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T HE MATHEMATICAL R O L E O F SELF-CONSISTENCY 

IN PARALLEL COMPUTATION 

Paul  Smoleask y 

Institute for Cognitive Science C-015 

Universit y e f  California ,  Sa n Dieg o 

UJolla,C A 9209 3 

Analysi s o f  Emergen t  Propertie s o f  Neara l  System s 

One approach to the mind/body problem is to view the description of mind as a higher level 

descriptio n o f  brain ;  t o vie w psychologica l  principle s a s emergen t  propertie s o f  neura l  systems . 

Certainl y befor e suc h a  vie w ca n b e scientificall y tested ,  a  bette r  understandin g o f  bot h brai n an d min d 

must  b e established .  Howeve r  enoug h i s alread y know n abou t  eac h t o mak e feasibilit y  studie s possible . 

What methodology is capable of analyzing the emergent properties of large complex systems of 

interactin g elements ? On e disciplin e wher e thi s jo b need s t o b e don e i s statistica l  physics ,  wher e large -

scal e propertie s o f  matte r  ar e derive d mathematicall y fro m th e principle s believe d t o gover n th e 

interaction s o f  molecula r  an d sub-molecula r  constituents . 

Is it possible to apply similar kinds of mathematical analysis to deduce emergent properties of 

neura l  systems ? Althoug h th e principle s governin g neurona l  interactio n ar e b y n o mean s a s wel l 

understoo d a s thos e governin g particles ,  model s tha t  abstrac t  som e o f  th e characteristic s o f  neura l 

network s hav e bee n studie d fo r  som e time .  Hopfiel d (1982 )  ha s show n tha t  wit h certai n modifications , 

standar d neura l  model s ca n b e analyze d wit h mathematic s muc h lik e tha t  o f  statistica l  physics ,  an d 

emergen t  propertie s ca n b e analyzed . 

One of the central concepts in statistical physics is temperature. The utility of this concept in 

performin g difficul t  computation s ha s bee n show n b y Kirkpatric k et .  al .  (1983) .  Howeve r  th e mos t 

importan t  concep t  i n statistica l  physics ,  a s i n al l  branche s o f  physics ,  i s tha t  o f  energy .  Th e meanin g o f 

"energ y i n th e computationa l  contex t  i s  no t  obvious ;  rathe r  tha n a  computationa l  interpretation , 

Hopfiel d offere d a  genera l  formul a fo r  th e "energ y o f  a  neura l  ne t  whil e Kirkpatric k et .  al .  han d 

crafte d "energ y formula e fo r  thei r  particula r  computations . 

The application of statistical physics concepts to computation is now a rather active field of study 

(Hinto n an d Sejnowski ,  1983 ;  Hofstadter ,  1983 ;  Geman an d Geman ,  1983) .  T o provid e a  soli d 

foundatio n fo r  thi s analysis ,  wha t  i s require d i n m y opinio n i s a n interpretatio n o f  "energy '  tha t 

establishe s a  dee p connectio n betwee n th e formalis m o f  statistica l  physic s an d th e centra l  problem s o f 

cognition . 

The hel p o f  Davi d Rumclhart ,  Franci s Crick ,  an d othe r  member s o f  th e U C S D Paralle l  Distribute d Processin g 

researc h grou p i s gratefull y acknowledged . 

This research was supported by a grant from the System Development Foundation and by contract N00014-79-C-

0323,  N R 667-43 7 wit h th e Personne l  an d Trainin g Researc h Program s o f  th e Offic e o f  Nava l  Research . 
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I n thi s pape r  I  wil l  presen t  th e interpretatio n o f  "energ y tha t  lie s a t  th e hear t  o f  a  genera l 

computationa l  approac h I  hav e bee n developin g independentl y o f  th e wor k o f  thos e intereste d i n 

^cura l  net s o r  i n particula r  difficul t  computations .  I n thi s interpretation ,  'energ f  i s  a  measur e o f  th e 

self<onsisienc y c f  a  computationa l  state .  I n plac e o f  th e ter m "energy* ,  whic h emphasize s th e physica l 

analogy ,  o r  th e mor e technica l  ter m "Hamiltonian" ,  whic h serve s onl y t o recal l  histor y an d accoun t  fo r 

th e physicist' s  notatio n H ,  I  choos e t o foregroun d th e measuremen t  o f  self-consistenc y b y usin g th e 

ter m harmon y function ^  denote d H .  Th e genera l  framework ,  harmon y theory ,  i s  describe d i n Smolensk y 

(1984) ;  a n analysi s o f  learnin g usin g thi s theor y i s begu n i n Smolensk y (1983) ,  an d a n applicatio n o f  th e 

theor y t o modellin g qualitativ e analysi s o f  a  simpl e electri c circui t  (wit h a  discussio n o f  th e model' s 

emergen t  properties )  i s describe d i n Rile y an d Smolensk y (1984) .  I n thi s pape r  I  wil l  focu s o n th e 

computationa l  meanin g o f  harmony ,  passin g quickl y ove r  othe r  aspect s o f  th e theory .  Th e treatmen t 

wil l  b e ver y informal ;  fo r  mor e forma l  presentation s th e reade r  i s referre d t o th e previousl y cite d 

papers . 

The Role of Harmony in Computation 

Before considering how the harmony function is defined, we start with a discussion of how the 

harmon y functio n i s use d durin g computation .  Th e basi c ide a ca n b e frame d a t  a  ver y genera l  level . 

Durin g computation ,  searc h fo r  a n answe r  i s guide d b y a  measur e o f  "goodness '  o f  possibl e answers : 

th e harmon y functio n H  i s tha t  measure .  Th e searc h i s stochastic ;  th e computatio n i s a  Mont e Carl o 

rando m wal k throug h th e solutio n spac e unde r  th e guidanc e o f  H .  Th e rando m wal k i s designe d s o 

tha t  eventually ,  th e probabilit y  a t  an y moment  o f  visitin g a  poin t  p  i n th e solutio n spac e i s give n b y 

th e canonica l  distribution : 

prohip) = Ne"^^^ 

N is the constant needed to normalize the probabilities so that they sum to one. 7 is a global 

paramete r  tha t  determine s th e sprea d i n th e probabilit y  distribution . 

The canonical distribution is the only continuous relationship between H and probability that 

correctl y treat s th e independenc e o f  component s o f  a  computation .  Th e canonica l  distributio n als o 

happen s t o b e th e distributio n o n whic h mos t  o f  statistica l  physic s i s based .  (Thi s i s n o coincidence , 

as th e notio n o f  independen t  subsyste m i n physic s map s ont o tha t  o f  independen t  subcomputations. ) 

Ther e i s a n isomorphis m tha t  map s th e harmon y functio n int o minu s th e Hamiltonia n (energy ) 

function ,  an d T  int o temperature .  Thi s suggest s callin g T  th e computationa l  temperatur e o f  th e system . 

In physics, the Hamiltonian determines what states are most probable: the states with lowest 

energ y ar e mos t  probabl e a t  al l  temperatures ,  an d state s o f  h i ^  energ y hav e negligibl e probabilit y 

excep t  a t  hig h temperatures .  I n harmon y theory ,  th e harmon y functio n determine s wha t  state s ar e 

most  probable :  th e state s wit h highes t  harmon y ar e mos t  probabl e a t  al l  computationa l  temperatures , 

and state s o f  lo w harmon y hav e negligibl e probabilit y  excep t  a t  hig h temperatures .  T  ca n b e though t 

of  a s settin g th e scal e fo r  wha t  constitute s significan t  difference s i n hannon y values .  I n fact ,  th e rati o 

of  probabilitie s o f  tw o state s i s e ^ ^ ,  wher e A/ /  i s  th e differenc e i n harmon y betwee n th e states .  I f 

thi s differenc e i s smal l  compare d t o T ,  th e rati o o f  probabilitie s wil l  b e clos e t o one ;  i f  A H i s larg e 

compare d t o 7  ,  th e stat e wit h highe r  harmon y wil l  b e man y time s mor e probable . 

The goal of the computation is to find the state of higjhest harmony. This means, in particular, 

tha t  th e stat e o f  nex t  highes t  hannon y shoul d b e muc h les s likely .  Thi s require s tha t  T  b e smal l 

compare d t o th e harmon y differenc e betwee n th e tw o highes t  level s o f  hannony . 
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Wc coul d simpl y se t  7  t o b e suc h a  lo w valu e an d b e don e wit h it .  However ,  thi s i s no t  a 

practica l  searc h procedure .  Th e Mont e Cari o procedur e will ,  i f  le t  ru n lon g enough ,  visi t  point s wit h 

th e probabilitie s give n b y th e canonica l  distribution .  However ,  th e tim e require d t o reac h thi s 

"therma l  equilibrium *  grow s extremel y rapidl y a s 7  i s lowered .  A  mor e practica l  wa y o f  zeroin g i n o n 

th e stat e o f  highes t  harmon y i s t o star t  wit h a  hig h temperatur e an d graduall y lowe r  it .  Earl y i n th e 

search ,  onl y larg e harmon y difference s ar e significant ,  an d th e syste m quickl y make s a  crud e cu t  a t  th e 

problem ,  avoidin g state s o f  eartremel y lo w harmony .  A s th e syste m cool s down ,  smalle r  harmon y 

difference s becom e significant ,  an d mor e an d mor e state s ar e avoide d a s th e searc h focusse s o n state s 

wit h harmonie s clos e t o th e maxima l  value .  I f  th e coolin g i s don e gently ,  th e stat e o f  maxima l 

hannon y shoul d b e foun d i n muc h les s tim e tha n b y givin g T  a  constan t  lo w value . 

The Relatioa of Harmony to the Enviroament 

We have discussed a stochastic search technique that will find states of high hannony. But how 

do w e desig n th e functio n H  s o tha t  th e state s wit h h i ^  H  value s giv e th e correc t  solution s t o 

problems ? N o w w e mus t  discus s th e sens e i n whic h H  measure s self-consistency . 

The "correct" answer to problems are often those that satisfy a set of rules. In the circuit analysis 

proble m considere d b y Rile y an d Smolensky ,  fo r  example ,  th e rule s ar e th e physica l  law s o f  simpl e 

circuits .  An y syste m tha t  ca n correctl y solv e problem s suc h a s thi s mus t  i n som e sens e hav e a 

representation  o f  th e rules .  I n harmon y theory ,  th e rule s ar e encode d i n th e hannon y function .  Th e 

questio n is ,  ho w ar e thes e rule s encoded ,  an d ho w ca n a  syste m develo p a n appropriat e harmon y 

functio n throug h experience ? 

Of course most cognitive tasks are not as strictly governed by rules as is formal problem solving. 

Yet  al l  cognitio n hinge s o n th e exploitatio n o f  regularitie s i n th e environment ,  eve n i f  thos e regularities 

ar e les s forma l  tha n Ohm' s Law .  Cognitio n enable s organism s t o d o th e completio n task :  tak e som e 

limite d informatio n abou t  th e curren t  stat e o f  thei r  environmen t  an d mak e reasonabl e guesse s abou t 

what  els e i s likel y t o occu r  i n th e environment .  Tha t  is ,  give n som e o f  th e feature s tha t  specif y th e 

environmenta l  state ,  th e organis m ca n mak e reasonable  guesse s abou t  missin g features . 

In harmony theory, the "rules" applied during the completion task are simply statements that 

certai n feature s ca n co-occu r  i n th e environment .  I n th e circui t  application ,  fo r  example ,  i n plac e o f  a 

symboli c versio n o f  Ohm' s Law ,  V  =  //? ,  ther e ar e man y "rules "  tha t  eac h recor d a  singl e combinatio n 

of  qualitativ e change s i n V, / ,  an d R  tha t  ar e consisten t  wit h th e law .  Thes e "rules "  ca n i n fac t  b e 

though t  o f  a s memor y trace s tha t  migh t  b e lef t  behin d b y individua l  experience s i n th e environmen t  i n 

whic h th e regularities  hold . 

Here is the general idea of how to set up a harmony function for performing the completion task 

i n a  give n environment .  Imagin e th e syste m experiencin g man y encounter s wit h th e environment ;  eac h 

leave s man y trace s tha t  eac h recor d som e o f  th e feature s tha t  co-occurred .  W h e n pania l  informatio n 

abou t  th e cunen t  stat e o f  th e environmen t  i s give n i n a  completio n problem ,  th e harmon y o f  a 

possibl e completio n o f  tha i  informatio n i s th e overal l  consistenc y betwee n tha t  completio n an d th e se t  c f 

al l  traces .  T o spel l  thi s out ,  w e conside r  first  ho w th e trace s ar e determine d an d the n ho w th e "overal l 

consistency "  i s computed . 

The traces can be produced automatically by simulating e:q)Osure to an environment, or they can 

be produce d manuall y b y th e modeller .  Th e latte r  techniqu e wa s use d i n th e circui t  problem :  eac h 

trac e wa s chose n t o b e a n allowe d combinatio n o f  qualitativ e change s i n th e circui t  quantitie s 

appearin g i n a  singl e circui t  law .  Th e automati c generatio n o f  trace s i s ye t  t o b e explored ;  th e ide a i s 
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tha t  trace s woul d b e produce d i n a  rando m fashio n (guide d b y th e degre e t o whic h potentia l  trace s 

woul d enhanc e syste m harmony) ;  th e statistica l  propertie s o f  th e resultin g se t  o f  trace s woul d the n 

gover n th e emergen t  behavio r  o f  th e system . 

How is "the overall consistency between a completion and the set of all traces* computed? The 

ide a her e i s tha t  fo r  eac h trace ,  a  decisio n ncwd s t o b e mad e whethe r  th e instanc e i t  recorde d i s 

relevan t  t o th e curren t  situatio n o r  not .  Borrowin g th e usag e o f  schem a theory ,  a  matc h betwee n par t 

of  a  trac e an d a  complete d se t  o f  environmenta l  feature s ca n caus e th e trac e t o becom e active .  Th e 

"overal l  consistency "  -  th e harmon y -  o f  a  completio n i s th e su m ove r  al l  activ e trace s o f  a  measur e h 

of  th e degre e o f  matc h betwee n th e trac e an d th e completion .  A  simpl e definitio n o f  h  i s th e numbe r 

of  feature s i n th e completio n tha t  matc h th e trace ,  minu s th e numbe r  tha t  d o no t  match .  ( A slightl y 

mor e complicate d definitio n o f  h  wa s use d i n th e circui t  analysi s model. ) 

There are now two kinds of variables used in the computation: features of the environmental 

state ,  an d activatio n value s fo r  traces .  Th e processin g ha s tw o components :  computin g th e harmon y 

value s o f  possibl e completions ,  an d makin g correspondin g rando m decision s abou t  whic h completion s 

t o visit .  Computatio n o f  th e hannon y valu e require s decidin g whic h trace s t o activate ,  whic h require s 

computin g th e qualit y o f  matc h h  betwee n trace s an d th e completion .  Jus t  a s th e Mont e Carl o searc h 

i s use d t o decid e wha t  completion s t o visit ,  i t  ca n b e use d t o decid e wha t  trace s t o activate .  S o usin g 

th e trace s t o defin e th e hannon y o f  completion s lead s naturall y t o extendin g th e searc h spac e t o 

includ e bot h environmenta l  featur e variable s an d trac e activatio n values . 

The Network Interpretatioa: A Cotnpatcr Implementatioa 

It is useful to represent the computation by a network like that shown in Figure 1, which shows 

a portio n o f  th e networ k fo r  th e circui t  model .  Th e activatio n variable s ar e represente d b y node s i n 

th e uppe r  layer ;  eac h correspond s t o a  trace .  Th e environmenta l  featur e variable s ar e represente d b y 

node s i n th e lowe r  layer .  Ther e ar e connection s betwee n a  trac e variabl e an d al l  th e environmenta l 

feature s i t  incorporates .  Fo r  simplicit y al l  variable s (nodes )  ar e take n t o hav e binar y values :  trac e 

activatio n node s hav e value s activ e an d inactive ;  environmenta l  featur e node s hav e value s presen t  an d 

absent . 

The Monte Carlo search in this network representation proceeds as follows. Initially a high 

temperatur e T  i s chosen ,  al l  th e trace s ar e se t  inactive ,  th e environmenta l  feature s ar e permanentl y 

assigne d thei r  give n values ,  an d th e remainin g environmenta l  featur e variable s ar e assigne d rando m 

initia l  values .  The n processin g begins .  A  nod e i s selecte d a t  rando m (bu t  no t  on e o f  th e give n 

features) .  Nex t  th e differenc e A/ /  betwee n th e overal l  networ k harmonie s tha t  woul d resul t  fro m th e 

tw o possibl e value s fo r  th e nod e i s computed .  Thi s computation ,  i t  turn s out ,  ca n i n principl e b e 

performe d i n th e nod e itself ,  fo r  th e onl y quantitie s neede d ar c thos e t o whic h th e nod e i s connected . 

Finally ,  th e nod e randoml y select s a  ne w value ,  usin g a s th e rati o o f  probabilitie s fo r  th e tw o value s 

g^/ T Yh e proces s o f  selectin g a  nod e an d selectin g a  valu e fo r  tha t  nod e i s iterate d whil e th e 

temperatur e T  i s graduall y lowere d accordin g t o som e schedule . 

The repeated selection of nodes and assignment of new values can be viewed (following Hopfield) 

as th e asychronou s processin g o f  processor s locate d a t  th e node s an d runnin g i n parallel .  Th e relatio n 

betwee n thi s paralle l  processin g networ k an d thos e considere d b y Hopfiel d an d Hinto n an d Sejnowsk i 

i s  tha t  th e harmon y mode l  ha s a  specia l  architecture :  ther e ar e tw o classe s o f  nodes ,  an d connection s 

betwee n bu t  no t  withi n th e tw o classes .  Th e formul a fo r  hannon y turn s ou t  t o b e minu s tha t  fo r 

Hopfield' s networ k "energy" ,  takin g int o accoun t  th e specia l  architectur e an d th e numerica l  assignment s 

activ e =  1 ,  inactiv e = 0 ;  presen t  =  1 ,  absen t  =—1. 
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C o m m e n ts o n Neura l  Implementat io a 

Since hannony theory is computationally- rather than neurally-inspired, the relation between the 

harmon y networ k an d neura l  network s ha s no t  bee n developed .  Howeve r  th e clos e resemblanc e o f  th e 

hannon y networ k t o Hopfield' s neura l  networ k migh t  sugges t  tha t  harmon y node s correspon d t o 

neurons ,  s o a  brie f  commen t  i s appropriate .  Whil e i t  doe s no t  see m unreasonabl e i n principl e t o 

identif y environmenta l  featur e node s wit h neurons ,  i t  i s  no t  reasonabl e t o t o identif y trac e node s wit h 

neurons .  Indeed ,  I  imagin e tha t  eac h trac e i s distribute d ove r  th e synapse s o f  th e neuron s 

correspondin g t o th e environmenta l  feature s involve d i n tha t  trace .  "Activation "  o f  th e trac e migh t 

correspon d t o a  feedback-mediate d rapi d enhancemen t  o f  th e strength s o f  thes e synapses ,  a s i n vo n de r 

Malsber g (1981) .  I n thi s sense ,  eve n th e activatio n o f  traces ,  a  primitiv e operatio n i n th e theor y a s 

presentl y formulated ,  ma y b e a n emergen t  propert y o f  synapti c dynamics . 

Even without a precise specification of the relation between harmony networks and neurons, 

harmon y theor y offer s a  mathematica l  framewor k withi n whic h t o explor e th e emergenc e o f  min d fro m 

brain-lik e processing .  Th e isomorphis m betwee n computatio n an d statistica l  physic s whic h i t 

represent s rest s o n th e identificatio n o f  self-consistenc y -  harmon y -  a s playin g a  centra l  rol e 

isomorphi c t o tha t  playe d b y energ y i n physics . 
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Trac e Node s I  down ,  V j  down .  R j  sam e Rj  down ,  R j  down ,  R^  JoM- n 

Environmenta l 

Featur e Node s lOlfc l 

Figur e 1 .  A  portio n o f  th e networ k representatio n o f  th e circui t  analysi s mode l  (fro m Rile y a n 

Smolensky) .  (Th e value s iqj .  down ,  sam e fo r  environmenta l  feature s (circui t  variabl e changes )  ar c 

actuall y represente d b y usin g tw o binar y node s fo r  eac h variable. ] 
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