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The thermal, acoustic, and dielectric properties of glasses below 1 K are dictated by the interaction of
two-level systems (TLS) with strain and electric fields. In a previous paper, we proposed a modified TLS
model to quantitatively account for the universally small phonon scattering in glasses at low temperatures. A key
ingredient of this model was a wide distribution of couplings between TLS and phonons, contrary to the standard
model which assumes a single averaged value is sufficient. In this paper, we expand on this view and include
couplings to strain as well as electric fields. We then compare our theoretical results to measurements obtained
using superconducting qubits. We find that the predictions of the modified TLS model are more consistent with
experiments than those of the standard model. For the distribution of couplings between TLS and the strain
field, there is a better agreement with experiments if we include a random distribution of local strains. Such a
distribution of local strains is consistent with those found from molecular dynamics simulations.

DOI: 10.1103/PhysRevB.104.134203

I. INTRODUCTION

Glasses at low temperature exhibit a number of anomalous
features compared to crystals. Chief among them are the spe-
cific heat which is linear in temperature T and the thermal
conductivity which is quadratic in T . These anomalies have
been successfully described by the model of tunneling two
level systems (TLS) [1–4]. This model posits the existence of
localized regions, an atom or group of atoms for example, that
can tunnel between two nearly equivalent states. These tun-
neling entities, being embedded in the glass matrix and often
carrying an electric dipole moment, interact with electric and
elastic fields. However, the standard model, i.e., the model as
it was originally proposed, does not quantitatively explain the
universal values of phonon scattering below 1 K as reflected
in the thermal conductivity (scaled with natural units) [5],
internal friction (in the relaxation regime) [6], the change in
the sound velocity, and the resonant ultrasonic attenuation [7].
Recently, Carruzzo and Yu proposed a modified TLS model

*Corresponding author: cyu@uci.edu

to quantitatively explain the universally small value of the
phonon scattering [8]. Their explanation was based on aspects
of the standard TLS model that were either ignored or not fully
appreciated. First, the coupling between phonons and TLS
implies that the TLS can interact with each other [9]. Second,
this coupling produces an exponential renormalization of the
tunneling matrix element due to phonon overlap between the
two wells (a kind of polaron effect) [10]. Third, phonons actu-
ally couple to the difference between elastic dipole moments
in the two wells. If the elastic dipole moment in each well has
a random orientation, the difference will vary randomly from
TLS to TLS, leading to a broad distribution of couplings as
opposed to the standard model that assumes a single value of
the coupling. One way to differentiate between the standard
and the modified model would be to measure the distribution
of couplings between TLS and the strain field. However, until
recently, the values of these couplings for individual TLS have
been out of experimental reach. This lack of direct access to
these tunneling entities—the very question of exactly what
is tunneling is still unclear in most cases—makes it difficult
to constrain the model. At least for some of the aspects of
these TLS, the situation is changing with the advent of super-
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conducting qubit and resonator spectroscopy [11,12]. These
techniques allow experimental observation of the interaction
between an individual TLS and a superconducting quantum
circuit, and thus extract TLS-specific information [13]. The
purpose of this paper is to differentiate between the standard
and modified TLS models using qubit and resonator spec-
troscopy measurements of the distribution of TLS-field (strain
or electric) coupling strengths. In particular, we will answer
the question of whether the distribution of these couplings are
they peaked around some characteristic value, as assumed in
the standard TLS model, or spread out over a broad range.

Let us briefly review the TLS model. A TLS is an atom or
group of atoms that can sit more or less equally well in two
configurations and tunnel between them. This is described by
a double well potential with a barrier separating the two wells.
Keeping only the lowest energy state in each well simplifies
the Hamiltonian representing a given TLS to the form:

HTLS = 1
2 (�σ z + �oσ x ), (1)

where � is the asymmetry energy and �o is the tunnel-
ing matrix element. The values of these parameters are
assumed to vary from TLS to TLS according to the probability
distribution:

P(�,�o) = P

�o
(2)

with 0 < � < �max and �o
min < �o < �o

max. P is the constant
density of states of tunneling entities.

TLS primarily interact with electric and elastic fields. Quite
generally, the coupling between a TLS and an electric field �E
is given by

Da ≡ δHTLS

δEa
, (3)

where Ea is the component of the electric field along axis a =
x, y, z. This defines the electric dipole moment Da. Likewise,
the coupling to an elastic strain εab is given by

Dab ≡ δHTLS

δεab
, (4)

where Dab is the elastic dipole moment, a symmetric tensor.
The Hamiltonian describing the interaction of a TLS with
these fields can therefore be written

Hint = �D · �Eσz + Dabεabσz. (5)

In the above expression, terms proportional to σ x are assumed
to be much smaller and therefore neglected. It will be useful
for the rest of this discussion to separate explicitly the norm
of the dipole moments from their vectorial or tensorial nature
and write the interaction Hamiltonian in the form:

Hint = dD̂ · �Eσz + γ D̂abεabσz, (6)

where d is the norm of �D, D̂ is the unit vector along �D,
γ = ||D||F and D̂ab = Dab/γ , where || · ||F is the Frobenius
norm. One can imagine that the orientation of the electric
dipole D̂ varies randomly from TLS to TLS. Given that the
eigenvalues of a symmetric matrix like D defines an ellipsoid,
its “orientation” may also be considered to vary randomly
from TLS to TLS even if its eigenvalues do not change. In
the standard TLS model, d and γ are considered constants.

As mentioned above, the modified TLS model predicts a wide
range of values for these parameters [8] (see also Ref. [14]).
Can the newly developed qubit spectroscopy methods help
decide which view is more appropriate? This is the main topic
of this work.

The rest of this paper is organized as follows. First the
derivation of Eq. (6) will be done more carefully, mirroring
closely the discussion in Ref. [8]. It will become apparent
that the assumption of a single value for the strength of the
electric dipole moment or for that of the elastic dipole mo-
ment is unlikely to be correct. Rather, in this modified TLS
model, a distribution of values is to be expected. The fol-
lowing section concentrates on calculating likely distributions
for these couplings on the basis of that model. The dielectric
and elastic cases are treated separately due to their different
tensorial natures. This is then followed by a comparison of
the theoretical results (including the standard TLS model) to
a series of experiments (Refs. [12,15]) that probe the coupling
of individual TLS to static electric and strain fields.

II. TLS - FIELDS INTERACTION REVISITED

In the introduction, the dipole moments—electric or
elastic—were defined formally. Practically, one has to con-
sider the operator for the electric or elastic dipole moment as
expressed in the double well basis of the TLS model. With D
denoting either moment, the projection of this operator on the
right and left basis states |ψR,L〉 of the two well potential is

D =
[

DLL DLR

DRL DRR

]

= 1

2
(DLL + DRR)I + 1

2
(DLL − DRR)σ z + DLRσ x, (7)

where DAB ≡ 〈ψA|D|ψB〉. I is the identity matrix and thus
this term can be dropped. DLR = DRL depends on the overlap
between the right and left wells and hence is taken to be
negligible. As a result, only the σ z term remains. The key is
that the σ z term is half the difference of the dipole moment D
in the right and left wells:

D = 1
2 (DLL − DRR)σ z. (8)

The standard TLS model makes the assumption that this
difference is constant and the same for all TLS. Given the
substantial local variations in amorphous materials, this does
not seem like a reasonable assumption. The opposite view-
point is taken in this work, namely, that the dipole moments
in the right and left well are uncorrelated, at least in some
aspects. This will be made more specific in the subsequent
discussion of the dielectric and elastic cases. The important
point is that the net dipole describing the coupling to the field
is a difference of two uncorrelated dipoles and therefore will
have to be characterized by a distribution instead of a single
value.

A. Dielectric case

The dielectric case is simpler and instructive. An electric
dipole moment is characterized by its orientation and mag-
nitude. The difference of two such dipoles is itself specified
by an orientation and magnitude. The task is therefore to
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calculate the distributions of the magnitude and orientation
of (half) the difference between the electric dipoles in each
well. Without loss of generality, the right well dipole can
be chosen to be along the z axis: �dR = doẑ. The left well
dipole is then �dL = d̃on̂ where n̂ is a unit vector pointing in
an arbitrary direction. While do and d̃o could vary between 0
and some maximal value, choosing do = d̃o = constant sim-
plifies the algebra. To leading order, allowing do and d̃o to
be distributed uniformly between 0 and some maximal value,
does not materially change the result. The quantity of interest
is then d2 = |ẑ − n̂|2d2

o /4 where do is a fixed quantity of the
order of a Debye. Assuming that n̂ is uniformly distributed
on the unit sphere with angles θ and φ, d2 has the following
probability distribution:

P(d2) = 1

4π

∫ 2π

0
dφ

∫ π

0
dθ sin(θ )δ

(
d2 − d2

o (1 − cos(θ ))/2
)

= 1

d2
o

0 < d2 < d2
o (9)

or, equivalently,

P(d ) = 2d

d2
o

, 0 < d < do. (10)

While the distribution is “peaked” at the largest value of the
dipole moment, keeping only a single value for d , such as do

or the average value of d , is not a good approximation. How
one can experimentally determine the distribution of coupling
strengths will be taken up in Sec. III, while the next section is
devoted to the elastic case.

B. Elastic case

The elastic case immediately presents a problem. Unlike
the single invariant in the vector case, the (symmetric) elas-
tic dipole tensor D has three invariants: Tr(D), Tr(D2), and
Det(D). There is, therefore, a question as to how these in-
variants enter the picture. When calculating quantities such as
ultrasonic absorption or TLS relaxation times, it is typically
sufficient to use first order perturbation theory. The quantities
depending on D then always enter the equations as

〈(Tr[Dεα])2〉, (11)

where εα stands for the elastic tensor εα
i j = 1

2 (êα
i k̂ j +

êα
j k̂i ) i, j = x, y, z, êα is a polarization vector for the α = l, t

polarization and k̂ is a phonon unit wave vector. The angular

brackets denote the average over dipole orientations or equiv-
alently, average over phonons directions k̂ when considering
a single TLS. Equation (11) is the square of the TLS-phonon
coupling usually denoted by γ 2

α in the TLS literature. In the
case of longitudinal phonons, Eq. (11) gives

γ 2
l = 〈(Tr[Dεl ])2〉 = 1

15 (2Tr(D2) + (Tr(D))2), (12)

while the result for the transverse case is

γ 2
t = 〈(Tr[Dεt ])2〉 = 1

30 (3Tr(D2) − (Tr(D))2). (13)

A few conclusions can be drawn from these very general rela-
tions. The first is that, even when TLS-phonon interactions are
handled at the lowest order in perturbation theory as described
above, it is not possible to simply summarize the elastic dipole
strength by a single number. The second is that the longitudi-
nal coupling is always larger than the transverse one. The third
is that an isotropic dipole tensor only couples to longitudinal
phonons. Note also that a volume conserving tensor [i.e., with
Tr(D) = 0] implies a ratio γ l/γ t = 2/

√
3 ∼ 1.15 which is

significantly smaller than what is observed experimentally
(∼√

3, see Ref. [7]). Thus far nothing has been said about
the form of D. The most general form of such a symmetric
tensor can be expressed as Di j = a + bn̂in̂ j + cm̂im̂ j , where n̂
and m̂ are arbitrary unit vectors and a, b, c are real numbers.
Interestingly, the simplest such dipole, a = 0, c = 0, results
in γ l/γ t = √

3, which is very close to the ratio observed
experimentally [7]. To see this, notice that with a single unit
vector n̂, the dipole tensor has one diagonal element equal
to b and zero for all other matrix elements. In that case,
Tr(D2) = (Tr(D))2 from which the result follows.

As in the dielectric case, the relevant quantity is the dif-
ference in dipole moment between the two wells of the TLS.
Using the same assumption, namely, that the dipoles are iden-
tical yet “oriented” differently but uniformly with respect to
each other, the quantity of interest is: �D = 1

2 (Do − RT DoR),
where R denotes a rotation (uniform rotation around a unit
vector uniformly distributed over the unit sphere). Do is the
typical dipole moment in one well, taken to be the same for all
TLS. The most general case with three distinct eigenvalues for
Do is not amenable to an analytic solution for �D. The case
where there is only one nonzero eigenvalue, λ, has an analytic
solution (this corresponds to building the dipole moment out
of a single unit vector). Another solvable case is when the
dipole moment has only two distinct values λ1 and λ2. The
first case is presented below. The rotation matrix R is given by

⎡
⎣cos(ψ ) cos(φ) cos(θ ) − sin(ψ ) sin(φ) − sin(ψ ) cos(φ) − cos(ψ ) sin(φ) cos(θ ) cos(ψ ) sin(θ )

sin(ψ ) cos(φ) cos(θ ) + cos(ψ ) sin(φ) cos(ψ ) cos(φ) − sin(ψ ) sin(φ) cos(θ ) sin(ψ ) sin(θ )
− cos(φ) sin(θ ) sin(φ) sin(θ ) cos(θ )

⎤
⎦, (14)

where the Euler angles ψ and φ range from 0 to 2π and θ

ranges from 0 to π . (Convention: R is obtained by a ψ rotation
around the current z axis followed by a θ rotation around the
current y axis, followed by a φ rotation around the current z
axis.)

A straightforward if tedious calculation gives for �D in its
diagonal basis

�D = λ sin(θ )

⎡
⎣−1 0 0

0 1 0
0 0 0

⎤
⎦, (15)
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where 0 � θ � π . (The second case with two eigenvalues λ1

and λ2 gives the same result with λ replaced by λ1 − λ2.)
The trace of �D is zero and, therefore, from Eqs. (12)
and (13),

γl = 2λ√
15

sin(θ ) ≡ γmax,l sin(θ ) (16)

and

γt = λ√
5

sin(θ ) ≡ γmax,t sin(θ ), (17)

where γmax,l = 2λ/
√

15 and γmax,t = λ/
√

5. Using the fact
that P(γp) = P(−γp), the probability of obtaining a given |γp|
(p = l, t) is then

P(γp) =
∫ π/2

0
dθ sin(θ )δ(γp − γmax,p sin(θ ))

= γp

γ 2
max,p

√
1 − γ 2

p /γ 2
max,p

, 0 < γp < γmax,p. (18)

As argued in Ref. [8], this can reasonably well be approx-
imated by P(γp) ∼ γp/γ

2
max,p. The problem here is that by

construction, the trace of the dipole moment difference is zero
which means that the ratio γl/γt is smaller than experiments
suggest [7]. This can be remedied at the expense of additional
assumptions as to the way the dipoles in each well differ.
Given the lack of a detailed microscopic model, there is little
point in doing so. The main element to emphasize is that a
distribution of coupling constants γl,t should be expected.

It is worth noting that Parshin et al. [14] also obtained a dis-
tribution of TLS-phonon couplings in their approach to TLS
formation based on the instability of quasi-elastic vibrations.

III. EXPERIMENTAL MEASUREMENTS
OF THE TLS-FIELD COUPLINGS

TLS with electric dipole moments are a major source of
decoherence in superconducting qubits because a TLS in res-
onance with the qubit can split the qubit energy levels [16].
While this is a major headache in the field of quantum com-
puting [11], this coupling allows us to observe individual
TLS and their coupling to AC electric fields. In addition, the
dependence of the TLS energy splitting on static electric fields
and strain fields can also be extracted [15,17].

Consider an amorphous material in close proximity to a
qubit at a temperature T much less than the qubit excitation
energy h̄ωq (the experimental setup is described in Ref. [17]).
In general, this material will contain many TLS with electric
dipole moments. The qubit is prepared in its excited or |1〉
state. If there is a TLS with an energy splitting E = h̄ωq where
ωq is the qubit’s frequency, energy will be exchanged between
the qubit and the TLS. If the relaxation time T1,TLS of the
TLS is short enough (T1,TLS � T1,qubit) which is usually the
case, the loss of the qubit’s excitation can be detected. This
is done by measuring the probability P that the qubit is in its
excited state after a time t . If T1,TLS is sufficiently short, P(t )
will decay exponentially. For intermediate values of T1,TLS,
oscillation may be observed in the exponential decay, reflect-
ing energy moving back and forth between the qubit and the
TLS. From the decay of P(t ) the relaxation time T1,qubit can be

extracted. If T1,qubit is significantly reduced and the qubit is in
resonance with a TLS, its energy can thus be measured. With a
tunable qubit, the frequency ωq can be changed continuously
between a minimum and maximum value. During a frequency
sweep, different TLS will come into resonance with the qubit.
Now consider what happens upon the application of a static
field F with coupling p to the TLS. (F can be either an electric
field or a strain field.) As a function of the static external field,
the TLS energy will be

ε =
√

�2
o + (� + 2pF )2, (19)

where � is the asymmetry energy and �o is the tunneling
energy of the TLS. Thus if a frequency scan ωq,min < ωq <

ωq,max is performed for each value of the external field, the
point of maximal qubit energy loss, when h̄ωq equals the TLS
energy splitting, will show up as a curve tracing Eq. (19) on
a 3D density plot of T1,qubit with F on the horizontal axis and
ωq on the vertical axis. A good example is shown in Fig. 1
(but see also Figs. 2(c) and 2(d) of Ref. [17]). A fit of such a
trace to Eq. (19) allows the extraction of �o and p, at least if
�o/h̄ lies between the minimum and maximum frequency of
the qubit.

An alternative to using qubits as the detector is to use an
LC circuit, as described in Ref. [15]. The principle is similar
but instead of measuring the state of a qubit, the loss in the
LC resonator at its natural frequency ωLC is measured. When
a TLS is at resonance with the LC circuit, the loss in the latter
will be large. A 3D plot of the LC circuit loss with F on the
horizontal axis and ωLC on the vertical axis will again show
traces where the loss is large following Eq. (19). An example
is shown in Fig. 2 of Ref. [15].

It is important to note that regardless of whether the static
field F is elastic or electric, the coupling of the TLS to the
qubit or resonator is via photons with frequency ωq. If d||
denotes the component of the electric dipole moment parallel
to the direction of the AC electric field of the qubit, then the
TLS coupling strength is d||EAC�o/ε. Thus TLS with very
small values of d||�o/ε will essentially be invisible. In the
standard TLS model, ε, �o, the electric dipole moment and the
elastic dipole moment are all uncorrelated quantities. There-
fore the TLS-qubit coupling has no impact on the distribution
of couplings that are observed, just an overall reduction of the
total number of TLS that can be observed. The modified TLS
model differs in this respect since �o and the magnitude of
the elastic dipole moment are correlated in that model. In fact,
the two quantities are related by

�o = �o
maxe−(γ /γo)2

, (20)

where γ is the magnitude of the elastic dipole moment aver-
aged over longitudinal and transverse polarizations and γo is
a constant depending on material parameters. γo is ∼0.25 eV
in the case of SiO2. This relation between �o and γ stems
from the phonon-TLS coupling which produces an exponen-
tial renormalization of the tunneling matrix element due to
phonon overlap between the two wells of the TLS (a kind
of polaron effect) [8]. Note that the distribution of elastic
couplings given by Eq. (18) ensures the distribution Eq. (2)
is satisfied up to logarithmic corrections. As a result, TLS
with large elastic dipole moments will have a small tunneling
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FIG. 1. Energy relaxation time T1 (gray scale) of a superconducting transmon qubit as a function of the qubit resonance frequency and the
applied mechanical strain. Dark hyperbolic traces indicate the resonances of TLS defects which absorb energy from the qubit.

parameter �o and thus a reduced coupling to the qubit.
This has the effect of selectively suppressing high elastic
dipole TLS in the observed distribution of elastic dipoles
(see Sec. III B). There is no corresponding effect for electric
dipole measurements as electric and elastic dipole moments
are assumed to be uncorrelated.

A. Dielectric case

Typical experimental setups are described in Refs. [15,17].
A static electric field is applied to the amorphous material in a
parallel plate capacitor configuration. A TLS is characterized
by its asymmetry energy �, its tunneling energy �o and, in the
dielectric case considered here, and an electric dipole moment
d. The TLS coupling to phonons via the TLS elastic dipole
moment is also present and primarily responsible for the TLS
relaxation time. As long as TLS relax sufficiently fast on the
timescale of the measurement frequencies (GHz range), this
coupling is not explicitly needed for the present calculation.
The TLS energy splitting ε as a function of the applied static
electric field E is given by

ε =
√

�2
o + (� + 2dzE )2, (21)

where dz = d cos(θ ) is the projection of the dipole moment
along the E field taken to be along the z axis. E ranges from
−Em to Em with Em ∼ 100 kV/m. The TLS model assumes
that the probability of finding a TLS with values � and �o

is given by P(�,�o) = P/�o with −�max < � < �max and
�min

o < �o < �max
o ; P ensures that the distribution is prop-

erly normalized to 1. With the additional assumption that
the electric dipole moment is independent of � and �o, the
probability density PO(dz ) of observing a TLS with dipole
moment dz satisfies approximatively:

PO(dz ) ∼ P(dz )
∫ h̄ωq,max

h̄ωq,min

dε

∫ 2dzEm

−2dzEm

dy
∫ �max

−�max
d�

∫ �max
o

�min
o

× d�o

�o
δ(ε −

√
�2

o + (� + y)2), (22)

where P(dz ) is the true probability that a given TLS has elec-
tric dipole moment dz and y = 2dzE . Provided that �max 	

2|dzE | and �max > h̄ωq, � can simply be shifted by y. Then
the integral over y simply yields a factor 4dzEm. The integral
over �o and the shifted � gives a factor independent of ε,
up to logarithmic accuracy. The last remaining integral, over
ε, is thus a factor proportional to (h̄ωq,max − h̄ωq,min). The
observed distribution of dz is therefore related to the actual
distribution by

PO(dz ) = A P(dz )dz, (23)

where A is a normalization constant. Another way to under-
stand Eq. (23) is to consider the rectangle defined by the range
of values h̄ωq,min : h̄ωq,max along the y axis and −dzE : dzE
for a given dz along the x axis of the rectangle. Since the num-
ber of TLS per unit energy is (nearly) constant, the density of
TLS in that rectangle is also constant. Therefore the number of
TLS observed will be proportional to the area of the rectangle
times the probability of having a given dz, which immediately
yields Eq. (23). The prediction for the distribution of P(dz )
in any model must then be adjusted using Eq. (23) when
comparing the result with experiments.

Figure 2 shows the distribution PO(dz ) obtained from Fig. 3
of Ref. [15]. There are a total of 60 measurements. The data

FIG. 2. Raw distribution of dz obtained from Fig. 3 of Ref. [15]
(Exp.). The squares are the prediction of the standard TLS model
with do = 4 (Std. TLS). The stars markers are the prediction of the
modified TLS model, also with do = 4 (Mod. TLS).
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appears distinctly different below and above dz ∼ 4 Debye.
The authors of that paper have concluded that two types of
TLS with distinct dipole moments exist. The same assumption
is made here. Given the very small number of data points with
dz > 4, the two regimes can be qualitatively discussed sep-
arately. It is instructive to first consider the prediction of the
standard TLS model which posits that |d| = do with a uniform
orientation distribution on the unit sphere. This implies a flat
distribution P(dz ) = 1/(2do), −do < dz < do. Because of the
symmetry z → −z, the experimental data is “folded” to the
positive values, so the distribution needed is P(|dz|) = 1/do.
The corresponding distribution for the observed values PO(dz )
is obtained by using Eq. (23). The result for the regime dz < 4
is shown in Fig. 2 by the straight line with square markers,
using do = 4. The precise value of do is not important at this
qualitative level. Even though the total number of data points
is quite small, this set of data clearly does not support the
standard TLS model.

The distribution of dipole norms based on the difference
between the moment in each well, P(d ), (modified TLS
model) was given by Eq. (10). The projection along the z
direction is

P(dz ) = 1

2

∫ π

0
dθ sin(θ )

2

d2
o

∫ do

0
δ(dz − d cos(θ ))P(d )dd,

(24)
which, again folding negative values onto the positive ones,
gives

P(dz ) = 2

d2
o

(do − dz ), 0 < dz < do. (25)

Again the corresponding observed distribution is obtained
from this result using Eq. (23). The result for the region dz < 4
is shown in Fig. 2 by the star markers, using do = 4 as before.
At this qualitative level, the general form matches the data
better than the standard TLS model.

What can explain the values observed in the range dz >

4? It seems unlikely that a localized moment would be of
such a large magnitude. However a group of TLS acting
coherently could possibly have a significantly larger effective
moment. Consider, for instance, a pair of TLS in relatively
close proximity, with equal energy splittings. These two TLS
will interact with each other statically via the strain field and
via resonant phonon exchange, since the energy splittings are
the same. The Hamiltonian of such a system is approximately
given by

H = ε

2

(
σ z

1 + σ z
2

) − Jσ z
1σ z

2 + Kσ x
1 σ x

2 , (26)

where ε = √
�2

o + (� + 2dzE )2 is the energy splitting of TLS
“1” and “2,” J > 0 and K are TLS-TLS coupling constants
such that J 	 |K|. The z component of the electric dipole
moment of each TLS, dz, is furthermore assumed to be the
same (or else the static electric field E would eliminate the
resonant σ x

1 σ x
2 term). The two lowest energy eigenstates are

found to be a mixture of the |11〉 and | − 1 − 1〉 states with en-
ergies −J ± √

K2 + ε2. The other two eigenstates are higher
in energy, J ± K , and mix the |1 − 1〉 and | − 11〉 states.
The energy difference between the two lowest eigenstates is
then

√
4K2 + 4�2

o + (2� + 4dzE )2. The measured value of

the dipole moment would then be 2dz. Its maximal value
is 2do = 8 Debye when �d|| �E . For these pairs of TLS, the
predicted distribution of their dipole moment is identical to
the single TLS case (as shown in Fig. 2) with the replacement
do → 2do, albeit with a much lower overall probability of
occurrence. There are not enough data points in the range
4 < dz < 8 to draw any conclusion as to the actual distribution
of dipole strengths for these pairs. Nevertheless this simple
calculation provides a possible explanation for the large dipole
values observed while being consistent with a distribution of
dipole strengths.

B. Elastic case

This section mirrors Sec. III A but for the case of a static
elastic field. As noted earlier, the present case is more in-
volved. The standard TLS model and the modified TLS model
will be used to predict the distribution of the projection of
the TLS-phonon coupling along the direction of the externally
applied strain field and then compared to the measurements.

The reader is referred to the work of Grabovskij et al.
for a detailed description of the experimental setup [12]. In
a nutshell, the measuring qubit is deposited on a silicon (or
sapphire) substrate. This substrate is held fixed at the right
and left edges. A piezo controlled rod below the center and
perpendicular to it can impart a force to the substrate, bending
it slightly. The resulting shear stress is proportional to the
vertical displacement of the rod and thus to the voltage Vp

applied to the piezo. This stress will alter the asymmetry
energy of TLS near the qubit according to Eq. (19). The
term 2γ F in that equation now takes the form γzαVp, where
γz is the magnitude of the projection of the elastic dipole
moment along the direction of the applied field and αVp is
the strain field. Grabovskij et al. estimate the coefficient α to
be α = 10−6 per volt as an order of magnitude. Grabovskij
et al. do not directly measure γz, but rather γzα in GHz/V and
that is the quantity that will be calculated to allow for a direct
comparison with experiment.

The first step is to compute the distribution of γz. The
dipole moment coupling to shear strains, in the basis where
the dipole moment is diagonal, can be taken to be of the form:

�D = γt

⎡
⎣−1 0 0

0 1 0
0 0 0

⎤
⎦, (27)

where the distribution for γt is given by Eq. (18) for the
modified TLS model. For the standard model, it is simply
a constant. Since the dipole moment is oriented randomly
with respect to the strain field, its expression will be given
by Eq. (27) but rotated by an arbitrary rotation R. This rotated
dipole is given by R�DR−1, where R is the matrix represent-
ing the arbitrary rotation. This matrix is given by Eq. (14). The
next step is to compute γz ≡ γt ε̃i j (R�DRt )i j , where ε̃i j is the
unit strain tensor as before. The nonzero element of the unit
strain tensor corresponding to the geometry of the experiment
is the zz component. In matrix form, it is⎡

⎣0 0 0
0 0 0
0 0 1

⎤
⎦. (28)
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The evaluation of ε̃i j (R�DRt )i j gives cos(2ψ ) sin2(θ ) so that
γz is related to the Euler angles ψ, θ, φ of the random
rotations by

γz = γt cos(2ψ ) sin2(θ ). (29)

This is the elastic equivalent of the dz = d cos(θ ) expression
in the electric dipole case. Had the direction of the strain field
been chosen to be along the x axis, the projection would have
been

ε̃i j (R�DRt )i j = cos(θ ) sin(2ψ ) sin(2ψ )

+ cos(2φ) cos2(ψ )

− cos2(ψ ) cos(2φ) cos2(θ ). (30)

Regardless of which expression is used, however, the results
obtained below are the same, as they should be.

It is difficult to obtain an analytic form for the probability
P(γz ). Instead, TLS with asymmetry �, tunneling �o and γz

as given by Eqs. (2) and (29) were generated numerically for
the TLS model. For the modified TLS case, � was sampled
from a flat distribution, while γl,t and γz were generated
using Eqs. (18) and (29). �o was obtained from γl,t using
Eq. (20). In addition, an electric dipole moment projected
along the direction of the qubit AC field, d||, was generated
from a flat distribution (up to 4 Debye) to compute the ef-
fective coupling to the qubit given by d||�o/ε. This effective
coupling must have a minimal strength for the TLS to be
visible. This minimal value was set to 0.01 Debye. Since ε

can vary between h̄ωq,min and h̄ωq,max along a spectroscopic
trace, ε is set to h̄ωq,max in the expression for the TLS-qubit
coupling strength, d||�o/ε. Thus only TLS that are visible
at the top of the spectroscopic window (for the appropriate
applied strain field) are retained. The maximal value of γz

for SiO2, γz,max, is estimated to be 2.5 eV [8]. γz,maxα was
chosen to be 0.5 GHz/Volt, which corresponds to a factor
α = 8 × 10−7.

In each case, it was determined whether the resulting
TLS would cross into the spectroscopic window of the qubit.
Crossing is defined as a TLS trace that covers at least 10% of
the spectroscopic window along the frequency and/or voltage
axis. This is done to account for the experimental need to
see enough of the trace to obtain the fit necessary to extract
γzα. The calculations are very insensitive to this definition.
The results are shown in Fig. 3: the top left plot shows the
prediction of the standard TLS model, the top right plot is
the prediction of the modified TLS model, and the lower plot
corresponds to the measurements.

While the predictions of the standard and modified TLS
models are quite distinct, neither come close to reproducing
the measurements. A surprising feature of the experimental
data is that the distribution is peaked at small values and
decreases fairly quickly. The sharp decrease of the number
TLS observed with large values of γzα in the modified TLS
model is due to the correlation between �o and γz. This
decrease is, however, too sharp.

Then what can explain the peak at low γzα and the tails
in the distribution? A possible explanation involves the static
fields. The assumption has hitherto been that they are uniform
within the region where TLS can be measured. This may not

FIG. 3. Prediction for γzα as measured in Ref. [12]. (a) TLS
model prediction. (b) Modified TLS model. (c) Experimental data.

be the case, particularly in the elastic situation. What we may
have is a gradient of the field, as exists inside a bent plate for
instance (see Appendix B for an analysis of this situation) or
regions where the field strengths may vary spatially. At long
length scales, strain field have definite values as captured by
elasticity theory. However, in the case of amorphous materials,
the strain may vary substantially at the short distances charac-
teristic of the assumed size of TLS [18]. To see the impact that
such random variations may have on the observed distribution
of γzα, γzα was multiplied by Gaussian noise with mean 1 and
standard deviation 0.5. The standard deviation was chosen to
reproduce roughly the size of the peak in the distribution at
low couplings. The result is shown in Fig. 4.

While there is no doubt that strain varies locally for a
given applied external stress, is the scale of the fluctuation
assumed here realistic? To answer this question, numerical
simulations on amorphous Al2O3 were performed. The sys-
tem size is 8.3 nm × 7.4 nm × 3.3 nm (xyz) and consists of
19 440 atoms. The distribution of strain inside the material
was measured at T = 0 K as a function of domain size ranging
between 4 and 50 Å. The details of these simulations are

FIG. 4. Prediction for the distribution of γzαm using the TLS
model and the modified TLS model, including intrinsic Gaussian
strain fluctuations. (a) TLS model plus Gaussian strain fluctuations.
(b) Modified TLS model plus Gaussian strain fluctuations. (c) Exper-
imental data.
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FIG. 5. Computed distribution of internal strains for an external
strain εext

xx = 2 × 10−3. Domain size is 4 Å.

given in Appendix A. A given overall dilatation was applied
along the x axis, εext

xx = 2 × 10−3, of the numerical sample.
This value is large compared to the strains actually applied to
the qubits (∼10−6) but are still within the elastic regime. An
example of the distribution of internal strains is shown in
Fig. 5. The distribution for shear strains, εext

xy = 2 × 10−3,
shows a very similar behavior, albeit with a larger variance.
As the size of the domain increases, the distribution becomes
increasingly peaked around a mean value equal to the exter-
nally applied strain. Figure 6 shows the reduction in variance
as a function of domain size.

The variance for a domain size comparable to the size of
a TLS, i.e., ∼20 Å, is about 10−6 which, when normalized
by the externally applied strain so as to be applicable to the
experimental strains, corresponds to a standard deviation of
0.5 as was used earlier. Note that the distribution of internal
strains has larger tails than a normal distribution. This may
very well explain the long tail in the experimental distribution
of couplings (see Fig. 4). The conclusion of this analysis is
that the strain variations observed in simulations of amor-
phous alumina are compatible with the variations required

FIG. 6. Evolution of the internal strain variance as a function of
domain size (in Å). The external strain is εext

xx = 2 × 10−3.

to account for the observed distribution of couplings γzα in
qubits.

It is of course possible that the distribution of TLS in the
thin amorphous layers where they can be observed is simply
far from the bulk values which were assumed to hold. For
instance, consider TLS with large asymmetry energies that lie
well above the observation window and can only be pulled
into that window if they have a large TLS-phonon coupling.
If the distribution of � decreases with increasing asymmetry
energies, the number of TLS that are observed with large
TLS-phonon couplings would decrease accordingly. The TLS
may also reside in greater numbers at the interfaces between
the amorphous layers and its surroundings (vacuum, conduct-
ing plates, etc.). These TLS may have distributions that are
quite different from their bulk counterparts. The interface also
creates a preferential direction that may substantially affect
the orientation of the dipole moments.

IV. CONCLUSION

This work addresses the question as to whether the strength
of electric dipole moments and elastic dipole moments asso-
ciated with two level systems in glasses are distributed over
a wide range of values as in the modified TLS model or are
narrowly centered around a given value as in the standard
TLS model. The dielectric and elastic data favor the first
possibility. The situation in the elastic case requires that local
random strain fluctuations be included and the distribution
of these random strains are consistent with those found from
molecular dynamics simulations. However, we note the fairly
good agreement between experiments and the modified TLS
model is not so much due to the distribution of couplings as it
is to the correlation between the tunneling matrix element and
the elastic coupling strength. While that correlation implies a
wide range of couplings, the distribution itself is not the key
element leading to the results. This is in part due to the fact
that even with a single value for the magnitude of the field-
TLS coupling assumed by the standard TLS model, a range of
values for the projection along the applied field is nevertheless
present due to the random orientation of the dipoles. The
good agreement between the modified TLS model and the
experimental observations suggests a significant correlation
between the tunneling matrix element �o and the elastic TLS
phonon coupling.
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APPENDIX A: SIMULATIONS ON AMORPHOUS Al2O3

The molecular dynamics simulations in this study were
conducted with the LAMMPS package [19] using empirical
potentials developed for aluminosilicate melts by Matsui [20].
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FIG. 7. Prediction for the distribution of γzαm using the TLS
model and the modified TLS model, including an intrinsic strain
gradient. (a) TLS model. (b) Modified TLS model. (c) Experimental
data.

The amorphous alumina structures produced by the potentials
were found to be in good agreement with experimental ob-
servations. The system used for the strain calculations was
a bulk Al2O3 structure with periodic boundary conditions
containing 19 440 atoms in total. To prepare the amorphous
structure, the system was first melted at 5000 K for 100 ps
and then quenched to 100 K using a cooling rate of 1 K/ps,
in the isothermal-isobaric ensemble (NPT). Based on the
enthalpy-temperature cooling curve, the glass transition oc-
curred around 1300 K. The melt-quench procedure resulted
in an amorphous system with the size of 8.3 nm × 7.4 nm ×
3.3 nm at 100 K. Subsequently, the system was relaxed to
0 K for the strain calculations. The relaxed structure was
subjected to uniaxial strains of −0.004, −0.002, 0, 0.002, and

0.004. At each strain, the structure is relaxed in the canonical
ensemble (NVT) before the strains are analyzed. The resulting
strain-stress curve for the whole system was linear, suggesting
that the system stayed within the elastic region.

To investigate the local strain distribution, the system was
relaxed under a given external strain and divided into small
cuboid boxes. The local strain in each box was then calculated
by averaging the vectorial transformation from every atom
in the box to a reference atom. By changing the cuboid box
size, local strain distributions at different length scales were
obtained. Note that the geometric average of the three sizes of
the cuboid box needed to be greater than 0.4 nm to ensure that
at least two atoms are in each box.

APPENDIX B: EFFECT OF UNIFORM
STRAIN GRADIENTS

A linear gradient of the strain field in the regions where
the TLS are located will also affect the observed distri-
bution of γzα. To assess the impact of such a gradient, a
simulation with a linear strain gradient was performed. The
variation in αVp was taken to be linear, decreasing from the
maximal value to 0.25 of that maximal value for a given
piezo voltage. The maximal value is determined by the co-
efficient α = 8 × 10−7 as before. The results are shown in
Fig. 7.

While the effect of the linear strain gradient improves the
results somewhat, the effect is marginal. The experimental ob-
servation that surface TLS and junction TLS show essentially
the same distribution while one would expect the junction
TLS to experience a much more uniform strain, lends support
to the idea that strain gradients do not play an important
role.
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