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Abstract

Categorical Resolutions of Singularities of Type An

by

Joel E. Pion

Resolutions of singularities are a key idea in birational algebraic geometry.

Resolutions are important as they allow one to find, for a singular scheme, a

non-singular scheme in the same birational class. Resolutions have been studied

extensively in classical algebraic geometry, but are not as well understood in the

derived category setting. In this thesis we extend recent results for computing

crepant categorical resolutions and their kernels in the A1 and A2 cases to the

arbitrary An case.
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Chapter 1

Introduction

A major impetus behind algebraic geometry, both historically and in the mod-

ern day, is the goal of classifying and understanding the various classes of

varieties and schemes. Classifying schemes up to isomorphism, like classifying

up to isomorphism in many mathematical fields, can be too restrictive. A fruit-

ful avenue of research is to weaken this condition to birationality. Many key

properties are preserved under birationality and having the additional flexibil-

ity allows one to study “nicer” members of a birational class. This naturally

leads to the study of resolutions of singularity. A common hindrance to using

some powerful tools with schemes is the presence of singularities; a resolution

provides a member of the birational class which is non-singular.

The existence of a resolution of a singularity in characterstic 0, under mild

assumptions, was proven by Hironaka in 1964 [12]. With existence, a non-

trivial problem, resolved one then turns their attention to finding a “best”

resolution. What best means can depend on context, but generally one wants
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Introduction Chapter 1

to find the smallest resolution one can. Removing the chaff from your stalks

in a manner of speaking. A special version of these minimal resolutions is

called a crepant resolution. Unfortunately we do not in general have crepant

resolutions, especially when dealing with higher dimensional schemes. Just as

isomorphisms were too restrictive, it may behoove us to weaken our notion of

crepancy.

In the last century derived categories have become a central tool in the

field of algebraic geometry. They have granted powerful homological tools

to further our understanding. This has driven work to translate and study

classical geometric ideas in the derived category setting. Centrally relevant

to this thesis is that of translating the notion of resolutions of singularities to

categorical resolutions. Versions of the notion of categorical resolutions were

introduced in papers like [3, 5, 20]. The version we are taking in this paper is

closest in statement to the one introduced by Kuznetsov in [17].

Definition 1.1: A categorical resolution of a triangulated category D is

defined by a triple (D̃, σ∗, σ∗). The triangulated category D̃ is an admissible

subcategory of Db(X) where X is a non-singular scheme. The functors σ∗, σ
∗

must be defined so that σ∗ : D̃ → D, σ∗ : Dperf → D̃ where σ∗ ⊣ σ∗ and the

natural morphism induces idDperf
∼= σ∗σ

∗.

Alongside categorical resolutions, categorical notions of crepancy were in-

troduced. We use a version that we will call weak crepancy.

Definition 1.2: Let (D̃, σ∗, σ∗) be a categorical resolution of a triangulated

2
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category D. We say the resolution is weakly crepant if σ∗ ⊣ σ∗.

In this thesis the author studies schemes, X, containing singularities of type

An with the goal of understanding Db(X). A good way to understand Db(X)

is to relate it to some Db(X̃) where X̃ is non-singular. A strong way to relate

them is through a Verdier localization.

Definition 1.3: Let D,D′ be triangulated categories and let F : D → D′ be

an exact functor. Then F is a Verdier localization (or just localization) if

F : D/ ker(F ) → D′, F defined in Lemma 3.22, is an equivalence.

To understand Db(X) one would like to find a weakly crepant categorical

resolution, which is a localization, as well as compute the kernel of this reso-

lution. The resolution gives us a scheme, X̃, birational to X which is smooth.

The crepancy gives the resolution a notion of minimality. The localization,

along with the computation of the kernel of the resolution gives a “First Iso-

morphism Theorem” relation between X and X̃. We do this with the main

result of the thesis:

Theorem 1.4: Let X be a projective variety with an isolated An singularity.

ThenDb(X) has a weakly crepant categorical resolution of a singularity which is

a localization. The kernel of the resolution is generated by < AE1 , ...,AE⌈n
2 ⌉ >.

3



Introduction Chapter 1

where we use the notation AEi
to mean

AEi
=



< j̃i∗c
∗
iS > if m is odd and (n is even or i ≤ ⌊n

2
⌋)

< cone(j̃i∗S
′ → j̃i∗S

′′[2]) > if m is odd and n is odd and i = ⌈n
2
⌉

< j̃i∗c
∗
iS

′, j̃i∗c
∗
iS

′′ > if m is even and (n is even or i ≤ ⌊n
2
⌋)

< j̃i∗S > if m is even and n is odd and i = ⌈n
2
⌉

The terms S, S ′, S ′′ are spinor bundles defined over the quadric exceptional

divisors which arise when resolving the An singularity by repeatedly blowing-

up the singularity. The construction will be done via induction. The A1 case

was proven by Cattani, Giovenzana, Liu, Magni, Martinelli, Pertusi, and Song

in [4] and by Kuznetsov and Shinder in [19]. The A2 case was proven by Fietz

in [8]. These two cases act as the base for our induction. Moreover the ideas

developed in these papers were invaluable to the work in this thesis. Many of

the techniques developed in them were used or adapted to be used in the An

situation.

The work in this thesis is outlined as follows. Chapter 2 covers the non-

derived geometric results which are neccessary for the main result on An sin-

gularities. Section 2.1 introduces resolutions and singularities in the classical

geometric setting. Section 2.2 reviews the notion of Gorenstein. Here we also

go over how one can define the canonical bundle when in singular setting. At

the end of chapter 2 in section 2.3 we define spinor bundles on both smooth and

nodal quadrics. Chapter 3 covers the derived category portion of the thesis.

In section 3.1 we develop the neccessary theory in the derived category that

4
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we need to prove our result. Section 3.2 summarizes the key results of the A1

singularity and A2 singularity cases in [4, 19, 8] neccessary for the base case

of our induction. Finally in section 3.3 we prove the main result of the thesis.

Here we construct a crepant categorical resolution of an An singularity which is

also a localization. We also compute the kernel of this categorical resolution.

5



Chapter 2

Singularities and Resolutions in
Geometry

2.1 Resolutions and Rational Singularities

In this section we will introduce the idea of singularities and their resolutions

in a geometric setting. We will then take a closer look at singularities of type

An.

Definition 2.1: Let X be a normal scheme of finite type over a field of char-

acteristic zero. Then X has rational singularities if there exists a proper

birational map σ : X̃ → X from a regular scheme X̃ such that the natural map

in the derived category OX → σ∗OX̃ is an isomorphism.

Definition 2.2: The surface singularities of type ADE are rational sin-

6
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gularities in A3 given by the equations [22]:

An : xn+1
0 + x21 + x22 = 0 (n ≥ 1)

Dn : xn−1
0 + x21x0 + x22 = 0 (n ≥ 4)

E6 : x
4
0 + x31 + x22 = 0

E7 : x
3
0x1 + x31 + x22 = 0

E8 : x
5
0 + x31 + x22 = 0

The singularities share the name of Dynkin diagrams as the diagrams show

up in their resolutions. Each of these equations has a resolution where the

exceptional divisor is built of copies of P1 configured in the following way. If

one considers each P1 as a vertex, and connects two vertices if the P1’s intersect,

the corresponding Dynkin Diagram is formed.

Definition 2.3: Let X be a scheme of dimension m ≥ 2, let n ∈ N, and let

p ∈ X. We say X has an An singularity at p if

ÔX,p
∼= k[[x0, x1, ..., xm]]/(x

n+1
0 + x21 + ...+ x2m)

Thereom 1.11 from [25] can be specialized to say that m-dimenionsal singu-

larities defined locally by xr00 +...+xrmm are rational if and only if 1
r0
+...+ 1

rm
> 1.

So singularities of type An are rational.

The definition we use for higher dimensional singularities of type An is a

natural extension of the surface singularity. The exceptional divisor of the

resolution can be viewed, in a similar manner to the surface case, as a Dynkin

diagram of type An. This is exhibited in example 2.

7
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Definition 2.4: A regular local ring, S, is a Noetherian local ring whose

maximal ideal can be generated by dim(S) elements.

Definition 2.5: A point x on a scheme X is non-singular if the local ring

OX,x is regular. Otherwise x on X is singular. The scheme X is non-singular

if every point on the scheme is non-singular, otherwise X is singular.

Definition 2.6: A resolution of singularity of a scheme X is a non-singular

scheme X̃ and a proper birational morphism σ : X̃ → X that is an isomorphism

over Xsm (the smooth locus of X).

Definition 2.7: Let X be a scheme and let Z be a closed subvariety of X. Let

I be the ideal sheaf corresponding to Z. Then the blow-up of X along Z is

defined as

b : Proj

(⊕
n≥0

I

)
→ X

and the the exceptional divisor is defined as b−1(Z).

Remark 1. Our focus will be on blow-ups where Z is a point. The following

diagram illustrates the blow-up of a point more concretely.

π−1(X \ {0}) X̃ {(x⃗, [y⃗]) | xiyj = xjyi} Am+1 × Pm

X \ {0} X Am+1

Closure

π b π

Theorem 2.8 (Hironaka Main Theorem 1 [12]): Let k be a field of charac-

teristic 0 and X a scheme over k, reduced and irreducible, then there exists a

8
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subscheme Z of X such that Z is supported on the singular locus of X and if

σ : X̃ → X is the blow-up of X with center Z, then X̃ is non-singular.

This landmark theorem published in 1964 by Hironaka guarentees the ex-

istence of resolutions of singularities for schemes in charactersitic 0 under very

mild assumptions. This non-trivial theorem is proven by constructing a finite

sequence of blow-ups for a given scheme. One can walk through how to produce

a resolution through a sequence of blow-ups in examples 1 and 2.

Example 1: Let n ∈ N. Let X be defined by the zero locus of

xn+1
0 + x21 + ...+ x2m in Am+1.

Note X has an An singularity at the origin. We shall blow-up X at the origin.

Thus we seek the smallest closed subset of Am+1×Pm containing the zero locus

of:

1. xn+1
0 + x21 + ...+ x2m

2. xiyj − xjyi for 0 ≤ i < j ≤ m.

On each affine open subset {yi = 1} we get an equation

xn+1
0 + x20y

2
1 + ...+ x20y

2
m = 0

when i = 0 or

xn−1
0 x2i y

2
0 + x2i y

2
1 + ...+ x2i + ...+ x2i y

2
m = 0

9
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when i ̸= 0. These equations then reduces by factoring out an unneccesary

component to obtain the globally defined

xn−1
0 y20 + y21 + ...+ y2m = 0.

With the addition of this equation we have our blow-up of the An singularity.

Note when n > 2 that the blow-up has a single An−2 singularity at the point

((0, ..., 0), [1 : 0 : ... : 0]) and that the exceptional divisor, E, is defined by

y21 + ...+ y2m = 0.

We have E ∼= X̃ ×X {⃗0} where X̃ is the blow-up of X. This can be verified

affine-locally by using the map xi 7→ 0. Letting Z be our origin this means we

get a cartesian diagram:

E X̃

Z X

j

ρ σ

i

In example 1 we walked through the blow-up of an An singularity. Later

we will want to understand the geometry of what happens when we repeat the

blow-up procedure to eventually resolve the singularity. We will walk through

the computation now:

Example 2: Let us begin as before with a variety, X, defined by

xn+1
0 + x21 + ...+ x2m = 0.

10
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Assume n ≥ 3. From example 1 we know the singularity of X lies at the

origin and that the blow-up of X, X̃, is defined by the following equations in

Am+1 × Pm:

1. xn+1
0 + x21 + ...+ x2m = 0

2. xiyj = xjyi for i, j ∈ {0, ...,m}

3. xn−1
0 y20 + y21 + ...+ y2m = 0

The exceptional divisor E is then defined by the equation

y21 + ...+ y2m = 0 in Pm

and X̃ has a singularity at ((0, ..., 0), [1 : 0 : ... : 0]). Now we can take the blow-

up of X̃ at its singularity to get ˜̃X which will be defined in Am+1 × Pm × Pm

by the equations:

1. xn+1
0 + x21 + ...+ x2m = 0

2. xiyj = xjyi for i, j ∈ {0, ...,m}

3. xn−1
0 y20 + y21 + ...+ y2m = 0

4. aixj = ajxi for i, j ∈ {0, ...,m}

5. xn−3
0 z20 + z21 + ...+ z2m = 0

11
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where ai = zi when i ̸= 0 and a0 = x0. The exceptional divisor of this second

blow-up, E ′, would then be defined by

z21 + ...+ z2m = 0 in Pm.

The singularity in ˜̃X, if it still exists, would lie at the coordinate

((0, ..., 0), [1 : 0 : ... : 0], [1 : 0 : ... : 0]).

The strict transform of E in ˜̃X under the blow-up is just the blow-up of E, Ẽ,

at the point ((0, ..., 0), [1 : 0 : ... : 0]) by Lemma 080E in [1]. Thus we can see

that Ẽ in ˜̃X is just defined by the equations:

1. xi = 0 for i ∈ {0, ...,m}

2. y21 + ...+ y2m = 0

3. yizj = ziyj for i, j ∈ {0, ...,m}

4. z0 = 0

5. z21 + ...+ z2m = 0

Notably we can see that if a singularity remains in ˜̃X then it would not lie on

the strict transform of E. Thus the strict transform of E, in the resolution of

the singularity of X̃ defined by blowing up the singular point at each step, is

isomorphic to Ẽ.

12
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2.2 Canonical Bundle

In this section we discuss the definition and properties of the canonical

bundle. We do this as the canonical bundle is often introduced in a smooth. As

we care about singular schemes, we introduce how one can define the canonical

bundle in some non-smooth settings. We also review the notion of Gorenstein.

Definition 2.9: Let R be a commutative ring. The Krull dimension of R is

sup{n | P0 ⊊ P1 ⊊ ... ⊊ Pn ⊊ R and Pi a prime ideal ∀i}.

Remark 2. When referring to the dimension of a ring, unless otherwise stated,

we will mean the Krull dimension.

Definition 2.10: Let R be a commutative ring. Then a1, ..., ad is a regular

sequence of R if:

1. R ̸= (a1, ..., ad)

2. ar is not a zero divisor in R/(a1, ..., ar−1) for r ∈ {1, ..., d}

and if R is a local ring then the depth of R is the maximum d across regular

sequences in R.

Definition 2.11: A local ring R is Cohen-Macaulay if depth(R) = dim(R).

A ring or scheme is Cohen-Macaulay if locally Cohen-Macaulay.

Lemma 2.12 (Thm II.8.21A [11]): A regular local ring is Cohen-Macaulay

13
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Definition 2.13: A local complete intersection ring is the quotient of a

regular local ring by an ideal generated by regular sequence.

Definition 2.14: Let R be the quotient of a regular local ring S. Then the

canonical module, also known as the dualizing module, is

ωR ≡ Ext
dim(S)−dim(R)
S (R, S).

Let X ⊂ Pm be a projective scheme of codimension d, then the dualizing

sheaf or canonical sheaf of X is

ωX ≡ ExtdPm(OX , ωPm).

Note that the standard definition for canonical bundle for non-singular var-

ities, as defined in [11], aligns with our definition when mutually defined by

Corollary III.7.12 in [11]. Also ωPm ∼= OPm(−m− 1), see II.8.20.1 in [11]. The

next lemma connects the local definition of canonical module with the global

definition of canonical sheaf.

Lemma 2.15: Let X ⊂ Pm be a projective scheme and p a point in X. Then

we have that ωX,p ∼= ωOX,p
.

Proof. Note that viewed affine locally we have ωOPm,p
∼= k[y1, ..., ym]p and we

have OX,p
∼= (k[y1, ..., ym]/I)p. So we have,

ωX,p ∼= ExtdPm(OX , ωPm)p ∼= ExtdOPm,p
(OX,p, ωOPm,p

) ∼= ωOX,p
.

14
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The outer isomorphisms follow from definition and the interior isomorphism

follows directly from Theorem III.6.8 in [11] as X Noetherian and OX coherent.

Definition 2.16: Let R be the quotient of a regular local ring S. Then R

is Gorenstein if R is Cohen-Macaulay and Ext
dim(S)−dim(R)
S (R, S) is a free

R-module of rank 1. A scheme or ring is Gorenstein if locally Gorenstein.

Remark 3. There are other and more general ways of defining Gorenstein/notions

of dualizing, which are equivalent when mutually defined. See [10] or chapter

21 in [7] or chapter 08XG/0DWE in [1].

The following lemma justifies the term dualizing module.

Lemma 2.17: Let S be a regular local ring of dimension n, I an ideal generated

by a regular sequence (a1, ..., ad), and R = S/I. Then ExtdS(Ext
d
S(R, S), S)

∼= R

and ExtjS(R, S) = 0 when j ̸= d.

Proof. Note ωS = S, as Ext0S(S, S) = HomS(S, S) ∼= S, and so with Theorem

21.15 in [7] our definition of dualizing module is compatible for the following

results. As ai annihilates R we have by Proposition 21.10 in [7] that

ExtsS/(a1,...,ai+1)
(R, S/(a1, ..., ai+1)) ∼= Exts+1

S/(a1,...,ai)
(R, S/(a1, ..., ai))

for all s. We know HomR(HomR(R,R), R) ∼= R. Thus using our Ext for-

mula above we deduce that ExtdS(Ext
d
S(R, S), S)

∼= R by iteratively replacing

S/(a1, ..., ai+1) with S/(a1, ..., ai). We also conclude ExtjS(R, S) = 0 when j ̸= d

15



Singularities and Resolutions in Geometry Chapter 2

as ExtaR(Ext
a
R(R,R), R)

∼= 0 for a ̸= 0 because HomR(R,−) ∼= Id(−) as func-

tors.

Proposition 2.18 (Huneke Prop 3.2/Cor 3.5 [13]): Let S be a regular local

ring of dimension n, I an ideal generated by a regular sequence (a1, ..., ad), and

R = S/I a local complete intersection ring. Then R is Gorenstein.

Proof. Consider the Koszul complex defined as:

0 →
d∧
Sd → ...→

d−j∧
Sd → ...→ Sd → S → 0

with morphism (using ei = (0, ..., 0, 1, 0, ..., 0) with the one in position i)

δd−j :
d−j∧

Sd −→
d−j−1∧

Sd

e1 ∧ ... ∧ ed−j 7−→
d−j∑
i=1

(−1)i+1ai · e1 ∧ ... ∧ ei−1 ∧ ei+1 ∧ ... ∧ ed−j

By Lemma 062F in [1], as (a1, ..., ad) is regular, we get that the following

sequence is a free S-resolution, K• → R:

0 →
d∧
Sd → ...→

d−j∧
Sd → ...→ Sd → S → R → 0

Now we will prove using I · R = 0 that I · ExtdS(R, S) = 0. As Ki is free

for each i we can lift maps as in the following diagram by mapping the basis

in the necessary way.

Ki

Ki+1 im(δi+1) Ki

f
f̃

δi+1 inclusion

16
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Thus we can construct the chain homotopy in the following diagram with s0 = f̃

given f = (·a) and si = f̃ given f = (·a)− si−1δi for i ≥ 1.

0 Kd · · · K2 K1 K0 R 0

0 Kd · · · K2 K1 K0 R 0

·a

δd

·a

δ3

sd−1
·a

δ2

s2 ·a

δ1

s1 ·a

π

s0 ·a0

δd δ3 δ2 δ1 π

Thus we find that (·a) is a nullhomotopy on our resolution K• → R. Then

after applying Hom(−, S) to the diagram we still have (·a) is a nullhomotopy

proving I · ExtdS(R, S) = 0. So as Kd is one-dimensional over S we know

ExtdS(R, S)
∼= S/J for some ideal J ⊃ I.

Now using the fact ExtjS(R, S) = 0 when j ̸= d from Lemma 2.17, we

get Hom(K•, S) → ExtdS(R, S) is a free resolution of ExtdS(R, S). Referring to

Lemma 2.17 again we have ExtdS(Ext
d
S(R, S), S)

∼= R, so we can interchange

the roles of R and ExtdS(R, S) from the above argument to get R ∼= S/I with

I ⊃ J . Thus ωR ∼= R and so R is Gorenstein.

Lemma 2.19 (special case of 16.4 in [16]): Let j : E → X be a Cartier divisor

with X a Gorenstein scheme. Then ωE ∼= j∗(ωX ⊗OX
OX(E)).

Proof. Consider the Cartier short exact sequence,

0 → OX(−E) → OX → OE → 0.

Now we can apply HomOX
(·, ωX) to our Cartier short exact sequence to get the

long exact sequence:

17
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0 Hom(OE, ωX) Hom(OX , ωX) Hom(OX(−E), ωX)

Ext1(OE, ωX) Ext1(OX , ωX)

We have Ext1(OX , ωX) = 0 by Proposition III.6.3 in [11]. LocallyHom(OE, ωX)

is Hom(R/f,R) = 0 for some ring R as E Cartier and X Gorenstein. Af-

ter noting Hom(OX , ωX) ∼= ωX , Hom(OX(−E), ωX) ∼= ωX(E), and also that

Ext1(OE, ωX) = ωE, we get the short exact sequence

0 → ωX → ωX(E) → ωE → 0.

As ωX(E) is locally free as X Gorenstein, hence flat by Proposition III.9.2

in [11], we get the following commuting rows of short exact sequences from

the sequence we just constructed. Tensoring ωX(E) with our Cartier divisor

sequence:

0 ωX(E)⊗OX
OX(−E) ωX(E) ωX(E)⊗OX

OE 0

0 ωX ωX(E) ωE 0

a
q
⊗q 7→a

q

a
q
⊗q 7→a

a7→a⊗1

x7→x a⊗b7→β(a)·b
a7→a

q β

As the first two down arrows are isomorphisms and β is surjective, by snake

lemma we can see that the the last down arrow is also an isomorphism. Thus

ωE ∼= j∗(ωX ⊗OX
OX(E)).

Definition 2.20: Let σ : X̃ → X be a resolution of a singularity. We call our

resolution σ crepant if σ∗ωX ∼= ωX̃ .

All ADE-surface singularities have a crepant resolution, see section 1.1 in

[22]. Crepant resolutions are rarer to find when working in higher dimensions.
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As an example, even in the nice case of Gorenstein quotient singularities we

are only guarenteed the existence of crepant resolutions up to dimension 3, see

[3].

2.3 Spinor Bundles and Quadrics

The exceptional divisior of our blow-up of the An singularity is a quadric

as seen in example 1. We will provide some properties of quadrics arising in

this way. Then we will discuss specific bundles, called spinor bundles, and

how they are defined on quadrics. These spinor bundles will be salient to our

computations of the categorical resolutions discussed later.

Definition 2.21: A quadric of dimension m over a field k is a subspace of

Pm+1 defined as the zero locus of a single homogeneous polynomial of degree

two.

Remark 4. When k is an algebraically closed field with char k ̸= 2, we can write

any quadric in k[x0, ..., xm] in the form of x20 + ... + x2i using a linear change

of coordinates. Let x = [x0, ..., xm]. Then one can represent our quadric as

xAxT where A is a symmetric matrix. We can guarentee A is symmetric by

just replacing A with (A + AT )/2. As A symmetric, we can diagonalize A

as PAP T = D for some matrices P,D. This is done by a process similar to

standard Gauss-Jordan elimination and works here as A is symmetric. As k

algebraically closed, allowing scaling by 1√
di

for nonzero diagonal entry di, we
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can choose P so thatD is a diagonal matrix with 1’s along the diagonal followed

by 0’s. Thus giving a linear change of coordinates to rewrite our quadric in the

desired form.

This means we can refer to the unique (up to isomorphism) smooth quadric

and nodal quadric of dimensions m: x20+ ...+x
2
m and x21+ ...+x

2
m respectively.

Proposition 2.22: The canonical bundle of a quadric, E, defined by (q = 0)

in Pm is OE(1−m).

Proof. As E is a closed subscheme and local complete intersection in Pm, by

Theorem III.7.11 in [11] we have ωE ∼= ωPm ⊗OPm HomE(I/I2,OE) where I is

the ideal sheaf of E. Using the short exact sequence,

0 OPm(−2) OPm OE 0,
·q

we see I ∼= OPm(−2). Thus we get HomE(I/I2,OE) ∼= OE(2) and so we find

that ωE = OE(1−m) as desired.

Proposition 2.23: Let σ : X̃ → X be the blow-up of a variety with exceptional

divisor j : E → X̃ a quadric in Pm. Then ωX̃ = σ∗ωX ⊗OX̃((m− 2)E)

Proof. As σ is an isomorphism outside the exceptional divisor we have that

ωX̃ = σ∗ωX ⊗OX̃
OX̃(aE) for some integer a, as KX̃ −σ∗KX may only differ by

copies of E. Now let us observe,

OE(1−m) ∼= ωE ∼= j∗(ωX̃⊗OX̃(E))
∼= j∗(σ∗ωX⊗OX̃((a+1)E)) ∼= OE(−a−1)
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Where the first isomorphism is Lemma 2.22, the second is Lemma 2.19 and

the third isomoprhism is from having an isomorphism outside the exceptional

divisor. Note the last isomorphism comes from OX̃(E) = OX̃(−1) (02OS [1])

and the fact σ∗ωX is trivial on E. Since Pic(E) is torsion-free as noted in

II.6.5 in [11] we may conclude that −a − 1 = −m + 1 or rather that have

ωX̃
∼= σ∗ωX ⊗OX̃(m− 2).

We shall define the Spinor Bundles on a quadric now. To do so we must

first define a Grassmannian variety.

Definition 2.24: A Grassmannian variety, Gr(a, b), is the space of a-

dimensional subspaces of a b-dimensional vector space.

Remark 5. Let V be a b-dimensional vector space with basis e1, ..., eb. We have

the following commutative diagram:

P(
∧a(V ))

Gr(a, b) P(
b
a)

gf

The map f takes an a-dimensional subspace, A, of V with basis v1, ..., va to

v1∧ ...∧va. The partial function g linearly (where defined) takes nontrivial v1∧

...∧va to the projective coordinate [determinant of ith a×a minor of [v1...va]]i.

Thus by dimension, away from zero, g is a bijection. We have f is injective

as A is reconstructable as the set of vectors w such that w ∧ v1 ∧ ... ∧ va = 0.

Now let us see that gf is well-defined. Given any other basis of A, v′1, ..., v
′
a,
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there will exist an a × a matrix C such that [v1...va]C = [v′1...v
′
a]. For any

a × a minor we have the determinants only differing by the determinant of

C. This embedding gives what are called Plücker coordinates and gives the

Grassmannian as a projective variety, see example 6.6 of [9] for more details.

Let J ⊂ {1, ..., b} be of size a. We can define UJ to be the open set of

Gr(a, b) of subspaces whose basis matrix [v1...va] has an invertible a× a minor

made of the rows in J . Given A ∈ UJ , similar to before, we can choose a basis

of A so its basis in V is written as MA where row ji ∈ J of MA is row i in ida.

Then over UJ we can define sections s1, ..., sa so that si(A) = ith column of MA.

This sheaf is locally free of rank a.

Definition 2.25: The universal bundle, also known as tautological bun-

dle, of the Grassmannian is the sheaf constructed at the end of remark 5.

Let E be a smooth quadric of dimension m. Then a paper by Ottaviani,

see Corollary 1.2 in [21], provides an embedding of E into a Grassmannian.

This breaks down into two cases based on dimension. If E is of odd dimension

we get an embedding s : E → Gr(2
m−1

2 , 2
m−1

2
+1). If E is even dimensional we

get two embeddings s′, s′′ : E → Gr(2
m
2
−1, 2

m
2 ). Here we are thinking of these

being Grassmanians of projective space and so the projective space dimensions

are actually one less for each entry. This now allows us to define the spinor

bundle.

Definition 2.26: Let E be a smooth quadric of dimension m. Let U be the

universal bundle of the Grassmannian. Then the spinor bundle on E is s∗(U)
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when m is odd and are s′∗(U), s′′∗(U) when m is even.

Now we shall define spinor bundles for nodal quadrics. Let Es be our smooth

quadric and let En be our nodal quadric which is the cone of Es. Then we have

a rational map c0 : En → Es which is the projection sending

[x0 : x1 : ... : xm] 7→ [x1 : ... : xm].

This extends to a morphism, c, from the blow-up of En at its singularity to Es

sending

([x0 : x1 : ... : xm], [y1 : ... : ym]) 7→ [y1 : ... : ym].

This relationship is illustrated in the following diagram:

Bl(En)

En Es

ψ c

c0

Definition 2.27: Let E be a nodal quadric of dimension m and the cone of a

smooth quadric Es. We define the spinor bundle on E based on its dimension.

When m is even, there is a spinor bundle S on Es. We then define the spinor

bundle on E as ψ∗c
∗S. When m is odd, we get spinor bundles S ′, S ′′ on Es.

We then define the spinor bundles on E as ψ∗c
∗S ′, ψ∗c

∗S ′′.

One can refer to [21] to learn more properties of spinor bundles over a

smooth quadric. Likewise one can look to [8],[19] for more information on

spinor bundles over nodal quadrics.
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Remark 6. Later we will be interested in what happens to our spinor bun-

dles under subsequent blow-ups of our ambient space when resolving our An

singularity. Using example 2 we get the following commutative diagram:

Bl(En)
˜̃X

Es Bl(En) X̃

En X

inc.

id σ̃

c
inc.

ψ σ

j

where ˜̃X is the resolution of our An singularity. Thus we can see the pushfor-

ward of the inclusion of our spinor bundles lift as described in the diagram.
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Chapter 3

Categorical Resolutions of
Singularities

3.1 Triangulated and Derived Categories

In this section we develop the derived category tools we will need later

when discussing categorical resolutions. We will develop some properties for

semiorthogonal decompositions and Verdier quotients, among other objects.

Also key lemmas for our main result will be established. Let us start by intro-

ducing perfect complexes.

Definition 3.1: Let R be a ring. A perfect complex in D(R) is a complex

quasi-isomorphic to a bounded complex of finite projective R-modules.

Definition 3.2: Let X be a scheme. A strictly perfect complex is one that

is non-zero at a finite number of indices and a direct summand of a finite free

OX-module at all indices.
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Definition 3.3: Let X be a scheme. A perfect complex, P , is one where

there exists an open cover of X, {Ui}i, such that for each Ui we have P |Ui
is

quasi-isomorphic to a strictly perfect complex of OUi
-modules..

Proposition 3.4: Let X be a scheme and j : E → X a Cartier divisor. Then

j∗(OE(i)) is perfect in D
b(X) for all i.

Proof. As E a Cartier divisor of X we have a short exact sequence

0 → OX(−E) → OX → j∗(OE) → 0.

We know OX(i), for any i, is flat by III.9.2 in [11] as OX(i) is coherent and

locally free. So we get a short exact sequence,

0 → OX(−E)(i) → OX(i) → j∗(OE(i)) → 0.

Note the commuting of j∗ and twisting by i follows from the projection formula.

Our short exact sequence gives rise to a distinguished triangle in Db(X),

OX̃(−E)(−i) → OX̃(−i) → j∗(OE(−i)) → OX̃(−E)(−i)[1].

So as the first two terms are perfect, as they are bounded compexes of locally

free sheaves, we conclude by Lemma 08CR in [1] that j∗(OE(−i)) is also perfect.

Definition 3.5: Let D be a k-linear triangulated category (so Hom(A,B) is

always a k-vector space) where dimk Hom(A,B) is finite. A Serre functor

on D is a k-linear equivalence S : D → D such that we have isomorphims

Hom(A,B) ∼= Hom(B, S(A))∨ functorial in A,B.
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Definition 3.6: Let f : X → Y with X, Y schemes. Then the relative

canonical bundle, denoted ωX/Y , is ωX ⊗ f ∗(ωY )
−1.

Proposition 3.7: Let f : X → Y be a proper morphism between proper

Gorenstein schemes of dimensions m′,m over a field k. Let K ∈ Dperf(Y ).

Then f !(K) ∼= f ∗(K)⊗ωX/Y [m
′ −m], where f ! is the right adjoint of f∗ in the

derived category.

Proof. By a special case of Lemma 0A9T in [1] as f,X, Y proper andK perfect,

f !(K) ∼= f ∗(K) ⊗ f !(OY ). Thus we just need to understand f !(OY ). To do

that will first compute i!(Ospec(k)). Let i : Y → k, i′ : X → k be the structure

morphisms. Let F ∈ Dperf(Y ) and K ∈ Db(spec(k)).

Hom(i∗(F ), K) ∼= Hom(K, i∗(F )⊗ ωspec(k))
∨

∼= Hom(K ⊗ ω−1
spec(k), i∗F )

∨

∼= Hom(i∗(K)⊗ i∗(ω−1
spec(k)), F )

∨

∼= Hom(F, i∗(K)⊗ i∗(ω−1
spec(k))⊗ ωY [m])

The first isomorphism follows from an application of the Serre functor in

Db(spec(k)) using Lemma 0FY8 in [1] which works asDperf(spec(k)) = Db(speck(k))

as spec(k) smooth. The second isomorphism follows from the flatness of ωspec(k)

since then we can treat the derived tensor as a nonderived tensor. The third

isomorphism comes from the adjunction i∗ ⊣ i∗ plus the fact pullbacks commute

with tensors. The last isomorphism is again an application of the Serre functor

using Lemma 0FY8 in [1] which works as Y Gorenstein and F perfect. Note
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the shift by m comes from the fact Y is Gorenstein and using Lemma 0FVV

in [1]. After observing ωspec(k) ∼= Ospec(k) we find that i!(Ospec(k)) ∼= ωY [m] by

just doing the same computation as above with K = Ospec(k). Using the same

argument we get that i′!(Ospec(k)) ∼= ωX [m
′]. A consequence of the Yoneda

lemma is that i ◦ f = i′ implies f ! ◦ i! = i′!. Thus,

ωX [m
′] ∼= i′!(Ospec(k)) ∼= f ! ◦ i!(Ospec(k)) ∼= f !(ωY [m]) ∼= f ∗(ωY [m])⊗ f !(OY ).

So we may conclude the isomorphism f !(OY ) ∼= ωX/Y [m
′ − m] and thus also

that f !(·) ∼= f ∗(·)⊗ ωX/Y [m
′ −m] holds.

Definition 3.8: Let D be a triangulated category and let T be a triangulated

subcategory. We say T is left admissible if the inclusion i : T → D has a left

adjoint denoted i∗. Similarly we say T is right admissible if the inclusion

i : T → D has a right adjoint denoted i!. We call T admissible if it is both

left and right admissible.

Proposition 3.9: Let D be a triangulated category with a right admissible

subcategory L. Let X ∈ D. Then defining i : L → D inclusion we get that

ii!X → X → cone(ii!X → X) is the unique (up to isomorphism) distinguished

triangle of the form A→ X → B with A ∈ L and B ∈ L⊥.

Proof. First observe that the adjunction HomL(i
!X, i!X) ∼= HomD(ii

!X,X)

gives a distinguished triangle induced by identity,

ii!X → X → cone(ii!X → X) → ii!X[1].
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Let A ∈ L. Then observe HomD(A, ii
!X) ∼= HomL(A, i

!X) ∼= HomD(A,X)

which follows as L a full subcategory and from the adjunction i ⊣ i!. Then by

Lemma OCQQ in [1] we find that cone(ii!X → X) ∈ L⊥. Thus we have our

existence.

Now we show uniqueness. Consider another distinguished triangle

A→ X → B → A[1]

with A ∈ L and B ∈ L⊥. By Proposition 1.34 in [14] we know a distinguished

triangle induces long exact sequences of Hom’s in either position. Note by

definition for any G ∈ L and using the closure of triangulated subcategories

under shift,

HomD(G,B[−1]) = 0 = HomD(G,B).

Using the long exact sequence induced by the Hom’s this implies

HomD(G,A) ∼= HomD(G,X) ∼= HomD(G, ii
!X).

As L a full subcategory and since we know

HomL(G,A) ∼= HomL(G, i
!X)

then by the Yoneda lemma we conclude that

A ∼= ii!X.

This in turn implies that B ∼= cone(ii!X → X). Thus we’ve shown uniqueness.
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Note that a symmetric proof of Lemma 3.9 is true for left admissible sub-

categories and cone(X → ii∗X)[−1] → X → ii∗X.

Definition 3.10: Let D be a triangulated category with triangulated subcate-

gory T . The right orthogonal of T in D is T ⊥ := {A ∈ D |Hom(T , A) = 0}.

Similarly, the left orthogonal of T in D is ⊥T := {A ∈ D |Hom(A, T ) = 0}.

Definition 3.11: LetD be a triangulated category withDn, ..., D1 triangulated

subcategories. We call (Dn, ..., D1) a semiorthogonal collection if Di ⊂ D⊥
j

for j < i ∈ {1, ..., n}. We call this collection full if D can be generated by

Dn, ..., D1 by shifts and cones.

Definition 3.12: Let D be a triangulated category with full semiorthogonal

collection (Dn, ..., D1). We call < Dn, ..., D1 > a semiorthogonal decomoposi-

tion of D if for any A ∈ D there is a filtration of A by < Dn, ..., D1 >. By this

we mean there exists Ai ∈ Di and Ti ∈ D such that

0 → A1 = T1 → T2 → ...→ Tn = A

and cone(Ti−1 → Ti) ∼= Ai.

Note that any such filtration is unique and functorial, see Lemma 2.4 in

[18]. A semiorthogonal decomposition of a derived category Db(X) is the best,

in this sense, as one can hope for. For any connected noetherian scheme there

does not exist a fully orthogonal decomposition of Db(X), see Proposition 3.10

in [14].
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Proposition 3.13: Let D be a triangulated category and let (Dn, ..., D1) be

a full semiorthogonal collection of admissible subcategories of D. Let A ∈ D.

Then < Dn, ..., D1 > is a semiorthogonal decomposition of D.

Proof. Let in : Dn → D be the inclusions. Then by Lemma 3.9 we have a

distinguished triangle

cone(A→ ii∗A)[−1] → A→ ii∗A→ cone(A→ ii∗A)

with ii∗A ∈ Dn and cone(A → ii∗A)[−1] ∈ ⊥Dn ⊃< Dn−1, ..., D1 >. Now we

quickly show that in fact cone(A → ii∗A)[−1] is isomorphic to something in

< Dn−1, ..., D1 >. Let us relabel cone(A→ ii∗A)[−1] for now as L. By Lemma

3.9 we have a distinguished triangle

L2 → L→ L1 → L2[1]

with L1 ∈< Dn−1, ..., D1 >
⊥ and L2 ∈< Dn−1, ..., D1 >. Then we may use

Lemma 3.9 again to get a distinguished triangle

S2 → L1 → S1 → S2[1]

with S1 ∈ D⊥
n and S2 ∈ Dn. As L1 ∈< Dn−1, ..., D1 >

⊥⊃ ( ⊥Dn)
⊥ ⊃ Dn and

S2 ∈ Dn we know S1 ∈< Dn−1, ..., D1 >
⊥, D⊥

n and so by Lemma 1.61 in [14]

we get that S1 = 0. Thus S2
∼= L1. As L2 ∈< Dn−1, ..., D1 >⊂ ⊥Dn we can

find L1 ∈ ⊥Dn too. As L1 ∈ ⊥Dn and L1
∼= S2 ∈ Dn we can conclude that

L1 = 0. Thus L ∼= L2 ∈< Dn−1, ..., D1 > as we were hoping.

By repeating this process with cone(A→ ii∗A[−1]) replacing A we get the

required filtration. Note the process terminates as there are finite terms.
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Proposition 3.14: Let D̃ be a triangulated category with an admissible semiorthog-

onal decomposition < Dn, ..., D1 >. Let A ∈ D. Let 0 → A1 → A2 → ...→ An

be the filtration for A with respect to our semiorthogonal decomposition. Let

i1 : D1 → D be inclusion. Then i1i
!
1A

∼= A1.

Proof. Let rj :< Dj−1, ..., D1 >→< Dj, ..., D1 > be inclusions. We will now

show that rj has a right adjoint. Let X ∈< Dj, ..., D1 >. Then we have a

semiorthogonal filtration of X which we can write as

0 → X2 → ...→ Xj → X.

As 0, cone(0 → X2) ∈ D1 we have that X2 ∈ D1. As we have the relationship

X2, cone(X2 → X3) ∈< D2, D1 > we also know X3 ∈< D2, D1 >. Continuing

this process we find that Xj ∈< Dj−1, ..., D1 >. Also Dj ⊂< Dj−1, ..., D1 >
⊥

and

Xj → X → cone(Xj → X) → Xj[1]

is a distinguished triangle and so by Lemma OCQS in [1] we have that each rj

is right admissible. Now we can apply Lemma 3.9 to see that our filtration for

A can be rewritten as

0 → r!2 ◦ ... ◦ r!nA→ ...→ r!nA→ A.

Clearly rn ◦ ... ◦ r2 = i1 and so i1i
!
1(A) = r!2...r

!
nA = A1.

Lemma 3.15: Let< D̃⊥, D̃ > be a semiorthogonal decomposition withD = ⊥σ∗(D̃⊥)

and σ∗ ⊣ σ∗. The exact functor σ∗ need only be defined on D̃⊥. Then

σ∗(D) ⊂ D̃.
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Proof. First observe

Hom(σ∗B,C) ∼= Hom(B, σ∗C) = 0

for B ∈ D, C ∈ D̃⊥ and so σ∗D ⊂ ⊥(D̃⊥). Also D̃ ⊂ ⊥(D̃⊥). Let A ∈ σ∗D.

Using a filtration we get a distinguished triangle

A1 → A→ A2 → A1[1]

with A1 ∈ D̃ and A2 ∈ D̃⊥. Let B ∈ ⊥(D̃⊥). Using a long exact se-

quence of Hom(B,−) we see that Hom(B,A) ∼= Hom(B,A1) as we have that

Hom(B,A2) ∼= 0. Thus by applying Yoneda lemma we conclude that A ∼= A1,

so σ∗(D) ⊂ D̃.

Lemma 3.16: Let D̃ be a triangulated category subcategory withD = ⊥σ∗(D̃⊥).

Let σ∗ ⊣ σ∗ and σ∗ ◦ σ∗ ∼= id, where σ∗ need only be defined on D̃perf. Then

σ∗(D̃perf) ⊂ D.

Proof. Let P ∈ D̃perf and let A ∈ σ∗D̃⊥. Then

Hom(σ∗P,A) ∼= Hom(P, σ∗A) = 0

as σ∗A ∈ σ∗σ
∗D̃⊥ = D̃⊥. Therefore σ∗P ∈ D. Hence σ∗D̃perf ⊂ D.

Lemma 3.17: Let D be a triangulated category with semiorthogonal deco-

moposition < A,B >. Let S be a triangulated subcategory of D such that

A ⊂ S. then S has semiorthogonal decomposition < A,B ∩ S >.
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Proof. Let X ∈ S. Then using the filtration provided by the semiorthogonal

decomoposition < A,B > of D we have the filtration:

0 XB X

XA

with XB ∈ B and XA ∈ A. By hypothesis we have XA ∈ S. So as X,XA ∈ S,

XB → X → XA → XA[1] distinguished, and S a triangulated subcategory we

see that XB ∈ S by definition. Thus we can conclude that < A,B ∩ S > is a

semiorthogonal decomoposition of S.

Lemma 3.18: Let < A,B >=< A,C > be semiorthogonal decompositions.

Then B = C.

Proof. Let XC ∈ C. Then using the filtration provided by the semiorthogonal

decomoposition < A,B > of D we have the filtration:

0 XB XC

XA

Using the distinguished triangle XB → XC → XA → XB[1] we get a long exact

sequence indued by Hom(·, XA):

· · · → Hom(XB , XA) → Hom(XC , XA) → Hom(XA , XA) → Hom(XB[1] , XA) → · · ·

Note that Hom(XB[1] , XA) = Hom(XC , XA) = 0 by assumption and so by

exactness Hom(XA , XA) = 0 which implies that XA
∼= 0. And so this implies
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that XB
∼= XC . Thus as XC was arbitrary in C we see that C ⊂ B. By

symmetry we get that B = C as desired.

Lemma 3.19: Let T be a triangulated category and let D be a right admissible

subcategory with inclusion i : D → T . Let A ∈ D. Then i!A ∼= A.

Proof. Let B ∈ D. Observe Hom(B, i!A) ∼= Hom(B,A). As B was arbitrary,

by the Yoneda lemma we have ii!A ∼= A.

Definition 3.20: Let D be a triangulated category with triangulated subcate-

gory T . TheVerdier quotient (or just quotient) of D by T is the triangulated

category D/T . The objects of D/T are the same as D. The morphisms of

D/T , A→ B, are defined as pairs of morphisms in D, (s : N → A, f : N → B)

where cone(s : N → A) ∈ T . Two morphisms (s1 : N1 → A, f1 : N1 → B) and

(s2 : N2 → A, f2 : N2 → B) in D/T are equivalent if there exists a morphism in

D/T between N1 and N2, (s3 : N3 → N1, f3 : N3 → N2), making the diagram

commute in D.

The Verdier quotient comes with an exact functor Q : D → D/T which is

identity on objects and maps f : A → B to (id : A → A, f : A → B). For

a more detailed understanding of the construction and its properties refer to

sections 04VB, 05RA in [1].

Lemma 3.21 (05RK in [1]): For Q defined above the kernel, ker(Q), is the

strictly fully subcategory of D, {A ∈ D | ∃B ∈ D, A⊕B ∈ T }.
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Lemma 3.22 (05RJ in [1]): Let D be a triangulated category and T a full

triangulated subcategory. Let D′ be a triangulated category and F : D → D′

an exact functor with T ⊂ ker(F ). Then there exists a unique exact functor

F : D/T → D′ such that F = F ◦Q with Q : D → D/T defined above.

Lemma 3.22 is often referred to as the univeral property of Verdier quotients.

It is useful for factoring morphisms through the quotient.

Definition 3.23: Let D,D′ be triangulated categories and let F : D → D′ be

an exact functor. Then F is a Verdier localization (or just localization) if

F : D/ ker(F ) → D′, F defined in Lemma 3.22, is an equivalence.

Definition 3.24: Let F : D → D′ be an exact functor between triangulated

categories. We call F a categorical contraction if F is fully faithful and

every object of D′ can be written as a direct summand of objects in D/ ker(F ).

A Verdier localization essentially captures what it means for a “first iso-

morphism theorem” to hold. A categorical contraction is a slight weakening of

this where we only require the isomorphism to hold on what can be thought of

as a dense subset of the codomain. The following lemma can be considered as

a “second isomorphism theorem.”

Lemma 3.25: Let T be a triangulated category with semiorthogonal decompo-

sition < D⊥,D >. Let K be a triangulated subcategory of T with semiorthog-

onal decomposition < D⊥,N >. Then the canonical map from D/(D ∩ K) to

T /K is fully faithful.

36



Categorical Resolutions of Singularities Chapter 3

Proof. First we note by the universal property of the Verdier quotient, see

Lemma 05RJ in [1], that there exists a canonical map D/(D ∩ K) → T /K

induced by the inclusion D → T .

Now let A ∈ K and B ∈ D and ϕ : B → A a morphsim. The following

diagram commutes using the adjunction of i, i! (see definition 0037 in [1] for

reference) and the fact ii!B = B by Lemma 3.19:

A iB

ii!A

ϕ

i!(ϕ)

By definition i!A ∈ D. By Lemma 0CQS in [1] we have a distinguished tri-

angle S → A → R → S[1] where S ∈ N ⊂ D and R ∈ D⊥. Thus using

Lemma 3.19 we get a distinguished triangle: S → i!A → i!R → S[1]. Observe

Hom(i!R, i!R) ∼= Hom(ii!R,R) = 0 as ii!R ∈ D and R ∈ D⊥. Thus i!R = 0.

So we know S ∼= i!A. This means that i!A ∈ D. Thus i!A ∈ D ∩ K. So we

may apply the dual of Proposition 2.3.5 from [24] to conclude that indeed the

canonical map from D/(D ∩ K) to T /K is fully faithful.

Lemma 3.26: Let σ : T → S be an essentially surjective morphism of trian-

gulated categories where T has a semiorthogonal decomoposition < D⊥,D >,

D is right admissible, and D⊥ ⊂ kerσ. Then σ|D is essentially surjective.

Proof. Let A ∈ S. By hypothesis there exists a B ∈ T such that σ(B) ∼= A.
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By Lemma 0CQS in [1] we have a distinguished triangle

S → B → R → S[1]

where S ∈ D and R ∈ D⊥. Thus we have a distinguished triangle

σS → σB → σR → σS[1].

As D⊥ ⊂ ker σ we have that σR = 0. Thus σS ∼= σB ∼= A as required.

3.2 Categorical Resolutions of A1 and A2 Sin-

gularities

In this section we introduce the definition of a categorical resolution. We

also go over some key results in the literature about categorical resolutions for

singularities of type A1 and A2.

Definition 3.27: A categorical resolution of a triangulated category D is

defined by a triple (D̃, σ∗, σ∗). The triangulated category D̃ is an admissible

subcategory of Db(X) where X is a non-singular scheme. The functors σ∗, σ
∗

must be defined so that σ∗ : D̃ → D, σ∗ : Dperf → D̃ where σ∗ ⊣ σ∗ and the

natural morphism induces idDperf
∼= σ∗σ

∗.

Proposition 3.28: Let σ : X̃ → X be a resolution of singularity where X has

a single rational singularity. Then σ∗σ
∗ ∼= idDperf(X).
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Proof. Observe that

σ∗σ
∗(P ) ∼= σ∗(σ

∗(P )⊗OX̃
OX̃)

∼= σ∗OX̃ ⊗OX
P ∼= P

for P ∈ Dperf(X) using the projection formula from Lemma 0B54 in [1] and

the fact σ∗OX̃
∼= OX since we have a rational singularity.

Proposition 3.28 provides the justification for the name categorical resolu-

tion as we get that the classic resolution of singularity induces a categorical

resolution when the singularity is rational. This definition has the weakness

that we are restricting ourselves to rational singularities when considering ge-

ometric realizations of a categorical resolution.

Proposition 3.29: Let σ̃ : ˜̃X → X̃, σ : X̃ → X, σσ̃ : ˜̃X → X be morphisms,

with σ̃, σσ̃ each a resolutions of a single rational singularity. Then σ∗σ
∗ ∼=

idDperf(X).

Proof. By Proposition 3.28 we know that σ∗σ̃∗σ̃∗σ∗ ∼= (σσ̃)∗(σσ̃)
∗ ∼= idDperf(X)

and σ̃∗σ̃∗ ∼= idDperf(X̃). Thus indeed σ∗σ
∗ ∼= idDperf(X).

Definition 3.30: Let (D̃, σ∗, σ∗) be a categorical resolution of a triangulated

category D. We say the resolution is weakly crepant if σ∗ ⊣ σ∗.

Observe that Proposition 3.7 implies that a crepant resolution of a singu-

larity induces a weakly crepant categorical resolution justifying the name.

Definition 3.31: Let X be a variety and L a line bundle on X. A dual

Lefschetz decomposition is a semiorthogonal decomposition of Db(X) of the

form Db(X) =< Am−1⊗L1−m, ..., A1⊗L−1, A0 > where Am−1 ⊂ ... ⊂ A1 ⊂ A0.
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The dual Lefschetz decomposition is an important tool for computing cat-

egorical resolutions. For example consider a cartier divisor, E, in X. Let’s say

E is the exceptional divisor of a blow-up and let L be the conormal bundle of

E in X. Then a dual Lefschetz decomposition of E with respect to L ends up

giving a semiorthogonal decomposition of X which often includes the “critical

components” of X, see Proposition 4.1 in [17]. The following two theorems give

a categorical resolution and its kernel for an A1 singularity. The third theorem

does the same for an A2 singularity.

Theorem 3.32 (Cattani, Giovenzana, Liu, Magni, Martinelli, Pertusi, Song,

Thm1.1/Proposition 3.6 [4]): Let X be a quasiprojective variety with an iso-

lated nodal singularity, and assume dim(X) ≥ 2. Then there exists a weakly

crepant categorical resolution σ∗ : D̃ → Db(X) such that σ∗ is a categorical

contraction. Let X̃ be the resolution of X by blowing up the singular point.

We have D̃ is an admissible subcategory of Db(X̃). Let S be the spinor bundle

on the exceptional divisor E when dim(X) is even and let S ′, S ′′ be the spinor

bundles on E when dim(X) is odd. Notating j as the inclusion of E into X̃,

the kernel of σ∗ is generated by < j∗S > when dim(X) is even and is generated

by < cone(j∗S
′ → j∗S

′′[2]) > when dim(X) is odd.

Theorem 3.33 (Kuznetsov, Shinder, Thm 5.8/Lemma 5.10 [19]): Let X be

a variety of dimension m ≥2 over an algebraically closed field k such that

char(k) ̸= 2. Let X have isolated A1 singularities x1, ..., xr and no other
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singularities. Let

σ : X̃ → X

be the blow up of all the singular points and ji : Ei → X̃ the embedding of

the exceptional divisor over xi. Let Si be a spinor bundle on Ei. Then the

subcategory

D := {F ∈ Db(X̃)|j∗F ∈< Si,OEi
> ∀i ∈ {1, ..., r}}

is admissible in Db(X̃). Moreover σ∗|D : D → Db(X) is a weakly crepant lo-

calization with kernel generated by < j∗(Si) >
r
i=1 if dimX is even or generated

by < cone(j∗(S
′
i) → j∗(S

′′
i )[2]) >

r
i=1 if dimX is odd.

Theorem 3.34 (Fietz, Theorem 4.3 [8]): Let X be a variety with an isolated

A2 singularity at a point Z ∈ X and let dim(X) ≥ 2. Then there is a weakly

crepant categorical resolution σ∗ : D̃ → Db(X) which is a localization. The

kernel of σ∗ is < j∗S > when dim(X) is odd and < j∗S1, j∗S2 > when dim(X)

is even where j : E → X̃ is the inclusion of the exceptions divisor and S, S1, S2

are the corresponding spinor bundles on E.

The techniques used in proving these three results establish much of the

ground work necessary for us to extend the result to An. Moreover, these

results are used as the base case for the induction process used to prove the

main result of this thesis.
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3.3 Categorical Resolutions of An Singularities

In this section we will give a construction of a weakly crepant categorical

resolution for an An singularity. In addition we will compute the kernel of this

resolution. We will do this by showing the work on the A1 singularity [4, 19]

and A2 singularity [8] cases extend to An.

Definition 3.35: Let k be a field and let D be a k-linear triangulated cate-

gory. An object E ∈ D is called exceptional if Hom(E,E) = k and for any

non-trivial shift, n ̸= 0, Hom(E,E[n]) = 0. A sequence of exceptional objects

Em, ..., E1 is called an exceptional collection if (Em, ..., E1) is a semiorthog-

onal collection.

Proposition 3.36: Let E be a projective quadric of dimension m − 1. Then

Db(E) has a semiorthogonal decomoposition

< AE,OE,OE(1), ...,OE(m− 2) > .

Proof. We shall prove this by first showing that (OE,OE(1), ...,OE(m− 2)) is

an exceptional collection and then applying a theorem of Bondal and a theorem

of Kuznetsov.
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We shall consider HomDb(E)(OE(a),OE(b)[s]) for arbitrary a, b, s.

HomDb(E)(OE(a),OE(b)[s]) ∼= HomD+(QCoh(E))(OE(a),OE(b)[s])

∼= Exts(OE(a),OE(b))

∼= Exts(OE,OE(b− a))

∼= Hs(OE(b− a))

As OE(a),OE(b)[s] bounded and coherent, the first two isomorphism follow

by Proposition 3.5 and Proposition 2.56 in [14] respectively. The third iso-

morphism follows from Proposition III.6.7 in [11] and the fourth isomorphism

follows from the fact Hom(OE, ·) = Γ(E, ·) as functors.

Now we shall look at the short exact sequence:

0 −→ OPm(a− 2)
·Q−→ OPm(a)

projection−−−−−→ i∗OE(a) −→ 0

Where Q is the homogeneous degree 2 defining equation of E. From this short

exact sequence we get a long exact sequence of cohomology, namely,

...→ Hs(OPm(a−2)) → Hs(OPm(a)) → Hs(i∗OE(a)) → Hs+1(OPm(a−2)) → ...

We know that

Hs(OPm(r)) =


k if s = 0, r = 0

0 if s = 0, r < 0

0 if s ̸= 0, r ≥ −m
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by Lemma 01XT from [1]. Thus we can deduce from our long exact sequence,

after applying Lemma III.2.10 in [11], that

Hs(OE(r)) =


k if s = 0, r = 0

0 if s = 0, r ≥ 2−m

0 if s ̸= 0, r ≥ 2−m

which gives us

Hom(OE(a),OE(b)[s]) =


k if s = 0, b = a

0 if s = 0, b− a ≥ 2−m

0 if s ̸= 0, b− a ≥ 2−m

implying (OE,OE(1), ...,OE(m− 2)) is indeed an exceptional collection.

Thus by Theorem 3.2 in [2] we have that < OE,OE(1), ...,OE(m− 2) > is

an admissible subcategory of Db(E). So by Lemma 2.6 from [18] we get

Db(E) =< AE,OE, ...,OE(m− 2) >

is a semi-orthogonal decomposition where

AE =< OE,OE(1), ...,OE(m− 2) >⊥ .

The following theorem of Efimov is a key theorem in computing the kernel

of our categorical resolution. We will use it similarly to how it was applied in

the A1 and A2 case. However, this version of the theorem is phrased in the way

of Theorem 5.2 in [19].
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Theorem 3.37 (Thm 8.22 in [6]): Let σ : X̃ → X be a proper birational

morphism. Let i : Z → X be a closed subscheme and let σ−1(Z), we’ll call E,

be a cartier divisor. Assume σ is an isomorphism away from E,Z. Let I be

the ideal sheaf corresponding to Z. Suppose σ∗OX̃(−mE) ∼= Im for all m ≥ 0.

Let the following be a cartesian square:

E X̃

Z X

j

ρ σ

i

If ρ∗ : Db(E) → Db(Z) is a Verdier localization then we get that the derived

functor σ∗ : D
b(X̃) → Db(X) is a Verdier localization whose kernel is generated

by j∗(ker(ρ∗)).

Definition 3.38: Let Z ∈ X be a normal isolated singularity. Let m be the

maximal ideal in the local ring OX,Z . Then we call Z an acyclic projectively

normal singularity if the canonical map mj/mj+1 → H0(E,OE(j)) is an

isomorphism and H i(E,OE(j)) = 0 for all j ≥ 0, i > 0.

The idea of an acyclic projectively normal singularity is to capture a suffi-

cient condition for what kinds of singularities we can apply Efimov’s theorem.

The properties are sufficient to give the “meat” of thereom’s condition which

is: σ∗OX̃(−mE) ∼= Im for all m ≥ 0. Lemma 5.5 and Corollary 5.6 in [19]

show this connection.

The next lemma is proved similarly to the A2 case in [8].
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Lemma 3.39: Let X be a projective m-dimensional variety with an isolated

An singularity, Z, with n ≥ 2. Then (X,Z) is an acyclic projectively normal

singularity.

Proof. Note we have shown earlier (see proof of Lemma 3.36) that we know

H i(E,OE(l)) = 0 for i > 0, l ≥ 0. Using the beginning of the long exact

sequence,

0 → H0(OPm(l − 2)) → H0(OPm(l)) → H0(i∗OE(l)) → 0,

also from the proof Lemma 3.36 we can see that

H0(E,OE(l)) ∼=
k[y0, ..., ym]l

(y21 + ...+ y2m)k[y0, ..., ym]l−2

using Lemma 01XT from [1]. Let us note that mX,Z
∼= (x0, x1, ..., xm) in

k[x0,x1,...,xm]

xn+1
0 +x21+...+x

2
m

(x0,x1,...,xm). So we can see
ml

X,Z

ml+1
X,Z

∼= (x0,x1,...,xm)l

(x0,x1,...,xm)l+1 . Let us consider

the map

ϕ :
k[y0, ..., ym]l

(y21 + ...+ y2m)k[y0, ..., ym]l−2

yi→xi−−−→ (x0, ..., xm)
l

(x0, ..., xm)l+1
.

If we show this map is well-defined and an isomorphism that will be enough to

show its inverse, the canonical map,

(x0, ..., xm)
l

(x0, ..., xm)l+1

xi→yi−−−→ k[y0, ..., ym]l
(y21 + ...+ y2m)k[y0, ..., ym]l−2
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is an isomorphism like we want. Let g ∈ k[y0, ..., ym]l−2, then in (x0,...,xm)l

(x0,...,xm)l+1 ,

ϕ((y21 + ...+ y2m)g(y0, y1, ..., ym)) = (x21 + ...+ x2m)g(x0, x1..., xm)

= (xn+1
0 + x21 + ...+ x2m)g(x0, x1..., xm)

= 0

with the second to last equality following as degree of xn+1
0 g ≥ l + 1. Thus ϕ

is well-defined.

Now we show ϕ surjective. Generically an element of (x0,...,xm)l

(x0,...,xm)l+1 looks like∑
ai

∏
xi

(
∑
bj

∏
xj)+c

with monomials in the numerator of degree at least l, monomials

in the denominator degree at least 1, and c in k − {0}. Observe∑
ai
∏
xi

(
∑
bj
∏
xj) + c

=

∑
ai
∏
xi

c

as

c(
∑

ai
∏

xi)− ((
∑

bj
∏

xj) + c) ∗ (
∑

ai
∏

xi)) = 0

as

(
∑

ai
∏

xi) ∗ ((
∑

bj
∏

xj)) = 0

as terms will have degree at least l + 1. Hence all elements of (x0,...,xm)l

(x0,...,xm)l+1 are

writeable as
∑
ai
∏
xi with each monomial of degree l. Thus ϕ is surjective.

Now we show ϕ is injective. Let p(y0, .., ym) ∈ k[y0, ..., ym]l such that we

have ϕ(p) = 0. The only homogeneous degree l terms in the ideal generated as

(≥ degree l + 1, xn+1
0 + x21 + ...+ x2m) are those of the form (x21 + ...+ x2m)f(x)

with f(x) degree l − 2. Thus p(y0, .., ym) = 0 as required.
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Lemma 3.40: LetD0 be a triangulated category and let (σ∗, σ
∗, ˜̃D) be a weakly

crepant categorical resolution of D0 with the resolution an admissible subcat-

egory of the bounded derived category of coherent sheaves for a smooth pro-

jective variety Y . Let D̃ ⊂ D0 be a right admissible triangulated subcategory

such that D̃⊥ ⊂ Dperf
0 . Let D = ⊥σ∗(D̃⊥), with the last perp taken in ˜̃D. Then

(σ∗|D, σ∗|D̃perf ,D) is a weakly crepant categorical resolution of D̃. Also if σ∗ is

a localization, then σ∗|D is a localization with ker(σ∗) = ker(σ∗|D).

Proof. First we note that the definition of D makes sense as D̃⊥ ⊂ Dperf
0 so

that σ∗ is well defined on D̃⊥.

Let i : σ∗(D̃⊥) → Db(Y ) and i′ : D̃⊥ → D0 be inclusion. As a conse-

quence of Lemma 2.6 in [18] as D̃ right admissible we have that D̃⊥ is left

admissible. Observe that by weak crepancy we have that σ∗, σ
∗ have left ad-

joints, by left admissibility i′ has a left adjoint, and as D̃⊥ ⊂ Dperf
0 we see that

i = (σ∗i′σ∗)|σ∗(D̃⊥) also has a left adjoint. So by Lemma 2.6 and 2.7 in [18], as

Y smooth and projective, we deduce D is admissible in Db(Y ).

˜̃D σ∗(D̃⊥)

D0 Dperf
0 D̃⊥

i

i′

i′1i′2

σ∗

σ∗|D̃⊥

σ∗ σ∗|D̃⊥

By Lemma 3.15 we get that σ̃∗|D : D → D̃ is well-defined and by Lemma

3.16 we get that σ̃∗|D̃perf : D̃perf → D is well-defined. Observe that σ∗ ⊣ σ∗ ⊣ σ∗
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implies σ∗|D ⊣ σ∗|D̃perf ⊣ σ∗|D. Also σ∗σ∗ ∼= idDperf
0

implies σ∗|Dσ∗|D̃perf
∼= idD̃perf .

Thus (σ∗|D, σ∗|D̃perf , D) is a weakly crepant categorical resolution of D̃.

Now we will assume σ∗ is a localization. Let A ∈ ker(σ∗) and B ∈ D̃⊥.

We have that Hom ˜̃D(A, σ
∗B) ∼= Hom ˜̃D(σ∗A,B) = 0 as σ∗A = 0 by definition.

Thus A ∈ D. So kerσ∗ ⊂ D which means ker σ∗ = ker σ∗|D.

Note then that D/ ker(σ∗) is a full subcategory of ˜̃D/ ker(σ∗). This can be

seen from the following two diagrams,

N

A B

cone(N → A)

N ′′

N N ′

A B

cone(N ′ → A) cone(N → A)

cone(N ′′ → A)

Let A,B ∈ D and assume

cone(N → A), cone(N ′ → A), cone(N ′′ → A) ∈ ker(σ∗) ⊂ D.

As triangulated categories are closed under cone we get that N,N ′, N ′′ ∈ D as
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well. Thus the first diagram gives us that each morphism between objects in D

in ˜̃D/ ker(σ∗) is also a morphism in D/ ker(σ∗). The second diagram gives us

that two morphisms between objects in D are equal in ˜̃D/ ker(σ∗) if and only

if they are equal in D/ ker(σ∗). Thus σ∗|D is fully faithful as σ∗ is fully faithful.

Now let A ∈ D̃. As σ∗ essentially surjective there exists Ã ∈ ˜̃D such that

σ∗(Ã) ∼= A. Observe Hom(Ã, σ∗(D̃⊥)) ∼= Hom(σ∗Ã, D̃⊥) ∼= Hom(A, D̃⊥) = 0

by weak crepancy and definition. Thus Ã ∈ D. Hence σ∗|D is essentially

surjective. Therefore we may conclude that σ∗|D is an equivalence and that

σ∗|D is a localization.

Lemma 3.41: Let ϕ : ˜̃D → D̃ and ψ : D̃ → D be a Verdier localizations with

kernels < A1, ..., Am > and < B1, ..., Bn > respectively. Then there are B′
i ∈

˜̃D

such that ϕ(B′
i) = Bi. The composition ψϕ is a Verdier localization with kernel

< A1, ..., Am, B
′
1, ..., B

′
n > for any such B′

i.

Proof. By essential surjectivity of ϕ there exists B′
i such that ϕ(B′

i) = Bi. Of

course < A1, ..., Am, B
′
1, ..., B

′
n >⊂ ker(ψϕ). Let L ∈ ker(ψϕ). Then we know

that ϕ(L) ∈< B1, ..., Bn >. As shifts and cones commute with ϕ and ϕ(L)

can be written as a combinations of shifts and cones of B1, ..., Bn, using the

same combination of shifts and cones on B′
1, ..., B

′
n we get a term B′

L such that

ϕ(B′
L) = ϕ(L). Thus B′

L
∼= L in the localization as under the localization ϕ is

fully faithful. This means we have a distinguished triangle,

L→ B′
L → cone(L→ B′

L),
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with B′
L ∈< B′

1, ..., B
′
n > and cone(L → B′

L) ∈ ker(ϕ) =< A1, ..., Am >.

Thus by two out of three property we get L ∈< A1, ..., Am, B
′
1, ..., B

′
n >. So

ker(ψϕ) =< A1, ..., Am, B
′
1, ..., B

′
n >.

Now we need to show that the ψϕ is a localization. By the universal prop-

erty of Verdier quotients (Lemma 05RJ in [1]) we have that ψϕ is a triangulated

functor and ψ ◦ Q2 ◦ ϕ ◦ Q1 = ψϕ ◦ Q3 where each Qi is the relevant quotient

functor.

˜̃D ˜̃D/ kerϕ ˜̃D/ kerψϕ

D̃ D̃/ kerψ

D

Q1

Q3

ϕ

Q1

ϕ

ψϕ

Q2

ψ
ψ

As ψ, ϕ and each Qi essentially surjective we get that ψϕ is essentially surjec-

tive.

Next we will show fullness. Now consider a morphism ψϕ(R) → ψϕ(S).

Since Qi’s are surjective on objects via identity, we can write this as a morphism

ψ ◦Q2 ◦ ϕ ◦Q1(R) → ψ ◦Q2 ◦ ϕ ◦Q1(S).

As ψ full we may lift to a morphism

Q2 ◦ ϕ ◦Q1(R) → Q2 ◦ ϕ ◦Q1(S).
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Thus we have a diagram in D̃:

N

ϕ ◦Q1(R) ϕ ◦Q1(S)

cone(N → ϕ ◦Q(R))

Where cone(N → ϕ ◦ Q(R)) ∈ ker(ψ). As ϕ is an equivalence we can lift to a

diagram in ˜̃D/ ker(ϕ):

Ñ

Q1(R) Q1(S)

cone(Ñ → Q1(R))

where ϕ(Ñ) ∼= N and ϕ(cone(Ñ → Q1(R))) = cone(N → ϕ ◦ Q1(R)). Note

that Q3 factors as Q1 ◦Q1 by the universal property of Verdier quotients. Now

observe that cone(Ñ → Q1(R)) ∈ ker(ψϕ) as cone(N → ϕ ◦ Q1(R)) ∈ ker(ψ).

Thus we have lifted to a morphism R → S in ˜̃D/ ker(ψϕ) by construction.

Therefore ψϕ is full.

Finally we shall show faithfullness. Suppose f1, f2 ∈ Hom(A,B) in ˜̃D/ ker(ψϕ)

such that ψϕ(f1) = ψϕ(f2). Similar to before we have that Q2 ◦ ϕ ◦ Q1(f1) =

Q2 ◦ ϕ ◦Q1(f2) as ψ fully faithful. Then we get a morphism equality diagram

in D̃ which we can lift to ˜̃D/ ker(ϕ) as ϕ an equivalence. Then as the cones are

still in ker(ψϕ) we have an equality diagram between f1 and f2. Thus ψϕ is
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indeed a localization.

Let X be a projective scheme of dimension m ≥ 2 over a field k with an

isolated An singularity. Then we may take the blow-up of X at the singularity,

which we will call Z, to produce X̃ which has an An−2 singularity, refer to

example 1. Then we repeat this procedure of blowing-up until we’ve fully

resolved the singularity, see example 2. We shall call this non-singular variety

˜̃X. At each blow-up step we get an exceptional divisor Ei which is a nodal

quadric, except possibly in the last step it could be a smooth quadric. On each

nodal quadric, except possibly the last one, consider the resolution of Ei via

blowing up the singularity notated ψi : Bl(Ei) → Ei. We also have for each

step a map ci from Bl(Ei) to a smooth quadric, refer to definition 2.27. The

spinor bundle on Ei is ψi∗c
∗
iS for a spinor bundle S on the smooth quadric.

We also have an inclusion map j̃i : Bl(Ei) → ˜̃X, see remark 6. Let us use the

notation, AEi
, to mean

AEi
=



< j̃i∗c
∗
iS > if m is odd and (n is even or i ≤ ⌊n

2
⌋)

< cone(j̃i∗S
′ → j̃i∗S

′′[2]) > if m is odd and n is odd and i = ⌈n
2
⌉

< j̃i∗c
∗
iS

′, j̃i∗c
∗
iS

′′ > if m is even and (n is even or i ≤ ⌊n
2
⌋)

< j̃i∗S > if m is even and n is odd and i = ⌈n
2
⌉

To clarify this definition, we essentially always split into two cases based on the

parity of the dimension of X. The only exception occurs at the last blow-up

to resolve the singularity of X. Here the cases split based on whether the last
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singularity being resolved is an A1 or an A2 singularity.

Theorem 3.42: Let X be a projective variety with an isolated An singularity.

ThenDb(X) has a weakly crepant categorical resolution of a singularity which is

a localization. The kernel of the resolution is generated by < AE1 , ...,AE⌈n
2 ⌉ >.

Proof. Step 1: Setup the problem.

We shall proceed by induction. The base cases of A1 and A2 are true by

Theorem 3.33 and Theorem 3.34 respectively. Suppose for a projective variety

X of dimm ≥ 2 with an isolated An−2 singularity, n ≥ 3, there exists a weakly

crepant categorical resolution, ( ˜̃D, σ̃∗, σ̃∗), resulting from repeatedly blowing

up at the singularity, with kernel generated by < AE2 , ...,AE⌈n
2 ⌉ >.

Ẽ ˜̃X

Z̃ E X̃

Z X

j̃

ρ̃ σ̃ĩ

j

ρ σ

i

Note that E, Ẽ are exceptional divisors and Z̃ is the An−2 singularity in X̃.

The current set-up is portrayed in the diagram above. For now we will focus

on the lower half of the diagram in the derived category setting:

Db(E) Db(X̃)

Db(Z) Db(X)

j∗

ρ∗ σ∗

i∗
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From Proposition 3.36, as E is a nodal quadric, we have a semiorthogonal

decomposition:

Db(E) =< AE,OE, ...,OE(m− 2) > .

We will justify the notational compatibility of AE later.

Step 2: Convert the semiorthogonal decomposition of Db(E) into a dual

Lefschetz decomposition.

Since E is a complete intersection, as E ⊂ Pm is a hypersurface in a smooth

variety, we know E is Gorenstein by Lemma 2.18. By Lemma 2.22 we get

ωE ∼= OE(1 − m). As for any i we know OE(i), when viewed as a complex,

is a line bundle concentrated in degree 0 we have by Lemma 0BCJ in [1] that

OE(i) is a perfect complex. So we know

< OE, ...,OE(m− 2) >⊂ Dperf(E).

Thus as E a Gorenstein projective variety we produce via repeated applications

of Lemma 2.15 from [15] the semiorthogonal decomoposition:

Db(E) =< OE(2−m),OE(3−m), ...,OE(−1),AE,OE > .

As < OE >⊂< AE,OE > we have constructed our dual Lefschetz decomopo-

sition.

Step 3: Push the dual Lefschetz decomposition of Db(E) to Db(X̃).

As E is an effective Cartier divisor of X̃, by Lemma 02OS in [1], we can compute

the conormal bundle as

N ∨
E/X̃

∼= OX̃(−E)|E ∼= OX̃(1)|E ∼= OE(1)
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where the first isomorphism is from 21.2.H in [23], the second is from 02OS in

[1], and the third isomorphism follows as the pullback of the structure sheaf is

the structure sheaf. As E is a Cartier divisor of X, by Proposition 4.1 from

[17] we know that

Db(X̃) =< j∗OE(2−m), ..., j∗OE(−1), D̃ >

is a semiorthogonal decomposition where

D̃ = {F ∈ Db(X̃)|j∗F ∈< AE,OE >}.

Step 4: Show (σ∗|D̃, σ∗, D̃) is almost a weakly crepant categorical resolu-

tion.

We shall prove that (σ∗|D̃, σ∗, D̃) has all the properties of a weakly crepant

categorical resolution, except potentially being an admissible subcategory of a

bounded derived category of a non-singular variety. We must first show well-

definedness.

Step 4.1: Prove σ∗(Dperf(X)) ⊂ D̃.

Let G ∈ Dperf(X). As D̃ = {F ∈ Db(X̃)|j∗F ∈< AE,OE >} we win if we can

show j∗σ∗G ∈< AE,OE >. Note j∗σ∗ = ρ∗i∗, see Lemma 0D5S in [1], so we

have reduced the problem to showing ρ∗i∗G ∈< AE,OE >. As i
∗G ∈ Dperf(Z)

by Lemma 09UA in [1] and Dperf(Z) is just complexes of finite-dimensional

vector spaces over k, we only need to understand ρ∗(k). As k flat over k we

may treat ρ∗(k) as non-derived and compute ρ∗(k) = ρ∗(OZ) = OE ∈< OE > .

Thus indeed j∗σ∗(G) = ρ∗i∗G ∈< AE,OE > and so σ∗(G) ∈ D̃.
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Step 4.2: Show (σ∗|D̃, σ∗, D̃) is almost a categorical resolution.

Certainly σ∗ ⊢ σ∗ as it follows from the classical adjunction. And we know

σ∗σ
∗ ∼= idDperf(X) from Lemma 3.29 and the well-definedness of the derived

functor σ∗ : Dperf(X) → D̃.

Thus our final step for (σ∗|D̃, σ∗, D̃) is to show weak crepancy. To do this

we will follow closely the ideas of Lemma 4.6 in [17] and Lemma 1.9 in [8]. We

go through it ourselves as our setting is mildly different since we do not have

a resolution, but merely a blow-up at this stage.

Step 4.3: Show (σ∗|D̃, σ∗, D̃) is weakly crepant.

By Lemma 3.4 we see j∗(OE(−i)) is perfect for each i and so D̃⊥ ⊂ Dperf(X̃).

As X̃ is a projective variety, see II.7.16 in [11], Gorenstein, by Proposition 2.23,

and since we just showed Db(X̃) =< D̃⊥, D̃ > with D̃⊥ ⊂ Dperf(X̃) we can use

Lemma 2.15 from [15] to determine that D̃, D̃⊥ are admissible subcategories

of Db(X̃). Let δ : D̃ → Db(X̃) be our embedding. Thus δ has left and right

adjoints δ∗, δ! as D̃ admissible. So we can write the left and right adjoints of

σ∗|D̃ as δ∗σ∗, δ!σ!.

Db(X̃) D̃

Db(X) Dperf(X)

σ∗

δ∗,δ!

δ

σ∗|D̃ σ∗
σ∗

incl.

The goal is to show that δ∗σ∗ and δ!σ! are equal over Dperf(X). Let’s suppose

F ∈ Dperf(X). Note that δ∗ is defined as δ∗(R) = B for A→ R → B → A[1] a

distinguished triangle with A ∈ D̃⊥ and B ∈ D̃, see Lemma 0CQT in [1]. Recall
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we showed for G ∈ Dperf(X) that σ∗G ∈ D̃. So as 0 → σ∗F → σ∗F → 0[1] is a

distinguished triangle in D̃ we can compute δδ∗σ∗F = σ∗F .

Combining Lemma 2.23 and Lemma 3.7 gives σ!(F ) ∼= σ∗(F ) ⊗ OX̃((m −

2)E). Again let us consider the short exact sequence for effective Cartier divi-

sors,

0 → OX̃(−E) → OX̃ → i∗OE → 0.

The short exact sequence then induces a distinguished triangle,

OX̃(−E) → OX̃ → i∗OE → OX̃(−E)[1].

Note that σ∗F ⊗ OX̃(lE) for l ∈ {1, ..,m − 2} is perfect as the pullback of

perfect complexes is perfect, since the pullback of locally free sheaves is locally

free, and the tensor product of perfect complexes is perfect by Lemma 068T

in [1]. As being perfect means one has a projective resolution, by tensoring we

can get a collection of distinguished triangles in Db(X̃) of the form

σ∗F ⊗OX̃((l − 1)E) → σ∗F ⊗OX̃(lE) → σ∗F ⊗OX̃(lE)⊗ i∗OE

for l ∈ {1, ...,m− 2}. Now we compute:

σ∗F ⊗OX̃(lE)⊗ j∗OE
∼= j∗(j

∗(σ∗F ⊗OX̃(lE))

∼= j∗(j
∗σ∗F ⊗ j∗OX̃(lE))

∼= j∗(ρ
∗i∗F ⊗OE(−l))

∈< j∗OE(−l) > .
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The first line follows from projection formula, Lemma 0B54 in [1], the second

follows as tensor and pull back commute by Lemma 079U in [1], the third follows

from the fact σj = iρ, and the fourth line follows from ρ∗(Db(Z)) ∈< OE >

which we showed earlier and the fact that OE(−l) perfect which makes our

tensor product work as if underived. As σ∗F ∈ D̃ and considering the family

of distinguished triangles we just constructed, we have a filtration

0 → σ∗F → σ∗F ⊗OX̃(E) → ...→ σ∗F ⊗OX̃((m− 2)E)

with respect to our semiorthogonal decomposition

Db(X̃) =< j∗OE(2−m), ..., j∗OE(−1), D̃ > .

Thus by Lemma 3.14 we get that

δδ!σ!F ∼= δδ!(σ∗F ⊗OX̃((m− 2)E)) ∼= σ∗F ∼= δδ∗σ∗F.

So δ∗σ∗ and δ!σ! are equal over Dperf(X). Thus we conclude σ∗ ⊣ σ∗|D̃ ⊣ σ∗ and

our resolution is weakly crepant. We now have our weakly crepant “almost”

categorical resolution (σ∗|D̃, σ∗, D̃).

Step 5: Produce our weakly crepant categorical resolution of Db(X).

Now we want to combine our induction hypothesis of the existence of a cate-

gorical resolution of singularities for X̃, (σ̃∗, σ̃∗, ˜̃D ⊂ Db( ˜̃X)), with (σ∗|D̃, σ∗, D̃)

to produce a categorical resolution, D, which fits into the following diagram.
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Db( ˜̃X) ˜̃D D

Db(X̃) D̃

Db(X)

σ̃∗
σ̃∗| σ̃∗|

σ∗
σ∗|

First recall that D̃⊥ =< j∗OE(2 − m), ..., j∗OE(−1) >⊂ Dperf(X̃). Thus we

can define

D = ⊥σ̃∗(D̃⊥) ⊂ Db( ˜̃X)

which we will now show has the desired properties and fits into the diagram

as drawn. Observe that D̃⊥ is left admissbile by Lemma 2.6 in [18] and as

i : σ̃∗(D̃⊥) → Db( ˜̃X) ∼= σ̃∗iσ̃∗ which each have left adjoints we get σ̃∗(D̃⊥) is

left admissible. By Lemma 2.6 and 2.7 of [18] as ˜̃X is smooth and projective

we get that D is admissible. By Lemma 3.40 we get that (σ̃∗, σ̃∗,D) is a weakly

crepant resolution of ˜̃D. Thus (σ∗σ̃∗, σ̃∗σ∗,D) is a weakly crepant resolution of

Db(X) as adjunction holds under composition and σ∗σ̃∗σ̃∗σ∗ ∼= σ∗σ
∗ ∼= id.

Step 6: Show our weakly crepant categorical resolution of Db(X) is a

Verdier localization and compute the kernel of the resolution.

As our singularity (X,Z) is acyclic projectively normal by Lemma 3.39 we can

apply Corollary 5.6 from [19] to get that σ∗ : Db(X̃) → Db(X) is a Verdier

localization with kernel < j∗(O⊥
E) >. By combining Proposition 2.8, 3.27, and

3.31 from [8] we get that AE
∼=< S1, S2 > when E is odd dimensional and
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AE
∼=< S0 > when E is even dimensional, where S0, S1, S2 are the spinor

sheaves on their respective nodal quadrics. Thus we have

kerσ∗ =< j∗OE(2−m), j∗OE(3−m), ..., j∗OE(−1), j∗AE > .

Using the semiorthogonal decomposition we computed earlier,

Db(X̃) =< j∗OE(2−m), ..., j∗OE(−1), D̃ >,

we can see that ker(σ∗) ⊃ D̃⊥. By lemma 3.17 we have a semiorthogonal

decomposition ker σ∗ =< D̃⊥, ker σ∗ ∩ D̃ >. By Lemma 3.18 we then get that

kerσ∗ ∩ D̃ =< j∗AE >. Thus the kernel of σ∗ : D̃ → Db(X) is < j∗AE >.

Also by Lemma 3.25 and Lemma 3.26 we have that σ∗ : D̃ → Db(X)

is a Verdier localization and by Lemma 3.40 we get that σ̃∗ : D → D̃ is a

Verdier localization with kernel < j∗AE >. So by Lemma 3.41 we get that

σ̃∗σ∗ : D → Db(X) is also a Verdier localization with kernel generated by

< ker σ̃∗, lift of j∗AE >. Using remark 6 we can see that σ̃∗j̃1∗ = j∗ψ1∗. In

the respective cases S0 = ψ1∗c
∗
1S, S1 = ψ1∗c

∗
1S

′, S2 = ψ1∗c
∗
1S

′′ we see a lift of

j∗S0, j∗S1, j∗S2 respectively are j̃1∗c
∗
1S, j̃1∗c

∗
1S

′, j̃1∗c
∗
1S

′′. Also we have that for

A ∈ {S, S1, S2} that

Hom(j̃1∗c
∗
1A, σ̃

∗(D̃⊥)) ∼= Hom(σ̃∗j̃1∗c
∗
1A, D̃⊥)

∼= Hom(j∗ψ1∗c
∗A, D̃⊥)

∼= 0

as j∗ψ1∗c
∗A ∈ ker σ∗ ⊂ D̃. So indeed j̃1∗c

∗
1S, j̃1∗c

∗
1S

′, j̃1∗c
∗
1S

′′ are in D. Thus

the kernel of our resolution is generated by < AE1 , ...,AE⌈n
2 ⌉ > .
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