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Abstract

We consider a system of coupled reaction-diffusion equations that models the interaction between
multiple types of chemical species, particularly the interaction between one messenger RNA and
different types of non-coding microRNAs in biological cells. We construct various modeling
systems with different levels of complexity for the reaction, nonlinear diffusion, and coupled
reaction and diffusion of the RNA interactions, respectively, with the most complex one being the
full coupled reaction-diffusion equations. The simplest system consists of ordinary differential
equations (ODE) modeling the chemical reaction. We present a derivation of this system using the
chemical master equation and the mean-field approximation, and prove the existence, unigueness,
and linear stability of equilibrium solution of the ODE system. Next, we consider a single,
nonlinear diffusion equation for one species that results from the slow diffusion of the others.
Using variational techniques, we prove the existence and uniqueness of solution to a boundary-
value problem of this nonlinear diffusion equation. Finally, we consider the full system of
reaction-diffusion equations, both steady-state and time-dependent. We use the monotone method
to construct iteratively upper and lower solutions and show that their respective limits are
solutions to the reaction-diffusion system. For the time-dependent system of reaction-diffusion
equations, we obtain the existence and uniqueness of global solutions. We also obtain some
asymptotic properties of such solutions.
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1 Introduction

Let 2 be a bounded domain in R3 with a smooth boundary 9. Let N > 1 be an integer. Let
Di(i=1,...,N),D,Bi(i=1,...,N),B,and ki (i =1, ..., N) be positive numbers. Let a; (i =
1, ..., N) and a be nonnegative functions on Q x (0, o). We consider the following system
of coupled reaction-diffusion equations;

Ou;

ai =D;Au; — Biu; — kiujo-+ain x (0,00),i=1,..., N, (L1)
ov N .
E:DAU — Bv — ;kiuiv—i—amf} x (0,00), (1.2)

together with the boundary and initial conditions

Ou; Ov
=" —0ond =1,...,N .
0 n 0ondf2 x (0,0),i=1,..., N, (13)

u; (-, 0)=upandv(-, 0)=vpinQ, i=1,..., N, (1.4)

where d/0n denotes the normal derivative along the exterior unit normal n at the boundary
09, and all ujg (i =1, ..., N) and vg are nonnegative functions on Q.

The reaction-diffusion system (1.1)—(1.4) is a biophysical model of the interaction between
different types of Ribonucleic acid (RNA) molecules, a class of biological molecules that
are crucial in the coding and decoding, regulation, and expression of genes [23]. Small, non-
coding RNAs (sSRNA) regulate developmental events such as cell growth and tissue
differentiation through binding and reacting with messenger RNA (mRNA) in a cell.
Different SRNA species may competitively bind to different MRNA targets to regulate genes
[4, 6, 12, 13, 16, 21]. Recent experiments suggest that the concentration of mRNA and
different SRNA in cells and across tissue is linked to the expression of a gene [22]. One of
the main and long-term goals of our study of the reaction-diffusion system (1.1)—(1.4) is
therefore to possibly provide some insight into how different RNA concentrations can
contribute to turning genes “on” or “off” across various length scales, and eventually to the
gene expression.

In Egs. (1.1) and (1.2), the function u; = uj(x, t) for each i (1 < i < N) represents the local
concentration of the ith SRNA species at x € Q2 and time t. We assume a total of N SRNA
species. The function v = v(x, t) represents the local concentration of the mRNA species at x
€ Qand time t. For each i (1 <i < N), D;j is the diffusion coefficient and p; is the self-
degradation rate of the ith SRNA species. Similarly, D is the diffusion coefficient and f is
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the self-degradation rate of mMRNA. For each i (1 <i < N), kj is the rate of reaction between
the ith SRNA and mRNA. We neglect the interactions among different SRNA species as they
can be effectively described through their diffusion and self-degradation coefficients. The
reaction terms ujv (i = 1, ..., N) result from the mean-field approximation. The nonnegative
functions aj = aj(x, t) (i=1, ..., N)and a = a(x, t) (x € Q, t > 0) are the production rates of
the corresponding RNA species, and are termed transcription profiles. Notice that we set the
linear size of the region €2 to be of tissue length to account for the RNA interaction across
different cells [22].

The reaction-diffusion system model (1.1)—(1.4) was first proposed for the special case N =
1 and one space dimension in [14]; cf. also [12, 15, 19]. The full model with N(= 2) SRNA
species was proposed in [7].

An interesting feature of the reaction-diffusion system (1.1)—(1.4), first discovered in [14], is
that the increase in the diffusivity (within certain range) of an SRNA species sharpens the
concentration profile of mMRNA. Figure 1 depicts numerically computed steady-state
solutions to the system (1.1)—(1.3) in one space dimension withN=1,Q=(0,1), D=0, a
few selected values of D1, 1 = =0.01, k; =1, and

a1=0.14-0.1tanh(5z — 2.5), (1.5)

a=0.140.1tanh(2.5 — 5z). (1.6)

One can see that as the diffusion constant D4 of the SRNA increases, the profile of the
steady-state concentration v = v(x) of the mRNA sharpens.

As one of a series of studies on the reaction-diffusion system modeling, analysis, and
computation of the the RNA interactions, the present work focuses on: (1) the construction
of various modeling systems with different levels of complexity for the reaction, nonlinear
diffusion, and coupled reaction and diffusion, respectively, with the most complex one being
the full reaction-diffusion system (1.1)—(1.4); and (2) the mathematical justification for each
of the models, proving the well-posedness of the corresponding differential equations. To
understand how the reaction terms (i.e., the product terms ujv in (1.1) and (1.2)) come from,
we shall first, however, present a brief derivation of the corresponding reaction system (i.e.,
no diffusion) for the case N = 1 using a chemical master equation and the mean-field
approximation [19].

We shall consider our different modeling systems in four cases.

Case 1. We consider the following system of ordinary different equations (ODE) for the
concentrations uj = uj(t) =0 (i=1, ..., N)and v =v(t) = 0:

dui
dt

= — fBiu; — kju;v+a;i=1,..., N, .7
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dv N
—=—fv— Zkiuiv—ﬁ—a, (1.8)
i=1

dt -
where all aj (i=1, ..., N) and a are nonnegative numbers. We shall prove the existence,
uniqueness, and linear stability of the steady-state solution to this ODE system; cf. Theorem

3.1.

Case 2. We consider the situation where all the diffusion coefficients Dj (i=1, ..., N) are
much smaller than the diffusion coefficient D. That is, we consider the approximation D; =0
(i=1,...,N). Assume all a and a; (i = 1, ..., N) are independent of time t. The steady-state
solution of uj in Eq. (1.1) with D; = 0 leads to uj = aj/(Bj+kjv) (i =1, ..., N). These
expressions, coupled with the v-equation (1.2), imply that the steady-state solution v=0
should satisfy the following nonlinear diffusion equation and boundary condition:

N

DAU—ﬁU—Z

i=1

k;a;v

Bi+kiv

+a=0in), (1.9)

o
—U:OOnaﬂ. (1.10)
on

The single, nonlinear equation (1.9) is the Euler—Lagrange equation of some energy
functional. We shall use the direct method in the calculus of variations to prove the
existence and uniqueness of the nonnegative solution to the boundary-value problem (1.9)
and (1.10); cf. Theorem 4.1.

Case 3. We consider the following steady-state system corresponding to (1.1)—(1.4) for the
concentrationsu;=0(i=1,...,N)andv=0:

D;Au; — Biu; — kju;u+a;=0inQ),i=1,..., N, (1.12)

N
DAv — v — Y kju;v+a=0inf), (1.12)

=1

%:%:Oon(‘?(l,izl, oo, N (113)
Here again we assume that a and a; (i = 1, ..., N) are independent of time t. We shall use the
monotone method [20] to prove the existence of a solution to this system of reaction-
diffusion equations; cf. Theorem 5.1. The monotone method amounts to constructing
sequences of upper and lower solutions, extracting convergent subsequences, and proving
that the limits are desired solutions.

Case 4. This is the full reaction-diffusion system (1.1)—(1.4). We shall prove the existence
and uniqueness of global solution to this system; cf. Theorem 6.1. To do so, we first
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consider local solutions, i.e., solutions defined on a finite time interval. Again, we use the
monotone method to construct iteratively upper and lower solutions and show their limits
are the desired solutions. Unlike in the case of steady-state solutions, we are not able to use
high solution regularity, as that would require compatibility conditions. Rather, we use an
integral representation of solution to our initial-boundary-value problem. We then use the
Maximum Principle for systems of linear parabolic equations to obtain the existence and
uniqueness of global solution. We also study some additional properties such as the
asymptotic behavior of solutions to the full system.

While our underlying reaction-diffusion system has been proposed to model RNA
interactions in molecular biology, its basic mathematical properties are similar to some of
those reaction-diffusion systems modeling other physical and biological processes. Our
preliminary analysis presented here therefore shares some common features in the study of
reaction-diffusion systems; cf. e.g., [10, 17] and the references therein. Our continuing
mathematical effort in understanding the reaction and diffusion of RNA is to analyze the
qualitative properties of solutions to the corresponding equations, in particular, the
asymptotic behavior of such solutions as certain parameters become very small or large.

The rest of this paper is organized as follows: In Section 2, we present a brief derivation of
the reaction system (1.7) and (1.8) for the case N = 1 using a chemical master equation and
the mean-field approximation. In Section 3, we consider the system of ODE (1.7) and (1.8)
and prove the existence, uniqueness, and linear stability of steady-state solution. In Section
4, we prove the existence and uniqueness of the boundary-value problem of the single
nonlinear diffusion equation (1.9) and (1.10) for the concentration v of MRNA. In Section 5
we prove the existence of a steady-state solution to the system of reaction-diffusion
equations (1.11)—(1.13). In Section 6, we prove the existence and uniqueness of global
solution to the full system of time-dependent, reaction-diffusion equations (1.1)—(1.4).
Finally, in Section 7, we prove some asymptotic properties of solutions to the full system of
time-dependent reacation-diffusion equations.

2 Derivation of the Reaction System

We give a brief derivation of the reaction system (1.7) and (1.8), and make a remark on how
the full reaction-diffusion system (1.1)—(1.4) is formulated.

For simplicity, we shall consider two chemical species: mMRNA and one SRNA. Figure 2
describes SRNA-mediated gene silencing within the cell and depicts the different rates in
which mRNA and sRNA populations may change at time t. In the figure, ag and ap, describe
the SRNA and mRNA production rates, s and By, describe the SRNA and mRNA
independent degradation rates, and y describes the coupled degradation rate at time t. Notice
in the rate diagram that the mRNA and sRNA binding process is irreversible. The numerical
value of each of these rates can be determined via experimental data [15].

We denote by M; and S; the numbers of MRNA and sRNA, respectively, in a given cell at
time t, and consider the two continuous-time processes (My)i>g and (Sy)i>o. We assume that
(M, Spo Is a stationary continuous-time Markov chain with state space S with the
following ordering:

J Math Anal Appl. Author manuscript; available in PMC 2016 May 01.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Hohn et al.

Page 6
5={(0,0),...,(m—1,s=1),(m—1,s),(m,s —1),(m,s), (m, s+1),...}.

We assume that the total numbers of mMRNA and sRNA are finite, and hence the state space
is finite. For any given state (m, s) € S, we denote by Pp, () the probability that the system
is in this state, i.e., Pp ¢(t) = P(M{ = m, S; = s). For convenience, we extend S to include
integer pairs (m, s) form <0 ors <0 and set Py, 5(t) =0 if m <0 or s < 0. Note that

> Ps(t)=1 21

(m,s)es
for any t = 0. Note also that the averages (My), (St), and (M;S;) are defined by

(M= " mPps(t),(Sy= Y sPpns(t),and(M;Sp)= > msPp (t). -
(m,s)eS (m,s)eS (m,s)eS (22)

The following master equation describes the reactions defined in Figure 2:

Pm,s(t):ampm—l,s(t)
+asPps-1(t)
+4(s
+1)Pm,s+1(t)
+0Bm(m
+1)Pm+173(t)
+y(m
+1)(s
+1)Pm+175+1(t)
— (amtas+Bmm+Bss+yms) Py, s(t),

where a dot denotes the time derivative. Using this and (2.2), we obtain by a series of
calculations that

d

dt<]\ft> Z MmP o s (t)=am Am~+asAs+Bm Bm~+BsBs+7C, (2.3)

(m,s)es

where
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Z mPp,_15(t) — Z mPy, 4(t

(m,s)eS (m,s)eS

A= Y mPna(t)— Y, mPns(t),
(m,s)es (m,s)eS

Bin= Z m(m+1)Pm+178(t)_ Z mZPm,s(t)a
(m,S)ES (TTL,S)GS

Bo= > m(s+1)Ppoi1(t) — Y msPy(t),
(m,s)€S (m,s)es

C= Z m+1 S+]—)Pm+1,s+1(t)_ Z THQSPm’S(t)
(m,s)eS (m,s)es

By our convention that Py, 5(t) = 0 if m < 0 or s < 0, we have by the change of index m - 1
— mand (2.1) that

A= Z (mA+1) Py, 5(t)— Z mPy, ¢(t)= Z (m~+1) Py, o (t)— Z mPp, s(t)= Z P, s(t)=1.

(m+1,s)esS (m,s)es (m,s)es (m,s)es (m,s)es

Similarly, by changing the index s — 1 — s, we have

A=Y mPp(t)— Y. mPui(t)= > mPp(t)— Y mPp(t)=0.

(m,s+1)es (m,s)es (m,s)es (m,s)esS

Changing m + 1 — m, we obtain by (2.2) that

B,,= Z (m

(m—1,s)€S
— 1)ymP,, 4(t)
— Z m2Pm,S(t)
(m,s)eS
=Y (m - DmPs (0
(m,s)es
Z mszjs(t)
(m,s)eS
Y mP(t=— ().
(m,s)es

Changing s + 1 — s and noting ms = 0 when s = 0, we have
B,= Z mstS Z mstS Z mstS Z msPy, s(t), =0.

(m,s—1)eS (m,s)es (m,s)es (m,s)es

Finally, changingm + 1 — mand s + 1 — s, we obtain by (2.2) that
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C= Z (m

(m—1,s—1)eS

— 1)msPy, s(t)

— Z mQ.SPmS(t)
(m,s)esS

= Z (m —1)msP,, 4(t)
(m,s)es

— Z mQSPm,s(t)
(m,s)es

=— Z msPp, (t)
(m,s)eS

=— (M;Sy).

Inserting all A, Ag, Bm, Bs and C into (2.3), we obtain

d
a(l\ﬁ):am — ﬂm <Aft> — ”)/<]\1tSt> (2.4)

Similarly, we have

d
E<St>:as — Bs(St) — y(M;Sy). (2.5)

We now make the mean-field assumption: (M;S;) = (My) (St). If we denote by v(t) = (My)
and uq(t) = (S;), the spatially homogeneous concentrations of mMRNA and SRNA,
respectively, then we obtain (1.7) (N = 1) from (2.4) and (1.8) from (2.5) (N = 1),
respectively, with a1 = am, 1 = Bm, K1 = v, @ = ag, and p = .

We remark that based on Fick’s law the spatial diffution of the underlying SRNA and
mRNA molecules can be described by D;Au; (i = 1, ..., N) and DAu with all D; and D the
diffusion constants, respectively [1, 11, 17]. Here we have neglected any possible and more
complicated processes such as cross diffusion and anomalous diffusion. Combining these
terms with the reaction system (1.7) and (1.8), we obtain the full reaction-diffusion system
(1.1)—(1.4) as our mathematical model for the RNA interaction.

3 Reaction System: Steady-State Solution and Its Linear Stability

Theorem 3.1
Assume all Bj, kj, and aj (i=1, ..., N), and B, k, and a are positive numbers. The system of
ODE
(Z;i: — Biu; — kju;v+a;,i=1, ..., N, (3.1)
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N

— v — > kiujvta (3.2)

i=1

dv_
dt

has a unique equilibrium solution (usg, ..., Uno, vo) € RN withall ujp>0 (i =1, ..., N)
and vg > 0. Moreover, it is linearly stable.

Proof—If (uy, ..., un, v) € RN*1is an equilibrium solution to (3.1) and (3.2) with all u; > 0
- N -
(i=1,...,N)and v >0, then S := Zi:lkiui should satisfy

N
S— kiai (3 3)
= Bitkia(+5)7H T

and the solution should be given by

Q;

wim——— % _(i=1,..., N)andv=
Bi+kia(B+S)

(0%
B+s° (34
Thus the key here is to prove that there is a unique solution S > 0 to (3.3).

Define g : [0, c0) — R by

N

kiai
g\s)=s— P e— RO
%) ;ﬂﬁ-kia(ﬁ—m) T @9

Clearly, g is smooth in [0, co), g(0) < 0, and g(+oc) = +co. Thus F:={s=0: g(s) = 0} is
nonempty, closed, and bounded below. Let so = min F. Then sg > 0 and g(sg) = 0. Moreover,
g’(sg) = 0. By direct calculations, we have

al k2 B;

1!
g"'(s)=2ay ——————=>0for alls>0.
; [5i(B+s)+kia]®

Thus g’(s) > g’(sg) = 0 for s > sp. Hence g(s) > g(sg) = 0 for s > sq. Therefore sg is the unique
solution to g = 0 on [0, o).

Set now
U'o—# 1=1 N
(AV 12 Ly b
Bitkia(B+s0) ! (36)
Q
Vo= .
0 B+s0 7)

N
Clearly, all ujp >0 (i =1, ..., N) and vjp > 0. Note that 50=Zi:1k‘ium, since g(sg) = 0. Thus
(3.7) implies which together with (3.6) further imply Biuijo + Kjuigug = aj (i=1, ..., N).
Therefore (uy, ..., Ungs Vo) is an equilibrium solution to (3.1) and (3.2).
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Assume both (uyg, ..., Ung, Vo) and (Uyg, ..., Ung, Do) are equilibrium solutions to (3.1) and
(3.2) with all ujp >0and Gjgp >0 (i =1, ..., N), vg > 0 and ©g > 0. Then, by (3.3) and (3.5),

So =S kuin>0and So =S kil >0 sati - Y= '
0= Zi:l iui0>0 and S0 1= Zi:l iui0 >0 satisfy g(SQ) =0 and g(Sg) =0, respectively.
By the uniqueness of solution sg of g = 0, we then have Sy = Sy = sp. It then follows from
(3.6) and (3.7) that ujp = Gjg (i = 1, ..., N) and vy = ©g. Therefore the equilibrium solution is
unique.

The linearized system for (Uq, ..., Uy, V) around the equilibrium solution (uyg, ..., Uno, Vo)

is given by
dU; ‘ awv K N
dtl =—(Bit+kivo)Ui—kiuioV,i=1, ..., N, E:_ZkiUOUi_ <ﬁ+zkiuio> V.
i=1 i=1

Letw = (Uy, ..., Un, V)T, where the superscript T denotes the transpose. This system is then
dw/dt = Mw, where

—(ﬁ1+k11)(]) 0 N 0 —k‘lul()
0 _(ﬁ2+k2’U0) . 0 —kQUQO
M= : S :
0 0 _(ﬁN"'kNUU) —kyuy,
—kq1vo —kotvg R —kN’Uo —(ﬂ—f—z,ﬁilkaulo)

It is easy to see that M is strictly column diagonally dominant with negative diagonal entries.
Gersgorin’s Theorem (with columns replacing rows) [8] then implies that the real part of
any eigenvalue of M is negative. This leads to the desired linear stability.

4 A Single Nonlinear Diffusion Equation: Existence and Uniqueness of
Solution

Theorem 4.1

Assume €2 is a bounded domain in R3 with a Lipschitz-continuous boundary 9€2. Assume D,

B, and all Bj and k; (i = 1, ..., N) are positive numbers. Assume a;j € L2(£2) with ; =0 a.e. in
Q(@i=1, .., N)and a € L%) with . = 0 a.e. in €. Then there exists a unique weak solution
v € HY(©) with v = 0 a.e. in © to the boundary-value problem

N

DA'U—ﬂU—Z

i=1

k‘iaiv
Bitkiv

+a=0in82, (4.1)

0
—U=00n89. (4.2)
on

The same statement is true if the Neumann boundary condition (4.2) is replaced by the
Dirichlet boundary condition v = vy on 82 for some vy € H1(€2) with vy = 0 on 9.
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Proof—We prove the case with the Neumann boundary condition (4.2) as the Dirichlet
boundary condition can be treated similarly. We define J : HL(Q) — R U {zoc} by

B (14220)] }

where In s = —oco for s < 0. Define g(s) =s — In(1 + s) for s € R. It is easy to see that g = +oco
on (—oo,—1], and g is strictly convex and attains its unique minimum at 0 with g(0) = 0 on
(-1,00). Thus, since the term in the summation in J is (a;Pi/kj)g(kju/B;) = 0, there exist
constants Cq, Cy € R with Cq > 0 such that

N

D iBi
J[u]:/Q {;qu|2+§u2+Zakf

i=1

J[u} > Cl”“”iﬂ(m"‘CQVU € Hl(Q) (4.3)

Denote 0 = infycy1(q) J[u]. Clearly, 0 is finite. Standard arguments [2, 5, 9] with an energy-
minimizing sequence, using Fatou’s lemma to treat the lower-order terms in J, lead to the
existence of u € H1(2) such that J[u] = 6.

Now, we prove that |u] is also a minimizer of J on H1(Q). In fact, we prove more generally
that if w € H1(Q) then J[Jw[] < J[w]. (If u = v on L, then |u| = |ug| = vg On A2, since vy = 0
on 892.) First, [w|2 = w2 and |V|w|| = |[Vw] a.e. in Q. Since a is nonnegative in 2, we also have
—alw| £ —aw a.e. in Q. Consider h(s) = g(|s|) — g(s) with again g(s) =s - In(1 +5s). Ifs< -1
then h(s) = —oo. For s € (-1, 0), we have h(s) = -2s + In(1 + s) — In(1 - s) and h/(s) = 2s2/(1
-s2)>0. Thus h(s) < h(0) = 0. If s = 0 then h(s) = 0. Hence h(s) < 0 for all s € R.
Consequently, by the definition of J and the fact thatalla>0and ;=0 (i=1, ..., N) a.e.in
2, we have J[|w|] < J[w].

Denote now v = |u|. Then v is also a minimizer of J on H(2) and v = 0 in Q. Let n € HY(Q)
N L*(N2) and fix i (1 < i < N). It follows from the Mean-Value Theorem and Lebesgue
Dominated Convergence Theorem that

d " af < k; ) Toafin 1
_ In(1+—(v+t dx:/ daVn € HY( Q)N L®(Q).

Since v minimizes J over HY(Q), we have (d/dt)|=gJ[v+tn] = 0 for all n € HY(Q)NL>(Q).
Standard calculations then imply that

N aif; 1 oo
/Q [DVU - Vn+n <ﬁv+;ﬂi+kiv - a>] dz=0Vn € H"(2) N L*°().

Notice that 0 < aiBi/(B; + kiv) < aj a.e. in Q foralli =1, ..., N. Therefore, since H(2) N
Lo°(Q) is dense in H1(2), we can replace n € HY(Q) N L*°(2) by n € H1(Q2). Consequently,
the minimizer v € H1(Q) is a weak solution to (4.1) and (4.2).

Ifve HL(Q) is also a nonnegative weak solution to (4.1) and (4.2), thenw = v - v is a weak
solution to DAw-bw =0 in  and d,w = 0 on 952, where
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N A - - -
b=6+) . Bikiai/[(Bi+kiv)(B;+k:0)]is in HY(Q) and b > B > 0 in 2. Therefore w = 0 a.e.
in Q2. Hence the solution is unique.

We remark that the regularity of the solution v to the boundary-value problem (4.1) and
(4.2) depends on the smoothness of the domain 2 and that of the variable coefficients a; (i =
1, ..., N) and the source function a. Since the solution v is nonnegative and the nonlinear
term of v is bounded, the regularity of v is in fact similar to that of the solution to a linear
elliptic problem. For instance, if 32 is of the class CX and all a, aj € WKP(Q) (i=1, ..., N)
for some nonnegative integer k and p € [2, c0), then v € WK*2:P(Q)). If 392 is of the class C2Y
and all a, aj € COY(Q) (i = 1, ..., N) for some y € (0, 1), then v € C2¥ ().

5 Reaction-Diffusion System: Existence of Steady-State Solution

Theorem 5.1

Let © be a bounded domain in R3. Assume all D;, D, B;, B, and k; (i = 1, ..., N) are positive
constants. Assume all aj and a (i =1, ..., N) are nonnegative functions on .

1. Assume the boundary 9 of Q2 is in the class C2H for some p € (0, 1). Assume also
aj, @ € COM(Q) (=1, ..., N). There exist ug, ..., Uy, v € C2H (Q) with u; 2 0 (i = 1,
..., N)and u=0in Q such that (uy, ..., Uy, v) is a solution to the boundary-value
problem

D;Au; — Biu; — kjuju+a;=0in€d, i=1,..., N, (5.1)

N
DAv — v — Zkiuiv—i—a:OinQ, (5.2)
i=1

ou; Ov
Z:—: a .: PPN . .
5 0onof),i=1,...,N. (5.3)

2. Assume the boundary 9 of Q is in the class C2 and all a;, @ € L2(Q) (i= 1, ..., N).
There exist uy, ..., Uy, v € HX(Q) withy; 20 (i=1, ..., N) and u > 0 in © such that
(uq, ..., U, V) is a solution to the system of boundary-value problems (5.1)—(5.3).

We remark that we do not know if the solution is unique. Our numerical calculations
indicate that the solution may not be unique. If aj (i = 1, ..., N) satisfy some additional
assumptions, then we may have the solution uniqueness; see [18] (Theorem 6.2, Chapter 8).

Proof—(1) We divide our proof in five steps.

Step 1. Construction of upper solutions and lower solutions. We define ("), 5©), 4%, v (i
=1, ..., N) to be constant functions such that:
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a® > Hai”ﬂ,éwm > HCXHL& u=0,00=0inQ,i=1,...,N. (54)
B g
It is clear that

DALY — gia” — kY@ +a; < 0InQ,i=1,...,N, (5

T =

DAv©) — ,[31)(0) — Zk’ a0 v pa > 0inf2, (5.6)

3*(0) o (0)
gl :5 —00nd9,i=1,..., N, G
mn mn

DALY — Bl” — kY4840 +a; > 0inQ,i=1,...,N, (58)

N
DA&£a® — ag£a®@ 3 ku”4£40 +a < 0inQ, (59

=1

ou” 94540
(75% - ac’;% —00n8Q, i=1,...,N. (5.10)
n n

Step 2. Iteration. Let

c= max{,@—l—Zk‘ a8 +k1a£a0), ..., By+hy acﬁ@()}_ (5.11)

=1

Define iteratively the functions u{*), v, ), 5® (i=1, ..., N) fork =1, 2, ... by

—DAEP + P =culF Y - ﬂiag’“*” — k" Vo* D fauinQ,i=1,... N, (.12)
—DAg(k)—l—cg(k):cg(k_l)—,Bg<k 1 Zk‘ TIA (k b —O—OzinQ, (5.13)

ou?  au®)

= = = 5.14
o o O0ondf,i=1,...,N, (5.14)

— DA+ =Y — gl _ kP Y sga D 1ainQ, i=1,... | N, (5.15)
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N
~DA&£a® teaga® =cata D —pa£a® V-3 k" Vaga*V1aing, (s5.16)
=1

oul®) 54
n ~ On

=0ondQ,i=1,...,N. (617

We recall that, for any constants D >0and é> 0,and any q € COM(Qi the standard theory
of elliptic boundary-value problems guarantees the existence and uniqueness of solution w €
C2H(1) to the boundary-value problem [5]

N 7]
—DAw+éw=qinS?, —w:00n8Q.
on

Moreover, there exists a constant C > 0, independent of g, such that

o] < Clldll

o2mu@) o (518)

It therefore follows from (5.4) and a simple induction argument that there are unique
solutions to the above boundary-values problems (5.12)—(5.17), defining our functions ag’“),

o®, u®), 5®,i=1, .. ,Nandk=1,2, ..., all in C2K(Q).
Step 3. Comparison. We now prove for any k > 1 that

0<u® < u® < oD < g*H) < G0 < 705G 1, ..

; N, (5.19)

0 <@ <o® <oFH) < 52D < 5050 < 3£4@inQ.  (5.20)

It follows from (5.4), (5.5), (5.12) with k = 1, (5.11), (5.7), and (5.14) with k = 1 that

O (1)
—D;A (af.o) - af”) te (ag‘” - agl)) > 0inQ,i=1,..., N, wz%nm,i:l, ...,N.

The Maximum Principle [5] implies then z{”) > @Y in @ (=1, ..., N). Similarly, we have

0 < 4, 50 2 50, and 1@ < vW in Qforalli=1,...,N.

By 5.4), u!” > 0(i =1, ...,N) and v > 0. Next, by (5.12) with k = 1, (5.15) with k = 1,
(5.11), and (5.4), we obtain
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— ) > 0inQ,i=1,...,N.

We also have by (5.14) and (5.17) with k = 1 that 9, (") — u{")=00n0Q (i=1, ..., N).

The Maximum Principle then implies a{") > (" in @ foralli=1, ..., N. Similarly, we have
@ = v® in Q. We thus have proved

0<u® <ol <@ <a®inQ,i=1,...,N, 0< 0@ <0® < 4£5D < 4£4OnQ.

Assume now k = 2 and

F=0) < gD << @O0 i=1,... N, G21)

u; > i

0<u¥ <... <

y;

0<0v® <. .. <D < ééla(k_l) <. < éé—:@(o)inﬁ_ (5.22)
We prove

“inQ,i=1,...,N, (5.23)
oD < M) < éaﬁq(k) < éaﬁq(k*”inﬂ. (5.24)

By (5.12) with k — 1 replacing k, (5.12), (5.21), (5.22), and (5.11), we obtain
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_(k—
— @

1)) > 0inQ,i=1,..., N.

We also have by the boundary conditions (5.14) that 8, (u{* " — a{*)=0on 0 (=1, ...,
N). The Maximum Principle now implies 2"~ > &")in Q forall i=1, ..., N. Similarly,
we have * 1 < o™ inQ (i=1, ..., N). By (5.16), (5.21), (5.22), and (5.11), we have

U; i

— DA(3£4*Y
— a£a™))c(agaF Y

N N
—éi:%(k)): (C— ﬁ _ Zklgk2)> (é£@(k_2)_é£@(k_1))+zkzéﬂ£%(k_l) (Q’Ekfl)

1=1 =1
—u* D> (e
N
— =3 k" (afa*?
1=1

— 4£2%7D) > 0inQ.

since 3,5&D = 9,50 on 90, we thus have &1 = X in Q. Similarly, &1 < v® in Q.

By (5.12), (5.15), (5.21), (5.22), and (5.11), we have

- D (@
— u®e (@
_ gl(k):(c G- k‘iy(k_l)) (ﬂgk—l) . Qz(k_l)> —I—kiggk_l)(ééi@(k_l)
_ g(kfl)) > (e
— B; — 4£a0) (u<k_1)

M < g®ing”

<

These and the corresponding boundary conditions for ﬂgk) and g%(k) lead to
foralli=1, ..., N. By (5.13), (5.16), (5.21), (5.22), and (5.11), we have
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— DA(3£4™)
— o)) 4e(a£40
N N
—vM)= <c — B - Zkiyf»kl)) (a2~ 1)+ 3 kD) (Y
i=1 =1
_ gﬁ(kfl) > (c

N
-8 =Y kil (a2
i=1
- g(k_l)) > 0in®.

This together with the fact that 3,542 = 3,u*~D imply v® < 5K in Q. We have proved
(5.23) and (5.24). By induction, we have proved (5.19) and (5.20).

Step 4. Regularity and boundedness. From the above iteration (5.5)—(5.10), we obtain by
(5.19) and (5.20) uniformly bounded sequences of nonnegative C2H(2)-functions

(@™}, {u{¥}, {503, and {u®)3}. By standard Holder estimates for elliptic problems, we

)

= (k) . ( .
conclude that all the sequences {ll; ”02,“@)} (1<igN), {llw; 02,”@)} (1<i<N),

{15®lc2ugs}, and {lu®c2oy} are bounded.

Step 5. Convergence to solution. From Step 4, the sequences {{*)} and {«{*} (1 <i<N),
{5(3, and {u®} are bounded in C2(£2) and pointwise monotonic on €. Therefore, they
converge pointwise to some functions Gj and yj (1 < i < N), ©, and v on €, respectively. By

5)

the Arzela—Ascoli Theorem, there exist CZ(Qf-convergent subsequences {aE’“ }Fl and

{w}_ @ <isN) {aa®™ )2, and (™) })2, of (@} and {u™} (L1 < N), {u®},
and {5}, respectively. Clearly, these subsequences converge in C2(2) to ; (1 < i< N), u;

(1 <i<N), ©, and v, respectively. Note that each of the subsequences {ﬁgkj’l)} and

"y @ <i<N), {54}, and {uki~D} also converges pointwise to its respective limit.
Now replace k in (5.12)—(5.17) by k;j and sending j — oo, we conclude that (g, -+, Gy, v)
and (uy, ---, Uy, ©) are C2(2)-solutions of the system (5.1)—(5.3).

(2) This part can be proved similarly. The sequences of functions {{*)} and {u{"} (1 <i <
N), {5®3}, and {v®} can be defined as weak solutions of the corresponding boundary-value
problems. Moreover, By using the estimate [|w||2(0) < CliqllL2(a), replacing (5.18), we have
that all the sequences are bounded in H2(£2). The monotonicity and pointwise boundedness
imply that these sequences converge, respectively, to some functions 0; and u; (L <i < N), o,
and v on Q, all being nonnegative. Instead of using the Arzela—Ascoli Theorem, we use the
fact that H2(%2) is a Hilbert space and use also Sobolev compact embedding theorem to

(k)7 (k) > ; NGNS (k)1 °°
extract the subsequences {z; *'};_; and {z; "'}, (1 <i<N), {d£a"'},_ ), and {v"7'},_,
that converge weakly in H2(€2) and strongly in H1(2) to the pointwise limiting functions ;
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and u; (1 <i < N), o, and v, respectively. Finally, we use the weak forms of the equations to
pass to the limit. For instance, we have for any ¢ € HY(Q) and all j= 1, 2, ... that

/ [Divqigkj)-vwcﬁg’“f’(;s} dz= / {cagkj-n_@.ag’%-n_kiag%—ﬂy(krnm} bdz,i=1,
J Q J Q

Sending j — oo, we have by the H1(2)-convergence of {aﬁ’“-”}j';l and the pointwise

convergence of {agk)},j';l and {o®},° | that

Q Q

Therefore, (04, ..., Gy, L) and (uy, -+, Uy, ©) are the weak (and nonnegative) solutions in
H2(2) of the system (5.1)—(5.3).

6 Reaction-Diffusion System: Existence and Uniqueness of Global Solution
to Time-Dependent Problem

Our goal in this section is to prove the existence and uniqueness of global solution for the
reaction-diffusion system (1.1)—(1.4). We shall first prove the existence and uniqueness of
local solution to this system. Our proof of the existence of a Icoal solution is similar to that
of Theorem 5.1 on the existence of steady-state solution but involves the representation
formula and regularity of solutions to linear parabolic equations. The uniqueness of a local
solution is obtained by the Maximum Principle for systems of linear parabolic equations.

For any set Q C R3and any T > 0, we denote Q1 = Q x (0, T]. If @ C R3 is open, we also

denote by C%(Q,.) the class of functions u : Q1 — R of (x, t) that are continuously
differentiable in t and twice continuously differentiable in x = (X1, X2, X3) on Q.

Theorem 6.1

(Existence and uniqueness of local solution). Let €2 be a bounded domain in R3 with a C2-
boundary 09. Let Di, Bi,and ki (i=1, ..., N), D and B, and T be all positive numbers. Let

a; € Cl( ) (i= oN)anda e 01( ) be all nonnegative functions on Q. Assume ujg
eCl (= N) and Vg € Cl(Q) are all nonnegative functions on €. Then there exist
unlque u; € C(Q yNnCciQ,) (i= . N)andv € C(Q,) N C} () such thatall u; 2 0 (i

. N)andv=0in@Q_ and

871,1'

E:DiAui — Biu; — k‘iuiv—i—aiinﬂw i=1,...,N, (6.1)

ov

5 —=DAv — Bv — ZL wv+ainfl,, (6.2)

=1
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Ou; Ov -
o _%—Oonaﬂ x (0,T),i=1,...,N, (6.3)

u;i(-, 0)=ujpandv(-, 0)=vginQ,i=1,...,N. (6.4)

Proof—We first prove the existence of solution in four steps.

Step 1. Construction of upper solutions and lower solutions. We choose the constant

functions ", @, 4{”), and v©@ (i=1, ..., N) on Q7 by

ol e

)
5 Tllvol

o Nl e,

) ,
u; 2 3, +lwioll 640 >

Lo (Q) Loo(Q)’ =1

It is clear that
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i _ p,Aw
at it

+a:a) +hia o)
—a; > 0inQ,,i

v
S
— DAL®

N
+0 O+ kil ©
=1

3—(0)

Uu -
—a < 0inf2,, 8l
n

A (0)
on
=00nof)

=0and

x (0,TY,
=1,...,N,a"(
-, 0) > uioandy(o)(',O) < vpin€, i

ou®
ot

=1,...,N,
b DlA’U,(O)
+Bu” ka4 ©
—a; < 0in{),, ¢
04430
=1,...,N,—=
1? b b 8t

— DA4£3)

N
+6£a 0+ kauaga 0

1=1
ou®

on

—a > 0inQ2,,

D45

=0and B

=00nof)

x (0,77, 1" (
,0) < ujpanda£a©® (

-,0) > vginQ, i=1,..., N.
Step 2. Iteration. Let
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N
c=max {/3"‘2/%115»0), Br+k1a£a() ... ,5N+kNé£%(0)} . (6.5)

i=1

Define iteratively the functions @), v®), ), and 5® (i=1, ..., N) on Q7 fork =1, 2, ...
by
3ﬁ(k) k—1 k—1 k—1
o —D; Au( )+cu( )Acu( ) —Bia —( )_ ﬂz(' - )y(’“*l)+aiinQT,i:1,...,N, (6.6)
ov®) — DAV 4o =1 _ goh-1) i\’: 25Dy (-1 4 hinQ 67)
ot = p T .
oa) _ou®
L =0ond T),i= N, (68
on o =00nd) x (0,77],¢=1,...,N, (68)
U k)(-, O):ui70andg(k)(-,O):UUinQ,izl, ...,N, (6.9
ou® (k) (k) L1 (k=1),
5 Dby ey, ="V Bk Vs£a %D 4 aing),, i=1,..., N, (6.10)
4 q(k)
(%if —DAaél@(k)—i—ca;EQ(k) ca£§(k 1 ﬁai‘@(k D_ Zk wF afa (k= 1)—|—a1nQ (6.11)

=1

oul®)  4£aF)
on ~ On

=00n0< x (0,7),i=1,...,N, (612

uF) (-, 0)=upands£a™ (-, 0)=veinQ). (6.13)

=

The theory for initial-boundary-value problems of linear parabolic equations (cf. Theorem 2
in Chapter 5 of [3], or Theorem 1.2 in Chapter 2 of [18]) guarantees the existence of

solutions @Y, v®, u{, and @ (i = 1, ..., N) for k = 1 that are all in (Q) N ¢2(Q,.) and
are all Holder continuous in x uniformly in ... Suppose "), v®), 4, and o® (i =1, ...,
N) for k > 1 exist, and are all in C(©2) N C¥(Q,.) and Holder continuous in x uniformly in
Q.. Then the theory for initial-boundary-value problems of linear parabolic equations then

implies that the solutions ("), u®*1), 4,1 and 5+ (i =1, ..., N) all exist, are in

C(9) N C%(Q,.), and are Holder continuous in x uniformly in Q__. By induction, we have for
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allk=1,2, ... the existence of the solutions z{*), v®), »{¥), and 5® (i=1, ..., N) in
C(Q) N C#(Q,) that are Holder continuous in x uniformly in Q.

In fact, there is a representation formula for our solutions. Suppose ¢ € C(,.) is Holder

continuous in x uniformly on O and suppose g € Cl(Q) Letu € C(Q,) N CE(Q,) satisfy

d
3_1: — DAu+cu=ginQ,, (6.14)

u('7 O):g()ana (6.15)

0
8—2:001130 x (0,T]. (6.16)

Then we can extend g to a C1-function on a neighborhood of Q as the boundary 092 is of the
class C2. Hence we have the following representation of the solution to the initial-boundary-
value problem (6.14)—(6.16) (cf. Section 3 of Chapter 5 of [3] and Theorem 8.3.2 of [18]):

u(a:,t):/QF(a:,t; df—i—/ / Iz, q(&,T dde—l—/ / Iz, VU(&,7)dSedrV(z,t) € Ax(0,T], (6.17)

where

[z, €, 7)=[47D(t — 7')]_3/26*0(75*7)_|$7£‘2/4D(t_7), (6.18)

oot
\I/(m,t):2F(m,t)+2Z// Mj(z, t;¢, 7)F (&, 7)dScdr, (6.19)
=1/ o) on

Flao)= @F(“”“ g(€)de+ / [ EEEED e, ryagar,

Q 8n( o On(z,t)

ol (z,t;€,7)

M (z,t; =
1(‘Ta 7577—) 2 8n(r,t)

Mysatestier)=[ [ Mty 0)M; (3,036,718, dov

Here the infinite series converges and the function F(x, t) is bounded.

Step 3. Comparison. Notice by (6.5) that
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N
c— (3 — Zkiﬂgo) > OQande — 3; — kiéd{‘@(o) > 0inQ2,..
i=1

By the Maximum Principle for parabolic equations [2, 3, 9, 18] and using arguments similar
to those for the steady-state solutions (cf. Step 3 in the proof of Theorem 5.1 in Section 5),
we then have from the iteration (6.6)—(6.13) in Step 2 that

0:%@) Sggk) Sg’gk+1) < gD < g® Sﬂgo)inﬁ_

7 7 T

(6.20)
Ozy(o) < y(k) < y(kH) < éél@(kﬂ) < éél@(k) < éél@(o)inQ_T. (6.21)

Step 4. Convergence to solution. By the monotonicity (6.20) and (6.21), we have the
pointwise limits

k) (%)

u;= lim ﬂg ,afa= lim éd{@(k),gi: lim »;", v=lim y(k)inQ_T, i=1,...,N.
k—o0 k—o00 k—o0 k

— 00

These limits are nonnegative bounded measurable functions. In particular,

a;(x, 0)=1,(z,0)=uo(x)(i=1,..., N)andé£a(z, 0)=v(z, 0)=vo(z)Vz € Q.

Let us now fix i (1 <i< N) and set for each integer k > 1

qgk):cﬁgkfl)— iﬁgkil)—kiﬂgkfl)y(kfl)-f-aiingp gi=ct;—fBu;—ku;v+a;inQ..  (6.22)

Note that each ¢*) ¢ (%2, is Holder continuous in x uniformly in ©_. Moreover,

Z(k)=qiinQT‘ (6.23)

e
It follows from (6.6), (6.8), and (6.9) that

out®
ot

— DiAaPteaP =gPinq,, 624)

@ (-, 0)=ui()inQ,  (629)

5

;; =000 x (0,T]. (626)

Therefore, by the representation (6.17) and (6.19) for the solution to (6.14)—(6.16) that are
now replaced by (6.24)—(6.26), we have
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™ (x, 1)
:/QF(&;, €, 0)uio(§)dé

t
+f 0_/ Tt 7)o (€ r)dgar

t e, t:6, 7P e r N (x
+/0/89F( 46, (¢, 7)dSedrV(x,t) € Q x (0, T,

v (2, )=2F") (2, ¢ +22/ / M;(z, FM (¢, r)dS,dr,

FO 0= [ ZEEED aer [ [ ZEEED) 0 ryagar,

Q 3n(mt Q Bnmt

where T is given in (6.18) with D replaced by D;.

Since the sequence {qZ(k)}:;l is uniformly bounded in Q3 and converges (cf. (6.23)), the
sequence F® cxi is uniformly bounded in 92 x (0, T] and converges. Further, the series
7 k=1

in the expression of \IJ(’“) converges absolutely. Therefore, the sequence {\IJ(’“)};o L isalso
uniformly bounded on 92 x (0, T] and converges. Let the limit be ¥; = Wj(x, t). Taking the
limit as k — oo and using the Lebesgue Dominated Convergence Theorem, we obtain by
(6.23) that

(e, )= [ T(a,tig, 0uin(€)d
t
+/O/QP(‘Ta €, T)qi(§> T)dng (6.27)

it
—l—/ / I(z,t;6,7)W;(&, 7)dSedT, V(z,t) € Q x (0,77,
0J 002
U, (x,t)=2F;(z, 1) +22/ / M;(z, Fy(&,7)dSedr, (5.28)

o= [ a”tg’ wio(€)d+ / / O 58.7) (e, rydear,

Qan Q 8nmt

where T is given in (6.18) with D replaced by D;.

Since ujg € Cl(Qi the first term in (6.27) is a function of (x. t) in C2(Qy). Since g is
bounded, the second term in (6.27) is also a continuous function of (x, t) on Q.. By (6.28),
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the function W;i(x, t) is continuous on 92 x [0, T]. Thus the third term in (6.27) and hence G;
= Uj(x, t) is a continuous function in Q. Similarly, v = v(x, t) is a continuous function in

Q.. Therefore, gj = gj(x, t) as defined in (6.22) is continuous in . Repeat the same
argument using (6.27) and (6.28), we have that ; is in fact Hélder continuous in x uniformly

in Q. Similarly, v is Holder continuous in x uniformly in Q_. Finally, g; is Holder

continuous in x uniformly in Q_. Therefore, we have the interior regularity of all G; (i = 1,
..., N) and v; cf. [3] (Theorem 2 in Section 5.3). Now (6.22), (6.27), and (6.28) imply that 0;,
and v, solve (6.1) with u and v replaced by ; and v, respectively. The existence of solutions
to other equations can be obtained similarly.

We now prove the uniqueness in three steps.

Step 1. We prove that solutions (0, ..., Uy, v) and (uy, ..., Uy, ©) oObtained above satisfy u; =
gi(i=1,..,N)andy =vinQ_.

In fact, settingw; =0 —uj (i=1, ..., N)and w= % - v, we have

ow

ati :DZAwl — ﬂlw@ — kigwi—i—kigiwinQT, 2217 e ,N,

9 N N
B_Z}ZDAM — Bw — Zkigiw—l—ZkiwiginQT,
i=1 i=1

ow; Ow .
an _%—Oonaﬂ X (O,T],Z—l, e aNa

wi('a 0):0&ndw(-7 0):0111@7 Z:l, e ,N.

The uniqueness of solution to linear systems of parabolic equations then lead to w; =0 (i =
1,...,N)andw =0.

Step 2. We prove the following: If (], ..., u} ,v")is any other solution to (6.1)-(6.4) such

that u{” < uf <@® (=1, ..., N)and v@ < v* < 5@ in T, then y,=u’=a; (i =1, ..., N)

andv =v*=3%inQ,_.

In fact, let us replace (a{”, ... a9, 0y (uf, ..., ut,v*) and keep
@”,...,u®, 4£a() unchanged in the iteration in Step 2. Then,
@, .. a0 N=(u, ... ut,0*) (k=0,1, ...), and the sequence

(ggk), . ,gg\lf), é£{%(k)) (k=0, 1, ...) remains unchanged and it converges to the solution (us,
..., UN, ©). Therefore, by the iteration we get 4, < »} (i=1, ...,N)andv*<5inQ . A
similar argument leads to ,* < 4; (i=1, ..., N)and v <v* in Q_. These, together with the
result proved in Step 1, imply u,=uf=z; (i=1, ...,N)andv =v*=%inQ_.

Step 3. If we have two nonnegative solutions defined on ©_, then we can choose all ﬂgo) (i=
1, ..., N) and 5O (in the iteration in Step 2 of proving existence) large enough to bound
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from above these solutions in . Then, both of these solutions must be the same as those
constructed by iterative upper and lower solutions. The uniqueness is therefore proved.

Theorem 6.2

(Existence and uniqueness of global solution). Let © be a bounded domain in R3 with a C2-
boundary 09Q. LetD; (i=1, ...,N),D, Bi (i=1, ..., N), B, and kj (i=1, ..., N) be all positive
numbers. Let a; € CL(Q x [0, 00)) (i = 1, ..., N) and a € CL(Q x [0, o0)) be all nonnegative
functions on Q x [0, co). Assume ujg € C1(Q) (i =1, ..., N) and vy € CL(Q2) are all
nonnegative functions on Q. Then there exists a unigue nonnegative solution (uy, ..., Uy, V)
to the system (1.1)—(1.4) with all u; (i =1, ..., N) and v being continuous on Qx [0, >0) and
continuously differentiable in t € (0, oco) and twice continuously differentiable in x € Q.

Proof—Let T,=m (m=1, 2, ...). Then for each Ty, the system has a unique solution

defined on W By the uniqueness of local solution, the solution corresponding to Ty, and
that to Ty, are identical on [0, Tr,] if m < n. Therefore, on each finite interval of time, all the
solutions are the same as long as they are defined on that interval. Hence we have the
existence of a global solution. It is unique since the local solution is unique.

7 Reaction-Diffusion System: Asymptotic Behavior

We now assume that all aj (i=1, ..., N) and a are independent of time t and consider the
initial-boundary-value problem of the full, time-dependent system of reaction-diffusion
equations (1.1)—(1.4). Given the initial data ujg (i = 1, ..., N) and v, the system has a unique
global solution uj = u;j (x, t) (i =1, ..., N) and v = v(X, t) by Theorem 6.2. We ask if the limit
of the solution as t — oo exists, and if so, if the limit is a steady-state solution.

We first state the following result and omit its proof as it is similar to that for the special
case for two equations; cf. Corollary 8.3.1 in [18]:
Proposition 7.1

LetQ, T,and Dj (i=1, ..., N) be all the same as in Theorem 6.1. Leta, ; € cl@,)(,j=1,
..., N) be such that a;; 2 0 in Qt if i # j. Suppose w; € C(Q,) N C7(Q,) (i =1, ..., N) satisfy

8 7 N a g —
a—lz_DiAwi > Z a; j(z, t)yw;inQ),,i=1,...,N, %z()onaﬁx(& T),i=1,...,N, w;(-,0) > 0inQ, i=1,..., N.
< n
1,7=1

Thenwi20inQ_ (i=1,...,N).

The following theorem states indicates particularly that if the initial values are large constant
functions then the global solutions to the time-dependent problem are monotonic in time t
and the limits as t — oo are steady-state solutions.
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Theorem 7.1

Let ©2 be a bounded domain in R3 with its boundary 0 in the class C2H for some p € (0, 1).
Let Dj, B, and ki (i =1, ..., N), and D and B be all the same as in Theorem 6.1. Let a; €
Cl() (i=1, ...,N)and a € C1(Q) be all nonnegative on Q. Let (Uq, ..., Uy, V) be the

nonnegative solution to the system (1.1)—(1.4) with the initial values ZZZ-(-, 0):115.0) i=1,...,
N) and V (-, 0) = v© all being constant functions. Let (U, ..., Uy, V) be the nonnegative

solution to the system (1.1)—(1.4) with the initial values U (-, 0):g§0) (i=1,...,N)and V (
0) = 5O all being constant functions. Assume i > il 0 /85, 5O 2 [|atl|oo(ey/B, and
u¥=0@=0 (i =1, ..., N). Then the following hold true:

1. 0j2UiGi=1,...,N)and V=V inQx [0, c0).

2. Ui(i=1,...,N)andV are monotonically nonincreasing intand U; (i=1, ..., N)
and V are monotonically nondecreasing in t.

3. Let

(ﬁl,sa s >ﬁN,SaK5):tli>I&(Ulv cey UNa‘_/)’ (gLs? s ’QN,S’ VS):tli)Igo(le AR U

=N

Then Ujs 2 Ujs (=1, ..., N) and Vs = Vg on ©. Moreover, all Ui, Ui, Vs, and Vs
are in C2H (), and (Ug, ..., Uns, Vs) @nd (U s, ..., Un s, Vs) are solutions of the
time-independent system (5.1)—(5.3).

If (uf - - ul, ,v3) is any solution to (5.1)~(5.3) such that u” < uf, < a!” (i =
1, ....N)and v < * < 3£4@ on Q, then U <uf,<U;s(i=1,...,N)and

V,<vf<v,onQ.

Proof—(1) Let T>0. LetW;=U; - U;(i=1,....NJand W =V - V. We then have

oW,
&’:Dimm — BiW; — kVWi+k,U,WinQ,.,i=1,..., N,
oW N N
o =DAW — W = > kU, W+> k;W;VinQ,,

i=1 i=1

ow; oW ,
%—%—OOHGQ X (O, T], ’L—l, ce ,N,

Wi(-,0)=i{” —{”) > 0and W (-, 0)=4£4" —0© > 0inQ, i=1,..., N.

Therefore, we get by Proposition 7.1 that Wi =0 (i=1,...,N)and W>=0in Q_. Since T >0
is arbitrary, we obtain the desired inequality on 2 x [0, co).

(2) Let T>0and § > 0. Set Wj(x, t) = Uj(x, t) = Uj(x, t + 8) (i = 1, ..., N) and W(x, t) = V (x, t
+8) =V (x,t). Then
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oW i(z,t _ - _
$: DA (e, t)— B2, £)— ki (2, t4+6) TV s (0, £)+ ksl (2, IV (2, )Wz, £) € =1, ...
oW (z,1) N N
—— " =DAW (z,1)— W (2,t) =Y kiU,;(z, t+6)W (2,t)+ Y k;Wi(z, )V (2,t)¥(z,t) € Q,,
ot =1 =1
oW, ow )
o on =00n0N2 x (0,T),i=1,..., N,

Wi, 0)=i"—U;(8) > 0andW (-, 0)=V(8)—v® > 0inQ, i=1,..., N.

Again by Proposition 7.1 we get Wi_z 0@(i=1,...,N)and W=>0. Hence U (i=1, ..., N) are
monotonically nonincreasing in t and V is monotonically nondecreasing in t. Similarly, U; (i
=1, ..., N) are monotonically nondecreasing in t and V is monotonically nonincreasing in t.

(3) By Part (1) we have Ujs > Ujs (i=1, ..., N) and Vs = Vs on Q. The claim that (U, -,
Uns Vs) and (Ugg, ..., Uns, Vs) are solutions of the time-independent system (5.1)—(5.3)
can be proved similarly as the proof of Theorem 10.4.3 in [18] and that of Theorem 3.6 in
[20].

(4) This part can proved by the same argument in Step 2 in the proof of uniqueness of
solution of Theorem 6.1.

Theorem 7.2
Let 2, Dj, D, By, B, ki, i, a, a!”, u(”, 5@, v, Uj, Uj, V, and V(i = 1, ..., N) be all the same
as in Theorem 7.1. Let ujp € C}(€) (i =1, ..., N) and vy € C1(Q) be such that
0@ <y < @ and V@ <vp< 5@ (=1, ..., N)in Q. Let (uy, .., uy, v) be the unique
nonnegative global solution to the time-dependent proble_m (1.1)—(1.4_) with the initial data
(U10, -+-» UNg, V) Then Uj = uj = Ui (i=1,...,Nyand V=v =V in Q x [0, 00).

Proof—This is similar to the proof of Part (1) of Theorem 7.1.

The following two corollaries relate the uniqueness of steady-state solution to the
asymptotic behavior of solution to the time-dependent problem.

Corollary 7.1

With the assumption of Theorem 7.2, the following hold true:
1. ThatUjs=Uis(i=1,...,N)and Vsiz Vsin Q if and only if the steady-state

solution (g, .., Uys) € (C2(0))N*1 satisfying W <, <a®(@i=1,...,N)and
1O < vs < 5@ in Q is unique.

2. If the steady-state solution (Ugs, ..., Un,s) € (CA(©))N*! that satisfies
W <u;, <a® (=1, ..., N)and 0@ < vg < 5@ in Q is unique, then for any

initial data (U, ..., U, Vo) € (CHYM with 0@ < uyy < ¥ (=1, ..., N) and
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v < vy < 5@ in Q, the corresponding nonnegative solution (ug, ..., uy, v) of the
time-dependent problem (1.1)—(1.4) converges to (Uy g, ..., U s, Vs) @S t — oo.
3. If the nonnegative steady-state solution in (CZ(Q)_)N+1 is unique, then the

nonnegative global solution to the time-dependent problem with any nonnegative
initial data in (C1(Q2))N* converges to this steady-state solution as t — oo.

Proof—(1) This follows immediately from Theorem 7.2.

(2) This follows from Theorem 7.1 and Theorem 7.2.

(3) Choose @{” (i = 1, ..., N) and 5© all large enough and apply Part (2).

Corollary 7.2

With the same assumption as in Corollary 7.1, if Uj s # U; s for some i with 1 <i <N or V57¢

Vs, then: (1) For any initial data (s, ..., U, vo) € (CH@)N*T with u” < uip < U, , (i =
1, ...,N)and Vs < vp < 5@ in , the corresponding nonnegative global solution (uy, ...,
v) of the time-dependent problem (1.1)—(1.4) converges to (Us s, ..., Uns, Vs) @St — o0;

and (2) For any initial data (uso, ..., Uno, Vo) € CHON L With T, , < ugo < ul (=1, ...,
N) and v© < vy < Vs in ©, the corresponding nonnegative global solution (uy, ..., uy, v) of
the time-dependent problem (1.1)-(1.4) converges to (Uy g, ..., Uns, Vs) ast — oo.

Proof—This is similar to the proof of Theorem 7.1.
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Figure 1.
Numerical solutions to the steady-state equations with the boundary conditions (1.1)—(1.3) in

one space dimension withN=1,Q2=(0,1), D=0, 1 = =0.01, k; =1, and a4 and a given
in (1.5) and (1.6), respectively. The numerically computed, steady-state concentration of
MRNA v = v(x) (0 < x < 1) sharpens as the the diffusion constant D4 of the SRNA increases
from 0.00001 to 0.0005, 0.0001, and 0.001.
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Figure 2.

Kinetic scheme of the interaction of SRNA and mRNA in a cell. Here, ag and ay, represent
the production rates of SRNA and mRNA, respectively; 5 and B, represent the independent
degradation rates of SRNA and mRNA, respectively; and vy represents the coupled
degradation rate of SRNA and mRNA.
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