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ABSTRACT

This report is one of a series of reports documenting the methods and findings of a multi-year, 
multi-disciplinary project conducted by the Pacific Earthquake Engineering Research Center 
(PEER) with the Lawrence Berkeley National Laboratory (LBNL) and funded by the California 
Energy Commission (CEC). The overall project is titled “Performance-based Earthquake 
Engineering As-sessment Tool for Natural Gas Storage and Pipeline Systems,” hereafter referred 
to as the ”Open-SRA Project.” The overall goal of the OpenSRA project is to create an open-
source research-based seismic risk assessment tool for natural gas infrastructure that can be 
used by utility stakehold-ers to better understand state-wide risks, prioritize mitigation, plan 
new gas infrastructure, and help focus post-earthquake repair work. The project team includes 
researchers from LBNL, UC Berkeley, UC San Diego, University of Nevada Reno, the NHERI 
SimCenter at UC Berkeley, and Slate Geotechnical Consultants and its subcontractors Lettis 
Consultants International (LCI) and Thomas O’Rourke. Focused research to advance the seismic 
risk assessment tool was conducted by Task Groups, each addressing a particular area of study and 
expertise and collaborating with the other Task Groups. This report is the product of Task Group 
F: Synthesis of component fragilities into a system performance model.

Keywords: risk, epistemic uncertainty, polynomial chaos
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1 Introduction

This report is one of a series of reports documenting the methods and findings of a 
multi-year, multi-disciplinary project conducted by the Pacific Earthquake Engineering Research 
Center (PEER) with the Lawrence Berkeley National Laboratory (LBNL) and funded by the 
California Energy Commission (CEC). The overall project is titled ”Performance-based 
Earthquake Engineering As-sessment Tool for Natural Gas Storage and Pipeline Systems,” 
hereafter referred to as the ”Open-SRA Project.”

The overall goal of the OpenSRA project is to create an open-source research-based 
seis-mic risk assessment tool for natural gas infrastructure that can be used by utility 
stakeholders to better understand state-wide risks, prioritize mitigation, plan new gas 
infrastructure, and help focus post-earthquake repair work.

The probabilistic seismic risk tool developed in this project follows the widely 
accepted risk methodology of Dr. A. Cornell (Cornell, 1968). A seismic source 
characterization is used to develop a suite of earthquake scenarios with associated rates of 
occurrence to represent the seismic hazard. Fault ruptures and the resulting ground deformation 
are generated for each earthquake scenario to represent the seismic loading, which includes a map 
of ground motion parameters. This scenario-based seismic parameter map is overlaid on the 
infrastructure system, and the seismic loading is combined with the capacities of the 
infrastructure to calculate the seismic performance of the natural gas system for the scenario. 
By repeating the process for all the scenarios in the suite, the tool can evaluate the seismic risk 
to the system.

A user-driven research approach was used to develop OpenSRA to be easily 
usable by regulators and utilities and to include updated models and methods for the seismic 
demands and capacities that control the seismic risk for natural gas systems. The project includes 
several innova-tive approaches that improve the basic methodology and distinguish this project’s 
approach from the standard approaches currently used. Current risk studies developed by the 
utilities use risk-scoring approaches that are highly subjective and qualitative. They do not 
properly incorporate the uncertainties in the seismic demand and in the fragility of the system and 
its components. Targeted research was conducted in this project to improve the characterization of 
uncertainty of key inputs to the seismic risk assessment tool. The seismic risk methodology 
employed in this project pro-vides quantitative estimates of the probabilistic seismic risk. For 
risk-informed decision-making processes, the reliability of the risk estimates needs to be 
considered because this can be significant, particularly for large, rare earthquakes.

The project team includes researchers from LBNL, UC Berkeley, UC San Diego, Univer-
sity of Nevada Reno, the NHERI SimCenter at UC Berkeley, and Slate Geotechnical Consultants 
and its subcontractors Lettis Consultants International (LCI) and Thomas O’Rourke.



Focused research to advance the seismic risk assessment tool was conducted by Task 
Groups, each addressing a particular area of study and expertise and collaborating with the 
other Task Groups. The Task Groups are as follows:

• Task A: Fault Displacement

• Task B: Liquefaction-induced deformation and seismically induced slope displacement

• Task C: Performance of natural gas storage well casings and caprock

• Task D: Performance of gas storage and pipeline system surface infrastructure

• Task E: Smart gas infrastructure sensing of wells and pipeline connections performance

• Task F: Synthesis of component fragilities into a system performance model

This report is the product of the Task Group, as denoted in bolded text above. This report 
explains in detail the motivation, mathematical formulation, and numerical 
implementation of the development of a computationally very efficient tool for large-scale risk 
calculations of distributed systems, including the efficient propagation of the epistemic 
uncertainty in the fragility models.
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2 Efficient Deterministic Performance-Based     
 

2.1 GENERAL PBEE RISK FORMULATION

The methodology for performance-based earthquake engineering (PBEE) risk 
calculation was originally developed by the Pacific Earthquake Engineering Research 
(PEER) Center. This frame-work estimates risk as a function of ground shaking characterized by 
an intensity measure, IM (e.g., Peak Ground Acceleration, Peak Ground Velocity, etc.). The 
effect that the intensity measure has on a system is described by an engineering demand 
parameter, EDP (e.g., lateral spread displace-ment, liquefaction induced settlement, etc.), and 
the damage caused by the EDP is described by a damage measure, DM (e.g., pipe strain). 
Consequences of the damage are then assessed using a decision variable, DV (e.g., 
probability of pipeline rupture). The mathematical formulation of the risk following the PBEE 
methodology is given by:

λdv(DV > dv) =

∫∫∫
DDM ,DEDP ,DIM

PDV (DV > dv|dm)fDM(dm|edp)fEDP (edp|im)fIM(im)

(2.1)

d(dm) d(edp) d(im)

The risk λdv as given by Equation (2.1) represents, for one earthquake scenario, the proba-
bility of the decision variable DV to exceed a threshold value dv, conditioned on parameters IM, 
EDP , and DM. Because these parameters are random variables, the conditioning of DV by the 
parameters IM, EDP , and DM is mathematically expressed by probability density functions.

The function fIM (im) represents the probability density function of the intensity measure 
IM at value IM = im. The intensity measure IM is typically a ground-motion parameter, such as 
spectral acceleration or spectral velocity, whose distribution is generally assumed to be 
lognormal and for which the median and standard deviation are estimated by ground-motion 
models (GMMs) for a given earthquake scenario.

The function fEDP (edp|im) represents the conditional probability density function of the 
engineering demand parameter EDP at value EDP = edp, conditioned by the intensity measure 
IM at value IM = im. This conditioning captures the effect of the intensity measure IM on the 
probability of the engineering demand parameter EDP to occur.

3
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Similarly, the function fDM(dm|edp) represents the conditional probability density func-
tion of the damage measure DM at value DM = dm conditioned by the engineering demand
parameter value EDP = edp.

Finally, the function PDV (DV > dv|dm) represents the probability of the decision variable
DV to exceed the value dv conditioned by the damage measure value DM = dm.

The risk λdv(DV > dv) is further obtained by summing up the probabilities of occur-
rence of all the possible values {im, edp, dm} of parameters IM , EDP and DM using their
(conditional) probability density functions. This summation over all the values {im, edp, dm} is
mathematically represented by the triple integral in Equation (2.1).

An alternative of Equation (2.1) that is commonly used considers the DV to be a discrete
variable, such as a damage state. In this case, the risk value is not given by a risk curve but by a
single number, which is the probability that the decision variableDV will occur. The mathematical
formulation of the risk for this case is:

λ(DV ) =

∫∫∫
DDM ,DEDP ,DIM

PDM(DV |dm)fDM(dm|edp)fEDP (edp|im)fIM(im) (2.2)

d(dm) d(edp) d(im)

In this report, we only consider the mathematical formulation of the risk curve following
Equation (2.1); however, we show both formulations in the illustrative example section.

Computation using the above equations can be numerically very inefficient. To improve
the numerical efficiency, we make some approximations of the risk formulation. We describe how
to efficiently implement Equation (2.1). A Matlab code for the efficient risk calculation for (2.1)
and (2.2) is available at https://github.com/maxlacour/PC_Risk_Calculation.

2.2 EFFICIENT REFORMULATION OF THE RISK EQUATION

Performance PBEE-based risk calculations presented in Equation (2.1) require the computation of
a triple integral. This triple integral can be numerically approximated using traditional quadrature
rules, such as the rectangle, trapezoidal, or Gauss quadrature rules. These numerical methods for
integration can be computationally very efficient for evaluating one-dimensional integrals; how-
ever, they become exponentially more expensive in computation for evaluating multidimensional
integrals. This increase in computation time with dimension is due to the exponentially increasing
number of quadrature points required to discretize the multidimensional domain over which the
integrals are evaluated.

One practical property of the PBEE-based risk calculations is that the conditional models
of IM,EDP,DM , and DV are typically one-dimensional functions of these parameters. For
example, the intensity measure IM is typically used for the conditioning of the median engineering
demand parameter EDP only and not for the conditioning of the other parameters (DM andDV ).
Similarly, the engineering demand parameter EDP is typically only used for the conditioning of

4
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the median damage measure DM , and the damage measure DM is only used for the conditioning
of the median decision variable DV .

We can take advantage of these one-dimensional relationships between parameters IM ,
EDP , DM , and DV and rewrite the triple integral from Equation (2.1) with one-dimensional
integrals only. Mathematically, the updated formulation of the risk becomes:

λdv =

∫
DDM

P (DV > dv|dm) d(dm)× (2.3)∫
DEDP

f(dm|edp) d(edp)×∫
DIM

f(edp|im) ∗ f(im)d(im)

in which a first integral is performed over the domain of IM only, then a second integral is per-
formed over the domain of EDP only. Finally, a third integral is performed over the domain of
DM only.

Reformulating the risk equation as in Equation (2.3) allows us to avoid the expensive com-
putation of a triple integral over the three-dimensional domain {IM,EDP,DM} from Equation
(2.1) using the quadrature rule. Instead, we now deal with three one-dimensional integrals over the
domain of {IM}, {EDP} and {DM} separately. This reduces the computational complexity in
the numerical integration from exponential to linear. Note that this reformulation of the risk from
Equation (2.1) to Equation (2.3) is done without making any approximation on Equation (2.1)
but by simply taking advantage of the mathematical properties of the PBEE-based risk analysis
framework.

2.3 MOTIVATION FOR AN EFFICIENT APPROXIMATION OF THE PBEE RISK
FOR LARGE-SCALE SYSTEMS

We reduced the computational complexity of the risk calculation from exponential to linear via the
formulation of the main risk Equation (2.1) into Equation (2.3); however, we must still compute the
three integrals from Equation (2.3). If they do not present analytical solutions, these integrals must
still be approximated using the traditional quadrature rules described above. Evaluating integrals
with quadrature rules is inefficient because it requires the repeated evaluation of the function inside
the integral at the multiple quadrature points. When the functions inside the integrals involve
computationally expensive terms such as exponentials or the Gaussian error function Φ, as is the
case in Equation (2.3), the approximation of the risk using quadrature rules becomes particularly
inefficient.

Below, we illustrate the computational cost of evaluating Equation (2.1) for just the EDP
hazard using the quadrature rule. That is, we only consider one integral in the main risk Equation
(2.1), such as:

5



λEDP (EDP > edp) =

∫
DIM

P (EDP > edp|im)f(im)d(im) (2.4)

For that example, we consider a single earthquake scenario of magnitude M = 5.1 and a
single site at a distance R = 20 km from the source. We use the quadratic rule to calculate the risk
curve from Equation (2.4) for the EDP seismic slope displacement conditioned on the IM ground-
motion spectral acceleration. For that earthquake scenario, the median and standard deviation of
the ground motion are given by the NGA-West 2 GMMs and are equal to ln(SA)med = −5.04 and
σ(SA) = 0.77.

The median of the seismic slope displacements is given by the model from Bray and
Macedo (2019), which is shown in Figure 2.1.

Figure 2.1: Model From Bray and Macedo (2019) (ky = 0.1, Ts = 1s)

We calculate the conditional probability of exceedance (conditioned on the earthquake hav-
ing occurred) using Equation (2.4) for the example earthquake scenario using the quadrature rule
with 50, 100, and 200 quadrature points. The conditional probability of exceedance is complemen-
tary cumulative distribution function, CCDF, given that the scenario occurred. The CCDFs for the
three quadratures are shown in Figure (2.2).

6



Figure 2.2: Conditional probability of exceedance (CCDF) for one earthquake scenario using
50, 100, and 200 quadrature points)

Figure 2.2 shows that with 50 quadrature points, we reach convergence of the CCDF with
reasonable accuracy (less than 10% error) in the lower tail, (e.g., 10−2) when compared with the
risk curve obtained with 100 and 200 quadrature points.

The computational times required to calculate the three CCDFs with 50, 100, and 200
quadrature points are approximately t50 = 0.002s, t100 = 0.004s, and t200 = 0.008s in Matlab.
This computational time represents the time required to calculate one CCDF at one site for one
earthquake scenario and using only a single integral from the main risk Equation (2.1). How-
ever, for a regular hazard calculation, the number of earthquake scenarios easily reaches 1,000
for rupture scenarios along faults and 10,000 for background zones. Additionally, for large-scale
systems, the number of locations at which we are interested in calculating the risk can also easily
reach 10,000 site locations.

Scaling the computational time t50 by the typical number of earthquake scenarios and
number of sites and multiplying by 3 to account for the triple integral in Equation (2.1) leads to
the following rough estimate of the total computational time of a risk calculation for large scale
systems using the quadrature rule:

7



tquadrature50 = 0.002× 1, 000× 10, 000× 3 ' 16h (2.5)

The rough estimate of a regular PBEE-based risk calculation for large-scale systems is
on the order of a day. That computational time does not include the propagation of the epistemic
uncertainty from the median models, which would increase the calculation time by another order of
magnitude if the standard logic-tree approach is used. Therefore, more efficient numerical methods
and/or approximations of the risk need to be employed to reduce that computational time to the
order of minutes.

2.4 EFFICIENT PBEE RISK APPROXIMATION USING ANALYTICAL SOLUTIONS

2.4.1 Requirements for Analytical PBEE Risk Solutions

The high computational cost of calculating a CCDF using quadrature rules comes from the repeated
evaluation of the function inside the integral at the multiple quadrature points. For the example of
50 points, that means that the function below the integral in Equation (2.4) needs to be evaluated
50 times to calculate the CCDF with some reasonable accuracy in the tail, which further explains
the high computational cost of the total risk calculation.

The use of quadrature rules can be avoided if the integrals in Equation (2.3) could be solved
analytically. In that case, the integrals in Equation (2.3) could be directly obtained by computing
their analytical solution in just one numerical evaluation, further reducing the computational ex-
penses by several orders of magnitude.

We present an approximation that allows us to have analytical solutions for the integrals
in Equation (2.3) to gain computational efficiency. We then illustrate this approximation with
the example of a single earthquake scenario and show the loss in accuracy and the reduction in
computational time between the analytical and numerical evaluations of the integrals in the risk
calculations.

To find analytical solutions for the PBEE-based risk calculation in Equation (2.3), we first
replace the probability density functions by their mathematical expressions and then try to find
under what conditions the integrals may have analytical solutions. The multiple random variables
IM,EDP,DM,DV involved in the risk are typically assumed to follow normal or lognormal
distributions. For example, if they are assumed to be log-normally distributed, their probability
density and distribution functions are given by:

fX(x) =
1√

2 πσX x
exp

(
−(ln (x)−mX)2

2σ2
X

)
(2.6)

FX(X < x) = Φ

(
ln (x)−mX

σX

)
(2.7)

in which mX and σX represent the median and the standard deviation of the random variable X ,
and Φ is the cumulative distribution function of the standard normal variable given by:
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Φ(ε) =
1√
2π

∫ ε

−∞
e−0.5t

2

dt (2.8)

For the conditional probability density functions, the conditioning of the random variable
X on the random variable Y is typically only performed in the median mY of the random variable
Y . For the case in which Y is log-normally distributed, the probability density function of Y
conditioned by X takes the following form:

fY |X(y|x) =
1√

2 πσY y
exp

(
−(ln y −mY (x))2

2σ2
Y

)
(2.9)

Substituting these probability density functions into the main risk equation 2.3, we obtain:

λdv(DV > dv) =

∫
DDM

Φ

(
ln (dv)−mDV (dm)

σDV

)
d(dm) (2.10)∫

DEDP

1√
2 πσDM dm

exp

(
−(ln (dm)−mDM(edp))2

2σ2
DM

)
d(edp)∫

DIM

1√
2 πσEDP

exp

(
−(ln (edp)−mEDP (im))2

2σ2
EDP

)
1√

2 πσIM im
exp

(
−(ln (im)−mIM)2

2σ2
IM

)
d(im)

The integrals in Equation (2.10) have analytical solutions if and only if the terms in the
exponent remain quadratic. That is because the integral of the function x 7→ e−x

2 has an analyt-
ical solution over the set of real numbers R (the Gaussian error function Φ), but the integral of
the function x 7→ e−x

3 does not. Consequently, the requirement for having analytical solutions
for (2.10) is to keep the conditional median models mY (x) to be polynomials of degree one (or
linear functions) in the conditioning variable. In this way, the terms (ln(y) −mY (x)2) in the ex-
ponents remain quadratic in the conditioning variable X , and analytical solutions for the integrals
are available.

A linear conditioning of random variable X on the median of random variable Y by a
first-order polynomial is given by:

mY (x) = aY ∗ ln (x) + bY (2.11)

in which aY and bY are constant coefficients.

Replacing the linear conditioning above from Equation (2.11) for variables EDP , DM
and DV into the risk equation (2.10) leads to:
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λdv(DV > dv) =

∫
DDM

Φ

(
ln (dv)− (aDV ln (dm) + bDV )

σDV

)
d(dm) (2.12)∫

DEDP

1√
2 πσDM dm

exp

(
−(ln(dm))− (aDM ln(edp) + bDM))2

2σ2
DM

)
d(edp)∫

DIM

1√
2 πσEDP

exp

(
−(ln(edp))− (aEDP ln(im) + bEDP ))2

2σ2
EDP

)
1√

2 πσIM im
exp

(
−(ln (im)−mIM)2

2σ2
IM

)
d(im)

The integrals in the risk equation as in (2.12) all involve polynomials of degree two in the
exponentials, and therefore analytical solutions are available for these integrals. Since all these
integrals involve Gaussian density and distribution functions, the final analytical solution for the
risk is itself a Gaussian distribution function. That is, the risk from Equation (2.12) is also equal
to:

λdv(DV > dv) = Φ

(
ln (dv)−ma

DV )

σaDV

)
(2.13)

in whichma
DV and σaDV are the analytical mean and standard deviation of the random variableDV .

The parameters ma
DV and σaDV are functions of all the input parameters in Equation (2.12), which

are the mean, standard deviation, and conditioning parameters of the variables IM , EDP , DM ,
and DV .

The analytical solution for λdv could, in theory, be obtained analytically by finding the
direct mapping between ma

DV and σaDV and the parameters from Equation (2.12); however, this
mapping will have a high computational cost because the three integrals from Equation (2.12)
are nested, and their analytical solutions will involve many repeated terms from the solution of
each integral individually. For that reason, it is much more efficient to numerically evaluate the
analytical solution of each integral one at a time in Equation (2.12) in an iterative manner rather
than trying to evaluate the analytical solution of the three nested integrals directly. In other words,
the most efficient way to evaluate Equation (2.12) is to numerically evaluate the analytical solution
of the first integral over IM , to use this numerical evaluation as an input to the analytical solution
of the second integral over EDP , evaluate this second integral and use it as an input for the
analytical solution of the third integral over DM and finally evaluate the analytical solution of this
third integral.

Therefore, we do not provide the direct analytical solution for the risk as in Equation (2.13)
but instead provide the analytical solution of each integral separately. These analytical solutions
are provided in Appendix (A).
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2.4.2 Approximation Trade-off between Computational Efficiency and Accuracy

In practice, the conditional model from a random variable X on a random variable Y is not a linear
function but is typically a polynomial function of higher degrees. For example, the model from
Bray and Macedo (2019), as illustrated in Figure (2.1), gives the median seismic slope displace-
ment d̂ (EDP ) as a polynomial function of degree 2 of the value of the ground-motion spectral
acceleration Sa (IM ), as well as other geotechnical parameters. The model from Bray and Macedo
(2019) is given by, for the case of an earthquake of magnitude M > 7:

ln (d̂) =a1 − 2.83 ln ky − 0.333(ln ky)
2 + 0.566 ln ky ln(Sa)+ (2.14)

3.04 lnSa − 0.244(lnSa)
2 + a2Ts + 0.278(M − 7)

When replacing the model from Bray and Macedo (2019) into the risk Equation (2.12),
the quadratic term in the exponent leads to a polynomial of degree four in the variable IM , and
therefore there is no analytical solution to the integrals from Equation (2.12).

Even if the model from Bray and Macedo (2019) is not a first-order polynomial in Sa, it can
be well approximated locally by a linear function. The linear approximation of the median models
is a reasonable approximation for two main reasons: 1) the median models vary quite smoothly
with their input variables, and 2) we only use these models over a localized region of interest, not
over their entire domain.

The region of interest of each parameter will be specific to each earthquake scenario. That
means we do not replace the models by a linear function over the entire domain, but we do so only
over a small region where the model matters for one particular earthquake scenario.

The region of interest can reasonably be defined to be two standard deviations around the
median value of the conditioning parameter. The probability that the conditioning parameter falls
inside this interval is about 95%. Outside the region of interest, the probability of the conditioning
parameter to occur is close to zero, and the risk associated with the corresponding median values
of the conditioned parameter will have a negligible contribution to the sum of the risk as given in
Equation (2.10). Over each region of interest, the median models of IM , EDP , DM , and DV
can be reasonably well approximated by a linear function.

We choose to perform the linear approximation of the median models by taking their tan-
gent at the center of the region of interest, which corresponds to the median value of the condi-
tioning parameter. That corresponds to an exact representation of the model at the median of the
conditioning parameter, which is the most likely value to occur. The error between the true model
and the tangent approximation increases as we move further from the median. However, we could
also focus on other regions of the model, for example, on the upper tail of the model, which would
lead to a less accurate approximation by the tangent on the upper part of the risk curve but to a
more accurate approximation on the lower tail of the risk curve.

We illustrate the linear approximation with the model from Bray and Macedo (2019) with
a hypothetical earthquake scenario of magnitude M = 5 at a distance R = 20km from a site. For
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Figure 2.3: Model from Bray and Macedo (2019) and its linear approximation at the median
ground-motion for a given earthquake scenario (M = 5, R = 20km)

that earthquake scenario, the median and standard deviation of the ground-motion are given by the
NGA-West 2 GMMs (Gregor et al., 2014) and are equal to ln(SA)med = −5.04 and σ(SA) = 0.77.
Figure (2.3) shows the model from Bray and Macedo (2019) and its tangent approximation at the
median ground-motion value over the domain of interest, the 95% confidence interval obtained by
two standard deviations around the median value.

To check the accuracy of the linear approximation, we compute the CCDF from the model
from Bray and Macedo (2019) with the quadrature rule using 100 points, and we compare it with
the CCDF obtained from the linear approximation. The CCDF using the tangent approximation is
obtained analytically from the equations derived in Appendix (A). These two curves are shown in
Figure 2.4.

Figure 2.4 shows that the linear approximation looks reasonable over the domain of in-
terest. The error between the risk curve from the true model from Bray and Macedo (2019) and
its linear approximation starts growing as we reach the tail of the risk curve. This error comes
from the difference between the true median model and its linear approximation at the right tail, as
observed in Figure (2.3).

In terms of computational expenses, the calculation of the risk curve tanalytical using the
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Figure 2.4: Comparison of the CCDF using the Bray and Macedo (2019) model with 100
quadrature points and linear analytical approximation.

analytical solution as given in Appendix (A) is approximately (also in Matlab):

tanalytical ' 0.0001s << tquadrature50 ' 0.008s

As a rough estimate, we can now predict that a risk calculation using analytical solutions
will be faster by about two orders of magnitude than using the quadrature method, bringing the total
computational time of a large-scale risk calculation to the order of minutes, which now becomes
reasonable. The illustrative example section will give further details on the computational times of
true risk calculations.
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3 Efficient Propagation of Epistemic
Uncertainty in Median Models into the PBEE 
Risk Equation

Epistemic uncertainty in the various models used in PBEE risk calculations arises from different
sources, including alternative models of the behavior of the physical phenomena and a lack of data
to constrain the inputs to the models.

The epistemic uncertainty in the models needs to be taken into account and propagated into
risk calculation using numerical methods. The traditionally used approach to propagate epistemic
uncertainties into civil engineering systems is the logic-tree approach, which consists of a weighted
sampling of the alternative models and uncertain input parameters, including all combinations of
the branches of the logic tree for the set of logic tree nodes. Considering all combinations of the
logic-tree branches (called the full enumeration approach) can be computationally prohibitive for
large logic trees. As an alternative, a Monte-Carlo approach that takes random paths through the
full logic tree can be used. The Monte-Carlo approach still requires a large number of simulations
before converging to stable results. The large number of simulations required does not make
Monte-Carlo simulations practical for developing seismic designs for the pipeline, for which risk
calculations should be obtained quickly to evaluate the performance of the alternative designs.

Other approaches were developed more recently to avoid the large computational require-
ments from Monte-Carlo simulations, particularly the spectral approach. The idea behind the
spectral approach is to approximate the uncertain solution using a set of basis functions. When
these basis functions are taken as polynomials, spectral approaches lead to the Polynomial Chaos
(PC) approximation of the solution. Applications of the spectral approach for uncertainty quantifi-
cation were first found in the field of numerical simulations, such as in the stochastic finite-element
method, originally developed by Ghanem and Spanos (1991).

More recently, the spectral approach was also applied to seismic hazard calculations by La-
cour and Abrahamson (2019) to efficiently propagate the epistemic uncertainty in median ground-
motion models into hazard codes and avoid the heavy computational expenses of a large number
of Monte-Carlo simulations. Similarly, Macedo et al. (2020) used PC to efficiently propagate the
epistemic uncertainty in ground-motion models and seismic-slope displacement models into risk
calculations.

We present here a new spectral approach based on the PC method from Lacour and Abra-
hamson (2019), which allows the efficient propagation of the epistemic uncertainty in median IM ,
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EDP , DM , and DV models in the framework of PBEE risk calculations from Equation (2.1).

3.1 POLYNOMIAL CHAOS EXPANSION OF COMPLEMENTARY CUMULATIVE
DISTRIBUTION FUNCTIONS AND PROBABILITY DENSITY FUNCTIONS

3.1.1 Polynomial Chaos Expansion of Complementary Cumulative Distribution Functions

Consider a random variable X , normally or log-normally distributed, with a median µX and a
standard deviation σX . To model the epistemic uncertainty in the median model µX , we make
the assumption that the median is normally distributed, centered on the mean median, mµX , with
standard deviation σµX , such that:

µX = mµX + σµX ξ (3.1)

in which ξ is a standard normal random variable.

The probability of exceedance of a log-normally distributed random variable X with epis-
temic uncertainty in its median µX as defined above can be written as:

P (X > x) = 1− Φ

(
ln(x)− (mµX + σµXξ)

σX

)
(3.2)

The conditional probability of exceedance is the complementary cumulative distribution
function (CCDF) of X . As an example, the CCDF for the spectral acceleration intensity measure,
SA, is shown in Figure (3.1) for several values of ξ, which represent alternative samples of the
epistemic uncertainty.
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Figure 3.1: Example of the conditional probability of exceedance (P (SA > z|M,R) with
epistemic uncertainty in the median with mµ = 0, and σ = 0.5 ln units

The epistemic uncertainty in the median leads to fixed shifts in the CCDF along the X-axis.
The y-axis values of the CCDF with epistemic uncertainty in the median can be approximated with
the Hermite PC, as described in Lacour and Abrahamson (2019):

P (X > x) ≈
P∑
i=0

Ci(x)Ψi[{ξ}] (3.3)

In Equation (3.3), the terms Ψi[ξ] are the Hermite polynomials of the standard normal
random variable ξ. The histograms of 10,000 realizations of the first four Hermite Polynomials are
shown in Figure (3.2).
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Figure 3.2: Realizations of first, second, third, and fourth Hermite polynomials (N = 10 000)

The CCDF of X can be approximated by a linear combination of the Hermite polynomi-
als following Equation (3.3), for which the coefficients Ci(x) are given by the projection of the
distribution on these polynomials:

〈P (X > x) ·Ψi[{ξ}]〉 =

∫ +∞

ξ=−∞

[
1− Φ

(
ln(x)− (mµX + σµXξ)

σX

)]
×Ψi[{ξ}]×

1√
(2π)

e−ξ
2/2dξ

(3.4)

Solving the integrals in Equation (3.4) using integration by parts, we obtain the coefficient
of the Hermite PC expansion of a CCDF with epistemic uncertainty in the median as in Equation
(3.2). The coefficients up to order 4 of the Hermite PC expansion of the CCDF of X are given in
Appendix A and are shown in Figure 3.3 for the spectral acceleration.
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Figure 3.3: Comparison of the first (a), second (b), third (c), and fourth (d) polynomial chaos
terms of uncertain CCDF computed using the analytical solutions and by numer-
ical integration. This example uses mµ = 0, σµ = 0.2, and σ = 0.5, all in LN
units.

The fractiles of the PC approximation of a CCDF with epistemic uncertainty in the median
are shown in Figure (3.4). As a reference, 10,000 realizations of the median were generated, and
the corresponding hazard curves were computed using a Monte-Carlo approach, which we consider
to be the true solution.
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Figure 3.4: Example of the CCDF for one scenario with uncertain median (mµ = 0.0, σµ =
0.2, σ = 0.5 LN units. The epistemic fractiles are compared using Monte-Carlo
(lines) and using the fourth-order polynomial chaos approximation (symbols)

3.1.2 Polynomial Chaos Expansion of Probability Density Functions (PDF)

The formulation of the PBEE risk as in Equation (2.1) contains the CCDFs for the aleatory vari-
ability as well as the PDFs for the epistemic uncertainty of the IM , EDP , DM , and DV . To
efficiently propagate the epistemic uncertainty of these median models into PBEE risk calcula-
tions, it is necessary to obtain a PC approximation for both the CCDF and the PDFs. The PC
approximation of CCDF was described in the section 3.1.1. Here, we introduce the PC approxi-
mation of the PDFs for the epistemic uncertainty.

Similar to the case of the CCDF, we consider a log-normally distributed random variable
X, with a median µX and a standard deviation σX for the epistemic uncertainty in the median
model µX . We again make the assumption that this median is normally distributed, centered on the
mean median mµX with standard deviation σµX .

The probability density function of the log-normally distributed random variable X with
epistemic uncertainty in the median µX as defined above can be written as:

20



f(x) =
1

xσX
√

2π
exp

(
−(ln(x)− (mµX + σµXξ))

2

2σ2
X

)
(3.5)

The PC approximation of the PDF from Equation (3.5) is given by:

f(x) ≈
P∑
i=0

ci(x)Ψi[{ξ}] (3.6)

In Equation (3.6), the terms Ψi[ξ] are the Hermite polynomials of the standard normal random
variable ξ, and the PDF of X can be approximated by a linear combination of these polynomials,
for which the coefficients ci(x) are given by the following projection:

〈f(x) ·Ψi[{ξ}]〉 =

∫ +∞

ξ=−∞

1

xσX
√

2π
exp

(
−(ln(x)− (mµX + σµXξ))

2

2σ2
X

)
×Ψi[{ξ}]×

1√
(2π)

e−ξ
2/2dξ

(3.7)

Solving the integrals in Equation (3.7), we obtain the coefficients of the Hermite PC ap-
proximation of a PDF with epistemic uncertainty in its median, as in Equation (3.5).

The coefficients up to order 4 of the Hermite PC expansion of the PDF of X are given in
Appendix (A) and are illustrated in Figure (3.5)
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Figure 3.5: First four polynomial chaos terms of a probability density function with epistemic
uncertainty in the median. This example uses mµ = 0, σµ = 0.2, σ = 0.5, all in
LN units.

The PC approximation of a PDF with epistemic uncertainty in the median is given in Figure

(3.6).
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Figure 3.6: Example of a probability density function with uncertain median (mµ = 0.0, σµ =
0.2, σ = 0.5). The epistemic fractiles are compared using Monte-Carlo (MC)
shown by the lines and using the fourth-order polynomial chaos (PC) approxi-
mation shown by the symbols)

3.2 POLYNOMIAL CHAOS EXPANSION OF THE PBEE RISK EQUATION

The main Equation for PBEE risk calculation given in Equation (2.12) is for a single set of models
and input parameters for IM , EDP . DM , and DV

The epistemic uncertainty in the median models for the IM , EDP , DM , and DV can be
easily modeled in a Monte-Carlo approach using a logic tree for each term. These logic trees can
be assumed to be independent because the epistemic uncertainty in the median of one parameter
should not depend on the epistemic uncertainty in the median of the other parameters. With the
assumption of the four epistemic uncertainties being independent, one realization of the risk curve
can be computed by picking one branch from each node of the logic tree. In the Monte-Carlo
approach, the risk is computed for 1000s of samples of the branches of the logic tree.
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Alternatively, these logic trees can be replaced by continuous distributions (Lacour and
Abrahamson (2019)) with four independent random variables, ξ1, ξ2, ξ3 and ξ4, defined by:

ξ1 =
µIM −mµIM

σµIM
(3.8)

ξ2 =
µEDP −mµEDP

σµEDP

ξ3 =
µDM −mµDM

σµDM

ξ4 =
µDV −mµDV

σµDV

The epistemic uncertainty in the median IM model is shown in Figure (3.7). This epis-
temic uncertainty comes from the alternative median ground motions from the NGA-West 2 ground-
motion models (GMMs). Similarly, the epistemic uncertainty in the median EDP with seismic-
slope displacement from the model from Bray and Macedo (2019) is shown in Figure 3.8.

Figure 3.7: Example of the epistemic uncertainty in the median ground motion for magni-
tude 5 and magnitude 7 earthquakes
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Figure 3.8: Model from Bray and Macedo (2019) and the fractiles from its epistemic uncer-
tainty (σµ = 0.7)

Adding the epistemic uncertainty in the median models of IM , EDP , DM and DV us-
ing the four independent standard normal variables {ξ1, ξ2, ξ3, ξ4}, the main risk Equation (2.12)
becomes:

λdv(DV > dv) =

∫
ξ4

∫
DDM

Φ

(
ln (dv)− (mµDV

(dm) + σµDV
ξ4)

σDV

)
d(dm)dξ4 (3.9)∫

ξ3

∫
DEDP

1√
2 πσDM dm

exp

(
−(ln (dm)− (mµDM

(edp) + σµDM
ξ3))

2

2σ2
DM

)
d(edp)dξ3∫

ξ2

∫
DIM

1√
2 πσEDP

exp

(
−(ln (edp)− (mµEDP

(im) + σµEDP
ξ2))

2

2σ2
EDP

)
dξ2∫

ξ1

1√
2 πσIM im

exp

(
−(ln (im)− (mµIM + σµIM ξ1))

2

2σ2
IM

)
d(im)dξ1
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Next, we can approximate each PDF and the CDF in the Equation (3.9) by their PC ex-
pansion from Equations (3.3) and (3.6). For one realization of ξ1, xi2, ξ3, and ξ4, the risk is given
by:

λdv(DV > dv) =

∫
DDM

P∑
i=0

CDV
i (dm)Ψi[ξ4]d(dm) (3.10)

∫
DEDP

P∑
j=0

cDMj (edp)Ψj[ξ3] d(edp)

∫
DIM

P∑
k=0

cEDPk (im)

P∑
l=0

cIMl (im)Ψl[ξ1]d(im)

Reordering the sums and the integrals, we obtain:

λdv(DV > dv) =
P∑
i=0

P∑
j=0

P∑
k=0

P∑
l=0

∫
DDM

CDV
i (dm)d(dm)

∫
DEDP

cDMj (edp) d(edp) (3.11)∫
DIM

cEDPk (im)cIMl (im)d(im)Ψi[ξ4]Ψj[ξ3]Ψk[ξ2]Ψl[ξ1]

The PC expansion of the main risk equation becomes:

λdv(DV > dv) =
P∑
i=0

P∑
j=0

P∑
k=0

P∑
l=0

λi,j,k,ldv Ψi[ξ4]Ψj[ξ3]Ψk[ξ2]Ψl[ξ1] (3.12)

in which:

λi,j,k,ldv =

∫
DDM

CDV
i (dm)d(dm)

∫
DEDP

cDMj (edp) d(edp)∫
DIM

cEDPk (im)cIMl (im)d(im)

(3.13)

The PC approximation of the main PBEE risk Equation (3.13) allows the propagation of
the epistemic uncertainty in the median IM ,EDP ,DM , andDV models in a much more efficient
way than the Monte-Carlo sampling approach. The Monte-Carlo approach consists of sampling
alternative branches of the logic trees ξ1, ξ2, ξ3, ξ4 from the median models and evaluating the main

26



risk Equation (2.10) to obtain a statistical description of the epistemic uncertainty in the resulting
risk. This approach requires hundreds or thousands of sample evaluations of the risk equation to
provide a statistically robust estimation of the epistemic uncertainty in the risk. Alternatively, the
PC approach only requires the calculation of the few PC terms in the approximation of the risk in
Equation (3.13), and the sampling of the logic tree can be performed in an efficient post-processing
phase where Hermite polynomials are evaluated outside of the risk calculation.

Similar to the deterministic case of Equation (2.12), the PC coefficients of the risk λi,j,k,ldv

also involve three integrals and the PC coefficients Ci(dm), cj(edp), ck(im), and cl(im) of the PC
expansion of the CDF and the PDF of the random variables IM , EDP , DM , and DV . These in-
tegrals can be evaluated using the quadrature rule, but they can be much more efficiently evaluated
if they have analytical solutions.

Because the PC coefficients inside the integrals include exponential terms for the different
median models (the terms α, as described in the Appendix (A)), the tangent approximation of the
median conditioning models is also a necessary condition in order to have analytical solutions of
the integrals in Equation (3.13), as it was the case for the deterministic PBEE risk calculation.

If the epistemic uncertainty in the conditioning models is assumed to be normally dis-
tributed, leading to constant shifts of the median model, the epistemic uncertainty of the tangent
approximation remains a linear function of the conditioning parameters. Analytical solutions are
available for the PC terms λi,j,k,ldv . We provide the mathematical formulation of the analytical solu-
tions of the PC terms of Equation (3.13) in the Appendix (A).

The PC approach combined with the tangent approximation for analytical solutions of the
risk integrals provides an efficient tool for calculating risk and propagating the epistemic uncer-
tainty in the median models into large-scale risk calculations.

3.3 ILLUSTRATIVE EXAMPLES

In this section, we illustrate the limited loss accuracy and the large gain of computational speed
using the combined PC and tangent approximation approach compared to the direct Monte-Carlo
sampling approach with numerical integration using the quadrature rule.

3.3.1 Single Integration of a Risk Curve with a Smooth Fragility Model

For the case of a single earthquake scenario and a single integral of the risk over IM , the risk as a
function of edp is given by:
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λEDP (EDP > edp) =

∫
DIM

P (EDP > edp|im)f(im)d(im) (3.14)

=

∫
DIM

Φ

(
ln (edp)− (mµEDP

(im) + σµEDP
ξ2)

σEDP

)
×

1√
2 πσIM im

exp

(
−(ln (im)− (mµIM + σµIM ξ1))

2

2σ2
IM

)
d(im)

For the IM parameter, we use the spectral acceleration and given by the five NGA-West 2
GMMs. The mean median is given by the average of the 5 different GMMs, and the correspond-
ing epistemic uncertainty is given by the standard deviation of the median ground motions. The
epistemic uncertainty is sampled using the standard normal random variable ξ1.

For the EDP parameter, we consider seismic slope displacement and use the model from
Bray and Macedo (2019) as illustrated in Figure (3.9). The epistemic uncertainty of the Bray and
Macedo (2019) model is assumed to be constant for all values of lnSA in the median model. The
epistemic uncertainty in the median EDP model is sampled using the standard normal random
variable ξ2, which is assumed to be independent of ξ1.

The risk curve and its tangent approximation are calculated for the case of a single earth-
quake scenario of magnitude M = 5 at a distance R = 20km from a site. The mean median and
standard deviation of the ln(SA) for that scenario are lnµSA = −5.04 and σSA = 0.78 natural log
units. The region of interest over which the tangent approximation is performed is taken to be +/-
two standard deviations around the median value and is lnSA = [−6.60,−3.48]. Over that range,
the model from Bray and Macedo (2019) and its derivative are continuous, and it is reasonable to
approximate it by a linear function of the lnSA. The model from Bray and Macedo (2019) and its
epistemic uncertainty along with its tangent approximation for that example earthquake scenario
are shown in Figure (3.9).

The EDP hazard curve (assuming the rate of earthquakes = units) can be approximated by
the tangent approximation:

λEDP (EDP > edp) =

∫
DIM

P (EDP > edp|im)f(im)d(im) (3.15)

=

∫
DIM

Φ(
ln (edp)− (aEDP (im) + bEDP (im) + σµEDP

ξ2)

σEDP
)×

1√
2 πσIM im

exp(−(ln (im)− (mµIM + σµIM ξ1))
2

2σ2
IM

)d(im)

in which aEDP (im) and bEDP (im) represent the slope and the intercept of the tangent approxima-
tion of the Bray and Macedo (2019) model at the median IM value of lnµSA = −5.04.

28



Figure 3.9: Model from Bray and Macedo (2019) and the +2σ fractiles from its epistemic
uncertainty

The tangent approximation of the Bray and Macedo (2019) model leads to analytical so-
lutions of the PC terms λi,jedp in the main risk equation from Equation (3.13), which are given the
Appendix A.

Next, we compute the risk curves and their epistemic uncertainty using both the traditional
Monte-Carlo sampling approach and the PC method with the tangent approximation to propagate
the epistemic uncertainty. The accuracy and computational time and the accuracy of the two meth-
ods are compared.

For the Monte Carlo method, 1000 samples of the median ground motion and the Bray
and Macedo (2019) model are generated, and the corresponding sample risk curves are computed
using 100 quadrature points.

For the PC-tangent method, the same 1000 median samples are propagated using PC order
4 for both the IM and EDP fragility models, leading to 15 PC terms, which are computed using
their analytical solutions thanks to the tangent approximation. The sample risk curves are then
generated during post-processing by multiplying the PC coefficients by the Hermite polynomials.
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Figure (3.10) shows the fractiles of these risk curves. We observe that the two methods
give similar results, with an increasing error in the fractiles as we approach the tails of the distribu-
tion. This error comes from both the PC approximation and the tangent approximation. The error
coming from the PC expansion could be reduced by increasing the order of the PC expansion. The
error from the tangent approximation could be reduced by performing the tangent approximation
over multiple subdomains. In both cases, it is possible to increase the accuracy of the method but
at the cost of more computational expenses.

Figure 3.10: Probability of exceeance curves and their epistemic fractiles from the Monte-
Carlo and PC approaches

The computational times of the quadrature-rule/Monte-Carlo approach and of the tangent-
approximation/PC approach are shown in Figures (3.11) and (3.12). In Figure (3.11), the com-
putational times of the two methods are plotted as a function of the number of medians sampled
from ξ1 and ξ2. The computational time from the Monte-Carlo approach increases linearly with the
number of branches; however, the computational time from the PC approach does not dependent
on the number of branches in the logic tree because it uses analytical approximations for a continu-
ous distribution. The sampling of the continuous distribution is conducted during post-processing,
which is very fast.
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In Figure (3.12), the computational times of the two methods are calculated for 1,000
hypothetical earthquake scenarios M = 5, R = 20km, to have an estimate of the total run time
of a hypothetical hazard calculation. The computational times of the two methods are plotted as a
function of the number of hypothetical sites at which we calculate the risk. The run times from the
two methods scale linearly with the number of sites, and the PC method remains faster by about 4
orders of magnitude compared to the Monte-Carlo approach with 1000 sampled medians and 100
quadrature points.

Figure 3.11: Computational time of the risk curves from the Monte-Carlo and PC ap-
proaches for one earthquake scenario at one site as a function of the number
of end branches from the logic-tree.
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Figure 3.12: Computational time of the risk curves from the Monte-Carlo and PC ap-
proaches for 1,000 earthquake scenarios as a function of the number of sites

The PC-tangent method leads to a very efficient procedure to calculate risk and propagate 
the epistemic uncertainty in the different models for the IM , EDP , DM , and DV parameters. 
For 1,000 sampled median models and 10,000 sites, the PC-tangent method takes about 10 min-
utes, while the direct approach would require months of calculations. This gain in computational 
efficiency justifies the reasonable error in the risk approximation coming from the tangent and the 
PC methods.

3.3.2 Triple Integration of a Risk Number with a Strongly Non-Linear Fragility Model

The previous example showed the risk calculation for smooth scaling in the models. For models 
with strong nonlinear behavior, the scaling may not be smooth. For example, three alternative 
models of the pipe strain from the Hutabarat et al. (2025) model are shown in Figure 3.13. There is 
a sharp change of slope in its median fragility model. This sharp change of slope makes the tangent 
approximation not accurate when the tangent is taken around that domain; however, when taking 
the average of multiple realizations of the model, the mean of the median DM does not have a sharp
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change of slope, as shown in Figure 3.14. This is because the multiple sharp changes of slopes 
average out over the domain of EDP . When averaging all these realizations, the mean median 
model becomes smooth, and it makes the tangent approximation reasonable. A key requirement 
for using the PC method with the tangent approximation is to account for the epistemic uncertainty 
in the input parameters of the fragility model and to take its average so that the mean fragility 
model is smooth and can be accurately approximated with the tangent approximation.

The result from the example risk calculation following Equation (3.9) is the probability 
of pipe rupture, which is a single number. Because there is epistemic uncertainty in the fragility 
models and in their input parameters, the resulting probability of pipe rupture also presents epis-
temic uncertainty. The probability of rupture and its epistemic uncertainty are displayed in the 
histogram from Figure (3.15). The results from the direct Monte-Carlo approach with numerical 
integration and the PC approach with analytical integration give similar results. The accuracy of 
the histogram could be improved by increasing the number of PC terms and the sub-domains over 
which the tangent approximation is performed, but in general, a PC order of 4 and a single tangent 
lead to acceptable accuracy. The computational time for the two approaches scales similarly to 
the previous case of a risk curve; however, because we now only calculate a number and not a 
curve, all the computational times obtained for Equation (3.9) are faster by one order of magnitude 
compared to the case of Equation (2.1).

Figure 3.13: Three Realizations of the Hutabarat et al. (2025) Model
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Figure 3.14: Fractiles of the Median Hutabarat et al. (2025) Model (mµ, σµ)
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Figure 3.15: Histogram of the probability of pipe rupture from the Monte-Carlo and PC
approaches
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4 Conclusion

The new method based on Polynomial Choas with a tangent approximation for the scaling of the 
EDP, DM, and DV is a numerically efficient method for computing the risk based on the PEER risk 
framework. The PC method efficiently propagates the epistemic uncertainty for the EDP, DM, and 
DV models into the risk calculation by approximating the multiple risk curves from a logic tree 
with a set of functions given by the Hermite polynomials. The linear approximation of the EDP 
and models makes the risk calculation from complicated geotechnical models practical.

The method can be applied to large-scale, state-wide risk calculation. The increase in 
computational speed compared to the traditional approach (brute-force Monte-Carlo sampling with 
numerical integration) can be 4 orders of magnitude, which justifies the relatively small error from 
the approximations in the new approach. The very short calculation time makes the geotechnical 
engineering design and decision-making involved in the development of the gas pipeline network 
practical; however, the scope of applications of the developed method is not limited to geotechnical 
engineering and can be broadened to other fields, including other branches of risk calculation in 
civil engineering as well as in the insurance industry.

The Matlab code of the presented method for efficient PBEE risk calculation can be found 
at: https://github.com/maxlacour/PC_Risk_Calculation
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Appendix A: Analytical Solution of Risk
Integration of Polynomial Chaos 
Expansion of Probability 
Distributions and Density 
Functions

A.1 POLYNOMIAL CHAOS COEFFICIENTS OF CDF

The complementary probability distribution function of a log-normally distributed random variable
X with mean median mX , epistemic uncertainty σµX and standard deviation σX is given:

P (X > x) = 1− Φ

(
ln(x)− (mµX + σµXξ)

σX

)
(A.1)

The Polynomial Chaos expansion of this probability distribution function is given by:

P (X > x) ≈
P∑
i=0

Ci(x)Ψi[{ξ}] (A.2)

in which the coefficients Ci are given by:

C0(x) =

1− Φ

 ln(x)−mµX√
σ2
X + σ2

µX


C1(x) =αC ×

1

(−a(x))1/2

C2(x) =
αC
2
× b(x)

2(−a(x))3/2

C3(x) =
αC
6
× −2a(x)(1 + 2a(x)) + b(x)2

4(−a(x))5/2

C4(x) =
αC
24
× −b(x)(6a(x)(1 + 2a(x))− b(x)2)

8(−a(x))7/2

(A.3)
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and where:
αC =

σµX
2σX
√
π
× exp

(
c(x)− b(x)2/(4a(x))

)
(A.4)

and

a(x) = −
σ2
µX

2σ2
X

− 1

2

b(x) = (ln(x)−mµX )
σµX
σ2
X

c(x) = −(ln(x)−mµX )2
1

2σ2
X

(A.5)

A.2 POLYNOMIAL CHAOS COEFFICIENTS OF PDF

The probability density function of a log-normally distributed random variable X with mean me-
dian mX , epistemic uncertainty σµX and standard deviation σX is given:

f(x) =
1

xσX
√

2π
e
−

(ln(x)− (mµX + σµXξ))
2

2σ2
X (A.6)

The Polynomial Chaos expansion of this probability density function is given by:

fX(x) ≈
P∑
i=0

ci(x)Ψi[{ξ}] (A.7)

in which the coefficients ci are given by:

c0(x) =αP ×
1

(−a(x))1/2

c1(x) =
αP
1
× b(x)

2(−a(x))3/2

c2(x) =
αP
2
× −2a(x)(1 + 2a(x)) + b(x)2

4(−a(x))5/2

c3(x) =
αP
6
× −b(x)(6a(x)(1 + 2a(x))− b(x)2)

8(−a(x))7/2

c4(x) =
αP
24
× 12a2(x)(1 + 2a(x))2 − 12a(x)(1 + 2a(x))b(x)2 + b(x)4

16(−a(x))9/2

(A.8)
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αP =
1

2x σX
√
π
× ec(x)−b(x)2/(4a(x)) (A.9)

and

a(x) = −
σ2
µX

2σ2
X

− 1

2

b(x) = (ln(x)−mµX )
σµX
σ2
X

c(x) = −(ln(x)−mµX )2
1

2σ2
X

(A.10)

A.3 ANALYTICAL INTEGRATION OF POLYNOMIAL CHAOS EXPANSIONS FOR
RISK CALCULATIONS

Consider two random variables X and Y , log-normally distributed, with mean median mX , epis-
temic uncertainty σµX , standard deviation σX for variable X , and similarly, mean median mY ,
epistemic uncertainty σµY and standard deviation σY for variable Y . The risk equation from the
PEER framework becomes:

λX =

∫
DY

P (X > x|y)f(y)dy (A.11)

=

∫
DY

Φ(
ln (x)− (mµX (y) + σµXξ2)

σX
)×

1√
2 πσY y

exp

(
−(ln (y)− (mµY + σµY ξ1))

2

2σ2
Y

)
dy

The complementary cumulative distribution function of X can be approximated by its Polynomial
Expansion:

P (X > x) ≈
P∑
i=0

Ci(x)Ψi[{ξ1}] (A.12)

Similarly, the probability density function of Y can be approximated by its PC expansion:

fY (y) ≈
P∑
i=0

ci(y)Ψi[{ξ2}] (A.13)

Replacing these Polynomial Chaos expansions in Equation (A.11), we obtain:
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λX =

∫
DY

P∑
i=0

P∑
j=0

Ci(x)cj(y)Ψi[{ξ1}]Ψj[{ξ2}]dy (A.14)

Because the integration is performed over the domainDY , the Hermite polynomials can be
factorized outside of the integral, which simplifies into:

λX =

(∫
DY

P∑
i=0

P∑
j=0

Ci(x)cj(y)dy

)
Ψi[{ξ1}]Ψj[{ξ2}] (A.15)

=
P∑
i=0

P∑
j=0

Ii,jΨi[{ξ1}]Ψj[{ξ2}] (A.16)

We assume that the conditional median model mµX (y) is a linear function of ln(y). Under
that assumption and by replacing the coefficients Ci and cj by their analytical expressions, the
integral Ii,j takes the form:

Ii,j =

∫
DY

Pi,j(ln(y)) eai,j(ln(y))
2+bi,j ln(y)+ci,j dy (A.17)

in which Pi,j(ln(y)) is a polynomial in ln(y) for which the degree will depend on the indices i and
j in the double summation, and where ai,j, bi,j, ci,j are constants. The integral Ii,j in the previous
Equation presents an analytical solution because it is composed of the product of a polynomial in
ln(y) times the exponential of a degree two polynomial in ln(y).

The analytical solution of the integral Ii,j for polynomials Pi,j of degrees up to 4 are given
by:

∫
DY

(p0) e
ai,j(ln(y))

2+bi,j ln(y)+ci,j dy = αI ×
1

(−ai,j)1/2
p0 (A.18)

∫
DY

(p0 + p1 ln(y)) eai,j(ln(y))
2+bi,j ln(y)+ci,j dy = αI ×

−2ai,jp0 + bi,jp1
(−2ai,j)3/2

(A.19)

∫
DY

(p0 + p1 ln(y) + p2(ln(y))2) eai,j(ln(y))
2+bi,j ln(y)+ci,j dy

= αI ×
4a2i,jp0 + b2i,jp2 − 2ai,j(bi,jp1 + p2)

(−4ai,j)5/2

(A.20)
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∫
DY

(p0 + p1 ln(y) + p2(ln(y))2 + p3(ln(y))3) eai,j(ln(y))
2+bi,j ln(y)+ci,j dy = (A.21)

αI ×
−8a3i,jp0 + 4a2i,j(bi,jp1 + p2) + b3i,jp3 − 2ai,jbi,j(bi,jp2 + 3p3)

(−8ai,j)7/2

∫
DY

(p0 + p1 ln(y) + p2(ln(y))2 + p3(ln(y))3 + p4(ln(y))4) eai,j(ln(y))
2+bi,j ln(y)+ci,j dy = (A.22)

αI ×
16a4i,jp0 − 8a3i,j(bi,jp1 + p2) + b4i,jp4

(−16ai,j)9/2
(A.23)

+ αI ×
4a2i,j(b

2
i,jp2 + 3bi,jp3 + 3p4)− 2ai,jb

2
i,j(bi,jp3 + 6p4))

(−16ai,j)9/2

in which:

αI =
√
πe−ci,j−b

2
i,j/4ai,j (A.24)

The same procedure applies in an iterative manner to solve for the double and triple inte-
grals in the main risk equation (2.12).
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