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Modeling the Compton Camera Response for Extended
Voxel Sources

by

Donald L. Gunter, Ross Barnowski, Andrew Haefner, Daniel Hellfeld, Kalie Knecht, Lucian
Michailescu, Mark Bandstra, Victor Negut, Emily Frame, Ryan Pavlovski, Tenzing Joshi,
Jayson Vavrek, Brian Quiter, Kai Vetter

The analysis and interpretation of coincidence events in a Compton camera requires
the comparison of the expected rates of observed events from sources with various
emission rates, energy spectra and spatial distributions. Radioactive source distributions
are often represented by the activity distributed among numerous voxels; each voxel
having uniform internal activity and spectra within a cube. In this paper a mathematical
model is constructed that predicts the expected rate of coincident Compton events from
the rate of emissions from a single voxel source. This detailed model incorporates (1) the
finite voxel size, (2) the blurring of the “Compton cone” by the limitations of energy
resolution in the detectors and (3) the uncertainty in the Compton cone-axis due to the
limited spatial resolution and ‘lever-arm’ separation between the coincident interactions.
The resultant rates can be used to generate the system response matrix for source
reconstruction and, therefore, are directly applicable in list-mode MLEM source
reconstruction algorithms.
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I. Introduction

The primary result of this paper is a calculation of the expected rate of Compton
camera events from the emission rate associated with a single voxel with specified
location and size. This calculation is based on a large number of assumptions and an
idealized mathematical model. These idealizations are justified by (1) the inclusion of
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many effects heretofore ignored, (2) the utility of the analytic tools for rapid calculations,
(3) applicability of the results in list-mode MLEM reconstruction algorithms.

A Compton camera event consists of the coincident detection of two distinct
interactions in the detector system. The interpretation of this event is that the first
interaction is a Compton scattering and the second interaction is a photoelectric
absorption.

There are many competitive interpretations possible: for example, the second
interaction might be another Compton scattering with subsequent escape from the
detector; or, the first interaction might actually be multiple interactions within a distance
smaller than the spatial resolution of the detector. For the purposes of this analysis, these
alternative interpretations will be ignored. A more serious problem is that the sequence
of the interactions is unknown. If the two interactions are labeled ‘A’ and ‘B’, the sequence
of interactions could be either ‘AB’ or ‘BA’ producing completely different event rates for
each possible source. In this analysis the interaction sequence will be assumed known;
that is interaction ‘1’ will be assumed Compton scattering and interaction ‘2’ will be
assumed photo-absorption. The alternative interpretation can be evaluated and
compared by reversing the order of the interactions.

The detailed analysis is presented in six sections (II-VI) and three appendices (A-C).
In Section II, the experimental observations and input parameters of the mathematical
and physical model are described and our notation is established. In Section III, a
mathematical formalism is presented that describes the emission, propagation, scattering
and absorption of radiation. In Section IV, the mathematical formalism of Section III is
used for the prediction of a very general (and, in practice, a very complicated) formula for
the rate of observed events from a single voxel source. The application of this general
formula to realistic situations is presented in Section V. This analysis is repeated an
compared for alternative sequencing of the interactions Section VI. The derivation of the
rates in Section IV requires extensive mathematical calculations that are relegated to
three appendices. Appendix A provides a mathematical description of the uncertainty in
the direction of the scattered photon (i.e., the axis of the Compton cone) due to the
separation and limited spatial resolution of the coincident interactions. Appendix B
describes the blurring of the Compton cone due to the limited energy resolution of the
detectors. Finally in Appendix C a very complicated four-dimensional integral is
performed using a combination of projection and properties of the hypergeometric
function. This result is then used in Sections V and VI for the calculation of the desired
rates. In Section VII, the results are summarized and future applications discussed.

Four additional Appendices were added pertaining to alternative approaches to
imaging with Compton cameras. Many problems are better analyzed in terms of incident
fluxes of radiation rather than source voxels. Appendix D provides a natural conversion
between the rates associated with a specific voxel (as calculated in this analysis) and the
rates produced by an incident photon flux. The “analytic machinery” of this paper can be,
thereby, converted directly to give the desired rates associated with incident fluxes. In
Appendix E, a comparison is made between the results of our calculation and the
published calculations of other researchers. In particular, the work of Xu and He is
selected as one of the best published calculations and is compared with our results. In
Appendix F, the application of our results is demonstrated in List-Mode MLEM algorithm.
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Finally, Appendix G is a mathematical aside in which the approximation of n-dimensional
“cubic” voxels by Gaussian functions is demonstrated and justified.

II. Description of the Experimental Measurement and the Voxel Source Model

The mathematical model proposed in this analysis consists of numerous approximations
and model parameters. For convenience, one can divide the model into three mathematical
components that describe: (1) the coincident detection process in the Compton camera, (2) the
source emissions from a single voxel, and (3) the physical process of emission, propagation,
and interaction of the radiation from source to detector. Each component of the model requires
a collection of assumptions and approximations; and because the reliability of the analysis
depends on these assumptions, this section will explicitly delineate the assumptions and model
parameters associated with the detection process and voxel source model.

The Coincident Compton Camera Event

A Compton camera event consists of the coincident detection of two distinct
interactions in the detector system. The interpretation of this event is that the first
interaction (labeled ‘1’) is a Compton scattering and the second interaction (labeled 2’) is
a photoelectric absorption. The method of sequencing the interactions will not be
considered until Section VI; however, at this point the sequence is arbitrary. Each
interaction in the Compton camera provides two basic parameters: (1) the 3D location of
the interaction, and (2) the energy deposited in the detector. In addition, each parameter
must also have an associated resolution. Thus, the input data associated with each event
will describe the two interactions (i=1,2) and be denoted by

{7 ,2; } = location and spatial resolution of interaction ‘i’ [m]

(1)

{Ei, &} = deposited energy and resolution of interaction ‘i’ [keV].

The energies, E;, and their associated resolutions, €;, are simple scalars (with dimensions
of keV for this analysis). The locations, F;, are 3-vectors (with dimensions of meters [m]
in each coordinate). On the other hand, the spatial resolutions, A, are assumed to be
scalars (with dimensions [m]) that provide the isotropic resolution in all directions. Not
only does the resolution of each parameter provide information about the accuracy of the
measurement, but it also indicates the range of that parameter. One cannot define the rate
associated with an event at specific locations and energies, but one can define the rate of
events within ranges of those parameters. One, therefore, expects that the rate of observed
events will be proportional to the resolutions in each of the 8 parameters (6 spatial
coordinates and 2 energies), i.e.

Rate « A3 23 & &,. (2)

Ironically, an interaction with poorer resolution, i.e. larger A; or g;, will produce higher
rates associated with the observed event because more interactions might potentially fall
inside the assigned range. However, the blurring effects from loss of resolution will also
distribute the increased rate over more source voxels; thereby, reducing the response
attributed to any specific voxel. This dual role for the resolutions is crucial in the analysis;
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an incorrect assignment of a resolution can significantly affect the rate calculation. For
most of this paper, Ai and ¢; are treated as experimental constants provided by prior
measurements. Nonetheless, certain assumptions concerning the resolutions are implicit.
Obviously, all the resolutions must be positive; more significantly, relation (2) implies that
none of the resolutions, A; or & , can vanish. Furthermore, the upper limits on the
resolutions may appear implicitly [e.g. inequalities (15)] throughout the analysis. These
upper limits reflect the practical fact that events with extremely poor resolution provide
virtually no information and should generally be excluded from analysis.

The Source Voxel and Its Emissions

The source of emissions is described mathematically by a radioactive activity distribution,
A(X, E), where

X = position of the emission,

E = emission energy [keV] , (3)

and
[emissions]
[sec][keV][m3]

A(X,E) = = activity density at X.

[Although ‘activity’ generally refers to the decay rate of radioactive materials, in these
notes the ‘activity’ will refer to the emission rate. The distinction is important for isotopes
with multiple emissions/decay or alternative branching ratios. However, in maximum
likelihood calculations (as summarized in Appendix F), the system matrix is most easily
calculated as the ratio (rate of detections)/(rate of emissions). Consequently, these notes
emphasize the number of emissions.] In general, the function, A(X, E), is a continuous
function of X and E. However, in most imaging applications, the function, A(X, E)), is
decomposed into a large number of voxels - each voxel containing constant activity within
a “small” cubic volume. In this representation, the activity distribution of a single voxel is
given by

Avoxet(® E) = A(E)A(% - C, L) (4)
where the vector C is the center of the voxel,

A(E) = % within the voxel, and

A(X, L) = voxel spatial distribution [dimensionless]. (5)

A voxel is universally accepted as a cubic volume in 3D that has uniform properties; i.e.,
density, composition, etc. Each voxel is characterized by the location of its center point,
(_I), and length of its sides, L. Mathematically, a voxel is characterized by the function, A.
The standard cubic voxel that is oriented along the x-, y-, and z-axes is described by the
function:
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1 lf—E<Xl<E
2 2

0 otherwise.

Acube(ir]-‘) :{ (6)

Such a voxel is generally associated with a 3D lattice of voxels that provides both the
regular spacing and the orientation of the voxel axes. For our modeling, the orientation
of a voxel in space is not an important property; however, the spatial extent of the source
is. Indeed, the orientation of the voxel axes requires an unnecessary complication in the
calculations that provides little increase in accuracy. For this reason, the standard cubic
voxel will be replaced by a rotationally invariant Gaussian source. The Gaussian voxel
function is defined by

- 6\3/2 .
AG) = (2)" expl -6 %12/ 17] (7)
and is used throughout this analysis. This Gaussian voxel function is selected because it
is rotationally symmetric, simplifies calculations, and, furthermore, produces the same
integral moments (up to second order) as the cubic voxel in Equation (6); namely,

W% A® =12 ; [ffd*% [RI> AG) =215 ()

which is the reason for selecting the specific Gaussian parameters in Equation (7).
(Details of this analysis are provided in Appendix G.) The primary limitation imposed by
the spherical symmetry of a Gaussian voxel is that asymmetric voxels are excluded. If
asymmetric voxels are required, one can approximate the desired distribution by the
construction of the asymmetric geometry with numerous smaller spherical voxels. The
“cost” of the multiple rate calculations is deemed smaller than the “cost” of orienting and
calculating the rates for complicated voxel geometries.

Hybrid Parameters

The basic input parameters for each event are {;, A} and {E;&i} for i=1,2; whereas,
the source voxel is described by the parameters C, L, and the function A(E). The desired
rates of interaction will be a function of these parameters. However, a number of hybrid
combinations of these parameters arise naturally from the geometry and physics of the
Compton interaction process and appear ubiquitously throughout the calculation. For
convenience and future reference, these hybrid parameters are summarized here.

Within the detector, the two interactions are separated by the distance R, defined
by
Ri; = |f, -1, (9a)

and the unit vector pointing from the first to the second interaction (and, therefore,
approximating the direction of scattered photon) is denoted by

ad = (f, — 7 )/Ryz - (9b)
Combining Equations (9a) and (9b), one finds
(f, —7F;) = Rz d. (9¢)
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The unit vector, q, is often referred to as the ‘scattering-axis’ of the Compton cone, because
the Compton kinematics dictates that the source should lay near a cone determined by
this axis with its vertex at r;.

The geometric relation between the source voxel and the detector is characterized by the
vector (Fl - C) that connects the center of the voxel to the location of the first interaction. The
distance between the source and detector is defined as Rs, where

Rg=|# —C| (10a)
and the unit vector ,[_f) denoting the direction from the source to the detector is

= (¥, - C)/Ry (10b)

which indicates the approximate direction of an incident photon. One can, therefore,
write that

(#,—C) =R¢B . (10c)

The scattering angle of the Compton interaction as measured by the source location and
interaction locations is defined by

N -

a-f =v=cosby, (1D
Compton kinematics requires that the scattering angle is related to the energies deposited
at each interaction site The function u(E;, E,)) gives the predicted cosine of the scattering
angle for deposited energies E1 and Ez:

mE1

1= By, By) = €08 Byn = 1 —

(12)
where m=electron mass [511 keV]. (N.B. Throughout this analysis the standard notation
c=1 is assumed; so that, both energy and momentum are given keV.) . The imaging
properties of a Compton camera arise from a comparison of the geometric scattering
angle of Equation (11) with the kinematic scattering angle. The reality of the angle, Oxin,
requires that

, 13
= E, > [JE? +2mE, - E| (13)

a condition that excludes some interaction sequences. As Inequality (13) indicates, the
value of i, as defined in Equation (12), may be smaller than —1 and, therefore, unphysical.
This condition is often referred to as the “backscatter limit” because the limiting equality
holds for u = —1 [{i.e. backscattered radiation). One might assume that an event violating
the backscatter limit was improperly sequenced. However, due to the errors (&i)
associated with the observed energies, this limit is somewhat blurred and an event that
violates the backscatter limit by small energies (<ei) may actually be backscattered
radiation with erroneous energies rather that unphysical sequencing. Consequently,
values of u(E;, E,) < —1isnota prioriprohibited. Instead, the suppression of such events
might be expected arise naturally from the interplay of the energy resolution and the
Compton kinematics. [For details, see Appendix B.]
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The effect of the voxel size on the imaging process arises from the dispersion of
directions of radiation reaching detector. The crucial parameter describing this
dispersion is the ratio of the distance between the source distance, Rs, and the “voxel” size
L. In particular, the ratio

L
1= V12R,

recurs throughout the calculation.

) (14)

Finally, the scale of the various length parameters can be ordered hierarchically by
either the detector design or physical constraints:

A <Ry <L <R, (15a)

so that, one expects X£1<0.28. Similarly, the one expects the energy resolution to be
significantly smaller than the measured values; that is,

SSL' < Ei . (15b)

The factor of 5 in Inequality (15b) is consistent with 20% error in the energy
measurement (i.e., poorer energy resolution than any Compton camera currently used).
Furthermore, in Appendix B where the blurring effects of energy resolution are calculated,
the limits on the X3 parameter are comparable to those on the X; parameter from
Inequality (15a). The Inequalities (15a) and (15b) will frequently be invoked to simplify
calculations.
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Compton Coincident Event

A
Initial Compton Interaction s
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Incident E;tey
Photon deposited
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Figure 1. The Basic Geometry is depicted for a coincident Compton event
within the detector. The data for a coincident Compton event
includes not only the measured location and energy deposition at
two interaction sites, but also the uncertainties in those
measurements. These uncertainties critically affect the rate because

larger volumes imply larger rates.
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Relative Geometry of the Emission and Detection Processes

15t Interaction
Compton Scatter

— > —
Roa=(r,-r )

2" Interaction
PE absorption

—===P
€—--> & (Coordinate Origin)
L
Radiation Source
“Gaussian” Voxel

Figure 2. The Relative Geometry is shown between the source voxel and the

interactions of the coincident Compton event. The direction E (shown in
green) is approximately the direction of the incident photon; whereas, the
direction a (shown in red) is approximately the direction of the scattered
photon.
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~~~~~~~~ H(H
A8 = cone width N

Overlap Region of the
y Source Voxel and
/, The Compton Cone
/ ,’ .l
/s
‘£,
Compton Cone v
¢
/

Source Voxel

—> .
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Figure 3. The imaging properties of a Compton camera are based on the back-projection
of an event onto a Compton cone. This diagram demonstrates the relationship
between the o and E vectors and the back-projected Compton cone with opening
angle Okin determined by the deposition energies. The rate of events is proportional
to the overlap of the source voxel with the cone. Although the deposition energies
determine a unique cone, the uncertainties in those energies blur that cone giving it
an angular width A8. Three sources of blurring are analyzed in this paper and each
source has an associated parameter. The finite voxel size of the source blurs the
direction of the incident radiation, [_3), and is associated with the parameter X;.
Uncertainties in the interaction positions blur the direction of o and are associated
the parameter Z,. Uncertainties in the deposited energies cause blurring of the angle
Okin and are associated with the parameter Xs.

10
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ITI. Photon Emission, Propagation, and Interactions

The primary mathematical tool used in this analysis is the photon phase-space
density, @, defined by

(D(_), -)) — [ #photons |

= milkerd] photon phase — space density . (16)

In general, one expects that @ will be a function of time and will satisfy the Louiville
equation with the appropriate scattering terms. For this analysis, however, we assume
that the sources and geometry are constant during the period of the observation.
Consequently, the photon phase-space density is stationary. Because the scattering of the
radiation is crucial in the analysis, one decomposes the photon phase-space density based
upon the number of scattering interactions. One, therefore, defines

®™ (%, p) = photon phase — space density following (n)scatters
(17)
(X, B) = o @™, )

where ®) corresponds to the photon density entering the detector and ®™ corresponds
to the photon density following the nth scatter within the detector. Thus, radiation that
scatters before entering the detector is deemed part of the ®(0) component. The utility of
this @™ decomposition is threefold: (1) for a Gaussian voxel source ® is easily
computed, (2) ®0+1) is easily computed from ®™ in terms of known differential cross-
sections, and (3) the rate of interactions in a region is easily computed in terms of ® and
the attenuation coefficient within that region.

Emissions from a Voxel

The radiation incident on the detector is described by ®(©). In general, ®©) can
originate from either local or far-field sources. Far-field sources are essentially
independent of the detector position (i.e., there are no parallax effects when the detector
moves); astronomical sources typically fall into this category. These far-field sources are
not of concern in this analysis. Local sources generally arise from the isotropic emissions
of a radioactive source density A(X,E) as described in Equations (3) and (4). The
resulting radiation is given by

(D(O)()_C),ﬁ) — fff d32de A(Z: E) M 63 (ﬁ _ E(f—f)) (18)

4c |X—-Z|? [X-Z]
where the (dimensionless) attenuation function, Att, gives the fraction of radiation that

propagates from Z to X without absorption or scattering and is defined mathematically in
terms of a line integral of the attenuation coefficient u(x, E),

Att(Z, 7, E) = exp [ —1Z - 2| [} dE p(EE+(1—-97,E) ] . (19)

11
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[Note: For this paper, the traditional symbol ‘u' for the attenuation coefficient is
underlined ‘¢’ to distinguish it from the cosine defined in Equation (12).] From the

standard definitions, one recalls that

1, E) = n(X) ororai(E) = attenuation coef ficent [m=1] (20)
where

nx) = [#Scatte”ng[:’;]t ers @tom9)l _ pumber density of scatter centers  (21)
and

Orotal(E) = total scattering cross — section [m?] . (22)

A straightforward integration over the 3D delta function in Equation (18) yields that

PO (%, p) =

4-7'[C|p|2f dr A(x—r— Ipl) Att(x x—r— Ipl) (23)
for any activity distribution A(X, E). If one uses the activity distribution for a single voxel
as described in Equations (4) and (7) with center at C,voxel size L, and assumes negligible
attenuation within the source voxel, the integral in Equation (23) can be evaluated
analytically and gives

CD(O)(5 + Rﬁ, EB) _ 6A®L Att(C.C+ROE) exp{ _6:;22 [ 1- (ﬁ) 5)2 ] }

Ha+erf [25 @-3)]) (24)

for any location (C_')+Rﬁ)) and momentum (Ew). The (1+erf) term in the second line of
Equation (24) can be bothersome in calculations. However, for L<R [as one expects from
Inequalities (15a)], one can approximate the second line by a Heaviside function, so that

CD(O)(5+R5,E5) 6A(E)LAtt(CC+RQE)e p{ [1-(® @)’ ]} G)(ﬁ-a_}) (25)

4m?c E2 232

which is the form used henceforth in this analysis. N.B.: There is no explicit R? term in
this expression. The effect of source distance does not appear explicitly in ®©). Instead,
the effect of moving further from the source is a narrowing of the momentum distribution
[as characterized by the (ﬁ) . 5) dependence]. So that the flux, integrated over all photon
directions, is proportional to £? and, therefore, decreases with distance as R-2. The
ubiquitous X; term that was defined in Equation (14) originates in Equation (25).

Scattering of Radiation Within the Detector

The photon phase-space density ®(+1) arises from the scattering of photons in the
@™ photon density. The explicit relation is given by the integral equation

S 52

OO (%, 5) = [If a3z fff d3k o™ (Z, k) At(EZIp) n@) d’s ( p) 52 ( :Z—Z) (26)

|%-Z|2 asp 1Bl |1X-Z

12
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where the 82 function on the 2-sphere is defined by the relation

F(@) = [[ ;2 4?0 6%(a,0) F(Q) (27)

for any function F on the sphere. One can verify Equation (26) by considering the
standard laboratory scattering experiment with a mono-energetic incident beam
impinging on a small target and finding the predicted flux of scattered particles in the far-
field. For our analysis, further notation concerning the differential cross-section is
required. In Equation (26) the differential cross-section includes all forms of scattering.
While many types of interaction are possible, only two are relevant for this analysis:
Compton scattering and photoelectric absorption. Because other forms of interaction are
possible [and appear in the total cross-section of Equation (22)], care is needed in the
notation. We recall some standard definitions and explain our non-standard notations.
For photoelectric absorption, the total cross-section is defined as

opp(E) = Photoelectric absorption cross — section [m?] . (28)

For Compton scattering, our notation is

3 R 2
CMC;—"Z;M (k — p) = differential Compton cross — section [kr:w] (29a)
and
Ocompton (E) = Total Compton cross — section [m?] (29b)
where
—> d ompton
Ocompton(E) = [[] d°B —522 (Eé; > ) . (290)

[N.B. the arbitrary direction of the incident radiation (€;) in Equation (29¢) does not affect
the calculation because the integral covers all directions relative to that direction.] The
total cross-section, orotal, includes other types of interaction; so that, the total cross-
section may exceed the combined Compton and photoelectric cross-sections:

Opg (E) + UCompton(E) < UTotal(E) . (30)

Next, the interaction fractions are defined by

fos(B) = 250 and - fog(E) = Tomen®) (31)

orotal(E) oTotal(E)

Consequently, one can write

d3 OCompton (E.Q N p) — UTotal(E) fCS(E) [ 1 a3 OCompton (E.Q N p)] (32)

asp UCompton(E) asp

and, consequently, the terms appearing in Equation (26) can be written as,

(@) ds3 O'Compton (EQ - P) _ y(x E) fus(E) [ 1 d3ocompton (EQ - P)] (33)

O'Compton(E) asp

13
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The differential cross section in Equation (29a) incorporates in a single expression both
the Klein-Nishina differential cross-section and the kinematic relation between scatter
angle and energy. One relates this (3D) differential Compton cross-section of Equation
(29) to the standard Klein-Nishina form by observing that the (3D) cross-section must
include three factors: (1) phase space weighting, (2) relativistic kinematics [i.e., energy
and momentum conservation], and (3) the Klein-Nishina cross-section that describes
physics of the scattering process. The resulting expression for free-electron scattering is
given by

o (50 — p@) = 3 8| p — o | S (Eop) (34)
[For Compton scattering from atomic electrons, one must also include the incoherent
atomic scattering form-factor, but that term will be ignored in this treatment. The
incoherent form-factor, which is approximately equal to the atomic number Z, can
significantly suppress small-angle scattering, but such events are seldom significant in
Compton cameras. Such small-angle events imply low momentum transfer, i.e., small E1
values. The effects of the incoherent form factor generally arise for values of E; near or
below the noise thresholds of the cameras, which is the justification for ignoring the
effects in this analysis.] Next, we define the [dimensionless] Klein-Nishina weighting
function by

1 d
Xin (B,p) = s 0 (B, (35)
so that

d3o, ompton ocompton(E) E
Locomion (5§ — pgg) = “omen® gl p— M| XeyEp) . (36)

Applying Equations (33) and (36) in Equation (26), one finds the crucial relation

(D(n+1)(x pﬂ) fff d?’ffdk sz ..... dz_) (D(”)(Z k@) 52( 9?—2) Att(X,Z,p) u(Z k)

|X-Z2|2

fes() 5[;0—’"—’:] Xen(k,p) (37)

p2 m+k(1-Q°@)
Detection of Interactions Within the Detector

The calculation of interaction rates within the detector is comparatively simple. The
rate of photoelectric absorptions in a region AR and within an energy interval AE is given

by

Rateps (AR, AE) = [[[ ;g @2 [lf car@®k P(ZK) p(Z [K]) foe([K]) ¢, (38)
where cis the speed of light. A generalization is required for the description of a detection
system that reports the interaction position (7}, ;) and deposition energy (E;, €;). The

spatial region associated with an interaction (7}, A;) is described by a function Dy, and the
energy interval associated with the observation (E;, ;) is described by a function De. The

14
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function Dy specifies the volume included in the detection region and must satisfy the
conditions

0<D,(x|IF,) <1,
[[f d3% D,(%|#, 1) = (2m)3/?23 = volume of detection region ,and (39a)
[[fd3% % D,(%|" 1) = n)¥23 7 .

Likewise, the function Dk describes the energy window and must satisfy the conditions
0 < Dy(k|lE,e) <1,
[dk Dg(k|E,&) = (2m)'/2e = width of the energy window (39b)
[dk k Dg(k|E, &) = (2m)/%¢E .

In Equations (39a&b), the “dummy” variables of integration, X’ and ‘K’, represent the
actual location of the interaction and energy deposited in the detector; whereas, ‘7’ and
‘E’ represent the reported location and energy deposition of the interaction. Furthermore,
the detector may not report all interactions. This phenomenon can be accounted for by
an efficiency function Eff(7, E), that satisfies 0 < Eff(#,E) < 1. [The ‘Eff function is
essentially a “Finagle” factor that allows one to adjust the response in various detector
locations based on prior measurements. For example, some solid-state detectors may
have crystal defects that inhibit charge collection in specific pixels; or edge pixels may
exhibit reduced collection efficiencies. Such phenomena are device specific and outside
the current analysis.] The rate in Equation (38) is then generalized by

Ratepp (D) = Eff 7, E) [[f &°% [f d*k ®(%,k) p(% |K) c for (|K])

DRI, A) Dy (|E||E,g) . (40)

Two sets of detector functions can be useful in this analysis. An “ideal” detector can
be defined by

Dideal(|#,2) = 2m)*/2 2% §3(% — )
Dideal(k|E, &) = 2m)Y2 ¢ §(k — E) . (41)

The ideal detector model provides the appropriate detector volume and energy window,
but ignores the blurring effects caused by uncertainties in location and energy. A more
“realistic” detector is defined by

2212
D;eal(flf, ) = exp (_ |x2/17;| )

DL (k|E, €) = exp (— (E_k)z) : (42)

2&2
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These “realistic” detector functions give the appropriate detector volume and energy
window and also provide the appropriate blurring effects associated with the
uncertainties in location and energy.

The “ideal” detector is very useful because multiple integrals disappear trivially
when acting on delta functions. For example, in Equation (40), the “ideal” detector yields

Ratepyr® = (2m)? 3 & Eff(¥, E) E*fpp(E) u(iE) c
Jf 2d?Q o(7,EQ) . (43)

Unfortunately, the idealized detector model produces anomalous results if applied
uncritically to the Compton camera analysis. In particular, the delta functions produce a
“perfect” Compton cone. The rate calculation requires the evaluation of an overlap
integral involving this Compton cone and the activity distribution of a voxel. If this
overlap integral is evaluated with the idealized detector functions, the rate from a source
in the far-field decays as R'! rather than R-2. This anomaly arises from multi-dimensional
blurring. The Compton cone actually has finite angular width that changes the
dimensionality of the cone integral from 2 to 3 dimensions - with significant
consequences for distant sources. Earlier versions of this calculation started from the
idealized detector model and then included ad hoc blurring to compensate for the
anomaly; so that, one recovered the appropriate R-?2 behavior. This ad hoc approach
solved the immediate problem, but failed to convince the lead author that the blurring
was properly treated. In the current treatment only the Dreal functions are used.

With this notation, we have all the mathematical tools necessary for the evaluation
of the rate of coincident Compton camera events.

IV. General Theory of Coincident Detection Rates for Two-Interaction Compton
Camera Events

A two-interaction Compton camera event consists of the simultaneous detection of two
interactions, D1 and D2. D1 is the initial Compton scattering interaction of an incident photon
having momentum k; at location X; in the detector that is observed at location 7 (+4;) and

deposits energy Ei(+¢1). The scattered photon then propagates with momentum I_c)z to location
X, where it undergoes photoelectric absorption and is reported as interaction D2 at location
7, (£4,) with energy Ex(+¢2) deposited.

Our analysis of this event begins with the final photoelectric absorption at D2. According
to Equation (40), the rate of photoelectric absorptions from previously (single) scattered
photons that are detected with the parameters {ro+A», Extes>} of D2 is given by

Ratep; (D2) = Eff(%, E,) [[f d*%, [[f d3k, @@ (%,,k;) u(Z, |ka|)

frE (ll_f)zl) D, (%;17,1;) Dg (|E2||E2:€2) . (44)

The single-scattered photon density, ®(1), arises from scattering of the incident radiation,
@), Based on Equation (37) one finds that
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Att(%,%;,|K,|) E(’?1'|7‘1|)

W (3, k) = [[f A% I ks (2, Ky)

|fl_22|2
Fa|) Xxen (Rl |% - K ky Xp—i
Fes(a) Xl WEalliad) (1, il z(;, ) (45)0)
k2| m+|k1|——|1., |2 [K2|” 121~z
k2

Combining Equations (44) and (45), one finds the rate of D2 interactions from an incident
photon density, @), to be

Ratepz(D2) = Eff(7, E,) fff d3x, fff d3k, fff d3z, fff A3k, OO (%, ky) ¢

(Gl oo (1) LB K] Ao

— 2 o - 2
|k | %1 —%,|
g ml%ll 2 I—éz 9?2—)?1
5| k| - —2al | 52 (Lo Zecta 46
i)k | K] 1 (+6)
ke |

D, (%;|75,4,) Dg (ll_f)2|| Ez'gz) .

This rate includes scattered radiation from all regions of the detector. One, therefore,
must restrict this rate to those initial interactions that are consistent with the detection
of the first interaction D1. Such restrictions are accomplished very simply by inserting
the appropriate detector functions Eff, Dy, and Dg for the D1 interaction; thereby, limiting
the ranges of x1 and ki. Consequently, the rate for (D1,D2) coincident events is given by

Rate(D1,D2) = c Eff(#,, E,) Eff(7, E5) fﬂ d3x, fﬂ A3k, OO (%, ky)

I @5, 0 @y (G lRal)) fre (1) LoD

— 2
2|
Att(31,7, [k, |) p(%1[Fa]) s |E |_ m|k, | 2 (& }2—}1> (47)
%1%, |2 ? iy |- || 7% |
2

D, (%;|75,4,) Dg (ll_f)2|| Ez'gz) D, (%,|71,A1) Dg (|]_<)1| - |E2|| E1r€1) .

Despite its awkward appearance and the 12-dimensional integral, Equation (47) is
actually the fundamental result of this paper - containing a minimum number of
assumptions and not restricted to any specific source configuration. The delta functions
remove 3 dimensions of the integration; but, the remaining 9 integrals are non-trivial.
The convergence of the integrals is assured by the asymptotic behavior of the Dreal
functions. Furthermore, the positivity of the integrand assures that one can interchange
the order of integration. Nonetheless, the rate calculation in Equation (47) is not
immediately useful. The remainder of the paper consists of simplifications based on
various assumptions that render the result applicable in realistic situations.
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The first observation in our effort to simply Equation (47) is that many terms in the
integrand are slowly varying functions that, on the small scale of the detector resolutions,
are effectively constant; and, therefore, can be removed from the integrals. The following
abbreviated notation will be adopted for these “constant” terms:

w = p(R, By + Ey) Att oy, = Att(C, 7, Ey + Ey)

Ha = p(iy, E2) Atty, = Att(7, 75, E,)

fes1 = fes(Ey + E2) Effy S Eff(#, Ey) (48)
feez = fpe(E2) Eff, = Eff (%, Ey)

Xin = Xgn(Ey + E5 E3)

These functions are assumed constant over the effective domains of the Drea functions.
Detectors are generally constructed with uniform materials, so that very little spatial
variation in the attenuation coefficients y; is expected. However, in asserting that the Att

functions are effectively constant throughout the detection region, we are implicitly
assuming that the variation in Att is small; a condition that is true if and only if, y;4; < 1.

If this condition is not satisfied, the mean value of Att may give misleading results.
Furthermore, the Att functions depend crucially on the path between x: and xz, so that
some sort of averaging may be necessary for different paths between the detection
regions due to variations in the absorbing materials encountered. One can ameliorate
both of these problems by subdividing the detector region. In the energy regime, the K-
edge shell produces large discontinuities in the photoelectric cross-sections and can cause
significant variations in the attenuation coefficients across small energy ranges. In
particular, if the second interaction window (Ez%¢2) straddles such a discontinuity, the
effect can be large. In such a case, one might consider splitting the analysis into two
separate parts; using two narrow energy windows on either side of the K-edge, rather
than a single energy window. Finally, the energies E; and E; may violate the backscatter
limit [Inequality (13)]; so that, the Compton weighting Xkn is undefined. As discussed
earlier, this situation generally arises from incorrect sequencing of the interactions.
However, it can also arise from the imprecision in the energy measurements of an actual
backscatter event. The expression for Xkn contains an Ez* to indicate that, if the
backscatter condition is violated, one should calculate Xkn as though the event were
exactly backscattered [u(E;, E;) = —1]. The combination of relativistic kinematics and
energy resolution should suppress the rate if the backscatter limit [Inequality (13)] is
violated [see the analysis in Appendix B]. For the remainder of this analysis, the
parameters listed in Equation (48) will be assumed constant and removed from the
integrands; so that
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Rate(D1,D2) = c Eff; Eff, Attyn, Xi% fes1 frez H1 K2

[f &%, fIf a3k, @O (%, k1) [If d°%, [If 3k, ﬁ t 2

7 ml%ll 2 I—éz 9?2—)?1
e L (=) (49)
lke2

D, (%;|75,4,) Dg (|]_<)2||E2'52) D (%1%, 41) Dg (|E1| - |E2||E1'51) .

Next, one notes that the incident radiation, as represented by ®© in Equation (49),
generally does not vary significantly as a function of ¥; within the detection region D1
(although it will vary significantly as a function of El). By definition, sources in the far
field will not depend on x; at all. For voxel sources the incident radiation is described by
@) in Equation (25). This function is strongly dependent on I_c)l; but, for A1<<Rs as
expressed in the Inequality (15a), the function ®© is unaffected by the location of ¥;

within region of detection 7; +11. Consequently, Equation (49) can be reorganized into the
form:

Rate(D1,D2) = c Eff; Eff, Atty, Xi%i fes1 frez H1 K2

Jy ik [ Gy @O (7, ki) (50)
i k
f dk; ﬂsz dzﬂz g <k - m) Dg(ky — k2|Ey, &) Dg(ks|Es, €2)
(I 3%, f[f 3%, —— 82 (0 Z225) Dol o) Dyl Ar)
X1~y Xy %ol

where the unit vector 51 denotes the direction of the incident radiation [El = klﬁl] and
52 denotes the direction of the scattered radiation [Ez = kzﬁz]. [Note: the unit vectors
Q1 and Q; are strongly correlated with ,[_f) and &, respectively, but are not equal! The unit
vector ,[_?) points from the center of the voxel to first interaction location and, therefore,

should be approximately equal to 51, the actual direction of the incident photon.
Likewise, the unit vector & points from the first interaction to the second and, therefore,

should be approximately equal to ﬁz, the actual direction of the scattered photon.] For a

Gaussian voxel, as defined in Equations (4) and (7) with center at C and size L, the incident
radiation field, ®(9), is given by Equation (25) and yields a more explicit result:
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6L
Rate(D1,D2) = ) Eff) Eff, Attexe Attin Xichi fosi frez Hy o
— — 1 — 5.2 — -
[ 2?0, ] 2d?0, exp |~ 355 (1- (@, -8)")| 0(4, - §) (51)
m+k1(1—6152) El’ 81 DE m+k1(1—5162)

> - 1 = X=X S 12 S o
I @3% fIf d3%, — 67 (Qz: xz_X1) Dy (%3172, 42) Dy(¥4174,44) -

%1 =% |, ~ %

fooo dk, A(ky) Dg ( E>, 52)

Three terms in Equation (51) are “color coded” as representing the three blurring

processes associated with Compton imaging. The integrals over 51 and (_1)2 correspond to
directions of the incident and scattered radiation, respectively. The “red” terms represent

the dispersion in the direction of the incident radiation, 51 due to the finite spatial size of
the source voxel. The “purple” terms represent the blurring of the kinematic opening
angle, (51 . 52), due to uncertainties in the observed energies, as represented by the Dg
functions. The source activity, A(ki1), appears among the “purple” terms because the
emission spectrum must be convolved with the observed energy depositions. The “blue”

terms represent the uncertainty in the direction of the scattered radiation, 52, due to the
limited spatial resolution of the detectors.

The evaluation of the integrals in Equation (51) begins with the formal definition of
the components described in the last paragraph. The last component [the “blue” part of
Equation (51)] represents the blurring of the scatter direction due to spatial resolution of
the interactions. This component is denoted by the function CA(@) (CA= “cone axis”) that
characterizes the distribution of the scatter direction and is defined by

— - - 1 — Xo—X - - - -

CA@) = [If %, J[f d°F, —— 62 (@,222L) Dy(Falfy dy) Dx(alfAy) . (52)
X1 =% 11—

The function CA gives the distribution of the cone-axis (@) on the 2 sphere and is peaked

[CA(®) maximum] in the direction & = @, that points from 7; toward #,. (N.B. Despite its

role as the distribution of cone-axis directions, the function CA has dimensions [m]%.) An

analytic approximation of CA is derived in Appendix A, where one finds that CA is given
by

- (2m)22323 = 5 1 = 5
CA(w) = ﬁ O(w - @) exp {_E [1— (@ - a)z]} (53)
NIV BN _ 11— (B a2
= S, O(w-a) exp{ 57 [1— (0 Q) ]}
A2+22
where X, = (54)
Ri2
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According to the Inequality (15a), one assumes A; < R;, so that £, < /2. In practice,
however, the only events with 54; < R;, provide reasonable information. This restriction
implies that ¥, < 0.28 which is comparable (not coincidentally) with the restriction
associated with X1 following Inequality (15a). As a result of these physical constraints on
the imaging process, one concludes that 1/2%% > 6 and 1/222 > 6.

The second component [the green part]| of Equation (51) represents the blurring of
the opening angle of the Compton cone associated with the energy measurements and
resolution of the detectors. This component is denoted by the function OA(v)
(OA="opening angle”) that characterizes the distribution of opening angles for the
Compton cone and is defined by

k2(1-v)
m+k(1-v)

mk
m+k(1-v)

0AW) = [ dk A(K) DE(

Ey ) Dy ( Eyéz) - (55)

The function OA gives the distribution of cosine of the opening angle (v) determined by
the Compton kinematics, energy resolution and incident spectrum. (N.B. The function OA
has dimensions [counts][m]-3[sec]1.) The function OA is significantly more complicated
than CA because it depends on the energy spectrum of the source. One expects the
function OA to be peaked around v = u(E;, E;), where the function u is computed in
Equation (12) for Compton scattering. Because OA depends on the (unknown) spectrum
A(E), alternative functions are required depending on the assumed source spectrum.
Basically, the function OA samples the source spectrum A(k) over a narrow energy band

of width /& + €2 near k=(E1+Ez). In Appendix B, we evaluate 0A(v) for a Gaussian
source distribution of the form

A* (k—E)?
A(k) = Tomx, OXP [— F] (B.2)

which can be adapted to represent either extremely narrow or broad emission spectra.
N.B. The functions OA and A* have dimensions [counts][m]-3[sec]!; whereas, E; and X2
have are energies (keV). For this analysis, we assume a narrow emission spectrum
(Es < &) and (Es < &,); so that Appendix B calculates

2 2 _
OA(U) — A*exp [_ (v_”)Z] exp [_ (ES_El_EZ)Z] @ < _ m [£1E2+£2 (ES El)]) (56a)

233 2(e2+€3) Es [e2E; + €2 (Es—Ey)]
where
2 2 2 2 2 2
_ 82E1+€1(ES—E2) £1E2+€2(ES—E1) _ . m[£2E1+£1(ES—E2)] ~
a ( (ef+ef) 7 (el+ed) ) T Eg[e2E,+e2(Es—Ey)] u(Ey, E2) (56b)
_ meg[8+8? g5, m
and X3 = = (56c¢)

2 = w2
[e2E,+€2(Es—Ey)] fg%ﬂg E3
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These results correspond to Equations (B.16) through (B.18) in Appendix B. The final
Heaviside function in Equation (56a) arises from the backscatter cutoff introduced in
Equation (B.31).

Using the functions CA and OA in Equation (51), one finds that the desired rate is
given by

6LA* 2313
Rate(D1,D2) = (,1§+,11§)2 Eff) Eff, Atteye Attine Xichi fosi frez Hy W

_ (Es—El—Ez)Z] ®< m [s%Ez+s%(Es—E1)])
Eg [e2E,+€2 (Es—E2)]

exp [ 2(e3+23)
Jf a8 [f o ?8, exp{-z [1- (@ -5)']} 0@ - ) (57)
exp{-3[ 1- (0 @)]} (0 - @)
exp {3 [0 0o —n]'}

The first line of Equation (57) is a product of numerous physical constants that describe
the processes of the propagation, scattering, photo-absorption and detection of the
radiation. When multiplied together, these constants have the desired physical
dimensions [counts/sec]. The Gaussian and Heaviside functions in the second line assure
that the source energy matches the detected energies and that the backscatter limit is

observed. The integrals over all possible directions of the incident radiation (51) and the
scattered radiation (ﬁz) are dimensionless but represent all the important imaging
properties of a Compton detector. [N.B.: ﬁland 52 represent the actual directions of the
incident photon and scattered photon, respectively; whereas @ and ,[? represent the
measured estimates for the direction of the scattered and incident radiation,
respectively.] The pseudo-“Gaussian” exponential terms in lines 3 and 4 represent the
distribution of the actual directions around their measured values. The width constants
21 and X; indicate the uncertainty in those measured directions. Both the integrals over
solid angles and the pseudo-“Gaussian” exponential terms are dimensionless weighting
functions. The last line contains information about the Compton kinematics determined
by the energy depositions. Figures 4 and 5 illustrate the pseudo-“Gaussian” distributions
of 51 and 52 on the spheres and how their relative orientation is related to the opening
angle Oin predicted by Compton kinematics [¢ = cos 0y, ] -

The ungainly integral term in Equation (57) can be compartmentalized by the
introduction of a “Compton Cone” function, CC, defined by
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CC(d - ,15%) = Gy [ @70 [ 2?0, 0(T, - §) 00 - @)
exp {—ép (@, .5)2] _ %[1 — (@, -07)2]} (58)

exp {~ 57 (0 0) - '}

Recalling the definitions of X; [Equation (14)] and X [Equation (54)] and using the
definition of CC [Equation (58)], one can rewrite the rate [Equation (57)] as

} [Ellllﬁzlsz51fPszll(zzv]

2m22222

2p2
RS R12

Rate(D1,D2) = (PAEf fiEf fAttineAttor] |

(Es—E1~E;)* m [e2Ey +¢3 (Es—E1)] > 3
ew [0 (- By co@-fuz) 59
In Equation (59), the first term, (L3A"), equals the emissions per second from within the
voxel. The [[hollow bracketed]] term consists of dimensionless coefficients that reduce
the observed rate due to the detector efficiencies and attenuation between the emission
and points of detection. The {curly bracketed} term is a dimensionless, geometric term
depending only on distances Rs, R12, and the spatial resolutions A; that characterizes the
solid angles viewed by the associated detector volumes. The [square bracketed] term is
a dimensionless interaction term that depends primarily on the energy depositions E; and
E; and characterizes the probabilities of the Compton and photoelectric interactions.
Thus, the overall dimensions of Rate(D1,D2) are given by the (L3A") term; i.e. counts/sec.
The crucial term for imaging appears in the CC function.

The Compton Cone function, CC, defined in Equation (58) suppresses rates for
voxels located off the Compton cone and is, therefore, the most significant of this analysis.
Unfortunately, the accurate evaluation of CC is difficult and requires complicated
calculations. Nonetheless, one important property can be immediately deduced from the
definition. Noting that

0 < exp [~ 3 [(@: - B) — | < 1 (60)

one observes that

> O 1 — — — - — 5
0< CC(“ B Zi) = (27'[2%)(27'[25) .Hszdz‘o'l ffsdeQZ G)('Ql ’ ﬁ) O(Q'Z ' 0()

1 —_ - 2 1 —_ - 2
exp{—ﬁ[l—(ﬂl-ﬂ)]—E[l—(ﬂz-a) |} (61)
In the last term of the Inequalities (61) the integrals over 51 and ﬁz decouple and yield

> 3 1 3.1\ 3. v
0<CC(@ fm%) < pp iF (1.3 22%) i (13 22%) o 1 (62)
T,&1

where the Fifunctions in Equation (62) are the confluent hypergeometric functions.
Thus, if the Inequalities (15) are satisfied, one finds 0<CC<1.
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Figure 4. The distributions of (_2)1 and 52 are shown on the sphere. The vector @ (often
called the “axis of the Compton cone”) is the direction of the scattered photon as
determined by the locations of the two interactions. The actual direction of the

scattered radiation 52 is characterized by a distribution indicated by the red-shaded

region having diameter parameterized by X;. The vector [3’) is the direction of the
incident photon as determined by the locations of the voxel center and the first

interaction. The actual direction of the incident radiation 51 is characterized by a
distribution indicated by the green-shaded region having diameter parameterized
by 1. The purple arc indicates the opening angle Oxin predicted by Compton
kinematics and the observed energy depositions. The purple “Compton Cone”
intersects the celestial sphere with a finite width that is characterized by X3. The CC
function is determined by the overlap integral of the purple “Compton Cone” with
the green “Source” direction. However, that simple overlap integral is complicated
by the wobbling to the “Compton Cone” axis around the direction a.
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Distributions as Viewed on the af} Great Circle

.- (Broadening due to energy resolution)\ N

(Broadening due to’
spatial resolution
and interaction
separation)

(Broadening due to
voxel size and distance) .

B

Rl

Figure 5. This diagram is a schematic slice through the sphere in Figure 4 on the great
circle determined by vectors a and E The integrals over ﬁland 52 involve the
overlap of the distributions for 51 (green), (_fz (red), and the angular separation of
the characterized by Q, - Q, = cos(8,;,) with a distribution OA (purple). In this
figure the angle between @ and ﬁ (indicated as ¢geo) is slightly larger that the angle

predicted by E1, Ez, and the kinematics of Compton scattering, Oxin.
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The evaluation of the CC function is difficult. The details of the CC calculation are
sufficiently complicated that the evaluation and resulting algorithm are relegated to
Appendix C. In that appendix, a series of approximations are presented that culminate in
Equations (C.51a-e). In summary, the best analytic approximation for CC currently
available is given by

_)

vV=a (63a)

— m[e Ey+e] (Bs— Ez)])
U= max( 1,1- E[e2Ey +e2(EeEy)] (63b)
O=s n(,u\/l —vZ—v/1- #2) (63¢)
Y= max(e pv + 41— u2V1 — vz) [e =.001] (63d)
A=oVl—Y? (63e)

A
X=7 (63f)
by (Vl—vz—)()zAZ
d CCv,; %) = : - . 63

" ) \/Z§+(1—v2)2§+(1—u2)2% P l 2[25+(1-v2Zi+ (-p?)2] (638)

[N.B. the Y of Equation (63d) is effectively cos(Hkl-n - qbgeo) where u = cosy;, and v =
cos¢ge, and the angular difference does not exceed /2; so that, Equation (63e) implies
A= sin(H,a-n — qbgeo).] The combination of this approximate CC function [Equation(63g)]
with Equation (59); namely,

. 2m2 A2 7%
Rate(D1,D2) = (L*A)Ef fLEf fo Attin  Attex,] { :slefzz} [E1/11E2/12f651fPE2X1%12v]
_ (Bs—E;—Ep)* _ m[e3Es+ef(Bs—Ey)] _
exp[ 2(e2+¢2) ] © (2 e ) CCO R, (64)

produces a complete algorithm for the rate calculation. The value of y calculated in
Equation (63b) is always in the range [-1,1]; thereby, permitting one to compute the CC
function for unphysical energy combinations. The ® function that is added to the second
line of Equation (64) eliminates kinematically prohibited combinations. Extreme caution
must be exercised in using this result for events in the vicinity of 4 = +1. As discussed in
Appendices B and C, such events are of doubtful value in Compton cameras and should
probably be excluded. Near u = —1 the angular resolution is poor and provides virtual
no directional information. On the other hand, events in the vicinity of 4 = 1 have
sufficient angular resolution, but are seldom observed due to small E; energy deposition.
In either case the analytic approximations in Appendix C become problematic when the
back-projection “cone” becomes a narrow pencil-beam.

Very early in the analysis [Equation (2)] we asserted that the observed rate should
satisfy

Rate « A3 A3 & &,. (2)
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If one examines Equation (64), the dependence on A3 and A3 appears exactly as expected.
However, the dependence on &; and ¢, is problematic; nowhere in Equation (64) do the
energy resolutions explicitly appear. Careful analysis reveals a hidden dependence
arising from two terms: (1) the energy Gaussian and (2) the CC function. If one integrates
the energy Gaussian over all the possible source energies (E), one gets a factor of

V& + 2. If one evaluates the CC function for a voxel on the Compton cone (u = v), one
finds

2:3 )

CC(p, 1 Zy) = (65)
Jz§+(1—y2)(>:§+>:§)
so that
Rate « s1o2 (66)

[EEram (i)
One can conclude that Equation (2) is satisfied provided that

=HP NS (67)

1—p?

Recalling Equation (B.21), one writes Inequality (67) as
[m+EQ1-p) 2 L v2
1712E—Izii—<: Z% +'Z% (68)

which is generally satisfied except in the immediate vicinity of 4 = —1 where Appendix B
has already revealed significant problems. Basically, the CC function has peak value CC =
1 in the vicinity of 4 = v = —1, due to the ‘pencil beam’ nature of the Compton cone.
Elsewhere along the (4 = v) line, the CC function gives rates proportional to &; €, because
the X3 contribution to the denominator of Equation (66) is smaller than the ¥; and Z;
contributions. However, in the vicinity of 4 = v = —1 the large values of X3 dominate, so

that one finds Rate o /e + €2, rather than ¢, &,. This anomaly is directly attributable to
the pathological broadening of the Compton cone in the backscatter limit.

V. Coincident Detection Rates for Voxel Sources with Narrow-Energy Spectra

This section displays and discusses the rate of (D1,D2) events as predicted by
Equation (64). Of particular concern are the rate predictions for backscatter events
(u = —1). In both Appendices B and C we observed that backscattered radiation
produced large angular uncertainties that, subsequently, produced pathological
broadening in the CC function. Indeed, Figures C.4 and C.5 seem to challenge the viability
of Compton cameras because the CC function response for large-angle scattering was
stronger than the response for small-angle scattering that provides better angular
resolution. Fortunately, other terms in the Rate Equation (64) multiply the CC function
and tend to suppress the backscatter response; thereby, ameliorating the problem.
Recalling that backscatter events imply large energy transfers (E1) at the first interaction,
one expects smaller energy (Ez) for the scattered photons. These comparative energies
affect three terms in Rate(D1,D2) equation that multiply the CC function; namely, Att;,;,

(EZfPEZ)’ and X%%. [The combined term (EZfPEZ) is the portion of the attenuation
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coefficient arising from photoelectric absorption, and, consequently, is actually a single
physical phenomenon]. Both Att;,,, and X£% suppress the rate of backscattered radiation

as compared to forward scattered radiation. On the other hand, the term (uz prz) tends

to increase at lower values of E, and, therefore, enhances the contribution from
backscattered radiation. The competition between these effects determine the overall
Rate(D1,D2). Aside from the energies E; and E, the other significant “event” parameter
(i.e., unrelated to the source voxels) affecting the rate is Ri2. The effects of the R, term
arise from (1) the obvious R;}? dependence and (2) the more subtle and significant effects
on the Att;,,; term. The farther the scattered photon travels in the detector materials, the
greater will be the attenuation, i.e. Att;,; will be smaller. Because the attenuation term
preferentially suppresses backscattered radiation, larger values of Riz will better
suppress the backscatter response. The importance of these considerations will become
obvious once the CC and Rate(D1,D2) functions are displayed.

The behavior of the CC and Rate(D1,D2) functions for individual events will be
displayed by back-projection onto an array of source voxels. The source voxels will be of
uniform size and located on the x-z plane. The voxel size is given by L=10cm; the 2D array
of voxels runs from (—900cm < x < 900cm) and (—900cm < z < 900cm). The first D1
interaction is assumed to be detected at the origin (x = y = z = 0); whereas, the second
D2 interaction is detected at (x = y = 0; z = —R;,). Thus, the axis of the Compton cone
(@) is always aligned along the negative z-axis; and the Compton cone intersects the 2D
voxel array on a “V” shaped wedge with the vertex at the origin. Figure 6 shows a
prototype diagram for the results that follow. For these displays, CZT was selected as the
detector material and the spatial resolution of the interaction locations was set at 1mm.
The cross-sections and attenuation coefficients were calculated based on interactions in
CZT at the observed energies. Therefore, the basic parameters for the displays are:

A‘l == /12 == .1 cm
Ry, =150r3.0cm
L=10cm (69)

A*L3 = 1cnt/sec
[[EfflEfszttext]] =1
and Attie = exp [_0'9R12E2]'

The calculation of Att;,; is problematic because the distance that the scattered photon
travels within the detector material before photo-absorption depends on the specific
geometric design of the camera. Many cameras feature air gaps between detectors, so
that only a fraction of the total separation (R;,) is actually inside the detector material.
We selected 0.9R;, as a compromise attenuation length. The energy resolutions were
calculated as described in Appendix B; namely,

e(E) = /&t + n®*mE (B.19)

where we selected ¢, = 5 keV and n = 0.0331 as typical values. The value n = 0.0331
corresponds to 3% energy resolution at E=662 keV; i.e,, E = 662 + 19.9 keV.
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CC function

E1= 3.2475 keV
E2= 658.7525 keV
Energy Resolution = 3.31% at 511 keV
R12=3 cm - Spatial Res=0.1 cm
voxel size= 10 cm

0.8
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-500
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Figure 6. The standard display diagram for both the CC and Rate(D12,D2)

functions is shown. The source voxels are distributed in the x-z plane. The
vertical axis shows the back-projection of the function for a single event.
The initial D1 interaction is assigned to the origin (x =y = z = 0). The
second interaction is located at (x = y = 0,z = —R;,); so that, the cone
axis is always along the negative z-axis; i.e,, @ = —é,. For a source voxel
located at the green dot, the direction of the source radiation is denoted

by the green vector, E The angle between @ and ﬁ is the geometric
scattering angle; whereas, the predicted scattering angle is determined by
the energies E1 and E;. If the two angles coincide, the CC function
approaches 1; otherwise, the CC function is nearly zero. In this case,
E1<<E2 which implies a small scattering angle. The resulting Compton
cone is revealed as a very narrow ‘V’ along the positive z-axis with its
vertex at the origin.
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Figure 7 Caption

Figure 7. The series of images (7a)-(7h) display the CC function for parameters given in
Equations (69), R;, = 3.0 cm, and total energy (E; + E,) equal to 662 keV. The
deposition energies E1 and E; are assigned to provide Compton cone opening
angles between 5° and 175°. [A .gif file of these images is provided in the
Supplemental Materials.].
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The imaging properties of the CC function are clearly displayed in Figure 7. The CC
function is restricted to values 0<CC<1 and is expected to vanish unless the source voxel
lies near the Compton cone of an event. Because the vertex of the Compton cone is at the
origin and the cone axis this aligned with the z-axis of the grid, the Compton cone
intersects the x-z plane in a wedge-shaped ‘V’. The CC function clearly displays this V’
wedge in Figures 7a-7f. These images also demonstrate the finite angular width of the
Compton cone. As E1 increases (and E; decreases), the angular width of the Compton cone
increases. In Figure 7g angular width provides only limited resolution; and, in Figure 7h
the CC has expanded to include virtually all voxels in the backscatter hemisphere! Thus,
our observations in Appendix B that backscatter events cannot be expected to provide
imaging information are confirmed by Figure 7h. As we will see, however, the problems
associated with backscattered radiation do not necessarily degrade the overall Compton
camera response.

Figure 7 also reveals a significant deficiency in our evaluation of the CC function.
Every image in Figure 7 displays an unphysical “notch” in the CC function near the vertex
of the cone. This “notch” is most visible in Figure 7e. This artificial depression of the CC
function is a direct result of the approximations used in Appendix C. If a voxel is very near
the first interaction (R; < 2L), then the incident radiation can come from virtually any
direction on the hemisphere facing that voxel. In terms of our parameters, this means that
21 becomes very large and the approximations based on small values of X1 fail. [In
particular the approximation used in Equation (C.17) for the asymptotic expansion of the
confluent hypergeometric function is no longer valid.]. Basically, the CC calculation
assumes that the distribution of incident photons is restricted to a narrow angular region
on the celestial sphere and, therefore, expects X1 small. A voxel close to the detector
violates this assumption. One method to remedy the problem is to find a better analytic
approximation. Another method is to reduce the voxel size (L) in the immediate vicinity
of the detector. In the absence of a better approximation, we currently recommend a
reduction in voxel size for sources near the detector.

The Compton camera response is determined by Rate(D1, D2) which, in addition to
CC, includes numerous other factors. Perhaps the most obvious and significant of these is
the R;? rate dependence. The R;? effect on the x-z plots implies that the calculated rate
for voxels near the center will be 10# larger than voxels around the edges. In order to
visualize the Rate(D1,D2) function, the plots will display [Rate(D1,D2) * RZ]. The
significance of this product goes beyond simple visualization of the plots. In the MLEM
algorithm (and any maximum likelihood calculation based on Poisson statistics) the
system matrix is divided by the voxel sensitivity (see Appendix F). If the Compton camera
is stationary, the sensitivity is proportional to R;?; so that, the system matrix divided by
the sensitivity is proportional to [Rate(D1, D2) * R2]—which is what appears in each
update step of the MLEM algorithm.
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Figure 8 Caption

Figure 8. The series of images (8a)-(8h) display the function [Rate(D1,D2) * RZ] for
parameters given in Equations (69), R;, = 3.0 cm, and total energy (E; + E,)
equal to 662 keV. The deposition energies E1 and E; are assigned to provide
Compton cone opening angles between 5° and 175°. [A .gif file of these images is
provided in the Supplemental Materials.].
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Figure 9 Caption

Figure 9. The series of images (9a)-(9h) display the function [Rate(D1,D2) * RZ] for
parameters given in Equations (69), R;, = 1.5 cm, and total energy (E; + E,)
equal to 662 keV. The deposition energies E1 and E; are assigned to provide
Compton cone opening angles between 5° and 175°. [A .gif file of these images is
provided in the Supplemental Materials.].
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The product [Rate(D1,D2) = R?] is displayed in Figure 8 for the same detector
configuration as was displayed in Figure 7 for the CC function. The difference is striking
because the backscatter response is suppressed. Despite the catastrophic loss of angular
resolution, the [Rate(D1,D2) * R?] for backscattered events drops by an order of
magnitude compared with the rate for high-resolution, forward-scattered events.
Comparison of Figures 7h and 8h reveals the same angular distribution, but the
backscatter rate is so much lower that it poses little problem when back-projected onto
the voxels. This fortunate state of affairs arises from the three terms mentioned earlier;

namely, Att; ¢, (ﬁzprz)' and X1%. In fact, the major factor suppressing the undesirable

backscatter rate is the Att;,, term. This conclusion is verified by changing the parameter
Ri5.

The interaction distance R;, affects the Rate(D1,D2) in three ways. First, the
overall rate is proportional to R;;?. This effect is independent of the deposition energies
and does not differentiate between forward or backward scattering. Second, the width
parameter, Z,, is associated with cone-axis wobble, is proportional to Ry}, and is also
independent of the deposition energies. X, affects the angular resolution via the CC
function, but not the magnitude of the rate. Finally, R,, affects the Att;,; term as given in
Equation (69) by

Att;, = exp [—0.9R1232]. (69)

This last term depends on the E; energy through the u, attenuation coefficient. The

attenuation coefficient increases dramatically as E; decreases. Consequently, the Att;,;
term provides preferential suppression of backscattered radiation. Furthermore, larger
R, implies more suppression of backscattered response.

In Figure 9 the product [Rate(D1, D2) * R?] is displayed for the same parameters as
Figure 8 - except the interaction separation R;, = 1.5cm is reduced by half. A simple
comparison of Figures 8h and 9h reveals that the backscattered response is no longer
suppressed. The immediate conclusion is that larger separations between the
interactions can suppress low resolution backscatter events. This phenomenon is
examined further in the next section. In conclusion, one concludes that larger R, is
desirable for two reasons: (1) better angular resolution, and (2) natural suppression of
backscatter rates.
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VI. Interaction Sequencing and Coincident Detection Rates

At the beginning of this analysis, we assumed that the sequence of interactions was
known. Consequently, the two interactions were labeled D1 and D2. In reality this is a bad
assumption. Unless one of the sequences violates the backscatter limit (and is, therefore,
prohibited by Compton kinematics), either sequence D1-D2 or D2-D1 is possible. Furthermore,
no current instrumentation is expected to provide such sequencing information. [Compton
events involving three or more interactions provide sufficient information for sequencing, but
occur at such low rates that imaging becomes infeasible.] The ambiguity associated with
interaction sequencing is apparently inherent to Compton cameras and must be handle as part
of the image reconstruction process. Fortunately, only two alternative sequences are possible,
so that evaluation of the rate for both sequences is provided by repeating the calculation for the
alternative sequences. The idea is simply stated:

Rate(event) = Rate(D1,D2) + Rate(D2,D1) (70)
where the Rate(D2, D1) is evaluated with the exchange of interactions, i.e.,

Fl il’ll = inﬂvz

Eite © E,*¢&° (71)

The rates in Equation (70) include the relative probabilities of both sequences. Each voxel
provides a rate that is proportional to the probability of detection for the designated
sequence. Because the alternate sequences are mutually exclusive, one can add the two
rates. This implies that for many events the camera response will provide two Compton
cones rather than one. Both cones will share the same axis; however, the vertices of these
cones will be different (7; or 7).

The application of Equation (70) is demonstrated in Figures 10 and 11 that display
the same configurations as Figures 8 and 9, respectively. However, in Figures 10 and 11
the responses from both sequences are combined and displayed together. Because the
voxel size is 10 cm and the interactions are separated (R;;) by only 1.5 or 3 cm, the
displacement of the vertices is not apparent in these figures. The Compton kinematics for

the D1D2 sequence gives the backscatter limit for E=662 keV at
2E?

E, = Ee 477.7 keV and E, =

mE
(2E+m)

= 184.3 keV

so that energy ranges

0keV < E, <477.7keV and 184.3 keV < E, < 662 keV
are kinematically allowed. On the other hand, for the D2D1 sequence, the allow ranges
are given by

OkeV <E, <477.7keV and 184.3 keV < E;, < 662 keV .

Thus, in the range 0 keV < E; < 184.3 keV only the D1D2 sequence is allowed, in the
range 477.3 keV < E; < 662 keV only the D2D1 sequence is allowed, and, finally, in the
range 184.3 keV < E; < 477.7 keV both the D1D2 and D2D1 sequences are allowed.

In Figure 10a only the D1D2 sequence is kinematically allowed, so only one cone
appears. For Figures 10b-10f, both sequences are kinematically possible, so that two
cones appear. As E1 increases both cones move toward the negative z-axis. Figure 10f is
located very near the backscatter limit for the D1D2 sequence. In Figures 10g and 10h
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only the D2D1 sequence is allowed, so only one cone appears. The transition between
Figures 10e and 10g is noteworthy because the cones of the D1D2 sequence fade away
and the transition to the D2D1 sequence at the backscatter cutoff is smooth. This smooth
transition can be attributed to the suppression of the backscattered events by the Att;,;
function for R;, = 3 cm. If one sets R;, = 1.5 cm, as shown in Figure 11, the transition is
not smooth. Furthermore, the pathological loss of angular resolution attributable to
backscatter radiation is evident. The problem is obvious in Figure 11f that occurs near
the D1D2 backscatter limit. Because R;; = 1.5 cm, the D1D2 sequence is no longer
suppressed by the Att;,; term and produces a broad distribution with no angular
resolution. Superimposed on the broad D1D2 response is a relatively narrow cone from
the D2D1 sequence that seems useful for imaging. One might simply want to drop the
D1D2 sequence, but the data is incapable of distinguishing which sequence to attribute to
event. Indeed, the actual event is most likely attributable to D1D2 and, therefore, not the
more desirable D2D1 cone.

The problem described in the last paragraph poses a major dilemma for Compton
imaging. Our proposed solution is inelegant but practical. Backscattered events for either
the D1D2 or D2D1 sequence produce pathological loss of angular resolution. The loss of
resolution arises from backscatter events with (—1 < u < —0.8). One wants to discard
such events; but, if one sequence is discarded, the other sequence must also be discarded
(or one biases the data). Our solution is to discard both sequences if either is near the
backscatter limit (—1 < u < —0.8). Fortunately this strategy does not discard a large
fraction of the events. Figure 12 and 13 show regions of the E1-E plane that are discarded
by this strategy. As observed earlier, this rejection scheme is unnecessary if the Att;,;
term naturally suppresses the backscattered sequence. However, a determination of
whether the attenuation term is adequate must be performed individually for each event
because the attenuation distance will change.
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Figure 10 Caption

Figure 10. The series of images (10a)-(10h) display the function [Rate(event) * RZ] for
parameters given in Equations (69), R;, = 3.0cm, and total energy (E; + E,) equal
to 662 keV [Rate(event) = Rate(D1,D2) + Rate(D2,D1)]. The deposition
energies E1 and E; are assigned to provide Compton cone opening angles between
5°and 175°. [A .giffile of these images is provided in the Supplemental Materials.].
Because two sequences are possible and each sequence produces a different
Compton cone, each image can potentially have two cones associated with the
single event. The bottom line of the title in each image indicates whether the D1D2
and D2D1 sequences are allowed or forbidden by Compton kinematics. In Figure
10a only the sequence D1D2 is allowed. In Figure 10b-10f both sequences are
allowed. In Figures 10f and 10g only sequence D2D1 is allowed. Indeed, Figures
10a and 10h are essentially the same event with opposite sequencing.
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El= 71.655+/-8.0695 keV
E2= 590.345+/-18.8549 keV
Energy Resolution = 3.31% at 511 keV
R12= 1.5 cm - Spatial Res= 0.1 cm
voxel size= 10 cm
D1D2 allowed D2D1 forbidden

Figure 11a
E1=260.2399+/-13.0651 keV
E2=401.7601+/-15.8091 keV
Energy Resolution = 3.31% at 511 keV
R12= 1.5 cm - Spatial Res= 0.1 cm
voxel size=10 cm
D1D2 allowed D2D1 allowed
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Figure 11b

E1=324.2792+/-14.3718 keV
E2= 337.7208+/-14.6313 keV
Energy Resolution = 3.31% at 511 keV
R12= 1.5 cm - Spatial Res= 0.1 cm
voxel size=10 cm
D1D2 allowed D2D1 allowed
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Figure 11c
E1=373.6095+/-15.3025 keV
[E2= 288.3905+/-13.6549 keV
Energy Resolution = 3.31% at 511 keV
R12= 1.5 cm - Spatial Res= 0.1 cm
voxel size=10 cm
D1D2 allowed D2D1 allowed

Figure 11d
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Figure 11e
E1=477.3967+/-17.096 keV
E2= 184.6033+/-11.3292 keV
Energy Resolution = 3.31% at 511 keV
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Figure 11g
E1=590.345+/-18.8549 keV
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Energy Resolution = 3.31% at 511 keV
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Figure 11 Caption

Figure 11. The series of images (10a)-(10h) display the function [Rate(event) * RZ] for
parameters given in Equations (69), R;, = 1.5 cm, and total energy (E; + E,)
equal to 662 keV [Rate(event) = Rate(D1,D2) + Rate(D2,D1)]. The deposition
energies E1 and E; are assigned to provide Compton cone opening angles between
5°and 175°. [A .giffile of these images is provided in the Supplemental Materials.].
Because two sequences are possible and each sequence produces a different
Compton cone, each image can potentially have two cones associated with the
single event. The bottom line of the title in each image indicates whether the D1D2
and D2D1 sequences are allowed or forbidden by Compton kinematics. In Figure
11a only the sequence D1D2 is allowed. In Figure 11b-11f both sequences are
allowed. In Figures 11g and 11h only sequence D2D1 is allowed. Indeed, Figures
11a and 11h are essentially the same event with opposite sequencing.
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Figure 12. Regions of Allowed Events are plotted on the E1-E>
plane. For each combination of E; and E2 the color coding
indicates the number of viable cones one can use in image
reconstruction. In the yellow region, two cones
corresponding to the alternative interaction sequences
D1D2 and D2D1 are both viable. In the aqua-marine
regions, only one sequence is allowed by Compton
kinematics. In the dark blue regions, both sequences are
allowed by Compton kinematics, but one of the sequences
involves a backscatter event (—1 < u < —0.8) with
extremely poor angular resolution. Because one cannot
distinguish whether the event is a good (forward
scattered) or a bad (backscattered) event, one should
reject the event as unsuitable for imaging.
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Figure 13. The number of viable Compton cones are displayed as a
function of E; for incident radiation at E;,; = E; + E, = 662 keV.
This plot is essentially a diagonal slice through Figure 12 along
the line of constant E;,;. The crucial observation is that two gaps
exist in the spectrum where the events should be rejected due to
poor angular resolution associated with backscattered radiation.
Fortunately, these gaps involve relatively narrow energy
windows.
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VII. Summary and Conclusions

The rate calculation presented in this report is suitable for applications with list-mode
MLEM data from Compton cameras. A rigorous derivation of the rate calculation is presented
that is then evaluated with realistic physical assumptions and analytic mathematical
approximations. The careful exposition of these assumptions and approximations, especially
in the appendices, assure that future researchers can adjust the results when/if the assumptions
are violated or the approximations fail. The results accurately incorporate three sources of
blurring that affect the camera resolution: (1) source voxel size, (2) spatial resolution of the
interaction locations, and (3) the resolutions of the deposition energies. These sources of
blurring directly affect the angular resolution of the Compton cone which becomes diffuse. The
immediate effect is observed as spread of the Compton response from a narrow cone emanating
from the vertex of the first interaction into a broad cone that expands to include neighboring
voxels as one moves further from the vertex. The accurate description of this blurring is the
major contribution of this report.

A major observation arising from this analysis is crucial role of energy resolution in the
Compton camera response. The authors were surprised by the dramatic loss of angular
resolution from backscattered events — so dramatic that one is forced to exclude such events
from the analysis. The loss of angular resolution is caused by the blurring of the Compton cone;
which, in turn, is caused by the limited energy resolution of the detectors. Although spatial
resolution plays an important role in blurring the axis of the Compton cone, the effects of energy
resolution seem more profound.

The problem of interaction sequencing has concerned researchers for decades. The
backscatter limit can eliminate the ambiguity of sequencing for many events, especially those
associated with small angle scattering. But inevitably, one is faced with a large fraction of
events for which the sequencing is ambiguous and the imaging effects significant. Over the
years researchers devised numerous strategies to either (1) select one sequence as more
probable, or (2) include a weighted average of the alternate sequences. In this report, the second
strategy is firmly supported. The rate calculation provides an accurate comparison of the
alternative sequences. Without a priori information about the appropriate choice, one must
simply add the rates of the two possible sequences for each voxel and let the relative rates
determine the relative probabilities. Selecting a specific sequence for each event (whether well-
founded or not) distorts the entire strategy of a maximum likelihood. Image reconstruction is
a mapping from one distribution (data) to another (sources); not an assignment of each event to
a specific source or sequence. As displayed in Section VI, the rate calculation provides an
unambiguous method of calculating the system matrix without the selection of a specific
sequence. The maximum likelihood algorithm based on the combined system matrix for both
sequences provides the most probable assignment of the sources (and, implicitly, the sequences)
based on the accumulated data — not a single event. Selection of a specific sequence for an
event overrides the maximum likelihood algorithm (which considers all the data) with the
limited information about that specific event; and, therefore, should be avoided.

Based on this principle, we assert that any viable interaction sequence should be included
in the Compton rates and, therefore the rates of both alternate sequences should be added
together in calculating the system response. Lamentably, events involving backscatter
(=1 < pu < —0.8) exhibit such poor angular resolution that their inclusion in image
reconstruction is dubious. Exclusion of such events implies exclusion of both sequences, even
though one of the sequences which seems perfectly viable. One cannot distinguish whether the
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event is good (forward scattered) of bad (backscattered) events based on the data. Our
recommendation is that both sequences be excluded. Fortunately, the energy bands of rejected
sequences are relatively narrow (as demonstrated in Figures 12 and 13).

The rate calculation present in this paper has some obvious flaws. Most of these flaws
can be traced to the approximations used in the evaluation of the CC function in Appendix C.
Indeed, this report has been revised dozens of times in the past few years as better methods
were found to handle anomalous results resulting from inadequate approximations. The current
CC function will, undoubtedly, be succeeded by further improvements. However, the basic
framework for the Compton camera response as expounded in Section II-VI is both rigorous
and general enough to accommodate future revisions.
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Appendix A. Blurring of the direction of the Compton Cone-Axis due to the Limited
Spatial Resolution of the Detector

Embedded within the calculation of the detector rate is a crucial term [Equation
(52)] that describes the blurring of the Compton-cone axis due to the uncertainties in the
interaction positions. For notational purposes this term is defined as the function CA
(cone axis):

CA@) = [If %y [ % ——— 8*(G523y) Delolian2a) DeCalian ) (A1)

where the argument @ indicates the actual Compton axis; whereas, r1 and r; are the
reported locations of the interactions. The function CA is, in some sense, a weighted
distribution of actual axis direct @ around the “measured” axis @ determined from r; and
r2. This mathematical appendix provides an analytical evaluation of the CA term that is
used for the “realistic” detector models in sections V and VI.

For an “ideal” detector as defined in Equation (41), there is no blurring because the
positions are known exactly; thus, the crucial Compton-axis (CA) term is given by

CALdeal( ) (2”3? 2323 52(" 5) (AZ)
12

so that, the CAldeal weighting factor assures that the Compton-cone axis @ is exactly aligned
with the vector @ connecting the two interaction locations. Furthermore, the CAideal
satisfies the integral identity:
oo ideals =~ 2m3 2323

ffsz d*w CA™* % (w) = T” (A.3)

This identity is significant because, although the CAideal is concentrated to a single
direction, the expected rate will be proportional to the integral in Equation (A.3). As we
will see, the “realistic” detector model yields a similar result, despite distributing @ over

a finite region on the celestial sphere.

For a “realistic” detector model [Equation (42)], the Dx functions are Gaussians,
which simplifies the evaluation of Equation (A.1). In particular, one finds that
X1 =71 |*  |Xp—7hol?

222 222

D§eal(f1|71'/11) D;eal(fz 175, 22) = €xp [ - (A.4)

The integrals in Equation (A.1) are simplified by a simple change in variables; namely,
(%1, %) & (é1,¢,) where
: | Bein s L
51 - (l%+l%) ’ 52 =X X1 5 (AS)
_ -> . )_% - > _ - A% -
X1 = El (/1%4_/1%)%—2 Xz = El+(/«l§+/1%)€2 .
with the supplemental constant vector

AZ7 4227,

W= y (A.6)

A simple evaluation of the Jacobian reveals that
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ﬂf d*x, ﬂf d’x, = ﬂf dggl ﬂf dggz ) (A7)

whereas, in the new variables, the product in Equation (A.4) becomes

Dre®t (%174, A1) D°® (%57, 22)

= exp l . (23+23) |§1—W|2 _ |?2—R125|2 (A.8)

24272 2(A2+23)

Rewriting Equation (A.1) in terms of the new variables, one finds that the integrals
decouple and

- > A3+23) (&, -
cA™ (@) = [[f d3¢, exp[ ( 21)2'12 W']

- 2
> &2—-Rip0 R
117 &%, Ez'z exp [—% 62( i|> (A.9)

In Equation (A.9) the integrand of the 51 integral is a simple 3D Gaussian and is trivially

evaluated; whereas, the integral over 52, due to the delta function, reduces to a line
integral along a ray originating at the origin through a displaced Gaussian that produces
an error function. The Inequalities (15a) allow one to approximate the error function
term as a Heaviside function, so that

(2m)3/24343 _ l§w- R12a|

CA™e (D) =
@ = G o

o o238 - S
= —(A%M%)Z 0w a) exp{ 2(12+/12) [1—- (& a)? ]}

The approximate function given in the second line of Equation (A.10) is used as CA in the
remainder of this analysis. [One should note that the Gaussian approximation for the Dreal
function is responsible for this simple evaluation of 6 of the 12 integrals in Equation (47).]

A comparison of Equations (A.2) and (A.10) indicates that both the “ideal” and “real”
detector models produce functions CA(w) that are strongly peaked in the direction @ =
@. The major difference between CAideal and CAreal seems to be the Ri2 dependence. The
magnitude of CAideal js explicitly dependent of R12, whereas CAreal is only dependent on Ri2
through a narrowing of the angular dependence. This behavior is correct and is exactly
what should be expected.

The function CAredl in Equation (A.10) can verified by checking that, in the limit
Riz>>\; (i.e., large separation between the interactions), CAreal reproduces the Ri}
behavior of function CAideal demonstrated in Equation (A.3). The function CA only appears
in our calculation within integrals over @. If one integrates CAreal over @, one finds that
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(2m)?2343

_USZ dza CAreal(a) — (/1%4_)1%)

1 _ Rip(1-p%)
2m [ du exp[ D) (A.11)
_ @m3a3A3 exp | — RYG, | g (13._REL
T (22+22) p 2(22+22)| V1 \27272(22+42)
where 1F; is the confluent hypergeometric function. The asymptotic expansion of the
confluent hypergeometric function gives that

1 3 1
1(5.32) 57 5,00@ (A12)
so that

(2m)32343
R%,»(12+13) R,

[f; d2@ cATeal(@)

(A.13)
A comparison of Equation (A.13) and Equation (A.3) shows that the integral of CAreal over

the 2-sphere yields the same result as CAideal jn the limit of R12 much larger than the spatial
resolution. This observation verifies that for Ri2>>\;, CAreal is approximated by CAideal,
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Appendix B. Blurring of the Opening Angle of the Compton Cone due to the
Limited Energy Resolution of the Detector

The goal of this Appendix is the evaluation OA for common spectra in approximate
analytic expressions that can be used for the integration of Equation (57). The opening
angle of the Compton cone is determined by relativistic kinematics based on the energies
deposited at the two interaction sites, Ei and E»; i.e., ¢ in Equation (12). If the energies were
exactly known, then the cone would be characterized by an opening angle Owin defined by the
cos Oyin = U(E4, E;) as defined in Equation (12). Because these energies are measured with
finite resolution, the Compton cone is blurred. This blurring is characterized by a blurring
function that is defined in Equation (53) in terms of integrals over the energy ranges consistent
with the measurements. The function OA, the ‘opening angle’ function, is defined by

k2(1-v)
m+k(1-v)

0AW) = [ dk A(K) DE(

El,el) Dg (#’;_v) EZ,SZ) . (B.1)

where v [= (ﬁl . ﬁz)] is the actual cosine of the opening angle of the Compton cone. The

function OA(v) describes the distribution of v given the observed data (Ejé&i). In this
appendix the function OA is evaluated for (1) D} as defined by Gaussian functions in
Equation (42), and for (2) Gaussian source distributions, A(k) that can represent
emissions from common spectra. The Dg functions represent the distribution of actual
energies, k, consistent with the measured energies, Ei, with resolutions, €. Because the Dg
functions are narrow Gaussians, one can create accurate approximations for OA based on
the local behavior of A(k) in the vicinity of the peaks. For practical purposes, one wants a
generic expression for OA that can be easily evaluated and adapted to many different
spectra. The most obvious choice for such a source A(k) is another Gaussian function;

namely,

A* (k—E)?
A(k) = \/Z_TZS exp [— 232 ] (BZ)

where A* has dimensions [(counts)(sec™)(m™3)] and both E and X, have units of energy
[(keV)]. The energy E, corresponds to the emission energy of the source; whereas, X
represents the width of energy window. In the limit £; — 0, A(k) approximates a line
spectrum; whereas, in the limit ¥; - oo, A(k) can approximate a uniform background
distribution. Intermediate values of ¥; approximate spectra associated with finite energy
bins. Table B.1 shows how the Gaussian function in Equation (B.2) can be used to
approximate useful spectra associated with spectral lines and finite energy bins. [The
approximation for energy bins is demonstrated in Appendix G.]
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Table B.1
A [ counts] Es[keV] X [keV ] Functional Equivalent
sec-m3 A(k)
counts
sec - keV - m3
Spectral Line Aline Ejine (lime > 0)em  Ajne 6(k — Epne)
Energy Bin Ay; Ep; Apin/V12 Apin
gy iy bin bm/ —bin --(k EbmlAbm)

Abm

Insight into the integral of Equation (B.1) is obtained from an examination of the
2D distribution

p(ky, ky) exp[ 1) ] [ 2)2] exp [— %} (B.3)

which emulates the integrand of that equation. Just as k represents the actual incident

energy, k, and k, represent the actual deposition energies in the detectors. The maximum

of this 2D Gaussian product occurs at the point

(e2+28)E; +e3 (Es—Eq)
(ef+e3+33)

(e3+22)Eq+€%(Es—Ey)
(e3+e5+12)

and Ky oy = (B.4a)

kl,max =

[It turns out that the values k; .4, are also the mean values of k; for the distribution
p(ky, k;).] If one converts the k; and k, variables into the k and v variables of Equation
(B.1), the maxima of k and v occur at

2 -
kinax(1=VUmax) kz,max — MKmax (B4b)

k =
Lmax [Mm+kmax(1-Vmax)] [M+kmax(1-Vmax)]

so that

_ (e2+€2)Es+22(E1+E>)

kmax = kl,max + kz,max = (e2+2+32) (BA'C)
and
_ 4 _MKimax 4 m(e2+e3+32)[(e2+22)Ey +e2 (Es—E3)|
Umax = 1= = L T (e mrs2 (B + B [(e2 152 Byt 2 (Bs B (B.4d)
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N.B. if E; = E; + E,, then v,,,4, = u(E;, E;) as defined in Equation (12). One anticipates
that v,,4, is the maximum of the integrand of Equation (B.1). The detector functions in
Equation (B.1) are defined as Gaussians

2 27
k2(1-v) (n’:ﬂ(i:l)_El)
Dg (m El,Sl) =expl—————— (BSa)

2
2¢e9

-
(et "2)

Ez,ez) =exp|——————|. (B.5b)

mk
Dy (— ;
m+k(1-v) 2¢5

Insight into these functions from Equations (B.4) imply that the arguments of the
Gaussians be written as

KO g (K
m+k(1-v) 1= m+k(1-v)

kl,max) + (kl,max - El)

k k
m+lr€r21—v) — b = (#1_1)) - k2,max) + (kz,max - EZ)

where one evaluates the bracketed terms as

(kl,max - E1) = ﬁ (Es — E, — Ey) (B.6a)
(kzmax — E2) = ﬁ (Es — E; — Ep) (B.6b)
(B0 k) = Wmeolomer) (| Jokomer gy (B72)
and (#’i_v) - kz,max) = %ﬁ" (k — kmax) + '”"jnﬂ (V = Upmax)- (B.7b)

In the vicinity of the Gaussian peak [k = k4, and k; = k; qy; i.€., the region making the
major contribution to the integral in Equation (B.1)], Equations (B.7a&7b) can be
approximated by

kZ(1-v) ~ krznax_kz,max kz,max
(m+k(1jv) - kl,max) = ( krznai ) (k - kmax) - Zm (U - Umax) (B-8a)
(m—k —k ) ~ k%,max (k —k ) n k%,max( _ ) B.8b
m+k(1-v) zmax ) = g2 max m WU Unax)- (B.8b)

For convenience, one defines
K=k —kpnax (B.9a)

AV =V — Upgy (B.9b)
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AE = ES - El - EZ (B.9C)

so that

2
km ax

1,51) = exp|— 3 (B.10a)

2¢e9

B 2
2 2
<(kmax_k2,max)h k2 max,Av) 5% ’AE))
m (e2 +ES)

k2(1-v)
DE (m+k(1—v) E

m

2
<kkz’r:;l;xn+k2 mlleAv)_r( %+E )IAE)>
Ez,ez) = exp|— 2 g . (B.10b)
2

mk
m+k(1-v)

and Dy (

Finally, one writes Equation (B.2) as

2
( T (Z+e +22)( E)>
. (B.10c)

23?2

A(k) = exp|—

\/_>:

In the evaluation of the OA(v) function the parameters Av and AE are constants; whereas,
the parameter k becomes the variable of integration. Consequently, the function 0A(v) is
approximated by

2 2
k3 max Lkz max, N &3 ¢
(K (e3+¢ +25)( E)) (kgnax ~ (Av)+ (7+ 2+):§)\AE)

dk exp|— -
foo p 232 2&2

0A(W) = \/EE

2
kinax

2
2 _k2 2
(kmax kz,max)n kz,max,Av)l S% (AE)
m (3 +e5+32)"

exp|— Py (B.11)

This integration of the Gaussian is performed by (1) combining the three quadratic terms
in the exponential, (2) completing the square of the « terms, and, finally, (3) performing
the integral over the displaced Gaussian. After considerable algebra, one finds

OA(v) = A ‘1% exp —ﬂ] exp —@] (B.12)

J 2e2+32[e2W2+e2(1-W)2] 232 232
where
2,52 2 2

kZmax (£1+Z )E2+SZ(ES El)

P = L _ 2 (B.13)
Ko (3 +&3)Es+32(E1+E2)

v, =_™m Vet +2[e] P2 +e3(1-W)2] _ my/efed+RR[ef W2 +e3(1-W)2] [ef +£5 + 2513/ (B 14)

37 KZmax NEEr=2 [(e2+3D) Ex+e3 (Es—Ep)]? .
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— (2.2 2 JeZe2+32[2W2+e5(1-W)?]
and %, = (ef+ef +19) el ED el P (LW P 92 1 el (L 9)7] (B-15)

This complicated form of the function OA arises from the arbitrary Gaussian source
spectrum asserted in Equation (B.2). However, one frequently requires narrow energy
spectra, e.g., emission lines or narrow energy bins (< 2 keV). Assuming such a narrow
emission line significantly simplifies the OA function. If£2 < (g#+¢&%), then one finds

~ A% (V—Umax)? (Es—E1—E;)?
0A(v) = A*exp [— %] exp [— ﬁ] (B.16)
where
_ 4 mledEi+el(Bs—Ey)| _  (e3Ei+el(Bs—E,) elBp+e5(Bs—E1)\ o
s = 1= POt = u (T S = u(mB) (B17)

meqex[e2+2]3/2 _ €18 m
z =~ w2
[e2E,+€2(Es—Ey)] fgiﬂg E5

Equations (B16) through (B.18) constitute the form of OA used in the remainder of this
report. The cosine of the opening angle of the Compton cone is characterized by v,,,, in
Equation (B.17); this parameter is equivalent to u(E;, E,) of Equation (12) if the source
energy E satisfies E; = E; + E,. However, if the source energy differs from E; = E; + E,,
the opening angle of the Compton cone shifts to accommodate the presumed incident
source energy, E;. Fortunately, if E; # E; + E, by any significant amount, the finally
Gaussian in Equation (B.16) suppresses the function OA; thereby, making the value of
Umax irrelevant.

and X5 =

(B.18)

General Observations about Effect of Energy Resolution on the Broadening of the Compton
Cone

Throughout most of this paper, the analysis is based on the physics of Compton
scattering, the definitions of physical parameters (e.g., attenuation coefficients, cross-
sections, etc.) and elementary analytical models (i.e., Gaussian responses). In particular,
detector resolutions (both spatial and energy) remain independent parameters that can
be chosen based on the detection device. In this subsection of Appendix B, we
(temporarily) abandon that generality to make important observations about the effects
of energy resolution on the broadening of the Compton cone. The energy resolution is
generally dependent on the energy deposition. The details can vary significantly
depending on the electronics, materials, design, and even detector history; however, an
empirical formula for the energy resolution that is applicable to a generic detector can be
written as

e(E) = /e& + n*mE ~ max(eo, nVmE) (B.19)

where the parameters g0 and n characterize the detector resolution over a wide range of

energies. The functional form in Equation (B.19) reflects the expected vVE behavior of
energy resolution for most charge-collection detectors. The dimensionless parameter n
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describes the resolution at E=m=511keV; i.e.,, n=¢(m)/m with typical values about 0.03-
0.12 (i.e., 3-12% error at 511keV). The o parameter is a minimal resolution that becomes
important only for very low energies; a typical value is g0=5 keV and becomes relevant
only for E<20 keV. [N.B. The effects of Doppler broadening on the energy deposition of
the Compton scattering interaction can be incorporated into the parameter, &;, by

adjustment of the &, parameter; e - &2 + 3,p,.er» SO that <51 = Jgg + &3 opprer + NPME; ).]

The parameter X3 defined in Equation (B.18) indicates the uncertainty in the cosine
of the scattering angle [u = cos8] caused by the energy resolution. For measurements E1
and Ez, one can define E=E;+E; and use p as defined in Equation (12) to convert
(E{, E;) — (E, ), so that

g18,  [m+EQ-p)]?

2
) E
m ,51+€2

If one evaluates €1 and €2 with the empirical formula (B.19), the uncertainty parameter X3
becomes

5y = g Bl T (B.21)

This uncertainty in the cosine can then be converted into an uncertainty in the opening
angle of the Compton cone:

S, = (B.20)

[m+E(1—p)]

_Au _ % .
a0 = /|d_ﬂ|‘¢m—’7 EVie
daeo

(B.22)

The parameter X3 plays a crucial role in the remainder of this paper; however, the opening
angle of the Compton cone (A8) provides better intuitive understanding of the effects of
¥3. In particular, backscattered radiation (u ~ —1) suffers from extremely poor angular
resolution; whereas, the forward scattered radiation (u = 1) exhibits comparatively good
angular resolution. This important observation arises from the small errors in &

(81 X JE; «4/1— u) that arise in forward scattering (E; — 0). On the other hand, for
backscattering the ¢, (oc w/Ez) term does not vanish and, therefore does not cancel the

1/4/1 — u? term that arises from the coordinate transformation in Equation (B.22).
Another important observation is that once the total energy, E, drops smaller the m (E<m),
the angular resolution degrades significantly - even for small angle scattering. This fact
is the basis of the well-known observation that Compton cameras work best for high
energy radiation sources. Both these effects are illustrated in Figures B.1 and B.2. The
figures demonstrated the expected angular resolution from the broadening of the
Compton cone for detectors exhibiting 3% energy resolution at 511 keV. The loss in
angular resolution for backscattered radiation is dramatic. For events scattering at
greater than 160 degrees, the angular uncertainty is greater than 30 degrees! One
possible conclusion is that the events associated with scatter angles greater than 140
degrees should be discarded. Fortunately, the Klein-Nishina scattering cross-section
naturally suppresses backscatter events for high energy radiation, so that such a cut-off
actually excludes few events.
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Z, for 1=0.030
e, =4keV

1200

8 [degrees]

E(-E +E,) [keV]

Figure B.1. The function X3 is shown for the energy resolution parameters n=0.03 and
€0=4 keV. The values of E1 and E: are calculated from the total energy (E) and the
scattering angle 0 [¢ = cos(0)]. The energy resolutions, €1 and &2, are calculated
from E1 and E; based on Equation (B.19). The function X3 is then calculated from
Equation (B.18). This plot demonstrates two important properties of 3. First, for
fixed E, Z3 is a slowly, monotonically increasing function of 6 with minimum at 6=0
(forward scattering) and maximum at 6=180° (backscattering). Second, as a
function of E, X3 is a monotonically decreasing function that is very large for small
E(<200 keV), but decreases and plateaus for E>m.
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AB = Width of the Compton Cone
for n=0.030, €= 4 keV

A6 [degrees)

1200
8 [degrees)

E (-E +E,) [keV]

Figure B.2a. The width of the Compton cone A6 is shown as determined from X3 (see
Figure B.1) by application of Equation (B.19). The figure demonstrates that
the angular resolution degenerates dramatically at low energies (E<200 keV)
and at large scattering angles (0>150°). Thus, one should not expect the
backscattered events to contribute significantly to the imaging process.
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A8 = Width of the Compton Cone (in degrees)
for n=0.030, g =4 keV

B0 e 45

160 ...

120

8 [degrees]

s

200 400 600 800 1000 1200
E (-E +E,) [keY]

Figure B.2b. The width of the Compton cone A6 (in degrees) is shown as determined
from X3. The color bar on the right indicates the angular uncertainty (A9, in
degrees) associated with measurements having total energy E(=E1+E2) and
scattering at angle 6. The figure displays the same information as Figure B2a
from a perspective that more clearly delineates the regions of poor angular
resolution.
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The Function OA Fails to Suppress Unphysical Interaction Sequences

The kinematics of Compton scattering is at the core of the entire response
calculation and the function OA characterizes this kinematics. The energies E1 and E:
determine the angle of scattering according to Equation (12). The most probably cosine
of the scattering angle is represented as v,,,, in Equation (B.17); and, the uncertainty in
this cosine is characterized by X3 in Equation (B.18). However, according to the
Inequalities (13) some combinations of E1 and Ez are unphysical because they predict
Umax = U(E;, E;) < —1. One expects the rates for these unphysical combinations to be
suppressed in the OA function where the kinematic prediction [v,,,, in Equation (B.17)]
is compared with the actual physical cosine, v. Indeed, the function OA is suppressed for
such combinations, but the suppression is not a sharp cutoff at u(E;, E;) = —1. lf vyqy =
—1 — § (and is, therefore, unphysical), the maximum of OA(v) occurs for v=-1; so that,
according to Equation (B.25)

0A(-1) = Aexp[-2 (B.24)

213
is the maximum value of OA for an unphysical combination of E; and Ez. Thus, the
condition OA(unphysical)<.02*0A(physical) implies 6<3%3. The function OA will
successfully suppress unphysical combinations if u(E;, E;) = —1 — 3%;. However, for
u(E;, E,) in the interval

(a priori unphysical) there is only partial suppression of the function OA. This interval of
partial suppression is associated with the uncertainty in the y caused by the uncertainty
in measured energies.

The region of partial suppression described by the Inequalities (B.25) can be
estimated based on the assumption u(E;, E;) = —1. In the vicinity of u(E;, E,) = —1, one
finds that (E=E1+E2)

2E% _ _mE
) EZ ~
(m+2E)

~

= (m+2E)

(B.26)

Ey

so that, according to Equation (B.19) the errors associated with these energies are

2m E
& =nE mezp) S 2 ™M /(m+2E) . (B.27)

The resulting parameter 2;(u = —1) is given by

Zy(u~ —1) = V2 28 (B.28)
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From Equation (B,28) one observes that a lower limit for £;(u = —1) is given by
VB < %~ —1). (B.29)

For typical values n=.03 and E=m, one finds ¥3=0.12. This approximate result indicates a
serious problem. If X3=0.12 the OA function does not fully suppress unphysical sequences
until 4 < —1.36. Unphysical sequences in the interval [-1.36 < u < —1] will be only
partially suppressed. This discouraging result is a simple corollary of the angular
resolution problem illustrated in Figures B1 and B2. Basically, the angular resolution for
backscattered radiation is so poor that the detectors are incapable of distinguishing
whether an interaction sequence has crossed the backscatter threshold [i.e., Inequality
(13)] or not. This conclusion, combined with the overall angular resolution problem near
the backscatter limit, suggests that the general form of OA given in Equation (B.16) should
be modified by imposing an angular cutoff of the form

04" (v) = OA(U)G(Umax - .ucutoff) (B.30)

where a typical value of uc,¢,rr = —0.85 might be considered (i.e., rejection of all events
with scattering angle 8 > 150°). Because such a cutoff depends on only the detected
energies and associated resolutions (not v), it does not affect the rate calculation and can
be imposed at any point in the analysis. Nonetheless, the obvious cutoff p.yorr = —1

should be implemented to suppress the most egregious combinations, i.e.,
0A*(v) = OA(W)O(1 + Vyay)

or  0A*(v) = 0A(v)®< - EM). (B.31)

Es [e2E1+€2(Es—E3)|
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Appendix C. Evaluation the Compton Cone (CC) function - the Crucial Double
Spherical Integral

This appendix evaluates the integrals over the possible directions of both the
incident and scattered radiation that appear in Equation (57). For purposes of this
calculation, the integrals are written in a very general form:

exp{ [1—(91 B -ml-@ o) (1)
exp{—é[(ﬁl-ﬁz)—y] }

The exponentials in the integrand are similar to Gaussians locally; but, due to the global
integration over spheres, do not exhibit the same asymptotic properties that simplify
integrations over Gaussians on R™. Nonetheless, because the constants, %, are small
(Zi<<1), the integrals are dominated by the local behavior; so that, the integrands can be
treated locally as Gaussians.

The evaluation of the CC function requires the 4D integration of over the half spheres
in Equation (C.1). One accomplishes this integration by mapping the two half-spheres

(ﬁl,ﬁz) onto two RZ planes (7, §) by the transformations:

51 = \/ﬁﬁ+r1(\/_q + 7, ﬁi;

Q,=|VI—s%d+s, (511_\/__';?) + s, Ei%d (C.2)
where

v=a- g,

kP =0Q,d=VI—12v+nrV1I—1Z,

ri=rf+ri <1, (C.3)

s?=st+s2<1.
We note that

-1< k(@ <1 and k(7 =0) =v. (C.4)

These transformations are basically a projection of the half spheres into unit circles in the
planes R2. [The case v?=1 must be formally excluded because collinear vectors a and 3
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produce a pathology in the mapping; however, the problem can be computationally
resolved by adding an arbitrary infinitesimal rotation to either of the vectors.] From the
transformations in Equation (C.2) one finds that the range of integration over a half-
sphere is mapped into the unit circle in the R? plane: so that,

where the weightings in Equation (C.5) arise from the Jacobian associated with the
coordinate transformations. Other terms in the integrand of Equation (C.1) depend on
inner products. In particular, one finds that

(Q,-B)=V1i-12 (Q,-d@)=Vv1-s? (C.6)

(- 0;) = kW1 —sZ + V1 — k25, (C7)
so that

1- (0, §) =12 1-(0, @) = s> (C.8)

Thus, Equation (C.1) becomes

> 3 1 - _ " > _
CC(@-B1%) = Grmyamp M @7 =172 g, d?8 (1 —s7)7Y/7
2 2 R T g— 2
exp {—Zr?% — 25?%} exp {_E [(Ql 'Qz) — u] } . (C.9)

For convenience, we denote the three crucial Gaussian functions as

N |72
M, () = exp [_;?i ,
> HE
M,(5) = exp [_E ,and (C.10)

M;(#,5) = exp {—% [(?2)1 _Q)z) — ,u]z}

The M1 function suppresses contributions to the integral from larger values of |7|; and the
M; function suppresses contributions to the integral from larger values of |S|. Our earlier
analysis of realistic events indicated that (1/22%2) > 6; so that the Gaussian peaks in the
vicinity of 7 ~ 0 and § ~ 0 are relatively narrow. In particular, the contributions to the
integrals for values of |#|? > 1/2 or |§|? > 1/2 are generally insignificant. The difficulties
with these integrals arise from the complicated nature of the M3 function. This suggests
a simple approximation

M;(#,5) ~ M3(6, 6) = exp [—é(v - ,u)z] : (C11)

If one adopts this approximation, the integrals over # and S decouple and become
standard special functions; so that

64



LBNL Report #2001559 2 July 2024

zzzzexp[ zzz(v_”) ]exp [_E_é

a5 Ggé) =3 G;%) (C.12)

Using the asymptotic behavior of the (F; for large argument; namely,

CCv, ;%) ~

Try) -
TFi(@7:0 =18 x Vexp(x) (C.13)
one concludes that
CCO I E) 53 exp |~ 533 v = 7] (C14)
3,1

approximates the CC function. We note that the important imaging properties associated
with the Compton cone are expressed in the Gaussian term of Equation (C.14). For many
years this approximation was used in our analysis. The problem with this simple
expression is that virtually all the blurring effects of £; and X2 (which may be comparable
to X3) are ignored.

A better approximation of CC can be found by assuming that

M;(#,5) = M3(6, §)=exp [—é(vx/l —s2+V1—v2s, — u)z] : (C.15)
3

This approximation ignores the blurring effects due to X1, but includes the blurring due to
>,. Essentially, this assumption is exact in the ¥; — 0 limit. In this approximation, the
integral over 7 decouples and can be evaluated independently, so that

1 1 1 3 1
CC(V, Hu; Zl) = Z—%exp [_E 1F1 (E,E,E)

1 ppid -
[, 423 (1 —52)7V2 My(3) M5(0,3) (C.16)
Once again, the asymptotlc limit of the 1F1 function for £; — 0 allows one to write

CCv, ;%) — 5 ff[skldz §(1—s2)"Y2 M,(3) M5(0,3). (C.17)

3, K1 (2n>:

Despite these simplifications, this integral is still daunting due the complicated nature of
M3 term. However, these complications can now be easily visualized by displaying the M»
and M3 functions on the § plane. Figure C.1 displays the functions M and M3 on the (s1,52)
plane for ¥2=.05, ¥3=.07, v=0.8 and various values of u. A major conclusion can be inferred
from the Figure C.1; namely, that the values of M3 off the s; axis have little effect on the
product M>*M3 because only the point of closest approach of the Compton cone with the
origin (s2=0) contributes to the product. Thus, one can approximate M (6, §) =

M; (6, S1 é’l). The effects of this approximation are displayed in Figure C.2 which compares
the product M;*M3s with/without the approximation. The errors are less than 1 percent.
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Figure C.1. The functions Mz and M3 are displayed for ¥2=0.05, ¥3=0.07, and v=0.8. Each row displays the Mz, M3, and
M2*M3 functions for different values a specific value of u (=0.95, 0.85, 0.8, 0.5 and 0.15 in successive rows). In the
first column, the M2 function represents the dispersion of the cone axis due to uncertainty in the interaction
positions, does not depend on g, and is the same in each row. In the second column, the M3 function displays the
arc of the Compton cone intersecting the § plane and varies significantly depending on the opening angle of the
cone (u). The third column shows the product of M2*Ms which appears as another Gaussian-like function centered
on a position on the s2=0 axis and displaced from the origin toward the point of closest approach on the arc of the
Compton cone.
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Figure C.2. The functions Mz, M3 and their approximations are displayed for ¥2=0.05, ¥3=0.07, and v=0.8. Each row
corresponds to a specific u (=0.95, 0.85, 0.8, 0.5, and 0.15). Each column corresponds to a specific function.
The first column displays Mz which represents the dispersion of the cone axis due to uncertainty in the
interaction positions. The second column displays Ms which exhibits the intersection of the Compton cone
with the § plane. The third column displays the product M2*Ms3 that appears in the integrand. The fourth
column shows the proposed approximation for Ms; namely, M;(# = 0,5 = s,&;) that assumes s2=0. This
approximation has the same profile as M3 along the s2=0 axis, but displays no sz dependence and, therefore,
the arc structure of the Compton cone is lost. Nonetheless, the product of M2 and the M3 approximation, shown
in the fifth column, is virtually identical to the exact product in the third column. The difference M,*M3 and its
approximation is displayed in the sixth column. The differences are less than a few percent of the actual
product.
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Based on these considerations, we adjust the approximation again and settle on the
approximation (used for the remainder of this paper):

CCv, u; d27 (1 —r3)~Y2pM, () (C.18)

%) = o oy M
ﬂ[§]<1 d?s(1- SZ)_l/ZMZ (5) Ms(ry€3,5:€1) .
With this approximation the integrals over rz and s; can be performed explicitly; so that

CCv, ;%)) = Wf dry exp[ —7"212)] 1F1( 1; (- rl)) M;(ré;) (C.19)

252

1 1-s? 1 > - 5
f_l ds, exp [_ ( 2;21)] iFy ( L ( 2;21)) M;(s1€1) M3(r1€,,5,€1) .

Once again, arguments of the confluent hypergeometric functions are expected to be large
so that the asymptotic behavior of 1F1 [Equation (C.13)] can be invoked with the result,

f dry (1 —1{)~ V2 M, (ryé,) (C.20)

CCvm ) =5~

f_l ds; (1 —s7)7V2 My(s,8,) M3(r181,5,6,) .

Equation (C.20) provides an excellent approximation of the CC function and will be used
in all subsequent analysis. The M3 term is most problematic in the evaluation of the
integrals and, therefore, warrants careful examination. One observes that

M;(ré,,5,€,) = exp [—% (K\/l —s2 + V1 —K?s; — y)z] (c.21)
can be simplified by the notation

E(x,y) = xJ1—y2 +yV1—x2 = E(y,x) (C.22)
so that by Equations (C.3) and (C.21) can be written as

K = EZ(r,v) (C.23)

and M;(ré,,s.€;) = exp [—% (E(sy, k) — ,u)z], respectively.
3

As a result, M3 is maximum (S1=Smax) When

Smax K) = Ky 1 = SZax + V1 = K2Spax = L. (C.24)
Simple algebra reveals the general result that
Ex,y) =z = x=2Z(z1y). (C.25)

This identity will be invoked repeatedly. The #* sign in Equation (C.25) provides two
solutions of the quadratic equation - corresponding in Equation (C.24) to the directions
on the Compton cone that are nearest and furthest from the direction to the voxel. The
contribution to the integrand will be greatest for the direction of closest approach. As a
result, we find that

Smax = a\/l — [max(0,Y(y, rc))]2 =~ 2(u,—k) (C.26a)
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J1 =524, = max(0,Y(y,x)) (C.26b)

where
Y(x,y) = xy + V1 —x2,/1 — y2 (C.27)
and o = sign(E(u, —v)); (C.28)
Expanding the Z(s;, k) function in a Taylor’s series around the peak in M3, one finds
Z(sy, k) = E(Smax K) + [%;'K) (51 — Smax) + higher order terms
1 S1=Smax
=uty, (51 - Smax) (ng)
where
— [9EGK) o y1-p? J1—pu?
Y2 = [ 95, S1=Sma - 1-s2,, - max(O,Y(u,;c)) (CBO)
so that one can approximate M3 as a Gaussian of the form
M3(r1é)1'51é)1) = exp[ 222 (51 max)z]- (C31)
The product of M2 and M3 is, therefore,
- - - ~ S% y22 2
M;(s,€,)M5(r,€,,51€1) = exp [_E o5z (51 — Smax) ] (C.32)
2 3
_ [23+V2 2] 2 Vz Smax _ szsrznax
= exp [ 23252 + 2 1 252 ]

Returning to Equation (C.20), we find that the s; integral becomes

1
f_l ds; (1 —s7)7Y2 My(s,8,) Ms(r18,,5,6,) (C.33)
_ Vz Smax _ 1/2 1 2 sz Smax
= exp[ 2 ] f ds; (1 —sf) % exp [ a2 Sttt sl]
where
2 2323
L= oK1 (C.34)

[Z3+v323]

This integral is now performed under the assumption that X;3<<1. We define
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I(4,B) = f_ll ds (1 — s2)"V2exp(—As? + Bs)
=22 1 ds (1 - s2) 7V 2s™exp(~As?)

w  B2M 1 B
= Zm=0(2—m)!2 J, ds (1 —s%) 12g2m oy (—As?)

. 2m 1 _l _l
= Zm=0£—m)!f0 dx (1 — x) zx" zexp(—Ax) (C.35)
—yeo BT A [Ydx (1 — x)™ 2x zexp(A
_Zm=0(2m)!exp(_ ) [, dx (1 —x)™2x"2exp(Ax)

" ex xp(— A)M 1F1( m+1; A)

= Xm= 0(2 ) r(m+1)

If A>>1 (i.e,/Z23<<1), one can apply the asymptotic behavior of 1F; [Equation (C.13)] and
find that

- . BZm 1 —m—l
I(A,B) = Zm=0(2—)'exp(—A) r (m + —) exp(A) A~ 2

= a5 (Y = v, A (5) (C:36)

= fiew (5)

We now can evaluate the s; integral of Equation (C.33) using Equation (C.36) with the
result that

1
f_l ds; (1 —s7)7Y2 My(s,8,) Ms(r18,,5,6,)

_ amz,ss exp [_ yzsmaxz] (C.37)
oy L P

[N.B.: This expression is dependent on the r; parameter because both vy and smax are
functions of r1.] The function CC as expressed in Equation (C.20) becomes

CCv, ;%)) = f_ll dr, (1 —1r2)"Y2 exp [ (C.38)

1
NP 222

X3 szsrznax
exp [_ 2[22+ 222] .
224253 3TV222

The part of the integrand in the first line of Equation (C.38) is strongly peaked near r1=0;
whereas, the second line of the integrand is peaked around smax=0. According to Equation
(C.26) we have

Smax(rl) = E(ﬂ: _K(rl))- (C39)

If we define rmax as the value of rq at the peak of the second exponential of the integrand;
i.e.,

Smax(rmax) =0 = E(,u, _K(rmax)) =0, (C4O)
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which, in turn, implies

K(rmax) = E(U, rmax) = U (C'41)

Once again, one finds a pair of solutions for rmax for which the solution of closest approach
is given by

Tmax = a\/l — [max(O,Y(u, v))]2 = E(u,—v) = uv1l—v2 — v\/l —up?  (CA42a)

and 1-—-1n%, = max(O,Y(u, v)). (C.42b)

As before, we assume that the second exponential in the integrand of Equation (C.38)
contributes only in the vicinity of the peak, rmax=0; so that one can approximate s, 4, (17)
by a Taylor’s series expansion around rmax. In particular, we approximate

dSm_ax] (7‘1 max) =" (rl max) (C44)

Smax(rl) = Smax(rmax) + [ dr
1 r1=rmax

— [dsmax m _Ylmax (C45)

1
Vi = [ ] =T
ar, T"1=Tmax 1-p? ,1 TPax

Because the Gaussians imply r1 and smax must both be small, we expect the integrand in
Equation (C.38) will be non-vanishing only if 7,,, = 0. Using the Taylor’s series
expansion, one finds that

X3 Y2 Srznax ]
exp|————— C.46
52 4+y252 P [ 2[23+y52]] ( )

X3 V22V12 (rl_rmax)z]

= ————exp [—
[£2+y252 2[3+v3x3]

Putting this expression into Equation (C.38), one finds

X3

CCyw;3) =—2—— [ dr,(1 —1)) V2 exp (C.47)
l V2, /2§+y222 f ! ! [ 222
_ Y3vi(ri—Tmax)*
P [ 2[5 41353 ]
Rearranging the terms in the Gaussians and defining
2 _ _ E[z3+yi¥d]
Xl = Zey2niey2yind] = <X K1 (C.48)
one finds that
z max
CCv,1;3) = ——2——exp [— V[Z nyzz ]] (C.49)

V2rmz, /2§+y22>:§

2 2.2
J‘_ll dTl (1 — 17 ) 1/2 exp [ " ]exp [szlrmax r ] .

23353 [25+v323]
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Once again, we invoke the result of Equation (C.36) and get

cc 2y =~ X3 Y227127"%1ax C.50
VL) = o . exp |— 2[22+y2zi+y2yist]| (C.50)
J23+y222+y1y221 3 f2mziiatam

Equation (C.50) is the result of numerous approximations. Based on this calculation, the
following CC function can be summarized by the following analytic calculations:

o= sign(u\/l —vZ - v\/l — #2) (C.51a)
Y = max(e,uv +/T=@2V1=v2)  [e ~.0001] (C.51b)
A=oVl-Y2 (C.51¢)
¥ = % (C.51d)
and
%3 (Viv2—x) a2

CCv,i; L) = (C.51e)

ex - .
JZ§+(1—v2)z§+(1—u2)2% b l 2[5+ A-vA)Zi+(1-u) 2]

Equations (C.51a-e) are the final result of this appendix.

Most of the properties of this CC function are consistent with our intuitive
expectations. These properties are displayed in Figure C.3 which shows CC as a function
of 4 and v for X1=.03, X;=04, and X3=.02. One expects the CC function to be a sharply-
peaked ridge along the y = v line; and this behavior is successfully demonstrated in
Figure C.3. Another feature is that the ridge dips from peak values (CC=1) near u = +1 to
aminimum at y = 0. This behavior arises from the coefficient preceding the exponential
and has a natural explanation. This factor accounts for the fraction of the voxel that is
viewed within the finite width of the Compton cone. If the voxel is far from the detector
(Z; K Z3), then virtually all voxel will be within the blurred Compton cone; however, if
the voxel is near the detector (£; « Z;), the cone will slice through the voxel, so that only
a fraction of the emissions will be capable of producing the event. Likewise, if the cone
axis wobbles significantly (£; « Z,), then only a fraction of the wobble positions is
capable of producing the event. Consequently, the CC function is suppressed if either the
voxel is near the detector or the cone axis is uncertain. The effect is mediated if the cone
is tight near the axis because a larger fraction of the cone will intersect the voxel; so that
the suppression is reduced as pu approaches *1. More surprising is the pathologic
behavior of the exponential term of the CC function in the vicinity of u = +1.
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Figure C.3. The CC(v, u; Z;) function is displayed as for £1=0.03, £2=0.04, and ¥3=0.02. The top row shows color lookup
tables of the CC function and the second row shows 3D display of the same CC function. The first column
shows CC function in terms of the cosines u and v from the cone axis; whereas, the second column shows CC
in terms of angles (degrees) from the cone axis.

In the vicinity of u = +1 the CC function as approximated in Equation (C.43)
displays anomalous high responses for values of v on the interval v € [0,u]. One
concludes that the Compton camera provides no angular resolution for such events. This
result is counter-intuitive because the cases y = +1 correspond to the Compton cone
contracting to a narrow pencil beam - which should provide extremely good angular
resolution. This paradox is independent of the angular resolution problems described in
Appendix B. The approximations used in the derivation of Equation (C.43) are the source
of this paradox. At numerous points in the derivation, we assumed that the Gaussian
widths were small and used this assumption to truncate Taylor’s series or use asymptotic
approximations. In the vicinity of 4 = +1 these assumptions may be inappropriate. More
significantly the fundamental approximation asserted in Equation (C.18) is based on the
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“arc-like” appearance of the Compton cone in Figures C.1 and C.2. In the cases of u = +1,
this approximation fails. Different approximations are required for these special cases.
[The lead author has spent many months tracking down and accounting for such
inappropriate approximations with limited success.] As a practical matter, however,
these anomalies do not significantly affect the results. One cannot detect D1 events that
deposit no energy in the detector, so the case ¢ = 1 never arises. The considerations in
Appendix B imply that backscattered events (u = —1) provide so little angular resolution
(i.e., Z3 is so large) that the such events should not be used in imaging. This conclusion is
supported by Figures C.4 and C.5 that display the CC function for realistic detector
parameters. Consequently, the Equation (C.43) provides an adequate approximation for
all practical purposes.
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Figure C.4. The CC(v,u; %;) function is displayed as for incident radiation at 662 keV, £1=0.03, and 22=0.04. The
parameter X3 is determined by the energy resolution model 1=0.04 and go=5keV of Equation (B.13) (i.e., 4%
energy resolution at 511 keV). The values of 21 and Xz are the same as Figure C.3. The X3 models a detector
with 4% energy resolution at 511 keV. The top row shows color graphics of the CC function and the second
row shows 3D projections of the same CC function. The first column shows CC function in terms of the cosines
w1 and v from the cone axis; whereas, the second column shows CC in terms of angles (degrees) from the cone
axis.
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Figure C.5. The CC(v,u; ;) function is displayed as for incident radiation at 662 keV, £1=0.03, and X2=0.1. The
parameter X3 is determined by the energy resolution model n=0.09 and go=5keV of Equation (B.13). The
values of i are appropriate for the UC Berkeley CCI-II system. The top row shows color lookup tables of the
CC function and the second row shows 3D display of the same CC function. The first column shows CC function
in terms of the cosines y and v from the cone axis; whereas, the second column shows CC in terms of angles
(degrees) from the cone axis.
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Appendix D. The Relation Between Distant Source Voxels and Incident Fluxes

Throughout this analysis an “idealized” Gaussian voxel is assumed to be the source of
radiation as described in Equations (3) and (4). However, a detector inherently observes
the local radiation field -- not distant sources. For this reason, one often wants to describe
the radiation in terms of the local incident flux originating from directions on the 2-
sphere, rather than in terms of distant source voxels. This Appendix provides a method
of translating the rate produced by a Gaussian source voxel to/from the rate produced by
an incident flux.

In Section III the photon phase-space density, ®, was defined by

(D(_), _)) _ [#photons ]

= mdlkerd] photon phase — space density . (16)

The radiation flux is defined by

‘P()_C), E, 5) = [ #photons (at % and E in the direction Q) | _ phOtOH flux . (Dl)

[sec][m?][keV][steradian]

The two functions are essentially equivalent and related by

W(%,E,Q) = cE20 (%, EQ). (D.2)

The photon phase-space density is easier to use in calculations and less prone to
misinterpretations; whereas, the photon flux emphasizes the directional aspect of the
photon distribution and is often more experimentally relevant. The photon flux
distribution is generally represented on a 2D sphere showing the intensity of the flux from
different directions at energy E. In this Appendix the source of radiation will no longer be
a distant voxel; instead, detector position will be assumed fixed at ¥, and the source will
be an incident flux at thatlocation, i.e. ‘P(J‘EO, E, (_2)) This incident radiation flux is a function
of the energy, E, and the direction, ﬁ, of the radiation on the 2D sphere. This direction is
represented by discrete values on a 2D grid of pixels covering the sphere - each pixel
corresponding to a direction of photon propagation. For example, HEALPix provides such
agrid (as shown in Figure D.1). Each pixel “i” (i=1,...,N) on the sphere can be characterized

by the central direction, (_Z)l-, and pixel size, Af);, in steradians. This pixelization can be
characterized analytically by a set of pixelation functions, A; (ﬁ)) where

Ai(ﬁ) _ {1 .if_fjl) insifie pi)lcel "f'.’" (D:3)
0 if Qoutside pixel "i
[N.B.: the functions A; are dimensionless] and
[ 420 A,(Q) = A, (D.4)
so that (D.5)
N AQ; = 4m. (D.6)

The incident flux can, therefore, be written as
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LP(D_C)O'E' ﬁ) = Zliv=1Ai(§) W; (X, E) (D.7)

For most pixelizations, the sizes of the pixels are chosen with equal area; so that, AQ; =
4m/N. Any tessellation of a sphere necessarily requires that the shapes of the pixels be
variable (as illustrated in Figure (D.1)]. These variable shapes pose problems for any
attempt to characterize the pixels. If one approximates each pixel as rotationally

symmetric around the direction ﬁi, one can write that
approx _ a0 AQ;
AP (@) = 0 (0- 0, -1+ 52). (D.8)

These “approximate” pixels produce N circular areas that exhibit overlaps and gaps;
however, for our purposes, the approximation is both useful and sufficiently accurate.

Figure D.1. A typical HEALPix grid is shown. [Taken from: Gérski, Krzysztof M.;
Hivon, Eric; Banday, Anthony J.; Hansen, Frode K.; Wandelt, Benjamin D.; Reinecke, M.;
Bartelmann, M. (2005). "HEALPix: A Framework for High-Resolution Discretization and Fast
Analysis of Data Distributed on the Sphere". Astrophysical Journal. 622 (2): 759-

771. arXiv:astro-ph/0409513]
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Figure D.2. The basic idea of this appendix is shown in this diagram. The flux of

radiation at the detector in the direction ﬁi is represented by a pixel on the
celestial sphere of angular size A();. This flux can be approximated as that of
a hypothetical Gaussian voxel source located at an arbitrarily large distance,
R, from the detector. The Gaussian source strength, A(E), and size, L, at
distance R are directly related to the flux, ¥;, and size of the pixel on the
celestial sphere, A();.

The basic idea of this appendix is that one can approximate the flux from a single
pixel location by a single Gaussian voxel source located far from the detector and in
opposite the direction of incident radiation. In this approximation, the grid pattern is
reproduced by a collection of Gaussian voxel sources arranged on a sphere surrounding
the detector. The distance to the sphere (R) is assumed very large (compared to the
detector size) and the voxel size (L) must be selected to match the pixel size (in
steradians) of the grid. The geometric idea is presented in Figure D.2.

If a Gaussian source with voxel size L is located at center point C = Xo — Rﬁ)i,
then the photon phase-space density according to Equation (25) [ignoring
attenuation] is given by

OO (%, EN) = 4 exp { - [1 - (@-0,) |} o(a- ). (D.9)

4m2c E2

which, according to Equation (D.2) gives
- g 6 A(E)L 6R2 — — \2 — —
WO (%, F,0) =22 exp{ - |1 - (2-0) |} o(d-0)). (D.10)
One now compares this incident flux with the desired approximate flux from the pixel “i";
namely,
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W (%o, B, 0) = Wi(%, E) 0 (00, —1+3%) (D.11)

These expressions cannot be equated because the angular dependence on ((_2) . ﬁl) differs.
However, both expressions are determined by two variables. In Equation (D.10) the
function ¥ is determined by the parameters [A(E)L] and [L/R], whereas, in Equation
(D.11) the function W is determined by ¥; and A();. {N.B. the parameters [A(E)L] and ¥;
have the same dimensions [counts/(sec keV cm?)], whereas both [L/R] and A(); are
dimensionless, as steradians are dimensionless.}. Although the two expressions cannot
be equated, the angular distributions can be adjusted by the parameters to give similar
results. The key properties of such distributions arise from their integrals with other
functions. Because the angular distributions of both Equations (D.10) and (D.11) are
radially symmetric around ﬁi, a comparison of the “radial” moments is suggested. If one
defines the “A” moments by

Ka(E) = [, QW (%, E, ) [1 - (ﬁ’.ﬁ’i)zr (D.12)

and  K§(E) = [f,, 2Gw0(%,E,0) [1-(@-8)7, (D.13)
then, by matching the moments of the two distributions, one might hope to find
K,(E) = K2(E) (D.14)

for all A. Because only two parameters can be matched, one can assert the Equalities
(D.14) for only two moments: A=0 and 1. These two moments assure that the total flux

and its angular width are approximately equivalent. Using Equation (D.11) for ‘P(iéo, E, f_l))
in Equation (D.12), one finds that

Ka(E) = 2n%;(%o, ) [_aa,dp[1 — u2]A
2T

_ —‘Pi(’?&?l()mi) (%)A e (—A,A F 1A+ 2 %) (D.15)
Consequently, one finds

Ko (E) = Wi (%o, E)(AQ;) (D.16)

and K (E) = W,(%y, E)(AQ,) (%) [1 - %] (D.17)

Likewise, if one uses Equation (D.10) in Equation (D. 13), one finds
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K(E) = 2222 [lap 1 -yl exp { -5 (1 - 4]

2 2
= 3A7(TE)L exp{ —GLLZ} fol dull - ,uZ]Aexp{ﬁLLz,uz } (D.18)
_ 3A(E)L 6R2 ()F(A+1) 3 6R2
20k gy (TP (30

The argument of the confluent hypergeometric function is always large (R>>L), so that
one can use the asymptotic behavior of 1F1; namely,

1 3 F(A+§) —A—
R (3 a+32) = - ep(2)z 74 (0.19)

1Kz F(%)

and find that

K9(E) = 488 r(a + 1) (2 2) - (D.20)
As a result, one concludes that

K9(E) = 208 (D.21)
and  KP(E) = 401 (L) (D.22)
Equating the moments for the two distributions, one finds that

W, (%, £)(AQ,) = A2 (D.23)
and W, (%, E)(A0) (3%) = any (GRZ) (D.24)
From which, one concludes that

aQ;) = ﬁ (D.25)
and W (%, E) = 2L (D.26)

These relations provide the conversion between the local flux W;(X,, E) from a pixel on
the celestial sphere of angular size AQ); and one of the idealized Gaussian voxels treated
the paper. The radial distance between the Gaussian voxel and the detector, R, can be
chosen arbitrary (provided that R is much greater than the size of the detector system).
The size of the Gaussian, L, is then related to the pixel size, AQ);, by Equation (D.25). The
local flux, W;(X,, E), is related to the Gauss activity, A(E), by Equation (D.26).
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Appendix E. Comparison with an Alternative Treatment by Xu and He

The analysis of Compton camera data has a long history and, consequently, many
alternative treatments have been introduced by different researchers. An extensive
review and comparison of these alternative approaches is beyond the scope of this report;
however, some general observations are useful. Early treatments of the subject involved
ad hoc observations that the observed rate (or probability of detection) should be
proportional to various terms [source activity, (source distance)?, attenuated flux,
scattering cross-sections, etc.]; and, subsequently, multiplying these terms together. If all
such terms were included, then the result would be proportional to the desired rate (i.e.,
accurate to within a constant multiplicative factor). The major distinction between our
treatment and previous published analyses lies in the analytic calculation of the phase
space contributions. These phase space calculations can be analyzed using Monte Carlo
simulations. But that strategy is inappropriate when one needs the detector response
evaluated rapidly for large numbers of events. Thus, most researchers implement an
approximate analytic expression. Among the most concise and insightful treatments is
presented by Xu and He [D. Xu & J. He. Nuclear Instruments and Methods in Physics
Research A574 (2007) 98-109]. In particular, Section 2 of that paper provides a detailed
derivation of their analytic response function - which we consider one of the best in the
literature. In this appendix, rather than survey the entire literature, we compare our
analysis with that paper. Both the papers analyze two-interaction coincident events.
However, Xu and He consider both Compton-Photoelectric events and Compton-Compton
events; whereas, this paper considers only Compton-Photoelectric events. Nonetheless,
direct comparison of the results is possible. With minor exceptions, the two treatments
yield similar results.

Xu and He calculate “the system response function t;” which “is defined as the
probability of a photon emitted from pixel j to be observed as a measured eventi.” The
definitions of a measured event i are the same in both the analysis of Xu and He and this
report -- with our Gaussian approximations substituting for their detector voxels and
energy bins. The definition of the emission “pixel j” requires more careful interpretation.
Xu and He assume that the energy and direction of the incident photon are known;
whereas, in our analysis the emissions arise from a finite voxel with an energy
distribution. Our treatment of emissions from a line spectrum in the limit L - 0,
corresponds to that of Xu and He. In our notation, therefore, one finds

rate of measure events rateq,

ti; = [= P,,(of Appendix F)] (E.1)

J rate of emissions A*L3

where A*L3 is the rate of emissions from a source voxel. The limit L — 0 implies that the
activity A* (which is a spatial density) must behave as A* — L3 in order to produce finite
rates. Furthermore, from the definition of X; [Equation (14)], one concludes the
treatment of Xu and He corresponds to the limit ¥; — 0. Xu and He assume that the
detectors have perfect efficiency (Eff; = 1), so that our Ef f; terms can be ignored. From
the combination of Equation (E.1) with Equation (64), our analysis yields
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2m222 2%
tij = [[AttintAttext]]{ :slefzz} [Eﬂhﬁzlzfcmfpmxlgv]
_(ES—E1—152)2 _ mE i
"”‘p[ 2(c2+e3) ] 0(2-Ghms) e, (E2)

The equivalent expression given by Xu and He [as Equation (29) in their paper] is

1 = 2R3AE1AE2N2 oty d dUc(Eo) 2nmec2
/T 15Rdsin 0, dQ |, (Bo— E\)
X e_'uEO*Eld O'p(EZ) e_((EO_El_E2)2/2(G'2£1 +0_22)).

\/27(0%, + 0%,) )

Although their notation is different, many of the terms are immediately recognizable as
equivalent to our analysis. In particular, the following expressions appear to be
equivalent (our notation on the left, Xu-He notation on the right):

Aty > e HEM Att;, < e HEo-E1d

Ry o R Ri; & d

A < Ry A2 © Ry (E4)
& © Op, &, © 0,

& © AE; & o AE,

K2 fpe2 © No,(E;) E1f651X1%’12v < N%(Eo)

1— u? & siné,.

There are, however, some rather glaring differences in our expressions for tj. The
most significant difference is that our analysis considers two scatter angles: (1) the angle
between the incident radiation and the axis between interaction positions (v = cos¢),
and (2) the predicted angle of scatter based on Compton kinematics (4 = cosf). In our
analysis the blurring of the Compton cone appears in the CC function that compares the
cosines (v and ylTand, thereby, suppresses the response if the angles differ. No such term
appears in Xu-He paper. Apparently, their assumption is that the implicit delta function
in the Compton cross-section equates the two angles. This assumption eliminates the
blurring of the Compton cone that is a crucial component of our analysis. Such an
assumption constitutes the most significant difference between the two treatments.

The treatment of the Compton cross-section seems central to many of the
discrepancies between the two results. The lengthy (pedantic) discussion of the Compton
cross-section was included following Equation (33) for this reason. In our treatment, the
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kinematics and cross-section are included explicitly; thereby avoiding confusion. For

example, one term that appears exclusively in our analysis is the G)(Z —%)
1 2)52

function. This function explicitly excludes unphysical scattering angles (i.e., the
backscatter limit). In the Xu-He analysis this condition is apparently considered implicit
within the Compton cross-section term. The other discrepancies can be explained if one
restricts the analysis to the case ¥; = 0 and ¢ = v. In that case, the function CC is given

by

X3

CCu, ;%) = ——= (E.5)
/Z§+(1—u2)>3%
where, according to Equation (54),
A2+22
3, = (E.6)
R12
and, according to Equation (B26c¢),
2, .2\3/2
Z — E1E,M (£1+£2) ~ E1E€oM E_7
3 [E%Ez‘l-g%(Eel_El)]z g%+g% E22 ( )
so that
CC(u ;%) = SR (E8)

J(€1£zm R12)2+(1-pu2)(A3+23)(e3+£3)ES .
Substituting this expression for the CC function in Equation (E.2), one finds
2n?2523
tij = [[AttintAttext]]{ RSZlezz} [Eﬂhﬁzlzfcmfpmxlgv]

exp [_ (Eel_El_EZ)Z] 0 (2 mEy ) E1&82M Ry (E.9)

2, .2 -
2(et+¢3) (E1+E2)E2 J(€182m R12)2+(1-p?)(A3+23)(e3+€3)ES

One notes that dropping the first term under the square root in Equation (E.9), i.e.

V(e1&sm Ry2)? + (1 — u2) (A2 + A2) (2 + e2)Ef » (1 — u2) (A2 + A2) (7 + €2)EF,

reproduces [using the conversions in (E.4)] the result of Xu-He in Equation (E.3). The
additional term in the square root of Equation (E.9) prevents a pathology in the Equation
(E.3) when sin8, = 0, [i.e., u = 1] which is a major concern for small angle scattering.
In particular, one finds that the ratio of the two expressions for tjj is given by

ij
Xu—He
tij

(Gunteret al {mm Jau2)a3+23) (e e s

R

(E.10)

27 [eream R+ (-2 (23423) (e +e3) S
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The constant term [in {curly brackets}] is an inevitable result of notational differences;
however, the pathological behavior near ¢ = +1 is significant. Equation (E.10) implies
that the two treatments yield equivalent results if

Mmaf _Fu  « J1—u? =sinb,. (E.11)
+23

E2 ,£%+£§ ,A%
For typical Compton camera data, one might expect [mslsz/Ezzw/ef + &~ .03] and

[R12 YNVEEERS 10] ; so that, the two treatments are essentially equivalent for sin 6, >
0.3 or, in angular coordinates, 18° < 6, < 162°.

Our conclusion is that near the Compton cone (u = v), the analysis of Xu and He
yields results consistent with this report. The major advantage of the current work is that
the rate can be evaluated for voxels not specifically “on the Compton cone.” Consequently,
the blurring of the Compton cone can be accurately evaluated. Furthermore, the “small-
angle” pathology associated with sin 8, = 0 in the Xu-He analysis is ameliorated in our
analysis.
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Appendix F. Utilizing Detection Rates in List-Mode MLEM

The MLEM algorithm is often used in the analysis of Compton camera data. The
accumulation of counts is fundamentally a Poisson process and the MLEM algorithm is
specifically designed for Poisson-distributed data. The standard MLEM assumes that a
collection of ‘S’ Poisson sources each produce CE,(a = 1, ...,S) “counts emitted” over a
time period T, and that a collection of ‘D’ detectors observes N;(i = 1,...,D) “counts
detected” over that same period. Furthermore, one assumes that the probability of an
emission from source ‘o’ will be observed in detector ‘i’ is known; namely,

P;, = Probability an emission from source « is observed in detector i, (F.1)
so that the expectation values of the Poisson distributions are related by
(Ni) = ¥=1Pia{CEq). (F.2)

The probability matrix, P;,, is often call the system matrix. The analysis of detector rates
in this report provides an approximate analytic formula for the evaluation of the matrix
P;,. In particular, for a coincident event [i=(D1,D2)] and a source voxel labeled ‘o’, our
analysis indicates that

_ (Ratepipz)i _ (Ratepipz)i
Pia = (emissionrate)q  (A*L3)q (FS)

The MLEM algorithm is an iterative scheme for determining values of CE, that produce
the maximum likelihood associated with a particular Poisson data sample N;. From an

initial estimate of C Eék), one calculates successive updates using the algorithm:

c® N;
2 (k) Pia (F4)

CE(k+1) — D
@ $a 1_12;=1PiBCEB

where $¢ = 2P, Py (F.5)

The parameter $, is defined as the sensitivity of the source a. Equations (F.1) through
(F.5) constitute the standard MLEM. One should note that a// the parameters in the
algorithm are dimensionless numbers, i.e. counts or probabilities. But for most imaging
applications, the source rates are required - not the number of counts emitted, CE,.

At the beginning of our analysis, we concluded that the source activity density, A, with
units of [(emissions)/(sec - m3 - keV)], was the most appropriate parameter to represent
voxel sources. In Appendix B, the analysis was restricted to sources with Gaussian energy
spectra that could be adapted to various applications. Accordingly, in Appendix B the
activity was written as

A* (k—E)?
A(k) = \/Z_TZS exp [— 232 ] (BZ)
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where A* has dimensions [(counts)(sec™1)(m™3)] and both E, and ¥, have units of
energy [(keV)]. One can view the Gaussian parameter X, as the width of the source
energy bin. The distinction between A and A* is significant because the dimensions of the
two parameters differ, i.e.

- [emissions] At~ [emissions]
[sec][m3][keV] [sec][m3] ’
so that, the number of “counts emitted” from the “a” voxel, CE,, can be written as
CE, = TL3 A, (F.6)

N.B.: The specific value of A* does not affect the definition of the probability, P;,, in
Equation (F.3) because the A* in the denominator cancels an identical A* term appearing
in the Rate (D1,D2) of the numerator. The substitution of Equation (F.6) into Equation
(F.2) yields

(N) = X&=1 Pia TLE AL (F.7)
Finally, Equation (F.7) can be further generalized by assuming that each independent

measurement, N;, could be acquired over a time of variable duration or acquisition time
T;. With this additional generalization, one can write

(N;) = X5-1TiPi L3 AG = Y- Kia A (F.8)
where the “kernel matrix” (not to be confused with the “system matrix”) is defined by
Kiq = TiPie L}, = diag(T))P,pdiag(L3) (F.9)

and has dimensions [(sec)(m?)] due to the T and L3 terms. A corresponding MLEM
algorithm follows from the same derivation as the original MLEM algorithm applied to
Equation (F.8); namely,

*(k)
* A N;
A0 e gD Vi g F.10
[o4 $§ =1 Z%:lKiBA;g(k) 04 ( )

where the kernelsensitivity, $X, must now be defined by
§ = lD=1 Kia (F'll)

which has the same dimensions as K,, i.e., [(sec)(m3)]. This generalized form of the
MLEM is used for the analysis of List-Mode MLEM.

List-Mode MLEM was first introduced for the analysis of coincident events in PET
reconstruction. In PET imaging, a major problem arises from the number of possible
combinations of coincident interactions. For an imaging device consisting of 10+
segmented detector voxels, one expects 108 combinations of coincident interactions. If
only 106 events are detected, then less than 1% of the possible combinations are observed,
i.e,, N; # 0; the vast majority of detector combinations must vanish, i.e., N; = 0. In this
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situation, the binning of the event data into 108 possible coincident combinations is
inefficient and, frequently, infeasible. Instead, a list of the events is stored; each event is
then interpreted as a “bin” with N; = 1. Most significantly, the summation in Equation
(F.10) does not require the evaluation of K;, for unobserved event combinations (i.e., if
N; = 0, none of the other terms in the sum need be evaluated); thereby, saving both
computation time and computer memory. This observation is the basis of list-mode
MLEM. The same situation arises with Compton camera events; namely, many
combinations of coincident interaction are unobserved and can be ignored. However,
Compton cameras generally involve an additional complication - the camera is generally
moving during the data acquisition. Surprisingly, this motion has little effect on the
imaging kernel, K;,, which is evaluated for each event using the formalism of this report;
but, unfortunately, the calculation of the sensitivity is significantly altered. The problem
arises from the definition of the sensitivity in Equation (F.11). This summation must
include a// possible events, independent of whether those events were actually observed
or not. This implies the calculation of the kernel matrix for all possible camera positions
andall combinations of interaction positions, energies and their resolutions! For the fixed
geometry of a PET imaging device, this sensitivity can be evaluated once (either
experimentally or theoretically) and used in all subsequent analyses. But for a moving
camera, the sensitivity will depend on the trajectory and orientation of the camera; and
will, therefore, change with each data acquisition. If the camera passes close to source
voxel or sits near the voxel over a long period, the sensitivity of that voxel will rise. If a
voxel is far from the camera trajectory or is passed only fleetingly, the sensitivity will be
small. Consequently, the calculation of the sensitivity for a moving camera is complicated
by both (1) the details of the camera trajectory/orientation and (2) the inclusion of
unobserved combinations of interactions in the summations.

The crucial idea required for list-mode analysis requires the subdivision of the
observations into extremely short time intervals. In particular the time intervals [T; = dt]
must be so short that (1) no two events are observed during the same interval, and (2)
during each interval the motion of the camera is negligible. The camera motion will be

described by the position, D (t), associated with the location of a central fiducial point in
the camera as a function of time.

“Gaussian” Voxel

Rai(®) =D(t) — &

\IM )= camera trajectory

~ \t=T
D (t;) = detector location
at time t;.

Figure F.1. A camera trajectory is shown with a source voxel.

From Figure F.1, one defines the distance between the source voxel and the detector as
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Ra(t) = [Rui(®)| = |D(t) = Co| = Rs > Lg. (F.12)

One must also consider the orientation of the detector with respect to the source voxel o.
For notational convenience, the orientation will be described by a rotation matrix, ﬁa (),
that indicates the relative orientation of the source to the fixed axes of the detector. The
evaluation of the sum X2, in Equation (F.11) involves the sum over all possible
combinations of interactions and also all the infinitesimal time intervals, dti. Formally,
one can write the sum as

D _ yii il
2:i=1 - z:tlme Lntervalszmteractlon combinations * (F13)

The sum over time intervals is naturally written as

T
Ztime intervals dti - fO dt' (F14)

whereas, the sum over interaction combinations can be formally written as

Z::l:‘nteractlon - ﬂfDemce a3 X4 ﬂfDemce d xzdeldez m- (F.15)

combinations Volume Volume

If one wants to evaluate the dimensionless sensitivity, $,, [as defined by Equation (F.5)]
for a fixed detector location and orientation, one writes

$a(Rar Oa) = Z?:l Pia(Rar Ga) (F'16)

= fff pevice d°X,; fff bevice A%, [ dE, [ dE, el

2m)4A3 A3 e e

If the separation of the detector and the source voxel is sufficiently large, one may assume
that

~ 2 ~
$a(Ra 0) = 13 $a(Ro, Oc) (F.17)
and define
$a(R0' max) = MAQaXqy orientations [$a (RO' Oa)]- (F18)

One can, therefore, write the kernel sensitivity, $X, as

RZ $a(Ro.0a(®))
R3(t) $q(Romax) °

$5 = $o (R, max)L} f, dt (F.19)

Typically, the dimensionless sensitivity, $, (RO, Oa), is measured experimentally and the

kernel sensitivity, $X, is evaluated for each detector trajectory by performing the integral
over time. Each source voxel is “effectively” observed for a period of
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RZ $a(Ro0a(®))

eff — (T
T, = fo dt (D) S (Romar) (F.20)
so that
$5 = $,(Ro, max)L3T. (F.21)
Returning to the List-Mode MLEM algorithm [Equation (F.10)], one writes
*(k)
*(k+1) _ Aq D Kiq
Aq S 1T g (F.22)

Significant observations follow directly from Equation (F.22). First, the dimensions on
either side of Equation (F.22) agree. The sum [Zf;=1 KiﬁA;(k) (« 1)] is the (dimensionless)

“w:=n

number of expected counts for detector configuration “i”. Because $X and K;, have the
same dimensions [(sec)(m3)], the term [K;,/$X] is also dimensionless. Consequently,
A;(k“) has the same dimensions as A;(k). Second, the infinitesimal time intervals, dt;, do
not affect the calculation. Although the integration of these time intervals appears
implicitly in the evaluation of T;f T the explicit value of dt; appears identically in K;, of
both the numerator and denominator of Equation (F.22) and, therefore, will cancel out.
Third, the effect of voxel size is crucial and cannot be ignored. Unlike the time intervals
that are identical in the numerator and denominator, the voxel sizes for various sources
“B” in the sum Zf;=1 KiﬁA};(k) are not necessarily equal and will give erroneous results if

ignored.

Finally, the List-Mode MLEM suffers from the same problem as MLEM if the kernel
sensitivity vanishes. If the kernel sensitivity, $X, is extremely small, the algorithm will
amplify noise and, consequently, predict anomalously high activities in the ‘o’ voxel. The
standard regularization strategy used in MLEM can be applied to List-Mode MLEM if one
substitutes

RENN Sa (F.23)
S6 ($5) +e2 (S max)” '
in Equation (F.22), where
Ic(l’,max =maxg, ($I(§) (F24)

and the parameter 1 is a dimensionless Tikhonov regularization parameter that satisfies
0<7t«1
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Appendix G. Gaussian Voxels in N-Dimensions

A voxel in N-dimensions can be written as a function of the form

. L .
AGIZ L) :{1 if |lx; — ¢l <jforalli=1,..,N (G.1)
0 otherwise

which is an N-dimensional box. One wants to approximate this distribution with an N-
dimensional isotropic Gaussian of the form

E(X|C,A,Z) = Aexp [— |;?—5|2]'

(G.2)
Obviously, the two distributions are not identical; however, one wants integrals over these two
distributions that give approximately the same results. Therefore, the moments of the
distributions must be examined and equated if possible. Because the Gaussian has only two
free parameters (A and X), only two moments can be matched; presumably, the lowest order
moments are the most important. Thus, one defines

Iy = [[f dVx A(X|C, L) (G.3a)

I, = [[[ dVx |X — ¢|? A(X|E, L) (G.3b)
and

Jo = f[f dVx 2(¥|¢,A,%) (G.4a)

Jo = [[f dVx |X — ¢|? E(X|C, A, %) (G.4b)

The I, and I, integrals are easily evaluated; in particular,

Iy =1LV (G.52)

and I, = %LN”. (G.5b)

On the other hand, the J, and J, integrals require slightly more analysis.

212 i294N
Jo=A[[fdVx exp [— %] =A [ffooo dx exp [— lzlez]] (G.6a)
Jo = A[ff dVx |X]|? exp [—g
= NA [f_oooo dx x*exp [— l;zz” [fjooo dx exp [— Zgj”l\’_l (G.6b)

The two integrals are evaluated in terms of the I" function; namely,

JZ dxexp [—g =2 fooo dx exp [— g] =22 fooo du u=2exp(—u)
= V25r (3) = VZrs (G.7a)

and
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J2 dx x%exp [—g =2 fooo dx x?exp [—g = 2238 fooo du u'?exp(—u)
= V23T (g) = 2Zm33. (G.7b)
As a result, one finds
Jo = m)N/243N (G.8a)
J, = m)N/2NATN*2, (G.8b)
Equating the moments, one finds
Iy =J, = LN = 2n)N/243N (G.9a)
and L =J,= iV—ZLN“ = 2m)N/2NAZN+2, (G.9b)

From Equations (G.9a) and (G.9b) one immediately concludes that
1

L= |21 (G.10a)

12
6

and A= (—)N/Z. (G.10b)

s

From these results the Gaussian voxel in N dimensions is written as

[1]

(%2 1) = (S)N/2 exp [—6"?‘5'2]. (G.11)

L2

Figure G.1 compares a 1-dimensional (N=1) energy bin A(¥|c¢,L) with the associated
Gaussian bin £(X|¢, L). The area under both curves is the same; furthermore, the second
order moments (standard deviations) are also equal.
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12 —Gaussian Source
—Energy Bin
1

Source Spectrum
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Figure G.1. The 1D Gaussian approximation Z(X|E, L) of a standard energy bin A(X|E, L)
is shown for E=511 keV and L=10 keV.
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