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ABSTRACT OF THE DISSERTATION

Global Optimization of Chemical Reactors and Kinetic Optimization

by
ZAYNA ISHAQ ALHUSSEINI

Doctor of Philosophy in Chemical Engineering
University of California, Los Angeles, 2013

Professor Vasilios Manousiouthakis, Chair

This work addresses for the first time in chapter 1, the synthesis of globally minimum volume
reactor networks featuring SFR/MMR, with the same normalized residence time density
function. Global optimality is ascertained by demonstrating that the input-output information
maps of SFR and MMR with general RTd/RTD models satisfy all properties required for the
application of the IDEAS to the RTd/RTD reactor network problem. The resulting formulation is
shown to possess a number of novel properties, which can be used to facilitate its solution. The
proposed methodology is demonstrated on three case studies featuring SLFR model in which the
Trambouze reaction scheme is carried out.

In chapter 2, the concept of NRT is defined, as a production normalized, capital cost measure for
a reactor network. For networks consisting of CSTR’s, PFR’s, and RTD-SFR/MMR, described
within the IDEAS conceptual framework, it is shown that NRT is independent of the network’s
inlet flowrate. The novel concept of Network Residence Time Constrained Attainable Region for
Reactor Networks is then introduced. It is shown to be a convex set, points on the boundary of

which are identified through repeated solution of increasingly accurate finite linear program



approximations of infinite linear programs. A case study featuring a network of reactors in which
the Trambouze reaction scheme IS carried out.
In chapter 3, the optimization of an isothermal monolith reactor is carried out. First, a reaction-
diffusion 3-D mathematical model for a monolith reactor is developed. The analytical nature of
the obtained solution enables the optimization of a multi-channel 3-D monolith reactor to be
carried out. The obtained optimization results are discussed and conclusions are drawn.

Chapter 4 presents a novel method for determining reaction Kkinetics using the reaction invariant
reduction method for any set of complex chemical reactions. An effective way for reducing the
dimension of chemical reaction mechanisms and to predict the kinetics from a given set of data.
The new method will be developed based on a convex formulation of the associated optimization
problem. A case study on the Trambouze reaction scheme carried out in a PFR will be used to

illustrate the proposed methodology.
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"CHAPTER 1

1 IDEAS based Synthesis of Minimum Volume Reactor Networks featuring Residence
Time Density/Distribution Models

Zayna Al-Husseini, Vasilios I. Manousiouthakis
Chemical and Biomolecular Engineering Department

University of California at Los Angeles, Los Angeles, CA 90095, USA

Abstract
This work addresses for the first time, the synthesis of globally minimum volume reactor
networks, featuring segregated flow reactors (SFR) and/or maximum mixedness reactors
(MMR), with the same normalized residence time density (NRTd) function. Global optimality is
ascertained by demonstrating that the input-output information maps of SFR and MMR with
general RTd/RTD models satisfy all properties required for the application of the Infinite
DimEnsionAl State-space (IDEAS) approach to the RTd/RTD reactor network synthesis
problem. The resulting IDEAS formulation is shown to possess a humber of novel properties,
which can be used to facilitate its solution. The power of the proposed methodology is
demonstrated on three case studies featuring segregated laminar flow reactors (SLFR) in which
the Trambouze reaction scheme is carried out. In one of the case studies, the identified reactor

network is shown to have volume that is as low as half the volume of a single reactor.

Keywords: Reactor; Network; RTD; Volume; Global; Optimum



Abbreviations:

CSTR, continuous stirred tank reactor; DN, distribution network; IDEAS, Infinite DimEnsionAl
State-space; ILP, infinite-dimensional linear program; MINLP, mixed-integer nonlinear
program;MMR, Maximum Mixedness Reactor; NRTd, normalized residence time density
function; OP, operator network; PFR, plug flow reactor; RTd, Residence time density; RTD,
residence time distribution;SFR, Segregated Flow Reactor; SLFR, Segregated Laminar Flow

Reactors; SR, Segregated Reactor.

Nomenclature:

C,:i™ Component molar concentration (kmol/m3)

ci:i™ Component inlet molar concentration to IDEAS unit model (kmol/m3)

cee 1 i Component outlet molar concentration from IDEAS unit model (kmol/ms)
{cr }:=1 : Inlet molar concentration vector (kmol/m?®)

{c }inzl: Outlet molar concentration vector (kmol/m®)

E : Residence time density function

E (t’)dt': The volume fraction of the exit stream that has resided in the system for a time

between t" andt’+dt’

E : Normalized Residence Time density (NRTd) function

E(6): Normalized Residence Time density (NRTd) function value at normalized time 6

F :Volumetric flow rate (m3/s)



F :Inlet volumetric flow rate (m3/s)

Fo : Qutlet volumetric flow rate (mgls)

F : Residence Time Distribution (RTD) function

F (t): Volume fraction of the exit stream with residence time between 0andt
I («) : Internal age density function

I (a')da': The volume fraction of the system contents that has an age between « anda +da
J(@): Internal age distribution function

{R},: i" Component generation rate (kmol/(m3s)) Vi=1n

t: The residence time of a fluid element

L, The time the fluid element exits the system

L, : The time that it entered the system

t_ : Given time

t : Mean Residence time

V : Volume (M°)

« : The age of a fluid element

a : Mean Age

A : The life expectancy of a fluid element

CI)(/I) . Life expectancy density function

CD(}L')d/V: The volume fraction of the system contents that has a life expectancy between A’

and A'+dA’



‘P(l) : Life expectancy distribution function

A(t): Intensity Function

IDEAS Variables:

C,(7) : PFR Concentration of A at residence timez
Ca(z) : SLFR Concentration of A at residence time ¢
C. (7): PFR Concentration of C at residence timez

Cc(7): SLFR Concentration of C at residence timer

Cy (j): k" Component concentration in the j" network inlet vk =1,n;vj =1, N,
o (i): k™ Component concentration in thei® OP inlet vk =1, n; Vi =1,

Cy (i): k" Component concentration in the " network outlet vk =1,n; Vi =1,N,,
CP (i): k™ Component concentration in thei® OP outlet vk =1, n; Vi =1, 0
F'(j): j" Network inlet flow rate vj =1, N,

F°(i): i" Network outlet flow rate vi =1, N,,

F'(J): j" OP inlet flow rate vj =1,

FO(i): i OP outlet flow rate i =1,o0

FO (i, j): " Network inlet flow rate to the " network outlet /j =1 N,;Vi =1, N,
= (i,J): j" Network outlet flow rate to the i OP inlet vj =1, N,;Vi=10

Fo° (i,)): j" OP outlet flow rate to the i network outlet Vj =1,00; Vi =1, N,



o (i, j): jthOP outlet flow rate to the i™ OP network outlet Vj =1, «; Vi =1,
N:u—>y=N (u): input output information map

n: component index

N,:  IDEAS Network inlet streams

N, : IDEAS Network outlets streams
Smix : Index set of the mixing operation’s inlet streams
Symr : Index set indicating units of maximum mixedness reactors

Seer ¢ Index set indicating units of segregated flow reactors

S, - Index set of the splitting operation’s outlet streams

7(i):Residence time of the i" OP unit Vi =1,

T.: Critical value of the residence time

u(i):Input of the i OP unit information map vi =1,

u 2 [u,u,] : Input information vector

y(i): Output of the i OP unit information map Vi =1,c0

yE[y, y2]T - Output information vector

1.1 Introduction

The goal of this work is to fill the literature gap on the synthesis of reactor networks

whose individual reactor units exhibit segregated flow (SFR) and/or maximum mixedness



(MMR), all feature the same normalized residence time density (NRTd) function, and simply
possess different mean residence times from one another.
According to Nauman (2008), the RTD approach to reactor modeling and design is carried out
under the following assumptions:
(1) The flow system is at steady state.
(2) There is a single inlet and a single outlet.
(3) The inlet and outlet are closed, so that flow across the system boundaries is unidirectional.
(4) The system is homogeneous (i.e., single-phase).
(5) Inert tracer experiments can be performed on the system without disturbing the flow.
(6) When the system is a reactor, it is isothermal.

These assumptions are employed throughout this work.
The concept of RTD was first introduced by MacMullin and Weber (1935) for the analysis of
chemical reactor performance. P.V Danckwerts (1953) identified the F-diagrams and age
distribution functions of common models including reactors and blenders and calculated
efficiency from the use of these diagrams and distribution functions and showed that this can
predict the RTD of larger systems. Later on, Danckwerts (1958) addressed the concept of
micromixing and developed the idea of the degree of segregation. Zwietering (1959) showed that
knowledge of the residence time distribution of a continuous flow system is not sufficient for the
description of mixing. Zwietering studied maximum mixedness as an opposite extreme of
segregation for a system of a chemical reaction of an arbitrary order and showed that the
conversion can be calculated for both cases. L.G. Gilbilaro (1977) showed that the residence
time distribution of the flow in the region depends on the internal rate flow but the mean

residence time doesn’t. He showed that the mean residence time of any material in any region of



the system is equal to its holdup in that region divided by the overall flow rate of the whole
system. More recently, Gao et al. (2010) used RTD theory to characterize continuous powder
mixing.The RTD’s of many common reactor types have now been calculated and are included in
reaction engineering textbooks (e.g. Nauman and Buffham (1974), Fogler (2006)). The RTD
exhibited by a given reactor however doesn’t give enough information on the type of mixing
occurring in the reactor. For that reason, models are needed to predict the conversion in non-
ideal reactors. These models typically have a number of adjustable parameters. Commonly used
models include tanks in series models that have one adjustable parameter per tank employed, and
dispersion models which have two adjustable parameters. Two models that have no adjustable
parameters, are the Segregated Reactor (SR) and the Maximum Mixedness Reactor (MMR)

models shown in figure 1.

YYvvy
> MMR ——
EE— SFR »

trvvy |

Figure 1-1 Maximum Mixedness Reactor and Segregated Flow Reactor

RTD reactor network related results are scarce in the literature. Glasser et al. (1994)
studied the attainable region for segregated reactor (SR) and maximum mixed reactor (MMR)
models and showed, for an example, that the conversions attained by these reactor models do not
represent conversion bounds for all reactor models. In fact, they showed that the SR and MMR
attainable region boundaries lie within the attainable region. Hocine et al. (2008) employed

MINLP techniques to locally minimize superstructures consisting of PFR’s and CSTR’s so as to

7



create networks whose overall RTD approximates a known residence time distribution. No prior
work has considered the optimization of any objective function for a network of reactor units all
of which exhibit segregated flow (SFR) and/or maximum mixedness (MMR), have the same
NRTd, but each possesses a different mean residence time from one another.

The rest of the paper proceeds as follows. In the next section, the Residence Time
Density/Distribution (RTd/RTD) mathematical framework and the Segregated Flow Reactor
(SFR) and Maximum Mixedness Reactor (MMR) models are briefly reviewed. Next, the
applicability of the IDEAS Conceptual Framework to SFR and MMR networks with the same
normalized residence time density (NRTd) function is established. The IDEAS Mathematical
Formulation for Minimum Volume RTD Reactor Networks is subsequently presented. A number
of novel properties of this formulation are then established, which are subsequently utilized to
facilitate its solution. An illustrative case study is then presented, on the IDEAS based globally
optimal synthesis of Minimum Volume reactor networks featuring Segregated Laminar Flow
Reactors (SLFR) carrying out the Trambouze reaction scheme. The case study demonstrates that
RTD networks can exhibit significantly superior performance to that of single RTD reactors.

Finally, the presented method is discussed and conclusions are drawn.

1.2 Residence Time Density/Distribution Mathematical Framework

The material in this section are primarily based on Himmelblau and Bischoff (1968); Nauman
and Buffham (1974). Consider a system with constant volumeV >0, through which fluid flows

with a constant flowrate F >0, (Himmelblau and Bischoff, p. 61 (1968)). The residence time tof

a fluid element is the difference between the time the fluid element exits the system {,and the



time that it entered the systemt, , i.e. t=1, —t,. . The age « of a fluid element at a given time
t, is the difference between t_ and Ly, ie o =t, —t,. The life expectancy A of a fluid element

at a given time is the difference between the time that the fluid element will exit the systemt,
and the given timet_ . Then the following holdst =+ 4 . In relation to this system the following

concepts are defined:

Residence time density (RTd) function: E:R* —R";E:t —> E(t IE dt' =1 where E(t')dt’
0

is the volume fraction of the exit stream that has resided in the system for a time between t'and

t'+dt’.The above implicitly necessitates lim E (t)=0
t

Residence time distribution (RTD) function: F:R* —>R";F:t—F(t éjE )dt’; where
0

F(t)is the volume fraction of the exit stream with residence time between 0andt.The above

implicitly necessitates F (0) =0, I|mF jE jE(t’)dt’zl—F(t),
0 t
dF (t) _ : , L
E(t):T’ and F:R"—R"is a nondecreasing function. In addition it must hold

O'—:S

))dt’ < oo, which in turn implies lim[t-(1-F(t))]=0

Mean Residence time: T 2 [ t'E (t")dt

O ey 8
—~~

Normalized Residence time density (NRTd) function:



Let E:R+—>R+;E:t—>E(t) be a Residence time density (RTd) function, with Mean

Residence timeféjt’E (t')dt" . Then the associated Normalized Residence time density (RTd)
function is defined as:

E:R" >R E: 9_t——>E(6’)é E(t) . It is easy to verify that E (-)possesses the following

properties: jE )do = 1and§éj9E )do' =

Internal age density function: I:R* >R*;1:a—1(a); [I(a')da’ =1 where I(a')deis the
0
volume fraction of the system contents that has an age between «anda+da. The above

implicitly necessitates lim I(a):O.

Internal age distribution function: J:R" »>R";J:a > J(a)2 j | (a')de’ where J(a)is the
0

volume fraction of the system contents that has an age between 0and« . The above implicitly

necessitates J (0) =0, JLrpwJ(a):Tl Vda' =1, TI Nda'=1-1(a), I(a)zwand
0 a
J :R* — R"is a nondecreasing function
Mean Age: @ = Ta’l (a')de'
0
The internal age density functionl:R* ->R*;l:a—I(a), and thus the internal age

distribution functionJ :R* ->R";J:a — J(a)can be evaluated from the residence time

distribution through the relations | (¢ ) = %(l_ F(er))and J( é% J.
0

10



Life expectancy density function: ®:R* - R*;d: 1 — d(4); j(l)(}t’)d/l’ =1 where ®(4')dA’

0

is the volume fraction of the system contents that has a life expectancy between A'and A'+dA’.

The above implicitly necessitates lim ®(1)=0.

A—+0
A
Life expectancy distribution function: ¥:R* - R*;W: 1 —>¥(41)2 Jﬁ) (2')d2" where W (1)
0

is the volume fraction of the system contents that has a life expectancy between OandA. The

o0

above implicitly necessitates'¥(0)=0, Iim \P(/I)é'[@(ﬂ’)d/l’:l, f(I)(/I’)d}t’:l—‘P(/I),
A

A—>+0
0

D(1)= ) and W :RR* — R"is a nondecreasing function

The life expectancy density function®:R*™ > R";®: 1 —>(I)(l), and thus the life expectancy

distribution functionW:R" -»>R";¥:1—>¥(1), can be evaluated from the residence time

A
distribution through the relations cD(A)=%(1—F( )) and ¥ (2 é%f (1-F(2))dA’
0

. . R ~ E(t) . .
Intensity Function: A1 R* —R"; At — A(t) £———— where A(t) is the volume fraction of the

1-F(t)
system contents that has an age « =t and will have a residence time betweentandt +dt

The intensity and residence time density functions admit a 1:1 equivalence to one another based

on the following relations:

t
A(t):L)and E(t)=A(t)-exp[—IA(t')dt’]. In addition, the following relations
0

hold among the aforementioned functions in Eq.(1) and Eq.(2):

11
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Knowledge of a reactor’s RTD function and of the species’ kinetic generation rates, for any
reaction scheme being carried out in the reactor, are not sufficient by themselves to quantify the
reactor outlet species concentrations given the reactor’s inlet species concentrations. To quantify
these outlet concentrations additional information is needed regarding the flow pattern and the
quality of mixing inside the reactor. Two models, with no adjustable parameters, that permit
quantification of the outlet concentrations are the Segregated Flow Reactor (SFR) Model and the

Maximum Mixedness Reactor (MMR) Model.

Segregated Flow Reactor (SFR) Model

Consider a constant density fluid, segregated flow reactor (SFR) with an RTd function

E:R" —R*", volumetric rowrateF(m3/s), reactor volumeV (m3), mean residence time

t_éTtE(t)dtszér (s), inlet, outlet component concentlrations{Cii”}in:l,{Cio“t}n (kmol/m3),
0

i=1

and ith component generation rate {R }i":l (kmol/(m35))respectively. The SFR model considers

that there is no mixing among fractions of material that have different residence times in the

reactor. As a result, each fraction behaves as a batch reactor with batch timet(s), and inlet and

N

outlet concentrations {Ci (O)}in:l = {Ci'” }H, {Ci (t)}in:1 respectively. Then the SFR model is shown in

Eqg. (3)-(5) with initial condition Eq. (6):

12



;"“@):TCi (t)E(t)dt Vi=1..,n ©)
t‘éTtE(t)dtz\/Eér (4)
dcC, (t' n

O'lt(, )_ R ({Cj (t’)}j_l) vt'e[0,t] Vte[0,0) (5)
C,(0)=C"; Vi=1..,n (6)

Maximum Mixedness Reactor (MMR) Model

Consider a constant density fluid, segregated flow reactor (SFR) with an RTd function

E:R" —R*", volumetric rowrateF(mS/s), reactor volumeV (mg), mean residence time

i=1

t_éTtE(t)dt:VEér (s), inlet, outlet component concentrations{Cii”}in:l,{Cio“t}n (kmol/ms),
0

and ith component generation rate {Ri}i”:1 (kmol/(m%))respectively. The MMR model

considers that there is early mixing among fractions of material that have different residence

times in the reactor. As a result, each fraction behaves as a batch reactor with batch timet, and

inlet and outlet concentrations {ci‘“}”

i=1’

{c}” respectively.

Then the MMR model is shown in Eq. (7)-(8):

d(zgﬁ):_Ri({Cj(/1)}:)+(Ci(/1)—cim)% vae[0,0) Vi=1..,n (7)
C(2=0)=C™  Wi-l..n %(ﬂ,:oo):OVizl,....,n @®)

Solution of the MMR model requires that the value of C, (/”t:oo)be first identified. This

) E(4 e .
requires  that  first lim (4) be identified, and then the  equations
il — F (,1)

13



0:—Ri({Cj(oo)}l)+(Ci(oo)—Cii”)% ¥i=1..nbe solved for {C (x)}' Vi=1..n

Some times this rigorous procedure is abandoned in favor of a solution method that introduces a

new independent variable z£ L —AwhereL —+oo, and then carries out the solution of the
MMR model as an initial value problem whose initial condition is C;(z=0)=C" Vi=L1...,n.

Figure 1 illustrates the two nonideal reactor models considered. The SFR model is identical to
that of a plug flow reactor with one inlet and an infinite number of side outlets. Each of these
outlets has a different age«r, and all together they are such that the the overall stream that
results from the mixing of these outlets corresponds to a residence time distribution equal to the
reactor’s given residence time distribution. Similarly the MMR model is identical to that of a
plug flow reactor with an infinite number of inlets and one outlet. Each of these inlets has a
different life expectancy 4, and all together they are such that the overall stream from which
these inlets emanate corresponds to a residence time distribution equal to the reactor’s given

residence time distribution.

1.3 Applicability of IDEAS Conceptual Framework to SFR and MMR networks

The IDEAS conceptual framework has been proposed by Manousiouthakis and coworkers as a
globally optimal network synthesis methodology. Its advantage over other process network
optimization methodologies is that it guarantees the global optimality of the obtained solution.
The reasons are that the underlying mathematical programming formulations have feasible
regions defined by linear constraints and that many industrially meaningful optimization
objectives (volume, operating cost, area, yield, selectivity, plate area, holdup, etc.) give rise to
linear objective functions thus making the underlying mathematical formulations linear
programs. The methodology has been demonstrated on a number of applications: by Burri et al.

14



(2002) they constructed the attainable region through the Infinite Dimensional State-space
(IDEAYS), in the concentration space a point on the AR boundary is found by solving an Infinite
dimensional Linear Programming (ILP). Manousiouthakis and co-workers used IDEAS
framework through solutions of a sequence of Linear Programming (LP), to construct
increasingly accurate approximations to the true AR, (Burri et al. (2002); Drake and
Manousiouthakis (2002a, 2002b); Justanieah and Manousiouthakis (2004); Wilson and
Manousiouthakis (2000); Zhou and Manousiouthakis (2008b)). IDEAS, is a general framework
that can address most process network synthesis problems. Another alternative IDEAS
formulation to extend the AR considering only CSTR’s was presented by Kauchali, et al. (2002).
Abraham and Feinberg (2004) presented a critical condition for a region to be considered in the
true AR. Based on the mathematical formulation of IDEAS to RNS problems, Justanieah et al
(2004), presented for the first time necessary and sufficient conditions for a point in the
concentration space to belong to the AR, and developed the Shrink-Wrap algorithm to
approximate the true AR. Zhou and Manousiouthakis (2006), showed that AR for a non-ideal
reactor network synthesis through IDEAS can be larger than an ideal reactor network featuring
CSTR’s and PFR’s. IDEAS research proved that its framework makes no assumptions on the
structure of the reactor network and its solution will yield an optimal network.

The main goal of this work, is to demonstrate that the IDEAS Paradigm can be applied to the
globally optimal synthesis of reactor networks featuring Non-ldeal RTD Reactor Models and that
the Minimum Volume RTD Reactor Network can be identified using an Inifinite Linear Program
(ILP).

IDEAS is the first generalized process network synthesis methodology that is capable of

delivering globally optimum designs. IDEAS is based on two principles: A vector space is

15



equivalent to the infinite union of lower dimensional linear varieties, and the projection of the
input-output map of a chemical process onto a linear variety, over which only extensive variables
vary, is a linear map. To better understand how IDEAS works, consider a flowsheet (See Figure
2) that includes an infinite number of operations classified into two categories, an operator
network (OP) and a distribution network (DN). The OP quantifies the actions of the considered
process unit operations (reactors, separators, heat exchangers, etc.) and consists of an infinite
number of linear input/output maps with extensive and intensive properties for each map. The
DN on the other hand quantifies the mixing and splitting processes which can take place among
the inlet and outlet streams of the aforementioned unit operations. This unique structure of
IDEAS allows all feasible network configurations to be considered, and gives rise to infinite
linear programming (ILP) formulations for the synthesis of optimal process networks. The
solution of these ILP’s is approximated closely by finite dimensional linear programs that are

guaranteed to be globally optimal.
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Figure 1-2 IDEAS Representation of a reactor network

Consider a constant  density  fluid reactor with  NRTd  function

E:R"—>RE:0—E(0), volumetric flowrate F (m*s), reactor volume V (m®), mean

residence timet, inlet, outlet component concentrations {Ci‘”}_nil,{ci"”‘}" (kmol/m®), and

i=1
i‘hcomponent generation rate{Ri}in:1 (kmol/(m® s)) respectively, with input output information
map N:u—>y=N(u) where ué[pclin...c;“t—]T ;yé[FV Clout...cgutT]T

Establishing the applicability of IDEAS to a process network synthesis problem first requires

that the input output information map N be shown to possess certain properties, namely that

17



there exists a decomposition of the input and output vectors u 2 [u,u,] ;y 2 [y, y,] such that the
input output information map N :u=[u, uz]T —
y=[y,¥,]" =N (u)=[N,(u) N, (u)]T =[N, (u,u,) N, (uy,u, ] satisfies the properties
Property 1. y, =N, (u;,u,) =N, (u,)

Property 2. ¥, =N, (u,,u,) =N, (u, )u, where, for fixed U,, N, (U, )is a linear operator.

It can be readily verified that for the input output decomposition
u 2[F];u, 2[ClCl t‘]T; y 2[FV] sy, &[C-c r]T , both SFR and MMR models

satisfy the above two properties. Indeed,

For the SFR model:

1.y, =N, (u,u,)=N,(u,), since knowledge of E:60— E(6)and the mean residence time T,

combined with the equationsaé%; E(0)=TE(t); éVE =t £ | tE(t)dtallows calculation of

O'—:S

E(),z. Knowledge of R ({Cj (-)}?:l); C" vi=1,...,nallows first calculation of
C.(-) Vi=1,...,nbased on equations (5), (6) and then calculation of
C =C™(r) Vi=1...,n based on equation (3).

2. ¥, =N, (u,u,) =N, (u,)u, where, for fixed U,, N, (u,)is a linear operator , since the output
vector y,2[FV]'is related to the input vector U Z[F] through the linear relation
y, 2[F V] =[1T] [F]since the mean residence time T =1 is constant. The associated operator

N, (u,) =[LT] is linear for T constant.

18



For the MMR model:

1.y, =N,(u,u,)=N,(u,), since again knowledge of E:6—FE(f)and T, combined with

N
1>
ty
—
N
N—"
>

_ AV
tE(t), 7=—
(t)ir2

=féth(t)dtallows calculation ofE(-),z. Knowledge of
0

n
=t

R, ({Cj(‘)} )iCii"; Vi=1,...,n; E(-)allows first calculation of C(-) Vi=1...,nbased on
equations (7), (8), and then calculation of C* =C (7) Vi=1,...,n based on equation ().
2. ¥, =N, (u,u,)=N,(u,)u, where, for fixed U,, N,(u,)is a linear operator , since again

y, 2[FV] =[1T] [F]=N,(u,)u,, where N, (u,)=[1T] is a linear operator for T constant.

Having established the linearity of the IDEAS OP, it can be ensured that the IDEAS feasible
region is linear by proving that the DN defining equations are also linear. The DN contains all
the mixing and splitting operations of the overall network. Knowledge of the intensive properties
of the inlet and outlet streams for each SFR and MMR unit results in DN overall mass and
component balances linear in the DN’s flow variables. Thus the linearity of the IDEAS DN is

also established.

1.4 IDEAS Mathematical Formulation for Minimum Volume RTD Reactor Networks
The IDEAS representation of a reactor network is illustrated in Figure 1, for a system with N,

network inlet streams, Ngnetwork outlet streams and n components. Under steady-state,

homogeneous, isothermal, and constant-density conditions, the infinite-dimensional linear
feasible region for the corresponding mathematical formulation of the SFR and MMR reactor

network synthesis problems is defined by the following equations and inequalities:
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DN total mass balance equations, Eg. (9)-(12)

()= 3 i)+ 3
F'(U::E;F“(Ij)+_ﬂ

DN component balance equations, Eq. (13)

>=§cs<1>

(Co(i)) FO(i)<DC! (J)F (i.i)+

=1

i)+ X))

DN outlet specifications, Eq. (14)-(15)

OP balance equations, Eq. (16)

F(i)=F'(i)

SFR Reactor defining equations, Eq. (17)-(20)

0

CP(i)=[Cy () E(t)dt vk=1,....

Vk =1...n Vi=1..,

..... N,
é;cé(J)FOO(.J)s(cs(nyJFO(o
Vi=1l...,0

N Vie Sq,

20
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(14)
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(11)

(12)

(13)

(15)

(16)
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dC,; (t')

e ) vk=1..,n Vt'e [O,t] Vit e [O,oo) Vi€ S (19)

I
Py
=~
—_
—~—
O
—
~~
~—~
~
N—
——

C..(0)=C! (i) VieSg (20)

MMR Reactor defining equations, Eq. (21)-(24)

de,i (’1) n i (s E; (’1)

T = _Ri ({Cj,i (’1)}1)+(Ck,i (Z)_Ck ('))1_ F. (/1) (21)
VAe[0,:0) Vk=1..,n VieS,

r(i)éTtEi (t)dt:% Vi e Syur (22)
C.(2=0)=C2(i) Vk=1,..,n VieSp (23)

dg;" (A=0)=0Vk=1,..,n VieSyum (24)

where Sgz and Sy are index sets indicating which units are segregated flow reactors and

which units are maximum mixedness reactors respectively, and Sz U Sy g = {L...,oo}

Positivity inequalities, Eq. (25)

F'>0F°>0;F >0;F°>0;F® >0;F" >0, F° >0;F® >0,V >0 (25)
|

where the upper case on (F°(i)) ,(Fo(i))u and(cf’(i))I ,(C? (i) are the lower and upper

bounds on the network flowrate and concentration outlets, respectively.

Eqg. (26), is the Network VVolume Objective function

V=>"z(i)F' (i) (26)
i=1
In addition, the following set of nonlinear equations that help define the overall network’s outlet

compositions hold:
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N )

CO(i)F(i)=>.C! (j)F° (i +zc9 )EO (i, j) o

j=l =1

vk =1,..,n Vi=1,..,N,

1.5  Properties of IDEAS formulation for RTd/RTD SFR-MMR Networks

Proposition 1.

Consider a reaction scheme involving nspecies whose generation rates are linearly dependent,

n
i.e.ﬂ{ﬂi}feR”:z,b’iRi =0, and a RTD reactor whose outlet and inlet concentrations are

i=1
{c) {cin}, respectively.

a. Assume that the reactor’s Intensity Function satisfies the conditionA(OO) >0. Then, for

the MMR model it holds that 3" /4 (c-c")=0

i=1

b.  The SFR model also satisfies Z,B (c*-c")=0

i=1

C. Consider a process network employing MMR / SFR/ Mixing/Splitting unit operations.

Then, if each of the streams entering the unit operation satisfies the relation Z B (Ci‘” —Cio) =0,
i=1

the streams exiting this operation satisfy the relation Zﬁi(ci"“t_ci‘)):o, where {Cio}ln are

i=1
reference concentrations.
Proof:

a. Consider the MMR model, Eq. (28)-(29)
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dc, (1)

m =—Ri+(Ci(2)—Ci‘”)1_F(ﬂ) VA €[0,00) (28)
C.(0)=C™ Vi=l..n; %(oo)zo Vi=1...n (29)

It is given that3{/ e R": Zﬂ R =0. Substituting the species generation rate from the MMR

model into this equation yields:

iﬂi(—dci—(l)%ci (ﬂ)—Ci‘”)lil))}O:» (30)

= da ~F(2

d[ 3 c.(2) n
A s s

Let us definez(ﬂ)ézn:ﬂi(Ci(/i)—Ci"‘). Thenz(0 Zﬁ(C‘M C'”) :i( 0)=0, and the

above equation implies[_ dz(1)+ E(4) .z(g)Jzo. Combining with the above, Eq. (30)-

ai 1-F ()

(31) yields:

e -
2(2)= z(O)-expﬁl_Eé”g,) dz'} = (33)
SOy exp[f%u))‘“} .
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dz, .\ E () i E(Y)
ﬁ(oo)_Z(O)'l—F(oo)'EXle—F(/l')dl} (35)
z(o0)= z(O)-expﬁ%di} (36)

0

However, based on the 1:1 equivalence relation given in the previous section between a reactor’s

intensity function and residence time density function it holds:

ae-tl) __ E® andE(t):A(t)-exp[—jA(t’)dt’J.Then

1-F(t)

()-20) 25

N

function should be strictly positive at infinity, i.e. that A() >0, and since E ()= lim E(t)=0

t—>-+o0

, the conclusion thatz(0)=0 ,i.e. 3" 4 (C™ ~C")=0 can be readily reached.
i=1

b. Consider the SFR model, Eq. (37)-(40)

Co*(2)= [C,(E(R)dt Vi=L...n (37)
réTtE(t)dt:% (38)
dc(;t(,t,) =R ({C J. (t’)}”_l) vt e[0,t] vt €[0,) (39)
c.(0)=Cc™; Vi=1..,n (40)

It is given thatﬂ{ﬂi}l” eR" :Z,Bi R, =0. Substituting the species generation rate from the SFR
i=1
model into this equation yields:
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zn:/i’,[ '(t’)J:o vt'e[0,t] vte[0,0)= (41)

i=1

d(iﬂici (t )]

= " =0 Vt'e[0,t] Vte[0,00) = (42)
Z BC(t Z BC, (0 0,50) = (43)
Z BCM (7 1 ﬂ,TCi dt = | [Z BC.(t j t)dt vz e[0,0) = (44)
S ac(0)=[( Sac 0 e
= ° (45)
=[;ﬁici (0) ME (t)dt =[;pici (o)j vz e[0,0)=
zn: B(C(r)-C") Vre[0,x) (46)

i=1

c. Consider the MMR / SFR/ Mixing/Splitting unit operations.

We have established above for both the SFR/MMR operations thatZﬂ(Cm“ c"). By

i=1

assumption, it holds for both the SFR/MMR operations that the streams entering the unit

operation satisfy the relation Z,Bi (Ci‘” —c?):o. Then, summing up the above two equations
i=1

yieldszn: B(CM-C’)=0.
i=1
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For the Mixing operation it holds ¢ = %" F.C" / > F, where Syixis the index set of the

1€Smix 1€Smix

n Z I:JclmJ

mixing operation’s inlet streams. Then Zn: i/ (CioUt —Cio):0<:> Z i/ JES% = -C’ |=0s
i=1 i=1 i
1€Smix
n Z FJCImJ Z FjCiO
ﬂi 1€Smix _ J=Snix -0 (47)
I
J€Spix 1€Smix
z F (Cln -C, ) -
n ‘ n Fﬂ, (Cim' _CiO)
,Bi j€Smix —0 i N -0 48
24T D “
JESmix J€Smix

> Z,B (C—C?)=0, which is true since Zn:ﬁi (Cl-CP)=0VjesS,,.
i€Smix Z Fj i=1 i=1

J€Smix

For the Splitting operation it holds C" =C' Vi=1n VjeS_;, where S, 18 the index set of the

split ?

splitting operation’s outlet streams. Thenz yi! (Cf‘;t —Cio) =0VjeS

i=1
sincey_ 3, (C"~C?)=0.0EA.
Proposition 2.
Consider the RTD reactor network illustrated in Figure 1, for a system with N, network inlet

streams, Ng network outlet streams and n components. Under steady-state, homogeneous,

isothermal, and constant-density conditions, and under the assumptions that the all network
concentrations are bounded and the sum of all network flows is finite, the following holds, Eqg.

(49):
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TZC?(‘)FOU)—%C! (i)F' (i)=g(09(i)—c{(i))F"(i) vk =1...n (49)

Proof:

From the governing equations of the aforementioned reactor network, the following holds
vk =1,...,n:
N

:‘Z?c?(i)lzo(i)zi{z;c ())F (i) +Zc° F°°(| j)j (50)

|
[E i

>l ()= 3t 0 S () ) &

>(C0 ()=l M)F' ()= 2eP (F! ()~ X! (F' ()= 3C0 () F° ()~ X! ()F' (1) =
_Zco (;Foo ji +J§:F'° jlj g(icl(j)F“(i,j)+§c?(j)Ff‘j(i,j)] (52)
Then, vk =1,...,n it holds:

e INz'lc:(.)F'(.)zg(c:i(.) Cl(i))F (i) (53)

zjzc J)FO ( .J)+|N=j§cs(j)F°é(. j) Z,ZC (i)FO (i)

—Zl:jic: iﬁ;c?(i)FOé(j,i)+§:2c9(i)Ffé(j,i) (54)

Y ()F (1)~ £ 3 (1)F< 1)

Since all network concentrations are bounded, and the sum of all network flows is finite, all eight
of the above double sums are absolutely convergent. Then, according to Fubini’s theorem for
infinite sums, the order of summation for each of these sums can be switched, since each one of
them is absolutely convergent (see Theorem 8.2.2, p. 217, in Tao (2006)). Following an order

switch in the first, second, third and fourth sum, careful examination reveals that the first,
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second, fourth, and sixth sum is canceled by the third, fifth, seventh, and eighth sum
respectively. O.E.A.

Having concluded our theoretical developments we now proceed to illustrate through a case
study the power of the proposed approach in synthesizing globally optimal RTD reactor

networks

1.6 Case Study: Minimum Volume for a Segregated Laminar Flow Reactor Network
featuring a Trambouze Reaction Scheme

The goal of this case study is to illustrate the applicability of the IDEAS conceptual framework
to the solution of the minimum volume problem for a RTD reactor network, with known flow

pattern and normalized residence time density function (NRTd). The flow regime in each
network reactor is considered to be segregated laminar flow, i.e. Sy :{1,...,00}; Sur =9.

Then, the normalized residence time density (NRTd) function of every network unit (SLFR) is

0 if o<t

E:0>E(0)=1 i , (Fogler, (1999)).
—if o>=
20 2

The reactions taking place in each reactor are referred to as the Trambouze reaction scheme

shown below, Eq. (55)-(58):

k kmol
A—B, k =0.025 IR (55)
Kk, 1
A—-C  k,=0.2= (56)
S
ks m?
A—>D , k3 =04——— (57)
kmol -s
2 . k2
wherek,” =4kk;; a= P 0.25>0 (58)

3
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kmol

kmol
,C{ =0—~ and the reactor network outlet
m?

The reactor network inlet is C, _1

kmol

specification for species A is thatC{ =0 ;— In regard to the reactor network outlet
m

specification for species C, three cases will be considered:

Case 1: C; = OkmOI Co free
m®

Case 2: Cy = kmol C2045m
m® m®

Case 3: ¢0 =0KM o <15 kMO
m m

A model for the plug flow reactor (PFR) is first developed and then employed in deriving a RTd
model for the segregated laminar flow reactor (SLFR). C,',C,(7),C.(7)denote the inlet

concentration of A, and the outlet concentrations of A and C at residence timer respectively.
Species B and D are omitted from the model formulation, since these species’ concentrations
do not affect the reaction rate laws and there are no network inlet or outlet specifications
involving them.

PFR Trambouze reactor model,

‘;C (K +KCo +KC,Z), Ca(7'=0)=C | oL
B : *
(jjcf\ — k(@ +C,), Cy(r'=0)=C}
T
< (60)
J'dC' J'kC e, Ce(r'=0)=C¢
o
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Ca ' T
| _ch, s=-kJd',  C,(r'=0)=C]
chn (0(+CA) 0 (61)

C,=Cl'+[kC,(z)dr,  Cc(r'=0)=C{
0

kl
Since the rate of one of the reactions ( A— B) for the Trambouze reaction scheme is constant,

this implies that there is a finite critical value 7. of the residence time r after which the reactor

in
contains no reactant A. This critical value is equal to 7, £ iC—A. >0 , and is identified by
Ky (a + C':)

settingC,, (7, ) =0. Then the above PFR model is equivalent to:

—a+——— ifr <z,
= K+
Ca) = 4 CL+a
0 ifr >, < (62)
C,(r) =C!" +k, [C, () d7’
0
—o+ 1 1 ifr<r,
= Ko+
Calr) = 3t Ci+a
0 ifr>r,
in [ 1 I
Cl+k, || —a+ (A7 ifesz e (63)
0 Kyo'+
Ch+a
C.(7) =
in % 1 roy
C. +kzj -a+ 1 dr" ifr >,
0 K,o'+
C,+a
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1

- — |f T < TC
k _{_#
Calr) = + Cl+a
0 ifr>7, (64)
Ch— 2a%k,r + 2 In (kgf(cj; +a) +1) if r<r,
Cc() =1 .
c ch —2a2k370 + 2a|n(k3fc (CL” +a) +1) if 7>1,
_a+;1 ifr<r
Calr) = ot + Cl+a
0 ifz>r,

(65)
C¢ - 20k +2aIn(k (C +a)+1)if <7

C (T)= . in in
‘ Cr—20—S8 L ogin| Sat e it osr
(a+CL“) o

PFR residence times ~rless than the critical residence time7,, are equal to:

1( 1 1 1 cr-c, 1 Ch
T=— - — |=— —~ <7, =——F— "~
kla+C, a+Cl) ki(a+C,)(a+Cy) k; a(ax+Cy)

c

>0 (66)

Having developed the model for the PFR model, Eq. (65), the model for the segregated laminar
flow reactor (SLFR) is now developed. The exit concentrations Ca(z)and Cc(z)of A and C
respectively, for a reactor exhibiting segregated flow and possessing a residence time density
function E(-) with mean residence time equal toz is:
Ca(r) 2 j C, (H)E(t)dt
0

WhereCA(t) and Cc(t)are the exit concentrations of A and C
Ce(r)2 j C. (t)E(t)dt
0

respectively, for a batch reactor with residence time equal tot .

Then for the Trambouze reaction scheme the segregated flow reactor’s exit concentrations are:
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EA(T)Q]C —a+ 1 E(t)dt+T(0)E(t)dt
0 Kot + - .
C,+a
Cc(r) 2 I(Cc — 20kt +2aIn (kat(C,T + a)+1)) E(t)dt+ (67)
0

+T(C§:” —2a%k,7, +2aIn (k3Tc (ca +a)+1)) E(t)dt

Tc

The residence time density function for each segregated laminar flow reactor (SLFR) unit can be
calculated from the aforementioned NRTd shared by all units and the mean residence timet =7

of each unit which then becomes
0 ift <%
E(t)=1 , : (68)

I iftxt

2t3 2

Then, as shown in Appendix A, the SLFR exit concentrations Ca(z) and Cc (z) are:
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ci(1- 2 Jrg -2 vl -
.| Kk (CH + Z-+1j
Calr) = +k§%2(cj:+a)3|n T(S( _A )2 if 7<2z,
E(kS(CL{‘+a)rC+1)
0 if 722z,
CiC“+k3ar(CX](1—%}—a}+2aln(k3(CL"+a)%+1 +
TC
L(k,(CM+a)r, +1
Cc(r) = +la12k32(CL”+a)2|n 2( 3( ’ a)T if 7<2z,
2 rc(k3(CX‘+a);+lj
in_ Cin Cin+0( .
Ce 2a_(a+ACL”)+2aIn( Aa J if 7227, (69)

In carrying out the IDEAS methodology, the inlet and outlet concentrations of A for an SLFR are

specified, rather than the inlet concentration of A and the residence time. It is established, in

Appendix B, that for given values of CI 26A(r) >0, there exists only one value of = in the

interval (0,27, ), that satisfies the mass balance on A in equation(69). Having developed the

PFR, Eqg. (65) and SLFR, Eqg. (69) models for the considered case study, the IDEAS solutions for
the minimum network volume problem are presented for the three aforementioned cases:

Case 1: C} :Okm—gl, Co free
m

A single SLFR with inlet concentration of A, CP =1km%3, and outlet concentration of A,

cou =0km0y3, has a residence time equal to r=2.7 =2 Sa ___165. Thus, for a
m ) a(a+CX‘)
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. _ m® _ o
network inlet volumetric flowrate of F' =1—, the SLFR volume isV =16 m*. This implies that
S

the IDEAS identified minimum network volume should be at or below16m®. For comparison

purposes, a PFR with inlet concentration of A, C} =1km%3 , and outlet concentration of A,

c =0kmcy ,» has a residence time equal to 7=7,=8$, and for a network inlet volumetric
m

3
m . . )
flowrate of F' =1— , the PFR volume isV :8m3. It is thus clear that the nonideal nature of the
S

flow pattern of the SLFR leads to a doubling of the required reactor volume over the PFR, from
8m® (016 m3, for reaction completion to occur. In fact, when the outlet concentration of A is

c :Okm%s, both the PFR and the SLFR have the same outlet concentration of C, namely

C" = 0.4047 km%3 . The important difference is that the PFR only requires half the residence

time to attain the same outlet concentration as the SLFR. The question that naturally arises then
is whether a network of SLFR’s with total volume lower than that of the above SLFR can yield
reaction completion?(i.e.C%" = okm% ). The answer is affirmative. In fact, the obtained
IDEAS solution for the minimum network volume problem, is a sequence of SLFR’s whose total

volume approaches that of the PFR as their number increases. The PFR and optimal SLFR

sequence trajectories are close to each other in C,,C. space (see Figure 3). Figure 4 illustrates

the IDEAS convergence characteristics as the employed concentration grid is refined.
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Figure 1-3 PFR and optimal SLFR sequence trajectories in space
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Figure 1-4 Case 1: IDEAS Optimal Sequence Convergence Behavior

Case 2: €2 =0 co > g 45 kMO
m m

In this case, the obtained IDEAS minimum volume network has a different structure. For a grid

size of }/5 kmgl = 739 kmgl the obtained optimum network solution is shown in Figure 5, and
2 m m

the network details are summarized in Table 1.
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Figure 1-5 Case 2: Optimum network
SiECECECEEEIRIRER
4 m m m m S

1 0.4375 0.2647 0.4063 0.2794 0.1823 | 2.8863 | 15.8300
2 0.4063 0.2794 0.3750 0.2943 0.2009 | 0.8304 | 4.1330
3 0.3750 0.2943 0.3438 0.3094 0.2225 | 0.2225 | 1.0000
4 0.3438 0.3094 0.3125 0.3248 0.2477 | 0.2477 | 1.0000
5 0.3125 0.3248 0.2813 0.3402 0.2775 | 0.2775 | 1.0000
6 0.2813 0.3402 0.2500 0.3558 0.3131 | 0.3131 | 1.0000
7 0.2500 0.3558 0.2188 0.3712 0.3559 | 0.3559 | 1.0000
8 0.2188 0.3712 0.1875 0.3865 0.4083 | 0.4083 | 1.0000
9 0.1875 0.3865 0.1563 0.4013 0.4735 | 0.4735 | 1.0000
10 0.1563 0.4013 0.1250 0.4153 0.5561 | 0.5561 | 1.0000
11 0.1250 0.4153 0.0938 0.4281 0.6642 | 0.6642 | 1.0000
12 0.0938 0.4281 0.0625 0.4389 0.8127 | 0.8127 | 1.0000
13 0.0625 0.4389 0.0313 0.4467 1.0442 | 1.0442 | 1.0000
14 0.0313 0.4467 0.0000 0.4500 2.2220 | 2.2220 | 1.0000

Table 1-1Case 2: IDEAS network information
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It features a total network volume ofV =11.1m* cox :Okm%s, and C* =0.45km%3- It

consists of 14 SLFR’s, 12 of which are configured in a sequential manner. The network feed is
mixed with some of the outlets of both the first SLFR and the second SLFR to constitute the inlet
to the first SLFR. The second SLFR’s inlet is simply part of the first SLFR’s outlet. The
remaining network is a sequence of SLFR’s. Some insight into the obtained optimal design can
be obtained as follows. As discussed earlier, a PFR or a SLFR whose inlet is the network feed

can only deliver a

concentration of C equal to C2* =0.4047 km%3, which does not meet the specification

kmol
m3

CC>0.45 . Thus, IDEAS constructs a network that emulates a CSTR like behavior near

the network entrance, and then a PFR like behavior near the network exit. This is consistent with
the experience from the literature (Zhou and Manousiouthakis, 2008a), which suggests that the
highest concentration of C is obtained by a network consisting of a CSTR followed by a PFR.

kmol kmol
o Cg <0.15 e

Case 3: C{ =0

In this case, the obtained IDEAS minimum volume network has yet a different structure. For a

grid size of }/5 kmgl = 739 kmgl the obtained optimum network solution is shown in Figure 6,
2 m m

and the network details are summarized in Table 2.

I R

Figure 1-6 Case 3: Optimum network
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Reactor CL" (_ Cic” (_ C,‘i“t ( cg”t ( r(s) vV (ms) - [ m_s
" S
1 1.000 0.000 0.969 0.010 0.053 | 0.053 1.000
2 0.969 0.010 0.938 0.021 0.056 | 0.056 1.000
3 0.938 0.021 0.906 0.031 0.059 | 0.059 1.000
4 0.906 0.031 0.875 0.042 0.062 | 0.062 1.000
5 0.875 0.042 0.844 0.053 0.066 | 0.066 1.000
6 0.844 0.053 0.813 0.064 0.070 | 0.062 0.882
7 0.031 0.146 0.000 0.150 2.222 | 58.034 | 26.118

Table 1-2 : Case 3: IDEAS network information

It features a total network volume ofV =58.39m°, cox :okm%s, and Cc* =0.15km0%n3. It

consists of 7 SLFR’s, 5 of which are configured in a sequential manner. The network feed is now

processed first through a sequence of SLFR’s. Then a stream bypass and a large self-recycle is

employed to emulate a CSTR like behavior near the network exit. This again is consistent with

the experience from the literature (Zhou and Manousiouthakis, 2008a), which suggests that the

lowest concentration of C (C2* =0 km%3) can be obtained by a single large residence time

(z =40 s) CSTR. IDEAS creates first a PFR like structure to reduce A without using too high a

network volume, and then a CSTR like structure that avoids generating C, albeit at the cost of

increased residence time.

1.7

Discussion-Conclusions




The synthesis of globally minimum volume reactor networks, featuring segregated flow reactor
(SFR) and/or maximum mixedness reactor (MMR) units, with the same normalized residence
time density (NRTd) function, was considered for the first time in this work. It was shown that
the input-output information maps of SFR and MMR units with general RTd/RTD models satisfy
all properties required for the application of the Infinite DimEnsionAl State-space (IDEAS)
approach to the aforementioned synthesis problem. The resulting mathematical formulation is
linear, thus guaranteeing the optimality of the obtained solution. The formulation was shown to
possess two properties that facilitate the problem’s solution. The first property suggests that if
the reaction scheme possesses a reaction invariant Waller et al. (1981), then the inlet and outlet
concentrations of SFR and MMR units with general RTd/RTD models, and of their networks,
exhibit the same linear relation as that defined by the reaction invariant. It is important also to

note that for MMR units this property is only established under the assumption that the reactor’s
Intensity Function satisfies the conditionA(oo)>0. The second property suggests that the

difference between the outlet and inlet component flowrates for a reactor network featuring
general RTd/RTD units, is equal to the sum, over all network reactors, of the difference between
the outlet and inlet flowrates of that same component for each reactor. This property again allows
network outlet performance specifications imposed on various component concentrations to be
expressed in terms of concentration differences of that same component in all units of the reactor
network.

The power of the proposed globally optimal network synthesis methodology was demonstrated
on three case studies featuring segregated laminar flow reactors in which the Trambouze reaction
scheme is carried out. What is remarkable is that depending on a single component outlet

specification, the structure of the optimal network is completely altered. Indeed, when the exit
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concentration is free, then the optimum network is a sequence of SLFR units. The minimum

volume of the SLFR sequence approaches the volume of a single PFR (V =8m3), which in turn

is half of the volume of a single SLFR (V =16M°), that has the same exit concentrations for both

components A and C as the single PFR. When the specification on the outlet concentration of C
is that it be high, then IDEAS identifies a SLFR network structure that attempts to emulate a
network of ideal reactors (CSTR followed by PFR) that is known from the literature to attain
high concentrations of C. Finally, when the specification on the outlet concentration of C is that
it be low, then IDEAS identifies a completely different SLFR network structure. The identified
network consists of a sequence of SLFR’s followed by two reactors that exhibit by passing and

significant recycling. This optimal network structure can be understood as follows: A single PFR

(CSTR) with inlet concentrations of A and C, C" =1km%3, ch :Okm%g, and V =8m°(

V =40m°)has outlet concentrations co = okm% 5, C* =0.4047 km% 5 (

co = gkmol (s Cg“t=o.4o47km% ,). This suggests that low C concentrations require

CSTR use, while low reactor volumes for a given A concentration change require PFR use. As
discussed earlier a sequence of SLFR’s approximates the behavior of a PFR as well as the
volume of a PFR, and closely follows the PFR trajectory in concentration space. On the other
hand a SLFR with significant recycling approximates the behavior of CSTR. Since only SLFR
units are available, IDEAS creates first a PFR like structure (SLFR sequence) to reduce A
without using too high a network volume and without raising the concentration of C excessively.
It then creates a CSTR like structure (SLFR’s with recycling) that avoids generating C, albeit at

the cost of increased residence time.
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1.8  Appendix A.1

The exit concentrations Ca(z)and Cc () of an SLFR, in which the Trambouze reaction scheme

is carried out, are:

_ Tf[—m Cpl +a JT—Zdt if r<2r,
Ca(r) =11 ky(CJl +a)t+1 |2t
2
0 if 722z,
2 T
% j | C0 - 20"kt +2ain (Kt (CF + ) +1) |t dt + I
2
Ce(r) = +%2[Cé"—2a2k370+2a|n(ksrc (Cj:-i-a)-‘:-l)}?t_sdt if %<rC
T—;[Cicn—2a2k31C+2aIn(ksrc(Cj{‘+a)+1)ﬁt‘3dt if %zfc
2
ar’® 20 2, f 1 .
EA(T)= _T.__Zz +?-(CA +a)'!(k3(CK‘ +a)t+1)t3 dt if 7 <2z,
2 2
0 if 722z,
ic‘“ﬁrc +T—2(—2a2k )i% +i(2a)]cln(k t(Ch+a)+1)t dt+
2 "2 2 Ul 2 : T Eq. (A.2)
Ce(r) = +§[Cicn_2a2k370+2aln(k3rc(ci{‘+a)+1)] 0 ) if %<rc
7? i i T
—| Cl —2a%k TC+2(Z|n(k TC(C'”+a)+1) if —>7,
2 |: C 3 3 A j|_2t2; 2
Let AZK,(C} +ax) . Then
1 -A 1 A A
(M) (A+l) € €t Eq. (A.3)
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ol T°(A +1j 11 4 12
j ~dt = A?In e (| P Eq. (A.4)
* (At+1)t Z(Az' +1) 202 ¢ T, T
2 AL
Similarly,
[In(ky(CR +a)t+1)tdt =
2 , Eq. (A.5)
[In(At+1)t7dt = lAzln(AtJrlj—izln(AHl)—A
) 2 t 2t 2t |,
5 2
ar® 1° in 1 4
_a+42-02__ (CA+0!)(T—C2—T—2J
B ) TC(A;-HL .
Ca(r)=1+=(CIl+a)| A*In| ————= +A(———J if r<2c,
2 LAz, +1) T T
2

0 if 72>2z,

2

T—Cci” 1 - 22 —a’k,r? 12 —ar’ A_A + <

2 27, T -7, T T

1
+ar?| = A%ln

T
E(ATC+1) 1
T

TC(AT-i-lj
2

Ce(r) =

2
T

Then T

Cl —2a%K,z, + ZaIn(k3z'c (CL" +a)+1) if %Z T,
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+F|:C(i:n _2a%k, + 2a|n(k3r0 (cj; +a)+1)} if %< 7,




x[1- 2 e[ L-2(exay s
.| Ky (Ch + T+1j
Ca(r) = +k§%2(Cj§+a)3ln T( a _A )2 if 7<2z,
E(ka(CL{‘+a)rc+1)
0 if 722z,
O.E.A.
Cén+k3ar[CX‘(l— Zicj—a]+2aln(k3(Cz‘+a)%+l +
Lk, (Cr+a)r, +1
Ce(r) = +%a72k32(CL”+a)2|n 2( 3( é a)TT if 7<2z,
Tc(k3(C':+a)2+1j
Cd -2« CT. +2alIn Cita if 722z,
(a+CX‘) a
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1.9  Appendix B.1

In carrying out the IDEAS methodology, the inlet and outlet concentrations of A for an SLFR are

specified, rather than the inlet concentration of A and the residence time. It is established below
that for given values of C}, 2(_3A(r) >0, there exists only one value of z in the intervaI(O, Zrc),

that satisfies the mass balance equation below.

_ _ 2 . _ 2 rc(k3(Cj§+a);+1j
CA(r)=cg‘[1—4—j+k3—[——2j(c;{‘+a) kL > (c'“+a) In and

) 2z %(k3(CL“+a)TC+1)

T, éc—;*n . Define

¢ k3a(CX'+a)

AL C'n . kZa(C"+a) .

Az TC K (C +a)2: : (4821 )(ZCA+a)>O

BZ- (C'"+a)2<0

NS 3
C=%(CX‘+0{) >0

§ | Eq. (B.1)
pa alClra)n _ ¢ c(0,1)
kS(CL{‘+a)rc+1 Ch+a
E2 27, _ ZCX‘ 50

ky(Ci + )7, +1 k(Ch +a)
F2CP—-Ca(r)>0

. E
The quantities E°’C? + BECD, and D +—— needed later can then be calculated as:

27,
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2 ) 2
E’C? +BECD = 2% 5 (covaf | +
k3(C,'f+a)r +1)\ 2
| Eq. (B.2)
_ 2 ki (Cy +
+ —kg(C}f+a)2 25 [ki(C,'Ha)sj 3(- <ta)e. =0
ky(Ch +a)z +1] | 2 ky(CH +a)z, +1
27,
E _ kS(CIIAn_'_a)Tc +k3(CX‘+a)rc+1:1 Eq. (B.3)
27, k3(CL”+a)rc+l 27,
Then the above equation can be written as f () =0, where
f:R" >R, f:iz—> f(r)2A’+Br+Cr? In{D }F However, it holds:
lim f(z’)—llm(Ar +Bz‘+Crzln D+— }Fj
70" 70"
Iimln{D+E} Iml[ E} ( EZJ E,2
-F+c22 L Tl _fpic™ 4 T J_F+Clim——" =CE.0>0
1 (-2) —0' 2[Dr + E]
lim = lim
0" T 0" ‘[3
f(27,)= A(Zrc)2+BZTC+C(22'C)ZIH[D+2£}+F:
TC
ksza(CL”Jra)z . o 2 . 2 Ch -
=42 ) (208 b a)| A | ~ 2k, (CF +a) — A+ CIl ~Ca(r) = Thus,
4C, k305(C}An + a) k305(C;\n + a)
:—EA(T)<O

to show that the equation f(7)=0has only one real root in the interval (0,2z, ), it is necessary

and sufficient to show that f () <0 V7 €(0,2z,).

However
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f(z)<0 Vre(0,2r0)©2A2'+B+2Crln[

‘v’re(O,ZTC)@

EC

<:>2Ar+B+2Cr|n[D+E}—
T

yéD+E>D+
T

27,

2t,>7 =

Te

yéD+E>D>0
T

< and

f(r)éOVz‘e(O,Zrc)

+B+2C(L]
y-D

2A

y-D

ECD

2AE -BD-EC+By+2CEIny+

orf

T

£>D>O‘v’2'e(0,

Iny—EsOVy>D+£>D>O <
y

D+E}+Cr2[

-1
D+E} (i)so
T T T

Define

<0 VTE(O,ZTC)

27,) <
Then

E >OVy>D+£>D>0
D 2

y-D>0

2r,

sOVy>D+2£>D>O.Then,

Te

yeR:y>D+£>D>O}—>R,

g {
define 2,

g:y—>9g(y)&(2AE-EC-BD)

yéD+E>D+£> D>0
T 2

Tc

Thenf(r)SOVre(O,Zrc) =
. 2EC ECD
g(y)=B+T— 7

And
§(y)—_2EC  2ECD_ 2EC

y’ y° y’

+ By +2ECIn y+@
y

g(y)SOVy>D+2£>D>0

[

<OVy>D+£>D>0
27

c

&)
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Therefore gis a concave function in the set {y eR:y>D+ E

T

>D> o}.The supremum of gin

Tc

.. E i .
{yeR:y>D+ E >D>o}|se|theraty=D+2— or ata point Y =Y which

Te

>D>0

satisfies: g (y") = 0o By'? + 2ECy" —~ECD =0 <

B Y =78 _kg(Ci\”+a)rc+l_

T o erct.sech. _ k,(C\ +a)r,
y*z—ECi E2C2+BECD E‘C <ziCDO * EC_ 3( A ) _Dg[D+2£100} Thus

T

the supremum  of gin{yeR:y> D+ >D>O}i5 aty=D+§and its value is equal to
z-C c
g D+£ =(2AE-EC-BD)+B D+£ +2ECIn D+£ +£=
27, 27, 27, ( E j
D
27,
I k2a(CM+a) . in |
p ( a ) (2} +a) ot W
4C}; o (Ch +ar)
in 2
(2AE -EC-BD)+B+ECD = szi(c;\uaf— —k3(CL”+a)2+
ks(CX‘+0¢) 2
o 2 Cin
(_k3(CA +a) )CiA” ra
in 2 in
—Z_CA zki(CL”+a)3—iE:A :kBOt(ZCL”+a)—k3(CK‘+a)2+k3(CZ')2:O In turn
G(Chva) 2 Cl+a
this impliesg(y)<0 vy > D+2£ > D > 0which, under the condition
T

c

y2 D+EsD+E D> 0, is equivalent to f (r)<0Vze(0,2,). Therefore, the equation

T 27,

f () =0has only one real root in the interval (0,2, ). O.E.A.
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Chapter 2

2 Network Residence Time Constrained Attainable Region (TRT-C-AR)

Zayna Al-Husseini, Vasilios . Manousiouthakis*
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Abstract
In this work, the concept of Network Residence Time (NRT) is first defined, as a production
normalized, capital cost measure for a reactor network. For networks consisting of CSTR’s,
PFR’s, and RTD-Segregated Flow/Maximum Mixedness Reactors, described within the Infinite
DimEnsionAl State-space (IDEAS) conceptual framework, it is shown that NRT is independent
of the network’s inlet flowrate. The novel concept of Network Residence Time Constrained
Attainable Region (NRT-C-AR) for Reactor Networks is then introduced. NRT-C-AR is shown
to be a convex set, points on the boundary of which are identified through repeated solution of
increasingly accurate finite linear program (FLP) approximations of infinite linear programs
(ILP). The proposed NRT-C-AR construction methodology is demonstrated on a case study
featuring a network of reactors in which the Trambouze reaction scheme is carried out. Three
NRT-C-AR’s are created: one for CSTR’s, one for PFR’s, and one for SLFR’s. Important
differences between the NRT-C-AR and the AR are pointed out. A network of SLFR’s whose

outlet composition is on the SLFR NRT-C-AR boundary is provided to help emphasize some of

these differences.
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Keywords: Reactor Network; Attainable Region; Network Residence Time; Network Volume;
IDEAS

Abbreviations:

CSTR, continuous stirred tank reactor; NRT, Network Residence Time; NRT-C-AR, Network
Residence Time Constrained Attainable Region; DN, distribution network; IDEAS, Infinite
DimEnsionAl State-space; ILP, infinite-dimensional linear program; FLP, finite linear program;
MINLP, mixed-integer nonlinear program; MMR, Maximum Mixedness Reactor; NRTd,
normalized residence time density function; OP, operator network; PFR, plug flow reactor; RTd,
Residence time density; RTD, residence time distribution; SFR, Segregated Flow Reactor;

SLFR, Segregated Laminar Flow Reactors; SR, Segregated Reactor.

2.1 Introduction

Horn (1964) was the first to propose the concept of AR. He defined it as: “the attainable region
corresponds to the totality of physically possible reactors” (Horn, pg. 123). Later, Shinnar and
Feng (1985) defined the AR as, “the set of composition reachable from a specified initial
condition given a set of overall reactions” (Shinnar and Feng, pg. 154). Glasser et al. defined the
AR stating: “For a given system of reactions with given reaction Kinetics, find all possible
concentrations that can be achieved by using any system of steady-flow chemical reactors, that
is, by using the processes of mixing and reaction only” Glasser, et al. (1987). Manousiouthakis
et al, ( 2004) defined the AR by stating: “For a specified feed and specified set of reactions, the
attainable region is the set of all reactor network outlet concentrations that can be attained by

means of all feasible reactor networks”.
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The aforementioned work of Glasser et al. (1987) established four necessary conditions that the
AR must satisfy:

“(a) It is convex.
(b) No rate vector in the boundary of A(@A) points outward from A; that is, all rate vectors in oA

points inward, are tangent to dA, or are zero.

(c) There is no plug-flow trajectory in the complement of A (within the stoichiometric
subspace), which has two points such that the line joining the later to the earlier point can be
extended to intersect A.

(d) No negative of a rate vector in the complement of A (within the stoichiometric subspace),
when extended, can intersect a point of JA or (A).”

The aforementioned work also presented a geometrically based construction algorithm to
produce two and three-dimensional candidate AR’s, through the use of PFR trajectories and
CSTR loci. This geometric method was adopted by numerous researchers for reactor, reactive
separation, and reactive distillation network synthesis (Feinberg, 1991, 1999, 2000a, b; Feinberg
and Hildebrant, 1997; Glasser, et al. 1994; Hildebrant, Glasser, et al. 1999; Hoply et al. 1996;
Nisoli, Malone and Doherty, 1997; Smith and Melone, 1997; Rooney and Biegler, 2000;
Mahajani et al (most recent) and references therein). However, the geometric approach method

does not guarantee to identify the true AR.

Burri et al. (2002) proposed an alternative approach to the construction of the AR for reactor
networks, through the “Infinite Dimensional State-space (IDEAS)”. They formulated an “Infinite
dimensional Linear Program (ILP)” whose solution would identify a point in concentration space
belonging to the AR boundary. They then proposed the solution of a sequence of “Finite

dimensional Linear Programs (FLP)” to construct increasingly accurate approximations of the
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true AR. Subsequently, Manousiouthakis et al. (2004) presented necessary and sufficient
conditions for a point in concentration space to belong to the true AR, and then proposed a so-
called shrink-wrap algorithm that also delivered increasingly accurate approximations of the true
AR, without requiring the solution of a sequence of FLP. This method also overcame the
difficulty of graphical visualization of the AR, by identifying the vertices of increasingly
accurate AR approximants, a task that can be accomplished in dimensions higher than three.
Kauchali et al. (2002) presented another alternative IDEAS formulation to extend the AR using
CSTR’s only. Abraham and Feinberg (2004) presented a critical condition for a region to be part
of the true AR. Posada and Manousiouthakis (2008) implemented the Shrink—Wrap algorithm for
multi-feed AR construction in mass fraction space.

The above AR studies employed ideal reactor models (PFR/CSTR). However, commonly used
non-ideal models were also investigated for finding the AR. Glasser et al. (1994) studied the
attainable region for segregated flow reactor (SFR) and maximum mixed reactor (MMR) models
and showed, for an example, that the conversions attained by these reactor models do not
represent conversion bounds for all reactor models. In fact, they showed that the SR and MMR
attainable region boundaries lie within the attainable region. Zhou and Manousiouthakis (2006)
showed that the AR for a reactor network whose nonideal reactor units admit 1-dimensional
convection-axial dispersion-reaction models is larger than the AR for an ideal reactor network
featuring CSTR’s and PFR’s. Alhusseini and Manousiouthakis (2013) carried out the global
minimization of network volume for a network of reactor units all of which exhibit segregated
flow (SFR) and/or maximum mixedness (MMR), have the same Normalized Residence Time

density (NRTd), but each possesses a different mean residence time from one another.
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Other researchers have investigated the AR concept in relation to reactive distillation and other
applications. The work of Amte et al. (2011) on reactive distillation is an example. They suggest
that reactive distillation is useful in enhancing reactor selection. This is because it facilitates the
delineation of components and alters their composition profiles to generate the anticipated
reaction. The researchers adopt a geometric method to determine the AR, for networks that
include some RD (reactive distillation) configurations. They define novel RD models together
with their corresponding components to highlight the need to link RD with reactors and expand
the set of attainable compositions. For a case study involving the Van de Vusse reaction scheme,
they establish that the RD unit networks are more effective than the traditional reactor networks.
Katubilwa et al. (2011) present, using a theoretical perspective, an analysis of the ball diameter
impact on milling kinetics with the aid of the AR technique. Zhou and Manousiouthakis (2007)
employ the AR concept in carrying out pollution prevention studies. In addition, Okonye, et al.
(2012) investigate the interplay between the AR and enthalpy/free energy concepts. More
resently, Ghougassian and Manousiouthakis (2013) established conditions under which entropy
generation and energy consumption isoclines can be depicted within a reactor network’s AR
without prior commitment to a reactor network structure.

Since reactor design is never carried out in a bubble, cost must be a crucial factor in the reactor
design process. Reactor network capital cost is typically correlated to the volume of all the
reactors present in the network. Research efforts in the direction of incorporating capital cost
considerations in reactor network design have focused on the global minimization of capital
cost/total annualized cost for CSTR/PFR networks (Zhou and Manousiouthakis, 2008) and the
global minimization of total reactor volume for networks of RTD-SFR/RTD-MMR non-ideal

reactors (Alhusseini and Manousiouthakis , 2013). Since the AR is a significant tool in reactor
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network design studies, it is desirable that capital cost (volume) be incorporated in AR
construction. Since a reactor network’s volume is inlet flowrate dependent, while the AR is inlet
flowrate independent, the novel concept of “Network Residence Time” is next introduced to
allow for the incorporation of capital cost considerations in AR construction. Peter et al. (2003).
Definition

The concept of “Network Residence Time” (NRT) for a reactor network is defined as the ratio of
the sum of the volumes of all reactors participating in the reactor network over the total
volumetric flowrate entering the network.

Having introduced the NRT concept, the remainder of this work proceeds as follows: The
applicability of IDEAS to synthesis problems for reactor networks featuring CSTR/PFR/RTD-
SFR/RTD-MMR reactor units is briefly reviewed. Subsequently, the Network Residence Time
Constrained Attainable Region (NRT-C-AR) concept is introduced, and the Infinite Dimensional
State-space (IDEAS) framework is employed to develop a general mathematical formulation for
the construction of NRT-C-AR. Properties of NRT-C-AR are then theoretically established. A
case study is used to illustrate NRT-C-AR construction for CSTR/PFR/RTD-SFR networks.

Finally, the obtained results are discussed and conclusions are drawn.

2.2 Applicability of IDEAS to CSTR, PFR, RTD-SFR, RTD-MMR Reactor Networks

The IDEAS conceptual framework has been proposed by Manousiouthakis and coworkers as a
globally optimal network synthesis methodology. Its advantage over other process network
optimization methodologies is that it guarantees the global optimality of the obtained solution.
The reasons are that the underlying mathematical programming formulations have feasible
regions defined by linear constraints and that many industrially meaningful optimization

objectives (volume, operating cost, area, yield, selectivity, plate area, holdup, etc.) give rise to
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linear objective functions, thus making the underlying mathematical formulations linear
programs. The methodology has been demonstrated on a number of applications, such as mass
exchange network synthesis, Wilson and Manousiouthakis (2000); distillation network synthesis,
Drake and Manousiouthakis (2002a, 2002b); reactor network synthesis featuring ideal reactor
units, namely PFR and CSTR,(Burri et al. (2002); Justanieah and Manousiouthakis (2004); Zhou
and Manousiouthakis (2008b)) and non-ideal RTD SFR/MMR reactor units by Al-Husseini and
Manousiouthakis (2013). IDEAS, is a general framework that can address most process network
synthesis problems.

IDEAS is the first generalized process network synthesis methodology that is capable of
delivering globally optimum designs. IDEAS is based on two principles: A vector space is
equivalent to the infinite union of lower dimensional linear varieties, and the projection of the
input-output map of a chemical process onto a linear variety, over which only extensive variables
vary, is a linear map. To better understand how IDEAS works, consider a flowsheet (See Figure
1) that includes an infinite number of operations classified into two categories, an operator
network (OP) and a distribution network (DN). The OP quantifies the actions of the considered
process unit operations (in this case reactors) and consists of an infinite number of linear
input/output maps with extensive and intensive properties for each map. The DN on the other
hand quantifies the mixing and splitting processes which can take place among the inlet and
outlet streams of the aforementioned unit operations. This unique structure of IDEAS allows all
feasible network configurations to be considered, and gives rise to infinite linear programming
(ILP) formulations for the synthesis of optimal process networks. The solution of these ILP’s is
approximated with increasing accuracy by a sequence of finite dimensional linear programs

whose solutions are guaranteed to be globally optimal.
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Figure 2-1. IDEAS Representation of a reactor network
Establishing the applicability of IDEAS to a process network synthesis problem requires that the

process input output information map N be shown to possess certain properties, namely that

there exists a decomposition of the input and output vectors u =[u, u2]T YE[WLYs ]T such that the
input output information map N :u=[u, uz]T -
y=[y:¥,]" =N (u) =[N, (u) N, (u)] =[N, (u,u,) N, (u,u,)] satisfies the properties
Property 1. y, =N, (u;,u,)=N,(u,)

Property 2. ¥; =N, (u;,u,) =N, (u,)u, where, for fixed u,, N,(u,)is a linear operator.
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In this work, networks consisting of constant density fluid, isothermal, CSTR’s, PFR’s, RTD-
Segregated Flow Reactors (RTD-SFR), and RTD-Maximum Mixedness Reactors (RTD-MMR)
are considered. Below, the governing equations for each reactor model are defined, and the input
and output vectors u2[u,u,] ;y2[y, y,] for the reactor’s input-output information map are
identified.

1. CSTR model and information map defined in equations (1&2) respectively,

{c;”—c;“t=rRk ({c;?“t} ) szl,...,n} (1)

n
j=1

A A [ ~in in .., A ) A [ ~ou out T
u2[F]u2[CrCre] y 2[F V] y, 2[C e ] (2)
2. PFR model and information map defined in equations (3&4) respectively,

dC n
d_kaRk ({cj}jl) vk =1,...,n

Cl,=C" GCJ_=C™ vk=1..,n

3)

ulé[F]T ;u, é[cli”...c;" T]T; ylé[F V]T; Y, é[cloutmcsm T:IT @)

3. Segregated RTD model and information map defined in equations (5&6) respectively,

()

I
20

qt’ k({Cj(t’)}Ll) vt'e[0,t] Vte[0,0)
C (0)=Cy; vk =1,...,n

u 2[F] i, 2[Ch B ()] 5y 2[F VT oy, 2[C G rE()] )

4. MMR model and information map defined in equations (7&8) respectively,
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ac,

C(0)=CP* vk=1...n —=

(oo) =0 Vk=1...,n

0=-R, ({Jirpwcj (z)}:j +(lim ¢, (2) —CJ”)J@)@% Vi=1..n
u 2[F] ;u, é[Cli” ..Clm rE(')}T v 2[FV] 5y, 2 [Cf“t ..Cou rE(-)]T (8)

As shown in Burri et al. (2002); Justanieah and Manousiouthakis (2004); Zhou and
Manousiouthakis (2008b) for the CSTR and PFR ideal reactor units, and in Al-Husseini and

Manousiouthakis (2013) for the non-ideal RTD-SFR/RTD-MMR reactor units, the identified
input and output vectors u = [u, uz]T Y E[y y2]T and associated input-output information maps

satisfy properties 1, 2 listed above

2.3 IDEAS Formulation for CSTR, PFR, RTD-SFR, RTD-MMR Reactor Networks

The IDEAS representation of a reactor network is illustrated in Figure 1, for a system with N,
network inlet streams, N,network outlet streams and n components. Under steady-state,
homogeneous, isothermal, and constant-density conditions, the infinite-dimensional linear
feasible region for the corresponding mathematical formulation of the CSTR, PFR, RTD-SFR
and RTD-MMR reactor network synthesis problems is defined by the following equations and
inequalities:

DN total mass balance equations, Eg. (9)-(12)

(1) =3 () EF ) =L, ®

i=1
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j=l j=1
NO ~

FO()=Y F (i, i)+ > FO(i,j) Vj=1..,
i=l i=1

DN outlet specifications, Eq. (14)-(15)

(FO(i)) <F°(i)<(F°(i)) Vi=1..N,

(C2(0) FO ()< 3! (I)F™ (1. 1)+ 2.C0 (1)F* (1. 1) <(c2 () FO )

= =1

OP balance equations, Eq. (16)
FO(i)=F'(i) Vi=1..,0

RTD-SFR Reactor defining equations, Eq. (17)-(20)

o0

CO() Jckl()Ei(t)dt vk =1,...., N Vie Sy

dC ! t' ! " ’ -
—Et( ) _ R, ({c:j,i (t )}H) vk =1,...,n Vt' €[0,t] Vte[0,0) Vi e Sq,
Cyi (O)ZCkIA(i) Vie S,

RTD-MMR Reactor defining equations, Eq. (21)-(24)
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(18)
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dC,; (4 n PN = ) .
% =-R, ({Cj,i (/1)}1)+ (Ck,i (4)-C. (|))1_ F( (21) VA e[0,0) Vk=1..,n VieS,;
. n . i/ . E, (ﬂ) .
0=-R, ({ﬂnﬁrpwcjyi (*)}J*(mck,i (2)-C! ('))JLTwl_ F Oy b Vie S
(21)
z‘(i)éTtEi (t)dt:% VieS,ur (22)
C. (A=0)=CP (i) Vk=1..,n VieSyu (23)
dj; (A=0)=0Vk=1..,n VieSy (24)
PFR Reactor defining equations, eq. 25
dC., (7 0 _ : :
dz_-(r) =R, ({Cj’i (z-)}j_l) vk=1..,n VT e [O,T(I)] Vi e Speg
(i) & I\:/'L(II)) Vi e Sy (25)
Cyl_ =Cl(i), CJ_ =C’(i) Vk=1..n VieS,,
CSTR Reactor defining equations, eq. 26
cl(i)-c2(i)=7(i)R, ({C? (')},-1) vk =1,..,n VieSen
: (26)
c(iya L) Vi € Suurn
F' (i)

where Sy, , Sywr s Serr s @Nd Sgp are index sets indicating which units are segregated flow

reactors, which units are maximum mixedness reactors, which units are plug flow reactors, and

which units are continuous stirred tank reactors respectively, and

SSFR Y SMMR Y SPFR Y SCSTR = {1’ = oo}
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Positivity inequalities, Eq. (27)

F'>0,F°>0;F >0,F°>0,F% >0,F" > 0;F© > 0;F® >0,V >0 @7

where the upper case on (F°(i)) ,(Fo(i))U and(C?(i))',(Cﬁ’(i))u are the lower and upper

bounds on the network flowrate and concentration outlets, respectively.

Having defined the infinite-dimensional linear feasible region of the IDEAS formulation, it is
then easy to establish that for CSTR/PFR/RTD-SFR/RTD-MMR networks whose inlet and outlet
flowrates are fixed percentages of the sum of all inlet flowrates (which is equal to the sum of all
outlet flowrates), then the IDEAS network’s NRT is independent of the sum of all inlet
flowrates. To this end, the following Theorem holds:

Theorem 1:

Consider the IDEAS reactor network described by equations and inequalities 9 through 27.

Consider in addition that the following assumption holds:

) =a () BP0 )] S ) HeLN )

p=1

a' (j)=known Vj=1,.,N;; a® (i)=known Vi=1,..,N,

Then, the IDEAS network’s Network Residence Time is independent of the inlet flowrate sum
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N,
Consider that(9) through (28) hold for the inlet flowrate sumZF' (p) and for the vectors of

p=1
a A A N AT
variable  sequences F :[F' FCF'F°VF? F"F" FOOJ and parameter sequences

N A T
C:[C' C°C'C°rEQ® a'} . Then the Network Residence Time (NRT) is calculated as

o0

SV(i)  Yr()F ()

NRT £ = ==
2F(p)  2F(P)

N,
Now consider that the IDEAS network’s inlet flowrate sum is altered to AZF' (p), 2>0.
p=L

N A T
Since the parameter sequence C = [C' C°C'C°rEQ® a'} remains unaltered, it is then easy to

N,
verify , that (9) through (28) hold for the inlet flowrate sum 2> F'(p), and for the vector of

p=1
. R A o LT

variable sequences = ) >VU. For eacn o

iabl F*'=| AF' AF° AF' AF° AV AF® AF" AF'° AF®° VA>0.F h of

the networks resulting from a different value of A >0, the corresponding Network Residence

Time (NRT) is calculated as:

SV (i) _gm(i)Ff(i) 23 e()F () Se()F ()

NRT# £ i " S = =NRT  OEA
AQF'(p)  AXF'(p)  AXF'(p)  2F'(p)
p=1 p=1 p=1 p=1

Having established the independence of the Network Residence Time (NRT) from the network’s
inlet flowrate sum, we are now in the position to introduce the concept of the Network Residence
Time Constrained Attainable Region (NRT-C-AR) for a single inlet, single outlet,

CSTR/PFR/RTD-SFR/RTD-MMR network.
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Definition

For a single inlet, single outlet, CSTR/PFR/RTD-SFR/RTD-MMR network with a known inlet
concentration vector, and a set of reactions with known Kinetic rates, the Network Residence
Time Constrained Attainable Region (NRT-C-AR) is the set of all reactor network outlet
concentration vectors that can be attained by means of CSTR/PFR/RTD-SFR/RTD-MMR
networks whose NRT is constrained above.

Having defined NRT-C-AR, we next establish that it is a convex set.

Theorem 2.

The Network Residence Time Constrained Attainable Region with NRT upper boundz’,

NRTCAR ,, of a single inlet, single outlet, CSTR/PFR/RTD-SFR/RTD-MMR network with a

known inlet concentration vector, and a set of reactions with known kinetic rates, is a convex set.
Proof

Consider two CSTR/PFR/RTD-SFR/RTD-MMR single inlet single outlet networks, whose outlet

concentration vectors belong to NRTCAR, . Since the NRT of a CSTR/PFR/RTD-SFR/RTD-

MMR network is independent of the inlet flowrate sum, it can be assumed without loss of
generality that the inlet flowrate of both networks is the same. Denote the vectors of variable
sequences and parameter sequences for each network to be
- N N oa AT N A T
F=|F PR RV, EYF'FPR® | c,=[C'cC'CO7E | and
T

N A N ~a A N A T
R=[F FPR RV, R R'R°R™ ] ,C,=[C'C)C'CO7E | , and assume that the NRT of

Mgvam

each network is bounded above by the same bound, i.e. assume that NRT =T <z7” ,and
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SV, (i)

NRT" éi:lTs ¥, wherezV is a known fixed upper bound. It is easy to verify that the

CSTR/PFR/RTD-SFR/RTD-MMR network with vectors of variable sequences and parameter

sequences equal to

[F'FOAR + (1= 2) R AR + (1= 2) RO AV, + (1= 2)V, AR + (1-2) R ]T

F/la+(1—/1)b = ) ) . . X T '
AR +(1-2)R" AR° +(1-2)R° AF® +(1-2) R |

and C,... :[C ACO + (1—/1)C§CfCOrE]T respectively, also satisfies (9) through (28)

vie[01]. In addition,
D3 AU A0IEEDWAD 2V (i)

NRT #2402 = =i +(1=2)=——=. The above imply

Fl Fl
=ANRT® +(1-2)NRT" < A7Y +(1-2)7Y =7 vae[01]

that| ACY +(1—2)Cy | € NRTCAR, VC? e NRTCAR, VC; € NRTCAR, VA<[0,1]. In tumn
this implies that the set NRTCAR , is convex. O.E.A.

Having established the convexity of NRTCAR, , a case study is next carried out for
illustrative purposes. Numerical computations are carried out through repeated solution of finite
dimensional approximations of the IDEAS ILP, with objective function to be minimized

C/F? (L1)+ ZCO JFP (L))

+ F' vk=1..,n

and the following additional constraints incorporated in the IDEAS formulation.

C.F” (11)+ Zco FOO (L)

CcPo = F' =known Vme{l,..,n}—{k}
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2.4 Case Study: CSTR-NRTCAR, PFR-NRTCAR, and SLFR-NRTCAR Construction

The goal of this case study is to quantify the NRTC-AR for reactor networks featuring three
different reactor unit models: Continuous Stirred Tank Reactor (CSTR), Plug Flow Reactor
(PFR), and Segregated Laminar Flow Reactor (SLFR). The considered reaction scheme is the

Trambouze reaction scheme shown below:

ki
ASB K = 0025 1!
m--S
k2
ASC K, = 0.2% (29)
ks 3
A>D , k,=04—"
kmol - s
with
R, =—(k +k,C,p +kC,) (30)
R = kch

wherek,” =4k k,; a2 2k_|§ =0.25>0

3

The network’s inlet concentrations of A and C are: C" =1kmol (o cr =okmol/ .

m
The behavior of the three aforementioned reactor types, when no outlet specifications are

imposed on the B and D species’ concentrations, are captured by the following model equations:

CSTR:
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—(k2r+1)+\/1+ 4k, (o +CY) _
cout _ if 7 <7 cop
A (T)_ 2K, 7 _
0 7> Zoesrm || where Toosm = k_A >0
. . . 1
co* (r) = Co + a(—(kzr +1)+ \/1+ 4k31(a +Cj )) if 7 < 7 comm
Ch if 7> 7.
PFR:
-0+ _r ifr<r,
out Ko7 + L
Ca' (1) = Y Clta
0 ifr >z, lesm2—C g
_ _ ksa(a+CL”)
(0) Ce —20{2k31'+205|n(k3r(C}An +a)+1) if 7 <700,
COU )=
‘ Co —2a’k,r, +2axln <k3rc (CL” + a) +1) if 7> 7o
SLFR:

The residence time density (RTD) function for a laminar flow reactor, with mean residence time

7, is (Fogler, 3", 4™ Edition),

0 ift<t

, 2 , While its flow pattern is that of a segregated flow reactor. Then the model
Z_ift>=
2t 2

E(t)=

equations for a SLFR in which the Trambouze reaction scheme is carried out are (Al-husseini

and Manousiouthakis, 2013) :
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2
cr (1—4%]“3% i—zJ(ciA" va) +

C TC
) Tc(k3(CX‘+a)T+1]
Co (1) = +k2 Z-(CT + ) In 2 if r<7.
2 %(k3 (ch +oz)rC +1)
0 if 727

ch+ kgar(CZ‘ (1—%]—a]+2aln(k3 (ci +a)%+1j+

Te

Z(k3 (C}f +a)z, +1)

C(r)= +%arzk§ (CL” +a)2 In . . if 7<7,4:
.| K, (C} +a)—=+1
c( 3( A )2 j
Cl —2q—S5 4 ogIn| Sa e if r>7
(a+CX‘) a
A A CJ:
where| 7. op = 27ppg =2 ——F2——< >0
k3a(a+CA)

In carrying out the IDEAS methodology, SLFR inlet and outlet concentrations of A (Ci{’,

C." (7)) are specified, rather than the inlet concentration of A and the residence time. As shown
in Appendix B of (Al-husseini and Manousiouthakis, 2013), for given values ofC,', C3"(7)

there exists only one value of 7 in the interval (O, rcSLFR), that satisfies the SLFR mass balance

equation.
The true AR boundary, quantified both analytically and through increasingly accurate IDEAS

approximations, is presented in figure 2.
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Figure 2-2. True AR Boundary

The IDEAS obtained CSTR NRTC-AR, PFR NRTC-AR, and SLFR NRTC-AR with
NRT <7” =255 are presented in figure 3. Figures 4, 5, and 6 present the IDEAS obtained
CSTR NRTC-AR, PFR NRTC-AR, and SLFR NRTC-AR respectively, with NRT < ¥ =255 ,

and NRT <7Y =10s.

As can be seen in the above figures, the NRTCAR is always a convex subset of the AR. It is also

shown that as the NRT upper bound becomes smaller, the NRTCAR shrinks.
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Figure 2-3. IDEAS obtained CSTR NRTC-AR, PFR NRTC-AR, SLFR NRTC-AR with V= 2.5s,
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Figure 2-4. IDEAS obtained CSTR NRTC-AR with7” =2.5s and 7” =10s
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Figure 2-5. IDEAS obtained PFR NRTC-AR with7° =2.5s and 7” =10s

0.6 1
0.4
[ ]
& ]
£ B N
o A .
£ o2- . s
8 [ ] A &
u A B3
[ ] A .
-
0 T T T ! 6—z—.
0 0.2 0.4 0.6 0.8 1
CA (kmol/m?3)

Figure 2-6. IDEAS obtained SLFR NRTC-AR with7” =2.5s and 7° =10s
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2.5 Discussion-Conclusions

As stated in the introduction section, the AR possesses four properties. They are:

“(a) It is convex.
(b) No rate vector in the boundary of A(@A) points outward from A; that is, all rate vectors in oA

points inward, are tangent to 0A, or are zero.

(c) There is no plug-flow trajectory in the complement of A (within the stoichiometric
subspace), which has two points such that the line joining the later to the earlier point can be
extended to intersect A.

(d) No negative of a rate vector in the complement of A (within the stoichiometric subspace),

when extended, can intersect a point of 0A or (A).”

Earlier, in Theorem 2, it was established that property (a) also holds true for NRTCAR. As

shown however in Figure 8 below, the other three AR properties ((b), (c), (d) ) do not hold true

for NRTCAR. For example, at the point(C,,C.)=(0.330.266) the rate vector
(RaRe) =(~(k; +k,Cp +kC,7).k,C, ) = (-0.13456,0.00825) points outward from NRTCAR ,
thus violating property (b) for NRTCAR. At the points(C, C.)=(0.10.299),

C,C.)=(0.2,0.243), both of which belong to a PFR trajectory in the complement of
A C

NRTCAR, the backward extension of the line connecting the two points intersects the NRTCAR,

thus violating property(c), for NRTCAR. At the point(C,,C)=(0.1,0.299), which belongs to

the complement of NRTCAR, the rate vector
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(RA,RC):(—(kl+k2CA+k3cA2),kZCA):(—0.0675,0.4), has a backward extension that

intersects the NRTCAR, thus violating property(d), for NRTCAR.
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Figure 2-7. Counterexamples demonstrating that three AR properties do not hold for NRTCAR
Another interesting observation, is that one of the SLFR reactors that delivers one of the SLFR
NRTCAR vertices has its outlet concentration vector completely outside the SLFR NRTCAR,

something not possible for AR.

In this work, the Network Residence Time (NRT) of CSTR/PFR/RTD-SFR/RTD-MMR
networks is introduced for the first time. For single inlet, single outlet, CSTR/PFR/RTD-
SFR/RTD-MMR networks, the Network Residence Time Constrained Attainable Region

(NRTCAR) concept is also introduced for the first time, and is rigorously proved to be a convex
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set. The IDEAS conceptual framework is shown to be applicable to the problem of NRT-C-AR
construction. The resulting mathematical formulation is linear, thus guaranteeing the optimality
of the obtained solution. The introduced concepts are illustrated with a case study on the
Trambouze reaction scheme. It is shown that as the NRT upper bound is tightened, the
corresponding  NRTCAR shrinks in size. Several AR properties are shown, through

counterexamples, not to hold for the NRTCAR.
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Nomenclature

C, :i" Component molar concentration (kmol/m?®)
C;":i" Component inlet molar concentration to IDEAS unit model (kmol/m®)
C :i" Component outlet molar concentration from IDEAS unit model (kmol/m"’)

{cr }_”_1 : Inlet molar concentration vector (kmol/m?)

{cp} - Outlet molar concentration vector (kmol/m?)
F :Volumetric flow rate (m®/s)

F™ :Inlet volumetric flow rate (m°/s)

F° : Outlet volumetric flow rate (m3/s)

V : Volume (m?)

7, : Constraint volume m®
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IDEAS Variables:

C,(7) : PFR Concentration of A at residence timer

Ca(r) : SLFR Concentration of A at residence timer

C (7): PFR Concentration of Cat residence time

Cc(r): SLFR Concentration of C at residence timer

Cy (j): k™ Component concentration in the j" network inlet vk =1,n;vj =1, N,
C/ (i): k™ Component concentration in thei® OP inlet Wk =1,n;Vi=1 0

Cy (i) k™ Component concentration in thei” network outlet vk =1,n; Vi =1, N,
C2(i): k™ Component concentration in thei” OP outlet Vk =1,n; Vi =1,00
F'(j): j" Network inlet flow rate vj =1, N,

F°(i):i" Network outlet flow rate vi =1,N,,

F'(j): j" OP inlet flow rate Vj =1,00

FO(i): i"OP outlet flow rate Vi =1,00

F (i, j): j" Network inlet flow rate to thei® network outlet vj =1,N,;Vi=1,N,
F" (i, j): j" Network outlet flow rate to the i" OP inlet vj =1,N,; Vi =1,0
F(i, j): j" OP outlet flow rate to the i" network outlet vj =1,00; Vi =1, N,
F(i, j): j" OP outlet flow rate to the i" OP network outlet Vj =1,00; Vi =1 00

N :u— y=N(u): input output information map
n: component index
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N,: IDEAS Network inlet streams

N, : IDEAS Network outlets streams

S, - Index set of the mixing operation’s inlet streams

Symr - Index set indicating units of maximum mixedness reactors
Sqer ¢ Index set indicating units of segregated flow reactors

St - Index set of the splitting operation’s outlet streams
7(i):Residence time of the i" OP unit Vi =1,00

7, : Critical value of the residence time ¢

u(i):Input of the i" OP unit information map Vi =1, 00

T . .
uZ[u,u,] : Input information vector

y(i)ZOutput of the i" OP unit information map Vi=1,00

yE[y, y2]T - Output information vector
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Chapter 3

3 Optimization of a 3-D Monolith Reactor

Abstract
In this work, the optimization of an isothermal monolith reactor is carried out for the first time.
First, a reaction-diffusion 3-D mathematical model for a monolith reactor is developed. An
analytical solution of this model is then developed, based on separation of variables. The
analytical nature of the obtained solution enables the optimization of a multi-channel 3-D
monolith reactor to be carried out. The obtained optimization results are discussed and
conclusions are drawn.
Keywords: Model; 3-D; Monolith; Reactor; Optimization
3.1 Introduction
The word monolith derives from the Greek word povoiBog (monolithos), which is a composite
of two words: povog ("one" or "single") and AiBog ("stone "). Monolith reactors are typically
multichannel reactors constructed of ceramic material. The shape of the channels varies from
rectangular, to square, triangular, hexagonal, or circular. The internal surface of each channel is
typically coated with catalytic material that accelerates the reaction rate of the reactions taking
place inside the reactor. Monolith reactors possess many attractive features. These include:
(1) Low pressure drop, especially under high fluid throughputs
(2) Elimination of pore diffusion limitations associated with the use of porous catalyst particles
(3) Low axial dispersion and backmixing, and therefore high product selectivity
(4) Large reaction surface

(5) Uniform distribution of flow (gas phase)
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(6) Elimination of fouling and plugging, and thus extended catalyst lifetime
(7) Easy scale-up

Monolith reactors became commonplace when the automotive industry used them as
engine emission converters, to remove NOy and CO from vehicle emissions. Their use allowed
high selectivity and elimination of hot-spots, and promoted the conversion rate and reactor
performance in exhaust gas treatment (Tomasic, 2007) (R.E. Hayes, 2004) (R.M. Heck, 2001)
(A. Cybulski, 1998) (I.M. Lachman, 1985) (L.L. Johnson, 1961). The success of monolith
reactors as engine emission converters, has led researchers to investigate how they may also
improve other gas phase reactions. These include catalytic combustion (P. Marin, 2005) (S.
Tischer, 2005) (P. Canu, 2002) (Kolaczkowski, 1999) (R.E. Hayes S. K., 1002) (R.E. Hayes S.
K., 1996) (G. Groppi, 1995) (Tucci, 1982) (Parkinson, 1981), catalytic oxidation (T. Boger,
2005) (G. Veser, 2000) (C. Nicolella, 1998) (E. Zabar, 1982), hydrogenation or dehydrogenation
(V.A. Sadykov, 2000) (A. Parmaliana, 1984) (A. Parmaliana M. S., 1983), and methanation
(E.L. Sughrue, 1982) (G.A. Jarvi, 1980) (E.R. Tucci, 1979).

In recent studies, monoliths have been replacing multiphase (trickle-bed, slurry, etc.)
reactors. The applications that have been proposed and explored include hydrodesulphurization
of oil (D.S. Soni, 1981), liquefied coal (J. Scinta, 1977/1978), and debenzothiophene (R.K.
Edvinsson, 1993). Hydrogenation or dehydrogenation of various aromatic compounds has also
been carried out in monolith reactors (M.T. Kreutzer, 2005) (W. Liu, 2002) (T.A Nijhuis, 2002)
(T.A Nijhuis, 2001) (X. Xu, 1996) (R.K. Edvinsson A. H., 1995) (V. Hatziantoniou, 1986) (V.
Hatziantoniou B. A., 1984), as well as oxidation reactions (R.A. Edvinsson, 2001) (T.A. Patrick,

2000) (A.A. Klinghoffer, 1988) (L.L. Crynes, 1995).
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Aside from the aforementioned experimental studies, there has also been a number of
detailed modeling and simulation studies of monolith reactors. Young and Finlayson (L.C.
Young, 1974), Ferguson and Finlayson (N.B. Ferguson, 1974), and Heck et al. (R.H. Heck,
1976), were among the first to carry out monolith reactor modeling. More recent contributions
came from (Tomasic, 2007) (R.E. Hayes L. M., 2004) (G.N. Pontikakis, 2004) (H. Mei, 2006)
(R.E. Hayes B. L., 2004) (G. Groppi E. T., 2001) (G.C. Koltsakis, 1997) (R. Jahn, 1997) (G.
Groppi E. T., 1997), on both gas-phase and multiphase monolith reactors.

Particular issues related to monolith reactors, such as reactor construction/catalyst
preparation, and mass/heat transfer effects, have been discussed by several investigators.
Irandoust and Andersson (S. Irandoust, 1988) gave a summary on the use of monolith reactors in
non-automobile applications; Kolaczkowski (Kolaczkowski, 1999) discussed challenges in
kinetics, intra-phase diffusion effects, and the selection of mass and heat transfer coefficients;
Groppi and Tronconi (G. Groppi E. T., 2005) discussed the use of catalysts with large thermal
conductivity for gas-solid exothermic processes carried out in monolith reactors.

Another important consideration in monolith reactor modeling is single-channel versus multi-
channel modeling. Pontikakis (G.N. Pontikakis, 2004) suggests that every channel in the reactor
behaves exactly in the same way as the entire reactor. This remains true even in the presence of
mass and heat transfer effects between the catalyst and the fluid. There are however certain
conditions under which single channel modeling may not be adequate. These circumstances
include non-uniform inlet gas distribution, or blocked/deactivated channels. In these situations
the entire reactor should be modeled (A. James, 2003), and such models should be considered at
the reactor level (G.N. Pontikakis, 2004). Mei et al, compared simulation results of single-

channel and the whole reactor models, and found that the two cases gave valid simulations.
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With the exception of (Meiet al. 2006),, none of the aforementioned models is 3-dimensional. In
addition, none of the 3d models are solved analytically. This work therefore focuses on single-
channel modeling and addresses both of the above literature shortcomings. First, a detailed 3-D
mathematical model is developed and solved analytically. This is then followed with the
formulation of an optimization problem whose solution identifies the optimal design of a 3-D

monolith reactor.

3.2 Mathematical model of a 3-D monolith reactor
Consider a monolithic reactor consisting of an array of N rectangular channels each with length

L(m), width 2W (m), and height 2H (m). The reactor is fed with a stream with flowrate

: : : i ( Mol
F (_m )and inlet concentrations of A equal toC," (—03 .
S m
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Figure 3-1 3-D Monolith Multi-channel Reactor

The surfaces of each rectangular channel are coated with a catalyst driving the irreversible
surface reaction A—*— B . Reaction may or may not occur in the bulk (gas control volume). It is
assumed that each channel of the monolith reactor behaves in an identical manner to each other
channel.
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k
Consider the first order irreversible surface reaction A— Btaking place in an isothermal
monolith reactor, both on each channel’s internal surface and bulk interior. The reactor model

consists of a species A balance, as shown below.

aC, (X, Y,z 0°C.(x,y,2) 0°C,(xV,2) 0°C,(x Y,z ’
Rl >:DA[ 0001) PG00 T e (ay), o

with boundary conditions

C,"=C,(x y,o)_ﬂaa?(x, y,0) ¥(x y)e[oW]x[0,H], @)

aCZA(x, y,.L)=0 V(xy)[OW]x[0,H], @)

aach (0,y,2)=0 V(y.z) [0, H]x[0,L], (5)

0=—kC, (W, y,2)-D, 2 (W,y,2) ¥(y.2) [0, H]<[o.L]. ©)

aCA(x,O,z):O v(x,z)e[0O,W]x[0,L], (7
oc,

0=-kC,(x,H,z)-D,

(x,H,z) ¥(x,z)e[O,W]x[0,L], (8)

Substitution of the above dimensionless variables yields the dimensionless equations:

VzCAin aCA* _ DACAin aZCA*(X*’ y*,z*) + DACAin 82CA*(X*’ y*,Z*)
L o W’ ox H? oy’
o afia s s < ©)
+ DASA TCh (a);;y ki )—k’CA‘”CA*(x*,y*,z*)
oC,” D,L 62CA*(X*,y*,z*)+ D,L aZCA*(x*,y*,z*)+
or' v’ ox* v,H? oy
o°Cy (XY 7") kL < (10)
D 1 1 ! * * * *
+VZ_C Aaz*2 _ ZCA (x,y,Z)
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oc, 1 (EJZ 82C,f(x*,y*,z*)+ 1 (ETGZCA*(X*,y*,z*)Jr

oz" UV(sS ox™ uv (T oy 1)
1 0°C, (XY 7) UK L. .

"oV o Gy

The boundary conditions for these equations in dimensionless form are:

1=C, (x",y O)—%aﬁié (x,y",0) ¥(x',y")e[0.1]x[0,1], (12)

NI -

= (x,y".1)=0 v(x',y")e[0,1]x[0,1], (13)

6C, [+ -

axi\ (0.y".27)=0 v(y",z") e[0,1]x[0,1], (14)
cly e OCS . -

0=-SC, (Ly"z")- ~ (Ly.2") v(y".z")e[0,1]x[0,1] (15)

a;yi\*(x*,o’ 2')=0 v(x',z")€[0,1]x[0,1], (16)
R T .

0=-TC, (x",12°)- ayé (x"127) v(x",2") e[0,1]x[0,1] (17)

Consider thatCA*(x*,y*,z*)=CA*(X*)(5A*(y*)C~IA*(Z*). Then dividing by

C, (x*)éA*( y*) CA*( Z*) and rearranging terms the governing equation becomes

(u j d’C,(x") 1 (u j d’C (y") 1
. — =+ s
UK, dC, () 1 1 [\S) & CJ(x) AN (Y

v iz () | a%, (z) 1 =
T C. ()
ik sy (7)1 _dzé’*:(z)~ 1 __
2 CJ(7) d? C(7) 8)
[szdz(f;(x*) 1 +(£jzdzé,:(y*) 1
S x*  C (x) \T dy”®  C, (y)



Since the right hand side is a function of xandy, and the left hand side is a function of z, they

must both be equal to a constant. Then
0’6, (z) 1
2> ¢, (7)

(EJZdZCA* x*) 1
S C,

+UV

dx ™

(19)

Since the left hand side of(Z*)is now only a function ofx, and the right hand side is only a

function of y, they must also both be equal to a constant. Then

_dzéiﬁz*) Y “Culr) Lo UK=-1 @)

i* ¢ (7) dz’ C,(7)
[%j dzz’; ) c,;l(x*) ——u Q) |
‘*Hdzi'}**(zy*)é;}y*)=“‘ >
_dff;igz*huv dég}z*h(umm)q (7)=0 @
(3 ot .
el e

In a similar manner the problem boundary conditions on C,” become:
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[ NA (VA 1 /A (. ~0dC -
1=C, (x")C,(y")C, (o)—U—VcA (x)C(y) = (0) V(x",y")e[0,1]x[0.1] (22)
N o o Ca'(X")20 v [01] dé ”
C. (x)C(y) - ()=0v(x"y )e[O,l]x[O,l]éA*(y*)gy*e[m] - (1)=0
dc * e e L Ca'(Z")r0 v2 0] dc.”
i~ (0)C(¥)Ca () =0 V(y".z )e[0,1]x[O,l]éA*(y*)fvy*e[m] ~ (0)=0
_ dc.* e o Ca'(27)20 vz 0]
o{—scA (1) -5 (1)}(:A (Y)C.(27) V(.2 )e[0,1]x[O,l]éA*(y*)fvy*e[M]
-SC,” (1)—d£(’: (1)=0
. dé * . N L CA*(Z*)¢OVZ*6[O,1] dé *
C. (x) dyi‘ (0)C.(z7)=0 v(x',z )e[O,l]x[0,1]0;()(*):0:?1{6[0'1] dy/i (0)=0
.. dé * o~ L. CAx(z*)¢0Vz*e[O,1]
0=|-TC, (1)- dyé (1):0}(:A (x)C(2) v(X'.z )e[0’1]X[O’l]c;(x*)ﬁ;e[o,l]
s (1)- 954 (p) -

Solution of equation(Za) leads us to consider the following three cases regarding the sign of s :

Casel:|u = 0| Then, equation (2a)becomes
9°C 0= 6, (x)=ex Application of the bound aitions 5+ (0) =0
v -0= A( )—Cl +c, pplication of the boundary conditions e (0)=0,
.4 o . =
-SC, (1) - e (1)=0 then yieldsc, =0, ¢, =0which yields a trivial solution |C,”(x")=0|.
X
Case2:| ;2 —x? <0, x> 0| Then, equation (2a)becomes
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» (x)=0 (2a), which has the

(ETM_K@;(X*):O@__*_

o
N
O
>
—
x
*
~
A
N
7\
w
N———
N
|

S dx™ dx ™ U
— o / w K(ijx* —x(é)x*
general solutionC,”(x")=ce V) +ce W, and first derivative
ol Sy o S
dci‘ (x) = K[E)cle (U] —K(ijcze (“j . Application of the boundary conditions
dx U U
dC, =~/ dC,. :
dxi\ (0)=0,-SC,"(1)- dx/: (1)=0 then yields
c,=¢,
S S oS -2
-S (cle 5 +Ce (U)J -~ Lx(éjqe 5 - K(—)cze (U)] —o[7
c,=¢
S ez’%>l . . .. - = * *
Kg~S 2S & |G =C, =0]which yields a trivial solution|C, (x)=0].
C1:0\/K7+S:e Kg75<1
KU+S

Case3: |1 > 0| Define|x? 2 12> 0, x> 0|. Then, equation (2a)becomes

2d°C, (x" . d?C," (x" 2_
(E) — A\ (X)+K‘2CA (x):0<:> %+K2(§j C, (x):0<:>

d’C, (x 2 _
AJ{K(SD CA*(X*) =0, whose general solution is

Then the boundary conditions d;i’i (0)=0,-SC,"(1)- ddc’i (1) = 0 become
X
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—C K (Sjsin (0)+c,x (S) cos(0)=0and

fe(e s ol ool

respectively. Sincex >0, the above two equations admit the nontrivial solution:

C(x)= COS(K[SJ X*j A K(S) tan [K‘(S

To investigate equation (Zb) along with | > 0| we have the following 3 cases:

=S (23)

N—

Case3A: Define(v? 21— u>0,v>0|.

) U ZdZCA*(y*) . .
Then equation (2b) becomes (?j dy—*2+V C, (y )=0<:>
d’C, (y") VYW 4., . . :
T+£V(UJJ C.(y')=o0. Its general solution is

y*J =

Jcos[ [S)yj Application of the boundary

CA*(y*) _ QCOS(‘{S} y*j+ bzsin(v(LTJ
ddC;,{ (v)= _blvﬂgjsin[vﬂgj y*] +by

C* A x dC
0)=0, 0=-TC, (1)-—2
;- (0)=0. Ny

Gl Dl
() ) (o

{El;c?}v b, %0 /\—TCOS(V(gnﬂx(ngin y
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The nontrivial solution of this set of two equations IS

Co(v)= cos[v(%) y*j A v(%)tan (v(%)) =T (25)

Case3B: |4 = > O|then equation (2b) becomes:

d?C, (v N ) dé *
%:0 =C, (y ):cly +C, . Application of the boundary conditions dyi\ (O):O,
y
. dC,”

-1¢,"(1)- v (1) =Othen yields ¢, =0, ¢, =0 which yields a trivial solution |C,"(y")=0].

Case3C: Define|v? 2 u1— A >0, v > 0. Then equation (2b) becomes
242C 5 (y" X d2C,(y" 2
[Hj &—VZCA*(y*)ZOQA—VZ(IJ Ca(y)=0 (2b).

T dy™ dy™? U
o), oY)

A

Then the general solution of (2b)can be written as: CA*(y*)zcle

S, (v) V[T )Cle(v(m (lj n6)

dy” U U

A
* A

With the boundary conditions ddc;i‘ (0)=0,-1¢, (1)- ddcfj* (1)=0, itthen holds
y
c,=C,
T (Clev[u) N Czev(“)J _ V(S)(qe“(u) ~ Czev(u]] Y ad
C,=C¢ VG}T .
V(TJ_T T o ¢, =¢, =0|which yields a trivial solution|C," (y") =0
vps = ¢, = 0| which yields a trivial soluti =0|.
oov ) _ 2l e =0 y (y)
T e >1
vi—|+T
o)
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Case3A is the only one that yields nontrivial solutions for equations(2a)and(2b). It is thus for

only this case that solutions for equation(1)are sought. It then holds |x2 x>0, x>0|, and

v2E2Al—u>0,v>0|. Then|A 2V’ +x*,v>0,k>0

Equation (1*)then becomes

_dZCA*(z*)JrUV dC, (")

dz™ dz”

+(U2K+v2+K2)CA*(z*):O (1%)
The general solution of equation (1*)has the form CA*(Z*) —Ae* +A e =

()

A pe” + A, p,e” , where
z

2
P1s :%[—uv i\/(UV)2+4(U2K+v2+K2)}:%$\/(%j +(UPK+v? +x7).

Application of the boundary condition d;:ﬁ (1)=0| then yields A, = —Al&e("”’”. Satisfaction
z P

of the last boundary condition at z =0 is then pursued by first taking the superposition of all

obtained separable solutions as follows:

C, (x*, Yy, z*) = ii A [e"lv"mz* _ Punn e(”“m”2'”-”)epzv"mz*jcos[z<n (Ej x*)[cos(vm (lj y*j j (26)
Y pz,n,m U U

2 2

K, (S)t""”(’(ﬂ(aj:s n=0,1---00|, V”‘(%jtan(vm(%jj:-r m=0,1,---00 (28)
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The boundary condition

! (x,y"0) ¥(x",y")e[0,1]x[0,1] (29)

— © X _ p]_,n,m (Pl,n‘m’pz,n‘m) [ (Ej *j( ( [l) *jj
1= n| 1——""¢e cos| «, x" || cos| v, y
n=0mz=0A1' [ pzyn'm J U 9]
1 N N 1,n,m~F2nm S * T -
e e j([ ) D

S S A
L I e amP2n, = —_
. ;;Am{ o +(UV /?z,n,mjpl'n'me }cos 5l g X" || cos| v 5 y (30)
However, Vq=0,1,---00 Vp=0,1,---00it holds

xq(gjtan Kq(é)JZS q=0,1,---00[, (31)
Vp(%jtan vp(gDzT p=0,1---o0| (32)

Then
¢ S) . TY W), e s
cos — |X |cos — dxdy =
oo (¢ oo () Joxer
I plnm 1 1 (P1nm—/72nm) |
1-—= - gVmm e
iiphm[ UV +(UV pzyn'mel,n,m
" mzocos(zcn [Ej x*jcos(vm (lj y*j dx'dy” <
_ U U -
S .« T) .
_cos K, m X |cos| v, T y

O ey
O e
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. S
:#[sin()ﬂ()]‘:qj _ o (K (UD
D)
Similarly
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) Tl
!U cos (X )cos{f de ) 5+ S ()cos(3) i W

(S ) Kq>0
Kn —
U

el el
- “
" (ZUJ +Lsin (Kn [SD Cos(xn (SD i :* =1 o Son{s(E))

REN - ESJ sin [Kn (SDCOS(Kn GD if % -1
Similarly
!(COS[% (Uj y*j ][COS(W (Uj y*J jdy* ) %+ ﬁ@sin [vm [8Dcos{vm (3)) if ::—r: =1

Then, sincesin(26) = 2sin(&)cos(8) V8, the following must hold:
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i i COS('_(“ (5) X*jcos(vp G] y*J dx'dy” =

A

=
]
o
3
]
o
I
O —
O —

J

_ pl,n,m +

uv

1 1n,m~#~2,nm
Jpl,n,me(p“ pen ):l

1 P—
UV pZ,n,m

el 5 ol )5 o

()n((0)
Sin K‘q — SIn Vp —
U u))
S T
Kq U Vp U
I plnm 1 l (plnm_pan) ]
1 — - ey o
Anm { UV [UV pzyn’m pl,n,m :|
ii 0 if nzq][0 if m=p
= =
n=0 m=0 sin| 2« (S] sin| 2v (T)
1. U n=ql Ly )i e
S —413 T
dic,| v, | =
LL U L U -
w5 )) [ 5ol )
sin| x| — sinf v | —
q U p U
c) | )
K'q U Vp U
A = S T
sin(zx (D sin(Zv (D
|:1_,0L[”) (1_ 1 ]pl e(/’1q,p_P2,q,p):| +¢ +¢
uv uv P2a.p h 4Kq (jj 4-Vp (l-:]
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reactor’s dimensionless concentration

profile

1S:

pl,n,m e(pl,n,m ’Pz,n,m)epz,n‘m

CA* (X*’ Y, Z*) - ii Am (epl,n‘mf -
pz,n,m

Jeoln S (5)7)

3]
£ |

A =

. S
1 1 L SII’I(ZK’n (UD
1_ pl,n,m + _ plnme(pl.n,m_pz,n,m) 4
w (v p,, ) 2

&

~+

]

2 2

2 2
pl,n.m ég_\/(%j +(U2K +Vm2 +Kn2) <p2,n.m é%"‘\/(%j +(U2K +Vm2 —I—K‘n2)

(Dol

() o

The dimensionless outlet reactor concentration C;’“t* can then be evaluated as:

out* A
CA =

O e

1
.[CA x Y 1dxdy
0

CT=ZZ&{
n=0 m=0

1 1
* > > p * T *
CM = A _eftnm| ] 20 cos K| — |X dx (cos Vv, (—]y n
A n=0 ; ' pz,n,m '(')‘ U ‘('). U
i S T
o o P Sin Kn U Sln Vm U
COut* — Pinm _ FMinm
’ ;;Ahme . X (Sj (Tj <
,n,m K — |V -
u) "u
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Define

0,tand, =S, 2nr <0, £2n7r+% n=0,00

tang =T, 2mr< £2m7z+Z m =0,
, tang, n >

2 2
Pramr Paonm are the roots of s> —UVs—-U? {K + (‘émj J{ ”J J =0. Thus they satisfy:

n |

?

2 2
[
Pinm +p2,n-m =UV 1 Piam Ponm = —u 2 {K " (?—_mj ’ (gnj J

QU{\L—\/(\LJ +[K+¢i:+9”§jJ<0<p2nméu{\iJr\/(\i) +[K+¢
2 2 T S . 2 2

Then the dimensionless outlet reactor concentration C;’“t* can be written as:
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(35)

(36)

(37)



(1_ Prnm ][sin(é’n)}z{sin(qﬁm)}z
R J2 6 ¢
Ciut :ZZ 2,n,m n m : - (38)
70 m0 Kl—pl’”‘mjem‘”‘“{l—1]plnme”““}[1+Sm(29“)}{1+5m(2¢”‘)}
uv W pyo, ) 2" 49, |27 4g

The above expression can also take a form that avoids trigonometric expressions. Since,

tanenzg, 2n7z£0n32n7z+% n=0,oo}<:>
(tan&n)zzﬁ, 2n7z§9n32n7z+§ n=0,oo}<:>

2n7r£6?n£2n7r+% n=0,oo}<:>
. S A Vs L
SiNQ, = ———, €050, = ——— 2n7r£«9n32n7z+5 n =0, . Similarly

2mz < ¢ sZm;w% m=O,oo}.Then

(1_ pl,n,m ]I: SZ Tz

R ah P2nm (9n2+82)0n2 ¢m2 (¢m2+T2)

CA _nzz;‘; 2 2 2 2 2 <
Pann gnn _ (Pam) g || 075748 || 47 +T°4T
uv UV 0, 2(6,2+5%) || 2(4°+T?)

PR (Penn = Pinn) (39)
o =T ;;mzé{[enz (07 +8°+8)][8,(g,+T +T)][(pz,n,m ) e = (prom) e_p”‘m]

Expressions for the limiting behavior of C‘:”t*with respect toU ,V are listed below and are

derived in the Appendix.
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A 1 1 ’ 1 ¢m2 0n2 —
From the formulasO< p, . £UV Stlz) tyE K+?+? v Pram T Ponm =UV and

2 2
pl‘n.m-pzyn.mz—Uz{KJr(i—m) +(%) Jlt is easy to see that I|m ) Popm =10, I|m plnm:O,

Ponm o=pPiam 2 1 ~P2nm
I- (,OZ’n'm )2 e_pl,n,m _(plln’m )2 e_ﬂz‘n,m L V e (pl!n'm) 2yn'mV € 3
im = lim = ,
V =+ V (pz,n,m - pl,n,m) Vo (1_p1,n,m (pZ,n,m) )

. out” 212 -

It is important to notice that the aforementioned limit does not depend on the reactor’s

dimensionless lengthU .

N R | 47 67 _UV it
From the formulasO< p, . =UV E+ > +V2 K+F+ 57| | Prom T Ponm =UV, it is

easy to see that

2 2 2 » 2 2 2 .
1 1 1
\Y 1 (lj +i2 K+¢"‘2+9L2 = Pum g Ponm _yy | 2 (—) +— K+¢L2+49”2 do
2 2 \Y T S U u 2 2 \ T° S

not depend onU .Then

lim C® =0

U—+o A

H out” _ 2712 Sh Y 1
Sl =45 g‘%{[ef (67 +5% +5)|[ 4 (¢m2+T2+T)]}
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Analytical expressions for the partial derivatives of the dimensionless outlet reactor
concentrationCz”‘*with respect tos,T ,U,V . To this end, the derivative expressions listed

below are derived in the Appendix.

do, =— 9”2 , n7zSt9nSn72'+z n=0,o00
dS 6°+S°+S 2
dg, _ ¢

V4
mz < ¢ sz+§ m =0,

dT g 2+T2+T'

1 20,7
d[0n2(9n2+82+s):l _|:9nz+sz+s+25+3:| -
= =, hr<f <nr+— n=00
ds [6,(62+5%+5)] 2

1 24 2
d _ m
[¢m2(¢m2+T2+T)] {¢m2+T2+T+2T+3}

T
= , Mr<4 Sm;r+§ m =0,

dT [ (2 +T2+T)]
apl,n.m — pl,n.m a(plyn-m /U) — O . a102,n.m — pz,n.m a(pznm/u) — 0
oU U | oU "1 oU u [ oU
a'Ol,n.m U P1 n.m U P2 nm -Vu _ U PLn.m
N 2'Ol,n.m -uv 2'02,n.m -Vu P2 nm ~ PLnm
apz,n.m _U VU_pl,n.m _U P2 nm _U P2 nm
o v _Zpl,n.m 2’Oz,n.m -Vu P2 am ~P1Lnm
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o[ 6%+s?
0
n 2 2
op 0 ~+S°+S
1,n.m iy n
oS 2 2
2 é ]
g3 (V + K +£2+L2
2 T S
S| 62+
0 n
8p " 1lo2+s%+s op
2,n.m -y n _ 1,n.m
oS oS
3V 2 ¢m2 an
Sl = | + K+—2+—2
2 T S
2 12
2 ¢m +T
0 ¢m ) 2 +T2 +T 0
pl,n.m: __ P2,n.m
aT 2 2 oT
2 é 0
T3 (Vj + K +L2+L2
2 T S
[ (Punn) € ~(pinn) e R [ s el
(Ponm = Pinm) . "lo?+si+s (Ponm = Prnm)

0S

Vv 2 2 2 ~P2am _ A" Piam
83\/(2] +[K +Z¢i-mz+snzj +2p1.n.mp2.n.m (e ° )2j|
pZ,n,m _pl,n,m
5 (pz,n,m )2 g m _ (pl,n,m )2 g Fznm y , ¢mz +T2 |:(p2,n,m )2 e+ (pl,n,m )2 g :| N
(pz,n,m _pl,n,m) Y " ¢m2 +T2 +T (pz,n,m _p]_,n,m)
oT vV 2 2 0 2 “P2am _ a~Pinm
T3J(2j +[K +i¢i’m2+sn2j +2p1,n‘mp2‘n,m ° ° 2:|
(pz,n,m ~ Pram )
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a (pz,n,m )2 e_pmm - (pl,n,m )2 e—Pz,n,m 5 )
(pZ,n,m _pl,n,m) 1 |:(p2,n,m) eipl‘n'm (1_pl,n,m)_(p1,n,m) e*Pz,n.m (1_p2,n,m ):|

ouU - U (pz,n,m - pl,n,m )

|:(p2,n,m )2 e‘Pl,n,m (2 + pl,n.m ) + (pl,n,m )2 e_ﬂz‘n‘m (2 + p2,n.m ):| -

2 2
p ,n,m e‘Pl,n,m B ,D ,n,m e_”Z-ﬂxm - -
6{( | ) (pz,n,m _Eol,i,m )) ] |:(p2,n,m )2 g _(pl,n,m )2 ¢ ”“ﬂ[uvj

:U pz,n.m _pl,n.m

oV (pz,n,m ~ Piam )2
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|

20°

n

9n2+SZ+S

[67+5%+5]

9;[

HHZ +§?

+25+3}{

)

(pz,n,m _pl,n,m) :|_
oo s(p o]

+

y 07 +8°+$ (Pynn = Prinn)
v 2 2 0 2 @ Funn _ @ Funn
y o 83\/(2j + [K + f_% + S“zj +2p, . Pann M
g — ﬁ — 4UVS?T? ii L L (pz‘n,m B pl,n‘m) _
s S 1o m=0 [0 2 (6‘ 2, g7, S)][¢ 2 (¢ e TP T )]{(Pmm )2 e - (pl,n,m )2 g
' ' " ' (pz,n‘m - pl‘n,m)
i 72(/5”‘2 +2T +3
¢m2 + T ’ + T (pz.n‘m )2 eip‘" "= (p1,n,m )2 e7p2 " _
[47+T2+T] (P = Porn)
(o) [l ye ],
y "lgtaT AT (Prvn = Pinn)
V 2 2 9 2 e*P“m _ e’ﬂx nm
out” out” T 3\/(2j + (K + ?:-mz + Snzj +2p1,n,mp2,n,m M
< = —+— _4UVS°T? ZZ = L (pz‘nym - /’mm)
o T 1=0 m=0 [92(92+SZ+S):H:¢2(¢2+T2+T):|{(p2n,m)zep”m_(pl,n,m)zep”m
' ' ' ' (pz,n,m - pl,n,m)
aCout“ out” - |:(p2nm)2 eipl‘n‘m (:L_plnm)_(plnm)2 e’ﬁ’z,n‘m (1_p2nm):|(p2nm _Plnm)
A — A _4VSZT2 ” o h M o un
ouU U Zz 2

55502 (07«5 5Vl (4]

[ o]
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aC out” C out”
oV

— = ——4U2vsszii
v [0 (07« s e s) ][0 (4 + T +T)] [ (ponn) € (o)

[(/’z,n,m Yt —(p.. Yer ][ uv j

Ponn ~ Pion

(o) e (240, + (o) e (24,0, |-

Proposition 1

aC out”

8lAJ <0 VvS>0,VvT>0,vU >0,vV >0

Proof

acim*
ou

<0

out”
A

M
M

4VS°T?

>
i}
o
3
JIi
o

4VSszii

n=0 m=0

CU —4v32T2ii

1 1
6,2 (enz +82+ s) ¢m2(¢m2 +T? +T)
l:(pz,n,m )2 e*Pl,n,m - (pl,n,m )2 efpz‘n‘m ]

(pz,n,m ~ Pram )

|:(p2,n,m )2 g (1_ Pram ) - (pl,n,m )2 CRe (1_ P2nm )J (pz,n,m ~ Pram ) 0o
o1 [97(07+5%+5) [ (7 + T2 +T) | (o ) e (o) € T

|:(p2,n,m )2 e_pm'm (1_p1,n,m)_(p1,n,m )2 e‘Pz,n,m (1_p2,n,m ):|(p2,n,m _pl,n,m) ] V>0
> <0<

[67(82+8%+8)|[#2 (2 +T7+T )][( Ponm) €7 —(Pram) e"’zvn-mJ

|:(p2,n,m )2 e_pl,n.m - (pl,n,m )2 e—Pz,n.m :|(p2,n,m - pl,n,m )

s
s

il
o
3
Il

=

07 (4

|:(p2,n,m )2 CRE (1_ Pinm ) - (pl,n,m )2 g (1_ Panm )j|(p2,n,m ~Pinm )

2

24824 S)][¢m2 (¢m2 +T24+T ):||:(102,n,m )2 e —(Pypm )2 e’pz'"'"‘}

162 (6,

24824 S)][¢m2 (¢m2 +T24T ):||:(p2,n,m )2 VI )2 g Fenm T
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ii |:p2,n,me_p1‘n'm _ pl,n,me_pz'n'm i|,01,nymp2,n,m (pz,n,m - pl,n,m)

<0
=0 [67(67+5%+8) ][4 (A7 +T7+T) || (Prn) € = (P10 ) €7 |

It is easy to see that each term of this double sum is negative, and thus the above assertion is true.

O.E.A.

3.3 Optimization of a single 3-D monolith reactor

In a traditional reactor, fixing the reactor’s inlet concentration vector and conversion level o

fixes the reactor’s residence timez , which is equal to the reactor’s volume to volumetric
flowrate ratioréV/ F . Since the capital cost of a traditional reactor is proportional to the

reactor’s volume, fixing the traditional reactor’s conversion (and thus residence time 7 ) fixes the
reactor’s capital cost to production ratio.

In the case of a multichannel monolith reactor with known inlet concentration vector, the

analytical expression developed earlier for C‘:“t*suggests that there is not a single design

parameter that will determine the reactor’s conversione« . In addition, the capital cost of a
monolith reactor with no bulk catalyst loading is proportional to the reactor’s surface. It is thus
desirable to identify a multichannel monolith reactor with a given conversion level« and a
minimum catalyst surface area to volumetric flow rate ratio (and thus a minimum capital cost to

production ratio).The aforementioned minimization objective can be written as:

(41)

A, 4W+H)LN  (W+H)L
F 4,HWN v HW

This objective will be minimized subject to the constraint that the reactor conversion is fixed at

a . To determine the resulting optimization problem then becomes:

113



A (W+H)L A (1 1]L
o= min = min | —+—|—
W, H,L,v, VzHW wHLyvy, \W H v,
out out
C’?n l-a = C’}n =l-« (42)
CA CA
channel model channel model
Employing the dimensionless ratios S ékﬂ,T ék—H,U ék—L,v é% and the analytical
A A A

expression developed earlier for Ci“t = CA}” , a dimensionless Eratlo can be derived as
A

kézkkDA(W+H)L =k kDADA(S+T)L =(S+T)U . In addition, a dimension less flow

F kD,v, HW kkD,v, HW VST
rate per channel can be derived as follows K > F =4L2vZ HW = kz kvDASDAT =VST
4D N 4D, D, Kk
Then the optimization problem becomes:
Al (1 1ju
c==-min | —+=—|—
k stuv (S TV
. > = [10°(0°+S*+S (@ 2+T2+T
C* 24UVST? Y D 1= (@ — )14 (¢”“2 - ) =1l-a
n=0 m=0 (pz,n,m) € P _(pl,n,m) € Penn
(102,n,m _pl,n,m)

Consider a feasible point [S T U V}of the above optimization problem. It is easy to verify

that the point [‘f S U \7]is also feasible and has the same objective function value. This

implies that the above formulation has many local minima. To avoid this degeneracy we assume
without loss of generality thatw >H < S >T . Numerical stability considerations lead us to

solve repeatedly the optimization problem below which considers that V is fixed:

114



1 1
» = || 6%(6° SZSMZ 2TZT}
4vsiTY S [ {( eSS L e 2T

. T +a-1=0
(Pann) €™ ~(piom) €™ ] (44)

(pz,n,m - pl,n,m )

g, tan(6,) =S, nﬂsﬁnsnﬂ+% n=0,..0; ¢ tan(g,)=T, mr<g Smﬁ+% m=0,..., 0

A |V VY 2 g2 A |V VY 2 g2
pl'n'm:U[E_\/(E) +(K+¢L2+Sn2 j:l<p2,n.m=U[E+\/(Ej + K+Z¢1-L2+ Snz

34 Discussion and Conclusions

The above optimization problem’s optimum exhibits equal values of Sand T . Its optimum
objective function values, optimum S =T values and optimum U values are shown in the graphs
below, for five cases when the dimensionless velocity V equals 100, 50, 20, 10 and 5. As seen in
figures (2, 6, 10, 14, 18) the optimum objective function values, for a given conversion level,
goes up, as the dimensionless velocity V goes down. This implies that the minimum catalyst
surface area to volumetric flowrate ratio is a decreasing function of the dimensionless

velocityV .

The dimensionless optimum channel dimensions, corresponding to the same conversion level,
also exhibit a monotonic dependence on the dimensionless velocityV . The optimum
dimensionless reactor length U is a weakly monotonically decreasing function ofV , while the

dimensionless reactor width/height S = T is also a monotonically decreasing function of V .

115



Another important realization that needs to be emphasized is that the minimization of the
. : . A (1 1)\U .
dimensionless surface to flowrate ratlokE = §+? v for a fixed value of V , completely

determines the optimum dimensions of the monolith channel. This however does not determine

the flowrate F that can be processed by the monolith reactor. Indeed, although the dimensionless

flowrate to number of channels ratio

2

% =VST is determined by the carried out optimization
A

procedure, the reactor’s flowrate F can be increased or decreased at will (albeit in integral

4D,?

increments) by altering the monolith reactor’s number of channels N, since F = VSTN .

Furthermore the reactor's surface area Acan be altered at will and in a manner exactly

proportional toF , since (as long asV is fixed) A:AF :E 1+l HF. This realization
F k\S T)V
bodes well for the future applicability of the IDEAS conceptual framework to this 3d monolith

reactor model.
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Figure 3-2 Optimum Objective function as a function of Conversion. Case: Velocity =100
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Figure 3-5. Optimum dimensionless VST as a function of conversion. Case: Velocity =100

117




3.5

3

2.5

2

Optimum

Obj 15

1

0.5

0.4 0.6
Conversion Alpha

0.8 1

# Obj, V=50

Figure 3-6. Optimum Objective function as a function of Conversion. Case: Velocity =50

4

3.5

3

2.5

Optimum 2

U
1.5

1
0.5

¢o®
0e *%

v*”’

0

0.

2

0.4 0.6

Conversion Alpha

@ U,v=50

Figure 3-7. Optimum dimensionless length as a function of conversion. Case: Vel

ocity =50

0.049

0.048

0.047

0.046

Optimum 0.045
S 0.044
0.043

0.042

0.041

0.04

XXX EAAAAA

*

st

*

L

0.2

0.8 1

0.4 0.6

Conversion Alpha

@5, V=50

Figure 3-8. Optimum dimensionless height as a function of conversion. Case: Velocity =50

118



0.14
0.12

0.1
0.08 L

Y X X2
PRI XXX XX
-

0.06
0.04
0.02

O T T T T 1
0 0.2 0.4 0.6 0.8 1

Conversion Alpha

@ VST,V=50

Figure 3-9. Optimum dimensionless VST as a function of conversion. Case: Velocity =50
3.5
3

25 4

Optimum 2 *
Objective 15 VS
L 4 @ 0Obj,vV=20
1 ® \ 4 L
L 4

.
0.5
00"“

Conversion Alpha

Figure 3-10. Optimum Objective function as a function of Conversion. Case: Velocity =20

4
3.5
3 *
. 2.5 '
Optimum 2 .

u <
1.5 re g 4 U, V=20
1

o®
¢
O'c5> o o9? . . . .

0 0.2 0.4 0.6 0.8 1
Conversion Alpha
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3.6 Appendix A.3: Derivatives and Limits
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Chapter 4

4 Method To Estimate Rate Constants By Identifying Reaction Invariants For
Complex Kinetic Models

Abstract

In this work, we present a novel method for determining reaction kinetics using the reaction
invariant reduction method for any set of complex chemical reactions. This work is an effective
way for reducing the dimension of chemical reaction mechanisms and to predict the kinetics
from a given set of data. This new method will be developed based on a convex formulation of
the associated optimization problem. A case study on the Trambouze reaction scheme carried out
in a plug flow reactor (PFR) will be used to illustrate the proposed methodology.

4.1 Introduction

Many chemical processes involve reaction mechanisms with hundreds of reactions and
thousands of species [1—4] as can be seen in petroleum refining [5], fuel combustion [6], and
atmospheric chemistry [7]. These reaction mechanisms are often developed based on the
consideration of elementary reactions, whose Kinetic rates are determined based on mass action
kinetics. However, numerical computations using such detailed reaction kinetic mechanisms are
challenging due to the significant computational burden associated with their use. To make their
use more practical often times reduced mechanisms are sought which utilize a reduced number of
species and/or reactions, [8]. In addition to the former features, the reduced/simplified (also
called “skeletal”) model needs to provide quantitative information regarding the mechanism
parameters as well as qualitative sensitivity of the mechanism kinetics [1].

From [1—4], three typical methods to reduce reaction mechanisms are: skeletal reduction,

lumping, and time-scale analysis. In skeletal reduction, some reactions and/or species are
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eliminated as they are found not to be critical in the detailed mechanism. For lumping, chemical
species and reactions are lumped together creating fictitious species that represent global reaction
steps calculated from the elementary reaction rates. Finally, in time-scale analysis, reactions are
divided into “fast/minor” reactions and “slow/major” reactions where the fast/minor reactions are
removed from the detailed mechanism.

According to [8], the following techniques produce reduced models for detailed

mechanisms, but they lack control over accuracy: lumping (Weekman, 1979), sensitivity analysis
(Tilden, Costanza, McRae & Seinfeld, 1981; Rabitz, Kramer & Dacol, 1983; Edelson & Flamm,
1984), comparison of reaction rates (Frenklach, 1987, 1991), concomitant parameter estimation
and model reduction (Maria, 1989), ridge regression analysis (Maria & Muntean, 1987),
functional group analysis (Graedel, 1977), target factor analysis (Bonvin & Rippin, 1990), and
singular perturbation theory (van Breusegem & Bastin, 1991) [11-20].
In recent years, computational singular perturbation (CSP) has been widely used in the realm of
fuel combustion such, as hydrocarbons [1-3] and ethanol [4]. CSP outputs families of reduced
models, which then need to be tested for accuracy. Also, it is important to note that [1] developed
an algorithm which simplifies reaction mechanisms based on CSP. Another approach was
described by (Conner and Manousiouthakis, 2011) [10], who described a globally optimal
method of determining parameters from experimental data for systems described by ordinary
differential equations. The method they proposed is guaranteed to identify the global optimum of
the non-linear regression problem and is also able to deliver ranges for the model parameters for
which the proposed model describes the available data within a predetermined level of accuracy.

The problem considered in this work is the identification of chemical reaction mechanism

kinetic rate constants, based on PFR experimental data obtained for several (not necessarily all)
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species participating in the reaction mechanism. The proposed methodology employs the concept
of reaction invariants, and involves the formulation and subsequent global solution of convex
optimization problems. The aforementioned global solutions yield both the globally optimum
values of the kinetic rate constants and can be used to calculate the associated concentration
profiles for the mechanism’s participating species.

The remainder of this work first reviews dimensionality reduction for chemical reaction
mechanisms based on the concept of reaction invariants. Then the proposed kinetic rate constant
identification methodology using convex optimization techniques is described. The proposed
methodology is then illustrated on a case study involving the Trambouze reaction scheme carried
out in a plug flow reactor (PFR). Finally, conclusions are drawn.

4.2 Reaction Invariant based Dimensionality Reduction
Consider a reaction system involvingn species and m reactions described by:

> viA=0 Vj=1.,m, where {A}f is the species vector, and V;is the stoichiometric
i=1

coefficient of thei" species in the j" reaction, with Vi > O(Vij <0) if thei™ species is a product
(reactant) in the j" reaction. Let C= [Cl C,---C, ]T €RR" denote the species concentration vector;

R Vi=1..,n the volumetric generation rate of thei™ species; andf Vj=1..Mthe

m
volumetric reaction rate of the j" reaction. Then R :Zvijrj Yi=1..n , and since mass is
j=1

conserved, Zn: MR = Zn:i Mv;r; =0.
i=1

i=1 j=1
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Let @ be the vector space of all continuous functions mapping from R"to R'and thus

]

I eQ Vj=1..,m, and also R =iv..r. €Q Vi=1..n . Then the sets S ={rj, j :1,....,m}
j=1

andH ={R, i=1...n} are both subsets ofQ, and
[S]éspan(S)é{sEQ:s:injrj,njeRijl,m} and
j=1

[H]£ span(H) 2 {h eQ:h=>nR,neR Vi=1 n}are both subspaces of @ that contain

i=1

all linear combinations of elements in SandH respectively. It then holds

R =>wr e[s]cQ Vi=l..n,Hc[S]cQ,and[H]<[S]cQ.

ij
To introduce the concept of a basis for the above defined subspaces, the concept of linear
independence is first defined. Let{¢,,@,,---¢,} £ S, <[S]have a finite number of elements x,

andr, €[S]. Thenr, is linearly dependent (independent) upon S, iff

rXe[SX]éspan(Sx)é{ger:go:ZX:ni(pi,nieRVi=1,x}(rX¢[Sx]), ie. iff rcan

i=1

(cannot) be expressed as a linear combination of the elements of S, . Equivalently, T, is linearly

dependent (independent) upon S, iff Hm.my,neR i =D no, (

i=1

A{m,n,,-neR 1r, =) n¢).S,is a linearly independent set iff each element of S,is

i=1

linearly independent of the remaining vectors in S, , or equivalently S, is a linearly independent

set iffzx“ni(pi =0= {7,117, =1{0,0,---0} e R*. A set {@,9,,-¢,} =S, [S]is a basis

i=1
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for [S] iff[SX]:[S]/\{gniq)i =o:{nl,nz,---nx}={o,o,---o}eRX}, ie. S, <[S]is a basis

for [S] iff S,is a linearly independent set and [S, | =[S].
The following proposition is then valid, [9].

Proposition 1: Let Mg (N )be the number of elements of a basis of subspace[S]([H]). Then,
mg <m(n, <n-1). In addition,[H] <[S]and ng <mj.

Zhou and Manousiouthakis, [9], established the following proposition for a PFR:

Proposition 2: Consider a constant density, isothermal plug flow reactor, with inlet and outlet

species  concentrations ~ C",C™ i=1nrespectively. Let the reaction  scheme

ZvijA:O Vj=1.,m, be carried out in this PFR, with volumetric reaction rates in
i=1

S ={rj, j =1,....,m} and associated volumetric species generation rates in H ={Ri, i :1,....,n},

If 3{m,m,,-m,} #{0,0,---0} e R": 3" ;R =0, then Y 73, (C** —C")=0.
i=1 i=1
This proposition helps identify the concept of reaction invariants. Indeed if one identifies a basis

B for[H] with number of elements equal tong , then theren — Ny linearly independent reaction

invariants. If one is able to construct a basis B with elements that belong toH, then the
construction of linearly independent reaction invariants becomes a simple linear algebra exercise.
After reviewing the theory of dimensionality reduction, the next section presents the

mathematical formulation of the proposed kinetic parameter identification methodology.
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4.3 Mathematical Formulation of Kinetic Constant Parameter Estimation

A constant density fluid PFR can be modeled using a system of ordinary differential equations:

=fi({kp}q_l,{cj(r)}nl,r), C(7)=C, Vi=Ln; VTE[O,tf:', where, C is thei"
species concentration, C,, is thei™ species initial concentration, and k is a vector of kinetic

parameters. Consider that measurements Ci (r;) ieAc {L---,n} j=1LN are available on some
of the species (quantified by the index set A ) participating in the reaction scheme at the times
7, E[O,tf]; T, >7,4; 7,=0; Vj=1LN.

The kinetic constant parameter identification problem is an infinite dimensional optimization
problem over the Hilbert space of squared integrable functions defined over[o,tf], that can be

written in penalty form as follows:

$3 (e (e) -G ]

i=1 j=1

u(e)= ian ; ,
iki ”il +821'([[ (r)-f; ( }Zﬂ,{Cj (T)}:l,Z')jl dr 1)
s.t. Ci(z)=

whereW,(7;) =0 Vig A Vj=LN,

The infinite dimensional nature of the above optimization problem suggests that an

approximation procedure must be employed for computations to become feasible. To this end, it

is assumed that Cj () belongs to the M+1 dimensional subspace of M™ degree polynomials,

M
Vi=Ln,ie C;():[0t, ]>R"; C;():r>Ci(r) 2> Al Vi=1n.
1=0
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M
Then  C;():[0t; ] >R"; C;():z>C ()2 1Al vj=Ln. The  resulting
1=1

approximate optimization problem then becomes:

;;{W (7, )(ZA éi(rj)j2:|+ |
Hym (8) £ {::1}!:1 ; . , "
| DS (e |

st. C, (z‘o) =C,,
Which is finite dimensional, but also nonconvex. Thus its global solution is difficult to attain.
Instead, a sequential optimization procedure is proposed, each step of which is a convex finite
dimensional problem. In carrying out the procedure, it is assumed that the sum of the cardinality
of the aforementioned index set A with the number of linearly independent reaction invariants of
the underlying reaction scheme is greater than or equal to the total number of speciesn .

The proposed sequential optimization procedure is:
1. Solve u,, (O) This is accomplished through solution of a finite number (equal to the

cardinality of the index set A ) of strictly convex problems for strictly positive weights.

2. Fix{{Al"}x} to their optimal values forzy, (0), and use them to identify

jeA

{{A’ }I O} (possibly in a least square sense).

jefl-n}-A

3. Use the {{A,j}IM} values identified in steps 1, 2, and calculate the integrals

=0 je{l,-~-,n}

j[ZlA' - {{ }1_1,{§:Aljr'}nl szrasfunctlonsof{ Ko -

= j=
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4. Solve the following convex optimization

{lnf ij[Zw = [{kp}‘;1,{§Agr'}jl,rﬂzdr.

p1 i=1 of I=1

The ordinary differential equations

¢ (f)édcé_y)z f ({kp}z_l,{Cj(T)}:_l,T), Ci(r)=Cy, Vi=1n; Vre[Oft,]

are equivalent to the following:

ST - 4 {fk L e, o) e -0

i=1 o

problem

©)

(4)

Let the functions f. () Vi=1nbe quadratic multinomials in {cj (.)}f lof the form:
Jj=

f (-,-,-):RQXR"XR—)R Yi=1n

o) () e () e) > (kS e (L or) 2
2A'+[B ] [c(o)]+[c()][r'][c(s)]=
=A'+ %:B'jcj (r)+22r'ikcj (r)C, () Vi=1n

k=1 j=1

r, - I
. . . AT i . . . -
where B'é[B'l B'n] Vi=1n: T2 ¢ " 1 |Vi=1n.
Ty o T

Then the above integral equation can be written as:

itj[ci (T) —A' - JZ;:BijCj (T) - Zn:irijkcj (T)Ck (T)} dr=0

i-1 9 k=1 j=1

Now, let us consider thatC, ( ZAJ ' vj=1n

1=0
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|eC

polynomial functions defined over[0,t, ]. Then,C;(

equation becomes:

n

ZIA' L

j=1 1=1

ZIA' A - ZZB'AJ' Z

n

A-YYBAR -3y

k=1 j=1

i x-S st S5 S S

k=1 j=1

n

=1 m=1

M M )
D AN

]

} dr=0<

2
A,"A‘r‘nr”m} dr=0<

f
”J- =1 1=1 k=1 j=1 I=1 m=1 dr=0<
ks ) n n M M . L,
ZI’AI I'-1 AI ZZBI AJ I ZZFJ AIJ,AI:T],Z_Hm}
j’=11=1 =1 =1 I'=l m'=1
M . M . , M . )
(ZIA:T”J(ZI'A:,T'lj—(ZIA:T”jA' +
" 1=1
+
+(—ZIA' '1](223 Mj (Zm' 'lj(ZZZZF]kA, A;wm]
=1 1'=1 k'=1 j'=1 I'=1 m'=1
+ AlirAlfl THAATHA ZZB A"+ A ZZZZFJK AT }
L I'=1 j=11'=1 k'=1l j'=1 I'=1 m'=1
B noM M o noM _
- ZZB'JA,‘r'J(ZI’A'II'lj+(ZZB'jAl’r'jA'+
Z":j N j=1 1=1 = j=1 1=
L I Zi A’T'j(ZZB AJ,'T"}[iiB‘jA:’r'j(i n iiFJkAl Al
L j=1 =1 I'=1 j=1 1=1 k'=1 j'=1 I'=1 m'=1
B n n M M » . M o n M . i
3383wt |[ S j (zzzzr,kA A':nr”mjA' R
k=1 j=1 I=1 m=1 I'=1 k=1 j=1 I=1 m=1
n n M M . n M ) .
H A DD DL AN ZZB'}.AM}
k=1 j=1 1=1 m=1 j'=11=1
n n M M . n n M M . . , L,
+ ZZFIJkA:A:.I 1+m erljkA|er:.lr I'+m j
L k=1 j=1 I=1 m=1 k'=1 j'=1 I'=1 m'=1 i
(10)
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( Z ZBJ'A|J'IA:TI+Ilj (z z FJ AJAk IAI I+m+llJ
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A ) T'A, —+A A't, + A BLA| +A r
p Shmari g e
AR n M
Y S ralBiAlr '+"1j+A (ZZB'jAljr']Jr
j=1 1=1 I'=1 j=1 1=1 d
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| =L j=L1=1 I=1 k=L j=1 'L m=1 +m’+1 |
n n M |+1 nn M M tl’+m’+1
+z —A' ZI’A' +AAt +AD D ByA; AT ALAE —
i1 D | 1 EaEEsa I"+m’'+1
L i ]
i n M M 1+1 - n M - t|+1 —
(D3> rABA - }Hy( ZHA{f]+
n = A I+ 1 == 41
j=1 1=1 I'=1 =1 1=1
+> ' +
i=1 n i n i J J tf|+|+l n ii n ii ok J tfl+|+m+1
+ B} A B' + I AYASBIA
ERNEAENEE R ! =1 1=1 K'=1 j=1 I'=L m=1 JETEmEIT e m 41 |
(5338 Brana ) oa(558 S ren )
- 'A'F'AA — |+ A ' A/A +
k=1 j=1 I=1 m=1 I'=1 "1'+14m kel j1 I=1 m1 KM ym+1
Z n n ii n i J ok tfl+|+m+1
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k=1 j=1 I=1 m=1 j=1 I'=1 "1I'+1+m+1
n_n ii n n ii N Dk tfl+m+|+m+1
+ r Ay A I A/A,
| e A amaamiEana - K "I'+m +1+m+1 |

(13)

In the next section we apply the proposed kinetic parameter estimation procedure to a case study.

4.4  Case Study

The Trambouze reaction scheme shown below, is carried out in a PFR.

kmol
m?.s
ky 1
A—>C , k, = 0.2— (14)
m? k
A—>D k, =0.4 k,” = 4kk,; a=-2=025>0
kmol - s 2k,

The resulting set of differential equations describing the PFR behavior is:
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C

C

. (15)
Cc =Rc =k,C,

C

For the above Kinetic parameter values, the PFR modeling equations are analytically solvable

with solutions:

C,(t)=—a+— 1t
1
Kt + -
Ci+a
Cy(t)=Cp +kit
o075 *h | (16
Ce(t) = C& — 207kt +2aIn (kt (C} + ) +1)
C.(t)=C" +k,| a’t— 2% ((cin Yt +1) (Ci‘nm)zt
=CJ +k;| a’t——1In +a)kt+1)+ _
P e K, A : kt(Ch+a)+1
It is easy to verify that this reaction scheme possesses one reaction invariant. It is:
Ca®+Ce()+Cc () +Cp (1) =
—a+;1+Cf3”+klt+
Kt + —
C,+a
. , _ 7)
+Cg —2a°kqt +20¢In(k3t(C;{1 + a)+1)+
. .. 2a . (CZ‘+a)2t
+Cp +k, at——ln((C;+a)k3t+l)+ . =
K, kt(Ch +a)+1
: 2
in in in 2 (CIQJFO[) !
=—05+CB +CC +CD + 1 +k1t—a k3t+k3 ( - ) =
K t+— kt|C\ +a|+1
3 in 3\7A
CA +a

__ in , ~in , ~in 2 in _
= a+CB +CC +CD++k1t a k3t+(CA +a)—
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_ ~in in
—CA +CB

+Cin

C

2 A
a =k1/k

in 2 _
+CD+(k1—a k3)t =

3. Thus

_ ~In in in
CA(t)+CB(t)+CC(t)+CD(t)—CA +CB +C

C

in
+CD

(18)

We now consider that the above listed kinetic parameters are not known, and that simply the

experimental dataCy(z;),C.(7;),C(z;) j=LN are available for only the species B, C, D.

These are listed in the Table Appendix A:

We first solve the convex problem:

Hu (O) £ (s

s.t.

ipf

}k:O.nzl,A =t

2

+WD (Tl)(iAE (Tj)k - CAD (Tj)j

C,(0)=C", C,(0)=C", C_(0)=C", C_(0)=C"

N wB(r,.)(iA;v,-)k—éB(rj)j +vvc(rj)(iAé(q)k—éc(rj)j ;

(19)

The identified globally optimal A§, AS,AS k=0,M | are listed in columns 3, 4, 5 of the Table

below. Using the above identified reaction invariant, A% k=0, M are then readily identified

and listed belowin column 2 of the Table below.

K AA AC AB AD

0 1 0 0 0

1 [4.782938618  [1.590503629 0.199992239 3.007847499

2 14.8973597 -3.646866274 0 -11.45612904

3 [31.53668803  6.651681028 0 25.80124738

4 40.17724515 -8.337125561 0 -33.64831737

9) -27.32980546 5.81807013 0 23.14577428

6 7.576873585 -1.672287483 0 -6.456918637
Table 4-1. A, A5, AL AS k=0,M
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The resulting concentration profiles

experimental data in the figure below.

obtained from the above fits

are compared to the
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Figure 4-1 Concentration profiles

We then proceed to solve the following convex optimization problem:

1
[ ZA ke*t +k, +k ZA;
B
{ki}?:1 1 M
|
L 0 k
st C,(0)=C", C,(0)
(20)

To this end, the evaluation of the integr

ZAkkr‘l 3 e }dr—

(

ALKT*

tvjz

=~
Il

1

tvjz

=~
Il

1

M
ZAEA'CkIrk*"Z

1=1

Ot O o'—.»—\ o'—.

iM=

]dr+k;£(

k=0 =0

272
ke*? —k ZA } dr+J‘|ZZAkkr“ k [iA;rk” dr
k=0

=Cg, Cc(0)=C, Cp(0)=Cp

] —Z(ZAékrk‘lJ(kziA‘;rkj+(k2
k=1 k=0
2
Agkfk-lj dz+k, j( Agrkj dz—2k j(
k=0
M M
D> ARALT

2
dr +

M 2 Y
r +k3[ZA‘;rk} dr+I{ZAEkT“—kl}
k=0 o L k=1

als forming the objective function is carried out below:
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2 ii&' t - iiA'Ak—k +iiAkA' Kl =
’ k=0 1=0 k41 ’ k=1 1=0 Mk k=1 1= CCk+l-1
1 M 2
I{ZAékrk‘l—kZZAirk} dr =
o Lk= k=0 (21)
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(ZZA;AIAHTKH2j+k12+£k2222AI;AI k+lj+k32 {ZZZZAPASA AI k+|+p+s:|
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1 M M M M M o u
:I[(ZZAEAIDKIT'(H_ZJ_2k3ZZZAgAZAIAka+I+p_1+kBZZZZZAzAAAAAIA k+|+p+s:|dz__
0

M M AkAl kl Tk+|—1 2k M M M Ap ol Tk+|+p kZM M M M ADASA AI Tk+|+p+s+l 1
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The solution of the above convex optimization problem vyields the following optimum kinetic

parameter values and associated optimum objective function value:

K = kmol
mé-s
1
k, =1.6036—
S (25)
3
k, =3.17083
kmol -s

objective function=0.00183

The identified Kkinetic parameter values are close to the original kinetic parameter values,

3
k, = 0.2 kmol k_16 K, =3.17
m

" , used to generate the “experimental” data. Once the k
mo

values are found, they are used to simulate the PFR ODE’s. The resulting concentration profiles

are shown below and are indistinguishable from the analytic solutions presented earlier for the

original kinetic parameter values.
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Figure 4-2. Concentration Profiles for identified Kinetic parameters
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45  Appendix A4

T(s)

CA(TI‘)

éB(Tj)

éC(Tj)

éD(Tj)

0

1

0

0

0.0125

0.940476

0.0025

0.019395

0.037629

0.025

0.886364

0.005

0.037655

0.070981

0.0375

0.836957

0.0075

0.054881

0.100663

0.05

0.791667

0.01

0.071161

0.127173

0.0625

0.75

0.0125

0.086572

0.150928

0.075

0.711538

0.015

0.101182

0.172279

0.0875

0.675926

0.0175

0.115052

0.191522

0.1

0.642857

0.02

0.128236

0.208907

0.1125

0.612069

0.0225

0.140782

0.224649

0.125

0.583333

0.025

0.152733

0.238934

0.1375

0.556452

0.0275

0.164127

0.251921

0.15

0.53125

0.03

0.175002

0.263748

0.1625

0.507576

0.0325

0.185388

0.274537

0.175

0.485294

0.035

0.195314

0.284392

0.1875

0.464286

0.0375

0.204808

0.293406

0.2

0.444444

0.04

0.213893

0.301662

0.2125

0.425676

0.0425

0.222593

0.309232

0.225

0.407895

0.045

0.230927

0.316178

0.2375

0.391026

0.0475

0.238915

0.32256

0.25

0.375

0.05

0.246574

0.328426

0.2625

0.359756

0.0525

0.25392

0.333824

0.275

0.345238

0.055

0.260969

0.338793

0.2875

0.331395

0.0575

0.267734

0.343371

0.3

0.318182

0.06

0.274229

0.34759

0.3125

0.305556

0.0625

0.280465

0.351479

0.325

0.293478

0.065

0.286455

0.355067

0.3375

0.281915

0.0675

0.292208

0.358377

0.35

0.270833

0.07

0.297734

0.361432

0.3625

0.260204

0.0725

0.303044

0.364252

0.375

0.25

0.075

0.308145

0.366855

0.3875

0.240196

0.0775

0.313047

0.369257

0.4

0.230769

0.08

0.317756

0.371475

0.4125

0.221698

0.0825

0.32228

0.373522

0.425

0.212963

0.085

0.326626

0.375411

0.4375

0.204545

0.0875

0.3308

0.377154

0.45

0.196429

0.09

0.33481

0.378762

0.4625

0.188596

0.0925

0.338659

0.380244

0.475

0.181034

0.095

0.342355

0.38161

0.4875

0.173729

0.0975

0.345903

0.382869

0.5

0.166667

0.1

0.349306

0.384027
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0.5125

0.159836

0.1025

0.352571

0.385093

0.525

0.153226

0.105

0.355701

0.386073

0.5375

0.146825

0.1075

0.358701

0.386973

0.55

0.140625

0.11

0.361575

0.3878

0.5625

0.134615

0.1125

0.364327

0.388557

0.575

0.128788

0.115

0.366961

0.389251

0.5875

0.123134

0.1175

0.36948

0.389885

0.6

0.117647

0.12

0.371888

0.390465

0.6125

0.112319

0.1225

0.374187

0.390994

0.625

0.107143

0.125

0.376381

0.391476

0.6375

0.102113

0.1275

0.378474

0.391914

0.65

0.097222

0.13

0.380467

0.392311

0.6625

0.092466

0.1325

0.382364

0.392671

0.675

0.087838

0.135

0.384166

0.392996

0.6875

0.083333

0.1375

0.385878

0.393289

0.7

0.078947

0.14

0.387501

0.393552

0.7125

0.074675

0.1425

0.389037

0.393788

0.725

0.070513

0.145

0.390488

0.393999

0.7375

0.066456

0.1475

0.391858

0.394187

0.75

0.0625

0.15

0.393147

0.394353

0.7625

0.058642

0.1525

0.394358

0.3945

0.775

0.054878

0.155

0.395493

0.394628

0.7875

0.051205

0.1575

0.396554

0.394741

0.8

0.047619

0.16

0.397542

0.394839

0.8125

0.044118

0.1625

0.398459

0.394923

0.825

0.040698

0.165

0.399308

0.394995

0.8375

0.037356

0.1675

0.400088

0.395056

0.85

0.034091

0.17

0.400802

0.395107

0.8625

0.030899

0.1725

0.401452

0.395149

0.875

0.027778

0.175

0.402039

0.395184

0.8875

0.024725

0.1775

0.402564

0.395211

0.9

0.021739

0.18

0.403028

0.395233

0.9125

0.018817

0.1825

0.403434

0.395249

0.925

0.015957

0.185

0.403781

0.395261

0.9375

0.013158

0.1875

0.404072

0.39527

0.95

0.010417

0.19

0.404308

0.395275

0.9625

0.007732

0.1925

0.404489

0.395279

0.975

0.005102

0.195

0.404618

0.39528

0.9875

0.002525

0.1975

0.404694

0.395281

0

0.2

0.404719

0.395281
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