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Partially bounded sets of infinite widlhl)

By Edward Thorp and Itobert Whitley at Irvine

1. Introduction

Clark [2] introduces these notions for a convex subset A of a real Banach space X:
(1) A has Jinite width if A lies between two closed parallel hyperplanes, i. e. if there is a
continuous linear functional z* on X and two real numbers « and f with « < 2*(z) < g
for all 2 in A, (2) A has finite width in the direction x == 0 if there is a constant w, such
_Um[, every line parallel to 2 intersects A in an interval of length no more than w,, i. c.
a4 y and Bz + y belong to A then | f— o« | = w,, and (3) A is partially bounded
(by K)if there is a finite least upper bound K for the radii of spheres contained in A. In
what, follows, we assume A is closed.

Clark shows that these conditions are equivalent when X is finite dimensional and
asks whether this is Lrue in an infinite dimensional Hilbert space. (Ironically, the closure
of the set 117 on page 615 of [2] furnishes an example of a closed convex body in separable
Hilhert space which is partially bounded by 1 but which is of finite width in no direction.)

The implications (1)-> (2) = (3) are casy to establish. We show here that under
various hypotheses, satisfied by many and perhaps by all infinite dimensional Banach
Spaces, none of the other possible implications hold. Specifically (1) there are partially
bounded closed convex bodies of infinite width in any Banach space which has a separable
mfinite dimensional quotient, and (2) in any Banach space which has an infinite dimen-
sional quotient having a Schauder basis, there is a closed convex seb of infinite width

but of finite width in some direction.

We note that Clark’s discussion of the finite dimensional case is limited to convex
bodies, i. . convex sets with non-void interior. This is reasonable because a convex set
With void interior is contained in a proper hyperplane, in the finite dimensional case.
This shows thal it trivially has all the properties of interest. It secemed to us possible
bug, unlikely that Clark’s interest was limited to convex bodies in the infinite dimensional

case. Ilowever, we do give convex body examples whenever possible.

9. Parfially Bounded Sels of Infinite Widih

Theorem 1. Let X be an infinite dimensional Banach space which has a separable
L.n/mitc dimensional quotient. Then X conlwins @ closed convex set of infinite width which

W partially bonnded by 0.
x“ 3 o
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. . . . . <ol whose
Proof. Tirst assume that X is scparable with {xn} a linearly independent seb l Lo
span is dense in X. We apply a generalization of the Gram-Schmidt process: Leb 2y

continuous linear functional with x* () = 1. Set z, = H‘QW and z¥ = || &, || i Le(’;
Yy = 2, — 21 (T,)z; and let y¥ be a continuous lincar functional with Yz (2) = 0 an
y¥(y,) = 1. Set z, = »Il—g—:ﬂ and 23 = ||y, || y¥. Conlinuing we obtain sequences (e
and {z¥} with

1) 2y (2) = S,

(2) span (zy, .. ., 2,) = span (z,, . . " Z,).

That such a biorthogonal sequence could be found in each separable Banach space ng
known to Banach ([1], page 238). We note in passing that [5], page 214 claims it is an Oiut
question as to whether cach separable Banach space contains a set with dense spark
having no proper subset with dense span. The set {z,} above is such a set. .
Define the closed convex set A = {zin X:z¥@) >0, n=1,2,...}. Suppos® rf]c
Is a non-zero continuous linear functional. Since {z.} has dense span, 2* (z,) =+ 0 for 'SI‘OhuS
index m and, because az,, is in A for cach positive number a, a* (A) is unbounded.
A has infinite width.

0
To see that A is partially bounded by zero, assume that for some T 7"

. . p . T . thus
{illz—=y|| <r}sA. There is a veclor 2o = X a,z, with |2y —z |l <757

i

r . . r I yeb
zillz—z|] < —2—} sA. But, this is false as (~— 7 Spy1 T z0> —Zy|| <79
1
z5 (~~4-sz + zo) < 0. This establishes the theorem when X is separable.
- ; in_
Next, suppose that there is a closed subspace M of X with '% separable and
i X

VTR . X . i a

finite dimensional. et Q- X—>7‘1[— be the quotient map. Construct the set A it J7 ]
i - - . . . wde

described above and let B = Q1 (A). The set B is closed, convex and is partially hour

by 0 (i. . has void interior) since A has void interior and Q is an open map.

. on
a8 . g . . . N )"{ll
F'o see that B has infinite width, Tet 2* == 0 be a conlinuous linear funcbic ince
7o . .

X. There are two cases. IT 2* is not zoro when restricted Lo the subspace A, then, Y

*
M = B, z*(B) is nol bounded. On the other hand, if 2* (M) = 0 then 2* is in M+ = ﬂ/l> ,

. . . < * . “
1. ¢. there is a non-zero fin (fl\[) with [(x + M) = g* (z) Tor all 2. By the constr

) o X
of A, [(A) is unbounded and thus 2*(B3) is unbounded. Hence B is the desired set 1™ =
which completes the proof.

uction

a
: . C e . ] aee has ¢
It is an open question [7] whether euch infinite dimensional Banach space
scparable infinite dimensional quotient. y
. . er
In [8], page 599 we asked whether there is a Banach space X with the .I”'OIICl
thal in X* weak® and norm convergence are the same for sequences. If there 18 il.s Jeb
. e e . ) - i
space X, then it does not have a separable infinite dimensional quotient. To sc¢ b

- . ap
X be the (Iuotwnt map

s X )
A be a closed subspace of X with 578 separable and Iet : X -
. 17 % . ,l‘llc()‘
Isach bounded sequence in (]ﬁ—) contains a weak* convergent sequence {f,) ([31
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onvergent by hypothesis. Ilence Q* is a compact
a finite dimensional range.

a partially bounded

rem 1
y Page 426) and {O* ¥} is
operatey :“ ' ) and {QFf¥} is norm ¢
o 8o is also compact and, being onto, must have
Juestion: Does every infini [ i
oserd o W eve vinfinite dimensional Banach space contain
onvex set of infinite width?
We i
'n : above ex
wdify the above example to have A a closed conv

0wj
lowing lenmna,

ex body by using the fol-

Lem
] na 2 , - ) . .
Let X be a Banach space with closed unil sphere S, A a closed convex scl
is partially bounded

parti -
wlly bounded by K, and A, == A(A A €8) for ¢ > 0. Then A

by K 4. .

), <
fn]lu\\': ll(})lu{t }Sl'f‘,'(’ int (1 (4 -+ ¢8) e int(d S

- N..'[l l‘.s partially lmnn(‘lv’(l by K - eil A - S is partially hounded by K + &
K W lwl;glf nt that 4 - z\ s partially 'lmun(lml by a constant which is at least
hounded ],’\' ,.'1 to show that 1t s ux:'u‘-,l,ly N - zr',-Suppose instead that it is partially
Kr i s “\ } v Q, 'H‘ 8-~ Then !hm:o. is a sphere I3 in A - &S of radius
but ““l.}in nf‘ t-l. 3o - 0. The center p of BB lies in A, for if, instead, it were inA-4ed
. Jore would be a continuous linear functional a* of norm one such that

h (I)) . I.* " ‘ e
S (A) (3], Theorem V. 2012, page 418). Then

) ([9], Theorem 1. 16, page 13), 1t

sup {o* (x) v in B} == a*(p) + N - & -+ Oy

Sice gyp f )
up {a% (2) s in B p} is the radius of 13— p. Then
Xy o N
Py Koo g8, osup fat ) in 3} -7 e sup {a*(v): @ in A} <= a*(p) + &

a ¢ .
tontradiction.

. , 0 . .

entered at poof radius K - =~ contans & point ¢ not

, such that y*(¢) = y*(A).

. )
adius ¢ - o
2

Sine 181
‘I y
pisin A, the sphere ¢

* of norm 0Nt

n
e Tunetional ¥

Choos . .
T ose a continuons lined
ll(}n })y L . , .
argument like the prumulmg, any sphere centered al ¢ with
cann ‘
“lr l}(\ ’ M . s . . ’
s contained in A - oS, Thus (here are points within

Do

K-y Ve -(?;L R AR R

of 2 .
whiely arp - : .
ieh are not in A 8, Ths contradiction completes the proof.
Lemma :
mma 2 and Theorem | yiehd:
'IVl
. 10 0r . . . .o . ‘ 1
infinit [('m-m 3. Let N be an infinite dimensional Ranach space which has a separable
e ¢ ot . . . -
Contaiy tnensional quotient, and let K -0 he any non-negatiee real number. Then X
@ closed conver body of infonile width which s purlmlly bounded by K.

ite Width in Some Direction

4. Pinite Width and Fin
our charac

'l‘ T . . . Ky .

per he next Theorem, although simple, 18 crucial for terization of the pro-
¢s of fini . T :

[ finite width and finite width m s

pace and A acd

(A — A) is not all of X,

and only if for some sealar «, ax 1s not in

ome direction.

Theovem 4. Let X be a Danacl s osed coneex subset of X. Then
) A s of finite width if and only if
(b A i of finite width in the direction X if

A and
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(c) if A is a closed convex body, then it is of finite width in some direction if and only
if it is of finite width.

Proof. (a) If z is not in ¢l(A — A), then by the separation theorem ([3], Theorem V.
2. 12, page 418) there is a non-zero continuous lincar functional x* with 2% (z) = a*(z)
for each zin A — A. From the symmetry of A — A, 2% (A) is bounded so A is of finite
width. Conversely if A is of finite width, then there is a non-zero continuous linear func-
tional z* with |2*(a) | < K for all ¢ in 4 and so any z with |2*(z) | > K is not in
c(A — 4).

(b) Suppose that A is of infinite width in the direction 2. Then for every scalar «
there are vectors @, and @, in A with a2 = a¢; — a,. On the other hand suppose that for
cach scalar o, a% = @; —a, is in A — A. Then the line joining ¢, = a, 4+ az to a, s
in A and is a segment in the direction 2 of length «v. Thus A is of infinite width in the
direction z.

(c) As we have noted, it is casy to see that if A is of finite width, say

xg = 2¥(a) < oy

for @ in A, then it is of finite width in some dircction; in fact if 2¥(2) = 1, then ax + ¥
and Bz 4 y both in A imply that | f —« | < &; — &,.

Suppose that 4 is a closed convex body of finite width in the direction . By (b)
there is a scalar o with az not in A — A. Since A — A is a convex body, there is a non-
zero continuous linear functional z* with 2*(xx) = 2*(A — A) ([3], Theorem V. 2.8,
page 417). Since A — A is symmetric, % (— ax) < 2% (A — A). Thus A — A is of finite
width and so A is of finite width.

Theorem 3 and Theorem 4 (c¢) yield:

Corollary 5. Let X be a Banach space with an infinile dimensional separable quotient.
Then there is a closed convex body in X which is partially bounded but not of finite width
in any direction x.

4, Clark’s Theorem

Using Theorem 4 we now give a comparatively briel and elementary prool of
’V 'A' “ I 3 M « < T M :
Clark’s principal resull that (1), (2) and (3) are equivalent properties in E” and so ave
equivalent in any finite dimensional normed linear space.
Theorem 6 (Clark). The properties (1), (2) and (3) are equivalent in "

Proof. 1T A has void interior, it is contained in a proper subspace ([4], Theorem 4,
page 16) and then (1), (2) and (3) all hold for A. Assuming then that A is a body, (1)
and (2) are equivalent by Theorem 4. Since it is casy to see that (1) implies (3) it remains
to show that (3) implies (2). We show that not-(2) implics not-(3).

Suppose A is a convex subset of infinite width in every direction and let M > 0
be otherwise arbitrary. Since A has infinite width in each direction we may choose a
segment in A of length M. Choose a basis {¢),.. ., ¢,} for £" so that the segmenl 1s
_{]i_l_ [— e,, ¢,], where [z, y] denotes the line joining # and y. There is a segment in A of

M . . . .

length M parallel to e, and 50 of the form z, + 5 [ e, ¢,]. Since A is convex it contains

z M . o M
the segment _‘)l_ - _{)2.[_ ¢y, ¢,], obtained from averaging x, and 5 [—¢p eh], and the
P i <
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ey x M . ) M
segment kzl + oz [— o ¢,], obtained from averaging 0 and =z, + 5 [—e,, y]- By
translation we may choose a new basis and so suppose that z;, = 0.

Proceeding by induction, suppose for 1 <k < n, A contains the k-dimensional

k y
« M . M .
cross” U ——[—e,, ¢;]. There is a segment 4+ —[—e..q ¢ in A and so A con-
i Ak i i =] k L k+19 YE+1
’ B+l

tains the (& + 1)-dimensional “cross”’ —2’“— -+ jL:Jl—im[—— ¢, ¢;1 and by a change of basis

. n M

we may suppose that z, = 0. Finally, A contains the convex hull of U <5 [—¢;, ¢;]
=1 4

relative to a suitable basis. Thus, since M is arbitrary, A conlains arbitrarily large rep-

licas of the unit sphere in I}, hence it contains arbitrarily large E" spheres and is not

partially bounded.

5. Tinite Width in Some Direetion Does Not Imply Finite Width

ses perhaps stronger than Theorem 1, that pro-

We finally show, under hypothe
al, in contrast to their equivalence for

perties (1) and (2) are not equivalent in gener
convex hodies as shown in Theorem 4.
a Banach space having an infinite dimensional quotient space

Theorem 7. Let X be
X which is of infinite width but

with a Schauder basis. Then there is a closed convex set n
has finite width in some direction. .
LN

o that if A is a sel in a quotient 7
is such a set in X, Q being the quotient map of

Proof. 1t is casy Lo se of X which has property

. -1
(2) but not property (1), then Q~'(4)
- X . .
X onto —117. So il suffices to construct such
1
Banach space having a Schauder basis.
Let X be infinite dimensional with Schauder basis {2}, |l %, [| =1 for all n. Iirst
‘ i v o . LN : m o 1Q s N
suppose thal there is an element & = = &,Ty with |, | divergent. There is a per-
mutation o of the integers with 2 C oy ™ Fo(ut1) | divergent. Define the continuous lincar
5 and let A = {yin X: 2k (y) = 0 for all
and let A = {yin X: 2% (y) = 0 for all m}.

i [ 3 v — —
lUnLL]()ll(llS .’E:I ])y T:‘, (‘:’ ﬁnxn) - /I))a(m) /[}(r(m»i‘l) ntl .
V' apn 1
=1xg(j) arcmAd—A

a counter-example in any infinite dimensional

,‘ : N o
convex cone. The veetors Lo 1) = = Tath) ™,

Thus A is of infinite width by Theorem 4.
and therefore, by Theorem 4, that A
with ¢, and @, in A, then

Ihe set A is a closed,

and A — A is then dense.
We claim that @ = Y«,, is nob 1n A—A

has finite width in the direction z. IT instead = = @, — (, :
), with z = @, 4+ a, in A, Letbz = S z,x,. From

3 . o I Y
, ) (.'(7) l : x:!,‘,(”']) “{‘ x:(a’::) - xm(" ’

u

Zam+1) z I Ky — Katm+1) '

” —
“a(m)

we have
- R , S o 4 — X o + & 2y T 24 3 l z e
a1y = Bggey [ Oy T Ko | 2 Zow T | o) o | | %o a(3) i

~ '
= Zyurny T }j)'; | &gy — Xagjg |

¢the right hand side tends to infinity with m.

X | B, | converges for each X'p,x, in X. Then the

Y is a one-to-one contlinuous map of [, onto

igh to establish the result for I,. There
16

which is a contradiction since
There remains the case where

. . ¥ :
map which takes cach {#,} inl; 10 & p,x,
X and X is isomorphic to {;. It will thus be enot

Journal fur Mathematik. Band 248
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is a continuous linear map of I, onto, say, I, (
example has been constructed in l, above,
mentioned in the beginning of the proof. Thi

(6], page 63) and as an appropriate counter-
this generates the desired example in I, as
$ completes the proof.

Let S be a compact Hausdorff space cont

sider the Banach space C(S). Tt is interesting to construct, directly natural counter-
examples in C(S) showing that (3) = (2) and that (2) =+ (1).

First, let s, be a point of § whicl is not isolated and let J — {fin C(S): f(sy) = 0}.
Then I is a quotient of C(S) and the set, Iy={fin I: f = 0} is a closed convex set in
having void interior, and so partially bounded. The set Iy is of infinite width in each
direction in 1. To see this et g # 0in I be given. Then for each M > 0, with f = M| § |

we have ag + fin I, for | | < M. Thus Iy ®sp(1) is a set in C(S) with property (3)
but not (2).

Second, let {s,
net in S. Let

- . Y : on-
aming infinitely many points and ¢

2 be a countable sot, of distinet points in S which form a conver gen

A ={fin C(S): f=0 and f(sai) *f(sam) = 0 for all i}.
We see that 4 — 4 i o subalgebra of C(S)

. . ains the
which separates points and contains t
constants and thus, by the Stone-Weiers

trass theorem, is dense in C(S). So A is of
infinite width by Theorem 4. Let U, be a compact neighborhood of s with {U } mutually
[ . . . L\/i .
disjoint. There are continuous functions fion S with (@) f,(s) = 0 for s not in Uy, (b)
0=/,<1, and (¢) fi(s.) = 1. Then for scalars {z} with ljm 20=0 and 3|z, — 4|
divergent, g = 2z, 18 in C(S) and one can show, exactly
not belong to 4 — A, Henge A'is of finite widtl, ip the dire
Question. Does every infinite dimension
set which is:

T oes
as in Theorem 7, that g d
ction g,

. L ONVEX
al Banach space conain a closed cony

(a) partially boundeq but havin

g finite width in direction, or
(b) of finite width ip some direc

tion but of infinite width ?
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