∫
ξtεdξ, (5.153)

where the integral is over σ1 and ξ is independent of σ2. We set q ≡ k − 2, and as-
sume q > 0. ξ describes a coordinate on T 2, and the Hilbert space of ground states can
be identified with that of geometric quantization at level q (i.e., with a symplectic form
q

4π
dξtε ∧ dξ =

q

2π
dξ1 ∧ dξ2).

Quantization on a torus at level q is one of the simplest examples of geometric quantiza-
tion [301, 302, 303]. Our T 2 is parametrized by (ξ1, ξ2) with 0 ≤ ξ1, ξ2 < 2π. It is convenient
to add the kinetic term to get the Lagrangian of a Landau problem (a particle in a uniform
and constant magnetic field) on T 2:

IL =
1

2π

∫ (
1

2
mGIJ ξ̇

I ξ̇J − iq

2
εIJξ

I ξ̇J
)
dt , (5.154)

where for GIJ we take the metric ds2 = 1
τ2
|τdξ2 − dξ1|2. The ground states of (5.154) are

19A similar Berry phase for fermions (either Dirac or Majorana) on a 3d mapping torus under an adiabatic
diffeomorphism appeared in [300].
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normalized Landau wavefunctions20 (independent of m and the area of the T 2):

Ψj,q

(
ξ1, ξ2

)
=

1

2π
(2qτ2)

1
4 e−

iqξ1ξ2

4π

∞∑
n=−∞

e
i(nq+j)ξ1+πiqτ

(
n+ j

q
− ξ

2

2π

)2

=
1

2π
(2qτ2)

1
4 e−

iqξ1ξ2

4π e
πiτq

(
ξ2

2π

)2

Θj,q

(
ξ1−τξ2

2π
; τ
)

(5.155)

where the Θ-function is defined as

Θj,q(u, τ) ≡
∞∑

n=−∞

eπiqτ(n+ j
q )

2
+2πiq(n+ j

q )u (5.156)

and is holomorphic in u and τ . In the low-energy limit, the kinetic term in (5.154) can be
dropped, and as is well-known, we are left with the Lagrangian that describes a noncommu-
tative T 2 with a symplectic form ω =

q

2π
dξ1 ∧ dξ2.

Defining the Berry connection in a standard way as

(Aτ )lj = i 〈Ψj,q| ∂τ |Ψl,q〉 , (Aτ )lj = i 〈Ψj,q| ∂τ |Ψl,q〉 ,

we calculate
(A)lj = (Aτ )ljdτ + (Aτ )ljdτ = − 1

4τ2

δljdτ1.

We need to calculate the Berry phase along the path that τ takes, as σ1 varies from 0 to 1.
We parametrize the arc of the semicircle described at the end of Section 5.4 (see [233, 247,
248]) in terms of the variable ψ and parameters a and D, introduced in [233]:

τ = a+ 4πDe2iψ,

where

a =
a− d

2c
, 4πD =

√
(a + d)2 − 4

2|c|
,

Defining ψ0 and ψ1 as the values of the phase ψ at the start and end of the arc, i.e.,

τ(0) = a+ 4πDe2iψ0 , τ(1) =
aτ(0) + b

cτ(0) + d
= a+ 4πDe2iψ1 ,

we calculate the phase difference as [247]:

ei(ψ1−ψ0) = sgn(a + d)
|cτ(0) + d|
cτ(0) + d

,

and the total Berry phase is easily calculated to be

ei
∫ 1
0 A = e

i
2

(ψ1−ψ0) =

[
sgn(a + d)

|cτ(0) + d|
cτ(0) + d

]1/2

. (5.157)

The sign of the square root is determined so that −π
2
< 1

2
(ψ1 − ψ0) < π

2
.

20They are essentially 1/q Laughlin states on a torus as proposed in [301].
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Modular transformations of the Landau wavefunctions

To introduce theM -duality wall, we need to examine the behavior of the wavefunction under
an SL(2,Z) transformation that acts as

ξ1 → aξ1 + bξ2 , ξ2 → cξ1 + dξ2 , τ → aτ + b

cτ + d
.

The general SL(2,Z) transformation can be composed from the S and T generators,
which act on wavefunctions as

S : Ψj,q

(
−ξ2, ξ1;− 1

τ

)
= e−

πi
4

(
τ

|τ |

) 1
2 1
√
q

q−1∑
l=0

e−
2πi
q
jlΨl,q(ξ

1, ξ2; τ) , (5.158)

and for even q we have

T : Ψj,q

(
ξ1 + ξ2, ξ2; τ + 1

)
= e

πij2

q Ψj,q

(
ξ1, ξ2; τ

)
. (5.159)

We note that for any q ∈ Z we have

Ψj,q

(
ξ1 + ξ2, ξ2; τ + 1

)
= e

iπj2

q
1

2π
(2qτ2)

1
4 e−

iqξ1ξ2

4π

∞∑
n=−∞

e
i(qn+j)ξ1+πiqτ

(
n+ j

q
− ξ

2

2π

)2

(−1)qn.

(5.160)

This is well-defined on the q-dimensional Hilbert space for q ∈ 2Z, since the RHS is a linear
combination of the Ψj,q’s, but for odd q ∈ Z only the square T 2 is a well-defined operator on
the Hilbert space.

Recovering the Landsberg-Schaar relation

For M = ST q+2 and q = 2p we combine the two modular transformations (5.158)-(5.159) to
get

Ψj,2p →
(
τ

|τ |

) 1
2 e−

πi
4

√
2p
e
πi(q+2)j2

2p

2p−1∑
l=0

e−
πi
p
jlΨl,2p . (5.161)

In this expression τ is a shorthand for τ(0) + q+ 2 [since this is the value of τ after T q+2 acts
on τ(0)], and Ψl,2p on the RHS is a shorthand for Ψl,2p

(
ξ2 +(q+2)ξ1,−ξ1; τ(0)

)
. The RHS of

(5.161) represents the wavefunction at σ1 = 1 (not including the Berry phase yet) after the
action by M . To complete the calculation of the partition function, we must multiply the
RHS of (5.161) by e−I′′ [with I ′′ given in (5.95)], take its inner product with Ψj,2p, sum over
j, and multiply by the Berry phase (5.157). Note that the role of I ′′ is to ensure periodicity
in (ξ1, ξ2), since the arguments in Ψl,2p correspond to X at σ1 = 1, while those in Ψj,2p

correspond to X at σ1 = 0, and they can differ by N , as defined in (5.64). Moreover, since
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Ψj,2p is periodic only up to a gauge transformation (in the language of the Landau problem
of a particle in a uniform magnetic field), periodicity in (ξ1, ξ2) can only be restored by
including e−I′′ which plays the role of a gauge factor. The resulting partition function is

Z ′ = e−
πi
4

√
2p

2p−1∑
j=0

e
πiqj2

2p =
e−

πi
4

√
2p
%p(q) .

Equating Z calculated in (5.123) with Z ′, we recover the (complex conjugate of the) basic
Landsberg-Schaar relation (5.21).

5.9 Identities for generalizations of Gauss sums
In previous sections we saw how the Landsberg-Schaar identity (5.17) is recovered for duality
twists of the form M = ST q+2 and M̃ = S̃T̃ 2+2p, as in Section 5.8. We can get more
complicated identities by looking at SL(2,Z) elements which are expressed as longer words,
with more S generators in M or S̃ generators in M̃ . In all cases, the identities that we get
are of the schematic form

TrHM (M̃) = eiϕTrH
M̃

(M),

where TrHM is a trace over the | det(I−M)|-dimensional Hilbert space HM of ground states
of the M -twisted circle compactification [whose states correspond to the finite abelian group
Ξ0 defined in (5.69)], and TrH

M̃
is a similar trace over the | det

(
I− M̃

)
|-dimensional Hilbert

space HM̃ of ground states of the M̃ -twisted circle compactification, and ϕ is a phase cor-
rection (arising from the Berry phase21 as in Section 5.8).

In some cases we will be able to rewrite the sum (5.123) explicitly, which requires identi-
fying the abelian group Ξ0 as a direct sum of cyclic groups, and turns out to be of the form
Zd1⊕Zd2 . To achieve this we need to calculate the “Smith normal form” of the matrix I−M ,
i.e., to find matrices P,Q ∈ SL(2,Z) and unique integers d1, d2 ∈ Z such that

I−M = P

(
d1 0
0 d2

)
Q.

We will present a few examples below.

M generated by S and T 2 and M̃ = S̃T̃ 2+q

Let us assume that M can be expanded as the word

M = ST 2v1ST 2v2 · · ·ST 2vs , with v1, . . . , vs nonzero integers. (5.162)
21The first place where a Berry phase appears as a multiplicative factor in the partition function is in

[304], where each “hedgehog” defect, a singular configuration, of a spin field in a (2 + 1)d antiferromagnet,
described by an O(3) NLSM, carries a Berry phase. It is also directly related to the Wess-Zumino term [305]
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We will also assume that M̃ = S̃T̃ 2+q, with q even. We recall that in SL(2,Z) there are
no relations among S and T 2, other than those that follow from inserting an even number
of S2 = −I in expressions, and therefore if M is of the form (5.162), the decomposition is
unique. In fact the subgroup of SL(2,Z) freely generated by S and T 2 is isomorphic to the
Hecke congruence subgroup Γ0(2). (See Example 3.7 of [30].)

We now get an identity that equates the partition function Z given in the form (5.123)
(with k = q−2), to a partition function calculated by combining the modular transformations
of the q ground-state wavefunctions and the Berry phase, as in Sections 5.8-5.8. The result
of the latter is (

e
πi
4

√
q

)s q−1∑
l1,...,ls=0

exp

{
−2πi

q

(
s∑
j=1

vjl
2
j +

s−1∑
j=1

ljlj+1 + l1ls

)}
.

The generalized identity for Gauss sums then takes the form

1√
|Ξ0|

∑
N∈Ξ0

exp
[
−iπqN tε(I−M)−1N

]
=
e
πis
4

qs/2

q−1∑
l1,...,ls=0

e−
2πi
q (
∑s
j=1 vj l

2
j+
∑s−1
j=1 lj lj+1+l1ls) .

(5.163)
For example, we take s = 2 and

M = ST 2v1ST 2v2 =

(
−1 −2v2

2v1 4v1v2 − 1

)
.

For simplicity, we assume that v1, v2 ≥ 1. Then

|Ξ0| = | det(I−M)| = 4(v1v2 − 1).

The Smith normal form of I−M is given by

I−M =

(
1 v2

−2v1 1− 2v1v2

)(
2(1− v1v2) 0

0 2

)(
1 0
v1 1

)
.

[Note that the leftmost matrix on the RHS is in SL(2,Z).] An element of Ξ0
∼= Z2/(I −

M)(Z2) can then be parametrized as

N =

(
1 v2

−2v1 1− 2v1v2

)(
n
a

)
=

(
n + v2a

(1− 2v1v2)a− 2v1n

)
,

with
a = 0, 1 , n = 0, . . . , 2(v1v2 − 1)− 1.

And then we calculate

N tε(I−M)−1N =
v1n

2

2(v1v2 − 1)
− v2a

2

2
, (5.164)
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so the LHS of (5.163) can be expressed as

1√
|Ξ0|

∑
N∈Ξ0

exp
[
−iπqN tε(I−M)−1N

]
=

1 + i−qv2

2
√
v1v2 − 1

2(v1v2−1)−1∑
n=0

exp

(
iπqv1n

2

2(v1v2 − 1)

)
.

Setting a = v1, b = v2, and taking the complex conjugate, we find that (5.163) becomes

− i
q

q−1∑
m,n=0

e
2πi
q

(am2+bn2−2mn) =
1 + iqb

2
√
ab− 1

2ab−3∑
n=0

exp

(
− πiqan2

2(ab− 1)

)
(5.165)

for a, b ∈ Z, ab > 1, and q ∈ 2Z+. This is our first concrete generalization of the Landsberg-
Schaar relation, whose proof we include in Appendix C.4. Identity (5.165) is actually a
special case of a collection of generalizations of the basic Landsberg-Schaar identity derived
by Krazer in the year of 1912 [306] and other authors from then onwards, and the requirement
for even q also appears there. In our case it is a requirement that appeared at the end of
Section 5.5. We will discuss Krazer’s and others’ work in Section 5.9. We also note that
double quadratic Gauss sums with denominators [q in (5.165)] that are powers of a prime
have been evaluated in [307] in terms of the Legendre symbol.

More generalizations

We can obtain more identities by allowing M̃ to take the more general form

M̃ = S̃T̃ 2u1S̃T̃ 2u2 · · · S̃T̃ 2ur , (5.166)

with u1, . . . , us nonzero integers.
We recall that S̃ and T̃ 2 generate the theta subgroup with index-3 in SL(2,Z), as intro-

duced in 1.3.22.
Inserting the M̃ -twist in the σ2 direction amounts to inserting r duality walls of the type

(5.80), one for each S̃T̃ 2uj factor (j = 1, . . . , r). The combined phase factor of modular
transformations and the Berry phase, as in Sections 5.8-5.8, now comes out to exp

(
iπ
4
sr
)
.

If we repeat the analysis of Section 5.8 for the system with r duality walls, we get instead
of (5.153), a reduced (0+1)d system that describes geometric quantization of T 2r with an
action given by

− i

4π

∫ r∑
i,j=1

K̃ijξ
t
i εdξj,

22However, any subgroup 〈S, Tm〉 with m > 2 does not have a finite index inside SL(2,Z).
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where K̃ is an r × r integer coupling constant matrix given by an expression similar to
(5.148)-(5.149), which for r takes the form

K̃ ≡


2u1 −1 0 −1

−1
. . . . . . . . .

0
. . . . . . . . . 0
. . . . . . . . . −1

−1 0 −1 2ur

 , (5.167)

and ξi (i = 1, . . . , r) are coordinates on the ith T 2 factor. For r = 2, K̃ takes the form

K̃ ≡
(

2u1 −2
−2 2u2

)
. (5.168)

For example, for s = r = 2 we obtain the identity

1

pq − 1
[1 + (−1)sq]

2pq−3∑
m,n=0

e−
πip
pq−1

(sm2+tn2−2mn)

= − 1

st− 1

[
1 + (−1)tp

] 2st−3∑
m,n=0

e
πis
st−1

(pm2+qn2−2mn) , for tq ∈ 2Z.

(5.169a)

(5.169b)

where we have set p = u1, q = u2, s = v1, t = v2. The requirement that tq must be even arises
as follows. The abelian group Ξ0 defined in (5.69) turns out to be isomorphic to Zst−1 ⊕ Z2

2

in this case, and the sum over the Z2
2 factor produces a factor of

[
1 + (−1)tq

][
1 + (−1)sq

]
on

the LHS of (5.169a), while the RHS receives a factor of
[
1 + (−1)tq

][
1 + (−1)tp

]
instead. We

cancelled the common factor of
[
1 + (−1)tq

]
by assuming tq ∈ 2Z. For t and q both odd, the

relation in (5.169a) is not generally correct, for example for s = p = 2 and t = q = 1 the two
sides differ by a (−) sign, and for s = 1, p = 3, t = q = 1, the LHS is 8 while the RHS is 0.

Relation to Krazer’s, Jeffrey’s, Deloup’s, and Turaev’s reciprocity
formulae

Let us now briefly discuss the relationship among the identities we found in Sections 5.9-5.9
and a few known results in the mathematical literature spanning centuries. In the late 19th

century, a univariate formula which slightly generalizes the Landsberg-Schaar identity (5.17)
was discovered independently by Cauchy, Dirichlet, and Kronecker [308]:

|b|−1/2
∑

x∈Z/bZ

e
πia
b

(x+ω)2

= e
πi
4

sign(ab)|a|−1/2
∑

x∈Z/aZ

e−
πib
a
x2−2πiωx , (5.170)
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where a, b are nonzero integers and ω ∈ Q such that ab + 2aω ∈ 2Z. Later, a version of
(5.170) for multivariate Gauss sums was obtained around 1912 by A. Krazer [306, 309, 310]:

d−
m
2

∑
x∈(Z/dZ)m

e
πixtAx

d =
d
m−r

2 e
πi
4
σ(A)

| detA| 12
∑

y∈Z/A′Zm
e−πidy

tA′−1y, (5.171)

where d is again a nonzero integer, A is a symmetric m × m matrix with integer entries,
σ(A) ∈ Z is the signature of A (i.e., the difference between numbers of positive and negative
eigenvalues), and either d or A is even (i.e., all diagonal entries of A are even). The r ×
r symmetric invertible matrix A′ with integer entries is determined from A by finding a
unimodular matrix P such that P tAP = A′ ⊕ (0m−r), where 0m−r is the zero matrix of
size m − r. Equation (5.171) generalizes the case ω = 0 of (5.170) by replacing one of the
numbers a and b in the exponents there by an integer-valued quadratic form given by A.
Note that the input to the identity is a single bilinear form A and an integer d, because A′
is determined by A.

In 1992, Jeffrey studied the semiclassical expansion of SU(2) Chern-Simons partition
functions on Lens spaces and torus bundles [294], and discovered a generalization (which
was slightly corrected by Deloup and Turaev [311] in 2005):

vol (Λ∗)
∑

λ∈Λ/rΛ

eiπ〈λ,Bλ/r〉+2πi〈λ,ψ〉 =

(
detB

rl

)−1/2

eiπσ(g)/4
∑

µ∈Λ∗/BΛ∗

e−iπ〈µ+ψ,rB−1(µ+ψ)〉,

(5.172)
where Λ is a lattice of finite rank l with Λ∗ being its dual, 〈·, ·〉 is the inner product on the
real vector space ΛR = Λ ⊗Z R, ψ ∈ ΛR, r ∈ Z>0, and B is a self-adjoint automorphism on
ΛR (i.e., a bilinear form). The volume vol(Λ∗) is the absolute value of the determinant of
a matrix obtained by expanding a basis of Λ∗ in terms of an orthonormal basis of ΛR. The
symmetric bilinear form g : Λ×Λ→ Z is defined by g(x, y) = 〈x,B(y)〉 for all x, y ∈ Λ, and
σ(g) is the signature of a diagonal matrix presenting the bilinear extension ΛR×ΛR → R of
g. Formula (5.172) extends Krazer’s formula in that the lattice to be summed over is now
arbitrary, and on both sides there are additional linear terms in ψ in the exponents, whose
significance will be discussed in the next paragraph. Notice that there is still only one single
bilinear form B.

In 1996, independently of Jeffrey, Deloup [312, 313] geometrically generalized Krazer’s
formula (5.171) (as well as Jeffrey’s) by essentially replacing both integers a and b in (5.170)
with bilinear forms, and applied his result to calculate topological invariants of 3-manifolds,
such as Witten-Reshetikhin-Turaev (WRT) invariants (i.e., Chern-Simons partition func-
tions). For integral quadratic forms determined by two invertible, even, symmetric matrices
A and B, Deloup’s reciprocity theorem relates a Gauss sum with bilinear form A⊗B−1 to
another Gauss sum with bilinear form −A−1 ⊗B.23 This identity appears as Theorem 3 in

23For an m×m matrix A and n× n matrix B−1, the (mn)× (mn) matrix A⊗B−1 denotes the tensor
(Kronecker) product.
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[312], and we do not present it here, since it would require quite a few new notations and
definitions. In the context of our Section 5.9, A can be identified with the coupling constant
matrix K̃ (derived from M̃) of abelian Chern-Simons theory, while B can be identified with
a similar but independent matrix derived from M = ST 2v1 · · ·ST 2vs :

K ≡


2v1 −1 0 −1

−1
. . . . . . . . .

0
. . . . . . . . . 0
. . . . . . . . . −1

−1 0 −1 2vs

 . (5.173)

We note that in a Gauss sum with a bilinear form governed by K−1, the sum would be over
the finite abelian group Zn/K(Zn) [where K(Zn) is the sublattice of Zn generated by the
columns of K]. This abelian group is equivalent to Ξ0 in (5.69), as shown in Appendix A of
[247]. Deloup’s reciprocity relation is actually more general, allowing non-even A and B by
introducing arithmetic “Wu classes”. For a quadratic form xtAx (with x ∈ Zn), a Wu class
is realized by a constant vector w ∈ Zn such that xtAx + wtx ∈ 2Z for all x ∈ Zn [312].
By adding such linear terms (also similarly in Jeffrey’s), one overcomes the ambiguity in the
definition of Gauss sums in (5.171) for a non-even A. In our context, this suggests a possible
extension to twists M and M̃ beyond the SL(2,Z) form given by (5.166), by inserting
operators linear in the bosonic field X introduced in Section 5.4, which would correspond to
“vertex operators”, but we will not explore this possibility in the present chapter.

In 1998, Turaev further generalized [308] Deloup’s formula to capture an arbitrary “ra-
tional Wu class” (which means that the Gauss sums are sums of exponentials in quadratic
forms on a lattice plus linear terms with rational coefficients that ensure that the exponents
are well-defined up to 2πi). Overall, the place of our construction and generalization in Sec-
tions 5.9-5.9 is somewhere in between Krazer’s/Jeffrey’s formula and Deloup’s theorem – for
example, if we set the duality twists to be M = ST 2v1ST 2v2 and M̃ = S̃T̃ 2u1S̃T̃ 2u2 , we get
bivariate quadratic forms on both sides of the identity (5.169a); the result is a special case
of Deloup’s formula, but beyond Krazer’s formula. In other words, our physical system is
able to accommodate two independent bilinear forms, and the identities obtained in (5.165)
and (5.169a) are slightly more general than Jeffrey’s formula (5.172).

Recently, the corrected formula (5.172) has been extensively used in studying the cate-
gorification of WRT invariants [298, 314, 279, 254]. It plays an essential role in the derivation
of Ẑ-invariants, or “homological blocks”, of plumbed 3-manifolds M3. The topology of M3

is encoded in its plumbing graph, hence the linking matrix of the link corresponding to the
graph. The colored Jones polynomials of this link, or equivalently the WRT invariant of

M3, is a Laurent polymonial J [q, q−1] in variable24 q ≡ exp

(
2iπ

kcs + h∨

)
, which are raised to

powers dictated by linking matrix elements. Formula (5.172) then basically converts J [q, q−1]

24h∨ is the dual Coxeter number of the gauge group of the pure Chern-Simons theory defined on M3.
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into a linear combination of homological blocks, i.e., a summation over the lattice defined
by the linking matrix, whose cokernel determines H1(M3).

Finally, for a more comprehensive and technical historical account of the long sequence
of Quadratic Reciprocity formulae up to the early 20th century [i.e., just prior to Krazer’s
formula (5.171)], consult Chapter 1 of [315] or Chapter 4 of [316].

5.10 Discussion and outlook
We have constructed a supersymmetric double-Janus configuration for a 2d σ-model with
T 2 target space, where all the moduli are allowed to vary along both coordinates, and we
focused on a particular solution of the SUSY conditions whereby the complex structure
varies along one direction and the Kähler structure varies along the other. We then placed
the 2d double-Janus configuration on T 2 with periodic boundary condition that include
SL(2,Z)-duality walls. We discovered a nontrivial interaction at the intersection of the du-
ality walls, and we calculated the partition function and showed that it can be expressed as
a quadratic Gauss sum. The fermionic and bosonic modes generally describe what might be
called “a second quantized supersymmetric quantum mechanics”, where the single-particle
energy levels are those of a 0 + 1d supersymmetric system with an arbitrary periodic su-
perpotential. The fermionic and bosonic determinants cancel each other, leaving only a
number-theoretic quadratic Gauss sum, which we could compute in two different ways, ver-
ifying the Landsberg-Schaar relation and obtaining generalizations. Our derivation of the
Landsberg-Schaar relation contains somewhat similar ingredients to a method introduced by
Armitage and Rogers [317], where quantum mechanics with a toroidal phase space was also
considered, although in their approach the physical time was quantized.

Our work here is a prelude to the problem of an N = 4 Super-Yang-Mills theory with
nonabelian U(n) gauge group compactified on a closed double-Janus configuration with an
SL(2,Z)-duality twist. As suggested in [247], such a system can be studied by realizing it in
terms of a stack of D3-branes and then mapping it to a system of weakly-coupled strings in
Type-IIA on a mapping torus. That system can be compactified on another mapping torus,
and the work in this chapter provides the partition function of a sector of the weakly-coupled
Type-IIA strings. It suggests interesting connections between number theory and partition
functions with SL(2,Z)-duality walls.
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Appendix A

3d Gravity

A.1 Bipartition for the full partition function
In this appendix we justify that inputting j-invariant into the replica trick formula is a legal
operation. We need to make sure that the horizon in the SL(2,Z) family of Euclidean BTZ
black holes is still at the central cord of their solid tori, so that we can cut along it. Although
j-function contains contribution from thermal AdS3 which contains no black holes, we will
see later that this configuration contributes nothing at a high enough finite temperature.
For convenience we set l = 1.

To see how Euclidean BTZ Schwarzschild coordinates transform under the SL(2,Z) ac-
tion on τ , we need an intermediate FRW metric for the unexcited (before being quotiented
by Γ) AdS3 with cylindrical topology, similar to the one mainly used in [5]:

ds2 = cosh2 ρ dΣ2 + dρ2

= − sinh2 ρ (du− dū)2 + cosh2 ρ(du+ dū)2 + dρ2

= sinh2 ρ dφ2 + cosh2 ρ dt′2 + dρ2,

(A.1)

where 2u ≡ iφ − t and 2ū ≡ −iφ − t parametrize the domain of discontinuity Σ, and ρ
indicates the radial direction.

To obtain a Euclidean BTZ from this, we demand 2u ≡ (t − iφ)/τ ′, with τ ′ ≡ −1/τ =
Φ + iβ the modular parameter for BTZ black hole, and τ the modular parameter of thermal
AdS3. The identification in the BTZ spatial direction is automatic due to the periodicity in
the H3 metric; Imτ ′ represents the time identification because it is the length of the time
cycle, and Reτ ′ offers a spatial twist upon that identification, inducing an angular momentum
by “tilting” the meridian.1 Define the Schwarzschild radial coordinate r:

sinh2 ρ =
r2 − (Im(1/τ ′))2

|τ ′|2
, (A.2)

1Situation is almost identical in the thermal AdS3 (A.1), where Imτ specifies the time identification,
upon which Reτ indicates a spatial twist.
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we obtain the Euclidean BTZ black hole in Schwarzschild coordinates for r ≥ Im(1/τ ′):

ds2 = N2dt2 +N(r)−2dr2 + r2[dφ+Nφ(r)dt]2, (A.3)

where

N2(r) =
1

r2

[
r2 −

(
Im

1

τ ′

)2
][

r2 +

(
Re

1

τ ′

)2
]
, Nφ(r) =

1

r2

(
Re

1

τ ′
)

)(
Im

1

τ ′

)
. (A.4)

Now the outer horizon is at r+ = Im(1/τ ′). When an SL(2,Z) transformation is applied
τ ′ → τ ′′ = 1/(cτ ′ + d) = τ/(dτ − c), r becomes

r′′2 → (c Reτ ′ + d)2 sinh2 ρ+ (c Imτ ′)2 cosh2 ρ

|cτ ′ + d|4
. (A.5)

It is enough to just think of 1/(cτ ′ + d) because there are only three independent param-
eters in (a, b, c, d) due to the constraint ad− bc = 1. One has the freedom to choose a = 0,
which fixes −bc = 1, consequently (aτ ′ + b)/(cτ ′ + d) = −1/(c2τ ′ + cd). Redefine −c2 = c
and −cd = d, then we arrive at 1/(cτ ′ + d). The minus sign in both c and d is not a problem,
because (c, d) is equivalent to (−c,−d).

Since sinh2 ρ = r2β2 − 1, we have Imτ ′′ = −cβ/(c2β2 + d2), Reτ ′′ = d/(c2β2 + d2),
implying a rotating black hole. Now we need to see if the new r′′ is still at the horizon
in the Schwarzschild coordinates associated to τ ′, and it suffices to check that r′′+ = Imτ ′′.
This is indeed true. Hence no matter what (c, d) we change into, as long as τ and τ ′′ are
SL(2,Z)−equivalent, r′′ = r′′+ ≡ Imτ will be mapped to a segment on z-axis of spherical
coordinate system for the upper half H3, so our cut is still valid.

A.2 TEE from the whole J(q) function
Now we plug the entire J-function as the canonical partition function into (2.29). We start
from the definition of j-invariant j(τ) = J(τ)− 744 ≡ E3

4(τ)/∆(τ), where ∆ = η24(τ) is the
normalized modular discriminant. To find the derivative of J(τ), we make use of the Jacobi
theta function ϑ(f) ≡ f ′ − m

12
E2(τ)f [318], where Ej(τ) is Eisenstein series of weight j and

m is the weight of an arbitrary modular form f . Substituting j(τ) for f , we obtain

d

dτ
j(τ) = ϑ(j(τ)) + E2(τ)j(τ). (A.6)

We have made use of the fact that the weight of j(τ) is three times the weight of E4(τ) by
definition. One easily observes from the right hand side of above equation that the weight of
j(τ) becomes 12 + 2 = 14 after differentiation. Since the vector space of SL(2,Z) modular
forms of weight 14 is spanned by E2

4(τ)E6(τ) and has complex dimension 1, we must have
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d
dτ
j(τ) ∝ E6(τ)

E4(τ)
j(τ), up to a constant prefactor. This factor can be found by plugging in the

first several terms of the j(τ) function and we finally arrive at2

d

dτ
j(τ) = −2πi

E6(τ)

E4(τ)
j(τ). (A.7)

Plugging into the replica trick equation (2.29) we obtain for the holomorphic part

Sfull(τ) = ln J(τ) + 2πβ
j(τ)

J(τ)

E6(τ)

E4(τ)
. (A.8)

To calculate the ration E6/E4, we use the asymptotic formula for the holomorphic Ein-
stein series Gs(τ) ≡ 2ζ(s)Es(τ), assuming 0 < | arg τ | < π and Re(s) > −N + 1 for any
positive integer N [319] (Theorem 2):

Gs(τ) = (1 + τ−s)(1 + eπis)ζ(s) + 2 sin(sπ)
ζ(s− 1)

s− 1
τ−1 − (1 + cos(sπ)) ζ(s) (A.9)

+
N−1∑

k=1, k odd

2 sin(sπ)

(
−s
k

)
ζ(s+ k)ζ(−k)τ k +O(|τ |N), |τ | ≤ 1. (A.10)

For both s = 4, 6, the second term vanishes at high temperatures |τ | → 0, and sin(sπ) in
the summation over k vanishes as well. Switching to the real variable β = −iτ , we have
G4(iβ) ≈ 2β4ζ(4) and G6(iβ) ≈ −2β6ζ(6) as β → 0. And since in this limit, j(iβ) ≈ J(iβ),
we have for k = 1

Sfull(τ, τ̄) ≈ 2 ln J(τ)− 4πβ3, (A.11)

where we have taken into account the anti-holomorphic part.
Now we see that if we consider the entire SL(2,Z) family of black holes as well as thermal

AdS3 (the later contributes little at small β), the one-loop contribution to TEE is negative,
agreeing with our previous calculations.

A.3 Towards a formulation of Bekenstein-Hawking
entropy in strongly coupled AdS3

In this appendix, we use the proposed duality to compute a gravitational entropy. The
resulting expressions, reported in (A.27) at the end of this appendix, resemble the form
of the universal subleading correction to the entanglement entropy of the ground states of
long-range entangled topological phases in (2 + 1) dimensions [17, 18].

For this purpose, we consider the genus-one case and use the fact that the gravitational
partition function equals that of the modular invariant 2d Ising CFT at the asymptotic

2It is also a consequence of applying Ramanujan’s identities on E2, E4 and E6 [66].
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boundary. We then use Cardy’s method [198, 199, 320] to extract a variant of the familiar
expression for the entropy. Our suggested expressions are listed in (A.27) below. We first
briefly review familiar manipulations of the modular invariant 2d CFT partition function for
general central charge c, and specialize to c = 1/2 at a suitable point below when we exhibit
the new features.

The partition function can be written as

Z (τ, τ̄) = TrH e2πiτ(L0−c/24)e−2πiτ̄(L̄0−c/24) ≡ Z(τ, τ̄)e−2πicτ/24e2πicτ̄/24, (A.12)

where H denotes the Hilbert space of the CFT (i.e., a choice of pairs of holomorphic and
anti-holomorphic primaries), and, when denoting the eigenvalues of L0 and L0 as ∆ and ∆,
the quantity Z(τ, τ) is related to the density of states ρ

(
∆,∆

)
of the CFT by

Z (τ, τ̄) =
∑
∆,∆

ρ(∆,∆)e2πi∆τe−2πi∆̄τ̄ . (A.13)

We can extract the density of states ρ from the partition function by contour integration via
the inverse Laplace transformation going from the canonical to the microcanonical ensemble

ρ
(
∆,∆

)
=

1

(2πi)2

(∫ iε+∞

iε−∞
dτ

)(∫ iε+∞

iε−∞
dτ̄

)
q−1−∆q̄−1−∆Z (q, q̄) , (A.14)

where q = e2πiτ and q̄ = e2πiτ̄ . Using modular invariance Z(τ, τ̄) = Z (−1/τ,−1/τ̄), as well
as the definition of Z(τ, τ̄) from (A.12), we obtain

Z(τ, τ̄) = e
2πic
24

τe−
2πic
24

τ̄Z(τ, τ̄) = e
2πic
24

τe−
2πic
24

τ̄Z
(
−1

τ
,−1

τ̄

)
= e

2πic
24

τe
2πic
24

1
τ e−

2πic
24

τ̄e−
2πic
24

1
τ̄Z
(
−1

τ
,−1

τ̄

)
,

(A.15)

and we can rewrite the density of states as

ρ
(
∆,∆

)
=

∫ iε+∞

iε−∞
dτ

∫ iε+∞

iε−∞
dτ̄ e−2πi∆τe2πi∆τ̄e

2πicτ
24 e−

2πicτ̄
24 e

2πic
24τ e−

2πic
24τ̄ Z

(
−1

τ
,−1

τ̄

)
. (A.16)

The asymptotic form of the density of states for large ∆ and ∆̄, of interest to us here, is
then obtained from (A.16) by steepest descend: Assuming first that Z(−1/τ,−1/τ̄) varies
slowly near the saddle point (a fact that we subsequently check to be correct), one finds the
saddle point τ∗, τ̄∗ to be located at

τ∗ ≈ i

√
c

24∆
, τ̄∗ ≈ i

√
c

24∆̄
, (A.17)
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where ∆/c � 1, ∆̄/c � 1 was used3, implying |τ∗|, |τ̄∗| � 1. Substituting back into the
integral above yields the “Cardy formula”

log ρ
(
∆,∆

)
∼ 2πc

(√
∆

6c
+

√
∆̄

6c

)
,

(
when

∆

c
� 1,

∆̄

c
� 1

)
. (A.18)

Now we discuss the Ising case with c = 1/2. For convenience we make the identification
{χ1,1, χ1,2, χ2,1} = {χ1, χσ, χψ}. With τ = i (β/L), the partition function in (A.12) describes
the quantum partition function of thermal AdS3 , where the spatial cycle has circumference
L. In the low-temperature limit (small q, τ → i∞), the gravitational system is dominated
by the thermal AdS3 solution, i.e., Z(τ, τ̄) ∼ |χ1,1(τ)|2. In the opposite high-temperature
limit, the black hole solutions dominate. Specifically, the BTZ saddle point can be obtained
from the thermal AdS3 saddle by an S modular transformation τ → −1/τ . Considering the
high-temperature (β → 0) limit τ → 0, where −1/τ = i(L/β)→ i∞, we obtain

|χ1(τ)|2 + |χσ(τ)|2 + |χψ(τ)|2 = ZIsing(τ) = ZIsing(−1/τ)

= |χ1(−1/τ)|2 + |χσ(−1/τ)|2 + |χψ(−1/τ)|2 ∼ |χ1(−1/τ)|2, (−1/τ → i∞).(A.19)

Now we re-write the first line using the action of the modular transformation on the charac-
ters

χa(τ) =
∑

b=1,σ,ψ

Sa,b χb(−1/τ). (A.20)

The normalized modular matrices are

S =
1

2

 1
√

2 1√
2 0 −

√
2

1 −
√

2 1

 , T = e−2πi/48

1 0 0
0 e2πi/16 0
0 0 −1

 . (A.21)

Collecting the leading terms in the limit −1/τ → i∞,

|χa(τ)|2 ∼ |Sa,1|2 |χ1(−1/τ)|2 + . . . , (A.22)

the first line of (A.19) then reads in this limit

|χ1(τ)|2 + |χσ(τ)|2 + |χψ(τ)|2

∼ d2
1

D2
|χ1(−1/τ)|2 +

d2
σ

D2
|χ1(−1/τ)|2 +

d2
ψ

D2
|χ1(−1/τ)|2, (−1/τ → i∞)

(A.23)

where we have made use of the relationship of the quantum dimensions da = S1,a/S1,1, and
the total quantum dimension D2 =

∑
a da

2 = 1/(S1,1)2 of the Ising TQFT, with the modular
S-matrix (from the Verlinde formula). (A.23) suggests that the three summands in the

3Thus (−1/τ∗)→ i∞ and (−1/τ̄∗)→ i∞, implying that Z(−1/τ,−1/τ̄)→ 1 varies slowly, in agreement
with the assumption made above.
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second line arise from the corresponding three summands in the first line. Using (A.12),
(A.13) and (A.18), we have

Z(τ, τ̄) = Z(τ, τ̄) e−
2πic
24

τ e−
2πic
24

τ̄

= Z(−1/τ,−1/τ̄) = Z(−1/τ,−1/τ̄) e−
2πic
24

(−1/τ) e−
2πic
24

(−1/τ̄)
(A.24)

which, in the limit −1/τ → i∞, yields∑
∆,∆̄

ρ
(
∆, ∆̄

)
e2πi∆τe2πi∆̄τ̄ ∼ e−

2πic
24

(−1/τ) e−
2πic
24

(−1/τ̄) ∼ |χ1(−1/τ)|2, (−1/τ → i∞), (A.25)

and we need these expressions here with c = 1/2. Comparison with (A.23) suggests that we
can identify three different densities of states,

ρ1

(
∆, ∆̄

)
≡ d2

1

D2
ρ
(
∆, ∆̄

)
, ρσ

(
∆, ∆̄

)
≡ d2

σ

D2
ρ
(
∆, ∆̄

)
, ρψ

(
∆, ∆̄

)
≡
d2
ψ

D2
ρ
(
∆, ∆̄

)
(A.26)

in the regime of large ∆/c and ∆̄/c. Taking the logarithm of (A.26), we arrive at

Sa =
{

log ρ
(
∆, ∆̄

)
− logD2

}
+ log d2

a, where a = σ, ψ. (A.27)

Following the interpretation in [51] that non-trivial primaries in the dual CFT correspond to
black holes, the expression (A.27) suggests that the different types of black holes labeled by
σ and ψ can be distinguished by a subleading constant term in their entropy, apart from the
extensive contribution [the term in curly brackets in (A.27)] arising from boundary gravitons
dressing the black hole. Here, a black hole dressed by boundary gravitons corresponds to
descendant states in the dual CFT. The term in curly brackets in (A.27) is independent of
the labels a and, hence, is universal.

We note that, as already mentioned above, these expressions resemble the form of the
universal subleading correction to the entanglement entropy of the ground states of long-
range entangled topological phases of matter in (2+1) dimensions [17, 18]. Earlier studies of
connections between “topological entanglement entropies” and Bekenstein-Hawking entropy
of BTZ black holes, from different perspectives, include [44, 321].

A.4 Superselection sectors of angular momenta
In this appendix, we explain the nature of rotation of BTZ black holes at genus one, which
is not usually discussed in the literature. The lesson will be general enough to extend to
higher genus.

It is well-known that given a modular parameter τ on a torus, which is the asymptotic
boundary of the BTZ black hole, its temperature is Im τ , and the angular potential is Re τ ,
and if Re τ = 0, then it is not rotating. Then what if we shift the purely imaginary τ by an
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integer under T? Apparently it becomes rotating, but it is not true, because the Einstein-
Hilbert actions of all semiclassical saddles are invariant under T , and we have excluded them
when summing over Γ∞\SL(2,Z). Then what about more general images in Γc\SL(2,Z)?
The answer is actually that most of them are rotating due to their real parts.4

Since the modulus τ of the boundary torus is only defined up to SL(2,Z) transformations
[5], we say that both τ and the shifted τ are in same superselection sector of rotation, which
obtains its name due to the following. Generically, different τ ’s on the upper half plane H
are not connected by SL(2,Z) transformations. For example, take τ1 = i and τ2 = 1/3+ i/2.
For them to be connected, we need some γ ∈ SL(2,Z), such that

γτ =
ai+ b

ci+ d
= 1/3 + i/2 = τ2

for some γ ∈ SL(2,Z).
However, this is not possible, because this requires

bd+ ac

c2 + d2
=

1

3
,

ad− bc
c2 + d2

=
1

2
.

The second equation implies that c, d = ±1. Substituting them into the first equation, we
obtain bd+ ac = 2/3, which is impossible.

A more obvious example is to consider τ1 = i and τ3 with an irrational real or imaginary
part. Hence we say that disconnected τ ’s belong to different superselection sectors, or math-
ematically speaking, they are in different conformal classes, i.e., they are different points in
the moduli space of the boundary torus.

The above description of BTZ angular momentum is consistent with the phase diagram
for 3d quantum gravity (not necessarily pure or Einstein) shown in Figure 3b in [5]. Based
on the standard tessellation of H by SL(2,Z) fundamental regions, this phase diagram is
a subtessellation obtained by erasing curves which can be crossed without changing the
dominant geometry Mc,d, so all degree 6 vertices become fixed points of SL(2,Z) of order 3.
Rotating and non-rotating BTZ black holes can coexist in the same phase, since dominant
geometries Mc,d for them can have the same 2-tuple (c, d), e.g., all Im τ ≥ 1 saddles belong
to one single phase, where M1,0 dominates.

For genus two, in a different geometrical limit than the one in Appendix A.8 (e.g., when
two regions where three cylinders join each other are folded around the axis perpendicular
to the Z2-symmetry plane in an opposite way5), the period matrix Ω develops a real part
and the spacetime rotates, but our Zcl

vac will stay the same. Analytic continuation of a
rotating asymptotic AdS3 into the Euclidean signature requires a more complicated version

4The angular momenta of the “seed” and its SL(2,Z) images are denoted by J and j respectively in [322],
and also implicitly in (3.21) in [5]. Spin j is obtained from Fourier transform on ĵ, defined by d = d′ + ĵc
where d′ ∈ Z/cZ, ĵ ∈ Z, and from (3.19) in [5] it easy to see that j generically exists even if Re τ = 0.

5Simply twisting cylinders along the axis perpendicular to the Z2-symmetry plane, or tilting them with
respect to the same plane will not introduce rotation.
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of Schottky double [129], and there is no longer time-reversal symmetry with respect to the
t = 0 slice. However, as long as the doubling remains, one can calculate Ω using the same
replica trick for Z2 symmetry as in Appendix A.8.

A.5 Partition function of Ising CFT at genus two
The partition function of the 2d Ising CFT can be computed on a Riemann surface Σg with
arbitrary genus g as the square root of that of the Z2-orbifold CFT of a free scalar field
at central charge c = 1 with compactification radius R = 1 [141, 142]. It is given by the
product of Zqu, representing the quantum fluctuations of the compactified scalar field, and
a classical part Zcl. The latter is the partition sum over the classical solutions in 2g winding
or soliton sectors [142] around the α and β cycles depicted in Figure 3.3 in Section 3.3 above,
and turns out to be given by [141]

Zcl(Ω, Ω̄) = 2−g
∑

a,b∈( 1
2
Z)

g

∣∣∣∣ϑ [ab
]

(Ω)

∣∣∣∣ . (A.28)

The more subtle quantum factor is [142, 323, 324]

Zqu(Ω, Ω̄) =

(
det′(−∆G)∫

Σg

√
h det (ImΩ)

)−1/4

. (A.29)

Here ∆G is defined as
∆G ≡ −

1√
G
∂µ
√
GGµν∂ν . (A.30)

It is the scalar Laplacian on real functions6, i.e., the Laplace-Beltrami operator, and G is
the metric on Σg. The prime in det′ indicates regularization by omitting zero modes of ∆G.
For genus one, with the standard metric |dσ1 + τdσ2|2, the entire expression in (A.29) is
simply Zqu(τ, τ̄) = 1/

(√
2|η(τ)|

)
, as it appears in standard texts, such as e.g., [135]. For

genus g > 1, the determinant alone is evaluated as [325, 326, 327, 328]

det ′∆G = ζ ′S(1) exp {(g − 1) [ln 2π − 1/2 + 4ζ ′(−1)]} ≈ ζ ′S(1)e0.6762(g−1), (A.31)
6∆G equals the natural covariant Laplacians ∆±0 on Tn, the space of all weight (n, 0) tensor fields on

Σg [325]. Generally ∆+
n = −2∇zn+1∇nz = 2∂̄n+1∂̄

†
n+1 and ∆−n = −2∇n−1

z ∇zn = 2∂̄†n∂̄, where the covariant
derivatives are

∇nz : Tn → Tn+1, ∇nz (T (dz)n) ≡ (Gzz̄)
n ∂

∂z

((
Gzz̄

)n
T
)

(dz)n+1;

∇zn : Tn → Tn−1, ∇zn (T (dz)n) ≡ Gzz̄ ∂
∂z̄
T (dz)n−1,

This subtlety is explained here, because in the original papers, the numerator in (A.29) is det′(−∇2) [142,
324] or det′∆±0 [326, 327], instead of det′∆G.
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where ζS(s) and ζ(s) are Selberg and Riemann zeta functions, respectively. The Selberg zeta
function for Σg is defined as

ζS(s) =
∏

p primitive

∞∏
k=1

[
1− e−(s+k)l(p)

]
, (A.32)

where the primitive p’s are the simple closed oriented geodesics on Σg annd l(p) is the
hyperbolic length of p.

Since the Ising CFT can also be expressed in terms of the CFT of a single non-interacting
Majorana fermion species, the classical part in (A.28) is simply proportional to the summa-
tion over the partition function for the free Majorana fermion theory of the corresponding
spin structure. For example in the case of torus, we have [135]

2
√
η(τ) χ1,1(τ) = 2

√
η(τ) χ1(τ) = ϑ1/2

[
0
0

]
(τ) + ϑ1/2

[
0

1/2

]
(τ),√

2η(τ) χ1,2(τ) =
√

2η(τ) χσ(τ) = ϑ1/2

[
1/2
0

]
(τ),

2
√
η(τ) χ2,1(τ) = 2

√
η(τ) χψ(τ) = ϑ1/2

[
0
0

]
(τ)− ϑ1/2

[
0

1/2

]
(τ).

(A.33)

At genus g = 2, there turn out to be ten holomorphic conformal blocks of the Ising theory.
As shown in Figure A.1, the three primary fields a, b, c ∈ {1, σ, ψ} satisfy the following fusion
rules,

a× ā→ b, c× c̄→ b, (A.34)

where the overbar denotes the anti-particle (and all particles 1, σ, ψ are their own anti-
particle).

Figure A.1: All possible admissible label sets are {a, b, c} = {1, 1, 1}, {ψ, 1, 1}, {1, 1, ψ},
{ψ, 1, ψ}, {σ, 1, 1}, {1, 1, σ}, {σ, 1, ψ}, {ψ, 1, σ}, {σ, 1, σ}, {σ, ψ, σ}.

There are sixteen g = 2 Riemann theta functions corresponding to the different possible
choices of characteristic vectors a and b, where a,b ∈ (1

2
Z2)2 - compare with Section 3.3

above. Only the ten even ones are non-vanishing, which are listed in (A.43). In Table A.1,
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we present the matrix of basis change7 from the “free Majorana fermion basis” of square-roots
of theta functions (right part of Table) to the classical parts of the basis of the genus-two
Ising characters (left part of Table).

4χcl
111 ϑ1/2

[
0 0
0 0

]
+ ϑ1/2

[
0 0
0 1/2

]
+ ϑ1/2

[
0 0

1/2 0

]
+ ϑ1/2

[
0 0

1/2 1/2

]

4χcl
ψ11 ϑ1/2

[
0 0
0 0

]
+ ϑ1/2

[
0 0
0 1/2

]
− ϑ1/2

[
0 0

1/2 0

]
− ϑ1/2

[
0 0

1/2 1/2

]

4χcl
11ψ ϑ1/2

[
0 0
0 0

]
− ϑ1/2

[
0 0
0 1/2

]
+ ϑ1/2

[
0 0

1/2 0

]
− ϑ1/2

[
0 0

1/2 1/2

]

4χcl
ψ1ψ ϑ1/2

[
0 0
0 0

]
− ϑ1/2

[
0 0
0 1/2

]
− ϑ1/2

[
0 0

1/2 0

]
+ ϑ1/2

[
0 0

1/2 1/2

]

2
√

2χcl
σ11 ϑ1/2

[
1/2 0
0 0

]
+ ϑ1/2

[
1/2 0
0 1/2

]
2
√

2χcl
σ1ψ 2ϑ1/2

[
1/2 0
0 0

]
− ϑ1/2

[
1/2 0
0 1/2

]

2
√

2χcl
11σ ϑ1/2

[
0 1/2
0 0

]
+ ϑ1/2

[
0 1/2

1/2 0

]
2
√

2χcl
ψ1σ ϑ1/2

[
0 1/2
0 0

]
− ϑ1/2

[
0 1/2

1/2 0

]

2χcl
σ1σ ϑ1/2

[
1/2 1/2
0 0

]
2χcl

σψσ ϑ1/2

[
1/2 1/2
1/2 1/2

]

Table A.1: The correspondence between (the classical parts of) Ising characters (left) and
free fermion characters (right).

The table can be understood intuitively in the pinching limit, where the off-diagonal
entries of the period matrix Ω vanish. When Ω12 → 0, all of the above characters except
χψσψ factorize into a product of two genus-one characters:

χµ1ν(Ω)→ χµ(Ω11)χν(Ω22), (A.35)

with µ, ν ∈ {1, σ, ψ}. (For simplicity, we use the notations χ1,1 ≡ χ1, χ1,2 ≡ χσ, and χ2,1 ≡
χψ.) The factorization is not possible for χψσψ because when the particle b in Figure A.1 is
non-trivial, the character is intrinsically genus-two and cannot be viewed as disjoint union of

7Table A.1 is the result of an educated guess based on (A.35) below, and its content passed all the
consistency checks to our best knowledge. Perhaps it could be derived by considering six-point functions
of twist operators of conformal dimension c

6

(
2− 1

2

)
= 1

8 in the orbifold CFT Ising⊗2/Z2 on the Riemann
sphere in the spirit of [51, 143].
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two genus-one components, even from a topological point of view. For the other nine sectors,
(A.35) can be traced back to the factorization of Jacobi theta functions in such a limit:

ϑ

[
a1 a2

b1 b2

]
(Ω)→ ϑ

[
a1

b1

]
(Ω11) ϑ

[
a2

b2

]
(Ω22). (A.36)

A.6 Genus one modular sum revisited
This appendix presents some new results concerning the genus-one case, which aim to explain
the mathematical meaning of the factor of eight in (3.20). We will first introduce several
necessary concepts.

As discussed in [122], for any 2d rational CFT C with a finite set I of primaries, the
field extension F of Q by adjoining the all matrix elements of the modular S matrix as in
(A.21) [329, 330] is a subfield of a cyclotomic field Q[ζn] for some positive integer n, where
ζn ≡ e2πi/n is the primitive nth root of unity, by the Kronecker-Weber theorem in number
theory. Following the terminology in algebraic number theory, the smallest n for which
F ⊆ Q[ζn] is called the conductor of C (also defined in [331]), and can be shown [122] to be
equal to the order N of modular T matrix. For the Ising CFT of interest to us here, the
modular T matrix is listed in (A.21).

Another important player for us is the kernel K of the linear representation of SL(2,Z),
defined as the set of modular transformations represented by the identity matrix,

K = {γ ∈ SL(2,Z)|Mij(γ) = δij} , (A.37)

where i, j ∈ I, andMij(γ) is the representation matrix of γ transforming between characters:

χi (γ · τ) =
∑
j

Mij(γ)χj(τ). (A.38)

K can be shown [122, 123] to be a congruence subgroup of level N , whose meaning will be
clear soon.

Now one can consider the index of the principal congruence subgroup Γ(N) of SL(2,Z)
of level N , as already defined in (1.34), inside the kernel K, i.e., the quantity |K : Γ(N)|.8
Bantay then showed [122], using solely the knowledge of the modular S matrix, that the
conductor of the 2d Ising CFT is N = 48, and he further proved9 that the index |K :
Γ(48)| = 64.

On the other hand, the formula for the index of Γ(N) inside SL(2,Z) is

|SL(2,Z) : Γ(N)| = N3
∏
p|N

(
1− 1

p2

)
, (A.39)

8For the principal congruence subgroup of a Siegel modular group Sp(2g,Z) of level N , the definition is
the group of diagonal matrices with entries being 1 mod N [332, 333].

9Bantay proved that the index |K : Γ(N)| equals the order of the image of K under a group homomor-
phism µN : SL(2,Z)→ SL(2,Z)/Γ(N).
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where the product is (as indicated) over all prime numbers p that divide the level N . The
above equation gives 73728 for N = 48.

Then by the Lagrange’s theorem in group theory, we have

|SL(2,Z) : Γ(48)| = |SL(2,Z) : K| · |K : Γ(48)|, (A.40)

so one would naïvely expect that the index |SL(2,Z) : K| for the 2d Ising CFT should be
73728/64 = 1152.

However, there is a subtlety: There exist three distinct ways of lifting a projective repre-
sentation of SL(2,Z) to a linear representation (i.e., three distinct “linearizations”), see for
example [31, 334]. Bantay considered a linear representation in [122], while we are focusing
on projective ones because a TQFT (in our case as discussed in Section 3.4, the 3d Ising
TQFT, whose algebraic theory is described by the Ising MTC [31]) gives rise to a projective
representation of the MCG of a Riemann surface [compare with (3.35) and (A.46)-(A.49)],
partially due to the non-degeneracy axiom for the modular S matrix of the TQFT [162,
335, 160]. This is also consistent with the (projective) transformations of Jacobi theta func-
tions under SL(2,Z) mentioned in Appendix A.7 below. After linearization of the projective
representation, the order of the image of the SL(2,Z) generator T changes from 16 to 48.
Taking into account this factor of three, we finally arrive at the index 384 = 1152/3, which
agrees with the result from our Mathematica code.10

Now we notice that K in [122] is not the enhanced symmetry group Γ
[g=1]
c for genus 1

discussed in [119], since the latter is defined as in (3.18), in a similar but different way than
in (A.37), i.e., only preserving the vacuum character up to a U(1) phase. Γ

[g=1]
c turns out to

be an index-24 subgroup of SL(2,Z), consistent with Footnote 9, and in [119] Bantay’s K is
merely used as an argument justifying the finiteness of the genus one modular sum.

Up to now, our entire discussion is about genus one. Our final remark is that the math-
ematical meaning of the prefactor 384 in (3.24) in the genus two case is the analogue of the
prefactor 8 for the genus one partition function in (3.20).11

The factor 384 arises because the subgroup Γ
[g=2]
c of the MCG Γg=2 is the immediate

counterpart of the subgroup Γ
[g=1]
c of the MCG Γg=1 = SL(2, Z), both subgroups being

denoted by Γc in (3.18) as well as below (3.21).
10The indices of the SL(2,Z) subgroups which preserve only one of the three characters χ1,1, χ1,2, or χ2,1

are 384, 384 and 48, respectively. If the characters are required to be preserved only up to a U(1) phase,
then these indices become 24, 24 and 3, respectively.

11The fact that the numerical prefactor “384” in (3.24) is the same number as the above-mentioned index
“384” = 1152/3 is probably a coincidence.
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A.7 Generators for Sp(4,Z) and the algorithm
The group Sp(4,Z) is minimally generated by K and L with the following representations:

K =


1 0 0 0
1 −1 0 0
0 0 1 1
0 0 0 −1

 , L =


0 0 −1 0
0 0 0 −1
1 0 1 0
0 1 0 0

 . (A.41)

They satisfy K2 = L12 = 14 and the following six additional relations [147],(
L2X

)2
=
(
XL2

)2
, L

(
L6X

)2
=
(
L6X

)2
L,

(
KL5

)5
=
(
L6X

)2
,(

KL7KL5K
)
L = LX,

(
L2KL4

)
X = X

(
L2KL4

)
,
(
L3KL3

)
X = X(L3KL3),

(A.42)

with X ≡ KL5KL7K = 12 ⊗ σx, L6 = 12 ⊗ σz, where σi denote the standard three Pauli
matrices. Its generalization to arbitrary genus Sp(2g,Z) with at most 3 generators and 3g+5
relations can be found in [148]. In the following basis of Riemann theta functions

ϑ1/2

[
0 0
0 0

]
(Ω), ϑ1/2

[
1
2

0
0 0

]
(Ω), ϑ1/2

[
0 0
1
2

0

]
(Ω), ϑ1/2

[
0 0
1
2

1
2

]
(Ω), ϑ1/2

[
0 1

2

0 0

]
(Ω),

ϑ1/2

[
1
2

0
0 1

2

]
(Ω), ϑ1/2

[
0 1

2
1
2

0

]
(Ω), ϑ1/2

[
0 0
0 1

2

]
(Ω), ϑ1/2

[
1
2

1
2

0 0

]
(Ω), ϑ1/2

[
1
2

1
2

1
2

1
2

]
(Ω),

(A.43)

the projective representations of K and L are:

K =



1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0


, L =



0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 eπi/8 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 eπi/8 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 eπi/8 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 e3πi/8


,

(A.44)
where L is of order 24 and K is of order 2. Zcl

vac in (3.22) is invariant under the action of K,
just like the torus vacuum seed Zvac is invariant under T of SL(2,Z). Additionally, Zcl

vac is
also invariant under L6.

We ignore the factor det(CΩ + D)−1 in the modular transformation of Riemann theta
functions (3.35), because it is expected to be absorbed in the overall quantum factor for the
characters (A.29), similar to the Dedekind eta function in the torus case [135]. The phase
ε(γ) in (3.35) has no effect because it is an overall factor independent of Ω, which drops out
when taking the norm in the expression for Zcl

vac.
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Below we present the pseudocode similar to those used in an arbitrary solvable “word
problem” for the MCG [150]. K[ · ] or L[ · ] means that K or L acts on the period matrix Ω
in all seed, seed1 and seed2.

Algorithm 1
1: Inititalize K, L, seed1 := χ1,1

2: seed = K[seed1]
3: for n = 0, n ≤ 23, n+ + do
4: temp = L[seed]
5: if temp /∈ seed, then do nothing
6: else seed =Append [seed, temp]
7: seed2 = seed
8: if Length [Intersection [seed1, seed2]]<Length [seed2] then seed1 = seed2, and repeat

from 2 to 8
9: else stop
10: Print Zgrav :=Total [seed2]

Finally, we comment on the “translational” subgroup Γ
[g=2]
∞ of Sp(4,Z). The group gets

its name from its genus-one counterpart, where Γ
[g=1]
∞ is generated by the translation T : τ →

τ + 1. (The superscripts ·[g=1] and ·[g=2] specify the corresponding genus.) As in the genus
one case, the group Γ

[g=2]
∞ is the “classical analogue” of Γ

[g=2]
c . There is no canonical choice

for Γ
[g=2]
∞ on genus two surfaces, but one possibility is generated (not necessarily minimally)

by
S̃ =

(
L6X

)3
, T̃ = XKL6X,

T1 = XT2X, T2 = L−1XL−2XL−2, T3 = L8KL4XS̃,
(A.45)

with the same X as before. Here T1, T2 and T3 respectively shift the entries Ω11, Ω22 and
Ω12 by 1; each of S̃ and T̃ acting on Ω as in (3.30) performs the conjugation Ω→MΩM−1,
where M denotes the generator S or T of SL(2,Z) [52]. In the same basis (A.43), the
10-dimensional projective representations of the generators listed in (A.45) are:

T̃1 =



0 0 1 0 0 0 0 0 0 0
0 eπi/4 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 eπi/4 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 eπi/4 0
0 0 0 0 0 0 0 0 0 eπi/4


, (A.46)
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T̃2 =



0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 eπi/4 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 eπi/4 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 eπi/4 0
0 0 0 0 0 0 0 0 0 eπi/4


, (A.47)

T̃3 =



1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 −i
0 0 0 0 0 0 0 0 −i 0


, (A.48)

S̃ =



1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, T̃ =



1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0


. (A.49)

A.8 Genus two long-cylinder limit
In this appendix, we provide some details regarding the low-temperature or the long-cylinder
limit of the Ising and the c = 3l/2GN = 1/2 gravity partition functions on genus two. As
reviewed in (3.23), a genus-two Riemann surface with a Z2 time-reflection symmetry can
be constructed as a complex curve by the “replica trick” on two copies of real lines with
six branch points, i.e., three finite intervals [144, 336]. For computational convenience, we
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choose an alternative but equivalent expression other than (3.23):

y(z)2 = u(z)v(z), u(z) =
3∏
i=1

(z − x2i−2), v(z) =
2∏
i=1

(z − x2i−1), (A.50)

where y, z ∈ C2, and we have used a conformal map to fix three of the six branch points as
cross ratios:

x(z) ≡ (u1 − z)(u2 − u3)

(u1 − u2)(z − u3)
, (A.51)

such that x(u1) = 0, x(u2) = 1, and x(u3) 7→ infinity, which we denote as z∞. For simplicity
we have denoted x(un) ≡ x2n−2, x(vn) ≡ x2n−1, n = 1, 2, 3.

This curve has a non-normalized basis of holomorphic 1-forms:

ωi =
zi−1

y(z)
dz, i = 1, 2. (A.52)

Given the canonical homology basis {αi, βj} on the Riemann surface as in (3.27), two 2-by-2
non-symmetric matrices can be defined on the surface

Aj,i ≡
∮
αi

ωj, Bj,i ≡
∮
βi

ωj. (A.53)

The corresponding period matrix of the surface can then be expressed as

Ω = A−1 · B, (A.54)

separating the contributions from integrals along the α and β cycles. (Notice that here we
used a different normalization on ω than the one in (3.28).)

Next, we perform a basis transformation by decomposing {αi, βi} into auxiliary cycles
{αaux

i , βaux
i },

αi =
i∑

k=1

αaux
k , βi = βaux

i . (A.55)

Correspondingly, one can define following the matrices, which are simply integrals of the
one-forms (A.52) along the auxiliary cycles

Aj,i =
i∑

k=1

(Aaux)j,k , Bj,i = (Baux)j,k . (A.56)

and finally [144, 336],

(Aaux)j,i ≡
∮
αaux
i

ωj = −2(−1)3−iFj |x2i−1
x2i−2

,

(Baux)j,i ≡
∮
βaux
i

ωb = −2i(−1)3−iFj |x2i
x2i−1

, i = 1, 2.

(A.57)
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Here Fj |ba can be expressed in terms of the fourth Lauricella function F (3)
D [337], a general-

ization of the hypergeometric function 2F1,

Fj |ba =

∫ 1

0

dt
(b− a)[(b− a)t+ a]j−3/2∏3

k=2 |(b− a)t− (x2k−2 − a)|1/2
∏2

k=1 |(b− a)t− (x2k−1 − a)|1/2

=
πaj−3/2∏3

k=2
x2k−2 6=a

|x2k−2 − a|1/2
∏2

l=1
x2k−2 6=a

|x2l−1 − a|1/2
F

(3)
D

(
1

2
,
3

2
− j, 1

2
,
1

2
; 1;q(a,b)

)
,

(A.58)

where the 3-dimensional vector q(a,b) has components:

q
(a,b)
ξ ≡ b− a

xξ − a
, ξ ∈ {0, 1, 2, 3, 4}\{η|xη 6= a, b}, (A.59)

and F (3)
D has the integral representation:

F
(3)
D (a, b1, b2, b3; c; q1, q2, q3) =

Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

dt
ta−1(1− t)c−a−1∏3

j=1(1− qjt)bj
. (A.60)

Taking all (x2i−1 − x2i−2) ≡ εi to be small for i ∈ {1, 2, 3}, which is required by the
long-cylinder limit, we obtain

A = − 2π
√
z∞

(
1 0
0 −1

)
, B =

2i
√
z∞

(
log ε1ε2 − log ε2
log ε2 − log ε2

)
, (A.61)

and the period matrix is

Ω =
i

π

(
− log ε1ε2 log ε2

log ε2 − log ε2

)
. (A.62)

Inserting this into the equations (A.28) and (3.22), we find that they match each other at
leading order, which further justifies our expression for Zcl

vac. The subleading terms will not
agree, because the contribution of other sectors will enter.

One remark is that, in this appendix we have used a non-rotating, i.e., purely imaginary
period matrix for convenience. Adding an angular potential complicates the calculations but
does not affect the match between the low temperature limits of Zcl

vac and Zcl, which is robust
against arbitrarily large angular momenta due to the cancellation between fast oscillating
phases in Riemann theta functions. For a review of the rotating case in general, see the
following Appendix A.4.

For genus greater than 2 with Z2 symmetry, one can allow for more branch points and
take two copies, and follow the general treatment in [144] to obtain Ω similarly.
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A.9 Extended property F of the Ising theory
Unitary (2 + 1)d-TQFTs are well-captured, physically, by anyon models, or, mathematically,
by unitary modular tensor categories. The extended property F conjecture asserts that all
representations of MCGs from a TQFT would have finite images if the total quantum di-
mension D2 =

∑
i d

2
i is an integer. For the original non-extended property F conjecture on

braid groups instead of MCGs, see [338, 339]. In this appendix, we prove the Ising TQFT
extended case.

The Ising theory has three labels or anyon types {1, σ, ψ}. The same fusion rule can be
realized by 8 different anyon models [340] with chiral central charges c = a

2
, a = 1, 3, ..., 15,

where c = 1
2
for Ising TQFT. The results in this appendix apply to all 8 theories.

The Ising TQFT can be constructed explicitly using Temperley-Lieb algebras and Jones-
Wenzl (JW) projectors with A = ie±

2πi
16 . The three anyon types {1, σ, ψ} then correspond

to the JW projectors {pi}, i = 0, 1, 2. For the notations and terminologies, see for example
[161]. The MCG representations are explicitly described in [341].

To understand the representations of MCGs Γg from the Ising TQFT, we will use four
different bases of the Hilbert spaces ViTQFT(Σg): the defining basis {eab}, the standard basis
{vik}, the geometric basis {uik}, and the spin basis {ωm

l }—the last three bases are defined
and used in [146], and the defining basis is used in [341]. The defining basis and standard
basis consist of labeled fusion graphs using {1, σ, ψ}. The defining basis is the one as in
Figure 3.7, while the standard basis can be obtained from Figure 3.7 by performing F -moves
at all wi-labeled edges. The geometric basis consists of skeins of simple closed curves; the
spin basis consists of even spin structures (those with Arf invariant 0) or even quadratic
enhancements of the intersection forms.

The four bases can be changed to each other through the following explicit formulae

[146]. From the geometric to the standard, vik =
∑

i′≤i αi′u
i′

k, where αi′ = (−[2]A)
g−

∑
(in−i′n)
2 ,

where [k]A ≡ A2k−A−2k

A2−A−2 is the quantum integer, and A = ie−2πi/16 for Ising TQFT. From the
standard to the spin, ωm

l =
∑

k αkv
i
k, where in = mnln + 1, kn = 2 if mn = 1, kn = 1 or 3

if mn = 0, and αk = (−1)l2
∑
mn−g

2 , l =
∑
δ3,knln. To go from the defining to the standard,

we first note that the label w1 in Figure 3.7 would be either 1 or ψ. Inductively, we obtain
a change of basis by applying F moves.

Any self-diffeomorphism f of a surface Σg induces an action on the Z2-homology group
H1(Σg;Z2) of Σg. The images of all such {f} form Sp (2g,Z2). The kernel consists all
diffeomorphims that fix H1(Σg;Z2), which form a subgroup Dg of Σg. It is proved in [146]
that Dg is generated by all squares of Dehn twists on simple closed curves.

Any simple closed curve s on Σg defines a function from the set of spin structures ω of
Σg to Z2 by sending ω to ω(s). To prove the finiteness of all representations, it is convenient
to use the spin basis. In this basis, the square of Dehn twist on any simple closed curve s is
a diagonal matrix with non-zero entries (−A6)

ω(s). Since A6 is of order 8, the image of Dg

is an abelian group inside ZN8 for some N .
It follows that we have an exact sequence:
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1→ ρiTQFT(Dg)→ ρiTQFT(Γg)→ Sp(2g,Z2)→ 1,

where ρiTQFT(Dg) is a subgroup of ZN8 for some N .

A.10 Proof of the theorem on page 71
Here we fill out the full details of the proof on page 71 of this thesis.

Theorem Suppose that the group representation ρg(Γg) of Γg is an infinite set of U(Ng)
matrices, then for any small ε > 0, either

(1) ∃γ, γ′ ∈ Γg such that

0 < |Tr ρg(γ)− Tr ρg(γ
′)| < ε, (A.63)

or (2) ∃γ′′ ∈ Γg such that
Ng − ε < |Tr ρg(γ

′′)| < Ng. (A.64)

Proof The compactness of U(Ng) ensures the existence of γ, γ′ ∈ Γg such that12

0 <
∣∣∣∣ρg(γ)− ρg(γ′)

∣∣∣∣ < ε′, (A.65)

where ε′ is small. Now we discuss two situations:
(1) If ρg(γ′) = ρg(γ) · eiθ · 1, then (A.65) implies

0 < {Tr [(ρg(γ)− ρg(γ′))(ρg(γ)− ρg(γ′))∗]}1/2
< ε′ (A.66)

=⇒ 0 <
{

Tr
[
ρg(γ)(1− eiθ)ρ∗g(γ)(1− e−iθ)

]}1/2
< ε′ (A.67)

but ρg(γ)ρg(γ)∗ = 1, so
0 < [(2− 2 cos θ)Ng]

1/2 < ε′ (A.68)

On the other hand, (A.63) now means

0 <
∣∣Tr

[
ρg(γ)(1− eiθ)1

] ∣∣ < ε (A.69)

=⇒ 0 <
∣∣1− eiθ∣∣ · ∣∣Tr ρg(γ)

∣∣ < ε. (A.70)

But ∣∣1− eiθ∣∣ · ∣∣Tr ρg(γ)
∣∣ ≤ Ng

√
2− 2 cos θ < ε, (A.71)

so by comparing with (A.69), we can choose ε′ ≡ ε/
√
Ng in (A.65) to achieve (A.63).

(2) If ρg(γ′) 6= ρg(γ) · eiθ · 1.
12Here γ 6= γ′ not necessarily implies that ρg(γ) 6= ρg(γ

′), because ρg may not be faithful.
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Notice that the Frobenius norm || · || is invariant under multiplying · with a unitary
matrix, so we multiply terms inside || · || in (A.65) by ρg(γ′)−1 to get

0 <
∣∣∣∣ρg(γ′′)− 1

∣∣∣∣ < ε′, (A.72)

where ρg(γ′′) ≡ ρg(γ)ρg(γ
′)−1. Consequently

0 < {Tr [(ρg(γ
′′)− 1)(ρg(γ

′′)− 1)∗]}1/2
< ε′. (A.73)

We use ρg(γ′′)ρg(γ′′)∗ = 1 to get

0 < (2Ng − 2 ReC)1/2 < ε′, (A.74)

where C ≡ Tr ρg(γ
′′). But ImC ≤ N and ReC < |C|, from (A.74) we have

0 < Ng − Re(c) < ε′2/2 (A.75)

=⇒ Ng − |c| < ε′2/2 (A.76)

Recall that (A.64) is equivalent to

0 < Ng − |C| < ε. (A.77)

so we pick ε = ε′2/2, namely ε′ =
√

2ε in (A.65) to achieve (A.64). �
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Appendix B

p-Adics

B.1 Laplacian matrix on a multigraph, and its relation
to volume of (4.151)

Here we use a graph-theoretic method to obtain the determinant of Laplacian operator on
the Bruhat-Tits tree1, which has already been calculated in Section 4.3.

Let us recall that the result (4.31) is the product of all nonzero eigenvalues of a directed
multigraph Laplacian �̃. This multigraph G contains:

• N + 1 vertices, labelled by 0, . . . , N ;

• One arrow from the ith vertex to (i+ 1)th vertex, where i = 0, . . . , N − 2;

• p arrows from the jth vertex to the (j − 1)th vertex, where j = N,N − 1, . . . , 2;

• p+ 1 arrows from the vertex 1 to the vertex 0.

The product of eigenvalues of equals the determinant of the adjacency matrix of G, with
the (N + 1)th row and the (N + 1)th column removed, because there is no arrow going from
anywhere else to the vertex N . By Kirchhoff’s theorem, this determinant equals the number
of spanning trees starting from the vertex N , which is

p · p · . . . · p︸ ︷︷ ︸
N−1

·(p+ 1) = pN + pN−1. (B.1)

In fact, G can be obtained by “compressing” the truncated Bruhat-Tits tree in Section 4.3
onto one ray using the rotational symmetry, so a spanning tree starting from the vertex N is
equivalent to a path originating from the origin 0 to the cut-off boundary of the Bruhat-Tits
tree, which in turn is equivalent to choosing a point at depth N on the tree.

1I thank Yehao Zhou for helpful comments.
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Finally, all points at depth N on the Bruhat-Tits tree form an orbit of the Iwahori
subgroup of GL(2,Zp), called the Iwahori orbit. Under the Haar measure, the orbit has
volume 1, so the volume of the double coset (4.151) equals the number of elements in the
quotient of (4.151) by the right action of Iwahori subgroup. This quotient is exactly the
Iwahori orbit representing elements (

pN 0
0 1

)
, (B.2)

namely, points at depth N . As we discussed on the previous page, there are pN + pN−1 of
them.

However, for the BTZ graph, there is no good rotational symmetry which allows for a
“compression”, so a similar analysis obtaining det �̃ cannot be done.

It would also be interesting to understand this volume purely in terms of p-adic integration
using Haar measure, say, in Appendix A of [168].

B.2 BTZ graphs revisited
In Section 4.3, if we do not use the periodic linear recurrence on the horizon (4.44), without
loss of generality, we start from the initial condition at the φ0,s vertex:

(p− 1)(φ0,s − φ1,s) + (φ0,s − φ0,s−1) + (φ0,s − φ0,s+1) = λφ0,s, (B.3)

where φ1,s denotes the field value on the outward vertex one edge away from the horizon
point (0, s), and hence

φ1,s =
(p+ 1− λ)φ0,s − (φ0,s−1 + φ0,s+1)

p− 1
. (B.4)

Similar to what we have shown in Section 4.3, all field values φn,s, n > 1, away from the
event horizon only depend on their depths n and hence isotropic in each subtree rooted at
one horizon vertex (0, s). There is no change in the linear recurrence (4.26) for all n > 2,
and for n = 2 we have

φ2,s =
(p+ 1− λ)φ1,s − φ0,s

p

=
[λ(λ− 2p− 2) + p(p+ 1) + 2]φ0,s + (λ− p− 1)(φ0,s+1 + φ0,s−1)

p(p− 1)
,

(B.5)

then the coefficients get uncontrollably complicated as the depth n increases.

B.3 Review on the ordinary BTZ parameters
In ordinary Eulcidean AdS3, for a genus-1 gravitational saddle configuration, the modular
parameter is τ = θ+ iβ, defined on the upper-half plane H2, where θ is the angular potential
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and β is the inverse temperature, then the tree-level partition function is [64]

Z = e
πk Imτ
|τ |2 , (B.6)

where k is the inverse 3d Newton’s constant. For a non-rotating black hole, as in our case
θ = 0, so

Z = e
πk
β = eπkr+ . (B.7)

If corrected by the one-loop contribution as in [5], we have:

Z = Z(τ)Z̄(τ̄), (B.8)

where the holomorphic piece is

Z(τ) =
q
−(k−1/24)
− (1− q−)

η(−1/τ)
, (B.9)

and q− ≡ e−2πi/τ . Since the partition function of 3d pure gravity is 1-loop exact [5], the
combined result is

Ztot =
e

4πImτ
|τ |2 (k− 1

24)

η
(
− 1
τ

)
η̄
(
− 1
τ̄

) [1 + e
− 4πImτ
|τ |2 − 2 cos

(
2πImτ
|τ |2

)
e
− 2πImτ
|τ |2

]
(B.10)

We will use the q-Pochhammer symbol specified at q itself

(q; q)∞ ≡
∞∏
n=1

(1− qn) , (B.11)

as well as the fact that q−q̄− = e
−4π Imτ

|τ |2 and η(−1/τ) ≡ q
1/24
− (q−; q−)∞, a useful expression

when q ∈ R.
Hence for a non-rotating BTZ black hole, q− = q̄−, and at large r+ = 1/β, we have

e
4πk Imτ

|τ |2

(q−; q−)∞(q̄−; q̄−)∞
≈ e4kπr+ . (B.12)

Instead when r+ is very small, we use the asymptotics [342]:

(q; q)∞ ≈
√

2π

t
e
t

24
−π

2

6t , for q = e−t, t→ 0, (B.13)

so that the partition function is approximately r+e
(4k−1/6)πr+ .
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B.4 An appetizer to compact induction
Compact induction is among the very first constructions of supercuspidal representations.
The standard philosophy is to induce an irrep of the group G from a representation of
a compact subgroup H ⊂ G. Avoiding most technicalities, we demonstrate this for the
simplest case, the symmetric group S3, adopting the approach from [343]. We will not define
terms not shown in our main text.

It is known that for a given p, there are p(p− 1)/2 distinct supercuspidal representations
for SL (2,Qp) [344] (Theorem 2.5), so the supercuspidal representation for SL (2,Q2) is
unique. We start from the cuspidal representation of SL (2,F2) ∼= S3, i.e., the character ρ
with mappings:(

1 0
0 1

)
y
1

,

(
0 1
1 0

)
y
−1

,

(
1 1
0 1

)
y
−1

,

(
1 0
1 1

)
y
−1

,

(
1 1
1 0

)
y
1

,

(
0 1
1 1

)
y
1

, (B.14)

and preform compact induction on S3 to obtain the supercuspidal representation of SL(2,Q2).
We use the fact that there is a unique tamely ramified extension Q2

(
ζ3,

3√
2
)
/Q2 whose

Galois group is exactly S3, where ζ3 is a 3rd root of unity. Then the Langlands parameter

φ : Gal
(
Q2

(
ζ3,

3√
2
)/

Q2

)
→ S3 ⊆ PGL(2,C) (B.15)

corresponds to two irreps of SL (2,Q2) given by compact induction from

K1 = SL(2,Z), and K2 =

(
2 0
0 1

)
K1

(
1/2 0
0 1

)
=

(
∗ 2∗
∗/2 ∗

)
(B.16)

of the characters Ki → S3
sgn−→ {±1}.

More generally and abstractly, compact induction can be performed on Zp/pZp ∼ Z/Zp ∼
Fp as well, and supercuspidal representations obtained are called depth-zero [219]. With this,
one can actually enumerate all supercuspidal representations of GL (2,Qp) [345].
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Appendix C

Reciprocity

C.1 Topological twists
In this appendix, we attempt to topologically twist the Gaiotto-Witten Janus confuguration
we introduced in .

Twisting the Gaiotto-Witten Janus configuration

In this subsection, all spinors and vectors are in Euclidean signature. The 10D spinor
decompose into the Spin(4)L × Spin(6) ∼= SU(2)+ × SU(2)− × Spin(6) representation as

(2,1; 4̄)⊕ (1,2;4). (C.1)

They decompose into representation of SU(2)+ × SU(2)− × Spin(3)X × Spin(3)Y as

(2,1;2,2)⊕ (1,2;2,2), (C.2)

where Spin(4)L is generated by Γi for i = 0, 1, 2, 3, Spin(3)X is generated by Γa for a = 4, 5, 6,
and Spin(3)Y is generated by Γp for p = 7, 8, 9. The spinors further decompose into the
representation of Spin(3)D × Spin(3)Y × Z2 as

(1,2)+ ⊕ (3,2)+ ⊕ (1,2)− ⊕ (3,2)−, (C.3)

where Spin(3)D is the diagonal subgroup of SU(2)+ × SU(2)− × Spin(3)X , and the Z2 is
generated by Γ0123. There are four spinors invariant under the Spin(3)D. They satisfy three
equations

Γ0145ε = ε, Γ0246ε = ε, iΓ0123456789ε = ε. (C.4)

The four solutions form a pair of doublets under the Spin(3)Y , which have ±1 eigenvalue
under Γ0123. we denote them by ε±,α, which satisfy

Γ0123ε±,α = ±ε±,α, Γpqε±,α = iεpqr(σr)α
βε±,β, (C.5)
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where (σr)α
β are Pauli matrices.1 A choice of ε−,α determines a natural choice of ε+,α,

ε−,α = Nε+,α, ε+,α = −Nε−,α, N =
1

3

2∑
i=0

ΓiΓi+4. (C.7)

One can further show that ε±,α satisfy

Γi+4ε+,α = Γiε−,α, Γi+4ε−,α = −Γiε+,α for i = 0, 1, 2. (C.8)

We would like to consider Gaiotto-Witten Janus configuration. The supersymmetry trans-
formation preserved by the Gaiotto-Witten Janus configuration must satisfy the condition

(Γ3456 sinψ + Γ3789 cosψ)ε = ε. (C.9)

We could construct solutions from ε±,α by

εα = ε+,α + ε−,αie
iψ. (C.10)

Let us decompose the gaugino field Ψ as

Ψ = (η+α + Γijχ+α
ij )ε+,α + (η−α + Γijχ−αij )ε−,α. (C.11)

The Gaiotto-Witten supersymmetry transformation on the gaugino is

(δ + δ̃)Ψ =

(
1

2
ΓijFij + Γ3ΓiF3i +

1

2
Γab[Xa, Xb] +

1

2
Γpq[Yp, Yq]

+ ΓiΓaDiXa + Γ3ΓaD3Xa + ΓiΓpDiYp + Γ3ΓpD3Yp + ΓaΓp[Xa, Yp]

− Γ3ΓaXaψ
′ tanψ + Γ3ΓpYpψ

′ cotψ

)
ε.

(C.12)

Let us denote δ±,α being the supersymmetry transformations with the parameters ε±,α. We
1Our convention for the SU(2) spinors uα is such that we raise and lower the index α by the antisymmetric

invariant tensors εαβ and εαβ as
uα = εαβuβ , uα = uβεβα. (C.6)

εαβ and εαβ are normalized by ε12 = ε12 = 1. When the spinor indices are implicit, they are always contracted
as an upper left index contracting with an lower right index, uv = uαvα.
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obtain

(u+δ+ + u−δ−)χ+
ij =

u+

2
(Fij + εijkF

3k − [Xi, Xj]− εijk[Xk, Y p]σp)

+
u−

2
(−D[iXj] − εijkD3X

k − εijkDkY pσp + εijkX
kψ′ tanψ),

(u+δ+ + u−δ−)χ−ij =
u−

2
(Fij − εijkF 3k − [Xi, Xj] + εijk[X

k, Y p]σp)

+
u+

2
(D[iXj] − εijkD3X

k − εijkDkY pσp + εijkX
kψ′ tanψ),

(u+δ+ + u−δ−)η+ =
u+

2
(iεpqrσr[Yp, Yq]) +

u−

2
(−DiXi +D3Y pσp + Y pσpψ

′ cotψ),

(u+δ+ + u−δ−)η− =
u−

2
(iεpqrσr[Yp, Yq]) +

u+

2
(DiXi −D3Y pσp − Y pσpψ

′ cotψ).

(C.13)

Consider the supersymmetry transformation generated by (C.10), i.e. setting

u+ = u, u− = −ie−iψu, (C.14)

where uα is a fixed two-component spinor, which specified the twisting. The vanishing of
the supersymmetry transformation on η± gives

uσr[Yp, Yq]ε
pqr = 0, u(DiXi −D3Y pσp − Y pσpψ

′ cotψ) = 0 (C.15)

The vanishing of the supersymmetry transformation on χ± gives

u
[
− (Fij − [Xi, Xj]) sinψ+iεijk(F

3k − [Xk, Y p]σp) cosψ

−εijk
(
D3X

k −Xkψ′ tanψ +DkY pσp
) ]

= 0,

u
[
i(Fij − [Xi, Xj]) cosψ−εijk(F 3k − [Xk, Y p]σp) sinψ −D[iXj]

]
= 0,

(C.16)

The BPS equations take the form as

uαA+ (uσp)
αBp = 0. (C.17)

Contracting this equation by uα and (σqu)α gives

UpB
p = 0, UpA+ iεpqrB

pU r = 0, (C.18)

where Up = uσpu is a null vector, UpUp = 0. The possible choices of twisting is parametrized
by a hyperplane inside CP2, which is parametrized by U1, U2, U3 with Up ∼ xUp for x ∈ C,
and the hyperplane is defined by the equation UpUp = 0.

Any choice of the twisting Up breaks the Spin(3)Y symmetry. If we required that the
BPS equations are satisfied for all the choice of the uα, we have

DkY p = 0, D3Y p + Y pψ′ cotψ = 0, [Yp, Yq] = 0,

DiXi = 0, D[iXj] = 0, D3X
k −Xkψ′ tanψ = 0,

Fij − [Xi, Xj] = 0, F 3k = 0, [Xk, Y p] = 0.

(C.19)
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This preserves the Spin(3)Y symmetry.
Next, we work out the supersymmetry transformation of the bosonic fields. One could

normalize the spinors as
ε̄∓,αΓ3ε±,β = ±εαβ,
ε̄±,αΓ3ε±,β = 0.

(C.20)

The supersymmetry variations of the bosonic fields are

(u+δ+ + u−δ−)Ai = εijk(u+χ−jk + u−χ+
jk),

(u+δ+ + u−δ−)A3 = u+η− − u−η+,

(u+δ+ + u−δ−)Xi = εijk(u+χ+
i − u−χ−i ),

(u+δ+ + u−δ−)Yp = u+σpη
+ + u−σpη

−.

(C.21)

Deriving the BPS equations

Here we derive the BPS equations for abelian and non-ablelian gauge groups respectively

The abelian case

For simplicity, let us first consider the case that the gauge group is U(1).

u(∂iXi − ∂3Y pσp − Y pσpψ
′ cotψ) = 0,

u
[
− Fij sinψ + iεijkF

3k cosψ − εijk
(
∂3X

k −Xkψ′ tanψ + ∂kY pσp
) ]

= 0,

u
[
iFij cosψ − εijkF 3k sinψ − ∂[iXj]

]
= 0.

(C.22)

The last equation implies (setting the real and imaginary part to zero saparately)

Fij = 0, − εijkF 3k sinψ − ∂[iXj] = 0. (C.23)

Now, we assume that u = (1, 0), and we have uσpY p = (Y 9, Y −), where Y ± = Y7± iY 8. The
first equation then reads

∂iXi − ∂3Y 9 − Y 9ψ′ cotψ = 0,

∂3Y − + Y −ψ′ cotψ = 0.
(C.24)

The second equation reads

F 3k = 0, ∂kY − = 0,

∂3X
k −Xkψ′ tanψ + ∂kY 9 = 0.

(C.25)

The BPS equations can be written in terms of X̃ = X cosψ and Ỹ = Y sinψ as

Fij = 0, F3k = 0, ∂[iX̃j] = 0, ∂3Ỹ
− = 0, ∂kỸ

− = 0,

(∂iX̃i) tanψ − ∂3Ỹ 9 = 0, (∂3X̃
k) tanψ + ∂kỸ

9 = 0.
(C.26)
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The non-abelian case

Let us consider the BPS equation for non-abelian gauge group. The BPS equations are

uσr[Yp, Yq]ε
pqr = 0, u(DiXi −D3Y pσp − Y pσpψ

′ cotψ) = 0,

u
[
− (Fij − [Xi, Xj]) sinψ+iεijk(F

3k − [Xk, Y p]σp) cosψ−
εijk
(
D3X

k −Xkψ′ tanψ +DkY pσp
) ]

= 0,

u
[
i(Fij − [Xi, Xj]) cosψ−εijk(F 3k − [Xk, Y p]σp) sinψ −D[iXj]

]
= 0.

(C.27)

Also assuming u = (1, 0), the equations on the first line of (C.27) give

[Y +, Y −] = 0, [Y −, Y 9] = 0,

(DiX̃i) tanψ −D3Ỹ
9 = 0, D3Ỹ

− = 0.
(C.28)

The equation on the second line of (C.27) give

i[Xk, Y −] cosψ +DkY − = 0, F 3k − [Xk, Y 9] = 0,

(Fij − [Xi, Xj]) sinψ + εijk
(
D3X

k −Xkψ′ tanψ +DkY 9
)

= 0.
(C.29)

The equation on the last line of (C.27) give

[Xk, Y −] = 0, Fij − [Xi, Xj] = 0,

εijk(F
3k − [Xk, Y 9]) sinψ +D[iXj] = 0.

(C.30)

In summary, we have the BPS equations,

Fij − [Xi, Xj] = 0, F 3k − [Xk, Y 9] = 0, D[iXj] = 0,

[Xk, Y −] = 0, DkY − = 0, [Y +, Y −] = 0, [Y −, Y 9] = 0, D3Ỹ
− = 0.

(D3X̃
k) tanψ +DkỸ 9 = 0, (DiX̃i) tanψ −D3Ỹ

9 = 0.

(C.31)

Some comments are as follows:

• The scalar Y + only shows up in the commutator [Y +, Y −] = 0, otherwise is uncon-
strained by the BPS equations;

• By (C.21), the scalar Y − is invariant under our choice of supercharge, as u = (1, 0);

• In deriving (C.26) and (C.31), we assume the bosonic fields (Ai, A3, Xi, Yp) are all real,
and set the real part and the pure imaginary part of a equation to zero separately.
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Compactifying the Janus configuation

In this appendix, we only consider the twisting that preserve the Spin(3)Y . Let us consider
the Janus configuration on an interval [0, 2π]. The coupling constant τ on the two ends of
the interval are related by an S-transformation

τ(0) = − 1

τ(2π)
. (C.32)

We can then compatify the x3-direction.
Recall that the Janus configuration is parametrized by a function ψ(x3) as τ = a +

4πDe2iψ. Now, suppose the angle ψ near x3 = 0 is a constant, and the action reduces to
the N = 4 SYM action. For simplicity, we also assume that the θ-angle is zero near x3 = 0.
Consider the kinetic term of the scalar Ya in the x3-direction,

1

g2
YM

Tr(∂3Ya∂3Y
a). (C.33)

Let us denote Yi = Y |x3=0, Yf = Y |x3=2π, and gYM,i = gYM(2π), gYM,f = gYM(2π). For
(C.33) to be invariant under the S-transformation, we must have

Yf =
1

g2
YM,i

Yi, gYM,f =
1

gYM,i

. (C.34)

Recall that Y = Ỹ / sinψ and Ỹ is a constant by the BPS equations (C.19). If Ỹ is nonzero,
then (C.34) gives

1

sinψi sinψf
= 2D =

1

cosψi cosψf
, (C.35)

which implies

gYM,f =
1

D sin 2ψf
= 1, (C.36)

and the S-transformation acting trivially.

C.2 Locality and action I ′′ at the intersection of the
SL(2,Z) duality walls

The bosonic part of the duality wall corresponding to M̃ = ST
k was given by the sum of I ′b

and I ′′ from (5.80) and (5.94):

I ′b + I ′′ =
i

4π

∫ 1

0

(
2X t

1εdX0 − kX t
0εdX0

)∣∣∣∣
σ2=0

+
i

4π

(
k − 2

)
X(1, 0)tεMX(0, 0) . (C.37)
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We mentioned below (5.94) that I ′′ is necessary to incorporate the periodic identification
(5.67) in a local way. Let us now explain in what sense (C.37) is a local action. For one, it
is crucial that the coefficient in (5.94) is

(
2− k

)
. The key point is that X0 and X1 are only

one set of representative functions on R2 that represent a map to the coset T 2 ' R2/Z2. In
order to analyze the locality of the expression, let us divide the range 0 ≤ σ1 < 1 into n
segments labeled by g = 0, . . . , n− 1 with endpoints

0 = σ1,0 < σ1,1 < · · · < σ1,n−1 < σ1,n = 1 .

In each segment [σ1,g, σ1,g+1], we define fields X0,g(σ1), with σ1,g ≤ σ1 ≤ σ1,g+1. Similarly, at
σ2 = 1 we have another sequence of vector functions {X1,g}ng=1. Thanks to the equivalence
(5.67), there is an infinite number of ways to pick X0,g and X1,g in each segment, but different
choices differ by a constant vector K. To incorporate that ambiguity in a local way, we allow
the boundary conditions at the point were σ1,g+1, where one segment touches the next one,
to include a shift by Ng ∈ Z2 [which plays the role of K in (5.67)]:

Xi,g(σ1,g+1) = MνgXi,g+1 (σ1,g+1) + 2πNg , i = 0, 1. (C.38)

In (C.38), we also allow a twist by an integer power νg ∈ Z ofM between the gth and (g+1)th

segment. In order to comply with (5.63), we require that the net twist be M , so that:

n−1∑
g=0

νg = 1.

Our convention is that n ∼ 0 so that Nn = N0. We require that the action be a sum of local
expressions, and we start by replacing the first two terms in (C.37) with

Ĩ ′b ≡ −
i

4π

n−1∑
g=0

∫ σ1,g+1

σ1,g

(
kX t

0,gεdX0,g − 2X t
1,gεdX0,g

)
. (C.39)

Next, we require local gauge invariance. The gauge transformations are labeled by n vectors
Kg ∈ Z2 and act as

Xi,g → Xi,g+2πKg (i = 0, 1) , Ng → Ng+Kg−MνgKg+1 , g = 0, . . . , n−1. (C.40)

Under this gauge transformation the action transforms as

Ĩ ′b → Ĩ ′b −
i

2

(
k − 2

) n−1∑
g=0

Kt
gε [MνgX0,g+1(σ1,g+1)−X0,g(σ1,g)]− i

(
k − 2

)
π

n−1∑
g=0

Kt
gεNg .(C.41)

Since we assume that k ∈ 2Z, the last term is in 2πZ and we can drop it, since the path
integral is over e−I . For the remaining terms, we can rearrange the sum to read

n−1∑
g=0

Kt
gε [MνgX0,g+1(σ1,g+1)−X0,g(σ1,g)] =

n∑
g=1

[
Kt

g−1

(
M−νg−1

)t −Kt
g

]
εX0,g(σ1,g),
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where we used the identity (Mνg−1)t εMνg−1 = (detM)νg−1ε = ε . Thus, (C.41) can be rewrit-
ten as

Ĩ ′b → Ĩ ′b −
i

2

(
k − 2

) n∑
g=1

[
Kt

g−1

(
M−νg−1

)t −Kt
g

]
εX0,g(σ1,g) (mod 2πZ) .

So, Ĩ ′b is not gauge invariant on its own. To fix it, we can add to Ĩ ′b the term

Ĩ ′′ ≡ i

2

(
k − 2

) n−1∑
g=0

N t
g−1

(
M−νg−1

)t
εX0,g(σ1,g). (C.42)

We can now check that Ĩ ′b + Ĩ ′′ is invariant, using (C.40) to calculate

Ng → Ng +Kg −MνgKg+1 , N t
g−1 → N t

g−1 +Kt
g−1 −Kt

g (Mνg−1)t ,

and thus
N t

g−1

(
M−νg−1

)t → N t
g−1

(
M−νg−1

)t
+Kt

g−1

(
M−νg−1

)t −Kt
g .

Now, if we set
ν−1 ≡ νn−1 = 1 , ν0 = ν1 = · · · = νn−2 = 0 ,

and
N−1 ≡ Nn−1 = N , N0 = N1 = · · · = Nn−2 = 0 ,

then we recover the action (5.96).

C.3 On the equivalence between 2q̃(·) and vtεMv in
(5.132)

Proof for M = ST 2v1 and M = ST 2v1ST 2v2

We now show that (5.132) holds for the cases M = ST 2v1 and M = ST 2v1ST 2v2 . Equation
(5.132) states that the quadratic form 2q̃(v) can be written as vtεMv up to an integer.

The case M = ST 2v1 is simple. The group Ξ0, defined in (5.69), is isomorphic to the
cyclic group Z(2v1−1), and an element of (M − I)−1(Z2)/Z2 can be expressed as

v =
n

2v1 − 2

(
1
−1

)
, for n = 0, . . . , 2(v1 − 1)− 1.

Then (half) the RHS of (5.132) is equal to

1
2
vtεMv =

n2

4(v1 − 1)
.
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The coupling constant matrix K is 1 × 1 and given by (2v1 − 2) which results in the same
expression. Thus, in this case q̃(v) equals 1

2
vtεMv.

For the case M = ST 2v1ST 2v2 , (half) the RHS of (5.132) was calculated in (5.164) as

1
2
vtεMv =

v1n
2

4(v1v2 − 1)
− v2a

2

4
(C.43)

using an identification of Ξ0 with Z2(v1v2−1) ⊕ Z2 via

v 7→
(
n
a

)
, a = 0, 1 , n = 0, . . . , 2(v1v2 − 1)− 1.

[The relation v = (M − I)−1N is needed to relate (5.164) to (C.43).]
To calculate q(·) we note that

K =

(
2v1 −2
−2 2v2

)
=

(
0 −1
1 v2

)(
2(v1v2 − 1) 0

0 2

)(
1 0
−v1 1

)
.

Thus, we can define the isomorphism ϕ̃ by

ϕ̃(v) = v =

(
0 −1
1 v2

)(
n
a

)
,

and use (5.130) to calculate

q̃(v) = q(ϕ̃(v)) = 1
2
vtK−1v =

v2

4
a2 +

v1

4(v1v2 − 1)
n2 +

1

2
an. (C.44)

Comparing (C.44) to (C.43) we see that in general

q̃(v) 6= 1
2
vtεMv (mod Z)

but
2q̃(v) ≡ vtεMv (mod Z),

as stated.

Example for M with three ST# factors

Although we did not prove the equivalence of 2q(v) and vtεMv (mod 1) for the case with
three factors of ST# inside the decomposition of M , we here present a numerical example
to support our conjecture that signs could be added by hand to the naïve2 T̃ to satisfy
(ST̃)3 = S2. The naïve T̃ is defined as

T̃ |v〉 ≡ e−πiv
tεMv |v〉 , v ∈ Ξ0.

2In this section, by “naïve” we mean that we do not consider any ± sign shown in (5.141), or the phase
φ predicted by the signature σ of the quadratic form vtεMv in (5.132).
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Let us consider
M = ST 2ST 2ST 4 =

(
−2 −7
3 10

)
, (C.45)

which yields a cyclic group Ξ0
∼= Z6 with an ordered basis{(

5

6
,
1

2

)
,

(
2

3
, 0

)
,

(
1

2
,
1

2

)
,

(
1

3
, 0

)
,

(
1

6
,
1

2

)
, (0, 0)

}
.

Here we do not calculate S according to the definition (5.140). The reason is as follows:
without knowing the correct ± sign in front of each matrix element beforehand, if one were
to choose all signs to be, say, +, then it is a numerical observation that almost always one
would obtain a singular S where at least two rows are identical, and furthermore S2 would not
be the charge conjugation. Hence, we start by using the unsymmetrized3/naïve definition:

S̃ |v〉 ≡ 1√
|Ξ0|

∑
u∈Λ/Z2

e2πivtε(M−I)u |u〉 , u, v ∈ Ξ0. (C.46)

Then we calculate

T̃ =



e
5iπ
6

e−
2iπ
3

−1

−e iπ3
e−

5iπ
6

−1


,

and

S̃ =
1√
6



e
iπ
3 e

2iπ
3 −1 e−

2iπ
3 e−

iπ
3 1

e
2iπ
3 e−

2iπ
3 1 e

2iπ
3 e−

2iπ
3 1

−1 1 −1 1 −1 1

e−
2iπ
3 e

2iπ
3 1 e−

2iπ
3 e

2iπ
3 1

e−
iπ
3 e−

2iπ
3 −1 e

2iπ
3 e

iπ
3 1

1 1 1 1 1 1


.

We can easily check that S̃2 is the Sylvester’s “shift” matrix in the canonical basis
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1

 ,

3The exponent is unsymmetrized, but S is still a symmetric matrix.
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i.e., the charge conjugation sending |v〉 to |−v〉, and S̃4 = I.
We found four solutions to

∣∣(S̃T)3
∣∣ = S̃2, and below is the list of phases4 required to

multiply the entire T to possibly become the refined T as in (5.141) satisfying (S̃T)3 = S̃2,
along with positions on the diagonal of T̃ where signs are flipped in each solution:

• phase: e−
iπ
12 , positions: 1, 2, 3, 5, 6;

• phase: e
iπ
12 , positions: 1, 3, 4, 5;

• phase: e−
iπ
4 , positions:2, 6 ;

• phase: e
iπ
4 , position: 4.

We see that the third sign configuration yields a phase matching φ in T in (5.125), since the
signature of the K-matrix (5.148) in this example 2 −1 0

−1 2 −1
0 −1 4

 (C.47)

is 3 [because exponents in ST# factors of M in (5.125) are all positive].
Our final comment is that the naïve T̃ and unsymmetrized S̃ matrices here also enable us

to find the correct sign configuration on the refined T in (5.141), with a phase matching the
signature of K-matrix for cases with two ST# factors inM , as expected from Appendix C.3.
We also conjecture that the correct sign configuration on S in (5.134) and S in (5.140) is
exactly given by S̃ on the face value.

Concrete exercises for M with two ST# factors

The purpose of this subsection is to provide examples for Appendix C.3. Our first example
is

M = ST 2ST 4 =

(
−1 −4
2 7

)
,

4Up to multiplications by e
2πi
3 and e

4πi
3 , due to the three distinct ways of lifting a projective representation

of SL(2,Z) to a linear representation (i.e., three distinct “linearizations”), see for example [31, 334].
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which generate Ξ0 as Z2⊕Z2, the Klein 4-group5. Since everything is mod 1 here, we choose
the ordered basis {(1/2, 1/2), (1/2, 0), (0, 1/2), (0, 0)}. Then its naïve T̃ matrix is

T =


−i 0 0 0
0 i 0 0
0 0 −1 0
0 0 0 1

 ,

If we were to following the customs to symmetrize the quadratic form on the exponent in
(5.140) to be a quadratic refinement (a symmetric bilinear form) [283, 281], then we would
get a candidate “S-matrix” with symmetrized exponents e−πi(vtεMu+utεMv) in its summation:

S ′ = 1

2


−1 −1 1 1
−1 −1 1 1
1 1 1 1
1 1 1 1

 .

However, as we have claimed in Appendix C.3, it is singular and its square is not a charge
conjugation matrix.

On the other hand, another candidate “S-matrix” whose summands are antisymmetrized
exponents e−πi(vtεMu−utεMv) is

S ′′ = 1

2


1 −1 −1 1
−1 1 −1 1
−1 −1 1 1
1 1 1 1

 , (C.48)

which now squared to be the identity, but one cannot achieve
∣∣(S ′′T̃)3

∣∣ = S ′′2 by flipping
signs on elements in T̃, and the best one could possibly do is to flip the lower right entry in
T̃ so that S ′′


−i 0 0 0
0 i 0 0
0 0 −1 0

0 0 0 −1




3

=


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ,

which is fine because we are working with (mod 1) for MCG actions in (5.140) and (5.141).
However, in the upcoming example we will not be so lucky with antisymmetrization, which
would fail there.

Now let us consider
M = ST 4ST 6 =

(
−1 −6
4 23

)
,

5Incidentally, we note that

M = ST−1ST−3ST =

(
3 4
2 3

)
also give the same Z2 ⊕ Z2 with the same basis.
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which generate Ξ0 with the basis of the following order{
(0, 0) ,

(
7

10
,

1

10

)
,

(
2

5
,
1

5

)
,

(
1

10
,

3

10

)
,

(
4

5
,
2

5

)
,

(
1

2
,
1

2

)
,

(
1

5
,
3

5

)
,

(
9

10
,

7

10

)
,(

3

5
,
4

5

)
,

(
3

10
,

9

10

)
,

(
9

10
,
1

5

)
,

(
3

5
,

3

10

)
,

(
3

10
,
2

5

)
,

(
0,

1

2

)
,

(
7

10
,
3

5

)
,(

4

5
,

9

10

)
,

(
1

10
,
4

5

)
,

(
1

2
, 0

)
,

(
2

5
,

7

10

)
,

(
1

5
,

1

10

)}
,

(C.49)

so its naïve T̃ matrix is

T̃ = diag
(

1, e−
3π
10
i, e

4π
5
i, e−

7π
10
i, e−

4π
5
i, i, e−

4π
5
i, e−

7π
10
i, e

4π
5
i, e−

3π
10
i, e−

π
5
i, e−

3π
10
i, e

π
5
i,−i,

e
π
5
i, e

7π
10
i, e−

π
5
i,−1, e

3π
10
i, e

7π
10
i
)
.

(C.50)

The antisymmatrization proposal similar to (C.48) will yield a candidate

S ′′ = 1

2
√

5



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1
1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1
1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1
1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1
1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1
1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1



,

whose square and the fourth power are nothing close to a charge conjugation operator or the
identity matrix.
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Following the unsymmetrized definition (C.46), we have the S̃ matrix

S̃ = 1

2
√

5



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 e
3iπ
5 e−

4iπ
5 e−

iπ
5 e

2iπ
5 −1 e−

2iπ
5 e

iπ
5 e

4iπ
5 e−

3iπ
5 e

iπ
5 e

4iπ
5 e−

3iπ
5 1 e

3iπ
5 e

2iπ
5 e−

iπ
5 −1 e−

4iπ
5 e−

2iπ
5

1 e−
4iπ
5 e

2iπ
5 e−

2iπ
5 e

4iπ
5 1 e−

4iπ
5 e

2iπ
5 e−

2iπ
5 e

4iπ
5 e

2iπ
5 e−

2iπ
5 e

4iπ
5 1 e−

4iπ
5 e

4iπ
5 e−

2iπ
5 1 e

2iπ
5 e−

4iπ
5

1 e−
iπ
5 e−

2iπ
5 e−

3iπ
5 e−

4iπ
5 −1 e

4iπ
5 e

3iπ
5 e

2iπ
5 e

iπ
5 e

3iπ
5 e

2iπ
5 e

iπ
5 1 e−

iπ
5 e−

4iπ
5 e−

3iπ
5 −1 e−

2iπ
5 e

4iπ
5

1 e
2iπ
5 e

4iπ
5 e−

4iπ
5 e−

2iπ
5 1 e

2iπ
5 e

4iπ
5 e−

4iπ
5 e−

2iπ
5 e

4iπ
5 e−

4iπ
5 e−

2iπ
5 1 e

2iπ
5 e−

2iπ
5 e−

4iπ
5 1 e

4iπ
5 e

2iπ
5

1 −1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 1

1 e−
2iπ
5 e−

4iπ
5 e

4iπ
5 e

2iπ
5 1 e−

2iπ
5 e−

4iπ
5 e

4iπ
5 e

2iπ
5 e−

4iπ
5 e

4iπ
5 e

2iπ
5 1 e−

2iπ
5 e

2iπ
5 e

4iπ
5 1 e−

4iπ
5 e−

2iπ
5

1 e
iπ
5 e

2iπ
5 e

3iπ
5 e

4iπ
5 −1 e−

4iπ
5 e−

3iπ
5 e−

2iπ
5 e−

iπ
5 e−

3iπ
5 e−

2iπ
5 e−

iπ
5 1 e

iπ
5 e

4iπ
5 e

3iπ
5 −1 e

2iπ
5 e−

4iπ
5

1 e
4iπ
5 e−

2iπ
5 e

2iπ
5 e−

4iπ
5 1 e

4iπ
5 e−

2iπ
5 e

2iπ
5 e−

4iπ
5 e−

2iπ
5 e

2iπ
5 e−

4iπ
5 1 e

4iπ
5 e−

4iπ
5 e

2iπ
5 1 e−

2iπ
5 e

4iπ
5

1 e−
3iπ
5 e

4iπ
5 e

iπ
5 e−

2iπ
5 −1 e

2iπ
5 e−

iπ
5 e−

4iπ
5 e

3iπ
5 e−

iπ
5 e−

4iπ
5 e

3iπ
5 1 e−

3iπ
5 e−

2iπ
5 e

iπ
5 −1 e

4iπ
5 e

2iπ
5

1 e
iπ
5 e

2iπ
5 e

3iπ
5 e

4iπ
5 −1 e−

4iπ
5 e−

3iπ
5 e−

2iπ
5 e−

iπ
5 e

2iπ
5 e

3iπ
5 e

4iπ
5 −1 e−

4iπ
5 e−

iπ
5 e−

2iπ
5 1 e−

3iπ
5 e

iπ
5

1 e
4iπ
5 e−

2iπ
5 e

2iπ
5 e−

4iπ
5 1 e

4iπ
5 e−

2iπ
5 e

2iπ
5 e−

4iπ
5 e

3iπ
5 e−

3iπ
5 e

iπ
5 −1 e−

iπ
5 e

iπ
5 e−

3iπ
5 −1 e

3iπ
5 e−

iπ
5

1 e−
3iπ
5 e

4iπ
5 e

iπ
5 e−

2iπ
5 −1 e

2iπ
5 e−

iπ
5 e−

4iπ
5 e

3iπ
5 e

4iπ
5 e

iπ
5 e−

2iπ
5 −1 e

2iπ
5 e

3iπ
5 e−

4iπ
5 1 e−

iπ
5 e−

3iπ
5

1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

1 e
3iπ
5 e−

4iπ
5 e−

iπ
5 e

2iπ
5 −1 e−

2iπ
5 e

iπ
5 e

4iπ
5 e−

3iπ
5 e−

4iπ
5 e−

iπ
5 e

2iπ
5 −1 e−

2iπ
5 e−

3iπ
5 e

4iπ
5 1 e

iπ
5 e

3iπ
5

1 e
2iπ
5 e

4iπ
5 e−

4iπ
5 e−

2iπ
5 1 e

2iπ
5 e

4iπ
5 e−

4iπ
5 e−

2iπ
5 e−

iπ
5 e

iπ
5 e

3iπ
5 −1 e−

3iπ
5 e

3iπ
5 e

iπ
5 −1 e−

iπ
5 e−

3iπ
5

1 e−
iπ
5 e−

2iπ
5 e−

3iπ
5 e−

4iπ
5 −1 e

4iπ
5 e

3iπ
5 e

2iπ
5 e

iπ
5 e−

2iπ
5 e−

3iπ
5 e−

4iπ
5 −1 e

4iπ
5 e

iπ
5 e

2iπ
5 1 e

3iπ
5 e−

iπ
5

1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 1 −1 −1

1 e−
4iπ
5 e

2iπ
5 e−

2iπ
5 e

4iπ
5 1 e−

4iπ
5 e

2iπ
5 e−

2iπ
5 e

4iπ
5 e−

3iπ
5 e

3iπ
5 e−

iπ
5 −1 e

iπ
5 e−

iπ
5 e

3iπ
5 −1 e−

3iπ
5 e

iπ
5

1 e−
2iπ
5 e−

4iπ
5 e

4iπ
5 e

2iπ
5 1 e−

2iπ
5 e−

4iπ
5 e

4iπ
5 e

2iπ
5 e

iπ
5 e−

iπ
5 e−

3iπ
5 −1 e

3iπ
5 e−

3iπ
5 e−

iπ
5 −1 e

iπ
5 e

3iπ
5



,

which squared to be the charge conjugation operator – the “shift” matrix in a non-canonical
basis.

It is not hard to use Mathematica to find 8 solutions to
∣∣(S̃T)3

∣∣ = S̃2, out of 220 =

1, 048, 576 possible sign configurations of T̃’s diagonal elements. Below for each solution, we
list positions of entries in T̃ whose signs are flipped, as well as the phase needs to be added
by hand to convert the naïve T̃ matrix into the refined T so that (S̃T)3 = S̃2:

• phase: e
iπ
6 or e

5iπ
6 or e−

iπ
2 , positions: 1–11, 13, 15, 17, 18;

• phase: 1 or e
2iπ
3 or e

4iπ
3 , positions 1–10, 12, 14, 15, 19, 20;

• phase: e
iπ
2 or e

7iπ
6 or e−

iπ
6 , positions: 1, 3, 5, 7, 9, 11–20 ;

• phase: 1 or e
2iπ
3 or e

4iπ
3 , positions: 1, 3, 5, 7, 9;

• phase: −1 or e
iπ
3 or e−

iπ
3 , positions: 2, 4, 6, 8, 10–20;

• phase: e
iπ
6 or e

5iπ
6 or e−

iπ
2 , positions: 2, 4, 6, 8, 10;

• phase: −1 or e
iπ
3 or e−

iπ
3 , positions: 11, 13, 15, 17, 18;

• phase: e
iπ
2 or e

7iπ
6 or e−

iπ
6 , positions: 12, 14, 16, 19, 20 .

Now in this case, the K-matrix defined as (5.127) is(
4 −2
−2 6

)
, (C.51)

whose signature is 2, meaning that the third and the last solutions yield the right phase as
dictated by comments following (5.125) and (5.151).
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A concrete exercise for M with 4 factors of ST#

In fact, our above procedure goes beyond 3 factors of ST# in M . To support this claim, we
finally consider

M = ST 2ST 3ST 2ST 3 =

(
−5 −12
8 9

)
(C.52)

with four ST# factors.
In the ordered basis of Ξ0{
(0, 0),

(
0,

1

2

)
,

(
1

2
,
2

3

)
,

(
1

2
,
1

6

)
,

(
0,

1

3

)
,

(
0,

5

6

)
,

(
1

2
, 0

)
,

(
1

2
,
1

2

)
,

(
0,

2

3

)
,

(
0,

1

6

)
,(

1

2
,
1

3

)
,

(
1

2
,
5

6

)}
,

(C.53)

the naïve T̃ matrix is

T̃ = diag
(

1,−1, e−
2iπ
3 , e

iπ
3 , e−

2iπ
3 , e

iπ
3 , 1,−1, e−

2iπ
3 , e

iπ
3 , e−

2iπ
3 , e

iπ
3

)
. (C.54)

The unsymmetrized S̃ matrix is

S̃ =
1

2
√

3



1 1 1 1 1 1 1 1 1 1 1 1
1 1 −1 −1 1 1 −1 −1 1 1 −1 −1

1 −1 e−
2iπ
3 e

iπ
3 e

2iπ
3 e−

iπ
3 1 −1 e−

2iπ
3 e

iπ
3 e

2iπ
3 e−

iπ
3

1 −1 e
iπ
3 e−

2iπ
3 e

2iπ
3 e−

iπ
3 −1 1 e−

2iπ
3 e

iπ
3 e−

iπ
3 e

2iπ
3

1 1 e
2iπ
3 e

2iπ
3 e−

2iπ
3 e−

2iπ
3 1 1 e

2iπ
3 e

2iπ
3 e−

2iπ
3 e−

2iπ
3

1 1 e−
iπ
3 e−

iπ
3 e−

2iπ
3 e−

2iπ
3 −1 −1 e

2iπ
3 e

2iπ
3 e

iπ
3 e

iπ
3

1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
1 −1 −1 1 1 −1 −1 1 1 −1 −1 1

1 1 e−
2iπ
3 e−

2iπ
3 e

2iπ
3 e

2iπ
3 1 1 e−

2iπ
3 e−

2iπ
3 e

2iπ
3 e

2iπ
3

1 1 e
iπ
3 e

iπ
3 e

2iπ
3 e

2iπ
3 −1 −1 e−

2iπ
3 e−

2iπ
3 e−

iπ
3 e−

iπ
3

1 −1 e
2iπ
3 e−

iπ
3 e−

2iπ
3 e

iπ
3 1 −1 e

2iπ
3 e−

iπ
3 e−

2iπ
3 e

iπ
3

1 −1 e−
iπ
3 e

2iπ
3 e−

2iπ
3 e

iπ
3 −1 1 e

2iπ
3 e−

iπ
3 e

iπ
3 e−

2iπ
3

.



(C.55)

We find 8 solutions to (S̃T)3 = S̃2 by flipping signs and multiplying phases on the diagonal
of T:

• phase: e
iπ
3 , positions: 1, 2, 3, 5, 6, 7, 9, 10, 11;

• phase: e
−iπ

3 , positions: 1, 2, 4, 5, 6, 8, 9, 10, 12 ;

• phase: e
iπ
3 , positions: 1, 3, 4, 5, 7, 8, 9, 11, 12;

• phase: e
iπ
3 , positions: 2, 3, 4, 6, 7, 8, 10, 11, 12;
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• phase: e
−iπ

3 , positions: 1, 5, 9 ;

• phase: e
−iπ

3 , positions: 1, 3, 4, 5, 7, 8, 9, 11, 12 ;

• phase: e
iπ
3 , positions: 1, 2, 4, 5, 6, 8, 9, 10, 12;

• phase: e
−iπ

3 , positions: 1, 2, 3, 5, 6, 7, 9, 10, 11 .

The K-matrix of M is 
2 −1 0 −1
−1 3 −1 0
0 −1 2 −1
−1 0 −1 3

 (C.56)

with signature 4, and again all phases are up to multiplications by e
2iπ
3 and e−

2iπ
3 , so we see

that the second, the fifth, the sixth and the last solutions yield the correct results.
Finally, we propose the following conjecture:

Conjecture For any M ∈ SL(2,Z) built from a finite number of ST# factors with any
integer power #, we perform the following steps:

• Compute the unsymmetrized S̃ and the naïve T̃ à la (5.134), or à la (5.140) and
(5.141);

• Flip signs on T̃’s diagonal to get T satisfying
∣∣(S̃T)3

∣∣ = S̃2;

• Multiply T with a necessary phase φ to satisfy (S̃T)3 = S̃2.

We claim that the resulting S̃ and T always exist, and they give the correct sign config-
urations for S and T in (5.134); as well as S in (5.140) and T in (5.141). Moreover, φ
equals e−iπσ(K)/12 as mentioned below (5.125) and (5.151), where K is defined by (5.126)
together with (5.127).

C.4 Proof of the bivariate Landsberg-Schaar relation in
(5.165)

The identity to be proved is:

− i
q

q−1∑
m,n=0

e−
2πi
q (2mn−am2−bn2) =

(
1 + iqb

2
√
ab− 1

) 2ab−3∑
n=0

exp

(
− πiqan2

2(ab− 1)

)
, (C.57)

for q ∈ 2Z+, a, b ∈ Z, ab > 1.
In the following subsections, we will prove this by discussing two separate situations, in

which q = 4r and q = 4r + 2, respectively, where r is an odd integer.
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Analysis for q = 4r

To prove this identity (C.57) we start with the Poisson resummation in two variables:∑
m,n∈Z

f(m,n) =
∑
x,y∈Z

f̂(x, y),

where the Fourier transform is defined with normalization as:

f̂(x, y) ≡
∫ ∞
−∞

∫ ∞
−∞

e−2πi(mx+ny)f(u, v)dudv

We choose the function to be

f(u, v) ≡ e2πiτ(au2+bv2−2uv) , Imτ > 0, a, b > 1,

then

f̂(x, y) =

∫ ∞
−∞

∫ ∞
−∞

e2πi(aτx2+bτy2−2τxy−ux−vy)dxdy

= − 1

2i
√
ab− 1

exp

[
−πi (bu2 + av2 + 2uv)

2(ab− 1)τ

]
.

(C.58)

So, we have

− 1

2i
√
ab− 1

∑
m,n∈Z

exp

[
−πi (bm2 + an2 + 2mn)

2(ab− 1)τ

]
=
∑
m,n∈Z

e2πiτ(am2+bn2−2mn) . (C.59)

Now, we set

τ =
1

q
+ iε, q = 4r, (C.60)

and take the limit ε→ 0, so that6

− 1

τ
= −q + iq2ε+O

(
ε2
)
. (C.61)

The expression on the RHS of (C.59) can be expanded by setting

m ≡ m1q +m0, n ≡ n1q + n0, m0, n0 = 0, . . . , q − 1, m1, n1 ∈ Z,

so that with (C.60),

exp
[
2πiτ

(
am2 + bn2 − 2mn

)]
≈ exp

[
2πi

q

(
am2

0 + bn2
0 − 2m0n0

)]
e−2πq2ε(am2

1+bn2
1−2m1n1),

6This is similar to the standard complex-analytical technique in proving the basic univariate Landsberg-
Schaar relation (5.17), shown for example in [260].
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where in the exponent of the second factor on the RHS, we have ignored terms 2am0m1q,
bm2

0, 2bn0n1q, bn2
0, −2m1n0q, −2m0n1q, and −2m0n0, which are proportional to either q or

1, because both m0 and n0 are only comparable to q at most.
Then

∑
m,n∈Z

e2πiτ(am2+bn2−2mn) =

(
q−1∑
m,n=0

e
2πi
q (am2+bn2−2mn)

) ∑
m,n∈Z

e−2πq2ε(am2+bn2−2mn). (C.62)

In the limit ε → 0, the leftmost sum on RHS of (C.62) can be evaluated by converting it
into an integral with a change of variables u ≡ m

√
ε and v ≡ n

√
ε:

lim
ε→0

∑
m,n∈Z

e−2πq2ε(am2+bn2−2mn) ≈ 1

ε

∫ ∞
−∞

du

∫ ∞
−∞

dve−2πq2(am2+bn2−2mn) =
1

2εq2
√
ab− 1

.

So, we have

lim
ε→0

∑
m,n∈Z

e2πiτ(am2+bn2−2mn) ≈ 1

2εq2
√
ab− 1

q−1∑
m,n=0

e
2πi
q (am2+bn2−2mn). (C.63)

Now to approximate the LHS of (C.59), we need to perform a similar manipulation on
the double sum ∑

m,n∈Z

exp

[
−πi (bm2 + an2 + 2mn)

2(ab− 1)τ

]
. (C.64)

It would help to know the Smith Normal Form of the matrix
(
a −1
−1 b

)
, which is related

to the inverse of the quadratic form in the exponent of (C.64) by(
a −1
−1 b

)
= (ab− 1)

(
b 1
1 a

)−1

.

Its decomposition into the Smith Normal Form is:(
a −1
−1 b

)
=

(
1 −a
0 1

)(
ab− 1 0

0 1

)(
0 1
−1 b

)
.

We want to convert the sum over (m,n) ∈ Z2 in (C.64) into a sum over a finite number of

points in the fundamental cell generated by the columns of
(
a −1
−1 b

)
, times a sum over

the lattice points generated by these columns. So, we write (m,n) as(
m
n

)
=

(
m0

n0

)
+

(
a −1
−1 b

)(
m1

n1

)
=

(
m0 + am1 − n1

n0 + bn1 −m1

)
,
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where (m0, n0) take ab− 1 possible integer values.
Replacing (

m1

n1

)
→
(

0 1
−1 b

)(
m1

n1

)
,

we can write (
m
n

)
=

(
m0

n0

)
+

(
1 −a
0 1

)(
ab− 1 0

0 1

)(
m1

n1

)
.

Setting (
m0

n0

)
=

(
1 −a
0 1

)(
j
0

)
, j = 0, . . . , ab− 2 ,

we find (
m
n

)
=

(
j +m1(ab− 1)− n1a

n1

)
.

So, we set n ≡ n1 and m ≡ j + (ab− 1)k − na, where j = 0, . . . , ab− 2. Then,

bm2 + an2 + 2mn = bj2 + (ab− 1)
[
a(bk − n)2 − b(k − j)2 + 2(k − j)n+ bj2

]
,

and (C.64) becomes

ab−2∑
j=0

(
e−

πibj2

2(ab−1)τ

∑
n,k∈Z

exp

[
−πi [a(bk − n)2 − b(k − j)2 + 2(k − j)n+ bj2]

2τ

])

In the limit τ = 1/q + iε (C.61) with ε→ 0, we can approximate the exponent

−πi
2τ

[
a(bk − n)2 − b(k − j)2 + 2(k − j)n+ bj2

]
≈ −πi

2
q
[
a(bk − n)2 − b(k − j)2 + 2(k − j)n+ bj2

]
− π

2
q2ε
[
a(bk − n)2 − bk2 + 2kn

]
.

(C.65)

Because 4|q, the first term on the last line in (C.65) is an integer multiple of 2πi and can be
dropped, so we are left with∑

m,n∈Z

exp

[
−πi (bm2 + an2 + 2mn)

2(ab− 1)τ

]

=

(
ab−2∑
j=0

e−
πiqbj2

2(ab−1)

)
lim
ε→0

∑
n,k∈Z

e−
π
2
q2ε[a(bk−n)2−bk2+2kn].

(C.66)
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The limit ε → 0 can be evaluated by converting (C.66) into an integral with a change of
variables u ≡ k

√
ε and v ≡ n

√
ε:

lim
ε→0

∑
n,k∈Z

e−
π
2
q2ε[a(bk−n)2−bk2+2kn]

=
1

ε

∫ ∞
−∞

du

∫ ∞
−∞

dve−
π
2
q2[a(bu−v)2−bu2+2uv] =

2

q2(ab− 1)ε
.

Finally, we need to show that in (C.66),

ab−2∑
j=0

e−
πiqbj2

2(ab−1) =
2ab−3∑
j=ab−1

e−
πiqbj2

2(ab−1) . (C.67)

In order to achieve this, we consider the pairings between exponents of forms

− qbj2

ab− 1

πi

2
and − qb(ab− 1 + j)2

ab− 1

πi

2
, j = 0, . . . , ab− 2,

then the difference between j2 and (ab− 1 + j)2 is a2b2 − 2ab+ 1 + 2j(ab− 1) = (ab− 1)2 +
2j(ab−1), so the difference between two exponents is (ab−1+2j)qbπi/2, which is an integer
multiple of 2πi because 4|q. So the summands in (C.67) can be paired using the one-to-one
correspondence between j and ab− 1 + j, and (C.67) is true.

At this point, we have results (C.59), (C.63), and the newly proved:

lim
ε→0

∑
m,n∈Z

exp

[
−πi (bm2 + an2 + 2mn)

2(ab− 1)τ

]
(C.68)

≈ 2

q2(ab− 1)ε

ab−2∑
j=0

e−
πiqbj2

2(ab−1) =
2

q2(ab− 1)ε

2ab−3∑
j=0

e−
πiqbj2

2(ab−1) . (C.69)

Combining these three equations, by inspection, (C.57) holds if 4|q.

Analysis for q = 4r + 2 = 2s

The case of odd b

In this case, the RHS of (C.57) is obviously zero. Hence we need to show that the LHS of
(C.57) also vanishes, i.e., for fixed q and m,

q−1∑
n=0

e−
2πi
q (2mn−am2−bn2) = 0.

We need to show that with m fixed, for every n, there is always a single n′ = n+ t such that
am2 + bn2 − 2mn and am2 + b(n+ t)2 − 2m(n+ t) differ by an odd multiple of s, hence the
pairing e

πi
s (am2+bn2−2mn) + e

πi
s (am2+bn′2−2mn′) is 0.
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We calculate this difference am2 + b(n + t)2 − 2m(n + t) − (am2 + bn2 − 2mn) = bt2 +
2bnt− 2mt, and set it to be −δs. Then we only need to show that δ can be odd for every n.
We start from the quadratic equation in t:

bt2 + 2(bn−m)t+ δs = 0, (C.70)

with solutions t± = −n+
m±

√
(bn−m)2 − bδs

b
. We set the discriminant ∆ to be x2,

x ∈ Z, then it follows that

(bn−m− x)(bn−m+ x) = bδs. (C.71)

We also denote
m±

√
∆

b
≡ y, leading to m = by ± x. Then (C.71) becomes

(n− y)(bn− by ± 2x) = δs.

In order to establish the pairing between n and n′ for all n and n′, we have to require −n+y,
a solution to (C.70), be exactly s = q/2 [so that the pairings are all “diagonal” in the irregular
q-sided polygon on the complex plane, whose vertices are e−

2πi
q (2mn−am2−bn2)]. So we have

bn− by ± 2x = −bs± 2x = −δ.

Since both b and s are odd, δ has to be odd, as expected. Hence, for q = 4r + 2 and odd b,
both sides of (C.57) are zero.

The case of even b and odd a

In this case, we do not construct pairings as before, but resort to an analytic method. The
first term in (C.65) expands as

sπi
[
ab2k2 − 2abnk + an2 − bk2 + 2bjk + 2(k − j)n

]
.

Since all terms in the square brackets, except for an2, are even, the overall contributing
exponent provided by (C.65) is

−π
2
q2ε
[
a(bk − n)2 − bk2 + 2kn

]
− asn2πi.

So the sum concerning n and k following (C.65) becomes

lim
ε→0

∑
n,k∈Z

e−
π
2
q2ε[a(bk−n)2−bk2+2kn]e−asn

2πi, (C.72)

where the second factor is just (−1)n. We evaluate the first factor again by converting it
into a single integral via a change of variables u ≡ k

√
ε and v ≡ n

√
ε:

1

ε

∫ ∞
−∞

du

∫ ∞
−∞

dve−
π
2
q2[a(bu−v)2−bu2+2uv]dudv =

1

q

√
2

b(ab− 1)ε

∑
n∈Z

e−
πq2εn2

2b , (C.73)
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where we only performed the u-integral and have converted v back to n after the equal sign.
Then we consider the remaining infinite sum in (C.72):

1

q
lim
ε→0

√
2

b(ab− 1)ε

∑
n∈Z

(−1)ne−
πq2εn2

2b ,

which is zero because this is an alternating Riemann sum, and the decay in the exponent is
∼ ε→ 0, while the denominator of here goes as ∼ 1/

√
ε.

Notice that the result here agrees with the symmetry between a and b which is manifest
on the LHS of (C.57), as well as the fact that both sides vanishes for an odd b as shown in
Section C.4.

If both a and b are even

Then again the first term in (C.65) is an integer multiple of 2πi, and the remaining argument
conincide with that in the previous subsection Section C.4. �
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