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ABSTRACT OF THE DISSERTATION

Modeling Periodicity or Almost Periodicity in an Inhomogeneous Gamma
Point Process

by

Rodrigo Saul Gaitan

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, September 2017

Dr. Keh-Shin Lii, Chairperson

We propose a model for the analysis of an inhomogeneous Gamma processes (IGP)

with a periodic or almost periodic baseline intensity function and shape parameter

greater than zero. The IGP is a generalization of both the nonhomogeneous Poisson

process and the renewal process with independent and identically distributed Γ(κ, λ)

interarrival times, where κ > 0 is the shape parameter and λ > 0 is the scale parame-

ter. The model deals with point events which are randomly spaced and show a pattern

of periodicity or almost periodicity, such as the arrival times of customers to a store

or the occurrence times of financial transactions. The concept of almost periodicity

is described, and the purely periodic baseline intensity function is a particular case of

the almost periodic baseline intensity function. We model the baseline intensity func-

tion as a sum of cosinusoidal functions plus a baseline constant. Given the number
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of periodic components K and shape parameter κ > 0, we propose a mostly Bartlett

periodogram based approach of constructing consistent frequency, amplitude, phase,

and baseline constant estimators. Two methods of prediction of the next occurrence

are also discussed. In practice, the values of K and κ are unknown, and we suggest

the AIC and the BIC model selection criteria for determining K ∈ {0}∪N and κ ∈ N.

A simulation study is conducted to support theoretical results. A real data example

is used to illustrate the theoretical results of our model.
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Chapter 1

Introduction

This thesis presents a general model for inhomogeneous Gamma processes which show

a pattern of periodicity or almost periodicity. In Chapter 1, we provide an introduc-

tion to point processes on the nonnegative real line. For a more in-depth introduction

to point processes on different topological spaces, which are not restricted to be on

the nonnegative real line, the author suggests the book by Daley and Vere-Jones

(2003). For an elementary introduction to stationary point processes, the author sug-

gests the books by Cox and Isham (1980) and Sigman (1995). Chapter 1 is organized

as follows. In Section 1.1, the basic concepts, terminology, and restrictions imposed

on a point process are set down. In Section 1.2, the renewal point process (RP),

homogeneous Poisson point process (HPP), nonhomogeneous Poisson point process

(NHPP), and inhomogeneous Gamma point process (IGP) are introduced. In Sec-

tion 1.3, some more point process concepts and terminology, in the framework of

an IGP, are presented. In Section 1.4, a goodness of fit model checking procedure

is introduced. In Section 1.5, a method of simulating a point process is provided.
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In Section 1.6, the Finite Fourier-Stieltjes transform and Bartlett Periodogram of a

point process are defined. In Section 1.7, a literature review of the IGP is provided.

The aim of this literature review is to show that the research presented in this thesis

is original. No researcher has attempted a Bartlett Periodogram based approach of

estimating unknown parameters of an IGP. In Section 1.8, some of the distributional

properties of the IGP and its corresponding infinitesimal forward increment process

are provided. This thesis is on modeling almost periodic IGP, and the motivation

for studying such processes and the concept of almost periodicity are introduced in

Chapter 2. The proposed model is presented and analyzed in Chapter 2 and Chapter

3. The procedure of implementing the proposed methodology is given in Chapter 3.

A discussion of potential future research is provided in Chapter 4.

1.1 Some Basic Concepts, Terminology, and Assump-
tions Imposed on Point Processes

In many scientific investigations, the main aspect of interest is the repeated recurrence

times of some particular event and not on the physical attributes of the event itself.

For instance, an event of interest may be the repeated malfunctioning times of an

automobile that is put back in service once the component causing the malfunction is

replaced or repaired (Bandyopadhyay and Sen (2005)). Other such recurrent events

may be the admission times of an alpha particle from a radioactive source, the arrival

times of customers to a store, or the times of an electrical discharge from a nerve
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cell (Brown (1998)). In this research, the emphasis is not on the event itself, or the

particular location of occurrence, but rather only on the random times at which the

events occur. Throughout this research, the assumption that the events of interest

can only occur on the nonnegative real line is imposed. Since the time of occurrence

of an event of interest can be viewed as a point on R+, the time instant of a given

event is referred to as a point event (point events are often called epochs). The

random stream of successive point events is referred to as a point process, and we

denote the random occurrence times of the point events with {Tn, n = 1, 2, . . .},

where 0 ≤ T1 ≤ T2 ≤ · · · ≤ Tn < ∞. We assume that the ensemble of a point

process is the collection of discrete sets of point events on the set R+ such that:

(i) All epochs are distinct.

(ii) Any finite time interval contains only a finite number of epochs1.

(iii) Any infinite time interval contains an infinite number of epochs2.

(iv) There exists no fixed time instant for which a point event may occur with

positive probability.

Under assumption (i), the point process has the natural ordering 0 < T1 < T2 < · · · <

Tn <∞ of the random stream of point events. Under assumption (ii) there exists no
1A point process such that P

{∑∞
n=1 1{0<Tn≤t} <∞

}
= 1 for all t > 0 is said to be stable

(Jacobsen (1982), page 5), where 1A is the indicator function of an event A. So we assume that the
point process is stable.

2A point process such that P
{

supt>0

∑∞
n=1 1{0<Tn≤t} <∞

}
> 0 is said to allow absorption

(Jacobsen (1982), page 5), where 1A is the indicator function of an event A. So we assume that the
point process does not allow absorption.
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interval which contains an explosion of events. Under assumption (iii) there is no time

t > 0 for which no more point events can occur after time t > 0. Assumption (iv)

eliminates point processes where point events can occur at known deterministic times

points and restricts the distribution of each random point event to be a continuous

distribution. A regular point process is a point process for which the probability

that an event will occur at any specified time t ≥ 0 is 0. An orderly point process

is a point process for which the probability of two or more events occurring at any

time t ≥ 0 is 0. Therefore, by assumptions (i) and (iv) we only consider regular

and orderly point processes. Under assumptions (i)-(iii), the n-th interarrival time

between events, say {Xn, n = 1, 2, . . .}, can then be defined as Xn = Tn − Tn−1,

where T0 = 0. Associated with the point process, {Tn, n = 1, 2, . . .}, is the stochastic

process {N(0, t), t > 0}, which counts the number of point events which occurred in

the time interval (0, t] ⊆ R+. That is, for each t > 0, N(0, t) :=
∑∞

n=1 1{0<Tn≤t},

where 1A is the indicator function of an event A. The restriction of a count of 0 at

time t = 0 is imposed. The stochastic process, {N(0, t), t > 0}, is called a counting

process. Under the assumption of a count of 0 at time t = 0 and assumptions (i)-

(iv), the ensemble of the sample paths of the counting process, {N(0, t), t > 0}, will

consist of right continuous step functions which are anchored at the origin having unit

jumps at the epochs of a point process. Under the imposed assumptions, there is a

one-to-one correspondence between the point process, its associated counting process,

and the interarrival time sequence. Therefore, under the set assumptions imposed on

4



the point process, the random epochs, the interarrival time sequence, or the counting

process can be used to specify the probability law of the point process completely.

Since with probability one, for any time points 0 < t1 < t2 < ∞, N(0, t2) −

N(0, t1) counts the number of point events which occurred in the time interval

(t1, t2], it is natural to define an increment counting process as N(t1, t2) :=∑∞
n=1 1{t1<Tn≤t2}. For simplicity, if t1 = 0 and t2 = t, the notation N(t) will be

used in place of N(0, t). Also, to emphasize a count of 0 at time t = 0, we use

the notation N(0) = 0. In the next section, we introduce the point processes which

are considered throughout this research. After that, in Section 1.3, we continue to

introduce more point process concepts and terminology in the framework of the point

processes presented in Section 1.2.

1.2 The Renewal Point Process, the Nonhomoge-
neous Poisson Point Process, and the Inhomo-
geneous Gamma Point Process

In this section, the renewal point process, homogeneous Poisson point process, non-

homogeneous Poisson point process, and inhomogeneous Gamma point process will

be introduced. First, a formal introduction of the above point processes will be given.

Next, the relationships between the above point processes is explained. Lastly, ap-

plications of the above point processes, borrowed from maintenance and reliability

theory, are provided.
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Consider a counting process for which the interarrival times are independent and

identically distributed with arbitrary nonnegative distribution, say {Xn, n = 1, 2, . . .}.

Such a counting process is called a renewal point process (RPP, Ross (2013)).

Throughout this research, a renewal process for which the interarrival sequences,

{Xn, n = 1, 2, . . .}, are independent and identically Γ(α, β) distributed random

variables, will be defined to be a gamma renewal process (GRP). Here, α > 0 is

the shape parameter and β > 0 is the scale parameter of the gamma random variable.

More explicitly, a GRP is a renewal process for which the interarrival times Xn are

independent and identically distributed Γ(α, β), the random epoch times are defined

as T0 = 0 and Tn =
∑n

i=1Xi, and N(t) = sup {n : Tn ≤ t}, where n = 0, 1, 2, . . .

and t > 0. If one restricts α = 1 and β = 1
λ
> 0, then the GRP is called a homo-

geneous Poisson point process (or a homogeneous Poisson process (HPP)) with

intensity function λ > 0 (Ross (2013)). It can be shown that {N(t), t > 0} is a HPP

with intensity function λ > 0 if {N(t), t > 0} is a renewal process which satisfies

(i) P {N(0) = 0} = 1,

(ii) {N(t), t > 0} has stationary (1.14) and independent increments,

(iii) P {N(h) ≥ 2} = o(h),

(iv) P {N(h) = 1} = λh+ o(h),

where h→ 0, h > 0, and a function f(· ) is said to be o(h) if limh→0+
f(h)
h

= 0. It can

6



be shown that for a HPP with intensity function λ,

P {N(t, t+ s) = n} = exp {−λs} [λs]n

n!
, (1.1)

for all t > 0, s > 0, and n = 0, 1, 2, . . . (Ross (2013)). Such a process is referred to

as homogeneous because it has stationary increments.

A natural generalization of a HPP is to relax the stationary increment assumption

and let the constant intensity function λ > 0 be a positive bounded function of time

t > 0. More explicitly, let {N(t), t > 0} be a counting process such that

(i) P {N(0) = 0} = 1,

(ii) {N(t), t > 0} has independent increments,

(iii) P {N(t, t+ h) ≥ 2} = o(h),

(iv) P {N(t, t+ h) = 1} = λ(t)h+ o(h),

where 0 < λ(t) ≤ M < ∞, h → 0, and h > 0. The resulting counting process

{N(t), t > 0} is called a nonhomogeneous Poisson point process (or nonhomo-

geneous Poisson process (NHPP)). It can be shown that for a NHPP,

P {N(t, t+ s) = n} = exp

{
−
ˆ t+s

t

λ(u)du

} [´ t+s
t

λ(u)du
]n

n!
, (1.2)

for all t > 0, s > 0, and n = 0, 1, 2, . . . (Ross (2014)). As one can see, the HPP is a

particular case of the NHPP with λ(t) = λ > 0 for all t > 0.
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Consider a NHPP with intensity function λ1(t) > 0, where t > 0. Suppose that an

event has just occurred, call this occurrence time the origin, and that thereafter only

every κ-th event of the NHPP is observed. Then, if 0 < T1 < T2 < · · · < Tn <∞ are

the occurrence times of the first n events observed after the origin, the joint density

function of the occurrence times is given by

fn(t1, . . . , tn) =
1

Γ (κ)n

{
n∏
i=1

λ1(ti) [Λ1(ti)− Λ1(ti−1)]κ−1

}
exp {−Λ1(tn)} I{0<t1<···<tn<∞},

(1.3)

where

Λ1(t) :=

ˆ t

0

λ1(u)du,

and t0 = 0. If κ is any positive number, not necessarily an integer, then (1.3) still

defines a joint density function of a point process. As defined in Berman (1981),

a point process with joint density (1.3) for all positive integers n is defined to be

an inhomogeneous Gamma point process (or inhomogeneous Gamma process

(IGP)) with intensity function λ1(· ) and shape parameter κ > 0. In this

research, we refer to the function λ1(· ) as the baseline intensity function of the

IGP and not as the intensity function of the IGP (The intensity function of the IGP,

say λ2(· ), is defined as in equation (1.12).). Also, for all t > 0, we assume that the

baseline intensity function is such that 0 < λ1(t) ≤M <∞, Λ1(t) =
´ t

0
λ1(u)du <∞,

and Λ1(∞) = ∞. Lastly, the counting process of the IGP which satisfies the above

assumptions will be denoted by {NG(t), t > 0}.
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The beauty of the IGP is the following:

1. If κ = 1, then (1.3) defines the joint density function of a NHPP.

2. If κ = 1 and λ1(t) = λ > 0 (0 < t < ∞), then (1.3) defines the joint density

function of a HPP.

3. If κ > 0 and λ1(t) = λ > 0 (0 < t < ∞), then (1.3) defines the joint density

function of a GRP, with interarrival distribution Γ(κ, λ).

An alternate method of defining the IGP is the following. For all t > 0, let 0 <

λ1(t) ≤ M < ∞, Λ1(t) =
´ t

0
λ1(u)du < ∞, and Λ1(∞) = ∞. Suppose that for

i = 1, 2, . . . , n and T0 = 0, the random variables Λ1(Ti)−Λ1(Ti−1) are independent

and identically Γ (κ, 1) distributed. It then follows that (1.3) is the joint density

function of the random epochs T1, . . . , Tn
3. From this representation of the IGP, it

follows that for each n = 1, 2, . . ., Λ1(Tn) =
∑n

i=1 {Λ1(Ti)− Λ1(Ti−1)} is Γ (nκ, 1)

distributed.

Next, we provide an illustration of how researchers have used the RPP, NHPP,

and IGP to model real-life phenomenon. In maintenance and reliability theory, the

failure times of a piece of equipment is often of primary interest. As many complex

and expensive systems encountered in practice are meant to be repaired rather than

replaced upon failure, predicting the recurrent failure times of a system becomes an

interesting problem. For instance, an event of primary interest may be the repeated
3The proof of the claim that the alternate method of defining the IGP is equivalent to the original

method of defining the IGP is provided in the Appendix A.1.1.
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malfunctioning times of an automobile that is put back in service once the component

causing the malfunction is replaced or repaired (Bandyopadhyay and Sen (2005)).

Many times after a piece of equipment has been repaired, the piece of equipment is

brought to a like new condition. In other words, after each repair time the equipment

is perfectly maintained, it is as though we are starting over with a new piece of

equipment. This implies that the times between successive failures are independent

and identically distributed. The failure times of such a piece of equipment can then

be modeled as a renewal process (Pulcini (2003)). Furthermore, many times after

a piece of equipment has been repaired, the corrective maintenance brings the piece

of equipment to the condition it was in just before the failure occurrence. In such a

case, the equipment reliability is unchanged by the failure and the repaired equipment

failure times can then be modeled by a NHPP (Pulcini (2003)). Lastly, many times

a piece of equipment receives shocks according to a Poisson process; failure does not

necessarily occur at every shock but every κ = 1, 2, . . . shock. The failure time of

such a piece of equipment can then be modeled by an IGP (Pulcini (2003)).

1.3 Some More Point Processes Concepts

In this section, we introduce some more concepts of point processes which satisfy

assumptions (i)-(iv) of Section 1.1 and which are defined to have a count of 0 at

time t = 0. Also, in the framework of the inhomogeneous Gamma process (IGP)

introduced in Section 1.2, we provide some examples of the mathematical concepts
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introduced. Throughout this section, let {NG(t), t > 0} be an IGP with baseline

intensity function λ1(t) and shape parameter κ > 0 which satisfies the assumptions

set down in Section 1.2. Let {N(t), t > 0} be a counting process which satisfies

assumptions (i)-(iv) of Section 1.1 and which is defined to have a count of 0 at time

t = 0. Since the counting process, {N(t), t > 0}, is a random variable for all t > 0

and is restricted to be 0 at time t = 0, it is meaningful to define its mean value as a

function of t > 0, provided that the expectation is finite. The definition of the mean

value function of the point process is formally presented next.

Definition 1. The mean value function of a point process.

Let {N(t), t > 0} be the counting process associated with the point process {Tn,

n = 1, 2, . . .}, then for t > 0 the mean value function of the point process is defined

as

M(t) := E [N(t)] , (1.4)

provided the expectation exist.

For the IGP considered in this research, {NG(t), t > 0}, the mean value function

of a point process (1.4) can be expressed in the form4

M(t) =

ˆ t

0

∞∑
n=1

λ1(u)

Γ(nκ)
{Λ1(u)}nκ−1 exp {−Λ1(u)} du (1.5)

:=

ˆ t

0

λ2(u)du, (1.6)

4The proof of equation (1.5) is provided in the Appendix A.2.3.
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where we define λ2(t) :=
∑∞

n=1
λ1(t)
Γ(nκ)

{Λ1(t)}nκ−1 exp {−Λ1(t)}, which is a bounded

positive function of t > 0. Since such a function λ2(t) exists, it follows that for some

infinitely small time increment, say h > 0, as h→ 0, the mean value function of the

IGP, {NG(t), t > 0}, has the following property

E [NG(t, t+ h)] = E [NG(t+ h)]− E [NG(t)]

=

ˆ t+h

t

λ2(u)du

= λ2(t)h+ o(h), (1.7)

for all t > 0.

Let h > 0 be an infinitely small time increment, then N(t, t + h) counts the

number of events that occur in an infinitely small time interval of length h. Define

the stochastic process {dN(t), t > 0} as dN(t) := N(t, t+h), where t > 0, h > 0, and

h→ 0. The stochastic process, {dN(t), t > 0}, is called the infinitesimal forward

increment process. For the IGP considered in this research, {NG(t), t > 0}, the

function λ2(t) of equations (1.6) and (1.7) and the first order probability structure of

the infinitesimal forward increment point process are related as follows5:
5The proof of equations (1.8)-(1.10) is provided in the Appendix A.2.2.
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P {dNG(t) = 0} = 1− λ2(t)h+ o(h), (1.8)

P {dNG(t) = 1} = λ2(t)h+ o(h), (1.9)

P {dNG(t) ≥ 2} = o(h), (1.10)

for all t > 0. It must be stressed that conditions (1.8)-(1.10) do not uniquely specify

the probability law of a point process. For the point process model considered in

this research, we therefore have from equation (1.7) and the first order probability

structure of the infinitesimal forward increment point process that6

lim
h→0+

P {NG(t, t+ h) ≥ 1}
h

= lim
h→0+

E {NG(t, t+ h)}
h

, (1.11)

for all t > 0. By the definition of an expected value, it follows from equation (1.11)

that λ2(t) can be interpreted as the expected rate of occurrence at time t > 0. The

function λ2(t) of equation (1.7) is called the intensity function of a point process.

The formal definition of the intensity function of a point process is provided next.

Definition 2. The intensity function of a point process.

Let {N(t), t > 0} be the counting process associated with the point process {Tn,
6The proof of equation (1.11) is provided in the Appendix A.2.3.
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n = 1, 2, . . .}, then for t > 0, the intensity function of a point process is defined as

λ2(t) := lim
h→0+

P {N(t, t+ h) ≥ 1}
h

, (1.12)

provided the limit exists.

For future reference, we provide the functional form the intensity function of

the IGP. For t > 0, the intensity function of the IGP, {NG(t), t > 0}, has the

functional form7

λ2(t) =
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)} . (1.13)

Since λ1(t) is a bounded positive function of t > 0, we notice that λ2(t) = λ1(t) for

all t > 0, if and only if κ = 1.

In point processes, the only observations are the events times and the counts of

the number of events which have occurred up to and including time t > 0. So, the

intensity function of the point process is not directly observed. However, the intensity

function can be used to describe the occurrence patterns of events. If a point process

has a large intensity function over a given time interval, then one should expect to

observe a lot of events over this time interval, and vice versa. Because the intensity

function can be used to predict occurrence patterns, much of the research in this

thesis is focused on estimating the intensity function of the point process.
7The proof of equation (1.13) is provided in the Appendix A.2.1.
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Next, we introduce the concept of a stationary point process. A stochastic process

is said to be stationary if its probability law is invariant with respect to time shift. In

the point process literature, there are many non-equivalent definitions of stationarity

which do not render the probability law of the point process invariant with respect

to time shift. In this research, we express the definition of stationarity in terms of

the increments of the counting process. A point process is said to be stationary if

the joint distribution of the respective numbers of events (counts) in a set of fixed

time intervals is invariant with respect to a time shift. The formal definition of a

stationary point process is provided next.

Definition 3. A stationary point process.

A point process {Tn, n = 1, 2, . . .} with associated counting process {N(t), t > 0}

is said to be stationary when for every r = 1, 2, . . . and all bounded Borel subsets

A1, . . . , Ar of (0, ∞), the joint distribution of

{N(A1 + t), . . . , N(Ar + t)} (1.14)

does not depend on t (0 < t <∞), (Daley and Vere-Jones (2003), Chapter 3.2).

Throughout this research, we only use definition (1.14) when referring to the station-

arity of a point process.

We now introduce the concept of a conditional intensity function of a point process

on R+. For most point processes, the time of the first event after some fixed time
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t > 0 depends on the evolution of the point events up to and including time t > 0.

For the IGP considered in this research, {NG(t), t > 0}, the probability structure of

the time of the first event after some fixed time t > 0 depends on a stochastic process

called the conditional intensity function of the point process (Pulcini (2003)). As

mentioned in Jacobsen (1982), under regularity conditions placed on a point process,

{N(t), t > 0}, the conditional intensity function completely specifies the probability

structure of the point process8. As we will see, the conditional intensity function of a

point process is the key to likelihood analysis and to solving problems of prediction,

filtering, and simulating point processes on the half-line (Daley and Vere-Jones (2003,

Chapter 7.2)). The formal definition of the conditional intensity function is provided

next.

Definition 4. The condition intensity function of a point process.

Let {N(t), t > 0} be the counting process associated with the point process {Tn,

n = 1, 2, . . .}. For t > 0, the conditional intensity function of a point process is

defined as

λ2(t | Ht) := lim
h→0+

P {N(t, t+ h) ≥ 1 | Ht}
h

, (1.15)

where Ht specifies the history of the point process up to and including time t, that is,

the history of the point process consist of the σ−algebras Ht := σ {N(s) , 0 < s ≤ t}.
8The regularity conditions which insure the existence of the limit (1.15) and the one-to-one cor-

respondence between the point process and a conditional intensity function are provided in Theorem
3.1 and Proposition 4.2 of Jacobsen (1982).
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Conditional on the realization Ht = {T1 = t1, . . . , Tn−1 = tn−1, NG(t) = n− 1},

for tn−1 < t ≤ tn the conditional intensity function (1.15) of the IGP,

{NG(t), t > 0}, is

λ2(t | Ht) = λ1(t)

1
Γ(κ)

{´ t
tn−1

λ1(u)du
}κ−1

exp
{
−
´ t
tn−1

λ1(u)du
}

´∞
t

λ1(z)
Γ(κ)

{´ z
tn−1

λ1(u)du
}κ−1

exp
{
−
´ z
tn−1

λ1(u)du
}
dz
, (1.16)

where t0 = 0 and n = 1, 2, . . . (Pulcini (2003)).

We close by presenting how the conditional intensity function is related to the time

truncated joint density function of the counting process {N(t), t > 0}, which satisfies

assumptions (i)-(iv) of Section 1.1 and which is defined to have a count of 0 at time

t = 0. For a non-random observational time period (0, T ] of the counting process

{N(t), t > 0}, the likelihood of the realization 0 < T1 = t1 < · · · < TN(T ) = tn(T ), is

given by

fT1,...,TN(T )
(t1, . . . , tn(T ))

= exp

{
−
ˆ T

tn(T )

λ2(u | Hu)du

}
n(T )∏
j=1

λ2(tj | Htj) exp

{
−
ˆ tj

tj−1

λ2(u | Hu)du

}

= exp

{
−
ˆ T

0

λ2(u | Hu)du+

ˆ T

0

log (λ2(u | Hu)) dN(u)

}
, (1.17)

where t0 = 0, Ht := {N(s) , 0 < s ≤ t}, and the dN(u) term refers to a counting

measure jumping by 1 at each point event and by 0 otherwise (Brillinger (1998),

(Pulcini (2003))).
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1.4 The Residual Analysis of a Point Process

After fitting a model to point process data, it is crucial to have a method of evaluating

the goodness of fit. Berman (1983) and Ogata (1988), have used the results of Papan-

gelou (1972) to develop graphical and analytic techniques for amplifying the features

of the data that deviate from the assumed model if any (Daley and Vere-Jones (2003,

Chapter 7.4)). The residual analysis based approach of the goodness of fit, which can

be found in Section 3.3 of Ogata (1988), is presented below.

Let 0 < T1 < T2 < · · · < Tn < ∞ be a point process with associated counting

process {N(t), t > 0} and conditional intensity function λ(t | Ht) (defined as in

equation (1.15)), where Ht = {N(s), 0 < s ≤ t}, 0 < λ(t | Ht) ≤ M < ∞ for all

t > 0,
´ t

0
λ(u | Hu)du < ∞ for all t > 0, and

´∞
0
λ(u | Hu)du = ∞. Consider the

random time change τ =
´ t

0
λ(u | Hu)du from t to τ , then {Tn, n ∈ N} is transformed

one to one into {τn, n ∈ N}. It is known that {τn, n ∈ N} has the distribution of a

Poisson process (Daley Vere-Jones 2003). Since λ(t | Ht) uniquely specifies the joint

distribution of the point process, it then follows that if the estimated conditional

intensity function λ̂(t | Ht) is a good approximation to the true conditional intensity

function λ(t | Ht), then the transformed data {τn, n ∈ N} should behave like the

random epoch times of a Poisson process. In other words, portions of the sequence

{τn, n ∈ N} which deviate from what is expected from a Poisson process imply the

existence of a corresponding feature of the data {Tn, n ∈ N} that is not captured

by the model λ̂(t | Ht). The sequence {τn, n ∈ N} is called the residual process,
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and any elementary method can be used to check if the residual process is that of a

Poisson process. For instance, if λ(t | Ht) is a correct model, the transformed residual

process {en = τn − τn−1, τ0 = 0, n ∈ N} is a sequence of independent and identically

distributed exponential random variables with unit rate parameter (Berman (1983)).

Therefore, to check goodness of fit one can then use a Kolmogorov-Smirnov test to

evaluate whether or not the transformed residual process is a sequence of independent

and identically distributed exponential random variables with unit rate parameter.

For a residual process based goodness of fit procedure, see Algorithm 7.4.V. from

Daley and Vere-Jones (2003). A formal definition of the transformed residual process

is provided next.

Definition 5. Let 0 < T1 < T2 < · · · < Tn < ∞ be the random epoch sequence

of a point process with associated counting process {N(t), t > 0} and conditional

intensity function λ(t | Ht), such that for all t > 0, 0 < λ(t | Ht) ≤ M < ∞,

´ t
0
λ(u | Hu)du <∞, and

´∞
0
λ(u | Hu)du =∞, where Ht = {N(s), 0 < s ≤ t}. The

transformed residual process is defined as

en :=

ˆ Tn

Tn−1

λ(u | Hu)du, (1.18)

where n = 1, 2, . . . and T0 = 0.
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1.5 Simulation of a Point Process

Lewis and Shedler (1979) developed a method of simulating a nonhomogeneous Pois-

son process which was termed thinning. Ogata (1981) generalized this thinning

method to simulate point processes which have a random locally bounded condi-

tional intensity function. For an overview of Ogata’s extension of Lewis and Shedler

(1979) thinning algorithm, the author suggests Section 7.5 of Daley and Vere-Jones

(2003). The particular models of the point processes that are simulated in this thesis

evolve as a sub-sampling of a nonhomogeneous Poisson process (NHPP). Therefore,

we present Lewis and Shedler (1979) thinning algorithm of simulating a NHPP with

intensity function λ1(t), where 0 < λ1(t) ≤ λ < ∞ for all t > 0. For all t > 0, let

0 < λ < ∞ be the intensity function of a homogeneous Poisson process (HPP), and

denote the random epoch times of the HPP with 0 < X1 < X2 < · · · < Xn <∞.

Algorithm 1.1 Thinning Algorithm (Lewis and Shedler (1979)).

1. Fix an observational length T > 0.

2. Simulate the epochs X1, . . . , Xi according to a HPP with intensity function λ > 0,
stopping as soon as Xi > T .

3. Simulate Y1, . . . , Yi as a set of independent and identically distributed uniform (0, 1)
random variables.

4. Initialize i = 1 and j = 1.

5. If Xi > T , terminate. Otherwise, evaluate λ1(Xi).

6. If Yi ≤ λ1(Xi)
λ , set Tj = Xi, advance j to j + 1.

7. Advance i to i+ 1.

8. The output consists of the random epochs times 0 < T1 < T2 < · · · < Tj < ∞ of a
NHPP with intensity function λ1(· ).

20



1.6 The Finite Fourier-Stieltjes Transform of a Point
Process and the Bartlett Periodogram

When observing point processes, the only observations are the events times, the time

between successive events, and the number of events (counts) which have occurred

up to and including time t > 0. Therefore, the intensity function of the point process

(1.12) is not directly observed. However, it is still possible to develop methods for

estimating the intensity function of a point process. This section defines the finite

Fourier-Stieltjes transform and the Bartlett periodogram of a point process, which

will be used throughout this research to estimate unknown parameters of an intensity

function.

Assume that the counting process {N(t), t > 0} is observed for a fixed non-

random time interval (0, T ]. Then at time T , N(T ) is a random variable. The

finite Fourier-Stieltjes transform of a point process is defined as

dT (ω) :=
1√
2πT

ˆ T

0

exp {−iωt} dN(t). (1.19)

The Bartlett periodogram of a point process is defined as the squared norm of the

finite Fourier-Stieltjes transform as

IT (ω) :=
1

2πT

∣∣∣∣ˆ T

0

exp {−iωt} dN(t)

∣∣∣∣2 , (1.20)
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where i =
√
−1 and the dN(t) term refers to a counting measure jumping by 1 at each

point event and 0 otherwise (Bartlett (1963)). For a one-dimensional stationary point

process, the distributional properties of the Bartlett periodogram are developed in

Bartlett (1963). For the particular case of an r dimensional interval stationary point

process, the asymptotic properties of (1.19) and (1.20) are given in Theorem 4.2 and

its corollary 4.1 of Brillinger (1972).

Much of this thesis is devoted to establishing the distributional properties of the

Bartlett periodogram in the context of an inhomogeneous Gamma point process with

a baseline intensity function that is a periodic or almost periodic function of time

t > 0 (For the definition of an inhomogeneous Gamma point process, see equation

(1.3)).

1.7 A Literature Review on the Estimation of Peri-
odicity in the Framework of an Inhomogeneous
Gamma Process

In this section, we provide a brief literature review of the estimation of periodic-

ity in an inhomogeneous Gamma process (IGP). Due to the awkward form of the

conditional intensity function of the IGP, the IGP has rarely been fitted to point

process data (Hurley (1992)). When fitting the IGP to data, a parametric form of

the baseline intensity function of the IGP is assumed. In the literature, the baseline

intensity function is chosen in such a way that the conditional intensity function will

take a parametric form which will render the maximum likelihood based approach
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of estimating unknown parameters tractable. The actual sequence of steps of fitting

a parametric point process model to point process data is outlined in Section 3.2 of

Ogata (1988). After a point process model had been fitted, the goodness of fit is

determined by using some form of Residual analysis of the point process data (Ogata

(1998)). Also, when deciding between competing fitted models, researchers have used

the Akaike information criterion (AIC) as a model selection criterion (Ogata (1998)).

Although not every researcher has taken this exact sequence of steps to fitting an

IGP to point process data, the novelty of this research is that a Bartlett Periodogram

(1.20) based approach has not been attempted to estimate the unknown parameters

of a baseline intensity function which is a periodic or almost periodic function of time.

Neuroscience researchers have fit an IGP model to neural spike train data. First,

neuroscientists define a desired conditional intensity function; then they use the one-

to-one correspondence between the conditional intensity function and the joint density

function of the point process to employ a maximum likelihood based approach to

estimating the unknown IGP model parameters. In the bibliography, we provide

a series of neuroscience papers, written mostly by Emery N. Brown (1998, 2003,

2005) and Riccardo Barbieri et al (2001), that take the above approach to fitting

an IGP model to spatial-temporal point process data. Furthermore, many reliability

theorists have attempted to fit the IGP to failure time data. The reliability theory

papers usually assume a parametric form of the baseline intensity function which will

then render the maximum likelihood, of the event truncated joint density function of
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the IGP, based approach of estimation tractable. For instance, reliability theorists

commonly assume a baseline intensity function of the Weibull form (1.21) with ρ =

β1/θ
β1 > 0, β1 > 0, β = β1 − 1, and z1(t) = log(t) (Bandyopadhyay and Sen (2005)).

However, the details of this literature review are restricted to research papers which

have attempted to model periodicity in an IGP.

The IGP was introduced in paper by Berman (1981). In his article, Berman

defines a modulated gamma process as an IGP with baseline intensity function

of the form

λ1(t) = ρ exp {βz(t)} , (1.21)

where β = (β1, . . . , βp), z(t)T = {z1(t), . . . , zp(t)}, and with shape parameter κ > 0.

The relationship (1.21) expresses a possible dependence of the occurrence of events

on a vector z(·) of explanatory variables. For instance, cyclic variation of known

wavelength ω can be tested by taking z1(t) = cos(ωt) and z2(t) = sin(ωt). In such a

case,

λ1(t) = ρ exp {β1 cos(ωt) + β2 sin(ωt)}

= ρ exp {α sin(ωt+ φ)} , (1.22)

where ρ > 0, α =
√
β2

1 + β2
2 , and θ = tan−1(β1/β2). This model was considered for

the case when κ = 1 by Lewis (1970, 1972). When β = 0, there is no dependence of the

point process on z(·), and then the interarrival times are independent and identically
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distributed gamma random variables with scale parameter ρ and shape parameter

κ > 0. Berman’s paper focuses on testing the null hypotheses that β = 0 against

the alternative that β 6= 0. As one can see, when β = 0 in (1.21), the modulated

gamma process becomes a gamma renewal process (GRP). The method of estimation

in Berman’s paper was to assume that ω is known, and to use a maximum likelihood

based approach of estimation for β, κ, and ρ.

In Hurley (1992), a maximum likelihood iterative least squares based approach of

estimating the unknown parameters in (1.22) was introduced. Hurley’s method allows

for more seasonal parameters to be fitted in (1.22), and his method only applies when

κ is a known natural number and ω is known a priori. Hurley then estimates κ by

fitting candidate models with different values of κ; then he selects κ as the value

which gives rise to the candidate model with the largest maximum likelihood.

In both Berman (1981) and Hurley (1992), the frequencies of the baseline intensity

function (1.22) are assumed known a priori. However, Vere-Jones (1982) considered

estimating periodicity in a nonhomogeneous Poisson process (NHPP, an IGP with

shape parameter κ = 1) with intensity function of the form

λ(t) = A exp {ρ cos (ωt+ φ)} , (1.23)

where A > 0, ρ > 0, ω > 0, and φ (0 < φ < 2π) are all unknown. Vere-Jones

(1982) established the asymptotic properties of a consistent estimate of the unknown

frequency ω in (1.23), which is based on the maximum of the Bartlett periodogram

25



(1.20) over a specified frequency range. Shao and Lii (2010), generalized Vere-Jones

(1982) results to estimating frequency in a NHPP (an IGP with shape parameter

κ = 1) with intensity function of the form

λ(t) :=
K∑
k=1

Ak cos(ωkt+ φk) +B, (1.24)

where A1 > A2 > · · · > AK > 0, −π
2
≤ φk <

3π
2
, ωk > 0, B >

∑K
k=1Ak, and K are

unknown parameters. In this thesis, we generalize the results of Shao and Lii (2010)

to an IGP (a point process with joint density function of the form (1.3)) with baseline

intensity function (1.24) and shape parameter κ > 0.

1.8 Some Distributional Properties of an Inhomoge-
neous Gamma Process with Baseline Intensity
Function λ1(t) and Shape Parameter κ > 0

In this section, we present some distributional properties of an inhomogeneous Gamma

process (IGP), {NG(t), t > 0}, with a baseline intensity function λ1(t) and shape pa-

rameter κ > 0, which satisfy the assumptions set down in Section 1.2. We define

Λ1(t) :=
´ t

0
λ1(u)du, let {dNG(t), t > 0} be the corresponding infinitesimal forward

increment process of the IGP, and let {Tn, n ∈ N} be the corresponding random epoch

sequence of the IGP. For the functional form of the variance-covariance function of

the IGP, introduced below, we define
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M1(t) =

ˆ t

0

∞∑
n=1

unκ−1

Γ(nκ)
exp {−u} du,

m1(t) = exp {−t}
∞∑
n=1

tnκ−1

Γ(nκ)
, (1.25)

where t > 0. Only distributional properties which are relevant to the theoretical

justification of the results of this thesis are provided. The proof of the claims made

in this section is deferred to Appendix A.

This section is organized as follows. In Subsection 1.8.1, we introduce the first

order density and the functional form of the variance-covariance function of the IGP.

Furthermore, in Subsection 1.8.2, we provide some asymptotic results of the IGP.

Lastly, in Subsection 1.8.3, we present some distributional properties of the IGP for

the particular case of a positive integer shape parameter.

1.8.1 Some First and Second Order Density and Moment Prop-
erties of the Inhomogeneous Gamma Process with Base-
line Intensity Function λ1(t) and Shape Parameter κ > 0

In the notation and assumptions set down in the introduction of Section 1.8, we

introduce the first order density and the functional form of the variance-covariance

function of the IGP.

For all n ∈ N, the probability density function of Tn is given by9

fTn(t) =
λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)} I{t>0}. (1.26)

9The proof of equation (1.26) is provided in the Appendix A.3.1.1.
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The probability density function of Tn+1 conditional on {T1 = t1, . . . , Tn = tn}

is given by10

f(t | t1, . . . , tn) =
λ1(t)

Γ (κ)
[Λ1(t)− Λ1(tn)]κ−1 exp {− (Λ1(t)− Λ1(tn))} I{0<t1<···<tn<t}.

(1.27)

For t > 0, the variance function of the IGP is given by11

var {NG(t)} = 2

ˆ Λ1(t)

0

m1(u)M1(Λ1(t)− u)du+M1(Λ1(t))− [M1(Λ1(t))]2 . (1.28)

For 0 < t1 ≤ t2 <∞, the covariance function of the IGP is given by12

cov {NG(t1), NG(t2)} =

ˆ Λ1(t1)

0

m1(u) [M1(Λ1(t2)− u) +M1(Λ1(t1)− u)] du

+M1(Λ1(t1)) [1−M1(Λ1(t2))] . (1.29)

For 0 < t1 ≤ t2 <∞, the variance of the increment process is given by13

var {NG(t1, t2)} = 2

ˆ Λ1(t2)

Λ1(t1)

m1(u) [M1(Λ1(t2)− u)] du

+

[ˆ Λ1(t2)

Λ1(t1)

m1(u)du

][
1−
ˆ Λ1(t2)

Λ1(t1)

m1(u)du

]
. (1.30)

10The proof of equation (1.27) is provided in the Appendix A.3.1.2.
11The proof of equation (1.28) is provided in the Appendix A.3.1.3.
12The proof of equation (1.29) is provided in the Appendix A.3.1.3.
13The proof of equation (1.30) is provided in the Appendix A.3.1.3.
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For 0 ≤ t1 < t2 ≤ t3 < t4 < ∞, the covariance between two disjoint intervals

of the IGP is given by14

cov {NG(t1, t2), NG(t3, t4)} =

ˆ Λ1(t2)

Λ1(t1)

m1(u) [M1(Λ1(t4)− u)−M1(Λ1(t3)− u)] du

− [M1(Λ1(t2))−M1(Λ1(t1))] [M1(Λ1(t4))−M1(Λ1(t3))] . (1.31)

The first order probability structure of the IGP counting process is given

by15

P {NG(t) = 0} =

ˆ ∞
t

λ1(u)

Γ(κ)
{Λ1(u)}κ−1 exp {−Λ1(u)} du (1.32)

P {NG(t) = n} =

ˆ t

0

λ1(u)

Γ(nκ)
{Λ1(u)}nκ−1 exp {−Λ1(u)} du

−
ˆ t

0

λ1(u)

Γ((n+ 1)κ)
{Λ1(u)}(n+1)κ−1 exp {−Λ1(u)} du, (1.33)

where n ∈ N and t > 0.

1.8.2 Some Asymptotic Results for the Inhomogeneous Gamma
Process with Baseline Intensity Function λ1(t) and Shape
Parameter κ > 0

In the notation and assumptions set down in the introduction of Section 1.8, we

introduce some asymptotic results of the IGP.
14The proof of equation (1.31) is provided in the Appendix A.3.1.3.
15The proof of equations (1.32) and (1.33) are provided in the Appendix A.3.1.4.
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As t→∞, we have

NG(t)− E[NG(t)]√
var {NG(t)}

L→ Z, (1.34)

where Z is a standard normal random variable16 and t > 0. Bandyopadhyay and Sen

(2005) establish that as t→∞, we have

M(t) =


Λ1(t)
κ

+ 1−κ
2κ

+O (exp {−aΛ1 (t)})

Λ1(t)
κ

+ 1−κ
2κ

+O
(
exp {−aΛ1 (t)} (Λ1 (t))−κ−1)

if κ ∈ N

if κ ∈ R+�N
(1.35)

and

λ2(t) =


λ1(t)
κ

+O (λ1(t) exp {−aΛ1 (t)})

λ1(t)
κ

+O
(
λ1(t) exp {−aΛ1 (t)} (Λ1 (t))−κ−1)

if κ ∈ N

if κ ∈ R+�N,
(1.36)

where M(t) is the mean value function of the IGP, a ∈ (0, 2], λ2(t) is the intensity

function of the IGP (1.13), and t > 0. Using a result from Cox (1962), we show that

as t→∞, we have17

var {NG(t)} =
Λ1 (t)

κ2
+

1

12
+

5

4

1

κ2
− 4

3

1

κ
+ o(1), (1.37)

16The proof of the asymptotic normality of the IGP is provided in the Appendix A.3.2.1.
17The proof of equation (1.37) is provided in the Appendix A.3.2.2.
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where t > 0.

1.8.3 Some Distributional Properties of the Inhomogeneous
Gamma Process with baseline intensity function λ1(t)
and shape parameter κ ∈ N

In the notation and assumptions set down in the introduction of Section 1.8, we

only introduce some distributional properties of the IGP when the shape parameter

κ is restricted to be a positive integer.

For κ∈ N and t > 0, the intensity function of the IGP (1.13) reduces to18

λ2(t) = λ1(t) exp {−Λ1(t)}
∞∑
n=1

{Λ1(t)}nκ−1

(nκ− 1)!
. (1.38)

And for the realization
{
T1 = t1, T2 = t2, . . . , TN(t) = tn(t) ≤ t

}
, Hurley (1992) showed

that for tn(t) < t ≤ tn(t)+1 the conditional intensity function (1.16) reduces to

λ2(t | Ht) =
λ1(t)

(κ− 1)!

{
Λ1(t)− Λ1(tn(t))

}κ−1

∑κ−1
i=0

{Λ1(t)−Λ1(tn(t))}i
i!

= λ1(t)P {W (t) = κ− 1 | W (t) ≤ κ− 1} , (1.39)

where Ht = {N(s), 0 < s ≤ t} and W (t) is a Poisson random variable with mean

Λ1(t)− Λ1(tn(t)) =
´ t
tn(t)

λ1(u)du. Now, when the shape parameter is κ ∈ N, the IGP

can be viewed as a process which samples every κ-th event of a nonhomogeneous

Poisson process with intensity function λ1(t). It then follows that for κ∈ N, n =

18The proof of equation (1.38) is provided in the Appendix A.3.3.1.
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0, 1, 2, . . ., and t > 0, we have19

P {NG(t) = n} = exp {−Λ1(t)}
(n+1)κ−1∑
j=nκ

{Λ1(t)}j

j!
. (1.40)

For t > 0 and small h > 0, the probability of no event in an infinitely small time

interval (1.8) reduces to

P {dNG(t) = 0} = 1− λ1(t) exp {−Λ1(t)}
∞∑
n=1

[Λ1(t)]κn−1

(κn− 1)!
h+ o(h). (1.41)

For t > 0 and small h > 0, the probability of the occurrence of one event in an

infinitely small time interval (1.9) reduces to

P {dNG(t) = 1} = λ1(t) exp {−Λ1(t)}
∞∑
n=1

[Λ1(t)]κn−1

(κn− 1)!
h+ o(h). (1.42)

19The proof of equation (1.40) is provided in the Appendix A.3.3.2.
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Chapter 2

An Inhomogeneous Gamma Process
Model with a Periodic or Almost
Periodic Baseline Intensity Function
and Shape Parameter κ > 0

2.1 Introduction

The goal of this chapter is to present a model for an inhomogeneous Gamma pro-

cess (IGP) with a periodic or almost periodic baseline intensity function and shape

parameter greater than zero and to provide a method of estimating unknown param-

eters for this model. The proposed model deals with nonstationary and non-Poisson

point events which show a pattern of periodicity or almost periodicity. Consistent

estimators of the baseline intensity function are constructed mainly by the Bartlett

periodogram (1.20). A method of forecasting the one step ahead point event is pre-

sented. Simulation results which support theoretical findings are provided. There are

many real world applications of point processes which exhibit a pattern of periodicity

or almost periodicity, such as in the study of seismicity where periodic patterns of

33



earthquakes have been detected in certain geographic regions (Vere-Jones and Ozaki

(1982)), in the study of meteorology where periodic storm patterns have been observed

in the Arctic Sea (Lee et al. (1991)), in study of finance where the periodic patterns

of stock transactions are observed throughout the trading day (Engle (2000)), or in

medical science where the periodic arrival times of emergency room patients have

been observed (Lewis (1970, 1972)).

As explained in Section 1.3, the intensity function of a point process, if it exists,

can be used to describe the occurrence patterns of events. If a point process has a

large intensity function over a given time interval, then one should expect to observe

a lot of events over this time interval and vice versa. So, if a point process data

set exhibits a pattern of periodicity, the intensity function should be modeled as an

almost periodic function. References which discuss modeling periodicity in an IGP

are given in Section 1.7, all of which have not been in the almost periodic context.

For a concise literature review of some references which have discussed parametric

and nonparametric approaches of modeling periodicity of a nonhomogeneous Poisson

process (which is an IGP with shape parameter equal to one), we refer to Shao and

Lii (2011). In this research, we propose a more general model which includes both

the periodic and almost periodic Poisson process (the work of Shao and Lii (2011))

and the gamma renewal process with shape parameter κ > 0 and the scale parameter

λ > 0, as particular cases. The concept of almost periodicity and our model are

introduced in the next section.
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The rest of this chapter is organized as follows. In Section 2.2, we introduce

the proposed model, some definitions, regularity conditions, a method for parameter

estimation, and some distributional properties. In Section 2.3, we propose a method

of forecasting the one step ahead point events in the framework of our model. In

Section 2.4, a simulation study which supports the theoretical findings is provided. In

Section 2.5, we summarize our conclusions and discuss some potential future research.

Appendix B contains the proofs of the theoretical results.

2.2 The Proposed Inhomogeneous Gamma Process
Model

2.2.1 An Almost Periodic Function

In this section, we give two equivalent definitions of an almost periodic function.

The following description of an almost periodic function can be found in Corduneanu

(1989).

Definition 6. A complex valued function f(x) defined for −∞ < x < +∞ is called

almost periodic, if for any ε > 0, there exists a trigonometric polynomial Tε(x), such

that

|f(x)− Tε(x)| < ε, −∞ < x < +∞,

where the trigonometric polynomial is of the form T (x) =
∑n

k=1 ck exp {iλkx}, ck are

complex numbers, and λk are real numbers.

From the above definition, we see that almost periodic functions are those func-
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tions on the real number line which can be uniformly approximated by trigonometric

polynomials. It then follows that any trigonometric polynomial is an almost periodic

function. Also, any periodic function which has a Fourier series representation is just

a particular case of an almost periodic function. An equivalent definition of an almost

periodic function can be found in Bohr (1947), and we refer to Corduneanu (1989)

for the proof of the equivalence between the two definitions.

Definition 7. Assume that the function f(· ) is continuous on the whole real line. If

for any ε > 0, there exists a number l(ε) > 0 with the property that any interval of

length l(ε) of the real line contains at least one point with abscissa ξ, such that

|f(x+ ξ)− f(x)| < ε, −∞ < x < +∞,

then f(x) is said to be an almost periodic function.

From the above definition, we see that almost periodic functions are those func-

tions which have a particular pattern of periodicity, but there exists no period τ for

which the function repeats itself exactly.

2.2.2 An Almost Periodic Inhomogeneous Gamma Process
Model

When modeling point process data which exhibits a pattern of periodicity, it is more

realistic to assume that the parametric form of the intensity function of the point
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process is an almost periodic function of time t > 0 as opposed to a strictly periodic

function of time t > 0. For instance, a particular configuration which occurs once

may reoccur not exactly, but within some level of accuracy. By Definition 6 of Section

2.2.1, we know that any almost periodic function can be uniformly approximated by

trigonometric polynomials; therefore, we propose an inhomogeneous Gamma process

(IGP) model with shape parameter κ > 0 and baseline intensity function of the form

λ1(t) :=
K∑
k=1

Ak cos(ωkt+ φk) +B, (2.1)

where A1 > A2 > · · · > AK > 0, −π
2
≤ φk <

3π
2
, ωk > 0, and t > 0. The constant

B is introduced to guarantee that λ1(t) > 0 for all t > 0. A sufficient condition

to guarantee that λ1(t) > 0 for all t > 0 is to assume that B >
∑K

k=1 Ak. With a

baseline intensity function of the form (2.1), equation (1.13) implies that the intensity

function of the IGP takes the form

λ2(t) =

(
K∑
k=1

Ak cos(ωkt+ φk) +B

)
exp

{
−
ˆ t

0

(
K∑
k=1

Ak cos(ωku+ φk) +B

)
du

}

×
∞∑
n=1

1

Γ(nκ)

{ˆ t

0

(
K∑
k=1

Ak cos(ωku+ φk) +B

)
du

}nκ−1

. (2.2)

And conditional on the realizationHt = {T1 = t1, . . . , Tn−1 = tn−1, NG(t) = n− 1},

equation (1.16) implies that for tn−1 < t ≤ tn, the conditional intensity function takes

the form
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λ2(t | Ht) =

∑K
k=1 Ak cos(ωkt+φk)+B

Γ(κ)
[
´ t
tn−1

(
∑K
k=1 Ak cos(ωku+ φk) +B)du]κ−1e

−
´ t
tn−1

(
∑K

k=1 Ak cos(ωku+φk)+B)du

´∞
t

∑K
k=1

Ak cos(ωkz+φk)+B

Γ(κ)
[
´ z
tn−1

(
∑K
k=1 Ak cos(ωku+ φk) +B)du]κ−1e

−
´ z
tn−1

(
∑K

k=1
Ak cos(ωku+φk)+B)du

dz

,

(2.3)

where t0 = 0 and t > 0. We notice that λ2(t) = λ1(t) and λ2(t | Ht) = λ1(t), for all

t > 0, if and only if κ = 1. For an observational time period (0, T ], we wish to provide

a method of estimating the unknown parameters in equations (2.1)-(2.3). To achieve

this goal, we use the time truncated joint likelihood function (1.17) of the IGP and not

the event truncated joint likelihood function (1.3) of the IGP. Unless some good initial

conditions are specified, traditional gradient based computer optimization algorithms

will generally locate a local maximum as opposed to a global maximum of equation

(1.17). Therefore, a different approach of estimating the unknown parameters must be

proposed. Under some regularity conditions specified in the next section, we propose

a mostly Bartlett periodogram based method of estimating unknown parameters in

equations (2.1)-(2.3).

2.2.3 Some Assumptions and the Proposed Method of Esti-
mation

In this section, we propose a method for estimating most of the unknown parameters

in equations (2.1)-(2.3) (A method of estimating κ ∈ N and K ∈ {0}∪N is introduced

in Chapter 3). We begin by setting down some assumptions and introducing some

notation. After which, we propose a mostly Bartlett periodogram based approach

of parameter estimation. Lastly, we establish the asymptotic variance-covariance
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structure for the proposed estimators.

Assumption 1

Assume that {NG(t), t > 0} is an inhomogeneous Gamma process (IGP) with baseline

intensity function (2.1) and shape parameter κ > 0, which is observed over the

time interval (0, T ]. Here, the parameters κ > 0 and K = 1, 2, . . . are assumed

to be known and the parameters θ := {A, ω, φ, B}, where A := {A1, . . . , AK},

ω := {ω1, . . . , ωK}, and φ := {φ1, . . . , φK}, are assumed to be unknown.

Under a certain minimum separation condition and frequency range restrictions

described below, we define the frequency estimators, ω̂T := {ω̂1,T , . . . , ω̂K,T} of ω, as

the first K local maxima of the Bartlett periodogram (1.20). It follows directly from

the properties of almost periodic functions that no matter which epochs occur, there

will be arbitrary large values of ω for which the Bartlett periodogram approaches arbi-

trarily close to its theoretical maximum of 1
2πT
|NG(T )|2 (Vere-Jones (1982)). Hence,

the maxima of the Bartlett periodogram over too large of a frequency range would

be unrelated to the existence of the periodic effects, therefore, some bounds on the

frequency range must be imposed. In a paper by Vere-Jones (1982), a wide range

frequency upper bound, say ΩT , which increases sufficiently slowly with T was sug-

gested as a suitable frequency upper bound. The need to bound the frequency interval

away from 0 arises because the Bartlett periodogram will generally have a peak at

the origin and some other peaks near the origin caused by leakage. Therefore, re-

moving a neighborhood about 0 prevents the frequency estimates from converging to
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0. Also, for a fixed observational time period (0, T ], it is possible for there to exist

a cosinusoid with a large period and for the Bartlett periodogram not to detect it.

Therefore, a frequency lower bound which decreases sufficiently slowly with T must

be imposed. Without such restrictions, the search for the first K local maxima of the

Bartlett periodogram becomes meaningless, so we set down the following assumption.

Assumption 2

For the observational time period (0, T ], we assume that for each k = 1, 2, . . . , K,

O(T δ
′−1) ≤ ωk ≤ ΩT ,

where 0 < δ
′
< 1, ΩT is an upper bound possibly determined by observations on the

process in the interval (0, T ) with E[ΩT ] = O(T 1−δ), and 0 < δ < 1.

Analogous to the estimation of several harmonic components in ordinary time

series, some condition must be imposed on the angular frequencies which prevent

them from being too close together. Such a restriction will prevent the estimators

of two angular frequencies from converging in probability to the same value (Walker

(1971)). Therefore, we set down the following minimum separation restrictions.
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Assumption 3

For the observational time period (0, T ], we assume that

lim
T→∞

{
min

1≤k 6=k′≤K
T |ωk − ωk′|

}
=∞.

In summary, in the search for the local maxima of the Bartlett periodogram, we

search in a frequency range which is defined by Assumption 2 and subject to the

minimum separation constraints of Assumption 3. It then follows that the shortest

distance between any two frequencies can not decrease faster than O(T−1). So for a

given local maximum, ω̂i,T (i = 1, . . . , K − 1) of the Bartlett periodogram IT (ω),

we search for the next local maximum by excluding the neighborhood |ω̂i,T − ω| =

O(T−1+γ), where γ > 0, from the set of possible frequencies. We then define the

frequencies corresponding to the first K local maxima of the Bartlett periodogram,

ω̂T , as the frequency estimates of ω. Given our definition of the first K local maxima

of the Bartlett periodogram, to efficiently search for the frequency estimates, one

would have to sample the Bartlett periodogram more finely than O(T−1), namely

o(T−1).

To establish the asymptotic behavior of the frequency estimates, we first begin by

decomposing the infinitesimal forward increment process in terms of a deterministic

component and a stochastic component

dNG(t) := E[dNG(t)] + dZG(t), (2.4)
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where dZG(t) := dNG(t)−E[dNG(t)] and t > 0. In the decomposition, the determin-

istic component takes the functional form of equation (1.7). So, for all t > 0 and as

dt → 0+, we have E[dNG(t)] = λ2(t)dt + o(dt), where λ2(t) is the intensity function

of the IGP and takes the functional form of equation (2.1). By definition, it is clear

that E[dZG(t)] = 0, for all t > 0. By Lemma 20 of Appendix B, it follows that

for 0 < s < t < ∞, cov {dZG(s), dZG(t)} → 0 as |t− s| → ∞ and var {dZG(t)} ≈

1
κ2λ1(t)dt, where λ1(t) is the baseline intensity function (2.1) of the IGP with shape

parameter κ > 0. Next, we continue by establishing a bound on the absolute value of

the finite Fourier-Stieltjes transform 1
Tm

´ T
0
tm−1e−iωtdZG(t) subject to the constraints

of Assumptions 1-3, where m ≥ 1.

Lemma 8. 1 Let {NG(t), t > 0} be an IGP with baseline intensity function (2.1)

and shape parameter κ > 0, which satisfies Assumptions 1-3, that is observed over

the time interval (0, T ]. Let ΩT be a frequency upper bound, possibly determined by

observations on the process in the interval (0, T ), and for t > 0, set

dZG(t) := dNG(t)− E[dNG(t)]. (2.5)

Then for 0 < δ < 1, E[ΩT ] = O(T 1−δ), and m ≥ 1, we have

lim
T→∞

1

Tm
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

0

tm−1e−iωtdZG(t)

∣∣∣∣ = 0 (a.s.).

1The proof of Lemma 8 is provided in the Appendix B.1.1.1.
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For m ≥ 1, Lemma 8 implies that in the decomposition

JT (ω) :=
1

Tm

ˆ T

0

tm−1e−iωtdNG(t)

=
1

Tm

ˆ T

0

tm−1e−iωtλ2(t)dt+
1

Tm

ˆ T

0

tm−1e−iωtdZG(t)

= J
(λ2)
T (ω) + J

(ZG)
T (ω), (2.6)

J
(ZG)
T (ω) converges to 0 uniformly for all ω ∈ (0, ΩT ], and equivalently, J (λ2)

T (ω) is

the dominant term in JT (ω). Next, we use Lemma 8 to establish the super efficiency

of the frequency estimators.

Proposition 9. 2Under Assumptions 1-3, ω̂T is a consistent estimator of ω, and for

each k = 1, 2, . . . , K, we have

(ω̂T,k − ωk) = o(T−1) (a.s.).

To investigate the asymptotic behavior of the parameter estimates, we define the

random variables

U := T−
1
2

ˆ T

0

dZG(t),

Vk := T−
1
2

ˆ T

0

cos(ωkt)dZG(t), Wk := T−
1
2

ˆ T

0

sin(ωkt)dZG(t),

2The proof of Proposition 9 is provided in the Appendix B.1.1.2, and a finer rate of convergence
of the frequency estimators is provided in Proposition 11.
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Xk := T−
3
2

ˆ T

0

t cos(ωkt)dZG(t), Yk := T−
3
2

ˆ T

0

t sin(ωkt)dZG(t), (2.7)

where k = 1, 2, . . . , K.

Under the conditions placed on the angular frequencies, we use Lemma 8 to estab-

lish the asymptotic first and second order moment properties of the random variables

given in equation (2.7). These asymptotic results will be used to establish the asymp-

totic first and second order moment properties of all the parameter estimators. For

simplicity, we use the following notations δk,k′ := I{ωk=ωk′}, δj,k+k′ := I{ωj=ωk+ωk′},

δj,k−k′ := I{ωj=ωk−ωk′}, and δj,k′−k := I{ωj=ωk′−ωk}, where I{·} is the indicator function.

Proposition 10. Under Assumptions 1-3 and as the observational time T > 0 in-

creases, the random vector (U, V1, . . . , VK , W1, . . . ,WK , X1, . . . , XK , Y1, . . . , YK)
′

has an asymptotic mean 0 and an asymptotic variance-covariance matrix

limT→∞ cov
{

(U, Vk, Wk, Xk, Yk)
′
, (U, Vk′ , Wk′ , Xk′ , Yk′)

}

=



1
κ2B

Ak′
2κ2 cos(φk′) −Ak′

2κ2 sin(φk′)
Ak′
4κ2 cos(ωk′) −Ak′

4κ2 sin(φk′)

Ak
2κ2 cos(φk) E1(k, k′) E3(k, k′) 1

2
E1(k, k′) 1

2
E3(k, k′)

− Ak
2κ2 sin(φk) E3(k′, k) E2(k, k′) 1

2
E3(k′, k) 1

2
E2(k, k′)

Ak
4κ2 cos(φk)

1
2
E1(k′, k) 1

2
E3(k, k′) 1

3
E1(k, k′) 1

3
E3(k, k′)

− Ak
4κ2 sin(φk)

1
2
E3(k′, k) 1

2
E2(k′, k) 1

3
E3(k′, k) 1

3
E2(k, k′)


,

where
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E1(k, k′) := lim
T→∞

cov {Vk, Vk′}

=
1

4κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

2κ2
δk, k′ ,

E2(k, k′) := lim
T→∞

cov {Wk, Wk′}

=
1

4κ2

K∑
j=1

Aj cos(φj) {−δj,k′+k + δj,k−k′ + δj,k′−k}+
B

2κ2
δk,k′ ,

E3(k, k′) := lim
T→∞

cov {Vk, Wk′}

=
1

4κ2

K∑
j=1

Aj sin(φj) {−δj,k+k′ + δj,k−k′ − δj,k′−k} ,

and k, k′ = 1, . . . , K. Here, the rows of the variance-covariance matrix correspond

to random variables with subscript k and the columns correspond to random variables

with subscript k′ 3.

For each k = 1, 2, . . . , K, the Bartlett periodogram is a twice continuously

differentiable function of ωk and ω̂k,T is the kth largest local maximum of the Bartlett

periodogram; therefore, the first order Taylor series expansion of the derivative of the

Bartlett periodogram about ω̂k,T is

I ′T (ωk) = I ′T (ω̂k,T ) + I
′′

T (ω̄k,T ) (ωk − ω̂k,T )

= I
′′

T (ω̄k,T ) (ωk − ω̂k,T ) , (2.8)

for some frequency ω̄k,T such that 0 ≤ |ω̄k,T − ωk| ≤ |ω̂k,T − ωk|. It then follows that

for each k = 1, 2, . . . , K, we have
3The proof of Proposition 10 is provided in the Appendix B.1.1.3.
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T
3
2 (ω̂k,T − ωk) = − 2πT−

3
2 I ′T (ωk)

2πT−3I
′′
T (ω̄k,T )

. (2.9)

In the notation of the random variables (2.7), we show that for each k = 1, 2, . . . , K,

we have

2πT−
3
2 I
′

T (ωk) =
Ak
κ

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
+ o(1),

(2.10)

and using the result |ω̄k,T − ωk| = o(T−1) implied by Proposition 9, we show that

2πT−3I
′′

T (ω̄k,T )→ − A2
k

24κ2
(a.s.), (2.11)

as T → ∞ 4. It then follows from equations (2.10) and (2.11), that for each k =

1, 2, . . . , K, equation (2.9) becomes

T
3
2 (ω̂k,T − ωk) =

24κ

Ak

{
Vk
2

sin(φk) +
Wk

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
+ o(1).

(2.12)

From equation (2.12) and Proposition 10, we obtain the asymptotic variance-covariance

structure of ω̂T .

Proposition 11. Under Assumptions 1-3 and as the observational time T > 0 in-

creases, T
3
2 (ω̂T − ω) has an asymptotic mean 0 and an asymptotic variance

4The proof equation (2.11) is provided in the Appendix B.1.1.4.
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lim
T→∞

var
{
T

3
2 (ω̂k,T − ωk)

}
=

12

A2
k

{
2B −

K∑
j=1

Aj cos(2φk − φj)δj, k+k

}
,

for each k = 1, . . . , K, and an asymptotic covariance

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

3
2 (ω̂k′,T − ωk′)

}
=

12

AkAk′

K∑
j=1

Aj{− cos (−φk − φk′ + φj) δj,k+k′

+ cos (φk − φk′ + φj) δj,k′−k + cos (−φk + φk′ + φj) δj,k−k′},

for each k, k′ = 1, . . . , K and k 6= k′ 5.

We proceed to define the estimators ÂT :=
(
Â1,T , . . . , ÂK,T

)
of A. In the proof

of Proposition 9, we established that for each k = 1, . . . , K,

lim
T→∞

|JT (ω̂k,T )| = Ak
2κ
, (2.13)

where JT (· ) is the finite Fourier-Stieltjes transform (2.6) with m = 1. Therefore, an

estimator of Ak can be defined as

Âk,T := 2κ |JT (ω̂k,T )| =
√

8κ2π

T
IT (ω̂k,T ), (2.14)

5The proof of Proposition 11 is provided in the Appendix B.1.1.5.
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where IT (· ) is the Bartlett periodogram (1.20) and JT (· ) is the finite Fourier-Stieltjes

transform (2.6) with m = 1. To establish the asymptotic properties of ÂT , for each

k = 1, . . . , K, we use the decomposition6

T
1
2

(
Â2
k,T − A2

k

)
= −T−

1
2 8κ2π (IT (ωk)− IT (ω̂k,T )) + T

1
2

(
8κ2π

T
IT (ωk)− A2

k

)
.(2.15)

To evaluate expression (2.15), we show that for each k = 1, . . . , K,

IT (ωk)

T
=

A2
k

8πκ2
+

Ak
2πκ

cos(φk)T
− 1

2Vk −
Ak
2πκ

sin(φk)T
− 1

2Wk + o(1), (2.16)

and that the second order Taylor series expansion of IT (ωk) about the frequency

estimate ω̂k,T is given by

IT (ωk) = IT (ω̂k,T ) + I ′T (ω̂k,T ) (ωk − ω̂k,T ) +
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

= IT (ω̂k,T ) +
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T ) 2, (2.17)

for some frequency ω̄k,T , such that 0 ≤ |ω̄k,T − ωk| ≤ |ω̂k,T − ωk|. From equations
6The proof of equation (2.15) is provided in the Appendix B.1.1.6.
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(2.11), (2.12), (2.15), (2.16), and (2.17) it follows that for each k = 1, . . . , K 7,

T
1
2

(
Â2
k,T − A2

k

)
= 4κAk {cos(φk)Vk − sin(φk)Wk}+ o(1). (2.18)

From Proposition 10 and expression (2.18), we can derive the asymptotic variance-

covariance structure of ÂT .

Proposition 12. Under Assumptions 1-3 and as the observational time T > 0 in-

creases,
√
T (ÂT −A) has an asymptotic mean 0 and an asymptotic variance

lim
T→∞

var
{
T

1
2

(
Âk,T − Ak

)}
= 2B +

K∑
j=1

Aj cos(2φk − φj)δj,k+k,

for each k = 1, . . . , K, and an asymptotic covariance

limT→∞ cov
{
T

1
2

(
Âk,T − Ak

)
, T

1
2

(
Âk′,T − Ak′

)}
=

K∑
j=1

Aj{cos(−φk − φk′ + φj)δj, k+k′

+ cos(−φk + φk′ + φj)δj, k−k′ + cos(φk − φk′ + φj)δj, k′−k},

for each k, k′ = 1, . . . , K and k 6= k′ 8.

Next, we proceed to define the estimators φ̂T :=
(
φ̂1,T , . . . , φ̂K,T

)
of φ. For each

k = 1, . . . , K, we first consider the case when φk 6= ±π
2
. From the useful integral

7The proof of equation (2.18) is provided in the Appendix B.1.1.6.
8The proof of Proposition 12 is provided in the Appendix B.1.1.7.
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section of the Appendix B and Lemma 8, it follows that for each k = 1, . . . , K

and as T → ∞, 1
T

´ T
0

cos(ω̂k,T t)dNG(t) → Ak
2κ

cos(φk) and − 1
T

´ T
0

sin(ω̂k,T t)dNG(t) →

Ak
2κ

sin(φk). Therefore, for each k = 1, . . . , K and φk 6= ±π
2
we have the relation

tan(φ̂k,T ) :=
− 1
T

´ T
0

sin(ω̂k,T t)dNG(t)
1
T

´ T
0

cos(ω̂k,T t)dNG(t)
, (2.19)

as T → ∞. On the other hand, for each k = 1, . . . , K and φk = −π
2
or φk = π

2
, it

follows from the useful integral section of the Appendix B and from Lemma 8 that

1
T

´ T
0

cos(ω̂k,T t)dNG(t)→ 0 and

− 1
T

´ T
0

sin(ω̂k,T t)dNG(t) → Ak
2κ

sin(φk) =


−Ak

2κ

Ak
2κ

if φk = −π
2

if φk = π
2
,

(2.20)

as T →∞. Therefore, for each k = 1, . . . , K, a natural estimator of φk is

φ̂k,T :=



tan−1
{
− 1
T

´ T
0 sin(ω̂k,T t)dNG(t)

1
T

´ T
0 cos(ω̂k,T t)dNG(t)

}
if 1

T

´ T
0

cos(ω̂k,T t)dNG(t) > 0

tan−1
{
− 1
T

´ T
0 sin(ω̂k,T t)dNG(t)

1
T

´ T
0 cos(ω̂k,T t)dNG(t)

}
+ π if 1

T

´ T
0

cos(ω̂k,T t)dNG(t) < 0

π
2
sgn

{
− 1
T

´ T
0

sin(ω̂k,T t)dNG(t)
}

if 1
T

´ T
0

cos(ω̂k,T t)dNG(t) = 0.

(2.21)

To establish the asymptotic variance-covariance structure of φ̂T , for each k = 1,

. . . , K, we use the decomposition
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T
1
2

{
tan(φ̂k,T )− tan(φk)

}
= T

1
2

{
tan(φ̂k,T ) +

1
T

´ T
0

sin(ωkt)dNG(t)
1
T

´ T
0

cos(ωkt)dNG(t)

}

+T
1
2

{
− 1
T

´ T
0

sin(ωkt)dNG(t)
1
T

´ T
0

cos(ωkt)dNG(t)
− tan(φk)

}
. (2.22)

Then, we show that for each k = 1, . . . , K, we have 9

T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0

sin(ωkt)dNG(t)
1
T

´ T
0

cos(ωkt)dNG(t)

}
= − 12κ

Ak cos2(φk)
{Vk

2
sin(φk) +

Wk

2
cos(φk)

−Xk sin(φk)− Yk cos(φk)}+ o(1)(2.23)

and

T
1
2

{
− 1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

− tan(φk)
}

= − 2κ

Ak cos2(φk) + o(1)
{cos(φk)Wk + sin(φk)Vk}+ o(1). (2.24)

Therefore, from relations (2.23) and (2.24) it follows that

T
1
2

{
tan(φ̂k,T )− tan(φk)

}
= − 4κ

Ak cos2(φk)
{2 sin(φk)Vk + 2 cos(φk)Wk

−3Xk sin(φk)− 3Yk cos(φk)}+ o(1). (2.25)

We use relation (2.25) to establish the asymptotic variance-covariance structure of

φ̂T .
9The proof of equations (2.23) and (2.24) are provided within the proof of Proposition 13 in the

Appendix B.1.1.8.
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Proposition 13. Under Assumptions 1-3 and as the observational time T > 0 in-

creases,
√
T (φ̂T − φ) has an asymptotic mean 0 and an asymptotic variance

lim
T→∞

var
{
T

1
2

(
φ̂k,T − φk

)}
=

4

A2
k

{
2B −

K∑
j=1

Aj cos (−2φk + φj) δj, k+k

}

for each k = 1, . . . , K and an asymptotic covariance

limT→∞ cov
{
T

1
2

(
φ̂k,T − φk

)
, T

1
2

(
φ̂k′,T − φk′

)}
=

4

AkAk′

K∑
j=1

Aj{− cos (−φk − φk′ + φj) δj, k+k′

+ cos (−φk + φk′ + φj) δj, k−k′ + cos (φk − φk′ + φj) δj, k′−k},

for each k, k′ = 1, . . . , K and k 6= k′ 10.

Lastly, we propose an estimator B̂T of B. Given the functional form of the baseline

intensity function (2.1), it follows from equation (1.35) that

lim
T→∞

1

T
E [NG(T )] = lim

T→∞

1

T

1

κ

ˆ T

0

(
K∑
k=1

Ak cos(ωku+ φk) +B

)
du =

B

κ
. (2.26)

Therefore, we define

B̂T :=
1

T
NG(T )κ (2.27)

10The proof of Proposition 13 is provided in the Appendix B.1.1.8.
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as an estimator of B. We note that Lemma 18 of Appendix B implies that B̂T → B

almost surely as T →∞. Using (1.34), we can obtain a central limit theorem for B̂T .

Proposition 14. Under Assumptions 1-3 and as the observational time T > 0 in-

creases,

T
1
2

(
B̂T −B

)
L→ ND(0, B), (2.28)

where ND(0, B) is a normal distribution with mean 0 and variance B > 0 11.

Using the Bartlett periodogram estimates, we show that the estimator of the base-

line intensity function is λ̂1,T (T ) = λ1(T ) + O(T−
1
2 ), so for large T > 0, λ̂1,T (T ) is

asymptotically non-negative12. For a finite sample, the estimate B̂T = 1
T
NG(T )κ

may lead to a negative λ̂1,T (t), for some values of t ∈ (0, T ]. Since we made the

assumption that B >
∑K

k=1Ak, defining B̂T := max
{

1
T
NG(T )κ,

∑K
k=1 Âk

}
would

guarantee that λ̂1,T (t) > 0 for all t ∈ (0, T ]. Such an estimator of B will be

asymptotically equal to 1
T
NG(T )κ. In our simulation study, we use the estimator

B̂T = max
{
NG(T )
T

κ,
∑K

k=1 Âk

}
. We close this section by presenting the correlations

between all of the parameter estimators.

Proposition 15. Under Assumptions 1-3 and as the observational time T > 0 in-

creases, T
3
2 (ω̂T − ω),

√
T
(
ÂT −A

)
,
√
T
(
φ̂T − φ

)
, and

√
T
(
B̂T −B

)
have an

asymptotic mean 0 and an asymptotic variance-covariance
11The proof of Proposition 14 follows from result (1.34).
12The proof of the claim that λ̂1,T (T ) = λ1(T ) +O(T−

1
2 ) is provided in the Appendix B.1.1.10.
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limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) ,

√
T
(
φ̂k′,T − φk′

)}

=
6

AkAk′
{−2B cos(φk − φk′)δk,k′ +

K∑
j=1

Aj[cos (−φk − φk′ + φj) δj,k+k′

− cos (−φk + φk′ + φj) δj,k−k′ − cos (φk − φk′ + φj) δj,k′−k]},

limT→∞ cov
{√

T
(
Âk,T − Ak

)
,
√
T
(
φ̂k′,T − φk′

)}
=

1

Ak′

K∑
j=1

Aj{sin (−φk − φk′ + φj) δj, k+k′ − sin (−φk + φk′ + φj) δj, k−k′

+ sin (φk − φk′ + φj) δj, k′−k},

limT→∞ cov
{√

T
(
Âk,T − Ak

)
,
√
T
(
B̂T −B

)}
= Ak,

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) ,

√
T
(
Âk′,T − Ak′

)}
= 0,

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) ,

√
T
(
B̂T −B

)}
= 0,

limT→∞ cov
{√

T
(
φ̂k,T − φk

)
,
√
T
(
B̂T −B

)}
= 0,

where k, k′ = 1, . . . , K 13.

2.3 Forecasting

Let {NG(t), t > 0} be an inhomogeneous Gamma process (IGP) which satisfies As-

sumptions 1-3 of Section 2.2. In this section, we first investigate the problem of

forecasting the one step ahead point event, say TNG(T )+1 = tn(T )+1, conditional on

the history, HT =
{
T1 = t1, . . . , TNG(T ) = tn(T )

}
, of the (IGP) up to and including

the current time T > 0. Furthermore, we describe how to construct a 100 (1− α) %

upper prediction bound a for the one step ahead point event forecast, where α is
13The proof of Proposition 15 is provided in the Appendix B.1.1.9.
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the probability of a type one error and a > T > 0. Lastly, under the assumption

that the shape parameter κ ∈ N and conditional on the first n ∈ N point events

T1 = t1, . . . , Tn = tn, we present a method of predicting the one step ahead point

event Tn+1 = tn+1.

We begin by considering the prediction for the one step ahead point event, TNG(T )+1

= tn(T )+1, conditional on the history, HT =
{
T1 = t1, . . . , TNG(T ) = tn(T )

}
, of the

(IGP) up to and including the current time T > 0. For T > 0, the forward waiting

time, say wT, is defined to be the time to the next epoch measured from the current

time T . For w ≥ 0, it follows from Pulcini (2003) that the cumulative distribution

function of wT is given by

P {wT ≤ w | HT} = 1− exp

{
−
ˆ T+w

T

λ2(u | Hu)du

}
, (2.29)

where HT =
{
T1 = t1, . . . , TNG(T ) = tn(T )

}
is the history of the IGP at the current

time T > 0, λ2(t | HT ) is the conditional intensity function defined in equation (2.3),

and t ≥ T . To account for the elapsed time between the current time T > 0 and the

last event time before or at the current time T , we define the one step ahead point

event forecast as the expected value of the forward waiting time wT plus the current

time T .

Proposition 16. Under Assumptions 1-3 of Section 2.2 and conditional on the his-

tory, say HT = {T1 = t1 , . . . , TNG(T ) = tn(T )}, of the IGP at the current time T > 0,
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the one step ahead point event forecast of Tn(T )+1 = tn(T )+1, say T̂n(T )+1, is given by

T̂n(T )+1 := T + E [wT | HT ]

= T +

ˆ ∞
0

exp

{
−
ˆ w

0

λ2(T + y | HT+y)dy

}
dw (2.30)

and its mean squared error (MSE) is given by

νn(T ) := E

[(
Tn(T )+1 − T̂n(T )+1

)2
]

= EHT [2

ˆ ∞
0

w exp

{
−
ˆ w

0

λ2(T + y | HT+y)dy

}
dw

−
[ˆ ∞

0

exp

{
−
ˆ w

0

λ2(T + y | HT+y)dy

}
dw

]2

], (2.31)

where NG(T ) = n(T ) is the observed count at the current time T > 0, λ2(t | Ht) is

the conditional intensity function defined in equation (2.3), and t > 0 14.

The calculation of the MSE, νn(T ), is carried out by Monte Carlo integration with

the following steps.

Step 1. For an observational time period (0, T ], generate a large sample of

realizations of the IGP,

H i
T =

{
T i1 = ti1, . . . , T

i
NGi (T ) = tini(T )

}
,

14The proof of Proposition 16 is provided in the Appendix B.1.2.1.
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where i = 1, 2, . . . is the i-th realization.

Step 2. For each realization, calculate

2

ˆ ∞
0

w exp

{
−
ˆ w

0

λ2(T + y | H i
T+y)dy

}
dw

−
[ˆ ∞

0

exp

{
−
ˆ w

0

λ2(T + y | H i
T+y)dy

}
dw

]2

,

and average over the number of realizations generated.

Suppose that instead of predicting Tn(T )+1 = tn(T )+1 with an IGP which satisfies

Assumptions 1-3 of Section 2.2, we predict tn(T )+1 with a homogeneous Poisson process

(HPP) with intensity function λ̃1(t) = B
κ
> 0, where t > 0. Denote such a predictor

of tn(T )+1 with T̃HPPn(T )+1, where T̃
HPP
n(T )+1 = T + κ

B
. In terms of MSE, the improvement

in predicting tn(T )+1 with T̂n(T )+1, as opposed to predicting tn(T )+1 with T̃HPPn(T )+1, is

µHPPn(T ) := E

[(
Tn(T )+1 − T̃HPPn(T )+1

)2
]
− E

[(
Tn(T )+1 − T̂n(T )+1

)2
]

= EHT

[(ˆ ∞
0

exp

{
−
ˆ w

0

λ2(T + y | HT+y)dy

}
dw − κ

B

)2
]
, (2.32)

and can be calculated by Monte Carlo integration with a procedure similar to that

discussed above15. We notice that the improvement is µHPPn(T ) = 0 if and only if κ = 1

and for each k = 1, 2, . . . , K, Ak = 0.

Suppose that instead of predicting Tn(T )+1 = tn(T )+1 with an IGP which satisfies

15The proof of equation (2.32) is provided in the Appendix B.1.2.2.
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Assumptions 1-3 of Section 2.2, we predict tn(T )+1 with a nonhomogeneous Poisson

process (NHPP) with intensity function λ̃1(t) = 1
κ
λ1(t) > 0. Denote such a predictor

of tn(T )+1 with T̃NHPPn(T )+1 , where T̃
NHPP
n(T )+1 = T+

´∞
0

exp{− 1
κ

´ w
0
λ1(T+y)dy}dw. In terms

of MSE, the improvement in predicting tn(T )+1 with T̂n(T )+1, as opposed to predicting

tn(T )+1 with T̃NHPPn(T )+1 , is

µNHPPn(T ) := E

[(
Tn(T )+1 − T̃NHPPn(T )+1

)2
]
− E

[(
Tn(T )+1 − T̂n(T )+1

)2
]

= EHT [(

ˆ ∞
0

exp{−
ˆ w

0

λ2(T + y | HT+y)dy}dw

−
ˆ ∞

0

exp{−1

κ

ˆ w

0

λ1(T + y)dy}dw)2], (2.33)

and can be calculated by Monte Carlo integration with a procedure similar to that

discussed above16. We notice that the improvement is µNHPPn(T ) = 0 if and only if κ = 1.

Next, we describe how to construct a 100 (1− α) % upper prediction bound a

for the one step ahead point event forecast, where α is the probability of a type

one error and a > T > 0. From equation (2.29), it follows that for a > T > 0,

P {wT ≤ a− T | HT} = 1−α when 1− exp
{
−
´ a
T
λ2(y | Hy)dy

}
= 1−α. Therefore,

a one-sided (1− α) 100% upper prediction bound for Tn(T )+1 = tn(T )+1 is of the form

(T, a], where a is the solution to the equation exp
{
−
´ a
T
λ2(y | Hy)dy

}
= α. In

a similar fashion, one can use the conditional density (2.29) to construct two-sided

prediction intervals.
16The proof of equation (2.33) is provided in the Appendix B.1.2.2.
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We now present a method of forecasting the one step ahead point event, say

Tn+1 = tn+1, from an event time Tn = tn given T1 = t1, . . . , Tn = tn, where

n = 1, 2, . . . and the shape parameter of the IGP is a positive integer. We define the

one step ahead point event forecast of tn+1 as T̂n+1 := E [Tn+1 | T1, . . . , Tn].

Proposition 17. Upon observing the first n point events, T1 = t1, . . . , Tn = tn, of

an IGP with baseline intensity function λ1(· ) > 0, defined as in equation (2.1), with

given shape parameter κ = 1, 2, . . ., which satisfies Assumptions 1-3 of Section 2.2,

the one step ahead point event forecast of Tn+1 = tn+1, say T̂n+1, is given by

T̂n+1 := E [Tn+1 | T1 = t1, . . . , Tn = tn]

= tn +

ˆ ∞
tn

exp

{
−
ˆ s

tn

λ1(x)dx

} κ−1∑
i=0

[´ s
tn
λ1(x)dx

]i
i!

ds

= tn +

ˆ ∞
tn

P {W (s)−W (tn) ≤ κ− 1} ds, (2.34)

where {W (t), t > 0} is a nonhomogeneous Poisson process with intensity function

λ1(· ) > 0 17.

2.4 A Simulation Study

In this section, we evaluate the performance of our method of parameter estimation

through simulation. We consider sixteen different inhomogeneous Gamma process
17The proof of Proposition 17 is provided in the Appendix B.1.2.3.
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(IGP) models with a given periodic or almost periodic baseline intensity function of

the form

Case 1 : λ1(t) = 1.6 + cos

(
π

4
√

3
t

)
+

1

2
cos

(
π

3
√

2
t+

π

4

)
,

Case 2 : λ1(t) =

√
3.1 + 3 cos

(
π

3
√

2
t

)
,

Case 3 : λ1(t) = 0.1 +
1

2
mod [t, 2π] ,

Case 4 : λ1(t) = 1.3 exp

{
cos

(
π

3
√

2
t+

π

4

)}
,

and with a given shape parameter κ ∈ {2, 5, 10, 15}, where t > 0.

Each of the above baseline intensity functions was considered in Shao and Lii

(2011) in the context of a nonhomogeneous Poisson process (NHPP) (an IGP with

shape parameter κ = 1). The intensity function in Case 1 is almost periodic but

is not periodic since the ratio of the two frequencies, π
4
√

3
and π

3
√

2
, is not a rational

number, so the function never repeats itself exactly. The baseline intensity functions

of Cases 2-4 are not of the same functional form of equation (2.1), but can be well

approximated by a functional of the form given in equation (2.1). In particular, Case

4 has a similar functional form as equation (1.22) and was considered in Lewis (1970,

1972) and in Vere-Jones (1982) in the context of a NHPP.

We generate each IGP model by using the Lewis and Shedler (1979) Thinning

Algorithm to simulate a NHPP with a given baseline intensity function, then sample

each κ event of the simulated NHPP. The sub-sampled NHPP epochs are then defined
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Case 1 Case 2 Case 3 Case 4

T
NG(T )
κ

1000
[737, 837]

2

1000
[764, 873]

2

1000
[769, 888]

2

1000
[779, 872]

2

T
NG(T )
κ

2500
[769, 834]

5

2500
[777, 827]

5

2500
[805, 870]

5

2500
[779, 849]

5

T
NG(T )
κ

5000
[775, 824]

10

5000
[781, 826]

10

5000
[809, 857]

10

5000
[795, 844]

10

T
NG(T )
κ

8000
[833, 867]

15

8000
[841, 880]

15

8000
[874, 913]

15

8000
[858, 905]

15

Table 2.1: For each of the 100 independently simulated replicates of the inhomo-
geneous Gamma process, this table contains the baseline intensity function case
along with the corresponding observational length T > 0, observed sample size
NG(T ) = n(T ), and the true shape parameter κ > 0. For example, the values in
the upper left hand corner of this table correspond to the 100 Case 1 replicates which
had observational length T = 1000, observed sample size 737 ≤ NG(T ) ≤ 837, and
shape parameter 2.
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to be the epochs of the IGP model. There are 100 independent replicates of each

baseline intensity function case and shape parameter combination. Table 2.1 describes

the observational length T > 0, observed sample size NG(T ) = n(T ), and shape

parameter κ > 0 for each of the simulated IGP models. For example, the values in

the upper left hand corner of this table, correspond to the 100 Case 1 replicates which

had observational length T = 1000, observed sample size 737 ≤ NG(T ) ≤ 837, and

shape parameter 2. For a given baseline intensity function and for a shape parameter

that is κ ≥ 1, as κ increases, the rate of occurrence decreases. Therefore, to maintain

a similar sample size in each of the simulations, as we increase κ, we increase the

observational time period T > 0. We estimate each baseline intensity function in the

framework of our model and compare the estimated baseline intensity function with

the true baseline intensity function. For the estimation procedure of Case 1, we fit our

model assuming that we knew the true κ and the true K parameter values a priori,

where K is the number of periodic components in the baseline intensity function.

In Chapter 3, we propose the Akaike information criterion (AIC) and the Bayesian

information criterion (BIC) method of selecting candidate values for the κ ∈ N and

K ∈ {0} ∪ N parameters. Likewise, for the estimation procedure of Cases 2-4, we fit

our model assuming we knew the true κ parameter value a priori. However, we used

the AIC and the BIC model selection results provided in Tables 3.1-3.4 to propose

a parameter value for K. The details of the estimation procedure of the κ and K

parameters values are provided in Chapter 3. More explicitly, based on the model
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selection results of Table 3.2, we fit the simulated Case 2 models assuming K = 1.

Likewise, based on the model selection results of Table 3.3, we fit the simulated Case

3 models assuming K = 2. Finally, based on the model selection results of Table 3.4,

we fit the simulated Case 4 models assuming K = 1. In Figures 2.1-2.4, plots (a)-

(d) display the true baseline intensity function in solid black and the 100 estimated

baseline intensity functions from the 100 replicates (the gray curves) for Cases 1-4,

respectively. This gives a rough idea of the distribution of the estimated baseline

intensity function over the time interval t ∈ (0, T ]. More explicitly, in Figures 2.1-2.4

plots (a)-(d) display the estimated baseline intensity functions with plot (a) displaying

the case when the true κ = 2, plot (b) displaying the case when the true κ = 5, plot

(c) displaying the case when the true κ = 10, and plot (d) displaying the case when

the true κ = 15.

We also conduct the out of sample one step ahead point forecast by using the

estimated baseline intensity function in conjunction with the forecasting procedures

of Section 2.3. That is, based on the observational period T > 0, we use the ob-

served data
{
T1 = t1, . . . , TNG(T ) = tn(T )

}
to estimate the unknown baseline inten-

sity function. Then, using Proposition 16, we forecast the out of sample point event

TNG(T )+1 = tn(T )+1 from time T > 0. After that, for each i = 2, 3, . . . , 50, we

again use Proposition 16 to forecast the out of sample point events TNG(T )+i = tn(T )+i

from the true point event TNG(T )+i−1 = tn(T )+i−1. Next, we compare the one step

ahead point event forecast mean square error (MSE) of the predictions made based
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on the fitted IGP model to the one step ahead point event forecast MSE of the pre-

dictions made based on fitting a NHPP model with intensity function (2.1) (an IGP

with shape parameter κ = 1). Likewise, we compare the one step ahead point event

forecast MSE of the predictions made based on the fitted IGP model to the one step

ahead point event forecast MSE of the predictions made based on fitting a HPP model

with intensity function λ1(t) = λ (an IGP with baseline intensity function λ1(t) = λ

and shape parameter κ = 1), where t > 0. That is, for each i = 1, 2, . . . , 50, we

compare the MSE ratios

MSEIGP
NHPP :=

1
100

∑100
j=1

(
tnj(T )+i − T̂nj(T )+i

)2

1
100

∑100
j=1

(
tnj(T )+i − T̃nj(T )+i

)2

MSEIGP
HPP :=

1
100

∑100
j=1

(
tnj(T )+i − T̂nj(T )+i

)2

1
100

∑100
j=1

(
tnj(T )+i − Ťnj(T )+i

)2 , (2.35)

where tnj(T )+i (i = 1, 2, . . . , 50) is the true (nj(T ) + i)-th point event of the j-

th realization, and T̂nj(T )+i, T̃nj(T )+i, and Ťnj(T )+i are the out of sample one step

ahead predictions of tnj(T )+i under the IGP, NHPP, and HPP models, respectively.

In Figures 2.5-2.8, plots (a)-(d) display the 50 out of sample point forecast MSE ratios

of equation (2.35) for Cases 1-4, respectively. That is, in Figures 2.5-2.8 plots (a)-(d)

display the 50 out of sample point forecast MSE ratios with plot (a) displaying the

case when the true κ = 2, plot (b) displaying the case when the true κ = 5, plot

(c) displaying the case when the true κ = 10, and plot (d) displaying the case when

the true κ = 15. In each of the plots (a)-(b), the horizontal dashed line represents
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a MSE ratio equal to 1. Asymptotically, the MSE ratio is expected to be below one

for every n ≥ 1. The peaks in the MSE ratio plots which are greater than 1 are

caused by random variation of the processes. Table 2.2 gives the average forecast

MSE reduction of using our model as opposed to using a NHPP or a HPP model.

Overall, the simulation results demonstrate that our model can capture most of the

variation of any periodic or almost periodic baseline intensity function of an IGP with

shape parameter κ > 0.

To verify the theoretical results of Section 2.2, for each κ ∈ {2, 5, 10, 15}, we

calculate the sample means and standard errors of the parameter estimates from the

100 independent replicates of Case 1 and display them in Table 2.3. As one can see,

the sample means are close to the true parameter values and the sample standard

deviations are close to the asymptotic standard deviation results of Section 2.2.

2.5 Discussion and Conclusion

In this chapter, we have proposed a very general model for an inhomogeneous Gamma

process (IGP) which can have a baseline intensity function that can be periodic or

almost periodic in any shape. Through simulation, we demonstrated the ability of

our model to capture the form of various periodic or almost periodic baseline inten-

sity functions. The parameter estimation was based on the Bartlett periodogram.

Other estimation procedure, such as the method of maximum likelihood estimation

(MLE), can be considered but may be too computationally intensive. The parameter
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(a) (b)

(c) (d)

Figure 2.1: Based on the 100 replicated inhomogeneous Gamma process (IGP) models
with the Case 1 baseline intensity function λ1(t) = 1.6+cos

(
π

4
√

3
t
)

+ 1
2

cos
(

π
3
√

2
t+ π

4

)
,

where t > 0, this figure contains the estimated baseline intensity functions. Plots (a)-
(d) display the true baseline intensity function in solid black and the 100 estimated
baseline intensity functions in gray. Each estimation procedure was conducted as-
suming both the true κ and the true K parameter values were known a priori. Plot
(a) displays the case when the true κ = 2, plot (b) displays the case when the true
κ = 5, plot (c) displays the case when the true κ = 10, and plot (d) displays the case
when the true κ = 15.
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(a) (b)

(c) (d)

Figure 2.2: Based on the 100 replicated inhomogeneous Gamma process (IGP) models with the

Case 2 baseline intensity function λ1(t) =

√
3.1 + 3 cos

(
π

3
√
2
t
)
, where t > 0, this figure contains the

estimated baseline intensity functions. Plots (a)-(d) display the true baseline intensity function in
solid black and the 100 estimated baseline intensity functions in gray. The Case 2 baseline intensity
function does not have the same functional form of equation (2.1), and does not have a true K
parameter value. Each estimation procedure was conducted assuming that the true κ parameter
value was known a priori, and based on the Table 3.2 model selection results, we fit all of the IGP
models assuming that K = 1. Plot (a) displays the case when the true κ = 2, plot (b) displays the
case when the true κ = 5, plot (c) displays the case when the true κ = 10, plot (d) displays the case
when the true κ = 15.
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(a) (b)

(c) (d)

Figure 2.3: Based on the 100 replicated inhomogeneous Gamma process (IGP) models with the
Case 3 baseline intensity function λ1(t) = 0.1 + 1

2mod [t, 2π], where t > 0, this figure contains the
estimated baseline intensity functions. Plots (a)-(d) display the true baseline intensity function in
solid black and the 100 estimated baseline intensity functions in gray. The Case 3 baseline intensity
function does not have the same functional form of equation (2.1), and does not have a true K
parameter value. Each estimation procedure was conducted assuming that the true κ parameter
value was known a priori, and based on the Table 3.3 model selection results, we fit all of the IGP
models assuming that K = 2. Plot (a) displays the case when the true κ = 2, plot (b) displays the
case when the true κ = 5, plot (c) displays the case when the true κ = 10, plot (d) displays the case
when the true κ = 15.
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(a) (b)

(c) (d)

Figure 2.4: Based on the 100 replicated inhomogeneous Gamma process (IGP) models with the Case 4 baseline

intensity function λ1(t) = 1.3 exp
{

cos
(

π
3
√

2
t+ π

4

)}
, where t > 0, this figure contains the estimated baseline intensity

functions. Plots (a)-(d) display the true baseline intensity function in solid black and the 100 estimated baseline

intensity functions in gray. The Case 4 baseline intensity function does not have the same functional form of equation

(2.1), and does not have a true K parameter value. Each estimation procedure was conducted assuming that the true

κ parameter value was known a priori, and based on the Table 3.4 model selection results, we fit all of the IGP models

assuming that K = 1. Plot (a) displays the case when the true κ = 2, plot (b) displays the case when the true κ = 5,

plot (c) displays the case when the true κ = 10, plot (d) displays the case when the true κ = 15.

69



(a) (b)

(c) (d)

Figure 2.5: Based on the 100 replicated inhomogeneous Gamma process (IGP) models
with the Case 1 baseline intensity function λ1(t) = 1.6+cos

(
π

4
√

3
t
)

+ 1
2

cos
(

π
3
√

2
t+ π

4

)
,

where t > 0, plots (a)-(d) display the 50 out of sample point forecast MSE ratios of
equation (2.35). In each of the plots (a)-(b), the dashed line represents a MSE ratio
equal to 1. Asymptotically, the MSE ratio is expected to be below one for every
n ≥ 1. The peaks in the MSE ratio plots which are greater than 1 are caused by
random variation of the processes. Plot (a) displays the case when the true κ = 2,
plot (b) displays the case when the true κ = 5, plot (c) displays the case when the
true κ = 10, plot (d) displays the case when the true κ = 15.
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(a) (b)

(c) (d)

Figure 2.6: Based on the 100 replicated inhomogeneous Gamma process (IGP) models

with the Case 2 baseline intensity function λ1(t) =

√
3.1 + 3 cos

(
π

3
√

2
t
)
, where t > 0,

plots (a)-(d) display the 50 out of sample point forecast MSE ratios of equation
(2.35). In each of the plots (a)-(b), the dashed line represents a MSE ratio equal to
1. Asymptotically, the MSE ratio is expected to be below one for every n ≥ 1. The
peaks in the MSE ratio plots which are greater than 1 are caused by random variation
of the processes. Plot (a) displays the case when the true κ = 2, plot (b) displays the
case when the true κ = 5, plot (c) displays the case when the true κ = 10, plot (d)
displays the case when the true κ = 15. 71



(a) (b)

(c) (d)

Figure 2.7: Based on the 100 replicated inhomogeneous Gamma process (IGP) models
with the Case 3 baseline intensity function λ1(t) = 0.1 + 1

2
mod [t, 2π], where t > 0,

plots (a)-(d) display the 50 out of sample point forecast MSE ratios of equation
(2.35). In each of the plots (a)-(b), the dashed line represents a MSE ratio equal to
1. Asymptotically, the MSE ratio is expected to be below one for every n ≥ 1. The
peaks in the MSE ratio plots which are greater than 1 are caused by random variation
of the processes. Plot (a) displays the case when the true κ = 2, plot (b) displays the
case when the true κ = 5, plot (c) displays the case when the true κ = 10, plot (d)
displays the case when the true κ = 15.
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(a) (b)

(c) (d)

Figure 2.8: Based on the 100 replicated inhomogeneous Gamma process (IGP) models
with the Case 4 baseline intensity function λ1(t) = 1.3 exp

{
cos
(

π
3
√

2
t+ π

4

)}
, where

t > 0, plots (a)-(d) display the 50 out of sample point forecast MSE ratios of equation
(2.35). In each of the plots (a)-(b), the dashed line represents a MSE ratio equal to
1. Asymptotically, the MSE ratio is expected to be below one for every n ≥ 1. The
peaks in the MSE ratio plots which are greater than 1 are caused by random variation
of the processes. Plot (a) displays the case when the true κ = 2, plot (b) displays the
case when the true κ = 5, plot (c) displays the case when the true κ = 10, plot (d)
displays the case when the true κ = 15.
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Case 1 Case 2 Case 3 Case 4

Φ
Ψ
κ

2.231952%
28.56207%

2

1.056035%
20.18019%

2

1.36506%
16.41724%

2

0.8013656%
31.91568%

2

Φ
Ψ
κ

7.102561%
36.84359%

5

3.786789%
24.11509%

5

3.602002%
13.70757%

5

10.43899%
39.25226%

5

Φ
Ψ
κ

10.67907%
34.76953%

10

4.200295%
11.74642%

10

1.776125%
4.522555%

10

7.786045%
20.65559%

10

Φ
Ψ
κ

8.826937%
22.06252%

15

2.32156%
4.432919%

15

1.651595%
4.002103%

15

2.027092%
7.520595%

15

Table 2.2: The table displays the average out of sample forecast MSE (equation
(2.35)) reduction when forecasting with an IGP model as opposed to forecasting with
a NHPP or a HPP model. In the table, we denote the average out of sample forecast
MSE reduction when forecasting with an IGP model as opposed to forecasting with
a NHPP model with Φ. And we denote the average out of sample forecast MSE
reduction when forecasting with an IGP model as opposed to forecasting with a HPP
model with Ψ. Overall, the simulation results demonstrate that our model can capture
most of the variation of any periodic or almost periodic baseline intensity function of
an IGP with shape parameter κ > 0.

74



P
ar
am

et
er

ω
1

ω
2

A
1

A
2

φ
1

φ
2

B

tr
ue

va
lu
e

0.
45

34
5

0.
74

04
8

1
0.
5

0
0.
78

54
0

1.
6

κ
=

2

sa
m
pl
e
m
ea
n

0.
45

34
80

2
0.
74

06
48

8
0.
99

83
26

5
0.
49

65
85

9
-0
.0
16

77
32

0.
69
62

79
4

1.
60

08
71

as
ym

pt
ot
ic

sd
0.
00

01
95

95
92

0.
00

03
91

91
84

0.
05

65
69

0.
05

65
69

0.
11

31
37

0.
22

62
74

0.
04

sa
m
pl
e
sd

0.
00

01
69

68
83

0.
00

04
16

49
92

0.
05

89
21
42

0.
06

12
59

9
0.
10

81
24

9
0.
25

30
01

9
0.
03

87
38

55

κ
=

5

sa
m
pl
e
m
ea
n

0.
45

35
3

0.
74

04
95

6
1.
00

00
81

0.
49

70
59

8
-0
.0
04

94
64

07
0.
76

25
44

6
1.
59

98
97

as
ym

pt
ot
ic

sd
4.
95

74
19

e-
05

9.
91

48
37

e-
05

0.
03

57
77

0.
03
57

77
0.
07

15
54

0.
14
31

08
0.
02

52
98

sa
m
pl
e
sd

5.
88

63
84

e-
05

0.
00

01
28

30
16

0.
03

67
16

24
0.
45

08
18

0.
08

13
16

32
0.
17

94
64

5
0.
02

66
67

38

κ
=

10

sa
m
pl
e
m
ea
n

0.
45
34

54
0.
74

04
78

8
1.
00

01
7

0.
51

54
57

7
-0
.0
13

23
34

8
0.
78

24
43

6
1.
60

22
32

as
ym

pt
ot
ic

sd
1.
75
27

12
e-
05

3.
50

54
24

e-
05

0.
02

52
98

0.
02
52

98
0.
05

05
96

4
0.
10

11
92

0.
01

78
89

sa
m
pl
e
sd

3.
10
79

52
e-
05

9.
12

40
9e
-0
5

0.
04

14
86

36
0.
05

26
53

25
0.
09

04
13

78
0.
25

33
04

3
0.
02

41
70

23

κ
=

1
5

sa
m
pl
e
m
ea
n

0.
45

34
48

9
0.
74

72
94

4
1.
00

36
66

0.
50

87
40

9
0.
00

60
10
87

6
0.
79

16
84

7
1.
60

38
27

as
ym

pt
ot
ic

sd
8.
66

02
54

e-
06

1.
73

20
51

e-
05

0.
02

0.
02

0.
04

0.
08

0.
01

41
42

sa
m
pl
e
sd

2.
11

43
41

e-
05

0.
06

81
72

31
0.
04

49
55

07
0.
07

30
42

13
0.
09

74
60

41
0.
33

45
34

9
0.
01

96
97

64

Ta
bl
e
2.
3:

T
he

m
ea
ns

an
d
st
an

da
rd

er
ro
rs

of
th
e
pa

ra
m
et
er

es
ti
m
at
es

fr
om

th
e
10

0
re
pl
ic
at
es

of
th
e
in
ho

m
og

en
eo
us

G
am

m
a
pr
oc
es
s
m
od

el
s
w
it
h
th
e
C
as
e
1
ba

se
lin

e
in
te
ns
ity

fu
nc
ti
on

λ
1
(t

)
=

1.
6

+
co

s
( π 4
√

3
t) +

1 2
co

s
( π 3
√

2
t

+
π 4

) ,w
he
re

t
>

0,
di
sp
la
ye
d
by

th
e
tr
ue

κ
=

2,
5,

10
,

15
pa

ra
m
et
er

va
lu
es
.
T
he

es
ti
m
at
io
n
pr
oc
ed
ur
e
w
as

co
nd

uc
te
d
as
su
m
in
g
th
at

bo
th

th
e
tr
ue

κ
an

d
th
e
tr
ue

K
pa

ra
m
et
er

va
lu
es

w
er
e
kn

ow
n
a
pr
io
ri
.

75



estimates proposed in this chapter can be potentially used as the initial values for

a computational MLE procedure. The selection of K, where K is the number of

periodic components in the model, and the selection of the shape parameter κ, for

the particular case when κ ∈ N, will be discussed in Chapter 3.
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Chapter 3

Determining κ and K by the AIC and
the BIC Model Selection Criteria

3.1 Introduction

Let {NG(t), t > 0} be an inhomogeneous Gamma process (IGP) with baseline inten-

sity function λ1(· ) > 0 and shape parameter κ ∈ N, which satisfies the Chapter 2

Assumptions 1-3. In this chapter, we propose a method for estimating the positive

integer shape parameter κ and the number of periodic components, K, of the IGP

{NG(t), t > 0}. The proposed method of selecting the κ and the K parameter val-

ues is similar to the order selection of an ARMA process in time series: there is no

unique and “best” or “correct” model selection method, and practitioners usually con-

sider multiple model selection criteria. Analogous to time series analysis, we propose

to consider different model selection criteria to produce candidates for the κ and the

K parameter values in the framework of our model, and then examine the model

fitting to select the best κ and K parameter values.
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This chapter is organized as follows. In Section 3.2, we propose that the Akaike

information criterion (AIC, Akaike 1974) and the Bayesian information criterion (BIC,

Schwarz 1978) be used as procedures for obtaining candidate values for the κ and

the K parameters. In Section 3.3, we combine the Bartlett periodogram estimation

procedure of Section 2.2 with the AIC and the BIC estimation procedure of Section

3.2 and apply them to all the simulated IGP models of Section 2.4. Lastly, in Section

3.4, we apply our estimation procedure to a real data set.

3.2 The AIC and the BIC Procedure for Selecting
the κ and the K Parameter Values

Let {NG(t), t > 0} be an inhomogeneous Gamma process (IGP) with baseline

intensity function λ1(· ) > 0 and shape parameter κ ∈ N, which satisfies the Chapter

2 Assumptions 1-3. For the special case of an IGP with shape parameter κ = 1

(a nonhomogeneous Poisson process (NHPP)), Shao (2010) proposed that with the

known value of K, where K is the number of periodic components of λ1(· ) > 0,

one can use the Bartlett periodogram parameter estimates of λ1(· ) > 0 as “good”

initial values for a computational maximum likelihood estimation (MLE) procedure

of estimating λ1(· ) > 0. Under the assumption that K is known, Shao (2010) showed

that if we use the Bartlett periodogram estimates of λ1(· ) > 0 as the initial values for a

MLE method of estimating λ1(· ) > 0, then the corresponding MLE are asymptotically

consistent and normally distributed. Therefore, for a NHPP (an IGP with κ = 1)
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with intensity function λ1(· ) > 0, the regularity conditions for the Akaike information

criterion (AIC, Akaike 1974) and the Bayesian information criterion (BIC, Schwarz

1978) model selection procedures are satisfied. Hence, for the NHPP with intensity

function λ1(· ) > 0, one can use the AIC and the BIC model section criteria to produce

candidate values for K. Based on the fact that when κ ∈ N the IGP can be viewed

as a process which samples every κ event of a NHPP (Berman (1981)) and based on

the Chapter 3 theoretical findings of Shao (2010), we propose the AIC and the BIC

model selection procedures for producing candidate values for κ and K.

We now describe the proposed method of producing candidate values for the shape

parameter κ ∈ N and the number of periodic components, K, in the framework of our

model. For candidate values of κ ∈ N and K ∈ {0}∪N, use the Bartlett periodogram

estimation procedure of Section 2.2 to estimate the unknown parameter values of the

baseline intensity function λ1(· ) > 0, defined as in equation (2.1). After that, use

the resulting parameter estimates as the initial values for a computational maximum

likelihood method of estimating the unknown parameters of λ1(· ) > 0. We applied

the above estimation procedure to the simulated IGP models of Section 2.2.

We begin by describing our empirical findings from the above estimation procedure

to the simulated IGP models of Section 2.2, which had the Case 1 baseline intensity

function and a given shape parameter of the form κ = 2, 5, 10, 15. For these

simulated data sets, we applied the above estimation procedure by assuming different

κ and K parameter values, then producing the corresponding Bartlett periodogram
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estimates of λ1(· ) > 0 as the initial values for the MLE procedure of estimating the

unknown parameters of λ1(· ) > 0. When the true κ = 2, we applied the procedure

with κ ∈ {1, 2, . . . , 5} as candidate values for κ; when the true κ = 5, we applied

the procedure with κ ∈ {1, 2, . . . , 10} as candidate values for κ; when the true

κ = 10, we applied the procedure with κ ∈ {1, 2, . . . , 15} as candidate values for

κ; and when the true κ = 15, we applied the procedure with κ ∈ {1, 2, . . . , 20} as

candidate values for κ. In each case, we applied the procedure withK ∈ {0, 1, . . . , 4}

as candidate values for K. We only considered small values for κ because as κ gets

large, the shape of the joint density function (1.3), and hence the log-likelihood values

for a given data set, varies slowly with increasing values of κ. Since there are two

periodic components in the Case 1 baseline intensity function, we only considered

small values for K in the estimation procedure. We did this because we defined the

estimate of B as B̂T := max
{

1
T
NG(T )κ,

∑K
k=1 Âk

}
, where T > 0 is the observational

length of the IGP, the Âk’s are the estimated amplitudes of λ1(· ) > 0, and NG(T )

is the count at observational time T . So, the larger the candidate K value, the

more likely the overestimate of the B parameter value. When using the Bartlett

periodogram estimates, with the true κ and the true K values of the Case 1 baseline

intensity function as the initial values for a MLE procedure, the absolute error between

the initial values and the MLE values approaches 0 as the observation time increases.

Otherwise, when we use different κ andK values, the absolute error between the initial

values and the MLE values did not approach 0 as the observation time increased.
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The small absolute error between our proposed method of parameter estimation and

the MLE method of parameter estimation, along with the fact that when κ ∈ N

the IGP can be viewed as a process which samples very κ event of a NHPP, lead

us to conjecture that the MLE’s of the unknown parameters of λ1(· ) > 0 in the

IGP frame work are consistent and are asymptotically normally distributed as the

observation time T > 0 increases. Therefore, the AIC and the BIC method of model

selection can potentially be justified (establishing the consistency and the asymptotic

normality of the MLE is an ongoing research problem) and we propose to define the

AIC and the BIC as in Chapter 3 of Shao (2010). More explicitly, we propose to define

AIC := −2L
(
θ̂MLE

)
+ 2 (3K + 1) and BIC := −2L

(
θ̂MLE

)
+ (5K + 1) log (T ),

where log(·) is the natural logarithm, θ̂MLE is the MLE parameter estimates of λ1(· ) >

0, and L (·) is the log-likelihood of the data. In both the AIC and the BIC model

selection procedures, the model which yields the smallest AIC/BIC value, respectively,

is considered the best approximation of the true model in question. The proposed

model selection procedure is described below.

For a given set of data, consider the candidate values κ = κ1, κ2, . . . , κκ̃ and

K = K1, K2, . . . , KK̃ , where κκ̃ and KK̃ are the largest of the κ and the K

candidate values under consideration. Let θ denote the unknown parameter values

of the baseline intensity function λ1(· ) > 0 (not including the unknown κ and K

parameter values), let θ̂BPκi, Kj denote the Bartlett periodogram estimates for θ which

were produced under the assumption that the true κ = κi and the true K = Kj, and
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let θ̂MLE
κi, Kj

denote the maximum likelihood estimates of θ which were produced using

θ̂BPκi, Kj as the initial values for the MLE procedure.

Step 1 Initialize i = 1 and j = 1.

Step 2 Fix κ = κi.

Step 3 Fix K = Kj and let θ̂BPκi, Kj be the corresponding Bartlett periodogram esti-

mates of θ.

Step 4 Let θ̂BPκi, Kj be the initial values for a MLE procedure and let θ̂MLE
κi, Kj

be the

corresponding MLE of θ.

Step 5 Calculate the AIC and the BIC values using the MLE θ̂MLE
κi, Kj

.

Step 6 If i = κ̃ and j = K̃, go to Step 7. Else if i < κ̃ and j = K̃, update i = i + 1

and go to Step 2. Else if i 6= κ̃ and j 6= K̃, update j = j + 1 and go to Step 3.

Step 7 Using the parameter estimates θ̂MLE
κi, Kj

, where i ∈ {1, 2, . . . , κ̃} and j ∈

{1, 2, . . . , K̃}, select the κ and K parameter values based on the following

two criteria. If the AIC and the BIC select the same κ and K values, then

define the κ and the K estimates as these values. If the AIC and the BIC

criteria select different κ and K values, then conduct out of sample predictions

and select the model with the smaller (averaged) squared prediction error.
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3.3 Simulation

In this section, we consider the same Cases 1-4 periodic or almost periodic baseline

intensity functions of Section 2.4:

Case 1 : λ1(t) = 1.6 + cos

(
π

4
√

3
t

)
+

1

2
cos

(
π

3
√

2
t+

π

4

)
,

Case 2 : λ1(t) =

√
3.1 + 3 cos

(
π

3
√

2
t

)
,

Case 3 : λ1(t) = 0.1 +
1

2
mod [t, 2π] ,

Case 4 : λ1(t) = 1.3 exp

{
cos

(
π

3
√

2
t+

π

4

)}
,

with shape parameters κ ∈ {2, 5, 10, 15}, where t > 0. We use the same simulated

inhomogeneous Gamma process (IGP) data sets described in Section 2.4 and are

summarized in Table 2.1. We recall that there are 100 independent IGP realizations

for each baseline intensity function and shape parameter combination. For each sim-

ulated data set, we simulate 50 out-of-sample data points accordingly to assess the

out-of-sample predictions. We perform the estimation analysis using the procedures

described in Section 3.2. Tables 3.1-3.4 summarize the candidate values for the shape

parameter κ and the number of periodic components K.

We begin by summarizing the proposed candidate values for the shape parameter

κ and the number of frequency components K. For each simulated data set, the

candidate values for K = 0, 1, . . . , 4, where K = 0 implies a gamma renewal process
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model. For a data set with the true κ = 2, the candidate values for κ were κ =

1, 2, . . . , 5. For a data set with the true κ = 5, the candidate values for κ were

κ = 1, 2, . . . , 10. For a data set with the true κ = 10, the candidate values for κ

were κ = 1, 2, . . . , 15. Lastly, for a data set with the true κ = 15, the candidate

values for κ were κ = 1, 2, . . . , 20.

We now summarize the estimated values for the shape parameter κ and the es-

timated values for the number of frequency components K. Tables 3.1-3.4 contain

the exact counts of the number of times that a particular (κ, K) combination was

chosen for a particular IGP model that was simulated 100 times. Table 3.1 contains

the counts for all the Case 1 data sets, Table 3.2 contains the counts for all the Case

2 data sets, Table 3.3 contains the counts for all the Case 3 data sets, and Table 3.4

contains the counts for all the Case 4 data sets. For Tables 3.1-3.4, in each cell of

sub-tables (a)-(d), the top value corresponds to the number of times the AIC selected

the particular (κ, K) combination, the middle value corresponds to the number of

times the BIC selected the particular (κ, K) combination, and the bottom value

corresponds to the number of times that our model selection procedure (as defined in

Step 7 of Section 3.2) selected the particular (κ, K) combination.

For all the simulated Case 1 data sets, the estimation procedure estimated the

correct κ and K values most often. When the true κ = 2 and the true K = 2, the

AIC estimation procedure had a 96% success rate and the BIC estimation procedure

had a 100% success rate. The final model selection procedure had an overall success
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rate of 99%. When the true κ = 5 and the true K = 2, the AIC estimation procedure

had a 94% success rate and the BIC estimation procedure had a 95% success rate.

The final model selection procedure had an overall success rate of 95%. When the

true κ = 10 and the true K = 2, the AIC, the BIC, and the final estimation procedure

each had a 78% success rate. When the true κ = 15 and the true K = 2, the AIC, the

BIC, and the final estimation procedure each had a 47% success rate. We notice that

in all the simulations, K is estimated with an almost 100% success rate. However,

we notice that as κ increases, the variability among the κ estimates increases. A

possible explanation for this is because as κ gets large, the shape of the joint density

function (1.3), and hence the log-likelihood values for a given data set, varies slowly

with increasing values of κ. For a comparison of the estimation procedure when

the true κ = 15, we pool together the number of times the estimation procedures

estimated K = 2, κ = 14, 15, and 16, and we get the following estimation results.

The AIC estimation procedure had an overall success rate of 97%, and the BIC and

the final model selection procedure had an overall success rate of 96% for estimating

κ ∈ {14, 15, 16} and K = 2. Overall, Table 3.1 demonstrates that for an IGP model

with baseline intensity function of the form (2.1) and with shape parameter of the

form κ ∈ N, our estimation procedure produced reasonable estimates for the shape

parameter κ and excellent estimates for the number of periodic components K.

All the simulated IGP models of Section 2.2 with the baseline intensity function

of the forms given in Cases 2-4 do not have a true K parameter value. However, the
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Cases 2-4 baseline intensity functions can be well approximated by a functional of

the form (2.1), which does have a K parameter value. So we estimated the Cases

2-4 baseline intensity functions with a functional of the form (2.1) and the results are

presented below.

Per Table 3.2, for the Case 2 data sets, when the true κ = 2, the AIC, the BIC,

and the final estimation procedure had a 100% success rate for estimating κ. When

the true κ = 5, the AIC, the BIC, and the final estimation procedure had a 94%

success rate for estimating κ. When the true κ = 10, the AIC estimation procedure

had a 60% success rate for estimating κ and the BIC estimation procedure had a

63% success rate for estimating κ. The final model selection procedure had an overall

success rate of 64% for estimating κ. When the true κ = 15, the AIC estimation

procedure had a 39% success rate for estimating κ and the BIC estimation procedure

had a 52% success rate for estimating κ. The final model selection procedure had

an overall success rate of 47% for estimating κ. We notice that as κ increases, the

variability among the κ estimates increases. A possible explanation for this is because

as κ gets large, the shape of the joint density function (1.3), and hence the log-

likelihood values for a given data set, varies slowly with increasing values of κ. For a

comparison of the estimation procedure when the true κ = 15, we pool together the

number of times the estimation procedures estimated κ = 14, 15, and 16, and we get

the following estimation results. The AIC estimation procedure had a 89% success

rate for estimating κ ∈ {14, 15, 16} and the BIC estimation procedure had a 95%
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success rate for estimating κ ∈ {14, 15, 16}. The final model selection procedure

had an overall success rate of 91% for estimating κ ∈ {14, 15, 16}.

Per Table 3.3, for the Case 3 data sets, when the true κ = 2, the AIC, the BIC, and

the final estimation procedure each had a 100% success rate for estimating κ. When

the true κ = 5, the AIC, the BIC, and the final estimation procedure each had a 93%

success rate for estimating κ. When the true κ = 10, the AIC estimation procedure

had a 67% success rate for estimating κ and the BIC estimation procedure had a

69% success rate for estimating κ. The final model selection procedure had an overall

success rate of 67% for estimating κ. When the true κ = 15, the AIC estimation

procedure had a 50% success rate for estimating κ and the BIC estimation procedure

had a 57% success rate for estimating κ. The final model selection procedure had

an overall success rate of 53% for estimating κ. We notice that as κ increases, the

variability among the κ estimates increases. A possible explanation for this is because

as κ gets large, the shape of the joint density function (1.3), and hence the log-

likelihood values for a given data set, varies slowly with increasing values of κ. For a

comparison of the estimation procedure when the true κ = 15, we pool together the

number of times the estimation procedures estimated κ = 14, 15, and 16, and we get

the following estimation results. The AIC estimation procedure had a 94% success

rate for estimating κ ∈ {14, 15, 16} and the BIC estimation procedure had a 97%

success rate for estimating κ ∈ {14, 15, 16}. The final model selection procedure

had an overall success rate of 96% for estimating κ ∈ {14, 15, 16}.
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Per Table 3.4, for the Case 4 data sets, when the true κ = 2, the AIC, the BIC, and

the final model selection procedure has a 100% success rate for estimating κ. When

the true κ = 5, the AIC estimation procedure had a 93% success rate for estimating κ

and the BIC estimation procedure had a 95% success rate for estimating κ. The final

model selection procedure had an overall success rate of 95% for estimating κ. When

the true κ = 10, the AIC estimation procedure had a 64% success rate for estimating κ

and the BIC estimation procedure had a 69% success rate for estimating κ. The final

model selection procedure had an overall success rate of 68% for estimating κ. When

the true κ = 15, the AIC estimation procedure had a 57% success rate for estimating

κ and the BIC estimation procedure had a 59% success rate for estimating κ. The

final model selection procedure had an overall success rate of 59% for estimating κ.

We notice that as κ increases, the variability among the κ estimates increases. A

possible explanation for this is because as κ gets large, the shape of the joint density

function (1.3), and hence the log-likelihood values for a given data set, varies slowly

with increasing values of κ. For a comparison of the estimation procedure when

the true κ = 15, we pool together the number of times the estimation procedures

estimated κ = 14, 15, and 16, and we get the following estimation results. The AIC

estimation procedure had a 97% success rate for estimating κ ∈ {14, 15, 16} and the

BIC estimation procedure had a 99% success rate for estimating κ ∈ {14, 15, 16}.

The final model selection procedure had an overall success rate of 99% for estimating

κ ∈ {14, 15, 16}.
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Overall, Tables 3.2-3.4 demonstrate that our estimation procedure produced rea-

sonable estimates for the shape parameter κ when the true baseline intensity function

is periodic and not of the same functional form as (2.1).

3.4 A Bedload Transport Example

In this section, we reanalyze the occurrence times of bedload movements (defined

below) in two streams which were initially described in Carling and Hurley (1987)

and analyzed in Hurley (1992). As stated in Hurley (1992), when modeling event

occurrences in time, the homogeneous Poisson process (HPP) model is a natural

first choice. However, when it is evident from the data that the rate of occurrence

has fluctuated over the observational period, the nonhomogeneous Poisson process

(NHPP) is a sensible second choice model. The inhomogeneous Gamma process

(IGP) is a valuable third choice model because it is a natural extension of both the

HPP and NHPP. The IGP model rarely has been fitted to point process data because

of the awkward form of the conditional intensity function of the IGP. However, in

Hurley’s (1992) paper, the occurrence of bedload movements was modeled as an

IGP with a purely periodic baseline intensity function and we attempt to model

the bedload movement occurrence data as an IGP with an almost periodic baseline

intensity function which satisfies the Chapter 2 Assumptions 1-3. We organize the

rest of this section as follows. First, we describe the bedload movement occurrence

data which were analyzed in Hurley (1992). Second, we summarize the periodic IGP
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κ�K K = 2 K = 3

κ = 2
96
100
99

4
0
1

κ�K K = 2 K = 3

κ = 5
94
95
95

1
0
0

κ = 6
5
5
5

0
0
0

True κ = 2, True K = 2 True κ = 5, True K = 2

(a) (b)

κ�K K = 2

κ = 9
10
10
10

κ = 10
78
78
78

κ = 11
12
12
12

κ�K K = 1 K = 2

κ = 14
0
1
1

22
21
21

κ = 15
0
0
0

47
47
47

κ = 16
0
0
0

28
28
28

κ = 17
0
0
0

3
3
3

True κ = 10, True K = 2 True κ = 15, True K = 2

(c) (d)

Table 3.1: This table contains the counts of the number of times that a particular
(κ, K) combination was chosen out of the 100 simulated IGP with baseline intensity
function of the form λ1(t)=1.6+cos

(
π

4
√

3
t
)

+ 1
2

cos
(

π
3
√

2
t+ π

4

)
, where 0 < t ≤ T . In

each cell of sub-tables (a)-(d), the top value corresponds to the number of times the
AIC selected the particular (κ, K) combination, the middle value corresponds to the
number of times the BIC selected the particular (κ, K) combination, and the bottom
value corresponds to the number of times that the model selection procedure selected
the particular (κ, K) combination. In each cell of Tables (a)-(d), the top value
corresponds to the AIC counts, the middle value corresponds to the BIC counts, and
the bottom value corresponds to the final model selection counts. In each simulation,
the number of periodic components was K = 2, and the candidate values for K were
0, 1, . . . , 4. In Table (a), the true value of κ is 2, and the candidate values for κ were
1, 2, . . . , 5. In Table (b), the true value of κ is 5, and the candidate values for κ were
1, 2, . . . , 10. In Table (c), the true value of κ is 10, and the candidate values for κ
were 1, 2, . . . , 15. In Table (d), the true value of κ is 15, and the candidate values
for κ were 1, 2, . . . , 20.
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κ�K K = 1 K = 2 K = 3

κ = 2
2

100
65

16
0
11

82
0
24

κ�K K = 1 K = 2 K = 3

κ = 4
0
2
1

0
0
0

2
0
1

κ = 5
9
94
51

36
0
20

49
0
23

κ = 6
0
4
2

4
0
2

0
0
0

True κ = 2 True κ = 5

(a) (b)

κ�K K = 1 K = 2 K = 3

κ = 8
0
1
0

1
0
1

0
0
0

κ = 9
0
13
7

6
0
2

10
0
4

κ = 10
6
63
38

40
0
22

14
0
4

κ = 11
0
23
13

21
0
8

2
0
1

κ�K K = 1 K = 2 K = 3

κ = 13
1
4
4

3
0
0

2
0
1

κ = 14
5
23
14

17
1
9

2
0
1

κ = 15
9
51
35

23
1
10

7
0
2

κ = 16
5
19
13

20
0
7

1
0
0

κ = 17
0
1
1

5
0
3

0
0
0

True κ = 10 True κ = 15

(c) (d)

Table 3.2: This table contains the counts of the number of times that a particular
(κ, K) combination was chosen out of the 100 simulated IGP with baseline intensity
function λ1(t) =

√
3.1 + 3 cos( π

3
√

2
t), where 0 < t ≤ T . In each cell of sub-tables (a)-

(d), the top value corresponds to the number of times the AIC selected the particular
(κ, K) combination, the middle value corresponds to the number of times the BIC
selected the particular (κ, K) combination, and the bottom value corresponds to the
number of times that the model selection procedure selected the particular (κ, K)
combination. For each simulation, the candidate values for K were 0, 1, . . . , 4. In
Table (a), the true value of κ is 2, and the candidate values for κ were 1, 2, . . . , 5. In
Table (b), the true value of κ is 5, and the candidate values for κ were 1, 2, . . . , 10. In
Table (c), the true value of κ is 10, and the candidate values for κ were 1, 2, . . . , 15.
In Table (d), the true value of κ is 15, and the candidate values for κ were 1, 2, . . . , 20.
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κ�K K = 2 K = 3

κ = 2
69
100
91

31
0
9

κ�K K = 1 K = 2 K = 3

κ = 4
0
0
0

2
2
2

0
0
0

κ = 5
0
2
1

83
91
91

10
0
1

κ = 6
0
0
0

5
5
5

0
0
0

True κ = 2 True κ = 5

(a) (b)

κ�K K = 1 K = 2 K = 3

κ = 9
0
2
2

12
11
11

2
0
1

κ = 10
0
8
3

66
61
64

1
0
0

κ = 11
0
0
0

19
18
19

0
0
0

κ�K K = 1 K = 2 K = 3

κ = 13
0
1
1

1
0
0

2
0
0

κ = 14
9
27
20

12
0
5

4
0
0

κ = 15
14
56
36

32
1
17

4
0
0

κ = 16
4
13
11

12
0
7

3
0
0

κ = 17
1
2
2

2
0
1

0
0
0

True κ = 10 True κ = 15

(c) (d)

Table 3.3: This table contains the counts of the number of times that a particular
(κ, K) combination was chosen out of the 100 simulated IGP with baseline intensity
function λ1(t) = 0.1 + 1

2
mod [t, 2π], where 0 < t ≤ T . In each cell of sub-tables (a)-

(d), the top value corresponds to the number of times the AIC selected the particular
(κ, K) combination, the middle value corresponds to the number of times the BIC
selected the particular (κ, K) combination, and the bottom value corresponds to the
number of times that the model selection procedure selected the particular (κ, K)
combination. For each simulation, the candidate values for K were 0, 1, . . . , 4. In
Table (a), the true value of κ is 2, and the candidate values for κ were 1, 2, . . . , 5. In
Table (b), the true value of κ is 5, and the candidate values for κ were 1, 2, . . . , 10. In
Table (c), the true value of κ is 10, and the candidate values for κ were 1, 2, . . . , 15.
In Table (d), the true value of κ is 15, and the candidate values for κ were 1, 2, . . . , 20.
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κ�K K = 1 K = 2

κ = 2
53
100
90

47
0
10

κ�K K = 1 K = 2

κ = 4
0
1
1

6
3
3

κ = 5
82
95
94

11
0
1

κ = 6
1
1
1

0
0
0

True κ = 2 True κ = 5

(a) (b)

κ�K K = 1 K = 2

κ = 8
0
0
0

5
1
2

κ = 9
18
19
19

0
0
0

κ = 10
63
69
68

1
0
0

κ = 11
10
10
10

2
0
0

κ = 12
1
1
1

0
0
0

κ�K K = 1 K = 2

κ = 13
0
1
1

1
0
0

κ = 14
21
23
23

0
0
0

κ = 15
53
59
59

4
0
0

κ = 16
15
16
16

4
1
1

κ = 17
0
0
0

1
0
0

κ = 18
0
0
0

1
0
0

True κ = 10 True κ = 15

(c) (d)

Table 3.4: This table contains the counts of the number of times that a particular
(κ, K) combination was chosen out of the 100 simulated IGP with baseline intensity
function λ1(t) = 1.3 exp

{
cos
(

π
3
√

2
t+ π

4

)}
, where 0 < t ≤ T . In each cell of sub-

tables (a)-(d), the top value corresponds to the number of times the AIC selected
the particular (κ, K) combination, the middle value corresponds to the number of
times the BIC selected the particular (κ, K) combination, and the bottom value
corresponds to the number of times that the model selection procedure selected the
particular (κ, K) combination. For each simulation, the candidate values for K were
0, 1, . . . , 4. In Table (a), the true value of κ is 2, and the candidate values for κ were
1, 2, . . . , 5. In Table (b), the true value of κ is 5, and the candidate values for κ were
1, 2, . . . , 10. In Table (c), the true value of κ is 10, and the candidate values for κ
were 1, 2, . . . , 15. In Table (d), the true value of κ is 15, and the candidate values
for κ were 1, 2, . . . , 20.
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models considered in Hurley (1992) and his empirical findings. Lastly, we reanalyze

Hurley’s (1992) bedload movement occurrence data in the framework of our almost

periodic IGP model.

We now describe the bedload movement occurrence data which were analyzed in

Hurley (1992). As part of a larger study to investigate the effects of human activities,

such as impounding water in regulatory reservoirs on salmonid fish (Salmo trutta), the

Great Eggleshope Beck and the Carl Beck streams (which are two small unregulated

streams located in Upper Teesdale, UK) were selected for the monitoring of bedload

throughput. Hurley (1992) argues that studies on unregulated streams, such as these

two, permit for future comparisons with streams that have been affected by human

activities. The features of the two lakes are described in Carling and Reader (1982). A

pit-type bedload trap was dug in each stream across the width of the bed and close to

the catchment outlets. A bedload movement event was defined as any discharge which

transported coarse sand and granules, greater than 2mm, into the trap. Salmonids

bury their eggs in the top 20 cm of the gravel bed and an event of this size would cause

disturbance of the bed where the eggs lie. Thus, usually during heavy rainfall, the

times of bedload movement events may influence the spawning success of salmonid

fish. The occurrence times of 78 events in Great Eggleshope and 82 events in Carl

Beck over a six year period were recorded and are provided in Appendix A of Hurley

(1992). For both the Great Eggleshope Beck and the Carl Beck data, Hurley (1992)

states that the histograms of monthly frequencies of events show a seasonal cycle with
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winter peaks, summer lows, and a possible small spring peak.

We now present the IGP models which were considered in Hurley (1992) and sum-

marize his empirical findings. In his paper, Hurley proposed to fit an IGP model using

an iterative reweighted least-squares regression procedure for the maximum likelihood

estimation. However, Hurley’s procedure does not estimate κ, so he performs his es-

timation procedure by substituting in candidate values for κ. He then performs some

log-likelihood ratio test within nested models to determine the appropriate number

of periodic and trend components to include in his models. Then he defines the esti-

mate of κ as the κ value which gave rise to the IGP model with the largest maximum

likelihood among the candidate models. Fifteen IGP models were fitted to the data,

with candidate shape parameter κ = 1 (the nonhomogeneous Poisson process), κ = 2,

and κ = 3, each with the following baseline intensity functions:

Case 1 λ1(t) := exp {β0}

Case 2 λ1(t) := exp {β0 + A1 cos(ω1t) +B1 sin(ω1t)}

Case 3 λ1(t) := exp {β0 + A1 cos(ω1t) +B1 sin(ω1t) + β1t}

Case 4 λ1(t) := exp {β0 + A1 cos(ω1t) +B1 sin(ω1t) + β1t+ A2 cos(ω2t) +B2 sin(ω2t)}

Case 5 λ1(t) := exp{β0 + A1 cos(ω1t) +B1 sin(ω1t) + β1t+ A2 cos(ω2t) +B2 sin(ω2t)

+ A3 cos(ω3t) +B3 sin(ω3t)},

where t > 0, the frequencies ω1 = 2π
365.25

, ω2 = 2 2π
365.25

, and ω3 = 3 2π
365.25

are assumed
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known a priori, and the parameters Ai (i = 1, 2, 3), Bi (i = 1, 2, 3), and β1

are unknown. The frequencies correspond to a cycle of period 1 year, to a cycle

of period 1
2
year, and to a cycle of period 1

3
year, respectively. Hurley (1992) uses

his iterative reweighted least squares procedure to fit a given IGP model to each

data set individually. After fitting the above models to the data sets, Hurley (1992)

concludes that the log-likelihood ratio tests between nested models suggests that the

baseline intensity function should include a linear trend and include cycles of period

1 year and 1
2
year. The cycle of period 1

3
year is not required. Furthermore, he

states that maximization of the likelihood function of the data suggest that the Cases

1-3 models should have a shape parameter κ = 1 and the Cases 4 and 5 models

should have a shape parameter κ = 2. Therefore, among the models considered,

Hurley (1992) chooses the IGP model with the Case 4 baseline intensity function

and shape parameter κ = 2. When fitting an IGP model with the Case 4 baseline

intensity function and shape parameter κ = 2 to the Great Eggleshope Beck data, the

maximum log-likelihood of the model is -307.16. Similarly, for the Carl Beck data,

the maximum log-likelihood of the model is -324.84.

We now reanalyze Hurley’s (1992) bedload movement occurrence data in the

framework of our model. We begin by describing the assumptions imposed on the

Great Eggleshope Beck data set. When observing an IGP, we must define the first ob-

servation as the time origin, and after that, we must set the first event after the time

origin as the first IGP epoch and so on. The time origin for the Great Eggleshope Beck

96



data set is December 8, 1978. For the Great Eggleshope Beck data, the observational

time is T = 6 years, and the data is given in units of days, so the total observational

time is T = 2191.5 days. However, for computational tractability we use the time

truncated joint density function (1.3) in the MLE procedure, so we define the obser-

vational time as the last bedload transport occurrence, namely T = 2007 days. The

data set has a total of 78 observations. Therefore, if we define the first observation

as the time origin, then there are a total of 77 events. Now, our estimation proce-

dure requires that the angular frequencies satisfy the Chapter 2 Assumptions 2-3;

therefore, we set down the following frequency range restrictions. The maximum con-

sidered period is 1 year, so the minimum considered frequency is 2π
365.25

= 0.01720242.

Observations were made every day, so we assumed that the smallest period is 1 week.

Therefore, the maximum frequency is assumed to be 2π
7

= 0.8975979. The minimum

separation period between two frequencies is assumed to be 6π
T

= 0.009392. Given

the small sample size, we apply the Section 3.2 estimation procedure without con-

ducting the out of sample forecast to assess the model validity. Instead, we check the

goodness of fit of our model using Ogata’s (1988) Residual Analysis method, which

we described in Section 1.4. Furthermore, we introduce a linear trend component to

the baseline intensity function (2.1) when conducting a computational MLE proce-

dure. We do this by using the Bartlett periodogram estimates of the baseline intensity

function (2.1), without the linear trend component included, as the initial values for

a MLE procedure for estimating the baseline intensity function (2.1). Next, we use
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the corresponding MLE of the baseline intensity function (2.1) as the initial values

for a MLE procedure for estimating the baseline intensity function (2.1) plus a linear

trend component and we use (NG(T/2)/(T/2) +NG(T/2, T )/(T/2)) /2 as the initial

value for the MLE of the coefficient of the linear trend component. In our estimation

procedure, the candidate values for the shape parameter were κ = 1, 2, . . . , 10 and

the candidate values for the number of periodic components were K = 0, 1, . . . , 7,

where K = 0 implies a gamma renewal process model. We describe the performance

of our model on the Great Eggleshope Beck data set below.

The parameter estimates of the baseline intensity function (2.1) are provided in

Table 3.5. The Bartlett periodogram estimates of the baseline intensity function (2.1)

when using the AIC estimates for κ and K are provided under the heading “The AIC

and the Bartlett Periodogram Estimates.” The estimated periodic component cor-

responds to a 2π
0.0174647

= 359.77 day cycle (a yearly cycle). Similarly, the Bartlett

periodogram estimates of the baseline intensity function (2.1) when using the BIC

estimates for κ and K are provided under the heading “The BIC and the Bartlett

Periodogram Estimates.” Out of the models considered, the AIC model selection pro-

cedure estimates κ = 2 and K = 1 and the BIC model selection procedure estimates

κ = 2 and K = 0. The Bartlett periodogram of the Great Eggleshope Beck data is

provided in Figure 3.1 and is labeled as Figure (a) which indicates that the 359.77

day cycle (a yearly cycle) is the most significant cycle of the data. The corresponding

Q-Q plot of the residual process, when fitting the data set with the AIC estimates
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κ = 2 and K = 1, is provided in Figure 3.2 and is labeled as Figure (a). The Q-Q

plot indicates that the IGP model with κ = 2 and K = 1 adequately describes the

data. The corresponding Q-Q plot of the residual process, when fitting the data set

with the BIC estimates κ = 2 and K = 0, is provided in Figure 3.4, and is labeled

as Figure (a). The Q-Q plot indicates that the IGP model with κ = 2 and K = 0

adequately describes the data. The corresponding MLE of the baseline intensity func-

tion (2.1), when using the AIC estimates κ = 2 and K = 1, are provided under the

heading “The Corresponding MLE when using the AIC Estimates κ = 2 and K = 1.”

The estimated periodic component corresponds to a 2π
0.017655

= 355.87 day cycle (a

yearly cycle). The log-likelihood of this model is -316.394 and is slightly smaller than

Hurley’s (1992) Case 4 fitted model which had a log-likelihood of -307.16. Similarly,

the MLE of the baseline intensity function (2.1), when using the BIC estimates for

κ and K, is provided under the heading “The Corresponding MLE when using the

BIC Estimates κ = 2 and K = 0.” There is no frequency component for this model.

The log-likelihood of this model is -326.435 and is larger than Hurley’s (1992) Case

4 fitted model which had a log-likelihood of -307.16. The corresponding Q-Q plot of

the residual process, when fitting the data with the AIC estimates κ = 2 and K = 1

and the MLE of the baseline intensity function (2.1), indicates that the MLE based

IGP model with κ = 2 and K = 1 is not an adequate model for the data. The MLE

of the baseline intensity function (2.1) plus a linear trend component, when using the

AIC estimates κ = 2 and K = 1, is provided under the heading “The Corresponding
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MLE with Trend Component when using the AIC Estimates κ = 2 and K = 1.”

The estimated periodic component corresponds to a 2π
0.0176503

= 355.98 day cycle. The

log-likelihood of this model is -325.1825. The corresponding Q-Q plot of the residual

process, when fitting the data with the AIC estimates κ = 2 and K = 1 and the

MLE of the baseline intensity function (2.1) plus linear trend component, indicates

that the MLE with the added trend component IGP model with κ = 2 and K = 1 is

not an adequate model for the data. In conclusion, among the fitted IGP models, the

IGP model with κ = 2, K = 1, and with the Bartlett periodogram based estimates

is the better model.

We now describe the assumptions imposed on the Carl Beck data set. The time

origin for the Carl Beck data set is October 5, 1978. For the Carl Beck data, the

observation time is T = 6 years, and the data is given in units of days, so the total

observational time is T = 2191.5 days. However, for computational tractability we use

the time truncated joint density function (1.3) in the MLE procedure, so we define the

observational time as the last bedload transport occurrence time, namely T = 1999

days. The data set has a total of 82 observations. Therefore, if we define the first

observation as the time origin, then there are a total of 81 events. Now, our estimation

procedure requires that the angular frequencies satisfy the Chapter 2 Assumptions

2-3; therefore, we set down the following frequency range restrictions. The maximum

considered period is 1 year so the minimum assumed frequency is 2π
365.25

= 0.01720242.

Observations were made every day so we assumed that the smallest period is 1 week.
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Therefore, the maximum frequency is assumed to be 2π
7

= 0.8975979. The minimum

separation period between two frequencies is assumed to be 6π
T

= 0.009429. Given the

small sample size, we apply the Section 3.2 estimation procedure without conducting

the out of sample forecast. Furthermore, we introduce a linear trend component to the

baseline intensity function (2.1) when conducting a computational MLE procedure.

We do this by using the Bartlett periodogram estimates of the baseline intensity

function (2.1), without the linear trend component included, as the initial values for

a MLE procedure for estimating the baseline intensity function (2.1). Next, we use

the corresponding MLE of the baseline intensity function (2.1) as the initial values

for a MLE procedure for estimating the baseline intensity function (2.1) plus a linear

trend component and we use (NG(T/2)/(T/2) +NG(T/2, T )/(T/2)) /2 as the initial

value for the MLE of the coefficient of the linear trend component. In our estimation

procedure, the candidate values for the shape parameter were κ = 1, 2, . . . , 10 and

the candidate values for the number of periodic components were K = 0, 1, . . . , 7,

where K = 0 implies a gamma renewal process model. We describe the performance

of our model on the Carl Beck data set below.

The parameter estimates of the baseline intensity function (2.1) are provided in

Table 3.6. The Bartlett periodogram estimates of the baseline intensity function

(2.1) when using the AIC estimates for κ and K are provided under the heading “The

AIC and the Bartlett Periodogram Estimates.” The estimated periodic component

corresponds to a 2π
0.01720242

= 365.25 day cycle (a yearly cycle). Similarly, the Bartlett
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periodogram estimates of the baseline intensity function (2.1) when using the BIC

estimates for κ and K are provided under the heading “The BIC and the Bartlett

Periodogram Estimates.” Out of the models considered, the AIC model selection

procedure estimates κ = 1 and K = 1, and the BIC model selection procedure

estimates κ = 1 and K = 0. The Bartlett periodogram of the Carl Beck data is

provided in Figure 3.1 and is labeled as Figure (b), and indicates that the 2π
0.01720242

=

365.25 day cycle (a yearly cycle) and the 2π
0.804734594

= 7.80 day cycle are the most

significant cycles of the data. The corresponding Q-Q plot of the residual process,

when fitting the data set with the AIC estimates κ = 1 and K = 1, is provided

in Figure 3.3 and is labeled as Figure (a). The Q-Q plot indicates that the IGP

model with κ = 1 and K = 1 adequately describes the data. The corresponding Q-Q

plot of the residual process, when fitting the data set with the BIC estimates κ = 1

and K = 0, is provided in Figure 3.4 and is labeled as Figure (b). The Q-Q plot

indicates that the IGP model with κ = 1 and K = 0 adequately describes the data.

The corresponding MLE of the baseline intensity function (2.1), when using the AIC

estimates κ = 1 and K = 1, is provided under the heading “The Corresponding MLE

when using the AIC Estimates κ = 1 and K = 1.” The estimated periodic component

corresponds to a 2π
0.0171994

= 365.314 day cycle (a yearly cycle). The log-likelihood of

this model is -333.8368 and is slightly smaller than Hurley’s (1992) Case 4 fitted model

which had a log-likelihood of -324.84. Similarly, the MLE of the baseline intensity

function (2.1) is provided under the heading “The Corresponding MLE when using the
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BIC Estimates κ = 1 and K = 0.” There is no frequency component for this model.

The log-likelihood of this model is -339.0792 and is slightly smaller than Hurley’s

(1992) corresponding model with a log-likelihood of -324.84. The corresponding Q-Q

plot of the residual process, when fitting the data with the AIC estimates κ = 1 and

K = 1 and the MLE of the baseline intensity function (2.1), indicates that the MLE

based IGP model with κ = 1 and K = 1 is not an adequate model for the data. The

MLE of the baseline intensity function (2.1) plus a linear trend component, when

using the AIC estimates κ = 1 and K = 1, is provided under the heading “The

Corresponding MLE with Trend Component when using the AIC Estimates κ = 1

and K = 1.” The estimated periodic component corresponds to a 2π
0.034574

= 181.732

day cycle. The log-likelihood of this model is -340.6279. The corresponding Q-Q

plot of the residual process, when fitting the data with the AIC estimates κ = 1

and K = 1 and the MLE of the baseline intensity function (2.1) plus linear trend

component, indicates that the MLE with the added trend component IGP model

with κ = 1 and K = 1 is not an adequate model for the data. In conclusion, among

the fitted IGP models, the IGP model with κ = 1, K = 1, and with the Bartlett

periodogram based estimates is the better model.
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(a)

(b)

Figure 3.1: The empirical Bartlett periodogram of the Great Eggleshope Beck and
Carl Beck bedload transport occurrence data. Figure (a) contains the empirical
Bartlett periodogram of the Great Eggleshope Beck data set, with the time origin set
at December 8, 1978. Figure (b) provides the empirical Bartlett periodogram of the
Carl Beck data set, with the time origin set at October 5, 1978.
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The AIC and the Bartlett Periodogram Estimates

A1 ω1 φ1 B κ K

0.0496383 0.0174647 0.0174647 0.0767314 2 1

The BIC and the Bartlett Periodogram Estimates

B κ K

0.0767314 2 0

The Corresponding MLE when using the AIC Estimates κ = 2 and K = 1

A1 ω1 φ1 B AIC Log-likelihood

0.0440188 0.017655 -0.70303 0.0761464 640.788 -316.394

The Corresponding MLE when using the BIC Estimates κ = 2 and K = 0

B BIC Log-likelihood

0.0767314 660.4748 -326.435

The Corresponding MLE with Trend Component when using the AIC Estimates κ = 2 and K = 1

A1 ω1 φ1 B C

0.0495719 0.0176503 -0.712924 0.078174 2.70173e-09

AIC Log-likelihood

652.365 -325.1825

Table 3.5: The estimated parameters for the baseline intensity function (2.1) based on the
Great Eggleshope Beck bedload transport data set. The time origin is December 8, 1978.
The Bartlett periodogram based estimates of the baseline intensity function (2.1) when
using the AIC estimates for κ and K are provided under the heading “The AIC and the
Bartlett Periodogram Estimates.” The Bartlett periodogram based estimates of the baseline
intensity function (2.1) when using the BIC estimates for κ and K are provided under the
heading “The BIC and the Bartlett Periodogram Estimates.” The MLE of the baseline
intensity function (2.1), when using the AIC estimates κ = 2 and K = 1, is provided under
the heading “The Corresponding MLE when using the AIC Estimates κ = 2 and K = 1.”
The MLE of the baseline intensity function (2.1), when using the BIC estimates κ = 2

and K = 0, is provided under the heading “The Corresponding MLE when using the BIC
Estimates κ = 2 and K = 0.” The MLE of the baseline intensity function (2.1) plus a
linear trend component, say C, when using the AIC estimates κ = 2 and K = 1, is provided
under the heading “The Corresponding MLE with Trend Component when using the AIC
Estimates κ = 2 and K = 1.”
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The AIC and the Bartlett Periodogram Estimates

A1 ω1 φ1 B κ K

0.02697619 0.01720242 4.705694 0.04052026 1 1

The BIC and the Bartlett Periodogram Estimates

B κ K

0.0767314 1 0

The Corresponding MLE when using the AIC Estimates κ = 1 and K = 1

A1 ω1 φ1 B AIC Log-likelihood

0.0235210 0.0171994 4.50283 0.0392126 675.6737 -333.8368

The Corresponding MLE when using the BIC Estimates κ = 1 and K = 0

B BIC Log-likelihood

0.0767314 685.7589 -339.0792

The Corresponding MLE with Trend Component when using the AIC Estimates κ = 1 and K = 1

A1 ω1 φ1 B C

0.0269743 0.034574 4.70571 0.0446683 4.07505e-12

AIC Log-likelihood

689.256 -340.6279

Table 3.6: The estimated parameters for the baseline intensity function (2.1) based on
the Carl Beck bedload transport data set. The time origin is October 5, 1978. The Bartlett
periodogram estimates of the baseline intensity function (2.1) when using the AIC estimates
for κ and K are provided under the heading “The AIC and the Bartlett Periodogram Esti-
mates.” The Bartlett periodogram estimates of the baseline intensity function (2.1) when
using the BIC estimates for κ and K are provided under the heading “The BIC and the
Bartlett Periodogram Estimates.” The MLE of the baseline intensity function (2.1), when
using the AIC estimates κ = 1 and K = 1, is provided under the heading “The Correspond-
ing MLE when using the AIC Estimates κ = 1 and K = 1.” The MLE of the baseline
intensity function (2.1), when using the BIC estimates κ = 1 and K = 0, is provided under
the heading “The Corresponding MLE when using the BIC Estimates κ = 1 and K = 0.”
The MLE of the baseline intensity function (2.1) plus a linear trend component, when using
the AIC estimates κ = 1 and K = 1, is provided under the heading “The Corresponding
MLE with Trend Component when using the AIC Estimates κ = 1 and K = 1.”
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(a) (b)

Figure 3.4: The Q-Q plots of the fitted residual process for the Great Eggleshope
Beck and Carl Beck data sets, when using the BIC estimates for κ and K. Plot (a)
corresponds to the Great Eggleshope Beck data with κ = 2 and K = 0. Plot (b)
corresponds to the Carl Beck data with κ = 1 and K = 0.
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Chapter 4

Summary and Future Work

4.1 Summary

In this thesis, a general model for the baseline intensity function of an inhomoge-

neous Gamma process is proposed and investigated. The proposed model deals with

non-stationary and non-Poisson point events which show a pattern of periodicity or

almost periodicity, such as in the study of meteorology where periodic storm patterns

have been observed in the Arctic Sea (Lee et al. (1991)). The proposed inhomoge-

neous Gamma process model with almost periodic baseline intensity function, which

includes the purely periodic baseline intensity function as a particular case, is much

more general and useful than the existing models such as those provided in Berman

(1981) and Hurley (1992). We demonstrate this by both a simulation study and a

real life data set analysis.
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The basic concepts of point processes on the nonnegative real line are introduced

in Chapter 1. The gamma renewal process, homogeneous Poisson process, nonho-

mogeneous Poisson process, and inhomogeneous Gamma process are introduced in

Section 1.2. The literature review on the current progress of modeling periodicity

in an inhomogeneous Gamma process is provided in Section 1.7. In Chapter 2, the

concept of an almost periodic function is introduced. In Section 2.2, the almost

periodic inhomogeneous Gamma process model is introduced. Since purely periodic

functions are special cases of almost periodic functions, we argue that almost periodic

inhomogeneous Gamma process models should always be considered over the purely

periodic models. The prediction of the one step ahead point event in the framework

of our model is considered in Section 2.3. Lastly, we demonstrate the usefulness of

our model through simulation.

The proposed inhomogeneous Gamma process model is a class of models indexed

by the shape parameter κ > 0 and the number of cosinusoidal terms in the baseline

intensity function K. In Chapter 2, the parameter estimators are defined for known

κ and K. In the data analysis, both κ and K are usually unknown, and we need to

select the best κ and K so that the corresponding model can best approximate the

unknown true model. So in Chapter 3, we propose to use the AIC and the BIC model

selection criteria to determine the κ and K values. The estimation procedure of the

κ and K parameters is provided in Section 3.2 and then we follow the procedures to

reanalyze the simulated data set.
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4.2 Future Work

This thesis proposes a parametric model for the baseline intensity function of an in-

homogeneous Gamma process (IGP) with shape parameter κ > 0. A future direction

of research is in extending our IGP model to a marked point IGP with a periodic or

almost periodic baseline intensity function model. For instance, the stock transaction

process tends to exhibit a higher volume of transactions during the opening and the

closing of a trading day and much less during the lunch hour, and this pattern repeats

daily. Therefore, the stock transaction process can be modeled as an IGP with a pe-

riodic or almost periodic baseline intensity function. However, a question of practical

interest is whether the time of a stock transaction influences the transaction type and

quantity, and a stochastic process which can model such behavior is a marked point

IGP with a periodic or almost periodic baseline intensity function. Another field of

study which models physical phenomena with marked point processes is Seismology.

The occurrence time of an earth quake process has been shown to exhibit periodic

occurrence patterns Vere-Jones (1982). Therefore, the occurrence time of an earth

quake process can be modeled as an IGP with a periodic or almost periodic baseline

intensity function. However, a question of practical interest is whether the time of an

earthquake influences the location and magnitude of the earthquake, and a stochas-

tic process which can model such behavior is a marked point IGP with a periodic

or almost periodic baseline intensity function. Therefore, extending our model to a

marked point IGP with a periodic or almost period baseline intensity function is a
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problem worth pursuing.
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Appendix A

Proofs for Chapter 1

A.1 Proofs for Chapter 1 Section 2

A.1.1 The random variables 0 < T1 < T2 < · · · < Tn <∞ are the
random epoch times of an inhomogeneous Gamma pro-
cess with baseline intensity function 0 < λ1(t) ≤ M <
∞ (0 < t < ∞) and shape parameter κ > 0 if and
only if for each i = 1, 2, . . . , n, the random variables
Yi = Λ1(Ti) − Λ1(Ti−1) are independent and identically
distributed Γ (κ, 1) random variables, where Λ1(t) :=´ t

0 λ1(u)du, Λ1(∞) =∞, and T0 = 0.

Proof. By the one-to-one correspondence between the random epochs 0 < T1 < T2 <

· · · < Tn <∞ and the transformation Yi = Λ1(Ti)− Λ1(Ti−1), where n, i = 1, 2, . . .

and T0 = 0, it suffices to show that if 0 < T1 < T2 < · · · < Tn < ∞ are the random

epoch times of an inhomogeneous Gamma process (IGP), then Yi = Λ1(Ti)−Λ1(Ti−1)

are independent and identically distributed Γ (κ, 1) random variables, where κ > 0
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is the shape parameter and 1 is the scale parameter.

For t > 0, let 0 < λ1(t) ≤ M < ∞ be the baseline intensity function of an

inhomogeneous Gamma process (IGP) with shape parameter κ > 0, and let Λ1(t) :=

´ t
0
λ1(u)du, where Λ1(∞) = ∞. Let 0 < T1 < T2 < · · · < Tn < ∞ be the random

epoch times of the IGP, then by equation (1.3) for each n ∈ N the joint density

function of {Ti}ni=1 is given by

fn(t1, . . . , tn) =
1

Γ (κ)n

{
n∏
i=1

λ1(ti) [Λ1(ti)− Λ1(ti−1)]κ−1

}
e−Λ1(tn)I(0<t1<···<tn<∞),

where t0 = 0. Since for each i = 1, . . . , n, we defined Yi := Λ1(Ti)− Λ1(Ti−1), where

T0 = 0, it then follows that Λ1(Tn) =
∑n

i=1 Yi =
∑n

i=1 (Λ1(Ti)− Λ1(Ti−1)) and

Y‘1 = Λ1(T1)− Λ1(T0) = Λ1(T1)

Y2 = Λ1(T2)− Λ1(T1) = Λ1(T2)− Y1

Y3 = Λ1(T3)− Λ1(T2) = Λ1(T3)− (Y1 + Y2)

...
...

...
...

Yn = Λ1(Tn)− Λ1(Tn−1) = Λ1(Tn)−
(∑n−1

i=1 Yi
)
.

Since for t > 0, Λ1(t) =
´ t

0
λ1(u)du is a strictly increasing continuous function, a

unique inverse exists, and d
dt

Λ−1
1 (t) = 1

λ1(Λ−1
1 (t))

, where Λ−1
1 (· ) is the inverse function

of Λ1(· ). We then notice that
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T1 = Λ−1
1 (Y1)

T2 = Λ−1
1 (Y1 + Y2)

T3 = Λ−1
1 (Y1 + Y2 + Y3)

...

Tn = Λ−1
1

(
n∑
i=1

Yi

)
.

The Jacobian of this transformation, with lower triangular portion omitted, is

|J | =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
λ1(Λ−1

1 (y1))
0 · · · 0

∗ 1
λ1(Λ−1

1 (y1+y2))

. . . ...

∗ ∗ 1
λ1(Λ−1

1 (y1+y2+y3))

. . .

∗ ∗ ∗ . . . 0

∗ ∗ ∗ ∗ 1
λ1(Λ−1

1 (y1+···+yn))

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
and

|J | = 1

λ1(Λ−1
1 (y1))

1

λ1(Λ−1
1 (y1 + y2))

· · · 1

λ1(Λ−1
1 (y1 + · · ·+ yn))

=
1∏n

i=1 λ1(Λ−1
1

(∑i
j=1 yj

)
)
.

Therefore, we have

116



fn(y1, . . . , yn)

=
1

Γ (κ)n

[
n∏
i=1

λ1

(
Λ−1

1 (
i∑

j=1

yj)

)
yκ−1
i

]
exp {−

∑n
i=1 yi}∏n

i=1 λ1

(
Λ−1

1 (
∑i

j=1 yj)
) n∏

i=1

I(0<yi<∞)

=
1

Γ (κ)n

[
n∏
i=1

yκ−1
i

]
exp

{
−

n∑
i=1

yi

}
n∏
i=1

I(0<yi<∞). (A.1)

We notice that equation (A.1) is the joint density function of n ∈ N independent and

identically distributed Γ (κ, 1) random variables, and the result follows.

A.2 Proofs for Chapter 1 Section 3

A.2.1 Proof of Equations (1.5) and (1.13)

Proof. Using the tautology {NG(t) ≥ n} ⇔ {Tn ≤ t}, where n ∈ N and t > 0,

it follows that M(t) := E [NG(t)] =
∑∞

n=1 P {NG(t) ≥ n} =
∑∞

n=1 P {Tn ≤ t} =∑∞
n=1 FTn(t), where FTn(· ) is the cumulative distribution function of the n-th epoch.

Therefore, it follows that λ2(t) = d
dt
M(t) =

∑∞
n=1 fTn(t) for all t > 0, where fTn(· ) is

the density function of the n-th epoch. Equations (1.5) and (1.13) then follow from

equation (1.26).
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A.2.2 Proof of Equations (1.8)-(1.10)

Proof. We first establish the claim that

P {NG(t, t+ h) = 1} =
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)}h+ o(h),

where t > 0, h > 0, and h→ 0. The event {NG(t, t+ h) = 1} will occur if and only

if there is one event in the time interval (t, t + h], where t > 0, h > 0, and h → 0.

Since at time t > 0, no event could have occurred, one event could have occurred,

two events could have occurred, and so on, it follows from equation (1.26), and the

fact that the IGP is regular and orderly that for t > 0, h > 0, and h→ 0, we have

P {NG(t, t+ h) = 1} =
∞∑
n=1

P {t < Tn ≤ t+ h}

=
∞∑
n=1

ˆ t+h

t

λ1(u)

Γ(nκ)
{Λ1(u)}nκ−1 exp {−Λ1(u)} du

=
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)}h+ o(h), (A.2)

and the result follows.

Next, we establish the claim that P {N(t, t+ h) ≥ 2} = o(h), where t > 0, h > 0,

and h → 0. The event {NG(t, t+ h) ≥ 2} will occur if and only if there are two or

more events in the time interval (t, t + h], where t > 0, h > 0, and h → 0. Since at

time t > 0, no event could have occurred, one event could have occurred, two events

could have occurred, and so on, it follows from equation (1.26), and the fact that the
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point process is regular and orderly that for t > 0, h > 0, and h→ 0, we have

P {N(t, t+ h) ≥ 2} =
∞∑
j=1

∞∑
n=1

P {t < Tn < · · · < Tn+j ≤ t+ h}

= o(h), (A.3)

and the result follows.

Lastly, we establish the claim that

P {NG(t, t+ h) = 0} = 1−
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp{−Λ1(t)}h+ o(h),

where t > 0, h > 0, and h → 0. From equations (A.2) and (A.3), it follows that for

t > 0, h > 0, and h→ 0, we have

P {NG(t, t+ h) = 0} = 1− P {NG(t, t+ h) ≥ 1}

= 1− P {NG(t, t+ h) = 1} − P {NG(t, t+ h) ≥ 2}

= 1−
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)}h+ o(h), (A.4)

and the result follows.
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A.2.3 Proof of Equation (1.11)

Proof. From equation (1.26), for all t > 0, we have

E[NG(t)] =
∞∑
n=1

P {NG(t) ≥ n}

=
∞∑
n=1

P {Tn ≤ t}

=
∞∑
n=1

ˆ t

0

λ1(u)

Γ(nκ)
{Λ1(u)}nκ−1 exp {−Λ1(u)} du

=

ˆ t

0

∞∑
n=1

λ1(u)

Γ(nκ)
{Λ1(u)}nκ−1 exp {−Λ1(u)} du. (A.5)

Therefore, for all t > 0, we have

lim
h→0+

E[NG(t+ h)−NG(t)]

h
= lim

h→0+

E[NG(t+ h)]− E[NG(t)]

h

= lim
h→0+

´ t+h
t

∑∞
n=1

λ1(u)
Γ(nκ)

{Λ1(u)}nκ−1 exp {−Λ1(u)} du
h

=
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)} . (A.6)

From equations (1.9), (1.10), and (1.13), it follows that for all t > 0, we have

lim
h→0+

P {NG(t, t+ h) ≥ 1}
h

= lim
h→0+

∑∞
n=1

λ1(t)
Γ(nκ)

{Λ1(t)}nκ−1 exp {−Λ1(t)}h+ o(h)

h

=
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)} . (A.7)
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Therefore, for all t > 0, we have

lim
h→0+

P {NG(t, t+ h) ≥ 1}
h

= lim
h→0+

E[NG(t+ h)−NG(t)]

h
. (A.8)

A.3 Proofs for Chapter 1 Section 8

A.3.1 Proofs for Chapter 1 Section 8 Subsection 1

A.3.1.1 Proof of Equation (1.26)

Proof. From the proof of A.1.1, we know that the random epoch sequence of the

IGP, say {Tn, n ∈ N}, has a joint density function of equation (1.3) if and only

if for each i = 1, 2, . . . , n, the random variables Λ1(Ti) − Λ1(Ti−1) are inde-

pendent and identically distributed Γ (κ, 1), where T0 = 0. Therefore, for each

n = 1, 2, . . ., Λ1(Tn) =
∑n

i=1 {Λ1(Ti)− Λ1(Ti−1)} ∼ Γ (nκ, 1) with density function

fΛ1(Tn)(t) = 1
Γ(nκ)

tnκ−1 exp {−t} I{t>0}. Since Λ1(t) =
´ t

0
λ1(u)du, it follows that fTn(t)

= fΛ1(t)(Λ1(t)) d
dt

[Λ1(t)] = λ1(t)
Γ(nκ)

{Λ1(t)}nκ−1 exp {−Λ1(t)} I{t>0}.

A.3.1.2 Proof of Equation (1.27)

Proof. From equation (1.3), it follows that
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f(tn+1 | t1, . . . , tn) =
fn+1(t1, . . . , tn+1)

fn(t1, . . . , tn)

=

1
Γ (κ)n+1

{∏n+1
i=1 λ1(ti) [Λ1(ti)− Λ1(ti−1)]κ−1} e−Λ1(tn+1)

1
Γ (κ)n

{∏n
i=1 λ1(ti) [Λ1(ti)− Λ1(ti−1)]κ−1} e−Λ1(tn)

=
λ1(tn+1)

Γ (κ)
[Λ1(tn+1)− Λ1(tn)]κ−1 e−(Λ(tn+1)−Λ(tn))Πn+1

i=1 I(0<ti<∞).

A.3.1.3 Proof of Equations (1.28)-(1.31)

Proof. For t > 0, let 0 < λ1(t) ≤ M < ∞ be the baseline intensity function of

an inhomogeneous Gamma process (IGP), say {NG(t), t > 0}, with shape parameter

κ > 0. For t > 0, let Λ1(t) =
´ t

0
λ1(u)du < ∞ and Λ1(∞) = ∞. Denote the cor-

responding random epochs of the IGP with 0 < TG1 < TG2 < · · · < TGn < ∞. Let

{NR(t), t > 0} be a gamma renewal process (GRP) with independent and identically

Γ(κ, 1) distributed interarrival times, and let 0 < TR1 < TR2 < · · · < TRn < ∞

denote the random epochs of the GRP. From the proof of A.1.1, we know that

for each n = 1, 2, . . ., Λ1(TGn ) ∼ Γ(nκ, 1) and TRn ∼ Γ(nκ, 1). If we trans-

form the time scale of the IGP from t to Λ−1
1 (t), where Λ−1

1 (· ) denotes the in-

verse function of Λ1(· ), then for t > 0 and n ∈ N we have P
{
NG(Λ−1

1 (t)) ≥ n
}

= P
{
TGn ≤ Λ−1

1 (t)
}

= P
{

Λ1(TGn ) ≤ t
}

= P
{
TRn ≤ t

}
= P {NR(t) ≥ n}. Therefore,

if we transform the time scale of the IGP from t to Λ−1
1 (t), then the IGP is transformed
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into a GRP. Likewise, if we transform the time scale of a GRP from t to Λ1(t), then

for t > 0 we have P {NR(Λ1(t)) ≥ n} = P
{
TRn ≤ Λ1(t)

}
= P

{
Λ1(TGn ) ≤ Λ1(t)

}
=

P
{

Λ−1
1 ((Λ1(TGn )) ≤ Λ−1

1 (Λ1(t))
}
= P

{
TGn ≤ t

}
= P {NG(t) ≥ n}. Hence, if we trans-

form the time scale of a GRP from t to Λ1(t), then the GRP is transformed into an

IGP. We use these results to derive some moment properties of the IGP which will be

used to establish the variance-covariance structure of the IGP. For 0 < s < t < ∞,

we have

E [NG(t)] =
∞∑
n=1

P {NG(t) ≥ n}

=
∞∑
n=1

P {NR(Λ1(t)) ≥ n}

= E [NR(Λ1(t))] ,

E [NG(s)NG(t)] =
∞∑
m=1

∞∑
n=1

P {NG(s) ≥ m, NG(t) ≥ n}

=
∞∑
m=1

∞∑
n=1

P {NR(Λ1(s)) ≥ m, NR(Λ1(t)) ≥ n}

= E [NR(Λ1(s))NR(Λ1(t))] . (A.9)

Next, we apply the renewal process variance-covariance results of Gakis and Siva-

zlian (1993) to the GRP {NR(t), t > 0}. For t > 0, define M1(t) := E [NR(t)] and

m1(t) := d
dt
E [NR(t)]. Then from Gakis and Sivazlian (1993), for 0 < t1 ≤ t2 < ∞,

we know that
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cov {NR(t1), NR(t2)} =

ˆ t1

0

m1(u) [M1(t2 − u) +M1(t1 − u)] du+M1(t1) [1−M1(t2)] ,

(A.10)

and for 0 < t <∞,

var {NR(t)} = 2

ˆ t

0

m1(u)M1(t− u)du+M1(t)− [M1(t)]2 . (A.11)

From equations (A.10) and (A.11), we can use the relationship (A.9) between the

IGP and the GRP to argue that for 0 < t1 ≤ t2 <∞,

cov {NG(t1), NG(t2)} =

ˆ Λ1(t1)

0

m1(u) [M1(Λ1(t2)− u) +M1(Λ1(t1)− u)] du

+M1(Λ1(t1)) [1−M1(Λ1(t2))] , (A.12)

and for 0 < t <∞,

var {NG(t)} = 2

ˆ Λ1(t)

0

m1(u)M1(Λ1(t)− u)du+M1(Λ1(t))− [M1(Λ1(t))]2 . (A.13)

Now, from equations (A.12) and (A.13), it follows that for 0 < t1 ≤ t2 <∞,
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var {NG(t1, t2)} = var {NG(t2)}+ var {NG(t1)} − 2cov {NG(t1), NG(t2)}

= 2

ˆ Λ1(t2)

Λ1(t1)

m1(u)M1(Λ1(t2)− u)du

+

[ˆ Λ1(t2)

Λ1(t1)

m1(u)du

][
1−
ˆ Λ1(t2)

Λ1(t1)

m1(u)du

]
. (A.14)

Lastly, from equation (A.12), it follows that for 0 < tt < t2 ≤ t3 < t4 <∞,

cov {NG(t1, t2), NG(t3, t4)}

= cov {NG(t4), NG(t2)} − cov {NG(t4), NG(t1)}

−cov {NG(t3), NG(t2)}+ cov {NG(t3), NG(t1)}

=

ˆ Λ1(t2)

Λ1(t1)

m1(u)M1(Λ1(t4)− u)du−
ˆ Λ1(t2)

Λ1(t1)

m1(u)M1(Λ1(t3)− u)du

− [M1(Λ1(t2))−M1(Λ1(t1))] [M1(Λ1(t4))−M1(Λ1(t3))] . (A.15)

A.3.1.4 Proof of Equations (1.32) and (1.33)

Proof. Since {NG(t) = 0} ⇔ {T1 > t} and for each n ∈ N {NG(t) ≥ n} ⇔ {Tn ≤ t},

it follows that P {NG(t) = 0} = P {T1 > t} and P {NG(t) = n} = P {NG(t) ≥ n} −

P {NG(t) ≥ n+ 1} = P {Tn ≤ t} − P {Tn+1 ≤ t}. Therefore, equations (1.32) and

(1.33) follow from equation (1.26).

125



A.3.2 Proofs for Chapter 1 Section 8 Subsection 2

A.3.2.1 A Central Limit Theorem for the Inhomogeneous Gamma Pro-
cess, Equation (1.34)

Proof. From the proof of A.1.1, we know that the random epoch sequence of the IGP,

say {Tn, n ∈ N}, has the joint density function of equation (1.3) if and only if for

each i = 1, 2, . . . , n, the random variables Yi := Λ1(Ti)− Λ1(Ti−1) are independent

and identically distributed Γ (κ, 1), where κ > 0 is the shape parameter, 1 is the scale

parameter, and T0 = 0. Therefore, for each i = 1, . . . , n, Λ1(Ti) =
∑i

j=1 Yj is a sum

of independent and identically distributed random variables, where E [|Yj|] <∞ and

E
[
Y 2
j

]
<∞. It then follows from the Lindeberg-Feller central limit theorem that as

n→∞,

1√
n

n∑
j=1

(
Yj − κ√

κ

)
=

1√
n

(∑n
j=1 Yj − nκ√

κ

)
=

1√
n

(
Λ1(Tn)− nκ√

κ

)
→ Z, (A.16)

where Z is a standard normal random variable. For a fixed x > 0 and all t > 0, define

n(t) := bE [NG(t)] + x
√

var {NG(t)}c, ε(t) := E [NG(t)] + x
√

var {NG(t)} − n(t),

and Zn(t) = 1√
κn(t)

(Λ1(Tn(t)) −n(t)κ), where b·c is the floor function and ε(t) ∈ [0, 1).

From equation (A.16), we notice that as t→∞, Zn(t) → Z in distribution. Then for

n(t) ∈ N and as t→∞,

P

{
NG(t)− E[NG(t)]√

var[NG(t)]
< x

}
= P

{
NG(t) < E [NG(t)] + x

√
var {NG(t)}

}
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= P {NG(t) < n(t) + ε(t)}

= P {NG(t) < n(t)} (Since ε(t) ∈ [0, 1) and NG(t) ∈ Z+.)

= P
{
Tn(t) > t

}
= P

{
Λ1

(
Tn(t)

)
> Λ1 (t)

}
= P

{
1√
n(t)

(
Λ1(Tn(t))− n(t)κ√

κ

)
>

1√
n(t)

(
Λ1(t)− n(t)κ√

κ

)}

= P

{
Zn(t) >

1√
n(t)

(
Λ1(t)− n(t)κ√

κ

)}

= P

Zn(t) >
1√
κ

Λ1(t)− (E [NG(t)] + x
√

var {NG(t)} − ε(t))κ√
E [NG(t)] + x

√
var {NG(t)} − ε(t)

 .

From equations (1.35) and (1.37), it follows that as t→∞,

P

{
NG(t)−E[NG(t)]√

var[NG(t)]
< x

}

= P

Zn(t) >
1√
κ

Λ1(t)−
(

Λ1 (t) + 1−κ
2

+ o(1) + xκ
√
var {NG(t)} − ε(t)κ

)
√
E [NG(t)] + x

√
var {NG(t)} − ε(t)


= P

Zn(t) >
1√
κ

−xκ
√

var {NG(t)} − 1−κ
2

+ ε(t)κ+ o(1)√
E [NG(t)] + x

√
var {NG(t)} − ε(t)


= P

Zn(t) >
1√
κ

−xκ−
1−κ

2
−ε(t)κ+o(1)√
var{NG(t)}√

E[NG(t)]+x
√

var{NG(t)}−ε(t)√
var{NG(t)}


= P

Zn(t) >
κ√
κ

−x− 1
κ

1−κ
2
−ε(t)κ+o(1)√
var{NG(t)}√

E[NG(t)]
var{NG(t)} + x

√
var{NG(t)}

var{NG(t)} −
ε(t)

var{NG(t)}


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= P

Zn(t) >
√
κ

−x− 1
κ

1−κ
2
−ε(t)κ+o(1)√

Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)√
Λ1(t)
κ

+ 1−κ
2κ

+o(1)
Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)
+ x

√
Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)

Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)
− ε(t)

var{NG(t)}


= P

Zn(t) >

−x− 1
κ

1−κ
2
−ε(t)κ+o(1)√

Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)√
Λ1(t)

κ2 + 1−κ
2κ2 +o(1)

Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)
+ x

κ

√
Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)

Λ1(t)

κ2 + 1
12

+ 5
4

1
κ2−

4
3

1
κ

+o(1)
− ε(t)

var{NG(t)}


→ P {Z > −x} (Since Λ1 (t)→∞ as t→∞.)

= P {Z ≤ x} ,

where Z is a standard normal random variable. Therefore, as t→∞, we have

NG(t)− E[NG(t)]√
var[NG(t)]

→ Z.

A.3.2.2 Proof of Equation (1.37)

Proof. Let f and F be the probability density function (pdf) and the cumulative

distribution function (cdf) of a continuous random variable X, respectively, such that

P (X ≥ 0) = 1, µ = E [X] <∞, σ2 = var {X} <∞, and µ3 = E [(X − µ)3] <∞. Let

{NR(t), t > 0} be a renewal process with interarrival times which are independent

and identically distributed with cdf F . From Cox (1962), we know that for such a
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renewal process {NR(t), t > 0}, we have

E[NR(t)] =
t

µ
+
σ2 − µ2

2µ2
+ o(1), (A.17)

and

var {NR(t)} =
σ2

µ3
t− 2µ3

3µ3
+

5σ

4µ4
+

1

12
+ o(1), (A.18)

as t→∞. If X ∼ Γ(κ, 1), it then follows from equations (A.17) and (A.18) that as

t→∞,

E[NR(t)] =
t

κ
+

1− κ
2κ

+ o(1), (A.19)

and

var {NR(t)} =
t

κ2
+

1

12
+

5

4

1

κ2
− 4

3

1

κ
+ o(1). (A.20)

Let {NR(t), t > 0} be a renewal process with interarrival times which are independent

and identically distributed Γ(κ, 1) random variables. If {NG(t), t > 0} is an IGP with

baseline intensity function 0 < λ1(t) ≤ M < ∞ and shape parameter κ > 0, such

that Λ1(t) =
´ t

0
λ1(u)du and Λ1(∞) =∞, then from equation (A.9) it follows that as

t→∞,

E [NG(t)] =
Λ1(t)

κ
+

1− κ
2κ

+ o(1) (A.21)

and
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var {NG(t)} =
Λ1 (t)

κ2
+

1

12
+

5

4

1

κ2
− 4

3

1

κ
+ o(1). (A.22)

A.3.3 Proofs for Chapter 1 Section 8 Subsection 3

A.3.3.1 Proof of Equation (1.38)

Proof. If nκ ∈ N, then Γ(nκ) = (nκ − 1)!. Therefore, equation (1.38) follows from

equation (1.13).

A.3.3.2 Proof of Equation (1.40)

Proof. Let {N(t), t > 0} be a nonhomogeneous Poisson process with intensity func-

tion λ1(t) > 0 and let Λ1(t) :=
´ t

0
λ1(u)du, where Λ1(∞) = ∞. Let {NG(t), t > 0}

be an inhomogeneous Gamma process which samples every κ event of {N(t), t > 0}.

Then for each n = 0, 1, 2, . . . and t > 0, {NG(t) = n}= {N(t) = κn} ∪ {N(t) = κn+ 1}

∪ · · · ∪ {N(t) = κ(n+ 1)− 1}. Therefore, P {NG(t) = n} =
∑(n+1)κ−1

j=nκ P {N(t) = j}

= exp {−Λ1(t)}
∑(n+1)κ−1

j=nκ
{Λ1(t)}j

j!
.
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Appendix B

Proofs for Chapter 2

B.1 Some Useful Asymptotic Integrals and Trigono-
metric Identities

In this section, we present some asymptotic integrals which are used for proofs

throughout Chapter 2. For each asymptotic integral, we use the following assump-

tions k, k′ = 1, 2 . . . , K, ωk > 0, ω > 0, γ > 0, T → ∞, and c 6= 0, where c

is a constant. Lastly, we assume that the angular frequencies follow the Chapter 2

Assumptions 2 and 3.
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1

T

ˆ T

0

sin(ωt)dt =
1

ωT
(1− cos(ωT ))

=



1
cT−γ

(1− cos(cT−γ)) if ω = cT−1−γ

1
c
(1− cos(c)) if ω = cT−1

1
cT γ

(1− cos(cT γ)) if ω = cT−1+γ

1
ωT

(1− cos(ωT )) if ω is fixed

=



1
cT−γ

(1− (1− c2T−2γ

2!
+ c4T−4γ

4!
− c6T−6γ

6!
+ · · · )) if ω = cT−1−γ

1
c
(1− cos(c)) if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed

=



o(1) if ω = cT−1−γ

1
c
(1− cos(c)) if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed.

(B.1)
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1

T

ˆ T

0

cos(ωt)dt =
1

ωT
sin(ωT )

=



1
cT−γ

sin(cT−γ) if ω = cT−1−γ

1
c

sin c if ω = cT−1

1
cT γ

sin(cT γ) if ω = cT−1+γ

1
ωT

sin(ωT ) if ω is fixed

=



1
cT−γ

(cT−γ − c3T−3γ

3!
+ c5T−5γ

5!
− c7T−7γ

7!
+ · · · ) if ω = cT−1−γ

1
c

sin c if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed

=



1 + o(1) if ω = cT−1−γ

1
c

sin c if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed.

(B.2)
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1

T 2

ˆ T

0

t sin(ωt)dt =
−1

ω2T 2
(ωT cos(ωT )− sin(ωT ))

=



−1
c2T−2γ (cT−γ cos(cT−γ)− sin(cT−γ)) if ω = cT−1−γ

−1
c2

(c cos(c)− sin(c)) if ω = cT−1

−1
c2T 2γ (cT γ cos(cT γ)− sin(cT γ)) if ω = cT−1+γ

−1
ω2T 2 (ωT cos(ωT )− sin(ωT )) if ω is fixed

=



−1
c2T−2γ (− c3T−3γ)

3
+ c5T−5γ)

30
− c7T−7γ)

840
+ · · · ) if ω = cT−1−γ

−1
c2

(c cos(c)− sin(c)) if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed

=



o(1) if ω = cT−1−γ

−1
c2

(c cos(c)− sin(c)) if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed.

(B.3)
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1

T 2

ˆ T

0

t cos(ωt)dt =
1

ω2T 2
(cos(ωT ) + ωT sin(ωT )− 1)

=



1
c2T−2γ (cos(cT−γ) + cT−γ sin(cT−γ)− 1) if ω = cT−1−γ

1
c2

(cos(c) + c sin(c)− 1) if ω = cT−1

1
c2T 2γ (cos(cT γ) + cT γ sin(cT γ)− 1) if ω = cT−1+γ

1
ω2T 2 (cos(ωT ) + ωT sin(ωT )− 1) if ω is fixed

=



1
c2T−2γ ( c

2T−2γ

2
− c4T−4γ

8
+ c6T−6γ

144
+ · · · ) if ω = cT−1−γ

1
c2

(cos(c) + c sin(c)− 1) if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed

=



1
2

+ o(1) if ω = cT−1−γ

1
c2

(cos(c) + c sin(c)− 1) if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed.

(B.4)
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1

T 3

ˆ T

0

t2 sin(ωt)dt = −(ω2T 2 − 2) cos(ωT )− 2(ωT sin(ωT )− 1)

T 3ω3

=



− (c2T−2γ−2) cos(cT−γ)−2(cT−γ sin(cT−γ)−1)
c3T−3γ if ω = cT−1−γ

− (c2−2) cos(c)−2(c sin(c)−1)
c3

if ω = cT−1

− (c2T 2γ−2) cos(cT γ)−2(cT γ sin(cT γ)−1)
c3T 3γ if ω = cT−1+γ

− (ω2T 2−2) cos(ωT )−2(ωT sin(ωT )−1)
T 3ω3 if ω is fixed

=



−(− cT−γ

4
+ c3T−3γ

36
+ · · · ) if ω = cT−1−γ

− (c2−2) cos(c)−2(c sin(c)−1)
c3

if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed

=



o(1) if ω = cT−1−γ

− (c2−2) cos(c)−2(c sin(c)−1)
c3

if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed.

(B.5)
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1

T 3

ˆ T

0

t2 cos(ωt)dt =
2ωT cos(ωT ) + (ω2T 2 − 2) sin(ωT )

T 3ω3

=



2cT−γ cos(cT−γ)+(c2T−2γ−2) sin(cT−γ)
c3T−3γ if ω = cT−1−γ

2c cos(c)+(c2−2) sin(c)
c3

if ω = cT−1

2cT γ cos(cT γ)+(c2T 2γ−2) sin(cT γ)
c3T 3γ if ω = cT−1+γ

2ωT cos(ωT )+(ω2T 2−2) sin(ωT )
T 3ω3 if ω is fixed

=



1
3
− c2T−2γ

10
+ c4T−4γ

168
+ · · · if ω = cT−1−γ

2c cos(c)+(c2−2) sin(c)
c3

if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed

=



1
3

+ o(1) if ω = cT−1−γ

2c cos(c)+(c2−2) sin(c)
c3

if ω = cT−1

o(1) if ω = cT−1+γ

o(1) if ω is fixed.

(B.6)

Next, we use the asymptotic integrals (B.1)-(B.6), along with the trigonometric

identities
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cos(α) cos(β) =
1

2
[cos(α + β) + cos(α− β)]

cos(α) sin(β) =
1

2
[sin(α + β)− sin(α− β)] , (B.7)

to establish the asymptotic integrals (B.10)-(B.15). For completeness, we work out

the details of the derivation of the asymptotic integral (B.10), and in a similar way

we can derive the other asymptotic integrals.

Using the trigonometric identities (B.7), we have

1
T

´ T
0

cos(ωkt+ φk) cos(ωt)dt

=
1

2T

ˆ T

0

[cos((ωk + ω)t+ φk) + cos((ωk − ω)t+ φk)]dt

=
1

2T

ˆ T

0

[cos((ωk + ω)t) cos(φk)− sin((ωk + ω)t) sin(φk)]dt

+
1

2T

ˆ T

0

cos((ωk − ω)t+ φk)dt. (B.8)

To evaluate 1
2T

´ T
0

[cos((ωk + ω)t) cos(φk) − sin((ωk + ω)t) sin(φk)]dt, as T → ∞, we

recall that under the conditions imposed on the angular frequencies, we have ωk ≥

O(T δ
′−1), where 0 < δ

′
< 1. Therefore, a lower bound for ωk+ω, where ω > 0 is some

fixed angular frequency, can not decrease to 0 faster than O(T δ
′−1). It then follows

that a lower bound for (ωk + ω)T is of order O(T δ
′
), where 0 < δ

′
< 1. Therefore,

from the asymptotic integrals (B.1) and (B.2), we have 1
2T

´ T
0

[cos((ωk+ω)t) cos(φk)−
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sin((ωk + ω)t) sin(φk)]dt = o(1). It then follows that

1
T

´ T
0

cos(ωkt+ φk) cos(ωt)dt

=
1

2T

ˆ T

0

cos((ωk − ω)t+ φk)dt+ o(1)

=
1

2T

ˆ T

0

[cos((ωk − ω)t) cos(φk)− sin((ωk − ω)t) sin(φk)]dt+ o(1). (B.9)

Therefore, from integrals (B.1) and (B.2), we have

1

T

ˆ T

0

cos(ωkt+φk) cos(ωt)dt =



1
2

cos(φk) + o(1) if |ω − ωk| = cT−1−γ

1
2

sin(c+φk)−sin(φk)
c

+ o(1) if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ.

(B.10)

Similarly, we can show that

1
T

´ T
0

cos(ωkt+ φk) sin(ωt)dt

=


−1

2
sin(φk) + o(1), if |ω − ωk| = cT−1−γ

1
2

cos(c+φk)−cos(φk)
c

+ o(1) if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ,

(B.11)

1
T 2

´ T
0
t cos(ωkt+ φk) cos(ωt)dt

=


1
4

cos(φk) + o(1) if |ω − ωk| = cT−1−γ

1
2
[ cos(c+φk)−cos(φk)

c2
+ sin(c+φk)

c
] + o(1) if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ,

(B.12)

1
T 2

´ T
0
t cos(ωkt+ φk) sin(ωt)dt

=


−1

4
sin(φk) + o(1) if |ω − ωk| = cT−1−γ

−1
2

[
sin(c+φk)−sin(φk)

c2
− cos(c+φk)

c

]
+ o(1) if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ,

(B.13)
1
T 3

´ T
0
t2 cos(ωkt+ φk) cos(ωt)dt

139



=


1
6

cos(φk) + o(1) if |ω − ωk| = cT−1−γ

1
2
[−2 sin(c+φk)−sin(φk)

c3
+ 2 cos(c+φk)

c2

+ sin(c+φk)
c

] + o(1)
if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ,

(B.14)

and

1
T 3

´ T
0
t2 cos(ωkt+ φk) sin(ωt)dt

=



−1
6

sin(φk) + o(1) if |ω − ωk| = cT−1−γ

−1
2
[2 cos(c+φk)−cos(φk)

c3
+ 2 sin(c+φk)

c2

− cos(c+φk)
c

] + o(1)

if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ.

(B.15)

Next, we present the asymptotic integrals (B.18)-(B.26), which can all be derived

in a similar fashion. For completeness, we derive the asymptotic integral (B.18), and

in a similar way we can derive the other asymptotic integrals.

From the trigonometric identities (B.7), it follows that if ωk 6= ωk′ , we have

1

T

ˆ T

0

cos(ωkt) cos(ωk′t)dt =
1

2T

ˆ T

0

[cos((ωk + ωk′)t) + cos((ωk − ωk′)t)] dt.(B.16)

From the Chapter 2 Assumptions 2 and 3, we know that |ωk − ωk′| = cT−1+γ, and

(ωk + ωk′) has a lower bound that can not decrease to 0 faster than O(T δ
′−1), where

0 < δ
′
< 1. It then follows that |ωk − ωk′ |T = cT γ and that (ωk + ωk′)T has a lower
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bound that is of order O(T δ
′
). Therefore, from integral (B.2) we have

1

T

ˆ T

0

cos(ωkt) cos(ωk′t)dt = o(1). (B.17)

On the other hand, if ωk = ωk′ , we have

1

T

ˆ T

0

cos(ωkt) cos(ωkt)dt =
1

2T

ˆ T

0

[cos(2ωkt) + 1] dt

=
1

2

[
sin(2ωkT )

2ωkT
+ 1

]
=

1

2
+ o(1). (B.18)

Similarly, for the asymptotic integrals of equations (B.18)-(B.26), if ωk 6= ωk′ , each

of the asymptotic integrals is of order o(1). On the other hand, if ωk = ωk′ , then we

have

1

T

ˆ T

0

cos(ωkt) sin(ωk′t)dt = o(1), (B.19)

1

T

ˆ T

0

sin(ωkt) sin(ωk′t)dt =
1

2
+ o(1), (B.20)

1

T 2

ˆ T

0

t cos(ωkt) cos(ωk′t)dt =
1

4
+ o(1), (B.21)

1

T 2

ˆ T

0

t cos(ωkt) sin(ωk′t)dt = o(1), (B.22)

1

T 2

ˆ T

0

t sin(ωkt) sin(ωk′t)dt =
1

4
+ o(1), (B.23)

141



1

T 3

ˆ T

0

t2 cos(ωkt) cos(ωk′t)dt =
1

6
+ o(1), (B.24)

1

T 3

ˆ T

0

t2 cos(ωkt) sin(ωk′t)dt = o(1), (B.25)

and

1

T 3

ˆ T

0

t2 sin(ωkt) sin(ωk′t)dt =
1

6
+ o(1). (B.26)

The following trigonometric identities are useful for establishing the variance-

covariance structure of the integrals defined in equation (2.7). The derivation of the

below trigonometric identities all follow a similar approach. Therefore, we only derive

the trigonometric identity (B.27). Let α, β, and γ be real numbers, then

sin(α) sin(β) sin(γ) = − 1

8i

[
eiα − e−iα

] [
eiβ − e−iβ

] [
eiγ − e−iγ

]
= − 1

8i

[
eiα+iβ − e−iα+iβ − eiα−iβ + e−iα−iβ

] [
eiγ − e−iγ

]
= − 1

8i
{eiα+iβ+iγ − e−iα+iβ+iγ − eiα−iβ+iγ + e−iα−iβ+iγ

−eiα+iβ−iγ + e−iα+iβ−iγ + eiα−iβ−iγ − e−iα−iβ−iγ}

= −1

4
{sin (α + β + γ)− sin (−α + β + γ)

− sin (α− β + γ) + sin (−α− β + γ)}, (B.27)
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cos(α) cos(β) cos(γ) =
1

4
{cos (α + β + γ) + cos (−α + β + γ)

+ cos (α− β + γ) + cos (−α− β + γ)}, (B.28)

cos(α) sin(β) sin(γ) =
1

4
{− cos (α + β + γ)− cos (−α + β + γ)

+ cos (α− β + γ) + cos (−α− β + γ)}, (B.29)

and

sin(α) cos(β) cos(γ) =
1

4
{sin (α + β + γ)− sin (−α + β + γ)

+ sin (α− β + γ)− sin (−α− β + γ)}. (B.30)

B.1.1 Proofs for Chapter 2 Section 2

B.1.1.1 Proof of Chapter 2 Lemma 8

Proof. First we consider the case when m = 1. For t > 0, let 0 < ε1 ≤ λ1(t) ≤

J1 < ∞, 0 < ε2 ≤ λ2(t) ≤ JG1 < ∞, ε = min {ε1, ε2}, J = max
{
J1, J

G
1

}
, and

define MT := sup
0≤ω≤ΩT

∣∣∣´ T0 eiωtdZG(t)
∣∣∣. In this proof, we employ the Borel Cantelli
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Lemma to show that as T → ∞, 1
T
MT → 0 almost surely. To do this, we placed an

upper bound on 1
T
E[MT ] which tends to 0 as T →∞. We begin by decomposing the

integral
´ T

0
eiωtdZG(t) into two separate integrals by partitioning the observational

time interval (0, T ] into L (to be fixed later), equally spaced and mutually exclusive

sub-intervals of length 4 > 0, so that T = L4, where 4 = O(T−v) and 1
3
< v < 1.

ˆ T

0

eiωtdZG(t) =
L−1∑
l=0

ˆ (l+1)4

l4

(
eiωl4 + eiωl4

(
eiω(t−l4) − 1

))
dZG(t)

=
L−1∑
l=0

ˆ (l+1)4

l4
eiωl4dZG(t) +

L−1∑
l=0

ˆ (l+1)4

l4
eiωl4

(
eiω(t−l4) − 1

)
dZG(t)

=
L−1∑
l=0

eiωl4
ˆ (l+1)4

l4
dZG(t) +

L−1∑
l=0

eiωl4
ˆ (l+1)4

l4

(
eiω(t−l4) − 1

)
dZG(t)

=
L−1∑
l=0

eiωl4Zl +
L−1∑
l=0

eiωl4
ˆ 4

0

(
eiωu − 1

)
dZG(u+ l4)

:= S1(ω, T ) + S2(ω, T ), (B.31)

where

Zl :=

ˆ (l+1)4

l4
dZG(t). (B.32)

It then follows that

sup
0≤ω≤ΩT

∣∣∣∣ˆ T

0

eiωtdZG(t)

∣∣∣∣ ≤ sup
0≤ω≤ΩT

|S1(ω, T )|+ sup
0≤ω≤ΩT

|S2(ω, T )| . (B.33)
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From here, we place an upper bound on

1

T
E [MT ] ≤ 1

T
E

[
sup

0≤ω≤ΩT
|S1(ω, T )|

]
+

1

T
E

[
sup

0≤ω≤ΩT
|S2(ω, T )|

]
. (B.34)

We begin by expressing the squared modulus of S1(ω, T ) as

|S1(ω, T )|2 =
L−1∑
l=0

Z2
l + 2

L−1∑
r=1

cos(ωr4)
L−1−r∑
l=0

ZlZl+r. (B.35)

Then, using the moment results of Zl, provided in equations (B.66)-(B.68) of Ap-

pendix B Lemma 20, we see that the expected value of equation (B.35) becomes

E
[
|S1(ω, T )|2

]
=

L−1∑
l=0

E[Z2
l ] + 2

L−1∑
r=1

cos(ωr4)
L−1−r∑
l=0

E[ZlZl+r] (B.36)

=
L−1∑
l=0

{E[Z2
l ]− (E[Zl])

2} (B.37)

+ 2
L−1∑
r=1

cos(ωr4)
L−1−r∑
l=0

{E[ZlZl+r]− E[Zl]E[Zl+r]} (B.38)

=
L−1∑
l=0

var {Zl}+ 2
L−1∑
r=1

cos(ωr4)
L−1−r∑
l=0

cov {Zl, Zl+r} (B.39)

≤
L−1∑
l=0

var {Zl}+ 2
L−1∑
r=1

L−1−r∑
l=0

|cov {Zl, Zl+r}| (B.40)
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=
L−1∑
l=0

[
1

κ2
λ1(l4)4+O (exp {−a(Λ1(l4)4)}λ1(l4)4)

]
(B.41)

+2
L−1∑
r=1

L−1−r∑
l=0

O

(
exp

{
−a
ˆ (l+r)4

l4
λ1(u)du

}
λ1(l4)4

)
(B.42)

≤ 1

κ2
JL4+O (L4) + 2

L−1∑
r=1

(L− r)O (exp {−aεr4} J4) (B.43)

=
1

κ2
JT +O (T ) + 2

L−1∑
r=1

(L− r)O (exp {−aεr4}4) (B.44)

≤ 1

κ2
JT +O (T ) +O

([
exp {−aεL4}

(aε4)2
+
aεL4− 1

(aε4)2

]
4
)

(B.45)

=
1

κ2
JT +O (T ) +O

(
exp {−aεT}

(aε)2T−ν
+

aεT − 1

(aε)2T−ν

)
(B.46)

= O(T 1+ν), (B.47)

where equation (B.37) follows since E[Zl] = 0, equations (B.41) and (B.42) follow

from the variance-covariance results given in equations (B.67) and (B.68) and from

the approximation Λ1((l + 1)4)− Λ1(l4) ≈ λ1(l4)4, equation (B.43) follows since

0 < ε ≤ λ1(l4) ≤ J < ∞ and
´ (l+r)4
l4 λ1(u)du ≥ εr4, equation (B.44) follows since

T = L4, equation (B.45) follows by using the inequality
∑L−1

r=1 (L − r) exp {−cr} ≤
´ L

0
(L − r) exp {−cr} dr (c > 0), equation (B.46) follows since T = L4 and 4 =

O(T−ν), and a ∈ (0, 2]. It then follows from equation (B.47) that

1

T
E

[
sup
ω
|S1(ω, T )|

]
≤ 1

T

√
E

[
sup
ω
|S1(ω, T )|2

]
≤ O(T−

1
2

+ 1
2
ν), (B.48)
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and we notice that 1
T
E

[
sup
ω
|S1(ω, T )|

]
→ 0 as T → ∞ when 0 < v < 1. Next, we

place an upper bound on

E

[
sup

0≤ω≤ΩT
|S2(ω, T )|

]
= E

[
sup

0≤ω≤ΩT

∣∣∣∣∣
L−1∑
l=0

eiωl4
ˆ 4

0

(
eiωu − 1

)
dZG(u+ l4)

∣∣∣∣∣
]
.

(B.49)

First, we notice that for u ≥ 0,

∣∣eiωu − 1
∣∣2 =

(
eiωu − 1

) (
e−iωu − 1

)
= 2−

(
e−iωu + eiωu

)
= 2 [1− cos(ωu)] = 4 sin2

(ωu
2

)
.

(B.50)

Also, since we assumed that 0 ≤ ω ≤ ΩT , it then follows from (B.50) that for all

uω ≥ 0,

∣∣eiωu − 1
∣∣ = 2

∣∣∣sin(ωu
2

)∣∣∣ ≤ ωu ≤ ΩTu. (B.51)

Second, we notice that for t > 0,

E [|dZG(t)|] = E [|dNG(t)− E[dNG(t)]|] ≤ E [|dNG(t)|] + |E[dNG(t)]| ≤ 2Jdt.

(B.52)

Therefore, from equations (B.51) and (B.52) it follows that

1

T
E

[
sup

0≤ω≤ΩT
|S2(ω, T )|

]
=

1

T
E

[
sup

0≤ω≤ΩT

∣∣∣∣∣
L−1∑
l=0

eiωl4
ˆ 4

0

(
eiωu − 1

)
dZG(u+ l4)

∣∣∣∣∣
]
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≤ 1

T
E

[
sup

0≤ω≤ΩT

L−1∑
l=0

ˆ 4
0

∣∣(eiωu − 1
)
dZG(u+ l4)

∣∣]

≤ 1

T

L−1∑
l=0

ˆ 4
0

E [ΩT ]u2Jdu

=
1

T
JL42E [ΩT ]

=
1

T
JT4E [ΩT ] , since T = L4

= O(T−v+1−δ), since 4 = O(T−v) and E [ΩT ] = O(T 1−δ), (B.53)

which goes to 0 as T →∞ when 1 < ν + δ. Combining results (B.48) and (B.53), we

have

1

T
E [MT ] ≤ 1

T
E

[
sup

0≤ω≤ΩT
|S1(ω, T )|

]
+

1

T
E

[
sup

0≤ω≤ΩT
|S2(ω, T )|

]
= O(T−

1
2

+ 1
2
ν) +O(T−v+1−δ). (B.54)

From result (B.54), we find that the optimum choice of ν is 1− 2
3
δ, where 0 < δ < 1.

This choice implies that

1

T
E [MT ] = O(T−

1
3
δ). (B.55)

We complete the proof by using equation (B.55) in conjunction with the Borel

Cantelli Lemma to show that 1
T
MT → 0 almost surely, as T → ∞. Let αk and Tk

be a sequence of positive numbers such that Tk → ∞, Tk+1

Tk
→ 1, and αk → 0. For

example, let αk = k−β and Tk = kγ, where β > 0 and γ > 3(β+1)
δ

, then
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P

{
1

Tk
MTk > αk

}
≤ 1

αk

1
Tk
E [MTk ] = O(k−

1
3
γδ+β), (B.56)

and

∞∑
k=1

P

{
1

Tk
MTk > αk

}
<∞. (B.57)

By the Borel Cantelli Lemma, it then follows that

P

{
1

Tk
MTk > αk, infinitely often

}
= 0,

which implies that

P

{
1

Tk
MTk ≤ αk, infinitely often

}
= 1. (B.58)

Therefore, for such a choice of αk and Tk, we have shown that

1

Tk
MTk → 0 (a.s.) as T →∞. (B.59)

For intervening values of T , Tk < T ≤ Tk+1, we have
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1

T
MT =

1

T
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

0

eiωtdZG(t)

∣∣∣∣
=

1

T
sup

0≤ω≤ΩT

∣∣∣∣ˆ Tk

0

eiωtdZG(t) +

ˆ T

Tk

eiωtdZG(t)

∣∣∣∣
≤ 1

Tk
sup

0≤ω≤ΩT

∣∣∣∣ˆ Tk

0

eiωtdZG(t)

∣∣∣∣+
1

Tk
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

Tk

eiωtdZG(t)

∣∣∣∣
=

1

Tk
MTk +

1

Tk
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

Tk

eiωtdZG(t)

∣∣∣∣
≤ 1

Tk
MTk +

1

Tk
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

Tk

eiωtdNG(t)

∣∣∣∣+
1

Tk
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

Tk

eiωtλ2(u)du

∣∣∣∣
≤ 1

Tk
MTk +

1

Tk

ˆ T

Tk

dNG(t) +
1

Tk

ˆ T

Tk

λ2(u)du

≤ 1

Tk
MTk +

1

Tk
(NG(T )−NG(Tk)) +

1

Tk
J (T − Tk)

≤ 1

Tk
MTk +

(
NG(Tk+1)

Tk+1

Tk+1

Tk
− NG(Tk)

Tk

)
+

1

Tk
J (Tk+1 − Tk)

→ 0 (a.s.) as T →∞, (B.60)

where the fact that as T →∞, NG(Tk+1)

Tk+1

Tk+1

Tk
− NG(Tk)

Tk
→ 0 almost surely follows from

Appendix B Lemma 18 below. Therefore, as T → ∞, 1
T
MT → 0 almost surely, and

this completes the proof for the case when m = 1. Next, we consider the case when

m > 1. Since

1

Tm
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

0

tm−1eiωtdZG(t)

∣∣∣∣ =
1

T
sup

0≤ω≤ΩT

∣∣∣∣∣
ˆ T

0

(
t

T

)m−1

eiωtdZG(t)

∣∣∣∣∣
≤ 1

T
sup

0≤ω≤ΩT

∣∣∣∣ˆ T

0

eiωtdZG(t)

∣∣∣∣ ,
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the result follows.

Lemma 18. For t > 0, let λ1(· ) be the baseline intensity function of an inhomoge-
neous Gamma process (IGP), say {NG(t), t > 0}, with shape parameter κ > 0 that
satisfies Assumptions 1-3 of Section 2.2. Then,

NG(t)

t
→ B

κ
(a.s.) as t→∞, (B.61)

where B > 0 is the baseline constant defined in equation (2.1).

Proof. For t > 0, let λ1(· ) be the baseline intensity function of an inhomogeneous

Gamma process (IGP), say {NG(t), t > 0}, with shape parameter κ > 0 that satisfies

Assumptions 1-3 of Section 2.2. For t > 0, let Λ1(t) :=
´ t

0
λ1(u)du < ∞, where

Λ1(∞) = ∞. Furthermore, let {NR(t), t > 0} be a gamma renewal process (GRP)

with independent and identically Γ(κ, 1) distributed interarrival times. In the proof

of A.3.1.3, provided in Appendix A, we showed that if we transform the time scale

of the IGP from t to Λ−1
1 (t), where Λ−1

1 (· ) is the inverse function of Λ1(· ), then the

IGP is transformed into a GRP. Likewise, if we transform the time scale of a GRP

from t to Λ1(t), then the GRP is transformed into an IGP. Since {NR(t), t > 0} is a

GRP, it follows from the Strong Law of Large Numbers for renewal processes that as

t→∞, and hence as Λ1(t)→∞, we have

NR(Λ1(t))

Λ1(t)
→ 1

κ
(a.s.).
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Also, in the notation of equation (2.1), it follows that for t > 0, we have

Λ1(t)

t
=

´ t
0

[∑K
k=1 Ak cos(ωku+ φk) +B

]
du

t

→ B as t→∞.

It then follows that

NG(t)

t
d
=

NR(Λ1(t))

t

=
NR(Λ1(t))

Λ1(t)

Λ1(t)

t

→ 1

κ
B (a.s.) as t→∞.

Lemma 19. Let κ > 0 and t > 0, then

ˆ t

0

∞∑
n=1

unκ−1

Γ(nκ)
exp {−u} du =

{
t
κ

+ 1−κ
2κ

+O (exp {−at})
t
κ

+ 1−κ
2κ

+O (exp {−at} t−κ−1)

if κ ∈ N
if κ ∈ R+�N,

(B.62)
and

exp {−t}
∞∑
n=1

tnκ−1

Γ(nκ)
=

{
1
κ

+O (exp {−at})
1
κ

+O (exp {−at} t−κ−1)

if κ ∈ N
if κ ∈ R+�N, (B.63)

where a ∈ (0, 2].

Proof. Let {NG(t), t > 0} be an inhomogeneous Gamma process (IGP) with baseline

intensity function λ1(· ) > 0 and shape parameter κ > 0. Assume that for all t > 0,

Λ1 (t) :=
´ t

0
λ1(u)du < ∞ and Λ1 (∞) = ∞. From equations (1.4), (1.5), and (1.35),
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we have

E[NG(t)] =

ˆ t

0

∞∑
n=1

λ1(u)

Γ(nκ)
{Λ1(u)}nκ−1 exp {−Λ1(u)} du

=


Λ1(t)
κ

+ 1−κ
2κ

+O (exp {−aΛ1 (t)})

Λ1(t)
κ

+ 1−κ
2κ

+O
(
exp {−aΛ1 (t)} (Λ1 (t))−κ−1)

if κ ∈ N

if κ ∈ R+�N,

(B.64)

where t > 0. From equations (1.6) and (1.36), we have

d

dt
[E[NG(t)]] = λ2(t)

=
∞∑
n=1

λ1(t)

Γ(nκ)
{Λ1(t)}nκ−1 exp {−Λ1(t)}

=


λ1(t)
κ

+O (λ1(t) exp {−aΛ1 (t)})

λ1(t)
κ

+O
(
λ1(t) exp {−aΛ1 (t)} (Λ1 (t))−κ−1)

if κ ∈ N

if κ ∈ R+�N,

(B.65)

where t > 0. Assume that for all t > 0, λ1(t) = 1, then Λ1(t) = t > 0. It then follows

from equations (B.64) and (B.65) that for all t > 0 and some a ∈ (0, 2], we have

ˆ t

0

∞∑
n=1

unκ−1

Γ(nκ)
exp {−u} du =


t
κ

+ 1−κ
2κ

+O (exp {−at})

t
κ

+ 1−κ
2κ

+O (exp {−at} t−κ−1)

if κ ∈ N

if κ ∈ R+�N,
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and

exp {−t}
∞∑
n=1

tnκ−1

Γ(nκ)
=


1
κ

+O (exp {−at})

1
κ

+O (exp {−at} t−κ−1)

if κ ∈ N

if κ ∈ R+�N.

Lemma 20. Let {dZG(t), t > 0} be the stochastic process defined in Chapter 2 Lemma
8, Zl :=

´ (l+1)4
l4 dZG(t), where4 = O(T−v), T > 0, 0 < v <∞, l ∈ {0, 1, 2, . . . , L−

1}, and L is a fixed positive integer such that T = L4. Let λ1(· ) be defined as in
equation (2.1) and define Λ1(t) :=

´ t
0
λ1(u)du, where t > 0, then

E[Zl] = 0, (B.66)

var {Zl} =
1

κ2
(Λ1((l+1)4)−Λ1(l4))+O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4))) ,

(B.67)
and

cov {Zl, Zl+r} = O

(
exp

{
−a
ˆ (l+r)4

l4
λ1(u)du

}[
exp

{
a

ˆ (l+1)4

l4
λ1(u)du

}
− 1

])
,

(B.68)

where r ∈ {1, 2, . . . , L− 1} and a ∈ (0, 2].

Proof. From equation (2.5) of Chapter 2 Lemma 8, we recall that dZG(t) := dNG(t)−

E[dNG(t)], where t > 0. Therefore, for each l ∈ {0, 1, 2, . . . , L− 1}, we have

Zl =
´ (l+1)4
l4 dZG(t) =

´ (l+1)4
l4 (dNG(t)− E[dNG(t)]). It then follows that

E[Zl] =

ˆ (l+1)4

l4
E[dZG(t)] = 0, (B.69)

which completes the proof of equation (B.66).
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We now establish the variance-covariance structure of Zl. In establishing the

variance-covariance structure of Zl, we first notice that for each l ∈ {0, 1, 2, . . . , L−

1}, we have

var {Zl} = var

{ˆ (l+1)4

l4
dNG(t)

}

= var {NG((l + 1)4)−NG(l4)}

= var {NG(l4, (l + 1)4)} , (B.70)

and for each r ∈ {1, 2, . . . , L− 1}, we have

cov {Zl, Zl+r} = cov

{ˆ (l+1)4

l4
dNG(t),

ˆ (l+r+1)4

(l+r)4
dNG(t)

}
= cov {NG((l + 1)4)−NG(l4), NG((l + r + 1)4)−NG((l + r)4)}

= cov {NG(l4, (l + 1)4), NG((l + r)4, (l + r + 1)4)} . (B.71)

Therefore, we can use the variance-covariance results (1.30) and (1.31) to establish

the variance-covariance structure of Zl. However, when using these results, we need

to use the functions M1(· ) and m1(· ) defined in equation (1.25), and we find it more

convenient to use the asymptotic form of the functions M1(· ) and m1(· ). From

lemma 19, it follows that the asymptotic form of the functions M1(· ) and m1(· ) can

be expressed as
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M1(t) :=

ˆ t

0

∞∑
n=1

unκ−1

Γ(nκ)
exp {−u} du

=


t
κ

+ 1−κ
2κ

+O (exp {−at})

t
κ

+ 1−κ
2κ

+O (exp {−at} t−κ−1)

if κ ∈ N

if κ ∈ R+�N,
(B.72)

and

m1(t) := exp {−t}
∞∑
n=1

tnκ−1

Γ(nκ)

=


1
κ

+O (exp {−at})

1
κ

+O (exp {−at} t−κ−1)

if κ ∈ N

if κ ∈ R+�N,
(B.73)

where a ∈ (0, 2] and 0 < t ≤ T . Therefore, from equations (1.30), (B.72), and (B.73)

it follows that for l ∈ {0, 1, 2, . . . , L− 1}, the variance of Zl can be expressed as

var {Zl} =2

ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)M1(Λ1((l + 1)4)− u)du

+

ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du−

[ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du

]2
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=2

ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ
+O (exp {−au})

]
{Λ1((l + 1)4)− u

κ

+
1− κ

2κ
+O (exp {−a(Λ1((l + 1)4)− u)})}du

+

ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ
+O (exp {−au})

]
du

−

[ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ
+O (exp {−au})

]
du

]2

=2

ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ2
(Λ1((l + 1)4)− u) +O

(
1

κ
exp {−au} {Λ1((l + 1)4)− u}

)
+

1

κ

1− κ
2κ

+O

(
exp {−au} 1− κ

2κ

)
+O

(
1

κ
exp {−a(Λ1((l + 1)4)− u)}

)
+O (exp {−aΛ1((l + 1)4)})]du

+
1

κ
(Λ1((l + 1)4)− Λ1(l4)) +O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)
−
[

1

κ
(Λ1((l + 1)4)− Λ1(l4)) +O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)]2

=2[
1

κ2
(Λ1((l + 1)4))(Λ1((l + 1)4)− Λ1(l4))− 1

2κ2
(Λ2

1((l + 1)4)− Λ2
1(l4))

+O(
1

aκ
exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4))

+
1

a2κ
(exp {−aΛ1((l + 1)4)} − exp {−aΛ1(l4)}))

+
1

κ

1− κ
2κ

(Λ1((l + 1)4)− Λ1(l4))

+O

(
1− κ

2κ
{exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a
}
)

+O

(
1

κ
{1

a
− exp {−a [Λ1((l + 1)4)− Λ1(l4)]}

a
}
)

+O (exp {−aΛ1((l + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))]
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+
1

κ
(Λ1((l + 1)4)− Λ1(l4)) +O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)
−
[

1

κ
(Λ1((l + 1)4)− Λ1(l4)) +O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)]2

=
2

κ2
[Λ2

1((l + 1)4))− Λ1((l + 1)4)Λ1(l4)]− 1

κ2
(Λ2

1((l + 1)4)− Λ2
1(l4))

+O(
2

aκ
exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4))

+
2

a2κ
(exp {−aΛ1((l + 1)4)} − exp {−aΛ1(l4)}))

+
1− κ
κ2

(Λ1((l + 1)4)− Λ1(l4))

+O

(
1− κ
κ
{exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a
}
)

+O

(
2

κ
{1

a
− exp {−a [Λ1((l + 1)4)− Λ1(l4)]}

a
}
)

+O (2 exp {−aΛ1((l + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))

+
1

κ
(Λ1((l + 1)4)− Λ1(l4)) +O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)
− 1

κ2
(Λ1((l + 1)4)− Λ1(l4))2

+O

(
−2

κ
(Λ1((l + 1)4)− Λ1(l4)){exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a
}
)

+O

(
−
[

exp {−aΛ1(l4)}
a

− exp {−aΛ1((l + 1)4)}
a

]2
)
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=
2

κ2
[Λ2

1((l + 1)4))− Λ1((l + 1)4)Λ1(l4)]− 1

κ2
Λ2

1((l + 1)4) +
1

κ2
Λ2

1(l4)

+
1− κ
κ2

(Λ1((l + 1)4)− Λ1(l4)) +
1

κ
(Λ1((l + 1)4)− Λ1(l4))

− 1

κ2
{Λ2

1((l + 1)4)− 2Λ1((l + 1)4)Λ1(l4) + Λ2
1(l4)}

+O(
2

aκ
exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4))

+
2

a2κ
(exp {−aΛ1((l + 1)4)} − exp {−aΛ1(l4)}))

+O

(
1− κ
κ
{exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a
}
)

+O

(
2

κ
{1

a
− exp {−a [Λ1((l + 1)4)− Λ1(l4)]}

a
}
)

+O (2 exp {−aΛ1((l + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))

+O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)
+O

(
−2

κ
(Λ1((l + 1)4)− Λ1(l4)){exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a
}
)

+O

(
−
[

exp {−aΛ1(l4)}
a

− exp {−aΛ1((l + 1)4)}
a

]2
)

=
2

κ2
[Λ2

1((l + 1)4))− Λ1((l + 1)4)Λ1(l4)]− 1

κ2
Λ2

1((l + 1)4) +
1

κ2
Λ2

1(l4)

+
1− κ
κ2

(Λ1((l + 1)4)− Λ1(l4)) +
κ

κ2
(Λ1((l + 1)4)− Λ1(l4))

− 1

κ2
{Λ2

1((l + 1)4)− 2Λ1((l + 1)4)Λ1(l4) + Λ2
1(l4)}

+O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4)))

=
1

κ2
(Λ1((l + 1)4)− Λ1(l4)) +O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4))) ,

(B.74)
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where a ∈ (0, 2].

Next, we establish the covariance structure of Zl and Zl+r. From results (1.31),

(B.72), and (B.73), it follows that for l ∈ {0, 1, 2, . . . , L− 1} and r ∈ {1, 2, . . . , L−

1}, we have

cov {Zl, Zl+r} =

ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)[M1(Λ1((l + r + 1)4)− u)

−M1(Λ1((l + r)4)− u)]du

−

[ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du

][ˆ Λ1((l+r+1)4)

Λ1((l+r)4)

m1(u)du

]

=

ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ
+O (exp {−au})

]
[
Λ1((l + r + 1)4)− u

κ

+
1− κ

2κ
+O (exp {−a(Λ1((l + r + 1)4)− u)})

− {Λ1((l + r)4)− u
κ

+
1− κ

2κ
+O (exp {−a(Λ1((l + r)4)− u)})}]du

−

[ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du

][ˆ Λ1((l+r+1)4)

Λ1((l+r)4)

m1(u)du

]

=

ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ
+O (exp {−au})

]
[
1

κ
{Λ1((l + r + 1)4)− Λ1((l + r)4)}

+O (exp {−a(Λ1((l + r + 1)4)− u)})
+O (− exp {−a(Λ1((l + r)4)− u)})]du

−

[ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du

][ˆ Λ1((l+r+1)4)

Λ1((l+r)4)

m1(u)du

]
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=

ˆ Λ1((l+1)4)

Λ1(l4)

[
1

κ2
{Λ1((l + r + 1)4)− Λ1((l + r)4)}

+O

(
1

κ
{Λ1((l + r + 1)4)− Λ1((l + r)4)} exp {−au}

)
+O

(
1

κ
exp {−a(Λ1((l + r + 1)4)− u)}

)
+O (exp {−aΛ1((l + r + 1)4)})

+O

(
−1

κ
exp {−a(Λ1((l + r)4)− u)}

)
+O (− exp {−aΛ1((l + r)4)})]du

−

[ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du

][ˆ Λ1((l+r+1)4)

Λ1((l+r)4)

m1(u)du

]

=
1

κ2
{Λ1((l + r + 1)4)− Λ1((l + r)4)}{Λ1((l + 1)4)− Λ1(l4)}

+O(
1

aκ
{Λ1((l + r + 1)4)− Λ1((l + r)4)}[exp {−aΛ1(l4)}

− exp {−aΛ1((l + 1)4)}])

+O(
1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1(l4))})

+O (exp {−aΛ1((l + r + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))

+O(
1

aκ
exp {−a(Λ1((l + r)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r)4)− Λ1(l4))})

+O (− exp {−aΛ1((l + r)4)} (Λ1((l + 1)4)− Λ1(l4)))

−

[ˆ Λ1((l+1)4)

Λ1(l4)

m1(u)du

][ˆ Λ1((l+r+1)4)

Λ1((l+r)4)

m1(u)du

]
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=
1

κ2
{Λ1((l + r + 1)4)− Λ1((l + r)4)}{Λ1((l + 1)4)− Λ1(l4)}

+O(
1

aκ
{Λ1((l + r + 1)4)− Λ1((l + r)4)}[exp {−aΛ1(l4)}

− exp {−aΛ1((l + 1)4)}])

+O(
1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1(l4))})

+O (exp {−aΛ1((l + r + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))

+O(
1

aκ
exp {−a(Λ1((l + r)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r)4)− Λ1(l4))})

+O (− exp {−aΛ1((l + r)4)} (Λ1((l + 1)4)− Λ1(l4)))

− [
1

κ
(Λ1((l + 1)4)− Λ1(l4))

+O

(
exp {−aΛ1(l4)}

a
− exp {−aΛ1((l + 1)4)}

a

)
]×

[
1

κ
(Λ1((l + r + 1)4)− Λ1((l + r)4))

+O

(
exp {−aΛ1((l + r)4)}

a
− exp {−aΛ1((l + r + 1)4)}

a

)
]
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=
1

κ2
{Λ1((l + r + 1)4)− Λ1((l + r)4)}{Λ1((l + 1)4)− Λ1(l4)}

+O(
1

aκ
{Λ1((l + r + 1)4)− Λ1((l + r)4)}[exp {−aΛ1(l4)}

− exp {−aΛ1((l + 1)4)}])

+O(
1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1(l4))})

+O (exp {−aΛ1((l + r + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))

+O(
1

aκ
exp {−a(Λ1((l + r)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r)4)− Λ1(l4))})

+O (− exp {−aΛ1((l + r)4)} (Λ1((l + 1)4)− Λ1(l4)))

− 1

κ2
{(Λ1((l + 1)4)− Λ1(l4))} {(Λ1((l + r + 1)4)− Λ1((l + r)4))}

+O(−1

κ
(Λ1((l + r + 1)4)− Λ1((l + r)4))[

exp {−aΛ1(l4)}
a

− exp {−aΛ1((l + 1)4)}
a

])

+O(−1

κ
(Λ1((l + 1)4)− Λ1(l4))[

exp {−aΛ1((l + r)4)}
a

− exp {−aΛ1((l + r + 1)4)}
a

])

+O(− 1

a2
[exp {−aΛ1(l4)} − exp {−aΛ1((l + 1)4)}] [

exp {−aΛ1((l + r)4)} − exp {−aΛ1((l + r + 1)4)}])
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=O(
1

aκ
{Λ1((l + r + 1)4)− Λ1((l + r)4)}[

exp {−aΛ1(l4)} − exp {−aΛ1((l + 1)4)}])

+O(
1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r + 1)4)− Λ1(l4))})

+O (exp {−aΛ1((l + r + 1)4)} (Λ1((l + 1)4)− Λ1(l4)))

+O(
1

aκ
exp {−a(Λ1((l + r)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r)4)− Λ1(l4))})

+O (− exp {−aΛ1((l + r)4)} (Λ1((l + 1)4)− Λ1(l4)))

+O(−1

κ
(Λ1((l + r + 1)4)− Λ1((l + r)4))[

exp {−aΛ1(l4)}
a

− exp {−aΛ1((l + 1)4)}
a

])

+O(−1

κ
(Λ1((l + 1)4)− Λ1(l4))[

exp {−aΛ1((l + r)4)}
a

− exp {−aΛ1((l + r + 1)4)}
a

])

+O(− 1

a2
[exp {−aΛ1(l4)} − exp {−aΛ1((l + 1)4)}] [

exp {−aΛ1((l + r)4)} − exp {−aΛ1((l + r + 1)4)}])
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=O(
1

aκ
exp {−a(Λ1((l + r)4)− Λ1((l + 1)4))}

− 1

aκ
exp {−a(Λ1((l + r)4)− Λ1(l4))})

=O(
1

aκ
[exp {−a(Λ1((l + r)4)} exp {aΛ1((l + 1)4)}

− exp {−a(Λ1((l + r)4)} exp {aΛ1(l4)}])

=O

(
1

aκ
exp {−a(Λ1((l + r)4)} [exp {aΛ1((l + 1)4)} − exp {aΛ1(l4)}]

)
=O

(
1

aκ
exp {−a(Λ1((l + r)4) + aΛ1(l4)}

[
exp

{
a

ˆ (l+1)4

l4
λ1(u)du

}
− 1

])

=O

(
1

aκ
exp

{
−a
ˆ (l+r)4

l4
λ1(u)du

}[
exp

{
a

ˆ (l+1)4

l4
λ1(u)du

}
− 1

])
, (B.75)

where a ∈ (0, 2].

B.1.1.2 Proof of Proposition 9

Proof. We first establish that ω̂T → ωT (a.s), as T → ∞, that is, ω̂T is a consistent

estimator of ω. For every ω ∈ {ω : O(T δ
′−1) ≤ ω ≤ ΩT , 0 < δ′ < 1} and for each

k = 1, 2, . . . , K, Lemma 8 (of Section 2.2) and equation (1.36) imply that when

m = 1 the integral (2.6) reduces to JT (ω) = 1
T

´ T
0
e−iωtλ2(t)dt + 1

T

´ T
0
e−iωtdZG(t)

= 1
T

´ T
0
e−iωt 1

κ
λ1(t)dt + o(1) = 1

T

´ T
0
e−iωt 1

κ
{
∑K

k=1Ak cos(ωkt + φk) + B}dt + o(1).

Therefore, from the useful integral section of Appendix B, it then follows that for

each frequency in the frequency range ω ∈ {ω : O(T δ
′−1) ≤ ω ≤ ΩT , 0 < δ′ < 1}, we

have
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JT (ω) =



Ak
2κ
eiφk + o(1) if |ω − ωk| = cT−1−γ

Ak
i2κ
eiφk 1−exp{−ic}

c
+ o(1) if |ω − ωk| = cT−1

o(1) if |ω − ωk| = cT−1+γ,

(B.76)

where k = 1, 2, . . . , K, c 6= 0, and γ > 0. Therefore, the local maxima must occur

in the neighborhood of ωk (k = 1, 2, . . . , K) where the width of this neighborhood

is at most O(T−1). It then follows that under Assumption 3 (of Section 2.2), these

neighborhoods are disjoint for large T . By the definition of the K local maxima

of |JT (ω)|, only one maximum should be considered in a neighborhood of length

O(T−1+γ), where γ > 0. Therefore, the K largest local maxima of |JT (ω)| must occur

in these neighborhood of ωT = (ω1, . . . , ωK), with each neighborhood containing one

local maximum, namely, the frequency estimates ω̂k,T , where k = 1, 2, . . . , K. Since

these neighborhoods tend to 0 as T →∞, it follows that ω̂T → ωT (a.s), as T →∞,

that is, ω̂T is a consistent estimator of ω.

We now show that that for each k = 1, 2, . . . , K, (ω̂k,T − ωk) = o(T−1) almost

surely as T →∞. Using the notation of equation (2.6) and equation (B.76), we know

that for each k = 1, 2, . . . , K, |JT (ω)| obtains its k-th local maximum at ω̂k,T , while∣∣∣J (λ2)
T (ω)

∣∣∣ has its k-th local maximum at ωk. So for all ω ∈ {ω : O(T δ
′−1) ≤ ω ≤
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ΩT , 0 < δ′ < 1}, we have

|JT (ω̂k,T )| ≥ |JT (ωk)|

≥
∣∣∣∣∣∣J (λ2)

T (ωk)
∣∣∣− ∣∣∣J (ZG)

T (ωk)
∣∣∣∣∣∣

=
∣∣∣J (λ2)
T (ωk)

∣∣∣− ∣∣∣J (ZG)
T (ωk)

∣∣∣ ,
and

∣∣∣J (λ2)
T (ωk)

∣∣∣ ≥ ∣∣∣J (λ2)
T (ω̂k,T )

∣∣∣
≥

∣∣∣∣∣∣J (λ2)
T (ω̂k,T ) + J

(ZG)
T (ω̂k,T )

∣∣∣− ∣∣∣J (ZG)
T (ω̂k,T )

∣∣∣∣∣∣
= |JT (ω̂k,T )| −

∣∣∣J (ZG)
T (ω̂k,T )

∣∣∣ .
Therefore, it follows that for each k = 1, 2, . . . , K, we have

∣∣∣J (λ2)
T (ωk)

∣∣∣− ∣∣∣J (ZG)
T (ωk)

∣∣∣ ≤ |JT (ω̂k,T )| ≤
∣∣∣J (λ2)
T (ωk)

∣∣∣+
∣∣∣J (ZG)
T (ω̂k,T )

∣∣∣ .
Now from Lemma 8, we know that for each k = 1, 2, . . . , K, we have

limT→0

∣∣∣J (ZG)
T (ωk)

∣∣∣→ 0 (a.s.) and limT→0

∣∣∣J (ZG)
T (ω̂k,T )

∣∣∣→ 0 (a.s.),
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and it then follows from equation (B.76) that

lim
T→0
|JT (ω̂k,T )| = lim

T→0

∣∣∣J (λ2)
T (ω̂k,T )

∣∣∣ =

∣∣∣∣Ak2κ
eiφk
∣∣∣∣ =

Ak
2κ
. (B.77)

However, we know by direct computation that

|JT (ω̂k,T )| = Ak
2κ

∣∣∣∣∣1− e−i(ω̂k,T−ωk)Ti (ω̂k,T − ωk)T

∣∣∣∣∣+ o(1). (B.78)

Hence, from equations (B.77) and (B.78), it follows that as T →∞,

∣∣∣∣∣1− e−i(ω̂k,T−ωk)Ti (ω̂k,T − ωk)T

∣∣∣∣∣→ 1 (a.s.). (B.79)

Therefore, for each k = 1, 2, . . . , K, we have

(ω̂k,T − ωk) = o(T−1) (a.s.), (B.80)

as T →∞.

B.1.1.3 The Derivation of the Asymptotic Variance-Covariance Matrix
of the Random Variables of Equation (2.7)

Proof. The asymptotic variance-covariance matrix of the random variables (U, V1, . . . ,

VK , W1, . . . , WK , X1, . . . , XK , Y1, . . . , YK)′, defined in equation (2.7), can be ob-

tained by direct calculation. We begin by establishing some asymptotic variance-
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covariance bounds which will be used throughout the derivation of the asymptotic

variance-covariance matrix of the random variables (U, V1, . . . , VK , W1, . . . ,WK ,

X1, . . . , XK , Y1, . . . , YK)′. Let λ1(· ) be the baseline intensity function and λ2(· )

be the intensity function of an inhomogeneous Gamma process (IGP) which satis-

fies the Chapter 2 Assumptions 1-3. For the observational time period T > 0, let

0 < t ≤ T , 0 < ε1 ≤ λ1(t) ≤ J1 < ∞, 0 < ε2 ≤ λ2(t) ≤ JG1 < ∞, ε = min {ε1, ε2},

J = max
{
J1, J

G
1

}
, 4 = O(T−ν), 1

3
< v < 1, and L be an integer such that T = L4.

We now establish that

1

Tm

ˆ ˆ

0<r<T
0<l≤T−r

tm−1cov {dZG(r), dZG(r + l)} → 0 as T→∞, (B.81)

where m ≥ 1.

From equation (B.68), we know that for some a ∈ (0, 2], there exists some

M ∈ (0, ∞), such that

∣∣∣∣∣∣∣∣
1

T

ˆ ˆ

0<r<T
0<l≤T−r

cov {dZG(r), dZG(r + l)}

∣∣∣∣∣∣∣∣ ≤
1

T

ˆ ˆ

0<r<T
0<l≤T−r

|cov {dZG(r), dZG(r + l)}|
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≤ M

T

L−1∑
r=1

L−1−r∑
l=0

[
exp

{
−a
ˆ (l+r)4

l4
λ1(u)du

}
(λ1(l4)4+ o(4))

]
44

≤ MJ

T

L−1∑
r=1

L−1−r∑
l=0

[
exp {−aεr4}

(
43 + o(43)

)]
≤ c

T

L−1∑
r=1

(L− 1− r) exp {−aεr4}43 for some constant c > 0

≤ c43

T

ˆ L

0

(L− r) exp {−aε4r} dr

=
c43

T (aε4)2
[(aε4r − aε4L+ 1) exp {−aε4r}]L0

=
c4

T (aε)2
[exp {−aε4L}+ aε4L− 1]

=
c4

T (aε)2
[exp {−aεT}+ aεT − 1]

=
c4

(aε)2

[
exp {−aεT}

T
+ aε− 1

T

]
→ 0 as T →∞. (B.82)

From equation (B.82), it follows that for m ≥ 1, we have∣∣∣∣∣∣ 1
Tm

´ ´
0<r<T

0<l≤T−r

lm−1cov {dZG(r), dZG(r + l)}

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
1

T

ˆ ˆ

0<r<T
0<l≤T−r

(
l

T

)m−1

cov {dZG(r), dZG(r + l)}

∣∣∣∣∣∣∣∣
≤ 1

T

ˆ ˆ

0<r<T
0<l≤T−r

|cov {dZG(r), dZG(r + l)}|

→ 0 as T →∞, (B.83)

and equation (B.81) therefore follows.

170



We now show that

lim
T→∞

1

T

ˆ T

0

var {dZG(t)} = lim
T→∞

1

Tκ2

ˆ T

0

λ1(u)du. (B.84)

From equation (B.67), we know that there exists some a ∈ (0, 2] such that

1

T

ˆ T

0

var {dZG(t)} =
1

T

L−1∑
l=0

var {dZG(l4)}4

=
1

T

L−1∑
l=0

[
1

κ2
(Λ1((l + 1)4)− Λ1(l4))

+O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4)))]4

=
1

T

L−1∑
l=0

[
1

κ2

ˆ (l+1)4

l4
λ1(u)du

+O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4)))]4

=
1

T

L−1∑
l=0

[
1

κ2
λ1(l4)4+ o(4)

+O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4)))]4

=
1

Tκ2

ˆ T

0

λ1(u)du+
1

T

L−1∑
l=0

o(4)4

+
1

T

L−1∑
l=0

O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4)))4

=
1

Tκ2

ˆ T

0

λ1(u)du+ o(4)

+
1

T

L−1∑
l=0

O (exp {−aΛ1(l4)} (Λ1((l + 1)4)− Λ1(l4)))4
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≤ 1

Tκ2

ˆ T

0

λ1(u)du+ o(4) +
1

T

L−1∑
l=0

O (exp {−aεl4} J4)4

≤ 1

Tκ2

ˆ T

0

λ1(u)du+ o(4) +
1

T

L−1∑
l=0

O
(
J42

)
=

1

Tκ2

ˆ T

0

λ1(u)du+ o(4) +
1

T
LO

(
J42

)
=

1

Tκ2

ˆ T

0

λ1(u)du+ o(4) +
1

T
O (JL44)

=
1

Tκ2

ˆ T

0

λ1(u)du+ o(4) +
1

T
O (JT4)

=
1

Tκ2

ˆ T

0

λ1(u)du+O
(
T−ν

)
,

and equation (B.84) therefore follows.

Using the equations (B.81) and (B.84), we derive the asymptotic variance-covariance

matrix of the random variables (U, V1, . . . , VK , W1, . . . ,WK , X1, . . . , XK , Y1, . . . , YK)′.

We begin by establishing

lim
T→∞

cov {U, U} =
1

κ2
B.

Since

lim
T→∞

cov {U, U} = lim
T→∞

1

T
var

{ˆ T

0

dZG(s)

}
= lim

T→∞

1

T
var {ZG(T )} ,
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it follows from equation (1.37) that

lim
T→∞

cov {U, U} =
1

κ2
B.

Next, we establish

lim
T→∞

cov {U, Vk′} =
Ak′

2κ2
cos(φk′).

Since

lim
T→∞

cov {U, Vk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

dZG(s), T−
1
2

ˆ T

0

cos(ωk′t)dZG(t)

}
= lim

T→∞

1

T

ˆ T

0

ˆ T

0

cos(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T
[

ˆ T

0

cos(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it follows from the useful integral section of Appendix B, equations (B.66), (B.67),

(B.81), (B.84), and the Chapter 2 Assumption 3 that

lim
T→∞

cov {U, Vk′} = lim
T→∞

1

Tκ2

ˆ T

0

cos(ωk′t)λ1(t)dt

= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωk′t)

[
K∑
k=1

Ak cos(ωkt+ φk) +B

]
dt
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= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωk′t)
K∑
k=1

Ak cos(ωkt+ φk)dt+ lim
T→∞

1

Tκ2

ˆ T

0

cos(ωk′t)Bdt

= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωk′t)
K∑
k=1

Ak cos(ωkt+ φk)dt

=
Ak′

2κ2
cos(φk′).

Likewise, we establish

lim
T→∞

cov {U, Wk′} = −Ak′

2κ2
sin(φk′).

Since

lim
T→∞

cov {U, Wk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

dZG(s), T−
1
2

ˆ T

0

sin(ωk′t)dZG(t)

}
= lim

T→∞

1

T

ˆ T

0

ˆ T

0

sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T
[

ˆ T

0

sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it follows from the useful integral section of Appendix B, equations (B.66), (B.67),

(B.81), (B.84), and the Chapter 2 Assumption 3 that

lim
T→∞

cov {U, Wk′} = lim
T→∞

1

Tκ2

ˆ T

0

sin(ωk′t)λ1(t)dt

= −Ak
′

2κ2
sin(φk′).

Likewise, we establish
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lim
T→∞

cov {U, Xk′} =
Ak′

4κ2
cos(φk′).

Since

lim
T→∞

cov {U, Xk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

dZG(s), T−
3
2

ˆ T

0

t cos(ωk′t)dZG(t)

}
= lim

T→∞

1

T 2

ˆ T

0

ˆ T

0

t cos(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 2
[

ˆ T

0

t cos(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

(s+ t) cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it follows from the useful integral section of Appendix B, equations (B.66), (B.67),

(B.81), (B.84), and the Chapter 2 Assumption 3 that

lim
T→∞

cov {U, Xk′} = lim
T→∞

1

T 2κ2

ˆ T

0

t cos(ωk′t)λ1(t)dt

=
Ak′

4κ2
cos(φk′).

Likewise, we establish

lim
T→∞

cov {U, Yk′} = −Ak′

4κ2
sin(φk′).

Since

lim
T→∞

cov {U, Yk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

dZG(s), T−
3
2

ˆ T

0

t sin(ωk′t)dZG(t)

}
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= lim
T→∞

1

T 2

ˆ T

0

ˆ T

0

t sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 2
[

ˆ T

0

t sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

(s+ t) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it follows from the useful integral section of Appendix B, equations (B.66), (B.67),

(B.81), (B.84), and the Chapter 2 Assumption 3 that

lim
T→∞

cov {U, Yk′} = lim
T→∞

1

T 2κ2

ˆ T

0

t sin(ωk′t)λ1(t)dt

= −Ak
′

4κ2
sin(φk′).

We now provide some extra details in establishing

lim
T→∞

cov {Vk, Vk′} =
1

4κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

2κ2
δk, k′ .

Since

lim
T→∞

cov {Vk, Vk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

cos(ωks)dZG(s), T−
1
2

ˆ T

0

cos(ωk′t)dZG(t)

}
= lim

T→∞

1

T

ˆ T

0

ˆ T

0

cos(ωks) cos(ωk′t)cov {dZG(s), dZG(t)}
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= lim
T→∞

1

T
[

ˆ T

0

cos(ωkt) cos(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

cos(ωks) cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}]

= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) cos(ωk′t)λ1(t)dt

+2 lim
T→∞

1

T

ˆ ˆ

0<s<T
0<t≤T−s

cos(ωks) cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)} ,

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Vk, Vk′} = lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) cos(ωk′t)λ1(t)dt

= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) cos(ωk′t)

[
K∑
k=1

Ak cos(ωkt+ φk) +B

]
dt

= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) cos(ωk′t)
K∑
k=1

Ak cos(ωkt+ φk)dt

+ lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) cos(ωk′t)Bdt

= lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) cos(ωk′t)
K∑
k=1

Ak cos(ωkt+ φk)dt
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=
1

4Tκ2

ˆ T

0

K∑
j=1

Aj{cos((ωk + ωk′ + ωj)t+ φj) + cos((ωk − ωk′ − ωj)t− φj)

+ cos((ωk − ωk′ + ωj)t+ φj) + cos((ωk + ωk′ − ωj)t− φj)}dt+
B

2κ2
δk, k′

=
1

4κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

2κ2
δk, k′ ,

where the last equation follows since the only way the last integral is nonzero asymp-

totically is when

ωk − ωk′ − ωj = 0

ωk − ωk′ + ωj = 0

ωk + ωk′ − ωj = 0.

Likewise, we establish

lim
T→∞

cov {Vk, Wk′} =
1

4κ2

K∑
j=1

Aj sin(φj) {−δj,k+k′ + δj,k−k′ − δj,k′−k} .
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Since

lim
T→∞

cov {Vk, Wk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

cos(ωks)dZG(s), T−
1
2

ˆ T

0

sin(ωk′t)dZG(t)

}

= lim
T→∞

1

T

ˆ T

0

ˆ T

0

cos(ωks) sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T
[

ˆ T

0

cos(ωkt) sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

cos(ωks) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Vk, Wk′} = lim
T→∞

1

Tκ2

ˆ T

0

cos(ωkt) sin(ωk′t)λ1(t)dt

=
1

4Tκ2

ˆ T

0

K∑
j=1

Aj{sin((ωk + ωk′ + ωj)t+ φj)− sin((ωk − ωk′ + ωj)t+ φj)

− sin((ωk − ωk′ − ωj)t− φj) + sin((ωk + ωk′ − ωj)t− φj)}dt

=
1

4κ2

K∑
j=1

Aj sin(φj) {−δj,k+k′ + δj,k−k′ − δj,k′−k} ,

where the last equation follows since the only way the last integral is nonzero asymp-
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totically is when

ωk − ωk′ + ωj = 0

ωk − ωk′ − ωj = 0

ωk + ωk′ − ωj = 0.

Likewise, we establish

lim
T→∞

cov {Vk, Xk′} =
1

8κ2

K∑
j=1

Aj cos(φj) {δj,k+k′ + δj,k−k′ + δj,k′−k}+
B

4κ2
δk,k′ .

Since

lim
T→∞

cov {Vk, Xk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

cos(ωks)dZG(s), T−
3
2

ˆ T

0

t cos(ωk′t)dZG(t)

}

= lim
T→∞

1

T 2

ˆ T

0

ˆ T

0

t cos(ωks) cos(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 2
[

ˆ T

0

t cos(ωkt) cos(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

(s+ t) cos(ωks) cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Ap-
pendix B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the
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Chapter 2 Assumption 3 that

lim
T→∞

cov {Vk, Xk′} = lim
T→∞

1

T 2κ2

ˆ T

0

t cos(ωkt) cos(ωk′t)λ1(t)dt

=
1

4T 2κ2

ˆ T

0

K∑
j=1

Ajt{cos((ωk + ωk′ + ωj)t+ φj) + cos((ωk − ωk′ + ωj)t+ φj)

+ cos((ωk − ωk′ − ωj)t− φj) + cos((ωk + ωk′ − ωj)t− φj)}dt+
B

4κ2
δk,k′

=
1

8κ2

K∑
j=1

Aj cos(φj) {δj,k+k′ + δj,k−k′ + δj,k′−k}+
B

4κ2
δk,k′ ,

where the last equation follows since the only way the last integral is nonzero asymp-

totically is when

ωk − ωk′ + ωj = 0

ωk − ωk′ − ωj = 0

ωk + ωk′ − ωj = 0.

Likewise, we establish

lim
T→∞

cov {Vk, Yk′} =
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k} .
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Since

lim
T→∞

cov {Vk, Yk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

cos(ωks)dZG(s), T−
3
2

ˆ T

0

t sin(ωk′t)dZG(t)

}

= lim
T→∞

1

T 2

ˆ T

0

ˆ T

0

t cos(ωks) sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 2
[

ˆ T

0

t cos(ωkt) sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

(s+ t) cos(ωks) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Vk, Yk′} = lim
T→∞

1

T 2κ2

ˆ T

0

t cos(ωkt) sin(ωk′t)λ1(t)dt

=
1

4T 2κ2

ˆ T

0

K∑
j=1

Ajt{sin((ωk + ωk′ + ωj)t+ φj)− sin((ωk − ωk′ + ωj)t+ φj)

− sin((ωk − ωk′ − ωj)t− φj) + sin((ωk + ωk′ − ωj)t− φj)}dt

=
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k} ,

where the last equation follows since the only way the last integral is nonzero asymp-
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totically is when

ωk − ωk′ + ωj = 0

ωk − ωk′ − ωj = 0

ωk + ωk′ − ωj = 0.

Likewise, we establish

lim
T→∞

cov {Wk, Wk′} =
1

4κ2

K∑
j=1

Aj cos(φj) {−δj,k′+k + δj,k−k′ + δj,k′−k}+
B

2κ2
δk,k′ .

Since

lim
T→∞

cov {Wk, Wk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

sin(ωks)dZG(s), T−
1
2

ˆ T

0

sin(ωk′t)dZG(t)

}
= lim

T→∞

1

T

ˆ T

0

ˆ T

0

sin(ωks) sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T
[

ˆ T

0

sin(ωkt) sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

sin(ωks) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter
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2 Assumption 3 that

lim
T→∞

cov {Wk, Wk′} = lim
T→∞

1

Tκ2

ˆ T

0

sin(ωkt) sin(ωk′t)λ1(t)dt

= − 1

4Tκ2

ˆ T

0

K∑
j=1

Aj{cos((ωk + ωk′ + ωj)t+ φj)− cos((ωk − ωk′ + ωj)t+ φj)

− cos((ωk − ωk′ − ωj)t− φj) + cos((ωk + ωk′ − ωj)t− φj)}dt+
B

2κ2
δk,k′

=
1

4κ2

K∑
j=1

Aj cos(φj) {−δj,k′+k + δj,k−k′ + δj,k′−k}+
B

2κ2
δk,k′ ,

where the last equation follows since the only way the last integral is nonzero asymp-

totically is when

ωk − ωk′ + ωj = 0

ωk − ωk′ − ωj = 0

ωk + ωk′ − ωj = 0.

Likewise, we establish

lim
T→∞

cov {Wk, Xk′} =
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k′−k − δj, k−k′} .
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Since

lim
T→∞

cov {Wk, Xk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

sin(ωks)dZG(s), T−
3
2

ˆ T

0

t cos(ωk′t)dZG(t)

}

= lim
T→∞

1

T 2

ˆ T

0

ˆ T

0

t sin(ωks) cos(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 2
[

ˆ T

0

t sin(ωkt) cos(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

(s+ t) sin(ωks) cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Wk, Xk′} = lim
T→∞

1

T 2κ2

ˆ T

0

t sin(ωkt) cos(ωk′t)λ1(t)dt

=
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k′−k − δj, k−k′} .

Likewise, we establish

lim
T→∞

cov {Wk, Yk′} =
1

8κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

4κ2
δk, k′ .
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Since

lim
T→∞

cov {Wk, Yk′} = lim
T→∞

cov

{
T−

1
2

ˆ T

0

sin(ωks)dZG(s), T−
3
2

ˆ T

0

t sin(ωk′t)dZG(t)

}

= lim
T→∞

1

T 2

ˆ T

0

ˆ T

0

t sin(ωks) sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 2
[

ˆ T

0

t sin(ωkt) sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

(s+ t) sin(ωks) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Wk, Yk′} = lim
T→∞

1

T 2κ2

ˆ T

0

t sin(ωkt) sin(ωk′t)λ1(t)dt

=
1

8κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

4κ2
δk, k′ .

Likewise, we establish

lim
T→∞

cov {Xk, Xk′} =
1

12κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

6κ2
δk,k′ .
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Since

lim
T→∞

cov {Xk, Xk′} = lim
T→∞

cov

{
T−

3
2

ˆ T

0

s cos(ωks)dZG(s), T−
3
2

ˆ T

0

t cos(ωk′t)dZG(t)

}

= lim
T→∞

1

T 3

ˆ T

0

ˆ T

0

st cos(ωks) cos(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 3
[

ˆ T

0

t2 cos(ωkt) cos(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

s(s+ t) cos(ωks) cos(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Xk, Xk′} = lim
T→∞

1

T 3κ2

ˆ T

0

t2 cos(ωkt) cos(ωk′t)λ1(t)dt

=
1

12κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

6κ2
δk,k′ .

Likewise, we establish

lim
T→∞

cov {Xk, Yk′} =
1

12κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k} .
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Since

lim
T→∞

cov {Xk, Yk′} = lim
T→∞

cov

{
T−

3
2

ˆ T

0

s cos(ωks)dZG(s), T−
3
2

ˆ T

0

t sin(ωk′t)dZG(t)

}

= lim
T→∞

1

T 3

ˆ T

0

ˆ T

0

st cos(ωks) sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 3
[

ˆ T

0

t2 cos(ωkt) sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

s(s+ t) cos(ωks) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Xk, Yk′} = lim
T→∞

1

T 3κ2

ˆ T

0

t2 cos(ωkt) sin(ωk′t)λ1(t)dt

=
1

12κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k} .

Likewise, we establish

lim
T→∞

cov {Yk, Yk′} =
1

12κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

6κ2
δk,k′ .
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Since

lim
T→∞

cov {Yk, Yk′} = lim
T→∞

cov

{
T−

3
2

ˆ T

0

s sin(ωks)dZG(s), T−
3
2

ˆ T

0

t sin(ωk′t)dZG(t)

}

= lim
T→∞

1

T 3

ˆ T

0

ˆ T

0

st sin(ωks) sin(ωk′t)cov {dZG(s), dZG(t)}

= lim
T→∞

1

T 3
[

ˆ T

0

t2 sin(ωkt) sin(ωk′t)var {dZG(t)}

+2

ˆ ˆ

0<s<T
0<t≤T−s

s(s+ t) sin(ωks) sin(ωk′(s+ t))cov {dZG(s), dZG(s+ t)}],

it then follows from the useful integral and trigonometric identity section of Appendix

B, equations (B.66), (B.67), (B.81), (B.84), the assumption ω > 0, and the Chapter

2 Assumption 3 that

lim
T→∞

cov {Yk, Yk′} = lim
T→∞

1

T 3κ2

ˆ T

0

t2 sin(ωkt) sin(ωk′t)λ1(t)dt

=
1

12κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

6κ2
δk,k′ .

B.1.1.4 Proof of Equations (2.10), (2.11), and (2.16)

Proof. Here we establish equations (2.10), (2.11), and (2.16). We first establish equa-

tion (2.16), then equation (2.10), and conclude with equation (2.11). To establish
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equation (2.16), we begin by expanding the Bartlett Periodogram,

IT (ω) =
1

2πT

∣∣∣∣ˆ T

0

e−iωtdNG(t)

∣∣∣∣2
=

1

2πT

{[ˆ T

0

cos(ωt)dNG(t)

]2

+

[ˆ T

0

sin(ωt)dNG(t)

]2
}
, (B.85)

where ω > 0. Next, we take the first two derivatives, with respect to ω, of the Bartlett

Periodogram components,

[´ T
0

cos(ωt)dNG(t)
]2

and
[´ T

0
sin(ωt)dNG(t)

]2

,

and we notice that

d

dω

[ˆ T

0

cos(ωt)dNG(t)

]2

= −2

ˆ T

0

cos(ωt)dNG(t)

ˆ T

0

t sin(ωt)dNG(t), (B.86)

d2

dω2

[ˆ T

0

cos(ωt)dNG(t)

]2

= −2
d

dω

ˆ T

0

cos(ωt)dNG(t)

ˆ T

0

t sin(ωt)dNG(t)

= −2{−
ˆ T

0

t sin(ωt)dNG(t)

ˆ T

0

t sin(ωt)dNG(t)

+

ˆ T

0

cos(ωt)dNG(t)

ˆ T

0

t2 cos(ωt)dNG(t)}
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= −2{−
[ˆ T

0

t sin(ωt)dNG(t)

]2

+

ˆ T

0

cos(ωt)dNG(t)

ˆ T

0

t2 cos(ωt)dNG(t)}

= 2{
[ˆ T

0

t sin(ωt)dNG(t)

]2

−
ˆ T

0

cos(ωt)dNG(t)

ˆ T

0

t2 cos(ωt)dNG(t)}, (B.87)

d

dω

[ˆ T

0

sin(ωt)dNG(t)

]2

= 2

ˆ T

0

sin(ωt)dNG(t)

ˆ T

0

t cos(ωt)dNG(t), (B.88)

and

d2

dω2

[ˆ T

0

sin(ωt)dNG(t)

]2

= 2{
ˆ T

0

t cos(ωt)dNG(t)

ˆ T

0

t cos(ωt)dNG(t)

−
ˆ T

0

sin(ωt)dNG(t)

ˆ T

0

t2 sin(ωt)dNG(t)}

= 2{
[ˆ T

0

t cos(ωt)dNG(t)

]2

−
ˆ T

0

sin(ωt)dNG(t)

ˆ T

0

t2 sin(ωt)dNG(t)}.(B.89)

Using the decomposition defined in equation (2.4), equation (B.85) can be re-expressed

as
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2πTIT (ω) =

[ˆ T

0

cos(ωt)dNG(t)

]2

+

[ˆ T

0

sin(ωt)dNG(t)

]2

=

[ˆ T

0

cos(ωt)E [dNG(t)] +

ˆ T

0

cos(ωt)dZG(t)

]2

+

[ˆ T

0

sin(ωt)E [dNG(t)] +

ˆ T

0

sin(ωt)dZG(t)

]2

=

[ˆ T

0

cos(ωt)E [dNG(t)]

]2

+ 2

ˆ T

0

cos(ωt)E [dNG(t)]

ˆ T

0

cos(ωt)dZG(t)

+

[ˆ T

0

cos(ωt)dZG(t)

]2

+

[ˆ T

0

sin(ωt)E [dNG(t)]

]2

+2

ˆ T

0

sin(ωt)E [dNG(t)]

ˆ T

0

sin(ωt)dZG(t) +

[ˆ T

0

sin(ωt)dZG(t)

]2

,(B.90)

and using the notation of equation (2.7), we have

2πTIT (ωk) =

[ˆ T

0

cos(ωkt)E [dNG(t)]

]2

+ 2

ˆ T

0

cos(ωkt)E [dNG(t)]
(
T

1
2Vk

)
+
[
T

1
2Vk

]2

+

[ˆ T

0

sin(ωkt)E [dNG(t)]

]2

+2

ˆ T

0

sin(ωkt)E [dNG(t)]
(
T

1
2Wk

)
+
[
T

1
2Wk

]2

. (B.91)
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Therefore, it follows that

2π
IT (ωk)

T
=

1

T 2

[ˆ T

0

cos(ωkt)E [dNG(t)]

]2

+ 2
1

T 2

ˆ T

0

cos(ωkt)E [dNG(t)]
(
T

1
2Vk

)
+
[
T−

1
2Vk

]2

+
1

T 2

[ˆ T

0

sin(ωkt)E [dNG(t)]

]2

+ 2
1

T 2

ˆ T

0

sin(ωkt)E [dNG(t)]
(
T

1
2Wk

)
+
[
T−

1
2Wk

]2

=

[
1

T

ˆ T

0

cos(ωkt)E [dNG(t)]

]2

+ 2
1

T

ˆ T

0

cos(ωkt)E [dNG(t)]
(
T−

1
2Vk

)
+
[
T−

1
2Vk

]2

+

[
1

T

ˆ T

0

sin(ωkt)E [dNG(t)]

]2

+ 2
1

T

ˆ T

0

sin(ωkt)E [dNG(t)]
(
T−

1
2Wk

)
+
[
T−

1
2Wk

]2

. (B.92)

And since for t > 0, E [dNG(t)] = λ2(t)dt + o(dt) and equation (1.36) implies that

λ2(t) = 1
κ
λ1 (t) + O (λ1(t) exp {−aΛ1 (t)}), it then follows from the useful integral

section of Appendix B that

2π
IT (ωk)

T
=

[
Ak
2κ

cos(φk) + o(1)

]2

+ 2

[
Ak
2κ

cos(φk) + o(1)

](
T−

1
2Vk

)
+
[
T−

1
2Vk

]2

+

[
−Ak

2κ
sin(φk) + o(1)

]2

+ 2

[
−Ak

2κ
sin(φk) + o(1)

](
T−

1
2Wk

)
+
[
T−

1
2Wk

]2
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=
A2
k

4κ2
+
Ak
κ

cos(φk)
(
T−

1
2Vk

)
− Ak

κ
sin(φk)

(
T−

1
2Wk

)
+
[
T−

1
2Vk

]2

+
[
T−

1
2Wk

]2

+ o(1), (B.93)

and from the Chapter 2 Lemma 8, we conclude that

IT (ωk)

T
=

A2
k

8πκ2
+

Ak
2πκ

cos(φk)
(
T−

1
2Vk

)
− Ak

2πκ
sin(φk)

(
T−

1
2Wk

)
+ o(1), (B.94)

which establishes equation (2.16).

Next, we establish equation (2.10). From equations (B.85)-(B.89), we notice that

2πT
d

dω
IT (ω) = −2

[ˆ T

0

cos(ωt)dNG(t)

] [ˆ T

0

t sin(ωt)dNG(t)

]
+2

[ˆ T

0

sin(ωt)dNG(t)

] [ˆ T

0

t cos(ωt)dNG(t)

]
= 2{

[ˆ T

0

sin(ωt)dNG(t)

] [ˆ T

0

t cos(ωt)dNG(t)

]
−
[ˆ T

0

cos(ωt)dNG(t)

] [ˆ T

0

t sin(ωt)dNG(t)

]
}

= 2{
[ˆ T

0

sin(ωt)E [dNG(t)] +

ˆ T

0

sin(ωt)dZG(t)

]
×
[ˆ T

0

t cos(ωt)E [dNG(t)] +

ˆ T

0

t cos(ωt)dZG(t)

]
−
[ˆ T

0

cos(ωt)E [dNG(t)] +

ˆ T

0

cos(ωt)dZG(t)

]
×
[ˆ T

0

t sin(ωt)E [dNG(t)] +

ˆ T

0

t sin(ωt)dZG(t)

]
}
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= 2{[
ˆ T

0

sin(ωt)E [dNG(t)]

ˆ T

0

t cos(ωt)E [dNG(t)]

+

ˆ T

0

sin(ωt)E [dNG(t)]

ˆ T

0

t cos(ωt)dZG(t)]

+[

ˆ T

0

sin(ωt)dZG(t)

ˆ T

0

t cos(ωt)E [dNG(t)]

+

ˆ T

0

sin(ωt)dZG(t)

ˆ T

0

t cos(ωt)dZG(t)]

−[

ˆ T

0

cos(ωt)E [dNG(t)]

ˆ T

0

t sin(ωt)E [dNG(t)]

+

ˆ T

0

cos(ωt)E [dNG(t)]

ˆ T

0

t sin(ωt)dZG(t)]

−[

ˆ T

0

cos(ωt)dZG(t)

ˆ T

0

t sin(ωt)E [dNG(t)]

+

ˆ T

0

cos(ωt)dZG(t)

ˆ T

0

t sin(ωt)dZG(t)]}. (B.95)

Therefore, in the notation of equation (2.7), it follows that

2πT d
dω
IT (ω)|ω=ωk = 2{

ˆ T

0

sin(ωkt)E [dNG(t)]

ˆ T

0

t cos(ωkt)E [dNG(t)]

+

ˆ T

0

sin(ωkt)E [dNG(t)]
(
T

3
2Xk

)
+
(
T

1
2Wk

)ˆ T

0

t cos(ωkt)E [dNG(t)] +
(
T

1
2Wk

)(
T

3
2Xk

)
−
ˆ T

0

cos(ωkt)E [dNG(t)]

ˆ T

0

t sin(ωkt)E [dNG(t)]

−
ˆ T

0

cos(ωkt)E [dNG(t)]
(
T

3
2Yk

)
−
(
T

1
2Vk

) ˆ T

0

t sin(ωkt)E [dNG(t)]−
(
T

1
2Vk

)(
T

3
2Yk

)
}. (B.96)
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After grouping like terms together and using equation (1.36), we conclude that

2πT
d

dω
IT (ω)|ω=ωk =2{

ˆ T

0

sin(ωkt)E [dNG(t)]

ˆ T

0

t cos(ωkt)E [dNG(t)]

−
ˆ T

0

cos(ωkt)E [dNG(t)]

ˆ T

0

t sin(ωkt)E [dNG(t)]

+

ˆ T

0

sin(ωkt)E [dNG(t)]
(
T

3
2Xk

)
−
ˆ T

0

cos(ωkt)E [dNG(t)]
(
T

3
2Yk

)
+
(
T

1
2Wk

) ˆ T

0

t cos(ωt)E [dNG(t)]

−
(
T

1
2Vk

) ˆ T

0

t sin(ωt)E [dNG(t)]

+
(
T

1
2Wk

)(
T

3
2Xk

)
−
(
T

1
2Vk

)(
T

3
2Yk

)
}

= 2{
[
−T Ak

2κ
sin(φk) + To(1)

] [
T 2Ak

4κ
cos(φk) + T 2o(1)

]
−
[
T
Ak
2κ

cos(φk) + To(1)

] [
−T 2Ak

4κ
sin(φk) + T 2o(1)

]
+

[
−T Ak

2κ
sin(φk) + To(1)

](
T

3
2Xk

)
−
[
T
Ak
2κ

cos(φk) + To(1)

](
T

3
2Yk

)
+
(
T

1
2Wk

)[
T 2Ak

4κ
cos(φk) + T 2o(1)

]
−
(
T

1
2Vk

)[
−T 2Ak

4κ
sin(φk) + T 2o(1)

]
+
(
T

1
2Wk

)(
T

3
2Xk

)
−
(
T

1
2Vk

)(
T

3
2Yk

)
}. (B.97)

Therefore, we have
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2πT−
3
2 I
′

T (ωk) = 2{T
1
2

[
−Ak

2κ
sin(φk) + o(1)

] [
Ak
4κ

cos(φk) + o(1)

]
− T

1
2

[
Ak
2κ

cos(φk) + o(1)

] [
−Ak

4κ
sin(φk) + o(1)

]
+

[
−Ak

2κ
sin(φk) + o(1)

]
(Xk)−

[
Ak
2κ

cos(φk) + o(1)

]
(Yk)

+ (Wk)

[
Ak
4κ

cos(φk) + o(1)

]
− (Vk)

[
−Ak

4κ
sin(φk) + o(1)

]
+ T−

1
2 (Wk) (Xk)− T−

1
2 (Vk) (Yk)}

=2{
[
−Ak

2κ
sin(φk) + o(1)

]
Xk −

[
Ak
2κ

cos(φk) + o(1)

]
Yk

+Wk

[
Ak
4κ

cos(φk) + o(1)

]
− Vk

[
−Ak

4κ
sin(φk) + o(1)

]
+ T−

1
2 (Wk) (Xk)− T−

1
2 (Vk) (Yk)}

= 2

{
−Ak

2κ
sin(φk)Xk −

Ak
2κ

cos(φk)Yk +Wk
Ak
4κ

cos(φk) + Vk
Ak
4κ

sin(φk)

}
+o(1)

=
Ak
κ

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
+o(1), (B.98)

which establishes equation (2.10).

Next, we establish equation (2.11). From equations (B.85)-(B.89), we notice that
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2πTI
′′
T (ω) = 2

{[ˆ T

0
t sin(ωt)dNG(t)

]2

−
[ˆ T

0
cos(ωt)dNG(t)

] [ˆ T

0
t2 cos(ωt)dNG(t)

]}

+ 2

{[ˆ T

0
t cos(ωt)dNG(t)

]2

−
[ˆ T

0
sin(ωt)dNG(t)

] [ˆ T

0
t2 sin(ωt)dNG(t)

]}

= 2{
[ˆ T

0
t sin(ωt)dNG(t)

]2

+

[ˆ T

0
t cos(ωt)dNG(t)

]2

}

− 2{
[ˆ T

0
cos(ωt)dNG(t)

] [ˆ T

0
t2 cos(ωt)dNG(t)

]
+

[ˆ T

0
sin(ωt)dNG(t)

] [ˆ T

0
t2 sin(ωt)dNG(t)

]
}

=2{
[ˆ T

0
t sin(ωt)E [dNG(t)] +

ˆ T

0
t sin(ωt)dZG(t)

]2

+

[ˆ T

0
t cos(ωt)E [dNG(t)] +

ˆ T

0
t cos(ωt)dZG(t)

]2

}

− 2{
[ˆ T

0
cos(ωt)E [dNG(t)] +

ˆ T

0
cos(ωt)dZG(t)

]
×
[ˆ T

0
t2 cos(ωt)E [dNG(t)] +

ˆ T

0
t2 cos(ωt)dZG(t)

]
}

− 2{
[ˆ T

0
sin(ωt)E [dNG(t)] +

ˆ T

0
sin(ωt)dZG(t)

]
×
[ˆ T

0
t2 sin(ωt)E [dNG(t)] +

ˆ T

0
t2 sin(ωt)dZG(t)

]
}

=2{
[ˆ T

0

t sin(ωt)E [dNG(t)]

]2

+ 2

ˆ T

0

t sin(ωt)E [dNG(t)]

ˆ T

0

t sin(ωt)dZG(t) +

[ˆ T

0

t sin(ωt)dZG(t)

]2

}
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+ 2{
[ˆ T

0

t cos(ωt)E [dNG(t)]

]2

+ 2

ˆ T

0

t cos(ωt)E [dNG(t)]

ˆ T

0

t cos(ωt)dZG(t)

+

[ˆ T

0

t cos(ωt)dZG(t)

]2

}

− 2{
ˆ T

0

cos(ωt)E [dNG(t)]

ˆ T

0

t2 cos(ωt)E [dNG(t)]

+

ˆ T

0

cos(ωt)dZG(t)

ˆ T

0

t2 cos(ωt)E [dNG(t)]}

− 2{
ˆ T

0

cos(ωt)E [dNG(t)]

ˆ T

0

t2 cos(ωt)dZG(t)

+

ˆ T

0

cos(ωt)dZG(t)

ˆ T

0

t2 cos(ωt)dZG(t)}

−2{
ˆ T

0

sin(ωt)E [dNG(t)]

ˆ T

0

t2 sin(ωt)E [dNG(t)]

+

ˆ T

0

sin(ωt)dZG(t)

ˆ T

0

t2 sin(ωt)E [dNG(t)]}

−2{
ˆ T

0

sin(ωt)E [dNG(t)]

ˆ T

0

t2 sin(ωt)dZG(t)

+

ˆ T

0

sin(ωt)dZG(t)

ˆ T

0

t2 sin(ωt)dZG(t)}. (B.99)

Hence, from equations (1.36) and (2.7), and the Chapter 2 Lemma 8, we conclude
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that

2πTI
′′

T (ωk) =2{
[ˆ T

0

t sin(ωkt)E [dNG(t)]

]2

+ 2

ˆ T

0

t sin(ωkt)E [dNG(t)]
(
T

3
2Yk

)
+
[
T

3
2Yk

]2

}

+ 2

{[ˆ T

0
t cos(ωkt)E [dNG(t)]

]2

+ 2

ˆ T

0
t cos(ωkt)E [dNG(t)]

(
T

3
2Xk

)
+
[
T

3
2Xk

]2
}

− 2

{ˆ T

0
cos(ωkt)E [dNG(t)]

ˆ T

0
t2 cos(ωkt)E [dNG(t)] +

(
T

1
2Vk

)ˆ T

0
t2 cos(ωkt)E [dNG(t)]

}
− 2

{ˆ T

0
cos(ωkt)E [dNG(t)]

ˆ T

0
t2 cos(ωkt)dZG(t) +

(
T

1
2Vk

) ˆ T

0
t2 cos(ωkt)dZG(t)

}
− 2

{ˆ T

0
sin(ωkt)E [dNG(t)]

ˆ T

0
t2 sin(ωkt)E [dNG(t)] +

(
T

1
2Wk

) ˆ T

0
t2 sin(ωkt)E [dNG(t)]

}
− 2

{ˆ T

0
sin(ωkt)E [dNG(t)]

ˆ T

0
t2 sin(ωkt)dZG(t) +

(
T

1
2Wk

) ˆ T

0
t2 sin(ωkt)dZG(t)

}

= 2{
[
−T 2Ak

4κ
sin(φk) + T 2o(1)

]2

+ 2

[
−T 2Ak

4κ
sin(φk) + T 2o(1)

](
T

3
2Yk

)
+
[
T

3
2Yk

]2

}

+ 2{
[
T 2Ak

4κ
cos(φk) + T 2o(1)

]2

+ 2

[
T 2Ak

4κ
cos(φk) + T 2o(1)

](
T

3
2Xk

)
+
[
T

3
2Xk

]2

}

− 2{
[
T
Ak
2κ

cos(φk) + To(1)

] [
T 3Ak

6κ
cos(φk) + T 3o(1)

]

200



+
(
T

1
2Vk

)[
T 3Ak

6κ
cos(φk) + T 3o(1)

]
}

−2{
[
T
Ak
2κ

cos(φk) + To(1)

]ˆ T

0

t2 cos(ωkt)dZG(t)

+
(
T

1
2Vk

)ˆ T

0

t2 cos(ωkt)dZG(t)}

−2{
[
−T Ak

2κ
sin(φk) + To(1)

] [
−T 3Ak

6κ
sin(φk) + T 3o(1)

]
}

+
(
T

1
2Wk

)[
−T 3Ak

6κ
sin(φk) + T 3o(1)

]
−2{

[
−T Ak

2κ
sin(φk) + To(1)

]ˆ T

0

t2 sin(ωkt)dZG(t)

+
(
T

1
2Wk

)ˆ T

0

t2 sin(ωkt)dZG(t)}. (B.100)

Therefore, we have

2πT−3I
′′

T (ωk) = 2{
[
−Ak

4κ
sin(φk) + o(1)

]2

+ 2T−
1
2

[
−Ak

4κ
sin(φk) + o(1)

]
Yk + T−1 [Yk]

2}

+ 2{
[
Ak
4κ

cos(φk) + o(1)

]2

+ 2T−
1
2

[
Ak
4κ

cos(φk) + o(1)

]
Xk + T−1 [Xk]

2}

− 2{
[
Ak
2κ

cos(φk) + o(1)

] [
Ak
6κ

cos(φk) + o(1)

]
+ T−

1
2Vk

[
Ak
6κ

cos(φk) + o(1)

]
}
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−2{T−3

[
Ak
2κ

cos(φk) + o(1)

]ˆ T

0

t2 cos(ωkt)dZG(t)

+T−
7
2Vk

ˆ T

0

t2 cos(ωkt)dZG(t)}

−2{
[
−Ak

2κ
sin(φk) + o(1)

] [
−Ak

6κ
sin(φk) + o(1)

]
+T−

1
2Wk

[
−Ak

6κ
sin(φk) + o(1)

]
}

−2{T−3

[
−Ak

2κ
sin(φk) + o(1)

] ˆ T

0

t2 sin(ωkt)dZG(t)

+T−
7
2Wk

ˆ T

0

t2 sin(ωkt)dZG(t)}

= 2

{[
−Ak

4κ
sin(φk) + o(1)

]2
}

+2

{[
Ak
4κ

cos(φk) + o(1)

]2
}

−2

{[
Ak
2κ

cos(φk) + o(1)

] [
Ak
6κ

cos(φk) + o(1)

]}
−2

{[
−Ak

2κ
sin(φk) + o(1)

] [
−Ak

6κ
sin(φk) + o(1)

]}
+ o(1), (B.101)

and after expanding, we have

2πT−3I
′′

T (ωk) = 2

{[
Ak
4κ

]2

− A2
k

12κ2

}
+ o(1)

= − A2
k

24κ2
+ o(1). (B.102)
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If we let ω̄k,T be a frequency such that 0 < |ω̄k,T − ωk| ≤ |ω̂k,T − ωk|, then

2πT−3I
′′

T (ω̄k,T ) = − A2
k

24κ2
+ o(1), (B.103)

which establishes equation (2.11).

B.1.1.5 Proof of Proposition 11

Proof. We begin by finding the limT→∞E
[
T

3
2 (ω̂k,T − ωk)

]
. Since for t > 0, we have

E [dNG(t)] = λ2(t)dt + o(dt), and since equation (1.36) implies that λ2(t) = 1
κ
λ1 (t)

+ O(λ1(t) exp{−aΛ1 (t)}), it then follows from equations (2.7) and (2.12) that

lim
T→∞

E
[
T

3
2 (ω̂k,T − ωk)

]
= lim

T→∞
[
24κ

Ak
{E [Vk]

1

2
sin(φk) + E [Wk]

1

2
cos(φk)

−E [Xk] sin(φk)− E [Yk] cos(φk)}+ o(1)]

= 0. (B.104)

Next, we find the limT→∞ var
{
T

3
2 (ω̂k,T − ωk)

}
. From equation (2.12), we have

var
{
T

3
2 (ω̂k,T − ωk)

}

=

[
24κ

Ak

]2

var

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
+ o(1)
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=

[
24κ

2Ak
sin(φk)

]2

var {Vk}+

[
24κ

2Ak
cos(φk)

]2

var {Wk}+

[
24κ

Ak
sin(φk)

]2

var {Xk}

+

[
24κ

Ak
cos(φk)

]2

var {Yk}+ 2

[
24κ

Ak

]2
1

4
sin(φk) cos(φk)cov {Vk, Wk}

−2

[
24κ

Ak

]2
1

2
sin2(φk)cov {Vk, Xk} − 2

[
24κ

Ak

]2
1

2
sin(φk) cos(φk)cov {Vk, Yk}

−2

[
24κ

Ak

]2
1

2
sin(φk) cos(φk)cov {Wk, Xk} − 2

[
24κ

Ak

]2
1

2
cos2(φk)cov {Wk, Yk}

+2

[
24κ

Ak

]2

sin(φk) cos(φk)cov {Xk, Yk}+ o(1). (B.105)

Therefore, from the variance-covariance properties of Proposition 10, we have

limT→∞ var
{
T

3
2 (ω̂k,T − ωk)

}

=

[
24κ

Ak

]2

{1

4
sin2(φk)

[
1

4κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

2κ2
δk, k′

]

+
1

4
cos2(φk)

[
1

4κ2

K∑
j=1

Aj cos(φj) {−δj,k′+k + δj,k−k′ + δj,k′−k}+
B

2κ2
δk,k′

]

+ sin2(φk)

[
1

12κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

6κ2
δk,k′

]
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+ cos2(φk)

[
1

12κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

6κ2
δk,k′

]

+
1

2
sin(φk) cos(φk)

[
1

4κ2

K∑
j=1

Aj sin(φj) {−δj,k+k′ + δj,k−k′ − δj,k′−k}

]

− sin2(φk)

[
1

8κ2

K∑
j=1

Aj cos(φj) {δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

4κ2
δk, k′

]

− sin(φk) cos(φk)

[
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k}

]

− sin(φk) cos(φk)

[
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k}

]

− cos2(φk)

[
1

8κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′ + δj, k−k′ + δj, k′−k}+
B

4κ2
δk, k′

]

+ 2 sin(φk) cos(φk)

[
1

12κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′ + δj, k−k′ − δj, k′−k}

]
}. (B.106)
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Since k = k′ and ωk > 0, we can cancel out the coefficients of δj, k−k′ and δj, k′−k.

Therefore,

limT→∞ var
{
T

3
2 (ω̂k,T − ωk)

}

=

[
24κ

Ak

]2

{1

4
sin2(φk)

[
1

4κ2

K∑
j=1

Aj cos(φj) {δj, k+k′}+
B

2κ2
δk, k′

]

+
1

4
cos2(φk)

[
1

4κ2

K∑
j=1

Aj cos(φj) {−δj,k′+k}+
B

2κ2
δk,k′

]

+ sin2(φk)

[
1

12κ2

K∑
j=1

Aj cos(φj) {δj, k+k′}+
B

6κ2
δk,k′

]

+ cos2(φk)

[
1

12κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′}+
B

6κ2
δk,k′

]

+
1

2
sin(φk) cos(φk)

1

4κ2

K∑
j=1

Aj sin(φj) {−δj,k+k′}

− sin2(φk)

[
1

8κ2

K∑
j=1

Aj cos(φj) {δj, k+k′}+
B

4κ2
δk, k′

]

− sin(φk) cos(φk)
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′}

− sin(φk) cos(φk)
1

8κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′}
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− cos2(φk)

[
1

8κ2

K∑
j=1

Aj cos(φj) {−δj, k+k′}+
B

4κ2
δk, k′

]

+ 2 sin(φk) cos(φk)
1

12κ2

K∑
j=1

Aj sin(φj) {−δj, k+k′}}. (B.107)

After grouping like terms together, we have

limT→∞ var
{
T

3
2 (ω̂k,T − ωk)

}

=

[
24κ

Ak

]2 K∑
j=1

Ajδj, k+k′ [
1

48κ2
sin2(φk) cos(φj)−

1

48κ2
cos2(φk) cos(φj)

− 1

24κ2
sin(φk) cos(φk) sin(φj)] +

24B

A2
k

, (B.108)

which can be expressed as

limT→∞ var
{
T

3
2 (ω̂k,T − ωk)

}

=

[
24κ

Ak

]2 K∑
j=1

Ajδj, k+k′{

1

48κ2

1

4
[2 cos(φj)− cos(2φk + φj)− cos(2φk − φj)]

− 1

48κ2

1

4
[2 cos(φj) + cos(2φk + φj) + cos(2φk − φj)]

− 1

24κ2

1

4
[− cos(2φk + φj) + cos(2φk − φj)]}+

24B

A2
k

207



=

[
24κ

Ak

]2 K∑
j=1

Ajδj, k+k′{−2
1

48κ2

1

4
cos(2φk + φj)− 2

1

48κ2

1

4
cos(2φk − φj)

+
1

24κ2

1

4
[cos(2φk + φj)− cos(2φk − φj)]}+

24B

A2
k

=

[
24κ

Ak

]2 K∑
j=1

Ajδj, k+k′
−1

48κ2
{cos(2φk − φj)}+

24B

A2
k

= − 12

A2
k

K∑
j=1

Ajδj, k+k′ {cos(2φk − φj)}+
24B

A2
k

=
12

A2
k

{
2B −

K∑
j=1

Ajδj, k+k′ {cos(2φk − φj)}

}
. (B.109)

Next, we find the limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

3
2 (ω̂k′,T − ωk′)

}
. We notice from

equation (2.12) that for k 6= k′, we have

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

3
2 (ω̂k′,T − ωk′)

}

=
242κ2

AkAk′
cov{Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk),

Vk′
1

2
sin(φk′) +Wk′

1

2
cos(φk′)−Xk′ sin(φk′)− Yk′ cos(φk′)}

=
242κ2

AkAk′
{1

4
sin(φk) sin(φk′)cov {Vk, Vk′}+

1

4
sin(φk) cos(φk′)cov {Vk, Wk′}

− 1

2
sin(φk) sin(φk′)cov {Vk, Xk′} −

1

2
sin(φk) cos(φk′)cov {Vk, Yk′}

+
1

4
cos(φk) sin(φk′)cov {Wk, Vk′}+

1

4
cos(φk) cos(φk′)cov {Wk, Wk′}

− 1

2
cos(φk) sin(φk′)cov {Wk, Xk′} −

1

2
cos(φk) cos(φk′)cov {Wk, Yk′}
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−1

2
sin(φk) sin(φk′)cov {Xk, Vk′} −

1

2
sin(φk) cos(φk′)cov {Xk, Wk′}

+sin(φk) sin(φk′)cov {Xk, Xk′}+ sin(φk) cos(φk′)cov {Xk, Yk′}

−1

2
cos(φk) sin(φk′)cov {Yk, Vk′} −

1

2
cos(φk) cos(φk′)cov {Yk, Wk′}

+cos(φk) sin(φk′)cov {Yk, Xk′}+ cos(φk) cos(φk′)cov {Yk, Yk′}}

=
242κ2

AkAk′
{1

4
sin(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′


(B.110)

+
1

4
sin(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

} (B.111)

− 1

2
sin(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k−k′ + δj,k′−k

}
+

B

4κ2
δk,k′


(B.112)

− 1

2
sin(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

} (B.113)

+
1

4
cos(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

} (B.114)

+
1

4
cos(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk,k′


(B.115)
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−1

2
cos(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k′−k − δj, k−k′

} (B.116)

−1

2
cos(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

Bδk, k′

4κ2

 (B.117)

−1

2
sin(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k′−k + δj,k−k′

}
+

B

4κ2
δk,k′

 (B.118)

−1

2
sin(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

} (B.119)

+sin(φk) sin(φk′)

 1

12κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

6κ2
δk,k′

 (B.120)

+sin(φk) cos(φk′)

 1

12κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

} (B.121)

−1

2
cos(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

} (B.122)

−1

2
cos(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}
+
Bδk, k′

4κ2

 (B.123)

+cos(φk) sin(φk′)

 1

12κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

} (B.124)

+cos(φk) cos(φk′)

 1

12κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

Bδk,k′

6κ2

}. (B.125)

Since k 6= k′, we notice that δk,k′ = 0. After setting δk,k′ = 0, combining equations

(B.110) and (B.112), combining equations (B.111) and (B.113), combining equations
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(B.114) and (B.116), and combining (B.115) and (B.117), equation (B.125) becomes

=
242

AkAk′
{− sin(φk) sin(φk′)

 1

16

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k′−k + δj,k−k′

} (B.126)

− sin(φk) cos(φk′)

 1

16

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

} (B.127)

+sin(φk) sin(φk′)

 1

12

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

} (B.128)

+sin(φk) cos(φk′)

 1

12

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

} (B.129)

−cos(φk) sin(φk′)

 1

16

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

} (B.130)

−cos(φk) cos(φk′)

 1

16

K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

} (B.131)

+cos(φk) sin(φk′)

 1

12

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

} (B.132)

+cos(φk) cos(φk′)

 1

12

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}}. (B.133)

After combining equations (B.126) and (B.128), combining equations (B.127) and

(B.129), combining equations (B.130) and (B.132), and equations (B.131) and (B.133),

we have

=
242

AkAk′
{sin(φk) sin(φk′)

{
K∑
j=1

Aj cos(φj)

{
1

48
δj,k+k′ +

1

48
δj,k′−k +

1

48
δj,k−k′

}}
(B.134)
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+ sin(φk) cos(φk′)


K∑
j=1

Aj sin(φj)

{
− 1

48
δj, k′+k +

1

48
δj, k−k′ −

1

48
δj, k′−k

} (B.135)

+
1

48
cos(φk) sin(φk′)


K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

} (B.136)

+
1

48
cos(φk) cos(φk′)


K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}}. (B.137)

After factoring out the 1
48

and factoring in the cosine and sine terms, equation (B.137)

becomes

=
12

AkAk′
{


K∑
j=1

Aj sin(φk) sin(φk′) cos(φj)
{
δj,k+k′ + δj,k′−k + δj,k−k′

} (B.138)

+


K∑
j=1

Aj sin(φk) cos(φk′) sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

} (B.139)

+


K∑
j=1

Aj cos(φk) sin(φk′) sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

} (B.140)

+


K∑
j=1

Ajcos(φk) cos(φk′) cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}}. (B.141)
Next, we break equation (B.141) into three parts. We will first look at the coefficients

of δj,k+k′ , then δj,k′−k, and then δj,k−k′ . First, let’s consider the coefficient of δj,k+k′ .
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We notice that

12

AkAk′

K∑
j=1

Ajδj,k+k′{sin(φk) sin(φk′) cos(φj)− sin(φk) cos(φk′) sin(φj)

− cos(φk) sin(φk′) sin(φj)− cos(φk) cos(φk′) cos(φj)} (B.142)

becomes

12

AkAk′

K∑
j=1

Ajδj,k+k′
1

4
{

{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}

+{cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}

+{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}

+{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}}

=
12

AkAk′

K∑
j=1

Ajδj,k+k′
1

4
{−4 cos (−φk − φk′ + φj)}. (B.143)

Second, we look at the coefficients of δj,k′−k. We notice that

12

AkAk′

K∑
j=1

Ajδj,k′−k{sin(φk) sin(φk′) cos(φj)− sin(φk) cos(φk′) sin(φj)

+ cos(φk) sin(φk′) sin(φj) + cos(φk) cos(φk′) cos(φj)} (B.144)
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becomes

12

AkAk′

K∑
j=1

Ajδj,k′−k
1

4
{

{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}

+{cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}

+{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj) + cos (−φk − φk′ + φj)}

+{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj) + cos (−φk − φk′ + φj)}}

=
12

AkAk′

K∑
j=1

Ajδj,k′−k
1

4
{4 cos (φk − φk′ + φj)} . (B.145)

Lastly, we look at the coefficients of δj,k−k′ . We notice that

12

AkAk′

K∑
j=1

Ajδj,k−k′{sin(φk) sin(φk′) cos(φj) + sin(φk) cos(φk′) sin(φj)

− cos(φk) sin(φk′) sin(φj) + cos(φk) cos(φk′) cos(φj)} (B.146)

becomes

12

AkAk′

K∑
j=1

Ajδj,k−k′
1

4
{

{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}
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+{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj) + cos (−φk − φk′ + φj)}

+{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)− cos (−φk − φk′ + φj)}

+{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj) + cos (−φk − φk′ + φj)}}

=
12

AkAk′

K∑
j=1

Ajδj,k−k′
1

4
{4 cos (−φk + φk′ + φj)}. (B.147)

After combining equations (B.143), (B.145), and (B.147), we have

=
12

AkAk′

K∑
j=1

Aj
1

4
{−4δj,k+k′ cos (−φk − φk′ + φj)

+4δj,k′−k cos (φk − φk′ + φj) + 4δj,k−k′ cos (−φk + φk′ + φj)}

=
12

AkAk′

K∑
j=1

Aj{− cos (−φk − φk′ + φj) δj,k+k′

+ cos (φk − φk′ + φj) δj,k′−k + cos (−φk + φk′ + φj) δj,k−k′}.
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B.1.1.6 Proof of Equations (2.15) and (2.18)

Proof. Here we establish equations (2.15) and (2.18). From equation (2.14), it follows

that

T
1
2

(
Â2
k,T − A2

k

)
= T

1
2

(
8κ2π

T
IT (ω̂k,T )− A2

k

)
= T−

1
2 8κ2πIT (ω̂k,T )− T

1
2A2

k

= T−
1
2 8κ2πIT (ω̂k,T )− T−

1
2 8κ2πIT (ωk) + T−

1
2 8κ2πIT (ωk)− T

1
2A2

k

= −T−
1
2 8κ2π (IT (ωk)− IT (ω̂k,T )) + T

1
2

(
8κ2π

T
IT (ωk)− A2

k

)
, (B.148)

which establishes equation (2.15). From equations (B.148) and (2.17), we have

T
1
2

(
Â2
k,T − A2

k

)
= −T−

1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+ T

1
2

(
8κ2π

T
IT (ωk)− A2

k

)
,

which from equation (2.16), we have

T
1
2

(
Â2
k,T − A2

k

)

=− T−
1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+ T

1
2

(
8κ2π

T
IT (ωk)− A2

k

)
=− T−

1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+ T

1
2

(
8κ2π

[
A2
k

8πκ2
+

Ak
2πκ

cos(φk)
(
T−

1
2Vk

)
− Ak

2πκ
sin(φk)

(
T−

1
2Wk

)]
− A2

k

)
+ o(1)

216



= −T−
1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+T

1
2

(
A2
k + 4κAk cos(φk)

(
T−

1
2Vk

)
− 4κAk sin(φk)

(
T−

1
2Wk

)
− A2

k

)
+ o(1)

= −T−
1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+

T
1
2

(
4κAk cos(φk)

(
T−

1
2Vk

)
− 4κAk sin(φk)

(
T−

1
2Wk

))
+ o(1)

= −T−
1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+ (4κAk cos(φk)Vk − 4κAk sin(φk)Wk) + o(1). (B.149)

And from equations (2.11) and (2.12), we have

2πT−3I
′′

T (ω̄k,T )T 3 (ω̂k,T − ωk)2 = − A2
k

24κ2

[
24κ

Ak

]2

{Vk
1

2
sin(φk) +Wk

1

2
cos(φk)

−Xk sin(φk)− Yk cos(φk)}2 + o(1),

which implies

2πI
′′

T (ω̄k,T ) (ω̂k,T − ωk)2 = −24{Vk
1

2
sin(φk) +Wk

1

2
cos(φk)

−Xk sin(φk)− Yk cos(φk)}2 + o(1),

which implies
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−T−
1
2 8κ2π

I
′′
T (ω̄k,T )

2!
(ω̂k,T − ωk)2 = T−

1
2 48κ2{Vk

1

2
sin(φk) +Wk

1

2
cos(φk)

−Xk sin(φk)− Yk cos(φk)}2 + o(1)

= 48κ2{ 1

T 4
Vk

1

2
sin(φk) +

1

T 4
Wk

1

2
cos(φk)

− 1

T 4
Xk sin(φk)−

1

T 4
Yk cos(φk)}2 + o(1)

= o(1).

Therefore, equation (B.149) becomes

T
1
2

(
Â2
k,T − A2

k

)
= −T−

1
2 8κ2π

(
I ′′T (ω̄k,T )

2!
(ωk − ω̂k,T )2

)
+ (4κAk cos(φk)Vk − 4κAk sin(φk)Wk) + o(1)

= 4κAk {cos(φk)Vk − sin(φk)Wk}+ o(1), (B.150)

which establishes equation (2.18).

B.1.1.7 Proof of Proposition 12

Proof. We begin by quoting Cramer’s Theorem which will be used throughout this

proof. Let g be a mapping g : Rd → Rk such that ġ(x) is continuous in a neigh-

borhood of µ ∈ Rd. If Xn is a sequence of d-dimensional random vectors such that

√
n (Xn − µ)

L→ X, then
√
n (g(Xn)− g(µ))

L→ ġ(µ)X (Ferguson (1996, pg. 45)).
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From equation (2.18), for each k = 1, 2, . . . , K, we have T
1
2

(
Â2
k,T − A2

k

)
=

4κAk{cos(φk)Vk − sin(φk)Wk} + o(1), which we know from Proposition 10, con-

verges to some distribution with mean 0 (established in equation (B.1.1.7)) and vari-

ance limT→∞ var{T 1
2 (Â2

k,T − A2
k)} (established in equation (B.154)). For k, k′ =

1, 2, . . . , K, we define Σk, k′ :=

 var
{

T
1
2

(
Â2

k,T −A2
k

)}
cov

{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
Â2
k′,T −A2

k′

)}
cov

{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
Â2
k′,T −A2

k′

)}
var
{

T
1
2

(
Â2

k′,T −A2
k′

)}
 .

Then from Cramer’s Theorem, we know that for k, k′ = 1, 2, . . . , K, the random

vector [T
1
2

(
Âk,T − Ak

)
, T

1
2

(
Âk′,T − Ak′

)
]
′converges to a distribution with mean 0

and variance-covariance matrix

lim
T→∞

ġ1(A2
k, A

2
k′)Σk, k′ ġ1(A2

k, A
2
k′)
′
,

where g1(x, y) =
[√
x,
√
y
]
, ġ1(x, y) =

 1
2
√
x

0

0 1
2
√
y

, ġ1(x, y)
′

=

 1
2
√
x

0

0 1
2
√
y

,
and

ġ1(A2
k, A

2
k′)Σk, k′ ġ1(A2

k, A
2
k′)
′

= ġ1(A2
k, A

2
k′)×

1

2
√

A2
k

var{T 1
2 (Â2

k,T −A2
k)} 1

2
√

A2
k′

cov{T 1
2 (Â2

k,T −A2
k), T

1
2 (Â2

k′,T −A2
k′)

1

2
√

A2
k

cov{T 1
2 (Â2

k,T −A2
k), T

1
2 (Â2

k′,T −A2
k′)} 1

2
√
A2

k′
var{T 1

2 (Â2
k′,T −A2

k′)}


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=

 1
4A2

k
var{T 1

2 (Â2
k,T −A2

k)} 1
4AkAk′

cov{T 1
2 (Â2

k,T −A2
k), T

1
2 (Â2

k′,T −A2
k′)}

1
4AkAk′

cov{T 1
2 (Â2

k,T −A2
k), T

1
2 (Â2

k′,T −A2
k′)} 1

4A2
k′

var
{
T

1
2 (Â2

k′,T −A2
k′)
}

 .
(B.151)

Next, we establish the variance-covariance of equation (B.151). The main variance

result is given below in equation (B.154) and the main covariance result is given below

in equitation (B.155). In the notation of equation (2.7), from equation (2.18) and

Lemma 8 of Section 2.2, it follows that

lim
T→∞

E
[
T

1
2

(
Â2
k,T −A2

k

)]
= lim

T→∞
{E [4κAk {cos(φk)Vk − sin(φk)Wk}] + o(1)}

= 0. (B.152)

Likewise, from equation (B.150), it follows that

var
{
T

1
2

(
Â2
k,T −A2

k

)}
= var {4κAk {cos(φk)Vk − sin(φk)Wk}}+ o(1)

= 16κ2A2
kvar {cos(φk)Vk − sin(φk)Wk}+ o(1)

= 16κ2A2
k{cos2(φk)var {Vk}+ sin2(φk)var {Wk}

−2 cos(φk) sin(φk)cov {Vk, Wk}}+ o(1). (B.153)

From Proposition 10, it then follows that
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limT→∞ var
{
T

1
2

(
Â2
k,T −A2

k

)}
= 16κ2A2

k{

cos2(φk)

 1

4κ2

K∑
j=1

Aj cos(φj) {δj, k+k + δj, k−k + δj, k−k}+
B

2κ2
δk, k



+ sin2(φk)

 1

4κ2

K∑
j=1

Aj cos(φj) {−δj,k+k + δj,k−k + δj,k−k}+
B

2κ2
δk,k



−2 cos(φk) sin(φk)

 1

4κ2

K∑
j=1

Aj sin(φj) {−δj,k+k + δj,k−k − δj,k−k}

}
= 16κ2A2

k{

cos2(φk)

 1

4κ2

K∑
j=1

Aj cos(φj)δj, k+k +
B

2κ2



+ sin2(φk)

− 1

4κ2

K∑
j=1

Aj cos(φj)δj,k+k +
B

2κ2



−2 cos(φk) sin(φk)

− 1

4κ2

K∑
j=1

Aj sin(φj)δj,k+k

}
= 16A2

k{
B
2

+ cos2(φk)
1

4

K∑
j=1

Aj cos(φj)δj, k+k

− sin2(φk)
1

4

K∑
j=1

Aj cos(φj)δj,k+k
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+2 cos(φk) sin(φk)
1

4

K∑
j=1

Aj sin(φj)δj,k+k}

= 16A2
k{

B
2

+
1

4

K∑
j=1

Aj
1

4
[2 cos(φj) + cos(2φk + φj) + cos(2φk − φj)] δj, k+k

−1

4

K∑
j=1

Aj
1

4
[2 cos(φj)− cos(2φk + φj)− cos(2φk − φj)] δj,k+k

+2
1

4

K∑
j=1

Aj
1

4
[− cos(2φk + φj) + cos(2φk − φj)] δj,k+k}

= A2
k{8B

+2
K∑
j=1

Aj cos(2φk + φj)δj, k+k + 2
K∑
j=1

Aj cos(2φk − φj)δj,k+k

+2
K∑
j=1

Aj [− cos(2φk + φj) + cos(2φk − φj)] δj,k+k}

= A2
k{8B + 4

K∑
j=1

Aj cos(2φk − φj)δj,k+k}

= 4A2
k{2B +

K∑
j=1

Aj cos(2φk − φj)δj,k+k}.
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Using Cramer’s Theorem, it then follows that

lim
T→∞

var
{
T

1
2

(
Âk,T −Ak

)}
=

 1

2
√
A2
k

2

4A2
k{2B +

K∑
j=1

Aj cos(2φk − φj)δj,k+k}

= {2B +

K∑
j=1

Aj cos(2φk − φj)δj,k+k}. (B.154)

Next, we compute cov
{
T

1
2

(
Â2
k,T − A2

k

)
, T

1
2

(
Â2
k′,T − A2

k′

)}
. For each k, k′ =

1, 2, · · · , K, it follows from equation (B.150) that

cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
Â2
k′,T −A2

k′

)}

= cov {4κAk {cos(φk)Vk − sin(φk)Wk} , 4κAk′ {cos(φk′)Vk′ − sin(φk′)Wk′}}+ o(1)

= 16κ2AkAk′cov {cos(φk)Vk − sin(φk)Wk, cos(φk′)Vk′ − sin(φk′)Wk′}+ o(1)

= 16κ2AkAk′{

cos(φk) cos(φk′)cov {Vk , Vk′} − sin(φk) cos(φk′)cov {Wk, Vk′}

− cos(φk) sin(φk′)cov {Vk, Wk′}+ sin(φk) sin(φk′)cov {Wk, Wk′}}+ o(1).

Therefore, we have
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limT→∞ cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
Â2
k′,T −A2

k′

)}
= 16κ2AkAk′{

cos(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′



− sin(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}

− cos(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}

+ sin(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk, k′

}
= 4AkAk′{2B [cos(φk) cos(φk′) + sin(φk) sin(φk′)] δk, k′

+ cos(φk) cos(φk′)

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}

− sin(φk) cos(φk′)
K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}

− cos(φk) sin(φk′)

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
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+ sin(φk) sin(φk′)

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
}

= 4AkAk′{2B cos(φk − φk′)δk, k′

+

K∑
j=1

Aj
1

4
{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}

−
K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k′−k − δj,k−k′

}

−
K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}

+
K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
}
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= AkAk′{8B cos(φk − φk′)δk, k′

+
K∑
j=1

Aj{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}

−
K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k′−k − δj,k−k′

}

−
K∑
j=1

Aj{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}

+
K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
}

= AkAk′{8B cos(φk − φk′)δk, k′

+4

K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′
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+

K∑
j=1

Aj{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj, k−k′ + δj, k′−k

}

−
K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj,k′−k − δj,k−k′

}

−
K∑
j=1

Aj{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj,k−k′ − δj,k′−k

}

+
K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}
{
δj,k−k′ + δj,k′−k

}
}

= AkAk′{8B cos(φk − φk′)δk, k′

+4
K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′
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+4

K∑
j=1

Aj cos (−φk + φk′ + φj) δj, k−k′

+

K∑
j=1

Aj{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}δj, k′−k

−
K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}δj,k′−k

−
K∑
j=1

Aj{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k′−k

}

+
K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}δj,k′−k}
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= AkAk′{8B cos(φk − φk′)δk, k′

+4
K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′

+4
K∑
j=1

Aj cos (−φk + φk′ + φj) δj, k−k′

+4
K∑
j=1

Aj cos (φk − φk′ + φj) δj, k′−k}

= 4AkAk′{2B cos(φk − φk′)δk, k′

+
K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′

+

K∑
j=1

Aj cos (−φk + φk′ + φj) δj, k−k′

+
K∑
j=1

Aj cos (φk − φk′ + φj) δj, k′−k}.

Therefore, it follows that

limT→∞ cov
{
T

1
2

(
Âk,T −Ak

)
, T

1
2

(
Âk′,T −Ak′

)}

= lim
T→∞

1

4AkAk′
cov

{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
Â2
k′,T −A2

k′

)}

= {2B cos(φk − φk′)δk, k′ +
∑K

j=1Aj cos (−φk − φk′ + φj) δj, k+k′
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+
K∑
j=1

Aj cos (−φk + φk′ + φj) δj, k−k′ +
K∑
j=1

Aj cos (φk − φk′ + φj) δj, k′−k}. (B.155)

B.1.1.8 Proof of Proposition 13

Proof. We begin by quoting Cramer’s Theorem which will be used throughout this

proof. Let g be a mapping g : Rd → Rk such that ġ(x) is continuous in a neigh-

borhood of µ ∈ Rd. If Xn is a sequence of d-dimensional random vectors such that

√
n (Xn − µ)

L→ X, then
√
n (g(Xn)− g(µ))

L→ ġ(µ)X (Ferguson (1996, pg. 45)). We

begin by establishing the asymptotic form of T
1
2{tan(φ̂k,T )−tan(φk)} for the particu-

lar case when φk 6= ±π
2
, we then use the asymptotic form of T

1
2{tan(φ̂k,T )− tan(φk)}

in conjunction with Cramer’s Theorem to establish the asymptotic form of T
1
2{φ̂k,T −

φk}, where φk 6= ±π
2
. From the useful asymptotic integral section of Appendix B and

the Chapter 2 Lemma 8, we have

T
1
2

{
tan(φ̂k,T )− tan(φk)

}
=T

1
2

{
tan(φ̂k,T )− sin(φk)

cos(φk)

}
=T

1
2 {tan(φ̂k,T )−

− 1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

+
− 1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

− sin(φk)

cos(φk)
}
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= T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}

+T
1
2

{
− 1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

− sin(φk)

cos(φk)

}

= T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}

+T
1
2

{
− cos(φk)

1
T

´ T
0 sin(ωkt)dNG(t)− sin(φk)

1
T

´ T
0 cos(ωkt)dNG(t)

cos(φk)
1
T

´ T
0 cos(ωkt)dNG(t)

}

= T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}
− 2κ

Ak cos2(φk) + o(1)
{cos(φk)Wk + sin(φk)Vk} . (B.156)

To establish the asymptotic form of equation (B.156), we first establish a derivative

which we use in the first order Taylor series expansion of T
1
2{tan(φ̂k,T )+

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}

about ωk. Let ω̄k,T be a frequency such that 0 ≤ |ω̄k,T − ωk| ≤ |ω̂k,T − ωk|, then

T
1
2

{[
d
dω

− 1
T

´ T
0 sin(ωt)dNG(t)

1
T

´ T
0 cos(ωt)dNG(t)

]
ω=ω̄k,T

}

= −T
1
2 {

[
d
dω

1
T

´ T
0 sin(ωt)dNG(t)

]
1
T

´ T
0 cos(ωt)dNG(t)[

1
T

´ T
0 cos(ωt)dNG(t)

]2

−

[
d
dω

1
T

´ T
0 cos(ωt)dNG(t)

]
1
T

´ T
0 sin(ωt)dNG(t)[

1
T

´ T
0 cos(ωt)dNG(t)

]2 |ω=ω̄k,T }

= −T
1
2 {

[
1
T

´ T
0 t cos(ω̄k,T t)dNG(t)

] [
1
T

´ T
0 cos(ω̄k,T t)dNG(t)

]
[

1
T

´ T
0 cos(ω̄k,T t)dNG(t)

]2
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+

[
1
T

´ T
0 t sin(ω̄k,T t)dNG(t)

] [
1
T

´ T
0 sin(ω̄k,T t)dNG(t)

]
[

1
T

´ T
0 cos(ω̄k,T t)dNG(t)

]2 }.

By the Chapter 2 Lemma 8 (of Section 2.2), equation (1.36), and the useful asymptotic

integral section of Appendix B, it follows that

T
1
2

{[
d
dω

− 1
T

´ T
0 sin(ωt)dNG(t)

1
T

´ T
0 cos(ωt)dNG(t)

]
ω=ω̄k,T

}

= −T
1
2 {

[
1
T

´ T
0 t cos(ω̄k,T t)

1
κλ1(t)dt

] [
1
T

´ T
0 cos(ω̄k,T t)

1
κλ1(t)dt

]
[

1
T

´ T
0 cos(ω̄k,T t)

1
κλ1(t)dt

]2

+

[
1
T

´ T
0 t sin(ω̄k,T t)

1
κλ1(t)dt

] [
1
T

´ T
0 sin(ω̄k,T t)

1
κλ1(t)dt

]
[

1
T

´ T
0 cos(ω̄k,T t)

1
κλ1(t)dt

]2 + o(1)}

= −T 1
2

{
T
[
Ak

4κ cos(φk) + o(1)
] [

Ak

2κ cos(φk) + o(1)
]

+ T
[
−Ak

4κ sin(φk) + o(1)
] [
−Ak

2κ sin(φk) + o(1)
][

Ak

2κ cos(φk) + o(1)
]2

}

= −T
1
2

{
T

2

[cos(φk) + o(1)] [cos(φk) + o(1)] + [sin(φk) + o(1)] [sin(φk) + o(1)]

[cos(φk) + o(1)]2

}

= −T
1
2

{
T

2

1 + o(1)

cos2(φk) + o(1)

}
. (B.157)
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We now use the above derivative to establish the asymptotic form of

T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}
.

By equation (B.157), we know that for some frequency ω̄k,T such that 0 ≤ |ω̄k,T − ωk| ≤

|ω̂k,T − ωk|, the first order Taylor series expansion of T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}
about ωk is

T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}

= T
1
2

{
− 1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

+
1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}

+

 d

dω

[
T

1
2
− 1
T

´ T
0 sin(ωt)dNG(t)

1
T

´ T
0 cos(ωt)dNG(t)

−
1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

]
ω=ωk

 (ω̂k,T − ωk)

=

 d

dω

[
T

1
2
− 1
T

´ T
0 sin(ωt)dNG(t)

1
T

´ T
0 cos(ωt)dNG(t)

]
ω=ωk

 (ω̂k,T − ωk)

= T
1
2

{
−T

2

1 + o(1)

cos2(φk) + o(1)

}
(ω̂k,T − ωk) + o(1) by (B.157)

= −T
3
2

2

1 + o(1)

cos2(φk) + o(1)
(ω̂k,T − ωk) + o(1). (B.158)

Therefore, from equation (2.12), equation (B.158) becomes

T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}

= − 12κ

Ak cos2(φk)

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
+ o(1).(B.159)

We now combine equations (B.156) and (B.159) to establish the asymptotic form of
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T
1
2{tan(φ̂k,T )− tan(φk)} for the particular case when φk 6= ±π

2
. By equations (B.156)

and (B.159), it follows that

T
1
2

{
tan(φ̂k,T )− tan(φk)

}

= T
1
2

{
tan(φ̂k,T ) +

1
T

´ T
0 sin(ωkt)dNG(t)

1
T

´ T
0 cos(ωkt)dNG(t)

}
− 2κ

Ak cos2(φk) + o(1)
{cos(φk)Wk + sin(φk)Vk}

= − 12κ

Ak cos2(φk)

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
− 2κ

Ak cos2(φk)
{cos(φk)Wk + sin(φk)Vk}+ o(1)

=
κ

Ak cos2(φk)
{−8 sin(φk)Vk − 8 cos(φk)Wk + 12Xk sin(φk) + 12Yk cos(φk)}+ o(1)

= − 4κ

Ak cos2(φk)
{2 sin(φk)Vk + 2 cos(φk)Wk − 3Xk sin(φk)− 3Yk cos(φk)}+ o(1).(B.160)

We now use equation (B.160), to establish the asymptotic variance-covariance

structure of T
1
2

{
tan(φ̂k,T )− tan(φk)

}
and T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}
, then we use

Cramer’s Theorem to find the asymptotic variance-covariance of T
1
2

{
φ̂k,T − φk

}
and

T
1
2

{
φ̂k′,T − φk′

}
. We now establish the asymptotic covariance of (B.160).

cov
{
T

1
2

{
tan(φ̂k,T )− tan(φk)

}
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

cov{2 sin(φk)Vk + 2 cos(φk)Wk − 3Xk sin(φk)− 3Yk cos(φk),

2 sin(φk′)Vk′ + 2 cos(φk′)Wk′ − 3Xk′ sin(φk′)− 3Yk′ cos(φk′)}}
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= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

cov {2 sin(φk)Vk, 2 sin(φk′)Vk′}+ cov {2 sin(φk)Vk, 2 cos(φk′)Wk′}

+cov {2 sin(φk)Vk, −3Xk′ sin(φk′)}+ cov {2 sin(φk)Vk, −3Yk′ cos(φk′)}

+cov {2 cos(φk)Wk, 2 sin(φk′)Vk′}+ cov {2 cos(φk)Wk, 2 cos(φk′)Wk′}

+cov {2 cos(φk)Wk, −3Xk′ sin(φk′)}+ cov {2 cos(φk)Wk, −3Yk′ cos(φk′)}

+cov {−3Xk sin(φk), 2 sin(φk′)Vk′}+ cov {−3Xk sin(φk), 2 cos(φk′)Wk′}

+cov {−3Xk sin(φk), −3Xk′ sin(φk′)}+ cov {−3Xk sin(φk), −3Yk′ cos(φk′)}

+cov {−3Yk cos(φk), 2 sin(φk′)Vk′}+ cov {−3Yk cos(φk), 2 cos(φk′)Wk′}

+cov {−3Yk cos(φk), −3Xk′ sin(φk′)}+ cov {−3Yk cos(φk), −3Yk′ cos(φk′)}}

235



= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

4 sin(φk) sin(φk′)cov {Vk, Vk′}+ 4 sin(φk) cos(φk′)cov {Vk, Wk′}

−6 sin(φk) sin(φk′)cov {Vk, Xk′} − 6 sin(φk) cos(φk′)cov {Vk, Yk′}

+4 cos(φk) sin(φk′)cov {Wk, Vk′}+ 4 cos(φk) cos(φk′)cov {Wk, Wk′}

−6 cos(φk) sin(φk′)cov {Wk, Xk′} − 6 cos(φk) cos(φk′)cov {Wk, Yk′}

−6 sin(φk) sin(φk′)cov {Xk, Vk′} − 6 sin(φk) cos(φk′)cov {Xk, Wk′}

+9 sin(φk) sin(φk′)cov {Xk, Xk′}+ 9 sin(φk) cos(φk′)cov {Xk, Yk′}

−6 cos(φk) sin(φk′)cov {Yk, Vk′} − 6 cos(φk) cos(φk′)cov {Yk, Wk′}

+9 cos(φk) sin(φk′)cov {Yk, Xk′}+ 9 cos(φk) cos(φk′)cov {Yk, Yk′}}

= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{
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4 sin(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′

 (B.161)

+ 4 sin(φk) cos(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
(B.162)

− 6 sin(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k−k′ + δj,k′−k

}
+

B

4κ2
δk,k′

 (B.163)

− 6 sin(φk) cos(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.164)

+ 4 cos(φk) sin(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.165)

+4 cos(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk,k′

 (B.166)

− 6 cos(φk) sin(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k′−k − δj, k−k′

}
(B.167)
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− 6 cos(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

4κ2
δk, k′


(B.168)

− 6 sin(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k′+k + δj,k′−k + δj,k−k′

}
+

B

4κ2
δk,k′

 (B.169)

− 6 sin(φk) cos(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

}
(B.170)

+9 sin(φk) sin(φk′)

 1

12κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

6κ2
δk,k′

 (B.171)

+ 9 sin(φk) cos(φk′)
1

12κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.172)

− 6 cos(φk) sin(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

}
(B.173)
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− 6 cos(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}
+

B

4κ2
δk, k′


(B.174)

+ 9 cos(φk) sin(φk′)
1

12κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

}
(B.175)

+ 9 cos(φk) cos(φk′)

 1

12κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

6κ2
δk,k′

}.
(B.176)

Next we combine equations (B.161), (B.163), (B.169), and (B.171). Also, we com-

bine equations (B.162), (B.164), (B.170), and (B.172). Also, we combine equa-

tions (B.165), (B.167), (B.173), and (B.175). Lastly, we combine equations (B.166),

(B.168), (B.174), and (B.176).

= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

sin(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′

 (B.177)

+ sin(φk) cos(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
(B.178)
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+ cos(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

} (B.179)

+ cos(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk,k′

} (B.180)

= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

sin(φk) sin(φk′)
B

2κ
δk, k′ + cos(φk) cos(φk′)

B

2κ2
δk,k′

− 1

16κ2

K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′

+
1

4κ2

K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}
{
δj, k−k′ + δj, k′−k

}
(B.181)

+
1

4κ2

K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj,k−k′ − δj,k′−k

}
(B.182)
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+
1

4κ2

K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj,k′−k − δj,k−k′

}
(B.183)

+
1

4κ2

K∑
j=1

Aj
1

4
{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
δj,k−k′ + δj,k′−k

}
} (B.184)

= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

cos(φk − φk′)
B

2κ2
δk,k′

− 1

4κ2

K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′

+
1

4κ2

K∑
j=1

Aj cos (−φk + φk′ + φj) δj, k−k′

+
1

16κ2

K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}δj, k′−k (B.185)
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+
1

16κ2

K∑
j=1

Aj{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k′−k

}
(B.186)

+
1

16κ2

K∑
j=1

Aj{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}δj,k′−k (B.187)

+
1

16κ2

K∑
j=1

Aj{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}δj,k′−k} (B.188)

= 16κ2

AkAk′ cos2(φk) cos2(φk′ )
{

cos(φk − φk′)
B

2κ2
δk,k′ −

1

4κ2

K∑
j=1

Aj cos (−φk − φk′ + φj) δj, k+k′

+
1

4κ2

K∑
j=1

Aj cos (−φk + φk′ + φj) δj, k−k′ +
1

4κ2

K∑
j=1

Aj cos (φk − φk′ + φj) δj, k′−k}.
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Therefore, we have

limT→∞ cov
{
T

1
2

{
tan(φ̂k,T )− tan(φk)

}
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
= 8

AkAk′ cos2(φk) cos2(φk′ )
{cos(φk − φk′)Bδk,k′ + 1

2

∑K
j=1Aj [− cos (−φk − φk′ + φj) δj, k+k′

+ cos (−φk + φk′ + φj) δj, k−k′ + cos (φk − φk′ + φj) δj, k′−k]}.

It then follows from Cramer’s Theorem with f(x, y) = [tan−1(x), tan−1(y)], f̊(x, y) = 1
x2+1

0

0 1
y2+1

, and

f̊(tan(φk), tan(φk′)) =

 1
(tan(φk))2+1

0

0 1
(tan(φk′ ))

2+1



=


1(

sin(φk)

cos(φk)

)2
+1

0

0 1(
sin(φk′ )
cos(φk′ )

)2

+1



=

 cos2(φk) 0

0 cos2(φk′)

 ,

that limT→∞ cov
{
T

1
2

{
φ̂k,T − φk

}
, T

1
2

{
φ̂k′,T − φk′

}}
= limT→∞ cos2(φk)cov

{
T

1
2

{
tan(φ̂k,T )− tan(φk)

}
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
cos2(φk′)

= 4
AkAk′

{cos(φk − φk′)2Bδk,k′ +
∑K

j=1Aj [− cos (−φk − φk′ + φj) δj, k+k′

+ cos (−φk + φk′ + φj) δj, k−k′ + cos (φk − φk′ + φj) δj, k′−k]}. (B.189)
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We now consider the case when φk = −π
2
or φk = π

2
. From the useful integral sec-

tion of Appendix B and the Chapter 2 Lemma 8, it is clear that 1
T

´ T
0

cos(φ̂k,T t)dNG(t)

→ 0 as T →∞ and − 1
T

´ T
0

sin(φ̂k,T t)dNG(t) → Ak
2κ

sin(φk) as T →∞. So as T →∞

and φk → π
2
, φ̂k,T = tan−1(

− 1
T

´ T
0 sin(φ̂k,T t)dNG(t)

1
T

´ T
0 cos(φ̂k,T t)dNG(t)

) → π
2
, and similar results apply to

the case when φk → −π
2
. So φ̂k,T is a consistent estimator of φk when φk = −π

2
or

φk = π
2
, and the asymptotic covariance of equation (B.189) holds when φk = −π

2
or

φk = π
2
.

B.1.1.9 Proof of Proposition 15

Proof. We begin by quoting Cramer’s Theorem which will be used throughout this

proof. Let g be a mapping g : Rd → Rk such that ġ(x) is continuous in a neigh-

borhood of µ ∈ Rd. If Xn is a sequence of d-dimensional random vectors such that

√
n (Xn − µ)

L→ X, then
√
n (g(Xn)− g(µ))

L→ ġ(µ)X (Ferguson (1996, pg. 45)). We

now establish the variance-covariance of the parameter estimators.

We begin by establishing the asymptotic covariance of

cov{T
3
2 (ω̂k,T − ωk) , T

1
2{φ̂k′,T − φk′}}.

From equations (2.12) and (2.25), we have
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cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}

= cov{24κ

Ak

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
,

− 4κ

Ak′ cos2(φk′)
{2 sin(φk′)Vk′ + 2 cos(φk′)Wk′ − 3Xk′ sin(φk′)− 3Yk′ cos(φk′)}}

+o(1)

= −96κ2

AkAk′ cos2(φk′ )
{

cov{Vk
1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk),

2 sin(φk′)Vk′ + 2 cos(φk′)Wk′ − 3Xk′ sin(φk′)− 3Yk′ cos(φk′)}+ o(1)

= −96κ2

AkAk′ cos2(φk′ )
{

sin(φk) sin(φk′)cov {Vk, Vk′}+ sin(φk) cos(φk′)cov {Vk, Wk′}

−3

2
sin(φk) sin(φk′)cov {Vk, Xk′} −

3

2
sin(φk) cos(φk′)cov {Vk, Yk′}

+ cos(φk) sin(φk′)cov {Wk, Vk′}+ cos(φk) cos(φk′)cov {Wk, Wk′}

−3

2
cos(φk) sin(φk′)cov {Wk, Xk′} −

3

2
cos(φk) cos(φk′)cov {Wk, Yk′}
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−2 sin(φk) sin(φk′)cov {Xk, Vk′} − 2 sin(φk) cos(φk′)cov {Xk, Wk′}

+3 sin(φk) sin(φk′)cov {Xk, Xk′}+ 3 sin(φk) cos(φk′)cov {Xk, Yk′}

−2 cos(φk) sin(φk′)cov {Yk, Vk′} − 2 cos(φk) cos(φk′)cov {Yk, Wk′}

+3 cos(φk) sin(φk′)cov {Yk, Xk′}+ 3 cos(φk) cos(φk′)cov {Yk, Yk′}}+ o(1).

From Proposition 10, it then follows that

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
= −96κ2

AkAk′ cos2(φk′ )
{

sin(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′

 (B.190)

+ sin(φk) cos(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
(B.191)

− 3

2
sin(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k−k′ + δj,k′−k

}
+

B

4κ2
δk,k′

 (B.192)

− 3

2
sin(φk) cos(φk′)

1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.193)
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+ cos(φk) sin(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.194)

+ cos(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk,k′

 (B.195)

− 3

2
cos(φk) sin(φk′)

1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k′−k − δj, k−k′

}
(B.196)

− 3

2
cos(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

4κ2
δk, k′


(B.197)

− 2 sin(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k′+k + δj,k′−k + δj,k−k′

}
+

B

4κ2
δk,k′

 (B.198)

− 2 sin(φk) cos(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

}
(B.199)

+3 sin(φk) sin(φk′)

 1

12κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

6κ2
δk,k′

 (B.200)

+ 3 sin(φk) cos(φk′)
1

12κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.201)
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− 2 cos(φk) sin(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

}
(B.202)

− 2 cos(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}
+

B

4κ2
δk, k′


(B.203)

+ 3 cos(φk) sin(φk′)
1

12κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

}
(B.204)

+ 3 cos(φk) cos(φk′)

 1

12κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

6κ2
δk,k′

}.
(B.205)

After combining equations (B.190) and (B.198), equations (B.191) and (B.199), equa-

tions (B.192) and (B.200), equations (B.193) and (B.201), equations (B.194) (B.196)

(B.202) (B.204), and equations (B.195) (B.197) (B.203) (B.205), from the useful

trigonometric identity section of Appendix B we have

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
= −96κ2

AkAk′ cos2(φk′ )
{

sin(φk) sin(φk′)

 1

16κ2

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k−k′ + δj,k′−k

}
+

B

8κ2
δk,k′

 (B.206)
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+ sin(φk) cos(φk′)
1

16κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.207)

+ cos(φk) sin(φk′)
1

16κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.208)

+ cos(φk) cos(φk′)

 1

16κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

8κ2
δk,k′

 (B.209)

= −6
AkAk′ cos2(φk′ )

{2B cos(φk − φk′)δk,k′

+

K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

− cos (−φk − φk′ + φj)}
{
δj,k+k′ + δj,k−k′ + δj,k′−k

}
(B.210)

+

K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj) + cos (−φk + φk′ + φj)− cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.211)

+
K∑
j=1

Aj
1

4
{− cos (φk + φk′ + φj)− cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.212)
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+
K∑
j=1

Aj
1

4
{cos (φk + φk′ + φj) + cos (−φk + φk′ + φj) + cos (φk − φk′ + φj)

+ cos (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
(B.213)

= −6
AkAk′ cos2(φk′ )

{2B cos(φk − φk′)δk,k′ −
∑K

j=1Aj cos (−φk − φk′ + φj) δj,k+k′

+
K∑
j=1

Aj cos (−φk + φk′ + φj) δj,k−k′ +
K∑
j=1

Aj cos (φk − φk′ + φj) δj,k′−k}.

It then follows from Cramer’s Theorem with f(x, y) = [x, tan−1(y)], f̊(x, y) = 1 0

0 1
y2+1

, and

f̊(ωk, tan−1(φk′)) =

 1 0

0 1
(tan(φk′ ))

2+1



=


1 0

0 1(
sin(φk′ )
cos(φk′ )

)2

+1



=

 1 0

0 cos2(φk′)

 ,

that limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

{
φ̂k′,T − φk′

}}

= lim
T→∞

cos2(φk′)cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
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=
−6

AkAk′
{2B cos(φk − φk′)δk,k′ −

K∑
j=1

Aj cos (−φk − φk′ + φj) δj,k+k′

+

K∑
j=1

Aj cos (−φk + φk′ + φj) δj,k−k′ +

K∑
j=1

Aj cos (φk − φk′ + φj) δj,k′−k}

=
6

AkAk′
{−2B cos(φk − φk′)δk,k′ +

K∑
j=1

Aj [cos (−φk − φk′ + φj) δj,k+k′

− cos (−φk + φk′ + φj) δj,k−k′ − cos (φk − φk′ + φj) δj,k′−k]}.

Next, we establish the asymptotic covariance of

cov
{
T

1
2

(
Âk,T − Ak

)
, T

1
2

{
φ̂k′,T − φk′

}}
.

From equations (2.18) and (2.25), we have

cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}

= cov{4κAk {cos(φk)Vk − sin(φk)Wk} ,

− 4κ

Ak′ cos2(φk′)
{2 sin(φk′)Vk′ + 2 cos(φk′)Wk′ − 3Xk′ sin(φk′)− 3Yk′ cos(φk′)}}

+o(1)
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= − 16κ2Ak
Ak′ cos2(φk′)

cov{{cos(φk)Vk − sin(φk)Wk} ,

{2 sin(φk′)Vk′ + 2 cos(φk′)Wk′ − 3Xk′ sin(φk′)− 3Yk′ cos(φk′)}}+ o(1)

= − 16κ2Ak
Ak′ cos2(φk′ )

{

cov {cos(φk)Vk, 2 sin(φk′)Vk′}+ cov {cos(φk)Vk, 2 cos(φk′)Wk′}

+cov {cos(φk)Vk, −3Xk′ sin(φk′)}+ cov {cos(φk)Vk, −3Yk′ cos(φk′)}

+cov {− sin(φk)Wk, 2 sin(φk′)Vk′}+ cov {− sin(φk)Wk, 2 cos(φk′)Wk′}

+cov {− sin(φk)Wk, −3Xk′ sin(φk′)}+ cov {− sin(φk)Wk, −3Yk′ cos(φk′)}}+ o(1)

= − 16κ2Ak
Ak′ cos2(φk′ )

{

2 cos(φk) sin(φk′)cov {Vk, Vk′}+ 2 cos(φk) cos(φk′)cov {Vk, Wk′}

−3 cos(φk) sin(φk′)cov {Vk, Xk′} − 3 cos(φk) cos(φk′)cov {Vk, Yk′}
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−2 sin(φk) sin(φk′)cov {Wk, Vk′} − 2 sin(φk) cos(φk′)cov {Wk, Wk′}

+3 sin(φk) sin(φk′)cov {Wk, Xk′}+ 3 sin(φk) cos(φk′)cov {Wk, Yk′}}+ o(1).

From Proposition 10, it then follows that

limT→∞ cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
= − 16κ2Ak

Ak′ cos2(φk′ )
{

2 cos(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′

 (B.214)

+ 2 cos(φk) cos(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
(B.215)

− 3 cos(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k+k′ + δj,k−k′ + δj,k′−k

}
+

B

4κ2
δk,k′

 (B.216)

− 3 cos(φk) cos(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k−k′ − δj, k′−k

}
(B.217)

− 2 sin(φk) sin(φk′)
1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.218)
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− 2 sin(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk,k′

 (B.219)

+ 3 sin(φk) sin(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k+k′ + δj, k′−k − δj, k−k′

}
(B.220)

+ 3 sin(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

4κ2
δk, k′

}.
(B.221)

After combining equations (B.214) and (B.216), combining equations (B.215) and

(B.217), combining equations (B.218) and (B.220), we have

limT→∞ cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
= − 16κ2Ak

Ak′ cos2(φk′ )
{

cos(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

4κ2
δk, k′

 (B.222)

+ cos(φk) cos(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
(B.223)

− sin(φk) sin(φk′)
1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.224)
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− sin(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

4κ2
δk,k′

 . (B.225)

= − 16κ2Ak
Ak′ cos2(φk′ )

{B4 sin(φk′ − φk)δk, k′

+
1

8κ2

K∑
j=1

Aj
1

4
{sin (φk + φk′ + φj) + sin (−φk + φk′ + φj)− sin (φk − φk′ + φj)

− sin (−φk − φk′ + φj)}
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
(B.226)

+
1

8κ2

K∑
j=1

Aj
1

4
{sin (φk + φk′ + φj) + sin (−φk + φk′ + φj) + sin (φk − φk′ + φj)

+ sin (−φk − φk′ + φj)}
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
(B.227)

− 1

8κ2

K∑
j=1

[−1

4
]Aj{sin (φk + φk′ + φj)− sin (−φk + φk′ + φj)− sin (φk − φk′ + φj)

+ sin (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
(B.228)

− 1

8κ2

K∑
j=1

Aj
1

4
{sin (φk + φk′ + φj)− sin (−φk + φk′ + φj) + sin (φk − φk′ + φj)

− sin (−φk − φk′ + φj)}
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
(B.229)
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= − 16κ2Ak
Ak′ cos2(φk′ )

{B4 sin(φk′ − φk)δk, k′ − 1
8κ2

∑K
j=1Aj sin (−φk − φk′ + φj) δj, k+k′

+
1

8κ2

K∑
j=1

Aj sin (−φk + φk′ + φj) δj, k−k′ −
1

8κ2

K∑
j=1

Aj sin (φk − φk′ + φj) δj, k′−k}.

It then follows from Cramer’s Theorem with f(x, y) = [
√
x, tan−1(y)], f̊(x, y) = 1

2
√
x

0

0 1
y2+1

, and f̊(A2
k, tan(φk′)) =

 1
2Ak

0

0 1
(tan(φk′ ))

2+1

 =

 1
2Ak

0

0 cos2(φk′)

,
that

limT→∞ cov
{
T

1
2

(
Âk,T −Ak

)
, T

1
2

{
φ̂k′,T − φk′

}}
= limT→∞

1
2Ak

cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

{
tan(φ̂k′,T )− tan(φk′)

}}
cos2(φk′)

= − 8κ2

Ak′
{B4 sin(φk′ − φk)δk, k′ − 1

8κ2

∑K
j=1Aj sin (−φk − φk′ + φj) δj, k+k′

+
1

8κ2

K∑
j=1

Aj sin (−φk + φk′ + φj) δj, k−k′ −
1

8κ2

K∑
j=1

Aj sin (φk − φk′ + φj) δj, k′−k}

= − 1
Ak′
{2B sin(φk′ − φk)δk, k′ −

∑K
j=1Aj sin (−φk − φk′ + φj) δj, k+k′

+

K∑
j=1

Aj sin (−φk + φk′ + φj) δj, k−k′ −
K∑
j=1

Aj sin (φk − φk′ + φj) δj, k′−k}

=
1

Ak′
{−2B sin(φk′ − φk)δk, k′ +

K∑
j=1

Aj [sin (−φk − φk′ + φj) δj, k+k′

− sin (−φk + φk′ + φj) δj, k−k′ + sin (φk − φk′ + φj) δj, k′−k]}.
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Next, we establish the asymptotic covariance of

lim
T→∞

cov
{
T

1
2

(
Âk,T − Ak

)
, T

1
2

(
B̂T −B

)}
.

From equations (2.18) and (2.27), we have

cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
B̂T −B

)}
=cov{4κAk {cos(φk)Vk − sin(φk)Wk} ,

T
1
2 (
NG(T )

T
κ−B)}+ o(1)

= cov

{
4κAk {cos(φk)Vk − sin(φk)Wk} , T

1
2
NG(T )

T
κ

}
+ o(1)

= 4Akκ
2cov

{
cos(φk)Vk − sin(φk)Wk, T

− 1
2NG(T )

}
+ o(1)

= 4Akκ
2
[
cos(φk)cov

{
Vk, T

− 1
2NG(T )

}
− sin(φk)cov

{
Wk, T

− 1
2NG(T )

}]
+o(1)

= 4Akκ
2

[
cos(φk)cov

{
Vk, T

− 1
2

ˆ T

0
dNG(t)

}
− sin(φk)cov

{
Wk, T

− 1
2

ˆ T

0
dNG(t)

}]
+o(1)

= 4Akκ
2

[
cos(φk)cov

{
Vk, T

− 1
2

ˆ T

0
dZG(t)

}
− sin(φk)cov

{
Wk, T

− 1
2

ˆ T

0
dZG(t)

}]
+o(1)

= 4Akκ
2 [cos(φk)cov {Vk, U} − sin(φk)cov {Wk, U}] + o(1).
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From Proposition 10, it then follows that

limT→∞ cov
{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
B̂T −B

)}

= 4Akκ
2

[
cos(φk)

Ak
2κ2

cos(φk)− sin(φk)

{
− Ak

2κ2
sin(φk)

}]
= 2A2

k.

It then follows from Cramer’s Theorem with f(x, y) = [
√
x, y], f̊(x, y) =

 1
2
√
x

0

0 1

,

and f̊(A2
k, B) =

 1
2Ak

0

0 1

 that

limT→∞ cov
{
T

1
2

(
Âk,T −Ak

)
, T

1
2

(
B̂T −B

)}

= lim
T→∞

1

2Ak
cov

{
T

1
2

(
Â2
k,T −A2

k

)
, T

1
2

(
B̂T −B

)}
=

1

2Ak
2A2

k

= Ak. (B.230)

Next, we establish the asymptotic covariance of

cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

(
Âk′,T − Ak′

)}
.

We notice from equations (2.12) and (2.18), that
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cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

(
Â2
k′,T −A2

k′

)}

= cov{24κ

Ak

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)

}
,

4κAk′ {cos(φk′)Vk′ − sin(φk′)Wk′}}+ o(1)

=
96κ2Ak′

Ak
cov{Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk),

cos(φk′)Vk′ − sin(φk′)Wk′}+ o(1)

=
96κ2Ak′
Ak

{

1

2
sin(φk) cos(φk′)cov {Vk, Vk′}+

1

2
cos(φk) cos(φk′)cov {Wk, Vk′}

− sin(φk) cos(φk′)cov {Xk, Vk′} − cos(φk) cos(φk′)cov {Yk, Vk′}

−1

2
sin(φk) sin(φk′)cov {Vk, Wk′} −

1

2
cos(φk) sin(φk′)cov {Wk, Wk′}

+ sin(φk) sin(φk′)cov {Xk, Wk′}+ cos(φk) sin(φk′)cov {Yk, Wk′}}+ o(1).

From Proposition 10, it then follows that

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

(
Â2
k′,T −A2

k′

)}
=

96κ2Ak′
Ak

{

259



1

2
sin(φk) cos(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

B

2κ2
δk, k′


+

1

2
cos(φk) cos(φk′)

1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}

− sin(φk) cos(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k′+k + δj,k′−k + δj,k−k′

}
+

B

4κ2
δk,k′


− cos(φk) cos(φk′)

1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

}
−1

2
sin(φk) sin(φk′)

1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}

−1

2
cos(φk) sin(φk′)

 1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+

B

2κ2
δk,k′


+ sin(φk) sin(φk′)

1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

}

+ cos(φk) sin(φk′)

 1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}
+

B

4κ2
δk, k′



=
96κ2Ak′
Ak

{

1

2
sin(φk) cos(φk′)

1

4κ2

K∑
j=1

Aj cos(φj)
{
δj, k+k′ + δj, k−k′ + δj, k′−k

}
+

1

2
cos(φk) cos(φk′)

1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k′+k + δj,k′−k − δj,k−k′

}
− sin(φk) cos(φk′)

1

8κ2

K∑
j=1

Aj cos(φj)
{
δj,k′+k + δj,k′−k + δj,k−k′

}
− cos(φk) cos(φk′)

1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k′−k − δj, k−k′

}
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−1

2
sin(φk) sin(φk′)

1

4κ2

K∑
j=1

Aj sin(φj)
{
−δj,k+k′ + δj,k−k′ − δj,k′−k

}
−1

2
cos(φk) sin(φk′)

1

4κ2

K∑
j=1

Aj cos(φj)
{
−δj,k′+k + δj,k−k′ + δj,k′−k

}
+ sin(φk) sin(φk′)

1

8κ2

K∑
j=1

Aj sin(φj)
{
−δj, k′+k + δj, k−k′ − δj, k′−k

}
+ cos(φk) sin(φk′)

1

8κ2

K∑
j=1

Aj cos(φj)
{
−δj, k′+k + δj, k′−k + δj, k−k′

}
}

= 0.

It then follows from Cramer’s Theorem with f(x, y) =
[
x,
√
y
]
, f̊(x, y) =

 1 0

0 1
2
√
x

,

and f̊(ωk, A
2
k) =

 1 0

0 1
2Ak

 that

limT→∞ cov{T 3
2 (ω̂k,T − ωk), T

1
2 (Âk′,T − Ak′)}

= lim
T→∞

cov{T
3
2 (ω̂k,T − ωk), T

1
2 (Â2

k′,T −A2
k′)}

1

2Ak

= 0.
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Next, we establish the asymptotic covariance of

cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

(
B̂T −B

)}
.

From equations (2.12) and (2.27), we have

cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

(
B̂T −B

)}

=cov{24κ

Ak
{Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk)}, T

1
2 (
NG(T )

T
κ−B)}

+ o(1)

=
24κ2

Ak
cov{Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk), T

− 1
2

ˆ T

0
dNG(t)}

+ o(1)

=
24κ2

Ak
cov

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk), T

− 1
2

ˆ T

0

dZG(t)

}
+ o(1)

=
24κ2

Ak
cov

{
Vk

1

2
sin(φk) +Wk

1

2
cos(φk)−Xk sin(φk)− Yk cos(φk), U

}
+ o(1)
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=
24κ2

Ak
[
1

2
sin(φk)cov {Vk, U}+

1

2
cos(φk)cov {Wk, U}

− sin(φk)cov {Xk, U} − cos(φk)cov {Yk, U}] + o(1).

From Proposition 10, it then follows that

limT→∞ cov
{
T

3
2 (ω̂k,T − ωk) , T

1
2

(
B̂T −B

)}

=
24κ2

Ak
{1

2
sin(φk)

Ak
2κ2

cos(φk) +
1

2
cos(φk)(−

Ak
2κ2

sin(φk))

− sin(φk)
Ak
4κ2

cos(φk)− cos(φk)(−
Ak
4κ2

sin(φk))}

=
24Ak
4Ak

{sin(φk) cos(φk)− cos(φk) sin(φk)

− sin(φk) cos(φk) + cos(φk) sin(φk)}

= 0.

Next, we establish the asymptotic covariance of

cov
{
T

1
2

{
φ̂k,T − φk

}
, T

1
2

(
B̂T −B

)}
.

From equations (2.25) and (2.27), we have

cov
{
T

1
2

{
tan(φ̂k,T )− tan(φk)

}
, T

1
2

(
B̂T −B

)}
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= cov{− 4κ

Ak cos2(φk)
{2 sin(φk)Vk + 2 cos(φk)Wk − 3Xk sin(φk)− 3Yk cos(φk)},

T
1
2 (
NG(T )

T
κ−B)}+ o(1)

= − 4κ2

Ak cos2(φk)
cov{2 sin(φk)Vk + 2 cos(φk)Wk − 3Xk sin(φk)− 3Yk cos(φk),

T−
1
2

ˆ T

0

dNG(t)}+ o(1)

= − 4κ2

Ak cos2(φk)
cov{2 sin(φk)Vk + 2 cos(φk)Wk − 3Xk sin(φk)− 3Yk cos(φk),

T−
1
2

ˆ T

0

dZ(t)}+ o(1)

= − 4κ2

Ak cos2(φk)
cov{2 sin(φk)Vk + 2 cos(φk)Wk− 3Xk sin(φk)− 3Yk cos(φk), U}+ o(1)

= − 4κ2

Ak cos2(φk)
{cov {2 sin(φk)Vk, U}+ cov {2 cos(φk)Wk, U}

+cov {−3Xk sin(φk), U}+ cov {−3Yk cos(φk), U}}+ o(1)

= − 4κ2

Ak cos2(φk)
{2 sin(φk)cov {Vk, U}+ 2 cos(φk)cov {Wk, U}

−3 sin(φk)cov {Xk, U} − 3 cos(φk)cov {Yk, U}}+ o(1).

From Proposition 10, we have

limT→∞ cov
{
T

1
2

{
tan(φ̂k,T )− tan(φk)

}
, T

1
2

(
B̂T −B

)}
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= − 4κ2

Ak cos2(φk)
{2 sin(φk)

Ak
2κ2

cos(φk) + 2 cos(φk)

(
− Ak

2κ2
sin(φk)

)
− 3 sin(φk)

Ak
4κ2

cos(φk)− 3 cos(φk)

(
− Ak

4κ2
sin(φk)

)
}

= − 4

cos(φk)
{sin(φk)− sin(φk)− 3 sin(φk)

1

4
+ 3

1

4
sin(φk)}

= 0

Therefore, by Cramer’s Theorem

lim
T→∞

cov
{
T

1
2

{
φ̂k,T − φk

}
, T

1
2

(
B̂T −B

)}
= 0.

B.1.1.10 The proof of the claim that the estimator of the baseline in-
tensity function, λ1(· ), of an inhomogeneous Gamma process
which satisfies Assumptions 1 − 3 of Section 2.2 is λ̂1,T (T ) =

λ1(T ) +O(T−
1
2 ), where T > 0. This claim is stated after Proposi-

tion 14.

Proof. We show that λ̂1,T (T ) = λ1(T ) +O(T−
1
2 ). We notice that

λ̂1,T (T )− λ1(T ) =
K∑
k=1

Âk cos(ω̂kT + φ̂k) + B̂ −

[
K∑
k=1

Ak cos(ωkT + φk) +B

]

=

K∑
k=1

(Âk −Ak) cos(ω̂kT + φ̂k) +

K∑
k=1

Ak

{
cos(ω̂kT + φ̂k)− cos(ωkT + φk)

}
+

[
1

T
NG(T )κ−B

]
. (B.231)
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By Proposition 14 of Section 2.2, it follows that

1

T
NG(T )κ−B = O(T−

1
2 ), (B.232)

and by Proposition 12 of Section 2.2, we have

K∑
k=1

(Âk −Ak) cos(ω̂kT + φ̂k) = O(T−
1
2 ). (B.233)

From the Taylor series expansion of the cosine function, we know that for some number

c between ω̂kT + φ̂k and ωkT + φk, we have

cos(ω̂kT + φ̂k) =

cos(ωkT +φk)−sin(ωkT +φk)((ω̂k−ωk)T +(φ̂k−φk))−
cos(c)

2!

(
(ω̂k − ωk)T + (φ̂k − φk)

)2
.

It then follows from Propositions 11 and 13 of Section 2.2 that

K∑
k=1

Ak

{
cos(ω̂kT + φ̂k)− cos(ωkT + φk)

}
= O(T−

1
2 ). (B.234)

Therefore, from equations (B.232)-(B.234), it follows that equation (B.231) becomes

λ̂1,T (T )− λ1(T ) = O(T−
1
2 ),

where T > 0.
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B.1.2 Proofs for Chapter 2 Section 3

B.1.2.1 Proof of Proposition 16

Proof. From equation (2.29), it follows that the conditional density function of wT is

given by

fwT (w) = λ2(T + w | HT+w) exp

{
−
ˆ T+w

T
λ2(u | Hu)du

}
I{w≥0}, (B.235)

where T > 0. Therefore, we have

T̂n+1 := T + E [wT | HT ]

= T +

ˆ ∞
0

wλ2(T + w | HT+w) exp

{
−
ˆ T+w

T
λ2(u | Hu)du

}
dw

= T +

ˆ ∞
0

wλ2(T + w | HT+w) exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw

= T +

[
−w exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}]∞
0

+

ˆ ∞
0

exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw

= T +

ˆ ∞
0

exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw. (B.236)

Next, we establish νn(T ) := E

[(
Tn(T )+1 − T̂n(T )+1

)2
]
. We begin by computingE [w2

T | HT ].

From equation (B.235), it follows that
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E
[
w2
T | HT

]
=

ˆ ∞
0

w2λ2(T + w | HT+w) exp

{
−
ˆ T+w

T
λ2(u | Hu)du

}
dw

=

ˆ ∞
0

w2λ2(T + w | HT+w) exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw

=

[
−w2 exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}]∞
0

+2

ˆ ∞
0

w exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw

= 2

ˆ ∞
0

w exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw. (B.237)

Therefore, it follows that

νn(T ) := E

[(
Tn(T )+1 − T̂n(T )+1

)2
]

= EHT

[
E
[
(wT − E [wT | HT ])2 | HT

]]
= EHT

[
E
[
w2
T | HT

]
− [E [wT | HT ]]2 | HT

]
= EHT [2

ˆ ∞
0

w exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw

−
[ˆ ∞

0
exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw

]2

]. (B.238)

B.1.2.2 Proof of Chapter 2 Equations (2.32) and (2.33)

Proof. We begin by proving equation (2.32). From Chapter 2 Proposition 16, it

follows that
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µHPPn(T ) = E

[(
Tn(T )+1 − T̃HPPn(T )+1

)2
]
− E

[(
Tn(T )+1 − T̂n(T )+1

)2
]

= EHT

[
E

[(
wT −

κ

B

)2
| HT

]]
− EHT

[
E

[(
Tn(T )+1 − T̂n(T )+1

)2
| HT

]]
= EHT

[
E
[
w2
T | HT

]
− 2

κ

B
E [wT | HT ] +

κ2

B2
−
(
E
[
w2
T | HT

]
− [E [wT | HT ]]2

)]
= EHT

[
− 2

B
κE [wT | HT ] +

κ2

B2
+ [E [wT | HT ]]2

]
= EHT

[(
E [wT | HT ]− κ

B

)2
]

= EHT

[(ˆ ∞
0

exp

{
−
ˆ w

0
λ2(T + y | HT+y)dy

}
dw − κ

B

)2
]
, (B.239)

which establishes equation (2.32). Next, we prove equation (2.33). From Chapter 2

Proposition 16, it follows that

µNHPPn(T ) = E

[(
Tn(T )+1 − T̃NHPPn(T )+1

)2
]
− E

[(
Tn(T )+1 − T̂n(T )+1

)2
]

= E

[(
Tn(T )+1 − T̃NHPPn(T )+1

)2
]
− EHT

[(
E
[
w2
T | HT

]
− [E [wT | HT ]]2

)]
= EHT

[
E

[(
wT −

ˆ ∞
0

exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dw

)2

| HT

]]
−EHT

[
E
[
w2
T | HT

]
− [E [wT | HT ]]2

]
= EHT [E

[
w2
T | HT

]
− 2

ˆ ∞
0

exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dwE [wT | HT ]

+

[ˆ ∞
0

exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dw

]2

−
(
E
[
w2
T | HT

]
− [E [wT | HT ]]2

)
]
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= EHT [−2

ˆ ∞
0

exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dwE [wT | HT ]

+

[ˆ ∞
0

exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dw

]2

+ [E [wT | HT ]]2]

= EHT [

(
E [wT | HT ]−

ˆ ∞
0

exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dw

)2

]

= EHT [(

ˆ ∞
0

exp

{
−
ˆ w

0
λ2(T + y | HT )dy

}
dw

−
ˆ ∞

0
exp

{
−1

κ

ˆ w

0
λ1(T + y)dy

}
dw)2], (B.240)

which establishes equation (2.33).

B.1.2.3 Proof of Chapter 2 Proposition 17

Proof. To compute T̂n+1 := E [Tn+1 | T1 = t1, . . . , Tn = tn], we need to first establish

the integral

Iκ(t) :=

ˆ ∞
t

λ1(s)

Γ (κ)

[ˆ s

tn

λ1(x)dx

]κ−1

exp

{
−
ˆ s

tn

λ1(x)dx

}
ds

= exp

{
−
ˆ t

tn

λ1(x)dx

} κ−1∑
i=0

[´ t
tn
λ1(x)dx

]i
i!

, (B.241)

where t ≥ tn and κ ∈ N.

We begin by letting, F (s) =
´ s
tn
λ1(x)dx, f(s) = d

ds
[F (s)] = λ1(s), and

Iκ(t) =

ˆ ∞
t

f(s)

Γ(κ)
{F (s)}κ−1 exp {−F (s)} ds,

where s ≥ t ≥ 0. Then using u substitution with u = F (s) and du = f(s)ds, we have
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I1(t) =
´∞
t

f(s)
Γ(1)

exp {−F (s)} ds=
´∞
F (t)

exp {−u} du=− exp {−u} |∞F (t) = exp {−F (t)}.

Therefore,

I1(t) = exp {−F (t)} .

Likewise, we have

I2(t) =
´∞
t

f(s)
Γ(2)
{F (s)} exp {−F (s)} ds=

´∞
F (t)

u exp {−u} du=−(u+1) exp {−u} |∞F (t)

= (F (t) + 1) exp {−F (t)}. Therefore,

I2(t) = I1(t) + I1(t)F (t).

Similarly, we have

I3(t) =
´∞
t

f(s)
Γ(3)
{F (s)}2 exp {−F (s)} ds =

´∞
F (t)

1
Γ(3)

u2 exp {−u} du = − 1
Γ(3)

(u2 +

2u+ 2) exp {−u} |∞F (t) = 1
Γ(3)

(F (t)2 + 2F (t) + 2) exp {−F (t)}. Therefore,

I3(t) = I1(t) + I1(t)F (t) + I1(t)
F (t)2

2!
.

Continuing in a similar fashion, we see that

Iκ(t) = I1(t)
κ−1∑
i=0

[F (t)]i

i!

= exp

{
−
ˆ t

tn

λ1(s)ds

} κ−1∑
i=0

[´ t
tn
λ1(s)ds

]i
i!

. (B.242)
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Now, from equation (1.27), we have

T̂n+1 := E [Tn+1 | T1 = t1, . . . , Tn = tn]

=

ˆ ∞
tn

s
λ1(s)

Γ (κ)

[ˆ s

tn

λ1(x)dx

]κ−1

exp

{
−
ˆ s

tn

λ1(x)dx

}
ds. (B.243)

To evaluate (B.243), we use integration by parts by setting

u = s and dv =
λ1(s)

Γ (κ)

[ˆ s

tn

λ1(x)dx

]κ−1

exp

{
−
ˆ s

tn

λ1(x)dx

}
ds.

From which, it follows that

du = ds and v = − exp

{
−
ˆ s

tn

λ1(x)dx

} κ−1∑
i=0

[´ s
tn
λ1(x)dx

]i
i!

.

Upon using integration by parts, it then follows from equation (B.241) and equation

(B.243) that for κ ∈ N, we have

T̂n+1 =

ˆ ∞
tn

s
λ1(s)

Γ (κ)

[ˆ s

tn

λ1(x)dx

]κ−1

exp

{
−
ˆ s

tn

λ1(x)dx

}
ds.

=

−s exp

{
−
ˆ s

tn

λ1(x)dx

} κ−1∑
i=0

[´ s
tn
λ1(x)dx

]i
i!


∞

tn

+

ˆ ∞
tn

Iκ(s)ds

= tn +

ˆ ∞
tn

Iκ(s)ds

= tn +

ˆ ∞
tn

exp

{
−
ˆ s

tn

λ1(x)dx

} κ−1∑
i=0

[´ s
tn
λ1(x)dx

]i
i!

ds,
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where 0 < t1 < t2 < · · · < tn.
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