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MASS TRA1STSFR TO THE HEAR OF AN 
OBJECT AT LOW REYNOLDS I'UMBER FLOW 

Ping 8th 

Inorganic Materials Research Division, Lawrence Radiation Laboratory 
and Department of Chemical Engineering, University of California 

Berkeley, California 

ABSTRACT 

Mass transfer to the rear of an object in low Reynolds number 

flows, where no eddies were present, was studied first theoretically. 

The case with Stokes flow over a sphere was analyzed in great detail. 

The results indicated that the same approach could be applied to a 

general class of practical problems; for example, flow past a symmetric 

• 	. 	two-dimensional object. In addition, the mass transfer rates to an 

object could be predicted providing that the shear stress distribution 

was known. Thus, it was not necessary to prescribe the entire flow 

field. 

Combining the results for the rear and the front, predicted by a 

diffusion boundary layer as shown by Acrivos and Goddard and Levlch, 

the mass transfer rates to the entire, object could be determined. 

An experiment was conducted with an electrochemical system using 

potassium ferricyanide, potassium ferrocyanide, a large excess of po- 

• 	. 	tassium nitrate as the supporting electroly-te and an electrode in the 

• form of a circular cylinder.. A flow srstem with a square flow tunnel • 

(6 inches x 6 inches) was constructed. In addition, elaborate,. 

vibration-free, constant temperature and constant flow rate systems were 
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provided to avoid oscillation and free convection in the flow system. 
'I 

Two types of cylinder electrodes were constructed, one designed 

for shear stress distribution measurement, and the other,a two-electrode 

system for measuring the local mass transfer rate. 	. 	 •1 
Reproducible data were obtained from the experimental setup with 

a cylinder Reynolds number of about 5. However, there were free con-

vection effects due to the concentration difference at the electrode, 

contradicting the finding by Boeffard, who claimed that there was no 

detectable free convection at low concentrations of ferricyanide and 

ferrocyanide ions. Consequently, a separate research project should be 

performed.to find a proper solution whose density does not vary with 

change in concentration. 	. 	. 	 . 	 . 
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INTRODUCTION 

In the past few years work was done on predicting the mass trans- 

fer rates to the rear of an object by Sih and Newman [i] and Newman [2]. 

It focused 1) on liquid systems where the Pe'clet number was large, 2) on 

objects that were ax•isymmetric or two-dimensional and symmetric, and 

3) on low Reynolds number flows with the absence of eddies. Schemati-

cally, such a system is shown In Figure 1 The fluid is flowing from 

•the left to the right with uniform velocity, va,, and concentration, c,, 

far from the object. The object has a surface concentration c. Mass 

transfer to or from the object was Investigated. Levich [3) and 

• Acrivos and Goddard 
[) investigated this system under Stokes.flów 

condition,.and they provided a solution for the front region where 

convection and radial diffusion were important. By the nature of their 

approach to the problem their answer was not valid near the rear 

stagnation point. To resolve this breakdown, the entire system was 

carefully examined by the singular perturbation method. Various regions 

of different transport modes were found, and the dilemma at the rear 

stagnation region was resolved. . Newman [2] further extended the solu-

tion to Include the low Reynolds number flows as well as two-dimensional 

objects. Basically, it was based on the fact that the velocity in the 

surface mass transfer regions could be approximated linearly in terms of 

the surface shear stress, as long as the Schmidt number was large. 

In the course of these developmetts we became interested. in stud-

ying tiese problems experimentally. At the same time, we found little 

mass tra.nsfer experiments in low Reynolds number flows Garner and Keey 

[51 used benzoic acid spheres in water. TheirReynolds nthnbers.ranged 	. . 
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from 2 3 to 255 However, natural convection caused by concentration 

changes led to veryhigh mass flux in the.low.Reyxids.ntber flovs. More 

recently, Dimopoulos [6] used an electrochemical system to measure the 

mass flux to a circular cylinder In low Reynolds number flows. The 

range he investigated was Reynolds numbers between 60 to 360. It was. 

much higher than what we desired, since eddies begin to form at a 

Reynolds number of 5 for a circular cylinder. Furthermore, fluctuation 

In the mass flux at near zero flow rates was found. It was attributed 

to natural convection due to concentration changes. However, his 

apparatus was not under temperature control; hence, such fluctuations 

could well be caused by temperature variations. 

The electrochemical system Dimopoulos used was potassium 

ferricyanide, potassium ferrocyanide, and a large excess of sodium 

hydroxide. This particular system has been used for mass transfer 

studies by many Investigators; for example, Eisenberg [7], Bauke, Landolt 

and Toblas [8], Boeffard [9], Reiss and Hanratty [10], [ii] Mitchell and 

Hanratty [12].  There are many advantages of this system: 

I) There exists a long limiting current plateau in the current-potential 

relationship. This, at the same tIme, implies that the surface concen-

tration of the reacting species Is uniformly zero over the limiting 

current-potentials Figure 2 is a reproduction of the current-potential 

curve of Eisenberg [7] 

Activation overpotential is negligible for properly treated nickel 

or platinum electrodes. 

With the presence of excess supporting electrolyte, the effect of 

ionic migration on the current is negligible. 
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1) Further, the electrocheniical reaction at the electrodes is 

Fe(CN) 3  + e 
cathode  Fe(CN) 	 (1) 
anode 

'1 

There is no dissolution or deposition of metal ions. The surface and 

dimensions of the electrodes .are not altered during the passage of cur-

rent. 

In Boeffard's [9] work it was reported that at low ferricyanide 

and ferrocyanide concentrations (less than 0.01 •M) there was no detectable 

natural convection effects. This, indeed, was very encouraging to us. 

As mentioned above, sodium hydroxide was used as the supporting 

electrolyte. However, this chemical is extremely corrosive as well as 

• 	 harmful upon contact. For these reasons, we decided to use potassium 

nitrate as the supporting electrolyte. Preliminary tests were made on 

this system with Bauke's [8] rotating disk apparatus. No ill effects 

were found by this substitution. Consequently, a decision was made to 

use this electrochemical system, potassium ferricyanide, potassium 

ferrocyanide, in excess potassium nitrate, for our experiment. 

Since our interest was to measure the mass flux to the rear of an 

object,. it became necessary to set up the electrodes on the object such 

that the local' current could be measured. This could be achieved by 

a small section of the object as a separate electrode. By 

maintaining on this electrode the same potential as the rest of the object 

(electrode), and monitoring the current through it, the local flux could 

be obtained easily. Dimopoulos used such electrodes for his work. 

In addition, the surface shear stress distribution over an object 

can be determined with the same experimental setup by means of a 
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differently constructed cylinder: --a small electrode embedded in an 

object of an electrically non-conductive material. By applying the 

theory developed by Leque [13], the current to the small electrode can 

be related to the local shear stress. Arid, Dimopoulos used this feature 

extensively in his work. 

The specific object selected for the experiment here was a circular 

cylinder. There were two reasons. 

The rear region involved a linear section. It's length could be 

varied until an adequate measurable current was passing the electrode. 

This, also, allowed us to use a very thin electrode. Incidentally, 

Dimopoulos sectioned out a circular area from his object as the small 

electrode. A simple sketch of the two-electrode, circular cylinder is 

shown in Figure 3. 

Numerical results for the surface shear stress for a circular 

cylinder are available from the literature {l, 15, 16, 17, 18, 19, 201. 

ProfesSor Hamielec of McMaster University, Hamilton, Ontario, Canada had 

provided us some of his unpublished data in the range near zero Reynolds 

number. This is important as the mass transfer rates are governed by 

the shear stress distribution (see Chapter III). From these data, 

theoretical results can be calculated to compare with the experimental 

results.. 	. 

The flow system used was originally designed by Thomas Atkins [21]. 

It contained a proto-ty-pe moving wall section for reducing wall frictions. 

Unfortunately, at very slow fluid velocity the equipment generated 

excessive vibration. Therefore, it was replaced by a simple, straight 

section. Figure 16 (on page 66) shows a sketch of the flow tunnel. The 
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circular cylinder was placed horizontally across the tunnel, and its 	 H 

mass transfer rate was measured. 

To avoid natural convection due to temperature differences, the 

entire apparatus was placed wider a strictly controlled constant temper- 

ature environment. A discussion of the temperature control system is 	 H 

given in Chapter V, section B. 

The first part of this thesis includes the published work of Sih 

and Newman [i], and Newman [2]. However, more detail is included for 

completeness and easy comprehension. 

Chapter III demonstrates how the literature shear stress data can 

be used with the developed theory to predict the mass transfer rates 

over an entire object. Chapter IV shows the derivation for measuring 

• shear stress by a short electrode. The remaining chapters are devoted 

to the experimental work. 	 H 
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CHAPTER I: MASS TRANSFER TO THE REAR OF A SPHERE IN STO}S FLOW 

This chapter is based on reference 1. 

A. Statement of the Problem 

The system investigated here is schematically shown in Fig. 4, 

where a sphere of radius R (only half is shown) is placed in a stream 

flowing with the velocity v. The bulk concentration is c, and the 

• concentration at the surface of the sphere is c 0 . When the fluid flow 

is so slOw that Re + 0, the Stokes velocity profile is applicable. The 

concentration difference between the bulk and the surface of the sphere 

will induce mass transfer between the sphere and the surrounding fluid. 

Our objective was to determine the local mass-transfer rates to the 

• entire sphere. 

Assuming constant physical properties, the convective diffusion 

equation describing this system in dimensionless form is 

Pe * 	* 	*2 - 	o=v e 	• 	 ( 2) 

or in spherical coordinates 

Pe / * O 	o e\ 	28 	2 ae 
(V —a. + 	= 	+ 	_•__*• 

r 	r 	/ 	r 	rDr 

• 	
/ i 1e cosoae 

+ 	

2 

 *2t 2sinODe  r 

where Pe = 2Rv/D, the PeIet number; 

D= diffusivity; 
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* 
r 

= (c. - c)/(c - c); 

and for Stokes flow 

Vr =  (1 	
3 

- ---T+ 	*31 cosO 	 (4) 
\ 	2r 	2r / 

Ve 	4r*3) sine. 	 (5) 

The boundary conditions for Equation (3) are: 
• 	* 

i. e=oatr =1. 

* 
O=latr =. 

aeie = 0 at 0 = rr, the front axis. 

DO/30=0 atO=0,therearaxis. 

• 	 The last two boundary conditions are necessary due to syzunetry. 

Equation (3) does not have a simple solution. Generally boundary- 

• 	 layer type approximations have been used [3, 22, 41. Such approxims- 

tions are plausible in the case of liquid systems where the diffusivity 

is small and mass transfer takes place In a thin layer adjacent to the 

object. In this case diffusion along stream lines is negligible, and 

the important velocity is near the surface and can be approximated by a 

simpler form. However, the solution by such an approximation is not 

valid over the entire sphere sinceit always breaks down near the rear 

stagnation point. In order to correct this situation, the region where 

the boundary-layer approach breaks down was investigated here. Based on 

the method used, mass transfer to a spher.e has many modes which can be 



described completely by six different regions. 

Briefly the method used: An approximate form of Equation (3) was 

first derived, then the region where the equation is valid was defined. 

The breakdown of this approximate equation was investigated and the 

region where the breakdown occurs was defined. The terms that were 

important in the breakdown region were subsequently determined, and a 

new equation appropriate to this breakdown region was derived. The 

process was repeated to find the next region. 

B. Regions of Different Mas-Transfer Mechanisms 

Region 1. Region far from the sphere. 

In the bulk of the solution, the diffusion terms in Equation (3) 

can be neglected as Pe - . One has the equation 

* 	* 
L 	V 0=0 	 (6) 

with the solution 

0=1. 	 (7) 

This solution breaks down as r* + 1 since it does not satisfythe bound-

ary condition 0 = 0 at r* = 1. Physically there is diffusion of material 

near the sphere. Also, the convective velocity is diminishing as r* + 1. 

In other words, near the surface the effect of convection and diffusion 

both become important. In fact, the velocity components can be approx-

imated by 

v* = _372 - 	+ 6r + 0 ( 5 )] cos8 	 (8) 

'c. 
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and 	: 

= -  

where y = r - 1 

SubstitutIon of Equations (8) and (9) into Equation (3) yields, in the 

first approximation, 

pe(.y2 cos 
	- 	sine 	= 	, 	 (10) 

indicating that diffusion normal to the sphere will be of comparable 

importance to convection when y is of order pe_1/3. Diffusion in the 

tangential direction remains small and of second order importance. 

Region 2. The diffusion (boundary) layer. 

The above analysis of the breakdown of the solution for region 1 

suggests that an appropriate variable for the region near the sphere is 

Yy/c. 	 (11) 

where c 	(2/Pe)1'3. 

The diffusion-layer equation (10) then becomes 

cosO 	- Y sinG tt = 	, 	 (12) 

with the boundary conditions 

0OatYO. 

ø1atY=. 



3. 	O/O0at0=7r. 	 H 
Since the diffusion term in the 0-direction, a 2e/e 2  in equation (2), is 

dropped, only one boundary condition in this direction can be specified 

for Equation (12). . 

The solution for region 2 can be expressed in terms of a similarity 

variable 	 . 

= Y/g (0),: 	 (3) 

where 

• • 
	 g(0) = 31/3 [7T -  0 + 1/2 sin 2011/3  /sin0. 	• 	( in) 

The Rolution is 

= T(I/3) 
fe

n  dn 	 (15) 

o 

where r(14/3) = 0.89298, the ganmia function of 1/3.  The local Nusselt 

number. Nu is 	 • 

ao N 1 (e) = 2 	
r* = 1 = crR/3)g(e) 	

(16) 

We can examine the region of validity of this diffusion-layer 	 • 

solution by substituting it back Into Equation (3) and examining the• • 	• 

magnitude of the neglected terms. This gives 	 • 

2®' 	 - g3(.gcose + 	g•'  sinO)c + .. ] 



-15- 

= 0" + 20 1 g(l - rcg + (rcg) 2  + ...)c 	 (17) 

+ 
 [

n2g,2ott - nO'(gg" - 2g12 + cosO gg')] (i - 	cg +  sinO 

where the prime designates the derivative with respect to ri or 0. The 

underlinedterms, the terms of the first order of magnitude as C -3. 0 2  

form the boundary-layer equation. However, as 0 0, g(0) 	0(1/0), and 

Equation (17) has the form 

C 	 C -- 	+... =1+—+ 

with n =0(1). The left-hand side represents the convective terms, and 

• the righthand side, the diffusion terms. It is easy to see that when 

0. 0(c)ailthe terms in the velocity expansion are of the sse order. 

In other words, as 0 + 0(6), the velocity components can no longer be 

approximated by expansions near the surface; consequently, the diffusion-

layer approximation breaks down. Acrivos and. Goddard RI have already 

pointed out that this breakdown occurs as 0 + 0(c). It is physica1ly 

reasonable that the complete Stokes velocity must be used because at 

small angles the diffusion layer becomes thick and most of it is no 

longer close to the sphere. 

:Region 3. The convective region. 

The above analysis of the breakdown of the boundary-layer solution 

suggest8 that an appropriate variable for regIon •3 is 

'5=0/c. 	, 	. 	. 	 (18) 
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Since r 	0(1) In region 2, y = r* -1 = 0(cg) = o(c/e) = 0(1). 

By substituting Equation (18) into EquatIon (3) we obtain 

(

3 	

1 	
ae  

+ 2r3) * (1 
	*3) 

= 

(a2e 

 + 	
+ O(c) 	 (19) 

Thus, as e + 0, the terms to be retained are 

(* + *3) 	- ( - 	- *3) 	= 0 	(20) 

In other words convection is the dominant mode of mass transfer while 

diffusion is relatively unimportant The solution of this equation must 

match with the asymptotic form of the boundary-layer solution at 0 = 0, 

this being the standard procedure in singular-perturbation problems 

According to Equation (20), the concentration is constant along 

streamlines 0 = 0(Y), where from Stokes' solution the appropriate stream 

function for region 3 is 

= 35/3712/3 ( 	

- 	+ 2r2) 	 (21) 

(Derivation is shown In Appendix A ) 

• The functional dependence of 0 on q'  can be found by matching with the 

boundary-layer solution. Since 0 depends only on Tj in region 2 and 

only on 'P In region 3, this functional dependence is found by matching 
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'P in region 3 to r In region 2. As 0 + 0, 
QW 

OyJ€: 
l/3 	

(22) 
= 3l/37 	• 

On the other, hand, as r* + 1, 

22.2 
(23) 

32/3 fl.2/3 

• and consequently, in the region of matching, 

n=. 	 (2k) 

Hence, by the matching principle, the solution in region 3 Is 

e r( 	J 3 
h/3) 
	dx, 	 (25) 

where 'V Is given by Equation (21). Note that this solution automatically 

matches with region 1 as 'P + . 

The solution (25) still does not satisfy the boundary condition 

eiae 0 at 0 = 0, which indicates the presence of another region very 

near the axis where diffusion In the 0-direction could be important. In 

fact, from the rlghthand term of Equation (19)  it is apparent when 

S 	c that the diffusion terms are comparable to the convective terms 

ontheleft. 

In addition, the solution of region 3 also fails as r* + 1. This 

Is due to the reduction of the convective velocities near the surface, 

similar to the situation In region 2. We can put Equation (3) in the form 
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H 1 	I2®. 	381 = -YS 7—SI 

 

with r* - 1 and 9 simultaneously approaching 0(c) 	We can expect yet 

another region right at the rear of the sphere 

Region 4. The rear-axis region. 

The appropriate variables for region 14  are 

r* and 3,  

where 8 = s / 	= e, 31'2  

Equation (3) then reduces to 

... ( . ... 	 ) 
*3)  

2r 	2r 	3r 	 14r 	14r r 

i 	 io 
( a2O  

i
r 3s 

Boundary conditions for Equation (26) are 

1•. 3®/3sOats0. 

 
_____

Ov
*2\ l2 8 -* - 3r 	+ 2r s a 	oo, 

r(4/3)3'°,i-' 	 / 

• in order to match with region 3. 

 When r* 9- 1, as mentioned in the previous section, the velocity 

• diminishes. 	A new mode of transport, indicated by Equation (26), 
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becomes dominant. The solution of Equation (28) must match 

with this new region, regIon 5. Note that this region, 

Involving the tangential diffusion terms, grows thickerat 

greater distances from the sphere. Eventually, it blends into 

a sixth region, the far-wake region, where the depletion of 

concentration decays, first, as l/r* along the rear axis and, 

*2 
second, it decays exponentially in r 0 in the direction 

normal to the axis. (See region 6 for detail). 

Region 5. Region near the rear of the sphere. 

From Equation (26) it is apparent that the appropriate variables 

are 

Y = y/C and S 	0/c, 	 (29) 

and Equation (3) reduces to 

3 2 30 3- 	320 	aG 	 ( 0) 2 	Y2 

The boundary conditions are 

O=OatY=O. 

0/9S=0atS=0. 

3 	® + C ys/r(/3)(37r) 3  as s 

in order to match with the boundary-layer solution in region 2. 

1 .. 

	

	®/Y becomes negligible as Y + in order to match with 

regions 4 and 3. 

At this point, we have carried the analysis far enough to show 

that radial diffusion is negligible in regions 3 and 4 Consequently, 
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• there can be no upstream propagation of effects from these regions into 

region 5, even though radial diffusion is not negligible in region 5 

itself. This is the basis for the fourth boundary condition on Equation 

(28). SInce we can find the asymptotic solution of Equation (28) as 

Y + , with 20I9Y 2  = 0, we can express this boundary conditon in a more 

• 

	

	explicit form. Of course, this asymptotic solution is also the boundary 

condition for Equation (28) of region 4. 

With 	= 0, Equation (30) can be reduced to an ordinary 

differential equation by a similarity variable transformation The 

similarity variables are 

=Sv1, e=cv1f() 	 • 	(31) 	 H 

and Equation (30) becomes 

cf" + (i + 32/1)f' - 3f/4 = 0 	 (32) 

with the boundary conditions 

1 f'=0at=O 

2 f = /r(/3)(301/3 as 

The • second boundary condition is required for matching with the boundary-

layer solution (region 2). Equation (32) can readily be solved numeri-

cally.  

This approach can be verified by simply introducing Oof Equation 

(31) back Into Equation (30) and comparing the terms. 

For example, 

.L. = c(-f + f' + 2f)/jy3/2 

ay 
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and 

• 	 a 2e/as2  = £ 

It is obvious that as Y+ , 	+ 0, and it is orders of magnitude 

smaller than the other terms. 

To use Equation (31) as the boundary condition for Equation (28) 

one only needs to change the variables to yield 

0 	1/2 l(r*_l) f [s Ir'-1 I 	 (33) 

as r* + 1. Therefore region it can be solved without first solving 

region 5. 

Since region 5 is in contact with the surface, the norinalconcen-

tration gradient at the surface will yield the rate of mass transfer in 

the rear region. Thus, it is essential to obtain the solution of 

Equation (30). Boundary condition 3 on Equation (30) indicates that 

O = 0(e) in region 5. Since y = 0(e), the order of the Nusselt number 

in this region is Nu = O(e/y) = 0(1), in contrastto the front part of 

the sphere where Nu = 0(1/c), as indicated by Equation (16). 

Region 6. The far wake region. 

First let us examine the breakdown of region it. As r* + 

Equation (28) reduces to 

o 	1 (320  i ao\ 
() r 	r 

with boundary ôonditions 

1. 	O/s=Oats=O. 
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2; ® + r1/2*/r(/3)35/6h/3 as s 	. 

This is essentially the same as Equation (30) without the term a 2@/Y2 . 

Also, it has the similarity solution 	 . . 

e rc ,/rr f() where = s 12r*73 . 	 (35) 

where f Is given by the solution of Equation (32) and It has the same 

boundary conditions. In region 4 the concentration ® is in the order of 

v'. This is dictated by the boundary conditions In that region. However, 

as we can see from the solution above (Equation (35)) when r* + 0(1/c), 

o + 0(1). This contradiction Indicates that there is another region 
when r* + 0(1/c). Also, the variable for region 3 'P + 0(S 2r*2 ) 	o() 

Indicating region 3 is also related to region 6. Physically the concen-

tration variation at the surface of the sphere slowly diffuses Into the 

bulk and very far behind the sphere there exists a region where both 

tangential diffusion and convection are important. The above analysis 

suggests that an appropriate variable for region 6 is 	. 

=cr*. 	 . 	 (36) 

In order to retain terms for diffusion in the 0-direction, the appropriate 

variable is 	 . 

= 0/c 2 ; 	 (37) . 

then Equation (3) reduces to 

- / 	1 O 
(38) 



 

with the boundary conditions 

O+1as,+oo. 

O/.= 0 at 	= 0. 

+J  exp (-) dx + () f {] 

- JAR 1(213) 
r(/3)(3 r )h/ 3  

as R + 0, where B = 35/1/3 

This last boundary condition comes from matching with both region 3 and 

region 1  and represents the composite expansion for these two regions as 

- . An interesting result of Equation (38) is its asymptotic 

solution as 4 + . The solution can be expressed in the form of 

e=1() -- (-). 	 (39) 

The constant K is related to the total rate of mass transfer 'to the 

sphere, since the depletion of mass in the far wake must equal to that 

being taken up by the sphere; that is 

iT 	 •11 

f 	2 	 1 2 

 0
r i - c,)r sinede = 2ir j D 	r=fl R sinOdODr 



 

or in dimensionless form 

71 	 71 

f ®)r*2 sinede = 	- f Nu(0)R 

Tu ('to) 

where Nu Is the average Nusselt number. Substitution of Equation (39) 

into EQuation (40) yields 

K = 	Nu 	o.6215. 
(Pe) 1/3 

In the precedir4g discussion we have shown how we have proceeded 

logically from  one region to another, examining the dominant modes of 

mass transfer in each region, either by observing whether the boundary 

conditions are satisfied or by examining the order of magnitude of terms 

neglected in the equation of convective diffusion. The fact that a limit 

of validity is found indicates the existence of an adjoining region in 

which different mechanisms of mass transfer are important. Although 

specific solutions for all the regions are not sought, a complete 

picture of the transport process involved as well as the concentration 

distributions becomes very clear. Table I is a sunnary of the mechanisms 

and concentration magnitudes. 

H 



Table I. Transport mechanisms and the upper limits of concentration 

magnitudes 

Upper limits of 

Regions Mechanism concentration magnitudes 

 convection 0(1) 

 convection and diffusion, 0(1) 
normal to the surface 

 convection 0(1) 

I. convection and diffusion, 
tangential to the surface 

 convection and diffusion 0(0 
in all directions 

 convection and diffusion, 0(1) 
tangential to the surface 
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C. Solution for the Region at the Rear of the Sphere 	 •1 

In the preceding discussion the mass transfer processes for the 

entire flow.field were shown. However, to predict the mass transfer rate 

to a sphere only the solutions for regions 2 and 5 are required since the 

these are the two regions that are in direct contact with the sphere. 

The solution for region 2 is given by Equation (15). However, an 

analytical solution of Equation (30) for region 5 is not possible. 

Therefore, a numerical solution was sought. The problem posed was solved 

by finite-difference methods using successive over-relaxation on a high-

speed digital computer.. The results are shown In the next section. 

D. Results and Discussion. 

From the calculated concentration distribution in the rear-

stagnation region, the mass transfer rate along the surface can be 

obtained from the normal gradient at the surface. The local Nusselt 

number Nu = 2 O/rIIr* = 1 can then be calculated. The subscript r 

denotes the solution for the rear region. The result is shown in Figure 

5. Also shown in Figure 2 is the local Nusselt number Nu 1  predicted by 

the boundary-layer solution. It is clear, as one would expect, that 

there isa large difference at small angles, and yet the solution for 

region 5 blends into the boundary-layer solution at larger angles. 

At the rear stagnation point, S = 0, the local Nusselt number is 

NUr = 1.192. This is less than the Nusselt number (Nu = 2) for the 

diffusion from a sphere into a stagnant medium. The reason, obviously, 

is that the convection of depleted solution into the rear region 

decreases the concentration gradient at the rear. 
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Fig. 5. Local Nusselt number in the region near the rear 
of the sphere.. 
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In Order to obtain the mass-transfer rate for the entire sphere, 

it is necessary to form a composite solution, with the boundary-layer 

solution as the outer solution and the solution .for the rear region as 

theinner solution. Mathematically, the composite solution for the 

local Nussélt number can be written as 

Nu(0) = Nubl( 0 ) + Nu(S) - 2e/cr/3)(31r) 3 , 	(Ia) 

where the subscript bl denotes the boundary-layer solution The last 

.terinis.the inner limit of the boundary-layer solution, which is the 

same as the outer limit of the solution for region 5. 

Acrivos and Goddard [14) have obtained the asymptotic average N 

Nusselt number for Pe -' , and Re + 0, as 

:= Pe1 	10.9914 + 0.922 pe 	+ O(Re) + 0(Pe2/ 3 )], (42) 

and they also have suggested that the contribution of the rear stagnation 

region to Nu is 0(Pe ' ), although it actually is of the order pe_2/3. 

Therefore, if one wants to include the contribution to Nu of the rear 

stagnation region, one should also carry out two more higher order 

approximations in Acrivo.s and Goddard's analysis for the diffusion layer. 



-29- 

CHAPTER II: MASS TRANSFER TO THE REAR OF AN OBJECT 
IN LOW REYNOLDS NUMBER FLOWS 

This chapter is based on reference 2. 

In Chapter I we have shown how to remedy the breakdown of a 

boundary-layer solution with a specific example. Note that Equatioiz (12) 

and (30) for regions 2 and i, respectively, have the same velocity 

components 

V0  cz and v•a y2 . 

This should not be surprising since both regions are very close to the 

surface and the same velocity approximation is applicable. In a more 

general form the velocity components can be expressed in terms of the 

surface shear stress; that is, 

v =yc) 

Vy  = - (1/2)y2 (Px))) 
	

() 

av 
where: B(x) = —i -: 

y .y=O 

x = the distance measured along the surface from the front 

P(x) = the normal distance of the surface from the axis of symmetry. 

Prime denotes the first order derivative with respect to x Note that 

Equation (2) is written in terms of a general form for an axisymmetric 

body. Thus, when the shear stress data are available, it becomes 

possible to estimate the velocity components and consequently to calcu-

late the rate of mass transfer to an object, although the body is 



limited in shape to ones with rounded back sides as shown in Figure 6. 

In the next two sections we shall formulate the mass transfer 

equations and solutions for the axisyxzimetric objects (extension of the 

sphere problem) and the two-dimensional, synetric cylinders. 

A. The A±jsymiietric Objects 

In terms of x and y, the diffusion equation becomes 

a® 	30 	1 2o i 
vx 	+ vy  . = 	+ 	P a 39) 

this equation holding very near to the surface. Note, Equation (114)  is 

not dimensionless because there is no characteristic length such as the 

radius of a sphere. 

For the diffusion layer, the last term is negligible. After 

substituting Equation (43) into Equation (141),  the resultant equation 

can be solved in the same manner as Equation (12) of region 2. The 

solutiOn is still 

n 

I  -fl 3 

	

- r(1/3) 	
e 	uy 

but 

= 
[9bP] 

As has been shown in Chapter I, the rear regionis very small; therefore, 

it should be possible to approximate further the velocity profiles in 

this region by assuming a linear relationship such as 

(15) 
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= A(x -  x) as x 	x 	 (16) 

where x is the value of x at the rear stagnation.point and A is a 

constant. Equation (46) implies that the shear. stress diminishes 

linearly with respect to x. Thus, the convective diffusion equation 

becomes 

ae + AY2 a 0 D (ILO + 1 a P  30 (7) 

Since for our case P = x-x (see Figure 6). If Equation (30) of region 

5 can be generalized to other objects, we must show that Equation (47) 

can be reduced to the same form and with appropriate boundary, conditions. 

This is achieved by the following transformation: 

Y. yAI3D) 9  S = P(2A/3D)l/3 = (x' _x)(2A/3D)h13. 	(8) 

In the coordinates Y and 5, the similarity variable r of the 

diffusion-layer solution is 

XAPT 	- 	YSDl'3 	

173 	 9 

	

[9D 	 , PVP7 dx] 

Consequently, in order to match with the diffusion-layer solution, the 

solution in the rear region must satisfy the condition 

	

11 	- YS 	
D1/3 

r(4/3) 	 , 
[4rA .o 	dx] 

as S 



the problem.becomes independent of the conditions on the front part of 

the body. Now 0 satisfies 

3. 2 0 3 	0 	 1 aO 
Y 	 , 	

(52) 

subject. to the boundary conditions 

0 = 0 at Y = 0, on the solid surface. 

0/S =0 at S = 0, on the rear axis. 

+.YS as S + , in order to match with the diffusion-layer solution. 

As Y + , the term 	should become negligible. 

Equation (52) is the same as Equation (30) except boundary condition 3, 

where the concentration is different by a constant factor. However, 

except for its magnitude, such a constant factor does not affect the 

concentration profile or its gradient. Hence, the solution for the 

sphere problem remains applicable. Figure 5 is replotted in Figure 7 in 

terms of /ay at Y . = 0 in order to be useful for the wider range of 

problems treated in this section. 

For large S. the surface concentration gradient reaches an 

asymptote 

+ + OAM as S + 
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Fig. 7. Rate of mass transfer near the rear of a. 
bluff axisyimnetric body at lare Schmidt 
numbers. 
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while at.:the rear itself the value is 1.12 14. 

B. TwoDimenslonal, Symietric Cylinders 

For a two-dimensional, symmetHc cylinder under the same physical 

conditions -- high Schmidt number and low Reyolds number flows -- the 

Lighthill transfontjon [23] provides a similarity solution for the 

concentration profile In the diffusiOn layer, as pointed out by Acrivos 

[24]. In fact, the velocity components used are 

v = y(x) 

and v = 	(1/2)y2'(x) 	 (514) 

and the solution in the diffusion layer is 

T) 

(3 

J e 	d, 	 (55) 
0   

the same as Equation (15). However, here, 

- 	yV' 

[9D f 4 dx] lll  

x, again, is measured along the surface from the front and y is the 

normal distance from the surface. 

Since the Lighthill method is based upon the same type of arguments 

as that of the boundary-layer method, it also breaks down at the rear of 

an object. However without going into as great detail as in the sphere 

case we should suspect that the region of interest at the rear is small 

in both the.x and y directions. Consequently, x and y are essentially 



Cartesian coordinates in this region The convective diffusion equation 

thus can be written as 

v  'E) 	90 	
( a go  + 320  

I 	 (57) 

By substituting the, velocity approximations and letting B -*'A(x 0  - x) as 

x + x0 , Equation (57) is reduced to 

30 Ay(x - x) 	+ 4Ay2.2 = 	+ 	 ( 58) 

The diffusIon coefficient and the constant A can be made to disappear by 

stretching the coordinates: 

X = (x - x )(A/D)h13 ,  y = (A/D)' 	, 	 ( 59) 

so that 0 ,satisfies the equation 

1 2 O 	'ae 
.Y y-YX—+ (60) 

Near the rear region the similarity variable n of the diffusion 

layer can be expressed in these coordinates in the form 

yv'A(x-x) 	 . 	, 	. 

x (D,A) 1/3 	 x 	1/3 = 
	, x 

 D , 	
, (61) 

o 

19D 
o1 	1

1/3 9D 

f v 
dxl 	 f 	dx 
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which is small because the diffusion coefficient is small. Hence, in 

order to match the solution in the rear region with the diffusion-layer 

solution, we must have 

1/3 

r(/3) 	
as X 	 (62) 

The problem in the rear region can finally now be made independent of 

by stretching the concentration. Let 

x 	1/3 

	

= e r(/) [L f VF dx] 	. 	 ( 63) 

This will also make the problem for indepefldent of the Reynolds number 

and of thegeometry of the front part of the cylinder. 

• 	The, diffusion equation now becomes 

12 	 ® 	® at 	 • 	64 WYX +, 	 •. 

with the boundary conditions 

e =..o at Y. = 0, on the solld.surface. 

aO/X = 0 at X = 0, on the plane of symmetry. 

3•. 	Y /5 as X - co, In order to match with the diffusion-layer solution. 
46 

. As Y + , we suspect that 	/Y2  should become negligible, in order 

to match with regions downstreem where diffusion in the direction 

normal to the surface should be negligible., 
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The last boundary condition can be stated more explicitly by 

finding the asymptotic solution as Y -* 00 Then 0 should satisfy the 

equation 

1230 	 a 2u.. y 	 (65) W -  Yx =-  —.  
ax 

with the; solution 

Y3/4 	 (66) 

and where F satisfies the ordinary differential equation. 

F" + 	F' - F = 0 	 (67) 

with the boundary conditions 

F' = 0 at E = 0 and F vt as 	Co.  

The problem posed In equation (614) was also solved by finite-

difference methods using successive overrelaxation on a high-speed digital 

computer, the method being similar to that used for mass transfer to the 

rear of, a sphere. The rate of mass transfer to the cylinder in the rear 

region can be calculated from the values of 3/3Y at Y = 0, which are 

plotted in Figure 8.. The value at the rear itself is 0.819. From these 

values and the diffusion-layer solution, a composite expansion for the 

mass-transfer rate can be constructed. The local Nusselt number is of 

order Sc16 near the rear of the cylinder. 

It may be pointed out that the solution in the rear region 

approaches the diffusion-layer solution from below rather than from above 
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Fig. 8. Rate of mass transfer near the rear of a bluff 
two-dimensional body at large Schmidt numbers. 
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as X + . That this is really the case can be verified by Obtaining the 

asymptotic solution for 0 as X + 00.Let 

OYv"+T 	 (68) 

Substitution into Equation (64) gives a differential equation for T 

(69) 

The term - Y/14X314'2  acts as a negative source in this equation By 

neglecti.ng the term 2T/3X2 as'X, One obtains the solution for T as 

X+: 

T = G(Y)/X3'2 , 	 (To) 

where G satisfies the ordinary differential equation 

Ito" = .Y + 2Y2G' + 6YG 	 (ii) 

and the boundary conditions 

=uatx=u 	ana - -j/basx -. 

Thus the concentration derivative can be expressed for large X as 

+ G5o) 	- 0.1242 as X 	 (72) 

Here a represents the diffusion-layer solution as plotted in Figure 8 

and the correction term G,(0)1X312 is negative. 

IVO 



-14l. 

C. Conclusion 

From the preceding discussions it is apparent that the mass 

transfer rate at the rear is orders of magnitude smaller than the rates 

in the front, and its contribution to the average Nusselt number is 

• 	negligible. However, the method used shows a means to remedy the break- 

down of, the diffusion layer approach. Like pieces of a puzzle properly 

matched, examination from region to region uncovers the various mechanisms 

of mass transfer, thus forming a complete picture which describes the 

entire transport process. In addition when one sorts high order contri- 

• 	butions to the average Nusselt number, such as the work done by Acrivos 

and Goddard, f] one.must entualy.t 	iithoatht'the singular 

behavior at the rear stagnation point. The work done here provides the 

necessary information for that purpose. 

Table II shows the Schmidt number dependence of the Nusselt number 

• 	for both two-dimensional and axisyretric cases. 
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CHAPTER III: MASS TRANSFER RATES TO A CIRCULAR CYLINDER AS 
PREDICTED FROM THE COMPOSITE SOLUTION. AND SHEAR 

STRESS DISTRIBUTIONS 

The surface vorticity distribution over a circular cylinder, or 

sphere, Inlow Reynolds number flow is readily available in the literature. 

For example, Jenson .1251, Hamielec, Hoffman, and Ross [26] calculated the 

surface vorticity for a sphere, while Sih [27], Southwell and Squire [281, 

Apelt [lI],Allerz and Southwell [15], Thom [16], Takami and Keller [17], 

Jain and Rao [18],  Dennis and Chang 1191 and Kawaguti [20] studied the 

case for a circular cylinder. Through private communication with 

Professor Hamielec, he provided us the following dimensionless surface 

vorticity (w) data for a circular cylinder and sphere. 



Table  III. Dimensionless surface vorticity, calculated by Hamielec 

• Circular cylinder Sphere 

Re1 Re2 Re=14 Ie=l6 Re20 

Angle -:w5 
- - - - WS  

0.0 0.0 0.0 0.0 0.0 0.0 
• 	 6 0.1317 0.18145 0.2765 0.2173 0.71149 

12 0.2607 0.36146 0.51455 0.14291 1.14017 
18 0.38141 0.5359 0.7997 0.6337 2.01491 
214. 0.14996 0.69143 1.0327 0.8280 2.614014 

30 0.60149 0.8365 1.2385 1.009 3.1606 
36 0.6979 0.9593 1.141214 1.17146 3.5970 

• 	 142 0.7772 1.0606 1.5509 1.3221 3.9396 
148 0.81417 1.1386 1.6518 1.141498 14.1816 
514 0.8905 1.1928 1.71141 1.5563 14.3201 

60 0.9235 1.2229 1.7385 1.61407 14.35514 
66 . 	 0.91409 1.2298 1.7266 1.7025 14.2921 
72 0.914 32 1.21149 	. 1.6815 1.71417 14.1382 
78 	. 0.93114 1.1800 1.6070 1.7586 3.90149 
814 0 9068 1.1278 1.5077 1.7541 3.064 

90 0.8709 1.0610 1.3889 . 1.7292 3.2587 
96 0.8255 0.9826 1.2559 1.68514 2.8788 

102 	. 0.7723 0.8960 1.11143 1.62141 . 	 2.14839 
.io8 . . 	 0.7132 0.80142 0.9691 1.51472 • 	 2.0899 
.1114 0.6500 • 0.7103 0.8253 1.14565 1.7111 

120 0.58145 0.6171 	• 0.6872 1.3539 1.3591 
126 0.5180 • 0.5268 0.55814 1.21411 1.014214 
132 0.14520 0.141416 o.141418 1.1199 0.7670 
138 . 

11414 	..• 
0.38714 
0.3250 

0.3629 
• 0.2915 

0.3395 
0.2525 

0.9917 
0.85814 

0.5359 
. 	 0.3500 

• 	150 0.2651 0.2278 0.1810 0.7208 • 	 0.2082 
156 • 0.2080 0.1717 0.12142 0.5800 0.1075 

• 162 0.15314 0.1222 0.0805 0.14370 0.014314 
168 
1714 

0.1010 
0.6501 

0.0782 
0.0381 

0.014714 
0.0218 

0.29214 
0.11467 

0.00939 
-0.00275 

180 • 	0.0 	• 0.0 0.0 0.0 0.0 
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The dimensionless surface vorticity is related to the surface shear 

stress, 8, asfollows: 

By definItion 

31.) 
B = y0, 	(See Equation 43) 	 (73) 

and 

	au 

= (Ty- 
- _4R 	

(74) 

At y=O, U=O thus 

a'-) 
(&) 	xE 

00 

(75) 
00 

Figure 9 shows the dimensionless surface vorticity obtained by 

some of the authors mentioned previously. Sih's result at Reynolds 

number 5 was comparitively high because it was not calculated in an 

infinite medium. Southwell and Squire's result at Reynolds number 2 had 

a high maximum value as compared to Hemielec's result at Re = 2 and 4. 

Although the drag coefficient at Re = 2 by both Southwell and Squire and 

Hanelec seemed to agree (c, = 1.519 and 1.527, reapectively),the 

former was incorrect when compared to the limiting ease Re - 0 [29]. At 

He + 0, the stream function past a circular cylinder is 

= (log 703)1 (r log r - r + 1) SIne 	 (76) 
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Fig. 9. Surface vorticity distribution for flow past a 
cicu1ar cylinder. 



and for small (0-70, the leading edge, 

u 	(e-rr).  

However, aôcording to Southwell and Squire at Re = 2, 

= - it 
(t2 )(0 728 0.574r + 0.239-r 2 )  

where 	T = 2 cos(8-w)  

for small (0-7r) 

cr(0_7r) 2 	.  

Clearly, it contradicted the limiting case. 	Consequently, we consider 

Hainlelec's results as being more nearly correct. 

The.composite solution for the mass flwc to a circular cylinder 

can be expressed as: 

N=N 	+N 	-N (x+ao)  
- 	-1 	-r 	-r 

where the subscripts bi and r denote the diffusion boundary layer and 

the rear region respectively. 	By rearranging Equation (55), (56.), 	(62) 

and (63) one can obtain 

D(ç— C0 ) - 
- - 
	r(/) . 	1/3 

19D f v' 	dic] 

1/3 

" 
+ (A/D)" 1 	- 	.  

x 
9 J 0 	dx 



Using the diameter of the circular cylinder as the characteristic 

length, one can express the mass flux in terms of the, local Nusselt 

number •' 

	

Nu=_D(C -C) 	. 0 

r(/3) 	•'r 
[9D f VT dxl 

' !3  4- (A/D)1'3 	 i
- 

v'] 	 (83) 
x 	Y, Y=O  

dx 

Similarly,, the Nusselt number for a sphere 

in Stokes flow is 

2 	 sinG Nu 
= (Pe/2)_1/3 	r(14/3) 31/3 [7r-8 + 	sin 2011/3 

+ Nu (3) - ,
2S 	• 	 . 	 . 	 (81) 

r(/3)(31T ) 1 I3  

• . . 	 . 	
(NUr(S) is plotted in Figure 5.) 

in low Reynolds number flows is 

NU 
2B  

• 	 , 	

- 	 -. 	 1/3 
[9DPVW dx] 

+ ( 2A/3) 1/3  

	

- s] 	. 	 (85) 
1/3 

 

[ 1A f °  P v~Fa- dx] 

(p = Rain 0 for a sphere.) 



Figures 10 andil show some of the results calculated according to 

Equations •(83)•, (81), and (85). The physical system chosen for the 

calculations was potassium ferricyanide, potassium ferrocyanid.e-,: bohj 

a concentration of 1.5 x 10 moles/liter, and sodium hydroxide at 1 N. 

The diffusion coefficient at 25
0 

c is 8.809 x 10 6  cm2/sec. The experi-

mental results from a .benzoic acid sphere were obtained by Garner and 

Keey •[,5. 

It was especially interesting to note in Figure 10 that the mass 

transfer rates based on the Southwell and Squire's shear stress distribu-

tion was totally erroneous. It predicted zero mass flux at the front 

stagnation point, since dB/dO + 0 at that point. Also, it appeared that 

the mass flux at the rear stagnation point decreased with increase in 

Reynolds number. This is reasonable since at high flow rates, mass 

transfer in the front region increases; consequently, the solution 

becomes more depleted at the rear region. 
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Fig. 10. Mass transfer to a circular: cylinder. 



Experimental results at Re= 6 
Garner and Keey [31 
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%. shear stress distribution 
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Fig.. 11. Mass transfer to a sphere. 
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CHAPTER IV SHEAR STRESS MEASUREMENT BY A SHORT ELECTRODE 

In the preceding chapter an illustration was made for the corn-

putation of the local mass transfer rates to a circular cylinder in terms 

of the shear stress distribution However, these shear stress distribu-

tions were based on a circular cylinder in an infinite medium. The flow 

tunnel (Seechapter V, section A) used in the experiment had a square 

cross-sectional area of 36 inch2  (or 6 inches x 6 inches), and the 

circular cylinder had a diameter of 1I1 inch Such a combination 

definitely does not adhere to the infinite medium condition. Consequently, 

one must determine the shear stress distribution for this particular 

:system experimentally. This can easily be achieved. The diffüsionlayer 

solution, Equations (55) and (56), indicates that if only a small section 

of the cylinder is undergoing mass transfer (i.e., x is small), may be 	 H 
considered as being constant Hence, by measuring the mass flux to such 

a section the local shear stress can be obtained. Dimopoulos' [6] work 

on the shear stress distribution as well as other work by Hanratty [10], 

[ii], [12] were entirely based on this idea. Figure 12ashows a cylinder 

constructed for this purpose. A small electrode was embedded in a lucite 

cylinder. Current to the electrode can then be used to calculate the 

local shear stress. Incidentally, this cylinder is nearly a replica of 

what Dimopoulos used, except its dimensions are smaller. 

It may be of interest to note that the electrode for shear stress 

measurement must be embedded in an insulating cylinder. One cannot use 

the two-electrode cylinder discussed in the introduction (See Figure 3, 

page 8) 9  for even though no net current is passed to the large electrode, 
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Fig. 12a. Circular cylinder with one electrode for 
shear stress distribution measurements. 



there can be local reactions at the large electrode which enhance the 

current to:the small electrode. Figure 12b illustrates such a situation. 

Sincethe dimension of the electrode is very Small, we felt that 
	

a 

edge effects could be important. The diffusion layer solution did not 

take this into account. Newman (301  recently studied a variety of 

problems by the same theoretical approach as shown in Chapter I and II. 

One of these involved the mass transfer rates at the leading and trailing 

edges of a flat plate which could be applied to the problem at hand. 

Below is a brief summy of the develomient of equations and results. 

The mathematical details and various practical implications are currently 

being written into a paper for publication. 

Let .us consider a small lengthwise strip of the circular cylinder. 

When it Is sufficiently small, it may be considered as a flat plate. The 

diffusion equation of this small electrode in terms of the dimensionless 

concentration is 

(7, 20 2e\ 
	

(75) 

where x is along the surface and y is normal to the surface. For uniform 

shear rate the velocity profile is given by 

v=O 	 (76) 

where a 	the shear rate. 

As we stated in Chapter II we are only interested in the case of 

large Pe'clet number, defined for this small electrode as 

Pe = L2B/2D. 	 (77) 
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Fig. 12b. Current through the large electrode (net current 
is zero) when only the small electrode is 
connected to a current source. 
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where L iathe length of the plate. In this case, the mass-transfer 

mechanism can be divided into four regions -- regions A, B, C, D (See 

Figure 13).. Region C :iS the leading edge of the mass-transfer surface 

with the appropriate variables being 

XC = x/BJ2D ' 	= yIB/2D . 
	 (78) 

Equation (75) becomes 

2,s Is 

dtJ 	d.dt 
2Y,., = = 

• 	 C C 

• with boundary conditions 

e=oatYC =o,xc > o. 

=. 0 at YC  = 0, XC > 0. 

0 +1 as X +• — °° oras Y CO

C + 

.as.X.+ 	 = o. 

• 	The numerical solution was presented in Reference 31. The concentration 

gradient at the surface of the leading edge is reproduced here as 

Figure iii. 

Boundary condition 4 arises from the fact that one expects the 

concentration gradient along x to diminish when X+ . Equation (79) 

then becomes 

	

2 	 - 
2Yc 	=. 	 (80) 

6. 
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Fig. 13. Mass transfer to a flat plate in uniform shear. 
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Fig. 114.  The normal concentration derivative at the wall in the 
elliptic region at the beginning of the mass-transfer 
section, with the Lvq.ue solution for comparison. 



where 

= Y(2/9X0)" 	•  

This is the familiar Le'vque [13) solution, and as one will see, it is 

also the solution for region B. 

For region B the appropriate variables are 

xB = x/L 	and 	B 	
(/)u/3 

 

Substitution into Equation (75) yields 

• 	 = 	+ (2PeY2" 	L 
B (814) 

B 

it is obvious, as Fe -' 	, diffusion in x-direction becomes negligible 

and Equation (814) reduces to 

a® 	a 2® 
(85) 

with boundary conditions: 	 • 

1. 	®=OatYB=O. 

2.0+1asYB-00. 



me 

3: As XB + 0, solution in region B must match the solution in 

region C as X ~ 

Equation .(85) is parabolic. An important consequence is that there will 

not be any upstream propagation of effects from the trailing edge, 

region D. 

The aditition presented by Equation (81) satisfies all the boundary 

conditions for Equation (85) except in has the form of YB(l/9XB). 

Accordingly, it is proper to say that the diffusion layer, region B, is 

merely an asymptotic part of region C. Region D at.the trailing edge 

of the mass-transfer section has 

= (x - L) //2D, 

= 9 Peh/'6r(I4/3)(9/2)h' 3 	 (86) 

as its appropriate variables. Its differential equation is 

• 	
• 	 2Y 	= 	 (87) Dx.... 	 2 2 • 	

D 

with boundary conditions 

1. OD  0 at YD = 0, x,< 0. 

•2. 3O/YD=0atYD=0,XD>0. 

+ YDasYD +c*, 

as 	+ , 	 ~ 0 
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The last boundary condition again arises from the anticipation of 

a diminishing concentration gradient along the x-direction. An asymptotic 

solution of Equation (87) with this, boundary condition can be found. 

However., it will not be dealt with here. The solution for region D is 

presented in reference 32. The normal concentration gradient along the 

trailing edge is shown in Figure15. 

The total mass transfer rate can be obtained by forming the cmi-

posite solution of regions B, C, and D. 

In terms of the Nusselt number, it is 

L f .e Nu 
	1y=O 

= 1.0175 pehI3 + 0 	288 + O(Pe 1 ) 	 (88) e   

Equation (88) is a "working" equation since the Nusselt number can 

be measured experimentally. 

- D(C - C ) 
0 

where . . . 	Q = mass flux, nioles/sec-cm2  

L characteristic length of the flat plate 

D = diffusivity 

C = bulk concentration 

C = surface concentration. 
0 

The corresponding Pel'et number can be calculated by solving the third 

h/ '6  order equation in terms of Pe. 
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Fig. 15. Mass-transfer rate near the trailing edge of 
a flat plate under uniform shear rate. 
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Itmay be Interesting to point out here that without the leading 

and trailing edge corrections EquatIon (88) corresponds to the equation 

used by DlrnopoulOs [6]; that is, 

Nu = 0.807 z1/ 3 	 (90) 

The constant is different, however, because Dimopoulos defined Z as 

(2 pe)l'. 
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CHAPTER V. EXPERIMENTAL MEAStJRF24ENT OF MASS 
TRANSFER RATES TO A CIRCULAR CYLINDER 

IN LOW REYNOLDS NUMBER FLOW 

A mentioned in the Introduction, the electrochemical system, 

potassium ferrlcyanide, potassium ferrocyanide, in excess supporting 

electrotyle, KNO3 - seemed to be ideal for our purpose. And the object 

which seemed particu1arl suitable for the experiment and theoretical 

treatment was a circular cylinder. What were lacking seemed to be a 

suitable flow system and a temperature control system. In this chapter 

we shall deal in detail with the construction of these systems as well 

as the very Involved and delicate assemblage of the 2-electrode 

circular cylinder. In addition, the overall experimental .èetup and 

experimental procedures will be discussed. 

• 	 A. rne 'iow system 

The flow tunnel, originally designed by Tom Atkins [21] but never 

assembled nor tested, was modified extensively for this experiment. The 

prototype moving-wall section was removed due to. excessive vibration 

from the movement of the gears as well as the moving walls. A straight, 

square cross-sectional area tunnel was installed. Figure 16 shows the 

entire flow system with the flow tunnel. The total straight section 

was 34" long. It was made of lucite 1/4" thick. Seven portholes, with 

sealing plugs, of 1" in diameter were made on each si.4e  of the walls. 

The two used in this experiment were 17" from the start'of the straight 

section. • The Inlet and outlet sections were made of stainless steel, and 

each was 23" long. The inlet section had an elbow while the outlet 

section had a tee. In the inlet section two stainless steel screens 

were glued in place by epoxy. The purpose was to create a more uniform 
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Fig. 16. Flow system. 



-66- 

flow. SInce both sections were made of metal, heat transfer with the 

surroundings was too fast Therefore, both sections were insulated with 

asbestos material. The piping arrangement of the flow system was very 

simple PVC pipes were used exclusively, because they were corrosion 

resistant and poor in heat transfer. Preceding the inlet to the flow 

tunnel, a damping section was added to absorb the high frequency 

oscillation caused by the centrifugàlpurnp. -This section consisted of a. 

damping column, a section of 80" long 1" pipe, a rotameter and two 

restrictIon valves. In principle, by restricting the flow at valve two 

the oscillation energy in the flow could be absorbed and released by the 

gas (N2 ) in the column. The design of this section is discussed In 

AppendlxC. The steady position of the glass float in the rotameter 

indicated that a steady flow was maintained. To avoid heat exchange at 

the damping column (glass), it was also insulated except for a window, 

through which the thermometer In the column could be observed. 

The constant-head reservoir provided steady pressure to the pinup 

and the entire system It contained a stainless tube with fine holes 

for purging the solution with nitrogen and a vent which could be connected 

to a vacuum. It had two purposes, one of them was to help degas the 

solution. The other will be mentioned in the procedure section. 

Prior to the pump a small heat exchanger was installed to maintain 

the fluid at constant temperature. It consisted of a piece of stainless 

pipe Jacketed concentrically by a copper cover. Cooling water was 

circulated :between them. 

The centrifugal pump was stainless steel, made by R. S. Corcoran Co. 

(Model 2000 F). It was driven by a variable speed motor made by Bodine, 



1/2 hp, the motor controller was manufactured by Minarik (variable speed 

system,. Model SH-73). 

The flow system was literally suspended by springs and soft rubber 

pads. First, a stand was constructed to support the flow tunnel. 

Attached to each of its legs was a shock absorbing spring. These springs 

were purchased after determining the average weight on the legs. They 

were designed to absorb building vibrations. Furthermore, the flow 

tunnel was held up on the stand by laboratory jacks. The top and bottom 

of these jacks were padded with soft rubber pads. The constant-head 

reservoir was held up by a platform connected to the ceiling. It was 

also isolated away from the building by rubber pads. The motor and pump 

were bolted on an iron block. The added weight réducédthe a.m:piitude of 

the vibration by these machines. The block's bottom side was again 

padded to reduce its impact to the floor. In addition to these pre-

cautions, rubber hoses were used near the pump and the constant-head 

reservör so that vIbration from the equiprnant could not propergat.e 

through the rigid pipes. See Figure 16 for details. 

B. TMM rture Control System 

The entire laboratory room was air-conditioned at a temperature 

about 220C. The entire apparatus was placed inside a walk-in hood--

about 8 feet high, 5 feet wide, and 15 feet long. The walls and doors of 

this hood were Insulated with a 1" thick fiber glass sheet. The Inside 

of the hood was maintained at 21°C  by small light bulbs controlled with 

a temperature relay system. The accuracy was within 0.01°C. To insure 

uniform temperature within the hood two fans were installed to circulate 

the air inside. The motor which drives the centrifugal pump was placed 



-68- 

in a fiber glass insulated box. The air supply to this box was passed 

through a tapwater tank whose water had just passed through a constant 

temperature bath to keep the air at a relatively constant termperature. 

This air was then led into the insulated box. A vacuum at the opposite 

end of the box takes away the warmed air. Inthis manner a relatively 

constant temperature was maintained around the motor and the heat 

conduction to the pump was also kept at a relatively constant rate. To 

control the temperature of the fluid, it was cooled prior to the entrance 

into the pump via a heat exchanger. The cold water to the heat exchanger 

was supplied from a constant temperature reservoir whose temperature was 

maintained at about 18 1c with an accuracy of 0.01 °C. The flow rate of 

the cooling water was adjustable so that the fluid of the system was 

maintained at 24 0C with fluctuations no more than 0.05 0C. To observe the 

temperature of the system, a thermometer was placed inside the damping 

column which was in direct contact with the fluid coming out of the pump 

A thermometer was also installe&in the flow tunnel to indicate the 

temperature there. In addition, the entire flow tunnel was surrounded by 

fiber-glass insulations acting as buffers. This arrangement reduced the 

chances of the tunnel coming in contact with any high or low temperature 

gases. A schematic diagram of the temperature control system is shown in 

Figure 17 

C. Electrode. Construction 

The concept of the 2-electrode object was mentioned in the intro-

duction, and a simple sketch was shown in Figure 3. However, the actual 

construction of such a system proved to be extremely difficult and 

required immense patience and delicate workmanship. Figure 18 shows the 
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Fig. 18. Structure of mass transfer circular cylinder - a 
2-electrode object. 



structure in detail Figure 19 is a picture of the actual cylinder.  

Basically, the cylinder was composed of a lucite rod, 6 inches 

long and ó.18o inches in diameter, whose central portion was covered by 

a platinum tube, 4inches..longand 0.500 inches in the outer diameter. 

A small piece of the platinum 0.015 it  x 0.255 was removed from the tube, 

through which another platinum electrode was inserted. The gap between 

the two platinum pieces is less than 0.003 " as one can see from Figure 

18. When properly isolated with Epoxy glue, they formed a 2-electrode 

system. One of the difficulties encountered during construction was 

that the Epoxy tended to form bubbles during curing; consequently, it 

left an uneven surface as well as leakage of solution into the electrical 

lead wires causing corrosion. The problem was resolved by degassing the 

Epoxy before applying, and during curing a slight vacuum was applied at 

the "electrical-wire" side. In this manner a slight pressure gradient 

was created to allow the excess.'gsto escape throughthe vacu as' 

well as to assure complete filling of the gaps between the electrodes. 

Although at this stage it is iiaterial to recount the many unsuccussful 

models, it is sufficient to say that this final, workable version evolved 

not from accident, but from many heartbreaking failures. In Appendix B, 

a brief description about the construction of the platinum tube was 

presented. Incidently, Dimopoulos used a round platinum wire as the 

small electrode for his mass transfer study. The area occupied by the 

epoxy was not specified, although from the sketches presented, it seemed 

much larger than the wire itself. For the slow flow rates involved here, 

we considered it inadequate. 



To measure the shear stress distribution, a lucite cylinder, 

0.500 "0.D.,  with just one small electrode embedded in it was also 

constructed. As might be expected, it was much easier to make. 

To facilitate the insertion and extraction of the object, a 

"side-arm" was placed at the object porthole on the tunnel. A drawing. 

of it is shown in Figure 20. It consisted of an 1-1/2" lucite tube with 

a Lawrence Radiation Laboratory Wilson seal on one end and a 1-1/2 " 

ball valve in the middle. To remove the object, it was first pulled 

between the Lawrence Radiation Laboratory Wilson seal and the ball valve 

and then the valve was dosed. The solution trapped between the two was 

drained out but saved. The Lawrence Radiation Laboratory Wilson seal 

and the object could then be removed simultaneously. To insert the 

object the reverse procedure was used. 

D. Electrical Circuit 

The electrical circuit of the system is shown in Figure 21. The 

two major pieces of equipment used were 1) a potentiostat, the current or 

voltage source, and 2) an operational amplifier. The potentiostat was 

manufactured by G. Bank Elektronik of Germany. The operational amplifier 

was a chopper stablized operational amplifier, model 231 J by Analog 

Devices. Power supply to the amplifier was a model 901 D.C. power 

supply, also, by Analog Devices. 

Following Figure 21 and starting from the cathodes: the circular 

cylinder, the larger electrode, was connected to the negative terminal 

of the potentiostat while the small electrode passed through the amplifier 

to the same negative terminal. The positive terminal was connected to 

the downstream, outlet section of the flow tunnel, made of stainless steel, 
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Fig. 19.  Circular cylinder with 2-electrodes for mass 
transfer rate measurements. 
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as the anode. The reference terminal of the potentiostat was shorted 

to the.positive terminal. Initially, a platinum reference electrode 

was connected to the reference terminal and the electrode was placed at 

various parts of the system. It did not show any difference in the 

current-potential relationship. Hence, we simply connected the reference 

and the positive terminals together. The platinum electrode was also 

used as the anode to check the effect of the stainless steel anode. No 

difference in current potential relationship could be observed either. 

Also, note, the potentiostat was internally grounded through the cathode. 

Consequently, it was necessary to electrically float the system by an 

isolation transformer and to make all the stainless steel parts of the 

system part of the anode. 

The operational amplifier had a lOO( resistor. The current passing 

through the resistor corresponded exactly to that of the small electrode. 

The leakage current in this device was 10 2  or less amperes. This was 

very small compared to 10_6  amperes, the current through the small 

electrode. The output voltage was then sent to a suppressor to compen-

sate for a large portion of the output. Normally, a voltage of less 

than 100 mV was sent to a t,Y-recorder. In this manner, small changes 

in the voltage output could be observed. The recorder was made by 

Sargent, model SRG. 

To irnpose a potential between the anodes and cathodes, one simply 

set the desired potential at the potentiostat. 



E. Velocity Profile Determination 

Various attempts were made to measure the velocity profile in the 

flow tunnel, but we failed to find a suitable means to do the job. The 

difficulty arose from the fact that for a. cylinder of 0.500 inches, and 

p = 1.0151 9/cm3 , ii = 0.8909 cp (see physical properties section), the 

flow rate at Reynolds number 5 was only 0.014 cm/sec. Under this extreme 

condition dyes tended to disperse after only traveling a short distance. 

A hot-wire anemometer generated too much natural convection, and the 

signals were too low for measurement. 

However, according to Han [331, the entrance length of a square 

tunnel is 

Le 	0.0752 D Ret 	 (90) 

where 

D: the tunnel's hydraulic diameter. 

Ret = tunnel Reynolds number. 

One of the tunnel Reynolds number used in the experiment was 36.88 which 

yielded from Equation (90) Le = 16.6 inches. The .object porthole was 

17 inches from the beginning of the straight section; therefore, we 

should expect a fully developed velocity profile at that position. Han 

also stated that when fully developed 

U. 
= 2.0977 	 (91) 

where u0  = central line velocity. 

u = average velocity. 



Correspondingly, the object was confronted with a flow which yielded a 

Reynolds number of 6. Since the velocity profile was nearly parabolic, 

the overall Reynolds number could be less than 5. 

We did not pursue this matter further as we felt that the more 

meaningful results were the shear stress distribution which could be 

measured experimentally. 

• 	 F. Experimental Procedure 

SOlutiOn preparation 

The total volume of the system was estimated to be 74 gallons. The 

weight of KFe(CN) 6 , K3Fe(CN) 6 , and KNO 3  for a concentration of 0.01, 

0.01, and 1.0 normal, respectively, were added to the system. However, 

the KFe(CN) 6  used probably absorbed some water during storage and its 

concentration turned outto be 0.0045N instead of 0.01N. The concentra-

tion of K3Fe(CN) 6  came out to be 0.0093N and KNO3  was 0.590N. Distilled 

water. was used to fill the system, and then the system was pumped at a 

slow rate. At the seine time pure nitrogen gas was bubbling through the 

solution in the reseryojr:to saturátethe - solutiQyz.withnitrogen gasand 

to expel the dissolved oxygen (Dissolved oxygen reacts at the cathode in 

the same potential range as that of the ferricyanide ions.). This was 

continued for a few weeks. At the initial filling, bubbles were trapped 

• in the horizontal section of the tunnel. They were removed .by applying 

a vacuum at the reservoir. The pressure in the system was then redued 

slowly. At one point the pressure on top of the horizontal section was 

at atmospheric pressure. The portholes on the tunnel were removed; a 

suction needle was introduced into the system to take away all the trapped 

air bubbles; the portholes were replaced; the vacuum was released. In 
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this way the system was made bubble free. 

Preparation of Electrodes 

First, the platinum surface was highly polished. The last polishing 

was done with a one-micron diamond paste. The electrodes were carefully 

washed by alcohol, and then they were cathodically treated in NaOH and 

rinsed thoroughly with distilled water. Next, the electrode was placed 

in the "side arm" where the electrode entered the system. The Lawrence 

Radiation Laboratory Wilson seal was placed in position. A bottle of the 

solution similar to the one in the system was used to fill the empty tube 

where now the cylinder was. The ball valve was slowly opened. This is 

crucial since trapped gas could be present on the cylinder side of the 

tube. The cylinder was then pushed into the channel and properly situated 

across the channel. The "0" ring at the end of the cylinder sealed off 

the porthole, separating the solution in the side arm from the solution 

in mark on the opposite end of the electrode. The leads of the electrode 

were then connected as described in the electrical circuit section earliar. 

Current Measurement 

Oncethe object was in position, it was left there without passing 

any current for a minimum of two hours. The flow rate and temperature 

of the system were carefully maintained at steady state. A potential of 

600 mV was then applied between the electrodes. The output voltage from 

• the amplifier was suppressed to less than 100 mV and was recorded on the 

t,Y-recorder. The amount of voltage suppressed was also recorded on the 

chart. To ascertain that the system was at steady state, in terms of 
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temperature, flow- rate,,, and current, theotential wag mathtained for at 

least 1. hr. In some intances test rune -were iade by passing the current 

for 21 hours. A steady current was.alvays observed when .a constant tern. 

peraturevas maintained. Whenever there was a temperature fluctuation of 

more than 0.05°C, a drift in output voltage could be observed. 

The position of the small electrode was changed and again no 

current was passed for at least two hours. In this mariner, we were 

certain that the flow disturbance caused by the rotation of the electrode 

had completely died out. The same potential was imposed again, and the 

procedure was repeated for another position. 

The same procedure was used for the shear stress measurement 

experiment . 

To obtain the total current to the small electrodes, one only needs 

to apply Ohm's law, 

I = R 	 (91) 

where R 100,000• f 

V = total voltage 

The surface areas of these electrodes were obtained by taking 

photographs under a microscope. The magnification used was 1 to 60. The 

photographs were matched and the area was measured by a polar planimeter. 

The areas for the electrode on the lucite cylinder and the 2-electrode 

cylinder were 1 .699 x 10 cm and 1.650 x 10 cm , respectively. 
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Measurement of Physical Proerttes 

The density of the solution at 214 0  ± 0 01°C was measured with a 

pycnometer. The viscosity of the solution at the same temperature was 

measured by a viscometer. The difftsion coefficient was measured by 

means of a rotating disk. The apparatus and procedure were discribed 

in reference 8. The result is shown in Figure 22. The concentrations 

of the ferricyanide and ferrocyanide ions were determined by wet 

titration. Fe(CN) 3  was by KI and Na 2  S2  03  method, and Fe(CN) was 

by titration against K!fri0 14  [314]. KNO3  was determined by weighing. 

100 ml of solution was extracted out and dried at room temperature by a 

applying a slight vacuum. The weight of the crystals was determined 

and the contribution due to potassium ferricyanide and potassium 

ferrocyanjde was subtracted. The results of these properties are: 

density 1.01509 gm/c.c. 	at 214. ± 0.01°C 

viscosity = 0.89092 Cp 	at 214.0 ± 0.01 ° C 

diffusivity 14.956 x iO_6cm2/sec at 214.0 ± 0.01 ° C 

concentration of Fe(CN) 3  0.0093 N 

Fe(CN) 14  = 0.00145 N 

iO3=0.59QN 
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Fig. 22. Diffusivity measurement by rotating disk method. 
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CHAPTER VI: RESULTS AND DISCUSSION 

Many technical difficulties were encountered in this experiment, 

and our objective was never achieved. However, we were able to overcome 

a majority of the problems involved. The unresolved problem merits a 

separate research project, and it shall be discussed later. 

First, as mentioned earlier, the construction of the two-electrode 

cylinder was very difficult. Many designs were tried and modifications 

were made until finally a workable and durable cylinder was obtained. 

Second, the oscillation in the fluid flow had to be eliminated. This 

was achieved by installing a damping section in the flow system, which 

was discussed in the flow system of Chapter V. Third, the flow system 

was a large pièce of equiuent. Maintaining a uniform temperature 

throughout' the system presented a great challenge. This, was achieved 

by the following arrangementé. 

The laboratory room, outside the insulated hood, was maintained at 

a relatively cool temperature, and acted as a heat sink. Some of the 

cool air was allowed to leak into the hood through the sliding hood doors. 

The temperature of the room was controlled within 22 to 23 ° C. 

Inside the hood two 60 watt light bulbs were connected to a relay 

system controlled by a Beckman thermometer. Also, there were two fans 

in the hood to maintain a thorough and fast circulation of the air inside. 

Temperature variation in the hood was, thus, in the order of ± 0.010C. 

The flow tunnel was covered by an open end box. It acted as a buffer 

so that the tunnel would not come in contact with any of the heated or 

cooled air at any time. 
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The cooling water to the heat exchanger was pumped from a constant 

temperature bath with a temperature fluctuation in the range of ± 0 01 °C 

The motor assemblywas enclosed in an insulated box. Compressed air 

was introduced from one end while a vacuum line at the opposite end 

pilled the air out. Thus, heat generated by the motor was quickly 

removed. . But this proved to be insufficient since the air temperature 

varied day in and day out. Finally, the air supply was cooled to a 

steady temperature with the tap water-discharged from the constant 

temperature bath. 

With all these precautions the fluid temperature could be maintained 

withinthé limit of ±0.05°C indefinItely. . It wasat this point tha.t. 

we finally were able to obtain reproducible data. 

The results were very discouraging as we found that natural con-

vection due to the concentration difference was rather severe. Not at - 

all like what Boeffard [9) had found. The results are shown in Figures 

23 and 24. 

Figure 23 shows the dimensionless surface shear stress distribu-

tion measured with the single electrode (on a lucite cylinder); Normally, 

without natural convection, the minimum should be at the front. and rear 

stagnat Ions. However, because of natural convection in the downward 

direction, the expected minimum at the front stagnation point was shifted 

to 110°  at Ret = 36.88. To confirm that this was caused by natural con-

vection, the same measurements were made at zero flow rate. One could 

see the effect clearly and that the natural convection was symmetric along 

the vertical axis. Since no simple relationship exists between natural 

convection and forced convection, it is futile to try toback calculate the 
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forced convection contribution to the shear rates. In addition, the 

natural. flow caused by the single electrode differed from that caused 

by the two-electrode system. Therefore, the shear rates measured did 

not correspond to the shear rates actually encountered in the mass 

transfer rate experiments, and could not be used to predict the mass 

transfer rates. However, as shown in Figure 24, the shear stress distri-

bution experiment does illustrate the presence of the leading and trailing 

edge effects. Their contribution to the total mass flux was in the order 

of 10% for our particular experimental conditions. 

To demonstrate that the system is operational, Figure 25 shows the 

mass flux to the small electrode on the two-electrode cylinder. It 

reflected the combined effect of forced and natural convections. The 

downward flow caused. by natural convection forced the front stagnation 

point above the horizontal axis. 

Although we did not achieve what we set out to do, we were satisfied 

that now we have a system which could provide a very slow, steady, and 

constant temperature flow. Work must be renewed to search for a system 

where the density change due to the concentration change in negligible. 

Incidentally, this may prove to be quite a challenge. Selman and Newman 

[35], recently made a theoretical investigation on the effect of support-

ing eleàtrblyte on free convection. They found for KFe(CN)6, K 3Fe(CN)6, 

and NaOH, the flow near the electrode and the flow away from the electrode 

could be in opposite directions. Regardless of these complications, we 

still believe that a suitable concentration combination can be found 

experimentally for the system used here. Thiscan be accomplished by 

constructing a small constant temperature unit and using the single 
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Fig. 25. Experimental mass transfer rates to a circular 
cylinder in a rectangular tunnel. 
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APPENDIX A. 

Derivation for region 3. 

The stream function for Stokes flow past a sphere is 

* (r,e) 	Br - 4v r2)  sin2O 

= 	 +  V00  - 4 vr) sin2e 

A(l) 

Let us redefine a stream function variable appropriate to region 3. 

	

= 3(5/3)(2/3) 
(1. _3r* + *2) 	 A(2) 

where S = e/c, r* = nH, c = 

The solution in region 3 should match the boundary-layer solution 

asr*l. Then 

w 
+ 3 (5/3 ): ( 2/3) (l~ *_l 

- 3(l+r*_l) + 2(1+r*_l) 2 ) 

3(5/3)Tr(2/3)S2 (1 
- (r*_l) + (r*_l) 2  + O(r!-1) 3  _3 -3(rl) 

+ 2 + (r*_l) 	2( r*_l) 2') 

= 3(5/3)(2/3)c2 (3(r*-l) 2 
+ 0(r*_l)3) 
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2,. 	2, 

3(2/3)w(2!3)e2 
A () 

The bouud&ry-layer solution is 

O() = 7413) 	e dx, A() 

where n = Y/g(0), 	Y = (r*_1)/c,  

A -  e +. 	s1n28\3  2  =  

g(0) = 
s1ne 

1  

\T / 

This is supposed to match region 3 as 0 + 0 	Then 

w(1/3)3(1/3) 
g + 
	

and fl 
= 

 

Thus in the region of matching, 

 

Hence the solution in region 3 is 

qr 

• 	 = r(/3) 	f edx  

where !1' is.given by Equation A-2). 
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APPENDIX B. 

Construction of the P14tint Tube 

The way the platinum tube was made may be of interest to 

some people, since it was rather straight forward and yet precise. A 

sheet of 0.010" thIck platinum was joined by welding and It approximately 

fitted over a 0.1480" drill blind, a steel rod of very precise dimension. 

The welded platinum tube, about 6" long, was placed over the drill blind 

and the two then hwmnered at high speed in a swage machine The dye in 

the swáge was set at 0.500". The end result was a completely smooth, 

and sealed platinum tube. ii" of this.tube was cut off with a lathe, and 

used as the platinum cylinder electrode in the 2-electrode cylinder. 
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• 	 A1DIX C. 

Designof the Dampirg Section 

The damping section was designed based on the following model. 

liquid 

where a piston generated a wave, a gas cavity stored energy from the 

wave, and an orifice provided the resistance for the flow and to damp 

out the oscillation. 

Newman studied.such a system, seeking for its resonance frequency. 

The work was done in Oak Ridge National Laboratory. Detail can be found 

in his report ORNL-CF-60-5-135, 1960. 

By linearizing the eauations involved, a simple expression déscrib-

ing the system was arrived at, 

G (s) = 2 2 	 (c-i) 
TS +2CTS+l 
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VOAT  
= pg (RA + RB) 	P 0  Lp 	

(c-3) 

s = jc 	 (c-1) 

and 	 V0  volume of gas cavity when at rest 

Po= pressure of gas cavity when at rest 

p = density of liquid 

AT = cross-sectiorial area of pipe 

= resistance due to friction of the pipe 

RB = resistance due to the orifice 
g = gravitational constant 

j=vCT 

w = frequency of piston. 

L = length of the pipe 

•R and RB  were considered as constants here, although they varied 

with flow rate. 

For effective damping action, JG(S)f < 1 Based one these 

equations, with w set at 1500 rpm, pipe diameter at 1", we determined 

that with a gas cavity of 5000 cm 3 , a pipe length of 80 inches there was 

•quite a margin in RB . This allowed us to use a valve in place of the 

orifice so that we had the flexibility to change the valve position 

• when we.varied the pump speed. 
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NOMENCLATURE 

v = bulk velocity CO  

c = bulk concentration 
CO 

c = surface concentration 
0 

Pe = Peclet number 

v = dimensionless velocity in vector form 

® dimensionless concentration (c 1  - 	- c0 ) 

Vr = radial velocity component 

* 
V0  = tangential velocity component 

D = diffusivity 
* 

r = r/R the dimensionless radius 

B = radius of a sphere or a circular cylinder 

o = angle 

y = r - 1 distance normal to the surface 

C = ( Pe/2) -"3  

Y = y/cStokes flow or 

Y = y(2A/3D)11'3 for axisymmetric objects or 

Y = (A/D) "  for 2-dimensional symmetrical objects 

= similarity variable 

r(/3) = the gamma function of 4/3 

S=0/c. 

'1' = Equation 19 

sS/v' 

= SVYfor axisyimnetric objects or 

= XvI for 2-dimensional symmetrical objects 
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= sIr/3 

Q = 0162 
 

= cr 

8(x) 
WX 

= 
.- = 

P(x) = the normal distance of the surface from the axis of synunetry 

A = a constant defined by Equation (46) 

O = dimensionless concentration as defined by Equation (51) for 
axisymmetric objects or 

O = dimensionless concentration as defined by Equation (63) for 2- 
dimensional symiuetrica]. cylinders 

F = defined by EquatIon 66 or 

F = Faraday constant 

T = defined by Equation (68) 

G = defined by Equation (70) 

I = current, ampere 

z = the number of electrons transferred In the electro-chemical reaction 

N = mass transfer rate to an electrode 
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