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ABSTRACT 

An analysis is made of a proposal to obtain neutrons of 15'=25' kev energy 

by moderating fast neutrons in aluminum and then reflecting off titanium. The 

fluxes calculated do not significantly exceed those obtainable from a standard 

antimony-beryllium photoneutron source. Two appendices treat aspects of the 

transport of neutrons through a slab of finite thickness. 
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THEORETICAL STUDY OF A SOURCE OF INTERMEDIATE ENERGY NEUTRONS 

Sidney Ao Bludman 

Radiation Laboratory~ University of California 
Berkeley~ California 

January 7~ 1954 

Io INTRODUCTION 

This report is concerned with a new source for neutrons in the 
' 

intermediate energy region 10 = 30 kev, At present~ there is no high 

intensity neutron source for experiments in this energy regiono Charged 

particle reactions
1 

produce faster neutrons copiously, but when employed 

near thresholdror at back angles~ the slow neutron intensities obtained are 

low and the background largeo Photoneutron reactions will be discussed 

separately in Section Vo 

Professor Teller suggested that aluminwn be employed to moderate 

the neutrons abundantly produced in the d(dn)t or t(dn)He
4 reactions~ 

and that titanium be used to pipe these neutrons to the experimental area 

where they are to be used, The aluminum elastic cross section averages 

5 barns until the neutrons are slowed down to 28 kev~ where the cross section 

suddenly decreases to 1 barno Hence neutrons will moderate ·down to about 

28 kev~ and then suffer relatively few further collisionso Titanium shows 

a strong resonance at 15 - 30 kev~ so that it should present a high albedo 

towards such neutrons~ while permitting the transmission of higher energy 

neutrons, 

The structure envisaged then is an aluminum moderator surrounded by 

a titanium vesselo The next section treats the neutron slowing down in an 

aluminum sphere on age theory 3 and Section III~ the reflection of these 
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neutrons off a titanium slab.. Section IV contains an overall estimate of the 

neutron intensities possible with such a device, and Section V, comparison 

with the yields from photoneutron reactions. An appendix is included on the 

Milne problem for the passage of neutrons through a thin slab by isotropic 

elastic collisions. 

II. ALUMINUM MODERATOR 

" The capture and inelastic cross sections for aluminum and titanium 

are small at the energies considered, so that these processes will be 

neglected and the elastic cross sections equated to the total cross sections 
(2 

as tabulated in AECU-2040 • For aluminum, the mean lethargy decrement per 

collision is Jf = .072 and, above 30 kev, the average collision mean free 

path is (/\)Av 1):;1 3.3 em. Hence to moderate down to 20 kev from 200 kev 

or from 3 Mev requires respectively 30 or 140 collisions and 20 or 50 em of 

aluminum. The slowing down processes is therefore treatable on age theory. 

The age equation with spherical symmetry is 

where the age 

r 

1 
r 

~ 0 3(1-

and the slowing-down density 

du 
2 

(N <r) 

(1) 

(2) 

(3) 

Our notation is: E, u = neutron energy, lethargy; ~ = scattering cross 

~-
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section; N =density of scatterers ( = 6.02 x 1022/cc for aluminum); 

(cos e) Av = mean cosine of scattering angle ( = 0,0247 f;r aluminum); 

NOiv n =collision density. The age from E0 = 200 kev is plotted as a 

function of neutron energy E in Fig. 1; to obtain the age from 3 Mev add 

2 
420 em • 

1. Aluminum Sphere, No Uranium. 

We consider in this subsection the solution of the age equation (1) 

for an aluminum sphere, subject to the boundary condition: vanishing slowing-

down density at the (extrapolated) radius a of the sphere 

X =o (4) 

jt is to be regular at the origin and satisfy the initial condition 

3 X = Q S (r) ~ 7:= 0 ~ (5) 

where Q = number neutrons/second produced at the center of the sphere with 
3 . 

age 't = 0 and <S (r) = o(r)/41/r
2 = three-dimensional delta function. 

The solution of the age equation with these boundary and initial 

conditions is expressable as 

in terins '·of the Jacobi -9 -function 

cos gJf r 
a 

2 
=(nr'll) t 

e 

2 
o0 = (r - 2 .,) a) 

~ 4t = a 
~e 

(6) 

(7) 
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This is the solution of the one-dimensional heat diffusion equation 

with adiabiatic boundary 

u :0 a r ' 

and initial temperature distribution 

~ - . a 8 (r) 

The neutron current density is 

t = 0 

J(r, E)dE = (= g_:J_ )d ~ . 
a r 

(8) 

(9) 

(10) 

Hence,defining a spectrum function P(E) as the flux of neutrons through the 

entire sphere of radius a per unit energy interval per neutron originating 

at r = 0 with energy E0 , 

P(E) 
2 = 4'/ta J(a, E) = (11) 

Q 

Defining a dimensionless age 

y = (12) 

so that 

. ~· 
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1X,a, {:) 

oQ 2 

~ 
n -n Y 

= (-) e 

n= -oo 

and half of a dimen~ionless age current 

j(y) 

. 00 . 2 
~' n~l 2 -n Y 

= L_. (-) n e 
n=l· · 

the final result of this section is 

2 
P(E) ='4 j(y) £..1t . 

a dE 
oiJ 

P(E) is normalized so that s P dE = 1 
0 
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(13) 

(14) 

.._{15) 

The universal dimensionl~ss.functiori j(y) is marked in Fig. 2 

as a] /b · = 0. · It depends upon the neutron energy E through the age- 't- , 
but the faster energy dependence by far is contained in the factor d~/dE. 

This term, 

~
d E 

1 1 (16) 
(J2 E 

converts a current per unit age into a current per unit energy. Plotted in 

Fig. 3, it presents prominent maxima at those energies for which the cross 

section cr- is a minimum. Compared with the 1/~ in d '/:/dE , the 

geometry, manifested in the factor -j [y(E) ] , is relatively ineffective in 

determining the spectrum. This is borne out in Fig. 4 which presents the 

spectra out of aluminum spheres .of radius 50 and 100 em, per 3 Mev neutron 

at the center. With both the large and the small sphere, there is considerable 
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production of 60 Mev neutrons due to the minimum in the aluminum cross section 

about this energy. 

2. Uranium as a First Moderator. 

The calculations in the preceding subsection show that a considerable 

size of aluminum is needed to slow neutrons down from 3 Mev by elastic 

collisions. Professor Teller suggested that the inelastic collisions in 

uranium be employed to moderate 14 Mev neutrons from the dt reaction so 

that a thinner section of aluminum would suffice to deliver a substantial flux in 

the 20 kev region. For this purpose we now investigate the slowing-down of 

neutrons in a spherical shell of aluminum of thickness b surrounding an 

uranium sphere of radius a1 supposing that the neutrons out of uranium are 
_II 

of energy 200 kev. 

We make the important simplifying assumption that, compared with the 

aluminum shell, the core of uranium has negligible effect on neutrons below 

200 kev. For elastic collisions this is justified by the small energy loss 

per collision with so heavy a nucleus, and at these energies the inelastic 

collision cross section is small. Fission and capture are assumed to be 

incorporated in the definition of the uranium surface as an effective source 

of Q neutrons per second of energy E0 = 200 kev. Then the boundary conditions 

are 

~- 0 
Q)r 

0 

' 

and the initial conditions 

~ (r, 0) 

(17) 

r - · a - a1 .,... b , (IS) 

= (19) 
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Then the same formula (15) is obtained for the spectrum out of the aluminum 

sphere, where however, in place of (14), the geometrical factor for a 

-spherical shell is 

j(y) 

The eigenvalues 

thickness 

and 

n-1 
(-) (20) 

x are determined by the ratio of core radius to shell n 

tan JT~ 
ffx 

n 

n-1 
(-) sin 11~ 

(21) 

(22) 

In Table I, .xn and Bn are tabulated for three ratios a1/b as well as 

the limiting case a1/b = 0. The age currents j(y) are plotted in Fig. 2. 

The specific dimensions again are much less important than the 1/o-
2 

E in 

Fig. 3. 

The inelastic collisions in the uranium core do indeed permit the 

moderation of even 14 Mev neutrons to 20 kev without prohibitive amounts of 

aluminum. Fig. 5 contains, for al = b, the spectra out of spheres of 

overall radius 40 and 80 em. In Fig. 6 are plotted, for a1 = 20 em, the 

spectra out of aluminum shel1s of thickness b = 20, 34.7, and 40 em. 
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TABLE I 

Eigenvalues xn for Spherical Shells 

a1/b n = 1 n = 2 n = 3 n = 4 

0 1 2 3 '4 

.500 .729 1.619 2.577 3.556 
' 

.577 .710 1.605 2.567 3.549 

1.000 .646 1.564 2.540 3.529 

Coefficients En for Spherical Shells 

a1/b n = 1 n = 2 n = 3 n = 4·· 

0 1 4 9 16 

.500 .431 1.348 2.322 3.292 

.577 .401 1.244 2.1,28 3.008 

( 1.000 .308 0.938 1.580 2.219 

.J 
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The amount of uranium envisaged in these calculations is in fact 

excessive. In order to prevent neutron loss by capture in uranium, a sphere 

of 7 em would now be recommended. (The preceding and following calculations 

with larger radii were made when efficient degradation of energetic neutrons 

was felt to deserve priority over the absolute neutron flux.) While Fig. 2 

indicates that such a ratio a1/b AJl/5 will indeed enhance the yield of lower 

energy neutrons per 200 kev neutron, the smaller uranium sphere will deliver 

fewer of these 200 kev neutrons relative to faster neutrons. 

3. Admixture of Other Elements. 

The moderated spectrum out of aluminum always shows a neutron group 

about 65 kev in addition to the 30 kev neutrons wanted. These are present 

because of the minimum in the scattering cross section for neutrons of this 

energy. Examination of the neutron cross sections of the elements shows 

relative maxima for Be, Mg, and K in the 65 kev region. An Al:Mg:K mixture 

in the atomic percents 65:20:15 produces the age curve so marked in Fig. 1. 

The spectrum out of a shell of this mixture with inner radius 20 c~outer 

radius 34.7 em is plotted in Fig. 7 for comparison with a pure aluminum shell 

of the same dimensions: the admixture of magnesium and potassium homogeneously 

presents no improvement because when the neutron cross section is increased 

near 65 kev it is also increased near 30. kev. This difficulty might be 

avoided by layering these elements separately about the uranium core so that 

the neutrons would first slow past 65 kev by Mg or K and then pass into 

aluminum for further slowing down. This arrangement was suggested by Dr. 

David L. Judd. 
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III. TITANIUM REFLECTOR 

The resonance in the titanium cross section at 19 kev means that a 

slab of this material will transmit or reflect neutrons according as their 

transport mean free path is large or small ~ompared with the slab thickness. 

Neglecting inelastic collisions and capture;· the neutron mean free path in 

titanium
2 decr~ases from A = 0.2 em at 19 kev, to one-tenth this value at 

60 kev, to 0.006 em at 400 kev. 

1. Prelimina~ Albedo Eatimate Neglecting Energy Loss. 

·The transport problem for the slab is formulated in Appendix I. Even 

assuming isotropic elastic scattering, the plane transport kernel obtained 

is the Milne exponential integral K(z, z') = (l/2A..) E1 (1z- z't/;:t) 

for which the solution cannot be obtained in closed form, although the Appendix 

proposes an approximation applicable for thin slabs to supplement the known 
; i 

formulas10 for thick slabs. Since the titanium slab considered here is thin 

for some neutrons and thick for others,according to their energy, neither 

approximation is uniformly applicable. 

For a preliminary estimate of the albedo p we follow the Fermi 

appro~imation3 which replaces the Milne kernel by the one-dimensional 

exponential (1/2 ~ 1 ) exp ( -1 z - z 
1 I /~), where A1 = A.,/ -/3 is the one

dimensional projection of the mean f~ee path ~ in three dimensions. The 

Fermi albedo ~ (integrated over all directions of emergence }" ) is plotted 

in Fig. 8 as a function of A /a = mean free path/siab thickness9 for se~eral 

angles of incidence cos-i~. In Figs. 9 and 10 the same quantity is plotted 

as a function of neutron energy E for titanium slabs of ~ and 1 em respectively. 

As a function of E, ~n(E, a) falls off faster than ~ (E, a/n), so that n 

reflections off a slab of thickness a are more efficient in separating 
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neutrons of long and short mean free path than:one re:_flection off a slab of 

thickness a/n. A compromise between a thick slab which will reflect too 

many fast neutrons and a thin slab which will reflect too few slow neutrons 

is achieved by choosing a = 1 em and relying on multiple reflec;tions off 

the titanium walls to eliminate unwanted neutrons. A 1 em titanium wall 

also has structural advantages over a thinner enclosure. 

The energy degradation by collisions inside titanium cannot be 

neglected, however, precisely because the cross section changes so rapidly with 

energy. Appendix II shows that in a one-dimensional random walk, assuming 

constant mean free path, a 20 kev neutron suffers on the average 3.4 collisions 

before reemerging out the front fact of the slab. In three d:imensions; 

n ~ {3 x 3.4 ~ 6 collisions will be necessary on the average. The mean 

lethargy loss will be n S = 0.2. In a lethargy interval 0.2, the titanium 

cross section decreases by a factor 3 so that changes in mean free path inside 

the slab are by no means negligible. In addition to reducing the number of 

fast neutrons, the reflection off titanium should modify the low energy neutrons 

towards lower energies. 

2. Monte Carlo Calculation for Titanium Slab. 

To answer these questions, one thousand neutrons with an isotropic 

angular distribution, representing the spectrum in Fig. 6 fbr an aluminum 

shell of radii 20 and 54.7 cm,were fed into a 1 em titanium slab by a CPC 

Monte Carlo calculation. 

(a) Energy Spectrum 

The energy histogra:n:t representing 5S7 neutrons out the front face with 

all directions of emergence ~ is shown in Fig. 11, together with the energy 

spectrum in for comparison. The high energy neutrons are depleted by about 

60% on reflection, but of the low energy neutrons 7CJ% are reflected back. For 



UCRL-2449 

-14-

the high energy neutrons, which can only have suffered one or two collisions '· 

if they are·to have been reflected back, the energy degradation on reflection· 

is small. For the low energy neutrons, which suffer about seven collisions ,. 

before reflection, the energy degradation is more appreciable, reducing the 

low energy median from 29 kev to about 23 kev. 

In Fig. 12, these 5S7 neutrons out are brokendown into three classes 

according to direction of emergence: 

(a) 0 ~ f'i....5, 190 neutrons out; 

(b) .5 i.. f- (. .S, 229 neutrons out; 

(c) .S L ).k L. 1, 16S neutrons out. 

For comparison, the incident isotropic distribution·has been reduced by.0.5, 

0.3, and·0.2 respectively. This figure exhibits some tendency for the normalzy-

reflected neutrons :to be of· lower energy than those .reflected at more oblique 

angles. 

In Fig. 13, 350 neutrons out are·broken down according to three 

·particular directions of incidence fol ! .- :. _r,. 

(a) ~ = 1, 15S neutrons out; 

(b) ~ = .5, lQ? ·neutrons' o~t; 

(c) ~ = 0, 84 neutrons out. 

For comparison, the fraction of the spectrum incident :on the' ·sla:b with these 

directions has been folded into Fermi 1 s total albedo (Fig. 10) 0 ·· For each 

direction of incidence, the Fermi approximation somewhat underestimates the 

number reflected back and, of course, includes no slowing-down features. 

Conclusions: The reflection off a 1 em titanium slab is quite effect he 

in eliminating the 60 kev neutron group. The energy degradation of these low ' 

energy neutrons issuch as to bring them down to the possibly even more interesting 

15 - 25 kev region after four or. ·five reflections off the enclosure walls o 
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(b) Angular Distribution 

In discussing the angular distribution of reflected neutrons, neutrons 

incident with low and high energies must be distinguished. The low energy 

neutrons have a mean free path small compared with the slab thickness, see the 

slab as almost semi-infinite in extent, and are reflected·back from depth with 

an approximately cosine law of distribution. The high energy neutrons see 

only a thin slab in the semi-infinite half-plane, and are reflected from only 

the nearest distance in this half-plane with a flattened angular distribution. 

The angular distribution from 362 neutrons incident with 24 4E0 L 32 kev 

and any direction of incidence A is shown in Fig. 14(a). The angular 

distributions of those neutrons incident with direction cosines ~ = 0, 0.5, 1 

are shown in parts 14(b)~ (c), (d) respectively. The horizontal dotted lines 

for comparison are the isotropic distributions·of the incident neutrons. 

The same treatment is applied to the 334 neutrons incident with . 

54 ~E0 ~ 76 kev in Fig. 15. 

Conclusion: Particularly for the low energy group, the neutrons 

emerge preferentially normally, so that there can be little effective trans= 

mission of neutrons down a titanium guide. For obtaining maximum flux at the 

experimental area to be neutron irradiated, this area should ideally be 

located near the center of a spherical titanium enclosure. The uranium-

aluminum sphere should be placed so as to allow adequate shielding of the 

irradiation area from the high energy neutrons coming directly from the 

uranium core. 
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IV. RESULTS 

The net flux of intermediate energy neutrons across the experimental 

area will be determined by four factors: 

(1) Primary flux of neutrons into the uranium core: · Cockroft-l'lalton 

machines presently at hand can produce 100 ;.tamp of 400 kev deuterons. A 

thick zirconium-tritium target with ~" - 1" overall dimensions placed at the 

center of the uraniilm core will yield 2 x 108 neutrons/second/ ?nip of 400 kev · 

deuterons. Hence 2 x 1010 primary neutrons/second of· energy 14_.1 Mev will be 

available. (This figure might be increased by a.factor 10 if a corresponding 

increase in Cockroft-Walton current is achieved in the future.) 

(2) .. Flux of. inelastically moderated neutrons out of the uranium core: 

one-half of the primary neutrons are supposed to be moderated down to 200 kev. 

(3) Low energy group out of the aluminum moderator: From Section II 

and Fig. 6, a spherical shell of radius 54.7 em will deliver one-half of the 

200 kev neutrons into the 30 kev region. 

(4) Albedo of the titanium enclosure: From·Section III and Fig. 11,, 

70% of the low energy neutrons are reflected back from 1 em titanium. Supposing 

that the geometry is such that four or five reflections are needed before a 

neutron traverses the irradiation area, one..;fifth of the low energy neutrons 
4-5 

will reach this area from the aluminum sphere'(together with (0.4) ~ 1/50 

of the high energy neutrons).· The low energy neutrons: will be. moderated 

down to 15-25 kev. 

Summarizing, ! x ! x 1/5 = 5% of the primary 
9 

dt neutrons, or 10 

neutrons/sec will reach the experimental area through the uranium core, 

aluminum shell, and titanium enclosure. If the dd reaction is primary sourc~. 

the flux will be about twenty times smaller. 
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W. PHOTONEUTRON SOURCES 

The currents available from cyclotron sources are at least an order 

of magnitude smaller than those from Cockroft-Walton machines discussed above. 

Thus the only charged particle reaction heretofore used4 as a source of 

intermediate energy neutrons, Li(pn), required highly efficient BF3 

detectors, massively shielded against background. In this section, the 

intermediate energy neutrons available directly from an endoergic photoneutron 

reaction5 near threshold will be treated. 

The 1.7 Mev gamma ray from Sb
124 

when used with the Be(~n) reaction, 

whose threshold is 1.666 Mev, produces neutrons of 25( 6 or 35(7 kev. The 

yield depends on the geometry, the thickness of beryllium target employed, 

8 6 
and the r -ray source strength .. Russell et al obtained 3.2 X 10 neutrons/ 

second/curie with a 1.25 em ~-ray source surrounded by a 0.79 em cylindrical 

·shell of beryllium. A prepared source, using 60 day pile-irradi'ated Sb 124 is 

available from the A.E.C. Isotope Division9 • These photoneutron sources have 

heretofore been designed for monochromatic neutrons. It.appears reasonable 

that where high intensity is primarily desired, the yield quoted may be 

increased considerably by employing a thicker Be target or a different 

geometry. A spherical shell of Be, while not so easily disassembled as 

Russell 9s cylindrical arrangement, utilizes all the '1"-rays from the Sb 

source more efficiently. 

From a 10 curie o -ray source, 10
8 

neutrons/second might be achieved. 
' . 9 

This compares favorably with the 5 x 10 neutrons/second out of the uranium-

aluminum sphere discussed in this report. The antimony-beryllium source, 6 em 

in height and 3.8 em in diameter in the cylindrical arrangement (8 em in 

diameter in the spherical arrarigement1 possesses obvious geometric advantages 
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over the 110 em diameter uranium-ali.lminum sphere originally proposed. Outside 

6 105 the antimony-beryllium cylinder, sphere, and uranium-alUirtinum sphere 10 , 

and 105 neutrons/cm2/second respectively will be obtained~ 

With either neutron source the tita:nium.reflectorcalculated·in Section 

III would be useful. The antimony-beryllium source permits·a much smaller · 

titanium enclosure so that fewer reflections a:re needed before a neutron will 

traverse the experimental zone to be irradiated. Shielding is needed against 

the high intensity gamma rays in the photoneutron systems and ag'ainst the Mev 

neutrons in the aluminum moderator device. 

VI. SUMMARY 

This report has investigated the moderation of neutrons in al~inum 

and their reflection off titanium, as a device for. producing neutrons of 

intermediate energy (15- 30 kev). 

The neutron spectra out of spheres of aluminum a~d alumi~um-magnesium-

potassium mixture, calculated on age theory, are given in Figs. 4-7. The most . 
promising geometry arrived at consists of a uranium core in which neutrons from 

the dt reaction are moderated to 200 kev, surrounded by a spherical aluminum 
' 5 ' ~ 

shell 34.7 em thick. Out of such a sphere, a flux of 10 neutrons/em /second 

at 20 - 30 kev together with an equal number at 60 - 75 kev seems attainable. 

The reflection of these neutrons off titanium, calculated neglecting energy 

degradation and also rigorously·by Monte Carlometho~s, is given· in Figs. 8-15. A 

1 em infinite titanium slab reflects 70% of the low energy (20 - 30 kev) 'incident 

neutrons with about 5 kev degradation in energy and a preferentially normal 

angular distribution. Of the high energy (60 - 75 kev) neutrons, only 40% are 

reflected. 
9 

With Cockroft-Walton currents presently available, 10 neutrons/ 

second onto an experimental area inside the titanium enclosure seems feasible. 

.: 
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A standard antimony-beryllium photoneutron source is capable of 

delivering 25 - 35 kev with equal or better flux. Such a source, which is 

already available from the A.E.C. Isotope Division, is less than one-tenth 

the size·of the uranium-aluminum sphere envisaged here. While no high energy 

neutrons are present, adequate shielding is needed against the intense gamma 

source required. 

This investigation was suggested by Professor Edward .Teller. I am 

indebted to him and to Dr. David L. Judd for. several helpful discussions, and 

to Dr. Stirling A. Colgate for orientation on experimental matters. ~he desk 

calculations were performed by the computing section at UCRL Berkeley, and 

the Monte Carlo calculations by the CPC Group at UCRL Livermore • 

. .. ,. 
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APPENDIX I--MILNE PROBLEM FOR THE SLAB 

The stationary, no-capture transport equation in one dimension is 

u 

S du' f~, u- u•) )'{,(z, u•) 

0 

(1) 

in the notation: 1jJ (z, }-4' u) = density of collisions at depth z with 

initial neutron direction cosine )"' and · hthargy u; lfo ( z, u) = -~ If 4"- ; 
f(j-4-0 , u - u') = relative probability of· a collisi-on with sca~tering angle 

cosine r and lethargy change u - u'' normalized so that s f du 1 ?- = 1; 

f(u) = neutron mean free path. 

For a unit current density of neutrons of lethargy u, incident on a 

slab of thickness !! from the left with dtrection cosine ;Uo' the two-point 

boundary conditions on equation (1) are: 

lfCo, )A-' u) = (1~) ~ >P- fi,) ' )A-> 0 

(2) 

'fCa, f' u) - 0 jA- Lo -

Writing 

K(z - z' ')i> - (1/f(u~ expf -(z- z')/).)J.. J - (3) . 

and 
u 

- ', ) du 1 fyi, u- u 1 ) "'~jJo<z, u 1
) ?fo<z,r u) = 

0 

the inhomogeneous equation (1) can be integrated subject to the boundary 

conditions (2), 
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z 

(1/;lo) 8<jA- /1) exp(-z/¥ -t- ~ K(z - z', }'<) yt,<z' •)M u)dz', 

fA'/0 

a 

- ~ K(z- z'tJ ~(z',/1-• u)dz' 

z 
(4) 

Now integrating ~' 

~0 (z, u) - (1~) exp(-z/~)+ 

a 

~ dz' 

0 

~ du '. }'Ia ( z ' , u' ) G( z - z ' , u - u ' ) , 

(5) 
where 

1 

~ 0 
K(z,~) f{jJ-, u) 21/ d;U ' 

z>O 

0 
G(z, u) = (6) 

I 0 

-j K(z,,P-) fy;-
0

, u) 27f ~ , zLO 

-1 

is the kernel for the plane transport through the distance z and lethargy u. 

The inhomogeneous term in (5) gives the density of first collisions, 

normalized to unit incident current. 

Equation (5) with the double displacement kernel G(z- z', u- u 1 ) 

is the integral transport equation for the slab with the boundary conditions (2). 

The only assumption (made implicitly in defining f as a function of u- u') 

is that the scattering is isotropic in the center of mass. 
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In order to reduce equation (5) fu~her,_ the ,s~att~ring will now be 

assumed to be elastic and isotropic in the laboratory-system. Then f =! S<u- u 1 ), 

the energy dependence may be dropped, and.choosing units of length so that 

%(z) = (l~) exp(-z~)T- S ! E1(1z- z'l) >fJ0 (z') dz' 

0 

Here 

is the 

. (S K(z, jJ-) dJ'-
0 

- ~ K(z, j.J.) o/"' 
-·1 

z L o 

r -xt 
exponential integral E1 (x) = j (e '/t)dt. 

1 
Equation (7) defines the Milne problem for the slab: 

(7) 

(8) 

a.unit current 

of particles is incident from the left onto a slab of thickness ! where they 

are scattered isotropically and elastically. The integrated collision density 

at depth z is f 0 (z). From )Po' the density of collisions with initial 

particle direction ~ can be obtained by (4) 

= 

(l/j1) S<f-fol exp(-z0bl+ ~ .{1/~ exp{ -(z - z' )~} vt<z' )dz', 

0 

z 

__ jA->o 

-;?--;( 0 .. 

(9) 
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The neutron current density in the direction r is~ lf(z,jJ-), and the 

total albedo out the front face, 

s C-jiJ f(o,f")~ 
-1 

a 

- ~· [ exp(-z) - z E1(z)] lp
0

(z)dz 

0 

The standard Milne problem, unit current incident from - QO 

(10) 

isotropically and elastically scattered in ·the·half-space -004 z ~ 0 , 

is obtained by replacing z by z - a , let~ing a--, ao and looking for the 

flux out of z = 0 with This problem has been solved by Placzek 
. ll 

and Seidel using Wiener-Hopf techniques. This·method is not applicable, 

however, to the slab of finite thickness.;. 

The slab problem here formulated has been attacked by Halpern and 
10 

Luneburg who obtain asymptotic expressions for the albedo.applicable for 

slabs thick enough to regard the two boundaries as uncoupled. The Fermi 

approximation consists in replacing the Milne kernel E1 ( x) by the exponential 

exp(- x). 

It is our purpose to suggest that the Neumann-Liouville expansion is 

a useful method for the solution of equation (7) when the slab is thin 

compared with the scattering mean free path. Writing equation (7), 

lfo 
f+ Llfo, (ll) 

a formal solution is 
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2 
f+LftLf..,.._ ••• 
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(12) 

where the term L nf is the contribution to the collision density o/o (z) 

by the incident flux f after .!! collisions. This expansion in numbers 

of collisions may be expected to converge· -rapidly when a/£. is small. In 

this sense, the expansion (12) __ is an alterrrat·ive -to the Halpern~Luneburg 

theory or to age theory. (In fact, the same principle might be used on the 

original equation (5).) 

The first integration in the expansion (12) -can be done 

analytically using the basic formula for integration by parts 

mx 
e dx: ! [ '1_(x) 

mx 
e - El l (l - m)x J] .. 

(13) 

The exponential integral for negative argument E1(- ~) 'is always to be 

understood in the sense of the principal value and is generally tabulated as 

EI(x )J. 

a 

Lf = (l/~) ~ E1(Jz- z'/) exp(-z'~)dz' 
0 

-mz 
e 

(14) 

zL..a. 
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This procedure is useful only when the number of collisions inside the 

slab is very small. It is then applicable precisely where age theory or the 

Halpern-Luneburg calculation fails. 

\ 
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APPENDIX II-~A STOCHASTIC PROBLEM 

This section considers the mean number of collisions n a particle 

suffers before being reflected out of the front face z = 0 of a slab of 

thickness a. The collisions are assumed to be isotropic, elastic, and in 

one-dimension. Let y = z/A and A= a/A be the depth in slab~and slab 

thickness,in units of the mean free path 

Let ~(n)(y) be the density of neutrons undergoing their n 1th collision 

at y. Fora one-dimensional problem, the transport ~ernel is ! exp(-\y- Y'l) 

and the distribution of first collisions 
0 

"/' = exp( -y). Then 

A 

~ 
(n-1) 

l exp(-/y - Y'l) 'f (y') dy' (1) 

0 

is a recursion relation for the n'th collision density. From this the well-

known integral equation 

= 

A 

-y \ 

e + .J 
0 

! exp(-Jy- y'J) 'J'CY') dy' 

is obtained for the collision density after any number of collisions 

00 

1f(y) >-= yfn)(y) 

n:O 

The solution of the integral equation (2) is 

r(y) - 2 (A+l - y) . -
Af-2 

(2) 

The density of particles out the front face of the slab after one or more 

collisions is 
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= a 
a+ 2) 

3 
This is the Fermi expression for the albedo of a slab in one dimension. 

The average number of collisions for those particles at depth y after 

at least one collisions is 

From the recursion relation (1), the numerator 

- Oc:J , (n) 
N(y) == L n'lf (y) 

= 

n:l 

A 

~ dy' !exp(-ly - Y'l l 

0 

<:::>0 
~ (n-1) 
L____ n lf' (y') 

1 

A r oO (n) J ely' !exp(-/y- y'/) 2; (n t- l) YJ (y') 

0 

A 

- ~ dy' ~ exp(-/y- Y'/) [ ¥-'(y') + N(y') 1 . 
0 

The solution of this Fredholm equation is 
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N(y) 
3 22 3 2 3 2 

A (y + 1) - 3A (y - y - 1) + A(y - 9y t 3y ± 3) + (2y ..;,: 6y ) = 
3(A+ 2)

2 

from which the mean.number of collisions by those. particles out. through 

y = 0 is 

n(o-) = ~ = 2 [A+ 1-f- 1 l 
t:' ?3" A+2J 

For a neutron of mean free path A = 1/4 em in a 1 em slab: 

-
n = 3.4. 

\;· 

This is the one-dimensional estimate employed in Section III in anticipating 

the importance of slowing down in titanium. 
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Fig. 1- Neutron age from 200 kev in pure aluminum and in 65:20:15% 
mixture of Al:Mg:K. 

UCRL-2449 



-31- UCRL-2449 

0.1 

0 2 4 
y MU-7052 

Fig. 2 -Geometrical factor for spheres and spherical shells: j(y)• 
dimensionless age current; a1/b • inner radius/shell thickness. 
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Fig. 3 - Age-energy facto~ for aluminum. 
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Fig. 4 - Neutr~m spectra outside aluminum spheres of radius 50 and 
106 ern for a 3 Mev unit neutron source at center. 
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Fig. 5 - Neutron spectra outside spherical aluminum shells surrounding 
uranium sphere delivering unit 200 kev neutron flux: Effect 
of overall dimensions. 
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Fig. 6 - Neutron spectra outside spherical aluminum shells surrounding 
20cm uranium spheres delivering unit 200 kev neutron flux: 
Effect of aluminum shell thickness •. 
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Fig. 8 - Slab albedo for four angles of incidence (Fermi approxima
tion to transport kernel). 
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Fig. 10 - Albedo of 1 em titanium slab for three direction 
cosines,~0, of angle of incidence (Fermi approximation). 
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Fig. 12 -Energy histogram of neutrons reflected back from 1 em 
titanium slab broken down according to direction cosines,f 1 
for angles of emergence, and compared with the fraction o 
isotropically distributed spectra incident with these 
directions. 
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Fig. 13 - Energy histogram of neutrons reflected from 1 ern 
titanium slab broken down according to direction 
cosines, fL 1 of angles of incidence: Monte Carlo 
calculation°cornpared with Fermi approximation. 
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Fig. 14 - Angular distribution of emergent neutrons compared 
with isotropic distribution of incident neutrons: Low 
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Fig. ·1.5 - Angular distribution of emergent neutrons com pared with 
isotropic distribution of inc.ident neutrons: High 
energy group 54 < E0 < 76 kev. 




